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a b s t r a c t

Solar tracking systems are an indispensable requirement for optimal efficiency in small-scale linear
Fresnel reflector systems. A thorough study of the influence of solar tracking errors on energy production
is, therefore, required. The power produced by each mirror at any moment is also explicitly computed, as
well as its variation under error. We study the large effect that the distance between the mirror and the
absorber tube, solar time, and the day of the year have on the variation of power. Our results provide the
foundations for the analysis of small-scale solar tracking systems. Solar tracking errors of less than 0:09+

are acceptable (they cause power losses less than 1%), whereas errors larger than 0:36+ start being
noticeable (power losses greater than 3%).

© 2020 Elsevier Ltd. All rights reserved.
1. Introduction

The current status of energy production and the corresponding
international policies require the development of new sustainable
production systems. In 2019, the electricity generated from wind
and solar energy in the EU was 402.8 TWh and 138.6 TWh,
respectively [1]. The advantage of solar systems is that they can be
deployed at small scale, allowing for their installation in many
types of buildings, where they can be used for both thermal energy
and electricity production. Notice that the household sector
amounts to approximately 26% of total energy consumption in the
EU [2], and that space heating and hot water accounted for 20:5% of
the total final energy consumption in the EU in 2019 [3].

According to size, solar thermal systems can essentially be
divided into one large-scale and small-scale ones. The former are
considerably more complex and more expensive but also have
higher efficiencies. They take the form of Central Solar Heating
Plants (CSHP) with diurnal storage, which can be used to supply
heat to district heating systems (residential building areas, hospi-
tals, hostels or large buildings), for either domestic hot water sys-
tems or space heating systems, which are usually water-based.
Normally, a district heating system consists of a CSHP, a heat
storage facility, a distribution network and heat transfer sub-
stations; centralized heat production provides great flexibility in
terms of the fuel choice and the possibility of seasonal storage [4].
There exist several commercial CSHPs in Europe: Silkeborg [5] (110
MWth) in Denmark, Vojens [6] (50 MWth), also in Denmark,
Crailsheim [7] (5.1 MWth) in Germany, for instance.

Small-scale systems are normally used in small-family houses,
for domestic hot water systems and space heating.

A key element in any solar heating system is the solar collector,
which can be either concentrating (parabolic trough [10], small-
scale linear Fresnel reflectors (SSLFR) [11]) or non-concentrating
(flat plane collectors [8] or evacuated tubes [9]). We focus on an
SSLFR, in this paper. A comparison between parabolic trough col-
lectors and SSLFRs can be read in Refs. [12]. The latter have some
advantages over the former: lower structural requirements, lower
maintenance, and lower cost but have the drawback of less effi-
ciency. Some of the applications of SSLFRs in the building sector are
shown in Ref. [13].

Due to their nature, the efficiency of an SSLFR depends on the
accuracy of its optics and the absence of errors, so that a thorough
analysis of these is required, which is the aim of this paper. Each
component of the SSLFR (see Fig. 1) can be the source of optical
errors. These can be partially overcome by increasing the efficiency
of the primary reflector system and its tracking elements. There are
also external parameters giving rise to potential errors [14], some of
which can be grouped as follows:
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Nomenclature

Aeffi Effective area of the absorber tube (m2)
CLg Cleanliness factor of the glass
CLm Cleanliness factor of the mirror
D Diameter of the absorber tube (m)
DNI Direct Normal Irradiance (W=m2)
di Separation between i� th and iþ 1� th mirrors (m)
f Height of the receiver (m)
IAMi Incidence angle modifier of i� th mirror
labs Total illuminated length of the single absorber tube

(m)
lciai Length of the circumference illuminated on the

absorber by the i� th mirror (m)
Li Position of i� th mirror (m)
LM Length of the mirrors (m)
n Number of mirrors at each side of the central mirror
nd Ordinal of the day
Q Total power absorbed (W)
Qe Q with tracking error (W)
T Solar time (h)
WM Width of the mirrors (m)
Wai Width illuminated on the absorber by the i� th

mirror (m)

We
ai Wai with tracking error (m)

ab Absorptivity of the absorber tube
ai Angle between the vertical at the focal point and the

line connecting it with the center point of each
mirror (o)

aei ai with tracking error (o)
aS Height angle of the Sun (o)
bi Tilt of i� th mirror (o)
bei bi with tracking error (o)
d Declination of the sun (o)
ε Tracking error (o)
G Day angle (h)
gS Azimuth of the sun (o)
hopt Optical efficiency (%)
qi Angle between the normal to the mirror and the

incidence ray of the sun (o)
qei qi with tracking error (o)
qt Transversal incidence angle (o)
qz Zenith angle of the Sun (o)
r Reflectivity of the primary mirrors
rcr Reflectivity of the receiver cavity
t Transmissivity of the glass
u Hour angle (o)

Fig. 1. SSLFR main blocks.
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(i) Estimations of the shape of the Sun [15,16]: these affect the
focus width and, as a consequence, the size of the secondary
reflector system.

(ii) Physical properties of the materials [17], mainly specularity,
reflectivity, roughness. The absorptivity of the absorber tube
and the transmissivity of the glass cover contribute also to
the loss of performance.

(iii) Design issues, like the shape of the secondary reflector sys-
tem. In recent years, this has been the topic of a number of
studies, giving rise to many suggestions for its shape: com-
pound parabolic [18], parabolic double tube [19], parabolic
[20] and involute [20]. See Ref. [19,21] for studies on the
relative efficiencies of the different options.

(iv) Manufacturing errors, especially possible misalignments of:
the main structure, the pivoting points of the mirrors, the
secondary reflector system, the absorber tube or the trans-
mission systems. The pivoting points of the mirrors have a
significant effect on the solar tracking error if the eccentric
distances are more than several centimeters: Zheng et al.
[22] study the case of an eccentric distance of 5 cm on the
Winter solstice at 8:00, getting a solar tracking error of 0.18�.
(Notice that they do not study the energy loss).

(v) Installation conditions, especially the lack of proper North-
South orientation of the SSLFR [22]. The tracking algo-
rithms are assume a geographic North-South orientation, but
in the installation of solar collectors, the geomagnetic North-
South orientation is used. Zheng et al. [22] study the solar
tracking error for different deviations from the optimum
North-South orientation, specifically on the Winter solstice
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at 8:00, 12:00 and 18:00, for a 10+-East deviation. As in the
previous case, they do not study the power losses.

(vi) Operating conditions: tracking system, cleanliness of the
mirrors and the glass cover, wind load, stress …

These errors are evaluated independently [15,22], and their can
be gathered to form an overall optical error [15].

As the SSLFR under study concentrates only the direct solar
irradiance, the tracking system is needed to adjust the orientation
of the mirrors according to the position of the Sun, which can be
calculated using astronomical formulas [23e26]. In the absence of
error, those formulas would be enough. However, manufacturing
issues and installation and operating conditions of the SSLFR in-
fluence the precise orientation of each mirror, possibly giving rise
to solar tracking errors decreasing the performance of the system.
As is widely known, the solar tracking error affects SSLFRs signifi-
cantly [15], the study of this influence is the main aim of this paper.

We call the attention of the reader to Ref. [27], where the au-
thors carry out a similar study. The main differences with our work
are: they discard both blocking and shadowing (whereas we design
our system in order to avoid them); they do not consider a sec-
ondary reflector system (which we do); and they use statistical
optics techniques (distributions and point spread functions)
whereas we compute the value Qe of power produced under solar
tracking error by means of geometric and analytic arguments.

As regards tracking algorithms, Table 1 shows some of the most
common ones, together with their theoretical accuracy. Despite
their goodness, the tracking system is always subject to unpre-
dictable manufacturing, software and maintenance issues. Hence, a
thorough assessment of the effect of solar tracking errors on the
performance of the system is required. This is the main topic of our
work.

Zheng et al. [22] study the solar tracking error caused by other
deviations such as the pivoting points of the mirrors, North-South
orientation deviation, etc. but their results are presented as
angular errors, not power losses. As such, their relevance with
respect to the loss of energy associated to the source of optical error
is very difficult to assess. We present our results as loss (percent-
age) of energy as a function of the solar tracking error, thus
providing a clearer explanation, in our view.

We provide an analytical study of the influence of the solar
tracking error on two values: the transversal length of the absorber
tube effectively illuminated by the system and the effective power/
energy reaching the absorber tube. Note that two different studies
are possible: transversal and longitudinal. We only cover the first
one, which is where the influence of solar tracking errors is
noticeable. This part of our study covers the rays reaching the
absorber tube directly. We take advantage of the Principle of Con-
servation of Energy in order to accurately compute the generated
power. In the subsequent section, also using Conservation of En-
ergy, we are able to carry out an analysis of the power produced by
the rays reaching the secondary reflector.

The specific contributions of this paper can be summarized as
follows:
Table 1
Accuracy of some Sun tracking algorithms.

Algorithm Maximum error (o)

Int. Solar Position Algorithm (SPA) [23] 0.0003
Grena Algorithm [28] 0:0027� 0:01� 0:04� 0:2
Grena Algorithm [26] 0.0027
Blanco et al. [25] 0.008
Michalsky et al. [24] 0.01
(i) A mathematical model is proposed to calculate the effective
transversal length of the absorber tube illuminated by the
primary reflector system (see Fig. 1), as well as the power it
receives.

(ii) Another model is proposed to compute the length of the
absorber tube which is illuminated, and the variation of
power absorbed by the tube under solar tracking errors.

(iii) A detailed analysis estimating the influence of the solar
tracking error on the power absorbed by the absorber tube
coming from each mirror, depending on the day of the year
and the solar time.

We present two novel analytic studies together we several nu-
merical simulations which we have not encountered in the existing
literature. First, we carry out a thorough study of the influence of
the cosine of the incidence angle; a detailed analysis of the effective
area illuminated on the absorber tube, together with the Principle
of Conservation of Energy allows us to find a simple way to
compute the absorbed power under the existence of a secondary
reflector system, either with or without solar tracking error. Sec-
ondly, we give closed formulas for computing the illuminated
length on the absorber tube under solar tracking errors.

Those analysis allow us to also find the optimal discretization for
the tracking system (see Fig. 1): how often and by how much must
the mirrors be moved in order to obtain the optimal performance?

The paper is organized as follows. In Section 2, some construc-
tive aspects of an SSLFR are presented. The movement of the mir-
rors of the SSLFR is described in Section 3, together with the main
formulas to be used later on. Section 4 covers the fundamental role
of the Principle of Conservation of Energy in our study and its use in
order to compute the power absorbed by the system in optimal
conditions. In Section 5 we study the influence of solar tracking
errors on power generation and Section 6 includes the results and
discussion of our analysis. Finally, Section 7 covers our conclusions
and some suggestions for future research.

2. Some constructive aspects of an SSLFR

An SSLFR consists of a set of flat mirrors concentrating the direct
solar irradiance onto a focal element with much smaller surface.
This focal element is, in our case, an absorber tube containing some
thermal fluid (capable of keeping its liquid state at high tempera-
tures) which flows through a set of pipes. The system under study,
of which a prototype has already been built, is shown in Fig. 1. In
this study, the systems the of SSLFR that interest us are: the primary
reflector system (3), and the secondary reflector system (4). The
primary reflector system (3) consists of a row of parallel stretched
mirrors (7), mounted on an especially designed frame. Each mirror
is pasted onto the frame using an industrial adhesive. They can be
rotated on the north-south axis, so as to follow the sun’s daily
movement. The secondary reflector system (4) comprises the
following elements: absorber tube, receiver cavity, isolation, glass
covering, secondary structure, protective casing, and a secondary
shaft. The absorber tube is especially coated so as to increase the
absorption of the incident solar radiation and is encased in the
receiver cavity to reduce convective heat losses. Moreover, the
receiver cavity is sealed with a glass cover and silicon rubber
beading. Others systems of the SSLFR are the following: fixed
structure (1), mobile structure (2), transmission systems (5) and
tracking system (6). See Refs. [29] for a more detailed description.

In order to precisely specify the setting, we shall assume the
following conditions on the SSLFR (see Fig. 1):

(i) It is perfectly aligned in the North-South direction.
(ii) The mobile structure is perfectly horizontal.
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(iii) Each mirror in the primary reflector system pivots around its
center. The mirrors are flat and reflective and have all the
same length and width. Their flatness guarantees that the
shape of the Sun does not affect the irradiance reaching the
receiver cavity [30].

(iv) The secondary reflector system is horizontal.
(v) There is a single absorber tube.
On the contrary, we allow for errors in the following elements:
(i) The transmission system.
(ii) The tracking system.
3. Basic formulas of the SSLFR

Our SSLFR consists of 2nþ 1 mirrors, numbered from right to
left, starting at 1; the center point of mirror nþ 1 is in the midpoint
of the SSLFR. The SSLFR is symmetrical with respect to the vertical
axis joining the center of the absorber tube and the center of mirror
nþ 1. It is designed such that its performance is also symmetrical
throughout the day.

The distances di >0 between mirrors i and iþ 1, and Li between
their centers, has been computed using the method in Ref. [16] for
optimal shape: this method is based on assuming a “worst solar
time” qt ¼ qt0 (roughly speaking, the angle at which the system is
designed to start to generate power), and a “worst mirror”, which is
the one farthest from the Sun at that solar time; this gives the
minimum distance guaranteeing neither shading nor blocking be-
tween consecutive mirrors during the effectively productive time.
The Technical Report [31] of the Spanish Government requires that,
in order to minimize shadowing effects, the distance between
mirrors has to guarantee at least 4 h of sunshine around noon on
the Winter solstice. We have verified, as shown in Section 5, that
using qt0 ¼ 50+ for the locality under study (Almeria, Spain), that
requirement is satisfied. Therefore, as during the operating hours of
the SSLFR under study there is essentially neither shading nor
blocking, we shall not consider them in this duty.

Usually, in order to simplify the manufacturing of the SSLFR, all
the mirrors are equally separated by a common distance d.

The angle ai between the vertical axis and the line joining the
center of mirror i with the center of the absorber tube is (see
Fig. 2(a)):
Fig. 2. Applying the principle
ai ¼ arctan
�

Li
f þ D=2

�
; 1� i�2nþ 1 (1)

and is, by convention, always positive.
We remark that, in the SSLFR under study, all the mirrors move

in synchrony, at the same angular speed (they are, in fact, joined to
the rotary system controlling the central one).

The angle the Sun rays formwith the vertical axis (solar angle qt)
at time t of each day is given by Ref. [32]:

qt ¼ arctan
�
singS
tanaS

�
(2)

where aS is the solar altitude and gS is the solar azimuth.
The tilt angle bi of mirror i, defined as the angle the mirror forms

with the horizontal plane, depends on qt and is defined in such a
way that the Sun ray meeting the midpoint of that mirror must be
reflected towards the center of the absorber tube. This gives:

bi ¼
�qt±ai

2
; 1 � i � 2nþ 1 (3)

The sign± is chosen as:� for the left side andþ for the right side
of the SSLFR. We also consider, by convention, bi >0 when
measured counter-clockwise above the horizontal axis. For the
central mirror, we have:

bnþ1 ¼
qt
2

(4)
4. The Principle of Conservation of Energy

The thermal energy produced by an SSLFR over a given period of
time can be estimated from the solar irradiance reaching the
absorber tube. Issues related to thermal properties of the system
(out of the scope of this work) require the knowledge of the total
illuminated length of the absorber tube (one can think, for instance,
of the goodness of the transmission of heat to the thermal fluid).
Before proceeding, we describe some specific features of the SSLFR
under study.

The power absorbed by the absorber tube, Q, is, traditionally,
of conservation of energy.
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computed using some simplifications (see for example [33,34] or
[35]), by means of the formula:

Q ¼DNI,hopt0,IAM,Am,xfield,hendloss (5)

where DNI denotes the direct normal irradiance; and hopt0 stands
for the optical efficiency of the SSLFR for normal incident rays (i.e.
whose incidence angle equals zero). The value Am is the total mirror
area of the collector, xfield is the availability of the solar field, and
hendloss is the end loss efficiency, which measures the area of the
receiver which is not illuminated by the reflected rays. Finally, the
Incidence Angle Modifier (IAM) (see Ref. [27,33,34,36e39]), is a
catch-all coefficient which includes all the uncontrolled losses both
in the optics of the concentrator and in the receiver: shadowing,
blocking of reflected rays, incidence cosine for eachmirror element,
effective mirror aperture area … Ray-tracing is used to assess the
IAM, and is usually subdivided into its transversal and longitudinal
components:

IAM¼ IAMTðqtÞ,IAMLðqlÞ (6)

When the longitudinal study is not carried out, the corre-
sponding hendloss and IAML are given the value 1.

This model provides an approximation to Q which is often good
enough, assuming (among other things) that all the solar rays re-
flected by the primary field reach the secondary system. However,
as errors can (and will probably) happen, we need a much more
precise model allowing us to properly evaluate the influence of
solar tracking errors. Thus, following [38,40], we shall study the
contribution of each mirror on the absorber tube and the quantity
of light reaching this element from each of the mirrors in the pri-
mary reflector system.

We divide this study in two cases: the rays reaching the
absorber tube directly from the mirrors, and those who are re-
flected by the secondary system.
n

4.1. Case I: solar rays directly incident on the absorber tube

We start by computing the transversal length lciai of the arc of
circumference of the absorber tube illuminated by mirror i. For the
rays which fall directly on the tube, we get:

lciai ¼

8>><
>>:

D,arcsin
�
Wai,cosai

D

�
if Wai,cosai <D

pD
2

if Wai,cosai � D

; 1� i�2

þ 1

(7)

where Wai is the width of the tube illuminated by the i� th mirror
(m). Its value is computed in Ref. [41]:

Wai¼WM , ½cos bi ± sin bi tan ai�; 1� i� 2nþ 1 (8)

The sign ± is taken according to the following criteria: � for the
left side, and þ for the right side of the SSLFR. Fig. 2 shows these
parameters. In Fig. 2(a), qi is the angle between the normal to the
mirror and the angle of incidence of the Sun, and O is the center of
the location of the absorber tube. In addition, the point O is the
center of Wai.

In order to compute the power absorbed, we must study the
cosine factor of the incidence angle each ray forms with the
absorber tube. In Fig. 2(b), the variation of this cosine factor for each
ray depending on the point of the arc of length lciai is shown (for the
i-th mirror). Taking into account this effect at each point leads one
to compute the line integral:ð
C

cosðsÞds (9)

where cosðsÞ is a value depending on each point of C. As the arc of
circumference C can be parametrised as:

8>><
>>:

xðtÞ ¼ D
2
cos t ¼ D

2
sin s

yðtÞ ¼ D
2
sin t ¼ D

2
cos s

; 0�s � si ¼ arcsin
Wai,cos ai

D

using ds ¼ kðx0ðtÞ; y0ðtÞÞk ¼ D
2 and applying the definition of line

integral, we obtain:

ð
C

cosðsÞds ¼ 2
ðsi

0

cosðsÞD
2
ds¼D sin si ¼ Wai,cos ai (10)

We shall call Aefffi (m2) (the effective area illuminated on the
absorber tube by mirror i), the quantity:

FAeffi ¼ labs,
ð
C

cosðsÞds; 1 � i � 2nþ 1 (11)

where labs is the longitudinal length of the absorber tube which is
illuminated. As we are only carrying out the transversal study, labs
will be a fixed specific value. Then:

Aeffi ¼ labs,Wai,cosai; 1 � i � 2nþ 1 (12)

Some elementary operations give:

Wai , cos ai ¼WM , ½cos bi ± sin bi tan ai�,cos ai (13)

¼ WM , ½cos bi cos ai ± sin bi sin ai� ¼WMcosðbi HaiÞ (14)

But if qi is the angle formed by the normal to the i-th mirror and
the incidence angle of the Sun, the following equality holds:

cosqi ¼ cosðbi ±aiÞ

withþ for the left side, and� for the right side of the SSLFR, so that:

Wai , cosai ¼ WM,cosqi (15)

which, finally, gives:

Aeffi ¼ labs,WM,cosqi; 1 � i � 2nþ 1 (16)

This important result is no more than a consequence of the
Principle of Conservation of Energy (PCE): “the energy reflected by
the primary mirror must equal the energy absorbed by the tube.”

Hence, assuming that all rays fall on the absorber tube, we
propose the following formula for computing the power Q absor-
bed by the tube, which depends on the effective area of each
mirror:

Q ¼
X2,nþ1

i¼1

DNI,hopt,labs,WM,cosqi (17)

where:

(i) The direct normal irradiance (DNI) (W=m2) is obtained from
a satellite database. We have used PVGIS [42] to obtain



Fig. 3. Ray tracing simulation for a receiver cavity.
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monthly averages per day of its value. We transform these
averages into a continuous distribution of beam solar irra-
diance by means of Fourier Series, as in Refs. [43].

(ii) The total optical yield (hopt) (dimensionless) is calculated
considering the reflectivity of the mirrors (r), the cleanliness
factors of the mirror (CIm) and of the glass covering of the
secondary reflector system (CIg), the transmissivity of this
glass (t), and the absorptivity of the material of which the
absorber tube is made (ab):

hopt ¼ r,CIm,CIg,t,ab (18)

Although some of the parameters contributing to hopt , especially
t, vary with the angle of incidence (see Ref. [17]), we consider them
constant for simplicity (see Ref. [27,44,45]).

(iii) The parameters labsy WM are fixed.
(iv) The incidence angle qi of mirror i, (and, from it, its cosine

cosqi) can be computed, for example, as:

qi ¼±qt±bi; 1 � i � 2nþ 1 (19)

where the sign ± follows the criteria:� for solar time T � 12, andþ
for solar time T >12.

Therefore, in perfect conditions, the power absorbed by the
absorber tube can be assumed directly proportional to the length of
the arc of circumference illuminated (lciai) on the absorber tube by
the i-th mirror and the cosine of the incidence angle:

Q ¼
X2,nþ1

i¼1

K,WM,cosqi (20)

The proportionality constant K is the product of DNI, hopt , and
labs.

As we show in what follows, the PCE allows us to study the
influence of the receiving cavity with great precision and, as a
consequence, to properly analyze the effect of solar tracking errors.

4.2. Case II: solar rays falling indirectly on the absorber tube

We end this section with a remark on the receiver cavity which
is usually (practically always) part of the secondary reflector sys-
tem. As we have already explained, many different shapes have
been proposed for it: compound parabolic, parabolic double wing,
parabolic, involute, etc. This variety and the inherent complexity of
each one forces one to make numerical simulations in order to
assess the influence of solar tracking errors. By way of example and,
because it is the one used in our prototype [13], we are going to
study an involute-shaped receiver cavity.

The line normal to the involute of a circumference (in our case,
the absorber tube) is tangent to the latter. However, the mere study
of the rays reflected by the involute requires computing in-
tersections of lines with the curve given by the following para-
metric equations:�
xðtÞ ¼ rðsinðtÞ � t cosðtÞÞ
yðtÞ ¼ rðcosðtÞ þ t sinðtÞÞ (21)

This requires solving transcendent equations, forcing one to use
numerical approximations: there is no analytic solution to the
problem of computing the arc-length of the absorber tube illumi-
nated by the rays reflected on the involute. This is why ray-tracing
programs are used for it. See, for instance Ref. [46], where a MAT-
LAB program was used: with it we have obtained Fig. 3.

Obviously, in the absence of a receiver cavity, the maximum
illuminated length can only be pD

2 : This is what makes the choice of
the diameter of the absorber tube an essential point. When Wai �
cosai >D, there will be a quantity of rays which do not fall on the
absorber tube (so to say, “lost” rays). The length of this family of lost
rays is:

lcr ¼Wai,cosai � D (22)

But, by the PCE, it is not this length what matters in order to
compute the absorbed power. Under the (reasonable) assumption
that the rays not falling on the tube do fall into the receiver cavity,
as the geometry of the involute implies that they will fall on the
tube, and

Wai , cosai ¼ WM,cosqi (23)

we can then conclude that the power Q absorbed by the absorber
tube, in an SSLFR with receiver cavity in the shape of an involute is:

Q ¼

8>>>>>>>>><
>>>>>>>>>:

X2,nþ1

i¼1

K,WM,cosqi if Wai,cosai <D

X2,nþ1

i¼1

K,D if Wai,cosai ¼ D

X2,nþ1

i¼1

K,ðDþ lcr,rrcÞ if Wai,cosai >D

(24)

where the rays falling into the cavity are affected by its reflectivity:
rrc.
5. Analysis of the solar tracking error

Let us make some preliminary considerations on the depen-
dence of some elements of Eq. (17) with respect to the solar
tracking error:

(i) The DNI is not affected by solar tracking errors.
(ii) Concerning hopt , although some of its constituent parameters

(mainly t) change with the angle of incidence (see Ref. [17]),
we consider them constant for simplicity (see Ref. [44,45]).

(iii) The parameter labs is constant, as we are only performing the
transversal study.

(iv) We do not need to consider shadowing or blocking because
our design has already covered this issues.

As in the previous section, we divide this study into two parts:
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the rays which fall directly on the tube and those reflected by the
secondary system.
5.1. Part I: solar rays directly incident on the absorber tube

In this case, the impact of the solar tracking error on the power
absorbed by the absorber tube is estimated using equation (20).

In order to simplify the exposition, we shall only consider a solar
tracking error ε>0 (in radians) such that:

bei ¼ bi � ε; 1 � i � 2nþ 1 (25)

As the mirrors have all the same angular velocity, all incur the
same error. The length of the absorber tube illuminated by mirror i
under solar tracking error ε is now:

We
ai¼WM ,

�
cos bei ± sin bei , tan aei

�
; 1� i�2nþ 1 (26)

where bei (�) is the tilt angle of i� th mirror under solar tracking
error, and aei (�) is the angle (under solar tracking error) between
the vertical at the theoretical focal point O and the line joining the
midpoint mirror iwith the true focal point (see Fig. 4). As above, the
� sign is used on the left side and þ on the right side of the SSLFR.

As Fig. 4 shows, the focal point under solar tracking error O0 is
the point of incidence of the solar rays coming from the center of
mirror i, and consequently the midpoint of the segmentWe

ai. This is
the most important effect of solar tracking error: the displacement
of the geometric focal point O to O0. This (in general) causes a
decrease in the total power absorbed by the absorber tube. If the
solar tracking error is large, some of the reflected rays may even fall
out of the secondary reflector system.

From the geometric elements in Fig. 4, we can deduce the value
of aei :

aei ¼ai±2,ε; 1 � i � 2nþ 1 (27)

where the sign ± becomes þ on the left side, and � on the right
side. This allows us to compute the length OO0:

OO0 ¼±ðf þD =2Þ�tanaei � tanai
�

(28)

with the same sign criteria. Also:
Fig. 4. Illustration of the effect of the solar tracking error.
qei ¼ qi±ε; 1 � i � 2nþ 1 (29)

where the sign ± becomes now: þ for solar time T � 12, and � for
solar time T >12.

Let us compute the length leciai of the circumference of the
absorber tube illuminated by the i-th mirror under solar tracking
error. Unlike in the theoretical case, in which the value can be
deduced by geometric arguments, we now need to calculate the
length of a curve yðxÞ using the classical formula:

L¼
ðb
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y02ðxÞ

q
dx (30)

Centering the reference frame at O and rotating it so that the
incident ray is parallel to the OY axis (see Fig. 5), the equation of the
circumference of the tube is:

yðxÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD=2Þ2 � x2

q
(31)

whence, for each mirror i (1 � i � 2nþ 1), the corresponding
length will be:

leciai ¼
ðbi

ai

D=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD=2Þ2 � x2

q dx¼D

,
2 arcsin

�
x

D=2

�bi

ai
; 1� i�2nþ 1

(32)

Notice that from our conventions, the endpoints of the segment
½ri; li� corresponding to mirror i fall on the diameter with center O,
perpendicular to the incident rays (under solar tracking error),
when this diameter has been rotated aei degrees with respect to the
horizontal of the SSLFR. These endpoints can be computed
explicitly:

�
ri; li� ¼ ½� 


We
ai

�
2þOO0� , cosaei ; 
We

ai

�
2�OO0� , cosaei �;

1� i�2nþ 1 (33)

The value li corresponds to the light ray reflected at the left
endpoint of mirror i, and it can be either positive or negative,
depending on ε. Equivalently, ri corresponds to the right endpoint
of mirror i and is always negative in our case (an error ε>0 which
decreases bi). Thus, after computing the respective integrals, we
only have to calculate the intersection of two intervals:

½ai; bi� ¼ ½ri; li�∩½ �D =2;D =2�; 1� i�2nþ 1 (34)

We can now assess the power Qe absorbed by the absorber tube
under solar tracking error, corresponding to the rays falling directly
on it, by applying the PCE:

Qe ¼
X2,nþ1

i¼1

K,WM,cosqei (35)

where K is the parameter introduced in Eq. (20). Notice how the
only difference with (20) is the incidence angle qei .

5.2. Part II: solar rays reflected on the secondary system

As in the previous section, the only way to assess the influence
of the solar tracking error on the length of the absorber tube illu-
minated by the rays reflected on the secondary reflector system is
by means of ray-tracing simulations. However, using the PCE, it is
quite elementary to compute the absorbed power Qe. Assuming



Fig. 5. Schematics for comptuing leciai .
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that the cavity is properly designed so that the displacement OO0
does not cause any reflected rays to get out of it, then all the re-
flected rays will end up falling on the tube.

As above, a simple argument allows one to compute the length
of the ray-field which does not fall directly on the tube, as the
symmetric difference of two intervals: ½ri; li� y ½ai;bi�:

lecr ¼ðli � riÞ� ðbi � aiÞ; 1� i�2nþ 1 (36)

so that, under the assumption that no rays go out of the reflecting
cavity, we obtain:

Qe¼

8>>>>><
>>>>>:

X2,nþ1

i¼1

K,WM,cosqei ¼
X2,nþ1

i¼1

K,ðbi�aiÞ if ½ri;li�2 ½�D=2;D=2�

X2,nþ1

i¼1

K,
�ðbi�aiÞþlecr,rrc

�
if ½ri;li�; ½�D=2;D=2�

(37)
6. Results and discussion

In this section we carry out the following analysis: (i) we study
how the solar tracking error affects the power absorbed by the
absorber tube; (ii) we evaluate the influence of that solar tracking
error depending on the mirror, the day of the year, and the solar
time. The SSLFR we consider in this section is the one proposed in
Ref. [13], with the parameters listed in Table 2, and the geographic
location of Almeria, Spain, which has a latitude of 36+5000700N,
Table 2
Parameters of the SSLFR in Section 6.

Parameters Value

n Number of mirrors 12
at each side of the central mirror

WM Mirror width 0.06 (m)
D Diameter of the absorber tube 0.0486 (m)
f Height of the receiver 1.50 (m)
LM Mirror length 2.00 (m)
r Reflectivity of the mirrors 0.94 [17]
rcr Reflectivity of the receiver cavity 0.9 [47]
CLm Cleanliness factors of the mirror 0.96 [48]
CLg Cleanliness factors of the glass 0.96 [48]

in the secondary absorber
t Transmissivity of glass t ¼ 0:87 if ai � 20+ ,

t ¼ 0:85 if 20o � ai � 30o [49]
ab Absorptivity of the tube 0.95 [47]
longitude of 02+2400800W and altitude of 22 m.
Recall that we only carry out the transversal study, so that the

angle between the axis of each mirror and the horizontal plane is
0+, as is the angle between the absorber tube and the horizontal
plane. We also assume that the illuminated length of the tube is
equal to the mirror length labs ¼ 2:00 (m). We have dmax ¼ 3:2 (cm)
and dmin ¼ 2:5 (cm) as maximum and minimum distance between
mirrors, for a total width of the SSLFR of 2.14 (m). All the parameters
in Table 2 are constant. Finally, we assume that all light rays are
parallel, disregarding the Sun’s shape [50].

All our computations have been carried out using Mathema-
tica™ code; we have developed modules for calculating: (i) the
optimal design of the SSLFR in order to prevent blocking and
shadowing; (ii) the direct normal irradiance, using data from the
PVGIS [42] database and incorporating the meteorological condi-
tions of the location [43]; (iii) the length of the circumference
illuminated on the absorber tube by each mirror; (iv) the power
absorbed by the SSLFR with and without secondary reflecting
cavity; (v) the influence of the solar tracking error.

For instance, Fig. 6 shows the energy absorbed by the absorber
tube in the Summer solstice (June 21st) coming from each mirror,
assuming correct tracking, for Sun time T between 9 and 15 (an
interval in which our SSLFR is designed to perform). Each column
represents the absorbed energy coming from each mirror (indi-
cated in the top row).

In Fig. 6, the total daily energy has been computed using a dis-
cretization of 1 min: we assume the Sun is motionless during each
minute, which is obviously false. As a matter of fact, on that specific
day, the Sun moves along all the 100+ degrees ½�qt0; qt0� of the
Fig. 6. Energy absorbed (June 21st) by. SSLFR due to each mirror.



Fig. 7. Effects of the solar tracking error in the mirrors. (a) Spring equinox (21st March). (b) Summer solstice (21st June).
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design, from 8 : 13 to 15 : 46 (solar time), which gives an approx-
imate angular velocity of 0:22+ perminute (although this velocity is
not constant). Evenmore, this velocity depends (largely) on the day
of the year (the Summer solstice is the slowest). In the Winter
solstice (December 21st), the angular velocity of the Sun is about
0:41+ per minute. As we explained in the Introduction, our analysis
on the solar tracking error will allow us to decide whether that
1 min discretization is good enough or not.

We now provide the results of our analysis with different solar
tracking errors: 0:09+, 0:18+ and 0:36+, for each of the 25 mirrors
composing the primary reflector system. We need to work with the
instantaneous power, andwe shall compute the difference between
the power absorbed under solar tracking error (Qe) and in the ideal
case (Q). We provide results for different values of the day of the
year, solar time and mirror. Specifically, for the Spring and Autumn
equinoxes (21st March and 21st September) and the Summer and
Winter solstices (21st June and 21st December), at three different
solar times: 9:00, 12:00 and 15:00. The data are summarized in
Figs. 7 and 8. The values are % of power loss, with respect to the
ideal case, that is:

Q ¼Q � Qe

Q
� 100 (38)

On the right side of each plot, the relative mean loss is shown,
for each solar tracking error ε: apart from its intrinsic interest, it
shows how the loss due to the extremal mirrors is less important
than it seems (they contribute less to the total absorbed power, so
that losses in them have less impact).

We wish to remark the following:



Fig. 8. Effects of the solar tracking error in the mirrors. (a) Autum equinox (September 21st). (b) Winter solstice (December 21st).

Fig. 9. Error without cavity receptor.
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1. The loss pattern is exactly the same at noon, on each of the four
days. Actually, this happens regardless of the day of the year, as a
consequence of our transversal-only study.

2. There is a high non-linearity in the influence of solar tracking
error on power loss.

3. The plots are not symmetrical: this is because we are assuming
the same error on all the mirrors (they all increase their incli-
nation by ε).

4. The maximum power loss does not necessarily happen for one
of the extremal mirrors (this is especially clear on the 21st
March and the 21st September at 9:00 and 15:00).

5. Despite looking so, the plots at 9:00 and 15:00 are not mirror-
images of each other. They have similar shapes (reflected on
the central axis) but, because the errors are all in the same di-
rection throughout the day, they have more influence in the
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morning than in the evening. However, if instead of adding ε, we
subtracted it, we would then get the corresponding symmetric
plots.

6. Finally, a solar tracking error of 0:09+ has a maximum loss of
power of 0:61%, which, when considered in a real-world setting
would probably become negligible compared to other issues
(dirt, pollution, cloudiness …).

At this point, we can confirm that Fig. 6 is accurate enough:
recall that, to produce it, we assumed that the Sun’s position was
constant during each minute. In that minute, qt varies approx.
0:22+, and as we know that

bi ¼
�qt±ai

2
; 1 � i � 2nþ 1 (39)

we can conclude that, throughout each minute, the solar tracking
error assuming the Sun is fixed is less than 0:11+ (so that the
absorbed power on the Summer solstice decreases by less than
0:4%, actually much less, with respect to the optimal performance).
However, if the solar tracking error reaches ε ¼ 0:36+ (something
which happens if the tracking is updated only every 3 min), the
power losses will start to be noticeable (possibly at least about 3%,
just theoretically, without taking into account other causes).

Finally, we wish to stress the importance of having a suitable
secondary reflective cavity. Consider the Summer solstice at noon
(solar time). In Fig. 9 we show the same values as in Figs. 7 and 8, in
the absence of secondary reflective cavity. For an error of 0:09+, the
loss is essentially negligible (less than 1%). However, the power loss
becomes significative (11%) for ε ¼ 0:18+ and totally unacceptable
(32%) for ε ¼ 0:36. This happens because, if there is no secondary
reflective cavity, any reflected ray which does not fall on the
absorber tube is, literally, lost.

As a consequence, an SSLFR without secondary cavity requires
an extraordinarily precise tracking system. Otherwise, power losses
might deem it completely ineffective.

In order to carry out the validation of our results, it would be
necessary to have two identical (from the constructive point of
view) prototypes of the SSLFR: one to be operated in the optimal
conditions (errorless) and the other operated with solar tracking
error, in order to obtain a good measure of the loss of absorbed
energy. One could compute the thermal energy absorbed by the
fluid and the thermal loss in the secondary reflector system,
measuring the flow and temperature of the fluid at both ends of the
tube. For its part, the thermal losses might be computed by inter-
polation, trying the secondary reflector system under different
operational modes.

We think our contributions are useful for many possible future
studies. An important aspect is to know the influence of wind on
the SSLFR: wind would both affect the inclination of the primary
mirrors and the position of the secondary reflector system, so that
an optical error would appear, giving rise to losses in the absorbed
energy.
7. Conclusions

This paper explores the effect on the absorbed power of possible
solar tracking errors in the primary reflector system of a small-scale
linear Fresnel reflector (SSLFR). The tracking of the motion of the
Sun needs to be precise in order to prevent significative power
losses. Using specifically developed Mathematica™code, we pro-
vide an accurate assessment of the power absorbed by the absorber
tube coming from each of the mirrors of an SSLFR under solar
tracking errors. We compare the power losses under solar tracking
error with the theoretical power production in optimal conditions.
Our main findings are that solar tracking errors have a highly
non-linear direct influence on the ratio of loss of absorbed power:
the larger the error, the (much) larger the loss ratio, so that very
small solar tracking errors are acceptable, but they start being
noticeable rather soon.

Regarding the influence of the mirrors, the power loss ratio is
greater for the mirrors near the borders of the SSLFR. However (and
this is remarkable), the total power loss ratio is, in general, similar
to the power loss ratio for the central mirror; this is because
extremal mirrors contribute less to the absorbed power. Also,
because in our setting, the solar tracking error is the same for all
mirrors, the power loss graph is not symmetrical with respect to
the central mirror.

Moreover, the maximum and minimum power loss ratios need
not take place either at the central mirror or at the borders: it de-
pends greatly on the day and the solar time.

Finally, an SSLFR without secondary reflective cavity requires a
very precise solar tracking system: errors which might be afford-
able under the presence of the secondary cavity become totally
unacceptable without it.

We have developed a theoretical machinery which allows us to
quantify the influence of “unavoidable” errors on the generated
power (transmission errors, solar tracking errors …); we have also
developed the techniquewhich allows us to optimize the motion of
the mirrors in order to minimize the influence of the solar tracking
error.
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