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Abstract:  The estimation of aggregate production functions is common in regional 
economics. Regional data are usually characterized by a high level of heterogeneity 
among observations which are not frequently reflected in the data. If this unobserved 
heterogeneity, is not treated adequately can arise serious econometric problems. In 
this paper we review the different approaches the literature has used to deal with this 
problem. Moreover, in order to compare different models we estimate aggregate 
production functions using data from Spanish regions. First we estimate the Cornwell, 
Schmidt and Sickles (1990) model. Furthermore, we estimate a Battese and Coelli 
(1995) model. We include a time trend as an efficiency explanatory variable so the 
efficiency is time varying. We compare both estimates with the traditional fixed effects 
model. 
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1. Introduction 

 

The estimation of aggregate production functions is common in regional economics. 

Regional production functions have been used to study different topics, including the 

evolution of productivity, the influence of infrastructures or human capital on the private 

sector and the existence of catching-up to the technological frontier, among many 

others. The traditional framework is to estimate a Cobb-Douglas aggregate production 

function using as explanatory variables private capital and labor. Likewise other inputs 

are often also included such as human capital (e.g., de la Fuente, 1995) or public 

capital (e.g., Puig-Junoy, 2001; Munnell, 1990). Some studies used control variables. 

For instance, Evans and Karras (1994) used the composition of public capital, García-

Milà and McGuire (1992), Munnel (1990) used the business cycle, Álvarez, Arias and 

Orea (2006) used a specialization index. 

 

Regional data are usually characterized by a high level of heterogeneity among 

observations since regions have usually important differences (i.e., climate, orography, 

natural resources…). The existence of regional heterogeneity, which can be 

unobservable for the analyst, can lead to biased estimates. Hence it is important to 

account for the heterogeneity embedded in regional data. To mitigate this problem two 

kinds of models can be used. First, unobserved heterogeneity can be modelled as an 

individual effect. The individual effects can be time variant or time invariant. 

Alternatively, models that estimate different technologies in the sample (i.e., random 

parameters models, latent class models, kernel estimation) can also be used.  

In this paper we review some of the different models used in the literature to mitigate 

unobserved regional heterogeneity. Especially we focus on models where the 

unobserved heterogeneity is modelled through individual effects. In the empirical 

sections we compare different models using Spanish regional data from 1986 to 2003.  

The rest of the paper is organized as follows. Next we review some alternatives to 

account for unobserved regional heterogeneity. After that, we describe the 

methodologies used in the empirical analysis. The next section contains the data and 

the empirical models. Then the results are discussed and finally some conclusions are 

drawn. 
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2. Unobserved heterogeneity in regional production functions 

In most empirical situations there are differences across observations that are not 

reflected in the data. This information is referred to as unobserved heterogeneity. 

When this information is not important, it can be accommodated in the error term. 

However, if these differences are important and the unobserved heterogeneity is 

correlated with the explanatory variables, the estimated parameters will be biased 

(Griliches, 1957). A frequent case occurs when the information not included in the 

model can be considered as invariant over time, e.g., location or orography. If panel 

data are available, the solution to this problem is to model the heterogeneity as an 

individual effect (see Mundlak, 1961). Several papers have used the Within or random 

effects estimators in order to estimate aggregate production functions using regional 

data. For instance, García-Milà, McGuire and Porter (1996), Evans and Karras (1994) 

or Holtz-Eakin (1994) used data from the U.S. states. Mas et al. (1996), Moreno et al. 

(1997) used data from Spanish regions.  

 

However, traditional panel data techniques assume that individual effects are time 

invariant. Schmidt and Sickles (1984) indicated that this assumption is less valid as the 

panel becomes longer. For instance, some regional characteristics, such as its 

economic structure, abundance of natural resources1 or productive efficiency, may vary 

over time. Therefore models that are able to control not only the time invariant 

unobserved heterogeneity but also the time variant unobserved heterogeneity should 

be used. Cornwell, Schmidt and Sickles (1990) developed an extension for the 

traditional fixed effects in which individual effects are allowed to vary over time. Wu 

(1995) used this model to study total factor productivity growth, technological progress 

and technical efficiency change in postreform China.  

 

Stochastic frontier models2 (Aigner, Lovell and Schmidt, 1977) are other approach 

capable of modelling time-varying unobserved heterogeneity. The main characteristic 

of these models is that they have a composed error term. Specifically, an asymmetric 

error term is added to the traditional symmetric error term. The former is supposed to 

represent technical inefficiency3 while the latter is supposed to engage random shocks 

                                                
1 The natural resources are more or less invariant but the exploitation can be very different. 
2 See Kumbhakar and Lovell (2000) for an extensive survey and Dorfman and Koop (2005) for 
an overview of recent developments. 
3 Technical efficiency is the ability to obtain maximum output from a given input vector 
(Kumbhakar and Lovell, 2000; p. 42).  
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and measurement errors. There are several papers that have used stochastic frontier 

models to estimate aggregate production functions. For instance Puig-Junoy (2001) 

estimated technical efficiency indexes for the 48 contiguous U.S. states. More recently 

Mastromarco and Woitek (2006) studied the link between public infrastructure 

investment and efficiency in the Italian regions. Delgado and Álvarez (2004) and Arias 

and Rodriguez-Vález (2004) estimated aggregate production functions using Spanish 

datasets. Moreover, Greene (2005) proposed a “true fixed effects model” which is able 

to estimate not only individual effects but also an inefficiency term. This model was 

used recently by Álvarez (2007) in order to decompose the productivity growth of 

Spanish regions. 

 

 

3. Time-Varying individual effects models 

 

Our basic framework is an aggregate production function, such as the following: 

    ( )HGLKAfY ,,,=                                ( 1 )          

where Y is aggregate production, A is a technical efficiency index which reflects the 

state of technology and omitted factors, K is private capital, L is labor, G is a measure 

of public capital and H is a human capital index. We estimate two models that consider 

A as time-varying. First, we estimate the model developed by Cornwell, Schmidt and 

Sickles (1990) where individual effects are time variant. Then we use the Battese and 

Coelli (1995) model in which a time trend is used as an efficiency explanatory variable.  

a) Cornwell, Schmidt and Sickles (1990), (CSS) 

This model is an extension of the traditional fixed effects model in which the intercept 

varies across individuals. In particular in this model not only does the intercept vary 

across individuals but also over time. The model can be written as follows: 

   ititiitit vwxy +′+′= δβ   ;             [ ]2,,1 ttwit =           ( 2 )       

where y represents the output, x is a M-dimensional vector of explanatory variables, w 

is a J-dimensional vector that contains a constant, a time trend and a squared time 

trend, β and δ are matrices of coefficients, v is a typical random disturbance. Subscript 

i indicates region while subscript t denotes time. The important feature in this model is 
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that wit has specific coefficients for each region4. Thus individual effects are allowed to 

vary over time.   

 

Cornwell, Schmidt and Sickles (1990) developed three alternative ways to estimate 

model (2). In particular, we are going to use a generalization of the within estimator5.  

This within estimator is based on some results for the partitioned regression where the 

estimation is done in two steps. In the first step the coefficients of the x vector are 

obtained in the following way: 

     ( ) ( )MyxMxxˆ 1 ′′=β −          ( 3 )     

where matrix M is defined as: ( )( )wwwwIM 1 ′′−= −  in which I is an identity matrix. The 

above expression can be viewed as a residual maker (Greene, 2003; p. 24). Then, 

once the coefficients of the x vector have been estimated, the coefficients δi can be 

estimated regressing the residuals obtained in the first step on wit for each 

region ( )( )it
1

i ûwwwˆ ′′=δ − , where itû  are the residuals from the estimated coefficients in 

(3).  

 

Consequently the individual effects are calculated as: 

     iitit
ˆwˆ δ′=α           ( 4 )      

b) Battese and Coelli (1995), (BC95) 

In this model technical inefficiency effects are assumed to be a function of some 

exogenous variables. Hence, the model can be expressed in the following way: 

          itititit uvxy −+β′=   ;             ititit Wzu +δ=       ( 5 ) 

where u is a random term which reflects the technical inefficiency of the regions, while 

v is a typical random disturbance term which is assumed to follow a normal distribution 

centered at zero with σv standard deviation, z are the explanatory variables associated 

with technical inefficiency and Wit is defined by a normal distribution truncated at -zitδ 

                                                
4 Actually, if wit just contains a constant, then the model in (2) is just the standard fixed effects 
model where the intercept only varies across individuals (regions). 
5 We have also estimated the GLS estimator proposed in Cornwell, Schmidt and Sickles (1990), 
but the hypothesis that the effects are not correlated with the variables was rejected. 
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with zero mean and variance σ2. It is also assumed that v and u are independent. The 

parameters of the stochastic frontier and the model for the technical inefficiency effects 

are estimated simultaneously by maximum likelihood. 

 

 

4. Data and empirical model 

 

The data consists of 18 annual observations for the 50 provinces of Spain over the 

period 1986-2003. Spain is a country where there is a huge heterogeneity among 

provinces due to different weather conditions, orography and geographical location, 

among many other sources of heterogeneity. Hence, these data seem appropriate to 

compare different ways to control unobserved heterogeneity.  

 

We use Value Added in thousands of euros of 1986 as the measure of output. Four 

inputs are included: private capital, labor, road infrastructures and a human capital 

index. The source of private capital is Mas et al. (2005). Since this variable is only 

available till 2000 we have extrapolated the data for the years 2001, 2002 and 20036. 

In order to consider productive capital, we subtracted residential capital. Labor, 

measured as number of workers, has been taken from Instituto Valenciano de 

Investigaciones Economicas (IVIE)7. Road infrastructure is measured as the number of 

kilometers of highways (Source: Ministerio de Fomento). The human capital index has 

been constructed as the number of skilled workers (i.e., superior studies and preceding 

to superior studies) from IVIE. Furthermore, in order to account for the changing 

economic structure we use the number of agricultural workers as a control variable 

(Source: IVIE)8. 

 

We use the Cobb-Douglas functional form which is the most frequently used in the 

literature. We also include Hicks neutral technical change. Therefore, the models to be 

estimated are:  

a) Fixed effects model 

                                                
6 It does not seem a major drawback since the changes in private capital are highly stable.  
7 “Capital Humano en España y su distribución provincial (1964-2004)”. 
8 Note that it is empirically analogous to include the number of agricultural workers or the 
percentage of agricultural employment. The only difference is that in the former case, the labor 
coefficient is itself the labor coefficient. In contrast, in the latter case in order to obtain the labor 
coefficient it should be added the coefficient of the percentage of agricultural employment to the 
labor coefficient obtained in the regression. The same applies to the human capital index. 
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itt

M

1m
itzimtmiit vtzlnxlnyln +⋅λ+β+β+β= ∑

=

                    (6 ) 

where y is the output, x are the inputs, z is the control variable, t is a time trend and v is 

random noise. 

b) Cornwell, Schmidt and Sickles (1990) 

              
it

M

1m
itzimtmitit vzlnxlnyln +β+β+β= ∑

=

          ( 7 ) 

c) Battese and Coelli (1995) 

       
ititt

M

1m
itzimtmit uvtzlnxlnyln −+⋅λ+β+β+β= ∑

=

;        ittit Wtu +⋅δ+δ=    ( 8 ) 

where u is the inefficiency term. 

 

 

5. Results 

 

The model in (6) was estimated by OLS using the Within estimator (see Greene, 2003; 

p. 234), while models (7) and (8) were estimated using the estimators described 

above9.  First we show the estimation of the traditional fixed effects model. 

                             Table 1. Estimation of  the fixed effects model 

Variable Coefficients 
Private capital 0.306*** 
Labor 0.300*** 
Infrastructures 0.009*** 
Human capital -0.007 
Agricultural employment  -0.048*** 
Time trend 0.010*** 

R2 0.99 
                             * , **, *** indicate significance at the 10%, 5% and 1% 

level, respectively.  
 

We can see that the estimated coefficient for labor is smaller than expected, since this 

parameter is supposed to be equal to the labor share. In turn, this implies that the scale 

elasticity is very low; so this model is likely to face some problems. On the other hand, 

                                                
9 Models (6) and (8) were estimated using Limdep 8.0. while model (7) was estimated using 
Matlab 6.0.  
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infrastructures have a positive and significant estimated coefficient. However, its 

contribution to productivity growth is rather low but is similar to other elasticities 

obtained using similar data (Álvarez, Arias and Orea, 2006). The estimated human 

capital coefficient is negative but not significant. As expected, the control variable has a 

negative and significant coefficient. Finally, there is technical change.  

 

In Table 2 we present the estimation of equation (7).  

                            Table 2. CSS estimation   

Variable Coefficients 
Private capital 0.273*** 
Labor 0.493*** 
Infrastructures -0.004 
Human capital -0.038*** 
Agricultural employment  -0.033*** 
R2 0.99 

*, **, *** indicate significance at the 10%, 5% and 1% level, 
respectively.  

 

In this model not only the scale elasticity is higher than in the fixed effects model but 

also the output elasticity of labor seems to be closer to the input share. In addition, the 

results show that in this model highway infrastructures do not appear to have any 

impact on the output. Moreover the results suggest that there is a negative impact of 

human capital on productivity. 

 

Finally, Table 3 presents the results for the Battese and Coelli (2005) model. 

                           Table 3. Battese and Coe lli (1995) estimation 

Variable Coefficients 
Constant 6.244*** 
Private capital 0.389*** 
Labor 0.503*** 
Infrastructures 0.033*** 
Human capital 0.143*** 
Agricultural employment  -0.070*** 
Time trend -0.014*** 
Squared time trend 0.000 
   Inefficiency variables  
Constant 0.161*** 
Time Trend -0.016*** 
λ  =  σu / σv 2.14 
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σ  =  [σv
2 + σu

2]1/2 0.111 
Likelihood Function 1,035 

                          *, **, *** indicate significance at the 10%, 5% and 1% level, 
respectively. 

 

The main difference between this model and both fixed effects and the CSS models is 

that the coefficients of human capital and infrastructures are positive and significant. 

With respect to the inefficiency term, we can see that the time trend has a negative and 

significant effect. This means that provinces reduce their inefficiency over time. In 

contrast, there is negative technological change. It seems that this model is not able to 

separate the effect of technical change from efficiency change.  

 

Next we are going to analyze technical efficiency. The procedure to calculate technical 

efficiency is different in the Battese and Coelli model than in the fixed effects models. 

The difference is that in the fixed effects models the technical efficiency indexes are 

obtained comparing each individual effect with the largest individual effect. In particular, 

the technical efficiency indexes in the fixed effect model are calculated as suggested 

by Schmidt and Sickles (1984): 

( ))max(expTEFE iii α−α=                                                      ( 9) 

where α are the individual effects. However, in the CSS model there is not only 

variation across individual but also across time. Hence the technical efficiency indexes 

are calculated as: 

( ))max(expTECSS ititit α−α=                                                ( 10) 

 On the other hand, the BC95 model calculates the technical efficiency index using the 

following expression: 

)ûexp(TEBC itit −=                                                    ( 11 )  

The average technical efficiency of each province is presented in Table 4.  

Table 4.  Average technical efficiency of the Spani sh provinces 

Province Fixed effects CSS BC95 
Álava 0.27 0.40 0.92 
Albacete 0.22 0.30 0.83 
Alicante  0.43 0.50 0.88 
Almería 0.30 0.40 0.96 
Asturias 0.40 0.48 0.89 



 10 

Ávila 0.18 0.27 0.90 
Badajoz 0.27 0.34 0.85 
Baleares 0.38 0.48 0.92 
Barcelona 0.84 0.84 0.86 
Burgos 0.28 0.39 0.92 
Cáceres 0.22 0.30 0.81 
Cádiz 0.40 0.49 0.95 
Cantabria 0.30 0.40 0.89 
Castellón  0.31 0.41 0.93 
Ciudad Real 0.26 0.35 0.85 
Córdoba 0.32 0.41 0.93 
Coruña 0.39 0.46 0.88 
Cuenca 0.17 0.26 0.87 
Gerona 0.35 0.45 0.93 
Granada 0.34 0.44 0.92 
Guadalajara 0.17 0.28 0.83 
Guipúzcoa  0.39 0.50 0.92 
Huelva 0.28 0.38 0.96 
Huesca 0.21 0.31 0.89 
Jaén 0.31 0.40 0.95 
Las Palmas  0.37 0.47 0.92 
León 0.27 0.36 0.84 
Lérida 0.29 0.40 0.94 
Lugo 0.22 0.28 0.87 
Madrid 1.00 1.00 0.93 
Málaga 0.41 0.49 0.91 
Murcia 0.42 0.50 0.94 
Navarra 0.36 0.48 0.94 
Orense 0.21 0.27 0.81 
Palencia 0.18 0.29 0.87 
Pontevedra 0.34 0.40 0.87 
Rioja 0.25 0.37 0.94 
Salamanca 0.23 0.33 0.87 
Segovia 0.18 0.28 0.89 
Sevilla 0.49 0.57 0.93 
Soria 0.15 0.25 0.89 
Sta. Cruz de Tenerife 0.37 0.47 0.92 
Tarragona 0.37 0.49 0.95 
Teruel 0.17 0.26 0.93 
Toledo 0.27 0.35 0.87 
Valencia  0.58 0.64 0.91 
Valladolid 0.31 0.43 0.92 
Vizcaya  0.45 0.56 0.86 
Zamora 0.18 0.27 0.89 
Zaragoza 0.41 0.51 0.90 
Total 0.33 0.42 0.90 

 

Mean technical efficiency is 0.33 in the Fixed Effects, 0.42 in the CSS model and 0.90 

in the BC95 model. Thus, there are rough differences across models in the technical 

efficiency indexes. The biggest difference arises between the BC95 and the fixed 
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effects models. As it was explained above the technical efficiency indexes are 

calculated in a very different way. Actually the correlation coefficient between technical 

efficiency indexes of the fixed effect model and the CSS model is 0.99 while the 

correlation coefficient between the BC95 and the fixed effects model and CSS model 

are respectively 0.23 and 0.31. These huge differences arise not only because of the 

different way in which technical efficiency is calculated but also from the different 

treatment of unobserved heterogeneity. 

 

Even though the main purpose of the paper is to study the different treatment to deal 

with unobserved heterogeneity, the most important feature of the CSS and BC95 

models is that the efficiency is allowed to vary over time. Hence, it is possible to know 

whether the provinces improved their efficiency levels. Table 5 presents the average of 

the technical efficiency for every year in the CSS model and in the Battese and Coelli 

model. 

           Table 5. Average technical efficiencies for the years 

Year CSS BC95 
1986 0.43 0.86 
1987 0.43 0.86 
1988 0.43 0.88 
1989 0.43 0.88 
1990 0.43 0.88 
1991 0.42 0.88 
1992 0.42 0.88 
1993 0.42 0.89 
1994 0.42 0.90 
1995 0.42 0.91 
1996 0.42 0.91 
1997 0.42 0.92 
1998 0.41 0.92 
1999 0.41 0.91 
2000 0.41 0.91 
2001 0.41 0.92 
2002 0.41 0.93 
2003 0.40 0.92 

 

We can see in the CSS model that there is a decreasing trend in the technical 

efficiency. On the contrary, in the Battese and Coelli model the technical efficiency is 

increasing.  

 

It is also interesting to know how technical efficiency has evolved over time in the 

provinces. Hence, the next table presents the efficiency changes in the Spanish 
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provinces through time in both models. Concretely we show the efficiency for each 

province in 1986, the difference between the technical efficiency 2003 and the 

efficiency in 1986, and the ratio between the improvement in the efficiency in these two 

years and 1986. 

 

Table 6.  Changes in the efficiency 

 CSS BC95 
Province TE0 DTE GRTE TE0 DTE GRTE 
Álava 0.44 -0.05 -0.11 0.94 -0.02 -0.02 
Albacete 0.29 0.00 0.01 0.78 0.05 0.07 
Alicante  0.53 -0.06 -0.12 0.87 0.00 0.00 
Almería 0.39 0.00 -0.01 0.95 0.01 0.01 
Asturias 0.51 -0.05 -0.11 0.84 0.08 0.10 
Ávila 0.26 -0.01 -0.03 0.81 0.14 0.17 
Badajoz 0.34 0.00 0.01 0.79 0.08 0.10 
Baleares 0.50 -0.08 -0.16 0.90 0.01 0.01 
Barcelona 0.85 -0.05 -0.06 0.80 0.10 0.13 
Burgos 0.41 -0.03 -0.07 0.88 0.04 0.05 
Cáceres 0.31 -0.01 -0.04 0.78 0.09 0.11 
Cádiz 0.54 -0.07 -0.13 0.94 0.02 0.02 
Cantabria 0.40 -0.02 -0.05 0.79 0.13 0.17 
Castellón  0.44 -0.05 -0.12 0.94 0.00 0.00 
Ciudad Real 0.34 0.01 0.02 0.78 0.14 0.17 
Córdoba 0.39 0.00 0.00 0.84 0.11 0.13 
Coruña 0.43 0.02 0.05 0.78 0.12 0.15 
Cuenca 0.24 0.02 0.09 0.81 0.11 0.14 
Gerona 0.48 -0.05 -0.11 0.90 0.06 0.06 
Granada 0.43 0.01 0.02 0.85 0.10 0.12 
Guadalajara 0.30 -0.03 -0.11 0.78 0.15 0.20 
Guipúzcoa  0.54 -0.07 -0.13 0.87 0.04 0.04 
Huelva 0.44 -0.06 -0.14 0.96 0.01 0.02 
Huesca 0.33 -0.03 -0.10 0.85 0.09 0.10 
Jaén 0.40 -0.04 -0.10 0.97 -0.03 -0.03 
Las Palmas  0.49 -0.04 -0.08 0.91 0.01 0.01 
León 0.34 0.06 0.17 0.78 0.15 0.19 
Lérida 0.42 -0.05 -0.11 0.88 0.10 0.11 
Lugo 0.26 0.02 0.09 0.78 0.13 0.17 
Madrid 1.00 0.00 0.00 0.87 0.09 0.11 
Málaga 0.52 -0.03 -0.06 0.90 0.05 0.05 
Murcia 0.55 -0.10 -0.17 0.96 -0.05 -0.05 
Navarra 0.51 -0.04 -0.07 0.90 0.06 0.07 
Orense 0.24 0.05 0.22 0.78 0.09 0.11 
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Palencia 0.29 0.00 -0.01 0.78 0.16 0.20 
Pontevedra 0.40 -0.01 -0.01 0.83 0.04 0.04 
Rioja 0.39 -0.04 -0.09 0.92 0.04 0.04 
Salamanca 0.32 0.00 0.00 0.78 0.15 0.20 
Segovia 0.27 0.04 0.16 0.80 0.17 0.22 
Sevilla 0.57 -0.02 -0.04 0.87 0.06 0.07 
Soria 0.26 -0.02 -0.07 0.83 0.12 0.14 
Sta. Cruz de Tenerife 0.53 -0.13 -0.24 0.93 -0.03 -0.04 
Tarragona 0.56 -0.12 -0.21 0.95 0.01 0.01 
Teruel 0.26 -0.01 -0.04 0.82 0.13 0.16 
Toledo 0.35 -0.01 -0.04 0.78 0.11 0.15 
Valencia  0.69 -0.10 -0.14 0.90 -0.01 -0.01 
Valladolid 0.44 -0.04 -0.08 0.93 -0.03 -0.03 
Vizcaya  0.57 0.00 -0.01 0.81 0.14 0.17 
Zamora 0.27 0.00 0.00 0.82 0.10 0.12 
Zaragoza 0.54 -0.07 -0.13 0.85 0.05 0.06 
TE0- Technical efficiency in 1986. 
DTE- Difference between technical efficiency in 2003 and technical efficiency in 1986. 
GRTE- Ratio between DTE and TE0. 
 

The results are similar in both models since the correlation between the differences is 

0.71 and the correlation in the growth rates is 0.66.  

 

 

6. Conclusions 

 

In this paper we have reviewed the different approaches put forward in the literature to 

mitigate the problem that can arise from regional unobserved heterogeneity. 

Subsequently, we have estimated an aggregate production function using data from 

Spanish regions from 1986 to 2003 using two different models. First, we have 

estimated the model suggested by Cornwell, Schmidt and Sickles (1990). On the other 

hand, we have estimated a Battese and Coelli (1995) model, including a time trend as 

an exogenous variable for the efficiency term. The results show rough differences 

among models not only in estimated coefficients but also in technical efficiency 

indexes. 

 

Moreover, the empirical results obtained show that there is not a strong link between 

the public capital, measured as the kilometres of highways, and human capital and 

productivity.   
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