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Abstract Numerical methods and software packages for solving dynamic optimi-
zation or optimal control problems require a suitable initial estimation of the solution.
This paper focuses on problems that arise in chemical processes described by com-
plex dynamics. We present a very simple method, based on Pontryagin’s Minimum
Principle, to obtain an initial guess for the solution. Our method presents numerous
advantages: it is very easy to programme, it allows a wide range of problems to be
addressed, the computation time is very short, the initial guess is very close to the
solution and is attracted to a global minimum.
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1 Introduction

Obtaining the accurate solution of optimal control problems is a crucial aspect in
many areas of applied science. In this paper we shall focus especially on problems
that arise in chemical engineering. In most cases, these systems are described by a non-
linear set of differential-algebraic equations. These complex dynamics lead to several
difficulties, such as, for instance, that of often presenting multiple local minima.

There is a vast array of numerical methods and software packages for numer-
ically solving dynamic optimization or optimal control problems, such as: SOCS
[1], RIOTS_95 [2], DIRCOL [3], MISER3 [4], MINOPT [5], NDOT [6], DIDO [7],
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GPOCS [8], DYNOPT [9] or Bryson’s Matlab code [10]. Unfortunately, these pack-
ages require an initial guess of the solution to start the iterations; the algorithms
converges reasonably efficiently with a good initial guess for a solution.

For example, direct methods employing nonlinear programming such as Sequen-
tial Quadratic Programming (SQP) are frequently used as a numerical method for
optimal control problems. Although they have advantages in terms of computational
robustness and their usefulness for practical problems, it is usually difficult to choose
appropriate initial solutions. Therefore, an estimate of the optimal solution is first
obtained using, for instance, Genetic Algorithms (GA). This is a classical statement
in which the problem is solved in two steps: first with relaxed constraints, then using
the obtained result to find the optimal solution.

Sometimes, however, in cases when convergence is not obtained, it is likely that
the initial guess is such that convergence to the true solution is impossible. In such
cases, users of these packages are accordingly advised to try different sets of initial
guesses. Besides, as the complexity of the system increases, the specification of a
suitable initial guess can become troublesome.

In this paper, we shall concentrate on the special structure that appears in numerous
problems of chemical reactors; more specifically, in the nonlinear continuous stirred
tank reactor (CSTR). We shall present a very simple method to obtain an initial guess
for the solution for this complex system. The method is based on Pontryagin’s mini-
mum principle (PMP). Moreover, we shall show that the initial guess is very close to
the solution for the tested chemical processes and that our initial guess is attracted to
a global minimum. We shall show that the theory allows us to address a wide range of
problems: constrained, unconstrained, nondifferentiable, etc., while employing a very
short computation time in all cases.

The paper is organized as follows. Section 2 presents the mathematical background
of our work. We shall set out our problem in terms of optimal control in continuous
time, using the Lagrange-type functional. We shall use PMP and we obtain a fun-
damental result, which is the basis for constructing the algorithm that leads to the
determining of the initial guess. In Sect. 3, we present several examples of chemical
processes in which the structure of the problem allows us to apply the above result.
In Sect. 3.1, we first consider the nonlinear continuous stirred tank reactor (CSTR)
unconstrained. We generalize the previous example in Sect. 3.2, considering the con-
strained case with bounded control, and present a nondifferentiable case in Sect. 3.3.
Finally, Sect. 4 summarizes the main conclusions of our research.

2 Mathematical formulation

A standard Lagrange type optimal control problem (OCP) can be mathematically
formulated as follows:

min
u(t)

I =
t f∫

0

F (t, x(t), u(t)) dt (1)
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subject to satisfying:

.
x(t) = f (t, x(t), u(t)) (2)

x(0) = x0 (3)

u(t) ∈ U (t), 0 ≤ t ≤ tf (4)

where I is the performance index, F is an objective function, x = (x1(t), . . . ,xn(t)) ∈
R

n is the state vector, with initial conditions x0, u = (u1(t), . . . ,um(t)) ∈ R
m is the

control vector bounded by umin and umax, U denotes the set of admissible control
values, and t is the operation time that starts from 0 and ends at t f . The state variables
(or simply the states) must satisfy the state equation (2) with given initial conditions
(3). In this statement, we consider the final instant to be fixed and the final state to be
free (we do not consider terminal constraints: Ψ (x(tf ), tf ) = 0). The OCP is referred
to as a constrained OCP because constraints are imposed on the controls, apart from
the dynamic equation (2). Some applications include further conditions such as con-
trol constraints: C(x(t), u(t)) ≤ 0, state constraints: S(x(t)) ≤ 0, or interior point
conditions, although these are not considered in the present paper.

Let H be the Hamiltonian function associated with the problem

H(t, x, u, λ) = F (t, x, u) + λ · f (t, x, u) (5)

where λ = (λ1(t), . . . ,λn(t)) ∈ R
n is called the costate vector. The classical approach

involves the use of PMP [10], which results in a two-point boundary value problem
(TPBVP). In order for u ∈ U to be optimal, a nontrivial function λ must necessarily
exist, such that for almost every t ∈ [0, tf ]

.
x = Hλ = f (6)
.

λ = −Hx (7)

H(t, x, u, λ) = min
v(t)∈U

H(t, x, v, λ) (8)

x(0) = x0; λ(t f ) = 0 (9)

In this paper, we deal with various chemical models whose dynamic equations present
a particular structure (we present the two-dimensional case for the sake of simplicity):

min
u1(t)

I =
t f∫

0

F (x1(t), x2(t), u1(t)) dt (10)

.
x1(t) = f1 (x1(t), x2(t), u1(t)) (11)
.

x2(t) = f2 (x1(t), x2(t)) (12)

The principal characteristic of this system is the absence of the control u2 in the Eqs.
(10–12). In previous papers [11,12], the authors presented a very simple method that
is able to solve, for a given x2, the problem formed by Eqs. (10, 11). We now adapt
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this method to obtain a initial guess for the solution of the system (10–12). The idea
consists in constructing x1 in an approximate and similar way to how it is constructed
in [11,12] and in simultaneously constructing x2 using Euler’s (or Euler’s improved)
method in (12). In the discretization process, the values of x2 obtained at the prior
nodes are used to calculate x1 at each node, and the values obtained for x1 are used to
calculate x2. For the sake of simplicity, in what follows we denote x1 with x, f1 with
f and u1 with u.

In virtue of PMP and Eq. (7), there exists a piecewise C1 function λ (costate
variable) that satisfies:

.

λ(t) = −Hx = −Fx − λ(t) · fx (13)

From (13), it follows that

λ(t) =
⎡
⎣K −

t∫

0

Fx e
∫ s

0 fx dzds

⎤
⎦ e− ∫ t

0 fx ds (14)

denoting K = λ(0). From (8), it follows that for each t, u(t) minimizes H . Hence,
in accordance with the Kuhn–Tucker Theorem, for each t , there exists two real non
negative numbers, α and β, such that u(t) is a critical point of

F∗(u) = F + λ(t) · f + α · (umin − u) + β · (u − umax) (15)

it being verified that if u > umin, then α = 0 and if u < umax, then β = 0. We hence

have
.

F∗ = 0 and the following cases:

Case (1) umin < u < umax. In this case, α = β = 0 and hence

Fu + λ(t) · fu = 0 (16)

It can be seen that from
.
x(t) = f (x(t), x2(t), u(t)), we easily obtain

Fu

fu
= F .

x (17)

From (14) and (16), we have

K = −F .
x · e

∫ t
0 fx ds +

t∫

0

Fx · e
∫ s

0 fx dzds (18)

If we denote Y(t) the second member of the above equation, the following
relation is fulfilled

Y(t) = K (19)
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We term Y(t) the coordination function and (19) the coordination equation.
Case (2) u = umax, then β ≥ 0 and α = 0. In this case, by analogous reasoning, we

have

Y(t) ≥ K (20)

Case (3) u = umin, then α ≥ 0 and β = 0. In this case, by analogous reasoning, we
have

Y(t) ≤ K (21)

Thus, the problem consists in finding for each K the function that satisfies (3), the
condition (19), and from among these functions, the one that satisfies λ(tf ) =0. From
the computational point of view, the construction can be performed with the same
procedure as the simple shooting method, with the use of a discretized version of the
coordination equation (18). When the values obtained do not obey the constraints (4),
we force the solution to belong to the boundary until the moment that is established
by conditions (20, 21). Therefore, the method that we have developed to obtain x1 is
based on the use of an integral form of the Euler equation, combined with the simple
shooting method. Besides, we calculate x2 as described above and hence obtain the
initial guess of the problem. In the next section, we shall see the excellent behavior of
our approach by means of various examples.

3 Examples

In this section, we present several examples of chemical processes in which the par-
ticular structure of the problem allows us to apply the result obtained in the previous
section. We analyze three cases. In Example 3.1, we first consider the nonlinear CSTR
as being unconstrained. We generalize the previous example in Example 3.2, consid-
ering the constrained case with bounded control. Finally, in Example 3.3, we present
a nondifferentiable case.

3.1 Unconstrained CSTR

Let us consider the system consisting of the dynamic optimization of a first-order
irreversible chemical reaction carried out under non-isothermal conditions in a CSTR,
as first formulated by Aris and Amundson [13] and Lapidus and Luus [14].

The equations describing the chemical reactor are:

dx1

dt
= −(2 + u)(x1 + 0.25) + (x2 + 0.5) exp

(
25x1

x1 + 2

)
(22)

dx2

dt
= 0.5 − x2 − (x2 + 0.5) exp

(
25x1

x1 + 2

)
(23)
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The control variable u(t) depends on the opening of the valve and represents the manip-
ulation of the flow-rate of the cooling fluid, which is inserted in the reactor through a
coil. Here x1(t) represents the deviation from the dimensionless steady-state tempera-
ture and x2(t) represents the deviation from dimensionless steady-state concentration.
In this section, we consider the case in which the control u is unbounded and the initial
conditions x1(0) = 0.09 and x2(0) = 0.09 are used. The optimal control problem is
to determine that u in the time interval 0 ≤ t < tf which will minimize the quadratic
performance index

I =
t f∫

0

(x2
1 + x2

2 + 0.1u2)dt (24)

subject to the nonlinear dynamic constraints, where the dimensionless final time t f is
specified as 0.78.

Using a control vector iteration procedure based on Pontryagin’s maximum princi-
ple, Luus and Cormack [15] showed that there exists a local optimum of I = 0.244425
and a global optimum of I = 0.133094. This optimal control problem provides a good
test problem for optimization procedures and is a member of the list of benchmark
problems proposed in the handbook of test problems in local and global optimization
[16]. It has been used by Luus [17] to evaluate his iterative dynamic programming
(IDP) algorithm and by Luus and Galli [18] to examine the multiplicity of solutions.
Dynamic programming [19,20] is a powerful method for solving optimization prob-
lems, but has a number of drawbacks that limit its use to solving problems of low
dimension. To overcome these limitations, Luus suggested using it in an iterative
fashion.

Ali et al. [21] solved this problem using eight stochastic global optimization algo-
rithms: control random search, simulated annealing and clustering, the results obtained
varying between I = 0.135 and I = 0.245. The CPU time used was quite long, in
some case more than 2, 382.

Lopez-Cruz et al. [22] compare three methods: the first-order gradient method, the
Iterative dynamic programming (IDP) and evolutionary algorithms (EA). Their con-
clusions are most interesting. First, they show that the convergence of the first-order
gradient algorithm to the local or global optimum depends on the initial values for the
control. Second, to solve this problem by means of IDP, the time interval [0, tf ] was
discretized in only N = 13 time intervals; the best minimum obtained was I = 0.1355
and the CPU time used (measured on a Pentium III, 700 MHz PC) was quite long:
600–800 s. Moreover IDP may still converge to the local optimum. Finally, four vari-
ants of EA were implemented and evaluated. Two are based on the Breeder genetic
algorithm and two are differential evolution algorithms. The minimum obtained with
EA varies from I = 0.1358 to I = 0.1449 and CPU time varies from 134 to 451 s.

We apply our simple method and present the results below. The minimum value of
I = 0.1334 was obtained very rapidly. The computation time (measured on a Pentium
IV, 3.4 GHz PC) for 15 iterations, with a discretization of 78 subintervals, was 2.56 s.
The resulting initial guess for the optimal control policy is given in Fig. 1 and for the
state trajectories in Fig. 2.
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Fig. 1 Optimal control

Fig. 2 Trajectories of the state
variables

3.2 Constrained CSTR

This example consists of the same dynamic equations and performance index as in
Example 3.1

I =
t f∫

0

(x2
1 + x2

2 + 0.1u2)dt (25)

dx1

dt
= −(2 + u)(x1 + 0.25) + (x2 + 0.5) exp

(
25x1

x1 + 2

)
(26)

dx2

dt
= 0.5 − x2 − (x2 + 0.5) exp

(
25x1

x1 + 2

)
(27)

though here the initial condition is given (see [14]) by
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Fig. 3 Optimal control

Fig. 4 Convergence profile

x(0) = [ 0.05 0 ]T (28)

In [23], the control signal is bounded between upper and lower levels

− 1 ≤ u(t) ≤ 1 (29)

and using the technique called Integrated System Optimization and Parameter Esti-
mation (ISOPE), Becerra obtained a minimum of I = 0.028953.

Our method provides an initial guess of the solution with a minimum value of I =
0.02945. The constrained optimal control is shown in Fig. 3. As can be seen in Fig. 4,
the algorithm shows rapid convergence. In the example, 8 iterations were found to be
sufficient to obtain the prescribed error (10−6) in the equation λ(tf ) =0. The variation
in relative error in absolute value with iterations is shown in Fig. 4. The computation
time for 8 iterations, with a discretization of 78 subintervals, was 1.48 s.

3.3 Nondifferentiable system

We now consider a difficult optimal control problem studied by Thomopoulos and
Papadakis [24], who showed difficulties of convergence using several optimization
algorithms. The system was also studied by Banga and Seider [25], who proposed a
stochastic algorithm: the integrated controlled random search (ICRS), and by Luus
[26] using iterative dynamic programming (IDP). The system is described by

dx1

dt
= −x1 − x2 + u + 100[H(t − 0.5) − H(t − 0.6)] (30)

dx2

dt
= x1 (31)
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Fig. 5 Optimal control

Fig. 6 Trajectories of the state
variables

Equation (30) contains a disturbance term in the form of a rectangular pulse of mag-
nitude 100 from t = 0.5 until t = 0.6. The optimal control problem is to find the
control u in the time interval 0 ≤ t < t f so that the performance index

I =
t f∫

0

(5x2
1 + 2.5x2

2 + 0.5u2)dt (32)

is minimized. All these authors consider a final time t f = 2 s and initial conditions:
x1(0) = 0; x2(0) = 0.

Using an exponential smoothing technique, [24] overcame the discontinuity prob-
lem and obtained a minimum value I = 58.538. Using IDP, Luus [26] reported a
minimum of I = 58.18. Using the ICRS algorithm, Banga [25] found an optimal
control with a minimum of 58.13.

In the following figures, we present our approximation to the optimal control (Fig. 5)
and to the state trajectories (Fig. 6). The reader can compare each approximation with
the values given in the references. Our method provides an initial guess of the solution
with a minimum value of I = 67.67. The computation time, with a discretization of
1,000 subintervals, was 3.89 s. It can be seen that the rectangular pulse in the time
interval from 0.5 to 0.6 causes a very rapid increase in the state variable x2 during this
time interval.
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4 Conclusions

The initial estimation of the solution can greatly influence the accuracy of the results
obtained from the numerical methods and software packages used to solve dynamic
optimization or optimal control problems numerically and, in some cases, can even
result in divergence of the process. In the present paper, we use the solution based
on PMP theory to provide an initial guess for the solution of chemical processes. An
estimate of the optimal solution (with a small value of tolerance) is obtained first using
our method. This solution can be then used as the initial guess for another numerical
method. This combined method can produce excellent results. Our method presents
numerous advantages: it is very easy to programme, the theory allows us to address a
wide range of problems: constrained, unconstrained, nondifferentiable, etc., the com-
putation time is very short compared with classical approaches, the initial guess is
very close to the solution and is attracted to a global minimum.
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