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Abstract

In this paper we revise the classical formulation of the problem of the optimization of hydrothermal systems.
First we demonstrate that a number of thermal plants can be substituted by a single one that behaves equivalently to
the entire set. We then calculate the equivalent plant in the case where the cost functions are general (nonquadratic)
We prove that the equivalent thermal plant is a second-order polynomial with piece-wise constant coefficients.
Moreover, it belongs to the clagg'. Next we calculate the equivalent plant in the case of imposing constraints of

minimum or maximum thermal power. Finally, we present an example and execute the proposed algorithm using
Mathematica package.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

This paper studies the optimization of hydrothermal systems. A hydrothermal system is made up of
hydraulic and thermal power plants that must jointly satisfy a certain demand in electric power during a
definite time interval.

The idea of introducing an equivalent thermal plant has already appeared in several earlier studies.
In [3] the authors consider it in application to purely thermal problems, though they did not notice the
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need to define the equivalent plant piece-wisely, since the restriction of power positivity is ignored. The
idea has also been used in problems with hydraulic components. For exBfhpdports the application
of the discrete maximum principle aifd] considers the application of a modified algorithm based on
Pontryagin’s maximum principle.

The concept of the equivalent thermal plant has been used up until now. [Bhasid [9] develop
a short-term hydrothermal scheduling algorithm based on the simulated annealing technique, and an
efficient short-term hydrothermal scheduling algorithm is proposed]irbased on the evolutionary
programming technique.

In a previous papdtl] we considered the possibility of substituting a problem witthermal plants
andn hydroplantsH, — Trn) by an equivalent problerfH, — T1) with a single thermal power station:
the equivalent thermal plant. In said paper, we calculated the equivalent minimizer in the case where the
cost functions are second-order polynomials. We proved that the equivalent minimizer is a second-order
polynomial with piece-wise constant coefficients; moreover, it belongs to the@lass

In this paper, we shall add various fundamental contributions. First we continue the theoretical studies
of the equivalent thermal plant. We prove the existence and uniqueness of the equivalent minimizer, under
certain assumptions. We then calculate the equivalent minimizer for a general (nonquadratic) model and
go on to prove that it belongs to the clags

Next we prove that, under certain hypotheses, the existence and uniqueness of the equivalent minimizer
is guaranteed in the case of imposing constraints of minimum or maximum thermal power, and we go on
to calculate the equivalent plant in this case. Finally, we present an example and perform the proposed
algorithm using Mathematica package.

2. Description of the problem

Let us assume that a hydrothermal system accounthfibilermal plants. We assume the following
definitions throughout the paper.

LetF; : D; CR— R (i =1,...,m) be the cost functions of the thermal power plants. We assume
that

m
VéeD=Di+ -+ Dy SR Axs....xm) €[] D
i=1
the unique minimum o 7" ; F; (x;) with the condition /L ; x; = ¢&.
Definition 1. Let us call thath distribution function, the function
Y, :D1+---+ D,, > D;

defined by?; (&) =x;,Vi=1,..., m.
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Definition 2. We will denote as the equivalent minimizer{df; }7', the function? : D1 +---+D,, — R
defined by

P(&) =minY " Fi(x)
i=1

with the constrainf " ; x; = ¢.

Remark 3. It follows that) /L #; (&) = andd_ " F; (Vi () = P(O).

3. New theoretical developments

In this paper, we continue the theoretical studies of the equivalent thermal plant. First we prove, under
certain assumptions, the existence and uniqueness of the equivalent minkmizer

Theorem4. Let{F;}!" , C C1[0, 00) be a set of functions such thatis strictly increasingi=1, ..., m),
with F/(0)< F/, ,(0), and let the functiorF : [0, 00)" — RbeF(x1, ..., xn) = Y ;L1 Fi(x;).
LetCy :={(x1, ..., xm) € R™" | x; =0A Y7L x;i =a}.
Then there exists a unique sg¥;}. ; such that

Q) (P1(a), ..., Yn(a)) is the minimum of F o€, Va >0.
(2) It holds that

(P1(a), ..., Pm(@) € Cq ©a> (Z F ™o F,;) (0)

i=1

m -1
& (Z Fto F,;) (@) >0
i=1

being

m -1
Yi(a) = (Z F™to F,§> (@)
i=1

(3) (P1(a), ..., Pu(a)) ¢ C, = for certaini € {1,...,m — 1}
V(@) = Vi1(@) = - = Py (a) =0,

Proof. (1) The existence of a minimum af, is guaranteed by its compactness; the strict convexity

of F guarantees unicity. .
2)=) If (Y1(a), ..., Yn(a)) € C, isthe minimum ofF onC,, then it is also a local minimum &%

on{(x1, ..., xn) € (0,00)" | 37" 1 x; =al.
Consequently, for somg, € R, (¥1(a), ..., ¥m(a)) is critical point of

F*(xl,---,xm)zF(xla---,xm)_)va'(xl+"‘+xm_a)
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so, we will have

_ OF*(Y1(a), ..., Ym(a))

Xi

0

=F/(Yi@)—Ja, Yi=1....m

therefore it follows that?; (a) = Fi"l(ia) and, sincé ;" ;¥;(a) = a, we have:

m m -1
a=Y F0a) == (Z F{‘1> (@)
i=1

i=1

and consequently
m -1 m -1
¥ (a) = F,g—1<2 F;—l> (a) = (Z F™to F,g) (a).
i=1 i=1

Now, since O< ¥;(a) andFl/ andFi"lare strictly increasing, we have

(Z F ™o F) 0 < (Z Fto F,/) (¥ (@) = a.
k=1 k=1

(2) &) Let us consider

m -1
¥ (a) = (Z F/ o Fk’) (a).

i=1

Let us see, firstly, tha?y(a) > O for everyk € {1, ..., m}.
Bearing in mind that,, (0) > F;(0) for everyk € {1,...,m} and thatF/ andFl./‘1 are increasing

a> (Z F/™o F,;) 0)> (Z F/™o F,g) 0) = ¥i(@) >0

i=1 i=1

so(¥Y1(a), ..., Pyu(a)) € C,.
Taking into account the above consideratiofi; (a), ..., ¥,,(a)) is a critical point of the convex
functional

F*(x1,....xp) =F(x1, ..., x0) — a(x1+ -+ x,, —a)

considered in0, co)™, where
1

Ja = (Z Fi’_l) (@).
i=1

So(Y1(a), ..., ¥Y,(a)) is a minimum of F* and is consequently also a minimumFfebn coia.
(3) Let us suppose that for certaire {1, ..., m — 1}, ¥;(a) = 0 and that?; . 1(a) > 0.
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Let us consider the functiofi : [0, ¥;+1(a)] —> R
f@=F¥i(a),...,Yi(a) +e& Viyr(a) — & ..., Ym(a)).
Bearing in mind that
(Y1(a), ..., VYi(a) +¢ PYiy1(a) —¢, ..., Yyu(a)) € C,

for everye € [0, ¥;i11(a)), it is enough to observe thaf] (0) <0, which is contradictory with the
minimum character of¥1(a), ..., ¥, (a)). Indeed

&) = Fl(i(a) + &) — F{ 4 (Pia(@) — &) = F{(e) — Fly3(Pis1(a) — o).
F'(0) = F/(0) — F/ 4(¥i11(@) < F/(0) — F/,,(0) <0. O

In the above theorem we also obtain the distribution functi#agsNow we define the equivalent
thermal plant piece-wisely, taking into account the restriction of power positivity.

Theorem 5. Let {F;},, F, andC, be defined as in Theorem Then there exist&y )7t R (with
dm+1 = 00) and {¥; )}, C C[0, oo) such that for every: > 0, the minimum of F orC, attains at
(Y1(a), ..., ¥Ym(a)), being

k k+1
k=" (F o F)(0)< Y (F/ o F,1)(0) = dp41.
i=1 i=1

‘ -1

J

-1 .

Yi(a) = (,;_ Fi’ o Fé) (a) if O gb‘j <a< 5j+1,
0 if a<d.

Proof. We will argue by induction. Ifn =1, it is obvious that?'1(a) = a. Let us assume that the theorem
is true form — 1 and let us see that this implies that it is trueror
If a > 6,,, by virtue of Section (2) of Theorem 4

m _1 m _1
¥ (a) = (Z F/ o Fk/) (@) > (Z F o F,Q) (6m) =0, Vk.

i=1 i=1

If a <4, by virtue of the Section (3) of Theorem ¥%,, (a) = 0 and we are under conditions of using the
induction hypothesis according to which

(Y1(a), ..., Ym-1(a))
minimizesY "' F; (x;) constrained t&_";'x; = a. Therefore,
(Y1(a), ..., Ppu(a))

minimizes) " ; F;(x;) constrained t®_"" ; x; =a. O

We shall also prove that for a general model the equivalent thermal plant belongs to thelclaes
us see the following lemma first.
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Lemma6. Let{F,~}l.2:l c €10, c0) be a set of functions such that is strictly increasingi =1, 2) with
F1(0)< F5(0), lets be such that; (6) = F;(0) and the function

14 if £<9,

$10 = {[(Fé)‘loFiJrld]‘l(é) if &>0.

The following is verified
() Foreverya >0, (g(a),a — g(a)) it provides the minimum value &f(x, y) = F1(x) + F2(y) on
{(, ) x20Ay>20Ax+y=al.
(i) The function?(a) = F1(g(a)) + F2(a — g(a)) belongs to the class! and ¥’ (0) = F1(0).

Proof. (i) Itis Theorem 5 in the case @f = 2.
(ii) The only conflicting point is5. Now, bearing in mind thag is continuous and that(d) = ¢

Y(6—) = F1(0) + F2(0),
Y(6+) = F1(g(0)) + F2(0 — g(9)) = F1(5) + F2(0)

so ¥ is continuous. Let us see the lateral derivatives at

P(E—) =g (E-)FL(g(E—)) + (L — g (E=)) Fo(é — g(é—)),
V' (6—) = F1(9),

P'(5+) = g (6+) F{(6+) + (1 — g'(5+)) F5(0),

¥ (5+) = g (O+H)[F1(3+) — F5(0)] + F5(0).

¥'(5+) = F5(0) = F1(9).

Therefore?’ (6+) = ¥/(5—). Finally

P (x) = F{(g(x))g' (x) + Fj(x — g(x) (L — g'(x)),
?'(0) = F1(8(0)g'(0) + F5(0)(1— g'(0) = F1(0). O

We shall also prove that for a general model the equivalent thermal plant belongs to the'class
Theorem 7. Let{F;}!" ; C C1[0, 00) be a set of functions defined as in Theoremhen the function
m
Y(a) = Fi (¥ =min F
(a) ; ((Pr(@) = min F(v)
belongs to the class? and ¥’(0) = F;(0).

Proof. We will argue by induction. It is obvious fon = 1.
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Let us consider the operation
(FOG)(x):= min Fla)+G(x —a)= min F(a) + G(b).
ae[0,x] (a,b)eCy

It is easy to realize thap is associative and commutative. In these terms
Y=F1O0FRO  -OF=F10FR0 0 F;-1) 0 Fy

now then, by induction hypothesi®, = F1 ® F> ® --- ® F,_1 belongs to clas€?, so we are under
conditions to use the previous lemma and to arrive at the fac@ti@tr;,, = ¥ belongs to clas€'!.
SinceQ is associative = F1 © (F2 © - - - © Fy,) and using the previous lemmé:(0) = Fj(0). O

4. Equivalent thermal plant with constraints

In this section, we analyze the situation that arises when the thermal plants are constrained to restrictions
of the type

m
(Lo ym) € R Phn<yi A Yy :a}’
i=1

m
(yl, ,)’m) € leyigpr%ax/\zyi :Cl} .
i=1
From the economic point of view, it may be interesting for one plant to generate a minimum power
Pmin instead of stopping. On the other hand, technical restrictions of theRypgalso appears. The
construction of the equivalent plant is similar to that already developed in Section 3. To abbreviate, we
present only the results for the cage: P,;,. Using the new variables
yi =X + Prl;-]ina
Fi(x;)) = Gi(yi) = Gi(xi + Pyp)
the proofs become those already developed in the previous section. We will denote as the equivalent
minimizer of {G,}7', the function

T :Di+-+Dp— R
defined by
m
T(©=min) _ Gi()
i=1
with the constraint$ """ ; y; = ¢ andy; > P, .

Theorem 8. Let {G;}"; C CY[PL; . o0) be a set of functions such that; is strictly increasing

min® ~
(i=1,....,m),with G}(PL.) <G/, (P, and let the functiorG : [PY, 00) x -+ x [PI 00) —

lR beG()’l, L] )’m) = Z:n:lGl(yl) I—etca = {()’1, L] Ym) € Rm | yl>Prfn|n A Z;'/n:lyl. =a}'
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Then there exists a unique s€r;}". ; such that

(1) (Mi(a), ..., Yw(a)) is the minimum of G oG, Ya>> ", Pi .
(2) It holds that

(T1(@), ..., Tu(@) € Cq a> (Z G to G;) (Phin)

i=1
m -1
& (Z G o G,’n> (a)> P
i=1

being

m -1
Yi(a) = (Z G to GL) (a).
i=1

(3) (T1(a), ..., Tn(a)) ¢ C, = for certaini € {1, ..., m)

Ti(a) = Pl Yit1(a) = PHL . 1 (a) = P
Theorem 9. Let{G;}?" ;, G, andC, be defined as in Theore& Then there existsék}fjll C R (with
Omr1=o00)and?y € C[P,fﬂn, oo, Yk=1,...,m, such that forevery > > ; ,iﬂn, the minimum of G
on C, attains at

(T1(a), ..., Tm(a))

being

k m
=) (Gt oGY(Phi) + D Phin

i=1 i=k+1
k+1 m
—1 / k+1 j
< Z (G; "0 G ) (Pryin) + Z Ppoin = Ok+1,
i=1 i=k+2

i=1 i=j+1

. -1

J m .

Y G oG a— Y PLo| if 6<o;<a<djia,
Yi(a) =

Pk if a<éx.

min
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Theorem 10. Let {G;}", (with G; € C1[P]
TheorenB. Then the functlon

Prin-00) Vi =1,...,m) be a set of functions defined as in

T(a)= Zka(a)) = min G(v)

k=1

belongs to the class® and /(37 PL.) = Gy (PL.).

5. An algorithm of approximation

We have developed a new algorithm for the approximate calculus of the thermal equivakthéeaal
power plants whose cost functional is general (nonquadratic). The outline is the following:

(i) We linearly approximate the derivative of the cost function of each thermal fHa@t), i =1, ..., m
in the power generation interval of each plant. This approximation may be done as finely as one wishes
by simply increasing the number of splines in said interval. The integration of these functions leads us to
the piece-wise defined functioﬁs(x), i =1, ..., mthat approximate the cost function of each thermal
plant considered

Uik +El~kx +’)7,~kx2 if dip<x<djg+1; k=1,...,1—1,

%(x)z{N L,
% + Pux +7x%if x>0

(i) We next demonstrate that each functi#p(x) can be considered as the minimizing equivalenit of
fictitious thermal plants, whose cost functions, denoted®y), Fi2(x), ..., Fi;(x)}, are second-order
polynomials

Fir(x) = o + Pex +yipx® k=1,...,1.

The aforementioned coefficients, deduced from those obtain&d,iare given by (withk =1, ...,1)

Bix = Zixdik + Piks

ik = ’77116
ik = 11,

— T (j=15,)
1 ~2 k ﬁz
Z =T LT N
a Lik oMk

(i) Finally, we construct the equivalent minimizer of all the functions obtained

F" i=1..m.
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Fig. 1. Thermal plant input—output curve.

6. A example

Let us now see an example that illustrates the practical importance of the results established. Let us
consider a thermal system that accounts for 3 thermal plants with piece-wise quadratic cost functions
[6]. This model in the cost curves is due to sharp increases in throttle losses due to wire drawing effects
occurring at valve points. These are loading (output) levels at which a new steam admission valve is being
opened. The shape of the cost curve in the neighborhood of the valve points is difficult to determine by
actual testing. Most utility systems find it satisfactory to represent the input—output characteristic by a
smooth curve which can be defined by a polynomial or, even better, by means of piece-wise quadratic
cost functions. We accept this more approximate madeigl. (1).

The cost functiong; are piece—wise quadratic cost functions

Fi(x) = a; + fix + 7:x°

P = 153716+ 21.277x + 0.00286:2 if 0<x <51.049
153596 + 21.324x + 0.002399182 if x >51.049,

Fate) 324078+ 6.347x + 0.09803:2 if 0<x <52.682
300808 + 15.181x + 0.01418882 if x>52.682

299194+ 17.621x + 0.01325:2 if 0<x <80.151,

F3(x) = { 295784+ 18.472¢ 4+ 0.007941192  if 80.151<x < 149221,

280269+ 20.5514¢ + 0.0009738742 if x >149221

and the units for the coefficients asen ($/h);$in ($/h MW); yin ($/h MW?). The previous theoretical
results of this paper establish the existence and uniqueness of the equivalent minimizer of any cost
functions such thak are strictly increasing.
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Fig. 2. The piece-wise quadratic cost functibp(x).

First, using the proposed algorithm, we obtain the functions

{F11(x), F12(x)}, {F21(x), F22(x)} and {F31(x), F32(x), F33(x)}

of which each F; (x), i =1, 2, 3, is respectively equivalent minimizer. The equivalent plant of these new
functions,¥($/h) (with £in MW) is a second-order polynomial with piece-wise constant coefficients:

776988 + 6.347¢ 4 0.0980F if 0<¢<52.6829
753718+ 15.181¢ + 0.01418882 if 52.6829< ¢<85.9838
748294 + 16.4427 + 0.00685166°  if 85.9838<¢<240983
P(&) = § 738072+ 17.291% + 0.00509155°  if 240.983<¢< 34871,
687241+ 20.2064 4 0.000911324° if 348.71<¢<587.374
679643+ 20.4651 4 0.000691106° if 587.374< < 79863,
677688+ 20.5141 + 0.000660452% if 798.63<¢

and is also the equivalent minimizer of the original cost functibis) (Figs. 2, 3, 3.
The developed algorithm offers very good approximate results in comparison with prior methods, such
as for instancé?].

7. Conclusions

In this paper, we present two fundamental contributions: firstly, new theoretical results relative to the
equivalent thermal plant and, secondly, an algorithm for the approximate calculus for a general model.

With the new theoretical results, we establish the framework for a significant simplification of the study
of optimization of hydrothermal systems, since our theorems are of a general character as they do not
depend on the choice of models of cost functions of the thermal power plants. The algorithm presents
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Fig. 3. The piece-wise quadratic cost functigg(x).
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Fig. 4. The piece-wise quadratic cost functibg(x).

several advantages, such as: ease of implementation and minimum memory requirements (the prograrn
was developed on a PC with the Mathematica package). We also calculate the equivalent plant in the case
of imposing constraints of minimum or maximum thermal power.

A major advantage of our method with respect to those previously employed is that it reduces the
optimization of a system witim thermal plants (general model) andydraulic plants to a variational
formulation without restrictions. This formulation allows us to employ the theory of calculus of variations
to the highest degree, and the problem is thus afforded a significant simplification.
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