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1. Introduction

In solid state physics, the drift-diffusion equations are today the most widely used
model to describe semiconductor devices. The drift-diffusion models describe the flow
of electrons in the conduction band of the semiconductor material and of holes (or
defect electrons) in the valence band of the crystal, influenced by the electric field.
Mathematically, they form a system of parabolic equations for the electron density n
and the hole density p and the Poisson equation for the electric potential V:

% -V - (Vr(n) —nVV)= —R(n, p), (1)
ap
ot — V- (Vr(p)+ pVV)= —R(n, p), @

AV=n—p—C(x) in OQr=Q x(0,7), 3)



2

where Q CR? (1<d <3) is the (bounded) domain occupied by the semiconductor
crystal. Here, C = C(x) denotes the doping profile (fixed charged background ions)
characterizing the semiconductor under consideration, r(s) is the pressure function,
and R(n, p) the recombination—generation rate. The process of transfering an electron
of the conduction band of the semiconductor into the lower energetic valence band
is called recombination of electron—hole pairs. The inverse process, i.e. the transfer
of a valence electron to the conduction band is termed generation of electrons and
holes. If recombination of electron—hole pairs exceeds generation then R(n, p)>0, in
the opposite case we have R(n, p)<0.
In the standard drift-diffusion model, it holds

r(s)=s and R(n, p)=q(n, p)np —n),

where ¢(n, p) is a positive function and n; =n;(x)>0 is the so-called intrinsic den-
sity [23]. The standard model can be derived from Boltzmann’s equation under the
assumption that the semiconductor device is in the low injection regime (i.e. for small
absolute values of the applied voltage). It is shown in [19] that in the high injection
regime, the diffusion terms Vr(n), Vr(p) are no longer linear, and the function r(s)
has to be taken as

r(s)=s% o= %

With this pressure function, Eqgs. (1) and (2) become of degenerate type, and solutions
may exist for which =0 or p=0 holds locally (so-called vacuum solutions).

The function » can be interpreted in the language of gas dynamics. We assume that
the particles behave — thermodynamically spoken — as ideal gas such that the gas law
r=nT holds (T denotes the particle temperature). In the isothermal case 7 = const. the
pressure turns out to be linear: »(n) = n. In the isentropic case, however, the temperature
(only) depends on the concentrations. Then 7'(n)=n%? holds for particles without spin
in adiabatic and hence for isentropic states [9], which implies #(n)=nr>?3. (Similar for
the holes.)

The equations are supplemented with physically motivated boundary conditions. The
boundary 0S2 consists of two disjoint subsets I'p and I'y. The carrier densities and the
potential are fixed at I'p (Ohmic contacts), whereas I'y models the union of insulating
boundary segments:

n=np, p=pp, V=Vp onlp, 4
Vr(n) -v=Vr(p)-v=VV-v=0 on Ty, (5)

where v denotes the exterior normal vector of 02 which is assumed to exist a.e.
We assume that the densities at time ¢t =0 are known:

n(0)=n;,  p(0)=p; in € (6)

The standard (low injection) model has been mathematically and numerically in-
vestigated in many papers (see [23, 24] and references therein). The existence and
uniqueness of weak solutions have been shown. The isentropic (high injection) model



is analyzed in [10, 13, 16, 18-20]. The existence of weak solutions (satisfying Vr(n),
Vr(p)€L? and n, p € L>) has been proved. The uniqueness of solutions is shown in
some special situations [10, 11, 18, 20]. For the derivation of the model we refer to
[19, 21, 25].
In this paper we present results concerning the temporal and spatial localization of
the vacuum sets {n=0}, { p=0}. The results can be summarized as follows:
1. Finite speed of propagation. If there are vacuum sets initially then there are vacuum
sets for small ¢>0:

meas{n(0)=0}>0, meas{p(0)=0}>0
— meas{n(¢)=0}>0, meas{p(+)=0}>0.

This property shows that the speed of propagation of the support of #» and p is
finite.

2. Waiting time. Under some structure condition on R(n, p) and some “flatness” con-
dition on n(0)=n;, there is no dilatation of the initial support:

{n(0)=0} C{n(t)=0} for small r>0.

3. Formation of vacuum. Under some structure condition on R(n, p) there exists a
Ty >0 such that there is vacuum for ¢ > T, even if the initial densities are positive:

meas{n(t)=0}>0.

The proof of these results which are formulated below is based on a local energy
method for free boundary problems. The idea of the method is to introduce an energy
functional (usually given by the norm in the natural energy spaces associated to the
equations) and to derive a differential inequality for the energy functional. From this
inequality the desired qualitative properties of the solutions can be deduced.

The energy method that we use has two principal features. First, it is a local method,
i.e. it operates in subsets of the corresponding domain without need of global informa-
tions like boundary conditions or boundedness of the domain. Secondly, it has a very
general setting, allowing to consider, for instance, problems in any space dimension
or with coefficients depending on the space or time variable. The energy method that
we use does not need any monotonicity assumption on the nonlinear functions and it
requires no comparison principle.

The method has been introduced by Antontsev [1] and developed by Diaz and Véron
[12] and by Antontsev et al. [2—6] for parabolic equations of degenerate type. The
energy methods have been extended to equations of arbitrary order [7] and have been
applied to equations or systems of equations [8,22, 14, 18]. We also refer to [5] for an
overview of the existing literature.

We now turn to the precise formulation of the localization results. The last result is
only valid if the local energy of the density is small enough. The local energy D,(P)
of n in a domain P C Oy =Q x (0,7) is defined by

Dy(P)=Ey(P) 4 Cu(P) + bu(P),



13

Fig. 1. Localization of the vacuum sets.

where

EP)= [ [Veof drd
P

C,(P)= / n(x,7)*F dx dz,
P

by(P)= sup / n(x,s)*t dx,
PN{t=s}

se(dt)

with 7,>0, and f€(0,1) is a constant to be precised below.
Denote by W*?(X) the space W*#(0,7T;X) if X is a Banach space. Furthermore,
introduce ¥ ={u€ H'(Q):u=0 on I'p}. In the following we assume that

r(s)=s* a>1,
and that there exists a solution (n, p, V') to Eqs. (1)—(6) satisfying

n,p€L(Qr)NH'(0,T;77),
r(n),r(p) € L*(0,T; H'()),
V e L>®(0,T; H(Q)).

The existence of a solution with these regularity properties is shown in [10, 20]. We
have the following theorems (also see Fig. 1).

Theorem 1.1 (Finite speed of propagation). Let xo €2, 0< po <dist(xg, 92) and T > 0.
Assume that

ny :0, p[ZO n B‘,O(JC())
and

R(u, v)(t* 4 v*) > —cp(u®™ + 0" for all u,v>0, (7)
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with kg >0 hold. Then there exist Ty >0 and a non-increasing function p satisfying
o(1)>0, 0<1<Ty, and p(0)=py such that

n(x,t)=0, p(x,t)=0 Jor a.e. x € By (xp), t€(0,T1).
For the next theorems we need a stronger condition on R(#n, p):

R(u,v)>buf forall u,v>0, 5>0, a+ f<2. (8)

Theorem 1.2 (Waiting time). Let xo € €2, 0<py < p; <dist(Xp, 0) and T >0. Assume
that Eq. (8) and

/ nt <eo(p — po). %)
By (xo)

for 0<p<py hold, where gy>0 and

A= D2t )

1.
o—1

(Recall that d >1 is the space dimension.) Then there exist ¢, >0 and T, €(0,T)
such that if ey <eg then

n(x,t)=0 in By (xo) x (0,73).

Theorem 1.3 (Formation of vacuum). Let xo€Q and T>0. Assume that Eg. (8)
holds. Then there exist M >0, T3 €(0,T), and y,x€(0,1) such that if D,(Qr)<M
then

n(x,t)=0 for a.e. x€Byu(xo), t €(T3,T),
where p(t)=(t — T3) .

The proofs of these theorems are presented in Section 2. The difficulties in proving
the above results are due to the coupling of Eqs. (1)—(3) and in particular, due to
the drift terms div(nVV), —div(pVV). Indeed, the electric field —VV induces (or
prevents) a flow of electrons or holes in some direction influencing the support of the
densities.

Condition (8) which is also needed in [6] is almost optimal in the following sense.
Let R(u,v) < bu” for all u,v>0 satisfying o + >2, and let the initial and boundary
densities be strictly positive in 2, Q x (0, 00), respectively. Then, choosing > 1 (such
that o> 1), there exists a solution (n, p, V') to Eqgs. (1)—(6) satisfying

n(t)>0, p(t)>0 1in Q, 0<t<oo

(see [20]). In this situation, no vacuum occurs.

The three localization results are illustrated by numerical examples in one space
dimension in Section 3. For the discretization we use an exponentially fitted mixed finite
element method as in [17]. Modeling a one-dimensional forward biased pn junction
diode, the presented properties can be verified.



2. Proofs of the main results

For the proofs of Theorems 1.1-1.3 we have to estimate the local energies in the
domain

P={(x,7) € R? x [0,00): |x — xo| <r(7), T € ({,1)},

where 7,: €[0,T], f<t, x0 €, and € C'(7,¢). In this section, » always denotes a
radius (function). Since the pressure function r(s) is taken to be s* and does not
appear in this section, there should be no confusion of the meaning of ». The lateral
surface of P is given by

0P ={(x,7): |x —x0| =r(x), T € ({,1)},
and the outer unit normal v=(v,,v;) of P has the components

€x _ —}"/(‘E)

where e, is the unit vector in the direction of v,. We choose the parameters 7, ¢ and

the function »(7) as follows:

(1) Theorem 1.1: P is a truncated cone with r(t)=p — Mrt, 0<e<p<py, 0<T<t
and M >0.

(2) Theorem 1.2: P is a cylinder B,(xo) x (0,7) with 0<p <pg and 0<t<T.

(3) Theorem 1.3: P is a paraboloid with r(t)=7y(t —¢)*, t<t<T and y,x € (0,1).

Proof of Theorem 1.1. Using local elliptic regularity theory (cf., e.g., [15]) and noting
that n, p € L%(B,,(x0)), we see that VIV € L%(B,,(x0) x (0,7)). Let

M =|IVV 0,008,001y €€ (0,p0), t1=¢/2M,
and consider the cone
P=P(p,t)={(x,7): x€B,(x0), T € (0,)},

where p € (¢g,p9), t € (0,¢1), and r=r(p,7)=p — Mr. For almost all p and 7 it holds

/nVV-Vn“dxdr - /VV~Vn“+ldxdr
P a+1/p
- /AVn““ddeL/ (VV v do dx,
OC+1 P OC+1 o,P

and therefore, using the local integration by parts formula (see Lemma A.l of the
appendix):

1
/ n(t)*H! dx+/|Vn“|2dxdr
%+ 1 Jpafe=r P

1
< / n(0)**1dx + / (Vn* - v )n*dedr
a+ 1 Jpafe—oy P




oc—l—l/ (v +VV - vv)n““dad‘ff—/AVn“+1 dxdr

—/R(n,p)n“ dxdz
P

=5+ +1s (10)

Since n(0) vanishes in B,,(xo), we have /; =0. For the estimate of /, observe that
in spherical coordinates with center xy (cf. [6, 12])

OE, r(p,1)
/|Vn |2dxdr——// / |V 27! dw dF dt
6,0 gd—1

:/ |Va*|* do dr.
0P

Hence

1/2 1/2 oE. \12
e ) () = (%)
P P p

We use the interpolation-trace Lemma A.2 (see the appendix) with p=¢=2 and r=
s=1+1/o

1" [l0.2,08, < oI VA" [l0.2,8, + 7~ [n*[lo. 1128 010715, (11)
where
do— 1)+ (2 + 1) 204+ 1) +d(o— 1)
= €(0,1), o= >1. 12
do—D12at1) - @D 2@+ 1) (12)

By the definition of r, we have
T =(p—Mr) < (e — M) 0 =(2/e)’.

Thus, applying Hélder’s inequality with exponent 1/0 and setting K; = c3 max(1,
(2/¢)°), we obtain

t t
. 0 0 2(1-0
/0 1713 5,05, d < 2K, /0 V7 Bg, + 113 s ) 1200, e

t t 0 t 1
<2K1( [ 1ot e+ | ||n“||3,1+1/a,3,.dr) ( / ||n“||5,1+1/x,3,dr)

<2K11" U (En(p, 1) + t1ba(po, 1)V Vb, (p,1)) by(p, 1) 0D,

—0

where

bu(p,t)= sup / n(x,t)** ! dx.
t€(0,1) Br(pr}(xo)



This yields
1n*]]0.2.00 <Kat"'=O2(E(p, 1) + bu(p,1))"*by(p, 1) ~O/+1)
<Kot"O(E(p, 1) + ba(p, 1)),
where K7 =2K; max(1,#b,(po,#1)* /@Dy and

_b, _a
AR SR

(1-0)e@3,1).
We conclude
oE. /2
[2 SKZt(l_())/Z <6—,0n> (E,,(p,t) + bn(pat))'u'

Thanks to the special structure of r =r(p,t) and the definition of M, we have

M+VV~eX>O
Viem? 7

so that /3 < 0. Furthermore,

Ve +VV v =

I, <Kz / n*ldxdr,
P

where K3 = (a/(ct + 1)[| AV 0,000, -
For p we get an analogous inequality to Eq. (10) and similar estimates involving
the local energies £, and b, defined by

Ey(p,t)= / |Vp*|? dx dr, by(p,t)= sup / Pl 1) dx.
P(p,1) 1€(0,0) J By 1(Xo)

Therefore, we have the estimate

1
/ () + p(y !y dx + / (VP + [Vp*P) dxdr
o+ 1 Jp ) P

OE, 1/2 OE 1/2
< Kyt(1=072 <<%> (En + by)* + (a—p”> (Ep+b,)"

+K;3 /(n‘“Jrl + p*ydxdr — /R(n,p)(n“ + p*)dxdr,
P P

where
K7 = 2Ky max(1, 11b,(po, 1) VD 116, (po, 1) "~ VD),
Introduce

E=E,+E,  b=b,+b,



Employing the assumption on R(n, p) gives

1
o+ 1

/ (" + p(y Y dx + Ep. 1)
By(x0)

E 12
< 2K 1702 <‘2p) (E +b)* + (K5 + KR)/(W1 + p* ) dxdr
P

6E 1/2
< 2Kyt1702 <ap) (E + b)(p.1)* + tKsb(p, 1),

with Ks = K3 + k. Since the right-hand side of the above inequality in non-decreasing
in ¢, we can write

1/2
(E +b)(p, 1) <2(a+ 1)Kyt =02 (Z—ﬁ) (b + E)* + (. + 1)Kstb.

Choosing ¢ <t, = min(#;, (2(o 4+ 1)K5)™"), we get

éE 1/2
b+ E <4+ 1K1 =02 <%> (b+E)* (13)

and

3
E(p,t) "W <(b+E)(p,t)*' SKet‘*"%E(p, 1),

where K= 16(c + 1)2K2. Integrating this differential inequality for E in (p,po) gives
(note that p> %)

E(p,ty" N <E(po, 1)~ = K '1" ! (po — p).
Let
p(t) = po — Ket'~"E(po, ).

Then p(0)=po and p is non-increasing. Choose T € (0,#) such that p(7})>¢. Then,
for t €(0,71) and p€ (e, p(t)],

E(p. =" < E(p(e), 0y
< E(po, ) — K'Y (po — p(t))=0.

Thus (see (13)), for p=p(¢),
n(x,t)=p(x,t)=0 for a.e. 1€(0,71), x € Bju)(x0)-

The conclusion follows. [
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The proof of Theorem 1.3 contains an estimate used in the proof of Theorem 1.2
and is therefore given before.

Proof of Theorem 1.3. We take the paraboloid

P=P(t)={(x,7): x€B,(x), T€(t,T)},
where t€(0,7), r=r(t,t)=7(t — t)*, y,k€(0,1). Choose y>0 small enough such
that 2y max(1, T") < dist(xo, 052). Then r(z,) <yT™ < dist(xo, 02)/2 and Bz, (x0) Cw
for some domain w C C €, for t€(0,7T) and t€(t,T). We get from Eq. (10)

1
/ n(T)Y* 1 dx + / |Va*|? dx dt
o+ 1 Jpnge=ry P

1
< / n()*dx + / (Vn* - v )n*do dt
41 Jpage=n :

/ (ve + VV - v)n* dodr — 7/AVn“‘+1 dxdrt

a1

—/R(n, pn*dxdec
P
=L+ -+1.

Since meas(PN{t=1¢})=0, I; =0 holds. For the estimate of /, we proceed as follows:

12 1 1/2
L< ( ‘ |Vn** do dr) / lve|n**dodt | .
0P 0P

Taking into account |v,| <1 and (with spherical coordinates (7, »))

T  pr(tt)
d(ﬁ”(r):fi/ / / |Vn(t)*)? 7~ dw d7 dt
r(t,t)
/ / |Vn()*}79~ dw dF

- / T / V(@) P41 doly— e dt
t

/(?[P
we obtain

1 dEN /(T
L< (— ) (/ \T—t\l_"/ nzzdadr)
Vi dr ‘ 2B, (x0)

or
ot

5 1 do dt,

12
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Using the interpolation-trace inequality (11), the boundary integral can be estimated
by

or|™! r :
_r‘ lv|n** do dt < / |t — t|1_"/ n**do dt
ot r 3B, (x0)

T
SC%/ v — #]" = max (1,7~ **))(||Vn*lo.2.8,x0) + [In*[l0.151/05,x0)) >
t

2(1—0)
x|[[n* ||o, 14+1/2, B (x0) dr

T T 0
<Ki(1) (/ ||V”“||é,2,3,(xo) dr +/ ||n“H%,l+1/ac,B,.(xo) df)
t t

; -
X (/ ||na|(2),1+1/a,8r(xo)df) ’
t

where we have used Hoélder’s inequality with exponent 1/0, the inequality (a + b)* <
2(a® + b?) and the definition

Ki(1)=2c3y7%" sup max(|t — ¢|' 7", |v — ¢ TF200,
teT)

The constant K;(¢) is finite if we choose r < 1/(1+206). Furthermore, K;(1) < K3 =
263y~ max(T"'~*, T'~*~2x00)  Therefore

ol 12
VK </ r vy | dadr)
aop | 0t
T 20/(a+1) 0/2
<K, /|Vn“|2dxdf+/ (/ nt! dx) dr
P t Q
T 20/(a+1)7 (1=0)/2
X / (/ no!+1 dx)
‘ Q

<Ko (En(t) + (T = )by(m, T)*~ D/ Dp (1))
x(T — t)(lfﬂ)/an(r’t)a(lfe)/(aﬂ)

<Ko(T — )= max(1,(T — t)b,(m, T)*~ /102
X(En(t) + by(r, )b, (r, )1 =0/FD

<K3(Ey(1) + bu(r,0))",

where

b(t)=b,(r,t)= sup / n(r)o<+l dx,
T € (6, T) J By, 1)(x0)



12
m=ymax(1,7T), u=0/2+a(1 —0)/(o + I)E(%,l), and
K3 :KZT(I—())/Z max(l, Tb,,(m, T)(at—l)/(wrl))()/z'

We conclude

12
b< fj_ﬂ (— d’i’;f”) (En(1) + ba(ru )

Now we estimate the integral /5. Here we need the assumption on R(n, p). Since
AV € L>®(Qr), we get, by elliptic theory, the interior regularity ¥ € L>(0, T; W>4(w))
for all g <oo. (Recall that « C C.) Hence, M = ||V V|| o0, c0(wy) 18 finite. Then

1 T
13g—/ / (Ive| + [V 7] - ve |y do de
v+ 1Je Jop)

T
§(1+M)/ / nldodr
t 0B, (x0)

T
—(1 +M)/ 171655 25, ) A7 (14)
t

Let A€ (14 f/a,2/a); since o+ f§ <2 by assumption (8), the interval is non-empty. We
apply the interpolation-trace Lemma A.2 (see the appendix) with g=1+ 1/a, p=2,
s=1++ f/oa and r=1:

17 o, 1:51/2.08,00) < oIV 0.2,8,000) + 7~ 17 0,148, 8,00)° 11710275, 30

where

200 d(oe+1— Ado) + Ao
o+1 do(2—2)+2

2(a+ )+ d(o— p)
2(a+ f8)

We use Holder’s inequality with exponent Q=(1 — f)/(1 + o — aA)>1 for the last
norm:

1/2
17*1l0.2.5,e0) = ( / pOABEH1=22)/(1= ) (a4 1) —a—)/(1—f) dx)
B (x0)

1/20 1/20'
< (/ n* P dx) (/ n* ! dx) ,
B,(xo) B,(xo)

where Q' = Q/(Q — 1), and the inequality (a + b)*> <2(a® + b*) to get

0= €(0,1), o= >1.

1+1
/ = 0 o
0B, (x0)

. 2a/(a+p)
< 20(1)“/“ / |Vn®|? dx + =% (/ n*th dx)
By(x9) By(x0)

O(a+1)/20
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(1=0)(a+1)/a’Q (1=0)(a+1)/0Q’
X (/ n*th dx) (/ n* ! dx)
B, (x0) By(x0)

22/t f)—17 0a1)/22
n* b dx) ]

+(Xo0)

O(a+1)/24
X (/ |Va*|* dx —|—/ n*th dx>
B(x0) B (x0)

(1=0)(a+1)/aiQ (1=0)(a+1)/0Q’
X (/ n*th dx) (/ n*t! dx)
B(x0) B,(x0)
Vi V2
< Ky(7) (/ |Va*|* dx —|—/ n* b dx) (/ n*t! dx) ,
B,(xo) B,.(xo) B (x0)

Ka(r)=2¢y™"* max(1, r(z,0) "0/
0(e—B)(a+1)/(2e(o+))
x max |1, (/ n()*+F dx)
B (x0)

by = O+ 1) n (1 —0)o+ 1)<1, vz:(l —)(a+1)
20 a0 alQ’
For future reference we note that, since a <2,
od(2—2A)+ai+2

= >1. 16
R ad(2 —A)+al+a (16)

§2c(1)+1/°‘ max(l,r(r,t)*‘gé(““)/‘“)max ll, (/
B

where

and

>0. (15)

Integrating the above estimate for n**!' over (¢,T) gives

T Vi
/ n*t! dadrg/ K4(7) </ \Vn(f)“|2dx+/ n(r)“/‘dx)
0P t B(x0) By(x0)
V2
X (/ n(t)* ! dx) dr.
By (x0)

Since v; <1, we can employ Holder’s inequality with exponent 1/v; to get

17\'1

T
/ n““dadrg(r—z)"an(r,t)"z< / K4(r)1/(1“)dr> (Eq (1) + Cu(2))".
o,P t

(17)
The integral with K4(7) is well defined if

T ox
/ r(r,[)7(30(1+1)/(a(17v1)) dr < oo,
t
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Choosing u<a(l — vl)/(gé(rx + 1))

50(+1)
Hal=v) =~ 7

holds and the integral converges. Thus,

T lfvl
Ks & </ K4(r)1/(1“‘)dr> <0,
t

holds and K5 depends also on the L norm of n in wx (0, T"). Using Young’s inequality
with exponent 1/v; gives

B (E, + Cp)"' = (E, + C,)" by 2= pli=viCnte)
<Vi(Ey + C)bY ™ 4 (1 —vy)bp
< (Eq+ Co)b, 7t 4 byt
= by NE, + Cy + by).
Recall that vi4+v,—1>0 (see Eq. (16)). This estimate and the inequality (17) concludes
the estimate of /5 (see Eq. (14)):

L<S(14+M) n*tldedr
0P

SKs(1+MYT = 1)2by(r, )" H(Ea (1) + Calt) + ba(r,1)).
More generally, we have proven the following result: Let P be given by
P={(x,7): |x —xo| <r(x), (1)}
Then it holds

t 1=
/ n*tldedr<c(t — 1) max [1, (/ r(t)™" d‘c) 1 b YE, + C, + by),
8,P t~

(18)
where ¢ >0 only depends on the L>°(0, T; C%(w)) norm of V¥ and the L>(w x (0, T))
norm of n, on , o, f§ and d. Furthermore, v; and v, are given by Eq. (15), and
00+ 1)
ol =)

We need this result in the proof of Theorem 1.2.
It remains to estimate the integrals I, and Is:

(19)

V3

i+ 15 < AV ooy [ w4 drde = o [ 077 ards
P P

S K6(T - t)b,,(f‘,t) - KRCn(t),
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where K = ||AV 0, 00,0x(0,7). Therefore, we have shown that

1

/ n(T) " dx + / |Va*|? dx dt + K / n* P dx de
By(r,0)(x0) P P

o+ 1
K dE, \'?
S\/;_M(—w) (E, + bp)" + Ks(1 +M)(T — )b~ Y(E, + C, + by)

+ Ko(T — t)by.

Since the right-hand side of this inequality is non-decreasing in 7, we can replace the
left-hand side by

1
mbn(t) + Eq(t) + kpCp(t).

Then, taking ¢>0 small enough, setting t* =T — ¢, and using b,(r,t) < K, where K is
the global energy, we get for t € (¢*,T),

1/ 1 K3 dE, \'?

[ — E < —= (- E, y K, 2

2(a+lbn+ n+:cRCn>_\/W( dt) (Ey + Cy + by) (20)
Thus

dE,
EX170 < (E, + Cy + b, Y70 < K7 (— o ) ,

where the constant
2 def 2K3
7 = . -1 >0
\/’y:umln(laKRs(a—i_ 1) )

is independent of ¢. Integrating this differential inequality in (0,¢) with 7 € (¢*,T') gives

*

B0 < EyOP ! — - < KM - 1’7 <0
7 7

if K*~! <r*/K;. Recall that u> 1. We conclude
E,(t)**"'=0 for te(¢*,T),
and (see Eq. (20)), for some T, €(¢*,T),
n(x,7)=0 for ae. |x —xo| <yp(zr — )", 1€(Tr,T).
This proves the theorem. [
Proof of Theorem 1.2. We consider the cylinder

P=P(p,1)=B,(x0) x (0,2),
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with pe (e, p1), t€(0,T), and e€(0, pg). Taking into account v, =0 and the hypotheses
(8) and (9), we get from Eq. (10):
1
/ n(t)*dx + / |Vn®? dx dt + kg / n* P dx de
o+ 1 Jp, ) P P

t
< “ / (p—po)y dx + / / (Vn* - vo)n*do dr
%+ 1 /B, ) 0 JoB,(x)

1o ,
/ / (VV v do de — L/AW“ dxde
a+1Jo Jas,x) a+1/p

=5+ +1 (21)

As in the proof of Theorem 1.1 we get the estimate

Ao\ 12 12

OE,, — aEn

Be (52) Wlosar <k (T2) @t 0,0
p p

where
K22 = 205 max(1, 8_25)max(1, Thu(po, T)(ot—l)/(o(+1))

and ,ue(%, 1) (see the proof of Theorem 1.1 for the definition of ¢y >0 and 6 >0).
From (18) we conclude

L<M n*ldodt

< Met™ max(1,(Te™)! =" )by(po, T)" 7 H(E, + Co + ba)(p, 1),

where M = ||VVHLOQ(0 T3 OB, G’ ¢>0 does not depend on p or ¢, and vy, vy, v3>0
T .
are given by Eqgs. (15) and (19). Note that v <1 and v; + v, >1. Thus
g Yy Eq

[3 §K3tvz(En + Cn + bn)a

where K3 = Mcmax(L,(Tpg ™)' ™" bu(po, T)" '+~
Finally, the integral I is estimated by

14 < Kythy,
with K4 = [|AV l0,c0,8,,(x)x(0,7)- Therefore, we obtain from Eq. (21)

1
o+ 1

/ n(tY ! dx + En(p,) + krColpa )
By(x0)

. OE 1/2
< eoKs(p = po)l + Kot 70 (ap) (Ex+ bu)(p:1)"

+K3tvz(En +C,+b, )(ps t) + K4tbn(ps t)’
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where Ks=meas(B,,(xp)). Since the right-hand side is non-decreasing in ¢, we can
replace the left-hand side by

1
—bn(pvt) + En(pat) + KRCn(pat)'
o+ 1

Choosing ¢ >0 small enough, we get

. OE, \'"
by + E, + C,) <2KsKseo(p — po)y + 2KeKot ' =2 ( Z22) (E, + by)",
+ op

where K6_1 = min(1, kg, (¢« + 1)7"). By Young’s inequality with exponent 1/u>1 we
get

OE >1/2(1u)

(1= 10y + B, + Co) < 2Kesalp — o, + (1 = ks (5

where K7 = (2K¢K, T ~9/2)1/(=1)  Therefore, setting Kg = (2K5K¢/(1 — p))*1—1,

_ o(1— _.OE,
E,,(p,t)z(lf")gKgsé(l ﬂ)(p7p0)il(l ll)+K72(] H)E(p’t)’

where p € (¢,p1). Now we can apply the following lemma (cf. [3,4,6,13] for a proof):

Lemma 2.1. Let n<(0,1), g, po,0>0, 0<e<py, and let ¢pcCO([e, py + 6] x[0,T])
be a non-negative function, non-decreasing in both variables and satisfying ¢(po +
0,0)=0 and

a —
¢(P,[)”§K£(p,t)+ao(pf oD

for p € [6,p9+9], t €[0,T]. Then there exist ¢, >0 and t* € (0,T) such that if ey <e
then

¢(po,t)=0 for t €(0,t%).

We finish the proof of the theorem before proving the above lemma. Since 7 o
2(1 —p)<1 and 2y(1 — p)=n/(1 —y), the assumptions of the lemma are satisfied and
we conclude the existence of ¢, >0 and 7, € (0,7) such that for all ¢ € (0,¢;)

E, (p,t)=0 for pel0,po], t<€]0, T3],

that means, n(x,t)=0 for x € B,,(x¢), t €(0, 7). This proves the theorem. []

3. Numerical examples

We present numerical examples which illustrate the properties of the vacuum sets
{n=0} and {p=0} proved in the previous section, namely (i) finite speed of propa-
gation, (ii) waiting time, and (iii) formation of vacuum.
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We use the following formulation in one space dimension:

Oin = 04(2x(n°7) = nd, V)= = R(n, p),
0ip = 0(0(p*?) + P V)= = R(n, p),
20V =n—p—C in (0,1)x(0,7)

with initial and boundary conditions
n(0,6)=no,  p(0,£)= po, V(0,1)="Vy,
n(l,ty)=nm, p(L,t)=p, V(L,)=",
n(x,0) =n;(x), p(x,0)=p;(x), x€(0,1).

The equations are in dimensionless form (see the papers [17, 19] for details of the
scaling). The constant 4>0 is called the (scaled) Debye length. We take the numerical
value A2 =1.6 x 1073, The doping profile is given by

—1 if 0<x<0.7,
C(x)= .
+1 if 0.7<x<1.

This choice of parameter and functions corresponds to a silicon pn-junction diode of
length L = 1073 cm with the moderate doping concentration |C| = 10""cm™3 (see [19]).

The above system is numerically solved by using an exponentially fitted mixed finite
element method for the discretization with respect to the space variable and an explicit
Euler method for the discretization with respect to the time variable (see [17]).

Example 1. We take the boundary values
n():O, pozla V0:_2'55
ny = l, P1 :0, V] =—13.5.

In semiconductor simulation, the boundary values are usually chosen such that (i)
the total space charge —n + p + C vanishes at the Ohmic contacts x=0 and x=1,
(i1) the boundary densities are in thermal equilibrium and the boundary potential is
the superposition of the thermal equilibrium value and the applied potential [23]. The
above values satisfy these conditions with an applied voltage of U =1.0V. Thus, we
are modeling a forward biased pn diode. We neglect in this example recombination—
generation effects: R(n, p)=0 (see Examples 2 and 3 for non-vanishing R(n, p)).

The initial densities are shown in Figs 2 and 3. In Fig. 2 the temporal evolution of
the hole density p is depicted. Initially, there is a vacuum region for p consisting of
the interval [0.2,1.0]. For increasing ¢ >0, the vacuum set becomes smaller and finally,
it becomes trivial (i.e. only p(1,#)=0) after some time. A similar behavior can be
observed for the electron density in Fig. 3. This shows the finite speed of propagation
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Fig. 2. Example 1: hole density, R(n, p)=0.

of the support of p and n (see Theorem 1.1). In Fig. 4 the electron density is shown
for small values of time. Here, the vacuum set for n becomes larger for small time
(t=0.01), and later (¢t =0.05), the size of the vacuum set is decreasing. This illustrates
the waiting time property even in the absence of recombination—generation effects (see
Theorem 1.2).

Example 2. We use the same boundary values as in the first example but different
initial functions (see Fig. 5). In this example, we study the effects of the recombination—
generation term. We choose

R(n, p)=cr(np)’.

From Fig. 5, where ¢z =0, we see that the vacuum set for the electrons is trivial (i.e.
only n(0,¢)=0) for sufficiently large time. At t=4.0 the electron density has almost
reached the stationary state. If cg =1 and f=0.2 there are (non-trivial) vacuum sets
for n for sufficiently large time, e.g. 1 >0.7 (see Fig. 6). This example shows the
property of formation of vacuum due to the presence of a strong recombination term
(see Theorem 1.3). Note that the assumption a+ § <2 is satisfied. (The hole density is
positive in the region where n=0.) Choosing cx =1 and §=0.5, there are no vacuum

solutions for n for #>0.7 (Fig. 7). In this situation the condition o« + <2 is not

satisfied.
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Fig. 4. Example 1: electron density, R(n, p)=0.
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Fig. 5. Example 2: electron density, R(n, p) =0.

Example 3. For the last example we choose initial conditions such that n(x,0) and
p(x,0) are strictly positive. Therefore, we use different boundary values than in
Examples 1 and 2:

no=1, po=2, Vo=—3(V4-1),
m=2 p=1, Vo=-3(4-1)-%.

Here the total space charge vanishes, but the boundary functions are not in thermal
equilibrium. Again, for vanishing recombination—generation, the vacuum sets {n(¢) =0}
are empty for all £ >0 (Fig. 8). If cg=5 and f=0.1, there exists #, >0 such that the
vacuum sets for n(¢) have positive measure for all ¢ larger than ¢, (Fig. 9). In this
situation, it holds a+f <2. In Fig. 10 the electron density in the case cg =5 and §=0.6
is presented. The condition o + <2 is not satisfied, the vacuum sets are empty for
all time. For t=2, the solution is close to the steady state. However, if we choose
cg=10 and f=0.6, there are vacuum solutions for ¢ >2 (Fig. 11), although it holds
o + f>2. The recombination effects are so strong that vacuum occurs. This does not

contradict the non-vacuum result mentioned in Section 1 since this result is only valid
for f>1.
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Appendix

In this appendix we present two technical lemmas which are used in the proofs of
Theorems 1.1-1.3. The first lemma is a local integration by parts:

Lemma A.1. Assume that P C Qr. Then for almost all ,t€[0,T], i<t
/(Vn“ —nVV)-Vn*dx d‘C—/ (Vn* —=nVV) -vwwn*dodr
P ap

1 - 1 1
< / n(f)y*tdx — / n(t)* M dx— —— / n*tly, dodr
o+ 1 Jpr =y %+ 1 JpA fo=r} a+1Jop

—/R(n,p)n“ dxdrt (22)
P

holds.

By using spherical coordinates and Fubini’s theorem, it can be seen that the integrals
over 0;P are well defined for almost all »(7). A similar inequality holds for the hole
density p. The proof is a straightforward extension of the proof of the local integration
by parts formula in [12].

The second technical tool is an interpolation-trace lemma.

Lemma A.2. Let B=By(xo) CR? be a ball of radius R>0 and center xo and let
u€ WhP(B) with 1< p<oo. Then
lello.q.08 < collVaullo. . + R lullo.s.5)" Nl 5 (23)

where ¢y >0 is independent of u and R, 1 <s<oo,

M’ 1§r<£ l_fp<d,
d—p d—p

1<¢g<
1<gr<oco if p=d,
1<g,p<oo  if p>d,

and the exponents are given by

pgd—r(d—1) ps+d(p—s)
=21 2 <(0,1), =" °>1.
q p(d+r)—dr (0. 1) ps

The proof can be found in [5]. In the case ¢ = p and s=r the lemma is proved
in [12].
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