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motivation compactification  &  Kaluza-Klein spectra

higher-
dimensional sugra

internal space

lower-dimensional 
sugra

background ℳ10 = ℳ4 × ℳ6

expanding fields in harmonics on the internal space

such that the dynamics of the KK fluctuations is 
described by a lower-dimensional theory

e.g. scalar field

�(x, y) =
X

⌃

�⌃(x)Y⌃(y) =
X

n

�[n,0,0](x)Y [n,0,0]

<latexit sha1_base64="oPGC/BEVcko7r04RFo4UsBtAKAo="></latexit>

harmonics
fluctuations

mass spectrum of the KK-fluctuations

in general: complicated problem

diagonalize various Laplacians on the internal manifold 
disentangle mass eigenstates from different higher-dimensional origin 
flux compactifications: higher-dimensional p-forms

important: phenomenology, stability, holography, …

infinitely many fields (KK towers)
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harmonics
fluctuations

mass spectrum of the KK-fluctuations

in general: complicated problem

important: phenomenology, stability, holography, …

some windows into the KK-spectrum:

universality in the spin-2 sector    [Bachas, Estes]
massless scalar wave equation in 10D

symmetry helps    [Salam, Strathdee]
symmetric spaces, large isometry groups

supersymmetry helps  
masses from representation theory

motivation compactification  &  Kaluza-Klein spectra

if the background has no (super-)symmetries, we need new tools !
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tools: consistent truncations

(non-linear) truncation to a finite number of KK-modes 

described by a lower-dimensional supergravity  

such that any solution of the lower-dimensional theory lifts 
to a solution of the higher-dimensional theory

higher-
dimensional sugra

internal space

lower-dimensional 
sugra

warning: 
in general, these are not effective field theories: 
the truncation removes modes of mass comparable 
to the modes kept still (very) useful!

definition
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[de Wit, Nicolai 1987]
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1 Introduction

ds2 = ��1(x, y) gµ⌫(x) dx
µdx⌫

+Gmn(x, y)
⇣
dym +K[ab]

m(y)Aab
µ (x)dxµ

⌘⇣
dyn +K[cd]

n(y)Acd
⌫ (x)dx⌫

⌘

Gmn(x, y) =
1

8
�(x, y)K[ab]

m(y)K[cd]
n(y)

⇣
uijab + vijab

⌘
(x)

⇣
uijab + vijab

⌘
(x)

Akmn(x, y) = �

p
2i

96
�(x, y)Gkp(x, y)K[ab]mn(y)K[cd]

p(y)
⇣
uijab � vijab

⌘
(x)

⇣
uijab + vijab

⌘
(x)

In string theory and supergravity it is often convenient or even necessary to pass from

certain field variables to their ‘Poincaré duals’. For di↵erential p-forms with suitable couplings

this can be done straightforwardly by introducing a master action that treats the (p+ 1)-form

field strength Fp+1 as an independent field whose Bianchi identity dFp+1 = 0 is imposed by a

Lagrange multiplier field, viewed as a di↵erential form AD�p�2. Upon integrating out Fp+1 one

obtains an on-shell equivalent action for the dual (D�p�2)-form. Such duality transformations

are instrumental, first, in order to describe the world-volume actions of certain branes and,

second, to realize the U-duality symmetries of M-theory arising in toroidal compactifications in

a manifestly local and covariant formulation.

The natural question arises whether theories of more complicated tensor fields have such

‘dual’ formulations. Gravity linearized about flat space, i.e., the free massless spin-2 theory

for a symmetric second-rank tensor hµ⌫ on D-dimensional Minkowski space, permits a dual

formulation in terms of a mixed Young-tableaux field Cµ1...µD�3,⌫ — the ‘dual graviton’ [1, 2].

This formulation can be obtained by essentially the same procedure as for p-forms, passing to a

1

used to be rare, now we have many…

non-linear reduction ansatz, e.g. D=11 sugra on AdS4 x S7.
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tools: consistent truncations

D=11 sugra

S7

D=4 maximal sugra 
(70 scalars)
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D=11 sugra on AdS4 x S7. [de Wit, Nicolai 1987]

truncation to D=4 maximal supergravity (70 scalar fields)

ℓ = 0 : 35v + 35c

ℓ = 1 : 112v + 224c

ℓ = 2 : 1 + 35s + 300 + 294v + 840s

ℓ = 3 : 8v + 224s + 672v + 1400v + 2400v…

gauge group SO(8)

every stationary point of the D=4 scalar potential lifts to a 
D=11 background of the form ℳ11 = AdS4 × ℳ7

[Comsa, Firsching, Fischbacher: “SO(8) Supergravity and the Magic of Machine Learning”]

around these backgrounds: compute 
the masses of the 70 scalars  

instabilities in almost all 
non-supersymmetric AdS4 vacua !
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Exceptional Form ofD ¼ 11 Supergravity
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Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accordance

with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
covariant form: the full D ¼ 11 supergravity, in a 5þ 6 splitting of coordinates but without truncation,

embeds into an E6ð6Þ covariant 5þ 27 dimensional theory. We argue that this covariant form likewise

comprises type IIB supergravity.

DOI: 10.1103/PhysRevLett.111.231601 PACS numbers: 11.25.Yb, 04.65.+e, 04.50.%h, 11.15.%q

Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ [2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ [3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞ T-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞ Ehlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form

S ¼
Z

d5xd27YeL;

L & R̂þ 1

24
g!"D!MMND"MMN

% 1

4
MMNF !"MF N

!" þ e%1Ltop % VðM; eÞ: (1)

PRL 111, 231601 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

6 DECEMBER 2013

0031-9007=13=111(23)=231601(5) 231601-1 ! 2013 American Physical Society

Exceptional Form ofD ¼ 11 Supergravity

Olaf Hohm1,* and Henning Samtleben2,†

1Arnold Sommerfeld Center for Theoretical Physics, Theresienstrasse 37, D-1-80333 Munich, Germany
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[Hohm, HS]new tools: exceptional field theory  (ExFT)

duality covariant formulation of D=11 supergravity 

  all fields live on
internal space :

external space-time : {xµ}
=3

µ = 0, . . . , 3

  built after D=4  supergravity: 56 vectors  , scalar target space E7/SU(8)# = 8 $M
μ

[Cremmer,Julia]
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m = 1, . . . , 7

non-abelian gauge structure

(infinite-dimensional) non-abelian gauge structure:  
    the internal diffeomorphisms  (Kaluza-Klein) + tensor gauge symmetry 

[Coimbra, Strickland-Constable, Waldram]generalized diffeomorphisms

non-abelian field strength
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consistent truncations from ExFT
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D=4 maximal sugra 
AdS4  x S7 

D=11 sugra

dictionarygeneralized Scherk-Schwarz 
reduction of ExFT
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diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ [2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ [3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞ T-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞ Ehlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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In string theory and supergravity it is often convenient or even necessary to pass from

certain field variables to their ‘Poincaré duals’. For di↵erential p-forms with suitable couplings

this can be done straightforwardly by introducing a master action that treats the (p+ 1)-form

field strength Fp+1 as an independent field whose Bianchi identity dFp+1 = 0 is imposed by a

Lagrange multiplier field, viewed as a di↵erential form AD�p�2. Upon integrating out Fp+1 one

obtains an on-shell equivalent action for the dual (D�p�2)-form. Such duality transformations

are instrumental, first, in order to describe the world-volume actions of certain branes and,

second, to realize the U-duality symmetries of M-theory arising in toroidal compactifications in

a manifestly local and covariant formulation.

The natural question arises whether theories of more complicated tensor fields have such

‘dual’ formulations. Gravity linearized about flat space, i.e., the free massless spin-2 theory

for a symmetric second-rank tensor hµ⌫ on D-dimensional Minkowski space, permits a dual

formulation in terms of a mixed Young-tableaux field Cµ1...µD�3,⌫ — the ‘dual graviton’ [1, 2].

This formulation can be obtained by essentially the same procedure as for p-forms, passing to a

1
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Iio+ Iiowhile the two complex fields b&'„'+ and bz", in (2.41)
have masses e (k+2) . The field bz'„'+ is the complex
conjugate of b plo —because the four-index antisymmetric
tensor is real.
We now discuss the modes contained in the fields A -,

and B. These fields are purely fluctuations and contain
no background parts. %'e expand them into spherical har-
monics as follows:
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3„„=ga p'„(x)Y '(y ),
A„~=+[a„'(x)Y '(y)+a&'(x)D~ Y' '(y)],

A~p ——+[a "(x)Y["p](y)+a '(x)D[~Yp'](y)],
B=+B '(x) Y '(y) .

We choose the Lorentz-type gauges

DA p ——0, DA~p ——0

(2.48)

(2.49)
branch of (2.34), namely at k =0. We summarize the re-
sults of a11 scalar modes in Fig. 2.
Diagonal equations. The remaining fields, b„„in a„

and P '4 in h(~p) as well as H(z ) in h&, have diagonal
fie1d equations which read

(M a+x6 )«b z
' Y[''p]+—=0 [from (2. 19)],

( x+CI« —2e )(t "Y(~p)——0 [from (E3.1)],
l I) p I) ~ I
[T(+x++y)H(pv)+e H(pv) D(pD Hv)k

(2.41)

(2.42)

+—,'D(„D )HI~]Y ' =0 [from (El. 1)] .
(2.43)

The last equation can be diagonalized for k ) 1 by

which can be implemented by first fixing the transversal
I5part of A in 6A p ——D Ap—DpA to gauge a =0, and

then fixing the D A„part of 6A „=D Az—D&A to set
Il
a& ——0. The on1y gauge transformations which respect
these gauges have y-independent A„(x), which are the
usual gauge parameters for az„= (x). Thus we may use

I)the expansion in (2.48) with a„'=a '=0. Substituting
these expansions into the field equations yields

[(Max+ «)a„z+2iee z "(3 a,„']Y '=0, (2.50)

++«—6e )a Y[ p] +2iea e pr Dr Y

2(D~aq')(D[—Yp])=0, (2.51)

(Max+ «
—4e )a 'Y '+(D"a&'„)(D Y ')=0, (2.52)

H(~„) P(q„)+D(„D,——)( , n. 12eb) j[(k—+1—)(k+3)] .
(E3 +xCly)B 'Y' '=0. (2.53)

(2.44)

The traceless field P(&v) is then transversal on-shell from
(2.30) and satisfies the Einstein equation

I&oWe recall that the spherical harmonies Y~ p~ are not
only eigenfunctions of 6, but also of the operator

[Ein—k(k+4)e ]P(„„) 0, ——
where Ein stands for the Einstein operator

(2.45) ( D )Y[ap] —=cap Dr Y[sp]

Rp,'(g„„+h„',) 4e (g„„+h„' )=0—. (2.46)

This clearly demonstrates that h& is the massless gravi-
ton, as expected.

I[4 ~The real scalars P ' in (2.42) have masses

2R~„'"(P(p ))—8e P(„„) (O +2e——)P(„„).
Here R„',' is the Ricci tensor of five-dimensional space-
time. One should not be confused with Rz ' and the orgi-
nial R„. Recall that R& is the pv component of the full
Ricci tensor in ten dimensions. For k =0, the (El) equa-
tion, together with (2.21) and (2.40) yields

(*D)Y[ ' p] = +2l e( k +2 )Y["p]'' (2.55)

Collecting all terms with a given spherical harmonic,
one gets the d =5 field equations

Since (*D)(*D)=4( y
—6e ), we can divide the Y[ p] into

YI~p~ and Yl~p~, where

(*D)Y['p] =+2i(—«+6e ) Y['p] (2.54)

Since

(—Cl +6 ')Y"—=—b. ", —,= '(k+ )'Y '—

we thus have
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  consistent truncation to lowest KK-multiplet 

  extend to the higher Kaluza-Klein modes (linearized)
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 symmetrized D=4 embedding tensor

 adjoint projector

 representation of scalar harmonics

 plug into the ExFT action and linearize in fluctuations
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 similar for the scalar mass matrix 

 similar for fermion masses  [Cesàro, Varela] 

 entire KK mass spectrum!
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examples:  AdS4 x S7 and deformations
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branch of (2.34), namely at k =0. We summarize the re-
sults of a11 scalar modes in Fig. 2.
Diagonal equations. The remaining fields, b„„in a„
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which can be implemented by first fixing the transversal
I5part of A in 6A p ——D Ap—DpA to gauge a =0, and

then fixing the D A„part of 6A „=D Az—D&A to set
Il
a& ——0. The on1y gauge transformations which respect
these gauges have y-independent A„(x), which are the
usual gauge parameters for az„= (x). Thus we may use

I)the expansion in (2.48) with a„'=a '=0. Substituting
these expansions into the field equations yields
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The traceless field P(&v) is then transversal on-shell from
(2.30) and satisfies the Einstein equation

I&oWe recall that the spherical harmonies Y~ p~ are not
only eigenfunctions of 6, but also of the operator
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where Ein stands for the Einstein operator
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This clearly demonstrates that h& is the massless gravi-
ton, as expected.

I[4 ~The real scalars P ' in (2.42) have masses
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Here R„',' is the Ricci tensor of five-dimensional space-
time. One should not be confused with Rz ' and the orgi-
nial R„. Recall that R& is the pv component of the full
Ricci tensor in ten dimensions. For k =0, the (El) equa-
tion, together with (2.21) and (2.40) yields
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Collecting all terms with a given spherical harmonic,
one gets the d =5 field equations
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simple and compact (re-)derivation of the 
supergravity spectrum on  
[1980’s:  Biran, Casher, Englert, Nicolai,  
Rooman, Spindel, Sezgin] 

direct identification of BPS multiplet 
components within D=11 supergravity
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tools for non-supersymmetric 
vacua (where masses are not 
controlled by symmetry) 
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in D=4 SO(8) supergravity, the supergravity potential has been 
carefully scanned for AdS4 vacua

 all non-supersymmetric vacua are unstable already within D=4 supergravity,      
 i.e. have instabilities within the lowest Kaluza-Klein multiplet

example:  non-supersymmetric AdS4 vacua  SO(3) x SO(3)
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[Comsa, Firsching, Fischbacher]

except for a distinguished SO(3) x SO(3) invariant extremal point   [Warner] 

  stable within D=4 supergravity     [Fischbacher, Pilch, Warner] 
  uplift to D=11 supergravity          [Godazgar, Godazgar, Krüger, Nicolai, Pilch] 
  brane-jet instabilities                   [Bena, Pilch, Warner]

70 scalars:
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ExFT formulas: full scalar Kaluza-Klein spectrum up to level 6   
        ( ~ 100.000 scalar fields),  from D=4 data

example:  non-supersymmetric AdS4 vacua  SO(3) x SO(3)
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-2.25 0 5 10 15 20 25 30 35 40
(1,1)
(2,2)

(3,3)

(4,4)

(5,5)

(6,6)

(7,7)

m
2
L
2

M
ul
tip
lic
ity Level 0

Level 1

Level 2

Level 3

0 20 40 60 80 100
(2,2)
(3,3)
(4,4)

(5,5)

(6,6)

(7,7)

(8,8)

(9,9)

(10,10)

(11,11)

m
2
L
2

M
ul
tip
lic
ity

Level 4

Level 5

Level 6

BF-bound

1

2

3

4

j

-3
.0

-2
.5

-2
.0 m

2

instabilities starting from KK level 2

   In D=4, SO(8) supergravity, all known  
       non-supersymmetric vacua are perturbatively unstable!
⟹

[E. Malek, H. Nicolai, HS]  
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example:  non-supersymmetric AdS4 vacua in ISO(7) supergravity

the D=4 scalar potential carries a wealth of AdS vacua:  
                  non-supersymmetric vacua, stable within D=4 supergravity

most symmetric:   G2 vacuum, deformed S6 
                  no brane-jet instabilities 

# = 0
[Guarino, Tarrio, Varela]

massive IIA admits a consistent truncation on S6  
                   to (dyonic) ISO(7) gauged supergravity  
                   with   AdS4 vacuum# = 3

[Guarino, Jafferis, Varela]
[Dall’Agata, Inverso]
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proves stability of the KK spectrum: 

(perturbatively) stable non-supersymmetric AdS4 vacuum

ExFT analysis yields the full KK spectrum! 

analytic mass formula for all scalars:

m2 ℓ2 = (n + 2) (n + 3) − 3
2 )[n1,n2]

m2 ℓ2 ≥ m2
BF ℓ2

KK level ,  G2 Casimir n )[n1,n2]

10.2.2 E7

On the other hand for E7, the mass formula obtained by mathematica reads

M
A⌃,B⌦ =

1

12
XAD

C
�
XBC

D +XBD
C
�
�
⌃⌦ +

�
XBA

C +XBC
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C �XAC
B
�
TC,⌃⌦

� 12
�
PA

C
B
D + PC

A
B
D
�
TD,⇤⌦TC,⌃⇤ + 3TA,⌃⇤TB,⇤⌦ . (10.18)

and di↵ers by a factor 1

2
from (10.14)!?

10.3 Scalar fields

Fluctuation ansatz

⇢UA
M = UA

M � UB
M

jA
B,⌃ Y ⌃ +

1

2
UB

M
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C,⌃
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B,⇤ Y ⌃Y ⇤
. (10.19)

10.3.1 E6

Scalar potential

V = � 1

24
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@MMKL
@NMKL +

1

2
MMN

@MMKL
@LMNK (10.20)

Induces the supergravity potential
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. (10.21)

Total mass matrix
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Confirmed by the mathematica computation!
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bubble instabilities… [Bomans, Cassani,  Dibitetto, Petri]

[A. Guarino, E. Malek, HS] 
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FIG. 1: First four KK levels of spin-0 fluctuations around the six non-supersymmetric and BF stable AdS4 ⇥ S6

solutions of massive IIA supergravity given in Table ??. The normalized masses M2L2 and their multiplicity are
displayed up to level 4.

likewise: KK-spectra for more non-supersymmetric vacua (numerical) with 
remaining SU(3), SO(4), U(2), SO(3):  all (perturbatively) stable!
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example:  non-supersymmetric AdS4 vacua in ISO(7) supergravity
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[with C. Eloy and G. Larios]

example:  AdS3 x S3 and deformations

Henning Samtleben                                                                                             ENS de Lyon
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D=6 minimal sugra

AdS3  x S3 D=3 gauged  
sugra

gauge group   SO(4) 
scalar coset   SO(4,4) / (SO(4) x SO(4)) 
with matter: SO(4,4+n) / (SO(4) x SO(4+n))

with matter: inequivalent embeddings SO(4,4) ⊂ SO(4,4 + n)

# = (2,0) sugra

# = (1,1) sugra # = (1,1) sugra
different consistent truncation

UM
N

U

M
NU

M
N

twist matrix  MU N ∈ SO(4,4) triality   (equivalent uplifts)

example:  AdS3 x S3 and deformations

Henning Samtleben                                                                                             ENS de Lyon



moduli-dependent KK spectrum: 
     stability region for non-supersymmetric AdS3 vacua

⌘

⇣

SUSY locus

Stability areas:

Level 0

Level 1

Level 2

two-parameter deformation , (flat directions in the scalar potential)(η, ζ)
   squashed S3 
one-parameter curve preserving supersymmetry
SO(4) ⟶ U(1)2

A B

full Kaluza-Klein spectra [C. Eloy]

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to

SO(8, 4 +m) �! GL(4)⇥ SO(4,m)

{XM̄} �! {XA, XA, X
↵, X ↵̂}.

(5.3)

15

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to

SO(8, 4 +m) �! GL(4)⇥ SO(4,m)

{XM̄} �! {XA, XA, X
↵, X ↵̂}.

(5.3)

15

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to

SO(8, 4 +m) �! GL(4)⇥ SO(4,m)

{XM̄} �! {XA, XA, X
↵, X ↵̂}.

(5.3)

15

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to

SO(8, 4 +m) �! GL(4)⇥ SO(4,m)

{XM̄} �! {XA, XA, X
↵, X ↵̂}.

(5.3)

15

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to

SO(8, 4 +m) �! GL(4)⇥ SO(4,m)

{XM̄} �! {XA, XA, X
↵, X ↵̂}.

(5.3)

15

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to

SO(8, 4 +m) �! GL(4)⇥ SO(4,m)

{XM̄} �! {XA, XA, X
↵, X ↵̂}.

(5.3)

15

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to

SO(8, 4 +m) �! GL(4)⇥ SO(4,m)

{XM̄} �! {XA, XA, X
↵, X ↵̂}.

(5.3)

15

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to

SO(8, 4 +m) �! GL(4)⇥ SO(4,m)

{XM̄} �! {XA, XA, X
↵, X ↵̂}.

(5.3)

15

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to

SO(8, 4 +m) �! GL(4)⇥ SO(4,m)

{XM̄} �! {XA, XA, X
↵, X ↵̂}.

(5.3)

15

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to

SO(8, 4 +m) �! GL(4)⇥ SO(4,m)

{XM̄} �! {XA, XA, X
↵, X ↵̂}.

(5.3)

15

5 Theory (A) vs Theory (B)

5.1 temporary

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

S(0)

(B)
= 2

(1/2,0)
2

+ 2
(1/2,1)
1

+ 3
(0,0)
2

+ 3
(0,1)
1

S(1)

(B)
= 2

(0,1/2)
5/2 + 2

(0,3/2)
3/2 + 2

(0,1/2)
1/2 + 3

(1/2,1/2)
5/2 + 3

(1/2,3/2)
3/2 + 3

(1/2,1/2)
1/2

+4
(0,1/2)
5/2 + 4

(0,3/2)
3/2 + 4

(0,1/2)
1/2 ,

S(n)
(B)

=(n+ 1)(0,
n/2)

(n+4)/2+ (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 2)(
1/2,n/2)

(n+4)/2 +(n+ 2)(
1/2,(n+2)/2)

(n+2)/2 +(n+ 2)(
1/2,(n�2)/2)

(n+2)/2 +(n+ 2)(
1/2,n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2 .

(5.1)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S(0)

(A)
= (3)(

1/2,1/2)
1/2 || (3)(0,0)

2
+ (3)(0,1)

1

S(1)

(A)
= (4)(

1/2,1)
1

+ (4)(
1/2,0)
2

|| (2)(0,1/2)5/2 + (2)(0,
3/2)

3/2 + (2)(0,
1/2)

1/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (4)(0,
1/2)

1/2

|| (2)(1/2,0)
2

+ (2)(
1/2,1)
1

S(2)

(A)
= (5)(

1/2,(1)/2)
5/2 + (5)(

1/2,(3)/2)
3/2 ||

(3)(0,
2/2)

3
+ (3)(0,2

2
+ (3)(0,0)

2
+ (3)(0,1)

1
+ (5)(0,1)

3
+ (5)(0,2)

2
+ (5)(0,0)

2
+ (5)(0,1)

1

|| (3)(1/2,1/2)5/2 + (3)(
1/2,3/2)

3/2

S(3)

(A)
= (6)(

1/2,1)
3

+ (6)(
1/2,2)
2

||

(4)(0,
3/2)

7/2 + (4)(0,
5/2)

5/2 + (4)(0,
1/2)

5/2 + (4)(0,
3/2)

3/2 + (6)(0,
3/2)

7/2 + (6)(0,
5/2)

5/2 + (6)(0,
1/2)

5/2 + (6)(0,
3/2)

3/2

|| (4)(1/2,1)(6)/2 + (4)(
1/2,2)
2

S(n)
(A)

= (n+ 3)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 3)(
1/2,(n+1)/2)

(n+1)/2 ||

(n+ 1)(0,
n/2)

(n+4)/2 + (n+ 1)(0,
(n+2)/2)

(n+2)/2 + (n+ 1)(0,
(n�2)/2)

(n+2)/2 + (n+ 1)(0,
n/2)

n/2

+(n+ 3)(0,
n/2)

(n+4)/2 + (n+ 3)(0,
(n+2)/2)

(n+2)/2 + (n+ 3)(0,
(n�2)/2)

(n+2)/2 + (n+ 3)(0,
n/2)

n/2

|| + (n+ 1)(
1/2,(n�1)/2)

(n+3)/2 + (n+ 1)(
1/2,(n+1)/2)

(n+1)/2

(5.2)

5.2 Theory (A)

We split the “flat” indices M̄ according to
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{XM̄} �! {XA, XA, X
↵, X ↵̂}.
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in  SU(2|1,1)  supermultiplets  (n) j1, j2
ΔL

n = 0

n = 1

n = 2

n = 3

ñ = 0
ñ = 1

ñ = 2
ñ = 3

example:  AdS3 x S3 and deformations

Henning Samtleben                                                                                             ENS de Lyon
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example:  squashed S7

SO(8)
SO(7) ∼ S7 ∼ Sp(2) × Sp(1)

Sp(1) × Sp(1)
 deformation of the round S7 by scalars from higher KK levels

  Ads4 x S7squashed  Freund-Rubin solution of 11D supergravity ( )# = 0,1
[Awada, Duff, Nilsson, Pope]

ℓ = 0 : 35v + 35c

ℓ = 1 : 112v + 224c

ℓ = 2 : 1 + 35s + 300 + 294v + 840s

ℓ = 3 : 8v + 224s + 672v + 1400v + 2400v

ℓ = 4 : 35v + 840s + 1386v + 4312v + 5775v

  singletsSp(2) × Sp(1)

general formulas for mass operators in terms of different Laplacians 
on the internal space  [Duff, Nilsson, Pope] 

combine with spectrum of different Laplacians  on the internal space  
[Nilsson, Pope, Yamagishi, Ekhammar, Karlsson]

Henning Samtleben                                                                                             ENS de Lyon

 preserves only  isometries 

 not within D=4, SO(8) supergravity! 

 space invader scenario (massless gravitino from higher KK level)

Sp(2) × Sp(1)
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example:  squashed S7

ExFT embedding

Henning Samtleben                                                                                             ENS de Lyon

 consistent  truncation to  singlets: 4 scalars# = 1 Sp(2) × Sp(1)

 not a truncation of D=4, SO(8) sugra 
 coset space      

   cf. [Cassani, Koerber]
(SL(2)/SO(2))2

 embedding by a new twist matrix
<latexit sha1_base64="ZOVsiVI0u0LQ5tuzXfVbE91/bt8="></latexit>

MMN (x, Y ) = UM
K(Y )UN

L(Y )
⇣
�KL +

X

⌃

jKL,⌃(x)Y⌃
⌘ <latexit sha1_base64="C56Tc16BTcKF7OFnmRAx8s+7nn8=">AAAB6XicbVDLSgMxFL1TX7W+qi7dBIugCGVGinZZdOOygn1Ap5RMmmlDMzMhuSOU0o9wI+JGwZ/xF/wb03Y2bT0QOJxzLrnnBkoKg6776+Q2Nre2d/K7hb39g8Oj4vFJ0ySpZrzBEpnodkANlyLmDRQoeVtpTqNA8lYwepj5rReujUjiZxwr3o3oIBahYBSt5F/7/QQN8e/F4KpXLLlldw6yTryMlCBDvVf8sdMsjXiMTFJjOp6rsDuhGgWTfFrwU8MVZSM64JP5plNyYaU+CRNtX4xkri7laGTMOApsMqI4NKveTPzP66QYVrsTEasUecwWH4WpJJiQWW3SF5ozlGNLKNPCbkjYkGrK0B6nYKt7q0XXSfOm7N2WK0+VUq2aHSEPZ3AOl+DBHdTgEerQAAYK3uATvpyR8+q8Ox+LaM7JZk5hCc73H7K/jJQ=</latexit>

+ . . .
⌘

round S7

rotation

  generalized Leibniz parallelizable

  (modified) ExFT  mass formulas still apply!

<latexit sha1_base64="AqXRvbRg6G9YmRft3W2TpNkYvhI=">AAACGnicbVDLSsNAANzUV62vqEcvi0WoICURrYIIfVw8VrAPaGLYbLft0s2D3Y0QQv7Ei7/iRcWLghf/xqQNaFsHFoaZWXZnbJ9RITXtW8ktLa+sruXXCxubW9s76u5eW3gBx6SFPebxro0EYdQlLUklI12fE+TYjHTscSP1Ow+EC+q5dzL0iemgoUsHFCOZSJZ6Zdh02DNOIgMjBluxVful9dQzr7tWVKvHUXzfKIXHf5INSy1qZW0CuEj0jBRBhqalvhp9DwcOcSVmSIiervnSjBCXFDMSF4xAEB/hMRqSaFIthkeJ1IcDjyfHlXCizuSQI0To2EnSQXIk5r1U/M/rBXJwaUbU9QNJXDx9aBAwKD2Y7gT7lBMsWZgQhDlNfgjxCHGEZbJmIamuzxddJO3Tsl4pn9+eFauVbIQ8OACHoAR0cAGq4AY0QQtg8ARewAf4VB6VZ+VNeZ9Gc0p2Zx/MQPn6Afexn1I=</latexit>⇥
UA,UB

⇤
= XAB

C(y)UC

(no maximal truncation)
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example:  squashed S7

provide the complete spectrum 

[k, q, k] :

consist of the following supergravity fields:

L[3

2
, �] : Âµ

Q≠≠æ gµ‹ ü Aµ
Q≠≠æ Âµ ,

L[1, �] : Aµ
Q≠≠æ Âµ ü ⁄

Q≠≠æ Aµ ,

L[1

2
, �] : ⁄

Q≠≠æ Aµ ü „
Q≠≠æ ⁄ ,

L[0, �] : „
Q≠≠æ ⁄

Q≠≠æ „ ,

(4.14)

where gµ‹ denotes a spin-2 field, Âµ denotes a spin-3/2 field, Aµ denotes a spin-1 field, ⁄ denotes
a spin-1/2 field and „ a scalar. In addition, the spectrum contains short multiplets A1[J ] with
� = 1 + J , which carry the gauge fields. These are

A1[3

2
] : Âµ

Q≠≠æ gµ‹ ,

A1[1

2
] : ⁄

Q≠≠æ Aµ .
(4.15)

The entire masse spectrum organises into a sum of long multiplets
n

L[J, �] ¢ [p, q, r] , (4.16)

in the di�erent USp(4) ◊ SU(2) representations [p, q, r]. Each such multiplet comes with a certain
multiplicity. Remarkably, we find that the conformal dimensions of all these multiplets are captured
by the universal formula

�J,s = 1 + 5
3s + 1

3

Ò
(3J + 2s2)2 + 5 C3 , (4.17)

in terms of the spin J and the combination

C3 = C(p, q) + 3 C(r) , (4.18)

of the USp(4) and the SU(2) Casimir operators

C(p, q) = 1
2

1
p2 + 2 q2 + 4 p + 6 q + 2 p q

2
, C(r) = 1

4r(r + 2) . (4.19)

The parameter s œ 1

2
Z in (4.17) is an additional label that organises the spectrum and counts the

multiplicities. To present the spectrum in compact form, we use the following notation

L[J ]¢{s1, s2, . . . , sp} ©
pn

i=1

L[J, �J,si ] , (4.20)

with conformal dimensions �J,s given by (4.17). Remarkably, for all but a handful of small repre-
sentations, s in fact appears like the R+ µ SL(2) charge of a full SL(2) representation. Accordingly,
we use the notation

L[J ]¢[S] © L[J ]¢{≠S, ≠S + 1, . . . , S} . (4.21)

Let us take as an example the states in a [k, q, k] of USp(4) ◊ SU(2) for generic values of k, q (i.e.
k > 1, q > 1). The KK spectrum exhibits one spin-2 state, 9 vectors and 16 scalar fields in this
representation. They turn out to fall into 13 N = 1 supermultiplets which in the notation (4.21)
take the form

[k, q, k]k>1,q>1
: L[3

2
]¢[0] ü L[3

2
]¢[1

2
] ü L[1

2
]¢[1

2
¢ 1

2
] ü L[0]¢[1

2
¢1] . (4.22)

16

<latexit sha1_base64="61yvY/oS00VO6lnF+c2gs01BZ0s=">AAACJnicbVDLSgMxFM3UV62vUZdugkVoN2WmFC24KbjQZUX7gE4pmfS2DU1mhiQjlGH+x43/4cqNiAgKforpA8HWCyEn555L7jl+xJnSjvNhZdbWNza3stu5nd29/QP78KipwlhSaNCQh7LtEwWcBdDQTHNoRxKI8Dm0/PHVtN96AKlYGNzrSQRdQYYBGzBKtKF69rUXB32QviQUEm+kountUpGmvSTxpMB3UVooFz3NBCj8y7hF73L+YlJCZNR23ik5s8KrwF2APFpUvWc/e/2QxgICTTlRquM6ke4mRGpGOaQ5L1ZglhmTISQzmyk+M1QfD0JpTqDxjP2jI0KpifCNUhA9Usu9KflfrxPrQbWbsCCKNQR0/tEg5liHeJoZ7jMJVPOJAYRKZjbEdERMZNokmzPW3WWjq6BZLrnnpcptJV+rLkLIohN0igrIRReohm5QHTUQRU/oFX2iL+vRerHerPe5NGMtZo7Rn7K+fwC9EKWl</latexit> | {z }
Sp(2)⇥Sp(1) irrep

# = 1 multiplets L[J]

extra charge s

e.g.

ΔJ,s = 1 + 5
3 s + 1

3 (3J + 2s2)2 + 5 )Sp(2) + 15 )Sp(1)
universal 
mass formula:

Henning Samtleben                                                                                             ENS de Lyon

ExFT embedding

 consistent  truncation to  singlets: 4 scalars# = 1 Sp(2) × Sp(1)
 embedding by a new twist matrix

  (modified) ExFT  mass formulas still apply!

holographic RG flow                                    correlation functions
[with M.Galli]
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beyond spectra:  cubic couplings
[B. Duboeuf, E. Malek, HS] 
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beyond:  cubic couplings

cubic couplings around AdS5 x S5

 information on the holographic 3-pt functions

ℒϕ3 = gI1I2I3
ϕI1 ϕI2 ϕI3

[Lee, Minwalla, Rangamani, Seiberg] 
[Arutyunov,  Frolov] 

⟨2I1
2I2

2I3⟩
2I1

= 2i1…in = Tr [ Xi1Xi2 ⋯ Xin ]
 e.g. computed explicitly for

 expand/diagonalize/disentangle IIB field equations
 gauge fixing, non-linear field redefinitions

in ExFT variables

& basis of fluctuations

ℒϕ3 = gαΣ,βΔ,γΩ ϕα,Σ ϕβ,Δ ϕγ,Ω

 and matched with  SYM# = 4

universal expressions for the cubic couplings

 tensor product structure  (algebra)    (scalar harmonics)⊗
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⇣
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universal expressions for the cubic couplings

beyond:  cubic couplings

symmetric SO(6) tensors

representation matrix on harmonics
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 with tensors

products of E6 generators

embedding tensor

apply to all other vacua in the theory!  e.g.  Leigh-Strassler SCFT# = 2

reproduce and extend the known results on AdS5 x S5



conclusions

  new tools for the analysis of Kaluza-Klein spectra from ExFT

entire Kaluza-Klein spectra entirely encoded in 4-dim data:

embedding tensor  of the lower-dimensional supergravity 

representation  of the scalar harmonics 
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  access to vacua

  applications to holography, stability analysis, moduli-dependence
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etc.

  with few or no (super-)symmetries  
  within and beyond consistent truncations

  extension to cubic and higher couplings

  universal patterns in mass spectra & cubic couplings: holography! 

Henning Samtleben                                                                                             ENS de Lyon


