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A B S T R A C T

A professional point of view suggests that photovoltaic systems should be installed at the optimum tilt angle and
orientation. However, in photovoltaic systems integrated in buildings the flexibility of installation is common.
This paper is organized in two different parts. In the first one, the energy losses caused by deviations from
the tilt angle (𝛽) and the orientation (𝛾) of the installation in relation to the ideal position are evaluated.
This work considers the cloudy-sky conditions in each locality and theoretically calculates by applying the
Cavaleri’s principle, the energy losses. Ten cities around the world, in the northern hemisphere, have been
studied with a MATLAB code and the findings demonstrate that non-ideal tilt and azimuth angles can also
lead to acceptable levels of electric energy generation. A photovoltaic system installed in South orientation
(𝛾 = 0◦) and 𝛽 deviations of up to 10 (◦) in relation to the optimum tilt angle has a very small influence
on the energy losses. The energy losses are: 5%, 10%, 15% and 20% when 𝛽 deviations are respectively:
21–23 (◦), 31–33 (◦), 37–40 (◦) and 43–47 (◦). Then, in the second part, an important application of this
previous outcome comes out: the best distribution of the photovoltaic modules on a flat roof of irregular
shape of an urban building is achieved.The aim of this work is to maximize the amount of energy get by a
photovoltaic system. This engineering problem is highly complex as it involves 10 variables: the available flat
roof area, the shape and the orientation of the available flat roof area, the dimensions (length and width)
of the commercial photovoltaic modules, the orientation and the position of the photovoltaic modules, the
number of the photovoltaic modules, the minimum distances (maintenance operations, to avoid shadowing
effects) between rows of photovoltaic modules, and the minimum distance to the terrace boundary. In this
context, this work aims to present a study to assist the decision-making.

This paper shows a packing algorithm (in Mathematica™) which maximizes the energy generation area of
the solar photovoltaic system, considering shadings and distances required for maintenance. Eventually, using
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the initial study, it comes out the influence of 𝛽 on the potential capacity of the solar photovoltaic system and
it is demonstrated that a decrease in the optimal tilt angle results in an increase up to 24% in the amount of
obtained energy keeping invariable the available area. For example, in Almeria, with an optimum tilt angle of
30.3 (◦) the amount of obtained energy is 149.8 (MWh) while with a tilt angle of 14 (◦) the amount of obtained
energy is 186.2 (MWh). This analysis enables to find the optimal answer to the following practical questions:
what number of photovoltaic modules is required?, which is the right position for the photovoltaic modules?,
and what orientation of photovoltaic modules is the right one?. There are many installers of photovoltaic
systems who would benefit from studies about this issue.
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1. Introduction

Urban environments are considered to be important points for the
installation of renewable energy technologies, due to their high density
of energy consumption. By 2050, 66% of the world’s population will be
iving in urban areas [1]. Among different types of available renewable
nergy technologies, the shown Solar Energy Systems (𝑆𝐸𝑆𝑠) promise

to be integrated applications for buildings. The 𝑆𝐸𝑆𝑠 that can be used
in the building sector are: solar thermal collectors, and photovoltaic
(𝑃𝑉 ) systems. The solar thermal collectors that are used for heating
and getting hot water, are: flat plate collectors and vacuum collectors.
The installation of solar thermal collectors is more limited than that of
𝑃𝑉 systems, because it is accompanied by a water facility. However,
the annual installed surface of flat plate collectors in the 𝐸𝑈 in 2017
as been of 1, 802, 194 (m2), and that of vacuum collectors of 125,889
m2) [2]. With a power equivalent to 1372 (MWth).

In the case of 𝑃𝑉 systems, the features of their components allow
greater freedom of installation. Therefore, the global 𝑃𝑉 systems in-

tallations on rooftops are rapidly growing. Jacobson et al. [3] estimate
hat by 2050 the percentages of electricity generated by photovoltaic
ystems will be: residential roof 𝑃𝑉 (14.90%), commercial/government
oof 𝑃𝑉 (11.60%), and solar 𝑃𝑉 plant (21.40%). The angles of a 𝑃𝑉
ystem that define its installation on rooftops are: the tilt and the
zimuth angle. The tilt angle (𝛽) is defined as the angle between the
lane of the tilted surface and the horizontal plane (𝛽 = 0◦ in horizontal
osition of the surface, 𝛽 = 90◦ in vertical position of the surface). The
zimuth angle (𝛾) is defined as the angle between the projection on a
orizontal plane of the normal to the tilted surface and South direction
𝛾 = −90◦ in East, 𝛾 = 0◦ in South, 𝛾 = 90◦ in West).

The application of 𝑃𝑉 systems in buildings is classified into two
ategories: building-integrated photovoltaics (𝐵𝐼𝑃𝑉 ) and building-
pplied photovoltaics (𝐵𝐴𝑃𝑉 ). In a 𝐵𝐼𝑃𝑉 system, the 𝑃𝑉 module
s fully integrated into the building frame as an additional building
aterial. Different designs of building roofs for solar integration are

hown in [4]. When the 𝑃𝑉 module is just located on the roof using
dditional mounting structure, the system is known as 𝐵𝐴𝑃𝑉 . If the
oof is tilted, in 𝐵𝐴𝑃𝑉 and 𝐵𝐼𝑃𝑉 systems, the tilt angle of the 𝑃𝑉
odules depends on the roof slope of the structure. If the roof is flat, in
𝐴𝑃𝑉 systems, the tilt angle of the 𝑃𝑉 modules may be different from

he roof slope of the structure, and the azimuth angle of the building
hould be considered when installing the 𝑃𝑉 modules.

The 𝑃𝑉 systems’ installers in urban applications encounter some
ifficulties in getting the optimum angles in practical applications.
here are several factors which require flexibility in the installation of
V systems:

(i) Aesthetic factor. This aspect is related to the architectural visual
ffect of the building. It is not enough for a 𝑃𝑉 to be functional, the
oint of view of its shape also is mandatory to be considered [5].
he environmental impact related to the aesthetic perception of 𝑃𝑉
ystems implementation has been studied by several authors due to its
elevance [6–8]. Therefore, it is necessary to reach good compromises
etween shape and function, where performances for an acceptable
eneration of electric energy and a pleasant architectural integration
an coexist.

(ii) Available roof area factor. The available roof area is the area
hat can be used for installing 𝑃𝑉 systems. In order to calculate
2

he available roof area, various building components must be taken
nto account, such as: chimneys, elevator machine rooms, fans, and
lumbing vents [9].

(iii) Shading factor. Shadings from nearby buildings, of the roof
tself and of building components are very important factors that
ecrease the power output of 𝑃𝑉 systems. A 3𝐷 city model would be
ecessary to precisely determine this factor [10].

(iv) 𝑃𝑉 modules separation factor. Numerous legislations require
minimal separation between rows of 𝑃𝑉 modules to minimize the

ow to row shading. For example, the Spanish Government Technical
eport [11] states that, in order to minimize shading effects, the dis-

ance between row to row of 𝑃𝑉 modules has to guarantee a minimum
f 4 (h) of sunshine around noon on the winter solstice. Therefore, no
eparation is necessary to avoid row to row shading.

(v) Service area factor. The service area is the necessary space for
aintenance operations. This factor depends on the 𝑃𝑉 modules’ sepa-

ation factor. If tilt angle is high, the space freed up due to the spacing
etween the rows of 𝑃𝑉 modules can be used for this function [12].
able 9 presented by Byrne et al. [12] relates the tilt angle to the service
rea.

(vi) Dust deposition factor. Dust accumulation is one of the most
mportant factors that affect the 𝑃𝑉 modules efficiency [13] In those
egions frequently affected by sand storms this is a critical factor. Air
ollution also affects the choice of the optimum angles. Dust deposition
s a function of numerous factors. Grupta et al. [14] list the most
mportant factors. This work focuses on tilt and azimuth angles. The
ilt angle is a major factor which affects the dust deposition process
14].

As the Sun’s position changes throughout the day, the solar tracker
s the most efficient method of increasing the energy on tilted surfaces.

two-axis tracking is able to accurately follow the Sun’s path in the
aytime. It is obvious that the incident solar irradiance in 𝑃𝑉 mod-
les with single-axis tracking or two-axis tracking exceeds that of 𝑃𝑉
odules with a fixed tilt angle all through the year. Dual-axis tracker

ystems increase the total energy production by 18%–29% compared
o fixed-tilt systems [15] and single-axis tracker systems increase total
nergy production by 15%–24% compared to fixed-tilt systems [15,16].
hese results depend on the geographical location of each particular
ite. However, solar tracking systems are quite expensive, they consume
lectrical energy and they also have a maintenance cost. Dual-axis
racker systems generally add a premium of 40–50% to the overall
ystem costs when compared to fixed-tilt systems of a similar size
16,17]. And single-axis tracker systems generally add a premium of
0–25% to the overall system costs when compared to fixed-tilt systems
f a similar size [16,17]. This high relative cost of driving reduces
he economic effect of solar tracking systems so that they are not
ecommended to be used in 𝑃𝑉 modules in the building sector [18,19].
he use of the annual optimum tilt angle can be a good option as an
lternative.

There are applications in the building sector that require the use
imple methods to determine the tilt and azimuth angles. It has been
idely acknowledged that the optimum azimuth angle for tilted sur-

aces is facing due South, in the northern hemisphere (In the southern
emisphere, is facing due North) [20]. If the roof is tilted, in 𝐵𝐴𝑃𝑉
nd 𝐵𝐼𝑃𝑉 systems, usually, its orientation is not exactly faced to the
outh. The choice of the optimum tilt angle is a more complicated
ssue, because it depends on several factors [21] such as latitude
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Nomenclature

𝐴𝑃𝑉 Total photovoltaic modules area (m2)
𝐴𝛽
𝑃𝑉 Total photovoltaic modules area for fixed

tilt (m2)
𝐸𝑛𝑒𝑟𝑔𝑦 𝑙𝑜𝑠𝑠 Energy loss (%)
𝑒𝑏 Terrace boundary distances (m)
𝑒𝑙 Longitudinal distance (m)
𝑒𝑚𝑙 Longitudinal maintenance distance (m)
𝑒𝑠𝑡𝑙 Longitudinal standard distance (m)
𝑒𝑡 Transversal maintenance distance (m)
H𝑡 Adjusted total irradiation on a tilted surface

(Wh∕m2)
H𝛽

𝑡 Adjusted annual total irradiation for fixed
tilt (Wh∕m2)

H𝑎
𝑡 Adjusted annual total irradiation (Wh∕m2)

𝐿 Length of the photovoltaic modules (m)
I𝑏ℎ Adjusted beam irradiance on a horizontal

surface (W∕m2)
I𝑏𝑡 Adjusted beam irradiance on a tilted sur-

face (W∕m2)
I𝑑ℎ Adjusted diffuse irradiance on a horizontal

surface (W∕m2)
I𝑑𝑡 Adjusted diffuse irradiance on a tilted

surface (W∕m2)
I𝑟𝑡 Adjusted ground reflected irradiance on a

tilted surface (W∕m2)
I𝑡 Adjusted total irradiance on a tilted surface

(W∕m2)
𝑛 Ordinal of the day (day)
𝑁 Number of photovoltaic modules
𝑆 Projection the 𝐿 on the horizontal plane

(m)
𝑇 Solar time (h)
𝑇𝑅 Sunrise solar time (h)
𝑇𝑆 Sunset solar time (h)
𝑊 Width of the photovoltaic modules (m)
𝛼 Angle that the terrace forms with the N–S

direction (◦)
𝛼𝑆 Height angle of the Sun (◦)
𝛽 Tilt angle of photovoltaic module (◦)
𝛽∗ Tilt angle of photovoltaic module for the

maximization of the total energy(◦)
𝛽𝑜𝑝𝑡 Optimal annual tilt angle (◦)
𝛾 Azimuth angle of photovoltaic module (◦)
𝛾𝑜𝑝𝑡 Optimal annual azimuth angle (◦)
𝛾𝑆 Azimuth of the Sun (◦)
𝛿 Solar declination (◦)
𝜃𝑖 Incidence angle (◦)
𝜃𝑙0 Longitudinal incidence angle that mini-

mizes shadowing effects (◦)
𝜃𝑧 Zenith angle of the Sun (◦)
𝜆 Latitude angle (◦)
𝜌𝑔 Ground reflectance (dimensionless)
𝜔 Hour angle (◦)

of the location, climate condition, distribution of beam and diffuse
solar irradiance and air pollution. Therefore, the tilt angle is a critical
parameter for installing fixed-tilt 𝑃𝑉 modules. For this choice there
have been proposed several very diverse options.
3

Table 1
Correlations between the annual optimum tilt angle and latitude.

Author Recommended annual tilt angle

Duffie & Beckmann [20] (𝜆 + 15◦) ± 15◦a

Heywood [25] 𝜆 − 10◦

Lunde [26] 𝜆 ± 15◦a

Chinnery [27] 𝜆 + 10◦

Luque et al. [28] 3.7 + 0.69 ⋅ |𝜆|

Chang [29]
{

2.14 + 0.764 ⋅ 𝜆 if 𝜆 ≤ 65◦

33.65 + 0.224 ⋅ 𝜆 if 𝜆 > 65◦

Talebizadeh et al. [30] 7.203 + 0.6804 ⋅ 𝜆
Jacobson et al. [31] 1.3793 + 1.2011𝜆 − 0.014404𝜆2 + 0.000080509𝜆3

aThe minus (plus) sign refers to the summer (winter) season.

Numerous models provide estimates of optimal tilt angles obtained
from different methods at different sites around the world [22]. These
models differ between them in simplicity, use and accuracy. Their
complexity increases with their accuracy. These models can be sep-
arated into two categories: calculations that use the latitude angle
and calculations that maximize the total solar irradiance which comes
down onto the tilted surface. The first methods are simple but they
are approximate. The second ones are more accurate but they have a
strong dependence on the model of solar irradiance and their use is
more complex.

Many authors have calculated the optimal tilt angle for a given
location. But the result they have obtained is not suitable for other
locations [23]. Therefore, the installers of solar energy system need
simple tilt angle-latitude relationships to be used as the rule of thumb.
The simplicity of use and the accuracy are the most important features.
A brief review of the various simple relationships is summarized in
Table 1. A full review is shown by [24].

As a consequence of this, numerous models provide estimates of the
optimum angles in solar energy applications obtained from different
methods at different sites around the world. However, there is little
information on the assessment of the energy received by 𝑃𝑉 systems
for any orientation and any tilt angles that deviate from the ideal ones.
For example, Chen et al. [32] demonstrate that a quite large range
of installation angles of 𝑃𝑉 systems annually causes negligible energy
losses. Al Garni et al. [33] present a model to analyse the tilt angles
between 0 (◦) and 90 (◦) in one-degree steps to find out the annual
solar irradiation that reaches a tilted surface, in order to calculate the
optimum tilt angle. Sánchez et al. [34] present an experimental study
which shows that small deviations from the optimum tilt angle do not
cause great energy losses.

This work is divided into two different parts. The first, one explores
the potential energy of solar energy systems in non-ideal positions for
urban applications. In the second part, with the help of the previous
study, a practical application is presented. The specific contributions
of this study can be summarized in the following proposals:

(i) A mathematical method to calculate the optimum tilt angle by the
application of the Cavaleri’s principle.

(ii) A detailed analysis of the energy losses in function of the tilt and
the azimuth angles of solar energy systems in non-ideal positions
for urban applications.

(iii) A method to compute the optimum distribution of 𝑃𝑉 modules
on a flat roof of an urban building.

With regard to bullet (i), this is the first time the Cavaleri’s principle
has been used for maximizing the solar irradiance in 𝑃𝑉 modules.

In the bullet (ii), the meteorological conditions in each particular
ite are taken into account using an approaching technique based on
he use of Fourier series to incorporate cloudy-sky models. As discussed
n the practical application of this study, it is necessary to know how
he tilt and azimuth angles of the 𝑃𝑉 module affect the amount of solar
energy collected on tilted surfaces under non-ideal positions. Therefore,
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one of the objectives of this study is to demonstrate that for some tilt
angles, they cause negligible annual energy losses. The calculations
have shown that the installation of 𝑃𝑉 modules with 𝛾 = 0 (◦) and tilt
ngle deviations of up to 10 (◦) in relation to the optimum tilt angle has
very little influence on the incoming solar irradiation of up to 1%.

In the bullet (iii), in relation to the classical packing mathematical
roblem, a practical application is presented. The algorithm is based
n previous studies [35], where a two-dimensional rectangle packing
roblem and Linear Fresnel Reflectors (𝐿𝐹𝑅𝑠) have been considered.
his study contemplates terraces with irregular shapes and it uses 𝑃𝑉
odules in which their tilt angle, 𝛽, will play an important role, instead

f 𝐿𝐹𝑅𝑠. So far, this particular issue has not been addressed in the
iterature. The algorithm, for each tilt angle 𝛽, maximizes the total

area of the 𝑃𝑉 modules, taking into account the available area and the
physical restrictions. It is obvious that, for the 𝛽𝑜𝑝𝑡 the solar irradiance
aptured by each 𝑃𝑉 module will be the greatest one. But if the shading
etween the rows of 𝑃𝑉 modules, and the option of positioning the
𝑉 modules out of its 𝛽𝑜𝑝𝑡 are taking into account a greater area of 𝑃𝑉
odules can be get by reducing the irradiance captured by each one.
long the first part of this study the quantity of this irradiance for a
on ideal positioning is obtained. The concluding solution will find a
ilt angle 𝛽 value, so that the total amount of energy captured by all
he 𝑃𝑉 modules on the roof will be maximized.

Installers of solar energy systems think that 𝑃𝑉 modules should
nly be installed on surfaces with ideal tilt and azimuth angles and
his is a false perception [36]. However, this engineering problem is
ighly complex as it involves 10 different variables: the available flat
oof area, the shape and the orientation of the available flat roof area,
he dimensions (length and width) of the commercial 𝑃𝑉 modules, the
rientation and the position of the 𝑃𝑉 modules, the number of the
𝑉 modules, the minimum distances (maintenance operations, to avoid

hadowing effects) between rows of 𝑃𝑉 modules, and the minimum
istance to the terrace boundary. In this context, this work aims to
resent a study to assist the decision-making. These analyses enable
o find the optimal answer to the following practical questions: what
umber of 𝑃𝑉 modules is required?, which is the right position for
𝑃𝑉 modules?, and what orientation of 𝑃𝑉 modules is the right

ne?. There are many installers of 𝑃𝑉 systems who would benefit from
tudies about this issue.

This paper is organized with the following structure: The governing
quations and the optimization method are presented in Section 2. The
pplication to solve the problem of an optimum distribution of 𝑃𝑉
odules on the roofs is outlined in Section 3. Geographic characteristics

f the cities under study, numerical simulations for different tilt and
zimuth angles and findings on the influence of a non ideal positioning
n the distribution of 𝑃𝑉 modules are presented in Section 4. Finally,
ection 5 summarizes the main contributions and the conclusions of the
aper.

. Background and optimization method

The work described in this section was carried out in four steps:
(i) Analysis of the most suitable solar irradiance estimation models

or the study, because, the accuracy to determine the ideal position of
𝑃𝑉 system depends on the availability of solar irradiance data.

(ii) Determination of the annual solar irradiation incident on a tilted
urface. For this purpose, an analysis of the models used to determine
he three components of solar irradiance (beam, diffuse and ground
eflected) on a tilted surface is carried out.

(iii) Determination of the optimum tilt angle. It is also necessary to
se a method to maximize the amount of solar irradiance that gets the
urface of the 𝑃𝑉 module. For this purpose, the Cavaleri’s principle of
ntegral calculus is used.

(iv) Evaluation of the non-ideal position of a 𝑃𝑉 system in terms of
nergy performance.

This study assumes the following points:
4

(i) The weather conditions of each particular site are considered.
(ii) The isotropic model of Liu and Jordan [37] to calculate the

iffuse solar irradiance on a tilted surface is used.
(iii) The annual ideal position of the PV modules is considered.

.1. Solar irradiance estimation model

The distribution of annual solar irradiance is specific for each par-
icular site, with remarkable variations produced by the distribution of
he local cloudy cover. Therefore, the ideal positioning (optimal tilt and
zimuth angles) of the 𝑃𝑉 module is specific for each particular site. In
rder to estimate the annual solar irradiance on tilted surfaces in ideal
r non-ideal positions, a set of precise data about the solar irradiance
eceived by the Earth for the studied geographical location is needed.
he most common available data in ground-level meteorological sta-
ions refers to global and diffuse solar irradiance on horizontal surfaces.
n the absence of meteorological data from ground-level meteorological
tations, the methods to determine the optimum tilt angle are just an
pproach to the accurate models for the estimation of solar irradiance
n a given site, therefore, they are only approximate.

In technical literature, different models to estimate each component
f the solar irradiance have been published. The accuracy of these
odels is different in different latitudes [38]. There are many dif-

erent models such as the clear-sky models [39], the satellite based
odels [40], the temperature based methods [41], etc.

In the present paper, the method presented by [42] has been used
o determine the adjusted hourly beam and diffuse solar irradiance
n a horizontal surface to the weather conditions of a particular site
nd for each day of the year. This method is based on the Hottel’s
odel [43] to estimate the beam solar irradiance transmitted through

lear atmosphere, the Liu’s and Jordan’s model [44] has been used to
etermine diffuse solar irradiance though a clear-sky, and the Fourier
eries approximation have been used to correct the clear-sky models
nd to adapt them to the climatological conditions of a specific location.
n this way, with the theoretical solar irradiance on a tilted surface 𝐼𝑡,
he adjusted irradiance has been calculated, 𝐼𝑡. This method demon-
trates its accuracy and its application to different climates compared
ith the actual data obtained from ground-level stations (𝑊𝑅𝐷𝐶
atabase [45]). For example, in Wien (Austria), city under study in
his paper, the 𝑅2 value for daily beam irradiation is 0.85713 and the
2 value for daily diffuse irradiation is 0.948112. These values are

generally considered proof of a very good fit [46]. Several studies have
already applied this procedure [47–49].

2.2. Annual solar irradiation incident on a tilted surface

Eq. (1) shows the adjusted total solar irradiation on a tilted surface,
H𝑡 (𝑛, 𝛽, 𝛾), for each day of the year, 𝑛, different values of tilt angle, 𝛽,
and different values of azimuth angle, 𝛾. This equation is adjusted to
each location and to each type of climate, therefore, is adjusted under
real weather conditions [20]:

H𝑡 (𝑛, 𝛽, 𝛾) = ∫

𝑇𝑆 (𝑛)

𝑇𝑅(𝑛)
I𝑡(𝑛, 𝑇 , 𝛽, 𝛾)𝑑𝑇 (1)

where I𝑡(𝑛, 𝑇 , 𝛽, 𝛾) (W∕m2) is the adjusted hourly distribution of total
solar irradiance on a tilted surface, 𝑇𝑅 (h) is the sunrise solar time, and
𝑇𝑆 (h) is the sunset solar time.

The adjusted hourly distribution of total solar irradiance on a tilted
surface, I𝑡(𝑛, 𝑇 , 𝛽, 𝛾), is decomposed into three components: beam solar
irradiance, diffuse solar irradiance, and ground reflected solar irradi-
ance. The beam solar irradiance is the part of total solar irradiance
which is received from the sun without atmospheric scattering [20].
The diffuse solar irradiance is the part of total solar irradiance which
is received from the Sun when its direction has been changed by
atmospheric scattering [20]. The ground reflected solar irradiance is
a fraction of the total solar irradiance which is reflected by the surface
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of the earth and by any other surface (buildings, trees, . . . ). Therefore,
I𝑡(𝑛, 𝑇 , 𝛽, 𝛾) can be calculated [20]:

I𝑡(𝑛, 𝑇 , 𝛽, 𝛾) = I𝑏𝑡 (𝑛, 𝑇 , 𝛽, 𝛾) + I𝑑𝑡 (𝑛, 𝑇 , 𝛽) + I𝑟𝑡 (𝑛, 𝑇 , 𝛽) (2)

where I𝑡(𝑛, 𝑇 , 𝛽, 𝛾) (W∕m2) is the adjusted hourly distribution of total
solar irradiance on a tilted surface, I𝑏𝑡 (𝑛, 𝑇 , 𝛽, 𝛾) (W∕m2) is the ad-
justed hourly distribution of beam solar irradiance on a tilted surface,
I𝑑𝑡 (𝑛, 𝑇 , 𝛽) (W∕m2) is the adjusted hourly distribution of diffuse solar
irradiance on a tilted surface, and I𝑟𝑡 (𝑛, 𝑇 , 𝛽) (W∕m2) is the adjusted
hourly distribution of ground reflected solar irradiance on a tilted
surface.

The adjusted hourly distribution of beam solar irradiance on a
tilted surface can be calculated by the geometrical relationship between
horizontal and tilted surfaces [20]:

I𝑏𝑡 (𝑛, 𝑇 , 𝛽, 𝛾) = I𝑏ℎ (𝑛, 𝑇 ) ⋅
cos 𝜃𝑖
cos 𝜃𝑧

(3)

where I𝑏ℎ (𝑛, 𝑇 ) (W∕m2) is the adjusted hourly distribution of beam
solar irradiance on a horizontal surface, 𝜃𝑧 (rad) is the zenith angle of
the Sun, 𝜃𝑖 (rad) is the incident angle. The adjusted hourly distribution
of beam solar irradiance on a horizontal surface has been calculated
using the method proposed by [42]. The incident angle 𝜃𝑖 (rad) on a
tilted surface can be determined according to [20]:

cos 𝜃𝑖 = sin 𝛿 ⋅ sin 𝜆 ⋅ cos 𝛽 − sin 𝛿 ⋅ cos 𝜆 ⋅ sin 𝛽 ⋅ cos 𝛾 + cos 𝛿 ⋅ cos 𝜆 ⋅ cos 𝛽 ⋅ cos𝜔

+ cos 𝛿 ⋅ sin 𝜆 ⋅ sin 𝛽 ⋅ cos 𝛾 ⋅ cos𝜔 + cos 𝛿 ⋅ sin 𝛽 ⋅ sin 𝛾 ⋅ sin𝜔 (4)

where 𝛿 (rad) is the solar declination, 𝜆 (rad) is the latitude, 𝛽 (rad) is
the tilt angle, 𝛾 (rad) is the azimuth angle and 𝜔 (rad) is the hour angle.
When the (4) is used, it is necessary to ensure that: (i) the incident angle
may exceed 90◦, which means that the Sun is behind the surface; and,
(ii) the Earth is not blocking the Sun.

The adjusted hourly distribution of diffuse solar irradiance on a
tilted surface can be calculated [37]:

I𝑑𝑡 (𝑛, 𝑇 , 𝛽) = I𝑑ℎ (𝑛, 𝑇 ) ⋅
(

1 + cos 𝛽
2

)

(5)

where I𝑑ℎ (𝑛, 𝑇 ) (W∕m2) is the adjusted hourly distribution of the diffuse
horizontal solar irradiance, and 𝛽 (rad) is the tilt angle. Eq. (5) uses
the isotropic model of Liu and Jordan [37] to calculate the diffuse
solar irradiance on a tilted surface. The Liu and Jordan model [37]
is commonly recommended for predicting diffuse solar irradiance at
locations across the world [20,50,51]. The adjusted hourly distribution
of the diffuse horizontal solar irradiance has been calculated using the
method proposed by [42].

The adjusted hourly distribution of ground reflected solar irradiance
on a tilted surface can be calculated [37]:

I𝑟𝑡 (𝑛, 𝑇 , 𝛽) =
(

I𝑏ℎ (𝑛, 𝑇 ) + I𝑑ℎ (𝑛, 𝑇 )
)

⋅ 𝜌𝑔 ⋅
(

1 − cos 𝛽
2

)

(6)

where I𝑏ℎ (𝑛, 𝑇 ) (W∕m2) is the adjusted hourly distribution of beam so-
lar irradiance on a horizontal surface, I𝑑ℎ (𝑛, 𝑇 ) (W∕m2) is the adjusted
hourly distribution of diffuse solar irradiance on a horizontal surface, 𝛽
(rad) is the tilt angle, and 𝜌𝑔 is the ground reflectance (dimensionless).
The adjusted hourly distribution of the ground reflected solar irradiance
on a tilted surface has been determined with the model of Liu and
Jordan [37].

In order to show the application of the above equations, Cairo
(Egypt) (Latitude: 30◦29′24′′N, Longitude: 31◦14′38′′W, Altitude: 41
(m)), has been selected between the ten chosen cities for this work.
Fig. 1 shows the adjusted total solar irradiation on a tilted surface
H𝑡 (𝑛, 𝛽, 0) for different values of tilt angle, 𝛽, and 𝛾 = 0◦. Fig. 2 shows
the adjusted total solar irradiation on a tilted surface H𝑡 (𝑛, 24.2, 𝛾) for
different values of azimuth angle, 𝛾, and 𝛽 = 24.2◦ (this is, as it will be
shown later, its value 𝛽𝑜𝑝𝑡 in Cairo).

Eq. (7) shows the adjusted annual solar irradiation on a tilted
surface, H𝑎 𝛽, 𝛾 , for different values of tilt angle, 𝛽, and different
5

𝑡 ( )
Fig. 1. Adjusted total solar irradiation on a tilted surface H𝑡 (𝑛, 𝛽, 0).

Fig. 2. Adjusted solar irradiation on a tilted surface H𝑡 (𝑛, 24.2◦ , 𝛾).

Fig. 3. Adjusted annual solar irradiation on a tilted surface H𝑎
𝑡 (𝛽, 𝛾).

values of azimuth angle, 𝛾:

H𝑎
𝑡 (𝛽, 𝛾) =

365
∑

𝑛=1
H𝑡 (𝑛, 𝛽, 𝛾) (7)

Fig. 3 shows the adjusted annual solar irradiation on a tilted surface
H𝑎

𝑡 (𝛽, 𝛾) in Cairo.

2.3. Ideal position

The tilt and the azimuth position of the 𝑃𝑉 module both affect the
amount of solar irradiance that hits the 𝑃𝑉 module surface. The ideal
position is defined by the optimum tilt angle (𝛽𝑜𝑝𝑡) and the optimum
azimuth angle, which, as it is well known is 𝛾𝑜𝑝𝑡 = 0◦ in the northern
hemisphere [21,22]. The ideal position can be referred to a year, a
month, a day or an hour and this annual ideal position has been
considered.

An approach to choosing the ideal position of a 𝑃𝑉 module is to
maximize the amount of total irradiance falling onto its surface. These
methods offer good results in sunny climates where the beam radia-
tion component dominates. In cloudiest climates, the diffuse radiation
component increases its importance. In these cases, it is essential to
take into account the frequency and intensity of cloud cover using an
appropriate model to estimate the solar irradiance. This model also
takes into account the effect of the weather conditions.

A methodology based on maximizing the total irradiation which
comes down onto the tilted surface has been used to determine the
annual ideal position. This methodology takes into account the effect of
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the weather conditions. The volume underneath the graph (see Fig. 1)
of the two-variable function, H𝑡 (𝑛, 𝛽, 0), is given by the double integral:

∬𝐷
H𝑡 (𝑛, 𝛽, 0) 𝑑𝑛𝑑𝛽 (8)

where 𝐷 is the rectangle 𝐷 ∶ [1, 365] × [0, 90]. The optimization
procedure is in fact the application of Cavaleri’s principle of integral
calculus, whose proper generalization is Fubini’s Theorem [52]. In
order to compute 𝛽𝑜𝑝𝑡, an interval [0, 90] has been taken and the integral
for each one of the values provided in this interval has been computed.
Following the Cavalieri idea, it has been computed the integral:

H𝛽
𝑡 (𝛽) = ∫

365

1
H𝑡 (𝑛, 𝛽, 0) 𝑑𝑛 (9)

where, for convenience, the value 𝛾 = 0 has been removed from the
nomenclature. In the end, the value of 𝛽 which arises, shows:

max
𝛽

H𝛽
𝑡 (𝛽) (10)

Then, this optimum tilt angle, 𝛽𝑜𝑝𝑡, has been denoted and this curve
𝐻𝛽

𝑡 (𝛽) has been used later on in the application to distribute the 𝑃𝑉
modules on flat roofs.

2.4. Non-ideal position: Energy loss

From the point of view of non-ideal position, a 𝑃𝑉 system can
be evaluated in terms of energy performance. This study evaluates
energy losses produced by deviations from the tilt and azimuth angle of
the installation (non-ideal position) compared to those of the optimal
angles (ideal position). With this purpose, the difference between the
annual energy absorbed in a non-ideal position (H𝑎

𝑡 (𝛽, 𝛾)) and that
absorbed in an ideal position (H𝑎

𝑡
(

𝛽𝑜𝑝𝑡, 𝛾𝑜𝑝𝑡
)

) have been computed.
These values are % of the energy loss, related to the ideal position, that
is:

𝐸𝑛𝑒𝑟𝑔𝑦 𝑙𝑜𝑠𝑠 =
H𝑎

𝑡 (𝛽, 𝛾) −H𝑎
𝑡
(

𝛽𝑜𝑝𝑡, 𝛾𝑜𝑝𝑡
)

H𝑎
𝑡
(

𝛽𝑜𝑝𝑡, 𝛾𝑜𝑝𝑡
) × 100 (11)

3. Distribution of PV modules on flat roofs

This paper proposes a new methodology to determinate the opti-
mum distribution of 𝑃𝑉 modules on a flat roof of an urban building.
The methodology includes four steps to identify the required number
of 𝑃𝑉 modules, their position and their orientation to maximize the
total energy absorbed by them. A flowchart outlining the proposed
methodology is shown in Fig. 4.

The first step of the methodology describes the optimization math-
ematical problem which aims for maximizing the total 𝑃𝑉 modules
area (𝐴𝑃𝑉 ). In addition, in this step the parameters of the 𝑃𝑉 module
are defined. The second step of the procedure consists of a study of
the shadings produced between the rows of 𝑃𝑉 modules. The third
step searches for the packing algorithms that maximize the total 𝑃𝑉
modules area. The fourth step of the procedure is the choice of the tilt
angle of the 𝑃𝑉 modules to maximize the total energy produced by the
𝑃𝑉 system.

The following considerations have been made in this study:
(i) The shape of the available roof area is irregular.
(ii) The available roof area can have any orientation.
(iii) The dimensions (length and width) of the commercial 𝑃𝑉

module are invariable.
(iv) The minimum distances between rows of 𝑃𝑉 modules are

taken into account in order to allow maintenance and to avoid shading
effects.

The number, the position, and the orientation of the 𝑃𝑉 modules
are outputs of the algorithm.
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Fig. 4. A flowchart outlining the proposed methodology.

3.1. Area maximization and shadows study

This first subsection describes the optimization mathematical prob-
lem which aims for maximizing the total 𝑃𝑉 modules area (𝐴𝑃𝑉 ), given
by:

𝐴𝑃𝑉 =
𝑁
∑

𝑖=1
𝑊 ⋅ 𝐿 (12)

where 𝑁 is the number of 𝑃𝑉 modules, 𝑊 is the width of a 𝑃𝑉 module,
and 𝐿 is the length of a 𝑃𝑉 module. Only one type of commercial
𝑃𝑉 module has been used in the study. Referring to restrictions, the
model first has considered a transversal installation distance (𝑒𝑡) to
get an accurate installation of 𝑃𝑉 modules. Secondly a longitudinal
maintenance distance (𝑒𝑚𝑙 ) between the rows of 𝑃𝑉 modules in order
to allow a proper inspection, cleaning, and maintenance has been
considered. A minimum distance between the roof boundary and the
𝑃𝑉 modules (𝑒𝑏), for maintenance purposes has also been kept.

Eventually, the shadings produced in between the rows of 𝑃𝑉
modules are an essential aspect that has to be considered. Fig. 5 shows
a row of South-orientated 𝑃𝑉 modules (𝛾𝑜𝑝𝑡 = 0◦).

It can be easily deduced that for the longitudinal component it
comes true:

tan 𝜃𝑙 =
cos 𝛼𝑠 cos 𝛾𝑠

sin 𝛼𝑠
=

cos 𝛾𝑠
tan 𝛼𝑠

= tan 𝜃𝑧 cos 𝛾𝑠 (13)

where 𝛼𝑆 is the height angle of the Sun (◦), 𝜃𝑧 is the zenith angle of
the Sun (◦) and 𝛾𝑆 is the azimuth of the Sun (◦).

The Spanish Government Technical Report [11] states that, in order
to minimize shading effects, the distance between reflectors has to
guarantee a minimum of 4 hours of sunshine around noon on the winter
solstice. Here the longitudinal incidence angle that minimizes shading
effects (13) on December 21 at 10 ∶ 00 is named 𝜃𝑙0. From Fig. 6 it is
immediately obtained that the longitudinal distance, according to the
previous standard (𝑒𝑠𝑡), in order to avoid the shadings in between two
𝑙
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Fig. 5. Longitudinal and transversal study of the installation.

consecutive rows of 𝑃𝑉 modules, is:

𝑒𝑠𝑡𝑙 = 𝑆
tan 𝛽𝑜𝑝𝑡
cot 𝜃𝑙0

= 𝐿
sin 𝛽𝑜𝑝𝑡
cot 𝜃𝑙0

(14)

where 𝑆 = 𝐿 cos 𝛽𝑜𝑝𝑡 is the projection of the length of the 𝑃𝑉 module
on the horizontal plane. The definitive value that is imposed as the
longitudinal distance (𝑒𝑙) is:

𝑒𝑙 = max[𝑒𝑚𝑙 , 𝑒
𝑠𝑡
𝑙 ] (15)

So that not only a distance that allows the maintenance of the 𝑃𝑉
system but also the fulfilment of the standard itself are guaranteed.

It is very important to highlight, as it is shown later on in Sec-
tion 4.4, that the fulfilment of the standard (14) will ensure an almost
total absence of shading in between the rows of 𝑃𝑉 modules during
the valid operation time of the 𝑃𝑉 module all through the year.

3.2. Packing algorithm

Here the algorithm presented in [35] has been generalized, us-
ing 𝑃𝑉 modules instead of Linear Fresnel Reflectors and considering
terraces with an arbitrary shape instead of a rectangular shape. The
packing scheme consists of placing rows of 𝑃𝑉 modules to the East–
West direction, South-orientated with dimensions 𝑊 × 𝐿. Therefore,
the projection on the horizontal plane of a 𝑃𝑉 module with dimensions
𝑊 ×𝑆 has been considered. Identical rectangles have been packed in a
fixed region taking into account two constraints: (i) A minimum space
between objects for installation, maintenance and to avoid shading
effects; (ii) The orientation of the objects is fixed in relation to the Sun.
So far, this packing problem has not been addressed in the literature.

Given a roof of fixed dimensions, the packing starts in one of the
corners of the roof with a right angle. In Fig. 7, maintaining the
generalization – just in this case –, this is the upper-right corner. If
the terrace has not any corner with a right angle, the procedure will
be also valid by inscribing the terrace shape inside a rectangle. Then
taking the roof edges in this corner parallel to the reference axes (𝑥−𝑦)
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and being 𝛼 the angle between the N–S direction and the positive axis
𝑦, a base rectangle 𝑅11 is defined using two vertices 𝐴 y 𝐵, which are
located as close as possible to the upper-right corner of the roof (see
Fig. 7).

The coordinates of the two basic vertices 𝐴(𝑥𝐴, 𝑦𝐴), 𝐵(𝑥𝐵 , 𝑦𝐵), are
given by:

𝑅11 ∶
{

𝐴(𝑒𝑏, 𝑒𝑏 + 𝑆 cos 𝛼) → 𝐷(𝑥𝐴 +𝑊 cos 𝛼, 𝑦𝐴 +𝑊 sin 𝛼)
𝐵(𝑒𝑏 + 𝑆 sin 𝛼, 𝑒𝑏) → 𝐶(𝑥𝐵 +𝑊 cos 𝛼, 𝑦𝐵 +𝑊 sin 𝛼)

(16)

As it is shown, once 𝐴 and 𝐵 have been calculated, the other two
vertices 𝐶 and 𝐷 will be immediately obtained. This procedure has been
repeated with the same formulae in all the cases that have been studied.

Firstly, the packing pattern places in a vertical order, from top to
bottom, as many rectangles 𝑅1𝑖 as possible:

𝑅𝑖1 ∶
{

𝐴(𝑥𝐴, 𝑦𝐴 + (𝑖 − 1)𝛥𝑦) → 𝐷
𝐵(𝑥𝐵 , 𝑦𝐵 + (𝑖 − 1)𝛥𝑦) → 𝐶

(17)

with:

𝛥𝑥 = 0; 𝛥𝑦 =

⎧

⎪

⎨

⎪

⎩

𝑒𝑙
cos 𝛼

+ 𝑆
cos 𝛼

if 𝛼 ≠ 𝜋∕2

𝑒𝑡 +𝑊 if 𝛼 = 𝜋∕2
(18)

From each rectangle in this first column 𝑅1𝑖, new rectangles 𝑅𝑖𝑗 (with
𝑗 = 1,… , 𝑚) are added in W–E direction:

𝑅𝑖𝑗 ∶
{

𝐴(𝑥𝐴 + (𝑗 − 1)𝛿𝑥, 𝑦𝐴 + (𝑗 − 1)𝛿𝑦) → 𝐷
𝐵(𝑥𝐵 + (𝑗 − 1)𝛿𝑥, 𝑦𝐵 + (𝑗 − 1)𝛿𝑦) → 𝐶

(19)

with:

𝛿𝑥 =
{

𝑒𝑡 cos 𝛼 +𝑊 cos 𝛼 𝛼 ≠ 𝜋∕2
𝑒𝑡 sin 𝛼 + 𝑆 sin 𝛼 𝛼 = 𝜋∕2

(20)

𝛿𝑦 =
{

𝑒𝑡 sin 𝛼 +𝑊 sin 𝛼 𝛼 ≠ 𝜋∕2
0 𝛼 = 𝜋∕2

(21)

Finally, the packing pattern is completed placing new rectangles 𝑅𝑘1
(𝑘 = 0,−1,…) horizontally aligned with the base rectangle 𝑅11:

𝑅𝑘1 ∶
{

𝐴(𝑥𝐴 + (1 − 𝑘)𝛥𝑥, 𝑦𝐴) → 𝐷
𝐵(𝑥𝐵 + (1 − 𝑘)𝛥𝑥, 𝑦𝐵) → 𝐶

(22)

with:

𝛥𝑥 =

⎧

⎪

⎨

⎪

⎩

𝑒𝑙
sin 𝛼

+ 𝑆
sin 𝛼

if 𝛼 ≠ 0

𝑒𝑡 +𝑊 if 𝛼 = 0
; 𝛥𝑦 = 0 (23)

3.3. Maximization of the total energy

Eventually, after all the issues previously exposed, the method that
is proposed to maximize the total energy produced by the 𝑃𝑉 system
consists in:

(1) Calculating the irradiance curve as a function of the tilt:

H𝛽 (𝛽) (24)
𝑡
Fig. 6. Longitudinal study of shadows.
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Fig. 7. Packing algorithm.
(2) Carrying out the packing algorithm for different values of 𝛽 and
to calculate the curve which gives us the area of 𝑃𝑉 modules 𝐴𝑃𝑉 as
a function of this angle:

𝐴𝛽
𝑃𝑉 (𝛽) (25)

(3) Calculating the maximum 𝛽∗, in the curve which represents the
total energy:

𝐸𝛽
𝑃𝑉 (𝛽) = H𝛽

𝑡 (𝛽) ⋅ 𝐴
𝛽
𝑃𝑉 (𝛽) (26)

4. Results and discussions

The aim of this section is to estimate the effect of the non-ideal
position of the 𝑃𝑉 modules on the annual energy and the distribution
of PV modules on flat roofs. This evaluation indicators are analysed for
several geographic locations.

4.1. Case study

Gernaat et al. [53] estimate that a global roof area of 113 billion
(m2) with 36 billion (m2) will potentially be suitable for rooftop 𝑃𝑉
systems. The northern hemisphere approximately holds 90% of the
World Population [54]. In addition, as the roofs of buildings are a
good location for the energy production, the northern hemisphere is
the hemisphere that has the most roof surface. For example, the total
floor area of residential buildings amounts around 19 billion (m2) in the
European Union [55]. Single family houses represent two thirds of the
residential floor space. These are the reasons for focusing the study on
the northern hemisphere.

The SolarGIS software [56] is a map-based online simulation soft-
ware with local geographical data of high accuracy and a spatial
resolution to the site specifications. Fig. 8 shows a map of the global
horizontal solar irradiation for all over world. From this map can be
obtained the following conclusions for the northern hemisphere: (i) In
the places located between latitudes 15◦N and 35◦N, it is received the
greatest amount of solar irradiance. Approximately, 90% of the solar
irradiance gets the Earth surface as beam solar irradiance. This work
studies cities in countries such as Mexico, Pakistan, and Egypt; (ii) The
next favourable belt lies between latitudes 0◦N and 15◦N. This work
studies cities in countries such as Colombia, and Thailand; (iii) In the
places located between latitudes 35◦N and 45◦N, there are significant
seasonal variations, therefore these areas receive less solar irradiance.
This work studies cities in countries of these areas such as Spain, and
8

Fig. 8. Global horizontal irradiation map for all over world [56].

Table 2
Cities under study.

Cities Latitude Longitude Altitude

1 Medellin (Colombia) 06◦14′38′′N 75◦34′04′′W 1469 (m)
2 Bangkok (Thailand) 13◦45′14′′N 100◦29′34′′E 9 (m)
3 Morelia (Mexico) 19◦42′10′′N 101◦11′24′′W 1921 (m)
4 Karachi (Pakistan) 24◦52′01′′N 67◦01′51′′E 14 (m)
5 Cairo (Egypt) 30◦29′24′′N 31◦14′38′′W 41 (m)
6 Almeria (Spain) 36◦50′07′′N 02◦24′08′′W 22 (m)
7 Toronto (Canada) 43◦39′14′′N 79◦23′13′′W 106 (m)
8 Wien (Austria) 48◦15′00′′N 16◦21′00′′E 203 (m)
9 Hamburg (Germany) 53◦33′00′′N 10◦00′03′′E 19 (m)
10 Helsinki (Finland) 60◦10′10′′N 24◦56′07′′E 23 (m)

Canada; (iv) The areas located beyond 45◦N receive the smaller amount
of solar irradiance. Approximately half of the solar irradiance gets the
Earth surface as diffuse solar irradiance due to the frequent cloud cover.
This work studies cities in countries such as Austria, Germany and
Finland which are located in these areas.

In order to generate a complete image of the variation all over the
World of the evaluation indicators, this study is focused on 10 cities
that cover latitudes from 6 (◦) to 60 (◦) in the northern hemisphere
with a step of 6 (◦), approximately. All the cities that have been
chosen are located in different climatic areas and their latitudes are
different enough to allow a deep analysis. Table 2 shows the geographic
characteristics of the cities under study.
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Table 3
Optimum tilt angle and maximum annual solar irradiation.

City Jacobson’s formula Proposed method

𝛽𝑜𝑝𝑡 (◦) Maximum annual 𝛽𝑜𝑝𝑡 (◦) Maximum annual
irradiation (MWh/m2) irradiation (MWh/m2)

Medellin (Colombia) 8.3 1.8274 4.5 1.8299
Bangkok (Thailand) 15.3 1.8843 13.2 1.8852
Morelia (Mexico) 20.0 2.1772 19.9 2.1772
Karachi (Pakistan) 23.5 2.2398 23.6 2.2398
Cairo (Egypt) 26.6 2.2764 24.2 2.2779
Almeria (Spain) 30.0 2.1084 30.3 2.1084
Toronto (Canada) 33.0 1.4442 30.6 1.4450
Wien (Austria) 34.8 1.3397 32.9 1.3408
Hamburg (Germany) 36.7 1.1700 36.8 1.1701
Helsinki (Finland) 39.0 1.0558 38.6 1.0562
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4.2. Results of tilt angle and annual energy in ideal position

Based on the method previously described, we calculate the ideal
position of a 𝑃𝑉 module with the effect of the weather conditions. The
contributions of each type of solar irradiance are calculated using the
equations presented in Section 2 for different locations.

A MATLAB code calculates the direct, diffuse, and reflected com-
ponents of the solar irradiance. The MATLAB code uses the satellite-
derived 𝑃𝑉 𝐺𝐼𝑆 data [57] for each city under study as inputs of
monthly-averaged beam and diffuse solar irradiation. The effect of the
weather conditions is taken into account with the method proposed
by [42].

The validation of the proposed method is done using Jacobson’s
formula [31] (see Table 1). The Jacobson’s formula is considered a good
fit for real-life PV systems [58], and it has widely been used [33,59,60].
Table 3 shows the optimum tilt angle and the adjusted annual solar
irradiation which gets a tilted surface in the ideal position H𝑎

𝑡
(

𝛽𝑜𝑝𝑡, 0
)

,
for these 10 cities, using the Jacobson’s formula and the proposed
method. As shown in this table, the adjusted annual solar irradiation
obtained with both models are very similar. Therefore, the proposed
model is considered to be validated as the deviations are not greater
than 0.30%.

4.3. Influence of the non-ideal position on energy loss

The graphs that make it possible to analyse the energy losses
have been generated with the (7) previously described, the 𝑃𝑉 𝐺𝐼𝑆
data [57] and the method proposed by [42]. Fig. 9 shows the energy
loss for the cities that have been studied. The algorithm running time
is about 97 (𝑠) to examine a fixed azimuth angle and all possible tilt
angles between 0 and 90 (◦) in one-degree steps in order to calculate
he annual solar irradiation on a personal computer equipped with

indows 10, 64 Bits, processor Intel Core i5-9500 3.00 Ghz, and 16
B of RAM.

Our calculations show that the installation of 𝑃𝑉 modules with
= 0 (◦) and tilt angle deviations of up to 10 (◦) in relation to the

ptimum tilt angle has a very little influence on the incoming solar
rradiation of up to 1%. This is true in all the cities that have been
tudied. If the tilt angle deviations are increased, their influence on the
ncoming solar irradiation becomes stronger: tilt angle deviations of 21
o 23 (◦) produce 5% energy losses, tilt angle deviations of 31 to 33 (◦)
roduce 10% energy losses, tilt angle deviations of 37 to 40 (◦) produce
5% energy losses and tilt angle deviations of 43 to 47 (◦) produce 20%
nergy losses. Therefore, in Medellin, a tilt angle of 5 (◦), which is the
inimum tilt angle necessary to allow the natural cleaning action of

ainfall [36] can be used.
Furthermore, our calculations show that the installation of 𝑃𝑉

odules with the optimum tilt angle and azimuth angle deviations in
elation to the 𝛾 = 0 (◦) has a very little influence in a city located in a
ower latitude. In Medellin, azimuth angle deviations of up to 90 (◦) in
elation to the optimum azimuth angle have a very little influence on
9

c

he incoming solar irradiation of up to 1%. As the latitude of the city
ets higher, there is a decrease of the azimuth angle on the incoming
olar irradiation of up to 1%. In Helsinki, azimuth angle deviations of
p to 23 (◦) in relation to the optimum azimuth angle have a very little
nfluence on the incoming solar irradiation of up to 1%. In the other
and, when the azimuth angle deviations increase, the influence on the
ncoming solar irradiation becomes stronger: azimuth angle deviations
f 48 (◦) produce 5% energy losses, azimuth angle deviations of 69 (◦)
roduce 10% energy losses. Therefore, the influence of the tilt angle is
reater than the influence of the azimuth angle.

In order to get an explanation for these results, various factors
hould be contemplated. Firstly, it is well known that the higher the
atitude is the greater the difference between the summer and the
inter irradiance would be for these places. Therefore, as the latitude

ncreases, the tilt angle should progressively give priority to the sum-
er collection over the winter collection. Therefore, the optimum tilt

ngle tends to be larger when the latitude is higher. Secondly, the
igher the latitude is the greater the curvature in relation to the tilt
ngle and also greater the energy loss would be, as it is shown in
ig. 9. That means that the energy losses due to tilt angle deviations
re greater as the latitude increases. Furthermore, it is necessary to
emember that, with the method we have presented, the distribution
f annual solar irradiance is specific for each particular site, with
emarkable variations produced by the distribution of the local cloudy
over. Therefore, it is difficult to get more general conclusions related
o the tilt angle. Eventually, the azimuth angle influence on energy loss
s always very little although it becomes a bit bigger when the latitude
ncreases . In conclusion, it is crucial to pay more attention to how to
roperly choose the angles in sites located in high latitude zones.

.4. Influence of the non-ideal tilt on distribution of PV modules on flat
oofs

This section shows the results obtained with the packing algorithm
escribed in Section 3.2. The optimization algorithm has been im-
lemented with the commercial software Mathematica™. Just for this
resentation, the city of Almeria (Spain), with latitude 36◦50′07′′N,
ongitude 02◦24′08′′W and altitude 22 (m) has been chosen.

Taking into account the Spanish Government Technical Report [11],
or the specific location of Almeria (Spain) the value of 𝜃𝑙0 (13) of the
tandard on December 21 at 10 ∶ 00 is 63.4 (◦). Next, the influence
f the standard [11] for this particular location is analysed. Fig. 10
hows three curves. Firstly, the black curve represents the dawn and
he sunset hours of each day through the year. Secondly, by using
he (4), the hours of each day through which the cosine of the incident
ngle is positive have been calculated in order to ensure that the Sun
aces towards the surface. These values are represented with the red
urve. Eventually, by means of (13) the hours (for each day of the
ear) in which it is fulfilled that 𝜃𝑙0 = 63.4 (◦) have been calculated and
hen they have been represented with the blue curve. In between these

urves of the graph the absence of shading between the 𝑃𝑉 modules is
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Fig. 9. Energy loss for the cities under study.
guaranteed. This graph shows that black curve and blue curve are the
same curve when the declination 𝛿 is positive. This happens in the case
of the selected location between the 80th and the 267th days.

[𝑇1(𝑛), 𝑇2(𝑛)] are named operating hours of the 𝑃𝑉 system, they
are hours through which the absence of shading is guaranteed and
simultaneously the cos 𝜃𝑖 ≥ 0. Therefore, the planning to calculate the
adjusted solar irradiation on a tilted surface, H𝑡 (𝑛, 𝛽, 𝛾) is going to be
modified. Basing on the (1), the adjusted hourly distribution of solar
irradiance on a tilted surface, I𝑡(𝑛, 𝑇 , 𝛽, 𝛾) (W∕m2) has been integrated
between 𝑇1 (ℎ) and 𝑇2 (ℎ) [20]:

H𝑡 (𝑛, 𝛽, 𝛾) = ∫

𝑇2(𝑛)

𝑇1(𝑛)
I𝑡(𝑛, 𝑇 , 𝛽, 𝛾)𝑑𝑇 (27)

With a discretization of 1 (◦) the integral for each one of the values of
the interval [0, 90] has been computed [20]:

H𝛽 (𝛽) =
365

H𝑡 (𝑛, 𝛽, 0) 𝑑𝑛 (28)
10

𝑡 ∫1
Fig. 10. Operating hours of the PV system with no shading.

The Fig. 11 contains the plot of H𝛽
𝑡 (𝛽) against 𝛽. It can be noticed that,

when the (27), which allows to ensure the absence of shades in between
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Fig. 11. Variation of H𝛽
𝑡 (𝛽) with tilt angle 𝛽.

the 𝑃𝑉 modules, is used then there is a maximum in 𝛽𝑜𝑝𝑡 = 28𝑜 and the
optimum total irradiation during a year is 2.03608 (MW h∕m2). These
values can be compared to those shown in Table 3, where the effect of
shading had not been considered.

Eventually, the solution of the packing algorithm is going to be
presented. This algorithm enables to deal with any shape and any
orientation of the roof. As an example of this, in Fig. 12 a case where
the dimensions of the terrace 𝑇 are given by its five vertices (in
clockwise direction) is shown:

(−𝑏, 0) , (0, 0) , (0,−𝑎) , (−𝑏∕2,−𝑎) , (−𝑏,−𝑏∕2) (29)

where 𝑎 = 24 (m) and 𝑏 = 12 (m). The angle that the terrace forms
with the North–South direction is supposed to be 𝛼 = 30◦. Without any
loss of generalization, they can be taken 𝑒𝑡 = 0.025(m), 𝑒𝑚𝑙 = 1(m) and
𝑒𝑏 = 1(m)) just for maintenance, cleaning and installation works. With
regard to the spacing that the standard 𝑒𝑠𝑡𝑙 imposes, its value which is
given by (14), will depend on the selected tilt 𝛽.

With regard to the type of 𝑃𝑉 module it has been chosen, without
any loos of generalization, the model JAM72S20 440–465/MR manu-
factured by JA Solar, with a rated maximum power of 450 (W) and
dimensions of 2120 × 1052 (mm). It is important to highlight that the
algorithm considers four possible rack configurations: 1𝑉 , 1𝐻 , 2𝑉 and
2𝐻 , rejecting rack configurations 3𝐻 and 3𝑉 due to the excessive
height that the system reaches. In this nomenclature it is considered
that: (i) numbers 1,2,3,. . . ,represent the number of rows of PV modules
that have been used; (ii) 𝑉 stands for the rack configuration in which 𝐿
is the reference to the tilt angle and 𝐻 stands for the rack configuration
in which the magnitude 𝑊 is the reference to the tilt angle.

The algorithm gets, by using the packing scheme, the orientation,
the rack configuration, the position and the number of 𝑃𝑉 modules
which maximizes the total area of 𝑃𝑉 modules, 𝐴𝑃𝑉 . The brute force
algorithm evaluates all the possibilities. As the optimum tilt for this
location is 𝛽𝑜𝑝𝑡 = 30.3 (◦), all the tilt values between [0, 60] (◦) have
been considered with steps of 1 (◦). Just for this example the algorithm
running time is about 54 (𝑠) on a personal computer (Intel Core™ i5-
1035G1 CPU, 1.00 GHz), showing its capacity to solve problems with
a much bigger dimensión.

As an example of how the algorithm runs, the best solution of the
packing scheme with 𝛽𝑜𝑝𝑡 = 30◦, for the particular case that has been
considered is shown in Fig. 11. The best solution consists of 33 𝑃𝑉
modules with the rack configuration 1𝑉 , with a maximum area of
𝐴𝑃𝑉 = 73.59 (m2). The spacing 𝑒𝑙, get with (15), is 2.11 (m), a value
that has been imposed by the standard 𝑒𝑠𝑡𝑙 , due to the shading produced
by 𝑃𝑉 modules in a vertical position.

For 𝛽𝑜𝑝𝑡 it is clear that the solar irradiation captured by the 𝑃𝑉
module is the maximum one. But, once 𝛽 ∈ [0, 60] (◦) has been swept,
the maximum value for the area of 𝑃𝑉 modules 𝐴𝑃𝑉 as a function of
the mentioned angle 𝐴𝛽

𝑃𝑉 (𝛽) is known. Fig. 13 shows how it is possible
to remarkably increase the area of 𝑃𝑉 modules by decreasing the tilt
11
Fig. 12. Optimal solution for 𝐴𝑃𝑉 with 𝛽𝑜𝑝𝑡 = 30.3(◦).

𝛽 in relation to 𝛽𝑜𝑝𝑡, thanks to the reduction in the spacing imposed
by the standard 𝑒𝑠𝑡𝑙 . For each value of tilt 𝛽, definitely a different
configuration with regard to its orientation, its position and its number
of 𝑃𝑉 modules is obtained.

Eventually, the energy curve 𝐸𝛽
𝑃𝑉 (𝛽), product of 𝐻𝛽

𝑡 (𝛽) and 𝐴𝛽
𝑃𝑉 (𝛽)

curves, is shown in Fig. 13. The maximum value of the curve in Fig. 13,
and therefore, the optimum value of tilt for the 𝑃𝑉 modules in order
to maximize the energy captured by all the 𝑃𝑉 modules of the roof
is 𝛽∗ = 14 (◦), getting an energy amount of 186.247 (MW h). If it is
compared to the amount of energy obtained with 𝛽𝑜𝑝𝑡 = 30.3◦ which is
149.787 (MW h) it will be confirmed that an increase of 24.34% in the
amount of energy can be obtained . It is worth attention that this is a
great improvement. This remarkable result shows how important it is
to know the solar irradiation not only for the optimum tilt but also for
non-ideal positions.

The best solution of the packing scheme for 𝛽∗ = 14 (◦), is shown
in Fig. 14. The solution in this case consists of 42 PV modules with
the rack configuration 1 V, with a maximum area of 𝐴𝑃𝑉 = 93.67 (𝑚2)
which is much bigger than that of 73.59 (𝑚2) obtained with the packing
shown in Fig. 12. The spacing 𝑒𝑙 is now only of 1.02 (m), a value which
is much smaller than that of 2.11 (m) obtained with 𝛽𝑜𝑝𝑡 = 30.3 (◦). It is
so on account of the smaller shading produced by the 𝑃𝑉 modules and
of the smaller value imposed by the standard 𝑒𝑠𝑡𝑙 , being even though
fulfilled the maintenance value of 1 (m).

Many other simulations varying the dimensions and the shape of
the roof and the angle that the terrace forms with the North–South
direction have been carried out. These simulations have shown that the
best solution has not always an unique orientation and that the fact of
decreasing or increasing the tilt of the 𝑃𝑉 module is not always worth
doing. For each particular case the packing algorithm should be used
together with the calculation of the non-ideal annual irradiation to get
the best solution.

5. Conclusions

This paper analyses in detail the energy losses and the distribution
of the photovoltaic modules on flat roofs of the photovoltaic systems in
non-ideal positions for urban applications. This engineering problem
is highly complex as it involves 10 variables: the available flat roof
area, the shape and the orientation of the available flat roof area, the
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Fig. 13. Energy and PV panels’ area as function of the tilt.
Fig. 14. Optimal solution for 𝐴𝑃𝑉 with 𝛽∗ = 14(◦).

dimensions (length and width) of the commercial photovoltaic module,
the orientation and the position of the photovoltaic modules, the num-
ber of the photovoltaic modules, the minimum distances (maintenance
operations, to avoid shading effects) between rows of photovoltaic
modules and the minimum distance to the terrace boundary. In this
context, this paper aims to present a study to assist the decision-making.
The study was carried out for 10 cities of the World in the northern
hemisphere for all the possible tilts and orientations of the photovoltaic
systems. The annual solar irradiation incident on a photovoltaic system
in non-ideal positions for urban applications have been determined
using the mathematical model presented in the section about governing
equations by developing a 𝑀𝐴𝑇𝐿𝐴𝐵 code. The ideal position of the
photovoltaic systems has also been determined by the application of
Cavaleri’s principle. Two evaluation indicators are proposed to study
the photovoltaic systems in non-ideal positions the energy loss and the
distribution of the photovoltaic modules on flat roofs.

The following conclusions have been drawn:
12
(i) The results demonstrate that non-ideal tilt and azimuth angles
can also lead to acceptable levels of electric energy generation, but it is
necessary to assess the degree of energy reduction that these non-ideal
positions produce.

(ii) A photovoltaic system installed with orientation 0 (◦) and tilt
angle deviations of up to 10 (◦) in relation to the optimum tilt angle
has a very little influence on the energy losses. This is true in all the
cities that have been studied.

(iii) With orientation 0 (◦) and an increase of the tilt angle devia-
tions, the influence on the incoming solar irradiation is stronger: 5%
energy losses with deviations of the tilt angle between 21 and 23 (◦),
10% energy losses with deviations of the tilt angle between 31 and 33
(◦), 15% energy losses with deviations of the tilt angle between 37 and
40 (◦) and 20% energy losses with deviations of the tilt angle between
43 and 47 (◦).

(iv) The orientation of a photovoltaic system has a lower influ-
ence on energy losses than the optimal inclination of the photovoltaic
system.

With regard to the impact of the distribution of photovoltaic mod-
ules on the flat roofs, it has been found that the option of non-
orientating the photovoltaic modules on its 𝛽𝑜𝑝𝑡, sometimes is very
advantageous. In the proposed example we have obtained a 24.3%
more total energy captured by the photovoltaic system. The aim is to
get the biggest area of energy generation of the photovoltaic system
which compensates for the diminution in the solar irradiance captured
by each of the photovoltaic modules.

These analysis enables to find the optimal answer to the following
practical questions: what number of photovoltaic modules is required?,
which is the right position of the photovoltaic module?, and what
orientation of photovoltaic modules is right one?. There are many
installers of photovoltaic systems who would benefit from studies about
this issue.
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