A SHORT COURSE ON CROSS-DIFFUSION PROBLEMS:
EXISTENCE OF WEAK SOLUTIONS
AND TURING BIFURCATION
November 2016

1

Gonzalo Galiano Casas

Dept. of Mathematics. Universidad de Oviedo

'E-mail address: galiano@uniovi.es



Contents

1 Nonlinear analysis tools for cross-diffusion problems

1 A linear populationmodel . . . . . . ... oL
1.1 Formal arguments . . . . ... ... ... .......
1.2 Time discretization . . . . . . . . ... ... ... ...
1.3 Back to the evolution problem . . . . ... ... .. ..

2 A nonlinear populationmodel . . . . ... .. ... ......
2.1 Formal arguments . . . . . ... ... ... ......
2.2 Time discretization . . . . . . ... .. ... .. ....
2.3 Back to the evolution problem . . . . . ... ... ...
2.4 Thelimitt—0 . .. ... ... ... ..........
2.5 Thelimite —0 . .. ... ... ... ... .......

3 A cross-diffusion populationmodel . . . . .. ... ...
3.1 Formal estimates . . . . ... ... ... ........
32 Symmetrization . . . . . . ... ...
33 Solving a time discrete approximated symmetric problem
34 Back to the original unknowns . . . . . ... ... ..
3.5 Back to the evolution problem . . . . . ... ... ...
3.6 Thelimitt—0 . ... ... ... ... ........
3.7 Thelimite —0 . .. ... ... ... ... .......
3.8 Generalizations and final remarks . . . . . .. .. ...

4 Exercises . . . . . . e

2 Turing instability for the Lotka-Volterra model with cross-diffusion
1 Linear self-diffusion problem . . . . . . . ... ... ... ...
1.1 Linearization . . . . . ... ... ... ... ...
1.2 Conditions for linear instability . . . . ... ... ...

1.3 Linear stability of the competitive Lotka-Volterra system

O o0 AN W W

12
12
14
21
23
25
30
31
31
33
35
36
36
37
39
42



2 CONTENTS
2 Cross-diffusion problem . . . . . . ... ... L L oo 48
2.1 Conditions for linear instability . . . ... ... ... ... ....... 49
2.2 Amplitude equations and weakly nonlinear analysis . . . . . . ... ... 50
2.3 The supercritical case . . . . . . . . .. ... oL o 55
Index 57



Chapter 1

Nonlinear analysis tools for proving
existence of weak solutions of
cross-diffusion problems



4 Nonlinear analysis tools for cross-diffusion problems

Our aim is proving the existence of weak solutions of evolution cross-diffusion problems of
the Shigesada-Kawasaki-Teramoto (SKT) type, that is, cross-diffusion problems which admit a
suitable entropy estimate.

To do this, we first analyze a linear heat equation in Section 1, and a nonlinear reaction-
diffusion problem in Section 2, under the following rules:

e the maximum principle can not be applied, and

e the starting point to construct a solution is the Lax-Milgram’s lemma.

The first rule is motivated by the fact that, in general, cross-diffusion problems do not enjoy the
property of comparison of solutions, while the second is chosen because it involves approximating
techniques which are also useful for computational porpouses.

The problems are set as deduced from standard population dynamics models, although the tech-
niques we employ are easily applicable to other type of evolution reaction-convection-diffusion
problems.

Along the way, we recall well known results of functional analysis that provide us with power-
ful tools to tackle these problems.

The contents of this review concerning to cross-diffusion problems has been partially extracted
from the following articles:

1. G. Galiano, M. L. Garzén, A. Jiingel, Semi-discretization in time and numerical conver-
gence of solutions of a nonlinear cross-diffusion population model, Numerische Mathematik
93 (2003) 655-673.

2. L. Chen, A. Jiingel, Analysis of a multidimensional parabolic population model with strong
cross-diffusion, SIAM J. Mathematical Analysis, 36 (2004) 301-322.

3. G. Galiano, V. Selgas, On a cross-diffusion segregation problem arising from a model of
interacting particles, Nonlinear Analysis: Real World Applications 18 (2014) 34-49.



1.1. A linear population model 5

1 A linear population model

In this section we start showing a proof of existence of weak solutions of an evolution problem
with linear diffusion and linear reaction terms.

The problem is the following. Given a fixed T > 0 and a bounded set Q C R", find (a non-
negative) u : (0,7) x Q — R such that

ou—Au=u inQr =(0,T) xQ, (1.1)
Vu-n=0 onI'r =0(0,7T) x Q, (1.2)
u(+,0)=up>0 in Q. (1.3)

In terms of population dynamics, we are supposing that

e The population diffuses randomly.

e The newborns are proportional to the existent population, and there is no growth limit. The
corresponding kinetics (d;u = u) implies exponential growth.

The first ingredient for constructing a solution of (1.1)-(1.3) is an energy estimate which point
us to a possible notion of weak solution. Suppose that the problem has a smooth solution, u.
Multiplying (1.1) by u, integrating in Q;, with 7 € (0,T), and then integrating by parts in Q, we

get the energy identity
1 1
7/ u(t)2+/ \Vul> = 7/ u3+/ u*. (1.4)
P o 2J)e o

Lemma 1 (Gronwall’s lemma) Let T >0, a € L*(0,T), and A € L'(0,T), with > > 0 in (0, T).
Suppose that, for b € C([0,T)) increasing,

a(t) < b(t) -I—/Ot A(s)a(s)ds a.e. in(0,T),

Let A(t) = [y M(s)ds. Then

a(t) <eb(t) ae. in (0,T).

Using Gronwall’s lemma in (1.4), we deduce

/u(t)zgezt/u%, which implies / ungeZT/u%.
Q Q Or Q

Therefore, we get from (1.4)
[l =22y + |Vl 2 < C, (1.5)

and hence, ||u||;>(41) < C. Here we have introduced the notation L”(X) for L7(0,T;X(Q)). Thus,
we may expect # and Vu to be L?(Qr) functions. However, since

du = —div(Vu) +-u € (0,7 (H"(Q))),
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we can not expect, in principle, to have d,u defined as an L”(Qr) function. Therefore, we start
considering it in a distributional sense and set a generic definition of weak solution as

T
/ <atu,(p>+/ Vu~V(p:/ up, forallgeV, (1.6)
0 Or Or

with (-, -) denoting a duality product, and V a space of test functions, both to be explicited later.

1.1 Formal arguments

Our method of proof consists on defining a sequence of approximating problems, let us say (P,),
where n denotes the approximating parameter, and such that (P,) — (P) as n — oo in some sense,
being (P) the original problem (1.1)-(1.3).

Suppose that estimate (1.5) is also satisfied by the sequence of solutions, u;, to approximated
problems (P,) of the form

T
/ (Ot @) + Vu,-Vo = / u,®, foralloeV. 1.7)
0 Or Or

That is, suppose that |[u||;=(12) + [[un| 251y < C. Then, there exists a subsequence of u,, (that we
do not relabel) and a function u € L*(0,T;L*(Q))NL*(0,T;H'(Q)) such that

u, —u  weakly*-weakly in L(0,T;L*(Q)), (1.8)
Vu, — Vu weakly in L*(Qr). (1.9)

Then, we already get from this convergences that, for all @ € V C L*(0,T; H' (Q)),

Vu, -V — Vu-Veo,
Or Or

[ o [ w0
Or Or

We also need to establish the convergence of the time derivative. The idea is to use the definition
of norm.

Definition 1 Ler V be a normed space, and \y : V — R be a linear functional. Then the norm of
v on the dual space V' of V is defined by

Ipllys = sup XXV
xeV HXHV

We now fix the space of test functions as V = L?(0,7; H'(Q)), and write, using (1.7) and Holder’s
inequality,

T
| @un0) < [ VunliVol+ [ ol
0 Or Or
< 1t 121992+ 2110112 < @l (110
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where (-,-) denotes the duality product in (H'(Q))" x H'(Q). Thus [|0;us[| 21y < C, so we
again get the existence of a subsequence of 9,u, (not relabeled) and of an element z € L*(0,T; (H'(Q))’)
such that

o, — z  weakly in L*(0,T;(H'(Q))"). (1.11)
Let us now identify z as d,u. We consider the space C(0,T; H'(Q)), which is dense in L?(0, T; H' (Q)).
Then, for y € C2(0,T; H'(Q)), we have

[ o) [ v,

as well as, using the weak convergence (1.8),

T T T T T
/ (Qrtt, ) = — / (1, ) = — / / Uy — — / / udy = / (@, ),
0 0 0 Q 0 Q 0

and, by the density and the uniqueness of the limit, we deduce

[ o= [ @uo,

for all ¢ € L?(0,T;H'(Q)). That is, z = ,u.

Therefore, taking into account the convergences (1.8), (1.9) and (1.11), and the above identifi-
cation, we can pass to the limit in (1.7) to obtain a weak solution of (1.6).

There only rests to give a sense in which the initial data should be satisfied. We have, for
Vv € C”(Qr)

[ @) == [ @ [ ) a0 - [ @0~ w)wo)

Therefore, choosing y € L*(0,T; H' (Q))NH'(0,T;L*(Q)) such that y(T) = 0 (see Remark 1.1),
we find that the initial condition is satisfied in the sense

T
| @uw)+ [ (w-uw)ry=o. (1.12)
0 Or

Theorem 1.1 (Sobolev’s embedding theorem) Let Q C RY be bounded and of class C', and
1 < p < oo The following injections are continuous:

o W'P(Q) C L” (Q), with p* =Np/(N—p), if p <N,
e WP(Q) C LI(Q), forall 1 < g <o, if p=N,

e WHP(Q) C C(Q), if p> N.

Remark 1.1 Sobolev’s embedding theorem states that the injection H' (0, T;L*(Q)) € C([0,T]; L*(Q))
is continuous. That is , y : [0, T] — L*(Q), is continuous, and hence it makes sense to set Y(T) =0
in Q.
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Remark 1.2 If the solution of (1.6) is more regular, say o;u € L*(Qr), then integrating by parts
in(1.12) we get

0= /Q eyt [ (e w)oy = - | u0w(0) - /Q iy = | (w0 =u(0))y0)

Since this identity holds for all w(0) € L*(Q), we deduce u(0) = ug a.e. in Q.

1.2 Time discretization

We introduce the following time discretization of problem (1.1)-(1.3). Let K € N, 1= T /K, and
consider the decomposition (0,7] = UK_(tx_1,%/], with # = kt. Then, in each time slice, we
consider the following problem: Given u*~! € L2(Q), find u* : Q — R such that

1

7/(uk—uk_1)(p+/ Vuk-V(p:/uk(p forall ¢ € H'(Q). (1.13)
TJO Q Q

Lemma 2 (Lax-Milgram) Let H be a Hilbert space and assume that A : H x H — R is a contin-
uous coercive bilinear form. Then, given any F € H', there exists a unique element u € H such
that A(u,@) = (F,9) forall ¢ € H.

We take H = H'(Q), and define F = 147! € L2(Q) C (H'(Q))', and

1
A(u,(p):/QVu-V(erE/Qu(p.

The bilinear form A is clearly continuous and coercive in H'(Q). Then, Lax-Milgram’s lemma
provide us with a weak solution, u* € H'(Q) of (1.13). We can use ¢ = u* as test function in

(1.13) to get
(14)/ M\ZH/ yvuk|2=/uk—1uk.
Q Q Q

Using Youngs’ inequality, we get

1 1
(7—1)/ |uk|2+r/ |Vuk|? < 7/ 12 (1.14)
2 Q Q 2Ja
Taking! T < 1/4, and using the bound (1 —7r)~! <exp(r(1 —r)~!) for all € [0,1) (Exercise 1),
from the inequality
(1—2r)/ |uk]2§/ k12, (1.15)
Q Q
we get,
/ kP < e“T/ luo|*> < C. (1.16)
Q Q

ISince we are interested in the limit T — 0, this restriction is irrelevant.
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Here, C is a constant which may change of value, but which is independent of k. Summing (1.14)
fork=1,...,K, we obtain

1 K2 K/ k2 1 2 X k2
— ul“+r Vu Sf/u +7 /u
TR WAL F AT WAL

and thus, using (1.16) and KT =T

X 1
T Vuk2<f/ uo|* +TC <C. 1.17
WA TR CE (117)
Gathering (1.16) and (1.17) yields
k2 - k2
max uwlc+r /Vu <C. 1.18
% o E e f 9 o

1.3 Back to the evolution problem

Consider the piecewise constant and piecewise linear interpolators in time,

fy —t

uD(r,x) = b (x), @9(r,x) = uF(x)+ .

(W () = u (x)),

for (¢t,x) € (tx—1,tx] x Q, for k =1,...,K. Then (1.18) implies

max/|u \2+/ vuV)? <, (1.19)

te(0,T

and taking into account that #; —¢ < T, we also deduce

max/yu \2+/ viV|? < c. (1.20)
te(0,T

Replacing #(¥ and 4V in the weak formulation (1.13) we get
/ 0,V (p+ Vu Vo= / Yo forall g e L*(0,T;H'(Q)). (1.21)
From this identity and (1.19), we obtain, like in (1.10),
||atﬂ(r)||L2((Hl)’) <C. (1.22)

Therefore, from (1.19), (1.20), and (1.22) we deduce the existence of u,z € L*>(0,T;H'(Q)) and
subsequences of (¥ and () (not relabeled) such that

ul™ =y weakly in L2(0,T;H'(Q)),
u® =y weakly*-weakly in L*(0,T;L3(Q))),
iV =z weakly in L(0,T; H' (Q)),
iV —z weakly*-weakly in L*(0,T;L*(Q))),

9,iV — 9,z weakly in L*(0,T; (H'(Q))').
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Finally, let us obtain the identification z = u. Since, for ¢t € (tx_1, %],

Uk (x) — uk(x)

39 (r,x) —u¥ (t,%)| = |t — 1) | < 1[0, (¢,x)]

we deduce from (1.22)
||b~t(1> — M(T) ||L2((H1)’) < ﬂ:HB,ﬂ(T) HLZ((HI)’) —0 ast— 0,
and hence z = u. Therefore, we may pass to the limit T — 0 in (1.21) to deduce the existence of a

weak solution of (1.1)-(1.3) in the sense of (1.6), with V = L?(0,T; H' (Q)).

Finally, we show lower and upper bounds of the solution. We use the Stampacchia truncature
method, also useful for some systems of equations, although not for the cross-diffusion systems
we have on mind.

We will show formal calculations, which are justified under enough regularity of the solutions.
These computations can be done rigorously using similar arguments for the time discrete problem
(1.13) (Exercise 3).

Assume that o,u € L*(Qr). Let T'(u) = min{u —z,0}, with z = me™, for some A to be de-
termined, and for m € R such that up > m a.e. in Q. Using T'(u) as a test function in the weak
formulation of problem (1.1)-(1.3), we obtain

/ T(u)ou+ | Vu-VT(u) :/ ufl (u).
Or Or Or
Then, since Vu- VT (u) > 0,
[ r@aw-2-r[ T [ @-Tw+ [ ATl
Or Or Or Or
Since zT (1) < 0, we find that
l 2 _ 2
HT(u)*+(A—=1) | ZTwu)|< | T(u).
2/or Or Or

Therefore, taking A > 1, and using Gronwall’s lemma we obtain

/QT(u(t,-))2gezf/QT(uo)zzo,

A

yielding u(t,-) > me " a.e. in Q.

For the upper bound we use as test funtion 7'(x) = max{Z — u,0}, with Z = Me", for some A
to be determined, and for M € R such that uy < M a.e. in Q. We obtain, since Vu- VT (u) > 0,

/ T (u—2)+A [ 2T(u) < / (=T + [ T(w).
Or Or Or Or
Now, zT (1) > 0, so taking A > 1 we find

L oarwr< [ T
2 Jo; Or

and Gronwall’s lemma yields u(z,-) < Me ™ a.e. in Q.



1.1. A linear population model 11




12 Nonlinear analysis tools for cross-diffusion problems

2 A nonlinear population model

In this section we introduce nonlinearities in the diffusion and reaction terms of the partial differ-
ential equation (1.1).

The problem is the following. Given a fixed T > 0 and a bounded set Q C R", find (a non-
negative) u : (0,7) x Q — R such that

oiu—div(uVu) = f(u) in Or, (1.23)
WVi-n=0 onTy, (1.24)
u(-,0) = up >0 inQ, (1.25)

where f(u) = u(o.— Pu) is a logistic reaction term (o, § > 0). In terms of population dynamics,
we are supposing that

e The population diffuses to avoid overcrowding (maxima of u).

e The newborns are proportional to the existent population, but there is a growth limit given
in terms of the so-called carrying capacity of the habitat. The corresponding kinetics (0,u =
f(u)) has a stable equilibrium at u = o./f.

The generic form of weak solution we shall deal with is

/ (atu,(p>—|—/ uVu-V(p:/ fw)e, foralleeV, (1.26)
or or Or

with V to be explicited later.

2.1 Formal arguments

For problem (1.23)-(1.25), we have the following formal estimates:

e Using ¢ = In(u) in (1.26) we get, for F(s) = s(In(s) —1)+1 >0,
/QF(u(T)) +/QT IVl = /QF(uo) +/QT F()In(w). (1.27)

The term E(t) = [o F(u(t)) is called the entropy of the system, since it is related to the
physical entropy defined in thermodynamics. Observe that this identity only makes sense if
u>0.

e Using @ = 11in (1.26) we get (if u > 0)

/QM(T)S/QM()+0€/QTM,

and then Gronwall’s lemma implies
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Suppose that the right hand side of (1.27) may be controled in terms of the left hand side. We then
deduce

Fluts 3 Vullp <€ 1.28
man [ Fo) +lulhe + 9l <C. .

and therefore, [|ul|2(z1) < C (we shall see later why).

Now, suppose that estimate (1.28) is also satisfied by the sequence of solutions, u,, to approxi-
mated problems (P,) of the form

/ Orlty, (p+/ \un(un)Vun-V(p:/ fluy)e, forallgeV,
Or Or Or

with , — id. That is, suppose that [|uy/||;2(;1) < C. Then, there exists u € L*(0,T;H'(Q)) such
that
Vu, — Vu weakly in L*(Qr).

The gradient estimate is the first ingredient to prove the (relative) strong compactness of the se-
quence u, in some L” space, which provides strong convergence in L”, and a.e. convergence in
QOr. Both of these convergences are necessary to pass to the limit in the nonlinear terms. Clearly,
the limit (if it does exist) is a candidate to solution of (1.23)-(1.24).

The second ingredient to prove the compactness is an estimate for the time derivative.

Lemma 3 (Simon, Aubin-Lions) Let X, B, and Y be Banach spaces with X C B C Y such that

o X is compactly embedded in B.

e B is continuously embedded in Y.
Suppose that the sequence u,, satisfies:

e u, is bounded in L1(0,T;X)NL}

loc

(0,T:;X), for 1 < g < oo

® 0u, is bounded in L}OC

(0,T;Y).

Then, for all p < g, there exists a subsequence of u, (not relabeled) and an element u € L”(0,T; B)
such that

u, — u strongly in L*(0,T;B) and a.e. in Qr.
A usual situation is that of taking X = H'(Q), and B = L*(Q). Indeed,

Theorem 1.3 (Rellich-Kondrachov) Let Q C RN be bounded and of class C', and 1 < p < oo,
The following injections are compact:
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o WHP(Q) C LY(Q), forall 1 < q < p*, with p* =Np/(N —p), if p <N,
e W'P(Q) C LI(Q), forall p< q <o, if p=N,

e WhP(Q) C C(Q), if p> N.

Then we get that
0;u, bounded in L' (0, T;Y) = u,, — u strongly in L*(Q7) and a.e. in Q.

Summarizing, if the right hand side of (1.27) may be absorbed by the letf hand side, and the time
derivative estimate is available, we have

Vu, = Vu weakly in L*(Qr),
osuy — O weakly in L!(0,7;Y),
Uy —> U strongly in L?(Qr) and a.e. in Q.

Observe that with these kind of estimates (and others), we have to justify the following limits in
the weak formulation

| gy = [ @)
Or Or

Wy () Vi, - Vo — uVu-VvVo,
Or Or

/QT(OLun —Buy)p = /Qr fun)o — /QT £(u)e.

2.2 Time discretization

Like in the linear case, we introduce the following time discretization of problem (1.23)-(1.25).
Consider a Banach space, V, defined on €, to be fixed later. Let K € N, T =T /K, and consider
the decomposition (0,7] = UK_ (te_1, %], with # = kt.

First (non-successful) attempt. In each time slice, we consider the following nonlinear problem:
Given ! € V, find u* : Q — R such that

1
E(uk — "N — div(ufVit) = f(u) in Q, (1.29)
WVik n=0 on 0Q. (1.30)

We, further, linearize problem (1.29)-(1.30) in order to apply Lax-Milgram’s lemma (Lemma 2):
Given u*~', v € V, find u* : Q — R such that

%(uk — ) —div(yVib) = £(v) inQ,

Wik -n=0 on 0Q.
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Like in the linear case, we would like to take H = H'(Q), and define

1
A(u,(p):/ vVu-V(p—i—f/ ueQ.
Q T /e
However, A(u, @) is not coercive in H'(Q) since v might vanish. Moreover, since our proof is

based in using In(u) as a test function, we also need to avoid the singularity arising when u = 0.
We adopt the following approximation.

Approximation of the linear problem

Let € > 0. The regularized problem reads as follows: Given uf~!, v € V, find uf : Q — R such that

%(ué—u’g*) —div(ae(v)Vuk)) = fe(v) in Q, (1.31)
ae(v)Vuk-n =0 on 0, (1.32)

with fe(s) = ois — Bae(s)?. Here, ae, must be an approximation to the identity function, to which
we shall impose €' > a¢(s) > € for all s € R. In weak form, we write:

I
E/Q(u’g—u’g*1)<p+/Qag(v)vu’g-ch:/Qfs(v)@, forallpe H'(Q). (133

Now we can take H = H'(Q), V = L?(Q) in the Lax-Milgram’s lemma, and define

As(u,<p)=/Qas(v)Vu-V<p+1/Qu<p, sze(v)+%u’é‘l eL}(Q) C (H'(Q)).

The bilinear form A is clearly continuous and coercive in H'(Q), and therefore there exists a
weak solution, uX € H'(Q), of (1.31)-(1.32).

At this point, we go back to the formulation of the nonlinear time-discrete problem and add the
perturbation introduced in the linear problem. That is, we replace problem (1.29)-(1.30) by the
following: Given uf~! € L?(Q), find u* : Q — R such that

1 _ . .
E(u’é — u'é 1) —dlv(ag(ulg)Vulé)) = fg(ulg) in Q, (1.34)
ae () Vb -n=0 on 0Q, (1.35)
or, in weak form,
1
E/Q(uls‘—uls‘_l)(pqt /Qag(u’g)vu’g.w:/gfa(u’g)@, for all g € H'(Q). (1.36)

Now, observe that we have the following inconvenient: Assuming that we may use ¢ = F'(uk) =
In(uk) as test function, we obtain in the diffusion term

k
ae(U
[ act) Py it = [ U v
Q Q u

€

instead of the original formal identity

/uF"(u)\Vu|2:/ IVul.
Q Q

Thus, we also need to approximate F by a suitable sequence F; which allows us to obtain an L2
estimate of V.
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The definition of a. and F;

For € > 0, we want to produce approximations:
e g such that ag(s) — s as € — 0, with €' > ae(s) > e forall s € R.
e F; non-negative and smooth such that Fg(s) — F(s) = s(In(s) — 1)+ 1, as € — 0,
o ac(s)F/(s)=1forall s € R.

Let ae : R — [¢,€7!] be given by the truncature function

€ if s <g,
ag(s):=<s ife<s<e !
g1 ife ! <s.

Using the third condition, we set F'(s) = 1/ae(s). Integrating and adjusting the integration con-
stants for continuity, we get F; € C>!(R,R ) given by

2 g2
+s(ne—1)+1 ifs<e,
& e 1) <
Fe(s) == s(Ins—1)+1 ife<s<e !,
2 2
e(s?—¢ )
%—l-s(lnsf1 —1)+1 ife”! <s,
with s
g—i—lns—l if s <e,
F.(s):={ Ins ife<s<e
es+Ine 1 —1 ife ! <s.
F. F B
50 5 ‘ . ‘ 10 -
40
0 8
30 6
5
20 4
0 -10 )
S 0 5 10 15 2 % o 5 1w 155 2 %5 0 5 10 15 2

Figure 1.1: The convex function F; and its derivatives.
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Fixed point method to couple the nonlinearities

Theorem 1.4 (Leray-Schauder fixed point theorem) Let V be a Banach space and let S : V X
[0,1] — V be a continuous and compact map such that

e S(v,0)=0forallveV.

e For each pair (v,6) € V x [0,1] satisfying v = S(v,0), there exists a positive constant C,
such that ||v|ly < C.

Then there exist a fixed point, w € V, of the map S(v, 1), i.e. w = S(w, 1).

To solve the nonlinear time-discrete problem (1.34)-(1.35) we define the operator S : LZ(Q) X
[0,1] — L*(Q) such that, for u~! € L?(Q) given, applies (v,6) € L?(Q) x [0, 1] into the solution

ué’o, of the following linear problem (mind ¢ at the right hand side). Find ué’c : Q — R such that

1 1
Eu’;“ —div(ae(v)Vil®)) = o (fe(v) + Eu’g—l) in Q, (1.37)
ac(V)Vu® -n=0 on 9Q. (1.38)

A straightforward application of Lax-Milgram’s lemma, mimicking that of Subsection 2.2, shows
that there exists a unique solution ulé"c cH! (Q) of problem (1.37)-(1.38). Thus, S is well defined.

To apply the Leray-Schauder’s theorem, we have to check the following:

1. Continuity: Let v, € L?>(Q), 6, € [0, 1] be given sequences, with v, — v strongly in L?(Q),
and 6, — ©. Let us denote by u’g’n to the solution of the linear problem (1.37)-(1.38) corre-

sponding to (v,,G,,), that is S(v,,0,). We must check that uf , — Ut strongly in L2(Q), as
n— oo,

2. Compactness: Since we start with v € L2(Q) and finish in S(v,0) = ut® € H'(Q), and by
Theorem 1.3 the embedding H'(Q) C L*(Q) is compact, we deduce that S is compact.

3. S(v,0) = 0, which is inmmediate, after using ¢ = u/é’c € H'(Q) as test function in the weak
formulation of (1.37)-(1.38).

4. If v = S(v,6) (= ut®) for (v,6) € L*(Q) x [0, 1] then [|us||;2 < C.

We start proving the continuity. Using ¢ = Ml.é,n € H'(Q) as test function in the weak formulation
of (1.37)-(1.38) (with (v,5) replaced by (v,,,), and ulé’c replaced by “lé,n) we get

1 c _
P [ )Vl = [ felva,+ 2 [
TJ/Q Q Q T Jo

Since ag(s) > € for all s € R, we have

[l e [ Vi < 0o [ v, Bo [ ae(vn il 4o [ b
Q i Q Q Q Q '
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Using Young’s inequality in the form ab < ya® + b—;, and 6, < 1, we get,

1
3 L aP e [ Vi P <ave? [ 24l [ a4 [ kP
Q Q Q Q Q

Thus, since v,, uf~! € L2(Q), and a(s) < &', we obtain
ke [ (Vi P < o), (1.39)
implying that Hu’gnH (@) is bounded. Then, using Theorem 1.3, the compact embedding L*(Q) C
H'(Q), implies the existence of z € H'(Q) such that, up to a subsequence (not relabeled),
ule‘n —z weakly in H'(Q),
ulg"n — 7z strongly in L*(Q), and a.e. in Q. (1.40)

%), We take the limit n — oo

Finally, the continuity will be proven if we identify z as S(v,0)(= ue
in the weak formulation of problem (1.37)-(1.38), that is, in the identity

1 Gy -
= [ko+ [ anvid, Vo=o, [ five+ 2 [ e, (141
o) Q Q T JQ

By assumption, v, — v strongly in L?(Q). Since a is Lipschitz continuous (uniform constant
equal to one), we have

lae(vi) = ae(W)l[z2 < [[va = Vll12,

and thus ae(v,) — ae(v) strongly in L?>(Q) and a.e. in , as n — oo

Theorem 1.5 (Dominated convergence theorem) Let f, be a sequence of functions of L' (Q) sat-
isfying

o fu(x) = f(x)ae inQ,

e there is a function g € LP(Q), with 1 < p < e, such that, for all n,

fux)| < g(x) ae. inQ.

Then f € LP(Q) and f, — f strongly in L” (Q).

Being ae(v,) < €' for all n, we may use the dominated convergence theorem to deduce
ag(vy) = ag(v) strongly in LP(Q), for all p < oo.

Thus,

2
ae(va)Vuk , — ae(v)Vz weakly in L1(Q), for g = % <2,and 2 < p < oo.
' p

Since V@ € L?(Q), the above convergence is not enough to pass to the limit in the diffusion term
of (1.41). However, having the bound

lae (va)Vitg 2 < llae(va) 2= [ Vit ol 2 < C,
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we deduce that, in fact, up to a subsequence,
ae(va) Vi, — ag(v)Vz  weakly in L*(Q). (1.42)

Finally, f; is also Lipschitz continuous (constant equal to 0.4 2Be~"), and a similar argument to
that used for the sequence ag(v,) shows that

fe(vn) = fe(v) strongly in L*(Q). (1.43)

Thus, gathering (1.40), (1.42), and (1.43), we get from (1.41), as n — oo,

1 c
f/z(er/as(v)VzV(p:c/ fg(v)(p+—/u’g*1(p,
T /o Q Q T Jo

so z is a weak solution of (1.37)-(1.38) corresponding to v. Moreover, the limit z is unique because
the solution of the limit problem may be obtained by Lax-Milgram’s lemma. Therefore, we deduce
that the whole sequence converges, this is, z = S(v,0).

Finally, we prove point 4, this is, the uniform bound of the fixed points of S. Assume v = ué’c

and let us prove that ||uf°||;> < C, for all 6 € [0, 1]. In this case, 1t satisfies
1 , | .
Eu’é’c - dlv(ag(u’é’G)Vulé’G)) = G(fe(ulé’c) + Eu'g 1) in Q, (1.44)
ae(UEC)Vub® n=0 on 0Q. (1.45)

Using ¢ = ulé’c cH! (Q) as test function in the weak formulation of (1.44)-(1.45), we obtain, like

we did before for u’;n, an estimate similar to (1.39)

/ \u§’°\2+te/ IVus®? < c(1+7%e 46%) < C(1+7% ),
Q Q

implying that ||u]§’6\| H!(¢) is bounded uniformly with respect to ©.

Therefore, we deduce the existence of a fixed point of S(v, 1), which we denote by u¥, and that
satisfies the nonlinear time-discrete problem (1.36).

Further estimates for the nonlinear time-dicrete problem

Until now, we have shown the existence of a weak solution uf to the nonlinear time-discrete
problem

1 _
- [ b= o+ [ abvi-Vo= [ filub)o. forall geH'(Q).

Now, we shall deduce some uniform estimates with respect to €. Taking @ = F;(uX) and recalling
that F' = 1/ae, we get

1 Kk k—1\pt( k k2 _ KNtk
[ k= R+ [ Vi = [ gl R, (1.46)

T

For the first term of the left hand side, we use the convexity estimate (Exercise 2)

(s —t)F/(s) > F.(s) — Fe(t), forall s,t€R. (1.47)
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For the term at the right hand side, we use (Exercise 2)

2

F(s) > gsz ~2 forall s 20, F(s)> 3 foralls<0, (1.48)
max{ag(s),sF(s)} <2F(s)+1 forall s € R, (1.49)
ag(s)F{(s) >s—1 forallse€R, (1.50)
F(ag(s)) < F(s) forallseR. (1.51)

From (1.49), (1.50), and (1.51), and noting that? [1 —s], < 1+ [s]_, we deduce

fe($)F{(s) = asF,(s) — Bac(s)*F (s) < 0(2F(s) + 1)+ Bae(s)[1 — 5]+

) -
< (0 +B)(2Fz(s)

1)+ Bae(5) s
< (@t PR + 1+ D (1 + Ba(?
< (@t B)RR() + 1)+ BE() + B2 + Flas(s))
< (@t B)R() + 1)+ BE() + BR + F(s)
= (200+4B) Fe(s) + o+ 3. (1.52)

Using (1.47) and (1.52) in (1.46), we obtain
| R [ (VP <ot [ Rd )+ 2@+ B) | R,
Q Q Q Q
and thus,
(1—m)/ Fg(ulé)—i—’c/ \Vuk|? §C17+/ Fe(uk™h), (1.53)
Q Q Q

with ® = 2(ct+ B). Here, we impose T < !

Estimate of the entropy. From (1.53) and reasoning as in (1.15)-(1.16), we get

_max /Fe < T/ (1-01) CT+/F8 o) <c (1.54)

Estimate of the gradient. Summing (1.53) in k and recalling that KT =T, we get
K K
[ R +eY. [ ViR <okt | Rw)+or), [ R
Q (=172 Q k=179
< CT+/ Fe(up) + T max / Fe(ub),
Q k=1,...KJQ
and thus, by (1.54),
K
‘CZ/ Vi) < C.
k=172

ZWe define [s]; = max{0,s}, and [s]_ = —min{0,s} > 0. Thus, s = [s]. — [s]_.
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Other estimates. From (1.48), we have

1
2e ol P < [ ()= [, Rd)
<[ R+ [ Rh=[Ru<c

uk<0 uk>0 Q
Thus, from (1.54), we obtain the following bound for the extenct of negativity of u:
max [ |[uf]_|* <Ce. (1.55)

KJQ

Using the test function ¢ = 1 in the weak formulation (1.36) we get

(1 —oar) / uk < / uk=1, implying (Gronwall’s lemma) ~ max / uk <c.
Q Q k=1,..KJQ

Using this estimate and Young’s inequality, we obtain

L= [+ = [ [0 <c(1+ [ ud)-p).

and then, from (1.55)

max /\u’8‘|§C
k=1,...KJQ

Summarizing, we have obtained the bound

amax ([ R+ [+ [ ) “k_i [ vir<c. (1.56)

2.3 Back to the evolution problem

Consider the piecewise constant and piecewise linear interpolators in time,
fy —t _
g (1,x) = b (), (,0) = b 0x) + = (™ () — (),
for (1,x) € (tx—1,4) X Q, fork=1,...,K, with fy = kt and T = T /K. Replacing these functions in
(1.41), we obtain the identity

/ 2+ / 4 (1) Vul? v = / Fe(i?)o, (157)

for all ¢ € V, where V is to be chosen such that V C L?(0,T;H'(Q)). For passing to the limits
T — 0 and € — 0 in the identity (1.57) we need:

1. For the time derivative: weak convergence of atﬁ@ in some large space (of distributions).

2. For the diffusive term: strong convergence of as(ug[)), and weak convergence of Vuér).

Since the latter will be in L?(Q7), we need to investigate the larger space in which ag(ug))
converges strongly to fix the space of test functions.

(7)

3. For the reaction term f: strong convergence of ug * in some L?(Qr).

4. We also need to check that the limits of ug) and a@ are the same function.
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Uniform estimates in € and t

The estimates deduced in the sequences of time-independent problems give us, directly, the fol-

lowing uniform estimates for uér). From (1.56) we get

max ([ R 0)+ [0+ [@012)+ [ viPe.ass)

t€(0,T)

Theorem 1.6 (Poincaré-Wirtinger’s inequality) Let Q be a connected open set of class C' and
let 1 < p < oo, Then, forall u € wlp (Q), there exists a constant C such that

1
e — gl < C||Vullr, where ug — —/ 7
Q| Ja

From (1.58) and the Poincaré-Wirtinger’s inequality we easliy get (Exercise 4)
1

Il + v 3 < . (1.59)

12, <

and thus
1t 2y < C. (1.60)

We also have, for (Sq,-uéT> (t) =uk~Vift € (1,4,

1872 < 20ul® |2 + a2 < C, (1.61)
a2y < 206l (|2 + lloeel® |2y < C. (1.62)

Time derivative estimate

Like in the linear case, we obtain this estimate using the definition of norm, see Definition 1. We
have, using (1.57),

LE (1) (r) (v)
| @) < | lau Ve 1Vol+ |10l
0 or Or
< Nae (@™ || Vil | 2|V 2 + ol ul? || 2] 2
+Bae () 13-l (1.63)

where (-,-) denotes the duality product in (H'(Q))" x H'(Q). Then, we take L*(0,T;H'(Q)) as
the (provisional) space of test funtions. Therefore, noting the uniform estimates (1.58), (1.59), and
that € < ag(s) < e~ !, we find

T
/0 @i 9) < Ce V[Vl 2+ (C+e72) @2 < Ce 2@l 2,
and thus,

188”2 a1y < Ce2. (1.64)
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2.4 Thelimitt— 0

From the bounds (1.58), (1.60), (1.61), (1.62) and (1.64) we deduce the existence of ug,ze €
L?(0,T;H'(Q)) and of subsequences of ué ) and u8 (not relabeled) such that, as T — 0,

ul? — g weakly in L2(0,T; H' (Q)), (1.65)
uéﬂ — U weakly in L2(Qr),
il =z weakly in L2(0, T3 H' (), (1.66)
a@ — 7 weakly in L*(Qr),
3yt — 9,z weakly in L2(0,T; (H'(Q))"). (1.67)

The identification z = u

Since, for t € (fy_1,%],

17 (¢, x) — 1 (1,2)] = | (11 —1)

we deduce from (1.67)

| <3, (,%)],

g (x) — ug ()
T

Hﬁéﬂ — ug) HLz((Hl)/) < THB,L?@ HLz((Hl)’) —0 ast—0, (1.68)

and hence z¢ = ue.

Compactness and strong convergences

Once we obtained a time derivative uniform estimate, we use the compactness Aubin-Lions lemma,
Lemma 3, to get strong convergence. We get the existence of a subsequence (not relabeled) such
that

il — ue stronglyin L2(Qr), and ae. in Or. (1.69)

Lemma 4 Let (H,| - ||n) be a Hilbert space and let V C H be a proper linear subspace dense in
H. Assume that (V,|| - ||v) is a Banach space and, under the identification H = H', consider the
triplet V.C H CV'. Then

(fv)vixy = (f,v)g, forallf eH,veV.

In particular, for allv €'V,
IVIIZ = v vy < llvlivilv.

Setting V = L2(0, T; H'(Q)), H = L*(Qr), and noticing that u'” — " € L2(0,T;H'(Q)), we also
deduce strong convergence for uér) using Lemma 4. Indeed,
lo” —sellz < Noe” — e + el

< ot — oy 1 = A Ly + 18 = e, (1.70)
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and since Hug) - ﬁg)HLz(Hl) < Hug) 2y + ||ﬁ§‘)||L2(H1) < C, we get from (1.70),

1/2

lut” = well > < Cllut™ — a7 22

iy + Hdg) —ul|jz—0 ast—0,
in view of (1.68) and (1.69). Thus,

uét) — ue  strongly in L*(Qr) and a.e. in Or. (L.71)

Convergence

We have to pass to the limit T — 0 in the expression

T
/<a,zsz),<p>+/ ag(ug))vug).V(p:/ fou™)e, forall o€ L2(0,T;H (Q)). (1.72)
0 Oor Or

The time derivative term, recalling ze = ue, passes to the limit without any additional reasoning.
The linear part of the reaction term, also passes to the limit, thanks to, e.g., the strong convergence
(1.71).

For the convergence of the sequence ae(ugr)) we use the dominated convergence theorem. By

(1.71) and the continuity of a; we deduce that ag(ug)) — ag(ug) a.e. in Qr as T — 0. Observing

that Hag(ugr))HLm < e !, we deduce ae(ue) € LP(Qr) and, as T — 0,
ag(ug)) — ag(ug) strongly in LP(Qr) forany 1 < p < eo. (1.73)

Then, by Holder’s inequality,

| ool —aetwe* = | Jae(ud) — ae(ue) ae”) +-actie)
< lae () — as (1) s e (1”) + as (1) 1,
and therefore, (1.73) leads to
ae(ug))z — ag(ue)?  strongly in L*(Qr).
For the diffusion term, we have that (1.73) and Vug) — Vue weakly in LZ(QT), imply
ag(ug) )wé‘) — ugVue  weakly in LI(Qr) for any g < 2.
However, we also have
e (ae”) Vgl < e g™l [ V2ae”| 2 < e
implying
ag(uét))VuéT) — ugVue weakly in L>(Qr).

Therefore, we may pass to the limit in (1.72) to obtain that ue € L*>(0,T; H' (Q))NH' (0,T; (H' (Q)))
satisfies

T
/ (atue,(p)+/ ag(ug)vue.w:/ felue)o, forallge LX0,T:H'(Q).  (1.74)
0 Or Or
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2.5 Thelimite — 0
Since the uniform boundedness of a is lost in the limit € — 0, we can not expect

lim [ ae(ul”)Vul? Ve
e=0J0r

to be well defined for test functions @ € L?(0,T;H'(Q)). Thus, first we have to investigate in
(7)

which L? space may ag(ug ') converge strongly, and then seek for a correct space of test functions
in which this limit may be performed.

In addition, observe that the time derivative bounds we obtained are dependent of the regularity
of the other terms (through the argument for the duality (9, @), see (1.63)). Thus, if the other
terms are less regular, the time derivative will be less regular too, and we shall therefore need to
impose more regularity of ¢ in both the space and the time variables.

Uniform estimates in € and weak convergences

Taking the limit T — 0 in (1.58), (1.60) we get

max /Fg e (t +/|u8 )N+ = / e (t >+/ |Vue|> < C. (1.75)
1e(0,T) Or

and then

lute| 21y < C. (1.76)

Theorem 1.7 (Gagliardo-Niremberg’s interpolation inequality) Ler Q C RN be a regular open
bounded set, and let u € L4(Q) NW™"(Q), with 1 < p,q < oo, and m € N. Then u € W/P(Q), and

1D ullzr < CIID™ul|Z lull 2,

where

Using Gagliardo-Nirenberg inequality with p = (2N +2)/N,0=2N(p—1)/(p(N+2)), and thus
0p = 2, yields (Exercise 5)

1/p
el < ([ el el i) < el el <€ 07D

For the time derivative estimate, let 7/ = r/(r — 1) to be determined, and write, using (1.74) and
p>2,

[ @) < [l |Vusl Ve + [ 1etuolio

< [|ae(ue) || o[ Ve 2 (V@ 1o + Ol|te | o 19| v
+ﬁ\|ae(”s)Hzn ol oo
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where (-,-) denotes the duality product in (W' (Q))’ x W' (Q). Here, #/ is such that

11 1
l=—+-+—- = F=2(N+1).
p+2+r, rr=2(N+1)

Then, we take L’ (0,7;W'"'(Q)) as the new (smaller, more regular) space of test funtions. In
addition, notice that ¥’ > max{p’, (p/2)'}, and thus the norms of the reaction term are also well
defined (Exercise 7). Therefore, noting that a(s) < €+s, we find

/OT<3zue7<P> < (C+ uellw)IVuell 2 V@l + (C+ lluellr + lluellZo) ]l
<l iy
and thus, for r = (2N +2)/(2N+ 1),
[0rtte]| 1 (wrryy < C- (1.78)
Finally, from (1.75) we also deduce
[ute] -l (12) < CVe. (1.79)

From the bounds (1.76), (1.77), (1.78), and (1.79) we deduce the existence of u,z € L?(0,T; H'(Q))
and of subsequences of u, (not relabeled) such that

Ug —u weakly in L2(0,T;H'(Q)),

Ug —u weakly in L”(Qr),

Osite — Oput weakly in L'(0,T; (W' (Q))"), (1.80)
[ug] - —0 weakly*-weakly in L™(0,T;L*(Q))

Compactness and strong convergences

We again use the compactness Aubin-Lions lemma, Lemma 3, to get the existence of a subse-
quence (not relabeled) such that

ue — u  strongly in LY(0, T;L*(Q)), for any y< 2, and a.e. in Q7.

Lemma 5 Let Q C RN be an open set, and let f,, be a sequence in LP(Q) NLY(Q), with p >, and
f € LY(Q). Assume that

fo— f strongly in LY(Q) and || f||» < C.

Then f € L1(Q) and f, — f strongly in L1(Q) for all Y < q < p.

Thus, using the bound |[|ug||» < C, see (1.77), we get

ug — u  strongly in LY(Qr), for any’y < ¢ < p. (1.81)
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Observe that, in particular, we may choose 2 < g < p = (2N +2)/N. This convergence together
with (1.79) further implies, using ||[ue]— ||r < ||uel|zr>

[ug]- — 0 strongly in LY(Q7) and a.e. in Qr, thatis u > 0 a.e. in Q7. (1.82)

Finally, for the convergence of the sequence a(u), let us write

o0 — ae(ute) || Lo < |t — e (w) |10 + [| e (u) — e (ue) |s + || @e (ute) — e (ue) || s,

where
K if s < 8*1,

e! ifs>e .

Theorem 1.8 (Monotone convergence theorem) Let Q C RY be an open set, and let f, € L' (Q)
be a sequence of functions satisfying

1 i<fh< - ae inQ,
2. sup,, fo fn < oo

Then there exists f € L' (Q) such that f, — f strongly in L' (Q) and a.e. in Q.

Since de (s) is monotone increasing, @ (s) < s for all s € R, and u € L' (Qr) by (1.81), we have,
first, that de(u) — a(u) strongly in L'(Qr) (by the monotone convergence theorem), and then,
using the uniform bound (1.77), we deduce ||u — dg(u)||rs — 0 as € — 0.

Since d; is Lipschitz continuous (with Lipschitz constant equal to one), we get
| g (u) — e (ue)| < [u— uel

and then (1.81) implies || (u) — dg(ue)||s — 0 as € — 0.

Finally,
|G (ute) — ae(ue)| = [ue — €| 1y,<e = (€ — tte) lo<ue<e + (|Ue| +€)1ye<0-

The first term of the right hand side is bounded by €|Q7|, while the second is equal to [ug| - +
€l,.<o. Thus

[ Naetue) ~ aclu)? < &1+ [ Jlue]-17) 0
Or Or
as € — 0, in view of (1.82). Therefore
ag(ug) — u  strongly in L4(Q7). (1.83)

3In fact, we may take 1 < ¢ < p, since Qr is bounded.
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Convergence

We have to pass to the limit in the expression

T / J
/0 (8,u8,(p>+/Q ag(ug)Vug-V(p:/Q fe(ug)p, foralloelL’ (O,T;Wl’r (Q)).

The time derivative term passes to the limit without any additional reasoning, due to (1.80). For

the reaction term, we directly have
/ U@ — / uo,
Or Oor

since ue — u strongly in, e.g., L>(Qr), by (1.81). Using (1.83), we deduce that ae(ue)> — u
strongly in L9/2(Q7). Indeed, Holder’s inequality implies

o o= < ( ) Jatur =) ( ], oo ')

2 2
< Yae(ue) — ull )7 |ae (e) + ull)” — 0,

2

as € — 0, in view of (1.83). Thus,

/ ag ()@ — / e,
Or or

since

2 1 4(N+1
5—1—7§1 if we choose qZZ(N:::l),

which is possible due to (1.81). For the diffusion term, we have that since ag(ue) — u strongly in
L4(Qr) and Vue — Vu weakly in L?(Qr), the product

ac(ue)Vug — uVu  weakly in LY(Qr),
with Y= 2¢/(2+ g), which is smaller than r. However, we also have
e (ue) Vute | 1 < e (ue) ||| Vitel| 2 < C,
implying
ag(ug)Vug — uVu  weakly in L"(Qr).

Finally, observe that due to the convergence of [ug]— — 0 in LI(Q7), see (1.82), we deduce u > 0
a.e. in Qr. In fact, we may use a similar argument to that employed at the end of Section 1 to
get upper and lower bounds for u in terms of the initial data (Exercise 6). However, as already
mentioned, this technique will not work for the cross-diffusion system.
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3 A cross-diffusion population model

In this section we finally deal with cross-diffusion systems of equations. The problem is the
following. Given a fixed 7 > 0 and a bounded set Q C R", find (non-negative) functions uy,us :
(0,7T) x Q — R such that, using the notation u = (uy,uy),

oyu; —divJi(u) = fi(u) in Or, (1.84)
oy —divr(u) = fo(u) in Or, (1.85)
Ji(w)-n=Jy(u)-n=0 onIr, (1.86)
u(-,0) =ug in Q. (1.87)

Here, the reaction terms are of the competitive Lotka-Volterra type
fi(w) = u;(o; — (Birur +Pipuz)), fori=1,2, (1.88)

with o;,B;; > 0, for i, j = 1,2. We shall deal with diffusion terms given by the flows of the
Bousenberg-Travis (BT) model

Ji(u) = ajpVu; +u;i(ain Vuy + apVuy) — bju, Vo, fori=1,2,
with a;; >0, b; > 0, for i, j = 1,2, being P the environmental potential. The numbers a;; are called
self-diffusion coefficients, while a> and a,; are refered to as to the cross-diffusion coefficients. Let
us remark here that the Shigesada-Kawasaki-Teramoto (SKT) model, for which

JiSKT(ll) = V(ui((l,‘o +ajuq —i—a,‘zuz)) —biu;V®, fori=1,2,
may be treated in a similarly way to what we shall follow for the BT model, see Subsection 3.8.

In terms of population dynamics, we are supposing that

e The populations diffuses partly randomly, and partly to avoid overcrowding caused by both
populations.

e The populations are drifted to the minima of the environmental potential ®, representing the
best environmental locations.

e The newborns are proportional to the existent population, but there is a growth limit given in
terms of the intra- and inter-specific competence between populations. The corresponding
kinetics (d;u; = fi(u)) has stable equilibria at

(ﬁ,()), (0’2)’ ( 1 B2z — 022 7 0211 — o P )7
B1i B2z B11B22 — Br12B21 " Bi1B22 — Bi2Por

depending on the relationship between the coefficients. However, due to the cross-diffusion,
these equilibria are not always the steady state solutions of problem (1.84)-(1.87).

Introducing the rescaling4 U; = ar1uy and U = ajrun, the new cross-diffusion coefficients are the
unity, while the other coefficients remain with the same sign. Thus, from now on, we shall use the
flows

Ji(w) = ajoVu; +ui(a;Vu; +Vu;) —bju;V®, fori,j=1,2, with j#i. (1.89)

We shall follow the line of the proof of existence of weak solutions developed in Section 2 for an
scalar equation, to prove the corresponding result for the problem (1.84)-(1.87) with reaction and
convection-diffusion terms given by (1.88) and (1.89), respectively.

4Here, we assume a2 # 0 and ap; # 0. Otherwise, the system is triangular (instead of full), and the problem is
simpler.
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3.1 Formal estimates

For problem (1.84)-(1.87), we have the following formal estimates:

e Multiplying (1.84) by In(u; ), (1.85) by In(uy ), integrating and adding the resulting identities,
we get, for F(s) = s(In(s) —1)+1>0,

2 2

o

Z/F(ui(T))JrZ/ ﬂ|vu,-|2+/ (al\vu1|2+a2\vu2|2+2vul.vu2>
i—17/Q i—17/0r Ui or

2 2 2
:Z/F(u,o)—I—Z/ fi(u)ln(u,-)—i—Z/ V. Vi,
=179 i=170r i=170r
We have , |Vi;|* = 4V \/ui|*, and, if> ajaz > 1,

a ’Vu1 |2 —i—az]Vuz\Z +2Vuy -Vuy > ao(‘Vm ’2 + |Vu2\2),

for some ap > 0. Thus, if the right hand side may be controled by the left hand side, we get
2
Y [P+ [ (VP +VP) <c.
=178 Or

e Integrating the equations (1.84) and (1.85), and using the boundary conditions, we get (if
u; > 0)

L@ +ua(r) < [ o) +a | (o),

Oor

with & = max{o;, 0 }, and then Gronwall’s lemma implies
/Q(MI(T) +ur(T)) < eaT/Q(MIO +u) < C.

We then deduce from these two estimates that ||u;||;2(;1) < C, like in the scalar case.

3.2 Symmetrization

Since the treatment of the linear diffusion and convection terms is straightforward, we shall assume
in what follows a;o = 0 and @ = (. See Subsection 3.8 for the details of how to handle these terms.

Equations (1.84)-(1.85) may be written as
oru—div(a(u)Vu) = f(u), (1.90)
with f = (f1, f2), and a(u) is the non-symmetric matrix given by
a(u) _ <a1u1 uj > .
uy aruy

SBefore rescaling, the condition is det(4) > 0.
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In (1.90) and in what follows, we use the notation

div(a(u)Vu) _ <div(a1u1Vu1 +u1Vu2)> '

div(ua Vuy + arusVuy)

Following the line of the previous sections, we first discretize the problem in time,
%(uk a1 — div(a(ut) Vat) = (),

and then (approximate) and linearize to use Lax-Milgram’s lemma
%(uk —uf ) —div(a(v)Vut) = £(v).

Since a is non-symmetric, the corresponding bilinear form
A(ll,ll) = / (a1v1 |Vu1 |2 —|—a2v2]Vu2|2 + (V] + V2)VM1 . Vbtz),
Q

is not, in general, coercive since the condition for this form to be coercive is that the matrix

( avi 3 —|—vz)>

%(Vl —|—V2) avy

is positive definite, that is, 4ajaviva > (vi + vz)z, which is not true in general.

The problem with this approach is that the entropy estimate of the nonlinear problem is not
inherited by the linear approximation, as it happened for the scalar problem. This is a common
issue when approximating nonlinear systems.

Fortunately, the existence of an entropy estimate is usually accompanied by a change of un-
knowns which symmetrizes the problem. In our case, defining w; = F’(u;) = In(;), we get that w
satisifies

) (Z:;) — div(b(w)Vw) = f("!, "), (1.91)

being b(w) the symmetric matrix
b B a eZW1 €W1+W2
(W) - ew1+w2 a262w2 .

Thus, our strategy will be to solve the problem in terms of the unknown w and the equation
(1.91), and then to justify the equivalence with a solution of (1.90). Observe that this is not
straightforward. For instance, since

Vu; =Ve" ="' Vw;,

if we obtain, as expected from equation (1.91), Vw; € L?, this regularity does not inmmediately
translates to Vu;, unless w; € L™, which is not expected, in general, from a system like (1.91).
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3.3 Solving a time discrete approximated symmetric problem

The formal calculations of the previous section may be also done in terms of the approximation to
the logarithm given by F/. Since F/ is increasing in R, its inverse is well defined. We introduce
the notation

ge=(F)™!, satisfying gl =aeoge. (1.92)

Then, for ¢ € [0, 1], we set the problem: Given w&~! € L2(Q)?, with Fg(gg(Wﬁgl)) € L'(Q), find
wk 1 Q — R? such that

2 (gelwhe) — ge(wi ")) — div GH(wh) +-ewhe = ohf(wh) inQ, (193)
GE(wh-n=0 on 0Q, (1.94)
with, fori,j = 1,2 and i # J,
Gy (W) = ge(wi) (aige (wi) Vwi + ge(w)) Vw)),
HE (W) = oige(wi) — ge(wi) (Birge (1) + Biage (w2))-

Lax-Milgram. Let us consider the operators A : H' (Q)? x H' (Q)? — Rand F : L*(Q)?> x L*(Q)* —
R defined by, for v € L?>(Q)? and 6 € [0, 1],

2 2
A(w,0) = l; (/QSWI'(PI'+i7jz_:1/gg£("i)(aigs(vi)vwi+ge(vj)ij) 'V(Pi>, (1.95)
i
2
F(p)= Gi; (/Q (otige(vi) — ge(vi) (Birge(v1) + Bige(v2)) ) @i — i/g(gs(vi) —88(Wﬁ§1))¢i>-

(1.96)

with @ = (@1, 02) € H'(Q)?. We have, using ajap > 1,

A(w,w) > é (€/§2W,-2+a06(8)/9\Vwi]2>,

with c(g) = mingr(gh(s))?> > €, in view of (1.92). Thus, A is coercive. Both A and F are
clearly continuous. Then, Lax-Milgram’s lemma ensures the existence of a unique weak solution,
Wi € H'(Q)?, of
(&} _ . .
?(ge(vi) - gS(Wﬁa 1)) —div G?(W]éﬁ’ V) + gwﬁs,o' = Gh?(wg,ca V) m Qa
Gf(wgc,v) n=0 on 0,
with (abusing on the notation by splitting the arguments)
Gi(w,v) = ge(vi) (aige (vi) Vwi+ge(v) Vw)),
B (W, v) = oige(vi) — ge(vi) (Birge (V1) + Bige (v2)).

Fixed point. Define the map S : L*(Q)? x [0,1] — L*(Q)? given by S(v,G) = Wi 5. To apply the
Leray-Schauder’s theorem, we have to check the following:



34 Nonlinear analysis tools for cross-diffusion problems

1. Continuity and compactness of S. The arguments are similar to the case of a scalar equation,
see Subsection 2.2.

2. 8(v,0) = 0, which is inmmediate.
3. If v=S(v,0) for (v,0) € L*(Q)? x [0,1] then ||v||;2 < C.
Let us prove the last point. Thus, we assume that v = w’;c,, and we have to show an uniform bound,
with respect to 6 € [0, 1], of ||W§ ;|| ;2. For clarity in the notation, we replace wg ; by w, and wi !
by W in what follows. We have that, by assumption, w solves
9 . . .
z(gg(w,-) —ge(W;)) —divGs(w) +ew; = ohf(w) in Q,
Gi(w)-n=0 on 0Q.

Using ¢ = w; as a test function, for i = 1,2, and summing the resulting identities, we get, similarly
to the deduction of the coercivity of A,
2

)y (G/ (ge(wi) —ge(Wi))Wi—FTE/ W%—l-TCl()C(S)/

= Q Q Q

5 2
V| ) gml;/ghi (Wwi.  (1.97)

The convexity of F; implies Fg(x) — F¢(y) < F/(x)(x—y). Choosing x = g¢(w;) and y = g¢(W;),
and noticing that g is the inverse of F/, we deduce

| (g = emwi = [ (Felgelw)) = Falge(m).
For the right hand side term, we claim that, fori = 1,2,
fE(s1,52)F(si)) < C(1+ Fe(s1) + Fe(s2))  forall 51,5, € R, (1.98)

with f£(s1,52)) = os; — ae(si) (Binae(s1) + Bioae(s2) ) . Taking s; = ge(w;), from (1.98) we infer

2 2
Y [ ovm < [ (-4 Rlgetn)

Therefore, we obtain from (1.97), under the assumption T < 1/C,

2

Y- (o(1-C5) [ Falselw) +7e [ wh+rac(e) [ Vil

i=1

2
<CGT+G;/§2/§2Fg(g8(wi)). (1.99)

Since, by assumption, Fg(gg(wﬁg])) € L'(Q), we deduced the required uniform estimate with

respect to © for w’éc.

We finally prove our claim (1.98) using the properties (1.48)-(1.51). We have
ff (s1,82) FY (si) = ousiFy (i) — (Biiaae (s:) + Bijae (s ;) ) ae (si) Fy (i)

< 04(2Fe(si) + 1) + (Biae (s:) + Bijae(s;)) [1 — si] ¢
< (0 + Bir) (2Fe(si) + 1) + Bij (2Fe(s) + 1) + Biiae (i) [si] - + Bijae(sj)[si]-,  (1.100)
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and since

Biicte (si) [si] - + Bijae () [si] - S%(BHBU)([&] ) + (Bnae( )%+ Bijae(s;)?)

(Bii + Bij)Fs(Sz) +Bii (2 + Fe(ae(si)) + Bij(2+Fs(as(sj)))
(Bli + Bij)Fs(Sz + Bn(z‘i'FS(sl)) + Bl}(2+F€(Sj))
= (2Bii +Bij) Fe(si) + BijFe(s;) +2(Bii +Bij)s

we deduce (1.98) from (1.100):

<
<

i (s1,5:2)F (i) < C+ (204 + 4B + Bij) Fe(si) + 3Bij Fe(s,).
Therefore, a fixed point of the operator S(v, 1) does exist, which is a solution wk € H'(Q)? of

problem (1.93)-(1.94), with ¢ = 1.

3.4 Back to the original unknowns
We define ul = ge(Wh ) and notice that u . € H'(Q), since

Vul = gb(wk )Vw = ae(ge(Wh ))VW, e
and € < ge < e~ l. Introducing this change of unknowns in (1.93)-(1.94), with 6 = 1, we see that
uf satisfies, for given uf~! € L2(Q)? with Fe(ut 1) eLY(Q),
—(ufe — ") — divIF (ug) + eF (uf ) = f (ug) inQ, (1.101)
JEW)-n=0 on 0Q, (1.102)
with, for i, j = 1,2 and i # J,

JE(u) = ag( i)(aiVui+Vuj),
i () = oyt — ae(u;) (Birae (ur) + Bioae (u2))

Moreover, using the test function ¢ = F/(u ls) in the weak formulation of (1.101)-(1.102) we
obtain, similaly to what we did to deduce (1.99),

2
Z((1—Cz)/Fg(ufia)+T8/ IFg’(uf‘,g)\erWO/ Vuke[?)
Q Q Q

i=1
2
chZ//Fg(u{f;l). (1.103)
i=17/Q7Q ’

Notice that in this estimate, the gradient bound is independent of € due to the property ag(s) =

1/F!'(s). Estimate (1.103) is similar to (1.53). From here, it is easy to deduce an estimate for u}

similar to what we found for ulg in (1.56), i.e.

2
Z max /F£ Uie +/\u,8|+ / 2+Te/ \F!(u )
k=1,....K Q

i—1 >
l 2 K
DWW
L

i=1k=1

(1.104)
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3.5 Back to the evolution problem

Like in previous sections, we consider piecewise constant and piecewise linear functions in time.
For (t,x) € (ty—1,t] X Q, and for k = 1,...,K, with 4y = kt and T = T /K, we define
Iy —t
T k ~(T k k k—1 k
a2 (1) = o), (1,0) = e () + F (s () — ke ().

i€ i,€

Replacing these functions in the weak formulation of (1.101)-(1.102), we obtain the identity
T
[ aale+ [ r)-vore [ Ruo=[ e, (1.105)
0 ' Or Or Or

for all ¢ € L?(0,T; H' (Q)).

Uniform estimates in € and t

From (1.104) we get
T T 1 T !/ T
max ([ R O)+ [0+ [ (@w10?) ve [ RGP

t€(0,T)
+/ vulY]2 <. (1.106)
Or ’

From (1.106) and the Poincaré-Wirtinger’s inequality we deduce

@ N2y <€ e ey < C. (1.107)
Time derivative estimate
We have, using (1.105) and ¢ € L*(0,T; H' (Q)),

Pe) () () (x) e/ (%)
| 0o <a [ la@I(Val 1+ Vi) Vel + [ I£@)le
0 Or Or
ve [ IR0l < Ce ol
T
and thus, from (1.106),
1802 |l 12 ey < Ce2. (1.108)

3.6 Thelimitt—0

From the bounds (1.106), (1.107), and (1.108) we deduce the existence of ug,ze € L>(0,T; H' (Q))

and of subsequences of ug) and ﬁg) (not relabeled) such that, as T — 0,

0 weakly in L2(0,T: H'(Q))?,
uér) —u weakly in L?(Q7)?,

alY 2 weakly in L2(0,T;H' (Q))?,
i g weakly in L*(Qr)?,

o — 0,z weakly in (0,7 (H'(Q))')?,

the identification z; = u, being deduced like in Subsection 2.4.
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Compactness and strong convergences

We use the compactness Aubin-Lions lemma, Lemma 3, to get strong convergence. We get the
existence of a subsequence (not relabeled) such that

ﬁg) — e strongly in L2(Qr)?, and a.e. in Q.

In particular, like in (1.71), we also obtain

ug) —ug strongly in LZ(QT), and a.e. in Or.

Convergence

Passing to the limit T — 0 is justified like in Subsection 2.4. We obtain thatue € L>(0,T; H' (Q))*N
H'(0,T;(H'(Q))")? satisfies, for all ¢ € L?>(0,T;H'(Q)),

/OT<8,ui,ey(P>+/QTJig(us) -V(p+8/QT Fl(uie)p = /Qr 1E(ue)o. (1.109)

3.7 Thelimite — 0
Uniform estimates in € and weak convergences

Taking the limit T — 0 in (1.106), (1.107) we get

max ([ Fetwo)+ [ w0l + [ (0l F) +e | 1R
+/Q Vue2 < C. (1.110)

and then
[ute]| 21y < C. (1.111)
Using Gagliardo-Nirenberg inequality like in (1.77) yields, for p = (2N +2)/N,
[|ute || < C. (1.112)

For the time derivative estimate, let r = (2N +2)/(2N + 1), and then ¥/ = 2(N + 1), and write,
using (1.109) and p > 2,

T
| Outies0) < [ laetuie)| (@l Vasel + Vel [Vl + | 175wl
0 Or Or

+€/Q |Fe (uie)llo] < llae(uie)llor (aill Vitiell 2 + | Vijell2) IVl
T

+ | tie 2|9l v + (Biill e (wie) |70 -+ Bijl| e (uie) | |ae (uje)l|22) |91l o2y
+e||[F(uie) 2 < Cloll iy

and thus

19tte | w1y < C- (1.113)
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Finally, from (1.106) we also deduce

1 [utie] - Il z=(22) < Cve, and Ve|F(uig)ll2 <C. (1.114)

From the bounds (1.110), (1.111), (1.112), (1.113), and (1.114) we deduce the existence of u €
L?(0,T;H'(Q))? and of a subsequence of u, (not relabeled) such that

U —u weakly in L2(0,T;H'(Q))?,

ue —u weakly in L” (Qr)?,

dug — u weakly in L7(0,T; (W' (Q)))?,
[ug] - —0 weakly*-weakly in L™(0,T;L*(Q))?

Compactness and strong convergences

We again use the compactness Aubin-Lions lemma, Lemma 3, to get the existence of a subse-
quence strongly convergent. Then, like we did in (1.81), (1.82), and (1.83), we get

ue —u  strongly in L9(Q7)?, forany 1 < g < p.

[ug]- — 0 strongly in LY(Qr)? and a.e. in Qr, thatis u; > 0 a.e. in Or,

ag(uig) — u; strongly in L(Qr).

Observe that, in particular, we may choose 2 < g < p = (2N +2)/N.

Convergence

We have to pass to the limit in the expression (1.109). Except for the term involving F/ (uig), the
passing to the limit of the rest of terms are justified like in Subsection 2.5. For the former, we
have, using (1.114)

e /Q Fl(ti6)9 < €| (i) 2|0l 2 < Cv/E — 0.
T

Theorem 1.10 Let Q C RN be a bounded set with Lipschitz continuous boundary, and let T > 0.
Suppose that uijy € L*(Q) are non-negative, for i = 1,2. Then, problem (1.84)-(1.87) with, for
i,j=1,2andi+# j,

Ji(ur,uz) = ui(a;Vu; +Vuj), witha; >0, ajay > 1,
filur,uz) = ui(0; — (Biuy + Bouz)),

has a weak solution (uy,uy) satisfying u; > 0 in Qr and
u; € L*(0,T;H' (Q)) NLP(Qr) "W (0, T; (W' (Q))),

where p=2(N+1)/N, r=2(N+1)/(2N+ 1), and ¥ = 2(N + 1), in the sense that for all ¢ €
L'(0,T;W" (Q)), and i =1,2,

T
/ <atui;(p>+/ Ji(“l,“Z)'V(P:/ ﬁ(u17u2)(P7
0 Or Or
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with (-,-) denoting the duality product between W' (Q) and its dual (W' (Q))'. The initial data
is satisfied in the sense

T
/ < By >+ / (i — ui0)dy = 0,
0 Or

forally e L (0,T; W' (Q))NH" (0,T;L2(Q)) such that w(T) =0 a.e. in Q.

3.8 Generalizations and final remarks

Linear diffusion. The addition of a linear diffusion term in the flows J; may be treated as follows:

e Lax-Milgram. The coercivity and continuity of the bilinear form A, defined in (1.95), is not
altered when adding the terms ajo [, 84(vi)Vw; - V@, for which we have a; [o, g4 (vi)|[Vwil> >
0.

e Bound in the fixed point. We have ajo [ g&(w:)|Vwi|*> > 0, so the bound (1.99) is not altered.

e Original unknowns. When using ¢ = F/ (uf‘s) to get the energy estimate (1.103), the corre-
sponding energy term is well defined, since

etai / Vi, 2 < tag / FI (b )| Vilk, |2 < e ' 2ai / Vil 2.
Q ' Q ’ ' Q ’
e The limit T — 0. We add to the left hand side of estimate (1.106), the following term

1
aiO/ ) ‘Vuz(?|2

Or Qe (ui,a )

Due to the weak convergence of Vul(fg) in L?>(Qr), we get in the weak formulation (1.105),
a,‘o/ Vul(_? -V(p — aio/ Vu,"g . V(p.
Or ' Or

e The limit € — 0. We add to the left hand side of estimate (1.110), the term

1
4(1- / —_— V ae(U; 2.
o TGPV eltie)]

Again, the weak convergence of Vu; ¢ in Lz(QT) gives in the weak formulation (1.109),

aio/ Vui.,s'V(P—mio/ Vu;-Vo,
Or Or

and, in fact, the above energy also passes to the limit (and remains bounded)

1
— |V /ae(u; 2—)/ V.2,
g W et [ 19V
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Linear convection. The addition of a linear convective term, e.g. q = V® € L?(Qr), in the flows
Ji may be treated as follows:

e Time discretization. We introduce the time discretization q*(x) = q(t,x) for ¢ € (tx_1,#].

e Lax-Milgram. We add the terms [, a¢(v;)q* - V@ to the linear form F defined in (1.96). The
continuity is not altered.

e Bound in the fixed point. We have
k —1y 4k 2 40 k2
v Vwi < el |pa Vw2 SYHVWI'HLZ—’—@H(] Iz2:

so the bound (1.99) is not altered if we take y small enough.

e Original unknowns. When using ¢ = F; (u},.), the corresponding term in (1.103) is controled

by the gradient:
ao
o vt <2a0 [ o P+ [ Vil
Q Q Q

e The limit T — 0. We clearly have q¥) — q strongly in L?(Qr). Thus,
| a@Ha® Vo | acluiea-Vo.
Or ' Or

due to the strong convergence ag(ul(;)) — ag(uie) in L*(Qr).

e The limit € — 0. The strong convergence ag(ut;¢) — u; in L?*(Qr) implies
/ ag(uie)q- Vo — / uiq-vVeo.
Or Or

Non-constant coefficients. All the constant coefficients appearing in the problem may be gener-
alized to be L (Qr) functions.

The SKT model. The SKT model, i.e., the problem (1.84)-(1.87) with flows given by
T () = V (ui(aio + ajuy +uz)) — biu;VP

may be treated in a similar way. In particular, the formal estimate obtained by multiplying both
equations by Inu;, integrating by parts, and adding the resulting identities, give for the nonlinear
diffusion term

2
Z/Q (a,-|Vu,-|2—|—2|V,/u1u2|2),
i=170r

and thus, the L2(0,T; H' (Q)) estimates of u; and u, remain valid.

Systems of m equations. The proof of existence of solutions u = (uy,...,u,) for systems of m
equations

Qi —divJy(u) = fi(w), i=1,...m,
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with flows of the BT type,

m
],'(ll) =a;oVu; +u; Z a,-jVuj —bu;Vo, fori=1,2,
=

with a;p > 0, a;j,b; € R, and competitive Lotka-Volterra terms
m
fi(u):ui(oci—ZBijuj), forizl,...,m,
j=1

with o;,3;; > 0, for i, j = 1,...,m is straightforward under the condition
w!aw > a0||WH2, for some ag > 0, and for all w € R, (1.115)
where a is the matrix of diffusion coefficients, a = (a;;). Defining the symmetric matrix a*
ai; ifi = j,
%= { WAL itig ),

we may check that (1.115) is satisfied if @* is positive definite. Observe that, for m = 2, this
condition is equivalent to

dajjay > (an+ax)?. (1.116)

However, under the rescaling of the unknowns U; = aju;, for i = 1,2, i # j we obtained the new

matrix
= ay 1
T\l @)’

with a; = a;i/aj;, for which the condition simplifies to aja; > 1, that is, det(a) > 0, which is
weaker than (1.116).

Since the rescaling introduced for m = 2 has not a clear extension to m > 2, the following ques-
tion arises: may we replace the condition of a* being positive definite by the condition det(a) > 0
to get the existence of weak solutions?

A similar situation happens for the SKT problem, being both at the moment, open problems.
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4 Exercises

1. Prove the estimate
(1—r)' <exp(r(1—r)7') forallr€|0,1).
2. Prove the following estimates involving the functions a. and F; defined in Subsection 2.2
(@) (s—1)F.(s) > Fe(s) — Fe(t) + %(s —1), forall s,t € R,

s2—2forall s > 0.

2
(c) Fe(s) > % for all s <O0.

(b) Fe(s) =

(d) max{ag(s),sF!(s)} <2F(s)+ 1 forall s € R.
(e) ag(s)F(s) >s—1forallseR.
(f) Fe(ae(s)) < Fe(s) forall s € R.
(g [1—s]4 <1—[s]-forallseR.
3. Adapt the ideas we employed at the end of Section 1 to show lower and upper bounds of the

solution, u, of the linear problem (1.1)-(1.3) to prove that the solution of the time discrete
problem (1.13) has similar bounds. Prove then that they also hold in the limit T — 0.

4. Using (1.58) and the Poincaré-Wirtinger’s inequality (Theorem 1.6), deduce

1
6112 < & 1?1+ Clval? 2 < c.

5. Use the Gagliardo-Nirenberg inequality (Theorem 1.7) to prove estimate (1.77)

6. Use a similar argument to that employed at the end of Section 1 to get upper and lower
bounds for the solution, u#, of the nonlinear problem (1.23)-(1.25), in terms of the initial
data.

7. Check that for r = (2N +2)/(2N+1), and p > 2 we have ' > max{p’, (p/2)'}. Show that
the integrals

/uv, /uzv, foru e LP(Q), ve L (Q),
Q Q

are well defined.
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In this work we study the phenomena of pattern formation for the competitive Lotka-Volterra
model under two types of diffusive terms: linear self-diffusion, and nonlinear cross-diffusion of
the Shigesada-Kawasaki-Teramoto type.

We first analyze the conditions for linear stability of the linear diffusion system for a generic
reaction term. Then, the application of these results to the Lotka-Volterra case shows that the
system is linearly stable.

Then, we pass to analyze the model with cross-diffusion. After deducing the conditions on lin-
ear stability, we show how cross-diffusion destabilizes the uniform equilibrium and is responsible
for the initiation of spatial patterns.

Near marginal stability, through a weakly nonlinear analysis, we are able to predict the shape
and the amplitude of the pattern. For the amplitude, in the supercritical and case, we derive the
cubic Stuart-Landau equation.

This work has been extracted from:

e G. Gambino, M.C. Lombardo, M. Sammartino, Turing instability and traveling fronts for a non-
linear reaction-diffusion system with cross-diffusion, Mathematics and Computers in Simulation
82(6) (2012) 1112-1132.

Generically, bifurcation consists on a qualitative change in the behavior of the equilibrium
solutions of a system. It occurs due to a change in the value of a bifurcation parameter, resulting
in the emergence of a new steady state or a change in the stability of the steady states.

The stability of the uniform steady states is associated to the distribution of the eigenvalues of
the corresponding linearized system. If the steady state is initially stable, the eigenvalues have both
negative real part. At the bifurcation, at least one eigenvalue crosses the imaginary axis. If one
considers a two-dimensional system of the form (2.1)-(2.4), then there exist two roots of the char-
acteristic polynomial with real (negative) coefficients, and two different scenarios of bifurcation
can occur: Turing bifurcation, in which one eigenvalue crosses the origin, or Hopf bifurcation,
where a pair of imaginary eigenvalues crosses the real axis and it results in a limit cycle with
oscillations.

Here, we will analyze the occurence of Turing bifurcation.

1 Linear self-diffusion problem

We start considering the linear diffusion nonlinear reaction system

a,ul —dlAul = 'Yf](ul,uz) in QT = (O,T) X .Q., (2.1)
sty — daAuy = Yf2(u1,u2) in Or, (2.2)
Vu;-n=Vu,-n=0 onI'r =9(0,T) xQ, (2.3)
u1(~,0) = Uuio, M2(~70) = Upo in Q. (2.4)

Here, (u1,uy) are concentrations or densities of some specie, e.g. of populations. The parameter Y
regulates the relative strength of the kinetic terms, or, alternatively, it gives the size of the spatial
domain and the time scale, i.e. /Y is proportional to the linear dimension of the domain or, in the
case of a 2D spatial domain, it is proportional to its area. The reaction terms, (f1, f2) are supposed
to be nonlinear, e.g. competitive Lotka-Volterra terms.
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We write (2.1)-(2.2) in vector form as
o;u— dAu = ¥f(u), (2.5)

withu = (uy,u), £ = (f1, f2), and d the diagonal matrix with diagonal (d;,d,). Non-trivial homo-
geneous stationary state @t = (if}, i) are constant positive solutions of

£(ii) = 0.

1.1 Linearization

Linearization around i gives the following system for w =u—1,
o,w —dAw = yDf(a)w, (2.6)
where Df = (9;f;(u)) is the Jacobian matrix of f:
difi(u) 0afi (U))
Df(u) = .
(w) (31f2(“) 02 f>(u)

System (2.6) is linear with constant coefficients. Then, given the boundary conditions (2.3), we
look for a particular solution of the form

w = exp(Ait + ikx)uy, (2.7)

where uy, is a constant vector, A, represents the linear growth rate and k is the wavenumber of the
perturbation. Upon substitution of (2.7) into (2.6), one gets the following eigenvalue problem

Apw = Mw,  with A, = yDf() — kd.

For each wavenumber, k, there exists an eigenvalue problem which in general admits two linearly
independent eigenvectors uj, j = 1,2. If A j; are the corresponding eigenvalues, then the particular
solution associated to the wavenumber £ is of the form

A Mt ikx
(clkulke W4 copuppe’* )e’ , (2.8)

where the coefficients c j; are complex constants which depend on the initial data.

Then, the general solution can be expressed by the sum of particular solutions of the form (2.8)

W(t,x) = Z (Clkll1k€)”k[ + Czkllzkehkt)eikx. (2.9)
k

Observe that the characteristic polynomial associated to the eigenvalue problem (2.6) is given by
7\.]% — tr(Ak)kk + det(Ak) =0,
where

tr(Ax) = Y(01 £1 (1) + 02 fo()) — k*(dy + da), (2.10)
det(Ak) =d d2k4 — y(d281f1 (ﬁ) +d,; 82f2 (ﬁ))kz + 'Y2 det(Df(ﬁ)),

having the roots

e = % (tr(Ak) +\/te(Ag) — 4det(Ak)).
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1.2 Conditions for linear instability

Since we are interested in diffusion-driven instability, we suppose that when spatial variations are
neglected (k = 0), the steady state is linearly stable, that is Re(Ajo) < 0 for j = 1,2. This implies

tr(Ag) = tr(Df()) <0, det(Ap) = det(Df(i)) > 0. (2.11)

Returning to spatial-dependent problem, we look for the situation in which the variation of some
system parameters (diffusion coefficients) changes the sign of some Re(A), for k # 0, implying
that the uniform steady state becomes linearly unstable.

First, we observe that from (2.11) and (2.10) we obtain tr(A;) < 0. Thus the only way to have
Re()4) > 0 for some k # 0 is that det(A;) becomes negative. Since det(Ay), as a function of k2, is
a convex parabola, we analyze the point of minimum

2 dealfl (1) +d102 f2(1)
¢ 2dd, ’

(2.12)

and the corresponding minimum value

(d201 11 (@) +d132f2(ﬁ))2] '

h(k2) =7 | de(DE(@)) - i

For fixed values of the kinetic parameters, we obtain that 4(k?) = O (bifurcation) if d. is a positive
root of

(311 () d? +2(202 1 (@)1 f2 () — 1 £ (8)92.f2(8) ) de + (92/2(8))* =0, (2.13)

where d, is the critical diffusion ratio. If such d. does exist, then the corresponding critical
wavenumber is obtained from (2.12) replacing di,d by the critical diffusion coefficients df,d5,
satisfying d5 /df = d_.

Observe that for a diffusion ratio d* > d, there exists a range of unstable wavenumbers con-
tained in the interval [k?,k3], where ki, k, are such that det(Ay, ) = det(A,) = 0. Moreover, since
the eigenvalue problem is defined in a finite domain, the wavenumbers are discrete and within
a well defined range, thus there will be only a finite number of possible unstable wavenumbers
contained in [k%, k3].

Within this range of possible unstable wavenumbers, Re(A;) is positive and assumes its max-
imum value for k2. Therefore, there exists a fastest growing mode in the solution (2.9), and the
dominant contributions as ¢ increases are given by the modes for which ReA; > 0, i.e. for large ¢
the perturbation solution can be expressed in the following form

k> _
w(tx)~ Y uge e,
K=k,

Summarizing, the Turing instability analysis allows to derive the conditions on the system param-
eters under which a reaction-diffusion system can exhibit Turing patterns, that is a homogeneous
steady state becomes unstable in response to infinitesimal disturbances. Furthermore, the domi-
nant unstable mode wavelength, i.e. the length scale 1/k., and the range of unstable wavenumbers
can be determined.
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1.3 Linear stability of the competitive Lotka-Volterra system
Let us consider the reaction terms
fi(w) = ou; — (Bonur + Biauz s,
with o, B;; > 0, for i, j = 1,2. We then have a unique non-trivial co-existence equilibrium

B0y —Bi2oz  PBrioe —Paroy

ua— 2.14
" (511522—512521 "Br1Ba2 —B12B2ar”’ 19
with i#; > 0, for which
(B —1312111)
Diu) = (—[321122 —Bo2it ) @13)

The equilibrium i is stable for the dynamical system if the eigenvalues, y;, of Df(u) are negative.
The characteristic equation is

u* —tr(Df(u)) + det(Df(u)) = 0.
Thus, for stability of the dynamical system, the following conditions are required

tr(Df(u)) <0, and det(Df(u)) >0 (for negative real part),
tr(Df(u))? — 4det(Df(u)) > 0 (for null imaginary part).

It is easy to see that the second condition is equivalent to
(B11di1 — Baziin)* + 4B12Barit1 iy > 0.
Thus, both conditions are satisfied if we assume ;; > 0, for i, j = 1,2, and
tr(B) >0, and det(B) >0, with B=(f;). (2.16)

Returning to the spatial-dependent problem and writing (2.13) as ad? + bd,. + ¢ = 0, the solutions
are given by d. = %(—b + v/b%* —4ac). For any of the solutions to be real and positive, it is
necessary that

b*—4ac>0 and b<O0.
After some computations, we see that

b* —dac >0 — B12B21 > B11P22,
b <0 < B1ifBxn > 2Bi2Pa1,

which are incompatible. In fact, the first condition is det(B) < 0, which contradicts the stability
assumption (2.16) for the dynamical system. Thus, in the case of linear self-diffusion, det(A;) > 0
for all k, and therefore, Re(A;) is never positive. In conclusion, 1 is linearly stable for any choice
of the diffusion coefficients.
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2 Cross-diffusion problem

Since the Lotka-Volterra system with linear self-diffusion is stable under perturbations of the co-
existence equilibrium, one may ask if this is still the case for more complex situations. In this

section, we study the case in which cross-diffusion terms of the SKT! type are considered,

atul —divJ; (ll) = 'Yfl(ul,uz) in QT7
atuz—dinz(u) :’Yfz(m,l/tz) in QT,
Ji(w)-n=Jy(u)-n=0 onIr,
ui(+,0) = ujg, uz(+,0) = up in Q.

with flows and reaction terms given by

Ji(ll) = V(u,-(dl +a;1Vuy —i—aizVug))
fi(w) = oyu; — (Biruy + Biouo ) u;,

2.17)
(2.18)
(2.19)
(2.20)

for o;,B;; > 0, i, j = 1,2. The diffusion coefficients d;, and A = (g;;) are assumed to be non-
negative, with a;; > 0, whereas the inter- and intra-competitive coefficients B = (B;;) are assumed

to satisfy the kinetic stability conditions (2.16).

We consider the co-existence homogeneous stationary state given by (2.14), for which, see

(2.15),
K :Df(ﬁ) — <_B11ﬁ1 _Blzﬁ1> .

—Bariia  —Prity

Linearization around @ gives the following system forw =u—1
0w — DAw = YKw,
with
D— (dl +2allﬁ£+012ﬁ2 a£2ﬁ1 ) ) .
azy iy dy +azyiy +2axnin
The corresponding eigenvalue problem leads to the characteristic polynomial
A — tr(A) M+ h(K*) =0,
with Ay = YK — kD, and
h(k*) = det(A;) = det(D)k* +ygk® +* det(K),

being

q =B (2axniiy + da) + Poziia(2a11i; +d )
+anaiia (Boaiia — Bority) +anpity (Brid — Piaita).

I'Shigesada-Kawasaki-Teramoto

2.21)

(2.22)
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2.1 Conditions for linear instability

Spatial patterns arise in correspondence of those modes k for which Re(A;) > 0. Since we assume
that @ is stable for the kinetics, one has that tr(K) < 0, and thus tr(Ax) < 0 implying that the only
way to have Re();) > 0 for some k # 0 is that (k%) becomes negative. Thus, the condition for the
marginal stability at some k = k. is

min(h(k%)) = 0. (2.23)
The minimum of h is attained for
Yq
K =— 2.24
= 2 det(D)’ 2.24)

which requires g < 0. The first two terms of g are non-negative: it follows that the only potential
destabilizing mechanism is the presence of the cross-diffusion terms.

Election of the bifurcation parameter

The conditions on the positiveness and stability of the equilibrium point @ imply that only one of
the two following inequalities can be satisfied

Boaity —Poiity <0 or Py — Praiiz <O.

Indeed, using the explicit definitiion of @ given in (2.14), we get, for s = B11B22 + B12B21,

1
i) — Po1il = Olps — 20
Ba2iia — Poriiy det(B)( 25 1B21B22),
1
i) — Biodls = ——— (05 — 20 :
Buiiy — Prait det(B)( 15 —200P11B12)
Assuming that both are negative, we deduce
o 2
G 2P g % s
o4 s o1 2Bi1Bi2

implying s> < 4B11B12B21B22, which is not possible.

Therefore when a1, has a destabilizing effect then ay; acts as a stabilizer and vice versa. In
what follows we shall choose the case Byii; — P21 < 0 without loss of generality and

b:=ajy asthe bifurcation parameter.

Critical value of the bifurcation parameter

Since the graph of i(k?) depends on b, from (2.23) one gets the bifurcation value of b and the
corresponding value of k2, if they do exist. Consider the non-negative quantities

my = iix(Boriiy — Pazitz),
my = B (2aiiy + da) + Paziiz (2a1 181 +dy) + aziity (Prii — Biaia),
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so that ¢ = —m b+ my. Using (2.24), we see that the minimum value of h(k?) is

B 2
(zmb+ma)” ) (2.25)

min(h(k)) = v (det(K )~ 4det(D)

Let & € R, to be determined, and set b = m; /m; + &. Introducing this expression in (2.25), we get
the marginal stability condition

2
nmy

4det(K)

€2 —det(D) = 0. (2.26)
Replacing aj; = b =my/m; + & in (2.21), we find
m
det(D) = it (dy + 2aii2)§ + (mf?ﬁz(dz +2anis) + (dy +2ay1d; ) (dr + azp i) + 2a22122)) .

Therefore, the second order polynomial (2.26) admits a positive root, which we denote by &,
giving the critical value for the bifurcation parameter b,

pe="2 gt 2.27)
mi

Observe that, under the election of the positive root &, the condition ¢ < 0 is guaranteed.

Thus, for b > b€ the system has a finite k pattern-forming stationary instability. The unstable
wavenumbers stay in between the roots of i(k?), denoted by k% and k%. It is straightforward to
check that these roots are proportional to y. Hence, to have the possibility of the pattern formation,
v must be big enough so that at least one of the modes allowed by the boundary conditions falls
within the interval [k?,k3].

2.2 Amplitude equations and weakly nonlinear analysis

The linear stability theory represents a useful first step in understanding pattern formation, but it
gives only a rough indication of the patterns we should expect. Through the linear analysis we
determine both the conditions on the system parameters for the onset of instability to infinitesimal
disturbances and the length scale of the pattern formation, 1/k.

Moreover the linear analysis displays the important physical processes and shows how the
diffusion is the key mechanism for pattern formation.

Nevertheless, the exponentially growing solutions obtained via the linear theory are physically
meaningless. To predict the amplitude and the form of the pattern close to the threshold the
nonlinear terms must be included into the analysis. We shall perform a weakly nonlinear analysis
based on the method of multiple scales.

Nonlinear expansion

In the Turing bifurcation, close to the bifurcation the eigenvalues are negative. Thus, the linear
instability of the steady state must be preceded by the presence of a null eigenvalue for the lin-
earized operator. In particular, this implies that the pattern evolves on a slow temporal scale, like
eM , with A & 0. Thus, new scaled coordinates are considered, and treated as separate variables.
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Firstly, we fix a small control parameter €, representing the dimensionless distance from the
critical threshold. Here we choose €2 = (b — b,) /b.. Secondly, the solution of the original system
(2.5) is written as a weakly nonlinear expansion in terms of €2.

Considering a random perturbation, w, around the steady state, we can recast the original sys-
tem (2.17)-(2.18) in the form

o,w = Lw+ A\ Pw, (2.28)

where £2 =YK +DPA, and A is the nonlinear operator containing the second order terms, which
we decompose as

1 1
Nb = EQK(Waw) + EAQISJ(V“W)?
with the bilinear forms

—2B11x!y! = Bra(x'y? +x2yl)>

Q(x,y) =Y (—2[322x2y2 ~Bar (3 x2y))

2ap;x! 1—HJ(xl 2 4 x2 1) >
b 1xy y y
Qp(x,y) = .
(x,y) (2a22x2y2+a21(x1y2+x2y1)

The idea is to expand the perturbation w in terms of the control parameter €, so that the leading
term of the expansion is the product of a slowly varying amplitude, A, and a basic pattern with
wavenumber k., to derive an equation describing the evolution of the amplitude. We expand b, w,
and the time variable as

b =D +eby + &by + b3+ O(*),

W=¢ew| +&Wy+ w3+ 0(84
4

)

0; = 88T1 + 8287"2 + €3aT3 + 0(8 )

Then, we decompose the diffusion matrix, D?, as

dy +2ai; + bitp biiy s e . (bl b 4
Db = N g _|=D el J o(eh),
< a1 il d> + ar iy + 2axiis +j;l 0 0 + ( )

so that L? = yK + DPA takes the form

3 Il Il c c
Lr=r"1+Y e (bfg‘Z be”‘> A+0(e*), with LY =yK+D"A.
j=1

For the quadratic terms, we have

Qx(w,w) =€ Qg (W1, W1) + 28 Qe(wi,w2) + O(e"),
Qg(w,w) —¢? Qg (W1, wy) +2¢€3 (QbDC (W1, wa) + (blw%w%,O)t) + 0(84).

Finally, considering the time derivative expansion, we get

oW = 828T1W1 + 83 (8Tl W) + E)Tzwl) + 0(84).
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Introducing these expansions in (2.28), and equating in terms of the order of €, leads to

ok): rfw = o (2.29)
C 1 C
0(82) : Lb Wy = Blel — E(QK(wlvwl) —I—AQLZ)J (Wl,Wl))
iy i .
*bl (O 0> AWl = F, (230)
c C W1W2
0(83) : Lb W3 = BT,weraTzw] — QK(W1,W2) —AQg (W],Wz) —bA ( 10 1)
- (Lg %‘) (b1 AW, + brAw;) =: G. 2.31)

Studying the orders of the expansion

Order €: The solution of the linear problem (2.29) in (0, 21/k,.) satisfying the Neumann boundary
conditions is given by

wi = A(Ty, Tb)pcos(kex), with p € ker(yK — kD),

where A is the amplitude of the pattern and it is still arbitrary at this level. The vector p is defined
up to a multiplicative constant, and we shall make the normalization in the following way
—YKy1 + D5 k2

p=(1,M), withM = 2%
K2y — D,k

(2.32)

where K; j,Df?; are the i, j-entries of the matrices K and D",
Order £2: Observing that

Qx(wi,w1) =A(T1,T2)* Qg (p, p) cos? (kex)

QS (wi,wi) =A(T1,T2)* Q5 (p,p) cos® (kex),
and using standard trigonometric identities, we find that (mind the Laplacian operator)

C

(Qelw,wi) +AQY (wi,w1)) = AT T2 (Qu(p.p) + (Q(p.p) 4K QY (p.p)) cos(2ker) )

1
:ZA(TlaTZ)Q Z %(p,p)COS(jkCX),
j=0,2

1
2

with
M= Q- j*K Q. (2.33)

Therefore, F given in (2.30) may be expressed as

1
F= —ZA(ThTz)Z Z M;(p,p)cos(jkex) + (aTlAlp +b1ka1(ﬁ2 +ﬁ1M,0)’) cos(kex).
Jj=0,2
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By the Fredholm alternative, (2.30) admits a solution if and only if (F,y) = 0, where (-, ) denotes
the scalar product in L2(0,27/k.), and the normalized vector W € ker((£”)*) is given by
—YK12 + DY, k2

v = (1,M*) cos(kcx), with M* = = c
' Koy — D33k

(2.34)

The compatibility condition reads

2n

0= (F,y) = — %AZ y QV[j(p,p)(l,M*)’/OEcos(jkcx)cos(kcx)dx
=02

2

+ (aTlAp + b KA+ G M, O)f) (1,M") / * cos? (kex)dx.
0

The first integrand at the right hand side vanishes, so we obtain

_blkc(ﬁz—i-fth)

aTlA(leTZ) :XA(TI,TZ), Wlth%: 14+ MM* ’

which does not give any indication on the asymptotic behavior of the pattern amplitude. There-
fore, to suppress the secular terms appearing in F, one imposes 77 = 0 and b; = 0, and then the
compatibility condition is automatically satisfied. With this choice, we have that F reduces to

1
F= _ZA(TZ)Z Y M;(p.p) cos(jkex), (2.35)
j=0.2

and the solution to (2.30) is then explicitly computed in terms of the parameters of the full system.
Writing

wy =A(Th)? Z wojcos(jkex),
j=02

we get

LWy = (YK+D" A)\wy = A(D2)* Y (YK — (jke)*D"" ) wajcos(jkcx),
j=0,2

and then for w, to satisfy £Y"w, = F, with F given by (2.35), the vectors wy; must satisfy the
following linear systems

1
Ljwaj == Mj(p.p), forj=0,2, (2.36)
with L; = YK — jk2D"".
Order €3: Since 7} = b; = 0, we have that G given in problem (2.31) reduces to

iy

G =, w1 — Qg(Wi, W) —AQY (Wi, wa) — <Lz)2 O) byAwy, (2.37)

where we recall

wi =A(Tr)pcos(kex),
w2 = A(T5)* (W20 + W2 €08 (2k.x)).



54 Turing instability for the Lotka-Volterra model with cross-diffusion

We easily see that the first and the last terms of (2.37) may be expressed as

or, W1 = pcos(k.x)dpA(Th), (2.38)
— <Lz)2 Lg) byAw| = A(T>)k? cos(kex) by (ity + M, 0)'. (2.39)

Using that Qg and Q" are bilinear, and the trigonometric identity 2 cos(x)cos(y) = cos(x +y) +
cos(x—y), we get

QK(Wl,Wz) :A(T2)2 (W],Wgo) +A(T2)2COS(2]€CX)QK(W1,WZQ)
= A(Ty)? cos(kex) Qx (P, Wao ) +A(T3)? cos(2k.x) cos (kex) Qg (p, Wa2)

= A1) ((os(kex) (Qx (. wa0) + 5 Qe(p,w2) + 3 cOS(3Kex) Qe (p,w2) ).

and similarly

AQLI))C (Wl,Wz) = A(T2)3 ( - k% COS(kCX) (Qéf (p7w20) + %Qgt (p>W22)) - gk? COS(Bka) QLZ)JC(pv WZZ)) .

Recalling the definition of M, see (2.33), we get

Qx(W1,W2) +AQY (W1, w2) =A(T>)’ (COS(ch)(Ml(P,Wzo) + %-‘Ml(Pasz))
+ % cos(3kcx) 36 (p. w2) ). (2.40)
Thus, from (2.37), and gathering (2.38), (2.39) and (2.40), we obtain
= (parzA + GEI)A + G§3)A3> cos(kex) + G3A> cos(3k.x),

with

G\" = (i + @ M)K2b,(1,0)',

G =~ (96 (p. wan) + 5341 (p,w22)).

G; = —%%(p,wzz)-

The solvability condition for problem (2.31) is (G, y) = 0, with y given by (2.34). This condition
leads to

(peos(kex), W)opA + (GI" cos(kex), Ww)A + (G cos(kex), yw)A? = 0.
Thus, recalling the definition of y in (2.34), and form = (1,M*)’,

(1), (1)
G:u7 L:M, (2.41)
p-M p-M

we write the resulting Stuart-Landau equation as

01,A = GA — LA®. (2.42)

Since the growth rate coefficient G is always positive, the dynamics of the Stuart-Landau equa-
tion (2.42) can be divided into two qualitatively different cases depending on the sign of the Landau
constant L: the supercritical case, when L is positive, and the subcritical case, when L is negative.
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2.3 The supercritical case

If the coefficients ¢ and L, appearing into (2.42), are both positive, then there exists the stable
equilibrium solution A = 1/G/L, which represents the asymptotic value of the amplitude A.
Therefore, we are now able to predict the amplitude and the form of the pattern. According to the
weakly nonlinear theory the asymptotic (in time) behavior of the solution w = ew; +£>w, + O(€?),
is given by

w=gp \/Ecos(kcx) + 82% (W20 + Wz cos(2kex)) + O(€?).

In the above expression p is given in (2.32), while the wy; are the solutions of the systems (2.36).
Clearly, in general, the above solution is not compatible with the Neumann boundary conditions,
that require k. to be integer or semi-integer. We therefore define k. as the first integer or semi-
integer to become unstable when b passes the critical value b., and take as the weakly nonlinear
approximation the following expression

~ (¢ - (¢ —
w=¢gp \/;cos(kcx) + 822 (W20 +Woo COS(ZkCX)) + 0(83). (2.43)
12 ‘ First cgmponent‘ ‘ 07 ‘ Second Icomponeqt ‘
— FEM solution — FEM solution
— WNL approx. solution — WNL approx. solution
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What to compute

We want to compute

w=¢gp \/Ecos(kcx) + 82% (W20 + W2z cos(2kex)) + O(€?).

1. We start determining the equilibrium solution @ given by (2.14).

2. b°: Then, we compute the critical bifurcation value, b¢, given by 2.27. This is done by
computing the positive root of the polynomial (2.26), whose coefficients only depend on the
other diffusion coefficients, B = (f;;), and .

3. We then evaluate ¢ = ¢(b) given by (2.22), and D = D, given by (2.21) at aj, = b = b°.
From this and (2.24), we obtain k.. Then, we define k. as the first integer or semi-integer to
become unstable when b passes the critical value b.
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4. We determine p from (2.32), which only depends on v, K, D", and k..

5. We determine wyg and wy by solving the linear algebraic systems (2.36), that is

1
YKwoo = —ZQK(p,p),

1 c
(YK —4kZ)war = = 2 Qx(p,P) +K:Q (P:P)-
6. We determine ¢ from (2.41),

1
_ G
p-M
Here, 1 = (1,M*), with M* given in (2.34), and G\") = (ii, + i1 M)k2b,(1,0)'. Observe that,
using the expansion of b and the definition of €, we have

C

b=10b"+ e

by +0(e),

implying b, = b° + O(g).
7. We determine L from (2.41). Here,
G =~ (96 (p. wan) + 5741, w22)).
with
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