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Introduction

The analysis of the strong-coupling regime in an interacting theory is a very
difficult problem but, when there is a high amount of symmetry, significant
progress can be made.

This is the case of V' = 4 SYM where several exact results have been obtained
over the years, especially in the planar limit:

N — oo with A = Ng%M fixed

They include:
e 2-and 3-point functions of protected scalar operators
* v.e.v. of BPS circular Wilson-loop
* cusp anomalous dimension
* Brehmsstrahlung function
* integrated 4-point functions of superconformal primaries
* “octagon” form factors in 4-point functions of very heavy scalar operators

The main tools that are used are:
integrability, localization and holography.



N =4 sYM

« N =4 SYMis the “simplest” gauge theory

* Itis a superconformal theory and possess a holographic dual (AdS5 x S°)

(1 vector Au

* Field contentin N/ =2 language: { complex scalar ¢ V?gtfl:en;udljg?r:ft

| 2 chiral fermions Pl p?

r 1 2
2 complex scalars ®° , @ hypermultiplet

| 2 chiral fermions x}, ,x2  Intheadjoint



N =4 sYM

N =4 SYM is the “simplest” gauge theory

It is a superconformal theory and possess a holographic dual (AdS5 x S°)

(1 vector Au

Field contentin A" — 2 anguage : | 1 comples scalar 6 ¥ MBS

| 2 chiral fermions Pl p?

Simplest observables:

 Chiral operators O, (x) =tr¢"(z) primary operators with dimension n

1 1
* Wilson |OOp W = N trPexp |:% dT(ZA'u xH +

) 56+ ol



N =4 sYM

e 2-point functions <C’)n(iv)(7)n(y)>

CD,

|z —y|?"

e 3-point functions <On1 (7) On, () (_9n3 (Z)> - z — Z|2qn1 y — z|2n2

* Inthe ‘t Hooft planar limit the structure constants

A/ Tl1 T2 N3

Gnl ,n2,1n3

C’nl o ,1ns3 — —
, , \/Gnl \/Gn2 \/G’I’Lg

are independent of the coupling.
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N =4 sYM

A less simple example is given by the v.e.v. of the circular Wilson loop for N — o0

1 L (643
W= S uPexp| § drlia, i+ 6+ D))

N V2
weak coupling strong coupling
0 o0
SYM perturbation by AdS/CFT
theory correspondence
NONGES e
minimal area law Viald 1998
Erickson, Semenoff, Zarembo, 2000 in AdSs ‘\ aidacena,
<W>—1_'_é_|_)\_2_1_ 0% VA—3log A+ L log 2 +--.
T f— 4 2 T
8 ' 192 (W) =e
0& }(OO
- >
(W) = 7 I (V)
)\ Erickson, Semenoff, Zarembo, 2000;

Drukker, Gross, 2000; ...



As mentioned above, there are many other examples of exact results in A/ = 4 SYM

Finding exact results in non-maximally supersymmetric theories
like N = 2 theories is more challenging!

In the following | will discuss a class of N/ = 2 conformal theories in 4d

e where one can find exact results, that are valid for all values of the
coupling constant

 where one can test the AdS/CFT holographic correspondence in a non-
maximally supersymmetric context

N = 2 quiver gauge theories
SU(N) x SU(N) x --- x SU(N)

—

M times

For simplicity in this talk | will consider the case M = 2



N = 2 quiver theory

It is the “next-to-simplest” 4d gauge theory after N/ = 4 SYM
It arises as a 7, orbifold of N/ =4 SYM

It admits a simple string theory realization in terms of fractional D3-branes

N =2 sYM NS[:J(?VS)YM

SU(2N) | <‘ N /\\/ /”\/i. [\‘

\)\] [~ L

v— Lu/\/ L

It is usually represented by the 2-node quiver diagram @)
I1=0 I=1




N = 2 quiver theory

I=0 : I=1

gauge group: SU(N) x SU(N)

(1 vector AfL

in each node: § 1 complex scalar ¢ in the adjoint B — function = 0

|+ fermions /

between nodes: hyper-multiplets in the bi-fundamental

1
Local operators: OF(z) = —= (tr do(x)¥ £ tr (/bl(a:)k)
V2
OT untwisted O™ twisted

( Zo symmetric) ( Zs anti-symmetric)



N = 2 quiver theory

IO:Il

* We are interested in studying the 2- and 3-point functions and the
corresponding structure constants in the planar limit:

(0% () D)) = LCE)

+

&
\/G+ \/Gi \/Gi
e The coefficients @ are non-trivial functions of NV and \

* How can we compute these functions?




N = 2 quiver theory

At weak coupling one could use standard Feynman diagrams:

—_— %
free propagators
attree level (A =0) o) 5 / Oi ()
QA
630

at loop level Oy (x)

B

interaction vertices

This is doable at the first orders, but with a lot of effort!



Localization

A much more efficient way to compute these correlators is through

localization

which for a theory on a compact manifold (like a 4-sphere) reduces path
integrals to finite dimensional integrals in a

Pestun, 2007

matrix model

* This method applies to the partition function, the v.e.v. of circular Wilson

loops, and the chiral/anti-chiral correlators  gaggio, Niarchos, Papadodimas, 2014, 2015;

Gerchkovitz, Gomis, Ishtiaque et al, 2016;
Rodriguez-Gomez, Russo, 2016; ...

(Or(N) Or(5))

|

matrix model

Billo, Fucito, A.L. , Morales, Stanev, Wen, 2017; ...



Matrix model

conformal map localization

Quiver theory l Quiver theory l Matrix
on R* on S* model

* For our quiver theory the matrix model contains two N X N Hermitian

matrices and corresponding to the v.e.v.s of and

e The partition function is

Z = /( H da; e—tra%) Zl—loop%

I=0,1 =1 when N — o0

with
Z S _Sint
1—loop — €

odd Riemann C-values

TN

oo 2m
Sint = 2 Z Z(—l)m+k (87T>2\N) (2;:/) C2m—1 (trag™ % —trai™ ") (traf — traf)

2m
m=2 k=2




Matrix model

conformal map localization

Quiver theory l Quiver theory l Matrix
on R* on S* model

Since ¢7(x) — aj, one may think that :

%(tr(bo(x)k + try(2)") — %(tra’é + traf) = Af

However, (’),;t(x) do not have self-contractions, while Af do. So the right map
is through normal-ordering

Oi(z) — OF = tApe= ) My Af

Oj; (x) =

1<k
Thus —
<og<x)@;(y)>:|x_y|2 — (0f0f) (G

and similarly for the 3-point functions. Everything is reduced to a calculation of
v.e.v’s in the interacting matrix model.



Preliminary step: the free matrix model Si.t =0

* Inthe free Gaussian model, in the planar limit, one finds

Nk
(OF OF), = k(?) Okt = Gk Ok,
N k+l+p _q

]{ng 2
<01j02t01:9t>0: (5

22

Okttp = Gk, t,p Oktt,p

. . 1
* Defining the normalized operators Pkft = —— O,fu.t ‘o , one has

VG

(PP )y =6ke k_, ¢

VEklp
<PIjPEiPz§E>0:\/§N5k+€,p —
- :

like in N =4 SYM (up to the V2 due to the orbifold)




The interacting matrix model

The interaction action of the quiver matrix model

oo 2m
Sint = 2 Z Z(—l)erk(&T%N) (2;71) CQ;WT (tr a2 — tra®™ k) (trag — traf)

m=2 k=2

can be rewritten as

1 _ _
Sint = _5 Zpkz sz,épg

4
where
X ——8\/_2 (k+ ¢4 2p)!” Ch+042p—1 ( A\
ot plk+ )L+ p)(k+C+p) k+€+2p \ 1672
or

—1)2 ‘]’“( U o

Beccaria, Billo, Galvagno, Hasan, A.L., 2020.

Ko =SSV [ s (5 (57

This convolution of Bessel functions contains the exact dependence
on the coupling constant !




The X matrix

e The structure of the X matrix is

(Xg)g 0 X2,4 0 X2,6 0 . \
0 X3,3 0 X3,5 0 X3,7 .
X472 0 X4,4 0 X4,6 0
X = 0 X5’3 0 X5’5 0 X5’7
X672 0 X6,4 0 X6,6 0
0 X773 0 X7,5 0 X777

e Thus itis convenient to define

(Xz,z Xoa Xog
Xa2 Xaa Xag
X62 Xe4 Xe6

Xeven —

\

n

(X3,3 X35 X37
Xs53 X555 Xs7

odd __
X7 = X733 Xrs Xr7

\




The 2-point functions

Now we can compute the 2-point functions.

* For the untwisted operators we have

<P,j Pe+ e—%P‘XP‘> <P,j P£+>0 <e—lp—/(P/>

<Pijpe+> N v = = <Pljpﬁ+>0:5k,e

N CE L (2,

e For the twisted operators we have

(P, Py ezl XP7)

o o 1 .\ (©
<Pk: P£> N:;oo <€%p—xp—>0 - <Pk: PE >0+<Pk: PE <§P XP >>O
1 1 N2 (c)
+§< o P (5PXP) >0 T

Doing the contractions we find

o 1 . .
(PEPT) = SretXne+Xie+ = (7=x)., Thisformulas




The 2-point functions

* Doing the normal ordering P, — O, = /Gy :P,;' we arrive at the
final result

det (1 - Xpen)

G5, = (03,035,.) = G,

det (1 — Xeven)

det (1 — X244 )

B _ _ [n+1]

i1 = (O2ns Ona) = Gan |3 (1—X‘f0+1]d)

Nk
where gk:k(?) and, for example,

() (Vé XX
ovon XA’Q X474 X476 odd XE»,S Xo,b Xb,?
Kg ™ = Xg2 Xea Xegp - K] = Xt3 Xps X7z

These formulas are valid for any value of A




The 2-point functions

weak coupling strong coupling

0 00

A

0&
: det (1 - X239 )

det (1 — X‘ﬁf]d)

G2_n—|—1 - an-l-l

Using the small A expansion of the Bessel functions, it is quite straightforward
to obtain the weak-coupling expansions. For example:

Gy =

3 N3 5 s 105 ¢ 1701 (o
1— A3 A —22 )\
8 [ 25670~ 409678 65536710

(655367T12 i 524288712 i + O )

The radius of convergence of these perturbative expansions is located at
)\ ~ 2. But they can be re-summed a la Padé and extended beyond that

limit.



Xodd

weak coupling

0

The 2-point functions

strong coupling

A
det (1 — X244 )
_ . [n+1]
Gont1 = Gt (1 — Xpdd)

More interestingly, using the asymptotic behaviour of the Bessel functions for
large A we can derive analytically the strong-coupling expansions of the 2-
point functions. In particular one finds

A—00

®

1672

(11

_—
v U
T2 el mi 0
335, 6 el 67
0 -1 el _ 2
6T 107~ 1511
0 0 2 e
15v11 I5-
0 0 0 =t

T

o o O O

+ O\

i
/
.
/
/
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=

=,

/
i
/

/

/
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Beccaria, Dunne, Tseytlin, 2021;
Beccaria, Billo, Frau, A.L., Pini, 2021 + ...



The 2-point functions

weak coupling strong coupling

0 00
A

det (1 —Xgdd

G2_n_|_1 — g2n—|—1 det( X([),S]d)

) A

More interestingly, using the asymptotic behaviour of the Bessel functions for
large A we can derive analytically the strong-coupling expansions of the 2-
point functions. In particular one finds

Xodd N @S 4+ O()\O)

A— 00

Heuristically

det ]}1( XOdd 1
~ yodd N [n—l—l]
det (K- X°M)  ~ det(AS) = Tt JoXe) a5 )




The 2-point functions

weak coupling strong coupling

0 00
A

det (1 —Xgdd

det (1 — X‘[)f]d)

) A

Goni1 = G2nt1

More interestingly, using the asymptotic behaviour of the Bessel functions for
large A we can derive analytically the strong-coupling expansions of the 2-
point functions. In particular one finds

Xodd N @S 4+ O()\O)

A— 00

More rigorously,

ot Gon+1 ) + O\




weak coupling

The 2-point functions

strong coupling

0 o0
A
L
B o det (1 —X0dd, ) »
Gr, 2l T L et (1 — Xodd)
— [n]
Us
0.030+
o N=50
N\ A N=100
0.025¢ \ Monte Carlo simulations
o N=150
00200 NN = N=500
© N — Strong coupling
0.015}
0.010+
0.005¢
‘ ‘ . . ‘ ‘ ‘ /\/712
1000 1500 2000 2500 3000 3500 4000



The 2-point functions

e Actually, one can do more and derive the full strong-coupling expansion:

log | det (1 = X§5™)] = =

log | det (1 - Xg4?)| = =

- (2n - §) log <Q> + Ban—1 + fon-1
— (Qn — 1) log (Q> + Boy + fon

where Beccaria, Korchemsky, Tseytlin, 2022
B 61gA+1+11g2 k log2 + logI'(k)
= —61lo —+ =log2 —k lo o)
Gleisher constant J 2 6
1 N 2 CS
fio = = (2k = 3)(2k — 1) log (X> + (2 = 5)(2k = 3)(4h* = 1) =2
3 (s
(2k — T)(2k — 5)(4k? — 9)(4k? — 1) s
3 C2 )
— (2k — 5)(2k — 3)(4k* — 1)(4k* — 8k — 17) 64)\?3 + O<)\’ 7/2) + non-perturbative

\/y:\/X—leogQ

terms



The 2-point functions

e Using these results, one can prove in full generality that

o —g k(j —1) (%,)]H [1 + (k= 1)(2k — 1)(2k — 3) XC;’/Q T

/\J — (k= 1)(2k — 3)(2k — 5)(4k* — 1) 16?;2 s »~~  corrections

GG (L

+ (k—1)(2k — 1)(2k — 3)(2k — 5)(4k* — 20k — 3) ot O(W)}

Sub-leading

Leading Order

term
(see also X. Zhang’s poster)
+ non-perturbative
terms
weak coupling strong coupling
0 o0
A
T B e
— 47‘(‘2 ]{7 (]{7 — 1) 3
G, ~ G,+0O(\) G- G O(\" 2
k. Y
A—0 By Tk \ ( )




The 3-point functions and structure constants

A similar analysis can be done for the 3-point functions.

The key observation is that the 3-point functions are related to the 2-point
functions by an exact Ward-like identity

Kby = <Ok; O£ Op > Billo, Frau, A.L., Pini, Vallarino, 2022

-~ 2W\/ (k+ X0\ Gy \/(HAaA)G; \/(p+A8A)G5

Thus, knowing the 2-point functions, we know also the 3-point functions and
the structure constants

Gk,ﬁ,p

Ck_e —
JetGr G,

1
= m\/k+)\ék(logG,j) \/€+>\8A(10gGZ) \/p+A8A(10gG5)




Structure constants

weak coupling strong coupling

0 00

A

»

. I . .
Cryy = m\/ze + 20 (log G} ) \/£+ 20 (log G ) \/p + Adx (log G )

A =

y w“
__ Ekep - N VEWU—=1)(p—1)
k7£ap A—0 \/iN k’e’p A—00 \/§N
!Easy to prove, as It should follow from the AdS/CFT
in N'= 4 SYM correspondence. And indeed it does!!

Billo, Frau, A.L., Pini, Vallarino, 2022
‘clcs
22



Holographic description: untwisted sector

* The untwisted operators O,jare dual to Maldacena, 1997;
Lee, Minwalla, Rangamani, Seiberg, 1998; ...

St = K.K. modes of the metric and the R-R 4-form fluctuations
(asin N = 4)

e Their effective action (derived from Type Il B sugra in d=10) is

1
§=57 / d°z /g [Z Ay, (vﬂs;; Vs, + k(k — 4)s; sk)

K10 JAdSs oo
’/‘ )] 3

+ Z (Vk,g,p Sp. Sp Sp+cc )| —
Coefficients computed by 2

k.,t,p
Lee, Minwalla, Rangamani, Seiberg, 1998
& g\j Volume of S°/Z

I 1  A(2N)2 Y
267y (2m)7g2a _/< >\_ (2m)° RS
A dVA=R?

STNgs =

e Note that




Holographic description: untwisted sector

1
From S = — / d°z /g [ZAk (Vus?; VF¥sk 4+ k(k —4)sg, Skz)
2k70 J AdSs
k>2
-+ ]; (Vk,g,p Si Sp Sp + C.C.)] 5
Ry Y

using the holographic dictionary, one computes the 2- and 3- point functions
from Witten diagrams

* * *

Sk
and finds Sp

(likein N =4)




Holographic description: twisted sector

. _ Gukov, 1998;
The twisted operators Ok are dual to Billo, Frau, Galvagno, A.L., Pini, 2021.

N = K.K. modes of the twisted scalars obtained by wrapping
the NS-NS and R-R 2-forms on the exceptional 2-cycle:

1 1
2ma’ /(33(2) 2o /60(2)

Their effective action (derived from localizing Type Il B sugra at the orbifold
fixed point) is

(2ma)? 5 1 * YT *
S = 12 d’z+\/g Zi(v“%v 77k+k(k_4)77}k77k>
710 JAdS; k>2
T Gukov, 1998
+ Z (Wk,e,p Sk g Mp + C-C->] 2”,\
k.¢,p Volume of S*
where
Wy — Gt l=p)ktp=Ok+1+p=2)(k+l+p—4)
P 27 (k4 1)

Billo, Frau, A.L., Pini, Vallarino, 2022.



Holographic description: twisted sector

. _ Gukov, 1998;
The twisted operators Ok are dual to Billo, Frau, Galvagno, A.L., Pini, 2021.

N = K.K. modes of the twisted scalars obtained by wrapping
the NS-NS and R-R 2-forms on the exceptional 2-cycle:

1 1
2ma’ /(33(2) 2o /60(2)

Their effective action (derived from localizing Type Il B sugra at the orbifold
fixed point) is

(2ma)? 5 1 * YT *
S = 12 d’z+\/g Z§(vu7\7kv 77k+k(k_4)77}k77k>
710 JAdS; k>2
T Gukov, 1998
+ Z (Wk,e,p Sk g Mp + C-C->] 2”,\
k,t,p Volume of S*
Note that ,
(27a’)? 1 2(2N)?

LAk
4Kk3, 2(2m)5¢22 ~  (2m)3 A ﬁz



Holographic description: twisted sector

(2ma’)? / 5 1
From = E - :VH k(k —4)n;
S 2, AdS5d 249 5 (V,mk Vi, + k( )Mk Uk)

k>2

+ Z (Wk7g,p Sp. My Mp + c.c.)] 21
k.l,p

using the holographic dictionary, one computes the 2- and 3- point functions
from Witten diagrams

and finds

in perfect agreement
with the localization results




Conclusions

In this SCFT there exists a non-trivial relation between the 2- and 3-point
functions of scalar operators, valid for all couplings in the planar limit

The structure constants can be written in a very compact and exact way

i 1 - -
Cots = Tan VE+ A og G (/04 A0 log Gy \/p + Adxlog G;

The 2-point functions (and hence the structure constants) are known for all
couplings in terms of the matrix X (convolution of Bessel functions).

At strong coupling

V=D (-1
P Ao \/§N

Ck',ﬁ

in perfect agreement with the holographic results (Billo et al 2022).

This is the first explicit check of the AdS/CFT correspondence in a
non-maximally supersymmetric set-up.




Conclusions

In this SCFT there exists a non-trivial relation between the 2- and 3-point
functions of scalar operators, valid for all couplings in the planar limit

The structure constants can be written in a very compact and exact way

i 1 - -
Cots = Tan VE+ A og G (/04 A0 log Gy \/p + Adxlog G;

The 2-point functions (and hence the structure constants) are known for all
couplings in terms of the matrix X (convolution of Bessel functions).

A systematic strong coupling expansion can be worked out

\ kilsp 2\13/2 klsp 7\15/2 kolsp 213

_o) (AN ;
Crotp = Criy (_> {1 pe) S @) ) G

This expansion has the same form expected from closed string amplitudes and,
since at the moment explicit calculations beyond the supergravity limit do not
seem to be possible, this analysis provides a very strong prediction for the string
corrections.




Conclusions

* The X matrix we have used for the structure constants in the A/ = 2 quiver

theory
kt042k¢ °° dt et tv/A VA
Xie = —8(—1) \/H/o 7mjk< 2 >J£( 2 )

is very similar to the X matrix that is used in the study of the cusp anomalous
dimension in N/ = 4 SYM via the BES equation:

Jk(t\f) Je<tf>

XBES 4(-1 ketetait /—/
(=1) t 2T 2T

et—l

* Like for the cusp anomalous dimensions, also for the structure constants one
should find in a systematic way the non-perturbative exponentially small
corrections.

* |t seems that the formalism of the X matrix is much more general than it seems
at first sight and it would be nice to uncover a general pattern.



Thanks a lot for

listening!




