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Abstract In this paper we present a method to solve a constrained optimal control
problem to calculate the optimal enzyme concentrations in a chemical process by
considering the minimization of the transition time. The method, based on Pontryagin’s
Minimum Principle, allows us to obtain the generalized solution of an n-step system
with an unbranched scheme and bilinear kinetic models in an almost exclusively
analytical way.
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1 Introduction

This paper presents an optimal control problem which arises when metabolic chemical
processes are considered. Within this context, one of the most important problems is the
study of enzyme concentrations. Our work focuses on dynamic optimization, studying
the problem of minimizing the transition time during which the substrate is converted
into the product.

Let us consider the following (unbranched) reaction chain of n irreversible reaction
steps converting substrate x1 into product p:

uy uz u3 Un—1 Un
X] > X2 —>X3—> - —=> Xy = Xp—> P (1)
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where x; is the substrate concentration (starting reagent), p the concentration of the
final product, x; (i = 2, ..., n) the concentration of the intermediate compounds, and
u; (i =1, ..., n) the concentration of the enzyme catalyzing the i-th reaction.

For the dynamic case, the aim is to solve the problem analytically and numerically.
An explicit solution for the simplest case, i.e. n = 2, can be found in [1]. For longer
pathways, i.e. n > 2, the aforementioned authors solved the optimization problem
numerically. An interesting study is presented in [2], in which the solution is obtained
quasi-analytically, though with the constraint of considering only the case of n = 3
with two intermediate compounds. An interesting theoretical result is presented in [3]
for the general case of n steps: the optimal enzyme concentration profile is of the
“bang-bang” type (a well-known concept in the framework of optimal control which
implies that the solution switches between 0 and the maximal level), except in the last
interval. Other qualitative considerations of the solution are also presented, though not
the analytical solution.

In this paper, we shall substantially extend the theoretical analysis of [2] and [3],
presenting the quasi-analytical solution for the more general case of n steps. A funda-
mental difference with regard to the work presented in [3] is that, in said paper, the final
steady-state enzyme levels are computed directly from an imposed final condition. In
our study, leaving this condition free for the final interval will markedly complicate the
development of the solution. The paper is organized as follows. Section 2 presents the
statement of the problem. In Sect. 3, we carry out a calculation based on Pontryagin’s
Minimum Principle. Finally, we present the conclusions drawn.

2 Statement of the problem

The optimization of enzyme concentrations in metabolic pathways can be calculated
using the optimality criterion of minimizing the time period during which an essential
product is generated. Klipp et al. [1] and Bartl et al. [2] assumed bilinear (linear in
the metabolite concentrations, x;, and linear in the enzyme concentrations, u;) and
irreversible rate laws. Oyarzun et al. [3] used a more general model: the rate laws
are only linear in the u;, and some assumptions are made about the behaviour of the
x;. In this paper, we use a bilinear kinetic model to solve the problem analytically,
likewise assuming that the enzymes can be switched on and off instantaneously. For
the sake of simplicity, we employ normalized quantities. Enzyme levels are divided
by the maximum total enzyme concentration, and substrate, intermediate and product
levels by the initial substrate concentration.

Our goal is to convert substrate x1 into product p as fast as possible. Several cost
functions may be considered. In [3], combined optimization of the time taken to reach
the new steady state and a measure of enzyme usage are considered:

U,

iy
min /(1 +alu(r))dt
Up
0

where « is the vector of weights and u the vector of enzyme concentrations. If we
choose o = 0, then the minimization of the total operating time is considered:
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Ly

min dt
Ut,...un

0

In this paper, we use the transition time, t, as defined in [4] and [5], which is likewise
used in [1] and [2]. In order to be converted into the product as fast as possible, substrate
x1 must follow the pathway of reactions x; which lead to p within a minimum period
of time. In metabolic analysis, this period of time is called the transition time. Thus,
the objective function of the optimization problem may be defined as:

o8]

min T = min
Up,..lp Up,..uy x1(0)
0

(x1(0) — p(1))dt

Due to normalization, x1(0) = 1, and the conservation relation:
x1®) +x2t) +---+x,)+ p(t) =1, Vt >0

the objective function can be written as:

mm T = mm /(xl(t) +x2(t) + -+ x,(1))dt 2)
up,
where concentrations x1, x2, ..., X, are the state variables (p is eliminated) and the
enzyme concentrations uy, us, ..., u, comprise the control variables.

The model of the reactions in (1) can then be described by the set of differential
equations (see [1] and [2]):

X1 = —kjuix x1(0)=1, x1(t) >0
Xo = kiuix1 — kousxo x200) =0, x2(1) >0

X3 = kaupxp — k3uzxz x3(0) =0, x3(1) >0 (3)
Xn = kn—1up_1Xn—1 — kytpxn x,(0) =0, x,(t) >0

where, for the sake of simplicity, we shall assume equal catalytic efficiencies of the
enzymes (k; = 1). As an initial condition, for t = 0, we shall consider the concentra-
tions of the intermediate compounds and of the product to be equal to zero. Finally,
we shall consider the concentrations of the compounds, x;, as well as those of the
enzymes, u;, to be positive limited quantities and, after normalization, that the upper
bound on the enzymatic concentration is 1. Hence, (u1(?), ... ,u,(t)) € £2, being:

={u=@i(®),...,un(®) €R"uy 20, ...up 2 O;ur +---+u, <1} (4

We have thus stated an optimal control problem (OCP). Our standard Lagrange-type
OCP can be mathematically formulated as follows:
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ty
min/ = min/ F (t,x(t),u(r))dt

u(r) u(r)
0

subject to satisfying:

x(t) = f (¢, x(),u(®)); x(0) =x¢
u(t) € 2,0 <1<ty (5)

where [ is the performance index, F is an objective function,x = (x1(¢), ..., x,(t)) €
R™ is the state vector, with initial conditions x¢ u € R” is the control vector, §2 denotes
the set of admissible control values and ¢ is the operating time that starts from 0 and
ends at 77. The state variables must satisfy the state equation (5) with given initial
conditions. In this statement, we consider the final state to be free. Let H be the
Hamiltonian function associated with the problem

H(t,x,u,A) =F (t,x,u) + 1. f(t,x,u)

where L = (A1(?), ..., A, (t)) € R"iscalled the costate vector. The classical approach
involves the use of Pontryagin’s Minimum Principle [6], which results in a two-point
boundary value problem (TPBVP). In order for u € £2 to be optimal, a nontrivial
function A must necessarily exist, such that for almost every ¢ € [0, 17]:

X = H; x(0) =xo

A= —Hg () =0
minH (¢, X, u, 1) (6)
ues?

Normally, the last optimality condition (6) is imposed as H, = 0 and the system of
equations is solved for the control vector, u(t). However, if we consider control to
appear linearly, (6), this leads to the minimization of a linear function of n variables
of the following type:

minH = min {—puy — pouz — -+ — Wyliy}
ues? ues

where the functions w; are called the switching functions. It is shown that control
u; will be activated when the switching function p; reaches its maximum value. If
u; switches between its upper and lower bounds only at isolated points in time, then
the optimal control is said to be a bang-bang type control [7]. The times are called
switching times.
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3 Optimal solution

In this section, we present the solution to the optimal control problem defined in the
previous section using Pontryagin’s Minimum Principle [6]. The fundamental result
to obtain may be summarized as follows:

Proposition 1 There exists a set of switching times {t|, t2, ..., t,—1}, (WithQ < t; <
tj, fori < j ) which partition the optimization interval as:

[0, 1) Ult1, 1) U---Ulty—2, th—1) U[t—1, 00)

such that the optimal profile of the i -th enzyme is of the bang—bang type and satisfies:

1 fortelti—1,t) .
* . . — —
ui(t)_[()fort¢[t,'_1,t,-)’l_l""’n 1
with to = 0. In each interval [ti_1,t;), i = 1,...,n — 1, the optimal metabolite
concentration is given by:
et i=1
n® =117, ™
j—1
[1(1 — e h=tn-0)y . g=(tj=1j=1) =201
h=1
= ( )Y . g—(i—tic1)
1—e™ th—1th—1 Lo (t—ti— N
=1 HA—e ) e j=i ®)
i—1
[T - e~ h=h-1)y (1 —eU—ti-D) j = 41
h=1
0 j=i+2,...,n

In the last interval (t > t,_1), the solution is not of the bang—bang type.

Proof In our case, as regards the control appearing linearly in the Hamiltonian H:
H=x1+x2+ - +xp+ A1 (—urx) +r2ixy — uzx2)+- -+, (Up—1Xn—1 — UnXp)
when H is minimized w.r.t. the control variables, we have that:
m1 = (A1 — A2)x
pa = (A2 — A3)x2
minH = min {—puy — poup — -+ — pultn}; 7 - 9
ueg?

uesf?
Mn—1 = Ap—1 — Ap)Xp—1
Mn = AnXp

where u; are the switching functions. From (9), we conclude that control u; will
be activated when the function w; reaches its maximum. Moreover, according to the
optimality conditions:
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b= [ 3= 00 = a)us — 1
hp =31 A= (ha — A3)uz — 1
=1 (10)
).Lnfl = —% ).‘an—l = (Ap—1 — Aup—1 — 1
h = — 2 [ Ao = hptt = 1

When control u; is activated, the coefficient w; has to be positive: u; > 0, (Vi =
1, ..., n) (otherwise u; = 0). The following condition can thus be easily seen to hold:

MZAzZA3 ==k,

We shall obtain the optimal solution constructively by intervals, starting from r = 0
and concatenating the results.

— First interval [0, #1]. Fort =0 = u; = 1,up =0,u3 =0, ---,u, = 0, since if
up = 0 from (3), x; = 0 = x1(¢t) = 1, V¢ and the product will not be produced.
Therefore, from (3), we have:

X1 =—x1 x1(0) =1 x1(t) = e”!
X2 =x1 x0)=0 x()=1-— e”!
x3=0 x3(00)=0 = x3(t) =0

X =0 x,(00=0 X, (1) =0
Moreover, from (3), (9) and (10), the following holds:

).\,1 :)\,1 —)\,2—1 l:l'] Z()\l_)LZ)xl‘F()\l _)‘-2)5(1 =

: (A —A2)x1 + (A1 —A2) (—x1) =0
| ty = (A — A3)x2 4+ (A2 — A3) by =

Ay = = (A —=23)x1 =0

x3=0 m3 = (A3 —Ax3 =0

A =—1

| x, =0

Mn = dpXn =0
= U] = cte, up = increasing, u3z =0,...,u, =0

and we obtain the transition time for this interval:

I5l 1 |
n=/(x1(z)+xz(t)+x3(t)+~--+xn(z))dz=/(e”+l—e”+0+---+0) dl:/ldt=t1
0 0 0
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— Second interval [t, ] . Fort =t = u; =0,up =1,u3 =0, --- ,u, = 0. Thus,
from (3):
¥1=0 xi(n)=e" xi(t) =e™"
Xo=—xxt)=1—¢" x(t) = (1—e) "=
x3=xp x3(t1)=0 x3(t) = (1 — e_tl) (1 — e_(t_tl))
X4=0 x4(11)=0 = 1 x40 =0
in=0  xu(t1)=0 Xu(t) =0

Once again, using (3), (9) and (10), we have that:

: iy = (h — A)x1 + (k1 — 22) b1 =
A=l —(A2—A3)x1 =0
ho=de—h=1 )= Gy =i+ (o — A3 =
=—1 (A2 —A3)x2 + (A2 — A3) (=x2) =0
Ay = —1 = 3= (g — 2a)x3 + (A3 — Aa) i3 =
x2a=0 (A3 —A4)x2 >0
. U4 = Aaxqe =0
X, =0 :
Un = Apxp =0
= @1 = decreasing, @y = cte, u3 = increasing, w4 =0,...,u, =0

The transition time for this interval is:

Ly}
= / (e_t‘ +(1—e™)e T 4 (1) (1 — e_(t_”)) +- 4 0) dt
I

=h—1n

The successive intervals up until the last but one are similarly obtained.
— Interval [tnfz,tnfl]. Fort =t, o = u; =0,up =0,u3 =0,...,up,_> =
0,u,—1 = 1, u, = 0. From the state equations:

X1 =0 x1(t) = e

=0 x(t) = (1 _ e—tl) e—(2—11)

x3=0 x3() = (1 —e™) (1 — e~ (271 e~ (1-12)

x2=0 xa(t) = (1 _ eft') (] — e*(tzfn)) (1 — e~ B=12))p—(ta—13)
. =1.

Xp—2 =0 Xp—2(1) = (1 — e_fl) v (1 = e~ tn=3—tn-a)) g = (tn—2—1n—3)
)-Cnf] = —X;—1 Xn_](t) — (1 — e_tl) v (1 — e_(lnfz_[)1—3))6_(t_tn—2)

Xp = Xp—1 X, (1) = (1 — e—ll) co (1 = e~ 2= tn=3)) (] — o= (t—1n-2))
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And hence:

th—1 h—1
Th—1 = / (x1(®) +x2(t) + x3(t) +--- + x,(2))dt = / ldt =t,_1 — ty_»

h—2 In—2

— In the interval [#,,_1, 00), if it holds that u; = 0, up = 0, uz3 =0, ..., u, =1,
we thus have that:

Xp = —Xp
).\.n =i, —1= l.Ln = AnXn + Apxn = g — DXy + Ap (=x) = —x, <0
Mn = ApXp

= u, = decreasing

and we will not have an interval in which to activate u,,. Therefore, in the last interval
(t > t,—_1), the solution is not of the bang—bang type. O

The optimal solution have already been obtained analytically for the intervals
[0, 1) U[t1, 1) U---U[ty—2, t,—1). The value of u; and the values of concentrations
X1, X2, ..., X, are given by Proposition 1. The following table presents the results
developed from the formula (7) for ease of comprehension.

Aswe have just seen, u, cannot be activated in the last interval [, , 00). Therefore,
in order to calculate the solution in this last interval, we need to determine the minimum
total transition time, 7. The result can be summarized in the following proposition.

Proposition 2 The optimal values of x1(t), x2(¢), ..., x,(t) are given by (7) in
[ti—1,t),i=1,...,n—1, and by:

i1 il ST mukt—t1)
x;(t) = Z xp(thi—1) H Uy ZH . +xj(tn_1)e_“j(l—tn71)
h=1 k=h k=hi=h
;é
in the last interval [t,—1, 00) (with j = 1,...,n).

Proof To calculate the solution in the last interval, we consider the Hamiltonian:
H=x1+x2+ - +xp — p1u1 — poua — U3u3 — -+ — Upllp
As the optimality condition is independent of time, the following holds:
H = +d 4+ — (/Llul +ﬂ2u2+"'+ﬂnun)
- (Mlitl + pauz + - +unﬁn) = - (miu + pouz + - +Mnitn) =0
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thus:
ﬁl =0= u; =cte
122 =0= uy =cte
it3=0:>u3=cte ourtur - tu, =1
up =0 = u, = cte
We shall now determine x1(t), xo(¢), ..., x,(¢) and the transition time in the last

interval, [#,—1, 00). Progressively solving the equations comprising the system of
differential equations (3), we obtain the following expressions:

[ x1(t) = x1(ty—1)e 10 71n-1)
x2(t) = x1(th—1uy [uz m e —th) 4 1 = uz 7“2(17511—1)]
+x2(ty—1)e” w2t =tn-1)
x3(1) = x1(tp—1)u1u2 [uz]—ul : ﬁe‘“l(’—’wl) o
1. —u2(t=tp—1) L pus(t—ta—)
+u17u2 uz— uze " : +u1 —u3 uz 0 ¢ " I
+x2(t,,_1)u2[m Mzefuz(t 1)y 1 i M3 7143(tftn—l):|
+x3(ty—1)e 30D
which correspond to the general formula:
! 7l JoJ e Uk(t—tn—1)
x]'(t)zz Xp (tn— I)Huk ZH — +xj(tn_1)e_“j(t_’nfl)
h=1 k=h k=hi=h
iZk

Performing the appropriate operations, we thus obtain:

e¢]

]
/ (Ot = x1(y1)~
23
th—1
7 |
/X2(t)dt = (x1(th—1) + x2(th—1)) —
us
h—1
7 1
/ 300 = (51 (13-1) +32(00-1) +33(00-) o
th—1
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o]

1
/xn(t)dt = X1 (th—1) +x2(ty—1) + -+ x,(tn-1)) Lt_

n
In—1

Hence, the transition time for [#,_1, 00) is:

Up

1 1 1
+x2(ta-1) (— +F —) + X (ta—1) (—)
up Up Un

And the total transition time will be:

[e'e] | |
T = / (xl(t)+---+x,,(r))dt=x1(r,,1)(u_+...+_)
1
In—1

n

T=0+n+ et =t -+ -0+t 2+ T,

1 1
=[n—1+fn=tn—l+xl(tn—1)< +-- 4+ )
uy Up

1 1 1
+x2(tn—1) (_ +---+ _) + X (t—1) (_)
Uun Up Up

where x;(t,_1) are known from Table 1. Thus, in order to calculate the solu-

tion in this last interval, we need to determine the minimum total transition time,

t(t1,t, ..., ty—1, U, U3, ..., u,). To minimize t with the condition:
urtur+...+u, =1

we apply the method of Lagrange multipliers to the augmented functional:

L(ti,t, .. ty—1, U, U2, .o iy, B) =7+ B +uz+---+u, — 1)

In order to do so, we have to solve the non-lineal system:

8L_0.8L__ _BL_.aL_O_aL_O. oL 9L

o, o 0ty dur dunr  du, 9B
(12)

which may be done by means of any commonly used program. O

Remark 1 1Tt is therefore in this last step when we truly determine the switching times:
t1, 1, ..., 1, and the values of uy, us, ..., u, in the last interval, [#,_1, o0) (in the
other intervals, u; is given by Proposition 1). The problem is now completely solved
by calculating x(¢), x2(¢), ..., x,(¢). Finally, the concentration of product p(¢) can
be easily calculated V¢ using the conservation relation:

p() =1— (1) +x2() +--- + x,(1)), V1 =0
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Table 1 Metabolite concentration and transition time

Interval Concentrations
[0, 711 x1 () =e!
nt)=1—e¢"
T=10 x3()=0;...;x,(t) =0
x1(t) =e 11
[t1, 12] x(t) = (1—e M) et
t=h—1 () =(1—e) (1 — e_(’_tl))
x4(t)=0;---;x,(1) =0
x1(t) =e 1
[12, 13] x2(t) = (1 = e7) e=(2=1)
o x3() = (1—e) ( e tl)) —(t—12)
T=13—12 x4(t)_(lfe*’1)(lfe (= tl))(l,e (t=12)y
x5(1) =0; -5 x0(1) =
x1(t) =e 1
() =(1-e) e~ (12=11)
—(1=e 1 _ o (n—11)) ,—(t3—12)
[tn—Z: tn—l] x3(1) (1 e ) (1 e )e

T=1Ip—1 —lh-2 Xp_o(t) = (1 _ g*’l) v (1 = e tn—3=th—2)) o= (tn—2~1n—3)

Xy () = (1 —e ) (1 — e~ tn-2"Tn=3))p=(t=1n-2)
()= (1—e ). (1- e~ 2=t -3))(] — ¢=(—1n-2))

We have thus solved the problem quasi-analytically; this last step, the calculation of
the switching times, is the only one that is not carried out analytically or exactly. These
two propositions provide an analytic justification of the behaviour described in [1] and
observed experimentally in [8].

4 Example: Discussion of the results

Using the results presented in the previous section, we developed a program using
the Mathematica® package that allows us to obtain the optimal solution. In Table 2,
we present the optimal solution for the cases n = 2, 3, 4, 5. Let us see the switching
times #; i = 1,...,n — 1), the optimal profile of the i-th enzyme u; (i = 1,...,n)
in the last interval [#,_1, 00), and the transition time t. Remember that in the previous
intervals, u; is given by Proposition 1. Moreover, the substrate concentration, xp, the
concentrations of the intermediate compounds, x7, ..., X,, and the concentration of
the final product, p, are immediately obtained in any interval using the presented
formulae.

We shall now compare the results with those presented by other authors. Klipp et
al. [1] present the analytical solution for the case n = 2. Compared to our solution,
we have detected an error in the value they give to u», the correct value being u, =
0.61803. Figure 1 shows the optimal enzyme profile and the metabolite and product
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Table 2 Optimal solution

n 5] 153 13 14
2 0.9624 - - -
3 2.0061 2.9595 -
4 2.7801 4.7452 5.7609
5 3.3628 6.0746 8.0789 9.1759
n ui uy us Ug us T
2 0.38197 0.61803 - - - 3.5805
3 0.17882 0.33359 0.48758 - - 7.1658
4 0.10439 0.18437 0.29208 0.41916 - 11.453
5 0.06989 0.11801 0.17623 0.26033 0.3755 16.267
uop
0.8
0.6
0.4
0.2 t
2 4 6 8 10
u,
.
0.8 \ t, it
0.6 12} \ P
04 gosp
0-2 t B 0.6 v \'\‘
2 4 6 8 10 Rty \
u; g § A
0.8 S04t /N
0.6 © [N A
04 — 02 N/ :
0.2 t ; A t
2 4 6 8 10 2 4
Enzyme profile Metabolite and product profile

Fig.1 Casen =3

profile for the case n = 3. The solution obtained coincides with the one presented in
[2].

Figure 2 shows the optimal solution for the case n = 5. An approximate solution
for the case n = 5 is also presented in [1]. Compared to our solution, we have detected
significant variations in the values of the switching times. The values given in [1]
are: 11 = 3.08, rp = 5.28, 13 = 6.77, t4 = 7.58. As the authors do not provide the
values of u;, we have not been able to check that the optimality equations are verified
(12). However, the value of the transition time T = 16.3(s) is similar to the one we
obtained: T = 16.267(s).

The results show a clear-cut chemical interpretation which we shall now elucidate
in detail. During each of the first » — 1 intervals, only one enzyme is active and at its
maximum value, namely u;, corresponding to compound x;, which we want to convert
into x;j4+1, (i = 1,...,n — 1). The solution is hence of the bang—bang type.
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u, Mt
08
06
04
02 t
246810 14
u o —
08
06
04
02 t 1 . t 4 G
" 746810 14 \‘ e D — X, () e x,(1)
3 1 M ! i
o i S e DI
04 w A A x,(t) —— p(t
02 t 5 A (0 P
246810 14 & VS L Lo
u, £06 \\f \ i |
08 g x’ b |
04 204l A ‘ SV
02 t S 04r iy |
246810 14 AN O
Yo 02 S| '
0.6 i ! : .
0.4 i AN : t
02 t ~ -
246810 14 2 4 6 8

Enzyme profile Metabolite and product profile

Fig.2 Casen =15

In these n — 1 intervals, the concentration of the metabolites varies as follows. In
the first interval, starting from the initial value x;(0) = 1, and using only enzyme u1,
substrate x is converted into the intermediate compound x,. Upon reaching the opti-
mal value, the first switching time, #1, appears. At this point, x; reaches its maximum
value, x»(t1), while x| takes on a constant value, x; (¢1), which it will maintain until
the last interval. The process is repeated in the second interval, though now it is x3
which, starting from this maximum value, x;(#1), is converted into the intermediate
compound x3. Once the second switching time, #, has been reached, x, takes on a
constant value, x(#;), which it will maintain as the optimal value until the instant
t,—1. The process is similarly repeated for all x;.

Note that the maximum values obtained by metabolites x;(f;—1) become progres-
sively lower as the process advances, whereas the constant values x;(#;) that they
maintain during a good part of the chain reaction increase progressively with increas-
ing i. This is related to the fact that the intervals between switching times become
progressively smaller as the chain reaction advances (see Fig. 2), with the subsequent
decrease in the period of activation of each enzyme u;.

Product p is only generated in the last interval [#,_1, 00). As just stated, it is worth
noting that the concentration of the substrates in this time period (without p) are
ordered x; < x;4+1. However, the most noteworthy fact is that a combination of all the
enzymes u; appears in which the enzyme concentrations are ordered u; < u;4+1 (see
Table 2; Fig. 2). Note that the last enzyme, u,, only takes part in the last interval, and
never does so at its maximum value of 1, because, along with the other enzymes, it

must fulfil the condition (4).

Moreover, if we compare the solution obtained for different values of n, a number of
conclusions may also be drawn. First, the minimal transition time logically increases
as the number of intermediate compounds, 7, increases. We can also see that the first
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switching time is increasingly delayed and that the value in the last interval of the last
enzyme, u,, becomes progressively smaller with increasing ». Finally, it would appear
paradoxical that the fastest possible conversion of the substrate into the final product
is achieved when delaying (of course, in an appropriate manner) the appearance of
intermediate compounds.

5 Conclusions

Our paper supposes the generalization of the optimal control problem that arises when
considering a linear unbranched chemical process with n steps. We provide a quasi-
analytical solution to the case of n steps by considering the minimization of the tran-
sition time. We show that the qualitative and quantitative description of the optimal
solution provided by Proposition 1 considerably simplifies the computation of the opti-
mal solutions, as we need only calculate the optimal switching times and the enzyme
values in the last interval, seeing that the remaining unknowns are obtained analyti-
cally using the given formulas. We believe that the results obtained in this paper may
be very useful to other researchers, serving as a benchmark for comparison with other
approximate methods.

References

1. E.Klipp, R. Heinrich, H.G. Holzhutter, Prediction of temporal gene expression. Metabolic optimization
by re-distribution of enzyme activities. Eur. J. Biochem. 269(22), 54065413 (2002)

2. M. Bartl, P. Li, S. Schuster, Modelling the optimal timing in metabolic pathway activation-Use of
Pontryagin’s Maximum Principle and role of the Golden section. BioSystems 101, 67-77 (2010)

3. D. Oyarzun, B. Ingalls, R. Middleton, D. Kalamatianos, Sequential activation of metabolic pathways: a
dynamic optimization approach. Bull. Math. Biol. 71(8), 1851-1872 (2009)

4. M. Llorens, J.C. Nuno, Y. Rodriguez, E. Melendez-Hevia, F. Montero, Generalization of the theory of
transition times in metabolic pathways: a geometrical approach. Biophys. J. 77(1), 23-36 (1999)

5. N. Torres, Application of the transition time of metabolic systems as a criterion for optimization of
metabolic processes. Biotechnol. Bioeng. 44, 291-296 (1994)

6. R. Vinter, Optimal Control, Systems and Control: Foundations and Applications (Birkhduser Boston
Inc., Boston, 2000)

7. H. Maurer, C. Buskens, J.H.R. Kim, C.Y. Kaya, Optimization methods for the verification of second
order sufficient conditions for bang-bang controls. Optim. Control Appl. Meth. 26, 129-156 (2005)

8. A.Zaslaver, A. Mayo, R. Rosenberg, P. Bashkin, H. Sberro, M. Tsalyuk, M. Surette, U. Alon, Just-in-time
transcription program in metabolic pathways. Nat. Genet. 36(5), 486-491 (2004)

@ Springer



	Optimal control of a linear unbranched chemical process with n steps: the quasi-analytical solution
	Abstract
	1 Introduction
	2 Statement of the problem
	3 Optimal solution
	4 Example: Discussion of the results
	5 Conclusions
	References


