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Preface 
 

The European Commission (EC) has highlight in different occasions the importance 
of mathematics in the resolution of the current societal challenges. Concerning the current 
EU Framework Programme for Research and Innovation, Horizon2020, in 2016 the EC 
launched an online consultation on mathematics in order to nourish the next Horizon2020 
Work Programme (2018-20) with innovative mathematical content.  

As a consequence of this importance, the diverse calls in the future Horizon2020 
Work Programme demand the inclusion of mathematical partners. This fact is not 
mandatory, but the consortia with this component are more valuable. For example, the 
report of the online consultation includes the following paragraph: 

“Whereas mathematics is not a prerequisite in Horizon2020, the various areas 
covered by the programme rely on its development and its use; HPC, Big data, Quantum 
computing just to name a few. Without mathematical tools, future research will be severely 
hampered.”   

This trend is being reflected in national and regional calls. Therefore, the Applied 
Mathematics is in a really key position. The traditional interaction with other important 
areas, such as Engineering, Physics, Chemistry, Computer Science, etc., has been 
fundamental for the consideration of the mathematics nowadays. For example, the use of 
mathematical tools in the well-known and actual Big Data problem, which has all kind of 
companies - small, medium and large - already plays and will continue playing a 
fundamental role in the resolution of this big problem of the XXI century. This is 
determinant in (ciber)security, recommendation in social networks, in productive 
processes, etc.     

Thus, in this great framework, it is a pleasure to welcome you to the 17th 
International Conference on Computational and Mathematical Methods in Science 
and Engineering (CMMSE 2017), which will be held at Rota, Cádiz (Spain), July 4th-8th, 
2017. After seventeen editions, this is a consolidate international conference, which 
provide a comfortable environment in which researchers from different disciplines interact 
and create synergies focus on the achievement of new challenges and based on really 
breakthrough ideas. The current EU framework brings important funding opportunities for 
European partners, but also for important international research groups outside of Europe, 
in which the ideas developed during this conference can be funded.  

The proceedings of CMMSE 2017, which contains the extended abstracts and papers 
accepted to the conference, is a perfect seed for this collaboration. In this edition, it has six 
volumes, the first five correspond to the articles typeset in LaTeX and the sixth to articles 
typeset in Word. The invited speeches given by renowned researchers will also be a starting 
point for the establishment of new challenges. 

CMMSE 2017 covers a wide range of disciplines which have been divided into forty-
five different symposia. High quality papers have been collected in each of these symposia. 
The first symposium entitled High-Performance Computing (HCP) focuses on 
computational problems appearing in many scientific and engineering applications. The 
second one, mathematically modeling the future Internet and developing future Internet 
security technology, is a self-explanatory session. The symposium Computational finance 
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deals with recent advances on modeling and computation in quantitative finance. New 
educational methodologies supported by new technologies is a session to discuss the use 
of new technologies and the possibility of developing new resources to improve the 
teaching and learning activities. In what regards Mathematical models and information-
intelligent systems on transport session, it is dedicated to flow-modeling of particles 
framework whose applications are closely related to traffic flows, pedestrian flows, 
ecology, etc. Computational Methods for Linear and Nonlinear Optimization addresses 
some recent techniques and efficient methods to solve different type of optimization 
problems. New trends in the field of iterative methods for nonlinear problems are presented 
in Numerical Methods for Solving Nonlinear Problems. The 8th symposium entitled Bio-
mathematics presents theoretical and practical applications associated with population 
dynamics, eco-epidemiology, epidemiology of infectious diseases and molecular and 
antigenic evolution. Modeling interesting problems arisen in Computer Science, 
considering algebraic and computational (fuzzy) techniques, is the main goal of 
Mathematical Models for Computer Science. The aim of the symposium Mathematics 
meets Chemistry-Theorical Models at the Nanoscale is to obtain a consistent description 
of the transition from clusters to the solid state, which is a major challenge in computational 
chemistry and physics. 

The session Hypercomplex methods in mathematics and Applied Sciences includes 
new methods for modeling and solving of boundary value problems in fluid mechanics, 
elasticity theory and other related fields. Fixed-point theory has an enormous applicability 
in mathematics, engineering, chemistry, biology, economics, computer science, which 
justifies the great interest in fixed point theory in various abstract spaces and related 
applications. The 13th symposium Industrial Mathematics presents mathematical and 
computational researches related to corporate or government applications and problems 
arising from different economic sectors. Computational methods for fluid flow are 
considered in this conference in order to discuss recent problems and advances in this area. 
A wide variety of topics related to pattern formation in animate and inanimate, patterns 
stationary, travelling or disordered in both space and time, is included in Pattern formation 
in spatially extended systems. Different research fields of fractal and fractional dynamics 
in theoretical and practical studies of Mathematics, Physics, and Engineering will be 
addressed in Fractional calculus and applications. The aim of New Trends on Boundary 
Value Problems is to present and discuss new trends in related fields such as variational 
methods and topological methods. Estimation and control for stochastic systems: theory 
and applications is a forum to discuss the latest approaches on this research topic from 
both theoretical and application perspectives. With respect to Numerical Methods in 
Mathematics and Mechanics, it is a session focused on the study of numerical methods and 
software capabilities related to multi-body system dynamics and equations of motion, 
structural and nonlinear control and modern vibrational methods. Machine Learning 
techniques are increasingly being used to tackle problems in bioinformatics and 
computational biology, hence the importance of the session Mechanical Learning 
Techniques in Bioinformatics. 

The 21th symposium will put particular emphasis on algorithmic issues in the 
treatment of curves and surfaces from the symbolic and also from the numeric point of 
view: Numerical Problems on Algebraic Curves and Surfaces. The session New advances 
in statistical methodologies is intended to show theoretical, applied or computational 
techniques, which separately or in combination, have provide interesting achievements to 
a broad spectrum of statistical methods. Taking into account that Non Newtonian Calculus, 
Theory and Applications is a very novel research topic, the goal of this session is to gather 
the scientific community working on this framework in order to discuss and exchange 

http://gsii.usal.es/cmmse/index.php?option=com_content&task=view&id=2&Itemid=3#ms5
http://gsii.usal.es/cmmse/index.php?option=com_content&task=view&id=2&Itemid=3#ms5
http://gsii.usal.es/cmmse/index.php?option=com_content&task=view&id=2&Itemid=3#ms7
http://gsii.usal.es/cmmse/index.php?option=com_content&task=view&id=2&Itemid=3#ms7
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ideas. Different techniques to determine effective properties in elasticity and conductivity 
of heterogeneous materials such as homogenization and micromechanic are given in the 
symposium: Homogenization of Partial Differential Equations. Micromechanics. 
Elasticity and conductivity of composite materials. The stability, growth and prosperity of 
an economy as well as the wellbeing of society is affected by the increasing frequency and 
severity of natural and human-caused disasters. This fact justifies the great significance of 
the symposium entitled Mathematical modeling of Man-made Natural disasters: forest fire 
& environmental pollution. The session, Recent trends in the analysis and computations of 
nonlinear partial differential equations and systems, will pay special attention the 
investigation of analytical features of the solutions of nonlinear problems and the analysis 
of approximation techniques to simulate them. Control and estimation for Cyberphysical 
and Distributed parameter systems aims at processing problems corresponding to this topic 
in a unified manner and to propose generic and widely applicable solutions for robotics, 
transportation and socioeconomic systems, etc.  

Current theoretical and computational advances concerning the numerical treatment 
of rank structured matrices and their applications will be introduced in Rank structured 
matrices: recent developments and new perspectives. Novel trends in the field of 
computational intelligence methods such as genetic algorithms, evolutionary strategies and 
ant colony optimization, among others, will be analysed in the session Computational 
intelligence methods for solving complex optimization problems. An interesting discussion 
about the latest findings in nonlinear wave theory will be carried out during the symposium 
Dynamics and stability of nonlinear wave patterns. New research developments to push 
flow control understanding and applications, as well as the study different devices capable 
of interacting with the fluid boundary layer, will be presented in the conference session 
entitled Flow Control, Active/Passive. The main purpose of the symposium Numerical 
Linear Algebra Methods for Large Scale Scientific Computing is to collect methods for 
solving linear algebra problems derived from the discretization of partial differential 
equations and optimization problems. Mathematics, Science and Engineering Education 
analyzes the use of new ICT tools in teaching methods corresponding to different 
educational levels. Recent trends in the development of meshless or meshfree methods and 
applications is a session which offers the opportunity to discuss current progresses in this 
area. The 35th symposium entitled Contemporary Approaches in Multivariate 
Representations and Approximation Methods for Discrete and Continuous Mathematical 
Objects is designed to focus on mostly multivariate problems encountered in science and 
engineering. 

Lie Symmetry Analysis and Conservation Laws for Nonlinear Differential Equations 
and Applications covers the modelization of real world problems by means of nonlinear 
differential equations. Statistical Modeling and Applications are considered in this 
conference in order to show the new theoretical steps on this research line and on its 
applications. All topics related to orthogonal polynomials and their use in solving real-life 
problems will be covered in Orthogonal Polynomials and Applications. Complex Networks 
covers general phenomena which can be modelled as networks where a number of 
individuals interact over a complex networked structure. Data Analysis and Modeling 
Science and Engineering: Numerical Methods and Computational Approaches aims to 
discussing recent trends in data analysis, forecast and modeling focusing on the numerical 
aspects and computational approaches for the analysis and classification of large data sets. 
Multiscale modeling of solid/fluid systems with focus on structures, thermodynamic 
properties and industrial applications presents new results and developments within this 
fascinating area. The session Theoretical and computational of the free boundary problems 
considers results obtained from the both theoretical and computational view of a free 
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boundary problems which include the stationary and evolutionary variational, quasi-
variational inequalities and Hamilton-Jacobi-Bellman. The 43rd symposium Processing, 
modeling, and describing time series offers an international forum for the presentation of 
original results in this field. Data mining and engineering aims at joining the contemporary 
innovations about data mining and the related area of data engineering. Finally, the last 
symposium, Metaheuristics in science and engineering deals with contemporary 
approaches in the context of metaheuristics focusing on applications in real problems or 
simulated scenarios. 

We would like to finish this preface expressing our deepest gratitude to the plenary 
speakers for their outstanding contributions to research and leadership in their respective 
fields. We are also most grateful to the special session organizers and scientific committee 
members. Working with an efficient and capable team has been fundamental in the 
execution of CMMSE 2017. Finally, it is important to mention that this conference would 
not have been possible without the interest and enthusiasm of all participants. Therefore, 
we can only conclude this preface giving them thanks and a cordial welcome. We hope you 
enjoy the conference. 

 
 

Costa Ballena, Rota, Cádiz (Spain), July 3rd, 2017  
 

 
                                      I. P. Hamilton, J. Medina & J. Vigo-Aguiar 
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Abstract

Some recent results on linear-time solvers, e.g. based on incomplete or full Givens
reduction, for determined linear systems with matrix coefficient having a particular
sparse or low-rank structure are pointed out. These results have motivated its possible
application to matrices of related interest.

Key words: Linear-time solvers, large-order linear systems, Givens reduction,
low-rank structured matrices.

1 Extended abstract

Fast algorithms have been proposed recently for both linear systems and inversion methods,
where particular kinds of large-order matrices arising in applications are involved. More
precisely, for general k-tridiagonal [1, 2], bordered tridiagonal [3], bordered k-tridiagonal
[4], opposite-bordered tridiagonal [5], and comrade matrices [6], where different approaches
were applied.

A sequential numerical algorithm based on tridiagonal solvers to manage comrade linear
systems was introduced in [6]. In [1], a direct algorithm was design for inverting k-tridiagonal
matrices based on symbolic computation. This symbolic approach is based on the following
known fact. Let A(λ) be the matrix obtained from A by changing the entry ai,j by ai,j(λ),
such that, when λ→ 0, ai,j(λ)→ ai,j . Thus limλ→0A(λ) = A, component-wise. Therefore,
if A is nonsingular, there exists δ, with 0 < |λ| < δ, satisfying limλ→0A

−1(λ) = A−1,
component-wise. Also, such symbolic strategy has been applied for inverting other related
matrices and to solve linear systems, e.g. the opposite-bordered tridiagonal ones [5].
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The solution of the determined linear system, formulated by using the vector linear
equation

Ax = b; withA ∈ GLn (R) , and x, b ∈ Rn, (1)

with GLn (R) the general linear group of the (n× n) real matrices and the matrix A
nonsingular bordered tridiagonal, shortly GNBT, was computed in [3] using a sequential
numerical solver. It was based on an incomplete or full Givens reduction of the GNBT
matrix A, depending on whether the tridiagonal submatrix associated with A is nonsingular
or singular, respectively. Therefore, the GNBT linear system (1) was transformed in an
equivalent, but simpler, nonsingular bordered triangular system and the vector solution x
was computed using the useful Sherman-Morrison formula or an adapted back substitution.
Using a similar procedure, this numerical procedure was also extended on the bordered
k-tridiagonal, shortly GNBkT, matrices in [4].

As a result, when the tridiagonal (k-tridiagonal) matrix, associated with the GNBT
(GNBkT) matrix A, is singular, then a linear-time solver for the corresponding linear system
was obtained independently of the LU factorizations of such matrices. Nevertheless, as was
advised in [3], when such associated matrix is singular, the Givens reduction of A can give a
dense triangular matrix, or having rows with full nonzero entries. It can generate numerical
instability. Infrequently, the Sherman-Morrison formula can generate also instabilities. To
avoid these drawbacks, specialized subroutines should be used, e.g. the basic linear algebra
subroutines, BLAS.

The (unique) QR factorization of a nonsingular k-tridiagonal matrix [1, 2], a particular
type of GNBkT matrix, is sparse, independently of the existence of its LU factorization.
Therefore, the determined linear systems (1) with such matrix coefficient can be solved in
linear time using Givens reduction of the k-tridiagonal matrix coefficient and an adapted
back substitution [2].

Since the speedup and reliability of the numerical solvers from [2], [3], and [4], when
the correspondent matrices, or associated submatrices, have a sparse and unique QR
factorization, we ask about their applications on vector, or matrix, equations involving
opposite-bordered tridiagonal [5], comrade [6], and other sparse and low-rank structured
matrix coefficients arising in applications. Some preliminary results on opposite-bordered
tridiagonal and also on comrade linear systems have given support for a positive answer.

The search of necessary as well as sufficient conditions to obtain linear-time solvers for
these classes of linear systems, related with the structure of the matrix coefficients, or that
of some of its associated submatrices, and its correspondent QR (or LU) factorization, can
be a challenging line.

This numerical approach should be extended to find fast algorithms for linear systems
with dense but low-rank structured matrices, e.g. on particular subclasses of generalized
Hessenberg matrices [7].
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Abstract

The efficient exploitation of the computational capabilities of mobile devices is still
a challenge. The heterogeneity of Systems on Chip (SoC) requires specific knowledge of
their hardware in order to harness their full potential. OpenCL is a standard for cross-
platform access to accelerator devices. By following an annotation-based approach we
can automatically translate a program written in a high-level language into OpenCL.
This helps to reduce the cost of development of OpenCL code for mobile devices. With
our approach, the programmer can select from different target languages the one that is
better suited to implement each section of an application. Our automatically-generated
OpenCL code can outperform Renderscript in many cases.

Key words: parallelizing compiler, source-to-source translation, annotation based,
opencl, android, heterogeneous architecture

1 Introduction

Modern SoCs now integrate technologies previously only available in servers and desktop
computers, such as multicore CPUs, GPUs and DSPs, in a reduced form factor and under
higher energy consumption constraints. The architecture of these devices is composed of a
set of heterogeneous processors and a single memory that is shared between them. Some of
the most relevant SoCs in the market today are Samsung Exynos, Qualcomm Snapdragon,
Apple Ax and Nvidia Tegra, which are all based on ARM technology.

Due to these features, a software developer looking for the fastest or most energy-
efficient way of running an algorithm on mobile devices, usually needs to develop parallel
code to run on the best fitting processor available. Even though companies behind the
most widely used mobile operating systems, such as Android or iOS, provide development
frameworks that ease the creation of applications for their platforms, their support for high
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performance computing is still limited. They provide programming languages, like Render-
script and Metal, that provide a higher-level view on the hardware and a way to accelerate
parallel algorithms. However, learning these languages and developing applications with
them require a non-trivial effort from programmers.

Lower-level computing APIs, such as CUDA [4] or OpenCL [5], can provide the best
performance because of the finer control they provide, but that requires taking the specific
hardware architecture of each device into consideration and spending a much larger amount
of time fine-tuning the code. In the context of mobile architectures, the existing hetero-
geneity makes this prohibitely expensive. The key to achieving high performance at a low
development cost has to come from powerful abstractions that let an automated system
make use of these lower-level APIs in a cross-platform and efficient way.

Paralldroid [1, 2, 3] is a development framework that allows the automatic generation
of Native C and Renderscript code for Android devices. This system defines a reduced set
of annotations that, applied to the main components of a Java class, indicate the required
memory movements and parallel methods of that class. It always creates a Java class with
the API of the original class and some additions, enabling a seamless integration with the
rest of the application. It is an evolution over other annotation-based approaches such as
OpenACC or OpenMP, because it defines higher level anotations, and it is better suited to
the object-oriented programming paradigm.

The main contributions of this paper are:

• The OpenCL programming model, whose importance is well known in desktop sys-
tems, is introduced to mobile devices by allowing transparent execution from Android
Java applications.

• OpenCL support opens the possibility to develop accelerated Java applications for
platforms other than Android using Paralldroid. The only requirements for these
platforms are Java and OpenCL support.

• Our new approach lets high-level Java developers take advantage of more efficient GPU
executions without modifying the annotated Java code. Performance improvements
come from the use of a lower-level library for heterogeneous computing and, therefore,
an increase in the code generation process complexity.

2 Methodology

In Android, applications are written mainly in Java, but it is also possible to use the Java
Native Interface (JNI) to implement methods in C/C++, and Renderscript to accelerate
parallel algorithms.

Paralldroid is embedded in the compilation process of OpenJDK, and is able to process
the Abstract Syntax Tree (AST) of the Java code detecting a custom set of annotations,
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summarized in Table 1. Depending on the target language selected for each class, a set
of translator classes will be created and used to process them. These translators turn the
original code and annotations into another AST that will be converted into code.

Annotation Applied to Parameters Scope

@Target Classes value —
@Map Fields, method parameters value @Target
@Declare Fields, methods size @Target
@Parallel Methods — @Target
@Input Method parameters — @Parallel
@Output Method parameters — @Parallel
@NumThreads Methods, method parameters field @Parallel
@Index Method parameters — @Parallel

Table 1: Paralldroid annotations

For OpenCL support we implemented three translators. The Java translator generates
a modified Java code that interfaces with the Java application, keeping the same interface
as the original class, while forwarding the code execution to a native context. The native
translator generates C code that handles communications with the Java context through
JNI and with the OpenCL context, acting as the OpenCL host code that sets up memory
buffers and enqueues commands. The OpenCL C translator generates the parallel kernels
and support functions that get embedded as a string constant into the native source code
and compiled at runtime. A native support library implements error handling routines and
manages shared OpenCL resources, such as the context, platform, command queue, etc.

This way, developers do not have to modify the rest of the application when testing
different backends, and they can improve the generated code by hand if necessary. This
greatly simplifies the process of accelerating parallel algorithms in Android.

3 Computational results

In Figure 1 we show the results we obtained by running a set of image processing algorithms
implemented in Java and Paralldroid-generated Renderscript and OpenCL, in the Sony
Xperia Z (labelled SXZ) and Odroid XU3 (labelled XU3) devices. In the XU3, we found
that OpenCL execution was slower than Renderscript due to our limitation to use only one
GPU, whereas in this device the GPU is partitioned and reported as two separate GPUs by
the OpenCL driver. Furthermore, all Renderscript executions are performed by the CPU,
which turned out to be faster than the GPU in this platform. However, when Renderscript
and OpenCL run on the same hardware, we find that our OpenCL code runs faster in most
cases.
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Figure 1: Speed-up obtained with respect to the sequential Java version
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Abstract

The analysis of damping phenomena, that occur in many physics and engineering
problems, reformulated in terms of boundary integral equations and solved via the
boundary element method is a novelty. In this context, we develop here an extension
of the so-called energetic boundary element method, recently proposed in literature,
for soft and hard scattering of 2D damped waves by open arcs, directly in space-time
domain. The presented numerical results confirm accuracy and stability of the proposed
technique, already proved for the numerical treatment of undamped wave propagation
problems in several dimensions and for the 1D damped case.
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1 Introduction

Wave propagation and scattering are two of the most studied physics phenomena that can
be well described by mathematical models, leading to the problem of solving linear hyper-
bolic partial differential equations (PDEs) in two or three dimensional space [1, 2]. These
problems are normally considered in an unbounded homogeneous domain and a method to
tackle them can be the reformulation of the PDE as a boundary integral equation (BIE) on
the usually bounded boundary of the domain, which then is numerically solved using the
boundary element method (BEM) [3].
In the context of wave propagation, while the elastic forces tends to maintain the oscillatory
motion, the transient effect dies out because of energy dissipations. The process of energy
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dissipation is generally referred to as damping. The analysis of damping phenomena that
occur, for example, in fluid dynamics, in kinetic theory and in semiconductors, is of par-
ticular interest: the dissipation is generated by the interaction between the waves and the
propagation medium and can be also closely related to the dispersion, as in the interactions
between water streams and surface waves or in ferromagnetic materials. On the other side,
in mechanical systems, in general, damping has the effect of reducing the amplitude of vi-
bration and, therefore, it is desirable to have some amount of damping in order to achieve
stability in a faster way. Hence, damping is whether an unavoidable presence in physical
reality or a desired characteristic in design.
The use of advanced numerical techniques to solve the related PDEs, such as finite element
(FEM) and the finite difference (FDM) methods is well established and it is standard in this
framework, even if the research of a numerical method that could reproduce the expected
damping decay is an actual argument in literature [4, 5, 6]. On the other hand, in the con-
text of BEMs, the analysis of dissipation through damped wave equation rewritten as a BIE
is a relatively new topic, because it has been scarcely investigated until now. Since wave
propagation phenomena are often observed in infinite media (domain) where Sommerfeld
radiation condition holds, a suitable numerical method has to ensure that this condition is
not violated. For example, FEMs need the application of special techniques to fulfill this
condition that, on the contrary, is implicitly fulfilled by BEM.
In principle, both frequency-domain and time-domain BEM can be used for hyperbolic
initial-boundary value problems [7, 8, 9, 10]. Space-time BEM has the advantage that it di-
rectly yields the unknown time-dependent quantities. In this last approach, the construction
of the BIEs, via representation formula in terms of single and double layer potentials, uses
the fundamental solution of the hyperbolic partial differential equation and jump relations
[11, 12]. The mathematical background of time-dependent boundary integral equations is
summarized by M. Costabel in [13].
For the numerical solution of the damped wave equation in 1D unbounded media, we have
already considered in [14, 15, 16] the extension of the so-called energetic BEM, introduced
for the undamped wave equation in several space dimensions [17, 18, 19]. Energetic BEM
is based on a weak formulation directly expressed in the space-time domain, thus avoiding
the use of the Laplace transform and of its inversion suggested in [11].
The analysis carried out for 1D damped wave propagation problems allowed to fully un-
derstand the approximation technique for what concerns marching on time, avoiding space
integration with BEM singular kernels and it was considered as a touchstone for the ex-
tension to higher space dimensions, which is done here for the 2D case. In particular, we
will treat soft and hard scattering of damped waves by open arcs. Also in this context, the
energetic approach gives consistent approximations and accurate numerical solutions.
The paper is structured as follows: at first, we present the differential model problem out-
side an open arc in the plane, equipped by Dirichlet boundary conditions (soft scattering),
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and we introduce the corresponding boundary integral weak formulation. Then, we illus-
trate the consequent energetic BEM discretization. Further, to complete the presentation,
we describe an analogous model problem equipped by Neumann boundary condition (hard
scattering), always discretized by energetic BEM. At last, some numerical benchmarks are
introduced and discussed, showing, from a numerical point of view, stability and accuracy
of the obtained numerical solutions.

2 Model problem for soft scattering and its weak boundary
integral formulation

We consider a Dirichlet problem in a bounded time interval [0, T ] for the damped wave
equation exterior to an obstacle, given by an open arc Γ ⊂ R2:[

∆u− 1

c2
utt −

2D

c2
ut −

P

c2
u
]
(x, t) = 0, x ∈ R2 \ Γ, t ∈ (0, T ] (1)

u(x, 0) = ut(x, 0) = 0, x ∈ R2 \ Γ, (2)

u(x, t) = ū(x, t), x ∈ Γ, t ∈ (0, T ] , (3)

where c is the propagation velocity of a perturbation inside the domain, D and P are the
viscous and material damping coefficients, respectively. Equation (1) appears in different
contexts, from electric transmission to sound propagation, from primary or secondary seis-
mic wave propagation in presence of intrinsic attenuation to quantum field theory.
When D = P = 0 the given PDE collapses to the classic wave equation. The boundary
datum ū(x, t) represents the value of the excitation field over Γ.
Since we want to discretize the above problem using BEM, we have to rewrite it in a
boundary integral form. This can be done using classical arguments and the knowledge of
the fundamental solution of the 2D damped wave operator. Hence, we start writing the
single-layer representation of the solution of (1)-(3):

u(x, t) =

∫
Γ

∫ t

0
G(x− ξ, t− τ)φ(ξ, τ) dτ dγξ, x ∈ R2 \ Γ, t ∈ (0, T ], (4)

where the unknown density φ =

[
∂u

∂n

]
Γ

represents the time history of the jump of the

normal derivative of u along Γ and

G(x, t) =


c

2π e
−Dt

cos

(√
P−D2

c

√
c2t2−‖x‖2

)
√
c2t2−‖x‖2

H[c t− ‖x‖] , P ≥ D2

c
2π e

−Dt
cosh

(√
D2−P
c

√
c2t2−‖x‖2

)
√
c2t2−‖x‖2

H[c t− ‖x‖] , P ≤ D2

(5)
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is the forward fundamental solution of the 2D damped wave operator, with H[·] the Heavi-
side distribution. Definition (5) switches from cos(·) to cosh(·) depending on the reciprocal
magnitude of P and D2: when P > D2 we are in the so-called underdamping configuration,
when P < D2 we are in overdamping configuration, while the separation state P = D2,
referred to the vanishing of both cos(·) and cosh(·) arguments, is called critical damping.
Note that in the limit for D, P tending to 0, G(x, t) tends to the fundamental solution of
the 2D undamped wave operator.
Now, it is clear that if we want to recover the solution of the differential problem at any point
outside the obstacle and at any time instant, we have to proceed with a post-processing
phase provided that we know the density function φ(x, t). Hence, since the extension of u
in (4) for x tending to Γ is continuous, the unknown density φ can be determined via the
assigned Dirichlet boundary condition (3). This results in the space-time BIE∫

Γ

∫ t

0
G(x− ξ, t− τ)φ(ξ, τ) dτ dγξ = ū(x, t), x ∈ Γ, t ∈ [0, T ], (6)

which can be written with the compact notation

V φ = ū. (7)

The energetic weak formulation of problem (7) is defined similarly as in [18] and it can be
deduced observing that, multiplying the PDE (1) by ut, integrating over [0, T ] × (R2 \ Γ)
and using integration by parts in space, one obtains that the energy E(u, T ) of the solution
u at the final time of analysis T , defined by

1

2

∫
R2\Γ

[
‖∇xu(x, T )‖2 +

1

c2
u2
t (x, T ) +

P

c2
u2(x, T ) +

4D

c2

∫ T

0
u2
t (x, t)dt

]
dγx (8)

can be rewritten as

E(u, T ) =

∫
Γ

∫ T

0
ut(x, t)

[∂u
∂n

]
Γ
(x, t) dt dγx . (9)

Hence, remembering the nature of our BIE which is expressing the time history of u over
Γ, we can derive it w.r.t. time and write down the energetic weak problem associated to
(7) as:
find φ ∈ L2([0, T ];H−1/2(Γ)) such that∫

Γ

∫ T

0
(V φ)t(x, t)ψ(x, t) dt dγx =

∫
Γ

∫ T

0
ūt(x, t)ψ(x, t) dt dγx , (10)

where ψ is a suitable test function, belonging to the same functional space of φ.
With an integration in the sense of distributions, we can equivalently write∫

Γ

∫ T

0
(V φ)(x, t)ψt(x, t) dt dγx =

∫
Γ

∫ T

0
ū(x, t)ψt(x, t) dt dγx . (11)
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The theoretical analysis of the quadratic form coming from the left-hand side of (10) was
carried out for P = D = 0 in [18] where, under suitable hypothesis, coercivity was proved
with some technicalities. This allowed us to deduce stability and convergence of the related
Galerkin approximate solution, which here, for the case of non-trivial damping coefficients,
will be verified from a numerical point of view.

3 Energetic BEM discretization

We consider on the obstacle Γ, a boundary mesh constituted by M∆x straight elements
{e1, · · · , eM∆x}, with length(ei) ≤ ∆x, ei ∩ ej = ∅ if i 6= j and such that

⋃M∆x
i=1 ei coincides

with Γ if the obstacle is (piece-wise) linear, or is a suitable approximation of Γ, otherwise.
The functional background compels one to choose space shape functions belonging to L2(Γ),
although higher degree shape functions can be used. Hence we use standard piece-wise
constant polynomial boundary element functions wj(x), j = 1, · · · ,M∆x, suitably defined
in relation to the introduced mesh over Γ.
For time discretization we consider a uniform decomposition of the time interval [0, T ] with
time step ∆ t = T/N∆t , N∆t ∈ N+, generated by the N∆t + 1 instants

tk = k∆ t, k = 0, · · · , N∆t , (12)

and we choose piece-wise constant time shape functions. Note that, for this particular
choice, our shape functions, denoted with vk(t), k = 0, · · · , N∆t − 1, will be defined as

vk(t) = H[t− tk]−H[t− tk+1] . (13)

Hence, the approximate solution of the problem at hand will be expressed as

φ(x, t) '
N∆t−1∑
k=0

M∆x∑
j=1

α
(k)
j wj(x) vk(t). (14)

The Galerkin BEM discretization coming from energetic weak formulation (11) produces
the linear system

Aα = b , (15)

of order M∆x ·N∆t, where matrix A has a block lower triangular Toeplitz structure. Each
block has dimension M∆x. If we indicate with A(`) the block obtained when th − tk =
`∆t, ` = 0, . . . , N∆t − 1, the linear system can be written as

A(0) 0 0 · · · 0

A(1) A(0) 0 · · · 0

A(2) A(1) A(0) · · · 0
· · · · · · · · · · · · 0

A(N∆t−1) A(N∆t−2) · · · A(1) A(0)




α(0)

α(1)

α(2)

...

α(N∆t−1)

 =


b(0)

b(1)

b(2)

...

b(N∆t−1)

 (16)
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where
α(`) =

(
α

(`)
j

)
and b(`) =

(
b
(`)
j

)
, j = 1, . . . ,M∆x . (17)

The solution of (16) is obtained with a block forward substitution, i.e. at every time instant
t` = `∆t, ` = 0, · · · , N∆t − 1, we solve a reduced linear system of the type

A(0)α(`) = b(`) − (A(1)α(`−1) + · · ·+A(`)α(0)). (18)

Procedure (18) is a time-marching technique, where the only matrix to be inverted is the
symmetric positive definite diagonal block A(0), while all the other blocks are used to update
at every time step the right-hand side. Owing to this procedure we can construct and store
only the blocks A(0), · · · , A(N∆t−1) with a considerable reduction of computational cost and
memory requirement.
Further, matrix elements are generated by suitable quadrature schemes, already used in
[18], taking into account kernel singularity.

4 The case of hard scattering

Here, the scattered wave u(x, t) satisfies problem (1)-(2), equipped now by Neumann bound-
ary conditions:

q(x, t) :=
∂u

∂n
(x, t) = q̄(x, t), x ∈ Γ, t ∈ (0, T ] , (19)

where the datum q̄ represents the opposite of the normal derivative of the incident wave
along Γ, i.e. q̄ = −∂uI

∂n .
In order to obtain a boundary integral reformulation of the problem at hand, we consider
the double-layer representation of the solution :

u(x, t) =

∫
Γ

∫ t

0

∂G

∂nξ
(x− ξ, t− τ)ϕ(ξ, τ) dτ dγξ, x ∈ R2 \ Γ, t ∈ (0, T ], (20)

where the unknown density ϕ = [u]Γ represents the time history of the jump of u along Γ
and G is given in (5).
Again, it is clear that if we want to recover the solution of the differential problem at any
point outside the obstacle and at any time instant, we have to proceed with a post-processing
phase provided that we know the density function ϕ(x, t), which can be determined applying
the normal derivative w.r.t. x to (20) and using the assigned Neumann boundary condition
(19). This results in the hyper-singular space-time BIE∫

Γ

∫ t

0

∂2G

∂nx∂nξ
(x− ξ, t− τ)ϕ(ξ, τ) dτ dγξ = q̄(x, t), x ∈ Γ, t ∈ [0, T ], (21)
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which can be written with the compact notation

Dφ = q̄. (22)

For this model problem, the energy (8) can be rewritten as

E(u, T ) =

∫
Γ

∫ T

0
[ut]Γ(x, t)

∂u

∂n
(x, t) dt dγx . (23)

Hence, remembering the nature of our BIE which is expressing the time history of ∂u
∂n over

Γ, we can write down the related energetic weak problem as:

find ϕ ∈ H1([0, T ];H
1/2
0 (Γ)) such that∫

Γ

∫ T

0
(Dϕ)(x, t)ψt(x, t) dt dγx =

∫
Γ

∫ T

0
q̄(x, t)ψt(x, t) dt dγx . (24)

where ψ is a suitable test function, belonging to the same functional space of ϕ.

Also in this case, the theoretical analysis of the quadratic form coming from the left-hand
side of (24) was carried out for P = D = 0 in [21] where, under suitable hypothesis, coerciv-
ity was proved with some technicalities. This allowed us to deduce stability and convergence
of the related Galerkin approximate solution, which here, for the case of non-trivial damping
coefficients, will be verified from a numerical point of view.

For what concerns the energetic BEM discretization, we consider on the obstacle Γ, the
boundary mesh already described at the beginning of Section 3. The functional background
compels one to choose space shape functions belonging to H1

0 (Γ), although higher degree
shape functions can be used. Hence we use standard piece-wise linear polynomial boundary
element functions wj(x), j = 1, · · · ,M∆x − 1, suitably defined in relation to the introduced
mesh over Γ.
For time discretization we consider a uniform decomposition of the time interval [0, T ] with
time step ∆ t = T/N∆t , N∆t ∈ N+, generated by the N∆t + 1 instants (12) and we choose
piece-wise linear time shape functions. Note that, for this particular choice, our shape
functions, denoted with vk(t), k = 0, · · · , N∆t − 1, will be defined as

vk(t) = R(t− tk)− 2R(t− tk+1) +R(t− tk+2) , (25)

where R(t− tk) = t−tk
∆ t H[t− tk] is the ramp function. Hence, the approximate solution of

the problem at hand will be expressed as

ϕ(x, t) '
N∆t−1∑
k=0

M∆x−1∑
j=1

α
(k)
j wj(x) vk(t). (26)

The Galerkin BEM discretization coming from energetic weak formulation (24) produces a
linear system analogous to (15) and with the same properties. Matrix elements are generated
by suitable quadrature schemes, already used in [21], taking into account kernel singularity.
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5 Numerical results

In the following, we will present and discuss numerical results obtained by energetic BEM
applied to for 2D Dirichlet or Neumann damped wave propagation exterior problems.
At first, we consider the problem (1)-(2)-(3) with Γ = {x = (x, 0) |x ∈ [−0.5, 0.5]} and the
Dirichlet boundary datum

ū(x, t) = −H[t]f(t)x, where f(t) =


sin2(4π t) , if 0 ≤ t ≤ 1

8

1 , if t ≥ 1

8
,

(27)

taken from [18]. The velocity is fixed as c = 1.
We choose a uniform decomposition of Γ in 40 straight elements (∆x = 0.025) and we set
∆t = 0.025. In Figure 1, we show the time history of the approximate solutions φ(x, t) of
BIE (6), on the straight element e10 and on the time interval [0, T ] = [0, 2], for P = 0 varying
D = 0, 1, 2, 5, 10, 20 (left) and for D = 0 varying P = 0, 1, 10, 20 (right). Note the effects
of increasing viscous and material damping, which substantially change the aspect of the
solution related to the classical wave equation, visible in the graphs for trivial parameters.

Figure 1: Time history of φ(x, t) on element e10, for P = 0 (left) and D = 0 (right).

Since the Dirichlet datum becomes independent of time, it has been numerically checked
on the time interval [0, T ] = [0, 60] that, for P = 0, the BIE transient solution φ(x, t) on
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Γ tends to the stationary one φ∞(x), i.e. the solution of the BIE related to the following
Dirichlet problem for the Laplace equation:

∆u∞(x) = 0, x ∈ R2 \ Γ
u∞(x) = −x, x ∈ Γ
u∞(x) = O(1), ‖x‖ → ∞

(28)

while, for P > 0, the transient solution φ(x, t) on Γ tends to the stationary one φ∞,k(x) ,
i.e. the solutions of the BIE related to the following Dirichlet problem for the Helmholtz
equation:

∆u∞,k(x) + k2u∞,k(x) = 0, x ∈ R2 \ Γ
u∞,k(x) = −x, x ∈ Γ

u∞,k(x) = O(‖x‖−1), ‖x‖ → ∞
(29)

with wave number k =
√
−P/c2.

For the case of hard scattering, we consider the model problem (1)-(2)-(19) fixing Γ =
{x = (x, 0) |x ∈ [0, 1]}, c = 1, [0, T ] = [0, 5] and Neumann boundary datum coming from
an incident plane linear wave uI(x, t) propagating in direction k = (cos θ, sin θ), i.e.

q̄(x, t) = − ∂

∂nx
f(t− k · x)

∣∣∣
Γ
. (30)

with f(t) = 0.5 tH[t]. In this case, the Neumann datum (30) tends to the constant value
q̄θ = 0.5 sin θ, when t tends to infinity, so we expect that the approximate transient solution
ϕ(x, t) of BIE (21) on Γ will tend to the BIE solution of the corresponding Laplace (P = 0)
or Helmholtz (P > 0) problems, equipped with the same Neumann datum q̄θ.

For an incident angle of π/3, in Figure 2 on the left we present for D = 1 and P = 0, the
transient solution ϕ(x, T ) on Γ at the final time instant of analysis, which can be compared
with the corresponding static solution shown in the same Figure on the right. A similar
comparison can be done looking at Figure 3, having fixed π/3, D = 0 and P = 1.
In both cases, the approximate solutions obtained by energetic BEM with discretization
parameters fixed as ∆x = 0.05 and ∆t = 0.05 show an optimal accuracy.

Acknowledgements

This work has been partially supported by INdAM-GNCS 2017 Project ”Nuove tecniche
numeriche per la risoluzione di problemi evolutivi mediante il metodo degli elementi di
contorno”.

c©CMMSE ISBN: 978-84-617-8694-7Page 17 of  2288



Energetic BEM for soft and hard scattering

Figure 2: ϕ(x, T ) on Γ, for D = 1, P = 0 (left) and corresponding static solution (right).
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Abstract

A new method, the so-called SABO (Semi-Analytical method for pricing of Barrier
Options), recently introduced in literature for the evaluation of barrier options, is here
described. The method, already applied in the context of European options, is now
extended to Asian options with geometric mean.
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1 Introduction

The variety of financial products in recent years grew much quicker than ever before. The
recent financial crisis has highlighted the need for a more scientific approach to the problem
of pricing of these products, taking advantage of more advanced statistical and mathemat-
ical skills and of the availability of numerical techniques and faster computer systems.
In particular in this paper we will illustrate a new algorithm, the so-called SABO (Semi-
Analytical method for pricing of Barrier Options), to evaluate Asian options with barriers.
Asian options are derivative contracts whose payoff at maturity depends on the (geometric
or arithmetic) average value of an underlying asset over some time interval; in the case of
“barrier option”, these contracts get into existence or extinguish when the underlying asset
reaches a certain barrier value. With respect to European vanilla option, the buyer has
a reasonable protection against inconvenient fluctuations in the underlying price and the
issuer can attain a better forecasting of the terminal position.
For standard Asian options with geometric mean equipped with floating or fixed strike
price, closed formula solutions are available [7] but if the contract involves non standard
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payoffs or arithmetic mean or barriers, numerical techniques are unavoidable. The pricing
is then traditionally based on Monte Carlo methods [7] or on domain methods, such as
Finite Volume Methods [9] and Finite Difference methods [2], but Monte Carlo methods
are affected by high computational costs and inaccuracy due to their slow convergence and
domain methods have some troubles particularly in unbounded domains.
Barrier options are largely exchanged as they are good products for hedging and investment
and they are cheaper than vanilla options but, for Asian options, we found in literature only
the analysis of [1] which provides rigorous bounds in the arithmetic mean case.
SABO has been recently introduced for the computation of European barrier options within
various differential models ([4], [5] and[6]). This new approach, based on Boundary Ele-
ment Method turns out to be stable and efficient especially when the differential problem is
defined in an unbounded domain and the data are assigned on a limited boundary (which
is the case of the “barrier options”). The method is particularly advantageous for its high
accuracy, for the implicit satisfaction of the far-field behavior of the solution and for the low
discretization costs. Moreover it provides a straight hedging computation. The essential
requisite, that makes it not as general as other numerical methods is that, for its appli-
cation, we need the knowledge of the transition probability density related to the vanilla
option problem at least in an approximated form.
The method is here extended to Asian barrier options evaluated with geometric mean that,
although not common among practitioners, give some information also about the evalu-
ation of Asian barrier options with arithmetic mean. This work can be conceived as an
intermediate and preparatory step in this last direction.

2 The model problem

A geometric Asian option V is an option depending on the evolution of the stock price St
and on the geometric average of the stock price over some time interval

At :=

∫ t

0
log(St)dt .

If the stochastic process St is modeled by the usual geometric Brownian motion

dSt = rStdt+ σStdWt

where r denotes the risk free interest rate, σ the volatility and Wt a standard Wiener process,
then, At is a lognormal stochastic process too.
With the classical hedging arguments applied in the Black-Scholes framework, it is possibile
to conclude that the Asian option value V (S,A, t) solves the following partial differential
equation (PDE):

∂V

∂t
+
σ2

2
S2∂

2V

∂S2
+ rS

∂V

∂S
+ log(S)

∂V

∂A
− rV = 0 S ∈ R+, A ∈ R, t ∈ [0, T ) . (1)

c©CMMSE ISBN: 978-84-617-8694-7Page 22 of  2288



A. Aimi and C. Guardasoni

Different final boundary conditions (payoffs) define different types of contract, such as:

floating strike call V (S,A, T ) = max

(
S − exp

(
A

T

)
, 0

)
floating strike put V (S,A, T ) = max

(
exp

(
A

T

)
− S, 0

)
fixed strike call V (S,A, T ) = max

(
exp

(
A

T

)
− E, 0

)
fixed strike put V (S,A, T ) = max

(
E − exp

(
A

T

)
, 0

)

for S ∈ R+, A ∈ R and E the strike price.
Some boundary conditions are implicitly satisfied by V through its payoff behavior and
they are such to assure existence and uniqueness of the Cauchy partial differential problem
solution. The exact solution can be defined by an integral form as payoff expected value
and it can be therefore employed also with more general payoff contracts:

V (S,A, t) =

∫ +∞

−∞

∫ +∞

0
V (S̃, Ã, T )G(S,A, t; S̃, Ã, T )dS̃ dÃ . (2)

The function G(S,A, t; S̃, Ã, t̃) is the transition probability density function (PDF), also
known as Green’s function or fundamental solution of the partial differential operator. As
a function of (S,A, t) ∈ R+ × R× [0, T ) the PDF solves (1) and, as a function of (S̃, Ã, t̃),
it solves the backward Kolmogorov equation adjoint of (1):

for each (S,A, t) ∈ R+ × R× [0, T )

 −
∂G

∂t̃
+
σ2

2
S̃2∂

2G

∂S̃2
+ (2σ2 − r)S̃ ∂G

∂S̃
− log(S̃)

∂G

∂Ã
+ (σ2 − 2r)G = 0 S̃ ∈ R+, Ã ∈ R, t̃ > t

G(S,A, t; S̃, Ã, t) = δ(S − S̃)δ(A− Ã) S̃ ∈ R+, Ã ∈ R
(3)

where δ(·, ·) represents the Dirac distribution. The solution of problem (3) must satisfy
opportune boundary conditions assuring that the Green identity is verified.
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We can prove, thanks to results in [8], that the closed form solution of problem (3) is

G(S,A, t; S̃, Ã, t̃) =

√
3H[t̃− t]

πσ2(t̃− t)2
exp

{
− 2

σ2(t̃− t)
log2

(
S

S̃

)
(4)

+
6

σ2(t̃− t)2
log

(
S

S̃

)(
A− Ã+ (t̃− t) log(S)

)
− 6

σ2(t̃− t)3

(
A− Ã+ (t̃− t) log(S)

)2
−

(
2r + σ2

2
√

2σ

)2

(t̃− t)

}(
S̃

S

) 2r−σ2

2σ2
1

S̃

denoting by H[·] the Heaviside step function.
When considering fixed strike options or floating strike options, the exact solution can be
evaluated also by other more efficient closed-formulas of Black-Scholes type [10].
To Asian options we can apply some barriers, as often done with European options, in order
to reduce their price and to ward against excessive fluctuations of strike price. For this kind
of geometric Asian options neither closed form solutions are available nor we have found
some analysis in literature.
As example, a geometric Asian up-and-out barrier call option is an option that is extin-
guished when the price of the underlying asset grows up enough to breach an assigned upper
barrier B before the expiry date T . Its value is modeled by the differential boundary value
problem:

∂V

∂t
+
σ2

2
S2∂

2V

∂S2
+ rS

∂V

∂S
+ log(S)

∂V

∂A
− rV = 0 S ∈ (0, B), A ∈ R, t ∈ [0, T ) (5)

V (S,A, T ) assigned S ∈ (0, B), A ∈ R (6)

V (B,A, t) = 0 A ∈ R, t ∈ [0, T ) (7)

asymptotic conditions of vanilla option {(S,A) :S = 0∨A→ −∞∨A→ +∞}.(8)

The method, that we will illustrate in the following section for the solution of (5)-(8), is
rather flexible; it therefore can be easily extended also to Asian call options with other types
of barrier, that widen or contract (moving barriers), and to put options, too.

3 The SABO approach

SABO is the acronym of Semi-Analytical method for the pricing of Barrier Options and
substantially it is the application of Boundary Element Method (BEM) to barrier option
problems. The method is based on the below listed steps.
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Figure 1: (S,A) ∈ Ω := (0, B) × R, spatial domain of the differential problem (5)-(8)
modeling an Asian option with up-and-out barrier.

3.1 The integral representation formula in the domain of the differential
problem

Let us start from the differential problem (5) for an up-and-out barrier call option: the
domain of investigation for V (S,A, t) is now Ω× [0, T ), defining Ω := (0, B)× R, as repre-
sented in Fig. 1.
Recalling some theory in [3], we proved that a new integral formulation holds: it is obtained
adding one more term to the basic integral formulation (2) restricted to the actual domain,
i.e.

V (S,A, t) =

∫ +∞

−∞

∫ B

0
V (S̃, Ã, T )G(S,A, t; S̃, Ã, T )dS̃ dÃ

+

∫ T

t

∫ +∞

−∞

σ2

2
B2∂V

∂S̃
(B, Ã, t̃)G(S,A, t;B, Ã, t̃)dÃ dt̃ .

(9)

3.2 The boundary integral equation (BIE)

In the integral formula (9), ∂V

∂S̃
(B, Ã, t̃) is unknown. If we succeed in computing it, formula

(9) gives us the solution of problem (5)-(8) over the whole domain Ω× [0, T ).
With this purpose, we take the limit for S → B in (9) and, using boundary condition (7),
we obtain

0 = V (B,A, t) =

∫ +∞

−∞

∫ B

0
V (S̃, Ã, T )G(B,A, t; S̃, Ã, T )dS̃ dÃ

+

∫ T

t

∫ +∞

−∞

σ2

2
B2∂V

∂S̃
(B, Ã, t̃)G(B,A, t;B, Ã, t̃)dÃ dt̃ .

(10)
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in the sole unknown ∂V

∂S̃
(B, Ã, t̃).

The idea implemented by SABO is to approximate ∂V

∂S̃
(B, Ã, t̃) numerically solving (10)

and then, inserting it in the representation formula (9), to recover the solution V at every
desired point of the domain Ω and at every desired time instant.

3.3 The numerical approximation of the BIE solution

The approximation of the BIE unknown ∂V

∂S̃
(B, Ã, t̃) is found by collocation method as in

[6] and it is structured as follows:
- introduction of a uniform decomposition in the time interval [0, T ]

∆t :=
T

Nt
, Nt ∈ N+, tk := k∆t, k = 0, . . . , Nt

and time representation of the BIE unknown by piecewise constant basis functions

ϕk(t̃) := H[t̃− tk−1]−H[t̃− tk], k = 1, . . . , Nt ;

- introduction of a uniform decomposition in the unbounded A-domain ≡ R suitably trun-
cated by [Amin, Amax]

∆A :=
Amax −Amin

NA
, NA ∈ N+, Ah := Amin + h∆A, h = 0, . . . , NA

and representation of the BIE unknown in the independent variable A by piecewise constant
basis functions

ψh(Ã) := H[Ã−Ah−1]−H[Ã−Ah], h = 1, . . . , NA ;

- approximation of the BIE (10) unknown as

∂V

∂S̃
(B, Ã, t̃) ≈

Nt∑
k=1

NA∑
h=1

α
(k)
h ψh(Ã)ϕk(t̃) ; (11)

- definition of the collocation points: as usual when considering piecewise constant trial
functions, they are the centers of intervals [Ai−1, Ai] and [tj−1, tj ], i.e.

Ai =
Ai +Ai−1

2
, i = 1, . . . , NA ; tj =

tj + tj−1

2
, j = 1, . . . , Nt ;

- evaluation of (10) at the collocation points (Ai, tj) building a linear system of NA × Nt

equations:
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for i = 1, . . . , NA, j = 1, . . . , Nt

0 =

∫ +∞

−∞

∫ B

0
V (S̃, Ã, T )G(B,Ai, tj ; S̃, Ã, T ) dS̃ dÃ

+

∫ T

tj

∫ +∞

−∞

σ2

2
B2

Nt∑
k=1

NA∑
h=1

α
(k)
h ψh(Ã)ϕk(t̃)G(B,Ai, tj ;B, Ã, t̃) dÃ dt̃ .

- resolution of the linear system

Aα = F (12)

whose unknowns are the coefficients of linear representation in (11)

α = (α(k)
∣∣
k=1,...,Nt

) =
(
(α

(k)
h

∣∣
h=1,...,NA

)
∣∣
k=1,...,Nt

)
.

The rhs entries are:

for i = 1, . . . , NA, j = 1, . . . , Nt

F (j)
i = −

∫ +∞

−∞

∫ B

0
V (S̃, Ã, T )G(B,Ai, tj ; S̃, Ã, T ) dS̃ dÃ . (13)

The matrix entries are:

for i, h = 1, . . . , NA, j, k = 1, . . . , N∆t

A(jk)
ih =

σ2

2
B2

∫ T

tj

∫ +∞

−∞
ψh(Ã)ϕk(t̃)G(B,Ai, tj ;B, Ã, t̃) dÃ dt̃

=
σ2

2
B2H[tk − tj ]

∫ tk

max(tk−1,tj)

∫ Ah

Ah−1

G(B,Ai, tj ;B, Ã, t̃) dÃ dt̃

=
σ2

2
B2H[tk − tj ]

∫ tk

max(tk−1,tj)

∫ Ah

Ah−1

√
3

πσ2(t̃− tj)2B

exp

{
−

6
(
Ai − Ã+ (t̃− tj) log(B)

)2
σ2(t̃− tj)3

−
(

2r + σ2

2
√

2σ

)2

(t̃− tj)

}
dÃ dt̃

and, since equation (5) has constant parameters in time, they depend only on the difference
between time instants so, defining ` = k − j, ` = 0, . . . , Nt − 1 and performing the change
of variable t̃ = ∆t(τ + k − 1), we get t̃ − tj = ∆t(τ + k − j − 1/2) = ∆t(τ + ` − 1/2) and
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therefore

A(jk)
ih =

σ2

2
B2

∫ 1

1
2
− 1

2
H[`]

∫ Ah

Ah−1

√
3

πσ2∆t(τ + `− 1/2)2B

exp

{
−

6
(
Ai − Ã+ ∆t(τ + `− 1/2) log(S)

)2
σ2∆t3(τ + `− 1/2)3

−
(

2r + σ2

2
√

2σ

)2

∆t(τ + `− 1/2)

}
dÃ dτ

=: A(`)
ih .

(14)
Observe that, by consequence, A is a block upper triangular matrix with Toeplitz structure:
the upper triangularity is due to the fact that the fundamental solution is defined by (3)
only for t̃ > t implying that the matrix entries are non trivial only for k ≥ j; the Toeplitz
structure is due to the dependence on time differences. Therefore it holds:

A =


A(0) A(1) A(2) · · · A(Nt−1)

0 A(0) A(1) · · · A(Nt−2)

0 0 A(0)
. . .

...
...

...
. . .

. . . A(1)

0 0 · · · 0 A(0)

 . (15)

This allows to compute only last blocks column and to solve the linear system by block
backward substitution.

3.4 The numerical approximation of option price

Once system (12) is solved, the knowledge of α, that determines the approximation of BIE
solution, implies the possibility of computing V (S,A, t) at any point (S,A, t) ∈ Ω× [0, T ),
introducing (11) in the integral representation formula (9):

V (S,A, t) ≈
∫ +∞

−∞

∫ B

0
V (S̃, Ã, T )G(S,A, t; S̃, Ã, T )dS̃ dÃ

+
σ2

2
B2

Nt∑
k=floor[ t

∆t
]+1

NA∑
h=1

α
(k)
h

∫ tk

max(t,tk−1)

∫ Ah

Ah−1

G(S,A, t;B, Ã, t̃)dÃ dt̃ ,

(16)

where floor[·] is the function that rounds its argument to the nearest integers towards minus
infinity.
The main advantage of this method is that we can avoid to evaluate the solution over a
grid, considering only the evaluation at the points of interest.
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Abstract

The confusion matrix is the standard way to report on the thematic accuracy of
geographic information data. Two widely adopted indices for thematic accuracy con-
trols upon error matrix are the overall accuracy and the Kappa coefficient. Both indices
are global and do not allow for a category-wise control. Provided that a multinomial
sampling, this work proposes a new method for testing the homogeneity of two inde-
pendent thematic classifications which is based on whole error matrices. Specifically, a
test function is proposed that uses as a test statistic the discrete Hellinger distance. A
simulation experiment is carried out to evaluate the goodness of the proposal and an
application to a real data set is included.

Key words: thematic accuracy, confusion matrix, hellinger distance

1 Introduction

Geographic Information (GI) supports decision making in several fields as climate change,
crop forecasting, forest fires, national defense, civil protection or spatial planning. The
quality of the GI is essential to ensure that decisions based on it are technically the best.
There are different components to describe this quality. One of them is the thematic quality,
as is established by the international standard ISO 19157. This thematic quality is usually
quantitatively assessed by means of the so called confusion matrix or error matrix (i.e. when
classification correctness has to be assessed). The confusion matrix is a contingency table
established by the cross-reference of a set of categories. The true categories or reference
data are located in columns, whereas in rows are located the categories for the classification
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Reference Data
Observed Data Category 1 Category 2 . . . Category M

Category 1 n11 n12 . . . n1M
Category 2 n11 n12 . . . n1M

. . . . . . . . . . . . . . .
Category M nM1 nM2 . . . nMM

Table 1: Contingency table associated with a confusion matrix.

process. So, the elements in the diagonal are correctly classified items, and the off diagonal
elements contain the number of confusions, the errors due to omissions or commissions.

The control of a confusion matrix is usually carried out by using two widely adopted
indices like the overall accuracy (OA) and the Kappa coefficient (κ). The first is the ratio
between the account of elements that are correctly classified and the total amount of ele-
ments in the matrix. The Kappa coefficient is a measure based on the difference between
the agreement indicated by the values of the main diagonal (OA) and the chance agreement
estimated by the marginal values. If M represents the number of classes under consideration
and k = M ×M the number of cells in the error matrix, assuming a multinomial sampling
model, nij represents the number of elements in the class j of the reference data that are
classified in class i of the observed data and n stands for the total number of elements
classified. Table 1 shows a general way to present a confusion matrix.

The kappa coefficient (Cohen, [3]) is defined as

κ̂ =
OA− Pc
1− Pc

where the overall accuracy is OA = 1
n

∑M
i=1 nii and Pc =

∑M
i=1 pi+p+i, represents the

proportion of agreement expected by chance agreement; pi+ = ni+

n , p+i = n+i

n being the
proportions in the ith row and in the ith column, respectively. Banerjee et al. [2] gave an
estimate of the variance of κ̂ by means of

V̂ (κ̂) =
Pc + P 2

c −
∑M

i= p+ipi+(pi+ + p+i)

n(1− Pc)2
. (1)

The Kappa coefficient is asymptotically normally distributed and this fact provides a
means for testing the significance of the Kappa coefficient for a single confusion matrix in
order to determine if the agreement between the observed data and the reference data is
significantly greater than 0. However, some authors have criticized the use of OA and κ
because they only use the account of elements that are correctly classified, the marginal
values, and the total number of elements in the matrix (Gwet, [5], Stehman, [8], among
many others), that is, they do not incorporate the off-diagonal information of the error
matrix.
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In the same way, it is possible to determine if two independent Kappa values, associated
with two confusion matrices, are significantly different. So, it can be compare two analysts,
two strategies, the same analyst over time, etc.

The null hypothesis H0 : κ1 − κ2 = 0 can be rejected if Z > Zα, with

Z =
|κ̂1 − κ̂2|√
σ̂21 + σ̂22

where κ̂1, κ̂2 are the estimate of kappa coefficient for both confusion matrices, σ̂21, σ̂22 their
estimated variances, and Zα is the 1− α percentile of N(0, 1).

For example, for the confusion matrices A and B,

Matrix A

50 0
20 30

Matrix B

50 10
10 30

However, the use of the Kappa coefficient for this purpose can lead us to incoherent
results. In this case, Z = 0.12 and at signification level of 5%, the null hypothesis can not
be rejected, the conclusion should be that, globally, both confusion matrices reveal the same
information although it is easily to observe that this assertion is not true for the matrices.
Our proposal is to take advantage of the underlying sampling model and to deal with a
confusion matrix as a multinomial distribution. This way, by testing the homogeneity of
the associated confusion matrices, it is possible to determine if two photointerpretation
works, two different classification works, or a test work and a product reach the same
conclusion.

2 The homogeneity test

Let X,Y be two independent random vectors whose values have been grouped into k = M×
M classes C1, C2, . . . , Ck, or equivalently, taking values in Υ = (1, 2, . . . , k) with probabilities
P = (p1, p2, . . . , pk) and Q = (q1, q2, . . . , qk), respectively. Our task is to test the following
null hypothesis

H0 : P = Q. (2)

Several test statistics can be chosen for testing H0, but not all of them can be applied
when empty cells are present, as in the confusion matrices. Here, we are going to consider a
test statistic based on the Hellinger distance. So, let (X1, . . . , Xn) and (Y1, . . . , Ym) be two
independent random samples from X and Y , with sizes n and m, respectively. For testing
(2), we consider the following test function

Ψ =

{
1,
0,

if Tn,m ≥ tn,m,α,
otherwise,
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where Tn = 2(n + m)
∑k

i=1(
√
p̂i −

√
q̂i)

2 and tn,m,α is the 1 − α percentile of the null
distribution of Tn,m.

A reasonable test for testing H0 should reject the null hypothesis for large values of
Tn,m. To decide when to reject H0, that is, to calculate tn,m,α or, equivalently, to calculate
the p-value of the observed value of the test statistic, we need to know the null distribution
of Tn,m, which is clearly unknown, so one has to approximate it. Asymptotically, the null
distribution of Tn is a chi-square variate with k − 1 degrees of freedom. However, for small
and moderate sample sizes, the behaviour of the asymptotic null distribution is rather
poor (Alba et al. [1], Kim et al. [6]). To overcome this problem, we approximate the
null distribution of the test statistic by means of a bootstrap estimator. It is proved the
bootstrap provides a consistent estimator of the null distribution of Tn,m.

3 Simulation study

The bootstrap approximation is valid for large samples. To evaluate the goodness of the
proposal for small and moderate sample sizes, a simulation experiment is carried out. All
computations have been performed using programs written in the R language [7].

To study the goodness of the bootstrap approximations to the null distribution of the
test statistic Tn,m, we first generated two independent samples with equal sample sizes
n = m = 50 from the multinomial with P1 = (0.5, 0.2, 0, 0.3) (k = 2 × 2) and calculated p̂
with B = 1000 replications. This was repeated 5000 times and we calculated the fraction of
p̂s less than or equal to 0.05 and 0.10 (f05 and f10 in tables), which are the estimated type I
error probability for α = 0.05, 0.10. The whole experiment is repeated for n = 100, 300, 500
and for P2 = (0.3, 0, 0.15, 0, 0.15, 0, 0.1, 0.15, 0.15) (k = 3 × 3). Table 2 shows the results
obtained. According to these results, it can be highlighted that the estimated type I error
probabilities are quite close to the nominal values in all the tried cases. It means the
proposal behaves properly when the null hypothesis is true.

Now, the simulation experiment is completed with a power study. Now, we gener-
ated two independent samples with sizes n and m from two multinomials with P1 and
Q1 = (0.50, 0.16, 0.02, 0.32) and calculated p̂ in the same conditions as before. Now, the
fraction of p̂s less than or equal to 0.05 and 0.10 are the estimated powers associated with
the nominal values α = 0.05, 0.10, respectively. The whole experiment is repeated for n =
50, 100, 200, 300 and Q†1 = (0.52, 0.16, 0.02, 0.30). The whole experiment was repeated for

P2, Q2 = (0.32, 0, 0.13, 0, 0.17, 0, 0.06, 0.15, 0.17) andQ†2 = (0.3, 0, 0.15, 0.02, 0.17, 0, 0.06, 0.13, 0.17).
Table 3 and 4 show the results obtained.

According to the results in tables 3 and 4, the procedure is able to detect if two pho-
tointerpretation works, two different classification works, or a test work and a product reach
the same conclusion.
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Sample sizes P1 P2

n = m f05 f10 f05 f10

50 0.056 0.107 0.048 0.096
100 0.052 0.106 0.050 0.100
300 0.050 0.106 0.050 0.101
500 0.051 0.101 0.050 0.099

Table 2: Estimated type I error.

Sample sizes Q1 Q†1
n = m f05 f10 f05 f10

50 0.103 0.189 0.096 0.195
100 0.225 0.377 0.227 0.365
300 0.861 0.931 0.855 0.933
500 0.988 0.997 0.989 0.996

Table 3: Estimated powers (k=4).

Sample sizes Q2 Q†2
n = m f05 f10 f05 f10

50 0.077 0.142 0.109 0.198
100 0.127 0.214 0.227 0.362
300 0.332 0.454 0.856 0.924
500 0.526 0.649 0.989 0.997

Table 4: Estimated powers (k=9).
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[1] V. Alba-Fernández, M. D. Joménez-Gamero, Bootstrapping divergence statistics
for testing homogeneity in multinomial populations, Mathematics and Computers in
Simulation 79 (2009) 3375-3384.

[2] M. Banerjee, M. Cappozzoli, L. McSweeney, D. Sinha, Beyond kappa: a review
of interrater agreement measures, The Canadian Journal of Statistics 27:1 (1999) 3–23.

[3] J. Cohen, A coefficient of agreement for nominal scales, Educational and Psychological
Measurement 20: 1 (1960) 37–46.

[4] R. G. Congalton, K. Green, Assesing the accuracy of remote sensed data. Princi-
ples and practice, CRC Press, 2009.

[5] K. L. Gwet, Handbook of Inter-rater reliability, Advanced Analytics, LLC, 2014.

[6] S. H. Kim, H. Choi, S. Lee, Estimate-based goodness-of-fit test for large sparse multi-
nomial distributions, Computational Statistis and Data Analysis 53 (2009) 1122–1131.

[7] R Core Team R: A language and environment for statistical computing, R Foundation
for Statistical Computing, Vienna, Austria, 2015. URL http://www.R-project.org/.

[8] S. V. Stehman, Selecting and interpreting measures of thematic classification accu-
racy, Remote Sensing of Environment 62: 1 (1997) 77–89.

c©CMMSE ISBN: 978-84-617-8694-7Page 35 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Approaching the Rank Aggregation Problem
by Local Search-based Metaheuristics
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Abstract

Encouraged by the success of applying metaheuristics algorithms to other ranking-
based problems (Kemeny ranking problem and parameter estimation for Mallows dis-
tributions), in this paper we deal with the rank aggregation problem (RAP), which can
be viewed as a generalization of the Kemeny problem to arbitrary rankings.

In particular, we perform a comparative study among some local-based search meta-
heuristics: hill climbing (HC), iterated local search (ILS), variable neighborhood search
(VNS) and greedy randomized adaptive search procedure (GRASP).

We provide a complete analysis of the experimental study regarding accuracy and
number of iterations required to reach the best solution.

Key words: Ranking, Rank aggregation problem, Metaheuristic algorithm, Kendall
distance, Permutation, Partial ranking.

1 Introduction

In the last decades, the Rank Aggregation Problem (RAP) [1] has gained popularity in
several fields as statistics and machine learning because of its significant applications in
many real-world problems, including information retrieval and recommender systems.

Rankings represent preferences in a natural way. Given a set of items [n] = {1, 2, . . . , n},
a ranking π is an ordering of (some of) these items. The case when the rankings are per-
mutations (complete rankings without ties) has received a great attention in the literature
(see [2] and references therein). However, many real world problems usually deal with in-
complete rankings, that is, those where only p items are ranked, 2 ≤ p < n, and/or with
rankings where some items are equally preferred or tied.
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Given a sample of arbitrary rankings, the solution to the RAP is the consensus permu-
tation, that is, the permutation which best summarizes the rankings in the sample. When
all the rankings in the sample are permutations, this problem is known as the Kemeny
ranking problem [3]. Both are NP-hard problems when the number of rankings to aggregate
is greater than 3.

The RAP has been widely studied and several proposals have arisen in the last years.
However, they only focus in particular cases of the problem, incomplete rankings or rankings
with ties, but not both of them simultaneously. Recently, metaheuristics algorithms have
been used to approach several ranking-based problems [4, 5].

In this paper we deal with problem instances of the RAP containing any kind of rankings
(complete, incomplete, with and without ties). In a recent paper [6], the authors have
developed a version of the greedy Borda algorithm tailored to this problem, which clearly
outperforms the standard Borda method. Now, we go one step further, and with the goal
of obtaining better solutions (closer to the global optimum) we propose the use of more
complex search engines. Since local search-based metaheuristics have shown a good trade-
off between efficiency and accuracy in related problems (e.g. the traveling salesman problem,
the routing-packing problem, the vertex separation problem, the linear ordering problem,
etc.), in this study we focus on this family of metaheuristics. Specifically, we perform a
comparative study among the following algorithms:

• Hill climbing (HC) algorithm. It is a local search algorithm which iteratively tries to
improve a given solution by moving at each iteration to the neighbor representing the
biggest increase (decrease) in the evaluation or objective function with respect to the
current solution.

• Iterated local search (ILS) method. It is a multi-start local search algorithm based on
the HC algorithm, which tries to escape from the local optimum by perturbing it, and
use the resulting configuration to seed a new HC iteration.

• Variable neighborhood search (VNS). It is also a multi-start local search algorithm
which, instead of modifying the starting point at each iteration, changes to a different
neighborhood.

• Greedy randomized adaptive search procedure (GRASP) It is a multi-start local search
algorithm which, at each iteration, constructs a randomized informed solution and
locally improves it.

Thus, the main contribution of this paper is to provide a comparative study among
the selected MHs. We consider different neighborhoods and allowed resources (number of
fitness evaluations). The results show the influence of the starting point and the selected
neighborhood in the performance of the (local) search algorithms. Regarding the trade-off
between goodness of the solution and number of evaluations, we get that the VNS is the best

c©CMMSE ISBN: 978-84-617-8694-7Page 37 of  2288
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choice under limited resources, while the GRASP performs better when more evaluations
are allowed.
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Abstract

We develop a numerical algorithm for solving a generalized Black-Scholes partial
differential equation, which arise in European option pricing considering transaction
costs. The Crank-Nicolson method is considered to discretize in the temporal direction
and the Hermite cubic interpolation method in the spatial direction. The efficiency
and accuracy of the proposed method are tested numerically, the results confirm the
theoretical behaviour of the solutios, and they are with good agreement with the exact
solution.

Key words: Non-linear Black-Scholes, Finite Element Method, Crank-Nicolson, Her-
mite Polynomials.

1 Introduction

The valuation of options based on stochastic processes dates back to 1877, when Charles
Castelli wrote the book entitled “The Theory of Option in Stocks and Shares”. Two decades
later, Louis Bachelier, in his dissertation “Théorie de la spéculation”, presented the first
analytical way of calculating the price of an option. Subsequently, in 1955, in an un-
published manuscript entitled “Brownian Motion in the Stock Market”, a professor at the
Massachusetts Institute of Technology (MIT), Paul Samuelson, 1970 Nobel Prize in Eco-
nomics, showed that the asset price can be modeled by a stochastic process called Brownian
Geometric Motion. In 1962, A. James Boness presented a dissertation entitled “Theory
and Measurement of Stock Option Value”, where he announced an option evaluation model
that represented a great step forward from his predecessors and served as the basis for the
work later developed by Black and Scholes. The Black-Scholes [5] model is a well-known
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popular model which is used to calculate the price of European options. Since its inception
in 1973 by Fischer Black and Myron Scholes, it remains one of the most preferred models
and provides the basis for the theory of financial options. The linear Black-Scholes equation
is given by

0 = Vt +
1

2
σ2S2VSS + rSVS − rV, S > 0, t ∈]0, T [, (1)

where V is the option value, T the expiry date, S the underlying asset price, σ the volatility
and r the riskless interest rate.
Equation (1) permit the evaluation of the price of a European option under the assumptions
listed below:

• the value of the financial asset underlying the option can be modeled by a geometric
Brownian motion;

• there are no transaction costs associated with the management of financial asset port-
folios, nor fees payable in the market;

• the market does not allow arbitrage opportunities;

• you can do short selling ;

• there is a risk-free rate that is constant throughout the life of the option, to which it
is possible to lend and borrow at that same rate any financial asset;

• the volatility of the underlying asset is known and remains constant throughout the
option lifespan;

• the transaction of the financial asset is made on a continuous basis and changes in its
price are also on a continuous basis;

• fractional parts of an asset can be obtained;

• the financial asset does not pay dividends during the option lifespan.

The classical Black-Scholes model is notable for its explicit closed form solution of Euro-
pean style options (call and put options). Many researchers have attempted to obtain the
solution of the Black-Scholes Equation analytically and/or numerically, thereby adopting
and using various direct and iterative methods, respectively.

J. Ankudinova and M.Ehrhardt [3], make a comparative study between models with
transaction costs and the linear model. The influence of transaction costs modeled by the
volatilities given by the Leland, Barles and Soner and Krakta models was calculated by the
Crank-Nicolson method in time and by the finite difference method in space.
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In [11] a study of the linear Black-Scholes equation for European and American call
options was made. The finite element method was used in the space dimension and explicit
Euler method in the time discretization. The analytical solution was obtained by applying
the Fourier transformation, while the numerical solution was obtained by the finite element
method. The results were them compared using the finite difference method.

Almeida et al., in ([2],[1],[6]), established convergence, properties and error bounds for
the fully discrete solutions of a class of nonlinear equations of reaction-diffusion nonlocal
type, using a linearised Crank-Nicolson-Galerkin finite element method with polynomial
approximations of arbitrary degree.

The remainder of this paper is organized as follows. In Section 2 the problem is described
considering some transaction cost models for European options. In Section 3, we define
the problem as a general non-linear partial differential equation in non divergent form. In
Section 4, we construct the discretization in spatial direction with the Hermite interpolation
method in a uniform mesh and, in Section 5, we discretize in temporal direction with the
Crank-Nicolson method. In Section 6, we obtain and compare the approximate numerical
solutions. Finally, in Section 7, we draw some conclusions.

2 Non-linear Black-Scholes Model

The Black-Scholes model requires a portfolio adjustment in order to protect a ”hedge” risk
free. In the presence of transaction cost, this adjustment is likely to be more expensive,
since an infinite number of transactions is required [12]. But the hedger needs to find the
balance between the transaction costs that are needed to rebalance the portfolio and the
implicit costs of hedging errors. As a result of this ”imperfect” coverage, the option can
be overly underestimated, where the risk-free profit obtained by the arbitrator is offset by
the transaction cost so that there is no single equilibrium price plus a viable price range.
It has been demonstrated that in a transaction market there is no replicator portfolio for a
European type call option and the portfolio is required to dominate rather than replicate the
option value (see [4]). Soner, Shreve and Cvitanič have proved in [10] that the minimum
coverage portfolio of a financial option is trivial, so efforts have been made to ease the
condition coverage criterion to better replicate pay-off of derivative securities. Because of
the presence of transaction costs (see [4], [5], [9]) the classical model results in a strongly
or wholly non-linear and possibly degenerate parabolic type diffusion equation where the
volatility σ may depend on the time t, the price S or on other derivatives of the option price
V . In this work, we study the non-linear Black-Scholes equation with some transaction cost
models for European options, with σ a non-constant modified volatility function

σ̃2 := σ̃2(t, S, VS , VSS).
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In this way equation (1) becomes the following non-linear Black-Scholes equation, which we
will consider for European options

0 = Vt +
1

2
σ̃2(t, S, VS , VSS)S2VSS + rSVS − rV, S > 0, t ∈ (0, T ). (2)

A European call option allows buying an asset of value S for a value of K on the ma-
turity date T , while a European put allows selling an asset of value S for a value K at the
maturity date T . Since the option can only be exercised at maturity and, in order to avoid
arbitrage, we complement equation (2) with the following conditions:

European call option:

V (S, T ) = max{S −K, 0}, when S ≥ 0 (3)

lim
S→∞

V (S, t)

S −Ke−r(T−t)
= 1, for t ∈ [0, T ] (4)

V (0, t) = 0, for t ∈ [0, T ] (5)

lim
S→∞

VS(S, t) = 1, for t ∈ [0, T ] (6)

European put option:

V (S, T ) = max{K − S, 0}, when S ≥ 0 (7)

V (0, t) = Ke−r(T−t), for t ∈ [0, T ] (8)

lim
S→∞

V (S, t) = 0, for t ∈ [0, T ] (9)

lim
S→∞

VS(S, t) = 0, for t ∈ [0, T ] (10)

2.1 Leland’s model

In [9], Leland deduces that the option price is the solution of the non-linear Black-Scholes
equation (2), with the modified volatility given by

σ̃2 = σ2
(

1 + Le× sign(VSS)
)
. (11)

In equation (11) Le is Leland’s number, which is given by

Le =

√
2

π

(
k

σ
√
δt

)
(12)
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where δt is the interval between two successive revisions of the portfolio, k is the round trip
transaction cost per transacted monetary unit and σ represents the historical volatility.
By a different process, Boyle and Vorst deduced a similar modified volatility, given by

σ̃2 = σ2
(

1 + Le

√
π

2
sign(VSS)

)
. (13)

However, δt in Leland’s definition (12) represents the interval between two successive port-
folio reconstructions and not the transaction frequency as in (13) (see [4]).

2.2 Barles and Soner’s model

Barles and Soner obtained the most complex model. Following the Hedges and Neuberger
[7] utility function approach, they propose, to simplify the calculations, the volatility model

σ̃2 = σ2
(

1 + er(T−t)a2S2VSS

)
, (14)

where σ is the historical volatility and a = k√
ε
. Barles and Soner in [4] proved the existence

of a viscosity solution for the European option with the volatility given by (14). Their
numerical results indicate an economically significant price difference between the standard
Black-Scholes model and the non-linear model with transaction costs.

2.3 Kratka’s model

The model proposed by Krakta in [8] minimizes the sum of the rate of the transaction costs
and the rate of the risk from an unprotected portfolio. In this way, the portfolio is well
protected with the Risk Adjusted Pricing Methodoly (RAPM) and the modified volatility
is given by

σ̃2 = σ2
(

1 + 3(
C2M

2π
SVSS)

1
3

)
, (15)

where M ≥ 0 is the measure of the transaction cost and C ≥ 0 the risk premium.

It should be noted that the non-linear transaction cost models described above are all
consistent with the linear model if the additional parameters for the transaction cost are
zero.

3 Non-linear General Equation

In this work, we study equations of the form:

ut = c0uxx + c1ux + c2u+ f, with a < x < b, 0 < t < T, (16)
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under the initial and boundary conditions

u(x, 0) = u0(x), a < x < b, (17)

{
u(a, t) = g1(t)

u(b, t) = g2(t)
and

{
ux(a, t) = g3(t)

ux(b, t) = g4(t)
0 < t < T, (18)

where c0 = c0(x, t, u, ux, uxx), c1 = c1(x, t, u, ux), c2 = c2(x, t, u), f = f(x, t), g1(t),
g2(t),g3(t),g4(t) e u0(x) are known real bounded functions.
Note that (16)-(18) is a general model which includes the problem under study. The trans-
formation u(x, t) = V (S, T − t) transforms (2) into (16) with c0 = 1

2 σ̃
2x2, c1 = rx, c2 = −r

and f = 0, and the initial condition becomes

u(x, 0) = max{K − x, 0} or u(x, 0) = max{x−K, 0}

by (3) and (7).
For a call option, condition (5) is satisfied considering g1(t) = 0. For b sufficient large
conditions (4) and (6) can be approximated by g2(t) = b−Ke−rt and g4(t) = 1.
Since we need another condition, motivated by the behavior of the solution for the linear
equation, we consider g3(t) = 0.
For a put option, (8), (9) and (10) implies that g1(t) = Ke−rt, g2(t) = 0, g3(t) = 1 and
g4(t) = 0.

Let w be a test function. Multiplying (16) by w and integrating in ]a,b[, we obtain

b∫
a

utw dx−
b∫

a

c0uxxw dx−
b∫

a

c1uxw dx−
b∫

a

c2uw dx =

b∫
a

fw dx. (19)

Since c0 depends on uxx, the integration by parts is useless. For relation (19) to make sense,
u, ut, ux and uxx ∈ L2(a, b), that is, u must be in C1(a, b), for t ∈]0, T ]. According to the
conditions in (18), we choose the test function space to be

V0 = {w,wx, wxx ∈ L2(a, b) : w(a) = w(b) = wx(a) = wx(b) = 0},

and for the space solution we consider

V = {u, ut, ux, uxx ∈ L2(a, b) : v(a, t) = g1(t), v(b, t) = g2(t), vx(a, t) = g3(t), vx(b, t) = g4(t)
∀t ∈ [0, T ]},
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4 Discretization in Space

Considering the discretization a = x0 < x1 < · · · < xm+1 = b of [a, b], with spacing h and
requiring continuity in C1, we define for each node xi, two Hermite interpolation polynomi-
als, ϕi(x) and ψi(x). The Hermite interpolation polynomials have support [xi−1, xi+1], and
are defined by

ϕi(x) =

{
2
(
x−xi
h

)3 − 3
(
x−xi
h

)2
+ 1, x ∈ [xi−1, xi],

(x−xi)
3

h2 − 2(x−xi)
2

h + (x− xi), x ∈ [xi, xi+1]
(20)

and

ψi(x) =

{
−2
(
x−xi
h

)3
+ 3

(
x−xi
h

)2
+ 1, x ∈ [xi−1, xi],

(x−xi)
3

h2 − (x−xi)
2

h , x ∈ [xi, xi+1]
(21)

The Hermite cubic polynomials satisfy the following interpolation properties:

ϕj(xi) =

{
1 , i = j

0 , i 6= j
, ϕ′j(xi) = 0, (22)

ψj(xi) = 0, ψ′j(xi) =

{
1 , i = j

0 , i 6= j
, i, j = 0, . . . ,m+ 1 (23)

and hence they satisfy the required continuity conditions.
Let T > 0 and H = 〈ϕ0, ψ0, ϕ1, ψ1, · · · , ϕm+1, ψm+1〉, the vector subspace generated by the
2m+ 2 elements of the Hermite base. Let us consider the test function in

V0m = {wm(x) ∈ H : wm(a) = wm(b) = (wm)x(a) = (wm)x(b) = 0} ⊂ V0

and the approximate solution in

Vm = {um(x, t) ∈ H : um(a, t) = g1(t), um(b, t) = g2(t),

(um)x(a, t) = g3(t), (um)x(b, t) = g4(t), ∀t ∈ [0, t]} ⊂ V.

A function um ∈ Vm is said to be an approximate solution of (19) if, for each t ∈]0, T ], it
satisfies

b∫
a

(um)twm dx−
b∫

a

c0(um)xxwm dx−
b∫

a

c1(um)xwm dx

−
b∫

a

c2(um)wm dx =

b∫
a

fwm dx, ∀wm ∈ V0m. (24)
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Any function wm ∈ V0m can be written as

wm(x) =

m∑
i=1

Wiϕi(x) + Ziψi(x), (25)

and any function um ∈ Vm can be written as

um(x, t) = ϕ0(x)g1(t) + ψ0(x)g3(t) +
m∑
i=1

ϕi(x)Ui(t) + ψi(x)Vi(t)

+ϕm+1(x)g2(t) + ψm+1(x)g4(t), (26)

Substituting (25) and (26) in equation (24) and simplifying the expressions, we obtain
a system of ordinary differential equations, which can be written in matrix form:

MU(t)′ −A(U(t))U(t)−B(U(t))U(t)− C(U(t))U(t) = F (t) +D(t), (27)

with the unknown

U(t) = [U1, ..., Um, V1, ..., Vm]T .

In general, the solution U(t) is not explicitly known for all t ≥ 0, so it is necessary to
use a numerical method to obtain an approximate solution.

5 Discretization in Time

Let us now consider the partition 0 = t0 < t1 < · · · < tN = T , with step δ, of [0, T ]. By the
Cranck-Nicolson method, evaluating (27) in tn+ 1

2
= tn+tn+1

2 and using the approximations

U ′(tn+ 1
2
) ≈ U(tn+1)− U(tn)

δ
=
Un+1 − Un

δ
(28)

and

U(tn+ 1
2
) ≈ U(tn+1) + U(tn)

2
=
Un+1 + Un

2
, (29)

we obtain

(2M + δ (An+1 +Bn+1 + Cn+1)Un+1 = (2M − δ (An+1 +Bn+1 + Cn+1))Un

+2δFn+1/2 − 2δDn+1/2, n = 0, 1, · · · , N − 1. (30)

Since the function f(x, t) is known, Fn+1/2 = F (x, tn+1/2) is also known for all n. Then, for
each n = 0, 1, · · · , N − 1, we have to solve the nonlinear system (30) and thus determine
the solution u(x, t) at discrete times tn = nδ.
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For the system of algebraic equations (30), we propose the fixed point scheme:[
2M + δ

(
A

(k)
n+1 +B

(k)
n+1 + C

(k)
n+1

)]
U

(k+1)
n+1 = (2MUn

−δ
(
A

(k)
n+1 +B

(k)
n+1 + C

(k)
n+1

)
)Un + 2δFn+1/2 − 2δDn+1/2 (31)

U
(0)
n+1 = Un and n = 1, 2, . . . , N k = 1, 2, . . . .

6 Numerical results

In this section, we present the results of a Matlab implementation of the theory. First we
validate the code by simulating the linear equation and calculating the error. Then we com-
pare the solutions of the nonlinear equation obtained with the different modified volatilities
presented.

Example 1: The analytical solution of the linear Black-Scholes equation in (1), where
r and σ are constant and satisfying conditions (3), is given by the well-known formula [5]

V (S, t) = SN(d1)−Ke−r(T−t)N(d2) (32)

where N(x) = (1/2π)
x∫
−∞

e
−y2

2 dy, x ∈ R is the cumulative distribution function of N(0, 1),

d1 = {log (S/K)+
(
r + σ2/2

)
(t−T )}/

(
σ
√
t− T

)
and d2 = d1−σ

√
(t− T ). Knowing the ex-

act explicit solution permitted us to calculate the exact error of the approximations. We sim-
ulated equation (16) using the parameters T = 1, r = 0.1, σ = 0.2, a = 0.4, b = 1, K = 0.4,
T = 1, g1(t) = 0, g2(t) = 1− 0.4ert, g3(t) = 0, g4(t) = 1 and u0(x) = max{x− 0.4, 0}.
In Figure (1), we present the solution obtained with h = 0.01 and δ = 0.001, in some in-
stants. We may observe that the behaviour is similar to the behaviour of the exact solution.
In figure (2), the convergence error for h is studied, that is, we establish a fixed value
δ = 0.001 and different values of h = 0.1, 0.01, 0.001. For each value of h, we calculated the
error in the L2(a, b) norm and we collected the results in the graph represented.

From the figure presented we may conclude that the convergence is only of order 2. We
suspect that this behaviour is due to the lack of regularity of the solution.

Example 2: In order to compare the behaviour of the solution for the different models
presented, we simulated Equation (16) for each model. In Figure 3, we represent the solution
and the first derivative of the non-linear Black-Scholes equation for the different transaction
costs models at t = 0. The parameters used are: r = 0.2, σ = 0.2, Le = 0.6, M = 30,
C = 0.01, a2 = 0.4, K = 0.4, T = 1, h = 0.1, δ = 0.001, g1(t) = 0, g2(t) =
1− 0.4ert, g3(t) = 0, g4(t) = 1 and u0(x) = max{x− 0.4, 0}.
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Figure 1: Obtained solution in example
1.

Figure 2: Convergence analysis for h in
example 1.

The chart shows that the difference is not significant for all the transaction cost models.
At this point, with the given parameters, the Leland model provides the highest price,
followed by the Barles and Soner model, the Kratka model, and finally the linear model with
constant volatility without transaction costs. An analysis from the initial to the maturity
date permits us to conclude that the difference between the various models decreases as the
expiration date approaches. This is an expected consequence of the decreasing necessity
of portfolio adjustment and hence lower transaction costs closer to expiry. The difference
is bigger at the beginning of the year, where the non-linear price is higher than the linear
price.

7 Conclusions

A finite element method based on Hermite polynomials, to solve the non-linear problem in
the non-divergent form, in a domain with fixed boundaries, was presented. The program
resulting from the implementation of this method in Matlab code was tested with the linear
equation. The error and convergence analysis was done in Example 1. The Crank-Nicolson
method presents a convergence order of 2, for both solution and its derivative, while the
finite element method has a convergence order of approximately 2 for the solution and 2
for its derivative, which does not fit the methods applied in this work. In Example 2, the
solution and the derivative of the non-linear Black-Scholes equation were simulated with
the different transaction cost models, taking into account the European-type call option.
The study shows that the difference is not significant for all transaction cost models and it
decreases the closer we are from the expiration date. As future work, we will carry out a
similar study for American options.
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Figure 3: Solution (left) and its derivative (right) of the non-linear Black-Scholes equation
with different transaction costs for European call options.
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Abstract

This paper describes the highlights of our algorithm implementation for the com-
putation of the trigonometric functions sine and cosine of a matrix. This algorithm is
based on a Taylor series approximation, which is characterized from the computational
point of view because is very rich in matrix multiplications. We have used this feature
to develop an implementation that can use one or two GPUs if available. In addition,
our implementation can be easily used in the MATLAB environment.

Key words: Matrix Trigonometric functions, GPU computing, MATLAB, mex MAT-
LAB.

1 Introduction

The trigonometric matrix functions sine and cosine arise in many engineering processes that
are described by second order differential equations. Several state-of-the-art algorithms have
been provided recently for computing these matrix functions using polynomial and rational
approximations with scaling and recovering techniques [3, 5, 1]. One of the last and most
competitive proposals in both accuracy and performance to obtain the cosine of a matrix
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A (cos(A)) is [2], which is a Taylor based algorithm. This paper addresses the challenge of
performing the computation suggested in [2] as fast as possible on a computer composed
by a multicore CPU and two NVIDIA GPUs. The challenge is twofold since the aim is
also to develop an easy-to-use interface that allows the user to execute our algorithm from
MATLAB.

2 Matrix Cosine Computation

The matrix cosine can be defined for all A ∈ Cn×n by

cos(A) =

∞∑
i=0

(−1)iA2i

(2i)!
,

and let

T2m(A) =
m∑
i=0

(−1)iBi

(2i)!
≡ Pm(B), (1)

be the Taylor approximation of order 2m of cos(A), where B = A2. We have implemented
an “accelerated” version of the algorithm in [2] that computes a Taylor approximation
Pm(B) (1). The approximation of cos(A) is recovered by means of the double angle formula
cos(2X) = 2 cos2(X)− I. By using the fact that sin(A) = cos(A− π

2 I), the same algorithm
can also be used to compute the matrix sine.

3 The Accelerated Version

In our implementation, just like in [2], we have used a technique called Paterson-Stockmeyer’s
method [4] that allows to reduce the number of matrix products. But still the number of
matrix products can be large. The fact that the computational cost is based on matrix
products is a good reason to use GPUs since the matrix product is a very optimized opera-
tion in GPU. Using one or two GPUs is thus a logical step forward in reducing the execution
time required to compute (1). Our implementation is efficient because it highly exploits the
capabilities of the underlying existing GPUs.

The accelerated version was developed with the aim of being not only efficient but also
easy to use and easy to modify. This is accomplished by keeping the MATLAB interface
and syntax of the original algorithm [2]. The strategy consists of executing those parts
of the MATLAB function that are good candidates to be accelerated using MATLAB mex

functions implemented in CUDA and C++, and leaving the remaining operations to the
host.

Data in both host and device memories must be persistent all along the time a MATLAB
function is executing. A key point of our implementation is the use of only one mex function
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to implement all the different operations because some data must remain in the device
memory between consecutive calls, and this can be realized calling repeatedly to the same
mex function. The mex function implemented, called call_gpu, has a string as its first
argument (we name it the command tag) that labels the action to do. The rest of the
arguments depend on the action to be performed. For example, call_gpu(’init’,A)),
which actually is the first call that must be written in the code, allocates memory into the
device to host some matrices like, e.g. matrix A and the resulting matrix, among others.
Under this command, matrix A is also transferred from the MATLAB working space in the
host memory to the device memory. Other operations implemented for the GPU are called
with labels ’scale’, ’unscale’, ’power’, ’norm1’, and ’finalize’.

This solution provides ease to the user. The original MATLAB code is modified with
very few commands, i.e. only replacing few lines in the code with calls to the mex function
with the appropriate command tag. This can be carry out by a non expert user on GPUs
and/or on CUDA programming. However, the user who implements the MATLAB code
must be aware that once matrix A has been uploaded to the GPU, this matrix and the
derived ones, e.g. (B1, B2, . . . ), will be stored only into the device.

4 Experimental Results

The experimentation has been performed on a host computer, equipped with an Intel Quad-
Core i7-3820 (3.6Ghz) processor, and with two NVIDIA GPU of type K20c (Kepler archi-
tecture) attached. Each GPU has 13 multiprocessors with 192 cores each, resulting in a
total of 2496 CUDA cores. The two devices jointly make available to the user a total of
4992 CUDA cores for processing. Each device features 4800 MBytes of RAM memory.

The experiment shown in Figure 1 compares the execution time using the host CPU,
one GPU or two GPUs. In general, it can be stated that the overhead incurred by data
transference through the PCIe bus in implementations that use GPUs makes inadequate its
use for small problem sizes. The raw MATLAB implementation for CPU is the best option
when the problem size is less than n ≈ 520 in case there are two GPUs available, or n ≈ 640
when there exists just one GPU within reach. The use of two GPUs is always better than
using only one for problems larger than ≈ 60.

5 Conclusions

This contribution describes the two key features of our implementation of the Taylor series
approximation algorithm proposed in [2] to calculate the sine (or cosine) of a matrix. Our
implementation can use one or two GPUs. The application is easy to use since the commands
provided to the user can be easily integrated into a MATLAB code.
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Figure 1: Execution time to obtain cos(A) using the CPU, 1 GPU, and 2 GPUs.

Our solution outperforms MATLAB in the sense that, though currently MATLAB
provides with some functions that allow to use one GPU, it is not possible yet to use two
GPUs at the same time.
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[5] J. Sastre, J. Ibáñez, P. Ruiz, and E. Defez. Efficient computation of the matrix cosine.
Appl. Math. Comput., 219:7575–7585, 2013.

c©CMMSE ISBN: 978-84-617-8694-7Page 55 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Pivoting strategies and almost strictly sign regular matrices

P. Alonso1, J.M. Peña2 and M.L. Serrano1
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Abstract

Several pivoting strategies for Neville elimination of almost strictly sign regular ma-
trices are recalled and compared. They are also compared with Gauss elimination with
partial pivoting. Some optimal properties of two-determinant pivoting are presented.
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1 Introduction

Numerical methods adapted to structured classes of matrices have been studied recently.
A very important class of structured matrices due to its applications is the class of sign
regular (SR) matrices. A matrix is SR if all its minors of the same order have the same sign.
The importance of nonsingular SR matrices comes from their characterization as variation
diminishing transformations. This property has played a crucial role in the applications to
Statistics, Economy or Computer-Aided Geometric Design (see [5, 6, 15]).

A relevant subclass of SR matrices is formed by totally positive (TP) matrices, that is,
matrices such that all their minors are nonnegative. The study of TP matrices began in
1930 with the work of Schoenberg (see [17]). The exhaustive research carried out in the
field of TP matrices is reflected in books written several decades ago, such as Gantmacher
and Krein, whose original was published in Russian in 1941 and has an English version of
2002 (see [9]), or Karlin’s 1968 book (see [14]). There are also more recent texts such as
that edited by Gasca and Michelli in 1996 (see [10]) and more recently Pinkus’ book (see
[16]) and Fallat and Johnson’s book (see [8]). In contrast, the knowledge about the class
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of SR matrices is much smaller. This is due, above all, to the much greater difficulties that
arise from their study.

The goal of this work is the study of another subclass of SR matrices: the almost strictly
sign regular (ASSR) matrices (see [1]). These matrices have all their nontrivial minors of
the same order with the same strict sign and this subclass contains the nonsingular almost
strictly totally positive (ASTP) matrices, introduced by Gasca, Miccheli and Peña (see [11]).
A nonsingular matrix is ASTP if a minor with consecutive rows and columns is positive
if and only if it has positive diagonal entries. Hurwitz matrices and B-splines collocation
matrices are examples of ASTP matrices. In general, problems with ASSR matrices are
much more difficult to deal with than the corresponding problems for ASTP matrices.

This work analyzes several aspects about the application of some pivoting strategies
to ASSR matrices using Neville elimination (NE) or Gaussian elimination (GE). NE is an
elimination procedure alternative to GE, very useful when dealing with SR matrices and
their subclasses.

In [12] the scaled partial pivoting with respect to the l∞-norm and Euclidean norm
are studied for GE and NE applied to totally positive linear systems. It is proved that
in exact arithmetic row exchanges are not necessary. In [2] a backward error analysis of
Neville procedure is presented (with and without pivoting strategy). In the case of TP
matrices, the error bounds are similar to those obtained previously by other authors for
GE. In 2007 a pivoting strategy called two-determinant pivoting (see [7]) is analyzed. The
application of NE with two-determinant pivoting strategy to ASSR matrices is studied in
[3]. It is shown that this procedure preserves the almost strict sign regularity and that the
associated Wilkinson-type growth factor is optimal.

This work is organized as follows. In Section 2 we present several pivoting strategies
for NE. In Section 3 we compare, these pivoting strategies and GE with partial pivoting,
using an illustrative example. Moreover, we announce the better properties of the two-
determinant pivoting strategies under several points of view.

2 Some pivoting strategies for Neville elimination

In this section we briefly present the NE and several row pivoting strategy associated to
this method.

NE is a very convenient procedure when working with ASSR matrices and other related
types of matrices. If A is a nonsingular n×n matrix, NE consists of at most n−1 successive
major steps, resulting in a sequence of matrices as follows:

A = Ã(1) → A(1) → · · · → Ã(n) = A(n) = U (1)

where U is an upper triangular matrix.
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For each t, 1 ≤ t ≤ n, A(t) =
(
a
(t)
ij

)
1≤i,j≤n

has zeros in the positions a
(t)
ij , for 1 ≤ j ≤ t,

j ≤ i ≤ n. Besides it holds that

a
(t)
it = 0, i ≥ t⇒ a

(t)
ht = 0, ∀h ≥ i. (2)

The matrix A(t) is obtained from Ã(t) reordering rows t, t+ 1, . . ., n according to a row
pivoting strategy that satisfies (2).

To obtain Ã(t+1) from A(t) we produce zeros in the column t below the main diagonal
by subtracting a multiple of the ith row from the (i + 1)th, for i = n − 1, n − 2, . . ., t,
according to the following formula:

ã
(t+1)
ij =


a
(t)
ij , 1 ≤ i ≤ t,

a
(t)
ij −

a
(t)
it

a
(t)
i−1,t

a
(t)
i−1,j , if a

(t)
i−1,t 6= 0, t+ 1 ≤ i ≤ n,

a
(t)
ij , if a

(t)
i−1,t = 0, t+ 1 ≤ i ≤ n,

(3)

for all j = 1, 2, . . . , n.
The element

pij = a
(j)
ij , 1 ≤ j ≤ i ≤ n (4)

is called the (i, j) pivot of NE of A and the number

mij =


a
(j)
ij

a
(j)
i−1,j

(
=

pij
pi−1,j

)
, if a

(j)
i−1,j 6= 0,

0, if a
(j)
i−1,j = 0,

(5)

the (i, j) multiplier. Note that mij = 0 if and only if pij = 0 and, by (2),

mij = 0 =⇒ mhj = 0, ∀h > i. (6)

Now we present some pivoting strategies for NE, using row exchanges with similar
purposes to those of the pivoting strategies for GE. Recall that A(t) is obtained by reordering
the rows of matrix Ã(t) by an adequate pivoting strategy with a criterion for the choice of
the pivots pij . GE with partial pivoting chooses the pivots so that all multipliers have
absolute value not greater than 1. With a similar purpose, one can define NE with partial
pivoting. We interchange the rows of Ã(t) so that A(t) satisfies

|a(t)tt | ≥ |a
(t)
t+1,t| ≥ · · · ≥ |a

(t)
nt |

and from A(t) we construct Ã(t+1) as in (3).
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To improve the previous strategy we will incorporate an adequate scaling, thus arising
the scaled partial pivoting, if we use the standard ‖ · ‖∞, or the Euclidean scaled partial
pivoting if the norm used is Euclidean ‖ · ‖2 (see [12]).

We will denote by r
(t)
i to the ith row of the submatrix A(t)[1, . . . , n|t, . . . , n], with

i = t, t+ 1, . . . , n and t = 1, . . . , n− 1, and with s
(t)
i , S

(t)
i to the amounts

s
(t)
i = ‖r(t)i ‖∞ = max

t≤j≤n
|a(t)ij |,

S
(t)
i = ‖r(t)i ‖2 = ((a

(t)
it )2 + · · ·+ (a

(t)
in )2)1/2.

(7)

In the scaled partial pivoting for NE, for each value of t, the rows of A(t), from the row
tth to the nth are ordered according to a permutation (i1, i2, . . . , in−t+1) of the elements
(t, t+ 1, . . . , n), so that

|a(t)i1,t
|

s
(t)
i1

≥
|a(t)i2,t
|

s
(t)
i2

≥ · · · ≥
|a(t)in−t+1,t

|

s
(t)
in−t+1

. (8)

Then, A(t) has been obtained by substituting the tth row of Ã(t) for the i1th, (t+ 1)th
for the i2th and so on.

For the case of the Euclidean scaled partial pivoting strategy, we can obtain an analogous

expression to (8) simply replacing in it s
(t)
i for S

(t)
i .

In [7] a row pivoting strategy associated to NE for nonsingular SR matrices is intro-
duced. It will be called two-determinant pivoting strategy due to the special role played by
some 2× 2 determinants of some matrices appearing along the Neville procedure. Besides,
the authors also study the scaled partial pivoting in NE.

The criterion of the two-determinant pivoting strategy to obtain A(t)[t, . . . , n] from a
reordering of the rows of Ã(t)[t, . . . , n] is the following:

• If ã
(t)
tt = 0: then we reverse the ordering of the rows, that is, A(t)[t, . . . , n] :=

Pn−t+1Ã
(t)[t, . . . , n].

• If ã
(t)
nt = 0: then we do not perform rows exchanges, that is, A(t) := Ã(t).

• If ã
(t)
tt 6= 0 and ã

(t)
nt 6= 0, then we compute the determinant d1 = det Ã(t)[t, t+ 1].

– If d1 > 0 then A(t) := Ã(t).

– If d1 < 0 then A(t)[t, . . . , n] := Pn−t+1Ã
(t)[t, . . . , n].

– If d1 = 0 then compute the determinant d2 = det Ã(t)[n− 1, n|t, t+ 1].

∗ If d2 > 0 then A(t) := Ã(t).

∗ If d2 < 0 then A(t)[t, . . . , n] := Pn−t+1Ã
(t)[t, . . . , n].
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In Section 3 of [7] it is shown that this pivoting strategy is well defined for nonsingular
SR matrices. The computational cost of the NE without row exchanges for an n×n matrix
coincide with the cost of GE without row exchanges. So it has a cost of 4n3+3n2−7n

6 ' 2n3

3
flops (floating-point operations). Using the two-determinant pivoting strategy, this cost is
increased with at most 2n−2 subtractions and 4n−4 multiplications. Besides, by Theorem
4.1 of [7], for a nonsingular SR matrix, the two-determinant pivoting strategy for NE is a
scaled partial pivoting strategy for any monotone vector norm.

Other pivoting strategies used in both GE and NE are called pairwise pivoting (see
[18, 19]). These are suitable for implementations on parallel computers and reduce the
communication cost considerably .

In contrast to row pivoting strategies described above (associated with (1)) pairwise
pivoting strategies interchange consecutive rows in each step and then produce a zero. In
fact pairwise pivoting for NE is defined as follows: to produce a zero at position (n, 1) in

Ã(1), one compares the element ã
(1)
n1 with ã

(1)
n−1,1. If |ã(1)n1 | > |ã

(1)
n−1,1| the corresponding rows

are exchanged, in order that |ã(1)n1 /ã
(1)
n−1,1| ≤ 1. Then the elements of row n are updated

producing a zero in the (n, 1) entry. We continue with the first column until producing a zero
in the (2, 1) entry, and then we would continue with the second column and later columns,
analogously to NE, until obtaining an upper triangular matrix U . For a nonsingular matrix
A, NE with pairwise pivoting consists of al most n(n− 1)/2 successive step, resulting in a
sequence of matrices as follows:

A = Ã(1) → A(1) → · · · → Ã(
n(n−1)

2
) = A(

n(n−1)
2

) = U (9)

where U is an upper triangular matrix.

3 Comparison of the pivoting strategies

In this section, some aspects regarding the application of pivoting strategies defined in the
previous section to ASSR matrices are studied. We compare those pivoting strategies under
different points of view.

Let A be an n× n matrix. The Wilkinson-type growth factor associated to NE with a
certain pivoting strategy is given by

ρ(A) =
maxi,j,t

∣∣∣ã(t)ij

∣∣∣
maxi,j |aij |

(10)

where Ã(t) =
(
ã
(t)
ij

)
1≤i,j≤n

are the intermediate matrices of the elimination process. A

similar Wilkinson-type growth factor for GE with partial pivoting can be defined (see Section
9.3 of [13]).
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We shall define another growth factor, which is a normwise growth factor, in contrast to
the componentwise growth factor defined in (10). We announce that the two-determinant
pivoting strategy is optimal for both growth factors. It also has other important advantages
over the other pivoting strategies defined in Section 2. In fact, two-determinant pivoting is
zero-increasing and preserves the almost strictly sign regularity.

Given an ASSR matrix A we can observe that, NE with partial pivoting, GE with
partial pivoting and pairwise pivoting for NE do not preserve the structure of this matrix.
The following example illustrates this situation.

Let A be an ASSR matrix with signature ε = (−1, 1,−1, 1,−1,−1)

A = Ã(1) =



−1 −4 0 0 0 0
−2 −10 −10 −16 −2 0
0 −6 −33 −60 −21 0
0 −8 −46 −92 −70 −36
0 0 −9 −60 −242 −316
0 0 −6 −60 −443 −2823

 .

Taking into account that |a21| = 2 > |a11| = 1, the application of NE with partial
pivoting (which coincides with GE with partial pivoting in the first step) implies that the
rows 1 and 2 must be exchanged, so

A(1) =


−2 −10 −10 −16 −2 0
−1 −4 0 0 0 0
0 −6 −33 −60 −21 0
0 −8 −46 −92 −70 −36
0 0 −9 −60 −242 −316
0 0 −6 −60 −443 −2823

 , Ã(2) =


−2 −10 −10 −16 −2 0
0 1 5 8 1 0
0 −6 −33 −60 −21 0
0 −8 −46 −92 −70 −36
0 0 −9 −60 −242 −316
0 0 −6 −60 −443 −2823


and Ã(2)[2, . . . , 6] matrix is not an ASSR matrix. Note that Ã(2) has less zeros than A.

If pairwise pivoting with NE is considered, then

A = Ã(1) = A(1) = Ã(2) = A(2) = Ã(3) = A(3) = Ã(4)

and the matrices

A(4) =


−2 −10 −10 −16 −2 0
−1 −4 0 0 0 0
0 −6 −33 −60 −21 0
0 −8 −46 −92 −70 −36
0 0 −9 −60 −242 −316
0 0 −6 −60 −443 −2823

 , Ã(5) =


−2 −10 −10 −16 −2 0
0 1 5 8 1 0
0 −6 −33 −60 −21 0
0 −8 −46 −92 −70 −36
0 0 −9 −60 −242 −316
0 0 −6 −60 −443 −2823

 .

Observe that the property of almost strict sign regularity is not inherited by Ã(5)[2, . . . , 6].
Note also that Ã(5) has less zeros than A.
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As for two-determinant pivoting strategy, we get the following matrices A = Ã(1) = A(1)

and

Ã(2) =



−1 −4 0 0 0 0
0 −2 −10 −16 −2 0
0 −6 −33 −60 −21 0
0 −8 −46 −92 −70 −36
0 0 −9 −60 −242 −316
0 0 −6 −60 −443 −2823

 .

In this case Ã(2)[2, . . . , 6] is ASSR and Ã(2) has more zeros than A. These properties also
hold by matrices Ã(t)[t, . . . , 6], for all t = 3, . . . , 6, when we apply NE with two-determinant
pivoting. Besides, ρ(A) = 1 and in this case the stability of the strategy is assured.
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Abstract

In this paper, we offer a comparison in terms of computational efficiency between two
techniques to avoid order reduction when using Strang method to integrate nonlinear
initial boundary value problems with time-dependent boundary conditions. Consider-
ing different implementations for each of the techniques, we show that the technique
suggested by Alonso et al. is more efficient than the one suggested by Einkemmer et al.

Key words: Strang splitting, avoiding order reduction, computational comparison,
MSC 2000: 65M12 65M20

1 Introduction

There are several papers in the literature concerning the important fact of avoiding the
order reduction in time which turns up when integrating with splitting methods nonlinear
problems of the form

u′(t) = Au(t) + f(t, u(t)), 0 ≤ t ≤ T,

∂u(t) = g(t),

u(0) = u0, (1)

where A is an elliptic differential operator, f is a smooth real function which acts as a
reaction term, ∂ is a boundary operator, g is the boundary condition which in principle
does not vanish and is time-dependent and u0 is a smooth initial condition which makes
that the solution of (1) is regular enough.

c©CMMSE ISBN: 978-84-617-8694-7Page 64 of  2288



EFFICIENCY WHEN AVOIDING ORDER REDUCTION

More particularly, in [6, 7] a technique is suggested to do it, in which each part of the
splitting is assumed to be solved in an exact way for the analysis and, in the numerical
experiments, standard subroutines are used to integrate each part in space and time. Al-
though, from the point of view of the analysis, the technique in both papers is equivalent,
the difference is that, in [6], the solution of this elliptic problem is required at each time
t ∈ [0, T ],

Az(t) = 0, ∂z(t) = g(t),

and a suggestion for zt(t) must be given. This is very simple analytically in one dimension
but much more complicated and expensive in several dimensions. Nevertheless, that is
avoided in [7] by considering just a function q which coincides with f(g) at the boundary.
That can also be done analytically in one dimension and simple domains in two dimensions,
and numerically in more complicated domains, according to a remark made in [7] although
it is not in fact applied to such a problem there. In this paper, we will concentrate on the
technique in [7] for 1-dimensional and 2-dimensional simple domains.

On the other hand, in [3], another different technique is suggested in which appropriate
boundary conditions are suggested for each part of the splitting. The analysis there considers
both the space and time discretization. The linear and stiff part is integrated ‘exactly’ in
time through exponential-type functions while the nonlinear but smooth part is assumed to
be numerically integrated by a classical integrator just with the order of accuracy that the
user wants to achieve with the whole method. Although the latter seems to be the more
natural, in order to be more similar in the comparison with the technique in [7], we will
use standard subroutines which use variable stepsizes with given small tolerances for the
nonlinear and smooth problems of both techniques.

We will concentrate on the extensively used second-order Strang splitting and the aim
of the paper is to compare both techniques in terms of computational efficiency, considering
different space discretizations, different tolerances for the standard subroutines which inte-
grate in time some of the split problems, and different (although standard) ways to tackle the
calculation of terms which contain exponential-type functions of matrices. For that, both
one-dimensional and bidimensional problems will be considered. There is already another
comparison in the literature between both techniques [8] but there they just compare in
terms of error against the time stepsize without entering into the details of implementation
and its computational cost, which we believe that is the interesting comparison. Moreover,
they just consider time-independent boundary conditions and 1-dimensional problems, for
which many simplifications can be made.

The paper is structured as follows. Section 2 gives some preliminaries on the description
of the different techniques and suggest different implementations for each of them. Section 3
presents results for all the methods suggested in terms of error against cpu time when using
accurate spectral collocation methods in space and very small tolerances for the standard
subroutines in time. Section 4 offers also a numerical comparison, but now using less
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accurate finite differences in space and less small tolerances for the standard subroutines in
time. Moreover, numerical differentiation is also considered in order to achieve local order
3 instead of just 2, and again the computational comparison is performed.

2 Preliminaries and suggestion of different implementations

The technique suggested in [7] consists of the following: A function q(t) is constructed which
satisfies ∂q(t) = ∂f(t, u(t)). Then, given the numerical approximation at the previous step
un, the numerical approximation at the next step un+1 is given by the following procedure:

v′n,1(t) = Avn,1(t) + q(t),

vn,1(tn) = un,
∂vn,1(t) = g(t),{
w′n(t) = f(t, wn(t))− q(t),

wn(tn) = vn,1(tn + k
2 ),

v′n,2(t) = Avn,2(t) + q(t),

vn,2(tn + k
2 ) = wn(tn + k),

∂vn,2(t) = g(t),

un+1 = vn,2(tn + k). (2)

However, we notice that two of three problems which turn up here are stiff and therefore
solving them will be more expensive than solving the unique nonlinear but smooth problem.
In order to reverse that, the decomposition of the splitting method can be done in another
order and then the following procedure would turn up, for which with similar arguments,
no order reduction would either turn up:{

w′n,1(t) = f(t, wn,1(t))− q(t),

wn,1(tn) = un,
v′n(t) = Avn(t) + q(t),

vn(tn) = wn,1(tn + k
2 ),

∂vn(t) = g(t){
w′n,2(t) = f(t, wn,2(t))− q(t),

wn,2(tn + k
2 ) = vn(k),

un+1 = wn,2(tn + k). (3)

Then, two of the problems are cheap and just one is more expensive.
On the other hand, in [3], the main idea is to consider, from un,

w′n(s) = Awn(s),

wn(0) = Ψf,tn
k
2

(un),

∂wn(s) = ∂[u(tn) + k
2f(tn, u(tn)) + sAu(tn)],
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un+1 = Ψ
f,tn+

k
2

k
2

(wn(k)).

where Ψf,tn
k
2

and Ψ
f,tn+

k
2

k
2

integrate respectively with order 2 the following problems from

s = 0 to s = k/2:

v′n(s) = f(tn + s, vn(s)), z′n(s) = f(tn +
k

2
+ s, zn(s)).

Moreover, the procedure to integrate this is more explicitly stated. Firstly, in [3] (see also
[1, 2, 5]), a general space discretization is introduced which discretizes the elliptic problem

Au = F, ∂u = g,

through the ‘elliptic projection’ Rhu which satisfies

Ah,0Rhu + Chg = PhF,

for a certain matrix Ah,0, an associated boundary operator Ch and a projection operator
Ph. Then, given the numerical approximation at the previous step Un

h , the procedure in [3]
to obtain Un+1

h reads as follows:

V n
h = Ψf,tn

k
2

(Un
h ),

Wh,n(k) = ekAh,0V n
h + kϕ1(kAh,0)Ch[g(tn) +

k

2
∂f(tn, u(tn))]

+k2ϕ2(kAh,0)Ch[g′(tn)− ∂f(tn, u(tn)]

Un+1
h = Ψ

f,tn+
k
2

k
2

(Wh,n(k)), (4)

where ϕ1 and ϕ2 are the standard functions which are used in exponential methods [3]. The
original suggestion used this order for the decomposition thinking that Ψk is just an explicit
method which is applied with a single stepsize k, and therefore it would be cheaper than the
equation in Wh,n(k). We still believe that would be the best. However, as in this paper, in
order to do it more similarly to [7], we will solve that part with a standard variable stepsize
subroutine for non-stiff problems until a given small tolerance, the first and last problem
may be more expensive than the middle one. Therefore, we will also consider this other
implementation which comes from reversing the order of the problems in the decomposition:

Wh,n(
k

2
) = e

k
2
Ah,0Un

h +
k

2
ϕ1(

k

2
Ah,0)Chg(tn) +

k2

4
ϕ2(

k

2
Ah,0)Ch∂Au(tn)

V n
h = Ψf,tn

k (Wh,n(
k

2
)),

Un+1
h = e

k
2
Ah,0V n

h +
k

2
ϕ1(

k

2
Ah,0)Ch∂[u(tn) +

k

2
Au(tn) + kf(tn, u(tn)]

+
k2

4
ϕ2(

k

2
Ah,0)Ch∂Au(tn). (5)
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In the following, we will denote by EO1 to (3), by EO2 to (2), by ACR1 to (4) and by
ACR2 to (5).

3 Numerical comparison with spectral collocation methods
in space and high accuracy in time

In this section a comparison in terms of computational efficiency among the different tech-
niques is given when solving all the problems at hand with high accuracy. In such a way, we
will be seeing the error which comes from the splitting itself for a large range of values of
the timestepsize k. More precisely, spectral collocation methods [4] are used for the space
discretization with the two implementations of both techniques. Moreover, the nonlinear
and non-stiff problems of both techniques are integrated with MATLAB subroutine ode45
with relative tolerance 10−12 and absolute tolerance 10−15. As for the linear and stiff part
of EO1 and EO2 ((3) and (2) respectively), we have considered subroutine ode15s with the
same tolerances. On the other hand, in this section, for the implementation of the equation
on Wh,n in ACR1 and the first and last equation in ACR2 ((4) and (5) respectively), as
Ah,0 is a full but small matrix and we consider k as fixed during the whole integration, we
have calculated once and for all the matrices ekAh,0 , ϕ1(kAh,0)Ch and ϕ2(kAh,0)Ch. The
calculation of these matrices is not included in the measured computational time since this
initial cost is negligible when integrating till large times but may be very big when T is
small. (For another implementation of those terms with no initial cost, look at Section 4.)

In a first place, we have considered the following one-dimensional Dirichlet boundary
value problem whose exact solution is u(x, t) = et+x3

:

ut(x, t) = uxx(x, t) + u2 − et+x3
(9x4 + 6x + et+x3 − 1), 0 ≤ x ≤ 1, t ∈ [0, 0.2],

u(x, 0) = ex
3
,

u(0, t) = et, u(1, t) = et+1. (6)

For the spectral space discretization, 16 Gauss-Lobatto interior nodes have been used so
that the error in space is negligible. We also notice that the matrix ekAh,0 has dimension
16 × 16 while ϕ1(kAh,0)Ch and ϕ2(kAh,0)Ch have dimension 16 × 2 since they are just
multiplied by the values at the boundary. Therefore, the calculation of the terms in ekAh,0

is more expensive than the calculation of those in ϕi(kAh,0)Ch (i = 1, 2). On the other hand,
as it is a one-dimensional problem, the function q in EO1 and EO2 is calculated directly
for every value of t as the straight line which joins the corresponding values f(t, 0, et) and
f(t, 1, et+1) at x = 0 and x = 1 respectively. The values of the time stepsize which have
been displayed have been k = 10−3, 5 × 10−4, 2.5 × 10−4, 1.25 × 10−4, 6.25 × 10−5 for EO
and k = 10−3, 5 × 10−4, 2.5 × 10−4, 1.25 × 10−4, 6.25 × 10−5, 3.125 × 10−5 for ACR. The
results in terms of maximum error against computational cost are in Figure 1 and we can
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Figure 1: Numerical comparison with spectral collocation methods in space and high accu-
racy in time for the 1-dimensional problem (6)

see that techniques ACR1 and ACR2 are more efficient than EO1 and EO2, that
ACR2 is three times more efficient than ACR1 and that EO1 and EO2 are very similar
in efficiency. In any case, we can check that, as already remarked in the previous section, for
a fixed value of k, ACR2 is cheaper than ACR1 and EO1 cheaper than EO2. Moreover
we can observe that, at least for this particular problem, for fixed k, the error is smaller
with the second implementation of both techniques than with the first.

In a second place, we have considered the two-dimensional problem

ut(x, y, t) = uxx(x, y, t) + uyy(x, y, t) + f(t, x, y, u(x, y, t)), 0 ≤ x, y ≤ 1, t ∈ [0, 0.2],

u(x, y, 0) = ex
3+y3 ,

u(0, y, t) = et+y3 , u(1, y, t) = et+1+y3 , u(x, 0, t) = et+x3
, u(x, 1, t) = et+1+x3

. (7)

where f(t, x, y, u) = u2 − et+x3+y3(9(x4 + y4) + 6(x + y) + et+x3+y3 − 1), so that the exact
solution is u(x, y, t) = et+x3+y3 . Now, 16 interior Gauss-Lobatto nodes have been taken in
each direction of the square for the space discretization and the implementation has been
performed with similar remarks to those of the one-dimensional case. The only remarkable
difference is that the function q(t, x, y) in EO1 and EO2 must be chosen in a different way.
We consider a function of the form q(t, x, y) = r(t, x)f(t, 1, y, et+1+y3)+s(t, x)f(t, 0, y, et+y3)
which satisfies the corresponding conditions at the boundary and that is achieved if r(t, x)
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Figure 2: Numerical comparison with spectral collocation methods in space and high accu-
racy in time for the 2-dimensional problem (7)

and s(t, x) satisfy(
f(t, 1, 0, et+1) f(t, 0, 0, et)
f(t, 1, 1, et+2) f(t, 0, 1, et+1)

)(
r(t, x)
s(t, x)

)
=

(
f(t, x, 0, et+x3

)

f(t, x, 1, et+1+x3
)

)
.

(Notice that this technique to calculate q analytically can be applied in a rectangular domain
but not in more complicated domains in two dimensions.) In Figure 2, which corresponds
to the following values of the timestepsize k = 2 × 10−2, 10−2, 5 × 10−3, 2.5 × 10−3, 1.25 ×
10−3, 6.25× 10−4, 3.125× 10−4 for EO and k = 2.5× 10−3, 1.25× 10−3, 6.25× 10−4, 3.125×
10−4, 1.5625× 10−4, 7.8125× 10−5, 3.9063× 10−5, 1.9531× 10−5 for ACR, we can see that
the second implementation of both techniques is cheaper than the first and that the best
of all implementations is ACR2, at least for a range of errors ≥ 10−7.

4 Numerical comparison with finite difference methods in
space and middle accuracy in time

In this section we have been a bit less demanding when solving each part of the splitting.
We have just considered 10−7 and 10−8 as relative and absolute tolerances respectively
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Figure 3: Numerical comparison with finite difference methods in space and middle accuracy
in time for the 1-dimensional problem (6)

for the standard subroutines ode45 and ode15s. As Strang method just has second-order
accuracy, it is usually used for problems in which a very high precision is not required.
Moreover, in space we have considered finite differences of just second order accuracy in the
space grid. More particularly, as in the problems above the operator A is the Laplacian,
we have taken the standard symmetric second-order difference scheme in 1 dimension and
the five-point formula in 2 dimensions [11]. We have considered as space grid h = 5× 10−4

for the 1-dimensional case and h = 2× 10−2 for the 2-dimensional case. With this type of
implementation, the matrix Ah,0 is sparse and, in this particular case, their eigenvalues and
eigenvectors are well-known [9]. Because of the former, it is natural to use standard Krylov
subroutines [10] in ACR1 and ACR2 to calculate the application of exponential-type func-
tions over vectors. Due to the latter, which is more specific of this particular example and
space discretization, in order to calculate the same terms, it seems advantageous to use the
discrete sine transform in the same way that FFT is used in Poisson solvers [9]. When using
Krylov subroutines [10], we have considered the default tolerance 10−7. The comparison is
performed in Figure 3 for the 1-dimensional problem (6) with k = 10−3, 5×10−4, 2.5×10−4

for EO1, k = 10−3, 5 × 10−4 for EO2 and k = 10−3, 5 × 10−4, 2.5 × 10−4, 1.25 × 10−4

for ACR. We again see that ACR1 and ACR2 are more competitive than EO1
and EO2. Although, for a fixed value of k, EO2 takes more computational time than
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Figure 4: Numerical comparison with finite difference methods in space and middle accuracy
in time for the 2-dimensional problem (8)

EO1, in the end they are very similar in efficiency since, at least in this case, the error is
also quite smaller. As for ACR1 and ACR2, ACR2 is more competitive since not only
the computational time is smaller for a fixed value of k but also the error is smaller. In
this particular case, considering discrete sine transforms is much cheaper than using Krylov
techniques. However, for a general operator A, that may not be possible and that is why
it is also interesting to see the comparison when using these techniques. In any case, the
worst of ACR implementations is about 20 times cheaper than the best of EO.

Moreover, following [8], we have also considered numerical differentiation in order to
get local order 3 with EO1 and EO2 in (6). More precisely, a function q has been taken
for which ∂q(t) = ∂f(t, u(t)) and ∂Aq(t) = ∂Af(t, u(t)). Although the order for the global
error does not improve, it is interesting to see whether the fact that the local errors maybe
smaller implies a better overall behaviour. Notice that, in (6),

d

dx2
f = fxx + 2fx,uux + fuuu

2
x + fuuxx.

As ∂uxx = g′(t) − ∂f(t, u), numerical differentiation is just required to calculate ∂ux. For
that, we have considered the second-order scheme

ux(0, t) ≈
−3

2u(0, t) + 2u(h, t)− 1
2u(2h, t)

h
, ux(1, t) ≈

3
2u(1, t)− 2u(1− h, t) + 1

2u(1− 2h, t)

h
.
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Although numerical differentiation is a badly-posed problem, its effect is still not visible
with the considered value of h for the first derivative and the range of errors which we are
considering. What is true is that the error constants may grow significantly because the
size of q may be very big, as it happens in this problem and Figure 3 shows. The latter is
the explanation that numerical differentiation is not worth when using EO2, as it
was already remarked in [8] for some other particular problems and fixed k.

As for ACR2, considering also terms of second order in s for the boundaries of the
problems in which the operator A appears, the following full scheme turns up:

Wh,n(
k

2
) = e

k
2
Ah,0Un

h +
k

2
ϕ1(

k

2
Ah,0)Chg(tn) +

k2

4
ϕ2(

k

2
Ah,0)Ch∂Au(tn)

+
k3

8
ϕ3(

k

2
Ah,0)Ch∂A

2u(tn)

V n
h = Ψf,tn

k (Wh,n(
k

2
)),

Un+1
h = e

k
2
Ah,0V n

h

+
k

2
ϕ1(

k

2
Ah,0)Ch∂[u(tn) + k(

1

2
Au(tn) + f(tn, u(tn))

+k2(
1

8
A2u(tn) +

1

2
fu(tn, u(tn))Au(tn) +

1

2
(ft(tn, u(tn)) + fu(tn, u(tn))f(tn, u(tn)))]

+
k2

4
ϕ2(

k

2
Ah,0)Ch∂[Au(tn) +

k

2
A2u(tn) + kAf(tn, u(tn))]

+
k3

8
ϕ3(

k

2
Ah,0)Ch∂A

2u(tn).

As ∂A2u = ∂Au̇− ∂Af = g̈− ∂(ft + fuu̇)− ∂Af , what is again necessary is to approximate
ux with numerical differentiation and we have done it in the same way as before. As it is ob-
served, there is a small ganancy in efficiency when using numerical differentiation
with ACR2 although it is not extremely significant.

Notice that, surprisingly, for both EO2 and ACR2, for a fixed value of k, the compu-
tational cost does not increase but is slightly smaller when using numerical differentiation.
This must be due to the fact that the standard subroutines which are used converge more
quickly when numerical differentiation is applied. A full explanation for that is out of the
scope of this paper although it might be a subject of future research.

In this section, in order to assure that the errors in space are negligible without having
to decrease too much the space grid, we have considered as bidimensional problem

ut(x, y, t) = uxx(x, y, t) + uyy(x, y, t) + f(t, x, y, u(x, y, t)), 0 ≤ x, y ≤ 1, t ∈ [0, 0.2],

u(x, y, 0) = x2 + y2,

u(0, y, t) = ety2, u(1, y, t) = et(1 + y2), u(x, 0, t) = etx2, u(x, 1, t) = et(1 + x2).(8)
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where f(t, x, y, u) = u2−e2t(x2+y2)2+et(x2+y2−4), so that the exact solution is u(x, y, t) =
et(x2 +y2). For the sake of brevity, we have concentrated on ACR2 and EO2 because they
were the best implementations in previous problems. We have implemented EO2 calculating
q in a similar way as in the bidimensional problem of the previous section and ACR2 again
with Krylov subroutines [10]. In Figure 4 we can see that ACR2 is 500 times more
efficient than EO2 where k = 10−2, 5×10−3, 2.5×10−3, 1.25×10−3, 6.25×10−4 has been
displayed for EO2 and k = 1.25×10−3, 6.25×10−4, 3.125×10−4, 1.5625×10−4, 7.8125×10−5

for ACR2.
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Politècnica de València
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Abstract

The processing of some digital sound signals can involve the QR factorization of a
rectangular system matrix. But, sometimes, only a given (and probably small) part of
the system matrix varies from the current sample to the next one. We exploit this fact
to reuse some computations of the former samples processing to save execution time in
the processing of the actual sample. This saving in execution time can be critical for
real time application addressed to low power consumption devices with high mobility.

Key words: QR factorization, QR Updating, real-time, block QR.

1 Introduction

The QR factorization of a matrix is a very known method to solve systems of linear equa-
tions or to approximate the solution to an overdetermined system (more equations than
unknowns). Let A ∈ Rm×n, with m ≥ n, be a matrix that represents the linear system, its
QR factorization is A = QR, being Q ∈ <m×m orthogonal and R ∈ <m×n upper triangular.

This factorization can be computed in O(mn2) flops either through Householder re-
flections or through Givens rotations [3]. Also, there exist block algorithms that improve
performance on processors with a hierarchical set of cache memories [4, 2]. In this work
we start form a sequential block algorithm that performs this factorization [5], and that we
modify to incorporate our proposal. We use OpenBLAS [1] in the basis of our algorithm.

We use the QR factorization with the aim of extracting the most approximate solution of
a least squares problem. The least squares problem arises as the main computational kernel
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A0,1A−1,0 A−1,1 A−1,2

A0,0 A0,1 A0,2
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A1,0 A1,1 A1,2

A(k) = =⇒

A1,0 A1,1 A1,2

A2,0 A2,1 A2,2

A3,0 A3,1 A3,2

A0,0

A(k+1) =

A0,2

Figure 1: Updating of system matrix A from iteration k to k + 1.

of a more complex process used to evaluate a sound signal sample. The digital sound signal
is sampled real time, what means that there exists a very short slot of time to perform all
the computations associated to the sample processing. Furthermore, the problem is critical
since we are interested in the use of devices with low computational capabilities (mobile
phones, tablets, etc.). Hence, what we propose is to speed up the process of performing the
QR factorization of each matrix at each sample by reusing some computations performed
in the processing of the former sample since there exist some common data to matrices
consecutive samples that can be reused.

2 The QR updating

The process we tackle here is iterative (a new sample is processed at each iteration). At
iteration k, k = 0, . . ., a QR factorization is carried on the system matrix A(k). Matrix A(k)

is “updated” with new data to form the system matrix of the following iteration A(k+1).
This “update” consist of 1) deleting the most ancient rows, which are the first ts rows; and
2) appending a new set of ts rows to the bottom of the system matrix, which are coming
from the sampled signal. The updating carried out between iterations k and k + 1 can be
observed in Figure 1, represented by matrices A(k) and A(k+1). The figure represents the
matrix partitioned in tiles of size ts × ts.

As stated before, the most time consuming process at iteration k consists of the QR
factorization, i.e. A(k) = QkRk. In order to save flops in each factorization we propose
to work on matrices that we denote as jagged , and that are represented by J in Figure 2.
Each block row of Jk is the “R” factor of each corresponding row in A(k). Hence, to form
Jk+1 there exists an intermediate step that consists of performing the QR factorization of
the new ts rows

(
A3,0 A3,1 A3,2

)
, and append the “R” factor i.e.

(
J3,0 J3,1 J3,2

)
to the bottom of the matrix. The “Q” is not explicitly formed since it is not needed. It is
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J2,0

⇒ ⇒ J(k+1) =

J1,1

J2,1

A3,0

Figure 2: Updating of system matrix J from iteration k to k + 1 with a jagged matrix.

clear that computing the QR factorization of the jagged matrix is cheaper than to compute
the QR of the original one.

3 Experimental Results

The experimental results have been obtained in a single ARM R© Cortex-A15 core of a
NVIDIA Jetson TK1 development kit. Table 1 shows the time in seconds to perform the
QR factorization of each matrix A(k) (column QR(A(k))), and the factorization of the jagged
matrix J (k) (column QR(J (k))). We show two problem sizes and two different tile sizes for
each problem. Also, we vary the block size bs, which is a parameter that must be tuned
to exploit the cache memory when working on a tile. Both sizes influence the performance
of the algorithm, but while the tile size ts is problem dependent (number of rows to be
updated on the system matrix) there exist freedom to select the block size (bs).

The best performance of the QR factorization of the two matrices, i.e. QR(A(k)) and
QR(J (k)), is obtained always for the same (ts, bs) combination. In these cases, the speed up
in percentage of QR(J (k)) with regard to QR(A(k)) is in the range ≈ [41, 45].

4 Conclusion

Real time applications are characterized by performing the same computation repeatedly
over new coming data. Sometimes, data, which frequently is represented as a system matrix,
changes from one iteration to the next one only in a small part. If the computation on this
matrix is expensive, as it is the QR factorization, we can use this fact to save processing
time. We propose to work on a modified matrix, called jagged , instead of on the original
system matrix. With this simple idea, it is possible to increase performance by a factor
close to 1.45 in the particular case we tackled in this paper, i.e. when data is represented
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Table 1: Time in seconds of QR factorization of matrix A vs. matrix J for problem sizes
1280× 960 and 2560× 1920 varying the tile size and the block size.

m× n ts bs QR(A(k)) QR(J (k))

1280× 960

160

20 0.630 s. 0.434 s.
32 0.647 s. 0.445 s.
40 0.652 s. 0.452 s.
80 0.724 s. 0.515 s.

320

20 0.601 s. 0.417 s.
32 0.615 s. 0.426 s.
40 0.624 s. 0.432 s.
80 0.667 s. 0.479 s.

m× n ts bs QR(A(k)) QR(J (k))

2560× 1920

320

20 4.583 s. 3.273 s.
32 4.572 s. 3.249 s.
40 4.554 s. 3.227 s.
80 4.721 s. 3.360 s.

640

20 4.542 s. 3.227 s.
32 4.484 s. 3.160 s.
40 4.436 s. 3.137 s.
80 4.504 s. 3.224 s.

by a 4 × 3 tiles matrix and 50% of data (25% discarded rows and 25% new rows) changes
from one iteration to the next one. In the future works we plan to perform this in parallel
using the several cores of the NVIDIA Jetson.
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Abstract

This document tries to give an overview of some applications related to ship analysis
using subdivision schemes. It presents a little introduction of some subdivision schemes
and its properties. It reviews the modeling, simulation and design of the ship structures.

Key Words. Computer-Aided Ship Analysis, simulation, modeling, structural analy-
sis, design.

1 Introduction

The importance of subdivision to applications in computer-aided geometric design is clear.
The surfaces generated by their subdivision schemes can generate bivariate functions, but
also they can easily represent surfaces of arbitrary topology (Doo and Sabin (1978) and by
Catmull and Clark (1978)).

The first work on a subdivision scheme was by de Rahm (1956), but in the pioneering
work of Chaikin (1974) was introduced the first subdivision as a practical algorithm for
curve design.

Subdivision algorithms are well suited to computer applications: they are simple to
compute, highly flexible, and well adapted for dynamical problems.

The subdivision tools have been applied in several design applications, such as in the
3D animation industry, but is not the case in other more demanding application related to
geometric modelling in the industry.
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For overviews and tutorials on subdivision schemes and their applications, the reader
may turn to Cavaretta, Dahmen and Micchelli (1991), Schröder (2001), Zorin and Schröder
(2000) and Warren (1995) or Dyn and Levin (2002).

In this paper, we are interesting in the use of subdivision schemes in the analysis
and desing of ship applications. After a little review of some mathematical tools for Ship
applications, we mention the advantages of the use of subdivision schemes.

2 Ship design and analysis: A brief introduction

We start with a brief review of some mathematical tools used in the Ship design and analysis.

2.1 Ship design

The modern engineering designs are becoming increasingly more complex because of the
pressing demands of economies of scale, higher speed, lower motions, operational ability
in adverse weather conditions, energy efficiency, clean environment, and advancements in
material science and technologies. Today, modern engineering design and analysis around
the world can no longer be imagined without intensive use of computers and computational
methods.

The discipline of Computer-Aided Ship Design (CASD) was certainly well established
by 1960, although it has several roots and historical precursors we can recognize three main
roots:

• The need for digital media in the numerical control of manufacturing automata.

• The desire for digital representation of the ship geometric product model replacing
the tedious and error prone graphical process of ship lines definition.

• The application of computers for computationally intensive, time-consuming tasks of
ship design calculations as in ship stability, hydrodynamic and structural analysis.

The digital modeling of ship hull geometries was a primary prerequisite in capturing
the complex, curved, free form shape of ship lines and surfaces for all purposes of hull form
analysis.

Ship design is a decision-making process that leads from given requirements to a product
definition with all relevant information for the performance assessment and production of
the ship.

The definition of the ship hull form is one of the earliest steps in ship design because
initially many necessary assessments depend on at least a provisional description of hull
shape. Later this tentative description is refined into a definitive and fair ship hull form
definition for production purposes.
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The predominant curve representations in hull form definition as in other branches of
CAD (Computer Aided Design) applications soon became parametric polynomial forms, in
particular:

• Bézier curves [5, 12, 1].

• B-splines [5, 12, 13].

• Non-uniform rational B-Splines [5, 12, 11].

These representations have the advantage of being manipulable interactively by con-
trol points, hence also on computer monitors. They offer any desired orders of piecewise
continuity and can be elevated to high polynomial degrees. The rational variant of Bézier
and B-spline curves also includes conic sections, sometimes used for special features of hull
form. For an overview of these geometric modeling capabilities see [5, 12]. For a nice history
introduction see [9].

A frequent approach is the generation of hull surfaces from given curves. Initially a set
of piecewise continuous characteristic curves is generated from provided offset data and end
constraints. As an example of offset data in Maxsurf. They may come from another ship
with features similar to the one which is modeled. Together they form a regular or irregular
mesh, not unlike a lines plan, connected at the mesh knots.

There exist several software, some of them that can be use for the ship design and that
they use Bézier and/or NURBS curves and/or surfaces: Autoship (Autoship Systems Cor-
poration), DefCar (DefCar Engineering), Fastship (Proteus Engineering), HullCAO (Hull-
CAO), Hull Form (Blue Peter Marine Systems), Maxsurf (Formation Design Systems), Mul-
tiSurf (Aerohydro), Prolines (Vacanti Yacht Design), ProSurf (New Wave Systems), Rhino
(Robert McNeel and Assoc.), Naval Designer (US Sales by Forum Marine), SeaSolution
(SeaSolution), TouchCAD (Lundström Design).

2.2 Ship structural analysis

The application of ship structural analysis is a key element in ensuring the safety and
economy of the ship. The ship must meet unique safety standards to operate safely in the
hostile maritime scenario without jeopardizing human lives, cargo and hull, or the marine
environment. The design solutions must realize low light ship weights and production
costs in order to be economically competitive. These basic objectives are not new, but the
approach to achieving viable and attractive solutions has changed significantly during the
recent decades of Computer-Aided Ship Design.

Traditionally before the computer era the structural design of merchant ships was gen-
erally based on classification rules and international ship safety conventions which were
derived in part on analytical grounds, but in large measure also on empirical observations

c©CMMSE ISBN: 978-84-617-8694-7Page 82 of  2288



Computer Aided Ship Analysis using Subdivision Schemes

and accident statistics. Load assumptions and operating risk scenarios were often hidden
behind declarative statements in the rules. Most of the design was founded on determin-
istic load cases combined with protective safety factors to cope with uncertainties. This
methodology was applied responsibly and without undue risks to conventional designs.

The picture has grossly changed during the following decades driven by advances in
structural analysis, load assumptions, probabilistic modeling, reliability analysis, nonlinear
optimization, and many innovative ideas in design solutions. Ship structural analysis has
benefited from general progress in this field, such as by Finite Element Method, Finite
Volume Method, and Boundary Element Method developments. But much of the innovation
was also due to the maritime field with its unique requirements. The common denominator
of many small steps of innovation seems to be a long-term trend toward more rational
design assumptions, based on probabilistic models of many actual load cases and operating
scenarios, treated by systematic optimization strategies.

Aside of many advances in computational capabilities, mainly by discrete element meth-
ods, which were also shared with many other engineering branches, I want to single out the
important influence of probabilistic models in ship structural design. Ships operate in un-
certain conditions, mainly because of their environment in irregular seaways of varying
character and because of their vulnerability to random accidents such as collisions, ground-
ings etc. A safe design must take these risk factors into account. The response of the ship
to such random influences could be modeled probabilistically as soon as analytical methods
for describing random processes had become available. This entry into the area of ship
theory is marked by two milestone papers:

Ship structural design today has become a rationally based, optimization oriented,
mature discipline of ship design. It uses accurate, statistically described load assumptions,
multiple load cases and failure modes, reliability-based constraints, and modern analysis and
optimization techniques. A modern approach based on these principles is well described by
Hughes [8].

2.3 Isogeometric analysis

The finite element method is an useful technique in solving partial differential equations,
which has been widely applied to the solve problems in engineering. Starting from the
variational model, piecewise low order polynomials on the subdivision meshes of the domain
are computed to approximate the solution of the differential model.

The main motivation in isogeometric analysis is to reduce the gap between the the
finite element community and the computer-aided design community (Hughes et al., 2005).
This gap has become increasingly with the past of the years. It is not only a shortcoming
of the current technology but of the entire engineering process. The idea in isogeometric
analysis has been to connect in a natural way the design and analysis camps. In particular,
isogeometric analysis seeks to unify the fields of CAD and FEA.

c©CMMSE ISBN: 978-84-617-8694-7Page 83 of  2288



S. Amat, M.J. Legaz, J. Ruiz

There are many computational geometry technologies that could serve as a basis for
isogeometric analysis. Maybe, the most studied is Non-Uniform Rational B-Spline (NURBS)
basis functions. There are several reasons for selecting NURBS as the initial basis, but the
most important is that these basis are widely used computational geometry technology in
engineering design.

3 Why Subdivision schemes?

There are a main problem with NURBS is that they are not good adapted for dynamics
applications. Some artifacts appear on the generated surfaces that can be corrected by
hand. For these reason, subdivision schemes have been considered as an alternative in the
animation industry.

Subdivision schemes are a tool that has become widely used in the computer aided
geometric design (CAGD) community in the past years. They are usually used to generate
smooth curves and surfaces. If the subdivision scheme is convergent, a discrete set of data
points can be used for generating a smooth limit curve or surface using low complexity
algorithms. In general, the limit function is obtained applying recursively the subdivision
scheme.

In the CAGD field, the criteria used to decide the quality of the algorithms are not
only based on complexity, convergence or regularity of the schemes. It is also important
to have into account the order of approximation, in order to determine the precision of the
scheme. Numerical artifacts introduced by the scheme are also another point to have into
account: Gibbs oscillations usually occur in the proximity of data with strong gradients,
possibly obtained from the sampling of discontinuous data. These oscillations that appear
in the limit function are undesirable.

In the past years, several attempts have been done in order to improve the results of
linear subdivision algorithms. Some of the mentioned attempts are related to the modi-
fication of linear schemes in order to introduce data dependent non linearities. In these
cases, the subdivision rule also becomes data dependent and the stability is not anymore a
consequence of the convergence of the scheme. Thus, it is a must to introduce a stability
property in order to assure that the nonlinear scheme is linearly affected by perturbations
of the data.

On the other hand, mixed finite element methods based on surface subdivision tech-
nology have been used to construct high-order smooth surfaces with specified boundary
conditions [4, 7, 10, 11, 12]. Moreover, subdivision surfaces are compatible with NURBS.
The geometry models can be refined to arrive at a satisfactory accuracy of the numerical
simulation where the subdivision schemes are simple, efficient and can be applied to meshes
with arbitrary topology.

Isogeometric analysis based on Catmull-Clark solids was first investigated in [5]. In
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[10], the authors present a make-up approach for isogeometric analysis where they utilize
the finite element function space induced from the limit form of the Catmull-Clark surface
subdivision to uniformly describe the geometric domain and perform numerical simulation
on it. It is compatible with NURBS as the standard in CAD system where the bound-
ary of geometry is modelled as piecewise cubic B-spline curves. The advantage of this
strategy admits quadrilateral meshes of arbitrary topology and any-shaped boundary. The
computational domains considered in this paper are planar geometries. They develop the
approximation character of Catmull-Clark surface subdivision function, which provides the
mathematical support for the isogeometric analysis based on Extended Catmull-Clark sur-
face subdivision.
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Abstract

The solution of chemical kinetics is one of the most computationally intensive tasks
in atmospheric chemical transport simulations. Due to the stiff nature of the system,
implicit time stepping algorithms which repeatedly solve linear systems of equations
are necessary. In some recent works, we have proposed a variational approximation of
stiff systems of differential equations based on an analysis of a certain error functional
associated. By using standard descent schemes, the procedure can never get stuck in
local minima, but will always and steadily decrease the error until getting to the original
solution. We show the efficiency of this approach in some standard chemical kinetics
problems found in the literature.

Key words: Variational methods, stiff problems, chemical kinetics, implicit Runge-
Kutta, variable step implementation.

1 Introduction

A typical property of chemical calculations is that different reactions occur at dramatically
different time scales, with some species achieving quasi-steady-state solutions rather quickly,
while others can evolve very slowly. For this reason, the solution of chemical kinetics is one
of the most computationally intensive tasks in atmospheric chemical transport simulations.
Due to the stiff nature of the system, implicit time stepping algorithms which repeatedly
solve linear systems of equations are necessary.
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Implicit Runge-Kutta schemes are widely used in mathematics and engineering to nu-
merically solve stiff differential equations. These methods require the solution to a (possibly
large) nonlinear system of equations at every time step, which in the past was deemed pro-
hibitively costly. The increasing ability for scientists to solve large-scale nonlinear systems
with relative efficiency, thanks to advances in numerical methods and the growth in com-
puting power, has increased the use of these methods.

Every integration method is associated with a step-size h for the integration. If h is too
large or too small, the efficiency of the scheme is relatively low. For this reason, variable
step implementations are usually considered.

On the other hand, in some previous works [1, 2, 3, 4, 5], we have proposed a new
variational approach for the approximation of different types of differential equations. The
approach is based on an analysis of a certain error functional associated, in a natural way,
with the original problem. The performance is very good due to the fact that we only need
to approximate linear problems for which one can use very robust methods. In particular,
the problem of having good initial guesses in the application of Newton-type methods, in
order to approximate the associated nonlinear Runge-Kutta equations, is avoided.

In this paper, we show the efficiency of this approach in some standard chemical kinetics
problems found in the literature.

2 Our basic variational approach: an overview

Our variational approach for the treatment of ODEs is based on the analysis of a certain
error functional of the form

E(x) =
1

2

∫ T

0
|x′(t)− f(x(t))|2 dt,

to be minimized among the absolutely continuous paths x : (0, T ) → RN with x(0) = x0.
This error functional is associated, in a natural way, with the Cauchy problem

x′(t) = f(x(t)) in (0, T ), x(0) = x0. (1)

The following claim is easy to check. It is one of the most appealing features of our
viewpoint.

Proposition 1 ([2]) Let x be a critical point for the error E. Then x is the solution of
the Cauchy problem (1).

On the other hand, suppose we start with an initial crude approximation x(0)(≡ x) to
the solution of our basic problem (1). We would like to improve this approximation in such
a way that the error is significantly decreased.
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It is straightforward to find the Gâteaux derivative of E at a given feasible x in the
direction y with y(0) = 0. Namely

〈E′(x),y〉 =

∫ T

0
(x′(t)− f(x(t))) · (y′(t)−∇f(x(t))y(t)) dt.

This expression suggests to select y as a solution of the linear problem

y′(t)−∇f(x(t))y(t) = f(x(t))− x′(t) in (0, T ), y(0) = 0.

In this way, it is easy to calculate that 〈E′(x),y〉 = −2E(x), and so the (local) decrease of
the error is of the size E(x). Finding y requires solving the above linear problem iteratively.

Theorem 1 If the mapping f is smooth enough, and the horizon T is sufficiently small,
the iterative procedure x(j)(t) = x(j−1)(t) + y(j)(t) where

(y(j))
′
(t)−∇f(x(j)(t))y(j)(t) = f(x(j)(t))− (x(j))

′
(t) in (0, T ), y(0) = 0,

converges strongly in H1(0, T ;RN ), and in L∞(0, T ;RN ) to the unique solution of problem
(1).

Note that this result can be used successively in an arbitrary time interval [0, T ] by
dividing it in a sufficient big number of subintervals.

This strategy can be used, and extended for more general situations: differential-
algebraic equations, delay differential-equations or Hamiltonian systems [1, 2, 3, 4, 5].

An implicit fixed-step solver computes the state at the next time step as an implicit
function of the state at the current time step, and the state derivative at the next time
step. The variable-step solvers dynamically vary the step size during the simulation. These
solvers increase or reduce the step size using its local error control to achieve the tolerances
that you specify. Computing the step size at each time step adds to the computational
overhead, but can reduce the total number of steps, and the simulation time required to
maintain a specified level of accuracy.

For a stiff problem, solutions can change on a time scale that is very small as compared
to the interval of integration, while the solution of interest changes on a much longer time
scale. Methods that are not designed for stiff problems are ineffective on intervals where
the solution changes slowly because these methods use time steps small enough to resolve
the fastest possible change.

If we denote by y(tn, tn−1,yn−1) the solution of a given differential equation (system)
F(t,y,y

′
) = 0, then a method of order p will verify that locally its error has the form

||en|| = ||y(tn, tn−1,yn−1)− yn|| = C hp+1 +O(hp+2).
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In order to estimate C, we can use extrapolation techniques. Another possibility is to
consider another scheme ỹn with bigger order q starting from yn−1. In this case we have

||ẽn|| = ||y(tn, tn−1,yn−1)− ỹn|| = C̃ hq+1 +O(hq+2),

then

||en|| = ||yn − ỹn||+O(hp+2).

With an estimation of the error, the variable step codes select the new step such that
the error is smaller than a prescribed tolerance TOL.

The desired error associated to a h∗ will be

||en(h
′
)|| = Chp+1

∗ = TOL

and the real error

||en(h)|| = Chp+1 = ||yn − ỹn||,

dividing both equations we obtain

h∗ = h p+1

√
TOL

||yn − ỹn||
.

Remark 1 As every implicit integration scheme has a global error inherent to the scheme,
in [6] the authors choose the total number of computations (in order to solve the inner
nonlinear Runge-Kutta equations by Newton-type methods) in order to achieve a prescribed
global error as a measure of efficiency of the integration scheme. This efficiency function is
the critical component in making these methods variable step-size methods. This approach
does not sense in our case since we use Runge-Kutta methods only in linear problems. In
any case, we recommended to see [6] and its references.

In our case, we can use the norm of the direction y(j). These numbers are related to
the local error (see the following corollaries). That is, without any extra computation (in
fact this norm is used in the stop criterion, we stop in jmax when |y(jmax)| ≤ TOL), we will
be able to implement a variable step strategy.

The estimation of the error and the new h∗ has been introduced from a mathematical
point of view. However, in order to be effective in practice we need some control strategies.

Let hn+1 = tn+1 − tn be the discretization parameters. We introduce the following
equation

hn+1 = σhn
p+1

√
TOL

|y(jmax)(tn)|
,

where σ is a security factor smaller than 1.

c©CMMSE ISBN: 978-84-617-8694-7Page 90 of  2288



S. Amat, M.J. Legaz, J. Ruiz

If in a step |y(jmax)(tn)| > TOL we reject yn, and compute a new iteration with

hn = σhn
p+1

√
TOL

|y(jmax)(tn)|
.

Finally, it is important to add some computational restrictions. Namely

hmin ≤ hn ≤ hmax

and

ω ≤ hn+1

hn
≤ Ω

for some given positive constants hmin, hmax, ω and Ω.

Some classical examples are:

hmin = 10−6,

hmax = 1,

ω =
1

5
,

Ω = 5.

3 A stiff problem: Chapman atmosphere

This model represents the Chapman mechanism for the generation of the ozone and the
oxygen singlet. In this example, the concentration of the oxygen y3 = [O2] will be held
constant. It is a severe test for a stiff ODE package governed by the following equations:

y′1(t) = 2k3(t)y3 + k4(t)y2(t)− (k1y3 + k2y2(t))y1(t),

y′2(t) = k1y1(t)y3 − (k2y1(t) + k4(t))y2(t),

with y3 = 3.7× 1016, k1 = 1.63× 10−16, k2 = 4.66× 10−16,

ki(t) =

{
exp( ai

sin(ωt)), if sin(ωt) > 0

0, otherwise

for i = 3, 4, with a3 = 22.62, a4 = 7.601 and ω = π
43200 . The constant 43200 is 12 h

measured in seconds. The initial conditions are y1(0) = 106 and y2(0) = 1012.

This problem has important features like:

• The Jacobian matrix is not a constant.
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• The diurnal effect is present.

• The oscillations are fast.

• The time interval used is fairly long, 0 ≤ t ≤ 8.64 105, or 10 days.

We obtain a good approximation, see Figure 1. Note that y2 = [03] looks like a staircase
with a rise at midday every day and y1 = [O] looks like a spike with its amplitude increases
each day.
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Figure 1: Chapman atmosphere approximated via our variational approximation. Left: first
component. Right: second component.
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Abstract

Hamiltonian systems appear in numerous areas and have many applications. Many
interesting Hamiltonian systems arising from different fields of study are defined by
polynomial Hamiltonian functions. Methods preserving the qualitative properties of the
exact solution are essential. In general, the integration of these systems requires the use
of geometric integrators. In this paper, we propose the use of a variational approach
for models which are formulated naturally as Hamiltonian systems. Our variational
method for polynomial Hamiltonian systems does not require the use of any integrator
and moreover it penalize the not preservation of the energy. We indicate its most basic
properties, and test its numerical performance in some examples.

Key words: Polynomial Hamiltonian systems, symplecticity, energy preserving, vari-
ational approach.

1 Introduction

It is well-known that numerical methods, such as the ordinary Runge-Kutta schemes, are
not particularly efficient in integrating Hamiltonian systems, because Hamiltonian systems
are not generic in the set of all dynamic systems. They are not structurally stable against
non-Hamiltonian perturbations. Numerical solution of Hamiltonian systems is frequently
carried out by symplectic integrators due to their good performance in moderate and long-
time integration, see [10, 12, 14, 15, 19]. Symplectic numerical methods belong to the family
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of Geometric Numerical Integrators, which preserve important qualitative and geometric
properties of the underlying differential system, and are arguably the most popular methods
in this class. Certain qualitative properties of the evolution, like symplecticity, are preserved
and, in general they exhibit smaller error growth along the numerical trajectory.

Some pioneering works on symplectic integrations are due to Vogelaere [21], Ruth [17],
and Feng Kang [9]. The derivation of higher-order methods is covered by several approaches
such as composition methods, classical Runge-Kutta methods (RK) as well as partitioned
Runge-Kutta (PRK) methods, and methods based on generating functions. The systematic
study of symplectic Runge-Kutta methods started around 1988, and a complete character-
ization has been found independently by Lasagni [13] (using the approach of generating
functions), and by Sanz-Serna [18] and Suris[20] (using the ideas of the classical papers of
Burrage and Butcher [7] and Crouzeix [8] on algebraic stability).

Nowadays, it is well-known that certain implicit RK methods of Radau type (generaliz-
ing the implicit Euler method) are useful in the context of systems with strong dissipation,
like electronic circuits or chemical reaction dynamics. Partitioned Runge- Kutta (PRK)
methods are another way to approximating the solution trajectory which it is based on
using different approximation formulas for different components of the solution. (use dif-
ferent sets of quadrature rules for each subset of the variables). The starting point of
generating function (GF) theory was the discovery of Hamilton that the motion of the sys-
tem is completely described by a characteristic function S, and that S is the solution of a
partial differential equation, now called the Hamilton-Jacobi differential equation. It was
noticed later, especially by Siegel (Siegel and Moser 1971), that such a function S is directly
connected to any symplectic map. It was called generating function. See [10, 14].

Another important point should be taken into account regarding Hamiltonian systems,
even with symplectic maps, and that is the lack of energy conservation in the map. It
would seem to be an obvious goal for Hamiltonian integration methods both to preserve
the symplectic structure and to conserve the energy, but it was shown that this was in
general impossible. Thus a symplectic map which only approximates a Hamiltonian cannot
conserve energy [22]. Recently, some research has been carried out about energy-preserving
symplectic methods based on the key tool line integral associated with conservative vector
fields, as well as its discrete version. See,[5, 6].

Polynomial Hamiltonian systems appear frequently in physics and it is important to
build good integrators for numerical simulations. In general, it is not possible to find
analytical expressions for, so numerical methods are required. Of course, methods preserving
the qualitative properties of the exact solution are essential in order to have a good picture
of the stability regions. Basically, we have to consider symplectic integrators.

In [1], we introduce a new variational approach for models which are formulated natu-
rally as conservative systems of ODEs, most importantly Hamiltonian systems. The varia-
tional method for Hamiltonian systems, which is proposed here, is in some sense symplectic
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and energy preserving, and is based on a natural modification of the schemes introduced in
[2, 3, 4].

We would like to highlight the advantages of our approach.

• A symplectic map which only approximates a Hamiltonian cannot conserve energy
[22]. In our case, by definition the functional penalizes the nonpreservation of the
energy, and our linearization can be approximated by well known sympletic quadrature
rules. Moreover, for polynomial systems, the formula for the direction Y can be
obtained exactly.

• In the non-stiff situation, the long-time behaviour of symplectic methods is well un-
derstood, and can be explained with the help of a backward error analysis (modified
equations). In the highly oscillatory (stiff) case, this theory breaks down. However,
our linearization is well understood in both cases.

2 A variational approach for Hamiltonian systems

Consider the hamiltonian dynamical system

x′(t) =
∂H

∂p
(x(t),p(t)), p′(t) = −∂H

∂x
(x(t),p(t)), (1)

to hold in a certain time interval (0, T ), subject to initial boundary conditions (x(0),p(0)) =
(x0,p0). Both x and p take on values in RN . We are interested in setting up a method to
understand, and approximate, the trajectories of such a system. In particular, we would like
to focus on how the a priori knowledge of conserved quantities may help in improving our
ability to approximate such system. It is well-known that the hamiltonian itself H(x,p) :
RN ×RN → R is one such conserved quantity so that H(x(t),p(t)) = H(x0,p0) ≡ H0 for
all times t in (0, T ).

Recently, an alternative to the analysis and numerical approximation of dynamical
systems has been introduced ([2, 3, 4]), based on the minimization of the error functional

E(X) =

∫ T

0

1

2
|X′(t)− F(X(t))|2 dt

regarded as a measure of how far a given absolutely-continuous path X complying with
X(0) = X0 is from being a solution of the underlying dynamical system

X′(t) = F(X(t)) in (0, T ), X(0) = X0. (2)

It is elementary to realize that solutions of the system are precisely those X for which
E(X) = 0, and preserve the initial condition. We would like to explore one possibility of
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taking advantage of the hamiltonian structure of the system for this variational approach.
Namely, if the dimension is even 2N , and (1) holds for some hamiltonian H, then, as
remarked above, H must be constant on integral curves, and so we could modify the error
functional to take into account this extra information to write

E(x,p) =

∫ T

0

[
1

2
|x′ − ∂H

∂p
(x,p)|2 +

1

2
|p′ + ∂H

∂x
(x,p)|2 (3)

+
1

2
|H(x,p)−H0|2

]
dt.

The basis for our proposal is the following.

Proposition 2.1 Suppose the path x is a critical point for the functional in (3), under the
initial condition (x(0),p(0)) = (x0,p0). Then x is the unique solution of (1).

What Proposition 2.1 ensures is that the only critical points of the error functional (3)
are the solutions of the hamiltonian system (1) itself, and so an approximation procedure
based on minimizing the error functional can never get stuck in local minima, but proceed to
steadily approximate the true solution of the dynamical system. Moreover, by construction,
the functional penalizes the non conservation of the energy.

We focus on finding the steepest descent direction with respect to the norm∫ T

0
|Y′(t)|2dt,

in this case, the steepest descent direction can be found as the solution of a variational
problem of the following form.

Minimize Y:

1

2

∫ T

0
[|Y′|2 + (X′ − Ω∇H(X)(Y′ + ΩT∇2H(X)Y)

+(H(X)−H(X(0)))∇H(X)Y] dt,

under Y(0) = 0, where

Ω =

(
0 −1

1 0

)
. (4)

This is a standard quadratic variational problem whose optimal solution can be found
through the system

− d

dt

[
Y′ + X′ + ΩT∇H(X)

]
+∇2H(X)Ω

(
X′ + ΩT∇H(X)

)
+ (H(X)−H(X0))∇H(X) = 0
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in (0, T ), together with the end-point conditions

Y(0) = 0,Y′(T ) + X′(T ) + ΩT∇H(X(T )) = 0.

It is remarkable that the solution of this system can be given in an fully explicit form
as

Y(t) = −
∫ t

0
[sG(s) + F(s)] ds− t

∫ T

t
G(s) ds, (5)

where

F = X′ + ΩT∇H(X)

G = ∇2H(X)Ω(X′ + ΩT∇H(X)) + (H(X)−H(X(0)))∇H(X).

We can therefore establish a steepest descent strategy to decrease the error in each
iteration. Note that the derivative of the error at X in the direction Y is

−
∫ T

0
|Y′(t)|2dt

Then we can choose η ∈ (0, 1) such that

E(X + ηY) ≤ E(X)− 1

2

∫ T

0
|Y′(t)|2dt.

Moreover, it is possible to check uniform convergence of this procedure for smooth
Hamiltonian systems (see [16]). The following statement is a direct adaptation of similar
results in [16].

Theorem 2.2 The iterative procedure X(j) = X(j−1) + ηjY
(j), starting from arbitrary fea-

sible X(0), converges strongly in H1(0, T ) to the unique solution of any sufficiently smooth
Hamiltonian system.

3 Numerical results

The iterative numerical procedure is easily implementable.
1. Start with an initial approximation X0(t) compatible with the initial conditions, for

instance X(0)(t) = X0.
2. Assume we have approximation (X(j))(t) in [0, T ].
3. Compute its derivative (X(j))′(t).
4. Define F and G through the formulas

F(j) = (X(j))′ + ΩT∇H(X(j)),

G(j) = ∇2H(X(j))Ω((X(j))′ + ΩT∇H(X(j)))

+(H(X(j))−H(X(0)))∇H(X(j)).

c©CMMSE ISBN: 978-84-617-8694-7Page 98 of  2288



A variational approach for chemical kinetics: A case study

5. Approximate the mapping

Y(j)(t) = −
∫ t

0

[
sG(j)(s) + F(j)(s)

]
ds− t

∫ T

t
G(j)(s) ds, (6)

using (symplectic) quadrature formulas. In the case of polynomial Hamiltonians perform
an exact integration-

6. Update X(j) to X(j+1) by using the formula

X(j+1)(t) = X(j)(t) + ηjY
(j)(t).

7. Iterate (3), (4), (5) and (6) until numerical convergence.

Many interesting Hamiltonian systems arising from different fields of study are defined
by polynomial Hamiltonian functions. For example the Fermi-Pasta-Ulam problem and the
polynomial pendulum oscillator of degree k, obtained from the Hamiltonian function of the
nonlinear pendulum equation H(p, q) = 1/2p2 + 1 − cosq, by retaining a finite number of
terms in the Taylor expansion of the cosine.

It is well known that symplectic RK-methods only conserve quadratic Hamiltonian func-
tions but, in general, they fail to yield conservation for higher degree, and so do symmetric
methods.

We consider the polynomial problem:

H(p, q) =
1

3
p3 − 1

2
p− 1

3
q3 +

1

2
q2 +

1

6
(7)

Figure 1: Energy function associated to the integration by Lobatto IIIB.
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Figure 2: Energy function associated to the integration by our variational approach.

Energy function H evaluated over the numerical solution obtained by the Lobatto IIIB
method is given in Figure 1 and by our variational approach in Figure 2 applied to problem
(7).

It is possible to modified the original RK method in order to preserve energy but in a
most sophisticated way [11]. Moreover, as we said before, in the highly oscillatory (stiff)
case, the classical theory for RK breaks down. However, our linearization is well understood
in all the cases.
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Abstract

In this paper, a parametric family of seventh-order of iterative method to solve sys-
tems of nonlinear equations is presented. Its local convergence is studied and quadratic
polynomials are used to investigate its dynamical behavior. The study the fixed and
critical points of the rational function associated to this class allows us to obtain regions
of the complex plane where the method is stable. By depicting parameter planes and
dynamical planes we obtain complementary information of the analytical results.

Key words: Nonlinear system of equations, iterative method, basin of attraction,
dynamical plane, stability

1 Introduction

The problem of finding roots of nonlinear system F (x) = 0, where F : D ⊆ Rn −→ Rn arises
in different areas of scientific computing and engineering. The solution of this problem is
usually obtained by a fixed point function G : D ⊆ Rn −→ Rn associated to a fixed
point iteration scheme. There are many iterative schemes to solve this problem. The most
common root-finding method for solving systems of nonlinear equations is the second order
Newton’s scheme. But in recent years, some researchers have used new iterative methods as
an alternative to classical one that have higher order and better efficiency (see, for example
[5, 8]). However, the analysis of the stability of these iterative methods when n > 1 is
so complicated and most of the times is impossible, but the study of the behavior of the

c©CMMSE ISBN: 978-84-617-8694-7Page 103 of  2288



Stability of a parametric family

iterative method in scalar case that is, for n = 1, in the complex plane is an interesting
field of study(see, for instance [1, 7]). Specially the advent of computers in last decades,
made it practically possible to study the structure of the dynamical and parameter planes
of iterative methods closely, since large amount of computational power is need to obtain
their precise shape, that can be easily performed in computers.

The main aim of this analysis is finding the regions in the complex plane where our
function shows better stability behavior when converges to the zeros of the function. But
even in the scalar case, finding stable regions for a high order iterative method is not easy.
High order iterative methods, even for simple scalar nonlinear function f(z), usually results
in a high degree fixed point operator, since the key of stability analysis is the study of the
fixed point operator.

In this paper we propose the following family of seventh-order iterative methods to
solve systems of nonlinear equations, whose iterative expression is

y(k) = x(k) −
[
F ′(x(k))

]−1
F (x(k)),

z(k) = y(k) − 1

β

[
F ′(x(k))

]−1
F (y(k)),

w(k) = z(k) −
[
F ′(x(k))

]−1 (
(2− 1/β − β)F (y(k)) + βF (zk)

)
, (1)

x(k+1) = w(k) −G(t(k))
[
F ′(x(k))

]−1
F (w(k)),

where t(k) = I − 1
β

[
F ′(x(k))

]−1
[y(k), z(k);F ] and G : Rn×n −→ Rn×n is a matrix weight

function that is chosen in order to obtain the seventh-order of convergence. Let us remark
that the first three steps of 1 correspond to family M4 of parametric methods. It was shown
in [3] to have fourth-order of convergence for all non-zero values of β.

In this paper, we are going to analyze the dynamical behavior of class (1) on scalar
functions. This analysis will be made on quadratic polynomials, as they are the simplest
nonlinear functions. This analysis will give us important information about the stability of
the family in terms of the value of the parameter.

The rational function associated with a subclass of (1) on the quadratic polynomial
p(z) = (z − a)(z − b) is used in the following and denoted by Op(z). The obtained results
can be extrapolated to more complicated nonlinear function.

The rest of paper is organized as follows: in Section 2 the local convergence of the
iterative class (1) is presented. In Section 3, we obtain the operator Op(z) of a particular
subfamily of (1) on p(z) and then the stability of fixed points of the operator is studied.
Critical points of Op(z) are investigated in Section 4. Finally, Section 5 is devoted to study
the parameter and dynamic planes for some members of the subclass.

c©CMMSE ISBN: 978-84-617-8694-7Page 104 of  2288



A.R. Amiri, A. Cordero, M.T. Darvishi, J.R. Torregrosa

2 Convergence analysis

In this section, we present a local convergence theorem for family (1). In order to get this
result, we introduce the following notation.

Let us denote by X = Rn×n the space of all n× n real matrices; the weight function in
this context is G : X → X such that

(i) G′(u)(v) = G1uv, being G′ the first derivative of G, G′ : X → L(X), G1 ∈ R and
L(X) denotes the space of linear mappings from X to itself.

(ii) G′′(u, v)(w) = G2uvw, being G′′ the second derivative of G, G′′ : X ×X → L(X) and
G2 ∈ R.

Then, the Taylor expansion of G around the identity matrix gives

G(η(k)) ≈ G
(
β − 1

β
I

)
+

(
t(k) − β − 1

β
I

)
G1 +

1

2

(
t(k) − β − 1

β
I

)2

G2.

The following result establishes that this class have order of convergence at least seven.

Theorem 1 Let F : D ⊆ Rn −→ Rn be a sufficiently differentiable function in an open
convex set D and let x ∈ D be a solution of the system of nonlinear equations F (x) = 0.
We suppose that F ′(x) is continuous and nonsingular at x. Then, the sequence {x(k)}k≥0,
obtained by expression (1), converges to x with order of convergence at least seven when

G0 = G
(
β−1
β I

)
= I, G1 = β and G2 = 1

2(−β + 6β2). Moreover, the special case of β = 1
5

has order of convergence eight.

One could use different weight functions G(t), satisfying the conditions of previous
result, for designing specific families of iterative schemes. For example,

G(t(k)) = I + β

(
t(k) − β − 1

β
I

)
+

1

4
(−β + 6β2)

(
t(k) − β − 1

β
I

)2

(2)

or the rational function,

G(t(k)) = I +
10β − 1

(1− 6β)β
[t(k)]−1

[
1− 6β

10β − 1
I − (1− 2β)β

10β − 1
t(k)
]

The subclass corresponding to the first function G(t(k)) is denoted by M7.
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3 Fixed points of operator Op(z)

In this section, we study the fixed points of operator Op(z) as a function of β and in the
next section, we investigate its critical points. To get this aim, we are going to recall some
dynamical concepts of complex dynamics (see [2]) that we use in this work.

Given a rational function R : Ĉ → Ĉ, where Ĉ is the Riemann sphere, the orbit of a
point z0 ∈ Ĉ is defined as:

{z0, R (z0) , R
2 (z0) , ..., R

n (z0) , ...}.

We analyze the phase plane of the map R by classifying the starting points from the asymp-
totic behavior of their orbits. A z0 ∈ Ĉ is called a fixed point if R (z0) = z0. A periodic point
z0 of period p > 1 is a point such that Rp (z0) = z0 and Rk (z0) 6= z0, for k < p. A pre-
periodic point is a point z0 that is not periodic but there exists a k > 0 such that Rk (z0) is
periodic. A critical point z0 is a point where the derivative of the rational function vanishes,
R′ (z0) = 0. Moreover, a fixed point z0 is called attractor if |R′(z0)| < 1, superattractor if
|R′(z0)| = 0, repulsor if |R′(z0)| > 1 and parabolic if |R′(z0)| = 1. The fixed points that do
not correspond to the roots of the polynomial p(z) are called strange fixed points.

The basin of attraction of an attractor α is defined as:

A (α) = {z0 ∈ Ĉ : Rn (z0)→α, n→∞}.

The Fatou set of the rational function R, F (R) , is the set of points z ∈ Ĉ whose orbits
tend to an attractor (fixed point, periodic orbit or infinity). Its complement in Ĉ is the
Julia set, J (R). That means that the basin of attraction of any fixed point belongs to the
Fatou set and the boundaries of these basins of attraction belong to the Julia set.

The fixed and critical points as well as their asymptotic behavior depend on the values
of parameter β. Since even for quadratic polynomials, Op(z) is so complicated and difficult
to work with, instead we use conjugacy maps to get a simpler operator. By using the
following conjugacy map

M(z) =
z − a
z − b

, M−1 =
zb− a
z − 1

,

with the properties:

M(∞) = 1, M(a) = 0, M(b) =∞,

P. Blanchard in [2] proved that, for quadratic polynomials, Newton’s operator is conjugated
to rational function z2,

In a similar way, it is easy to show that operator Op(z) is conjugated to the rational
function

Mp(z, β) = z7
(−1 + 5β + 14βz + 14βz2 + 6βz3 + βz4)r(z)

(β + 6βz + 14βz2 + 14βz3 − z4 + 5βz4)s(z)
,
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where r(z) = 4β2 − 24β3 + 80β4 + (β + 26β2 − 188β3 + 900β4)z + (6β + 72β2 − 608β3 +
4592β4)z2+(14β+108β2−968β3+13952β4)z3+(10β+128β2−688β3+28080β4)z4+(−1+
3β+114β2+8β3+39580β4)z5+(−4β+44β2+320β3+40400β4)z6+(184β3+30496β4)z7+
(40β3 + 17216β4)z8 + (4β3 + 7260β4)z9 + 2240β4z10 + 480β4z11 + 64β4z12 + 4β4z13 and
s(z) = 4β4 + 64β4z + 480β4z2 + 2240β4z3 + (4β3 + 7260β4)z4 + (40β3 + 17216β4)z5 +
(184β3 + 30496β4)z6 + (−4β + 44β2 + 320β3 + 40400β4)z7 + (−1 + 3β + 114β2 + 8β3 +
39580β4)z8 + (10β + 128β2 − 688β3 + 28080β4)z9 + (14β + 108β2 − 968β3 + 13952β4)z10 +
(6β+ 72β2− 608β3 + 4592β4)z11 + (β+ 26β2− 88β3 + 900β4)z12 + (4β2− 24β3 + 80β4)z13.

The fixed points are the roots of equation Mp(z, β) = z, or z(z − 1)q(z) = 0. In this
case, q(z) is a polynomial of degree 22, whose roots are different from z = 0 and z = 1.
That is, fixed points of operator Mp(z, β) are, z = 0, z = 1, z =∞ and the 22 roots of q(z),
denoted by si(β), i = 1, 2, · · · , 22.

In order to study the stability of the fixed points, we calculate the first derivative
of Mp(z, β) and evaluate it at every fixed point. The resulting absolute value gives us
information about the asymptotic behavior of the point. We conclude that z = 0 and z =∞
are always superattracting fixed points, but the stability of other fixed points depend on
the value of the parameter β.

On the other hand, changes in the multiplicity of the fixed points imply also alterations
in their dynamical behavior. For different values of β we have:

• If β = 0, we have only one simple fixed point.

• There are many different values of β in the complex plane that for these values, strange
fixed points si(β), i = 1, 2, · · · , 22 are equal to 1, so strange fixed point 1 can have
different multiplicities.

• However, the behavior of the strange fixed points are different in the complex plane
especially around 0, as in a small region near 0 some of them satisfy |M ′p(si(β), β)| < 1.
Figure 1, depicts |M ′p(si(β), β)| < 1, for i = 18, 19, · · · , 22 and strange fixed point 1
simultaneously near 0. These six strange fixed points among all strange fixed points
have the bigger regions in which |M ′p(si(β), β)| < 1, in this figure Sone denoted strange
fixed point z = 1. One can see more details of these stability functions in Figure 2,
where boundaries of regions around the basin of attraction of strange fixed point z = 1
are shown. These four regions are denoted by B1, B2, B3 and B4.

4 Critical points of operator Mp(z, β)

Let us recall that critical points of Mp(z, β) are the roots of M ′p(z, β) = 0, since we have

M ′p(z, β) = (z + 1)12z6u(z),
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Figure 1: Stability functions of strange fixed points Sone and S18, S19, · · · , S22.

where u(z) = 1400β5 + (−4β − 40β2 + 1012β3 − 6504β4 + 18080β5)z + (−16β + 71β2 +
2506β3 − 25464β4 + 106640β5)z2 + (−12β + 440β2 + 2244β3 − 51208β4 + 377120β5)z3 +
(54β + 274β2 + 510β3 − 49668β4 + 886920β5)z4 + (6 − 36β − 224β2 + 2184β3 − 7824β4 +
1458240β5)z5+(−11−42β−310β2+4540β3+20592β4+1716960β5)z6+(6−36β−224β2+
2184β3−7824β4+1458240β5)z7+(54β+274β2+510β3−49668β4+886920β5)z8+(−12β+
440β2+2244β3−51208β4+377120β5)z9+(−16β+71β2+2506β3−25464β4+106640β5)z10+
(−4β − 40β2 + 1012β3 − 6504β4 + 18080β5)z11 + (−14β2 + 154β3 − 700β4 + 1400β5)z12.

So the critical points of Mp(z, β) are z = 0, z = ∞ and z = −1 and the 12 roots of
polynomial u(z). We denote these 12 roots of p(z) as ci(β), i = 1, 2, · · · 12. To obtain some
properties of ci(β) we discretize the square of [−2, 2] × [−2, 2] in the complex plane with
400×400 mesh points. We denote this mesh points by (i, j), where i, j = 1, 2, · · · , 400, then
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(a) B1

 

(b) B2

 

(c) B3
 

(d) B4

Figure 2: Details of the stability functions of strange fixed points Sone and S18, S19, · · · , S22.
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by obtaining the roots of p(z) for each β = (i, j), a numerical value of critical points ci in
the square [−2, 2]× [−2, 2], for i = 1, 2, · · · , 12 is obtained.

A classical result establishes that there is at least one critical point associated with
each invariant Fatou component. Points z = ∞ and z = 0 are both superattractive fixed
points of Mp(z, β), so they also are critical points and give rise to their respective Fatou
components. So, the way to calculate the parameter planes associate to Mp(z, β) is to study
the orbits of each free independent critical point for all the complex value of the parameter
β in the defined mesh. In the next section we investigate parameter planes of Mp(z, β).

5 The parameter space

As mentioned in the previous sections, the dynamical behavior of operator Mp(z, β) depends
on the values of the parameter β. In order to get the parameter plane we study the orbits
of the free critical points for each β in the complex square [−2, 2] × [−2, 2]. Strange fixed
points are attracting near zero, so we only focus our attention in this region. To find the
most stable members of the family M7, we are looking for regions in which the orbits of
free critical points converge to zero or infinity. Since 12 critical points of Mp(z, β) are two-

Re{α}

Im
{α

}

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

Figure 3: Parameter plane for critical point c1

by-two dependent and we here study the parameter plane of one of these 6 critical points,
shown in Figure 3, calculated by using the routines presented in [4]. We have painted in
red the values of the parameter that makes the critical point converge to z = or z = ∞
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(brighter as lower is the number of iterations needed), and in black if the critical point has
not converged after 600 iterations, or has converged to another element (attracting strange
fixed point or periodic orbit).
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(a) β = 0.1− 0.1i
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(b) β = 0.5 + 0.5i
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(c) β = −0.05 + 0.03i
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(d) β = 0.032− 0.021i

Figure 4: Some dynamical planes of family M7

By analyzing the conclusions obtained from the parameter planes of the family M7, we
select some elements of this family to depict their dynamical planes. These planes show
different behaviors of the members of the family (see Figure 4). These dynamical planes
have generated by iterating an element of the family M7 that is, for a constant β and using
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each point of the complex plane as an initial estimation the dynamical plane associated to
each member obtained. These dynamical planes are built (again with the routines appearing
in [4]) by using an a mesh of 400× 400 points, a maximum number of 100 iterations and a
tolerance of 10−3. Figures 4a and 4b show the dynamical planes of members of β = 0.1−0.1i
and 0.5 + 0.5i, respectively, corresponding to the red area of the parameter plane. In both
figures there are only two basins of attraction that correspond to superattracting z = 0 and
z =∞, respectively shown in orange and blue colors. On the other hand, Figure 4c and 4d
show the members β = −0.05+0.03i and β = 0.032−0.021i, corresponding to values of β in
the stability regions appearing in Figure (2a) and (2c) of some strange fixed points. For both
of them there exists four basins of attraction. Value β = −0.05 + 0.03i results in a member
of the family whose dynamical plane shows the basins of attraction of z = 0, z =∞ and, in
red and green colors, the basins of attraction of two strange fixed points which numerical
values for β = −0.05 + 0.03i are equal to 0.608121 + 0.58028i and 0.860704 − 0.821302i.
Also β = 0.032−0.021i results in a member of the family that has four basins of attractions
corresponding to z = 0, z = ∞ and two strange fixed points z = 1.39925 + 0.626732i and
z = 0.59525− 0.266617i whose basins of attraction are represented in the dynamical planes
in green and red color, respectively.
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Abstract

In the present paper it is presented the flow around a 2D square cylinder which is
located downstream of a splitter plate and at a certain distance of it. The fluid velocity
below and above the splitter plate is different, several velocity ratios are considered, it is
interesting to see that the downstream vortex shedding frequency and amplitude highly
depends on the velocity ratio defined upstream. So far, the Reynolds numbers evaluated
fall into the laminar unsteady regime, yet the interaction between the upstream mixing
layer and the wake generate fully different downstream vortex shedding for different
upstream velocity ratios, lift, drag and Strouhal numbers are as well highly dependent
on the velocity ratios. In the present paper, the comparison between the resuls obtained
via CFD finite volumes and Lattice Boltzmann Method are being presented. For these
initial cases studied the agreement is very good.

Key words: Laminar flow, CFD, Finite volumes, Lattice Boltzmann Methods, Pas-
sive flow control.

1 Introduction

It has been shown by past investigations on circular cylinders, e.g., [1–6], that the flow ap-
proaching with linear shear greatly altered the vortex dynamics in the wake when compared
to the uniform flow case. They attributed this phenomena to the constant vorticity em-
bedded in the free-stream. For square-sectional cylindrical bodies, shear effects have been
reported by, e.g., [7–14]. Saha et al. [9] studied numerically the same problem for a wide
range of Reynolds numbers. They showed that due to influence of shear, Karman Vortex
Street mainly consisted of clockwise vortices, whose decay was very slow when compared
to that of uniform flow. Cheng et al. [12, 13] reported that vortex shedding disappeared
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for large shear parameters. The mean lift and drag coefficients tended to decrease with
increasing the shear parameter. They also observed that the vortex shedding frequency
tended to decrease with the increase of the shear parameter, although they highlighted that
this observation was opposite to the one obtained by Kiya et al. [2] when studding shear
flow past circular cylinders.

Lankadasu and Vengadesan [14] also reported a decrease of mean lift and drag coeffi-
cients with the increasing shear, for a given Reynolds number. The same phenomenon was
observed for a given shear and when Reynolds number was increased. It was also found
that the critical Reynolds number at which the flow becomes unsteady periodic, was re-
duced as shear increased. Bhattacharyya and Maiti [10] studied laminar shear flow past a
square cylinder placed nearby a wall, Reynolds up to 1400. For a gap height of 0.25 times
the square cylinder height, vortex shedding suppression and steadiness of the wake was
observed up to a Reynolds 250. For a Reynolds number equal and above 500, only negative
vortices behind the cylinder at closed proximity to the wall were found. Bhattacharyya and
Maiti [11] investigated as well laminar flow over a square cylinder placed nearby a wall,
Reynolds <1500. They found that the critical gap height for vortex shedding suppression
was dependent on the Reynolds number.

There are typical situations, where the non-uniformity of the approaching flow is due
to the effect of a body located in front or behind the one to be studied. For example, when
a small cylinder is placed in the separated shear layer of a large main cylinder to alter
the vortex shedding phenomena behind the main cylinder, the small cylinder is inevitably
subjected to the effect of shear induced from the large cylinder. Onset of periodic flow from
the small cylinder induces oscillatory forces on the body, which may trigger flow-induced
vibrations, and in turn alter the vortex shedding on the main cylinder.

Some of the latest most relevant numerical simulations of flow past a square cylinder
with the incorporation of a control plate to alter the wake, which is having similarities to
the present study, were carried out among others by, Lesage and Gartshore [15], Sakamoto
et al [16, 17], Zhou et al [18], Doolan [19], Ali et al [20, 21], Malekzadeh and Sohankar [22]
and Salinas et al [23]. It must be highlithed that none of these previous studies resembles
the one presented in this paper, in fact according to the authors knowledge, just a single
previous paper undertaken by the authors, see [24] matches with the work presented here.

2 Problem definition

The computational domain under study is defined in figure 1a, notice that it consists of a
2D square cylinder located downstream of a splitter plate, the plate thickness is negligible,
being the distance between the splitter plate and the square three times the square cylinder
lateral side. This distance, which will remain constant in this research, plays an important
role, since it controls the mixing flow upstream. The boundary conditions employed, already
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presented in figure 1, consist of, newmann boundary conditions for pressure and Dirichlet
boundary conditions for velocity at the inlet, no slip boundary conditions were applied to
all solid boundaries, at the upper and lower boundaries Newmann boundary conditions
for velocty and pressure vere defined, finally, at the outlet, Newmann boundary conditions
for pressure and velocity were considered. A grid of 200x150 was used for all the finite
volume simulations carried out in the present study, with 50 cells allocated on the square
cylinder side in both x and y directions. The non-dimensional time step employed was of
dt=0.001. Three diferent Reynolds numbers Re=100; 150 and 200, defined as a function
of the fluid velocity below the plate and the square cylinder side, were evaluated. For each
Reynolds six different velocity ratios were considered r= 1.5; 2; 2.5; 3; 3.5 and 4. Via using
the conventional LBM, just few cases were considered, the idea behind the employment of
this particular method was to compare the results with the previous ones obtained via finite
volumes. With LBM, just a single Reynolds number was studied Re=100, two velocity ratios
were considered r=1.5 and 2. The advantage of using LBM is that it is computationally less
expensive and therefore an extreme fine mesh could be used, the mesh employed was having
6200x3200 cells, 200 cells were used along each square cylinder side. The non-dimensional
time step used for the case of LBM was of dt=0.0005.

In the present paper, two different self-made codes for laminar flow were used, the first
one is based on finite volumes implementation of the Navier Stokes equations (NS), the
second one employs the Lattice Boltzmann Method (LBM) to perform the CFD siulations.
The code based on NS equations was already validated in [24], the validation of the LBM
code is implementd in the next section. In figure 1b, the mesh used for the finite volumes
code is presented, figures 1c and d respectively introduce the mesh used for the LBM code
and a zoom view of it.

3 Code validation

The Lattice boltzmann code was validated via comparing the results with the previous
researchers ones. It was observed that the flow around a square cylinder, was steady for
Reynolds numbers 50 and 52, and unsteady periodical at Re=53. According to Sohankar et
al [25], Von Karman vortex street appeared and therefore vortex shedding was happening in
the wake of the square cylinder at Re = 51.2±1. Kelkar and Patankar [26] through stability
analysis of the flow, found that the critical Reynolds number for the onset of vortex shedding
was 54. From the present LBM code, at Reynolds 52, the steady downstream bubble lenght
obtained when using LBM differed in 2.9% versus the steady bubble length obtained in [24],
based on these results we considered the LBM code presented in this paper, fully validated
for the present application at laminar Reynolds numbers.
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(a) (b)

(c) (d)

Figure 1: (a) Problem definition and boundary conditions used for the simulation, (b)
overview of the mesh used for FV, (c) mesh used for LBM, (d) zoom of the mesh used for
LBM.

4 Results

The vast majority of the results presented in this section are the ones obtained with the
NS equations finite volumes code, the intention of the authors is comparing these results
with the ones obtained using LBM. For the cases studied, this comparisons are presented
in figures 2 to 4.

Figure 2 presents the stagnation point location at the square cylinder upstream vertical
face. It is important to realize that the stagnation point location fluctuates regardless of
the upstream conditions established, the fluctuation amplitude initially decreases and then
tends to increase with the velocity ratio increase. What is even more interesting, is that
the stagnation point location suffers a drastic jump for velocity ratios bigger than 2, clearly
indicating that vortex shedding will suffer a drastic change. The results obained via using
LBM are represented by rounded dots, and it is noticed that at small velocity ratios, r=1.5,
the stagnation point location fluctuation, is much bigger than the one obtained when using
finite volumes. Whenever the velocity ratio was 2, the results were in good agreement with
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the ones obtained using finite volumes. At this point, the origin of the disagreement at low
velocity ratios is so far unknown, further cases need to be computed to find out which of the
two codes produces more accurate results. The wide amplitude associated to the stagnation
point location at low velocity ratios is due to the wide fluctuation observed on the upstream
mixing layer.

Figure 2: Displacement of the stagnation point vs. the Ratio, r for Reynolds number,
Re=100 and upstream length, ul=6a. The rounded dots characterize the results obtained
via using LBM.

Figure 3 presents, the average lift and drag coefficients as a fucntion of the velocity
ratio and the upstream reynolds number, obtained when employing the velocity below the
plate. This figure clearly indicates that the most important parameter is the velocity ratio,
Reynolds number plays a secondary role. It also clarifies that four vortex shedding modes
are obtained when increassing the velocity ratio from 1.5 to 4. A further explanation of
the different modes and its associated downstream vortex shedding is to be found in [24].
When comparing the previous results obtained via finite volumes with the ones obtained
using LBM, it can be seen that the agreement is very good. Clearly more results need to
be obtained via LBM, but so far the expectatives are promissing.

Figure 4 presents the dowstream vortex sheddding non dimensional frequency as a func-
tion of the velocity ratio and the Reynols number, again a very similar trend to the one
presented in figure 3 is to be spotted. Yet, although velocity ratio plays a very relevant
role, it appears that the vortex shedding frequency is more deeply affected by the Reynolds
number than the lift and drag coefficients. The increase in Strouhal number between two
consecutive modes is larger for higher velocity ratios and higher Reynolds numbers, because
as the velocity ratio increases, it leads to an increase in flow kinetic energy causing higher
oscillations in the mixing layer making it unstable and enhancing the vortex shedding fre-
quency downstream. It is observed that in modes 1 and 2 the predominant effect when
considering the Strouhal number change is due to velocity ratio r, whereas in modes 3 and
4, the Reynolds number increase generates a higher variation in Strouhal number. This is
due to the higher difference in of the kinetic energy, which is 9 and 16 times bigger respec-
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Figure 3: (a) Average drag coefficient, CDavg versus ratio, r. (b) Average Lift coefficient,
CLavg versus ratio, r. Upstream length ul = 6a. The rounded dots characterize the results
obtained via using LBM.

tively for modes 3 and 4 on the top of the splitter plate when compared to the kinetic energy
below the plate, this kinetic energy difference is much higher than the one at lower Reynolds
numbers, promoting the vortex dissipation in the wake of the square cylinder. When com-
paring the results obtained via using LBM with the ones gathered via finite volumes, the
agreement is very good, which certifies that at low Reynolds numbers, even when the flow
has relatively high shear stresses, the conventional LBM is a reliable and fast methodology
to be employed.

Figure 4: Strouhal Number, St versus Ratio, r for (a) ul=6a. The rounded dots characterize
the results obtained via using LBM.
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5 Conclusions

This paper is comparing the results obtained when evaluating the flow around a square
cylinder with a splitter plate located in front of it, via employing two self made codes, one
based on finite volumes and the other based on LBM.

A drastic change in lift and drag coefficients was observed as a function of the upstream
velocity ratio. The effect of Reynolds number plays a secondary role, being this role more
relevant at high velocity ratios due to the high differences in the splitter plate above/below
kinetic energy, which drastically modifies the mixing and shear layers.

For the few cases evaluated using LBM, the results were pretty accurate, althoug the
entire set of Reynolds and velocity ratios need to be evaluated using this methodology, the
resuls obtained and presented in this paper give confidence to the authors regarding the
final outcome of the reserach.
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Abstract

In this work, it is presented a new method for solving the fuzzy optimal (nondominated)
solutions of a fully fuzzy linear programming problem with inequality constraints and triangular
fuzzy numbers, not necessarily symmetric, by the means of solving a multiobjective linear
problem. It is proved an equivalence between the set of nondominated solutions of the fully
fuzzy linear programming problem and the set of weakly efficient solutions of the considered
and related mulitobjective linear problem.

Key words: Fully fuzzy linear programming problem, fuzzy numbers, multiobjective opti-
mization

1 Introduction

Nowadays, the concept of decision making in fuzzy environment introduced by Bellman and Zadeh
[1] is well-known and adopted by researchers in fields close to fuzzy linear programming [2, 3, 4,
5, 6]. It was usual that not all parts of the fuzzy linear problem were assumed to be fuzzy. In fact,
an interesting problem in the recent literature, at the same time that a challenge, in to solve a fuzzy
linear programming problems in which all the parameters as well as the variables are represented
by fuzzy. In this regard, Lofti et al. [7] pointed out that there was no method in literature for finding
the fuzzy optimal solution of fully fuzzy linear programming (FFLP) problems and proposed a
new method to find the fuzzy optimal solution of (FFLP) problems with equality constraints with
symmetric fuzzy numbers. Kumar et al. [8] claim that there was no method in the literature to
obtain the exact solution of (FFLP) problems with equality constraints, and that in [7] the solutions
are approximate not exact and also it is very difficult to apply the existing method. In this regard,
they propose a new method for finding the fuzzy optimal solution of (FFLP) problems with equality
constraints, with triangular fuzzy numbers involved, although they use ranking function (see [9] and
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the bibliography there in) to compare the objective function values. In this way, Khan et al. [10]
deal with (FFLP) with inequalities, and they also compare the objective function values via ranking
functions (see also [11, 12]).

In this work, it is presented a new method to find the fuzzy optimal (nondominated) solutions
of (FFLP) problems with inequality constraints with triangular fuzzy numbers and not necessarily
symmetric, via solving a multiobjective linear problem with crips numbers. It is proved that there
exists an equivalence between the set of fuzzy optimal (nondominated) solutions of (FFLP) and the
set of weakly efficient solutions of its related mulitobjective linear problem. No ranking functions
are needed in this method. Due to lenght requirements on this paper, proofs are omited.

2 Notation on fuzzy numbers

We denote by KC the family of all bounded closed intervals in R, i.e.,

KC =
{[

a, a
]
| a, a ∈ R and a ≤ a

}
,

A fuzzy set on Rn is a mapping u : Rn → [0, 1]. For each fuzzy set u, we denote its α-level
set as [u]α = {x ∈ Rn | u(x) ≥ α} for any α ∈ (0, 1]. The support of u we denote by supp(u)
where supp(u) = {x ∈ Rn | u(x) > 0}. The closure of supp(u) defines the 0-level of u, .i.e.
[u]0 = cl(supp(u)) where cl(M) means the closure of the subset M ⊂ Rn.

Definition 1 A fuzzy set u on R is said to be a fuzzy interval if:

1. u is normal, i.e. there exists x0 ∈ R such that u(x0) = 1;

2. u is an upper semi-continuous function;

3. u(λx + (1 − λ)y) ≥ min{u(x), u(y)}, x, y ∈ R, λ ∈ [0, 1];

4. [u]0 is compact.

Let FC denote the family of all fuzzy intervals. So, for any u ∈ FC we have that [u]α ∈ KC

for all α ∈ [0, 1] and thus the α-levels of a fuzzy interval are given by [u]α =
[
uα, uα

]
, uα, uα ∈ R

for all α ∈ [0, 1]. If [u]1 is a singleton then we say that u is a fuzzy number. In this regard, the
representation of fuzzy numbers has been deeply discussed by Stefanini et al. [13]. Triangular
fuzzy numbers are a special type of fuzzy numbers, well-known in the literature (see, for instance,
[14, 13, 7, 10]) which are well determined by three real numbers a ≤ b ≤ c. Its α-levels are
formulated as

[u]α = [a + (b − a)α, c − (c − b)α],
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for all α ∈ [0, 1]. Also we can denote a triangular fuzzy number u = (a, b, c) by b̃. This formu-
lation of α-levels characterizes a unique trianggular fuzzy number, what can be established by the
following result, which makes the connection between a fuzzy interval and their endpoint functions
(Goestschel and Voxman [15]).

Theorem 1 Let u be a fuzzy interval. Then the functions u, u : [0, 1] → R, defining the endpoints
of the α-level sets of u (u(α) = uα and u(α) = uα), satisfy the following conditions:

(i) u is a bounded, non-decreasing, left-continuous function in (0, 1] and it is right-continuous
at 0.

(ii) u is a bounded, non-increasing, left-continuous function in (0, 1] and it is right-continuous
at 0.

(iii) u(1) ≤ u(1).
Reciprocally, given two functions that satisfy the above conditions they uniquely determine a

fuzzy interval.

The nonnegative conditions in some optimizations problems makes useful the following special
consideration of triangular fuzzy numbers.

Definition 2 Let u = (u, u) be a fuzzy interval. We say that u is a nonnegative fuzzy interval (non-
positive fuzzy interval, respectively) if u(0) ≥ 0 (u(0) ≤ 0, repectively).

So, from the previus definition, a nonnegative triangular fuzzy number b̃ = (a, b, c) is charac-
terized by a ≥ 0.

Following, we consider some classical arithmetic operations on interval and fuzzy numbers.
Given A = [a, a], B = [b, b] ∈ KC and τ ∈ R:

(i) A + B = [a + b, a + b],

(ii) τA = {τa : a ∈ A} =

{
[τa, τa], if τ ≥ 0,
[τa, τa], if τ ≤ 0

We refer to Moore [16, 17] and Alefeld and Herzberger [18] for further details on the topic
of interval analysis. As a natural extension of the previous operations, it is well known that if we
consider the fuzzy intervals u, v ∈ FC represented by

[
uα, uα

]
and

[
vα, vα

]
, respectively, and a real

number λ, then the addition u + v and scalar multiplication λu are as follows:

(u + v)(x) = sup
y+z=x

min{u(y), v(z)}

(λu)(x) =

 u
(

x
λ

)
, if λ , 0,

0, if λ = 0.

This is equivalent to say that, for every α ∈ [0, 1],

[u + v]α =
[
(u + v)α, (u + v)α

]
=

[
uα + vα , uα + vα

]
(1)
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and
[λu]α =

[
(λu)α, (λu)α

]
=

[
min{λuα, λuα},max{λuα, λuα}

]
. (2)

Taking into account the previous operations, we have the following arithmetic operations on
the set of triangular fuzzy numbers (see, for instance, [14, 8]). Given b̃ = (a, b, c) and ẽ = (d, e, f ):

(i) b̃ + ẽ = (a, b, c) + (d, e, f ) = (a + d, b + e, c + f ).

(ii) λb̃ = (λa, λb, λc), if λ ≥ 0; and, λb̃ = (λc, λb, λa), if λ < 0.

(iii) If ẽ is a nonnegative triangular fuzzy number, then

b̃ẽ =


(ad, be, c f ), if a ≥ 0,
(a f , be, c f ), if a < 0, c ≥ 0,
(a f , be, cd), if c < 0.

(3)

With respect to this last multiplication operation (iii), we can find another proposal by Khan
et al. [10], as follows: b̃ẽ = (ad, be, c f ). Note that this definition coincides with a particular case
in the previous operation (iii). We could think of the multiplication operation given by Khan et al.
[10] is applied in the cases when b̃ and ẽ are not nonnegative, since they introduce this operation for
two triangular fuzzy numbers. To this respect, if we consider b̃ = (−5,−3,−1) and ẽ = (−4,−2, 0),
then b̃ẽ = (20, 6, 0), which does not represent a triangular fuzzy number. In fact, in the numeri-
cal example given by them [10], the variables and objetive coefficients, which appear multiplying,
are nonnegative triangular fuzzy numbers. Therefore, we keep (3) as the multiplication operation
through out this paper, although coincides with that given in [10] in the case of nonnegative trian-
gular fuzzy numbers.

In order to compare two fuzzy numbers, there exist some definitions as generalization of rela-
tionship on intervals (see [19]), in the recent literature. In this regard, given u, v ∈ FC , we write their
α-levels as uα = [uα, uα] ∈ KC and vα = [vα, vα] ∈ KC , respectively, for all α ∈ [0, 1].

Definition 3 Given u, v ∈ FC , we say that

(i) u � v if and only if uα ≤ vα and uα ≤ vα, for all α ∈ [0, 1],

(ii) u ≺ v if and only if uα < vα and uα < vα, for all α ∈ [0, 1].

In the previous definition, the relationships given by � and ≺ are usually presented under the notation
�LU and ≺LU (see [19]). In a similar way, the relations � and � are considered. These relationships
establish partial orders in FC .

Remark 1 Note that, as an inmediate consequence of Theorem 1 and Definition 3, we have that to
say u � v and v � u is equivalent to say u = v.
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For convenience, we denote 0̃ = (0, 0, 0). Observe that a triangular fuzzy number ṽ is nonnegative
if and only if ṽ � 0̃.

Proposition 1 Given two triangular fuzzy numbers ũ = (u−, û, u+) and ṽ = (v−, v̂, v+), it follows
that

(i) ũ ≺ ṽ if and only if u− < v−, û < v̂ and u+ < v+.

(ii) ũ � ṽ if and only if u− ≤ v−, û ≤ v̂ and u+ ≤ v+.

3 Fully fuzzy linear programming problem

We consider the following formulation of a Fully Fuzzy Linear Programming Problem:

(FFLP) Minimize z̃ =

n∑
j=1

c̃ j x̃ j

subject to
n∑

j=1

ãi j x̃ j � b̃i, i = 1, . . . ,m,

x̃ j is a nonnegative fuzzy triangular number, j = 1, . . . , n,

where z̃ is the fuzzy objective function, c̃ = (c̃1, . . . , c̃n) is the fuzzy vector with the fuzzy objective
function coefficients, x̃ = (x̃1, . . . , x̃n) is the vector with the fuzzy decision variables, and ãi j and b̃i

are the thechnical coeficients.
We deal with (FFLP) without any kind of ranking function. And, in this regard, we define the

following nondominated solution.

Definition 4 Let ˜̄x be a feasible solution for (FFLP). ˜̄x is said to be a nondominated solution of

(FFLP) if there does not exist a feasible solution x̃ for (FFLP) such that
n∑

j=1

c̃ j x̃ j ≺

n∑
j=1

c̃ j ˜̄x j.

Following the notation for triangular fuzzy number, we have:

z̃ = (z−, ẑ, z+),

x̃ j = (x−j , x̂ j, x+
j ), j = 1, . . . , n,

c̃ j = (c−j , ĉ j, c+
j ), j = 1, . . . , n,

ãi j = (a−i j, âi j, a+
i j), i = 1, . . . ,m, j = 1, . . . , n,

b̃i = (b−i , b̂i, b+
i ), i = 1, . . . ,m.
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Since every x̃ j is a nonnegative triangular fuzzy number, then the the multiplication role given in (3)
is considered. We have three possible expressions for c̃ j x̃ j depending on c̃ j. So, given j ∈ {1, . . . , n}
and c̃ j, then the expression for c̃ j x̃ j is unique, and it is the same for all nonnegative fuzzy triangular
numbers x̃ j. A similar remark for the multiplication ãi j x̃ j, that is, given i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}
and ãi j, then the expression for ãi j x̃ j is unique, and it is the same for all nonnegative fuzzy triangular
numbers x̃ j.

4 An approach as multiobjective linear programming problem

Taking into account the previous arithmetic opertations, the problem (FFLP) can be approach under
the following formualation:

(MLP) Minimize f (x) = ( f1(x), f2(x), f3(x)) = (
n∑

j=1

(c̃ j x̃ j)−,
n∑

j=1

(̂c̃ j x̃ j),
n∑

j=1

(c̃ j x̃ j)+)

subject to
n∑

j=1

(ãi j x̃ j)− 5 b−i , i = 1, . . . ,m,

n∑
j=1

̂(ãi j x̃ j) 5 b̂i, i = 1, . . . ,m,

n∑
j=1

(ãi j x̃ j)+ 5 b+
i , i = 1, . . . ,m,

x−j − x̂ j 5 0, j = 1, . . . , n,

x̂ j − x+
j 5 0, j = 1, . . . , n,

x−j = 0, x̂ j = 0, x+
j = 0, j = 1, . . . , n,

f : R3n → R3 is a vector function, with the variable x = (x−1 , x̂1, x+
1 , . . . , x

−
n , x̂n, x+

n ) ∈ R3n, with fi
linear functions, i = 1, 2, 3. All constraints are represented as linear inequalities on the variable x.
Then, (MLP) is a multiobjective linear programming problem (for further details, see [20]).

The relationship between (FFLP) and (MLP) is as follows.

Theorem 2 x̃ = (x̃1, . . . , x̃n) with x̃ j = (x−j , x̂ j, x+
j ) ∈ FC , j = 1, . . . , n, is a nondominated solution

of (FFLP) if and only if x = (x−1 , x̂1, x+
1 , . . . , x

−
n , x̂n, x+

n ) ∈ R3n is a weakly efficient solution of (MLP).

5 Conclusions

It has been shown that the fully fuzzy linear programming problem (FFLP) can be considered equiv-
alent to the multiobjective lineal programming problem (MLP). In this regard, a fuzzy problem has
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been linked to a multiobjetive crisp linear problem without information loss, what is not usually
avoided when this transformation is made via ranking functions.
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Abstract

The classical Black-Scholes equation for options pricing exhibits several limitations
when applied to real markets in certain conditions. In many settings, the considera-
tion of a constant volatility is no more realistic. In the present paper, we consider the
case where the volatility is assumed to depend on the product of the asset price and
the second derivative of the option with respect to the asset price (an option Greek
which is known as Gamma). This hypothesis has been made in models that incorporate
transaction costs, market feedback effects related to stocks trading strategies or illiquid
markets, risks related to unprotected portfolios, etc. In these settings, the correspond-
ing nonlinear Black-Scholes equation can be transformed into a quasilinear equation
(Gamma equation) in a new unknown variable related to the Gamma of the option.

Once this semilinear Gamma equation has been obtained, we propose a duality
method, combined with a characteristics scheme and finite elements methods. The
duality method is applied to the maximal monotone operator that governs the nonlinear
term in the Gamma equation. By a suitable numerical integration technique the value of
the European option can be recovered. Finally, we present some examples of European
options to show the good performance of the new numerical global strategy.

Key words: option pricing, option gamma, nonlinear Black–Scholes, duality meth-
ods, finite elements

1 Introduction

The classical linear Black–Scholes presented in 1973 establishes that the price V of an option
can be obtained as the solution of the parabolic equation:

∂tV +
σ2

2
S2 ∂2

SV + rS∂SV − rV = 0 , (1)
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where r > 0 denotes the risk–free interest rate and σ is the (constant) volatility of the
underlying asset, the price of which is assumed to be a stochastic process that follows the
stochastic differential equation

dSt = µSt dt+ σSt dWt ,

the constant µ being the drift and the process Wt a geometric Brownian motion. Note that
the option price, Vt, is a process that is obtained from the solution V of (1), by the expression
Vt = V (t, St). Equation (1) has been derived under several restrictive assumptions.

However, from the analysis of market data, the need of more realistic models arises.
For example, in several setting, different models assume nonconstant volatility expressions
that depend on the gamma of the option in the form:

σ = σ̂(S ∂2
SV ) ,

so that the following nonlinear Black–Scholes equation is posed:

∂tV +
1

2
σ̂(S∂2

SV )2S2 ∂2
SV + rS∂SV − rV = 0. (2)

For example, this kind of dependency arises in option pricing models that take into account
non-trivial variable transaction costs related to assets buying and selling [1, 2, 10], market
feedback effects due to large traders choosing given stock–trading strategies [6, 7], risk from
volatile and unprotected portfolios [8], or investor preferences [4], among others.

2 Mathematical model

In this section, we just remind a result by Ševčovič and Žitňanská [11] that establishes the
equivalence between the nonlinear Black–Scholes equation (2) and a quasilinear parabolic
equation. For this purpose, we introduce the function

β(H) =
σ̂(H)2

2
H .

Proposition (Ševčovič–Žitňanská, [11]) Assume the function V = V (S, t) is a solution
to the nonlinear Black–Scholes equation

∂tV + S β(S∂2
SV ) + rS∂SV − rV = 0 , S > 0 , t ∈ (0, T ) . (3)

Then the transformed function H = H(x, τ) = S∂2
SV (S, t), where x = ln(S/E), τ = T − t,

is a solution to the quasilinear parabolic (Gamma) equation:

∂τH = ∂2
xβ(H) + ∂xβ(H) + r∂xH . (4)
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On the other hand, if H is a solution to (4) such that H(−∞, τ) = ∂xH(−∞, τ) = 0 and
β′(0) is finite, then the function

V (S, t) = aS + b exp(−r(T − t)) +

∫ +∞

−∞
(S − E exp(ξ))+H(ξ, T − t) dξ (5)

is a solution to the nonlinear Black–Scholes equation (3) for any a, b ∈ R.

Moreover, if we consider the initial condition

H(x, 0) = δ(x) , (6)

where δ(x) denotes the Dirac delta function with basis point x, then we can recover the
payoffs of the European vanilla options with the choices:

• a = b = 0, for the call option (i.e. V (S, T ) = (S − E)+),

• a = −1, b = E, for the put option (i.e. V (S, T ) = (E − S)+),

the constant E being the strike price. As the analytical expression for the solution of (4) is
not available, in next section we propose a set of numerical techniques for its approximation
(see e.g. [8, 9, 11] for other numerical strategies).

3 Numerical solution of the quasilinear parabolic equation

In order to solve numerically the nonlinear equation (4) jointly with the initial condition (6),
we note the main difficulties: the possibility of advection term dominating diffusion one, the
nonlinear diffusion term, the presence of an unbounded domain and the Dirac delta function
in the initial condition. First, as in other problems in which advection can dominate over
diffusion, we propose the characteristics method for the time discretization. Secondly, as the
nonlinear term can be related to maximal monotone operators [3], we make use of a duality
method based on a result in [5]. In order to deal with the unbounded domain, as usually in
financial problems, we propose a domain truncation in the asset variable by taking S∞ = 4E,
which corresponds to x∞ as the upper finite boundary of the computational domain in x.
Also we consider x0 as the lower boundary of this domain Ω = (x0, x∞). Concerning to
the Dirac delta function, we approximate it by a Gaussian density. Finally, a finite element
method is proposed for the discretization in the spatial-like variable x at each time step.

So, first following [3, 5], we introduce the parameter ω > 0 and a new variable θ given
in terms of the function βω by:

θ = βω(H) = β(H)− ωH . (7)
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As β(H) = θ + ωH, equation (4) can be equivalently written as:

Hτ − (ω + r)Hx − ωHxx = θx + θxx . (8)

Next, in order to apply the method of characteristics, we introduce the material derivative
of function H:

DH

Dτ
= Hτ − (ω + r)Hx , (9)

which represents the derivative associated to the constant scalar velocity field −(ω + r), so
that (8) turns into:

DH

Dτ
− ωHxx = θx + θxx . (10)

Note that (10) is still a nonlinear problem, as θ and H are related by (7).

In order to discretize (10) in time by the characteristics (also known as semilagrangian)
method, we introduce the time stepsize ∆τ > 0 and mesh points in time τn = n∆τ for
n = 0, 1, 2, . . ., so that we consider the following final value problem:

dχ

dτ
= −(ω + r)χ(τ)

χ(τn+1) = x ,

that provides the characteristics curve (associated to the scalar velocity field) passing
through the point x at time τn+1. Its analytical solution provides the position at time
τn to be used in the characteristics method:

χn(x) = χ(x, τn+1; τn) = x exp((ω + r)∆τ) .

We can now approximate the material derivative in (10) by a first order upwinded
quotient. If we denote Hn(·) = H(·, τn), then (10) is approximated by:

Hn+1 −Hn ◦ χn

∆τ
− ωHn+1

xx = θn+1
x + θn+1

xx . (11)

We will consider homogeneous Dirichlet boundary conditions on ∂Ω, i.e. H(x0) = H(x∞) =
0. Thus, the variational formulation of (11) consists in finding Hn+1 ∈W 1,2

0 (Ω), such that:∫
Ω
Hn+1ϕ−∆τω

∫
Ω
Hn+1
xx ϕ =

∫
Ω

(Hn◦χn)ϕ+∆τ

∫
Ω
θn+1
x ϕ+∆τ

∫
Ω
θn+1
xx ϕ , ∀ϕ ∈W 1,2

0 (Ω)

where W 1,2
0 (Ω) stands for the classical notation of Sobolev spaces. Next, using Green’s

theorem, we get:∫
Ω
Hn+1ϕ+ ∆τω

∫
Ω
Hn+1
x ϕx =

∫
Ω

(Hn ◦ χn)ϕ+ ∆τ

∫
Ω
θn+1
x ϕ−∆τ

∫
Ω
θn+1
x ϕx

+ ∆τω

∫
∂Ω
Hn+1
x ϕ+ ∆τ

∫
∂Ω
θn+1
x ϕ .
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Taking into account the homogeneous boundary conditions, the two integrals on ∂Ω vanish
and we get:∫

Ω
Hn+1ϕ+ ∆τω

∫
Ω
Hn+1
x ϕx =

∫
Ω

(Hn ◦ χn)ϕ+ ∆τ

∫
Ω
θn+1
x ϕ−∆τ

∫
Ω
θn+1
x ϕx , (12)

jointly with the relation:

θn+1 = βω(Hn+1) . (13)

We propose the following fixed point algorithm to solve (12)-(13) at each time instant
τn+1. Assume (Hn+1,0, θn+1,0) is given. Then, for k = 0, 1, . . .

• For given (Hn+1,k, θn+1,k), we search Hn+1,k+1 as the solution of the linear problem∫
Ω
Hn+1,k+1ϕ+∆τω

∫
Ω
Hn+1,k+1
x ϕx =

∫
Ω

(Hn◦χn)ϕ+∆τ

∫
Ω
θn+1,k
x ϕ−∆τ

∫
Ω
θn+1,k
x ϕx

(14)
for all ϕ ∈W 1,2

0 (Ω).

• We update θn+1,k+1 by solving the nonlinear equation (13). As the exact solution is
not available in most cases, we make use the theory of maximal monotone operators
as in [5] and propose the updating:

θn+1,k+1 = βωλ (Hn+1,k+1 + λθn+1,k) , (15)

where βωλ denotes the Yosida regularization of function βω with parameter λ:

βωλ (H) = inf
G

(
βω(G) +

(G−H)2

2λ

)
.

Moreover, for convergence reasons, we choose λ = 1/(2ω).

We note that Yosida regularization is strongly dependent on the function β and requires
the computation of the inverse of an operator. Therefore, it is not always possible to get its
analytical expression. This is the reason why we replace (15) by first order Taylor expansion:

θn+1,k+1 = βωλ (Hn+1,k+1 + λθn+1,k)

= βω(Hn+1,k+1 + λθn+1,k − λθn+1,k+1)

= βω
(
Hn+1,k+1 + λ(θn+1,k − θn+1,k+1)

)
= βω

(
Hn+1,k+1

)
+ (βω)′

(
Hn+1,k+1

)
λ(θn+1,k − θn+1,k+1)

+ o
(
λ2(θn+1,k − θn+1,k+1)2

)
, (16)
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which does not require the computation of the Yosida regularization and is accurate enough
if λ is small. From (16), we deduce:

θn+1,k+1
[
1 + (βω)′(Hn+1,k+1)λ

]
= βω(Hn+1,k+1) + (βω)′(Hn+1,k+1)λθn+1,k

so that:

θn+1,k+1 =
βω(Hn+1,k+1) + (βω)′(Hn+1,k+1)λθn+1,k

1 + λ(βω)′(Hn+1,k+1)
.

Finally, taking into account that βω(H) = β(H)− ωH we obtain:

θn+1,k+1 =
β(Hn+1,k+1)− ωHn+1,k+1 +

[
β′(Hn+1,k+1)− ω

]
λθn+1,k

1 + λ [β′(Hn+1,k+1)− ω]

=
β(Hn+1,k+1) + β′(Hn+1,k+1)λθn+1,k − ω

[
Hn+1,k+1 + λθn+1,k

]
1− ωλ+ λβ′(Hn+1,k+1)

. (17)

The last expression is used instead of (15) to update θn+1. Let us remark that the first
derivative of β is used in (14). In practice, it is approximated by a second order central
differences formula. If the function β is not differentiable, it can be replaced by a regularized
function β̂.

For solving (14), we implement a finite element method. Thus, for a fixed natural
number M > 0, we consider a uniform mesh of the computational domain Ω = [x0, x∞], the
nodes of which are xj = x0 +j∆x, j = 0, . . . ,M+1, where ∆x = (x∞−x0)/(M+1) denotes
the constant mesh step. Associated to this uniform mesh a piecewise linear Lagrange finite
elements discretization is considered.

More precisely, we search Hn+1,k+1
h ∈W0,h such that:∫

Ω
Hn+1,k+1
h ϕ+ ∆τω

∫
Ω
Hn+1,k+1
h,x ϕx =

∫
Ω

(Hn
h ◦ χn)ϕ+ ∆τ

∫
Ω
θn+1,k
x ϕ−∆τ

∫
Ω
θn+1,k
x ϕx ,

for all ϕ ∈W0,h, where the space of finite elements is:

W0,h =
{
vh : Ω→ R / vh|[xk,xk+1] ∈ P1 for k = 0, 1, . . . ,M, vh = 0 on ∂Ω

}
,

P1 being the space of polynomials of degree less or equal than one. The coefficients of
the matrix and right hand side vector defining the linear system associated to the fully
discretized problem are approximated by adequate quadrature formulae, when necessary.
In particular, a five nodes Gaussian formula has been used. Finally, the system of linear
equations is solved by a conjugate gradient method.

Once the function H is approximated at each time instant, we can recover the value of
the derivative by means of (5), where a = b = 0 for a call option and a = −1, b = E for a
put option.
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4 Numerical results

In this section we present a numerical result concerning Amster et al model [1, 2], in which
the nonlinear function β is given by

β(H) =
σ2

2
(H − Le|H|+ κH2) ,

with σ = 0.95, κ = 0.10 and Le = 0.30. As the function β is not differentiable due to the
presence of the absolute value, we introduce the regularized function βε:

βε(H) =
σ2

2
(H − Le fε(H) + κH2) .

The function fε is a smooth approximation of the absolute value function and its first
derivative is given by:

f ′ε(H) =


−1 , if H < −ε
s(H) , if − ε ≤ H ≤ ε
1 , if H > ε

s being a cubic spline and ε = 10−3.
We have considered the case of European call and put options, the payoff of which is

given in terms of the strike price E = 100. Moreover, we have taken the risk-free interest
rate r = 0.05 and the maturity T = 4.

For the numerical solution, the time domain has been discretized in 800 steps, thus
∆τ = 0.005 and the spatial variable x is in [−4, 1.4], for which we have considered a
uniform mesh consisting of 1601 nodes. Figure 1 shows the payoff of the call option as well
as the solution at time t = 0 (or τ = 4), while Figure 2 shows analogous results for the put
option.

5 Conclusions

A nonlinear model for derivatives pricing is solved by a numerical strategy including duality
methods based on maximal monotone operators, characteristics methods for time discretiza-
tion and finite elements. The method is independent of the nonlinear function β.
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Figure 1: Call option. The terminal condition (payoff) and numerical solution

0 50 100 150 200
0

20

40

60

80

100

0 50 100 150 200
0

20

40

60

80

100

Figure 2: Put option. The terminal condition (payoff) and numerical solution
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Abstract

In 1968 Pal, Walker and Kahan presented a stable implementation of the QR al-
gorithm for symmetric tridiagonal matrices that avoided computing square roots. Re-
moving the square roots significantly lowers the computation time making it superior
to the traditional QR algorithm when only the eigenvalues are needed. Here we present
a square root free version of the QR algorithm for unitary upper-hessenberg matri-
ces. This method is faster than the traditional version and just as stable making it
competitive when only the eigenvalues are needed.

1 Introduction

For an n×n symmetric tridiagonal matrix there exists a number of stable methods for com-
puting all n eigenvalues in O(n2) flops. An important example is the symmetric tridiagonal
QR algorithm. While this algorithm has the same O(n2) complexity it requires noticeably
more arithmetic than competing LR and divide-and-conquer methods. In 1968 Pal, Walker
and Kahan [3, p. 178] showed that one can reorder the arithmetic in the symmetric tridiag-
onal QR algorithm to avoid the most costly arithmetic operation: square roots. Casting out
the square roots significantly reduced the total computation time making their algorithm
one of the most competitive methods for solving this class of problems.1 It was also shown
that removing the square roots does not affect stability.

1This algorithm is implemented as xSTERF in LAPACK.
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In 1986 Gragg [2] presented a variant of Francis’ implicitly-shifted QR algorithm [1] for
computing all the eigenvalues of a unitary upper-hessenberg matrix in O(n2) flops. Just
as in the symmetric case, Gragg’s method requires the computation of costly square roots.
In this paper we illustrate how one can rearrange the arithmetic to completely remove all
square roots from the algorithm while preserving the stability.

2 Unitary QR algorithm

Given an n×n unitary upper-hessenberg matrix U with real subdiagonal entries, Gragg’s al-
gorithm begins by factoring U into a product of n essentially 2×2 matrices, U = U1U2 · · ·Un.
In the case n = 3 we have, u1 −v1u2 v1v2u3

v1 u1u2 −u1v2u3
v2 u2u3

 =

 u1 −v1
v1 u1

1

 1
u2 −v2
v2 u2

 1
1

u3

 ,
where |u1|2 + v21 = 1, |u2|2 + v22 = 1 and |u3|2 = 1. Such a factorization is always possible.

Given a complex shift ρ, |ρ| = 1, a single iteration of Gragg’s algorithm begins by
constructing a unitary matrix Q1 such that Q1e1 = α(U − ρI)e1, where e1 = [1, 0, . . . , 0]T

and α is a nonzero complex number, and applying the similarity transformation U (1/2) =
Q∗

1UQ1. To construct such a matrix Q1 when n = 3 we set q1 = u1 − ρ, p1 = v1, m1 =√
|q1|2 + p21 and take Q1 as

Q1 =

 q1/m1 −p1/m1

p1/m1 q1/m1

1

 .
From the definitions of q1 and p1 we can also express Q1 as follows,

Q1 =

 u1 −v1
v1 u1

1

 +

 −ρ −ρ
1

 +

 0
0
−1

 m−1
1

m−1
1

1

 .
Taking

R1 =

 −ρ −ρ
1

 , J1 =

 0
0
−1

 and M1 =

 m−1
1

m−1
1

1


we have that Q1 = (U1 +R1 +J1)M1 = M1(U1 +R1 +J1), where the second equality comes
from the fact that M1 commutes with R1, J1 and U1.

Continuing with our 3 × 3 example we see that Q1 commutes with U3 which gives
U (1/2) = Q∗

1UQ1 = Q∗
1U1U2Q1U3. Using the definition of Q1 one can show that Q∗

1U1 =
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R∗
1Q1. This gives U (1/2) = R∗

1Q1U2Q1U3. To finish the initialization we move R∗
1 to the

other side by applying the similarity transform U (1) = R1U
(1/2)R∗

1 = Q1U2Q1R
∗
1U3. The

remainder of the iteration involves chasing the matrices Q1 and R∗
1 down the matrix by

performing n− 1 turnovers.

2.1 The turnover

To proceed with Gragg’s algorithm we must perform a turnover on the product Q1U2Q1R
∗
1.

A turnover is a refactorization of the product Q1U2Q1R
∗
1. The following lemma shows how

this can be done.

Lemma 1. Let q1, γ1, u2, ρ ∈ C and p1,m1, v2 ∈ R satisfy,

|q1|2 + p21 = m2
1, |γ1| = 1, |u2|2 + v22 = 1, |ρ| = 1,

and let U2, Q1 and R1 be as above and let Q̃1 be as follows,

Q̃1 =

 γ1q1/m1 −p1/m1

p1/m1 γ1q1/m1

1

 .
Then the product Q̃1U2Q1R

∗
1 can be refactored as the product Q2R

∗
2U1Q̃2 where

Û1 =

 û1 −v̂1
v̂1 û1

1

 , R2 =

 1
−ρ

−ρ

 , Q2 =

 1
q2/m2 −p2/m2

p2/m2 q2/m2

 ,
and

Q̃2 =

 1
γ2q2/m2 −p2/m2

p2/m2 γ2q2/m2

 ,
with

q2 = q1 + u2γ1q1,
p2 = m1v2,

m2 =
√
|q2|2 + p22,

γ2 = −ργ1,
û1 = ρ(p21u2 − γ1q21)/m2

1,
v̂1 = m2v1/m1.

Proof. The result follows by direct comparison of the products Q̃1U2Q1R
∗
1 and Q2R

∗
2U1Q̃2.
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We can compute the turnover forQ1U2Q1R
∗
1 by setting γ1 = 1 and applying the previous

lemma. The algorithm continues by applying the similarity transform Q2R
∗
2 to U (1) to get

U (2) = Û1Q̃2U3Q2R
∗
2. Since Q̃2U3Q2R

∗
2 has the same form as the above lemma, only one

row lower and one column to the right, we can perform another turnover. This continues
until we reach the last row and column of the matrix.

2.2 Casting out the square roots

To cast out the square roots we simply need to store and update the quantities v2i , v̂2i , p2i
and m2

i for i = 1, 2, . . . , n. The turnover equations now look as follows

q2 = q1 + u2γ1q1,
p22 = m2

1v
2
2,

m2
2 = |q2|2 + p22,
γ2 = −ργ1,
û1 = ρ(p21u2 − γ1q21)/m2

1,
v̂21 = m2

2v
2
1/m

2
1.

2.3 Stability

With a change variables one can show that the square root free turnover is the exact turnover
of a nearby matrix, which means the square root free turnover is normwise backward stable.
The stability of the turnover implies that a square root free iteration of Gragg’s algorithm
is also backward stable and thus the computed eigenvalues are the exact eigenvalues of a
nearby matrix.
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Abstract

In this paper, we propose a stochastic mathematical model in which the values of
the factors involved in the development of a glioma, vary randomly in a biologically
congruent range. Stability analysis revealed three fixed points, which allude to a grow-
ing glioma, an advanced glioma and a patient without glioma. The graphics of the
solutions are presented, we also show the order of influence of the parameters. The
results obtained disclose a decay in serum glucose levels when there is glioma, moreover
they indicate that glucose consumption by glioma is an important element for its growth.
Key words: Pre-diagnostic glioma, glucose decay, nonlinear differential equations, stochas-

tic noise, dynamical system.

1 Introduction

The most common primary brain tumors are gliomas, believed to originate in glial cells,
which are the supporting structure of neurons [1]. The aggressive conduct of these tumors
is reflected in their mortality rate of almost 100 % within six to twelve months after being
diagnosed [2, 3]. Surgery is the main treatment option and is usually followed by chemother-
apy and radiotherapy, but these treatments usually only prolong the patient’s life for a short
time [4]. Cell culture studies and recent data from glioma patients have revealed that pa-
tients with low serum glucose levels have a higher risk of developing gliomas [5]. In this
work, a stochastic mathematical model is used to analyze the behavior of glioma and blood
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glucose levels when the parameters involved take values with random noise, which shows
which parameters have a greater influence on glioma growth and decreased blood glucose
levels.

2 The mathematical model

Our start point is the mathematical model proposed in [4] which consider a simplified process
of a small glioma growing in the brain which elicits a response from the host immune system.
Both the host immune system and the glioma require energy to sustain their functions.
Therefore, we also keep track of an energy source, specifically in the form of glucose which
can exist in the brain or blood. The model consists of four variables denoted T , σbrain, I,
σserum, which represent the concentration of glioma cells, the concentration of glucose in
the brain, the concentration of immune system cells and the concentration of serum glucose
levels respectively. We describe this assumptions in the following system of differential
equations (the set of values of parameters is presented in table 1 along with descriptions
and a reference):

dT

dt
= αTσbrainT (1 − T

KT

)︸ ︷︷ ︸
Production

− dTT︸︷︷︸
Apoptosis

− dTITI︸ ︷︷ ︸
Immune response

(1)

dσbrain
dt

= ασ(σserum − σbrain)︸ ︷︷ ︸
Glucose exchange

− dTσTσbrain︸ ︷︷ ︸
Glioma consumption

− (dσ1 + αs(ν + I))σbrain︸ ︷︷ ︸
Natural consumption

(2)

dI

dt
= αs(ν + I)σbrain + αTITI︸ ︷︷ ︸

Production

− dII︸︷︷︸
Natural decay

− dTTTI︸ ︷︷ ︸
Glioma response

(3)

dσserum
dt

= ασ(σbrain − σserum)︸ ︷︷ ︸
Glucose exchange

+ F (t)︸︷︷︸
Glucose intake

− dσ2σserum︸ ︷︷ ︸
Natural consumption

(4)

Equation 1 governs the temporal evolution of glioma growth , equation 2 describe the
glucose concentration in the brain, equation 3 models immune system activity in the brain
and equation 4 explain the behavior of glucose concentration in serum.
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Parameter Description Value Source

αT Growth rate of glioma 1.575 (ml2g−1day−1) [4]

KT Carrying capacity of glioma 2 (g/ml) [4]

dTI Decay rate of glioma due to immune response 0.072 (day−1) [4]

αTI Recruitment rate of immune systems cells due to glioma 0.0003 (day−1) [4]

dT Natural decay rate of glioma 0.0001 (day−1) [4]

dI Natural decay rate of immune system cells 0.01 (day−1) [4]

αs Immune system cell recruitment rate 0.7 (day−1) [4]

ν Baseline immune system cell production rate 0.7 (day−1) [4]

dTσ Glucose consumption rate by glioma 1 (day−1) [4]

ασ Transfer rate of glucose from serum to brain 20 (day−1) [4]

σmin Minimum glucose intake rate to serum 0.0008 (g/ml) [4]

σ0 Maximum variation in glucose intake rate 0.0016 (g/ml) [4]

dσ1 Glucose consumption in brain by healthy cells 0.01 (day−1) [4]

dσ2 Metabolic glucose consumption in serum 0.00625 (day−1) Estimate

dTT Rate of glioma cells killing immune cells 0.072 (day−1) [4]

Table 1: Model parameter values and description

3 Stability analysis

The stability analysis of the model yielded six fixed points. Three of them were biologically
unrealistic due to the negative sign of some of its variables, so they were discarded. The
other three were used as initial conditions in the numerical simulations, which refer to a
patient with a growing glioma (initial conditions 1), a patient with an advanced stage glioma
(initial conditions 2) and a patient without glioma ( initial conditions 3). The Lyapunov
method is applied to know the stability of each of the biologically real fixed points, resulting
in that the fixed points 1 and 2 are unstable states, while the fixed points 3 is a stable state.

4 Numerical simulations

We solved the system of equations for a time corresponding to 9 years, adding stochastic
noise according to the following expression:

εi + β ∗ εi ∗ ∆B (5)

where εi corresponds to each parameter presented in table 1, β is the noise intensity, ∆B
is an independent random variable with normal distribution of standard deviation 1 and
centered in 0. The system of equations (1-4) was solved numerically for each parameter with
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noise leaving the rest constant using a noise intensity β = 0.01(1%). The average deviation
(Sεi) between the noisy solutions with respect to the no-noise solution is also calculated.
The average deviations obtained for a patient with growing glioma (initial conditions 1)
can be seen in Table 2, for a patient with advanced stage glioma (initial conditions 2) in
Table 3 and for a patient without glioma (initial conditions 3) in Table 4, where the order
of influence of the parameters is observed.

Evolution of glioma

(T )

Glucose levels in the

brain (σbrain)

Immune system activity

in the brain (I)

Serum glucose

levels (σserum)

SαT = 4.72327×10−4 Sασ = 1.68637×10−5 Sαs = 2.86956×10−5 Sασ = 1.64504×10−5

Sν = 3.5827×10−4 SdTσ = 1.35894×10−5 Sν = 2.79093×10−5 SdTσ = 1.31053×10−5

SdTσ = 3.04307×10−4 Sαs = 9.53708×10−6 SdTT = 2.05259×10−5 Sαs = 9.28816×10−6

Sαs = 1.81806×10−4 Sν = 9.21831×10−6 SdTσ = 8.01755×10−6 Sν = 8.96285×10−6

SdT = 6.50825×10−5 Sσ0 = 7.2453×10−7 SαT = 1.00573×10−6 Sσ0 = 7.87681×10−7

SKT = 5.85242×10−5 Sσmin = 5.7075×10−7 SdI = 6.74882×10−7 Sσmin = 6.20798×10−7

SdTT = 5.66263×10−5 SαT = 2.42869×10−7 Sσ0 = 5.32647×10−7 SαT = 2.42792×10−7

SdTI = 5.24222×10−5 Sdσ1 = 1.84758×10−7 Sασ = 4.81307×10−7 Sdσ1 = 1.79384×10−7

Sσ0 = 1.62426×10−5 Sdσ2 = 1.16689×10−7 Sσmin = 4.20722×10−7 Sdσ2 = 1.25781×10−7

Sdσ1 = 5.94224×10−6 SdTT = 3.84346×10−8 Sdσ1 = 1.60575×10−7 SdTT = 3.84224×10−8

Sdσ2 = 3.64688×10−6 SdT = 2.53313×10−8 SdTI = 1.165×10−7 SdT = 2.53231×10−8

SdI = 2.6147×10−6 SdTI = 2.36531×10−8 Sdσ2 = 1.01543×10−7 SdTI = 2.36457×10−8

Sσmin = 2.41258×10−6 SKT = 1.96256×10−8 SdT = 8.34023×10−8 SKT = 1.96192×10−8

Sασ = 8.8973×10−7 SdI = 2.08661×10−9 SKT = 3.37889×10−8 SdI = 2.08596×10−9

SαTI = 3.32817×10−8 SαTI = 2.3631×10−11 SαTI = 1.08784×10−8 SαTI = 2.36235×10−11

Table 2: Average deviation values (ordered from highest to lowest) obtained for the initial
conditions 1 using a noise intensity equal to 1% (β = 0.01) with respect to each parameter.

The parameters influenced very similarly for a patient with an advanced stage glioma
(initial conditions 2) Table 3 and for a patient with a growing glioma (initial conditions
1). In the case of a patient without glioma (initial conditions 3) the parameters related
to the tumor have no influence and affect in a different way with respect to the other
initial conditions (see Table 4). In accordance with Table 2 one of the parameters that most
influences a patient with growing glioma (initial conditions 1) is the baseline immune system
cell production rate (ν), the result of which is shown in the Figure 1. It is of interest to
observe that the glucose levels and the activity of the immune system diminish as the glioma
grows. For the case of a patient with advanced stage glioma (initial conditions 2), Table 3
shows that the glucose consumption rate by glioma (dTσ) is an influential parameter, the
results for noise included in this parameter are shown in Figure 2. In this Figure it can be
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seen that the glucose levels and the activity of the immune system are quite decayed because
the glioma is already big. Finally in Table 4 it can be observed that the immune system cell
recruitment rate (αs) is an important parameter for the case of a patient without glioma
(initial conditions 3) whose results are shown in the Figure 3. It is seen that glucose levels
and activity of the immune system remained constant.

Evolution of glioma

(T )

Glucose levels in the

brain (σbrain)

Immune system activity

in the brain (I)

Serum glucose

levels (σserum)

SαT = 3.14535×10−4 Sασ = 1.72783×10−5 Sν = 9.16772×10−6 Sασ = 1.66865×10−5

SdTσ = 2.67975×10−4 SdTσ = 1.40994×10−5 Sαs = 9.12024×10−6 SdTσ = 1.34064×10−6

SdT = 9.71563×10−5 Sν = 4.65053×10−6 SdTT = 7.90895×10−6 Sν = 4.42455×10−6

Sν = 9.00448×10−5 Sαs = 4.61761×10−6 SdTσ = 4.15178×10−6 Sαs = 4.39445×10−6

Sαs = 5.85406×10−5 Sσ0 = 5.97225×10−7 Sασ = 3.96968×10−7 Sσ0 = 6.7143×10−7

SKT = 3.8292×10−5 Sσmin = 4.72989×10−7 Sσ0 = 1.814×10−7 Sσmin = 5.31797×10−7

SdTI = 1.83604×10−5 Sdσ1 = 9.39898×10−8 Sσmin = 1.44595×10−7 Sdσ1 = 8.94567×10−8

SdTT = 1.74568×10−5 SαT = 7.78463×10−8 SαT = 8.33845×10−8 SαT = 7.78217×10−8

Sσ0 = 1.63468×10−5 Sdσ2 = 6.05967×10−8 SdI = 7.818×10−8 Sdσ2 = 6.81077×10−8

Sσmin = 6.27594×10−6 SdT = 2.40913×10−8 Sdσ1 = 2.80896×10−8 SdT = 2.40837×10−8

Sdσ1 = =2.61524×10−6 SKT = 9.24783×10−9 SdT = 2.57339×10−8 SKT = 9.24485×10−9

Sdσ2 = 1.3272×10−6 SdTI = 4.55963×10−9 Sdσ2 = 1.86688×10−8 SdTI = 4.5582×10−9

Sασ = 6.416×10−7 SdTT = 4.10278×10−9 SKT = 9.75197×10−9 SdTT = 4.10143×10−9

SdI = 2.54664×10−7 SdI = 5.87371×10−11 SdTI = 4.89012×10−9 SdI = 5.87164×10−11

SαTI = 1.80112×10−8 SαTI = 4.32786×10−12 SαTI = 3.37733×10−9 SαTI = 4.32649×10−12

Table 3: Average deviation values (ordered from highest to lowest) obtained for the initial
conditions 2 using a noise intensity equal to 1% (β = 0.01) with respect to each parameter.
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Evolution of glioma

(T )

Glucose levels in the

brain(σbrain)

Immune system activity

in the brain (I)

Serum glucose

levels (σserum)

SαT = 0 Sαs = 3.1726×10−5 Sν = 5.96052×10−4 Sαs = 3.12607×10−5

SdTσ = 0 Sν = 2.83901×10−5 Sαs = 5.19598×10−4 Sν = 2.7994×10−5

SdT = 0 Sασ = 1.62421×10−5 SdI = 3.74108×10−4 Sασ = 1.60875×10−5

Sν = 0 Sσ0 = 1.07689×10−6 Sσ0 = 9.72883×10−6 Sσ0 = 1.12092×10−6

Sαs = 0 Sσmin = 8.83677×10−7 Sσmin = 8.8455×10−6 Sσmin = 9.19126×10−7

SKT = 0 SdI = 7.73228×10−7 Sdσ1 = 6.29084×10−6 SdI = 7.72986×10−7

SdTI = 0 Sdσ1 = 5.74781×10−7 Sdσ2 = 4.56442×10−6 Sdσ1 = 5.66526×10−7

SdTT = 0 Sdσ2 = 3.71462×10−7 Sασ = 1.05216×10−6 Sdσ2 = 3.86275×10−7

Sσ0 = 0 SαT = 0 SαT = 0 SαT = 0

Sσmin = 0 SKT = 0 SKT = 0 SKT = 0

Sdσ1 = 0 SdTI = 0 SdTI = 0 SdTI = 0

Sdσ2 = 0 SαTI = 0 SαTI = 0 SαTI = 0

Sασ = 0 SdT = 0 SdT = 0 SdT = 0

SdI = 0 SdTσ = 0 SdTσ = 0 SdTσ = 0

SαTI = 0 SdTT = 0 SdTT = 0 SdTT = 0

Table 4: Average deviation values (ordered from highest to lowest) obtained for the initial
conditions 3 using a noise intensity equal to 1% (β = 0.01) with respect to each parameter.
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Figure 1: The system solution is shown for a patient with a small growing glioma (initial
conditions 1) over a period of 3285 days (9 years) without noise (purple) and with noise
(blue) of 1% (β = 0.01) in the baseline immune system cell production rate (ν). (a)
Evolution of the glioma T , (b) glucose levels in the brain σbrain, (c) immune system activity
in the brain I and (d) serum glucose levels σserum.
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Figure 2: The system solution is shown for a patient with an advanced stage glioma (initial
conditions 2) over a period of 3285 days (9 years) without noise (purple) and with noise
(blue) of 1% (β = 0.01) in the glucose consumption rate by glioma (dTσ). (a) Evolution of
the glioma T , (b) glucose levels in the brain σbrain, (c) immune system activity in the brain
I and (d) serum glucose levels σserum.
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Figure 3: The system solution is shown for a patient without glioma (initial conditions 3)
over a period of 3285 days (9 years) without noise (purple) and with noise (blue) of 1%
(β = 0.01) in the immune system cell recruitment rate (αs). (a) Evolution of the glioma
T , (b) glucose levels in the brain σbrain, (c) immune system activity in the brain I and (d)
serum glucose levels σserum.

5 Conclusion

The model shows that when glioma exists (initial conditions 1 and 2), serum glucose levels
fall below healthy levels, which represents a close dependence between tumor growth and
available glucose, being consistent with the results obtained in the order of influence of the
parameters, given that for the evolution of the glioma one of the parameters that more
influences is the glucose consumption rate by glioma (dTσ) and in general the model is
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very sensitive to this parameter. The immune system plays a key role in tumor growth,
because the immune system cell recruitment rate (αs) and the baseline immune system cell
production rate (ν) have a considerable influence. Also for the case of the patient without
glioma the immune system is highly linked to serum glucose concentration, which suggests
that it consumes a considered quantity of glucose for its activity.
The stability analysis shows that the model is stable when there is no glioma and is not
stable when there is. In general, it can be concluded that this model serves to determine
the level of influence of the parameters in this system. The results obtained can be used to
search for blood-biomarkers for early detection of gliomas.
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Cemre Aydın1 and Münevver Tezer-Sezgin1

1 Department of Mathematics, Middle East Technical University

emails: acemre@metu.edu.tr, munt@metu.edu.tr

Abstract

In this paper, the MHD flow in a rectangular duct with a slipping wall portion is
solved as a Cauchy problem when underspecified boundary conditions are present for
the velocity on the slip wall. The aim is to regain the slipping velocity on this part
of the duct walls. The dual reciprocity boundary element method (DRBEM) is used
to discretize the Cauchy problem which results in an ill-conditioned system of linear
algebraic equations, hence a regularization technique is necessary to solve the system. In
this study, three regularization techniques, namely Tikhonov regularization, the direct-
inverse iteration method, and the well-posed iteration method are used and compared
in terms of velocity and induced magnetic field behaviors. Slip velocity behavior of the
fluid is investigated for several values of the Hartmann number (Ha) with insulated and
conducting vertical duct walls. It is found that all the three methods reconstruct the
slip on the wall on which the direct solution has a slip assumption, especially when Ha
increases.

Key words: DRBEM, Cauchy problem, MHD duct flow, regularization

1 Introduction

The electrodynamics of magnetic fields in the proximity of electrically conducting fluids,
such as liquid metals and blood plasmas is concerned by magnetohydrodynamics (MHD).
Conducting fluid movements under the external magnetic field are decribed with the com-
bination of the Navier-Stokes equations with the Maxwell’s equations through Ohm’s law.
The magnetohydrodynamic flow in ducts has many industrial and biological applications as
MHD generators and MHD pipes, cooling of nuclear fusion apparatus and measuring the
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blood flow pressure [1].

The distance from the fluid to the duct walls within the solid stage where the flow
velocity vanishes is defined as the slip length. As current experimental data shows the slip
in the MHD flow will likely occur in fusion reactors with liquid metal flows in contact with
ceramics. The presence of the Dirichlet or mixed boundary conditions for the velocity on
the complete duct walls results in direct problems. These conditions usually refer to no-slip
velocity or the slip velocity on the whole duct walls, respectively. The MHD equations
have exact solutions only for some special duct geometries used for no-slip velocity or slip
velocity and insulated or perfectly conducting duct walls. For the general case of wall con-
ditions, these equations are mostly solved by numerical techniques [2]. In some engineering
applications one part of the boundary may allow both the velocity slip and conductivity
change depending on the material it is made of. In this case, the boundary conditions are
incomplete either in the form of underspecified or overspecified on different parts of the
boundary. These are inverse problems and it is well-known that they are generally ill-posed
[3]. Thus, a regularization method must be used.

The DRBEM transforms the differential equations defined in the region to integral
equations defined on the boundary, approximating also the inhomogeneities of the equa-
tions using radial basis functions which are related to differential operator with particular
solutions. This way, a system of discretized equations for the boundary nodes and at some
selected interior points is solved [4]. There are quite a number of DRBEM solutions of
MHD duct flow problems with no-slip velocity condition and various combinations of wall
conductivities [5, 6, 7, 8].

In this paper, we present the DRBEM solution of both the direct and inverse MHD
flow problems when one part of the duct walls contain the velocity slip. The slip length is
not known and thus, both the velocity and its normal derivative are going to be determined
which are underspecified boundary conditions. Since the other parts of the boundary have
both of these values, they are overspecified which form the Cauchy MHD problem. The
Tikhonov regularization method, the direct-inverse iteration method, and the well-posed
iteration method are used to regularize the ill-posed discretized problem. The results are
obtained for Hartmann number values 6 50 and these three methods are compared in terms
of the convergence to the direct problem solutions in the sense that direct problem is solved
with an approximation added to the underspecified velocity wall conditions. The DRBEM
has the advantage of discretizing only the boundary and providing both the velocity and
its normal derivative values on the boundary. Thus, it gives the solution of Cauchy MHD
flow problem at a small computational expense.
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2 Mathematical Formulation of the Problem

The two-dimensional, steady and fully developed MHD flow is considered in a rectangular
duct under an external magnetic field applied horizontally. The vertical walls have certain
electrical conductivity and the left wall allows also the slip of the fluid. The non-dimensional
governing equations in terms of the velocity V (x, y) of the fluid and the induced magnetic
field B(x, y) are given as [1]

∇2V +Ha
∂B

∂x
= −1

in − 1 ≤ x, y ≤ 1

∇2B +Ha
∂V

∂x
= 0

(1)

where Ha = LB0

√
σ/νρ is the Hartmann number resulted from the nondimensionalization

of the equations, and L, B0, σ, ν and ρ are the characteristic length, the external magnetic
field intensity, electrical conductivity, kinematic viscosity, and the density of the fluid, re-
spectively.

The physical configuration of the duct walls results in the boundary conditions of the
velocity and the induced magnetic field as (V = 0, B = 0, no-slip and insulated wall)

V = 0, B = 0 on y = ∓1, −1 < x < 1

V = 0, B = k on x = 1, −1 < y < 1

V + α
∂V

∂n
= 0, B = −k on x = −1, −1 < y < 1

(2)

where α is the dimensionless slip length and ∓k are the conductivity values of the vertical
walls. By taking U1 = V +B and U2 = V −B equations (1) are decoupled first as

∇2U1 = −1−Ha∂U1

∂x
in − 1 ≤ x, y ≤ 1

∇2U2 = −1 +Ha
∂U2

∂x

(3)

in which both of the equations are of diffusion-convection type. The aim of the study is to
obtain the slip velocity on the left wall x = −1,−1 6 y 6 1. Meantime, there will be a
conductivity change on this left slipping wall due to the newly computed velocity values.
Thus, the MHD problem is reconstructed as a Cauchy problem first in terms of U1 and U2

as shown in Figure 1.
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∂n
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Figure 1: Boundary conditions for the direct (left) and the Cauchy (right) problems.

Here, v is the approximation added to U1 and U2 in the direct problem to differ from

the no-slip condition V = 0 to a slip condition V + α
∂V

∂n
on the left wall where both

V and
∂V

∂n
are not known. Then, the solution of direct problem using DRBEM gives

∂U1

∂n
,
∂U2

∂n
everywhere on the boundary. The normal derivative conditions with noisy data

on the x = 1 wall are obtained as ∂Ũ1
∂n = ∂U1

∂n + δ ∂U1
∂n and ∂Ũ2

∂n = ∂U2
∂n + δ ∂U2

∂n , where

δ ∂U1
∂n and δ ∂U2

∂n are Gaussian random variables with mean zero and standard deviation

σ = maxx=1|∂U1
∂n ,

∂U2
∂n | × (

pu
100

) and pu is the percentage of additive noise for ∂U1
∂n and ∂U2

∂n .

Then, the Cauchy problem is solved by DRBEM to determine both U1, U2,
∂U1

∂n
,
∂U2

∂n

on x = −1. Finally, V,B,
∂V

∂n
,
∂B

∂n
are obtained through the relationships U1 = V + B,

U2 = V −B.

3 The DRBEM Application

The DRBEM is applied to the decoupled equations (3) of the MHD problem by using the
fundamental solution of the Laplace equation which is u∗ = ln(1

r )/2π, [4]. Thus, all the
terms other than Laplacian are considered as inhomogeneity. That is, by weighting the
equations (3) by u∗ and applying Green’s second identity, we obtain the following equations

ciU1i +

∫
Γ
q∗U1dΓ−

∫
Γ
u∗
∂U1

∂n
dΓ = −

∫
Ω

(−1−Ha∂U1

∂x
)u∗dΩ (4)

ciU2i +

∫
Γ
q∗U2dΓ−

∫
Γ
u∗
∂U2

∂n
dΓ = −

∫
Ω

(−1 +Ha
∂U2

∂x
)u∗dΩ (5)
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where q∗ =
∂u∗

∂n
, Γ is the boundary x = ∓1, y = ∓1, and the index i denotes the source

point. The constant ci is 1/2 and 1 when the source point is on the boundary and in the
interior of the domain, respectively.

The right hand side domain integrals are treated as inhomogeneity and they can be
approximated by radial basis functions f(r) = 1 + r which are connected to the particular
solutions ûj ’s with the equation ∇2ûj = fj . The approximations of the domain integrals

are given by
∑N+L

j=1 αjfj and
∑N+L

j=1 βjfj for the equations (4) and (5), respectively, where
αj ’s and βj ’s are undetermined coefficients, fij = 1 + rij , and rij is the distance between
the nodes i and j, N and L denote the number of boundary and interior nodes, respectively,
when the bpundary Γ is dicretized using N constant boundary elements.

Then, the right hand sides of the equations (4)-(5) are rewritten as

ciU1i +

∫
Γ
q∗U1dΓ−

∫
Γ
u∗
∂U1

∂n
dΓ =

N+L∑
j=1

αj(ciûij +

∫
Γ
q∗ûjdΓ−

∫
Γ
u∗
∂ûj
∂n

dΓ) (6)

ciU2i +

∫
Γ
q∗U1dΓ−

∫
Γ
u∗
∂U2

∂n
dΓ =

N+L∑
j=1

βj(ciûij +

∫
Γ
q∗ûjdΓ−

∫
Γ
u∗
∂ûj
∂n

dΓ) (7)

by applying the BEM also to the inhomogeneities connected to the same Laplace operator.
The discretization of the boundary results in system of matrix vector equations

HU1 −G
∂U1

∂n
= (HÛ −GQ̂)F−1{−1−Ha∂U1

∂x
} (8)

HU2 −G
∂U2

∂n
= (HÛ −GQ̂)F−1{−1 +Ha

∂U2

∂x
}. (9)

The matrices Û , Q̂ and F are constructed by taking each of the vectors ûj , q̂j and fij
as columns, respectively. The components of the H and G matrices are given as

Hij = ciδij +
1

2π

∫
Γj

∂

∂n
(ln(

1

r
))dΓj , Hii = −

N∑
j=1,j 6=i

Hij

Gij =
1

2π

∫
Γj

ln(
1

r
)dΓj , Gii =

l

2π
(ln(

2

l
) + 1)
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where l is the length of the elements and δij is the Kronecker delta function.

The space derivatives for U1 and U2 are computed by using the coordinate matrix as

∂U1

∂x
=
∂F

∂x
F−1U1 and

∂U2

∂x
=
∂F

∂x
F−1U2.

The solution of the system (8)-(9) gives the unknown vectors U1, U2,
∂U1

∂n
and

∂U2

∂n
which are (N + L)× 1 vectors everywhere on the boundary.

4 Tikhonov Regularization

The unknown vectors U1, U2,
∂U1

∂n
and

∂U2

∂n
which are (N+L)×1 vectors everywhere on the

boundary are obtained from the system of equations (8)-(9). Since the aim is to find the slip
velocity on the left wall (x = −1), first the direct problem is solved by adding approximations

to U1 and U2 on this wall. Then, with the obtained
∂U1

∂n
and

∂U2

∂n
values on x = 1, the

Cauchy problem will be solved as an inverse formulation using Tikhonov regularization with

the overspecified boundary conditions (U1, U2,
∂U1

∂n
,
∂U2

∂n
) on x = 1, and underspecified

boundary conditions (no boundary condition) on x = −1. The resulting ill-conditioned
system of equations in the form Ax = b obtained from the DRBEM discretized system for
the Cauchy problem configured in Figure 1 is solved by using Tikhonov regularization as
defined

(ATA+ λ2I)x = AT b.

λ is the regularization parameter obtained from the L-curve method and reduces the
system to least-squares equations for λ = 0. In the case of λ being large, the residual
norm ||Ax − b||2 will be large. On the other hand, when λ is small, then the solution
will be dominated by the contributions from the data errors and so, ||x||2 will be very
large. Hence, the choice of the regularization parameter is very crucial. We choose the
regularization parameter λ by using the L-curve method. The curve (||Axλ − b||2, ||xλ||2),
xλ is the regularized solution, which is obtained from plotting the norms of the residual and
the solution provides controlling these two quantities. The corner of this curve gives the
optimal regularization parameter λ, [9].

5 The Direct-Inverse Iterations for the Cauchy Problem

Instead of using one-step Tikhonov regularization, an iterative method including the di-
rect and inverse solutions for the governing equations (3) can be developed. In the inverse
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formulations, the Tikhonov regularization is used. In this method, while the direct prob-
lem is solved with the Dirichlet type boundary conditions for U1 and U2 on each part
of the boundary, but containing approximations on x = −1, the inverse problem is solved

with overspecified boundary conditions U1, U2,
∂U1

∂n
,
∂U2

∂n
on x = 1. The iterations follow as;

1. U1 = −k+v, U2 = k+v are taken with approximation v to achieve a slip on x = −1.

2. Solve the discretized equations (8)-(9) for the direct problem configured in Figure 1.

3. Use
∂U1

∂n
,
∂U2

∂n
obtained from step 2 in addition to the Dirichlet boundary condi-

tions for U1, U2 on x = 1 for solving the inverse problem using Tikhonov regularization with
overspecified and underspecified boundary conditions for x = 1 and x = −1, respectively.

4. Update the values U1, U2 with the obtained ones from step 3.

5. Repeat steps 2-4 until the velocity V =
U1 + U2

2
on x = −1 converges to the velocity

of the direct solution containing the approximation.

6 The Well-posed Iterations for the Cauchy Problem

This method deduces the ill-posed problem to a successive well-posed problems by alter-
nating the given data on the overspecified part of the boundary. This iterative algorithm
advanced by Kozlov et. al. [10] for Cauchy problems includes the following steps:

1. U1 = −k + v, U2 = k + v are taken with an approximation v to achieve slip on
x = −1 wall.

2. Solve the discretized equations (8)-(9) for the direct problem with the Dirichlet type
boundary conditions for U1 and U2 given as in Figure 1.

3. Use the normal derivative conditions for U1 and U2 on x = −1 and x = 1 obtained
from step 2 for solving the direct problem.

4. Update the values U1 and U2 with the values obtained from step 3 on x = −1.

5. Repeat steps 2-4 until the velocity V =
U1 + U2

2
on x = −1 converges to the

perturbed velocity V = v.
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7 Numerical Results

The MHD duct flow equations (3) are solved numerically in terms of the velocity V of the
fluid and the induced magnetic field B with the boundary conditions imposed for the direct
and inverse problems as given in Figure 1. The aim is to regain the slipping velocity and
compute slip length on the left wall. In the application of DRBEM, N = 100, 160, 240
boundary elements and L = 625, 1600, 3600 interior nodes are taken for Ha = 1, 10, 50, re-
spectively. Both the insulated (k = 0) and conducting (k = 1) vertical walls are considered.

Figures 2, 3 show the velocity and induced magnetic field profiles for the direct solution
with a slipping left wall where the slip length is taken α = 0.2, [11], respectively for k = 0
(insulated) and k = ∓1 (conducting) vertical walls. This means that the velocity V is
perturbed with v corresponding to slip length α = 0.2. In Figures 4, 5, we present velocity
behaviors obtained from the Tikhonov regularization, the direct-inverse iterations, and the
well-posed iterations employed to solve the Cauchy MHD flow problem, respectively for
k = 0 and k = 1. They demonstrate that the slip velocity is reconstructed and converged
to the direct solution which is perturbed with a slip length α = 0.2. When Ha = 1 is
taken, all the three methods converge to the direct solution. On the other hand, when
Hartmann number increases to Ha = 10, the well-posed iterations seem to converge to the
direct solution very well while the others show much sharper slip on the left wall. However,
all the three methods capture the same velocity behavior of the direct solution. When the
Hartmann number is further increased to Ha=50, the velocity slip is detected close to the
corners of the left wall and there is no slip on the middle portion of the right wall. In all
the methods, an increase in Hartmann number causes boundary layers (Hartmann layers of
order 1/Ha on the walls perpendicular to the applied magnetic field and side layers of order
1/
√
Ha on the parallel walls [1]). However, Hartmann layers are weakened on the left wall

due to the slip effect of the velocity as Ha increases. As Ha increases further to Ha=50, the
core region enlarges, and fluid becomes stagnant and the flow is flattened. The slip velocity
is regained on the left wall by using DRBEM with all the three methods for the Cauchy
MHD duct flow problem.

In Figure 6, we depict also induced magnetic field behaviors obtained from the three
methods. The well-posed iterations give exactly the same induced magnetic field of the
direct solution since there is no change involved in B. On the other hand, the Tikhonov and
direct-inverse methods result in conductivity changes on x = −1 due to the perturbations
imposed on the direct formulation. However, all the three methods show the same behavior
of B especially when Ha increases.
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Ha = 1 Ha = 10 Ha = 50

V
B

Figure 2: Velocity and induce magnetic field profiles from direct solution with slip walls,
k = 0, α = 0.2

Ha = 1 Ha = 10 Ha = 50

V
B

Figure 3: Velocity and induce magnetic field profiles from direct solution with slip walls,
k = 1, α = 0.2
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Figure 4: Velocity profiles from inverse solution, k = 0
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Figure 5: Velocity profiles from inverse solution, k = 1
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Figure 6: Induced magnetic field profiles from inverse solution, k = 0

8 Conclusion

The MHD rectangular duct flow is formulated as a direct and a Cauchy problem in terms of
the velocity slip on the left wall and is solved by using the DRBEM. The Cauchy problem is
solved with the normal derivative conditions obtained from the direct solution to determine
the underspecified velocity information on the left wall by using Tikhonov regularization,
the direct-inverse iterations, and the well-posed iterations. The Cauchy problem recon-
structs the slip velocity on the left wall in accordance with the solution of perturbed direct
problem for Ha=1, 10, 50 in all the methods mentioned. The well-posed iterations show
very well convergence to the solution of direct problem on the slipping wall while Tikhonov
regularization and direct-inverse iterations capture both the slip and conductivity change
on this wall. When Hartmann number increases, all the three methods reconstruct the
slip velocity on the left wall. The DRBEM is the most suitable numerical method for the
Cauchy MHD duct problem since it provides both the velocity and its normal derivative
values on the underspecified wall extracting the slip length α between them.
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Abstract

When aimed to modify the downstream vortex shedding of a given bluff body,
whether any road vehicle or wing profile, the use of Active Flow Control (AFC) ap-
pears to be an efficient technology. Among the different (AFC) methodologies the use
of periodic forcing is ment to have better efficiency since it requires less energy to ac-
tivate the shear layer, the reason behind this efficiency lies on the fact that periodic
forcing interacts with the shear layer natural instabilites. In the present paper, one of
the devices widely emloyed to generate pulsating flow, is carefully studied via 3D-CFD
and using OpenFOAM. Initially the base flow is being determined and compared with
previous experimental results, in a second step several internal dimensions of the fluidic
actuator are being modified to characterize the output frequency and amplitude varia-
tions, among the conclusions obtained it is found that a given fluidic actuator is capable
of generating several output frequencies and amplitudes when modifiying some internal
dimensions while maintaining a constant incoming flow Reynolds number.

Key words: Fluidic actuators, Active flow control, Computational fluid dynamics.

1 Introduction

One of the newest technology to modify the lift and drag of a given body is via injecting
or sucking flow to or from the boundary layer nearby the separation point. The technique
which seems to be more effective, mostly because it involves the use of the smallest amount
of energy, is the use of periodic forcing, the main advantage of using periodic forcing is that
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the injected flow interacts with the shear layer natural instabilities, and threrefore deeply
activates the flow. To generate pulsating flow, two main types of fluidic oscillators are being
used, the Zero Net Mass Flow (ZNMF)fluidic oscillators and the Fluidic actuators (FA).
The former consist of a membrane located inside of an open chamber, the membrane moves
back and forward and so a pulsating flow is being generated, with positive and negative
velocities alternating every half cycle, as a result, the net mass flow at every cycle is null.
The later generates a sinusoidal outgoing flow and has the advantage of having no moving
parts, this particular advantage is very handy when designing long lasting and reliable sys-
tems.
Original (FA) designs goes back to the 60s and 70s, left nearly unchanged for over 45 years.
Their possible output frequency ranges from several Hz to KHz and the flow rate is usually
of a few dm3/min. Among their applications in flow control, it is worth to mention their
use in combustion control [1, 2, 3], mixing enhancement [4], flow separation in aerofoils
[5], boundary layer control on hump diffusers used in turbomachinery [6], flow separation
control on stator vanes of compressors [7], drag reduction on trucks [8] and cavity noise re-
duction [9]. It appears that fluidic actuators have the potential of being much widely used
in the near future, and according to the authors there is the need of better understand-
ing their behaviour in order to further improve their performance. Regarding the fluidic
actuators design two main groups exist, the one based on Coanda effect [10], and the one
based on a jet mixing chamber, also called vortex oscillators [11]. The former group had
an early application as pressure, temperature and flow measuring devices [12, 13, 14], the
latter group has recently been applied as a flow control device [15]. To push forward (FA)
boundaries several new designs have been recently created. Uzol and Camci [16], stud-
ied experimentally and via (CFD) a fluidic oscillator based on two elliptical cross-sections
placed transversally and an after-body located in front of them. Such configuration was
in fact proposed by Bauers patent [17, 18]. The device operates at frequencies of around
30 Hz and under laminar flow. The relation frequency versus Reynolds number was found
to be perfectly linear. Huang and Chang [19] performed a deep experimental study on a
V-shaped fluidic oscillator. Playing with the dimensions and the internal oscillator circular
cavity, they defined the regimes under which oscillation was generated and they proved
that frequencies from few Hz to several KHz could be obtained by modifying oscillator
parameters. Additionally, an analysis of the streamline patterns behind the oscillator was
also presented. Khelfaoui et al [20], presented an experimental and numerical analysis of
non-symmetrical mini and micro oscillators. They found a linear relationship between the
actuator frequency and the feedback channel volume, and noticed that above a certain input
pressure choked flow appeared. Gebhard et al [21] studied a micro-oscillator operated with
water, finding a linear relationship between the output frequency and the input volumetric
flow. Raman and Raghu [9] evaluated the decrease of a cavity tone by using fluidic oscil-
lators. The main acoustic frequency was reduced by over 10 dB, concluding that fluidic
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excitation is a candidate in noise control applications. A numerical simulation of a two di-
mensional fluidic oscillator by using Navier-Stokes equations in laminar and incompressible
flow, was performed by Nakayama et al [22]. They were able to visualize the periodical flow
movement and measured the temporal axial and tangential fluid velocities, oscillation fre-
quency being of 40Hz. Gregory and Raghu [23], created a fluidic oscillator based on Coanda
effect but driven by piezoelectric devices. One of the main interesting performances of such
device is that the oscillating frequency can be decoupled from the input flow and pressure
differential. Frequency just depends on input electrical signal, being the oscillator able to
work at a range of velocities which goes up to sonic conditions.
The present paper will introduce a numerical evaluation of a fluidic actuator previously
studied in [24, 25, 26, 27]. In these previous studies, and extensive CFD model includ-
ing the analysis of several turbulent models in order to find out which one was the most
appropriate, was undertaken. Besides, they performed an experimental study obtaining a
good agreement between experimental and CFD results. In the present paper, experimental
results obtained in [24, 25], will be compared with the new CFD calculations. A discussion
regarding how different fluidic actuators internal parts and dimensions may affect its per-
formance will be carried on. The authors main aim is to give to the reader some hints to
be able to modify a given oscillator to fulfil a particular application.

2 Numerical problem definition and boundary conditions

The three dimensional fluidic actuator considered in the present paper is depicted in figure
1, its thickness was of 3.25mm. The incoming flow enters the actuator mixing chamber (2)
through the flattered pipe located on the left hand side of the figure (1), on both sides of the
mixing chamber there are the feedback channels (3), their function is to allow transporting
fluid from the downstream mixing chamber site to the upstream one and vice-versa, the
fluid leaves the actuator alternatively through one of the two exit surfaces located on both
sides of the external chamber (4). Notice that a second fluidic actuator with a buffer
zone (5) is also presented, the idea behind this second configuration is evaluating the efect
of the outlet boundary conditions onto the pulsating flow. The mesh employed for the
present simulation had a total of 2242000 cells, the grid used was structured and care was
taken to obtain a very small y+ in all directions, in fact the maximum y+ respectively
obtained in x, y, and z directions was, 1.8, 4.7 and 1.2 for a Reynolds number of 16034.
Boundary conditions employed were, fluid velocity at the entrance and absolute pressure
1.01978 ∗ 105Pa at the output, Dirichlet boundary conditions were set to all walls. A range
of different input velocities from 0.758 to 1.23 m/s were studied, its minimum and maximum
Reynolds number associated was 8711 and 16034. The fluid employed was water and it was
considered as incompressible. Fluid dynamic viscosity was chosen as 0.001003 Kg/(m ∗ s)
and fluid density was 998.2 Kg/m3. The characteristic length was chosen to be the inlet
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width, which value was 2.55 ∗ 10−3m. The turbulence model used was the SpalartAlmaras
DDES, which is a hybrid LES model. OpenFOAM version 3.0, was employed for all 3D
simulations, finite volumes approach was employed. Inlet turbulence intensity was set to
0.05% in all cases; PISO was used as a solution method, being the time step of 10−6s, spatial
discretization was set to second order. The CFD model designed had a probe covering one
of the two actuator exits, at this section the frequency and amplitude associated to the
temporal mass flow were measured. The frequencies obtained were compared with the ones
experimentally obtained in [24, 25], table 1 compares both results. Notice that the difference
is minimum giving confidence to the CFD simulations undertaken.

Table 1: Comparison experimental and CFD results.

Reynolds number 8711 11152 13593 16034

Frequency [Hz], ref. [24, 25] 12.9 15.5 18.7 21.8

Frequency [Hz], present paper 12.98 15.87 19.41 22.7

Difference % 0.62% 2.3% 3.7% 4.1%

(a) (b)

Figure 1: Fluid actuator general view and its different parts, (a) original fluidic actuator
(b) fluidic actuator with buffer zone.

As previously stated, and in order to characterize the possible effect of the boundary
conditions on the flow performance, a fluidic actuator with a buffer zone was generated,
for this particular case the outlet boundary conditions were maintained the same as in the
original case but the outlet was located at the end of the buffer zone, the total number
of cells used in this new model was of 2854500. A single Reynolds number of 16034 was
studied, the frequency obtained from this particular buffer zone model increased by 2.6%
versus the one obtained with the original case. The authors have considered that the effect
of buffer zone is pretty negligible and the rest of the cases will be studied without it.
Finally and in order to compare the effect of the mesh on the results obtained, the original
fluidic actuator was modelled via using 4.4 million cells, almost twice as much as the ones
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employed initially. The simulation was done at the maximum Reynolds number Re=16034.
The values of maximum x+, y+ and z+ obtained for this new mesh were of 1.8; 4.7 and
0.6 respectively. The frequency obtained when using this extremely dense mesh was of
22.83Hz which involves an increase of 0.57% versus the original case. Understanding that
at lower Reynolds numbers the differences will be even smaller and considering that the
time required to simulate the (FA) with 4.4 million cells is 74% higher than the one needed
to perform the simulation with 2242000 cells, it can be concluded that using 2.2 million
cells is precise enought for the cases under study.

3 Internal dimensions modifications

Figure 2 introduces the three modifications considered in this paper, the mixing chamber
inlet width (a), was increased and decreased respectively by 64% and 114%, nine different
positions were considered. The outlet width (b), increase and decrease was of 82%, again
nine different positions were evaluatd. Regarding the outlet angle reduction (c), it was of
36.5%, the angle increase was of 100%, as in the previous two cases, nine different angles
were simulated. In what follows the results obtained when performing these modifications
are presented for a single Reynolds number, Re=16034.

Figure 2: Fluidic actuator mixing chamber internal dimensions modifications.

4 Results

In the present section, the main performance characteristics of a fluidic actuator having
some internal dimensions modified will be presented. For all cases, the frequency from the
pulsating mass flow measured at one of the two outlets and the amplitude of such pulsating
flow will be presented. Some pictures will be introduced for each case to better understand
the flow behaviour inside the actuator.
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4.1 Outlet width modification

Fiure 3 presents the variation of fluidic actuator non dimensional output frequency and
amplitude, whenever the outlet width is being modified. It is interesting to realize that
as the width decreases the pulsating frequency increases, increasing as well the output
amplitude, and vice-versa. This increase in amplitude is explained when observing that
the maximum fluid velocity increases with the width decrease. The temporal mass flow
amplitude and the fluid velocity amplitude go hand by hand. Figure 4 shows the velocity
magnitudes inside the (FA) for the highest and lowest outlet widths evaluated in this study,
notice the difference in velocity at the (FA) output. From figure 3 it must be realized that
the change in frequency versus the original actuator one, for the cases evaluated, is about
±10% while the amplitude is suffering an increase of nearly 60% and a decrease of about
40%.

(a) (b)

Figure 3: Fluid actuator performance when modifying the outlet width. (a) Frequency
variation (b) Amplitude variation.

(a) (b)

Figure 4: Fluid actuator internal field velocity magnitude, (a) Maximum outlet width (b)
Minimum outlet width.
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4.2 Outlet angle modification

The variation of non dimensional output frequency and amplitude when the mixing chamber
outlet angle is modified, is presented in figure 5. Notice that when the angle decreases, see
figures 2, 5 and 6, the output frequency tends to increase, notice as well from figure 6b),
that these small angles tend to direct the flow alternatively through the feedback channels,
therefore explaining why frequency increases. On the other hand, as the angle increases,
the flow is being directed towards the (FA) outlet, jeopardizing the degrees of freedom of
the fluid, and so minimizing the output frequency and amplitudes. Notice that the angles
variation studied, affected the output frequencies by approximately ±10%, the amplitude
was affected by +11% and minus 50%. Clearly, these two modifications already presented,
affect much deeply the output amplitudes than the frequencies.

(a) (b)

Figure 5: Fluid actuator performance when modifying the mixing chamber outlet angle.
(a) Frequency variation (b) Amplitude variation.

(a) (b)

Figure 6: Fluid actuator internal field velocity magnitude, (a) Maximum outlet angle (b)
Minimum outlet angle.

4.3 Mixing chamber inlet width variation

The last modification to be introduced consist of changing the mixing chamber inlet width.
The first thing to be realized when seeing figures 7 and 8, is that the inlet width modifi-
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cation, generates a completely different pattern onto the outgoing flow. If the inlet width
overcomes a certain minimum or maximum values, there is no pulsating flow at the outlet,
the flow simply goes straight fom inlet to outlet. In fact, for small values of inlet width, the
incoming jet borders impinge onto the walls and create a flow stream which goes from left to
right,upstream to downstream, along both feedback channels at the same time, preventing
any feedback from downstream to upstream. Notice that this feedback is imprescindible to
generate pulsating flow inside the mixing chamber. It is interesting to ralize that an increase
of the inlet width is capable of producing a frequency increase of about 40%, while making
the output amplitude to decrease nearly a 30%. This tendency is completely different than
the one obtained with the previous two modifications, and it has mostly do to with the fact
that for the present modification, when high widths are considered, the mixing chamber
incoming jet, just suffers a slight wavering inside the chamber, causing at the (FA) exit a
small variation of amplitude.

(a) (b)

Figure 7: Fluid actuator performance when modifying the mixing chamber inlet width, (a)
Frequency variation (b) Amplitude variation.

(a) (b)

Figure 8: Fluid actuator internal field velocity magnitude, (a) Maximum inlet width (b)
Minimum inlet width.
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5 Conclusions

A given Fluidic actuator has been studied via 3D-CFD and when modifiying its internal
parameters, such as mixing chamber inlet and outlet widths, and outlet angle. When outlet
width or outlet angle are being decreased, flow output frequency and amplitude increases
and vice-versa. The modification of the inlet width produces quite an oposite effect, as inlet
width increses the freqeuncy increases generating a decrease of the output amplitude.
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Abstract

OpenACC is a parallel programming model for automatic parallelization of sequen-
tial code using compiler directives or pragmas. OpenACC is intended to be used with
accelerators such as GPUs and Xeon Phi. The different implementations of the stan-
dard, although still in early development, are primarily focused on GPU execution. In
this study, we analyze how the different OpenACC compilers available under certain
premises behave when the clauses affecting the underlying block geometry implemen-
tation are modified. These clauses are the Gang number, Worker number, and Vector
Size defined by the standard.

Key words: OpenACC, GPU, block geometry, thread geometry

1 Introduction

OpenACC is an open standard intended to automatically parallelize sequential code and
manage its execution in accelerators like GPUs or Xeon Phi coprocessors. It defines a
number of compiler directives, also called pragmas. The main goal of OpenACC is to
reduce both learning and coding time in a portable way [1]. The version of the OpenACC
standard at the time of writing is the 2.5 [2].

The OpenACC standard was founded by Nvidia, CRAY, CAPS and PGI. The number
of members now is larger, including both academic institutions and companies like the Oak
Ridge National Laboratory, the University of Houston, AMD, and the Edinburgh Parallel
Computing Centre (EPCC), among others.

There are several compilers that implement the OpenACC standard. The PGI com-
piler, developed by the Portland Group (subsidiary of Nvidia) is being distributed as part of
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the Nvidia OpenACC Toolkit under a free 90-day license. Cray Inc. has its own OpenACC
compiler, only available for use with their supercomputers. Pathscale Inc., a software de-
veloper for compilers and multicore software, also has an OpenACC implementation, the
ENZO compiler.

Among the many academic or open-source alternatives there are the OpenUH compiler
[3] by the University of Houston and accULL [4] from Universidad de La Laguna (Spain).

This work presents a study on the impact of different values for the clauses that affect
the underlying block geometry of OpenACC-generated code. GPUs are very sensitive to
the geometry of the thread-block chosen [5], and OpenACC makes use of the terms “gang”,
“worker” and “vector” in order to define different levels of parallelism. According to [6], the
specification is ambiguous and this functionality depends directly on how each compiler is
implemented. In this work, we measure the impact of the choice of an appropriate thread-
block geometry when running a representative benchmark. By default, the geometry is
decided by the compiler unless the specific clause is used inside the OpenACC directive.
Our aim is to compare the resulting behaviour among different compilers and options. For
thread-block geometry testing, we will modify the most representative of the benchmarks,
testing several combinations of values for the clauses to specify gang, workers and vectors,
and analyzing the differences in execution time for each compiler. This will offer some
insight on the implementation of these clauses on each compiler.

Our contribution shows that the decisions made by each compiler is not always optimal,
but manual tuning of the different values is not always possible for every compiler.

The rest of this paper is organized as follows. Section 2 describes the selected compilers.
Section 3 shows our selected microbenchmark for testing the behaviour of the generated code
when modifying the block geometry. Section 4 contains the result of our analysis about the
impact on performance when changing the underlying block geometry. Finally, Section 5
concludes our paper.

2 Available Compilers

We mentioned several compilers in the Introduction. In this section we describe with more
detail the compilers we were able to use for this study.

2.1 PGI Compiler

The PGI Compiler [7] is being developed by The Portland Group, being owned by Nvidia.
This compiler is frequently presented in webinars, workshops, and conferences.

At the time of writing this paper, the PGI compiler is available for download as part of
the OpenACC Toolkit from Nvidia. This toolkit includes a 90-day free trial, the possibility
of acquiring an academic license for a whole year, or buying a commercial license.
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2.2 accULL

The accULL [4] compiler developed by Universidad of La Laguna (Spain) is an open-source
initiative. accULL consists on a structure of two layers containing YaCF [8] (Yet another
Compiler Framework) and Frangollo [9], a runtime library. YaCF acts as a source-to-source
translatori, while Frangollo works as an interface that provides the most common operations
found in accelerators.

2.3 OpenUH

The OpenUH [3] compiler, developed by the University of Houston (USA) is another open-
source initiative. It makes use of Open64, a discontinued open-source optimizing compiler.

3 Microbenchmark Description

In OpenACC, block size is defined by gangs, workers and vectors.Their choices affect the
performance on memory-bound applications. To study this issue, we are going to use a
very simple matrix addition implemented both in CUDA and OpenACC. Our decision is
made by the fact that the problem is embarrassingly parallel, memory acceses are perfectly
coalesced, and the computational load per global memory access is low (memory-bound
application).

The standard only defines the different levels of parallelism, but it is up to each imple-
mentation to decide how are these levels exploited in the actual architecture. In order to
obtain comparable results, some details should be taken into account. The CUDA version
needs to be implemented using elastic kernels, using a fixed number of blocks, which equals
the gang number in the OpenACC code. Also, since the OpenACC standard establishes
that grid dimensions depend on the use of the collapse clause with nested loops, we have
decided to make a one-dimensional grid. We evaluate a number of blocks in the grid ranging
from one to 2048 (using only powers of two). The sequential code can be seen in Fig. 1 and
the CUDA kernel in Fig. 2.

In OpenACC the X dimension of the CUDA block translates to vector length, whereas
the Y dimension equals the worker number. We have also decided to use 512 threads per
block, trying each possible combination of X and Y dimension values using powers of two.

4 Evaluation

In this section we analyze the impact of different choices for the geometry of the underlying
thread-blocks in the OpenACC generated code.
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#pragma acc data copyin(p_A[0:Size*Size],p_B[0:Size*Size]), copyout(p_C[0:Size*Size])

{

int j;

#pragma acc kernels

#pragma acc loop independent gang(GANG), worker(WORKER), vector(VECTOR)

for (j = 0; j < Size*Size; ++j)

{

p_C[j] = ALPHA*p_A[j] + p_B[j];

}

} //End data region

Figure 1: Sequential Code for the Matrix Addition

__global__ void matrixKernel(float* p_A, float* p_B, float* p_C)

{

int iterations = ((SIZE/blockDim.x)*(SIZE/blockDim.y)) / GANG;

int iter;

for (iter = 0; iter < iterations; ++iter)

{

int tx = (blockIdx.x + iter*GANG)*blockDim.x + threadIdx.x;

int ty = threadIdx.y;

int i = (tx/SIZE)*blockDim.y + ty;

int j = (tx%SIZE);

int offset = i*SIZE + j;

if (offset < SIZE*SIZE) p_C[offset] = ALPHA*p_A[offset] + p_B[offset];

}

}

Figure 2: CUDA Kernel for the Matrix Addition
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4.1 Experimental Setup

We used a Nvidia GTX Titan Black to run the experiments. This GPU contains 2 880
CUDA cores with a clock rate of 980MHz and 15 SMs. It has 6GB of RAM, and Compute
Capability 3.5. The host is a Xeon E5-2690v3 with 12 cores at a clock rate of 1.9GHz, and
64GB in four 12GB modules.

The PGI compiler is the one contained in the Nvidia OpenACC Toolkit, version 15.7-
0, published in Jul 13, 2015. We used OpenUH version 3.1.0 (published in November
4, 2015), based on Open64 version 5.0 and using GCC 4.2.0, prebuilt, downloaded from
the High Performance Computing Tools group website [10]. accULL is version 0.4alpha
(published in November 28, 2013), downloaded from Universidad de La Laguna’s research
group “Computación de Altas Prestaciones” [11].

4.2 Block Geometry Sensibility of Generated Code

Observing the results obtained using the CUDA code in Fig. 3, we can see that the best
results are obtained when the block number is high enough to make the GPU reach proper
levels of occupation. The X dimension plays a huge role, but we expected to see an im-
provement in performance when the X dimension was at least 16. We suspect this is due to
several factors, being the most important the behaviour of the cache when elastic kernels
are used.

The results of the OpenACC code generated by PGI (Fig. 4) show that the only factor
affecting the performance is the gangs number, whereas the variation of workers number
and vector length does not play a significant role except when a vector length of one is
used. In this case, performance is severely affected, which indicates a poor use of the cache.
Overall, PGI’s behaviour is the closest one to CUDA for this example.

When using OpenUH as the compiler for the OpenACC code (Fig. 5), all three pa-
rameters affect the performance of the generated code, which means that the parameters
are actually being used to map the computation to the architecture resources. There is an
exception when any of the three parameters is set to one. In this case, OpenUH seems to
assume direct control and choose what it considers an adequate set of parameters for gangs
number, workers number and vector length.

Finally, the results obtained by using accULL (Fig. 6) as our OpenACC compiler show
that none of the parameters have any effect on the performance of the generated code, and
it is the compiler itself who decides the value to be used.

5 Conclusions

During this work, we have realized that the OpenACC standard is very unspecific about
how the different compilers should implement the three levels of parallelism. This allows
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Figure 3: Effects of the Gang Number, Worker and Vector Length in the measured execution
time using CUDA. Execution time is in milliseconds (lower is better). Darker is lower.
Brighter is higher.
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Figure 4: Effects of the Gang Number, Worker and Vector Length in the measured execution
time using PGI compiler. Execution time is in milliseconds (lower is better). Darker is lower.
Brighter is higher.
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Figure 5: Effects of the Gang Number, Worker and Vector Length in the measured execution
time using OpenUH compiler. Execution time is in milliseconds (lower is better). Darker
is lower. Brighter is higher.

w1v512

w2v256

w4v128

w8v64

w16v32

w32v16

w64v8

w128v4

w256v2

w512v1

1 4 16 64 256 1024

W
o
rk

e
rs

, 
V
e
ct

o
r 

Le
n
g
th

Gang Number

Thread-Block sensibility in accULL

Time (ms)

4

4.5

5

5.5

6

6.5

7

7.5

8

Figure 6: Effects of the Gang Number, Worker and Vector Length in the measured execution
time using accULL compiler. Execution time is in milliseconds (lower is better). Darker is
lower. Brighter is higher.
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very different behaviours while unifying the basic concepts of automatic parallelization for
both GPUs and Xeon Phi coprocessors.

Due to the standard leaving freedom for the implementation of the different levels
of parallelism to the different compilers, the maturity of the latter directly affects the
performance of the OpenACC-generated code. Thus we find that the PGI compiler, being
the more mature of the analyzed compilers, generates code that resembles an optimized
CUDA implementation. OpenUH shows an implementation that takes the defined levels
of parallelism into consideration, but with room for a performance improvement. On the
other hand, accULL seems to avoid hand-made changes to the levels of parallelism, choosing
always the same configuration.

Although compiler implementations are not very mature yet, the simplicity of our mi-
crobenchmark allows us to see the effects of the variations in the different clauses: Gang
number, Worker number, Vector length. Our results remark that the performance boost
obtained by the tested OpenACC compilers in GPUs is dependant on the implementation
of these clauses. However, since the mission of these clauses is to unify different concepts
among GPUs and Xeon Phi accelerators, we argue this is complex task for the compiler
implementations.

Acknowledgements

This research has been partially supported by MICINN (Spain) and ERDF program of
the European Union: HomProg-HetSys project (TIN2014-58876-P), CAPAP-H5 network
(TIN2014-53522-REDT), and COST Program Action IC1305: Network for Sustainable Ul-
trascale Computing (NESUS).

References

[1] OpenACC-standard.org, “About OpenACC.”

[2] OpenACC-Standard.org, “The OpenACC application programming interface version
2.5,” oct 2015.

[3] X. Tian, R. Xu, Y. Yan, Z. Yun, S. Chandrasekaran, and B. Chapman, “Compiling a
high-level directive-based programming model for GPGPUs,” in Languages and Com-
pilers for Parallel Computing, pp. 105–120, Springer, 2014.
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Abstract

In this paper several statistical methods are considered to deal with change and
confusion matrices obtained from spatial data. The proposed methodologies focus on
the study of the off-diagonal elements of these matrices. So tests for the marginal
homogeneity are considered and correspondence analysis methods tailored for square
matrices.

Key words: confusion matrix, correspondence analysis, marginal homogeneity

1 Introduction

Confusion matrices are a quite common tool used to asses the quality of spatial data.
Usually, these matrices are obtained as result from classification of images and fotointer-
pretations. In practice, a variety of situations can be found in which proper statistical
techniques are necessary to carry out the statistical inference associated to these matrices.
For instance, we can cite: matrix size (it can range from 3×3 to more than 40×40), number
of total data (from only a few to thousands), diversity of classes, dates of studies, etc.

To assess the overall accuracy of the classification depicted in a confusion matrix or to
compare matrices, the kappa index is commonly used. One of the main drawbacks of this
index is that it is an overall measure of agreement in a matrix. The aim of this paper is not
to contribute to the debate about the salience of kappa and similar statistics for describing
change or accuracy. On the other hand, our aim is to introduce statistical measures that
can help us to describe and understand issues of interest in a confusion matrix and/or
compare main features in two (or more) confusion matrices. Our results can be applied in
two different contexts where these kind of matrices can be obtained related to spatial data:
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1. To quantify spatial differences in land cover and land use change over two time periods.
In this case, we have a square contingency table, which summarizes the coincident
areas or spatial intersection of land classified over the two time periods of time. In
this way, the matrix reports us about the change in the area from time 1 to time 2 in
which the surveys were carried out. They are usually referred as transition or change
matrices.

2. To asses the suitability of a geographical classification method or to compare several
ones. In this case, we have a square contingency table showing the agreement between
the mapped classes and the reference classes. So the diagonal gives us the number
of elements properly classified, and the off-diagonal elements the wrong ones. These
tables are usually referred as confusion matrices.

From the statistical point of view, we have, in both cases, a k × k square asymmetric
contingency table where the rows and columns refer to the same set of objects, and their
entries are non negative integer numbers. Quite often, standard statistical methods designed
for contingency tables are unsuccessful to deal with this kind of matrices because of the
strong effect of the diagonal values on the statistical summaries. So, we focus on statistical
methods to deal with the off-diagonal elements of these matrices. Two approaches are
considered. They are described in the next two sections.

2 Plots and statistical tests to deal with off-diagonal ele-
ments in change/confusion matrices

Agreement plots The agreement plots provide a graphical representation for the diago-
nal and off-diagonal elements in a change/confusion matrix. Large off-diagonal values in the
matrix are depicted by the areas around the diagonal. The size, orientation and colour of
rectangles indicate the direction of change (gain/loss) in a change matrix, and the existence
of possible biases for a classifier in a confusion matrix. These plots are implemented in vcd
package of R, and they can be the basis to formulate hypothesis tests about the direction
of changes and the presence/absence of bias in the previously mentioned matrices.

Marginal homogeneity tests Change/confusion matrices correspond to before/after
experiments, so statistical methods for matched-pairs data can be applied. In particular,
marginal homogeneity tests are of interest. In these tests, the null hypothesis is the marginal
homogeneity, that is, the equality (or lack of significant difference) between the row marginal
proportions and the corresponding column proportions, i.e., for a k× k matrix, it would be

H0 : πi. = π.i, for i = 1, . . . , k − 1
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versus the alternative hypothesis, H1 : not H0. In H0, πi. and π.i denote the row and the
column marginal proportions, respectively.

In the present context, the marginal homogeneity would mean there was no significant
change in the change matrix, and there was no significant bias in the confusion matrix. As
marginality homogeneity tests, we consider the McNemar test for 2 × 2 tables, Generalized
McNemar / Stuart- Maxwell test and Bhapkar test for k × k tables, with k > 2. The
statistical properties of these tests will be studied from a theoretical and computational
point of view.

3 Statistical methods based on correspondence analysis

Correspondence analysis (CA) is a multivariate statistical technique designed for visualiz-
ing the underlying relationships in a contingency table. There are several ways of defining
CA, see for instance Benzécri [2] or Greenacre [4]. We highlight that CA is a least square
method of data analysis based on the singular value decomposition (SVD) of certain ma-
trix associated to this technique. For square asymmetric tables, such as those we obtain
dealing with spatial data, standard CA usually fails due to the strong effect of the diagonal
elements. However, following Greenacre [4], the table can be splitted into symmetric and
skew symmetric components. The separate analysis of these parts allows us to gain in inter-
pretability and representation of information. So two separate two-dimensional maps can
be obtained which involve one set of points each one. Both maps must be constructed on
the same scale in order to show the relative sizes of the variation in each component. In this
way, the magnitude of off-diagonal values in change/confusion matrices can be interpreted.
The use of these methods is illustrated in change/confusion matrices obtained from real
spatial data.
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Abstract

The interpolation error is analyzed for three different schemes for Hermite interpola-
tion by many-knot cubic splines. Two of them are local and the third one is global. The
first method is of order two, and the two other are of order one. The error estimates
are given for C4 functions.
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1 Introduction

Cubic spline interpolation on R at a strictly increasing sequence X := (xi)i∈Z of primary
knots can be made more flexible by adding secondary knots, i.e. by using a sequence of
knots T := (ti)i∈Z containing X.

A very detailed description of different situations in Lagrange interpolation can be
found in Dahmen, Goodmand and Micchelli (1988), following a preceding study by Qi
(1981), whereas Hermite interpolation is analyzed in Qi and Zhou (1982).

On the other had, a Jackson-type estimate is established for the interpolation error in
the completely local Lagrangian scheme in de Villiers (1993).

We analyze the interpolation error associated with three different schemes for Hermite
interpolation by cubic splines obtained by adding two knots in each interval [xi, xi+1] sym-
metrically distributed around the midpoint. This last restriction is reasonable since the
minimization of the uniform error in any scheme designed to recover all functions of a cer-
tain smoothness from their values at a fixed finite set of points leads to consider canonical
knots of the type indicated above, as shown in Micchelli, Rivlin and Winograd (1976).
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The first problem concerns the error analysis of the Hermite interpolation scheme of
order two shose data are (f (xi) , f

′ (xi) , f
′′ (xi))i∈Z. When the data f ′′ (xi) are not available,

they can be replace by p′′ (xi), where p is the cubic polynomial interpolating f (xj), j =
i− 1, j, j + 1, and f ′ (xi). The error for the resulting Hermite interpolation scheme of order
one is then analyzed. Finally, a third Hermite scheme of order one is proposed and its
interpolation error analyzed. The second derivative of the interpolant at the knots is now
the solution of a tridiagonal linear system arising from C3 continuity at xi.

2 The Hermite interpolation problem of order two

Let X := (xi)i∈Z be some arbitrary strictly increasing sequence of real numbers and Y :=
(yi,j)i∈Z,j=1,2 be a sequence satisfying the conditions

xi < yi,1 < yi,2 < xi+1, i ∈ Z,

where

yi,1 := xi + αihi and yi,2 := xi + (1− αi)hi, i ∈ Z,

with

hi := xi+1 − xi, 0 < αi <
1

2
.

Define T := (ti)i∈Z = X ∪ Y , where

t3i = xi, t3i+1 = yi,1, t3i+2 = yi,2, i ∈ Z,

and consider the space

S4 (T ) :=
{
f ∈ C2 (R) : f|[ti,ti+1] ∈ P3

}
,

where P3 denotes the space of all polynomials of degree at most three.

The Schoenberg-Whitney theorem (see [3]) allows us to state that for any any i ∈ Z
there exist functions ϕi, ψi and χi in S4 (T ) such that

suppϕi = suppψi = suppχi = [xi−1, xi+1]

and

ϕi (xj) = δi,j , ϕ
′
i (xj) = 0, ϕ′′i (xj) = 0,

ψ′i (xj) = δi,j , ψi (xj) = 0, ψ′′i (xj) = 0,

χ′′i (xj) = δi,j , χi (xj) = 0, χ′i (xj) = 0.
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The functions ϕi, ψi and χi can be expressed in terms of normalized B-splines associated
with the knots in T (see [1, 4]) or by means of Bernstein polynomials (see [2]) in each
subinterval of their support.

These functions allow us to define an Hermite interpolant. For a C2 function f , to
interpolate (f (xi) , f

′ (xi) , f
′′ (xi))i∈Z we define the operator

H(2) : C2 (R) −→ S4 (T )

by means of

H(2)f :=
∑
i∈Z

(
f (xi)ϕi (x) + f ′ (xi)ψi (x) + f ′′ (xi)χi (x)

)
.

This operator is exact on P3.
The following result holds.

Proposition 1 For every i ∈ Z and any x ∈ [xi, xi+1], define, for a function f ∈ C4 (R),

Lf = f (x)−H(2)f (x) .

Then

|Lf | ≤ 3− 15αi + 16α2
i + 48α3

i − 96α4
i + 32α5

i

1152 (1− αi)
h4i

∥∥∥f (4)∥∥∥
i
,

where ‖·‖i denotes the uniform norm in [xi, xi+1].

3 The Hermite interpolation problem of order one

When the the second derivative is not available at the knots, it is possible to estimate it from
the values at some points in a neighbourhood. Let p the cubic polynomial interpolating the
data f (xj), j = i− 1, j, j + 1, and f ′ (xi). Then f ′′ (xi) is estimated from

si := p′′ (xi) = ai−1f (xi−1) + bif (xi) + b′if
′ (xi) + ci+1f (xi+1) ,

where

ai−1 =
2hi

h2i−1 (hi+1 + hi)
,

bi = −2
h3i−1 + h3i

h2i−1 (hi−1 + hi)h2i
, b′i = 2

hi−1 − hi
hi−1hi

,

ci+1 = 2
hi−1

(hi−1 + hi)h2i
.
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We define the operator
H(1) : C1 (R) −→ S4 (T )

by means of
H(1)f :=

∑
i∈Z

(
f (xi)ϕi (x) + f ′ (xi)ψi (x) + siχi (x)

)
.

Equivalently,

H(1)f =
∑
i∈Z

(
f (xi) ϕ̃i (x) + f ′ (xi) ψ̃i (x)

)
,

with

ϕ̃i = ϕi + ciχi−1 + biχi + aiχi+1,

ψ̃i = ψi + b′iχi.

We have the following result.

Proposition 2 Consider f ∈ C4 (R). For every i ∈ Z and x ∈ [xi, xi+1] the following error
estimate holds: ∣∣∣H(1)f (x)− f (x)

∣∣∣ ≤ C (αi)h
3
i

∥∥∥f (4)∥∥∥
i−1,3

max
j∈{i−1,i,i+1}

{hj} ,

where
‖g‖i−1,3 := max

xi−1≤x≤xi+2

|g (x)|

and

C (αi) :=
32α5

i − 96α4
i + 48α3

i − 3αi + 3

1152 (1− αi)
.

4 Another Hermite interpolation scheme of order one

Let I = [a, b] be an interval of R al let us consider two sets Xn := (xi)0≤i≤n and Yn :=
(yi,j)0≤i≤n,j=1,2 such that x0 = a, xn = b, and for 0 ≤ i ≤ n− 1

xi < yi,1 < yi,2 < xi+1,

yi,1 = xi + αihi, yi,2 = xi + (1− αi)hi,

with hi := xi+1 − xi and 0 < αi <
1
2 .

We define Tn := Xn ∪ Yn = (ti)0≤i≤3n, where

t3i = xi,

t3i+1 = yi,1, t3i+2 = yi,2, 0 ≤ i ≤ n− 1,

t3n = xn,
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and consider the space S4 (I, Tn) of C2 cubic splines on the partition of I induced by Tn.
There exist functions ϕi,n, ψi,n and χi,n in S4 (I, Tn) such that

suppϕ0,0 = suppψ0,0 = suppχ0,0 = [x0, x1] ,

suppϕi,n = suppψi,n = suppχi,n = [xi−1, xi+1] , 1 ≤ i ≤ n− 1,

suppϕn,n = suppψn,n = suppχn,n = [xn−1, xn] ,

and

ϕi,n (xj) = δi,j , ϕ′i,n (xj) = ϕ′′i,n (xj) = 0,

ψ′i,n (xj) = δi,j , ψi,n (xj) = ψ′′i,n (xj) = 0,

χ′′i,n (xj) = δi,j , χi,n (xj) = χ′i,n (xj) = 0

for 0 ≤ j ≤ n.

Proposition 3 We define the operator

H(2)
n : C2 (I) −→ S4 (I, Tn)

by means of

H(2)
n f =

n∑
i=0

(
f (xi)ϕi,n (x) + f ′ (xi)ψi,n (x) + f ′′ (xi)χi,n (x)

)
.

For each λ = (λ0, λ1, . . . , λn), define the operator

Sn,λ : C1 (I) −→ S4 (I, Tn)

as follows:

Sn,λf =

n∑
i=0

f (xi)ϕi,n (x) + f ′ (xi)ψi,n (x) + λiχi,n (x) .

Proposition 4 Consider f ∈ C2 (I) and define λ0 = f ′′ (x0) and λn = f ′′ (xn). Then there
exist unique values λi, 1 ≤ i ≤ n− 1, such that for λ = (λ0, λ1, . . . , λn) the function Sn,λf
is of class C3 at the knots xi, 1 ≤ i ≤ n− 1.

The following result holds.

Proposition 5 Consider f ∈ C4 (I). Then, for each 0 ≤ i ≤ n − 1 and x ∈ [xi, xi+1] the
following inequality is satisfied:

|Sn,λf (x)− f (x)| ≤ h2i
1152 (1− αi)

D
(1)
α,h

∥∥∥f (4)∥∥∥
∞,I

,
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where
D

(1)
α,h := 4αi (3− 4αi)D

(2)
α,h + p (αi)h

2
i ,

with

α := (α0, α1, . . . , αn−1) ,

h := (h0, h1, . . . , hn−1) ,

p (αi) := 3− 15αi + 16α2
i + 48α3

i − 96α4
i + 32α5

i

and

D
(2)
α,h := min

1≤j≤n−2
{hjαj (1− αj)} max

0≤j≤j≤n−1

{
1− 6αj + 18α2

j − 16α3
j

αj (1− αj)
hj

}
.
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Abstract

In this paper, we use the Nyström method and a quadrature formula based on
non-uniform quasi-intepolation for solving nonlinear Fredholm integral equations of the
second kind. This method results in a system of nonlinear equations for determining
approximate values of the true solution of the integral equations. Numerical examples
illustrate the performance of the method.

Key words: Quasi-interpolation, Nonlinear Fredholm integral equations of the second
kind, Nyström method Quadrature formula

1 Introduction

We consider the nonlinear Fredholm integral equation

u (x)−
∫ b

a
k (x, t) g (u (t)) dt = f (x) , x ∈ I := [a, b] , (1)

where f is a known continuous function defined on I, and g is a nonlinear function defined
on I. The nonlinear integral operator K is defined as

Ku (x) :=

∫ b

a
k (x, t) g (u (t)) dt, x ∈ I.

For a continuous kernel, K is a compact operator on C(I) into C(I).

c©CMMSE ISBN: 978-84-617-8694-7Page 196 of  2288



Non uniform QI for solving nonlinear FIE of the second kind

Many different methods are presented in the literature to solve (1) (see, [4, 5, 6, 7] and
references therein). In this work, we construct a quadrature formula based on quadratic
spline quasi-interpolation on non-uniform partition, then we approximate the integral op-
erator with this formula, i.e.

Ku (x) ≈
∑
j

ωjk (x, θj) g (u (θj)) .

where ωj and θj denote the weights and the knots of the formula, respectively. Then we
obtain the approximate solution by using the Nyström method.

2 Quadratic spline quasi-interpolation on non-uniform par-
tition

Let P := {a = x0 < x1 < · · · < xN−1 < xN = b} be a non-uniform partition of I = [a, b]
into N sub-intervals Ii := [xi−1, xi] of length hi := xi − xi−1, 1 ≤ i ≤ N . The space S3(P )
of splines of order 3 on P admits a basis composed by N + 1 B-splines {Bj , 0 ≤ j ≤ N + 1}
constructed from an extended partition associated with P . We choose the extended partition
with multiple knots at the endpoints, i.e. x−2 = x−1 = x0 = a and xN+2 = xN+1 = xN = b.
Then, the support of Bj is the interval [xj−2, xj+1] (see [1]).

We consider the quadratic spline quasi-interpolant to a function f given by

Qf :=
N+1∑
j=0

µj(f)Bj ,

where the functional coefficients µj(f) are specific linear combinations of the values of f on
the set Θ := {θi, 0 ≤ j ≤ (N + 1)}, where θ0 := a, θj := 1

2 (xj−1 + xj) , 1 ≤ j ≤ N , and
θN+1 := b.

More precisely,

µ0(f) = f0, µN+1(f) = fN+1

µj(f) = αjfj−1 + βjfj + γjfj+1, 1 ≤ j ≤ N,

where fj := f(θj), 0 ≤ j ≤ N + 1,

αj = −
τ2j τ
′
j+1

τj + τ ′j+1

, βj = 1 + τjτ
′
j+1, γj = −

(τ ′j+1)
2τj

τj + τ ′j+1

and

τj =
hj

hj−1 + hj
, τ ′j =

hj−1
hj−1 + hj

.
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We can write the spline quasi-interpolant Q under the following quasi-Lagrange form (see
[3])

Qf =
N+1∑
j=0

f(θj)Lj ,

with

L0 := B0 + α1B1, L1 := β1B1 + α2B2,

Lj := γj−1Bj−1 + βjBj + αj+1Bj+1, 2 ≤ j ≤ N − 1,

LN := γN−1BN−1 + βNBN , LN+1 := αNBN +BN+1

Theorem 1 [3] For f bounded on I and for any partition P of I, the infinity norm of the
quadratic quasi-interpolant QP is uniformly bounded by 2.5.

As a consequence of Theorem 1, the exactness of QP on the space P2 of quadratic polyno-
mials and a classical result on approximation [1], the following result holds:

Theorem 2 There exists a constant C independent of h. such that for all f ∈ C3(I) and
for all partition P of I, with h := maxhi,

‖f −QP f‖∞ ≤ Ch
3
∥∥∥f (3)∥∥∥

∞
.

3 Quadrature formula

For any continuous function f , the quadrature formula associated with the quadratic spline
quasi-interpolant on a non-uniform partition is obtained by integrating Qf in the above
quasi-Lagrange form:

IQ (f) =

∫ b

a
Qf (t) dt =

N+1∑
j=0

ωjf (θj) ,

where ωj :=

∫ b

a
Lj (t) dt.

Explicitly, the weights ωj are

ω0 := ϑ0 + α1ϑ1, ω1 := β1ϑ1 + α2ϑ2,

ωj := γj−1ϑj−1 + βjϑj + αj+1ϑj+1, 2 ≤ j ≤ N − 1,

ωN := γN−1ϑN−1 + βNϑN , ωN+1 := αNϑN + ϑN+1,

where

ϑ0 :=
1

3
h1, ϑ1 :=

1

3
(h1 + h2) , ϑN :=

1

3
(hN−1 + hN ) , ϑN+1 :=

1

3
hN

ϑj :=
1

3
(hj−1 + hj + hj+1) , 2 ≤ j ≤ N − 1.
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Theorem 3 Let assume that the points of evaluation Θ := {θi, 0 ≤ j ≤ (N + 1)} are
symmetric with respect to the midpoint of I. Then for f ∈ C4 (I) , we have∫ b

a
f (t) dt− IQ (f) = O

(
h4
)
.

4 Nyström method

For g ∈ C (I), we set

Ku (x) ≈ KNu (x) =
N+1∑
j=0

ωjk (x, θj) g (u (θj)) .

Thus, we approximate the integral equation (1) by

uN (x)−
N+1∑
j=0

ωjk (x, θj) g (uN (θj)) = f (x) , x ∈ I. (2)

This is equivalent to first solve the system of nonlinear equations

uN (θi)−
N+1∑
j=0

ωjk (θi, θj) g (uN (θj)) = f (θi) , 0 ≤ i ≤ N + 1

where the unknows are {uN (θi) , 0 ≤ i ≤ N + 1}. Then, after using the Nyström method
formula and solving the nonlinear system, we obtain the following approximate solution

uN (x) = f (x) +

N+1∑
j=0

ωjk (x, θj) g (uN (θj)) , x ∈ I

Theorem 4 Assume k ∈ C0,4
(
I2
)

and g ∈ C4 (I). Let u be the solution of the integral
equation (1) and uN be the solution of the approximate integral equation (2). Then, it holds

‖u− uN‖ = O
(
h4
)
.

5 Numerical results and comparisons

In this section, five examples are given to illustrate the results established in the previous
sections

ui (x)−
∫ 1

0
ki (x, t) gi (ui (t)) dt = fi (x) , x ∈ [0, 1] .
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i ki (x, t) ui (x) gi (x)

1 xt 2− x2
√
x

2 1
5 cos (πx) sin (πt) sin (πx) + 1

3

(
20−

√
391
)

cos (πx) x3

3 ex−t x cos (x)

4 −x x ex

5 −ex−2t ex x3

Table 1: Data for the tested integral equations.

N ‖ui − uN,i‖∞,I

i = 1 i = 2 i = 3 i = 4 i = 5

8 2.79 (−6) 2.43 (−5) 1.64 (−6) 3.41 (−7) 3.01 (−7)
16 1.82 (−7) 1.43 (−6) 1.05 (−7) 2.18 (−8) 1.92 (−8)
32 1.14 (−8) 8.88 (−8) 6.53 (−9) 1.36 (−9) 1.20 (−9)
64 7.09 (−10) 5.54 (−9) 4.07 (−10) 8.46 (−11) 7.48 (−11)
128 4.43 (−11) 3.46 (−10) 2.55 (−11) 5.29 (−12) 4.67 (−12)
256 2.77 (−12) 2.16 (−11) 1.59 (−12) 3.30 (−13) 2.91 (−13)

Table 2: Estimated infinity norms for the numerical approximations to the solutions of the
tested integral equations.

The corresponding data are given in Table 1. The function fi is chosen so that ui is the
solution of the integral equation.

Let us consider the partition of I given by the extrema of Chebyshev polynomials of
the first kind of degree N on the interval I, namely

P =

{
xi = a+

b− a
2

(
cos

(
(N − i)π

N

)
+ 1

)
, 0 ≤ i ≤ N

}
.

For different values of N , we present in Table 2 the maximum errors of the approximate
solution obtained by using our method. We also give in Table 3 the numerical convergence
orders, denoted by NCO.
In order to give a comparison with other methods, we present some numerical results ob-
tained by these methods in Table 4 and Table 5.
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NCO
i = 1 i = 2 i = 3 i = 4 i = 5

8/16 3.93739 4.0861 3.9703 3.97032 3.97031
16/32 4.00176 4.01039 4.00438 4.00438 4.00438
32/64 4.00168 4.00249 4.0019 4.00189 4.00191
64/128 4.00051 4.00062 4.0005 4.00045 4.00076
128/256 4.0009 4.00016 3.99951 4.0023 4.00481

Table 3: Numerical convergence orders from the results in Table 2.

N Haar wavelet method (2013) Our method

8 1.0 (−3) 2.79 (−6)
16 2.6 (−4) 1.82 (−7)
32 6.6 (−5) 1.14 (−8)
64 1.7 (−5) 7.09 (−10)
128 4.2 (−6) 4.43 (−11)

Table 4: Comparison of the errors with the Haar wavelet method [6] for equation 1.

N Triangular factorization method (2010) Our method

8 9.9 (−3) 2.43 (−5)
16 2.5 (−3) 1.43 (−6)
32 7.9 (−4) 8.88 (−8)

Table 5: Comparison of the errors with the triangular function method [5] for equation 2.
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Abstract

Resistive RAMs (RRAMs) are the most promising devices for near future in terms
of non-volatile applications. The devices present amazing features that make both
Academia and Industry deep in the research of these devices. Among the characteris-
tics, we can list the very good endurance, short writing and reading times in comparison
to current Flash technology, low voltage operation, CMOS compatibility, etc. This new
technology needs advances in all the fronts that need to be addressed prior to indus-
trialization. One of them is connected with compact modeling, i.e, the development of
analytical expressions to account for the most important physical effects that are needed
to calculate the current, capacitance, transient response, etc. The models are essential
for circuit simulation and design. The device models should be accurate and this issue
is achieved by implementing the correct physics in a flexible and robust mathematical
architecture. We will focus on this latter problem in this work. In particular, we will
deal with a good numerical approximation of experimental data based on B-splines con-
struction to perform the integrals of the current and voltage as function of time. We do
so to transform the usual modeling domain, consisting of a current-voltage representa-
tion, to a charge-flux domain; i.e., the time integral of the current and voltage measured
variables. In this new domain an interesting modeling approach can be developed. In
particular, once the new representation is obtained, we have introduced a new method
to obtain the reset voltage of RRAMs.

The new numerical procedure we have implemented allows a correct integration
and help with the treatment of the usual measurement noise that is found in these
kind of devices, since their operation is based on the stochastic processes that form and
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rupture internal conductive filaments. The main features of the mathematical technique
we propose along with a practical example built upon real experimental data will be
explained.

Key words: Resistive RAM, parameter extraction, B-splines, quasi-interpolation

MSC 2000: 41A15, 65D07, 65D15

1 Introduction

Since the breakthrough that represented the announcement of HP [14] of having successfully
implemented the first memristor, these elements have drawn a great deal of interest both
in the Academia and in the Industry. Particularly, among the great variety of devices that
work as memristors, those based on resistive switching (RS) mechanisms, usually known as
Resistive RAMs (RRAMs), can store information without the need of a power source when
they are switched off. These RRAMs present interesting features concerning their capability
for low power applications, switching speed, endurance, etc., [17, 14]. Thus, RRAMs are a
promising emerging new technology for non-volatile memories [9].

Many papers devoted to the fabrication and characterization of RRAMs are being
published nowadays [17, 9]; in addition, modeling and simulation tools are being developed
to analyze the physics of these devices [15, 7, 3, 6]. The availability of compact models to
simulate circuits based on these new devices is essential for the development of this type
of technology [9]. Several models have been presented to describe these devices, although
new models accounting for the main characteristics of RRAMs are needed because of the
variety of physical mechanisms that been detected in these devices [9, 8].

The important issue connected to the intrinsic variability in RRAMs is essential. The
cycle to cycle variability is mainly due to the random processes that lead to the formation
and destruction of the conductive filaments. In fact, it is so unpredictable that it has even
been used to implement random number generators. As an example of this variability, see
below, where a set of experimentally measured reset transitions are shown [5]. We would
like to highlight that all these curves correspond to different RS cycles of the same device,
so the big spread from cycle to cycle is apparent.

The modeling of RRAM can be performed in different domains; i.e., in a I-V domain
or in a charge (Q) and flux (φ), which in some cases can be simpler as reported by L. Chua
[2] and others [13] in the past. This Q-flux domain can be an advantage for modeling since
the typical parameters that characterize a technology could be more easily calculated.

The flux φ can be calculated as the time integral of the voltage while the charge Q is
obtained as the current time integral [2]. Notice that a more formally accurate name for
these magnitudes would be voltage momentum and current momentum, as explained in [2].
However for simplicity we will keep the names flux and charge:

c©CMMSE ISBN: 978-84-617-8694-7Page 204 of  2288
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φ (t) =

∫ t

t0

V (τ) dτ and Q (t) =

∫ t

t0

I (τ) dτ.

The calculation of these magnitudes and the determination of parameters such as reset
voltage and set voltage need of an accurate representation of the experimental measurements
at the mathematical level. We do so in this work, were advanced numerical techniques based
on B-Splines are employed to build an approximant that allow the accurate calculation of
the integrals to determine the charge and flux previously reported.

In order to apply the new numerical technique to real devices and experimental mea-
surements we have employed structures fabricated at the Institut of Microelectronics of
Barcelona IMB-CNM (CSIC), they are based on a Ni/HfO2/Si − n+ stack (see figure be-
low). The ALD fabricated dielectric layer was 20nm thick; further details of the fabrication
process and measurement setup can be found in [5]. The conduction is filamentary in these
devices, i.e., it takes place trough conductive filaments (CFs) that are formed and destroyed
within the RS device operation [5, 16].

A few experimental current-voltage curves corresponding to several RS (set-reset) cycles
are shown below (left). Reset curves for devices based on a Ni/HfO2/Si−n+ stack are shown
in red while set curves are plotted in blue. The curves correspond to different cycles from a
set-reset series of almost three thousands cycles. Although the Ni electrode had a negative
voltage applied while the substrate was grounded [5], we have considered absolute values
for the applied voltage for the sake of simplicity.The VReset and VSet points are highlighted.
The curves are different in all the cases due to the stochastic nature of the processes behind
the conductive filament formation that fix the device resistance, i.e., the ratio between the
device voltage and the corresponding current [9, 5]. Also the physical estructure of the
devices fabricated is shown [5].
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2 Mathematical background

Spline quasi-interpolation is an easy method to define approximants to a given function f
defined on a interval I := [a, b]. The class of the quasi-interpolant can be fixed in advance
by using the appropriate spline space. Here we use C1 quadratic quasi-interpolation from
the values of f at the points in X := {x0, x1, . . . , xn}.

Let us suppose that a = x0 < x1 < · · · < xn = b. Let S2 (X) be the space of C1

quadratic splines on this partition. It is a n + 2-dimensional linear space. To compute a
good basis B2 (X) := {Bj , 1 ≤ j ≤ n+ 2} for S2 (X) some auxiliary knots x−2 ≤ x−1 ≤ a
and b ≤ xn+1 ≤ xn+2 are needed. We choose x−2 = x−1 = a and xn+1 = xn+2 = b. From
the extended partition X∗ := {x−2, x−1, x0, x1, . . . , xn, xn+1, xn+2}, the B-splines Bj can be
defined in terms of divided differences as follows:

Bj (x) := (xj − xj−3) [xj−3, xj−2, xj−1, xj ] (· − x)2+ ,

where (·)2+ stands for the quadratic truncated power. The B-spline Bj is supported on the
interval [xj−3, xj ] and positive on (xj−3, xj). It holds (see [12, Theorem 4.21 and Remark
4.1]) that

n+2∑
j=1

Bj (x) = 1,

n+2∑
j=1

θ
(1)
j Bj (x) = x,

n+2∑
j=1

θ
(2)
j Bj (x) = x2, x ∈ I,

where

θ
(1)
j := θj :=

1

2
(xj−2 + xj−1) and θ

(2)
j := xj−2xj−1.

Taking into account the main goal of this contribution, among all the possibilities at
our disposal we associate with f the quasi-interpolant Q2f ∈ S2 (X) defined as

Q2f :=
n+2∑
j=1

µj (f)Bj ,

where every coefficient µj (f) is a linear combination of values of f at some points lying in
a neighbourhood of the support of Bj . More precisely, we impose the following structure
for µj (f):

µ1 (f) := α1f (x0) + β1f (x1) + γ1f (x2) ,

µj (f) := αjf (xj−2) + βjf (xj−1) + γjf (xj) , 2 ≤ j ≤ n+ 1,

µn+2 (f) := αn+2f (xn−2) + βn+2f (xn−1) + γn+2f (xn) .

It can be proved that there are unique coefficients αj , βj and γj such that the the associated
quasi-interpolation operator Q2 is exact on P2, i.e. such that Q2p = p for all quadratic
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polynomial p (see [1]). Since Q is a uniformly bounded operator (see [10, 11]) and exact on
P2, there exists a constant C independent of f and X such that

‖f −Q2f‖∞,I ≤ Ch
3,

where h := max1≤i≤n hi and hi := xi − xi−1.

3 Algorithm

Once we know how to construct a spline quasi-interpolant to a given function, we have to
determine approximations to the voltage V and the current I from experimental measure-
ments Vi and Ii made at times xi.To do so,

1. Define in the space S2 (X) with knots xi the C1 quadratic quasi-interpolants Vapp and
Iapp of V and I, respectively.

2. Define approximations φapp and Qapp of φ and Q, respectively, as follows:

φapp (t) =

∫ t

x0

Vapp (τ) dτ and Qapp (t) =

∫ t

x0

Iapp (τ) dτ.

3. Consider a uniform partition of the interval [x0, xn] and compute the numerical deriva-
tive of Qapp with respect to φapp at the resulting points, xi.

4. Let Jε := min
{
j :
∣∣∣dQappdφapp

(xj)
∣∣∣ < ε

}
for a given threshold ε.

5. Let the reset charge Qrst be equal to Qapp (xJε).

6. Fit a model Q = Q (φ) to data Qapp (xi), i = 0, . . . , k, for a enough large k.

7. Let the estimated reset flux be the solution of the equation Q (φrst) = Qrst.

4 An example

The proposed method has been applied to real measurements in order to calculate the
charge versus flux relationship. The original data measured are shown in figure bottom left
(curve 155 was selected among a long series of resistive switching cycles). The corresponding
charge-flux representation employed to estimate the reset flux and finally the reset voltage
has been determined using quadratic quasi-interpolation from the values at the knots of V
and I.
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It shows voltage applied to the device and current versus measurement time (left) and
the charge versus flux calculated making use of the data plotted. Some of the parameters
employed in the proposed algorithm are plotted for the sake of clarity.

Notice that the region with low derivative (below a certain threshold that can be fitted,
corresponding to step 5 in our algorithm) is shown to be contained among the red lines.
Once this region is isolated, the reset charge can be estimated, as suggested in the algorithm
(Qreset, step 5). Once the determination of Qreset is done, the φreset is obtained as the value
needed for the final reset voltage determination. The application of the algorithm to the
current curve under study led us to obtain an estimated reset flux equal to 1.72 and an
estimated reset voltage of 1.52 V.
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[6] F. Jiménez-Molinos, M.A. Villena, J.B. Roldán, A.M. Roldán. A SPICE compact model
for unipolar RRAM reset process analysis. IEEE Transactions on Electron Devices 62
(2015) 955–962.

[7] S. Larentis, F. Nardi, S. Balatti, D.C. Gilmer, D. Ielmini. Resistive switching by
voltage-driven ion migration in bipolar RRAM. part II: Modeling. IEEE Transactions
on Electron Devices 59 (2012) 24682475.

[8] J. Lee, S. Lee, T. Noh. Resistive switching phenomena: A review of statistical physics
approaches. Applied Physics Reviews 2 (2015) 031303.

[9] F. Pan, S. Gao, C. Chen, C. Song, F. Zeng. Recent progress in resistive random access
memories: materials, switching mechanisms and performance. Materials Science and
Engineering 24 (2014) 421.

[10] P. Sablonnière. Spline quasi-interpolants and applications to numerical analysis. Rend.
Sem. Univ. Pol. Torino 63 No 2 (2005) 107–118.

[11] P. Sablonnière. Quasi-interpolants splines : Exemples et applications. ESAIM: Pro-
ceedings 20 (2007) 195–207.

[12] L.L. Schumaker. Spline Functions: Basic Theory. Wiley, New York (1973).

[13] S. Shin, K. Kim, S.M. Kang. Compact models for memristors based on charge-flux
constitutive relationships. Computer-Aided Design of Integrated Circuits and Systems
29 (2010) 590–598.

[14] D.B. Strukov, G.S. Snider, D.R. Stewart, R.S. Williams. The missing memristor found.
Nature 453 (2008) 80–83.
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Abstract

In most (if not all) textbooks on complex calculus the differentiation and integration
of complex functions are presented by employing the algebraic form of complex variables
because the respective formulae in terms of polar form are inappropriate. In this paper
we demonstrate that by transferring the field structure of the system of complex numbers
to the Riemann surface of complex logarithm and changing the sense of derivative and
integral, complex calculus can be delivered in terms of polar form of complex variable
identically to the presentation in terms of algebraic form.

Key words: complex calculus, complex logarithm, complex exponent, complex differ-
entiation, complex integration, bigeometric calculus

MSC 2000: Primary: 30E20; Secondary: 30E99

1 Introduction

Complex analysis is a continuation of real analysis to complex variables, nicely explicating
many eccentric results of the real case. In most (if not all) textbooks on complex calculus
[6, 9] the differentiation and integration of complex functions are presented by employing
the algebraic form of complex variables. The polar form is used only in a few situations
when the capacity of the algebraic form is insufficient.

We investigate the presentation of complex calculus essentially on the basis of the polar
form of complex variables and demonstrate that if the field structure of C is transferred to
the Riemann surface of the complex logarithm, which will be denoted by B, and the sense
of the complex differentiation and integration is changed to bigeometric, then the polar
presentation of complex calculus over B is identical to its algebraic presentation over C.
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2 Elements of bigeometric real calculus

In the 60th decade Michael Grossman and Robert Katz [7] gave an underlying idea for
creating different presentations of Newtonian calculus. Bigeometric calculus is one of them.
Briefly, on the basis of the exponential function ex and its inverse the field structure of the
real number system R can be transferred to the interval (0,∞) by setting exp-operations

(i) a⊕exp b = eln a+ln b = ab,

(ii) a⊗exp b = eln a ln b = aln b = bln a,

(iii) a	exp b = eln a−ln b = a/b,

(iv) a�exp b = eln a/ ln b = a1/ ln b.

The neutral elements of exp-addition and exp-multiplication are 1 and e, respectively.
The exp-operations create exp-derivative and exp-integral. Both of them can be ex-

pressed in terms of the derivative and integral of Newtonian calculus. An informal derivation
of these expressions are as follows:

(f(y)	exp f(x))�exp (y 	exp x) = (f(y)/f(x))
1

ln(y/x)

= (f(y)/f(x))
1

y−x ·
y−x

ln y−ln x

=
(
e

ln f(y)−ln f(x)
y−x

) y−x
ln y−ln x

→ e
(ln f(x))′

(ln x)′ = ex(ln f(x))′

and

n⊕
i=1

expf(ci)⊗exp (xi 	exp xi−1) =
n∏
i=1

f(ci)
ln(xi/xi−1)

= e
∑n
i=1 ln f(ci)(xi−xi−1)· ln xi−ln xi−1

xi−xi−1

→ e
∫ b
a ln f(x)(lnx)′dx = e

∫ b
a

ln f(x)
x

dx.

These formulae gave rise to two pairs of exp-derivative and exp-integral. Bigeometric deriva-
tive and integral or, briefly, πderivative and πintegral are defined by

fπ(x) = ex(ln f(x))′ and

∫ b

a
f(x)dx = e

∫ b
a

ln f(x)
x

dx.

They are initiated by Grossman [8]. It is seen that if they are applied repeatedly, then the
factors x and 1/x eliminate each other making πform the fundamental theorem of calculus.
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Deleting these factors simplifies the formulae for πderivative and πintegral. Consequently,
multiplicative derivative and integral or, briefly, *derivative and *integral, which are widely
investigated in [1, 2], are defined by

f∗(x) = e(ln f(x))′ and

∫ b

a
f(x)dx = e

∫ b
a ln f(x) dx.

Bigeometric calculus or, briefly, πcalculus is based on the πderivative and πintegral.

3 The field B

Previously, complex calculus was investigated by use of *operations in [3, 4, 5] over the field
C of complex numbers. Deficiencies of the obtained results can be removed if we transfer
the field structure of C to the Riemann surface of complex logarithm and use πoperations.

The Reimann surface of the complex logarithm can be defined in the algebraic form as

B = {(r, θ) : r > 0, −∞ < θ <∞}.

The subset

Bα = {(r, θ) : r > 0, α− π < θ < α+ π}

of B will be called an α-branch of B. We will identify B0 and C \ {0} by

B0 3 (r, θ) = reiθ ∈ C \ {0},

where θ is the principal argument of z = reiθ ∈ C. Therefore, C \ {0} ⊂ B. Similarly,
R \ {0} ⊂ B with x = (x, 0) if x > 0 and x = (−x,−π) if x < 0, where R is the system of
real numbers.

We will denote the elements of B by boldface letters like z. The boldface letters like f
will be used for functions with domain or range essentially in B as well. The symbols like
f will be used for functions with domain and range in C. We will refer to an element from
R as r-number, from C as c-number, and from B as b-number for brevity.

The addition and subtraction of c-numbers lose the sense for b-numbers whereas the
multiplication and division operations can be modified to B as follows

z1z2 = (r1, θ1)(r2, θ2) = (r1r2, θ1 + θ2)

and

z1/z2 = (r1, θ1)/(r2, θ2) = (r1/r2, θ1 − θ2),

assuming that z1 = (r1, θ1) and z2 = (r2, θ2). In fact, these are exp-addition and exp-
subtraction on B if we introduce exp- and log-functions as follows.
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Proposition 1. The function

Ez = (ex, y), z = x+ iy ∈ C, (1)

where ex is a natural exponent of the r-number x, is a bijection from C onto B. Its inverse
is a function from B to C defined by

Log z = ln r + iθ, z = (r, θ) ∈ B, (2)

where ln r is the natural logarithm of the r-number r. Moreover,

(a) For z1, z2 ∈ B, Log (z1z2) = Log z1 + Log z2.

(b) For z1, z2 ∈ B, Log (z1/z2) = Log z1 − Log z2.

(c) For z1, z2 ∈ C, Ez1+z2 = Ez1Ez2 .

(d) For z1, z2 ∈ C, Ez1−z2 = Ez1/Ez2 .

The proof of this proposition is elementary. Note that our motivation to use the symbols
Ez and Log z in (1) and (2) is as follows. If

B̄ = {(r, θ) : r ≥ 0, −∞ < θ <∞},

then the periodic extension of Ez to B̄ has the form

ez = e(r,θ) = (er cos θ, r sin θ), z = (r, θ) ∈ B̄.

Since the range of ez equals to B, the inverse of ez is the multivalued function

log z =
(√

ln2 r + θ2, atan2 (θ, ln r) + 2πn
)
, n = 0,±1, . . . , z = (r, θ) ∈ B,

where atan2 (y, x) is the arctan-function of two variables. Therefore, Log z becomes the
principal branch of log z for n = 0. This is very similar to the exponential and logarithmic
functions of complex calculus.

By Proposition 1, z1⊕exp z2 = eLog z1+Log z2 = z1z2 and z1	exp z2 = ELog z1−Log z2 =
z1/z2 which are defined previously. Thus the product and ratio of z1 and z2, defined
previously, are indeed exp-additon and exp-subtraction on B, respectively. This motivates
to define exp-multiplication and exp-division on B by

z1 ⊗exp z2 = ELog z1Log z2 = (eln r1 ln r2−θ1θ2 , θ2 ln r1 + θ1 ln r2)

and

z1 �exp z2 = ELog z1/Log z2 =

(
e

ln r1 ln r2+θ1θ2
ln2 r2+θ22 ,

θ1 ln r2 − θ2 ln r1

ln2 r2 + θ2
2

)
,

assuming that z1 = (r1, θ1) and z2 = (r2, θ2). These operations make B a field with the
neutral elements of exp-additon and exp-multiplication to be 0 = (1, 0) and 1 = (e, 0),
respectively. For breviety, the subscript in the symbols of these operations will be dropped.
For example, instead of ⊕exp we will write ⊕.
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4 Elementary functions on B

Complex functions have analogs in complex πcalculus. The πanalog of a complex function
f will be denoted by f .

The πanalogs of ez and log z are the periodic ez and multivalued log z. One can verify
the equality

Ez = EeLog z
for z = z ∈ B0 ⊂ B.

This motivates to define the πanalog of a single-valued complex function f by f(z) =
Ef(Log z), z ∈ B ⊆ B. In such a way, it can be derived the analogs of the complex trigono-
metric and hyperbolic functions in the form

cos z = (ecosh θ cos ln r,− sinh θ sin ln r),

sin z = (ecosh θ sin ln r, sinh θ cos ln r),

cosh z = (ecos θ cosh ln r, sin θ sin ln r),

sinh z = (ecos θ sinh ln r, sin θ cosh ln r).

Almost similar rule can be applied to multivalued functions of complex calculus as well.
For example, the raising to c-power of b-number is defined by zw = Ewlog (Log z), which
suggests the definition

zw = ew⊗log (log z)

for the raising to b-power. This is a multivalued function.

5 πDerivative

The following lemma is crucial for setting πderivative.
Lemma 1. Let f be a non-vanishing function from some nonempty open connected subset
C of C to C. Assume that f has the algebraic and polar representations

f(z) = u(r, θ) + iv(r, θ) = R(r, θ)eiΘ(r,θ) for z = reiθ.

If f ′(z) exists and, consequently, the Cauchy–Riemann conditions in polar form

ru′r = v′θ and rv′r = −u′θ

hold, then
r(lnR)′r = Θ′θ and rΘ′r = −(lnR)′θ (3)

and
z(log f(z))′ = r((lnR)′r + iΘ′r), (4)

assuming that f transfers C into a branch of log-function.
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Note that, (3) expresses a version of the Cauchy–Riemann conditions when both argu-
ment and value of a complex function are represented in the polar form.

Motivated from the definition of πderivative in the real case and Lemma 1, the πderivative
of f(r, θ) = (R(r, θ),Θ(r, θ)) can be defined in the following way.
Definition 1. A function f(r, θ) = (R(r, θ),Θ(r, θ)) is said to be πdifferentiable at z = (r, θ)
if R and Θ have continuous partial derivatives and the Cauchy–Riemann conditions from
(3) hold at (r, θ). If f is πdifferentiable at z, then its πderivative at z(in accordance to (4))
will be defined by

fπ(z) = (er(lnR)′r , rΘ′r).

f is said to be πanalytic on B ⊆ B if f is πdifferentiable at every z ∈ B.
Theorem 1. Let f be the πanalog of the single-valued function f . Then its fπ and f ′ are
related as

fπ(z) = Ef ′(Log z),

assuming that at least one of them exists.
This theorem establishes a method for calculation of πderivatives. For example,

• (a⊗ z⊕ b)π = a.

• (Ez)π = Ez and also (ez)π = ez.

• (sin z)π = cos z.

• (cos z)π = 0	 sin z.

• (sinh z)π = cosh z.

• (cosh z)π = sinh z.

Complex logarithm is multivaliued. But still we have

• (Log z)π = 1� z and also (log z)π = 1� z.

Theorem 2. Assume that fπ(z) and gπ(z) exist. Then

(i) (z0f)π(z) = fπ(z) for constant z0 ∈ B.

(ii) (fg)π(z) = fπ(z)gπ(z).

(iii) (f/g)π(z) = fπ(z)/gπ(z).

(iv) f(g(z))π = fπ(g(z))⊗ gπ(z), assuming additionally that fπ(g(z)) exists.

Moreover, remaining theorems of complex differentiation can be stated and proved in
terms of πderivative.
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6 πIntegral

Definition 2. Given f : B ⊆ B → B by f(z) = (R(r, θ),Θ(r, θ)) for z = (r, θ), we assume
that C is a contour in B with a parameterization z(t) = (r(t), θ(t)), a ≤ t ≤ b. Then we
define the πintegral of f along the curve C by∫

C
f(z)dz = E

∫
C ( lnR

r
dr−Θ dθ)+i

∫
C (Θ

r
dr+lnRdθ),

assuming that the line integrals in the right side exist.
We present the following properties of πintegration.

Theorem 3. Assume that
∫
C f(z)dz and

∫
C g(z)dz exist, where C is a contour in the

domains of the functions f and g. Then

(i)
∫
C f(z)dz =

∫
C1

f(z)dz
∫
C2

f(z)dz, where C = C1 + C2.

(ii)
∫
C(f(z)g(z))dz =

∫
C f(z)dz

∫
C g(z)dz.

(iii)
∫
C(f(z)/g(z)dz =

∫
C f(z)dz/

∫
C g(z)dz.

Theorem 4. Let f : B ⊆ B→ B be πanalytic and let C be a contour in a connected set B
with the initial and end points z1 and z2, respectively. Then∫

C
fπ(z)dz =

f(z2)

f(z1)
.

Note that if C1 and C2 are two contours in the simply connected set B ⊆ B with the
same initial and end points z1 and z2, respectively, and f is πanalytic on B, then∫

C1

f(z)dz =

∫
C2

f(z)dz,

that means the πintegral is independent on the shape of the contours. Therefore, this
integral can be denoted as ∫ z2

z1

f(z)dz.

Theorem 5. If f is πanalytic on a connected set B ⊆ B and C is a closed contour in B,
then ∮

C
fπ(z)dz = (1, 0) = 0.

Theorem 6. Let f : B ⊆ B → B be the πanalog of the complex function f and let C be a
contour in B. Denote LogC = {Log z : z ∈ C}. If

∫
LogC f(z) dz exists, then

∫
C f(z)dz

exists ∫
C

f(z)dz = E
∫
LogC f(z) dz. (5)
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Example 1. Since (a⊗ z)π = a, By Theorem 4,∫ z2

z1

adz =
a⊗ z2

a⊗ z1
=

ELog aLog z2

ELog aLog z1
= ELog a (Log z2−Log z1) = a⊗ (z2 	 z2).

Example 2. The equality (log z)π = 1 � z is a complex πversion of (lnx)′ = 1/x. Based
on this we would like to find πversion of the important formula∮

|z|=a

dz

z
= 2πi for a > 0,

where the orientation on the circle |z| = a is counterclockwise. This circle has the param-
eterisation z(t) = a cos t+ ia sin t, −π ≤ t ≤ π. Therefore, we will look to the closed curve
C in B with parameterisation z(t) = (ea cos t, a sin t), −π ≤ t < π. Then the πanalog of the
preceding integral is ∮

C
(1� z)dz.

Theorem 5 is not applicable to this integral since the function f(z) = 1�z has a singularity
at 0 = (1, 0) located inside C. Therefore, this πintegral will be calculated in accordance to
Theorem 6 as follows:∮

C
(1� z)dz = E

∮
LogC

1
z
dz = E

∮
|z|=a

1
z
dz

= E2πi = (e0, 2π) = (1, 2π).

This example demonstrates that the πintegrals respond to residues.

7 Conclusion

Resuming, we see that the formulae of complex πcalculus are identical to those of complex
calculus. Although this is verified only for its starting elements, there is no doubts that this
expands to the whole. The identity is achieved by implementing the following three actions:

• Transferring the field structure of C to the larger set B.

• Changing the sense of derivative and integral πsense.

• Considering πanalogs of functions of complex calculus.

One can think that complex πcalculus is a small part of complex calculus on Riemann
surfaces since B is the Riemann surface of the complex logarithm. This thought is mislead-
ing because complex πcalculus is based on rather easy concepts of πderivative and πintegral
and does not use the heavy machinery of integration and differentiation on manifolds. Addi-
tionally, complex πcalculus still considers multivalued logarithmic and power functions while
they are single-valued in complex calculus on the Riemann surface of complex logarithm.
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Since every α-calculus, including πcalculus as well, transfers a structure over R to an
identical structure, it should not be surprising in the complex case as well. But unlike to the
real case, complex πcalculus is a nontrivial transformation of complex calculus because it
requires setting the new exponential function Ez with the range B being a supset of C \ {0}
while in the real case the range of ex is the subset (0,∞) of R.

We think that most interesting element of complex πcalculus is the clear meaning of the
variable (r, θ), which is the polar components if a complex variable and in the use in complex
calculus as well, for example, to prove Moivre-Laplace formula establishing n different nth
roots a nonzero complex number. In terms of cosmology, there are two universes—complex
calculus and πcalculus. They behave identically, but have interaction. This can be used
to obtain polar form of different formulae of complex calculus. Just replace the algebraic
components x and y by polar components r and θ and transform the formula back from
πcalculus to complex calculus. In this regard it is interesting to investigate Navier–Stokes
equations. There is a believe (while not yet proved) that Navier–Stokes equations include
the turbulence property of fluid flow. Roughly speaking, turbulence appears when the
angular velocity of liquid is essentially nonzero. Since the derivative in θ presents the
angular velocity (while in r the radial velocity) it is interesting to obtain Navier–Stokes
equations in terms of r and θ.

Also, complex πcalculus can be included to textbooks on complex calculus in the form
of exercises or research projects. It could serve as an introductory element to Riemann
surfaces.
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Abstract

This work focuses on the construction of evolver dynamics equations for an exponen-
tial quantum anharmonic oscillator. We also focus on the point that how squarification
is used to solve the obtained second degree ordinary differential equation system. Space
extension concept is used for creating the PREVTH specific system vector which is
composed of a set conically closed under Poisson bracketing. A super ODE system on
operators is obtained but third degree products obtained at the first attempt on the
right hand sides force us to apply an improved version of space extension is again to get
second degree multinomiality. A method called squarification, which is developed by
our group members, helps us to get a recursive equation to solve the obtained equations
for expectation values of the operators.

Key words: PREVTH, Evolver Dynamics, Space Extension, CASE, Squarification,
Anharmonic Symmetric Quantum Oscillator

1 Introduction

Solution of Schrödinger equation is one of the most challenging problem in Quantum Me-
chanics. Several methodologies are studied for the general solution and for the special
systems. But a method to meet all the needs could not have been developed. General
expression for the Schrödinger equation [1] is given below.

i~
∂ψ (x, t)

∂t
= Ĥψ (x, t) , ψ (x, 0) = ψ0 (x) (1)
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where ψ(x, t) denotes the wave function and ψ0 symbolizes the initial form of it. ~ is the
reduced Planck constant. The Hamiton operator Ĥ defines the behaviour of the quantum
systems. The system studied in this work is anharmonic symmetric quantum operator which
is given with the following Hamiltonian

Ĥ ≡ 1

2µ
p̂ 2 + α

(
e

κ
2
q̂ 2 − Î

)
α, κ > 0 (2)

p̂g(x) ≡ −i~g′(x), q̂g(x) ≡ xg(x), Îg(x) ≡ g(x)

x ∈ (−∞,∞) (3)

where Î, p̂, q̂ denote the identity, momentum, position operators and µ, α, κ stand for the
mass, potential amplitude and anharmonicity constant respectively.

Evaluation of the wave equation is painfull when working on that partial differential
equation (1). But construction of ordinary differential equations (ODEs) over expectation
values of the operators may facilitates the analysis [2–4]. This approach is called “Quantum
Expectation Value Dynamics”. Our group have numerous studies on this subject. Recently
developed methodology “Probabilistic Evolution Theory (PREVTH)” [5–13] is based on
the idea of constructing an infinite set of linear homogeneous ODE or ODE set over the
expectation values of the basis operators. First of all, an appropriate system vector is
defined for the basis operators and then its Kronecker powers are obtained for use in the
solution equation.

2 System Vector of Operators for PREVTH

To define a compact equation for poisson bracket of Hamiltonian with the operators, first of
all, we have to define a system vector (ŝ) composed of the necessary operators. The expo-
nential part seen in the potential term of Hamiltonian forces us to define a new independent
variable s3 which ease to handle the singularity at infinity.

ŝ ≡

 ŝ1
ŝ2
ŝ3

 ≡
 p̂

q̂

e
κ
2
q̂2

 (4)

Poisson brackets of Hamiltonian and system vector elements can be written as below.

{
Ĥ, ŝ1

}
=
{
Ĥ, p̂

}
=

1

2µ

{
p̂2, p̂

}
+ α

{(
e

κ
2
q̂2 − 1

)
, p̂
}

= −ακq̂e
κ
2
q̂2 = −ακŝ2ŝ3 (5)

{
Ĥ, ŝ2

}
=
{
Ĥ, q̂

}
=

1

2µ

{
p̂2, q̂

}
+ α

{(
e

κ
2
q̂2 − 1

)
, q̂
}

=
1

µ
p̂ =

1

µ
ŝ1 (6)
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{
Ĥ, ŝ3

}
=

{
Ĥ, e

κ
2
q̂2
}

=
1

2µ

{
p̂2, e

κ
2
q̂2
}

+ α
{(

e
κ
2
q̂2 − 1

)
, e

κ
2
q̂2
}

=
1

2µ

(
p̂
{
p̂, e

κ
2
q̂2
}

+
{
p̂, e

κ
2
q̂2
}
p̂
)

=
κ

2µ

(
p̂q̂e

κ
2
q̂2 + q̂e

κ
2
q̂2 p̂
)

=
κ

2µ
(ŝ1ŝ2ŝ3 + ŝ2ŝ3ŝ1) (7)

Triple multiplications of the operators are present in (7). The degree of the right hand side
polynomials can be reduced to two by space extension [14, 15]. To write a compact second
degree multinomial equation from above equations, we have to define new independent
variables s4 and s5 which are multiplications of two operators.

ŝ4 ≡ ŝ2ŝ3 = ŝ3ŝ2 (8)

ŝ5 ≡ ŝ2ŝ1 (9)

New augmented 1× 5 system vector ŝaug is created by adding new variables to the original
system vector ŝ (4). Its Kronecker square is 1× 52 type vector which is labeled as ŝ⊗2aug.

ŝaug ≡
[
ŝ1 ŝ2 ŝ3 ŝ4 ŝ5

]T
ŝ⊗2aug ≡ [ŝ21 ŝ1ŝ2 ŝ1ŝ3 ŝ1ŝ4 ŝ1ŝ5...

ŝ2ŝ1 ŝ22 ŝ2ŝ3 ŝ2ŝ4 ŝ2ŝ5...

ŝ3ŝ1 ŝ3ŝ2 ŝ23 ŝ3ŝ4 ŝ3ŝ5...

ŝ4ŝ1 ŝ4ŝ2 ŝ4ŝ3 ŝ24 ŝ4ŝ5...

ŝ5ŝ1 ŝ5ŝ2 ŝ5ŝ3 ŝ5ŝ4 ŝ25]
T (10)

Poisson brackets of newly defined operators and Hamitonian can be written as{
Ĥ, ŝ4

}
=

{
Ĥ, ŝ2ŝ3

}
=
{
Ĥ, q̂e

κ
2
q̂2
}

=
{
Ĥ, q̂

}
e

κ
2
q̂2 + q̂

{
Ĥ, e

κ
2
q̂2
}

=
1

µ
p̂e

κ
2
q̂2 + q̂

κ

2µ

(
p̂q̂e

κ
2
q̂2 + q̂e

κ
2
q̂2 p̂
)

=
1

µ
ŝ1ŝ3 +

κ

2µ

(
ŝ2ŝ1ŝ2ŝ3 + ŝ22ŝ3ŝ1

)
=

1

µ
ŝ1ŝ3 +

κ

2µ
(ŝ2ŝ1ŝ2ŝ3 + ŝ2ŝ3ŝ2ŝ1) (11){

Ĥ, ŝ5

}
=

{
Ĥ, ŝ2ŝ1

}
=
{
Ĥ, q̂p̂

}
=
{
Ĥ, q̂

}
p̂+ q̂

{
Ĥ, p̂

}
=

1

µ
p̂2 − ακq̂q̂e

κ
2
q̂2

=
1

µ
ŝ21 − ακŝ2ŝ2ŝ3 (12)
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For convenience, all the poisson bracket results can be seen in the system form.{
Ĥ, ŝ1

}
= −ακŝ4{

Ĥ, ŝ2

}
=

1

µ
ŝ1{

Ĥ, ŝ3

}
=

κ

2µ
(ŝ1ŝ4 + ŝ4ŝ1){

Ĥ, ŝ4

}
=

1

µ
ŝ1ŝ3 +

κ

2µ
(ŝ5ŝ4 + ŝ4ŝ5){

Ĥ, ŝ5

}
=

1

µ
ŝ21 − ακŝ2ŝ4 (13)

To gather all the coefficients of the equations (13) in matrices, we have two define H1 and
H2 with the help of unit vectors of cartesian space.

H1 ≡ e2e
T
1 − ακe1eT4

H2 ≡ κ

2µ
e3 (e1 ⊗ e4 + e4 ⊗ e1)

T +
1

µ
e4

(
e1 ⊗ e3 +

κ

2
(e4 ⊗ e5 + e5 ⊗ e4)

)T
+

1

µ
e5 (e1 ⊗ e1 − ακe2 ⊗ e4)

T (14)

A compact equation can be written as below to express the equations in (13).{
Ĥ, ŝaug

}
= H1ŝaug (t) + H2ŝaug (t)⊗2 (15)

3 Constancy Adding Space Extension (CASE)

The expression given in the (15) is not unique. By defining a constant as a new vector
element for ŝaug, the equations in (13) can be rewritten in a way that will not affect the
final result. This method is called “Constancy Adding Space Extension (CASE)”which is
developed in our group [16–19]. With appropriate choices, the coefficient of first term of (15)
can be obtained as identity matrix multiplied by a constant. Thus, the obtained dynamic
equation can be solved easily.

Let’s start by defining ŝ6 as unit operator multiplied by nonzero constant a.

ŝ6 ≡ aÎ (16)

{
Ĥ, ŝ6

}
= 0 (17)

Î =
1

a
ŝ6 =⇒ 1

a2
ŝ 26 −

1

a
ŝ6 = 0 =⇒ βŝ6 −

β

a
ŝ 26 = 0 (18)
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Multiplying both sides of the equation with a nonzero constant β does not change the result
as it is seen in the third equation of (18).

ŝca ≡
[
ŝ1 ŝ2 ŝ3 ŝ4 ŝ5 ŝ6

]T
(19)

ŝca is an augmented system vector which is created by CASE. We can write the Kronecker
square of ŝca as

ŝ⊗2ca = [ŝ21 ŝ1ŝ2 ŝ1ŝ3 ŝ1ŝ4 ŝ1ŝ5...

ŝ2ŝ1 ŝ22 ŝ2ŝ3 ŝ2ŝ4 ŝ2ŝ5...

ŝ3ŝ1 ŝ3ŝ2 ŝ23 ŝ3ŝ4 ŝ3ŝ5...

ŝ4ŝ1 ŝ4ŝ2 ŝ4ŝ3 ŝ24 ŝ4ŝ5...

ŝ5ŝ1 ŝ5ŝ2 ŝ5ŝ3 ŝ5ŝ4 ŝ25...

aŝ1 aŝ2 aŝ3 aŝ4 aŝ5]
T (20)

The Poisson bracket equations can be written as below.{
Ĥ, ŝ1

}
= −ακŝ4

ŝ6
a

+ βŝ1 −
β

a
ŝ1ŝ6{

Ĥ, ŝ2

}
=

1

µ
ŝ1
ŝ6
a

+ βŝ2 −
β

a
ŝ2ŝ6{

Ĥ, ŝ3

}
=

κ

2µ
(ŝ1ŝ4 + ŝ4ŝ1) + βŝ3 −

β

a
ŝ3ŝ6{

Ĥ, ŝ4

}
=

1

µ
ŝ1ŝ3 +

κ

2µ
(ŝ5ŝ4 + ŝ4ŝ5) + βŝ4 −

β

a
ŝ4ŝ6{

Ĥ, ŝ5

}
=

1

µ
ŝ21 − ακŝ2ŝ4 + βŝ5 −

β

a
ŝ5ŝ6{

Ĥ, ŝ6

}
= βŝ6 −

β

a
ŝ26 (21)

All the coefficients at the right hand side can be written in the following matrix forms.

F1 ≡ βI6

F2 ≡ −ακ
a
e1 (e4 ⊗ e6) +

1

aµ
e2 (e1 ⊗ e6) +

κ

2µ
e3 (e1 ⊗ e4 + e4 ⊗ e1)

T

+
1

µ
e4

(
e1 ⊗ e3 +

κ

2
(e4 ⊗ e5 + e5 ⊗ e4)

)T
+

1

µ
e5 (e1 ⊗ e1 − ακe2 ⊗ e4)

T

−β
a

(e1(e1 ⊗ e6 + e4 ⊗ e6) + e2(e2 ⊗ e6 + e1 ⊗ e6)

+e3(e3 ⊗ e6) + e4(e4 ⊗ e6) + e5(e5 ⊗ e6) + e6(e6 ⊗ e6)) (22)
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which shows that an appropriate choice of F2 enables us to get F1 as the product of 6× 6
identity matrix, (I6), with the scalar β.

These coefficient matrices F1 and F2 allow the equations in (21) to be written in the
following compact form.{

Ĥ, ŝca

}
= F1 ŝca + F2 ŝ⊗2ca = β ŝca + F ŝ ⊗2ca (23)

Since F1 does not appear at the rightmost part of these equations we have also dropped
the index 2 from F2.

4 Evolver Dynamics

(23) is not a set of ODE which is an expected issue for PREVTH. Hence we need to produce
a set of ODE on which PREVTH can be applied. To this end, we can start by defining the
transition operators as follows

ψ(x, t) = T̂ (t0, t)ψ (x, t0) (24)

dT̂

dt
(t0, t) = − i

~
Ĥ(t)T̂ (t0, t) , T̂ (t0, t0) = Î (25)

T̂ (t0, t) denotes the transition operator of a quantum system under consideration without
any specification about its interaction with its environment.

We can also define an Evolver superoperator as follows.

Ê(ô)(t) ≡ T̂ (t, t0)
† ô(t)T̂ (t, t0) . (26)

Ê(ô)(t) maps from the operator space where ô(t) resides to the same space. Therefore it is
a superoperator whose operand is denoted as its first argument. It evolves in time because
of not only its temporal dependence coming from interaction operator but also from the
possible dependence of the operand ô(t). All these dependencies are shown in the second
but separate argument.

The equation needed for PREVTH solution can be constructed as

dÊ( ŝca)(t)

dt
= βÊ( ŝca)(t) + FÊ( ŝca) (t)⊗2 Ê( ŝca) (t0) = ŝca. (27)

This is the desired super ODE set on operator unknowns and in PREVTH format. Hence
the rest is just to get the PREVTH solution.
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5 Constructing the PREVTH Solution

The PREVTH solution of (27) is constructed by using an integral recursion between posi-
tive integer Kronecker powers of the unknown evolver. Details are given in our relevant
publications [20–23]. PREVTH solution can be explicitly given below

E ( ŝca) (t) = eβ(t−t0)
∞∑
j=0

1

j!

(
eβ(t−t0) − 1

β

)j
Tj ŝ

⊗ (j+1)
ca (28)

where ŝca is the augmented initial system vector formed through CASE and telescope ma-
trix, Tj , is defined as

Tj ≡M1...Mj , T0 ≡ In, j = 0, 1, 2, ... (29)

where the monocular matrices, Mks, whose cascaded forms form the telescope matrices, are
also defined as

Mk ≡
k−1∑
`=0

I⊗`n ⊗ F⊗ I⊗(k−1−`)n , k = 1, 2, ... (30)

Here F is the F2 matrix obtained in the previous section. It is in the form of n × n2 type
matrices. We can rewrite it as the sum of Kronecker product of Cartesian unit vectors with
n× n submatrices (F(i)) as below.

F =
n∑
i=1

eTi ⊗ F(i) (31)

Let us represent the squarified telescope matrix (SquTelMat) Ŝj (ŝca) ŝca through the fol-
lowing formula

Tj ŝ
⊗(j+1)
ca = Sj( ŝca) ŝca j = 0, 1, 2, ... (32)

where each SquTelMat is a square matrix of n × n. For a given F rectangular matrix of
n× n2 and an n-element vector a, the squarification is defined as follows

bF,ae ≡
n∑
i=1

aiF
(i), (33)

where ais are the elements of the vector a.
As we could have been able to show quite recently, the SquTelMats satisfy the following

recursion

Ŝj ( ŝca) =

j−1∑
i=1

(
j − 1

k

)
bF, Ŝk ( ŝca) ŝcaeŜj−1−k ( ŝca) , Ŝ0 (ŝca) = Î, j = 1, 2, ... (34)
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where Î is the identity matrix operator whose diagonal elements are identity operator, Î.
(34) is a matrix recursion and therefore its computational complexity may be desired

to be further suppressed. To this end, we can define

v̂j ( ŝca) ≡ Sj ( ŝca) ŝca, j = 0, 1, 2, ... (35)

and rewrite (34) as follows in terms of v̂js instead of Ŝjs.

v̂j ( ŝca) =

j−1∑
i=1

(
j − 1

k

)
bF, v̂k ( ŝca)ev̂j−1−k ( ŝca) , v̂0 ( ŝca) = ŝca, j = 1, 2, ... (36)

Now the use of (35) in (28) produces

E ( ŝca) (t) = eβ(t−t0)
∞∑
j=0

1

j!

(
eβ(t−t0) − 1

β

)j
v̂j ( ŝca) (37)

6 System Expectation Values at No Fluctuation Limit

The expectation value of the system vector with operator elements can be evaluated by
taking the expectation values of both sides in (37) under the initial wave function. This
requires the evaluation of v̂j ’s expectation values, which can be accomplished by using
the both-sides’-expectation-value in the recursion (36). However, this expectation valued
recursion form is not so practical for applications. Hence we can use the no fluctuation
approximation which is based on the fluctuationlessness theorem which was conjectured and
proven in our group studies. Fluctuationlessness Theorem dictates us that “The expectation
value of a multivariate function depending on various linear operators is equal to the image
of those operators’ expectation values under the same function at the no fluctuation limit”
[24–30] This theorem implies that the equality obtained by taking expectation values of
both sides in an equality can be approximated by replacing each argument operator with
its expectation values under the same initial wave function. Thus we can write the following
approximate equality by taking both sides’ expectation value and then using no fluctuation
approximation from (36)

v̂j (〈 ŝca〉)=
j−1∑
i=1

(
j − 1

k

)
bF, v̂k (〈 ŝca 〉)ev̂j−1−k (〈 ŝca 〉) , v̂0 (〈 ŝca 〉) = 〈 ŝca 〉 , j = 1, 2, .. (38)

On the other hand, we can write the following equality from (37) by taking expectation
value of its both sides and then using no fluctuation approximation

E ( 〈 ŝca 〉) (t) = eβ(t−t0)
∞∑
j=0

1

j!

(
eβ(t−t0) − 1

β

)j
v̂j ( 〈 ŝca〉) (39)
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All these equalities convert all operator elemented system vectors to standard linear alge-
braic vectors depending on the ordinary linear algebraic system vector which is the expec-
tation value of the system vector with operator elements.

7 Fluctuation Expansion and Initial Wave Function Selection

No fluctuation approximation brings the question: How can we construct a scheme which
brings corrections to the non fluctuation expansion systematically? The answer can be
based on the following fluctuation identities for our present case where there are six system
operators:

ŝi ≡ 〈 ŝi 〉 Î + φ̂i, i = 1, 2, ..., 6 (40)

which are fluctuation operator defining equations at the same time. These definition urge
us to define the following system fluctuation operator:

φ̂ ≡
[
φ̂1 ... φ̂6

]T
(41)

Now Mathematical Fluctuation Theory dictates us that the expectation values encountered
in PREVTH can be expanded to expectation values of Kronecker power series (nonnegative
Kronecker powers) of the fluctuation. The initial wave function structure to be used in the
fluctuations gains great importance for the convergence of relevant Kronecker power series.
To get uniform convergence the basis function for representing the initial wave function must
have an appropriate weight function such that all terms’ expectation values should be finite
and preferably analytically calculable. This issue may need to be elaborately investigated,
even though we are not going to attempt to do so here and then report the results since it
is somehow out of the conceptuality which is basic goal of this presentation.

8 Concluding Remarks

In this work we have developed evolver dynamics for a quantum system of exponential
anharmonic oscillator. This work is dominated by conceptuality because of its importance.
Hence we do not present any illustrative implementation in this proceeding paper even
though we are going to realize a much more comprehensive presentation in the conference
and we are planning to write an extended paper for some journals with more satisfactory
and detailed content in close future.
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[12] M. Ayvaz and M. Demİralp, Probabilistic evolution approach to the expectation
value dynamics of quantum mechanical operators, part I: integral representation of
Kronecker power series and multivariate Hausdorff moment problems, J. Math. Chem.
52(8) (2014) 2161–2182.

c©CMMSE ISBN: 978-84-617-8694-7Page 230 of  2288
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Abstract

This work takes into consideration a single variable function to be approximated.
To start with, Taylor expansion of the considered function is taken. The remainder
term is explicitly expressed in integral form. Then making a series of transformations
on the integrand, it is represented as a contour integral where the new kernel fuction is
expressed in terms of two variables. This new representation allows us to apply Tridi-
agonal Kernel Enhanced Multivariance Products Representation (TKEMPR) method
onto it and provides us with a good approximation of the kernel function which then
is integrated to obtain an approximation for the initially transformed integrand. Then
a final step allows us to calculate the approximation to the univariate function under
consideration. Because of the overall conceptual approach to the problem through this
article, applications are intended to be given during the oral representation.

Key words: Univariate Approximation, multivariate approximation, EMPR, TKEMPR,
Contour integrals, Taylor Expansion

MSC 2000: 00A69, 15A12, 65D15

1 Introduction

This work consists of using the TKEMPR method which decomposes a linear integral op-
erator on univariate functions by using high dimensional modelling with the basic idea
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to use Enhanced Multivariance Products Representation (EMPR) [1-18] technique created
and conjectured by Demiralp. The representation used here is not based on the general
EMPR and is a specific EMPR construction for bivariate function decomposition We call
this decomposition Tridiagonal Kernel Enhanced Multivariance Products Representation
(TKEMPR) [19-24]. It uses EMPR bivariate function decomposition consecutively such
that in each step the remainder term is expanded to again a bivariate EMPR but with
different support functions. To make a function approximation using TKEMPR, first we
represent our function in terms of a Taylor expansion whose remainder term is expressed
in integral form. Then after making necessary manipulations the kernel of the integral in
question is written in terms of a contour integration, then following a procedure which al-
lows us to obtain the kernel to be used in TKEMPR, we obtain a two variable form and
finally use it to approximate our function.

2 Basics of EMPR

Enhanced Multivariance Products Representation (EMPR) is a decomposition method re-
cently developed by M. Demiralp. For a given multivariate function f (x1, ..., xN ) it can be
written as

f (x1, ..., xN ) = f0

N∏
i=1

si (xi) +

N∑
j=1

fj (xj)

N∏
i=1,i6=j

si (xi)

+

N∑
j1,j2=1
j1<j2

fj1,j2 (xj1 , xj2)

N∏
i=1,i6=j1,j2

si (xi)

+ · · ·+ f1,2,...,N (x1, x2, ..., xN ) (1)

where fjs stand for the EMPR components ordered in ascending multivariance. The uni-
variate functions denoted by si are called support functions and xjs are elements of the
corresponding interval [ aj , bj ]

There are 2N unknown components given in a single equation. Some constraints apply
to uniquely determine EMPR components. These constraints are constructed via vanishing
integrals over the EMPR components except f0. To define these integrals univariate weight
functions the product of which defines a single multivariate weight function, are used.

W (x1, ..., xN ) ≡
N∏
i=1

Wi (xi) . (2)

These univariate weight function integrals over the relevant intervals given above are set
equal to 1 to facilitate further analysis; these constraints are not necessary but provide the
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averaging property to the weight function.∫ bi

ai

dxiWi (xi) = 1, i = 1, ..., N (3)

In order to be able to calculate the constant term f0, the univariate terms fi(xi), bivari-
ate terms fi1i2 (xi1 , xi2) and other multivariate terms the normalization condition defined
by ∫ bi

ai

dxiWi(xi)si(xi)
2 = 1; i = 1, ..., N (4)

and the vanishing condition defined by∫ bi

ai

dxiWi (xi) si (xi) fi1...ik (xi1 , ..., xik) = 0, xi ∈ (xi1 , ..., xik), 1 ≤ i ≤ k ≤ N (5)

are to be used.

3 EMPR for Bivariate Functions

A new matrix decomposition method called “Tridiagonal Matrix Enhanced Multivariance
Products Representation ”, has been developed. The elements of a matrix being indicated
by two indices which take positive integer values, independently from the other index values,
this allows us to construct, so-called “Discrete Bivariate EMPR, over the matrices. Follow-
ing this step we have to search for a method to apply this construction to corresponding
bivariate functions. To this end we can write the following equality for a given bivariate
function f (x, y)

f (x, y) = f0u(x)v(y) + f1(x)v(y) + f2(y)u(x) + f1,2(x, y) (6)

where u and v are the support functions. In this construction we will use the unit interval
[ 0, 1 ] for both independent variables, x and y without any loss of generality Beyond that
the weight factors are defined as follows

W1 (x) ≡ 1, W2 (y) ≡ 1, x, y ∈ [ 0, 1 ] . (7)

The support functions are assumed to have unit norms over the above intervals and under
the above weights ∫ 1

0
dxu (x)2 = 1,

∫ 1

0
dyv (y)2 = 1 (8)
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For this case the vanishing conditions should be taken as constraints imposed on f1 (x),
f2 (y) and, f1,2 (x, y). They can be written as follows∫ 1

0
dxf1(x)u(x) = 0,

∫ 1

0
dyf2(y)v(y) = 0 (9)

∫ 1

0
dxf1,2(x, y)u(x) = 0,

∫ 1

0
dyf1,2(x, y)v(y) = 0 (10)

These equations allow us to evaluate the EMPR terms uniquely as

f0 =

∫ 1

0
dx

∫ 1

0
dyf (x, y)u (x) v (y) (11)

f1 (x) =

∫ 1

0
dyf (x, y) v (y)− f0u (x) (12)

f2 (y) =

∫ 1

0
dxf (x, y)u (x)− f0v (y) (13)

f1,2 (x, y) = f (x, y)− f0u (x) v (y)− f1 (x) v (y)− f2 (y)u (x) . (14)

These four equations can be used to obtain more concise expressions for EMPR terms and
EMPR’s itself.

EMPR is an orthogonal decomposition of the target function into two components in
the space spanned by u(x) and in its complementary space and another two components in
the space spanned by v(y) and in its complementary space. Therefore “EMPR is a decom-
position projecting onto the spaces spanned by support functions and their complementary
spaces.

Finally to reach (TKEMPR) construct which consists of using EMPR bivariate function
decomposition consecutively such that in each step the remainder term is expanded to again
a bivariate EMPR but with different support functions.

4 Contour Integration

n-th order derivative of a function can be expressed in terms of a contour integral as follows

f (n)(x) =
n!

2πi

∮
C
dξ

f(ξ)

(ξ − x)n+1
, (15)
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where we can make a change of variable

ξ = x+ reiθ, dξ = ireiθdθ (16)

Thus we obtain a new expression of the nth derivative of the function followed by separation
of the integration interval into two

f (n)(x) =
in!r

2πi

∫ 2π

0
dθ
eiθf

(
x+ reiθ

)
rn+1ei(n+1)θ

=
n!

2πrn

∫ 2π

0
dθe−inθf

(
x+ reiθ

)
=

n!

2πrn

∫ π

0
dθe−inθf

(
x+ reiθ

)
+

n!r

2πrn

∫ 2π

π
dθe−inθf

(
x+ reiθ

)
(17)

Making another change of variable for the second of the integrals

θ → 2π − θ, dθ → −dθ (18)

and factoring out the constants and rearranging all the rest, we obtain the below expression

f (n)(x) =
n!

2πrn

[∫ π

0
dθeinθf

(
x+ reiθ

)
+

∫ π

0
dθe−inθf

(
x+ re−iθ

)]
=

n!

πrn

∫ π

0
dθ

1

2

[
einθf

(
x+ reiθ

)
+ e−inθf

(
x+ re−iθ

)]
(19)

Now, setting θ = πθ gives

f (n)(x) =
n!

rn

∫ 1

0
dθ

1

2

[
einπθf

(
x+ reiπθ

)
+ e−inπθf

(
x+ re−iπθ

)]
(20)

To proceed let us define the following function

1f ≡

{
1 0 ≤ θ ≤ 1

0 other
(21)

Therefore same expression can be written as

f (n)(x) =
n!

rn

∫ 1

0
dθK(θ, x)1f (22)

where K(θ, x) is the bivariate kernel function necessary for us to apply TKEMPR

K(θ, x) ≡ 1

2

[
einπθf

(
x+ reiπθ

)
+ e−inπθf

(
x+ re−iπθ

)]
(23)
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5 Method

Let us consider the following identity

f(x) = f(a) +

∫ x

a
dtf ′(t) (24)

which can be rewritten as follows

f(x) = f(a)−
∫ x

a
d(x− t)f ′(t) (25)

and via integration by parts

f(x) = f(a) + f ′(a)(x− a) +

∫ x

a
dt(x− t)f ′′(t) (26)

Finally via repeated use of integration by parts the following expression is obtained

f(x) = f(a) + f ′(a)(x− a) + . . .+
1

k!
f (k)(a)(x− a)k +

1

k!

∫ x

a
dt(x− t)kf (k+1)(t) (27)

The integral at the end of the above expression can also be written as∫ x

a
dt(x− t)kf (k+1)(t) =

(x− a)k+1

k + 1

∫ 1

0
dt(k + 1)(1− t)kf (k+1) ((x− a)t+ a) (28)

Now after constructing a bivariate form for the integrand we have to adapt it to the
proper form mentioned in bivariate (EMPR)

At this stage, this is again a bivariate function which needs our attention in terms of
(EMPR). This process can be repeated as many times as we need and each time we add a
new step a better approximation will be obtained.

A final step after making sufficient number of iterations to approximate the bivariate
function K(θ, x) is to integrate the latter over the interval [0, 1] to obtain back the intended
approximation of our original integrand f (k+1)(x)

6 Conclusion

The decomposition obtained by applying (TKEMPR) to a univariate function expanded to
Taylor series, after having obtained a bivariate counterpart of the integrand it via contour
integration provides us with a good approximation to the bivariate kernel. Finally if we
integrate this kernel over the unit interval we obtain an approximation to the original
function.
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[9] C. Gözükırmızı and M. Demiralp : Numerical Studies on the Use of Enhanced Mul-
tivariance Product Representation as a Multiway Array Decomposer in AIP Proceed-
ings for the International Conference of Numerical Analysis and Applied Mathemat-
ics (ICNAAM 2010), Symposium 112, Recent Developments in Hilbert Space Tools
and Methodology for Scientific Computing, vol. 1281, Rhodes, Greece, pp. 19221925,
doi:http://dx.doi.org/10.1063/1.3498300, (2010).

[10] L. Divanyan and M. Demiralp : Weighted Reductive Multilinear Array Decomposi-
tion in AIP Proceedings for the 9th International Conference on Numerical Analysis
and Applied Mathematics (ICNAAM2011), vol. 1389, Halkidiki, Greece, pp. 11561159,
doi:http://dx.doi.org/10.1063/1.3637820, (2011).

[11] S. Tuna, N. A. Baykara, and M. Demiralp : Weighted Singular Value Decomposition
for Folded Matrices in Proceedings of the 2nd Inter- national Conference on Applied
Informatics and Computing Theory (AICT11), IEEEAM, ser. ISBN: 978-1-61804-034-3,
N. Mastorakis, M. Demiralp, and N. A. Baykara, Eds., Prague, Czech Republic, pp.
7075, (2011).

[12] M. Demiralp : Decomposing Functions, Arrays, Function Arrays in Lecture Talk based
on the symposium 48s preface, AIP Proceedings for the 9th International Conference on
Numerical Analysis and Applied Math- ematics (ICNAAM2011), vol. 1389, Halkidiki,
Greece, pp. 11381138, doi:http://dx.doi.org/10.1063/1.3637815, (2011).

[13] M. Ayvaz and M. Demiralp : Towards a New Multiway Array Decomposition Algorithm:
Elementwise Multiway Array High Dimensional Model Representation (EMAHDMR) in
Proceedings of the 2nd International Conference on Applied Informatics and Computing
Theory (AICT11), IEEEAM, ser. ISBN: 978-1-61804-034-3, N. Mastorakis, M. Demiralp,
and N. A. Baykara, Eds., Prague, Czech Republic, pp. 7681, (2011).

[14] E. K. Özay : A New Multi-way Array Decomposition via Enhanced Multivariance Prod-
uct Representation, AIP Proceedings for the 10th International Conference of Numeri-
cal Analysis and Applied Mathematics (ICNAAM), Kos, Greece, pp. 2015-2018,Volume
1479, (2012)
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Abstract

In this paper a general formulation for the kinetics of multi-step enzymatic reactions
is presented. The optimal enzyme and metabolite concentrations are studied for the
problem of minimizing the operation time in which the substrate is converted into the
product. We give an analytic solution for three different kinetic models for both the
unbranched and branched cases. Sufficient conditions for the optimality of the solution
are studied. Several examples are presented.

Key words: Optimal Control, Kinetic models
MSC 2000: 49J30, 49M05, 80A30.

1 Introduction

The kinetics of multi-step enzymatic reactions is an ongoing research topic and, in it, the
minimization of the operation time in which the substrate is transformed into the product
is one of the classical problems which is being currently studied. In it, one measures the
optimal profiles of both the enzyme and the metabolite. Our aim in this work is to obtain
a general analytic solution for this problem. This way, we avoid the unwieldy numerical
solutions, which are always tainted by the specific traits of each particular problem.

In the last years, several results have been presented on the topic. In many of them,
an unbranched reaction chain of n irreversible reaction steps is studied (e.g. [1], where
an explicit solution for the simplest case, n = 2 with linear kinetic model, is given). A
mathematical model of an unbranched reaction chain with n = 3 and obeying the Michaelis-
Menten (MM) kinetic model is used in [2]. In [3], a quasi-analytic solution is found for n = 3
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and linear kinetics. In [4], the general case of n steps with MM kinetic model is analyzed
and quantitative properties are presented, although the authors do not give an explicit
analytical solution. In [5], we use a linear kinetic model for the solution of the general case
of n steps. Later, in [6], we improve our results with a quasi-analytical solution for the
n-steps MM model using the Lambert W-function.

Branched pathways have also been studied, certainly, but only specific cases. In [7], a
network inspired in the glycolysis, with the MM model, is considered. The same example is
revisited in [8] and a new pathway with two outputs is presented. Other objective functionals
may also be considered, like maximizing the productivity of the metabolite [9] or the flux
of a particular metabolite [10]. However, in this work we shall minimize the operation time
to obtain a specified concentration of the final product.

The numerical methods for the solution of our dynamic optimization problem are usu-
ally classified into two groups: direct and indirect methods. Direct methods include com-
plete parametrization [11], multiple shooting [12] or control vector parametrization [13]. In
all of them, the basic idea is to transform the original problem into a non-linear program-
ming problem by discretizing and approximating the control and the state variables.

On the other hand, the indirect methods solve the optimization problem using Pontrya-
gin’s Minimum Principle (PMP) taking into account the necessary optimality conditions.
In this paper, the problem is stated as an Optimal Control Problem (OCP) and using PMP
[14] we obtain the solution. Even more (and this is unusual in the literature), we shall also
study the sufficient conditions to obtain an optimum. We also remark that we allow the
possibility of using three different kinetic models in the same example. Finally, we consider
not only an unbranched metabolic pathway but also a branched scheme. We obtain general,
model-independent laws, for the first time.

The paper is organized as follows. In Section 2 we present the statement of the problem.
The general laws of the optimal solution are obtained in Section 3, and a new kinetic
model, the power law, is also presented. Section 4 contains a study on the verification
of the sufficient conditions. Then we generalize the problem to the branched case with a
statement valid for any graph satisfying some specific conditions. In Section 6 we present a
model based on glycolysis which we aim to study numerically.

2 Statement of the problem

For the sake of simplicity we start with the simplest case of an unbranched metabolic
pathway composed of n irreversible reaction steps converting substrate x1 into product p.
The value x1(t) is the substrate concentration at time t, p(t) the concentration of the final
product, xi(t), (i = 2, . . . , n) the concentration of the intermediate compounds, and ui(t)
(i = 1, . . . , n) the concentration of the enzyme catalyzing the i-th reaction (see Fig. 1).
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Fig. 1. Unbranched scheme.

Once we have fully studied this case, we shall perform the generalization to the branched
one. The rate of the i-th reaction, vi(xi(t), ui(t)) is linear in the enzyme concentrations, ui:

vi(xi(t), ui(t)) = wi(xi(t)) · ui(t) (1)

The following are frequently used kinetic models:

wi(xi) = kixi (Mass action)

wi(xi) =
kixi

Ki + xi
(Michaelis-Menten)

wi(xi) = kix
c
i (Power law)

(2)

The dynamical model for the pathway is given by the law of conservation of mass:

ẋi(t) = vi−1(xi−1(t), ui−1(t))− vi(xi(t), ui(t)); (i = 1, . . . , n). (3)

The objective is to transform x1 into p as fast as possible; we denote tf the final time. We
assume an exhaustible initial substrate, x1, and imposing p(tf ) = Cf (0 < Cf < 1), we
obtain:

x1(tf ) + x2(tf ) + . . .+ xn(tf ) = 1− Cf (4)

so that the optimization problem may thus be stated as the control problem (Pr):

(Pr): τCf
= min

u1,...un

∫ tf
0 dt = min

u1,...un

tf

subject to: (3), (4)

u1 ≥ 0, . . . un ≥ 0; u1 + . . .+ un ≤ 1

(5)

3 Optimal Solution

In two previous papers, we used PMP to obtain the solution to (Pr) for the mass action
model [5] and for the MM model [6]. When the control appears linearly, as is the case for
the problem under consideration, the control switches between its upper and lower bounds
at discrete instants: the optimal control is said to be a bang-bang type control and those
instants are called the switching times. The general form of the solution can be described
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as follows: there exist n switching times, as many as enzymes, so that the optimal i-enzyme
profile is proved to be of bang-band type and satisfies:

ui(t) =

{
1 for t ∈ [ti−1, ti)
0 for t /∈ [ti−1, ti)

; i = 1, . . . , n (6)

where {t0, t1, t2, ..., tn} are the switching times, with t0 = 0 and tn = tf .
We shall denote by xji(t) (for i, j = 1, . . . , n) the optimal j-th metabolite concentration,

in the i-th interval [ti−1, ti]. The optimal solution of the complete system can be described
on each interval, knowing that on the i-th interval, [ti−1, ti] (for i = 2, . . . , n− 1), there are
4 laws governing the metabolite concentrations:

(a) Metabolites before the i-th remain at a constant value given by:

xji(t) = xjj(tj) for j = 1, . . . , i− 1 (7)

(b) The i-th metabolite follows a law given by a function depending on: the parameters
of the model, the previous switching time, and the value of the i-th metabolite on the
previous interval:

xii(t) = f(xii−1(ti−1), ti−1, t) (8)

(c) The i+1-th metabolite follows a law obtained from the one of the previous metabolite
as follows:

xi+1i(t) = xii−1(ti−1)− xii(t) (9)

(d) Metabolites from the i + 2-th on have not been activated yet, so that their value is
zero:

xji(t) = 0 for j = i+ 2, . . . , n (10)

A schematic idea is shown in Fig. 2.

Fig. 2. Optimal concentration laws for the metabolites.

On the first interval (i = 1), letting x10(t0) = 1, only Laws (b), (c) and (d) apply; on the
last-but-one (i = n− 1), only Laws (a), (b) and (c) apply; whereas on the last one (i = n),
only Laws (a) and (b).
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Notice that the formulas above are general and they only depend on the kinetic model
(Law (b)). In [5] we obtained the law for the mass action model (i.e. the linear one), getting:

xii(t) = f(xii−1(ti−1), ti−1, t) = xii−1(ti−1) exp(−ki(t− ti−1)) (11)

Elsewhere, in [6], we obtained the law for the Michaelis-Menten model, which gives:

xii(t) = f(xii−1(ti−1), ti−1, t) (12)

= KmiW

(
xii−1(ti−1)

Kmi
exp

(
xii−1(ti−1)

Kmi

)
exp

(
− ki
Kmi

(t− ti−1)

))
(13)

where W is the Lambert W -function.

We present, for the first time, in this paper, the expression of Law (b) for the kinetic
model given by the power law. The expression is now:

xii(t) = f(xii−1(ti−1), ti−1, t) (14)

=
[
(xii−1(ti−1))

1−c − (1− c)ki(t− ti−1)
](1−c)−1

(15)

The method for computing this optimal solution is analogous to the one we shown in our
previous papers, and we refer the reader to them (mainly Appendix 1 in [6], where it is
given in detail).

The idea is to define the Hamiltonian H(x1, . . . , xn, u1, . . . , un, λ1 . . . , λn, t) associated
to the problem (Pr):

H = 1 +

n∑
i=1

λiẋi(t) (16)

= 1 +

n∑
i=1

λi [wi−1(xi−1(t)) · ui−1(t)− wi(xi(t)) · ui(t)] (17)

and compute the optimum values for xi and ui applying the necessary conditions in PMP
on that Hamiltonian. In this case:

(i) λ̇i(t) = −∂H
∂xi

;λi(tf ) = 0, i = 1, ..., n

(ii) min
u1,...un

H

(iii) ẋi(t) = wi−1(xi−1(t)) · ui−1(t)− wi(xi(t)) · ui(t); xi(0) = xi0, i = 1, ..., n

(iv) H(x1, . . . , xn, u1, . . . , un, , λ1 . . . , λn, tf ) = 0

(18)

Our system is autonomous, so that Ht ≡ 0⇒ H(t) = cte. This condition together with (iv)
implies that H(t) = 0.
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We obtain the optimal solution constructively by intervals, starting at t = 0 and con-
catenating the results. Once these values are computed, one still needs to calculate the
switching times t1, t2, . . . , tn−1 and the operation time tf . To this end, we use the restric-
tion (4) and define the augmented functional:

L(t1, t2, . . . , tn−1, tf , β) = tf + β(x1n(tf ) + x2n(tf ) + · · ·+ xnn(tf )− Cf ) (19)

where the values of the concentrations x1n(tf ) = x1n(t1), x2n(tf ) = x2n(t2), . . . , xnn(tf ) are
given, and where the unknowns t1, t2, . . . , tn−1 and tf appear. Then we solve the non-linear
system:

∂L

∂t1
= 0;

∂L

∂t2
= 0; . . . ;

∂L

∂tn−1
= 0;

∂L

∂tf
= 0;

∂L

∂β
= 0 (20)

Once the optimal values of the switching times t1, t2, . . . , tn−1 and tf are obtained numeri-
cally, the remaining values of the solution are immediately obtained analytically using the
closed-form formulas (a) to (d), and the problem is completely solved.

Notice that, remarkably, the laws given above allow the simultaneous consideration of
several models when studying the pathway: one just needs to use the appropriate function
f(xii−1(ti−1), ti−1, t) in Law (b).

4 Sufficient Conditions

Considering the optimal control problem, with x(t) and u(t) denoting n-dimensional vectors:

min
u(t)

J =

∫ T

0
F (x(t), u(t), t)dt+B[T, x(T )] (21)

ẋ(t) = f(x(t), u(t), t); x(0) = x0 (22)

u(t) ∈ U(t), 0 ≤ t ≤ T (23)

we can guarantee the sufficient conditions for the existence of an optimal solution using
Arrow’s Theorem [14] (this sufficiency is not considered in the previous works [4], [5], [6]).

In our case:

min
u(t)

J = min
u1,...un

∫ tf

0
dt (24)

ẋi(t) = wi−1(xi−1(t)) · ui−1(t)− wi(xi(t)) · ui(t), i = 1, . . . , n (25)

u1 ≥ 0, . . . , un ≥ 0; u1 + . . .+ un ≤ 1 (26)

Upon minimizing H(x, u, λ, t) in u ∈ U(t) one obtains a function u = u0(x, λ, t) from which
H0(x, u0(x, λ, t), λ, t) can be computed. In each case, the equations of the model (Mass
action, Michaelis-Menten and Power law) provide the sufficient conditions in one way or
another.
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5 Generalization

We present a generalization for branched pathways. The cases we cover are pathways whose
graph of temporal dependencies satisfies a specific property (which essentially says that the
i-th metabolite follows temporally the j-th one if and only if vertex j is joined with vertex
i by a directed path (see [15] for the elementary notions).

These graphs represent the fact that the synthesis of one enzyme requires the degrada-
tion of all the previous ones; this is the case, for example, of the glycolysis, see [8]. Following
that paper, we assume that the optimal profile follows a pattern matching the topology of
the pathway, reflecting the fact that the enzymes are activated sequentially. Notice that the
type of graphs we deal with have a strictly upper-triangular adjacency matrix (and more
conditions, but this one is easy to verify).

Fig. 3. Branched pathways.

With the same notation as above, the optimal solution of these branched systems can be
described on the i-th interval [ti−1, ti] ( i = 2, . . . , n− 1) with these 4 laws:

- (a’) For the metabolites before the i−th one:

xji(t) = xjj(tj) for j = 1, . . . , i− 1 (27)

- (b’) For the i-th metabolite:

xii(t) = f(xii−1(ti−1), ti−1, t) (28)

- (c’) All the metabolites j ∈ Ωi follow the same law:

xji(t) = xji−1(ti−1) + xii−1(ti−1)− xii(t) (29)

- (d’) The metabolites j-th such that i < min Θj , have not been activated yet:

xji(t) = 0 (30)

The only differences with the unbranched system appear in (c’) and (d’).
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6 Numerical Examples

We provide several simulations which illustrate the general formulations above. We shall
use a test example already studied by several authors and inspired by the upper part of
glycolysis. The original problem was stated by Bartl et al. in [7] and was also considered
in [8] with a new formulation incorporating the enzyme dynamics.

Fig. 4. Glycolysis inspired network.

The pathway (Fig. 4) consists of four enzymatic reactions with one branch. Recall that
x1 corresponds to the substrate, x2, x3 and x4 are the intermediate metabolites and xp
represents the product. The alternative route of the glycolysis is represented by u2 (corre-
sponding to the enzyme aldolase) metabolizing the intermediate x2 to x3 and x4.

The single aim is to minimize the time needed to transform the substrate x1 into a
fixed amount (90%) of product xp, (i.e. Cf = 0.9). We assume unbuffered or exhaustible
substrate x1 (i.e. the substrate is consumed during the process) and enzymes are assumed to
become activated instantaneously (just-in-time activation). The following initial conditions
at t = 0: x0 = [1, 0, 0, 0, 0]T ; u0 = [0, 0, 0, 0]T are imposed. Metabolites and enzymes are
expressed in concentration units and time in seconds.

Additionally, restrictions on enzyme concentrations and their total amount are intro-
duced in a normalized form as:

u1 ≥ 0, . . . un ≥ 0; u1 + . . .+ un ≤ 1 (31)

This is in agreement with the assumption that the cell can only allocate a certain amount
of protein to a pathway, and with experimental observations [16] in Escherichia coli.

The classical theoretical studies ([7], [8]) are based on the Michaelis–Menten kinetics:

wi(xi) =
kixi

Ki + xi
(32)

with unity rate constants for ki and Ki: ki = 1(s−1), Ki = 1(mM). However, we also give
results for the other two laws we have studied: mass action and the power law.
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Abstract

This work deals with a modified continuous time Leslie-Gower type predator-prey
model, assuming the functional response is of sigmoid type and prey is affected by a
double Allee effect. The main characteristic of this type of models is that the growth
predator equation is a modification of the equation logistic, considering the environ-
mental carrying capacity of predators proportional to the amount of available prey.

It may be observed the modified system has different dynamics which appear accord-
ing to the parameter values; the existence of one, two or three equilibrium points can
be proven; also, the existence of a limit cycle surrounding a unique positive equilibrium
point may exist.

The existence of separatrix curves on the phase plane dividing the behavior of the
trajectories is also demonstrated, which imply that two solutions very closed can have
different ω− limit; as consequence, solutions near of these separatrix curves, are highly
sensitive to initial conditions.

Key words: Predator–prey model, functional response, bifurcation, limit cycle, sepa-
ratrix curve, stability.
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1 Introduction

In this work a modified Leslie-Gower predator-prey model is analyzed, which is described
by an autonomous differential equation system, considering the following aspects:

i) the prey population is affected by a double Allee effect [11, 30],
ii) the functional response or predator consumption rate is sigmoid [27, 33], and
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iii) the equation for predator growth is the logistic type. [1, 28, 33].

In this type of model, the conventional environmental carrying capacity for predators
Ky is a function of the available prey quantity [2, 16, 25], in which Ky is proportional to
prey abundance x = x (t), that is, Ky = K(x) = nx. Denoting by y = y (t) the predator
population size in the logistic predator model, the quotient y

nx is called the Leslie-Gower
term. It measures the loss in the predator population due to scarce availability (per capita
y
x) of its favorite food.

The formulation of the Leslie-Gower type predator-prey model is based on the assump-
tion that reduction in a predator population has a reciprocal relationship with per capita
availability of its preferred food. The importance of this model is highlighted by Collings
[10] assuring that it provides a way to avoid the biological control paradox.

The Leslie-Gower type model may present anomalies in its predictions, as it can deduce
that even in very low prey population density, when the consumption rate per predator is
almost zero, predator population might increase, if the predator/prey ratio is very small
[33]. This type of model has been used in different recent articles as [1, 17, 22, 23].

A important factor in the predation model is the predator functional response or con-
sumption function, which refers to the change in attacked prey density per unit of time per
predator when the prey population size changes [27]. In many predator-prey models it is
assumed that the functional response grows monotonic, being the inherent assumption the
more prey in the environment, the better for the predator [33].

We will consider that the predator consumption function is expressed by the sigmoid

function h(x) = q x2

x2 + a2
[5, 32], corresponding to the Holling type III [27]. The parameter

a is a measure of the abruptness on the functional response [15]. If a→ 0, the curve grows
quickly, while if a→ K, the curve grows slowly, i.e., a bigger amount of prey is required to
attain q

2 [19].

On the other hand, Allee effects occur whenever fitness of an individual in a small or
sparse population decreases as the population size or density also declines.

Various mechanisms generate Allee effects, for example: mate finding, reproductive
facilitation, cooperative antipredator behaviour, predator dilution, etc. It can also be rep-
resented by many mathematical expressions [7, 16].

In [6, 12] it is suggested two or more Allee effects act simultaneously in the same
population; the combined influence of this phenomenon has been named multiple Allee
effect [6]. In [7] is proposed the equation

dx
dt = r

(
1− x

K

) (
1− m+b

x+b

)
x,

Here, if m > 0 it has a strong Allee effect and if m = 0 we have a special case of weak
Allee effect [8, 34]. Algebraically, this equation can be rewritten as:

dx
dt = rx

x+b

(
1− x

K

)
(x−m),

which represents a double Allee effect in prey [3, 20] . since the factor r (x) = rx
x+b indi-

cates the impact of a second Allee effect exerted by the non-fertile population, represented
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by the parameter b.

In order to establish the local stability of the equilibrium points, the well-known results
on the phase portraits of the planar systems near equilibria are utilized, determining the
signs of the determinants and trace of the Jacobian matrix at the equilibria [5, 9, 24].

2 THE MODEL

The model to be analyzed is described by the following autonomous bidimensional differ-
ential equation system of Kolmogorov type [14]

Xµ :

{
dx
dt =

(
r
(
1− x

K

) (
1− m+b

x+b

)
− qxy

x2+a2

)
x

dy
dt = s

(
1− y

nx

)
y

, (1)

where x = x(t) and y = y(t) indicate the prey and predator population sizes respectively
for t ≥ 0, measure as the number of individuals, density or biomass. Clearly, system (1)
can be rewritten as

Xµ :

{
dx
dt =

(
r
x+b

(
1− x

K

)
(x−m)− qxy

x2+a2

)
x

dy
dt = s

(
1− y

nx

)
y

, (2)

The parameters are all positive, i.e., µ = (r,K, q, a, s, n, b,m) ∈ R7
+ × ]−K,K[ and for

biological reasons a, b < K, having the following meanings:

r is the intrinsic prey growth rate or biotic potential,

K is the prey environmental carrying capacity,

b is the fraction of sterile population members,

m is the strong Allee effect threshold or minimum of viable prey population,

q is the maximum number of prey that can be eaten by a predator at each time unit
(satiation rate),

a is the amount of prey to achieve one-half of the maximum rate q (the half saturation
rate),

s is the intrinsic predator growth rate,

n is a measure of the food quality indicating how the predators turn eaten prey into
new predator births.

The analysis must be made separately for m > 0, m = 0 and m < 0, because the
properties of the system can change with respect to this parameter; however, due to the
algebraic difficulties, we analyzed the model when m = 0 and partially when m > 0.

Clearly in system (1), the predator carrying capacity is K (x) = nx. It is interesting to
note that the system is not defined at x = 0, but later will show that the point (0, 0) has a
strong influence on the dynamics of the system.

System (1) or vector field Xµ is defined at
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Ω =
{

(x, y) ∈ R2/ x > 0, y ≥ 0
}

= R+ × R+
0 .

The equilibrium points are (0, 0), (m, 0) (K, 0) and (xe, ye) satisfying the equation of
the isoclines y = nx and y = r

qx(x+b)

(
1− x

K

)
(x−m)

(
x2 + a2

)
. The point (xe, ye) can be

a positive equilibrium point (equilibrium at interior of the first quadrant) or cannot exist
there. So, the abscise xe satisfies the equation

P (x) = x4 − (K +m−Knq)x3 + (a2 +Km+Kbnq)x2 − a2(K +m)x+Ka2m = 0

In order to simplify the calculus we follow the methodology used in [18, 21], making a
change of variable and a time rescaling; we have

Proposition 1 System (1) is topologically equivalent to

Uη :

{
du
dτ =

(
(1− u) (u−M)

(
u2 + A2

)
−Quv (u+B)

)
u2

dv
dτ = S ( u− v) (u+B)

(
u2 + A2

)
v

, (3)

defined in Ω̄ = {(u, v) ∈ R2/ u ≥ 0, v ≥ 0}, where η = (A,B,Q, S,M) ∈ ∆ =
]0, 1[2 × R2

+ × ]−1, 1[, with A = a
K , B = b

K , Q = nq
r , S = s

r and M = m
K .

Proof. Using the change of variables given by x = Ku and y = nKv, replacing in (1), we
have

Vµ :

{
du
dt =

(
r (1− u)

(
1− m+b

Ku+b

)
− q(Ku)(nKv)

(Ku)2+a2

)
u

dv
dt = s

(
1− nKv

nKu

)
v .

After simplification and factoring, the new vector field is

Vµ :

 du
dt = r

(
(1− u)

(
1−

m
K
+ b
K

u+ b
K

)
− qn

r
uv

u2+( aK )
2

)
u

dv
dt = s

(
1− v

u

)
v .

By means of the time rescaling given by t = 1
r

(
u+ b

K

)
u
(
u2 +

(
a
K

)2)
τ and by using

the chain rule, it follows

Yµ :


du
dt =

(
(1− u)

(
u− m

K

) (
u2 +

(
a
K

)2)− qn
r uv

(
u+ b

K

))
u

dv
dt = s

r (u− v)
(
u+ b

K

) (
u2 +

(
a
K

)2)
v

Finally, replacing the new parameters A, B, Q, S, M , we obtain system (2).

Therefore, we have constructed the diffeomorphism [9] ϕ : Ω̄× R −→ Ω× R,

so that

ϕ(u, v, τ) =
(
Ku, nKv, 1r

(
u+ b

K

)
u
(
u2 +

(
a
K

)2)
τ
)

= (x, y, t)

and we have that

detDϕ(u, v, τ) = Kn
r

(
u+ b

K

)
u
(
u2 +

(
a
K

)2)
> 0.

Thus, ϕ is a diffeomorphism preserving the time orientation; thus, the vector field Xµ,
is topologically equivalent to the vector field Uη = ϕ ◦ Xµ with Uη = P (u, v) ∂

∂u +
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Q(u, v) ∂
∂vand the associated differential equation system is given by the polynomial system

of fourth degree.

The equilibrium points of system (3) or singularities of vector field Uη are (0, 0), (M, 0),
(1, 0), and the points lie in the intersection of the isoclinic curves

v =
(1−u)(u−M)(u2 + A2)

Qu(u+B) and v = u.

Then, the abscissa u is solution of the fourth degree equation:

p(u) = u4 − (1 +M −Q)u3 + (A2 +M +BQ)u2 −A2(M + 1)u+A2M = 0 (4)

This equation can have up to four positive roots and different cases must be studied. Due
to this algebraic complexities and because the dynamics of model depend on the parameter
M , we will focused our study for the case M = 0.

The local stability of equilibrium points is determined by the Jacobian or community
matrix [4] given by

DUη (u, v) =

(
DUη (u, v)11 −Q (u+B)u3

DUη (u, v)21 S (u− 2v)
(
A2 + u2

)
(u+B)

)
where

DUη (u, v)11 = −u(6u4−5 (M + 1)u3+4
(
A2 +M +Qv

)
u2+3

(
BQv −A2 −A2M

)
u+

2A2M),

DUη (u, v)21 = Sv
(
4u3 + 3 (B − v)u2 + 2

(
A2 −Bv

)
u+A2 (B − v)

)
.

3 MAIN RESULTS

For system (3) we have the following general properties:

Lemma 2 1, The set Γ̄ =
{

(u, v) ∈ Ω̃/ 0 ≤ u ≤ 1, v ≥ 0
}

is an invariant region

2. The solutions are bounded

Proof. 1. Clearly the u− axis and the v− axis are invariant sets because the system is of
Kolmogorov type. If u = 1, we have

du
dτ = −Q (1 + C) v < 0

and whatever it is the sign of
dv
dτ = S (1 +A) ( 1 + C − v) v

the trajectories enter and remain in the region Γ̃.

2. We use the Poincaré compactification [9, 13] given by the change of variables u = w
z

and v = 1
z , to obtain a new system with a zero Jacobian matrix. To desingularize the origin

we use the blowing-up method; then, we have that (0, 0) is a non-hyperbolic saddle point;
hence, the point (0,∞) in the compactified system (3) is a non-hyperbolic saddle point.
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3.1 Nature of equilibrium points over axis

Lemma 3 For all η = (A,S,C,Q) ∈]0, 1[×R3
+

1. The singularity (1, 0) is a hyperbolic saddle point.
2. The equilibrium (M, 0) is a hyperbolic repellor.

Proof. Evaluating the Jacobian matrix in each point is immediate that
1) detDYη (1, 0) = −S (A+ 1)2 (1 +B) (1−M) < 0.
Therefore, the equilibrium (1, 0) is saddle point.
2) detDYη (M, 0) = SM3 (1−M)

(
A2 +M2

)
> 0 and

trDYη (M, 0) = M(A2 +M2)(M(1−M) + S(B +M)) > 0.
Then, the equilibrium (M, 0) is a repellor point. Σ̄

Lemma 4 The point (0, 0) of the vector field Uη has a hyperbolic and a parabolic sector [29],
determined for the line v = M+BS

BS u, i.e., there exists a separatrix curve Σ̄, inthephaseplanethatdividesthebehavioroftrajectories; thepoint(0, 0)
is then an attractor point for certain trajectories and a saddle point for others.

Proof. As DYη (0, 0) is the zero matrix, we use the horizontal blowing-up given by the
function W (p, q) = (p, pq) = (u, v).

In the new vector field Uη the singularities are (0, 0) and
(
0, M+BS

BS

)
, which are a hy-

perbolic saddle point and an attractor point, respectively. Then, a separatrix straight line
exists in the phase plane pq, determined by v = M+BS

BS u.
Then, using the blowing down, the point (0, 0) is a saddle-node in the vector field Uη;

thus, there exist a curve dividing the behavior of trajectories on the phase plane.

3.2 A Special Case of a Weak Allee Effect

When M = 0, a particular case of the weak Allee effect is described by the system:

Uζ :

{
du
dτ = ((1− u)(u2 +A2)−Q(u+B)v)u3

dv
dτ = S(u− v)(u+B)(u2 +A2)v,

(5)

where ζ = (A,B,Q, S) ∈ (]0, 1[)2 × R2
+. In this case, there are only two equilibrium

points on the axes, (0, 0) and (1, 0), since (M, 0) coincides with the origin. Now, the
polynomial (4) can be factored as up∗ (u), where

p∗ (u) = u3 − (1−Q)u2(
(
A2 +BQ

)
u−A2. (6)

Using Descartes’s rule of signs on the polynomial p∗ (u) we have that:
1. There exists a unique positive root, if and only if, 1−Q ≤ 0.
2. There are three, two (one of multiplicity two) or one positive real roots, if and only

if, 1 > Q. In any case, we can assure that there is at least one positive real root denoted
by H. Making synthetic division between p∗ (u) and u−H we obtain:
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p∗ (u) = (u−H)
(
u2 − (1−Q−H)u+BQ+A2 −H (1−Q−H)

)
,

and the condition

Q =
(1−H)

(
A2 +H2

)
H (B +H)

.

As Q > 0 then H < 1. So, the quadratic factor of p∗ can be written as

q (u) = u2 −
(1−H)

(
BH −A2

)
H (B +H)

u+
A2

H
.

Again, using Descartes’s rule of signs for the polynomial q (u) we have that:
1. No positive roots exist, if and only if, BH −A2 ≤ 0.
2. Assuming, BH −A2 > 0, we analyze the discriminant:

Dq =

(
(1−H)

(
BH −A2

)
H (B +H)

)2

− 4
A2

H
.

Then,
2.1 There no exist positive roots, if and only if, Dq < 0.
2.2 There exists a unique positive root of multiplicity two, if and only if, Dq = 0. This

root is given by

H0 =
(1−H)(BH−A2)

2H(B+H) .
2.3 There exist two positive roots, if and only if, Dq > 0, which are given by

H1,2 = 1
2

(
(1−H)(BH−A2)

2H(B+H) ±
√
Dq

)
.

Lemma 5 For system (5) inside the region Γ̄ we have:
a. If BH ≤ A2 or else A2 < BH and Dq < 0, then the system has a unique positive

equilibrium point: PH = (H,H).
b. If A2 < BH and Dq = 0, then the system has two singularities: (H,H) and (H0, H0).
c. If A2 < BH and Dq > 0, then the system has three singularities: (H,H), (H1, H1)

and (H2, H2).

In this case, the Jacobian matrix of system (5) has the same components that the
Jacobian matrix of system (3), except the first entry given by

DUζ (u, v)11 = −u2
(
6u3 − 5u2 + 4

(
A2 +Qv

)
u+ 3

(
BQv −A2

))
.

We recall that, for all parameter values the equilibrium point (1, 0) is a hyperbolic
saddle point for all parameter values.
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Lemma 6 The equilibrium point (0, 0) of the vector field Uζ has two hyperbolic sectors and
one parabolic sector determined by the straight line v = u, i.e., there exists a separatrix
curve Σ̄0 in the phase plane that divides the behavior of trajectories; the point (0, 0) is a
point attractor for certain trajectories, a saddle point for others and a repellor point for
others.

Proof. The proof is similar to that of Lemma 4. The Jacobian matrix of the vector
field Uζ evaluated at (0, 0) is the zero matrix, then we use the horizontal blowing-up. The
demonstration is in two parts with the understanding that in this case the origin represents
the collapse of three points: two obtained in Lemma 4 and the other point (M, 0).

Based on the properties of the points (0, 0),
(
0, M+BS

BS

)
and (M, 0) of system (3), we

can see that there exists the separatrix curve Σ̄0 and the origin is an attractor point for
certain trajectories, a saddle point for some and a repellor point for others.

The determinant of the Jacobian matrix evaluated in the equilibrium point (u, u) is
detDUζ (u, u) = Su3

(
A2 + u2

)
(B + u)

(
(1−Q)u2 − 2

(
A2 +BQ

)
u+ 3A2

)
;

then, the sign of detDUζ (u, u) depends on the factor
d[u] = (1−Q)u2 − 2

(
A2 +BQ

)
u+ 3A2.

The trace of the Jacobian matrix is
TrDUζ(u, u) = −u (t [u])

where the factor t [u] is
t[u] = (1− 2Q+ S)u3 −

(
2A2 + 3BQ−BS

)
u2 +A2 (S + 3)u+A2BS.

Now, suppose BH ≤ A2 or A2 < BH and Dq < 0; then, the system has a unique
positive equilibrium point (H,H), and we have that:

Theorem 7 The singularity (H,H) is:
1. a stable equilibrium point, if and only if,

S >
H2(H2−2H3−A2B−3BH2+2BH−A2)

(A2+H2)(B+H)2
,

2. an unstable singularity surrounding a stable limit cycle, if and only if,

S <
H2(H2−2H3−A2B−3BH2+2BH−A2)

(A2+H2)(B+H)2
.

Proof. At the point (H,H) we have that
d[H] = 1

B+H (
(
A2 +H3

)
(B +H)−H (1−H)

(
BH −A2

)
)

In both cases when there is a unique positive equilibrium point we have that
d [u] > 0, then, detDUζ (u, u) > 0

and the nature of singularity (H,H) depends on the trace, that is, it depends of

t [H] =
(
A2 +H2

)
(B +H)S − H2(−2H3+(1−3B)H2+2BH−A2(B+1))

B+H
Clearly,
1. If t [H] > 0, then TrDUζ(u, u) < 0, and the point (H,H) is a stable equilibrium

point.
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2. If t [H] < 0, then TrDUζ(u, u) > 0, and the point (H,H) is an unstable equilibrium
point. Moreover, verifying the transversality condition [9], we have

∂(traDUζ(H,H))
∂S =

(
A2 +H2

)
(B +H) > 0.

By Hopf Bifurcation Theorem a stable limit cycle is generated at this point.

Remark. The existence of more than a limit cycle in the system (9) must be demon-
strated, since by simulations it is possible to show the existence of two limit cycles .

4 CONCLUSIONS

In this work we have studied the dynamics of a modified Leslie-Gower type predator-prey
model, considering a Holling type III functional response and double Allee effect on prey.
The particular case of a weak Allee effect was mainly analyzed where M = 0, due to the
algebraic complexities to obtain equilibrium points in the general case.

The expressions for the coordinates of these equilibrium points when M > 0, correspond
to the roots of a polynomial of the fourth degree, which are quite complex because the
polynomial coefficients depend on the system parameters.

Another difficulty for the analysis is that the original system (1) describing our model
it is not defined in the origin (0, 0). To solve this problem and to reduce the number of
parameters, we made a reparameterization and a time rescaling, by using a diffeomorphism,
obtaining a polynomial topologically equivalent system described for system (3).

For this new system (3), we determined the nature of singularities located over the axis,
when M > 0, emphasizing the importance of the point (0, 0) on the global dynamics of the
model. It has been shown that this point has a parabolic and a hyperbolic sectors [29].

Using the directional blowing-up method, we show the existence of a curve determined
by the stable manifold of the origin, which divides the behavior of the trajectories, implying
that trajectories near the curve are highly sensitive to initial conditions. This means that the
paths above this separatrix curve have the point (0, 0) as its ω−limit, while those trajectories
under the separatrix may have different ω− limits, could be an attractor equilibrium point
or a stable limit cycle.

For M = 0 it is possible to obtain three possible dynamics of system according the
amount of positive equilibrium points, (one, two or three). In this work, the local stability
was analyzed with a unique positive equilibrium point, obtaining highly interesting results,
in the sense that populations can coexist for a wide set of parameter values.

For example, when there is a single interior point, this can be stable or unstable, but
is unstable when the appearance of the stable limit cycle, via Hopf bifurcation, prevents
the global stability of the origin, which means that there is no extinction of both species.
However, for certain parameter values, this limit cycle is broken and the origin (0, 0) becomes
a global asymptotically stable equilibrium point, implying the extinction of both species.

c©CMMSE ISBN: 978-84-617-8694-7Page 260 of  2288



double Allee effect on prey and sigmoid functional response

Acknowledgements

This work has been partially supported by by DIEA-PUCV 124.730/2012 project

References
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Abstract

We have a good number of eighth-order iterative methods for simple zeros of non-
linear equations in the available literature. But, unfortunately, we don’t have a single
iterative method of eighth-order for multiple zeros with known or unknown multiplicity.
Some scholars from the worldwide have tried to present optimal or non-optimal mul-
tipoint eighth-order iteration functions. But, unfortunately, none of them get success
in this direction and attained maximum sixth-order convergence in the case of multi-
ple zeros with known multiplicity m. Motivated and inspired by this fact, we propose
an optimal scheme with eighth-order convergence based on weight function approach.
In addition, an extensive convergence study is discussed in order to demonstrate the
eighth-order convergence of the proposed scheme. The proposed scheme is optimal in
the sense of Kung-Traub conjecture. Moreover, we also show the applicability of the
proposed scheme on some real life as well as academic problems. These problems il-
lustrate that our proposed iterative functions are more efficient among the available
multiple root finding techniques.

Key words: Multiple zeros, iterative functions, Kung-Traub conjecture, Nonlinear
equations, efficiency index

MSC 2000: AMS codes (optional)
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1 Introduction

Finding new higher-order multipoint iteration functions for the multiple zeros with known
multiplicity m of univariate function of the form

f(x) = 0, (1.1)

(where f : C→ C is analytic function in a neighborhood of the required zero) is one of the
most important and challenging task in the field of numerical analysis. The advantages of
multipoint iterative methods over the one-point iterative methods can be seen in well-known
standard text books Ostrowski [1], Traub [2] and Petković et al. [3].

In the past and recent years, several scholars given optimal fourth-order iteration func-
tions for multiple zeros with known multiplicity m e.g. Li et al. [4] in (2009), Sharma and
Sharma [5] and Li et al. [6] in (2010), Zhou et al. [7] in (2011), Sharifi et al. [8] in (2012),
Soleymani et al. [9], Soleymani and Babajee [10], Liu and Zhou [11] and Zhou et al. [12] in
(2013), Thukral [13] in (2014), Behl et al. [14] and Hueso et al. [15] in (2015) and Behl et
al. [16] in (2016) . In addition, Li et al. [6] (expect two of them are optimal) and Neta [17]
given non-optimal iterative functions of order four. Most of the above mentioned itera-
tion functions are either the extension or modification of modified Newton’s method (also
known as Rall’s method [2]) or Newton like method at the expense of additional functional
evaluations or increase the substep of the original methods.

In 2013, Thukral [18] presented a multi-point iterative method with sixth-order conver-
gence, which is given by

yn =xn −m
f(xn)

f ′(xn)
,

zn =xn −m
f(xn)

f ′(xn)

3∑
i=1

i

(
f(yn)

f(xn)

) i
m

,

xn+1 =zn −m
f(xn)

f ′(xn)

(
f(zn)

f(xn)

) 1
m

[
3∑
i=1

i

(
f(yn)

f(xn)

) i
m

]2
.

(1.2)

Recently, Geum et al. in [19], presented a non-optimal family of two-point sixth-order
methods to find multiple zeros, given as follows:

yn = xn −m
f(xn)

f ′(xn)
, m > 1,

xn+1 = yn −Q(un, sn)
f(yn)

f ′(yn)
, (1.3)

where, un = m

√
f(yn)
f(xn)

, sn = m−1

√
f ′(yn)
f ′(xn)

and Q is an analytic function in a neighborhood of

(0, 0). The problem with this scheme is that it does not work for simple zeros (m = 1).
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Very recently, another non-optimal family of three-point sixth-order methods for mul-
tiple zeros was proposed by Geum et al. [20], and it is given by

yn = xn −m
f(xn)

f ′(xn)
, m ≥ 1,

wn = yn −mG(un)
f(xn)

f ′(xn)
, (1.4)

xn+1 = wn −mK(un, vn)
f(xn)

f ′(xn)
,

where un = m

√
f(yn)
f(xn)

and vn = m

√
f(wn)
f(xn)

. The weight functions G : C→ C and K : C2 → C
are analytic in a neighborhood of 0 and (0, 0), respectively.

The above discussion illustrate that many scholars have tried to construct iteration
functions for multiple zeros with optimal/non-optimal eighth-order convergence. But, none
of them get success in this direction till date and the highest attained order is six. So, this
means there is not a single research article where any scholar claims optimal eighth-order
convergence is attained to this date, according to our knowledge. In addition, the optimal
multipoint iterative functions have more importance than the non-optimal ones because of
the higher efficiency index, timing and faster convergence.

Keeping all these points in our mind, we try to solve this problem which has been
pending for several years. So, we propose an optimal scheme for multiple zeros with eighth-
order convergence. Weight function approach is used in the construction of this scheme. In
addition, our proposed methods not only give the faster convergence but also have smaller
residual error and asymptotic error constants. Each member of the proposed scheme also
satisfies the classical Kung-Traub conjecture [21]. So, all the members are optimal in the
sense of Kung-Traub conjecture. We have demonstrated the usefulness of the presented
iteration functions by performing several applied science problems for numerical tests. Fi-
nally, we concluded from the numerical results that our methods have far better numerical
results, than the existing robust iterative schemes (in the regards of smaller asymptotic
error constants, stable computational order of convergence and smaller residual errors).

2 Construction of the proposed scheme

In this section, we present the following new scheme
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yn = xn −m
f(xn)

f ′(xn)
,

zn = yn −
f(xn)

f ′(xn)
unGf (un),

xn+1 = zn +
f(xn)

f ′(xn)

wnun
1− wn

(
Hf (un) +Kf (vn)

)
,

(2.1)

where the weight functions Gf , Hf ,Kf : C→ C are analytic functions in a neighborhood of

(0) with un =
(
f(yn)
f(xn)

) 1
m
, vn =

(
f(zn)
f(xn)

) 1
m
wn =

(
f(zn)
f(yn)

) 1
m

.

In the next Theorem 2.1, we demonstrate that the order of convergence of the proposed
scheme will reach at eight without using any additional function evaluations. In addition,
we will also discuss the conditions on weight functions in the following Theorem 2.1.

Theorem 2.1 Let x = ξ be a multiple zero with multiplicity m of an analytic function
f : C → C in the region enclosing the multiple zero ξ. Then, the proposed scheme (2.1)
attain eighth-order convergence when the weight functions Gf , Hf , Kf will satisfy the
following conditions{
G(0) = m, G′(0) = 2m, H(0) = −m−K(0), H ′(0) = −2m, H ′′(0) = −G′′(0)− 2m,

K ′(0) = −2m, H ′′′(0) = −
(
6G′′(0) +G′′′(0)− 24m

)
.

(2.2)

Proof Let us assume that en = xn−α be the error at nth step. We will obtain the following
expressions by expanding f(xn) and f ′(xn) about x = α with the help of Taylor’s series

f(xn) =
f (m)(α)

m!
emn

(
1+c1en+c2e

2
n+c3e

3
n+c4e

4
n+c5e

5
n+c6e

6
n+c7e

7
n+c8e

8
n+O(e9n)

)
, (2.3)

and

f ′(xn) =
fm(α)

(m)!
em−1n

(
m+ c1(m+ 1)en + c2(m+ 2)e2n + c3(m+ 3)e3n + c4(m+ 4)e4n

+ c5(m+ 5)e5n + c6(m+ 6)e6n + c7(m+ 7)e7n + c8(m+ 8)e8n +O(e9n)

)
,

(2.4)

respectively.
With the help of above expressions (2.3) and (2.4), we have

yn − α =
c1e

2
n

m
+

2c2m− c21(m+ 1)

m2
e3n +

4∑
k=0

ξke
k+4
n +O(e9n), (2.5)
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where ξk = ξk(m, c1, c2, . . . , c8) are given in terms of m, c2, c3, . . . , c8 with explicitly written
two coefficients ξ0 = 1

m3 {3c3m2 + c31(m+ 1)2 − c2c1m(3m+ 4)} and ξ1 = 1
m4 {c41(m+ 1)3 −

2c2c
2
1m(2m2 + 5m+ 3) + 2c3c1m

2(2m+ 3) + 2m2(c22(m+ 2)− 2c4m)}, etc.
Again by using Taylor Series expansion, we further yield

f(yn) =f (m)(α)e2mn

[( c1
m

)
m

m!
+

(2c2m− c21(m+ 1))
(
c1
m

)m
en

c1m!
+
(c1
m

)1+m 1

2m!c31

{
(3 + 3m+ 3m2

+m3)c41 − 2m(2 + 3m+ 2m2)c21c2 + 4(−1 +m)m2c22 + 6m2c1c3

}
e2n +

5∑
k=0

ξ̄ke
k+3
n +O(e9n)

]
(2.6)

and

un =
c1en
m

+
(2c2m− c21(m+ 2))e2n

m2
+
c31(2m

2 + 7m+ 7) + 6c3m
2 − 2c2c1m(3m+ 7)

2m3
e3n

+ λ0e
4
n + λ1e

5
n +O(e6n),

(2.7)
where λ0 = − 1

6m4

[
c41(6m

3+29m2+51m+34)−6c2c
2
1m(4m2+16m+17)+12c3c1m

2(2m+5)+
12m2(c22(m+3)−2c4m)

]
and λ1 = 1

24m5

[
−24m3(c2c3(5m+17)−5c5m)+12c3c

2
1m

2(10m2+
43m + 49) + 12c1m

2{c22(10m2 + 47m + 53) − 2c4m(5m + 13)} − 4c2c
3
1m(30m3 + 163m2 +

306m+ 209) + c51(24m4 + 146m3 + 355m2 + 418m+ 209)
]
.

It is straightforward to say from the expression (2.7) that un is of order en. So, we can
expand weight function Gf (un) in the neighborhood of origin by Taylor series expansion up
to fourth-order term for the eighth order convergence as follow:

Gf (un) = G(0) +G′(0)un +
1

2!
G′′(0)u2n +

1

3!
G′′′(0)u3n +

1

4!
G′′′′(0)u4n. (2.8)

By inserting the expressions (2.3) – (2.8) in the second substep of the proposed scheme
(2.1), we have

zn − α =
(m−G(0))c1

m2
e2n +

(
3G−G′(0)−m+Gm−m2

)
c21 + 2m(−G+m)c2

m3
e3n

+

5∑
k=1

Ωke
k+3
n +O(e9n).

(2.9)

where Ωk = Ωk(G(0), G′(0), G′′(0), G′′′(0), G′′′′(0),m, c1, c2, . . . , c8).
Fourth-order convergence can be attained, when the coefficient of e2n and e3n simultaneously
are equaled to zero. That is possible only for the following particular values of G(0) and
G′(0)

G(0) = m, G′(0) = 2m, (2.10)
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which can be obtained from the expression (2.9).
Insert the above expression (2.10), we obtain

zn − α =

(
−G′′(0) +m(9 +m)

)
c31 − 2m2c1c2

2m4
e4n +

4∑
k=1

Ω̄ke
k+4
n +O(e9n). (2.11)

Now, again by using the Taylor series expansion, we have

f(zn) =f (m)(α)e4mn

[
2−m

m!

(
(m(9 +m)−G′′(0))c31 − 2m2c1c2

m4a21

)
m +

5∑
k=1

¯̄Ωke
k
n +O(e6n)

]
,

(2.12)

vn =

(
(−G′′(0) +m(9 +m))c31 − 2m2c1c2

)
2m4

e3n + β0e
4
n + β1e

5
n +O(e6n), (2.13)

and

wn =
(m(9 +m)−G′′(0))c21 − 2m2c2

2m4
e2n + γ0e

3
n + γ1e

4
n +O(e5n), (2.14)

where β0 = − 1
6m5

[(
G′′′(0)− 3G′′(0)(8 + 3m) +m(152 + 87m+ 7m2)

)
c41− 6m

(
m(29 + 4m)−

3G′′(0)
)
c21c2+12m3c22+12m3c1c3

]
, β1 = 1

24m6

[(
−G′′′′(0)+2061m+2246m2+711m3+46m4+

8G′′′(0)(5+2m)−12G′′(0)(37+30m+6m2)
)
c51−4m

(
8G′′′(0)−9G′′(0)(20+7m)+m(1123+

624m+53m2)
)
c31c2 +12m2(−9G′′(0)+m(87+13m))c21c3−168m4c2c3−12m2c1

(
(12G′′(0)−

m(121+17m))c22 +6m2c4
)]
, γ0 = − 1

6m4

[(
G′′′(0)+98m+54m2 +4m3−6G′′(0)(3+m)

)
c31 +

12m(G′′(0) − m(9 + m))c1c2 + 12m3c3

]
, γ1 = 1

24m5

[(
899m + 1002m2 + 313m3 + 18m4 +

4G′′′(0)(8+3m)−6G′′(0)(43+33m+6m2)−G′′′′(0)
)
c41−12m

(
2G′′′(0)−G′′(0)(33+10m)+

m(167 + 87m+ 6m2)
)
c21c2 + 24m2(−3G′′(0) +m(26 + 3m))c1c3 + 12m2

(
(−4G′′(0) +m(35 +

3m))c22 − 6m2c4
)]
.

We observed from the expressions namely, (2.7) and (2.14) that un and vn are of order en
and e3n, respectively. Therefore, we can expand both weight functions Hf (un) and Kf (vn) in
the neighborhood of origin (0) by Taylor series expansion up to fourth-order and third-order
terms, respectively as follow:

Hf (un) = H(0) +H ′(0)un +
1

2!
H ′′(0)u2n +

1

3!
H ′′′(0)u3n +

1

4!
H ′′′′(0)u4n (2.15)

and

Kf (vn) = K(0) +K ′(0)vn +
1

2!
K ′′(0)v2n +

1

3!
K ′′′(0)v3n. (2.16)

By using the expression (2.3) – (2.16), we have

en+1 =
(K(0) +H(0) +m)

(
m(9 +m)−G′′(0))c31 − 2m2c1c2

)
2m5

e4n +
3∑

k=0

φke
k+5
n +O(e9n),

(2.17)

c©CMMSE ISBN: 978-84-617-8694-7Page 269 of  2288



Ramandeep Behl, Ali Saleh Alshomrani, Sandile S. Motsa

where φk = φk(m,G
′′(0), G′′′(0), G′′′′(0), H(0), H ′(0), H ′′(0), H ′′′(0), H ′′′′(0),K(0),K ′(0),

K ′′(0),K ′′′(0), c1, c2, . . . , c8).
We can easily obtain at least fifth-order convergence, when we choose the following value
of H(0)

H(0) = −K(0)−m, (2.18)

which is obtained from the expression (2.17).
In addition, by using this value H(0) = −K(0)−m in φ0 = 0. Then, we have

H ′(0) = −2m. (2.19)

By inserting the expressions namely, (2.18) and (2.19) in φ1 = 0, we get

(G′′(0) +H ′′(0) + 2m) = 0 (2.20)

which further gives
H ′′(0) = −(G′′(0) + 2m). (2.21)

Now, with the help of expressions (2.18), (2.19) and (2.21) in φ2 = 0, we have

K1+2m = 0, 3G′′(0)K ′(0)−m
(
G′′′(0) +H ′′′(0) + 27K ′(0) + 30m+ 3K ′(0)m+ 6m2

)
= 0,

(2.22)
the above two independent expressions which leads us

K ′(0) = −2m H ′′′(0) = −(6G′′(0) +G′′′(0)− 24m). (2.23)

Finally, we will use the expressions (2.18), (2.19), (2.21) and (2.23) in the expression (2.17),
in order to obtain final asymptotic error constant term. Then, we obtain

en+1 =
c21
(
(m(9 +m)−G′′(0))c21 − 2m2c2

)
48m9

[(
8G′′′(0)− 36G′′(0) +G′′′′(0) +H ′′′′(0) + 268m

+ 84m2 + 8m3
)
c31 − 24m2(7 +m)c1c2 + 24m3c3

]
e8n +O(e9n),

(2.24)
where G′′(0), G′′′(0), G′′′(0), H ′′(0),K(0),K ′′(0) and K ′′′(0) are finite real/complex param-
eters.
The above asymptotic error constant term (2.24) reveals that the proposed scheme (2.1) at-
tain eighth-order convergence by using only four functional evaluations (viz. f(xn) f ′(xn) f(yn)
and f(zn)) per iteration. So, it is optimal in the sense of classical Kung-Traub conjecture.
This completes the proof. �

Remark 2.2 It is worthy to note that the weight functions Gf , Hf and Kf play an im-
portant role in the construction of the proposed scheme with desired convergence order.
However, only terms namely, G′′(0), G′′′(0), G′′′′(0) and H ′′′′(0) are involve in the asymp-
totic error constant term (2.24). On the other hand, other terms namely K ′′(0) and K ′′′(0)
do not effect the asymptotic error constant term (2.24) at all. So, we can say that these are
dummy parameters. However, we can’t leave them in the beginning.
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2.1 Special cases of the proposed family

In this section, we will discuss some special cases of our proposed class (2.1) by assigning
different weight functions Qf and Gf .

1. Let us consider the following weight functions which are chosen directly from the
proposed Theorem 2.1. Then, we get a new optimal class of order eight as follows:

yn = xn −m
f(xn)

f ′(xn)
,

zn = yn −
f(xn)

f ′(xn)
un

[
m+ 2mun +

G′′(0)u2n
2

+
G′′′(0)u3n

6
+
G′′′′(0)u4n

24

]
,

xn+1 = zn +
f(xn)

f ′(xn)

wnun
1− wn

[
−m− 2mun −

(G′′(0) + 2m)

2
u2n +

1

6
(24m− 6G′′(0)−G′′′(0))u3n

+
H ′′′′(0)u4n

24
− 2mv +

K ′′(0)v2

2
+
K ′′′(0)v3

6

]
,

(2.25)
where G′′(0), G′′′(0), G′′′′(0), K ′′(0),K ′′′(0) and H ′′′′(0) are free disposable parameters.
Sub cases of the given scheme (2.25):

(a) Let us consider G′′(0) = −2m,K ′′(0) = K ′′′(0) = G′′′(0) = G′′′′(0) = 0, H ′′′′(0) =
−4m(85 + 21m+ 2m2) in expression (2.25), we obtain

yn = xn −m
f(xn)

f ′(xn)
,

zn = yn −m
f(xn)

f ′(xn)
un(1 + 2un − u2n),

xn+1 = zn +m
f(xn)

f ′(xn)

wnun
1− wn

[
− 1− 2un + 6u3n −

1

6
(85 + 21m+ 2m2)u4n − 2v

]
.

(2.26)

(b) For G′′(0) = K ′′(0) = K ′′′(0) = G′′(0) = G′′′′(0) = H ′′′′(0) = 0, in expression
(2.25), we have

yn = xn −m
f(xn)

f ′(xn)
,

zn = yn −m
f(xn)

f ′(xn)
un(1 + 2un),

xn+1 = zn +m
f(xn)

f ′(xn)

wnun
1− wn

[
− 1− 2un − u2n + 4u3n − 2vn

]
.

(2.27)
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2. Another choice of weight functions gives the following family of eighth-order methods

yn = xn −m
f(xn)

f ′(xn)
,

zn = yn −m
f(xn)

f ′(xn)
un(1 + 2un),

xn+1 = zn −m
f(xn)

f ′(xn)

wnun
1− wn

[1 + 9u2n + 2vn + un(6 + 8vn)

1 + 4un

]
.

(2.28)

3. By considering one more weight functions of the following form, we will obtain one
more optimal family of eighth-order iteration function

yn = xn −m
f(xn)

f ′(xn)
,

zn = yn −m
f(xn)

f ′(xn)
un

[
m

1− 2un

]
,

xn+1 = zn +m
f(xn)

f ′(xn)

wnun
1− wn

[5 + u2n + 10vn − 2un(1 + 12vn)

−5 + 12un

]
.

(2.29)

In the similar fashion by arbitrary choice of assumed weight functions Gf (un), Hf (un)
and Kf (vn) (provided the conditions on them in the above Theorem 2.1 should be satisfied),
we can obtain several new optimal methods of eighth-order for multiple zeros.

3 Numerical experiments

In this section, we will check the efficiency and convergence behavior of our proposed itera-
tion functions namely, expression (2.26), expression (2.27) expression (2.28) and expression
(2.29) denoted by PM1, PM2, PM3 and PM4, respectively. In this regards, we consider a
total number of three test problems: first two are real life problems; third one is a standard
test problem, which are mentioned in Examples 3.1 to 3.3.

Unfortunately, we don’t have any optimal eighth-order iteration function for multiple
zeros for the comparison. So, we consider the highest-order methods of order six (multiple
zeros) for comparison which is available in the literature. Now, we compare our proposed
methods with family of two-point sixth-order method which were given by Geum et al.
in [19], out of them we choose the following expression:

yn = xn −m
f(xn)

f ′(xn)
, m > 1,

xn+1 = yn −m
[
1 + 2(m− 1)(un − sn)− 4unsn + s2n

] f(yn)

f ′(yn)
,

(3.1)
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called GM1.

Finally, we compare them with the non optimal family of sixth-order methods based
on weight function approach presented by the same authors Geum et al. [20], out of them
we consider the following expression (11)

yn = xn −m
f(xn)

f ′(xn)
, m ≥ 1,

wn = xn −m
[
1 + un + 2u2n

] f(xn)

f ′(xn)
,

xn+1 = xn −m
[
1 + un + 2u2n + (1 + 2un)vn

] f(xn)

f ′(xn)
,

(3.2)

denoted by GM2.

In the numerical tests presented in Tables 1 to 3, we have compared our methods with
the known ones on the basis of approximated zeros, residual error of the involved functions,
difference between the two consecutive iterations, asymptotic error constants. In Tables
1 – 3, we display the number of iteration indices (n), approximated zeros (xn), absolute
residual error of the corresponding function (|f(xn)|), error in the consecutive iterations

|xn+1 − xn|, computational order of convergence
(
ρ = log |(xn+1−xn)/(xn−xn−1)|

log |(xn−xn−1)/(xn−1−xn−2)| , n = 2, 3
)

(the details of this formula can be seen in Cordero and Torregrosa [22]),

∣∣∣∣ xn+1 − xn
(xn − xn−1)p

∣∣∣∣
(where p is either 6 or 8 corresponding to the considered iteration function), the estimation

of asymptotic error constant η ≈ lim
n→∞

∣∣∣∣ xn+1 − xn
(xn − xn−1)p

∣∣∣∣ at the last iteration. We make our

calculations with several number of significant digits (minimum 3000 significant digits) to
minimize the roundoff error.

As we mentioned in the above paragraph, we calculate the values of all the constants
and functional residuals up to several number of significant digits but we display the value

of xn up to 25 significant digits. In addition, we also display

∣∣∣∣ xn+1 − xn
(xn − xn−1)p

∣∣∣∣ and η up to

10 significant digits. Moreover, absolute residual error in the function |f(xn)| and error in
the consecutive iterations |xn+1− xn| are displayed up to 2 significant digits with exponent
power which are mentioned in Tables 1 – 3. Finally, computational order of convergence is
up to 5 significant digits. Furthermore, the approximated zeros up to 25 significant digits
are also displayed in the Examples 3.1– 3.3 although minimum 3000 significant digits are
available with us.

For these numerical tests, all computations have been performed using the programming
package Mathematica 11 with multiple precision arithmetic. Further, the meaning of a(±b)
is a× 10(±b) in Tables 1–3.
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Example 3.1 Population growth problem:
Law of population growth is defined as follows:

dN(t)

dt
= γN(t) + η, (3.3)

where N(t) = population at time t, η= fixed/constant immigration rate and γ = fixed/constant
birth rate of population. We can easily obtain the following solution of the above differential
equation (3.3)

N(t) = N0e
γt +

η

γ
(eγt−1), (3.4)

where N0 is initial population.
For a particular case study, the problem is given as: Suppose a certain population contains
1000000 individuals initially, that 300000 individuals immigrate into the community in the
first year and that 1365000 individuals are present at the end of one year. Find birth rate
(γ) of this population.
To determine the birth rate, we must solve the equation

f1(x) = 1365− 1000ex − 300

x
(ex − 1). (3.5)

wherein x = γ and our desired zero of the above function f1 is 0.05504622451335177827483421.

Example 3.2 Van der Waals equation of state(
P +

a1n
2

V 2

)
(V − na2) = nRT,

explains the behavior of a real gas by introducing in the ideal gas equations two parameters,
α1 and α2, specific for each gas. The determination of the volume V of the gas in terms of
the remaining parameters requires the solution of a nonlinear equation in V

PV 3 − (na2P + nRT )V 2 + α1n
2V − α1α2n

2 = 0.

Given the constants α1 and α2 of a particular gas, one can find values for n, P and T , such
that this equation has a three simple roots. By using the particular values, we obtain the
following nonlinear function

f2(x) = x3 − 5.22x2 + 9.0825x− 5.2675.

have three zeros and out of them one is a multiple zero α = 1.75 of multiplicity of order
two and other one simple zero α = 1.72. However, our desired root is α = 1.75.
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Example 3.3 Let us consider the following standard nonlinear test function from Behl et
al. [16]

f3(x) =
(
−
√

1− x2 + x+ cos
(πx

2

)
+ 1
)3

(3.6)

The above function has a multiple zero at ξ = −0.728584046444826716712333102423 of
multiplicity 3.

4 Conclusions

In this study, we proposed an optimal scheme for multiple zeros with known multiplicity
m ≥ 1 having eighth-order convergence, for the first time according to our best knowledge.
A detail convergence analysis is presented which demonstrate that the proposed scheme
has attained eighth-order convergence theoretically. In addition, the proposed scheme also
satisfy the classical Kung-Traub conjecture. So, each member of the scheme is optimal. The
main advantage of the proposed iteration functions is that they have not only minimum
residual errors and smaller absolute errors difference between two consecutive iterations
corresponding to the listed test functions. But, they also show the stable computational
order of convergence as compared to the other listed methods. Further, the computational
efficiency index of the proposed scheme is E = 4

√
8 ≈ 1.682 which is better than the

efficiency index of Newton’s method E = 2
√

2 ≈ 1.414 and also the schemes proposed by
Thukral [18] and Guem et al. [19, 20], E = 4

√
6 ≈ 1.565. Moreover, we can easily develop

many new interesting and optimal iteration functions having eighth-order convergence with
the different choices of weight functions. Finally, we can claim on the basis of obtained
numerical results that our proposed iteration functions are highly efficient and perform
better than the existing robust methods.
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solving nonlinear equations, Academic Press, 2013.

[4] S. Li, X. Liao, L. Cheng, A new fourth-order iterative method for finding multiple
roots of nonlinear equations, Appl. Math. Comput. 215 (2009) 1288–1292.

c©CMMSE ISBN: 978-84-617-8694-7Page 275 of  2288



Ramandeep Behl, Ali Saleh Alshomrani, Sandile S. Motsa

Table 1: Convergence behavior of different iterative methods on the test function f1(x)

Cases n xn |f(xn)| |xn+1 − xn| ρ
∣∣∣ xn+1−xn

(xn−xn−1)p

∣∣∣ η

GM1

0 0.5 ∗ ∗
1 ∗ ∗ ∗ ∗ ∗
2 ∗ ∗ ∗ ∗
3 ∗ ∗ ∗ ∗ ∗

GM2

0 0.5 6.7(+2) 4.4(−1)
1 0.05633884850625207364139777 1.6 1.3(−3) 1.694976965(−1) 5.781466312(−1)
2 0.05504622451335178096136585 3.3(−15) 2.7(−18) 5.759153879(−1)
3 0.05504622451335177827483421 2.6(−103) 2.2(−106) 5.9999 5.781466312(−1)

PM1

0 0.5 6.7(+2) 4.4(−1)
1 0.05506403585110372797544188 2.2(−2) 1.8(−5) 4.544713334(−4) 9.825483869(−157)
2 0.05504622451335177827483421 1.9(−36) 1.6(−39) 1.573201848(−20)
3 0.05504622451335177827483421 7.5(−309) 6.2(−312) 8.0000 9.825483869(−157)

PM2

0 0.5 6.7(+2) 4.4(−1)
1 0.05512175492332829251926510 9.2(−2) 7.6(−5) 1.928222590(−3) 1.151040615(−135)
2 0.05504622451335177827483421 3.2(−21) 2.6(−34) 8.029691000(−18)
3 0.05504622451335177827483421 6.5(−267) 5.4(−270) 8.0000 1.151040615(−135)

PM3

0 0.5 6.7(+2) 4.4(−1)
1 0.05508291076147728815231029 4.4(−2) 3.7(−5) 9.362394780(−4) 9.344020705(−147)
2 0.05504622451335177827483421 6.0(−34) 5.0(−37) 2.749508569(−19)
3 0.05504622451335177827483421 7.0(−289) 5.7(−292) 8.0000 9.344020705(−147)

PM4

0 0.5 6.7(+2) 4.4(−1)
1 0.05504802503708679192084518 2.2(−3) 1.8(−6) 4.593527235(−5) 5.201135168(−198)
2 0.05504622451335177827483421 2.7(−46) 2.2(−49) 2.139253203(−26)
3 0.05504622451335177827483421 1.6(−389) 1.3(−392) 8.0000 5.201135168(−198)

(∗ means corresponding iterative method fails.)

Table 2: Convergence behavior of different iterative methods on the test function f2(x)

Cases n xn |f(xn)| |xn+1 − xn| ρ
∣∣∣ xn+1−xn

(xn−xn−1)p

∣∣∣ η

GM1

0 1.8 2.0(−4) 4.9(−2)
1 1.750807526326236235652918 2.0(−8) 8.1(−4) 5.698554630(+4) 1.929012344(+7)
2 1.750000000004488220780712 6.0(−25) 4.5(−12) 1.618579697(+7)
3 1.750000000000000000000000 7.5(−124) 1.6(−61) 5.9908 1.929012344(+7)

GM2

0 1.8 2.0(−4) 4.9(−2)
1 1.751050232397918097498091 3.4(−8) 1.1(−3) 7.634517351(+4) 4.597479367(+7)
2 1.750000000047058565701337 6.6(−23) 4.7(−11) 3.506923840(+7)
3 1.750000000000000000000000 7.5(−111) 5.0(−55) 5.9840 4.597479367(+7)

PM1

0 1.8 2.0(−4) 4.9(−2)
1 1.750252237254488174294623 1.9(−9) 2.5(−4) 4.118271865(+1) 9.320484120(−87)
2 1.750000000000000000018034 9.8(−42) 1.8(−20) 4.455165313(−6)
3 1.750000000000000000000000 2.9(−332) 9.9(−166) 8.9970 9.320484120(−87)

PM2

0 1.8 2.0(−4) 4.9(−2)
1 1.750272652422040846473896 2.3(−9) 2.7(−4) 4.458904599(+1) 4.894866302(−62)
2 1.750000000000000001063165 3.4(−38) 1.1(−18) 1.923814224(−4)
3 1.750000000000000000000000 1.2(−268) 6.3(−134) 7.9971 4.894866302(−62)

PM3

0 1.8 2.0(−4) 4.9(−2)
1 1.750256304692013573664840 2.0(−9) 2.6(−4) 4.186049682(+1) 2.649021470(−66)
2 1.750000000000000000140097 5.9(−40) 1.4(−19) 3.246400883(−5)
3 1.750000000000000000000000 3.1(−284) 1.0(−141) 8.0026 2.649021470(−66)

PM4

0 1.8 2.0(−4) 4.9(−2)
1 1.750153658734633762425367 7.1(−10) 1.5(−4) 2.488995472(+1) 4.945789972(−74)
2 1.750000000000000000001714 8.8(−44) 1.7(−21) 3.074155534(−6)
3 1.750000000000000000000000 5.5(−315) 4.3(−157) 7.9990 4.945789972(−74)
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Table 3: Convergence behavior of different iterative methods on the test function f3(x).

Cases n xn |f(xn)| |xn+1 − xn| ρ
∣∣∣ xn+1−xn

(xn−xn−1)p

∣∣∣ η

GM1

0 −0.5 4.0(−2) 2.3(−1)
1 −0.7285768458582679254112739 9.5(−16) 7.2(−6) 5.048640676(−2) 1.291686374(+1)
2 −0.7285840464448267167123331 1.5(−89) 1.8(−30) 1.2.1444621(+1)
3 −0.7285840464448267167123331 2.2(−532) 4.4(−178) 6.0000 1.291686374(+1)

GM2

0 −0.5 4.0(−2) 2.3(−1)
1 −0.7285601028916816621540263 3.5(−14) 2.4(−5) 1.679523409(−1) 2.241021157(+1)
2 −0.7285840464448267167123331 1.9(−79) 4.2(−27) 2.239528095(+1)
3 −0.7285840464448267167123331 5.2(−471) 1.3(−157) 6.0000 2.241021157(+1)

PM1

0 −0.5 4.0(−2) 2.3(−1)
1 −0.7285835823527588247613516 2.6(−19) 4.6(−7) 1.699902478(−4) 3.659559514(−195)
2 −0.7285840464448267167123331 2.2(−147) 9.5(−50) 2.055108515(−24)
3 −0.7285840464448267167123331 7.0(−1172) 3.0(−391) 8.0000 3.659559514(−195)

PM2

0 −0.5 4.0(−2) 2.3(−1)
1 −0.7285835832824348997437584 2.5(−19) 4.6(−7) 1.696497181(−4) 4.154136143(−194)
2 −0.7285840464448267167123331 9.4(−147) 1.5(−49) 3.356871797(−24)
3 −0.7285840464448267167123331 3.4(−1166) 2.4(−389) 8.0000 4.154136143(−194)

PM3

0 −0.5 4.0(−2) 2.3(−1)
1 −0.7285835852012891605933690 2.5(−19) 4.6(−7) 1.689468637(−4) 6.330366939(−195)
2 −0.7285840464448267167123331 3.0(−147) 1.1(−49) 2.327297308(−24)
3 −0.7285840464448267167123331 1.2(−1170) 7.8(−391) 8.0000 6.330366939(−195)

PM4

0 −0.5 4.0(−2) 2.3(−1)
1 −0.7285836022153346622525581 2.2(−19) 4.4(−7) 1.627148155(−4) 2.129227824(−196)
2 −0.7285840464448267167123331 3.3(−148) 5.0(−50) 1.292366015(−24)
3 −0.7285840464448267167123331 6.5(−1179) 1.4(−393) 8.0000 2.129227824(−196)
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Abstract

Sound source localization is an important topic in the field of audio signal pro-
cessing, with multiple applications such as automatic camera steering systems, hu-
manmachine interaction, video gaming and audio surveillance. The Steered Response
Power with Phase Transform (SRP-PHAT) algorithm is a well-known method for sound
source localization due to its robust performance in noisy and reverberant environments.
SPR-PHAT implementations require to handle a high number of signals coming from
a microphone array and a huge search grid that influences the localization accuracy of
the system. In this context, high performance in the localization process can only be
achieved using massively parallel computational resources. Different types of multi-core
machines based on either multiple CPUs or GPUs are commonly employed in diverse
fields of science for accelerating a number of applications. In this work, we evaluate and
analyze OpenCL-based and OpenMP-based implementations on two different parallel
platforms. Our results show that the proposed implementations achieve close-to-peak
speedup on multi-CPU platforms. Furthermore, the OpenCL solution offers higher
performance on GPU than on CPU.

Key words: Sound source localization, Audio processing, Microphone arrays, multi-
core platforms, many-core platforms.
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1 Introduction

The localization of sound sources in acoustic environments with noise and reverberation is
a challenging task for applications arising in a wide range of areas. Applications such as
acoustic-based surveillance, gaming, spatial sound and virtual reality can be highly improved
under a location-aware system [1].

In order to locate a sound source, it is necessary to process the input signals captured
by a set of microphones in real time. The microphones can be arranged either in a dis-
tributed configuration or by following a specific geometry. The processing is usually based
on the computation of the Generalized Cross-Correlation (GCC) functions [2, 3] of all the
microphone pairs in the system. GCCs are usually obtained from the inverse Fourier trans-
form of the cross-power spectral density of the microphone signals, multiplied by a proper
spectral weighting function. A well-known algorithm that makes use of GCCs is the Steered
Response Power - Phase Transform (SRP-PHAT). Indeed, this is the preferred choice due
to its robustness in noisy and reverberant environments. Moreover, the SRP-PHAT method
exhibits massive fine-grain parallelism, that is, the same operations are performed over dif-
ferent sets of data. Usually, these different data sets correspond to the audio samples of
the different audio channels involved in the system. Basically, the SRP-PHAT algorithm
evaluates a functional over a fine spatial grid and identifies its maximum value as the most
likely source position.

The fact that current processors are composed of multiple cores and general-purpose
GPUs has allowed to accelerate multiple applications in distinct fields, including audio
signal processing [8]. In fact, there exists a high variety of hardware, CPUs and GPUs, and
programming technologies, OpenMP [4] and OpenCL [5], that can be used for this purpose.
However, deciding which is the most suitable option is not straightforward. To this end, in
this work we propose an OpenCL-based implementation that runs on a multi-core CPU and
a GPU, and an OpenMP-based implementation that is executed on the multi-core CPU.

In the next section, we describe briefly the SRP-PHAT algorithm. Section 3 is devoted
to implementation issues and the performance analysis. Finally, Section 4 provides some
conclusion remarks.

2 The SRP-PHAT Algorithm

Consider the output from a microphone l, ml(t), in a system composed of S microphones.
Then, the SRP at the spatial point x = [x, y, z]T for a time frame n of length T is defined
as

Pn(x) ≡
∫ (n+1)T

nT

∣∣∣∣∣
S∑
l=1

wlml (t− τ(x, l))

∣∣∣∣∣
2

dt, (1)
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where wl is a weight and τ(x, l) is the direct time of travel from location x to microphone l.
DiBiase [6] showed that the SRP can be computed by summing up the GCCs for all possible
pairs of the set of microphones in the system. In particular, the GCC for a microphone pair
(k, l) is computed as

Rmkml
(τ) =

∫ ∞
−∞

Φkl(ω)Mk(ω)M∗l (ω)ejωτdω, (2)

where τ is the time lag, ∗ denotes complex conjugation, Ml(ω) is the Fourier transform of
the microphone signal ml(t), and Φkl(ω) is a combined weighting function in the frequency
domain. The Phase Transform (PHAT) [2] has been demonstrated to be a suitable GCC
weighting for time delay estimation in reverberant environments:

Φkl(ω) ≡ 1

|Mk(ω)M∗l (ω)|
. (3)

Taking into account the symmetries involved in the computation of Eq. (1), and remov-
ing some fixed energy terms [6], the part of Pn(x) that changes with x is isolated as

P ′n(x) =
S∑
k=1

S∑
l=k+1

Rmkml
(τkl(x)) , (4)

where τkl(x) is the Inter-Microphone Time-Delay Function (IMTDF). This function is very
important, since it represents the theoretical direct path delay for the microphone pair (k, l)
resulting from a point source located at x. The IMTDF is mathematically expressed as [7]

τkl(x) =
‖x− xk‖ − ‖x− xl‖

c
, (5)

where c is the speed of sound, and xk and xl are the microphone location vectors.

All in all, the SRP-PHAT algorithm consists in evaluating the functional P ′n(x) on a
fine grid G with the aim of finding the point-source location xs that provides the maximum
value:

x̂s = arg max
x∈G

P ′n(x). (6)

Figure 1(a) shows schematically the intuition behind SRP-PHAT localization. In this
figure, an anechoic environment is assumed so that the GCC for each microphone pair is a
delta function located at the real TDOA (Time Difference of Arrival). Each TDOA defines
a half-hyperboloid of potential source locations. The intersection resulting from all the
half-hyperboloids matches the point of the grid having the largest accumulated value.
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Figure 1: (a) Intersecting half-hyperboloids for M = 3 microphones. Each half-hyperboloid
corresponds to a TDOA peak in the GCC. (b) Microphone set-up for 48 microphones.

2.1 Basic implementation of the SRP-PHAT

The SRP-PHAT algorithm is usually implemented on a grid by carrying out the following
steps:

1. A spatial grid G is defined with a given spatial resolution r. The theoretical delays
from each point of the grid to each microphone pair are pre-computed using Eq. (5).

2. For each analysis frame, the GCC of each microphone pair using Eq. (2).

3. For each position of the grid x ∈ G, the contribution of the different cross-correlations
are accumulated (using delays pre-computed in step 1), as in Eq. (4).

4. Finally, the position with the maximum score is selected as in Eq. (6).

Taking into account the above steps, we have implemented several parallel versions of
the algorithm using two different parallel programming technologies, namely, OpenCL an
OpenMP.

3 Performance on a GPU and a Multi-core CPU

All the CPU experiments have been performed on an Intel Xeon processor E5-2695 v3 at
2.3 GB with 28 cores and 64 GB of RAM. The GPU experiments have been executed on
a NVIDIA GTX1080 GPU that implements Pascal architecture. This GPU has a clock
frequency of 1.771 MHz and includes 8 GB of global memory. It provides 20 OpenCL
compute units and allows a maximum work-group size of 1024 work-items.

Figure 2 shows the speedups obtained with the OpenMP version of the algorithm on
the 28 cores of the CPU with respect to the sequential version of the algorithm executed on
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one core. The left-hand side figure shows the results using 24 microphones and varying the
grid resolution. We can observe that the performance improves as we increase the resolution
and, therefore, the amount of parallel computations to perform. The right-hand side plot in
the same figure, obtained with the maximum resolution (r = 0.005), shows that we obtain
very good speedups for any number of microphones.
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Figure 2: Speedups obtained with the OpenMP algorithm on the CPU.

We have evaluated the OpenCL implementation of the algorithm both on the CPU and
the GPU. Figure 3 shows the runtime of this version of the algorithm using the 28 cores of the
CPU and 24 microphones. We can observe that, for relatively small resolutions (r < 0.005),
the cost of the algorithm only depends on the number of microphones. In this case most of
the cost is due to the Fourier transforms and the computation of the GCC matrix, both of
which depend only on the number of microphones, S, and the length of the audio frame, T .
However, for larger resolutions, almost all the cost is due to the computation of the SRP
matrix and so it grows very quickly with the resolution that defines the grid size. Figure 3
also shows that we can achieve real time performance even with 24 microphones and very
fine resolutions (see black line in Figure 3).

Finally, we compare the speedups obtained with both versions of the algorithm (OpenMP
and OpenCL) and using both parallel platforms (CPU and GPU) (in Figure 4). The
speedups have been obtained with respect to the sequential algorithm executed on one
of the cores of the CPU. In this experiment, we can observe that the OpenCL algorithm
executed on the GTX1080 GPU obtains much higher speedups than the same version of
the algorithm executed on the CPU. This clearly proves that an state-of-the art many-core
GPU is better suited to run massive data-parallel algorithms even when compared with an
up-to-date multi-core CPU with 28 cores.

On the other hand, if we compare the two versions of the algorithm on the 28 cores
of the CPU, we can appreciate that the OpenCL version clearly outperforms the OpenMP
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Figure 3: Time in milliseconds using the OpenCL algorithm on the CPU with a resolution
r=0.005 and varying the number of microphones. The horizontal line represents the time
threshold that allows to perform the localization process in real time.

version. The first version can obtain speedups much higher than the number of cores. For
example, the OpenCL algorithm obtains an speedup of 45 with a grid resolution of 0.005.
The OpenMP version of the algorithm delivers speedups close to the number of cores when
running as many threads as cores, but is slower if we use more threads. However the
OpenCL is able to run several work-items per core in parallel overlapping computations
with accesses to the memory and so it reaches speedup rates that exceed the number of
cores.

4 Conclusion

New emerging multi-core and many-core architectures help to overcome different compu-
tational problems in acoustic signal processing. This paper analyzed the specific case of
sound source localization, where using very fine spatial resolutions or having a high number
of microphones have a deep impact on the performance of real-time applications.

Currently, there are different techniques to exploit the parallel resources of the multi-
core and many-core processors. In this work, we have compared performances on a 28-
core CPU and a modern GPU with NVIDIA’s Pascal architecture. Our results show that
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Figure 4: Comparison of the speedups of the different parallel versions of the algorithm
using both platforms (GPU and GPU) and both programming technologies (OpenMP and
OpenCL). We use 24 microphones and vary the grid resolution.

OpenCL on GPU clearly overcomes the implementation on CPU both using OpenCL and
OpenMP. Regarding the CPU, the OpenMP-based implementation attains speedups close
to the number of cores. However, this performance is clearly improved by the OpenCL
version of the algorithm which is able to perform several tasks per core in parallel.
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Abstract

Closed sets are the basis for the development of the concept lattice, a key issue in
formal concept analysis. The enumeration of all the closed sets is a complex problem,
having an exponential cost. In addition to the closed set, it is very useful for applications
to add the information of all the minimal generators for each closed set. In this work
we explain how to approach this problem from a complete set of implication by means
of a sound and complete logic.

Key words: Formal concept analysis, closed sets, minimal generator, logic.

1 Introduction

Formal concept analysis (FCA) is a theoretical and practical framework to store information
and manage them [GW99]. Data is stored in a table, representing a binary relation between
a set of objects and attributes. The success of FCA relies on its solid theoretical framework
and a wide set of methods and techniques to extract the knowledge from this data and
manipulate it. One outstanding representation of the knowledge is the concept lattice, built
over the closed sets, considering the subset relation as the order relation. Such represen-
tation depict a overall view of the information with a very strong formalism, opening the
door to use the lattice theory as a metatheory to manage the information [BDVG17].

If-then rules have been introduced in several areas, dressed with different clothes. Thus,
in relational databases [Cod71] they are named Functional Dependencies, in FCA they are
named Implications and in Logic Programming (fuzzy logic) [BV06a] they are named if-then
rules. All this notions captures a very intuitive idea: when the premise occurs, then the
conclusion holds. Nevertheless, their semantics are very different and they further use are
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also distinct. In this work we consider implications as elements to describe the information
and we design a method to enumerate all closed sets and their minimal generators.

The proposed method is an evolution of [CEMO12], where the authors introduce a logic-
based method based on SLFD , a sound and complete logic for implications. That method
works by traversing the set of implications and applying a set of inference rules, following
a tree paradigm in its execution. In that method, an exhaustive search was developed,
producing the intended result but with an improvable performance. Here, we propose the
design of several pruning strategies to improve such performance. These strategies are
motivated by the idea of avoiding the opening of full branches in the tree or reducing the
size of the information in their nodes.

The rest of the work is organized as follows: in the following section we present SLFD

and the axiomatic system which constitutes the basis of the MinGen algorithm. In Sec-
tion 3 we present the algorithm to enumerate the closed sets and minimal generators and
summarize the strategies to improve its execution in practice. The work ends with a brief
conclusion.

2 Logic for implications

First, the main notions related formal concept analysis needed in this work are presented.
A formal context is a triple K := (G,M, I) where G is a set of objects, M is a set

of attributes and I ⊆ G ×M is a binary relation between G and M such that, for o ∈ G
and a ∈ M , o I a means that the object o has the attribute a. Then, two mappings are
defined ( )′: 2G → 2M defined for all A ⊆ G as A′ = {m ∈ M | g I m for all g ∈ A}, and
( )′: 2M → 2G defined for all B ⊆ M as B′ = {g ∈ G | g I m for all m ∈ B}. We use the
same symbol since no confusion arises. This pair of mappings is a Galois connection.

The composition of the intent and the extent mappings, and vice versa, introduces two
closure operators ( )′′: 2G → 2G and ( )′′: 2M → 2M . The notion of closed set (as a fixpoint
of a closure operator) is defined as follows:

Definition 1 A formal concept is a pair (A,B) such that A ⊆ G, B ⊆ M , A′ = B and
B′ = A. Consequently, A and B are closed sets of objects and attributes, respectively called
extent and intent.

In this work we focus on the attributes closed sets. A key point in this work is the notion
of the minimal generator (mingen) [GW99], which provides a minimal representation for
each closed set, and is defined as follows:

Definition 2 Let K = (G,M, I) be a formal context and A ⊆ M . The set of attributes A
is said to be a minimal generator (mingen) if, for all set of attributes X ⊆ A if X ′′ = A′′

then X = A.
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Remark that the above definition allows to characterize each closed set by means of
a minimal subset to provide a canonical representation of the closed sets. Moreover, we
would like to remark that such representation is not unique, since a given closed sets can
have several minimal generators.

The notion of minimal generator can also be defined from the point of view of implica-
tions. They are expressions A → B where A and B are attribute sets. A context satisfies
the implication A → B if every object that has all the attributes from A also has all the
attributes from B.

Definition 3 An (attribute) implication of a formal context K = (G,M, I) is defined as a
pair (A,B), written A → B, where A,B ⊆ M and A ∩ B = ∅. Implication A → B holds
(is valid) in K if A′ ⊆ B′.

The set of all valid implications in a context satisfies the well-known Armstrong’s ax-
ioms [Arm74], which constitutes the pioneer logic to manage implications. The author
introduces a sound a complete axiomatic system to infer new implications holding in a con-
text from a given set of implications. Moreover, this logic constitutes a proposal to solve
the attribute closure, i.e. to find the maximal set of attributes A+ such that the implication
A → A+ holds. As we mentioned, this maximal set is a closed set as defined before and
this closure operator ()+ allows us to guide the automatization the search for closed sets.
Thus, we introduce a new logic suitable for this goal.

The introduction of the Simplification Logic [MECF12], named SLFD , opened the door
to the development of automated reasoning methods directly based on its novel axiomatic
system. SLFD considers reflexivity as axiom scheme

[Ref]
A→A

together with the following inference rules called Fragmentation, Composition and Simpli-
fication respectively.

[Frag]
A→BC

A→B
[Comp]

A→B, C→D

AC→BD
[Simp]

A→B, C→D

A(C \B)→D

Similarly to the dual vision of closed set (in terms of Galois connection and implica-
tions), a dual definition of minimal generator can be done in terms of implications:

Definition 4 Let K = (G,M, I) be a formal context and A ⊆ M . The set of attributes A
is said to be a minimal generator (mingen) if, for all set of attributes X ⊆ A if X→A+

then X = A.

In the following section we introduce the algorithm to enumerate the minimal generator
based on SLFD and describe the strategies to improve its performance.
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3 An algorithm to enumerate all closed sets and their mini-
mal generators

Simplification logic has allowed us to design several executable methods to manage impli-
cations. Thus in [MECF12] we developed a novel method to compute attribute closure
strongly based on SLFD inference rules. This method has been showed to have a better
performance than the classical methods based on indirect techniques. One outstanding
characteristics of SLFD closure is the output it renders: given a set of attributes X ⊆ M
and a set of implications Γ, it renders its closure X+ and a new set of implications Γ′ which
describes the remaining knowledge in the set M \X+.

This logic-based closure method is the basis of another method, named MinGen, to
compute the set of all minimal generators from a set of implicant set presented in [CEMO12].
The algorithm works by applying the SLFDClosure algorithm to each implication in the set,
opening a new branch. This application provides a new candidate to be added to mingen
and a smaller implications set which guides us in the search of new sets of attributes to be
added to mingens, producing a tree-like execution.

In summary, the input of this algorithm is a set of attributes M and a set of im-
plications Γ over the attributes in M . The output is the set of closed sets endowed
with all the minimal generators, i.e. {〈C,mg(C)〉:C is a closed set of attributes} where
mg(C) = {D:D is a mingen and D+ = C}. In this work we only consider non-trivial min-
imal generators, i.e. pairs of closed set and minimal generator 〈X,Y 〉 where Y ( X.

For example, if M = {a, b, c, d, e, f} and Γ = {a→b, bc→d, de→f, ace→f} the output is
the set {〈abcdef, {ace}〉, 〈abdef, {ade}〉, 〈abcde, {ac}〉, 〈bcdef, {bce}〉, 〈bcd, {bc}〉, 〈def, {de}〉,
〈ab, {a}〉, 〈c, {c}〉, 〈∅, {∅}〉}. The execution of the method is depicted in Figure 1. We refer
the reader to [CEMO12] for a detailed description of the method and its theoretical results.

In this work, we propose two pruning strategies to improve MinGen method. We briefly
describe them as follows:

• The first strategy characterizes the branches that can be considered a superfluous one
because all their nodes explore closed sets and minimal generators already considered
in another branches. To implement this strategy we will consider a subset test on the
branches of the same level and in the same branch.

• The second strategy is to expedite the execution of the method by including the
closure method in each node in two steps, so that in the first one the closure set is
computed and, in the second one, the resulting set of implications is computed taking
into account this closed set. In this way, the resulting set of implications will be a
smaller one and the method will have a better performance.
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Figure 1: Exemplification of
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4 Conclusion and future works

In this work we have studied the state of the art in the enumeration of closed sets and
minimal generators based on logic. We have considered the MinGen method based on
Simplification Logic as the target of our work and we propose to improve it by means of
several prunes to improve its performance.

In a future work, we propose to establish the theoretical results to state these strategies
and to develop an exhaustive practical experiment to show its benefits.
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Abstract

In this work we approximate the solution of the second order mixed nonlinear two-
dimensional Volterra-Fredholm integral equation, by means of a new method based on
the Fixed Point Theorem and making use of Schauder bases.

Key words: Two dimensional integral equations, Schauder bases, Banach spaces,
Fixed Point Theorem, numerical methods.

MSC 2000: AMS 45A05, 45L05, 45N05,65R20.

1 Introduction

Several problems in engineering and physics can be modeled using nonlinear mixed two-
dimensional Volterra-Fredholm integral equations of the second kind. On many occasions
it is non possible to find an exact solution to these equations. Therefore, it is necessary
use numerical methods for solving this type of equations. In recent years several numerical
approaches have been proposed, deserving to be mentioned here, among others: the two-
dimensional radial basis functions (see [1]), the Haar wavelet collocation method (see [2]),
the discrete time collocation method of Brunner with a formulation of Kumar and Sloan
(see [10]), the bivariate Chebyshev collocation method (see [11]), a meshless method using
a radial basis function collocation scheme (see [12]), the piecewise constant two-dimensional
block-pulse functions and their operational matrices (see [13]), the two-dimensional orthog-
onal triangular functions (see [14]), the homotopy perturbation method (see [15]), the He’s
variational iteration method (see [16])...
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2 The problem and the method

In this work we develop an effective method for approximating the solution of the nonlinear
mixed two–dimensional Volterra-Fredholm integral equation:

f(s, t) = g(s, t) +

∫ t

γ

∫ α+β

α
K(s, t, x, y, f(x, y)) dxdy (1)

where α, γ ∈ R, β, δ ∈ R+, Ω = [α, α + β] × [γ, γ + δ], f ∈ C(Ω) is the solution to be
approximated, and g and K are given real-valued continuous functions defined, respectively,
on Ω and Ω2 × R.

The numerical method to solve the equation (1) is based in two analytical techniques:
the Banach fixed point theorem and Schauder bases in appropriate Banach spaces of con-
tinuous functions. Such tools have been used successfully in the study of certain types of
one–dimensional integral and integro-differential equations (see [3], [4], [5]). We have also
developed these analytical tools using the Geometric Series theorem with Schauder bases to
solve numerically the linear two-dimensional Volterra integral equation (see [6]). The study
of convergence and error are also described. Finally we illustrate the theoretical results with
some numerical examples confirming the validity of the method employed.
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Abstract

Using a version of the Banach fixed-point theorem and biorthogonal systems in ade-
quate Banach spaces, we propose an interesting method for approximating the solution
of an important type of two-dimensional nonlinear integral equation.
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1 Introduction

The numerical solution of the nonlinear two-dimensional integral equations (NTDIEs) has
been a subject of considerable interest. This equations arises in various physical, engineering
and biological problems. In fact, few numerical methods have been known for approxima-
ting the solution of NTDIEs. For example, in [1] the authors present the definition and
operation of both two-dimensional differential transformation method and their reduced
form, for finding the numerical solution of two-dimensional Volterra integral equations. A
method for approximating the solution of a two-dimensional second kind integral equa-
tion with a smooth kernel using a bivariate quadratic spline quasi-interpolant defined on
a uniform criss-cross triangulation of a bounded rectangle is presented in [2]. In [12], the
two-dimensional linear Fredholm integral equations of the second kind are solved by using
two-dimensional modification of hat functions and operational matrix of integration.

In order to solve two-dimensional Volterra-Fredholm integral equations, the two-di-
mensional orthogonal triangular functions are used in [3], in [9] the authors presented a
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method based on approximating unknown funcion with Berstein polynomials and in [13]
the approximate solution is expressed as expansion of two-dimensional delta basis functions.

The aim of this work is to introduce a new numerical method in order to approximate
the solution of the nonlinear two–dimensional integral equations of the form:

f(s, t) = g(s, t) +

∫ t

γ

∫ s

α
K(s, t, x, y, f(x, y)) dxdy +

∫ γ+δ

γ

∫ α+β

α
H(s, t, x, y, f(x, y)) dxdy

(1)

where α, γ ∈ R, β, δ ∈ R+, f(s, t) is an unknown continuous function to be approximated
defined on Ω = [α, α+β]×[γ, γ+δ], g(s, t) andK(s, t, x, y, z) are given real-valued continuous
functions defined, respectively, on Ω and Ω2 × R.

2 The numerical method and examples

Using fixed-point techniques and biorthogonal systems in adequate Banach spaces, we
present a interesting numerical method for solving integral equation (1). Such tools have
been used successfully in the study of certain types of one–dimensional integral and integro-
differential equations (see [4], [5], [6]). Using the Geometric Series theorem and the Schauder
bases we have also study the linear two-dimensional Volterra integral equation (see [7]). The
study of the convergence and error will be done. Numerical examples of the performance
of the method are provided, confirming its reliability and precision.
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Abstract

We propose a spectral preconditioner to accelerate the iterative solution of the cor-
rection equation i.e. the indefinite linear system to be solved at each step of the Jacobi-
Davidson (JD) method fot the computation of the leftmost eigenpairs of large and sparse
symmetric positive definite matrices. To construct the spectral preconditioner we use
eigeninformation obtained by running the JD method itself at a low accuracy. The
spectral preconditioner produces a clustering of the eigenvalues of the preconditioned
correction equation thus speeding up the JD algorithm. Preliminary numerical tests
accounts for the improving provided by the proposed approach.

Key words: eigenpairs, Jacobi-Davidson, spectral preconditioners

Extended abstract

The computation of m� n eigenvalues of a symmetric positive definite (SPD) matrix A
is a common task in many scientific applications. We will denote as λ1 < λ2 < · · · < λm <
. . . < λn the eigenvalues of A and v1,v2, · · · ,vm, . . . ,vn the corresponding (normalized)
eigenvectors. Recently in [2] a new preconditioning strategy is developed for accelerating the
second stage of the DACG-Newton method [1]. The idea is to use eigenvector approximation
to construct a spectral preconditioner for the efficient solution of the correction equation:

Jkuk = −rk, where

Jk = (I − uku
>
k )(A− θkI)(I − uku

>
k ), r = −(Auk − θkuk), θk =

u>k Auk

u>k uk
(1)
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to be solved at each step of this projected Newton method. As the preconditioner for
equation (1) a tuned preconditioner P is employed ([3]) i.e. a preconditioner satisfying
PAVm = Vm, where Vm is a rectangular matrix containing an approximation of the m
leftmost eigenvectors of A as columns.

In this paper we propose to use a spectral preconditioner to accelerate the correction
equation (1) within the Jacobi-Davidson method. For the details of this method we refer
to the original paper [5], as well as to successive works (see e.g. [4]) which analyze JD both
theoretically and experimentally. Our approach is based on a twofold run of the JD solver.
Namely, we first run JD to evaluate a number of (inaccurate) leftmost eigenpairs which
will bw the columns of Vm. We then run a second time the JD method up to the final
accuracy, using Vm both as the initial search subspace for JD and to construct the spectral
preconditionerm as a low-rank update of a given inverse approximation of matrix A.

PCG solution of the correction equation

As a Krylov subspace solver for the correction equation we chose the Preconditioned Con-
jugate gradient (PCG) method since the Jacobian Jk has been shown to be SPD in the
subspace orthogonal to uk. Regarding the implementation of PCG, we mainly refer to the
work [4], where the author shows that it is possible to solve the linear system in the sub-
space orthogonal to uk and hence the projection step needed in the application of Jk can be
skipped. Moreover, we adopted the exit strategy for the linear system solution described in
the above paper, which allows for stopping the PCG iteration, in addition to the classical
exit test, whenever the l-th PCG iterate satisfies an eigenresidual test ‖rk,l‖ < τ or when
the decrease of ‖rk,l‖ is slower than the decrease of the residual of the linear system at step
l because in this case further iterating does not improve the accuracy of the eigenvector.

Acceleration by spectral preconditioners

A class of spectral preconditioners is defined in [2] based on a very rough approximation of
the sought eigenpairs. Denoted as P0 an initial approximate inverse of A, we assume that
the JD method has provided the m leftmost eigenpairs (to a low relative accuracy specified
by parameter τ0) satisfying

Aṽj = λj ṽj + resj , ‖resj‖ ≤ τ0λj , j = 1, . . . ,m, (2)

Then, for a generic eigenvalue λj (j < m) we define the following tuned preconditioner,
which will be kept constant throughout the second JD iterations to accurately compute the
j-th eigenpair:

Pj = P0 −W
(
W>AVj

)−1
W>, with W = P0AVj − Vj (3)

where
Vj = [ṽj+1, . . . , ṽm] and Λj = diag(λj+1, . . . , λm). (4)
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A direct computation shows that Pj is a tuned preconditioner i.e. satisfies: PjAVj = Vj ,
irrespective of the error introduced by the computation of Vj . The previous relation implies
that the preconditioned matrix PjA has the eigenvalue 1 with at least multiplicity m − j.
When Pj is used to accelerate the Newton iteration, it must be projected in the space

orthogonal to the previous computed eigenpairs as described in [5] (we will call P̂j the
projected preconditioner).

Theorem 1 (whose proof is given in [2]) will characterize the eigenvalues of the pre-

conditioned matrix P̂jJ
(j)
k , where index k identifies the JD iteration number in computing

eigenpairs (λj ,vj).

Theorem 1 Let matrix Vj be defined as in (4), Pj a tuned preconditioner, then each column

of Vj i.e. ṽs, s = j+ 1, . . . ,m, is an approximate eigenvector of PjJ
(j)
k corresponding to the

approximate eigenvalue 1− θ

λs
≈ 1− λj

λs
. In particular the following relation holds:

P̂jJ
(j)
k ṽs =

(
1− θ

λs

)
ṽs + err (5)

with ‖err‖ ≤ τ0C, and C ≡ C(τ0, ‖Pj‖, λj , λj+1) .

Implementation

1. Limited memory implementation. We fix the maximum column size of matrix Vj ,
parameter lmax.

2. Enlarging matrix Vm. A second variant consists in computing an additional number
of approximated eigenpairs in the first JD stage to avoid matrix Vm to be empty when
computing the m−th eigenpair. We introduce a further parameter, win, which counts
these extra eigenpairs.

Taking into account these variants, in the computation of the j-th eigenpair we will use
Vj = [ṽj+1, . . . , ṽjend

] with jend = min{m+ win, lmax + j} in formula (3), namely

Pj = P0 −W
(
W>AVj

)−1
W>, with W = P0AVj − Vj (6)

being P0 = (LLT )−1 and L = IC(droptol, A) an incomplete triangular Cholesky factor of
A, with parameter droptol the threshold for dropping small elements in the factorization.

Preliminary numerical results

The preconditioned two-stage JD algorithm is tried for different values of the parameters
on a model problem. We used the MatLAB JDQR package which can be found at the
webpage: http://www.staff.science.uu.nl/~sleij101/index.html. This package has
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been modified in order to allow the solution of indefinite shifted linear systems by the PCG
method as described in [4] accelerated by the spectral preconditioner described so far.

We tested the proposed algorithm in the computation of the 20 smallest eigenpairs of
the Laplacian matrix of order 300. The exit test is ‖Au − q(u)u‖ ≤ τ, with a tolerance
τ = τ0 = 10−2 for the first and τ = τ1 = 10−12 for the second JD run.

Table 1: Computation of the 20 smallest eigenvalues of the Laplacian(300) with different
win and lmax values. The initial IC preconditioner is computed using droptol = 0.1.

win lmax PCG its. JD its.

1st JD 2nd JD total 1st JD 2nd JD total

5 5 1740 3608 5348 79 155 234
5 10 1740 3535 5275 79 162 241
5 15 1740 3464 5204 79 153 232
5 20 1740 3269 5009 79 144 223

10 10 2360 3437 5797 102 166 268
10 15 2360 3544 5904 102 171 273
10 20 2360 3107 5467 102 141 243

IC precond. 8017 204

From these initial results we obtain in all cases an improvement in the total number of PCG
iterations with respect to using the Incomplete Cholesky preconditioner alone. Moreover
the low-rank update seems effective even when the number of eigenvectors used for updating
the preconditioner is small (see Table 1 for win = 5, lmax = 5).
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Abstract

Many highly parallel algorithms usually generate large volumes of data containing
both valid and invalid elements, and high-performance solutions to the stream com-
paction problem reveal extremely important in such scenarios. Although parallel stream
compaction has been extensively studied in GPU-based platforms, and more recently, in
the Intel Xeon Phi platform, no study has considered yet its parallelization using a low-
cost computing cluster, even when general-purpose single-board computing devices are
gaining popularity among the scientific community due to their high performance per $
and watt. In this work, we consider the case of an extremely low-cost cluster composed
by four Odroid C2 single-board computers (SDCs), showing that stream compaction
can also benefit–important speed-ups can be obtained–from this kind of platforms. To
do so, we derive two parallel implementations for the stream compaction problem using
MPI. Then, we evaluate them considering varying number of processes and/or SDCs,
as well as different input sizes. In general, we see that unless the number of elements
in the stream is too small, the best results are obtained when eight MPI processes are
distributed among the four SDCs that conform the cluster.

Key words: General-purpose single-board computing (SDC); Odroid C2; Fast parallel
stream compaction; Parallelization strategies; MPI; Speed-up

1 Introduction

Continuous improvements in the technologies used to build computers have recently made
possible the fabrication of extremely low-cost general-purpose single-board computing de-
vices. Nowadays, one can buy one of these tiny computers for a few dollars and make it
run Windows 10 or Ubuntu-Linux operating systems [8]. Among the variety of vendors
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providing these single-board computers (SBC), maybe the most renowned ones are Rasp-
berry Pi and Odroid. Although the initial aim of these devices was to promote the teaching
of basic computer science in schools [4] and developing countries [5], recent appearance of
single-board computers with multicore CPU chips and several gigabytes of main memory
have attracted interest of a multitude of projects trying to take advantage of their very low
cost-performance ratio (i.e. for scientific computing [1]).

Whereas Raspberry Pi SBCs seem to have put the focus more on a “stand-alone”
scenario, Odroid devices provide increased processor frequency, more main memory and
higher bandwidth Ethernet capabilities. Particularly, the Raspberry Pi 3 model B that was
launched in February 2016, features a 1.2 GHz, 4-core ARM Cortex-A53 CPU chip, 1 GB
main memory and a 10/100 Ethernet port. Compared with its predecessor, the Raspberry Pi
2 model B released in February 2015, it adds wireless connectivity (2.4 GHz WiFi 802.11n
and Bluetooth 4.1). On the contrary, the Odroid C2 sacrifices wireless connectivity in
favor of higher clock frequencies (1.5 GHz, 4-core ARM Cortex-A53 CPU chip), larger
main memory (2 GB) and Gigabit Ethernet connection. These characteristics make these
particular devices more appropriate at building high-performance low-cost clusters able to
meet the demands of some scientific applications.

On the other hand, a common characteristic found in many highly parallel algorithms
is that they usually generate large volumes of data containing both valid and invalid ele-
ments. In these scenarios, high-performance solutions to the data reduction problem reveal
extremely important. Stream compaction (also known as stream reduction) has been pro-
posed to “compact” an input stream mixed with both valid and invalid elements to a subset
with only the valid elements [12]. This way, stream compaction is found in many appli-
cations, that go from data mining and machine learning (in order to prune invalid nodes
after each parallel breadth-first tree traversal step [11]) to deferred shading (to obtain the
subset of pixels whose rays intersect, which allows for better workload balancing among the
participating threads [6]).

Formally, given a list of elements i1, i2, ..., in belonging to the set I and a predicate
function F : I → {true, false}, stream compaction divides I in valid and invalid elements
(ones that satisfy the predicate F and others that do not), and keeps the relative order for
all the valid elements in the output (O) [6]. As shown in Algorithm 1, the Serial stream
compaction of I under the predicate function F is O = {iεI|F (i) = true}. Therefore, the
output O simply contains all valid elements copied from the input I. An example of the
execution of Algorithm 1 can be observed in Figure 1. The list of input elements is composed
by numbers between 0 and 4. The Serial stream compaction selects all elements that are
not zero (assuming that zero represents the invalid value), based on the predicate function
F , as shown in the low part of Figure 1. Although Algorithm 1 is simple, the parallelization
is not trivial because the output position of each valid element cannot be obtained until all
its preceding elements have been discovered [10].
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Algorithm 1 Serial stream compaction
Input: Vector I of length n
Input: Predicate function F
Output: Vector O of valid elements
Output: nvalid: the number of valid elements
1: nvalid = 0
2: for i = 0 to n− 1 do
3: if F (I[i]) then

4: O[nvalid + +] = I[i]

5: end if

6: end for

3  0  1  2  4  0  0  4  0  1  3  2  0  4  0  1

3  1  2  4  4  1  3  2  4  1

Stream Compaction

Figure 1: Example of serial stream compaction (Zero value is used to represent the invalid
elements)

Parallel stream compaction has been extensively studied in GPU-based platforms [7,
12, 6, 10], and more recently parallel implementations for the Intel Xeon Phi processor
have also been proposed [13]. In this work, we consider the case of an extremely low-
cost cluster composed by four Odroid C2 single-board computers (SDCs), showing that
stream compaction can also benefit–important speed-ups can be obtained–from this kind
of platforms. To do so, we derive two parallel implementations for the stream compaction
problem using MPI. Then, we evaluate them considering varying number of processes and/or
SDCs, as well as different input sizes. In general, we see that unless the number of elements
in the stream is too small, the best results are obtained when 8 MPI processes are distributed
among the 4 SDCs that conform the cluster.

The rest of the paper is organized as follows. The parallelization strategies that we have
implemented and evaluated in this work are explained in Section 2. In Section 3 we give
the details of the cluster of Odroid C2 SDCs used for the evaluation, and then, we present
the results. Finally, Section 4 concludes the paper and draws some lines of future work.

2 Parallelization on a cluster of Odroid C2s

In this Section we present the two parallelization strategies that we have considered in this
work. In both cases, we have implemented them using MPI [3].
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2.1 Parallel Stream Compaction

Algorithm 2 Parallel stream compaction
Input: Vector I of length n
Input: Predicate function F
Input: Number of processes p
Input: pid of process
Output: Vector O of valid elements
Output: nvalid: the number of valid elements
Output: pos: position to write
1: nvalid = 0
2: tamp = n/p

3: scan[0 : (tamp− 1)] = 0

4: for i = 0 to tamp− 1 in parallel do
5: if F (I[i]) then

6: temp[i] = 1

7: end if
8: end for
9: for i = 0 to tamp− 1 in parallel do

10: scan[i] = scan[i− 1] + temp[i− 1]

11: end for
12: nvalid = scan[tamp− 1] + temp[tamp− 1]

13: for i = pid to p− 1 in parallel do
14: Send nvalid to process[i+1]

15: end for
16: if pid > 0 then
17: for i = 0 to pid in parallel do
18: Receive nvalid[i]

19: pos = pos + nvalid[i]

20: end for
21: end if
22: for i = 0 to tamp− 1 in parallel do
23: if temp[i] then

24: O[pos + scan[i]] = I[i]

25: end if
26: end for

We have based on the implementation proposed in the Thrust library [9] to develop
the Parallel stream compaction scheme shown in Algorithm 2. A vector of a particular
length, the predicate function, the number of processes and the pid of each process are the
inputs. We have divided Algorithm 2 in four phases namely: Validation phase (lines 4-8),
Scan phase (lines 9-12), Communication phase (lines 13-21) and Scatter phase (lines 22-
26). During the Validation phase, the input vector (I) is examined in parallel, and taking
into consideration the predicate function, each process annotates the validity of each of
its assigned elements in array temp (representing 1 a valid element and 0 an invalid one).
The parallel Scan phase needs an additional array (scan) to compute the so called prefix-
sum [2], where each element is the addition of all its preceding elements excluding itself. So,
each process obtains in parallel the number of valid elements (nvalid) in its portion of the
stream. Following this, in the Communication phase each process, identified by a pid, sends
the number of valid elements that it has found to all the processes with higher pids. All
the processes, except the first one, receive the number of valid elements and compute the
position (pos) of the first of their valid elements. Finally, during the Scatter phase, based
on the scan and temp arrays, all valid elements are transferred from the input array to the
output one (I and O, respectively), preserving the order in which these elements appear in
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the input array.
Figure 2 shows an example of an execution with four MPI processes for a list of input

elements composed by numbers ranging between 0 and 4. In this case the predicate function
F selects all elements that are not zero. Now, the input vector of length 16 positions is
divided among the four MPI processes (P0, P1, P2 and P3 ). All the processes carry out
the Validation and Scan phases in parallel. The position (pos) computed by each process is
shown below the vector scan. Finally, the output O is built taking into account the temp
and scan vectors, as well as the pos, previously computed.

3  0  1  2  4  0  0  4  0  1  3  2  0  4  0  1I

1  0  1  1  1  0  0  1  0  1  1  1  0  1  0  1temp

scan

O

1  1  2  3  1  1  1  2  0  1  2  3  0  1  1  2

3  1  2  4  4  1  3  2  4  1

P0 P1 P3  P2

5 830

Figure 2: Example of Parallel stream compaction

2.2 Parallel Work-Efficient Stream Compaction

In [13], it is presented a work-efficient stream compaction algorithm aimed at improving
the computing complexity of the Parallel stream compaction that was shown in Algorithm 2.
Again, using MPI, we have developed the parallel version of this work-efficient stream
compaction and we show it in Algorithm 3. Now, during the Validation phase (lines 5-10),
each process saves the validity of each element on the array scan and stores the number of
valid elements on the vector V . Therefore, the additional array of integers (temp) needed in
Algorithm 2 is no longer necessary. In the Communication phase (lines 11-26), all processes
except the first one send the number of valid elements to the first process (that with pid 0),
which executes the inclusive prefix-sum on vector V [2], where each element is the addition
of all its preceding elements including itself. Then, each position of the array V is sent back
to the corresponding process. Following this, each process executes the Scan phase (lines
27-30) on its own segment independently, based on the shifting value received previously.
Finally, in the Scatter phase (lines 31-35) the validity of each element is re-checked by
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Algorithm 3 Parallel work-efficient stream compaction
Input: Vector I of length n
Input: Predicate function F
Input: Number of processes p
Input: pid of process
Output: Vector O of valid elements
Output: nvalid: the number of valid elements
1: nvalid = 0
2: tamp = n/p

3: scan[0:(tamp-1)] = 0

4: V[0:(t-1)] = 0

5: for i = 0 to tamp− 1 in parallel do
6: if F (I[i]) then

7: scan[i] = 1

8: V [pid] = V [pid] + 1

9: end if
10: end for
11: if pid > 0 then
12: Send V [pid] to processpid0

13: end if
14: if pid == 0 then
15: for i = 1 to npid do
16: ReceiveV [i]

17: V [i] = V [i] + V [i− 1]

18: end for
19: for i = 1 to npid do
20: Send V [i− 1] to processpidi

21: end for
22: nvalid = V [p− 1]

23: end if
24: if pid > 0 then
25: Receive V [pid− 1]

26: end if
27: scan[0] = temp[0] + V [pid− 1]

28: for i = 0 to tamp− 1 in parallel do
29: scan[i] = scan[i− 1] + temp[i]

30: end for
31: for i = 0 to tamp− 1 in parallel do
32: if scan[i]! = scan[i− 1] then

33: O[scan[i− 1]] = I[i]

34: end if
35: end for
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evaluating two consecutive positions of the scan array, obtaining the output array (O) with
the valid elements from the input array (I).

Figure 3 illustrates an example for a list of elements ranging between 0 and 4 and the
predicate function F that selects all elements that are not zero for an execution of four MPI
processes. As in the previous example, 4 input elements are assigned to each MPI process
and the Validation phase is applied producing directly the validity of each element on vector
scan together with the number of valid elements that each process finds out. The latter
is stored on vector V . Then, the process P0 executes the inclusive prefix-sum on vector
V and sends back the output to the rest of the processes as is indicated by the arrows in
Figure 3. Finally, each process enters the Scan and Scatter phases taking into account the
corresponding shifting value calculated by P0.

1  0  1  1  1  0  0  1  0  1  1  1  0  1  0  1scan

3  0  1  2  4  0  0  4  0  1  3  2  0  4  0  1I

P0 P1 P3  P2

V 3  2  3  2               P0                3  5  8 10

scan

3  1  2  4  4  1  3  2  4  1O

1  1  2  3  4  4  4  5  5  6  7  8  8  9  9  10

Figure 3: Example of Parallel work-efficient stream compaction

3 Experiments

We have built a cluster which is composed by four Odroid C2 nodes. Each node contains
a 1.5 GHz quad-core 64-bit ARM Cortex-A53 CPU and 2 GBytes of RAM memory. All
the nodes are interconnected through a Gigabit Ethernet switch. The operating system
installed on each node is Ubuntu 16.04.02 LTS. In this cluster we have installed MPICH
(v3.2) as the MPI library implementation.

We have executed and measured the two parallelization strategies for stream compaction
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presented in Section 2 on this cluster. The baseline for all the comparisons is the sequential
version of Algorithm 2 without the Communication phase. Moreover, we have configured
different parallel execution scenarios for the two parallel versions of the stream compaction
problem explained before. We consider parallel executions with 2, 4, 8 and 16 MPI processes,
running on the same Odroid C2 board or different boards (up to 4). We have chosen several
input data sizes for our tests. In particular, we consider input arrays with 1M , 8M , 32M
and 64M integer elements ranging between 0 and 4. The predicate function in all cases
determines as valid all numbers that are not zero.

Figure 4a, Figure 4b, Figure 5a and Figure 5b show the execution times (in milliseconds)
that are observed for input data sizes of 1M , 8M , 32M and 64M elements, respectively.
For all these figures, from left to right, we first present the result obtained for the sequen-
tial version (Sequential), then we show the results for the Parallel stream compaction
(Compaction) and Parallel work-efficient stream compaction (Compaction-Shifted) par-
allelization strategies respectively. For each one of them, we consider 2, 4 and 8 MPI
processes running on one Odroid C2 board (2P-1C2, 4P-1C2 and 8P-1C2 respectively), and
on 2 Odroid C2 boards, having 1, 2 and 4 MPI processes per board in each case (2P-2C2,
4P-2C2 and 8P-2C2 respectively), and finally 2, 4, 8 and 16 MPI processes running on 4
Odroid C2 boards, having 1, 2 or 4 processes per board as appropriate (2P-4C2, 4P-4C2
8P-4C2 and 16P-4C2 respectively).

(a) (b)

Figure 4: Execution times (milliseconds) for stream compaction

From Figure 4a, we can see that the two proposed parallelization strategies for the
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stream compaction problem obtain noticeable speed-ups when they are executed on a single
Odroid C2 board with 2 or 4 MPI processes with regard to the sequential version. However,
the executions on different Odroid C2 boards show negative outcomes from the performance
point of view when the size of the input array is excessively small (1M elements). What
makes the differences is that in the first case all communications take place on the same
board, and therefore, can be performed with low latency. Contrarily what happens when
communications involve several Odroid C2 boards. In this case, the time required for
communication does not compensate the small processing time that is needed to obtain the
stream compaction for such a small number of elements. Moreover, the executions on a
single Odroid C2 SDC with 8 MPI processes (2 MPI processes per core) also show negative
speed-ups revealing (as expected) that a configuration with more than one MPI process per
core increments the communications and potentially slows computations.

(a) (b)

Figure 5: Execution times (milliseconds) for stream compaction

Taking a closer look at the results for one Odroid C2 board and 1M input size, we see
that the speed-ups of the Parallel stream compaction strategy for 2 and 4 MPI processes are
1.68 and 1.64 respectively. Similarly, the work-efficient stream compaction parallelization
strategy obtains speed-ups of 2.25 and 1.63 for 2 and 4 MPI processes respectively. There-
fore, in both cases, fewer MPI processes, and therefore, less amount of communications
among several processes brings the best results. These two parallel versions do not scale
due to the small computation/communication ratio that they exhibit, which decreases as
the number of processes grows.
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In general, from Figures 4b, 5a and 5b, we can see that as the input data size increases,
so it does the speed-ups obtained by the two parallelization strategies analyzed in this work
when more cores are involved. The exception is the configuration with 16 processes running
on 4 Odroid C2 boards (4 processes per board), which reaches lower speed-ups than that
with 8 processes running on 4 Odroid C2 boards (2 processes per board).

More specifically, Figure 4b shows the results seen for 8M elements. In this case the
two proposed parallelization strategies obtain significant speed-ups when executed on a
single Odroid C2 board with 2, 4 or 8 MPI processes with regard to the sequential ver-
sion. Additionally, the scalability is good for 2 and 4 MPI processes obtaining 1.69 and
2.06 for the Parallel stream compaction strategy and 2.14 and 2.74 for the Parallel work-
efficient stream compaction approach. Therefore, for medium input data sizes the compu-
tation/communication ratio is appropriate. Although the two parallelization strategies also
achieve gains for the configuration (8P − 1C2) with 2 processes per core on a single Odroid
C2 (speed-ups of 1.44 and 1.31, respectively), these speed-ups are (as expected) lower than
those of the (4P−1C2) case. It is clear that the fact that there are twice the number of MPI
processes than the total number of cores available introduces extra scheduling overhead and
causes worse use of cores’ resources (such as caches). On the other hand, the executions
on different Odroid C2 SDCs (except for 8P − 4C2 and 16P − 4C2) present important
speed-ups and good scalability for 2, 4 and 8 MPI processes for the two proposed paral-
lelization strategies. Thus, the increment in the number of processes per Odroid C2 implies
a suitable operation of the Odroid C2 cluster, where the communication latency among
the different boards of the cluster does not ballast performance. In the 8P − 4C2 case is
where the performance differences between the two parallelization strategies start appear-
ing. Whereas the most efficient strategy (namely Compaction-Shifted) achieves the highest
speed-up for this configuration, the other one cannot improve over the results reached by
4P − 4C2 demonstrating its more limited scalability for medium-sized workloads. Finally,
the large number of processes involved in 16P −4C2 results into excessively small computa-
tion/communication ratios, which is the reason for the negative outcomes observed in both
cases.

As we can observe in Figures 5a and 5b, having higher input data sizes for the two
parallel stream compaction strategies results into significant gains in all the configurations.
For both input data sizes both Compaction and Compaction-Shifted obtain speed-ups that
are close to that observed for the 8M elements case when executed on a single Odroid C2
SDC with 2, 4 or 8 MPI processes. However, the resulting speed-ups become even more
important as the number of involved cores grows. Moreover, they scale nicely for 2, 4 and 8
MPI processes, achieving their highest values for 8 MPI processes running on 4 Odroid C2
SDCs (5.10 and 5.06 for the parallel stream compaction and input data sizes of 32M and
64M , respectively; and 6.96 and 7.04 for the parallel work-efficient stream compaction and
input data sizes of 32M and 64M , respectively). It is also worth noting that even for these
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large input sizes, the results reached for the 16P − 4C2 configuration are worse than those
of the 8P − 4C2 in both cases. Now this the differences between them becomes narrower
as input data sizes increase.

4 Conclusions

In this work, we have studied the parallelization of the stream compaction problem on a
low-cost cluster of single-board computers. Particularly, we have configured the low-cost
cluster from 4 Odroid C2 SDCs which are interconnected using a typical Gigabit Ethernet
switch. We have implemented two parallel versions for the stream compaction problem
using MPI. Then, we evaluate them considering varying number of processes and/or SDCs,
as well as different input sizes. In general, we see that when the number of elements in
the stream is too small, the most important benefits are observed when all participating
processes are in the same Odroid board. In this case the low computation/communication
ratio for small number of input elements cannot make up for the overhead entailed by the
inter-SDC communications. As the number of elements in the input stream increases, so
it does the number of processes that can participate in parallel executions, and important
speed-ups are reached. Overall, the best results are reached when eight MPI processes are
distributed among the four SDCs that conform the cluster. In this case, speed-ups of 6.96
and 7.04 are obtained for the Compaction and Compaction-Shifted strategies respectively,
for the larger problem size considered in this work (input data size of 64M).
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Abstract

We define quasi-monogenic functions based on a generalized Riesz-Hilbert operator.
An application of this theory is the linear Riesz transform which commutes (up to a
constant) with shears.
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decomposition

1 Introduction

Quaternionic and Clifford analysis are a refinement of classical harmonic analysis. Similar
to the analytic signal that is based on classical function theory, the monogenic signal [2]
is an important tool in higher dimensional signal analysis. The analytic signal is based
on the Hilbert transform whereas the monogenic signal is based on the Riesz transforms.
Using quaternions, the Riesz transforms build a higher dimensional analog of the Hilbert
transform. More on applications of monogenic signals can be found in [1]. All Hilbert
transform are related to Dirac and Cauchy-Riemann operators and Hardy spaces as spaces
of boundary values of monogenic functions in upper/lower half spaces.
The Hilbert and Riesz transforms are the most important singular integrals and had been
investigated in detail in [8]. Because they are also operators of convolution type, they can
be studied in Fourier domain. That was done in [7] and extended to more general operators
in [5]. The Riesz transforms can be used to construct monogenic wavelets [4] and can be
applied to signal processing. Shearlets are similar to wavelets, but they are invariant under
shears and not under rotations. Unfortunately, the Riesz transforms does not correspond
to shear operations. But the in [3] introduced linearized Riesz transforms do. Therefore,
quasi-monogenic shearlets are constructed by the aid of the linearized Riesz transforms.
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The aim of this paper to construct Dirac operator DL in R2 and Cauchy-Riemann operators
in R3 which are generated by Riesz transformsHL. That will prove that the quasi-monogenic
Riesz transforms generate an essentially equivalent function theory even though the opera-
tors can only be described by their Fourier multipliers.
Examples of quasi-monogenic Riesz transforms are the classical Riesz transforms, and the
linearized Riesz transforms defined in [3].

2 Preliminaries

Let H the algebra of complex quaternions. The algebra consists of the basic elements
e0, e1, e2, e3 which fulfill

e20 = 1, e0ej = eje0, e2j = −1, eiej = −ejei, i, j = 1, 2, 3,

e1e2 = e3, e2e3 = e1, e3e1 = e2.

Because e0 is the unit element of the algebra we identify e0 with 1.

Definition 1 Given u in the Schwartz space S(R2) we define the Fourier transform F(u) =
û of f as

û(ω) :=
1

2π

∫
R2

u(x) e−iω·x dx.

The inverse Fourier transform F−1(u) = u∨ is given by

u∨(x) =
1

2π

∫
R2

u(ω) eix·ω dω.

Theorem 2 (Hörmander-Mikhlin Mulitplier theorem) Let m(ω) be a complex-valued
bounded function on Rn\{0} that satisfies either

(a) Mikhlin’s condition
|∂αωm(ω)| ≤ A|ω|−|α|

for all multi-indices |α| ≤
[
n
2

]
+ 1,

(b) Hörmander’s condition

sup
R>0

R−n+2|α|
∫
R<|ω|<2R

|∂αωm(ω)| dω ≤ A2 <∞

for all multi-indices |α| ≤
[
n
2

]
+ 1.

Then for all 1 < p <∞ m is an Lp(Rn) mulitplier and moreover, the operator
f 7→ F (−1)(F(f)m) maps L1(Rn) to L1,∞(Rn), it suffices to prove that the distribution W
coincides with a function K on Rn\{0} that satisfies Hörmander’s condition.
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3 Quasi-monogenic functions

We consider a generalization of the theory of [6]. Let be

HLu = F (−1)(F(u)hL),

where hL is an Lp(Rn) mulitplier and h2L(ω) = 1 and

P±L u =
1

2
(1±HL)u.

The operator |D|, defined by (|D|u)∧(ω) = |ω|û(ω), is a closed unbounded operator in
L2(R2) with domain D(|D|) = D(D) = H1(R2), the Sobolev space H1(R2) = {u ∈ L2(R2 :
∂u
∂xj
∈ L2(R2), 1 ≤ j ≤ 2}.

Definition 3 The operator DL : H1(R2)→ L2(R2) is defined as

DL = −|D|sgn(DL) = −|D|HL.

Further,
|D| = |DL| = −sgn{DL}DL where sgn{DL} = P+

L − P
−
L ,

is a bounded linear operator on L2(R2) satisfying (sgn{DL})2 = I and the operator DL is
self-adjoint and factorizes the Laplacian DLDL = −DLDL = ∆ on R2.

Given u ∈ L2(R2) and t > 0, define u+(t) ∈ L2(R2) by

u+(t) = e−t{DL}P+
L u = e−t|D|P+

L u.

Definition 4 A function u is left or right quasi-monogenic in R3 if

(∂x0 +DL)u = 0 or u(∂x0 +DL) = 0.

Theorem 5 Let u ∈ L2(R2), define functions U+ on R3
+ and U− on R3

− by

U+(x0e0 + x) = u+(x0)(x), x0 > 0, x ∈ R2,

U−(x0e0 + x) = u−(x0)(x), x0 < 0, x ∈ R2,

then

(1)
∂U±
∂x0

(x0e0 + x) +DLU±(x0e0 + x) = 0, x0e0 + x ∈ R3
±, or in other words, that the

functions U± are left quasi-monogenic on their respective half-spaces.

(2) lim
x0→0±

U±(x0e0 + x) = P±L U(x) for almost all x ∈ R2.

(Plemelj-Sochotzki formulae)
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(3) lim
x0→±∞

U±(x0e0 + x) = 0 for all x ∈ R2.

Examples of quasi-monogenic Riesz transforms are the classical Riesz-Hilbert transform
in Clifford analysis and the linearized Riesz transforms.

Definition 6 (Linearized Riesz transforms) The linearized Riesz transforms
R1, R2, L

2(R2)→ L2(R2) are defined by

R1u(x) := F−1(−i cos(θL(ω))û(ω)), R2u(x) := F−1(−i sin(θL(ω))û(ω)),

where θ(ω) = arctan2(ω) = arctan2
(
ω2
ω1

)
and H = e1R1 + e2R2.

The linearized Riesz transforms are invariant under shears Ss :=

(
1 s
0 1

)
, s ∈ R, ([3]).
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1 Introduction

The results of 1982 experiments by D. Shechtman, published in 1984 [20], showed atomic
arrangements with icosahedral symmetry in aluminum-based synthetic alloys, and pentag-
onal symmetry in thin films of the same materials, not determined by twinned atomic
structures. Natural quasi-periodic alloys have been found since then in meteorites. In a
1991 the International Union of Crystallography changed the definition of crystals including
the possibility of quasi-periodic atomic arrangements [9].

In fact, a quasi-periodic atomic arrangement in a m-dimensional space can be viewed
as the orthogonal projection of a portion of a periodic lattice, in a 2m-dimensional space,
onto an appropriate (incommensurate) subspace [5]. If we move orthogonally to itself the
subspace in the lattice in an appropriate way, we recognize the need of atomic shifts to assure
quasi-periodicity. They are commonly called phason defects. The hyperspace construction,
however, is just an ideal geometric representation of what the nature is. Indeed, we can

c©CMMSE ISBN: 978-84-617-8694-7Page 320 of  2288



Existence theorems and weak attractors in quasicrystal dynamics

consider phasons as inner degrees of freedom exploited locally by the atoms to assure quasi-
periodicity, compatibly with the boundary conditions imposed to a quasi-crystalline body
by the interaction with the external environment. As inner degrees of freedom, they are
invariant with respect to rigid translations of the whole body.

In building up a continuum representation of quasicrystal mechanics, the geometric
constructions above have suggested at a first glance of thinking just of a higher dimensional
replica of traditional crystal elasticity or viscoelasticity (see, e.g., for the first proposals
[11], [6] and also [10], [17], [8]). Researchers have then focused attention primarily on its
linear version, having in this way the concrete advantage of a format where we can easily
reproduce systematically, all the standard results of traditional linear elasticity. However,
the circumstance that phasons are insensitive to global rigid translations of a body, as they
are inner degrees of freedom, implies the existence of a self-action (see Theorem 2.1 below)
rendering the description of the mechanics of quasicrystals more complicated than the mere
reproduction of standard elasticity, in a space with dimension higher than the one of the
physical ambient. A phason self-action has been already assumed to exist in [17] but just
to have dissipative nature and to drive phason diffusion. A first proof of the existence of a
possibly nonzero phason self-action with both conservative and dissipative nature appeared
first in [13], and in [16].

Here, we consider the dynamics of quasicrystals with nonlinear rotational phason in-
ertia and phason diffusion. We summarize the results obtained in [2] an a theorem in the
same reference determining the appropriate balance equations. Then, we show new results
concerning the existence of weak attractors.

2 Continuum mechanics of quasicrystals

2.1 Deformation and phason field

We write B for the macroscopic reference shape of a quasicrystalline body, assumed to be a
bounded arcwise connected open region in the three-dimensional point space E3, coinciding
with the interior of its closure and endowed with surface-like boundary uniquely oriented
everywhere to within a finite number of corners and cusps. In an space isomorphic to E3,
indicated by Ẽ3, we record shapes of the body that we consider deformed with respect to
B, reached by means of one-to-one, differentiable, orientation preserving maps x 7−→ y :=
ỹ (x) ∈ Ẽ3.

A field ν̃ taking values in a three-dimensional real vector space V3, accounts point-by-
point at the continuum scale for the atomic flips, which allow to match quasi-periodicity.
This is the so-called phason field in Lagrangian representation, i.e., considered as a field
over the reference place. We endow Ẽ3, E3 and V3 with Cartesian frames.
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Motions are (in generalized sense) pairs

(x, t) 7−→ y := ỹ (x, t) ∈ Ẽ3, (x, t) 7−→ ν := ν̃ (x, t) ∈ V3,

assumed to be sufficiently differentiable in time.
We will write F and N for the deformation gradient and the phason field gradient,

evaluated at x and t. The assumption that the deformation preserves the local orientation
of triples of linearly independent vectors implies detF > 0. We define another vector field,
the displacement as (x, t) 7−→ u := ũ (x, t) := ỹ (x, t)− i (x), also called the phonon field
in the jargon of the physics of quasicrystals. Consequently, we have ∇u := ∇ũ (x, t) = F+I,
where I is the second-rank unit tensor. As a matter of notation, we will write ut, utt, and νt
for the values u̇ := dũ(x,t)

dt , ü := d2ũ(x,t)
dt2

, and ν̇ := dν̃(x,t)
dt , respectively, the latter chosen for

the sake of notational uniformity. The velocity in the physical space and the phason time
rate just listed are expressed in Lagrangian representation, i.e., as fields over the reference
place and the time scale. We can have an Eulerian representation of such fields, i.e. we
can consider them defined over the actual shape Ba = ỹ(B, t). In this case we write v(y, t)
and υ(y, t). Since at x and t, the vector ẏ(x, t) = u̇(x, t) is tangent to Ba at the point
y := ỹ(x, t), we have the standard identity ẏ(x, t) = v(y, t). An analogous relation does not
hold between υ(y, t) and ν̇(x, t). The lack of identity depends on the circumstance that υ is
the time rate of the Eulerian representation of the phason field, which is a map ν̃a defined
by ν̃a := ν̃ ◦ ỹ−1, a definition possible for ỹ is one-to-one. The subscript a means actual, i.e.
referred to the deformed configuration, here and in what follows. The condition |∇u| � 1
defines the small strain regime, in which we develop the analyses presented in Sections
3 and 4. In this setting we can ‘confuse’ B with Ba and ν with νa := ν̃a(y, t).

2.2 Changes in observers

According to the definition proposed explicitly in [13] and in [14], we define observer a
collection of frames of reference assigned on all spaces necessary to describe the shape of
a body and its motion. Here, an observer is then (1) a frame in Ẽ3, (2) one in E3, (3)
a frame in V3 and (4) a time scale. We consider time-varying synchronous changes in
observers leaving invariant the reference space and changing the frame(s) in Ẽ3 by a rigid
body motion. Precisely, let us write O and O′ for these two observers. Let v and v′ the
velocities recorded by O and O′, respectively. Write v∗ for the pull-back of v′ into the frame
of reference O. For v∗ we get

v∗ := c (t) + q (t)× (y − y0) + v,

where c(t) and q(t) are translational and rotational components of the rigid velocity of O′
with respect to O, as measured by O. The distinction between the ambient space Ẽ3 and the
phason one V3 is just matter of modeling. Atomic flips occur in the physical space. Also,
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the notion of observer is just a formal representation of the concrete action of recording
a phenomenon. Hence, when we rotate an observer in space we should perceive rotated
the atomic flips. They are not affected by rigid translations in space for they are internal
degrees of freedom. Consequently, in Eulerian representation of the phason rate we get

υ∗ = υ + q × νa.

2.3 External power, invariance and balance

We derive balance equations from the invariance of power over a generic part of the body
(see [12] for general complex materials as quasicrystals are). The word part indicates here
a subset ba of Ba = ỹ(B, t) with non-null volume and the same geometric regularity of Ba.
Given a generic ba, we divide as usual all actions exerted on ba by the environment and the
rest of the body into bulk and contact families, the latter intended to be exerted through
the boundary of ba. Each family is also subdivided into standard and phason components,
all defined by the expression of the power that the external actions must perform over ba
to change its state of motion with velocity v in the physical space and phason rate υ. For
this reason we call such a power external, indicating it by Pextb and defining it in Eulerian
representation by

Pextba (v, υ) :=

∫
ba

(
b‡a · v + β‡a · υ

)
dµ(y) +

∫
∂ba

(t · v + τ · υ) dH2, (1)

where dH2 is the surface measure along ∂ba and dµ(y) the volume measure in Ba; b‡a and
β‡a are standard and phason bulk actions respectively, while t and τ are the contact ones.

At y ∈ ∂ba, where ∂ba is oriented by the normal n, the standard traction t is t := t̃(y, n)
(Cauchy’s assumption). Here we impose also τ := τ̃(y, n). We leave unexpressed the
dependence on time for the sake of conciseness of some formulas below.

We subordinate Pextba
(v, υ) to an axiom of invariance by following a view adopted in the

general model-building framework of the mechanics of complex materials (see [12] for it).

Axiom 2.1. Pextba
(v, υ) is invariant under rigid-body-based changes in observers, i.e., Pextba

(v∗, υ∗) =
Pextba

(v, υ) for any choice of c, q, and ba.

Theorem 2.1. The axiom of invariance implies the following list of assertions:

(a) If the fields y 7−→ b‡a, y 7−→ ν × β‡, y 7−→ t and y 7−→ τ are integrable over Ba, the
following integral balances hold for any part ba of Ba and for Ba itself:∫

ba

b‡a dµ(y) +

∫
∂ba

t dH2 = 0, (2)

∫
ba

(
(y − y0)× b‡a + ν × β‡a

)
dµ(y) +

∫
∂ba

((y − y0)× t + νa × τ) dH2 = 0. (3)
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(b) If the standard traction is continuous in y and the standard bulk action is bounded
over Ba at every instant, t satisfies the action-reaction principle t(y, n) = −t(y,−n).

(c) In the same continuity conditions, a second-rank tensor σ independent of n exists and
is such that t(y, n) = σ(y)n(y).

(d) If the phason traction is continuous with respect to y and the field y 7−→ ν × β‡ is
bounded over Ba at every instant, τ satisfies a non-standard action-reaction principle,
i.e., νa(y)× (τ(y, n)− τ(y,−n)) = 0.

(e) In the same regularity conditions above, a second-rank tensor Sa independent of n
exists and is such that τ(y, n) = Sa(y)n(y), a tensor that we call phason stress.

(f) If the field y 7−→ σ(y) is C1 over Ba and just continuous over its boundary, equation
(2) implies the validity of the standard pointwise balance of forces

b‡a + divσ = 0. (4)

(g) If, in addition, the field y 7−→ Sa(y) is C1 over Ba and just continuous over its
boundary, equation (3) implies the existence of a vector za such that

divSa + β‡a − za = 0, (5)

and
Skwσ = Skw(νa ⊗ za +∇yνa)STa ), (6)

where the apex T means transposition, e is Ricci’s alternating symbol, and ∇y is the
gradient with respect to y.

(h) The external power satisfies the following relation:

Pextba (v, υ) =

∫
ba

(σ · ∇yv + za · υ + Sa · ∇yυ) dµ(y), (7)

for any choice of the rates involved. The right-hand side term takes the name of inner
power.

Here, b‡a is the sum of inertial, (bina ), and non-inertial, (ba), components. Since we do
not know bulk forces acting directly over the phason field, we attribute to β‡a just inertial
character. We identify bina and β‡a by assuming that their power over ba equals the negative
of the kinetic energy time rate, assumed to be the standard quadratic function of v, because
experiments do no indicate peculiar phason inertia. By assumption the identity holds true
for any velocity involved. Such arbitrariness and the assumed conservation of mass imply
bina = −ρa, with a := v̇ the acceleration, and β‡a · υ = 0. The latter identity may imply
β‡a = −` curl v × υ, with ` a positive constant, as showed in [16].
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2.4 Constitutive structures

Clausius-Duhem inequality (combination of the first and the second law of thermodynamics)
written in isothermal setting, imposes restrictions to the possible constitutive relations. It
states that the rate of the free energy on any part of the body minus the external power
developed by all actions on that part is lesser or equal to zero for any choice of the time rates
involved in the inequality. When we presume that free energy density ψ, the stresses σ
and Sa, and the self-action za depend on F , ν, and N , we get

σ = (detF )−1
∂ψ

∂F
FT, Sa = (detF )−1

∂ψ

∂N
FT, za = (detF )−1

∂ψ

∂ν
.

These relations characterize the elastic setting of quasicrystals. By fixing ν and N , a
standard argument shows that objectivity for ψ, i.e., invariance under the action of SO(3)
on the physical space, and convexity of ψ with respect to F are physically incompatible.
Consequently, we commonly accept a polyconvex dependence of ψ on F . With respect to
N , the free energy can be quadratic in the so-called phason locked phase, and ψ may admit
a decomposed Ginzburg-Landau-type structure. In this case the existence of ground states
(minimizers of the energy) has been found in [15] as a special case of a more general result
presented there, further generalized in [7].

In small strain regime the dependence of the energy can be quadratic. With reference
to the homogeneous and isotropic case, with ε := Sym∇u the small strain tensor and I the
second-rank unit tensor, a rather general expression of the energy has been derived in [16];
it reads

ψ =
1

2
λ (ε · I)2 + µε · ε+

1

2
k1 (N · I)2 + k2SymN · SymN + k′2SkwN · SkwN

+ k3 (ε · I) (N · I) + k′3SymN · ε+
1

2
k0 |ν|2

(8)

from which we get

σ = λ (trε) I + 2µε+ k3 (trN) I + k′3SymN, (9)

za = k0ν, (10)

Sa = k1 (trN) I + 2k2SymN + 2k′2SkwN + k3 (trε) I + k′3ε. (11)

λ and µ are standard Lamé constants. k0, k1, k2, k
′
2, k3 are elastic constants related with

the phason field.

Phason diffusion has dissipative character and may even determine viscous-like effects.
To account for them, maintaining compatibility with the mechanical dissipative inequality,
we presume additive decompositions of σ, Sa an za into energetic (σe,Sea, zea) and dissipative
(σd,Sda , zda) components, the former depending on strain, phason filed and its gradient, the
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latter being functions of the same variables and their first time rates. We declare the
dissipative nature of σd, Sda , and zda, by imposing

σd · ∇ν ≥ 0, Sda · ∇υ ≥ 0, zda · υ ≥ 0,

for any choice of ∇ν, ∇υ, and υ; the equality to zero occurs when the time rates vanish.
These inequalities may imply that σd = ε∇ν, Sda = δ∇υ, and zda = ςυ, with ε, δ, and ς
positive constants. In small strain regime ν ∼= u̇ = ut, υ ∼= ν̇a = ν̇ = νt, so that we write

σd = ε∇ut, Sda = δ∇νt, zda = ςνt.

Consequently, the constitutive equations (9), (10) and (11) become

σ = λ (trε) I + 2µε+ k3 (trN) I + k′3SymN + ε∇ut, (12)

za = k0ν + ςνt, (13)

Sa = k1 (trN) I + 2k2SymN + 2k′2SkwN + k3 (trε) I + k′3ε+ δ∇νt. (14)

3 Existence results

3.1 Dynamics with phason diffusion and absence of gyroscopic effects

In small strain regime and under the validity of the linear constitutive structures (9), (11)
and (13), in absence of non-inertial body forces and gyroscopic-type phason inertia, by
imposing u and ν along ∂B (Dirichlet boundary conditions) and their values together with
those of the velocity ut over B as initial conditions, the balance equations read

ρutt = µ∆u+ ξ∇ div u+ κ∆ν + ξ̄∇ div ν in (0, T )× B,

ςνt = ζ∆ν + γ∇ div ν + κ∆u+ ξ̄∇ div u− κ0ν in (0, T )× B,

u(t, x) = ū(x), ν(t, x) = ν̄(x), on (0, T )× ∂B,

u|t=0 = u0, ut|t=0 = u̇0, ν|t=0 = ν0, on B,

(15)

where u0, u̇0 and ν0 are the initial data, and the constitutive parameters are constants and
satisfy the following relations: ξ = λ + µ, ξ̄ = k3 + 1

2k
′
3, ζ = k2 + k′2, γ = k1 + k2 − k′2,

κ = 1
2k
′
3, and λ, µ, ki, k

′
i, i = 1, 2, 3, and ρ is the mass density.

Definition 3.1. We say that a pair (u, ν) is a weak solution of the system (15) if, for a
given T > 0, the conditions listed below hold true.
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(1) Regularity:

u ∈ L∞(0, T ;H1) ∩ C([0, T ];L2(B)) ∩ Cweak([0, T ];H1),

ν ∈ L2(0, T ;H1) ∩ C([0, T ];L2(B)),
(16)

ut ∈ L∞(0, T ;L2(B)) ∩ Cweak([0, T ];L2(B)), utt ∈ L2(0, T ;H−1),
νt ∈ L2(0, T ;L2(B)).

(17)

(2) Weak formulation: For all (w, h) ∈ C∞0 (0, T ;H1)× C∞0 (0, T ;H1),

ρ

∫ T

0

∫
B
utt · w + µ

∫ T

0

∫
B
∇u · ∇w + κ

∫ T

0

∫
B
∇ν · ∇w

=

∫ T

0

∫
∂B
w ·
(
µ
∂u

∂n
+ κ

∂ν

∂n

)
+ ξ

∫ T

0

∫
B
∇(div u) · w + ξ̄

∫ T

0

∫
B
∇(div ν) · w

(18)

∫ T

0

∫
B

(ςνt + κ0ν) · h+ ζ

∫ T

0

∫
B
∇ν · ∇h+ κ

∫ T

0

∫
B
∇u · ∇h

=

∫ T

0

∫
∂B
h ·
(
κ
∂u

∂n
+ ζ

∂ν

∂n

)
+ γ

∫ T

0

∫
B
∇(div ν) · h+ ξ̄

∫ T

0

∫
B
∇(div u) · h,

(19)

where, for the sake of conciseness, we have erased all volume, surface and time measures
from the space-time integrals above, as we do below. An adapted Galerkin’s approximation
procedure, combined with a compactness argument (the Aubin-Lions lemma) and suitable
a priori estimates, implies a first result.

Theorem 3.1. [2] Assume µ > −λ, κ > 0, ξ̄ > 0, µ, ζ > 2κ, and ξ, γ > 2ξ̄. Assume also
u0, ν0 ∈ W 1,2(B) so that ∇u(0, x) = ∇u0 and ∇ν(0, x) = ∇ν0(x) on B and ū, ν̄ ∈ L2(∂B).
Then, a unique regular weak solution to the problem (15) exists.

3.2 Dynamics with phason diffusion and non-linear gyroscopic phason
inertia

In the presence of gyroscopic-type phason inertia, previous problem becomes

ρutt = µ∆u+ ξ∇ div u+ κ∆ν + ξ̄∇ div ν in BT ,

ςνt + `(curlut)× νt = ζ∆ν + γ∇ div ν + κ∆u+ ξ̄∇ div u− κ0ν in BT ,

u(t, x) = ū(x), ν(t, x) = ν̄(x), on ∂BT ,

u|t=0 = u0, ut|t=0 = u̇0, ν|t=0 = ν0, on B.

(20)

Definition 3.2 (Weak solution). We say that a pair (u, ν) is a weak solution to the
system (20) if, for a given T > 0, the conditions defined below hold true.
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(1) Regularity:

u ∈ L∞(0, T ;H1) ∩ C([0, T ];H1), ν ∈ L2(0, T ;H1) ∩ C([0, T ];H1), (21)

ut ∈ C([0, T ];L2(B)) ∩ L2(0, T ;W 1,2(B)), utt ∈ L2(0, T ;H−1),
νt ∈ L2(0, T ;W 1,2(B)).

(22)

(2) Weak formulation: For all (w, h) ∈ C∞0 ([0, T [×B)× C∞0 ([0, T [×B),

ρ

∫ T

0

∫
B
utt · w + µ

∫ T

0

∫
B
∇u · ∇w + κ

∫ T

0

∫
B
∇ν · ∇w

=

∫ T

0

∫
∂B
w ·
(
µ
∂u

∂n
+ κ

∂ν

∂n

)
+ ξ

∫ T

0

∫
B
∇(div u) · w + ξ̄

∫ T

0

∫
B
∇(div ν) · w,

(23)

∫ T

0

∫
B

(ςνt + κ0ν) · h+ `

∫ T

0

∫
B

(curlut)× νt · h+

∫ T

0

∫
B

(ζ∇ν + κ∇u) · ∇h

=

∫ T

0

∫
∂B
h ·
(
κ
∂u

∂n
+ ζ

∂ν

∂n

)
+ γ

∫ T

0

∫
B
∇(div ν) · h+ ξ̄

∫ T

0

∫
B
∇(div u) · h.

(24)

Boundary terms vanish because we have selected test functions in C∞0 . We analyze the
regularized counterpart of problem (20), obtained by introducing dissipative components of
the stresses, at fixed the parameters ε > 0 and δ > 0:

ρutt − ε∆ut = µ∆u+ ξ∇ div u+ κ∆ν + ξ̄∇ div ν in BT ,

ςνt − δ∆νt + `(curlut)× νt = ζ∆ν + γ∇ div ν + κ∆u+ ξ̄∇ div u− κ0ν in BT ,

u(t, x) = ū(x), ν(t, x) = ν̄(x), on ∂BT ,

u|t=0 = u0, ut|t=0 = u̇0, ν|t=0 = ν0, on B.

(25)

Theorem 3.2 (see Theorem 4.1 in [2] ). Assume µ > −λ, κ > 0, ξ̄ > 0, µ, ζ > 2κ, and
ξ, γ > 2ξ̄. Assume also u0, ν0 ∈ W 1,2(B), u̇0 ∈ W 1,2(B), such that `‖u̇0‖1,2 < ς/2 and that
ū, ν̄ ∈ L2(∂B). Then, the system (20) admits a weak solution.

4 Weak global attractor for the time-shift semiflow

Let (W,d) be a metric space. A semigroup on (W,d) is a family of operators
(
S(t)

)
t≥0,

S(t) : W →W , that satisfies S(0)w = w and S(s)S(t)w = S(t+s)w for each w ∈W and for
every s, t ≥ 0. A semiflow on (W,d) is a mapping σ : [0,+∞)×W →W defined by σ(t, w) =
S(t)w, where

(
S(t)

)
t≥0 is a semigroup, and such that the restriction σ : ]0,+∞)×W →W

is continuous. A bounded subset B ⊂ W is called an absorbing set if for any bounded set
B of W , there exists t1 = t1(B) such that S(t)B ⊆ B for all t ≥ t1. A semiflow is said to
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be compact if, for every bounded set B ⊂ W and for every t > 0, S(t)B lies in compact
subset of W .

We have the following result [18, 19, 21] (see also [1]).

Theorem 4.1. Let S(t) define a compact semiflow admitting an absorbing set B on a
complete metric space W . Then S(t) has a global attractor A in W and coincides with the
omega-limit set of B:

A =
⋂
τ≥0

⋃
t≥τ

S(t)B ,

where the closure is taken in W .

Starting from problem (25), we introduce a bulk force f(x, t) in the balance of standard
force and rewrite the whole system as

ut = v in BT ,

ρvt − ε∆v = µ∆u+ ξ∇ div u+ κ∆ν + ξ̄∇ div ν + f(t, x) in BT ,

ςνt − δ∆νt + `(curl v)× νt = ζ∆ν + γ∇ div ν + κ∆u+ ξ̄∇ div u− κ0ν in BT ,

u(t, x) = 0, ν(t, x) = 0, on ∂BT ,

u|t=0 = u0, v|t=0 = u̇0, ν|t=0 = ν0, on B,

(26)

with homogeneous Dirichlet boundary conditions. Although the forcing term f does not
appear in the existence result ([2, Thereom 4.1]), the proof can be adapted to the present
case, with very minor changes, by assuming that f ∈ L2(0,∞;L2(B)).

Let us write w(t) = (u(t), ν(t);ut(t)) = (u(t), ν(t); v(t)) for brevity, and denote by

W =
{
w = (u, ν; v) ∈ L2

loc[0,+∞;W 1,2(B)2)× L2
loc[0,+∞;L2(B)) | v(t) = ut(t)

and w satisfying (21)-(22) and the weak formulation of (26) as in Def. 3.2
} (27)

the set of the weak solutions to (26). In the sequel, the role of W will be played by the set
W of the weak solutions to (26) in L2

loc[0,∞;W 1,2(B)2)× L2
loc[0,∞;L2(B)), with metric d

defined by

d(w1,w2) =
∞∑
n=0

2−n min
{

1, |||w1 −w2|||L2(0,n)

}
. (28)

where, given w = (u, v; ν), with L2-norm ‖ · ‖, we have that

|||w|||2L2(a,b) =

∫ b

a
|||w(s)|||2ds and |||w(t)|||2 = (‖u‖2 + ‖∇u‖2 + ‖ν‖2 + ‖∇ν‖2 + ‖v‖2)(t).
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We also recall that a set B in a linear topological space Z is called bounded if for every
neighborhood U of the origin in Z there exists an r > 0 such that B ⊂ {ru : u ∈ U}. In the
case of the space Z = L2

loc[0,∞;W 1,2(B)2)× L2
loc[0,∞;L2(B)), this reduces to

sup
{
|||w|||L2(0,n) |w ∈ B

}
< +∞, ∀n = 0, 1, 2, . . .

Actually our aim would be to prove a proposition as follows:

Proposition 4.1. The time-shift operator S(t), associated with (26), admits a unique global
attractor A in W .

Due to the possible lack of uniqueness for the weak solutions of (26), we find conve-
nient to follow the approach developed by Sell in [18], which is suitable for non-well-posed
problems, and to perform our dynamical analysis on the phase space given by W , in which
each point is a weak solution.

In order to prove Proposition 4.1, we need to show that the time-shift operator S(t)
verifies the hypotheses of Theorem 4.1. That σ(t,w) = S(t)(w), (t,w) ∈]0,+∞)×W is a
semiflow can be proven by following a lemma by Sell [18, Lemma 7].

Proposition 4.2. The mapping σ : ]0,+∞) ×W → W given by S(t)w = w(· + t) is a
semiflow.

Consider the following map

z(t) =

∫
B

(
ρ|ut+αu|2+α2|u|2+(µ−εα)|∇u|2+(κ0+ας)|ν|2+(ζ+αδ)|∇ν|2

)
(t) dx ≈ |||w(t)|||

where α is a positive parameter which appears in the next result, and µ − εα > 0 (for a
possible similar situation, see also [4, Ch. VI, §4])

Lemma 4.1. Taking α > 0 sufficiently small, then the following relation holds true

z(t) ≤ z(τ) exp{−β̃(t− τ)}+ c̃, with t ≥ τ ≥ 0, (29)

where β̃ and c̃ are positive constants.

The proof of such a lemma and the ones of all statements in this section are in [3].
As a consequence we have the existence of an absorbing set.

Proposition 4.3. There exists an absorbing set B ⊂W that is bounded in W.

Thus, Proposition 4.1 would be a theorem, indeed, after proving the following conjec-
ture.

Conjecture 4.1. The semiflow defined by S(t) on W is compact, i.e for each bounded set
B in W and for each t > 0, then S(t)B lies in a compact subset of W.
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Abstract

This paper is devoted to the construction of polynomial surfaces with Pythagorean
normals (PN surfaces) interpolating given data subject to prescribed constraints on
the surface area of the patch. This is a problem analogous to the interpolation with
Pythagorean hodograph (PH) curves satisfying the condition on the arc length. The
special structure of PN surfaces allows the surface-area condition to be expressed as
algebraic constraints on the surfaces coefficients. We employ these shapes for solving
the G1 Hermite interpolation problem by triangular PN patches with prescribed surface
area. The presented technique is based on interpolating points on the unit sphere and
consequently on solving a system of several linear and one quadratic equations. We
show that for generic input data there exist at most two quartic PN patches depending
on the particular value of the prescribed surface area.

Key words: G1 Hermite interpolation; PN surfaces; polynomial area element

1 Introduction

Rational surfaces with Pythagorean normals (PN surfaces) were introduced in [9] as a surface
analogy to Pythagorean hodograph (PH) curves defined before in [4]. For a survey of shapes
with Pythagorean property see e.g. [3] and references therein. It holds that PH curves in
plane and PN surfaces in space share some common properties, e.g. they both yield rational
offsets. Nevertheless there also exist significant differences between these classes of rational
varieties. For instance, the curves with Pythagorean hodographs were introduced as planar
polynomial shapes and a compact formula for their description based on Pythagorean triples
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of polynomials was presented. On the other hand, a description of rational Pythagorean
normal vector surfaces reflecting their dual description was revealed first in [9] and it is
still not known how to gain the polynomial subclass from this formula. Nonetheless, new
attempts to the investigation of PN surfaces have emerged recently, see [6, 8, 1].

The area element dA, and thus also the surface area A(u, v) =
∫∫ √

EG− F 2 dudv of a
polynomial PN surface x(u, v) is polynomial, in general (which is not the case for their
rational counterparts). This special algebraic structure of polynomial PN surfaces offers
many useful computational advantages over “standard” polynomial parametric surfaces.
In addition, this also underlines a prominent role of polynomial PN surfaces and relates them
suitably with polynomial PH curves that possess polynomial length element. Unfortunately,
there is not known very much about them. We recall at least the investigation of a family of
cubic polynomial PN surfaces in [7] and a novel approach to polynomial PN surfaces based
on bivariate polynomials with quaternion coefficients, presented recently in [6].

A new technique to the shape reconstruction is presented herein, based on the poly-
nomial PN surfaces. We will continue in the most recent approach from [1], where the
interpolation by polynomial PN surfaces is transformed to solving a system of linear equa-
tions. As an extra added value, we consider the conditions on the surface-area. The special
structure of PN surfaces allows the surface-area condition to be expressed as algebraic con-
straints on the surfaces coefficients. This is a problem analogous to the interpolation with
Pythagorean hodograph (PH) curves satisfying the condition on the arc length, see e.g. [5].
In more detail, we show that three points and three tangent vector can be interpolated by
1-parameter family of polynomial PN surfaces of degree four. These surfaces will be conse-
quently used for constructing G1 interpolants with the prescribed surface area. Moreover,
for a generic data, the existence of 0, 1 or 2 quartic PN patches with prescribed surface
area L depending on the particular value of L will be shown. Solving this problem can be
useful everywhere where the surface area is important such as in CNC painting.

The remainder of this paper is organized as follows. Section 2 recalls some basic facts
concerning polynomial PN surfaces and presents shortly the method from [1] for their gen-
eration. In Section 3, these results are applied to a practical problem of G1 Hermite inter-
polation by polynomial PN triangular patches which will be used in Section 4 to compute
interpolants with prescribed surface area. Finally, we conclude the paper in Section 5.

2 Polynomial PN surfaces

A parametric surface x(u, v) in R3 is called a surface with Pythagorean normal vector field
(a PN surface) if there exists a rational function σ(u, v) such that it is satisfied

‖n(u, v)‖2 = σ(u, v)2, (1)
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where n(u, v) = xu(u, v) × xv(u, v) is a normal vector field of x(u, v).Clearly, the distin-
guishing property of PN surfaces is the rationality of their two-sided δ-offset surfaces

xδ = x± δ n

‖n‖
= x± δ xu × xu

σ
. (2)

Next, we recall that the squared area element of the parametric surface x(u, v) has the
form

dA2 =
xu ·xu xu ·xv
xu ·xv xv ·xv

du2dv2 = (EG− F 2) du2dv2, (3)

where E = xu·xu, F = xu·xv, G = xv ·xv are the coefficients of the first fundamental form.
Moreover, as it holds

‖xu × xv‖2 = (EG− F 2), (4)

the family of rational PN surfaces (i.e., rational offsets surfaces) coincides with the family of
surfaces with rational area element. In addition, all polynomial PN surfaces possess poly-
nomial surface area A(u, v) =

∫∫ √
EG− F 2 dudv. This offers many useful computational

advantages compared to other surfaces (including rational PN surfaces).

However until recently, the construction of PN surfaces was based only on their dual
representation, i.e., any rational PN surface is represented as the envelope of its tangent
planes

n(u, v) · x = h(u, v), (5)

where n(u, v) is a polynomial normal vector field satisfying (1) and h(u, v) is a rational
function. Differentiating (5) with respect to u and v gives 3 linear equations in variables xi

Mx = h, where M = (n,nu,nv)
> and h = (h, hu, hv)

> . (6)

Solving (6) we arrive at x(u, v) = M−1 h, a description of non-developable PN surfaces,
cf. [9]. Unfortunately this method is not suitable for computing parameterizations of poly-
nomial PN surfaces. Nevertheless a novel direct approach based on solving a suitable system
of linear equations was recently introduced in [1].

In more detail, when looking for some polynomial PN surface (i.e., polynomial surface
with polynomial area element) we prescribe first a suitable polynomial normal vector field
n(u, v) of degree k satisfying (1). Its parameterization can be easily gained for instance from
polynomial Pythagorean quadruples, cf. [2]. Then we determine an associated polynomial
PN parameterization of degree ` in a direct way, i.e., we find a suitable polynomial patch

x(u, v) =

 ∑
i+j≤`

x1iju
ivj ,

∑
i+j≤`

x2iju
ivj ,

∑
i+j≤`

x3iju
ivj

> , (7)
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such that it satisfies the following conditions:

xu(u, v) · n(u, v) ≡ 0 and xv(u, v) · n(u, v) ≡ 0. (8)

Hence the problem is now transformed to solving a system of
(
k+`+1

2

)
homogeneous linear

equations with 3
(
`+2
2

)
unknowns x1ij , x2ij , x3ij . This system is solvable in general for ` large

enough. Nonetheless, we must emphasize that the method does not guarantee a polynomial
surface x(u, v) for which xu×xv = n(u, v). We arrive at a polynomial PN parameterization
such that

xu(u, v)× xv(u, v) = f(u, v)n(u, v), (9)

where f(u, v) is a factor relating suitably the degrees of n(u, v) and x(u, v), see [1] for
more details. Of course, the existence of a non-constant factor f(u, v) does not abolish the
polynomiality of the corresponding surface area A(u, v).

3 Hermite interpolation with triangular PN patches

In this section we present a direct method for interpolating given data by triangular poly-
nomial PN surfaces (surfaces with polynomial area elemnts).

Consider three points pij , i, j = 0, 1 and i+ j < 2, and three associated tangent planes
τij determined by the unit normal vectors Nij . Following the ideas presented in the previous
section, we can formulate the whole algorithm consisting of two subparts:

(i) We construct a normal vector field n(u, v) interpolating data nij = λijNij , λij ∈ R+,
and having the polynomial norm.

(ii) We compute a polynomial patch interpolating the points pij and possessing the normal
vector field n(u, v) via solving (8).

As concerns (i), we apply a well-known method based on using the stereographic pro-
jection. We choose a suitable center w of the stereographic projection (such that it is not
contained in the the Gauss image of the interpolating surface) and project data Nij ∈ S2
to the plane R2, i.e.,

N̂ij = πw(Nij) = w +
(Nij −w)

1−w ·Nij
. (10)

Then, we construct the linear patch in R2 interpolating πw(Nij), i.e.,

N̂(u, v) = N̂10 u+ N̂01 v + N̂00 (1− u− v) u ∈ [0, 1], v ∈ [0, 1− u]. (11)

Finally, employing the inverse stereographic projection and omitting the least common
denominator, we arrive at the quadratic polynomial normal vector field

n(u, v) = 2N̂(u, v) +
(
N̂(u, v) · N̂(u, v)− 1

)
w (12)
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with the PN property

‖n(u, v)‖2 =
(
N̂(u, v) · N̂(u, v) + 1

)2
= σ(u, v)2, (13)

and satisfying the prescribed interpolation conditions

n(i, j) = λij Nij , λij = N̂ij · N̂ij + 1 ∈ R+. (14)

Once we have a quadratic vector field n(u, v) we can continue with part (ii). Our goal
is to find a polynomial patch (7) of prescribed degree ` possessing n(u, v) as its associated
normal vector field and interpolating given position data, i.e., it must hold (8) and

x(i, j) = pij . (15)

To conclude the method, expressions (8) and (15) depend linearly on the coefficients
x1ij , x2ij , x3ij of x(u, v) and therefore can be rewritten as a system of linear equations
yielding always a solution. Hence we can formulate

Theorem 3.1 For generic points pij and associated tangent planes τij, solving the equa-
tions from systems (8) and (15) yields a 1-parameter set of quartic polynomial PN patches
interpolating the points pij and touching the planes τij at these points.

Proof: Using computer algebra system Mathematica we have verified symbolically that
the system of linear equation (8) and (15) is solvable and for quartic surface (7) the rank of
its matrix is equal to 44 whereas the number of coefficients of (7) is 45. Moreover from (15)
and the construction of the normal vector field n(u, v), the constructed surface interpolates
the points pij and is tangent to the planes τij at these points. �

4 Triangular PN patches with prescribed surface area

Now, we are able to design a simple algorithm for the construction of triangular quartic PN
patches with the prescribed surface area.

Consider three points pij , i, j = 0, 1 and i+ j < 2, three associated unit normal vectors
Nij and in addition a value L, the prescribed surface area of the patch. First, employing
the method described in more detail in the previous section, we construct a 1-parametric
family of quartic triangular patches interpolating pij and Nij , i.e., we have

x(u, v, α) = x1(u, v) + αx2(u, v). (16)

Then
F (u, v, α) = ‖xu(u, v, α)× xv(u, v, α)‖ = f(u, v, α)σ(u, v), (17)
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0 u 1

v

1

f(u, v, α1) = 0

0 u 1

v

1

f(u, v, α2) = 0

Figure 1: Curves in the parametr plane defined by the extra factors f(u, v, αi) which cor-
respond to singular curves on the resulting surfaces from Example 4.1.

where σ(u, v) is given by (13) and f(u, v, α) is a quartic polynomial in u, v with coefficients
quadratic in α. The corresponding surface area is then equal to∫ 1

0

∫ 1−u

0
F (u, v, α) dv du = Aα2 +Bα+ C = L, A,B,C ∈ R. (18)

Hence for

L ≥ 4AC −B2

4A
, (19)

we always obtain a solution, i.e, a quartic PN patch interpolating given data and subject
to the surface-area constraint. In particular the interpolation problem has one solution in
the case of equality and two solutions in the case of strong inequality in (19).

Example 4.1 Consider three points

p00 = (0, 0, 0)>, p10 = (2,−1, 1)>, p01 = (2, 2,−1)>, (20)

and the associated unit normal vectors

N00 = (0, 0,−1)> , N10 =

(
2

3
,−1

3
,−2

3

)>
, N01 =

(
−1

3
,−2

3
,−2

3

)>
. (21)

Our goal is to construct a triangular PN patch interpolating the prescribed points and
normals and possessing the surfaces area equal to L = 4.
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Figure 2: Quartic PN patch interpolating data (20) and (21) having areal element equal to
4 (left) and 4.5 (right) from Example 4.1.

We use the stereographic projection with w = (0, 0, 1), cf. (10), and construct the linear
triangular planar patch (11), i.e.,

N̂(u, v) =

(
1

5
(2u− v),

1

5
(−u− 2v), 0

)>
. (22)

Then lifting N̂ back on the unit sphere S2 and omitting the denominator, cf. (12), yields
the polynomial vector field

n(u, v) =

(
2

5
(2u− v),−2

5
(u+ 2v),

1

5

(
u2 + v2 − 5

))>
(23)

fulfilling the PN condition

‖n(u, v)‖2 =

[
1

5

(
u2 + v2 + 5

)]2
. (24)

Then, we prescribe a polynomial parameterization (7) of degree four and solve the systems
of linear equations (8) and (15) which yields 1-parametric solution (16). Finally computing
the surface area (18) and solving

L =
16001

3686400
α2 +

1219717

6874560
α+

111456586

26163225
= 4, (25)

we arrive at the two values of the parameter α1
.
= −39.3537 and α2

.
= −1.52238 from which

only α2 corresponds to a patch without singularities – this can be verified by investigating
the zeros of the extra factor f(u, v, αi). In particular the curve defined by f(u, v, α) = 0
in the parameter plane u, v corresponds to the singular curve on the corresponding patch,
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hence our aim is to choose parameter α such that f(u, v, α) does not lie in the triangle
u ∈ [0, 1], v ∈ [0, 1 − u]. As mentioned before, this is satisfied only by α2, see Fig. 1.
In Fig. 2 two non-singular PN patches (with surface area equal to 4 and 4.5) interpolating
points (20) and normals (21) are shown.

5 Conclusion

This paper was devoted to the construction of polynomial triangular PN patches interpolat-
ing given G1 data and, in addition, possessing the prescribed surface area. We have shown
that the first part (without considering the surface area constraint) is always possible by
quartic surfaces. Moreover since the interpolation problem yields 1-parameter family of PN
surfaces, the interpolation together with ensuring the prescribed area element gives 0, 1 or
2 solutions depending on the value of the particular are element. We also discussed that the
resulting surfaces may contain the singular curve corresponding to the zeroes of the extra
factor f(u, v). Of course the good interpolants are those having f(u, v) = 0 outside the pa-
rameter domain. As far as we are aware of the literature, this paper is the first contribution
solving for PN surfaces a problem analogous to the interpolation with PH curves satisfying
the condition on the arc length. In our future work we would like to focus in more detail
on ensuring the existence such interpolants and constructing piecewise PN surfaces with a
prescribed continuity and subject to surface-area constraints.
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Abstract

In this article a class of monogenic functions with (logarithmic) line singularities is
presented. These functions have special properties with respect to the hypercomplex
derivative (Appell property) and can be generated by a two step recurrence formula.

Key words: monogenic functions, line singularities, recurrence formulae
MSC 2000: 30G35, 33B30

1 Introduction

Nowadays, Clifford analysis is commonly understood as the higher dimensional counterpart
to the complex function theory and has applications in many fields of mathematical physics.
In the complex one-dimensional analysis, series expansions of holomorphic functions take a
key role in solving applied as well as theoretical problems. In recent years there has been
a lot of progress in finding higher dimensional analogs to the complex series expansions.
In [2, 3], generalized Taylor- and Fourier series expansions and in [4] a generalized Laurent
series expansion for quaternion-valued functions taking values in R3 were constructed. This
approach was then unified in [5] for dimensions 2, 3 and 4. The construction of these series
expansions was based on the use of complete orthogonal systems of inner and outer solid
spherical monogenics which generalize all the essential properties of the holomorphic z-
monomials, such as orthogonality, Appell property, two step recurrence relations, to R3 and
R4. Furthermore, these series expansions were successfully applied in solving three dimen-
sional problems in linear elasticity theory by using recently developed higher dimensional
generalizations of the Kolosov-Muskhelishvilli formulae [6, 9]. Recent results in this context
indicate that the function systems and series expansions developed so far are not sufficient
for solving more specific boundary value problems with point and line singularities, as for
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example in the spatial fracture mechanics. In [7], a new set of monogenic functions with
(logarithmic) line singularities was studied. Based on these results, a hypercomplex version
of the fundamental solution in linear elasticity (Kelvin solution) was constructed, which
describes the elastic displacements of a concentrated force acting at the origin of an infinite
body. The Kelvin solution is of fundamental importance as one can also construct solutions
for force groups or distributed forces by using the principle of superposition.

In this article a class of monogenic functions with (logarithmic) line singularities is
studied which extends the results of [7]. These functions have special properties with respect
to the hypercomplex derivative (Appell property) and can be generated by an associated
two step recurrence formula.

2 Preliminaries

Let H be the algebra of real quaternions with the standard basis {e0, e1, e2, e3} subjected
to the multiplication rules

eiej + ejei = −2δij e0, i, j = 1, 2, 3,
e1e2 = e3, e0ei = eie0 = ei, i = 0, 1, 2, 3.

The real vector space R4 will be embedded in H by identifying a = [a0, a1, a2, a3]
T ∈ R4

with the quaternion a = a0+a1e1+a2e2+a3e3, ai ∈ R, i = 0, 1, 2, 3, where e0 = [1, 0, 0, 0]T

is the multiplicative unit element of the algebra H. Further, we denote by Sc(a) = a0 the
scalar part and by Vec(a) = a =

∑3
i=1 aiei the vector part of a. In addition, a = a0 − a

denotes the conjugate and |a| =
√
aa the norm of a.

Now, let us consider the subset A := spanR {1, e1, e2} which is only a real vector space
but not a sub-algebra of H. The real vector space R3 will be embedded in A by the
identification of x = [x0, x1, x2]

T ∈ R3 with the reduced quaternion

x = x0 + e1ζ ∈ A with ζ = x1 − e3x2.

Let now Ω be an open subset of R3 with a piecewise smooth boundary. An H-valued
function is a mapping f : Ω −→ H such that f(x) =

∑3
i=0 f

i(x) ei , x ∈ Ω. The
coordinates f i(x) are real-valued functions defined in Ω, i.e., f i(x) : Ω −→ R , i = 0, 1, 2, 3.
Continuity, differentiability or integrability of f are defined coordinate-wise.

Furthermore, the generalized Cauchy-Riemann operator and the corresponding adjoint
generalized Cauchy-Riemann operator are defined by

∂ :=
∂

∂x0
+ 2e1

∂

∂ζ
and ∂ :=

∂

∂x0
− 2e1

∂

∂ζ
with

∂

∂ζ
=

1

2

(
∂

∂x1
− e3

∂

∂x2

)
,

which leads to the following definitions:
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Definition 1 A function f ∈ C1(Ω;H) is called monogenic in Ω ⊂ R3 if ∂f = 0 in Ω.

Definition 2 (Hypercomplex derivative [8]) Let f ∈ C1(Ω;H) be a continuous, real-
differentiable function and monogenic in Ω. The expression ∂xf := 1

2∂f is called hyper-
complex derivative of f in Ω.

3 Constructing monogenic functions with line singularities

Let us consider the Legendre differential equation

(1− t2) d2y

dt2
− 2t

dy

dt
+ n(n+ 1)y = 0, n > 0, |t| < 1 .

It is well known that the general solution of the second-order ordinary differential equation
is given by

y = APn(t) +BQn(t),

where Pn(t) and Qn(t) are the Legendre functions of the 1st and 2nd kind, respectively.
In previous works [3, 4, 6] it was shown that the Legendre functions Pn(t) as well as the
associated Legendre functions Pm

n (t) of the 1st kind play a crucial role in defining orthogonal
Appell basis of inner and outer spherical monogenics. Here, we will work with the Legendre
functions Qn(t) of the 2nd kind which can be defined, see for example [1], by the recurrence
relation

(n+ 1)Qn+1(t) = (2n+ 1) tQn(t)− nQn−1(t), n ≥ 1

with

Q0(t) =
1

2
ln

1 + t

1− t
and Q1(t) = tQ0(t)− 1 .

Due to the logarithmic term in Q0(t) the functions Qn(t) have infinite discontinuities at
t = ±1. Therefore, we consider in the following the functions Qn(t) on the interval |t| < 1.
Using the Q0(t), the associated Legendre functions of the 2nd are defined by

Ql
n(t) = (1− t2)

l
2

dl

dtl
Qn(t), n, l ∈ N0,

which are solutions of the associated Legendre differential equation (see [1]). The main
result of this section is stated in the following theorem.

Theorem 3 For each n, l ∈ N0, the H-valued functions

W l
n(x) = 2H l

n(x) + e1H
l+1
n (x)

composed of the harmonic functions

H l
n(x) =

2l−1n!

(n+ l)!
|x|nQl

n(t)

(
ζ

|ζ|

)l

where t =
x0
|x|

and ζ = x1 − e3x2

are defined in Ω =
{
x ∈ R3

∣∣ x 6= x0, x0 ∈ R
}

and have the following properties:
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(i) Monogenicity: ∂W l
n(x) = 0 ∀ n, l ∈ N0,

(ii) Generalized Appell property: ∂xW
l
n+1(x) = (n+ 1)W l

n(x) ∀ n ∈ N, l ∈ N0,

(iii) Recurrence relation: For all n ∈ N, l ∈ N0 and n+ 1 6= l it holds

2(n− l + 1)(n+ l + 2)

n+ 1
W l

n+1(x) =
(

(2n+3)x+(2n+1)x
)
W l

n(x)−2n|x|2W l
n−1(x).

Note, that the functions studied in [7] are obtained for the case l = 0.
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Abstract

This work focuses on a method called as Separate Node Ascending Derivatives Ex-
pansion (SNADE) which can be considered as a new Taylor Series Expansion. This
method is distinguished from Taylor Series Expansion by its different node points using
features. This paper investigates certain details of this issue. However a specific impor-
tance is given to the case where the SNADE nodal sequence is composed of elements
alternating between two nodal values.
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1 Introduction

There are various function representing methods whose structurings change depending on
their number of independent variables. The multivariate function representation is out of
the scope of this work. Hence we focus on only univariate function decomposition here. One
very widely used method is to expand the considered function to the nonnegative powers
of a first degree polynomial (a monomial minus a common constant which may be called
the expansion point). This is the backbone of very well known Taylor series [1–10] and the
obtained series converges in the complex-plane analyticity domain of the target function.
As long as that domain is not empty the target function can be exactly represented by
that power series even though its finite truncations are preferred to be used for practical
purposes. The convergence is pointwise in analyticity domain, that is, the series uniformly
converges at every interior point of the domain while the boundary points of the analyticity
domain may give not uniform but conditional convergences.
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Power series are not the only series representations. They are in fact very specific form
of series representations as an infinite linear combination of a complete basis function set
with constant coefficients such that the basis functions can be expressed as the natural
number powers of the same first degree polynomial composed of a monomial of the inde-
pendent variable minus a common constant. The orthogonal polynomial or function series
are amongst these other much more general series. The convergence-in-the-mean is mostly
encountered situation in these cases. Fourier series are perhaps the best examples to these
groups. On the other hand, Taylor, Maclaurin and Laurent series are basically well-known
power series even though the Laurent series contain polarly singular terms.

Taylor or Maclaurin series can be constructed by using an integral-of-derivative identity
and includes a remainder term such that the convergence of the infinite series as the limit of
the polynomial part depends on the vanishment of that remainder term when the polynomial
part’s degree grows unboundedly.

SNADE can be considered as a construction of a new Taylor series expansion. The
method contains denumerable infinitely many nodes in contrast to Taylor series expansion.
SNADE is based on the derivative integration formula[11–16]. The core topic of this work,
“Separate Node Ascending Derivatives Expansion (SNADE)” is also based on the same
identity. However, it uses infinitely many expansion points in each step of its repeated
utilization.

This paper is organised as follows. The formulation about SNADE is given in the
following section. In the third section, a special case of SNADE is considered such that
there are two different nodal values which are used infinitely many times repeatedly and
consecutively. Details will be given therein. A convergence investigating section follows this
section. The convergence, in other words, the fact that the validity of infinite representation
by this specific SNADE is proven in the following section while the last section finalizes the
paper as usual.

2 Recalling SNADE

SNADE is based on the Integral-of-Derivative Identity which can be expressed as follows

f(x) = f(x1) +

∫ x

x1

dξf ′(ξ), x, x1 ∈ [a, b] (1)

The following equality can be obtained when the functions f(x) and f ′(ξ) appearing in
this identity are replaced with f ′(ξ) and f ′′(ξ1) respectively, the following equality can be
obtained.

f ′(ξ) = f ′(x2) +

∫ ξ

x2

dξ1f
′′(ξ1) (2)
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If (1) and (2) are combined, the following equality can be achieved.

f(x) = f(x1) + f ′(x2)(x− x1) +

∫ x

x1

dξ1

∫ ξ1

x2

dξ2f
′′(ξ2) (3)

Taylor series expansion has a single node and calculations are done at this point. But here
function value at x1 and function’s derivative value at x2 are used until now. If one more
step is taken, the following equality can be obtained.

f(x) = f(x1) + f ′(x2)(x− x1) +
1

2
(x− x1)(x+ x1 − 2x2)f

′′(x3)

+

∫ x

x1

dξ1

∫ ξ1

x2

dξ2

∫ ξ2

x3

dξ3f
′′′(ξ3) (4)

This structure can be written in symbolic form as follows

f(x) = f (x1) I01f + f ′ (x2) I1 (x1) 1f + f ′′ (x3) I2 (x1, x2) 1f

+ R2 (x;x1, x2, x3) (5)

where 1f stands for the unit constant function and I is an integral operator which can be
defined as

Im (x1, · · · , xm) g(x) ≡
∫ x

x1

dξ1 · · ·
∫ ξm−1

xm

dξmg (ξm) ,

m = 1, 2, · · · , I0g(x) ≡ g(x) (6)

where g(x) is an arbitrary integrable function and x takes the role of nonexisting dummy
variable ξ0. The m-th order remainder term is obtained as follows

Rm (x;x1, · · · , xm+1) ≡ Im+1 (x1, · · · , xm+1) f
(m+1)(x), m = 0, 1, 2, · · · (7)

So, the formula given in (5) can be generalized as follows

f(x) =
m∑
i=0

f (i) (xi+1) Ii (x1, · · · , xi) 1f +Rm+1 (x;x1, · · · , xm+1) , m = 0, 1, · · · (8)

Remainder term in the above formula tends to vanish when m grows unboundedly. So, the
following equation can be written

f(x) =
∞∑
i=0

f (i) (xi+1) Ii (x1, · · · , xi) 1f (9)

and is named as “Infinite Order SNADE”.
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3 SNADE on a Sequence of Nodes Alternating Between Two
Values

We start this section with recalling SNADE formula as follows

f(x) =

∞∑
j=0

f (j) (xj)

∫ x

x1

dξ1

∫ ξ1

x2

dξ2 · · ·
∫ ξj−1

xj

dξj1f

=
∞∑
j=0

f (j) (xj) Îj (x;x1, ..., xj) 1f , Î0 ≡ 1 (10)

The title of this section may imply that there are only two nodes in the approach here
although the truth is different. There are in fact a denumerable infinite number of nodes
here as expected. However, the values of nodes are alternated between two nodal values
represented by x1 and x2. This means that the nodes are given through the sequence x1,
x2, x1,... In other words there is a pattern defined by x2j−1 ≡ x1, x2j ≡ x2 which leads us
to the definition of two-fold integral operator as follows

Ĵ (x1, x2) g(x) ≡
∫ x

x1

dξ1

∫ ξ1

x2

dξ2g (ξ2) (11)

which urges us to define the following polynomials

P2k (x;x1, x2) ≡ Ĵ (x1, x2)
k 1f , k = 0, 1, 2, ... (12)

P2k+1 (x;x1, x2) ≡
∫ x

x1

dξP2k (ξ;x2, x1) , k = 0, 1, 2, ... (13)

It is possible to show that the following recursions between these polynomials hold.

P2k (x;x1, x2) = Ĵ (x1, x2)P2k−2 (x;x1, x2) k = 1, 2, 3, ..., P0 ≡ 1 (14)

v ≡ x1 − x2, u ≡ (x− x2) /v, (15)

The impressions from these polynomial expressions bring us to the following structure

P2k (x;x1, x2) =
v2k

(2k)!

k∑
j=0

pk,ju
2j k = 1, 2, 3, ..., p0,0 ≡ 1 (16)

To determine pk,j coefficients, the action of Ĵ on uk is studied and the following equality is
obtained

Ĵ (x1, x2)u
k =

v2

(k + 1)(k + 2)

(
uk+2 − 1

)
, k = 0, 1, 2, ... (17)
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By using the action of Ĵ on uk and the recursion between P2k and P2k−2, the following
equality can be obtained without explicitly showing the intermediate operations.

P2k (x;x1, x2) =
v2k

(2k)!

k∑
j=1

(2k − 1)2k

(2j − 1)2j
pk−1,j−1

(
u2j − 1

)
, k = 1, 2, 3, ... (18)

When the right hand sides of the polynomial expressions in (18) and (16) are set equal to
each other, the following coefficients of the polynomials can be obtained.

pk,j =
2k(2k − 1)

2j(2j − 1)
pk−1,j−1, k = 1, 2, 3, ...; j = 1, 2, ..., k;

pk,0 = −
k∑
j=1

2k(2k − 1)

2j(2j − 1)
pk−1,j−1 = −

k∑
j=1

pk,j , k = 1, 2, 3, ... (19)

As can be noticed immediately in these polynomials, the sum of the coefficients of each
polynomial except the constant one is zero. On the other hand, there is a recursion between
the coefficients of two consecutive terms. The determination of pk,k is given as follows.

pk,k = pk−1,k−1, k = 1, 2, 3, ...;

p0,0 = 1, pk,k = 1, k = 0, 1, 2, ... (20)

pk,k−j coefficients are determined by consecutive examinations as we have done above. This
gives

pk,k−j =

(
2k

2j

)
pj,0, j = 0, 1, 2, ... k = j, j + 1, j + 2, ... (21)

4 Constitution of Generating Function

Now we focus on (19) to determine pj,0 coefficients. For this purpose, pk,k−j expressions
given by (21) can be used in (19) to get the following equation.

k∑
j=0

(
2k

2j

)
pj,0 = δk,0 (22)

If both sides of this equality is multiplied by z2k/(2k)! and the resulting equality’s both
sides are separately sum over k from 0 to infinity then the right hand side becomes just 1
while the left hand side becomes the result of a Cauchy product between two power series.
This gives

∞∑
k=0

z2k

(2k)!

∞∑
j=0

z2j

(2j)!
pj,0 = 1 (23)
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which enables us to get

∞∑
j=0

z2j

(2j)!
pj,0 =

1

cosh z
(24)

This allows us to determine pj,0 as follows

pj,0 =

{
d2j

dz2j

(
1

cosh z

)}
z=0

, j = 0, 1, 2, ... (25)

Now we can focus on the following generating function to determine the polynomials
P2k. We can write

G (z;u, v) =
∞∑
k=0

z2kP2k (x;x1, x2) =
∞∑
k=0

k∑
j=0

z2kv2kpk−j,0
(2j)!(2k − 2j)!

u2j

=
∞∑
j=0

(vuz)2j

(2j)!

∞∑
k=0

(vz)2k

(2k)!
pk,0 =

cosh vuz

cosh vz
(26)

P2k (x;x1, x2) =
1

(2k)!

{
d2k

dz2k

(
cosh vuz

cosh vz

)}
z=0

(27)

The above generating function depends on real valued v and uv, and complex valued z
variables. Numerator and denumerator of this function that consist of known functions are
entire functions. There are no singularities. But, if vz takes one of the values ±i(n+ 1/2)π,
the denumerator will be set equal to zero. So, it is faced with singularity in that case. For
this reason, the Maclaurin series expansion of this generating function converges when the
complex norm of vz is less than π/2, otherwise it diverges. Apart from that case, we have
also been worked with divergent generating functions. Convergent integral representations
were obtained by using Borel summation of these generating functions. On the other hand,
we have also focused on circular sector contour integral to overcome this difficulty even
though we do not intend to give the details here.

5 Validity of SNADE on a Sequence Alternating Between
Two Values

In this section, we will prove that the SNADE on a sequence whose elements are alternating
between two nodal values really represents the target function, f . For this purpose, the
infinite sum is splitted into two parts as follows.

F1 (x;x1, x2) =

∞∑
j=0

f (2j) (x1) Î2j (x;x1, x2) 1f , Î0 ≡ 1,
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F2 (x;x1, x2) =
∞∑
j=0

f (2j+1) (x2) Î2j+1 (x;x1, x2) 1f , (28)

These expressions can be transformed into other expressions composed of polynomials we
have investigated above as follows.

F1 (x;x1, x2) =

∞∑
j=0

f (2j) (x1)P2j (x;x1, x2) ,

F2 (x;x1, x2) =
∞∑
j=0

f (2j+1) (x2)P2j+1 (x;x1, x2) (29)

Now question “Does the following equality hold for any target function f(x)?” is the goal
to be answered positively.

F1 (x;x1, x2) + F2 (x;x1, x2) = f(x) (30)

To get answer, first, u and v are replaced with Υ and −v respectively in (26). Then both
sides of the produced equation are integrated over the interval [ 0, 1− u ] with respect to
Υ. At the last step, both sides of the resulting equation are multiplied by −vz and the
resulting equation can be written in the following simple form

P2k+1 (u, v) = − 1

(2k + 1)!

{
d2k+1

dz2k+1

(
sinh v(1− u)z

cosh vz

)}
z=0

(31)

Now we focus on the determination of the function F1 (x;x1, x2)

F1 (x;x1, x2) =

∞∑
k=0

f (2k) (x1)P2k (u, v) (32)

If the (2k)th derivative of the product between 1/ cosh(vz) and cosh(vuz) appearing at the
right side of (27) where P2k is given explicitly, is rewritten according to the Leibniz rule
and vanished terms are not shown then the following equations can be written.

P2k(u, v) =

k∑
j=0

(vu)2k−2j

(2j)!(2k − 2j)!

{
d2j

dz2j

(
1

cosh(vz)

)}
z=0

, k = 0, 1, 2, ... (33)

If this result is used in (32) then the following structure is obtained.

F1 (x;x1, x2) =

∞∑
j=0

1

(2j)!

{
d2j

dz2j

(
1

cosh(vz)

)}
z=0

∞∑
k=0

f (2k+2j) (x1)
(vu)2k

(2k)!
(34)
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whose rightmost infinite sum can be simplifed in accordance with the following relation
which can be established by using even function representation

∞∑
k=0

f (2k+2j) (x1)
(vu)2k

(2k)!
=

∞∑
k=0

f (2k+2j) (x1)
(x− x2)2k

(2k)!

=
1

2
f (2j) (x+ x1 − x2) +

1

2
f (2j) (x1 + x2 − x) (35)

Using (35) in (34) allows us to write the following equality

F1 (x;x1, x2) =
1

2

∞∑
j=0

1

(2j)!

{
d2j

dz2j

(
1

cosh(vz)

)}
z=0

×
[
f (2j) (x+ x1 − x2) + f (2j) (x1 + x2 − x)

]
(36)

Now it is time to focus on the function F2 (x;x1, x2) whose explicit structure is given below.

F2 (x;x1, x2) =

∞∑
k=0

f (2k+1) (x2)P2k+1(u, v) (37)

Similar steps we have taken above for the evaluation of F1 can be traced for this equality
and the following result is achieved without explicitly giving the intermediate operations.

F2(x;x1, x2) =
1

2

∞∑
j=0

1

(2j)!

{
d2j

dz2j

(
1

cosh(vz)

)}
z=0

×
[
f (2j) (x− v)− f (2j) (x1 + x2 − x)

]
(38)

(36) and (38) allow us to write the following equality

F1(x) + F2(x) =

∞∑
j=0

1

(2j)!

{
d2j

dz2j

(
1

cosh(vz)

)}
z=0

×1

2

[
f (2j) (x+ x1 − x2) + f (2j) (x− x1 + x2)

]
(39)

To proceed, the expression between the brackets can be expanded to series in terms of
natural number powers of (x1 − x2) as follows

F1 (x;x1, x2) + F2 (x;x1, x2) =
∞∑
k=0

f (2k)(x)

(2k)!
v2k

k∑
j

(
2k

2j

){
d2j

dz2j

(
1

cosh(z)

)}
z=0

×
{
d2k−2j

dz2k−2j
(cosh(z))

}
z=0

(40)
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We can write the following equalities for the finite sum in (40)

k∑
j

(
2k

2j

){
d2j

dz2j

(
1

cosh(z)

)}
z=0

{
d2k−2j

dz2k−2j
(cosh(z))

}
z=0

=

=

{
d2k

dz2k

(
cosh(z)

cosh z

)}
z=0

=

{
d2k

dz2k
(1)

}
z=0

= δk,0 (41)

which takes us to the following conclusion we want to reach in fact.

F1 (x;x1, x2) + F2 (x;x1, x2) = f(x) (42)

6 Concluding Remarks

We have constructed Separate Node Ascending Derivatives Expansion (SNADE) on a nodal
sequence with elements alternating on two different values in this paper. We enumerate
important points below.

1. SNADE is based on the famous integral-of-derivative identity which can be used also
in the Taylor series in format with remainder;

2. In contrast to Taylor expansion SNADE can use a denumerable infinite number of
values as the nodes;

3. We have focused only on the sequences whose elements alternate between two nodal
values here;

4. We could have been able to evaluate all terms of this very specific case;

5. The polynomials we have used in the construction are closely related to so-called
“Swiss Knife” polynomials;

6. Despite very special specification we have obtained a lot of key points to focus on the
cases of much more complicated sequences. Thus we can proceed to develop SNADE
to make it a powerful theory;

7. The form of the specific SNADE we have focused here brings a lot of constraints on
the nodal values and the independent variables. However it seems to generalize our
findings to more complicated domains.
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[7] S.Tuna, N.A. Baykara, and M. Demİralp, Taylor series based integration with the
fluctuation freely approximated remainder over gauss wave type basis functions, In AIP
Proceedings for the International Conference of Computational Methods in Science and
Engineering (ICCMSE 2009), Mini Symposium on Recent Developments in Numerical
Schemes for Hilbert Space Related Issues in Science and Engineering, page in print,
Rhodes, Greece, 29 September-4 October 2009. Chaired by Metin Demiralp.
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Abstract

We propose an efficient algorithm for the solution of shifted quasiseparable systems,
which exploits the invariance of the quasiseparable structure under diagonal shifting
and inversion. This algorithm is applied to compute various functions of matrices, and
to solve a class of linear matrix equations. Numerical experiments show the effectiveness
of our approach.

Key words: quasiseparable matrices; shifted linear system; QR factorization; matrix
function; matrix equation.
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1 Introduction

In this work we propose a novel method for computing the solution of shifted quasiseparable
systems of the form

(A+ σiIN )xi = y, i = 1, . . . , `, (1)

and of more general parameter dependent linear matrix equations with quasiseparable rep-
resentations. Our approach also has a noticeable potential for effectively solving some
large-scale algebraic problems that reduce to evaluating the action of a quasiseparable ma-
trix function to a vector.
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Quasiseparable matrices find their application in several branches of applied mathemat-
ics and engineering. For instance, quasiseparable structure often arises in the discretization
of continuous operators, due to the local properties of the discretization schemes and/or to
the decay properties of the operator or of its finite approximations. As a consequence, in
the last decade there has been considerable interest in the development of fast algorithms
for working with quasiseparable matrices [3, 4, 9, 10].

2 Main Algorithm

It is well known that several operations with quasiseparable matrices can be performed
in linear time with respect to matrix size. In particular, the QR factorization algorithm
presented in [2] computes in linear time a QR decomposition of a quasiseparable matrix
A ∈ CN×N of the form A = V · U · R, where R is upper triangular, whereas U and V are
banded unitary matrices and – this is the crucial point – V only depends on the generators
of the strictly lower triangular part of A. This implies that any shifted matrix A + σIN ,
σ ∈ C, can also be factored as A+ σIN = V · Uσ ·Rσ for suitable Uσ and Rσ.

Relying upon this fact, we design and implement an efficient algorithm [1] for solving a
sequence of shifted quasiseparable linear systems. Its arithmetic complexity is linear with
respect to N and to the number of shifts, and it is halved with respect to straightforward
application of structured QR factorization to each shifted linear system. The Matlab code
is available at http://www.unilim.fr/pages perso/paola.boito/software.html.

Some applications are presented in the following sections; they include the computa-
tion of f(A)v via series expansion or contour integrals, and the solution of linear matrix
equations.

3 A Model Problem for Boundary Value ODEs

Consider the non-local boundary value problem:

dv

dt
= Av, 0 < t < τ,

1

τ

∫ τ

0
v(t) dt = g,

where A is a linear operator in RN and g ∈ RN is a given vector [11, 12, 5].

If all the numbers µk = 2πik/τ, k = ±1,±2,±3, . . . are regular points of the operator
A, the problem has a unique solution, given by

v(t) = qt(A)g, qt(z) =
τzezt

ezτ − 1
.
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Without loss of generality one can assume τ = 2π.

We show that, for a suitable truncation index `, v(t) can be approximated by the finite
sum

v`(t) =
3∑
j=0

Vj(t)A
jg − 2

∑̀
k=1

1

k2
(A cos kt+

1

k
A2 sin kt)(A2 + k2IN )−1A3g,

with 0 ≤ t ≤ 2π and

V0(t) = 1, V1(t) = t− π, V2(t) =
π2

3
− πt+

t2

2
, V3(t) =

π2

3
t− π

2
t2 +

t3

6
.

The computation of v(ti), 0 ≤ i ≤M +1, requires the solution of a possibly large set of
shifted systems and our algorithm proves to be effective for this task if A is quasiseparable.

More generally, a similar approach can be applied to the computation of a function of
a quasiseparable matrix, multiplied by a vector, whenever the function can be represented
as a series of partial fractions. The classes of meromorphic functions admitting such a
representation were investigated for instance in [8]. Other partial fraction approximations
of certain analytic functions can be found in [7].

4 Sylvester-type Matrix Equations

As a natural extension of the problem (1), the right-hand side y could also depend on the
parameter, so that we have a different right-hand side for each linear system. This situation
is common in many applications, such as control theory, structural dynamics and time-
dependent PDEs [6]. The systems to be solved take the form of a linear matrix equation:

AX +XD = Y, A ∈ RN×N , D = diag [σ1, . . . , σ`] , Y = [y1, . . . ,y`] .

The extension to the case where D is lower triangular can be carried out via backsubsti-
tution, and a further generalization to the case where D is a general matrix is possible
using the classical Bartels-Stewart approach based on Schur decomposition. This approach
is especially interesting when ` is significantly smaller than N . If A is quasiseparable we
can apply our structured approach as outlined above, with computational advantages with
respect to the widespread method that relies on Kronecker products.
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Abstract

A parallel numerical simulation algorithm is presented for fractional-order systems
involving Caputo derivatives, based on the Adams-Bashforth-Moulton predictor-corrector
scheme. The parallel algorithm is implemented using MPI that runs on an HPC clus-
ter, and the results are compared to others recently reported in the literature. As an
applied experiment, we numerically compute the solutions of a fractional-order version
of a fractional-order system describing a forced series LCR circuit, depicting cascades
of period-doubling bifurcations leading to the onset of chaotic behavior.

Key words: Fractional-order system, parallel numerical algorithm, HPC processing.

1 Introduction

Compared to their integer-order counterparts, over the past decades, fractional-order dy-
namical systems have proved to provide more accurate and realistic results in the modeling
of real world processes arising from diverse applied fields [3, 6, 8, 9, 10].

Although many qualitative properties of fractional-order systems can be studied by
analytical tools (such as local stability of equilibrium states), theoretical characterization
of chaos in fractional-order dynamical systems is yet to be investigated. In order to assess
chaotic behavior of fractional-order dynamical systems, accurate estimation of the solutions
over large time intervals is of utmost importance. However, an essential observation is
that the employed discretization should use a small step size, with the aim of providing an
accurate estimation to the solution of the fractional-order system under investigation.
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Several numerical methods are used for fractional-order systems, such as a generalization
of the Adams-Bashforth-Moulton predictor-corrector method [5] or a class of p-fractional
linear multistep methods [7]. The main drawback of these numerical schemes is that, in
order to obtain a reliable estimation of the solution, at every iteration step, all previous
iterations have to be taken into account, due to the hereditary nature of the problem.
Therefore, this implies extreme computational costs whenever the solution is computed
over a large time interval, with a small step size. These difficulties may be overcome using
parallel computing algorithms implemented in a conventional way or using available high
performance computing systems [1, 2].

In this paper, we will present an efficient parallel algorithm implemented using Message
Passing Interface (MPI) and running on a high performance computing system BlueGene/P
cluster that has 1024 processors and 4TB of RAM memory. The numerical method con-
sidered here for implementing the fractional-order system is the Adams-Bashforth-Moulton
predictor-corrector scheme [5]. The main challenge for implementing this method is to
parallelize the computation of the solution because, the computation of an iteration step
requires to take into account all previous iterations.

2 Preliminaries

Consider an ordinary fractional differential equation of the form:{
Dα
∗ y(t) = f(t, y(t)), t ∈ [0, T ]

y(k)(0) = yk0 , k ∈ {0, . . . , dαe − 1},
(1)

where α > 0 and d·e denotes the ceiling function that rounds up to the nearest integer. The
fractional derivative of Caputo-type is defined as:

Dα
∗ y(t) =

1

Γ(dαe − α)

∫ T

0

y(dαe)(t)

(t− τ)α−dαe+1
dτ.

The numerical method used to solve (1) is a fractional version of the Adams-Bashforth-
Moulton predictor corrector scheme [5]. The domain [0, T ] is discretized into N intervals
with a step size h = T

N and the grid points tn = nh, for n ∈ {0, . . . , N}. We will also denote
yn = y(tn) and fn = f(tn, yn) with y0 = y00 as the initial condition.

The first step of the scheme is the predictor, which will give a first approximation
yPn+1 of our solution:

yPn+1 =

dαe−1∑
k=0

tkn+1

k!
y
(k)
0 + hα

n∑
k=0

bn−kfk, where bn =
(n+ 1)α + nα

Γ(α+ 1)
. (2)
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The final approximation of the solution, called the corrector, is given by:

yn+1 =

dαe−1∑
k=0

tkn+1

k!
y
(k)
0 + hα

(
cnf0 +

n∑
k=1

an−kfk +
f(tn+1, y

P
n+1)

Γ(α+ 2)

)
,

where the weights an and cn are defined as:

an =
(n+ 2)α+1 − 2(n+ 1)α+1 + nα+1

Γ(α+ 2)
and cn =

nα+1 − (n− α)(n+ 1)α

Γ(α+ 2)
.

This numerical scheme can be generalized in a straight-forward way, when one has to deal
with a system of fractional-order differential equations.

The main computational difficulty of this scheme arises from the fact that at each step,
we require the complete history of the variable, i.e., when computing yn+1, we need to
know all previous values yk that are used to compute fk, for k ≤ n. This makes numerical
methods addressed at solving fractional differential equations (or systems) notoriously hard
to parallelize.

3 Parallel numerical algorithm

The parallel implementation of Adams-Bashforth-Moulton algorithm as a method for solv-
ing an fractional-order system was first presented by Diethelm [4]. The solution presented
there is not suitable to be running on a HPC cluster because there is an unbalanced work-
load and waiting (idle) times for the processes that can cause the performance to be very
low, due to the HPC parallel implementation rules [12]. Also, the amount of messages
passed between processes does not respect the HPC parallel implementation idea [12], and
strongly influence the overall performance.

In the previous work [1], we explored how numerical calculations of Adams-Bashforth-
Moulton method for fractional-order systems can be accelerated by using parallel computing
techniques. We investigated the feasibility of parallel computing algorithms and their effi-
ciency in reducing the computational costs over a large time interval. The results concerning
the parallel implementation for the Adams-Bashforth-Moulton method on HPC and CUDA
show that some execution times are quite high and thus, they limit the time frame needed
for more accurate simulations.

In [1], the HPC implementation was made using a classical approach: a process is the
master and all other are slaves to help compute the values for predictor and corrector.
The classical execution flow is presented in Figure 1a and shows that the master process is
working either by computing or communicating, while the slave processes have idle times.
On a HPC architecture these idle times could causes huge delays in communication and
drastically increase the overall simulation time.
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Algorithm 1: Parallel Algorithm for the Adams-Bashforth-Moulton scheme.

Data: T end of the time interval.
Data: N global number of points.
Data: P number of processes.
Data: p current process.

1 NP ← N/P ;
2 y0 ← initial condition;
3 for n ∈ [1, N ] do
4 Sp← 0;
5 Sc← 0;
6 nmin ← NP p;
7 nmax ← NP (p+ 1);

/* compute local sum for predictor and corrector */

8 for k ∈ [nmin, nmax] do
9 Sp← Sp+ bn−kfk;

10 Sc← Sc+ cn−kfk;

11 end
/* compute the global sum and sent to all processes */

12 MPI Allreduce(Sp, Sc);
/* compute the predictor at time tn */

13 yPn ← y0 + an ∗ Sp;
/* compute the corrector at time tn */

14 yn ← y0 + cn ∗ (yPn + Sc);

15 end

In order to improve the overall simulation time, the workload needs to be balanced.
First, the idle times of the processes need to be removed. Secondly, if possible, we need to
decrease the number of messages, thus saving times in the communication part.

The parallel implementation method presented in Algorithm 1 reflects the core of
our new implementation. The computation for the partial sum is done by each pro-
cess and the final sum for the predictor and corrector is reduced to all processes (by
MPI Allreduce(Sp, Sc)). So instead of having the classical architecture where one pro-
cess is the master and all the other processes are slaves just to compute the partial sum, in
this approach all processes P compute the iteration function values (yn), all acts as master
processes.

In our new approach (see Figure 1b) we are able to avoid idle time for the processes,
and we obtained a more balanced work load. Another advantage is that the overall com-
munication between processes was reduced by removing the messages between the slaves
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(a) The classical approach (b) The new improved approach

Figure 1: Workflow of execution processes

and master processes. There is only one message being exchanged when the global sum
is reduced to all processes, and because the workload inside the process is balanced, the
synchronized exchange time is very short. A similar method/solution was also presented
and tested on PC using CPU core by [13] with very interesting results from the parallel
computation point of view.

4 Simulation results

We implemented and tested the presented approach using the HPC cluster of the West
University of Timişoara (Romania), namely, a BlueGene/P cluster that consists of a fully
loaded single BlueGene/P rack that has more than 1000 CPUs and 4TB of RAM memory
and can offer a performance up to 11.7 TFlops.

Table 1: Simulation results in seconds for different numbers of time steps

Case No of time steps HPC classic approach CUDA run time HPC run time

1 1000000 4621.25 2654.35 549.64
2 1500000 9162.33 4426.59 1158.13
3 2000000 14931.16 6616.77 2009.87
4 2500000 22697.66 9196.54 3066.92
5 3000000 31659.66 12206.16 4381.42

In Table 1 one can see the simulation run time results (in seconds) using different
number of time steps (number of global points). We can see from the last column of this
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table that the parallel algorithm proposed in this paper is up to 8 times more efficient
than the classical approach of running the simulations on HPC, and also at least 3 times
faster than CUDA simulations. The graphical representation of the running times (Figure
2) clearly presents the speed up of the new algorithm with all the processes as master
processes.

Figure 2: Running time comparison

Because our new implementation is much faster, we were able to implement simulations
with even more than 5 million steps. This improvement allows us to compute the numerical
solution of a fractional-order system over a large number of steps that provide us a better
understanding about the system’s behavior from the dynamic point of view. We will present
more details about the numerical analysis of the test system in the next section.

In Figure 3 we present the average running time in seconds for the simulation on different
number of steps. The time was computed between the simulation starting point until the
results have been obtained. Those times include also the communication time between
processes, but in our last proposed implementation the communication time is very low due
to the fact that there are no idle times, respecting the HPC software development guidelines
[12]. We observe from the simulations with the new implementation that the running time
increases almost linearly with respect to the number of points even if more than 5 millions
points are considered.
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Figure 3: Running time speed HPC

5 Numerical experiment

Our test case is the fractional-order version of the normalized system describing a forced
series LCR circuit [11]: {

Dα1x(t) = y − g(x)

Dα2y(t) = −σy − x+ f sin(ωt)
(3)

where α1, α2 ∈ (0, 1), σ, f, ω > 0 and the function g is piecewise linear and is defined as:

g(x) =


bx− a+ b, if x ≤ −1

ax, if |x| < 1

bx+ a− b, if x ≥ 1

The parameter values considered for the numerical simulations are: σ = 1.015, ω = 0.55,
a = −1.02 and b = −0.58.

In the absence of the forcing term (i.e. f = 0), system (3) is autonomous and has three

equilibrium states: E0 = (0, 0) and E± =
(
±σ(a−b)

1+σb ,±
b−a
1+σb

)
. However, when f > 0, the

system (3) is non-autonomous and a series of period-doubling bifurcations leading to onset
of chaotic behavior has been reported [11] when f is increased from 0 to 0.2, considering
the fractional orders α1 = α2 = 0.9.

Using the HPC implementation of the parallel algorithm described in section 3, we are
able to depict the dynamic behavior of system (3) with an improved precision compared
to [11], using a small step size and computing the numerical solution over a large time
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interval. Figure 4 shows the attractors of (3), for different values of the parameter f .
For f = 0.085, the existence of two quasi-periodic attractors is observed and the period-
doubling cascade actually involves both attractors, eventually leading to the appearance of
two chaotic attractors (e.g. for f = 0.117). When the value of f is increased, these chaotic
attractors collide and a double-scroll attractor takes their place (e.g. for f = 0.125). As we
further increase f , a sequence of period-doubling bifurcations and reversed period-doubling
bifurcations is observed, involving the single attractor of the system.

6 Conclusion and future work

Although the simulation execution times show good results, there is still room for improve-
ment. A similar algorithm was implemented to run on PC using MPI or/and OpenMP
which has similar results [13, 14]. Our next direction of research is having the software
exploit the Blue Gene/P hardware in order to increase the performance.

This algorithm that implements the Adams-Bashforth-Moulton method is valid for
solving any kind of fractional-order system with fractional derivatives of Caputo-type, hence,
having the algorithm run with parameters and functions as input and execute the simulation
as a black box would be nice to have.

As another direction for future research, the applicability of the Parareal algorithm
(which has been initially developed to parallelize in time partial differential equations) to
fractional-order differential equations, is also worth exploring.
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Abstract

Record linkage is a widely used technique to aggregate data stored in disparate
sources that presumably pertain to the same real world entity. This should be done
probabilistically if there are no common key attributes in all data sources involved. This
approach is very time consuming if we consider the amount of data that must be com-
pared, specifically in big data scenarios. In this manuscript, we propose a methodology
for exploiting multicore and multi-GPU architectures to probabilistic link large-scale,
national administrative data sources of more than 100 million participants from the
Brazilian Public Health System.
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1 Introduction

The task of linking multiple, disparate database records representing data from the same real
world entity is known as record linkage [1, 3], being a technique widely used in biomedical
and health research, finance, government and other domains. Specifically in Health research,
data stored in disparate information systems need to be combined for diverse purposes
including aggregation of medical and hospital services, assessment of public health policies,
surveillance and monitoring. This is often a challenging task as data quality, complexity
and size dramatically differs among the data sources.

There are two main approaches for record linkage: deterministic and probabilistic. De-
terministic linkage uses a combination of one or more unique identifying attributes that
are common across the data sources to link records, whereas probabilistic linkage is used
when these common attributes are absent. In order to improve their accuracy on match-
ing decisions, probabilistic methods must perform a huge number of comparisons, being
characterized as complex and highly time-consuming tasks.

Our research involves the probabilistic linkage of several large governmental databases
with socioeconomic and health care data from the Brazilian Public Health System. These
databases are linked in order to create accurate“data marts”used for epidemiological studies.
Specifically, these studies are part of three ongoing Brazil-UK scientific collaborations: 1) the
100 million cohort project, in which the effects of a conditional cash transfer programme on
health outcomes (e.g. leprosy, tuberculosis, HIV) from 114 million people are investigated;
2) a long-term surveillance platform for Zika and microcephaly, a longitudinal study (2001
to 2015) of children diagnosed with microcephaly and other Zika-related illnesses; and 3)
a platform linking data from Malaria transmission, patient care and monitoring to provide
support for analytical methods targeting the elimination of the disease.

Besides the absence of common key attributes, other important issues related to hetero-
geneity and privacy arise from the sensitive nature of the data stored in health databases.
Methods for data harmonization and anonymization must be applied prior to the record
linkage step affecting, in turn, the execution time.

Another technical aspect relates to blocking construction: depending on the hardware
capabilities, one must group the records into blocks with some similarity criterion, usually
the values of a given set of attributes, to avoid unnecessary comparisons. It can affect
accuracy if records that must pertain to similar blocks are not correctly grouped.

Given the complexity involved in implementing probabilistic record linkage methods
targeted to huge databases, novel algorithmic approaches to fully exploit the processing
power of mutliple resources are required. Hybrid parallel architectures can be considered as
a viable approach, even introducing challenges to algorithm design and system software.

Our proposal is to balance the workload across all available CPUs and GPUs present in
heterogeneous systems to perform the necessary data operations in a timely and accurate
manner. We deal with optimal workload distribution for hybrid systems [5], efficient grid
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configurations on GPUs, analysis of data transfers, among other hardware specific issues.

2 Experimental Results

Our execution environment comprises 4 Intel Xeon at 2.93 GHz and 130 GB DDR3 main
memory. Each one is a quadcore processor with 24 MB of cache memory. It contains two
NVIDIA Tesla K40 GPUs. The installed CUDA toolkit is version 4.0.

In our experiments we used a parallel algorithm for the probabilistic linkage model that
uses OpenMP [4] and CUDA. Many parameter values were used at installation time to
estimate the best values for system parameters. The available range for CPU cores (c) is 1,
2, . . . , 32 (Intel Hyper-Threading [2] is set). We checked for GPUs workloads (w) from 10%
to 45%. The input sizes of the problem and the number of records (s) for the experiments
were 1, 000, 000, 2, 000, 000, . . . , 20, 000, 000. The workload distribution used used is (w) =
(GPU, GPU, CPU) = (35%, 35%, 30%).
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Using Hybrid/CPU cores

Figure 1: Execution of the parallel probabilistic linkage algorithm. (a) Execution time. (b)
Speedup rate.

The execution time with multiple threads is denoted by “CPU cores”. It distributes
the calculation data mart among the threads and each thread runs exclusively on a CPU
core. Versions denoted by “1GPU” and “2GPUs” represent executions in one single and two
devices, respectively. The heterogeneous model (“Hybrid”) uses all cores available in the
heterogeneous system. In this model, the threads are executed by all the elements in the
machine with the suitable number of CPU cores and the two GPUs. The results show that
the parallel CPU algorithm reduces the execution time significantly.

We show in Fig. 1(a) and Fig. 1(b), the execution time and the speedup, respec-
tively, for the probabilistic linkage algorithms with different sizes ranging from 1, 000, 000
to 20, 000, 000. The execution was carried out on each subsystem independently (1GPU,
2GPUs and Hybrid) to have a measure for comparison purposes.
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Speedup has been obtained with regard to the use of the CPU cores subsystem only. As
can be seen in Figure 1(b), the maximum speedup is around 30 with the hybrid subsystem,
presenting a difference in performance that can more clearly be observed. Both plots show
how the use of GPUs in our system clearly outperforms the computation on the CPU
cores. The performance of 1GPU is larger than the performance with 2GPUs (size (s)
<= 20, 000, 000). In this case, this is due to the setup time needed for device selection,
which is high in our target machine and is not necessary if just one GPU is used. The use
of GPU as a standalone tool provides benefits but does not allow to reach the potential
performance that could be obtained by adding more GPUs and/or the CPU subsystem.

3 Conclusions and Future Directions

We aim to extend these experiments by exploring multi-GPU with hybrid environments,
enjoying the great field of open problems we are dealing with. The parallel algorithm de-
veloped enables an efficient computation of the integral that appears in probabilistic record
linkage method. Based on this preliminary work and pursuing the challenge of develop more
sophisticated solutions, we aim to scale the proposed work to larger databases with more
than 100 million records. We claim this proposal is high valuable as it contributes to solve
current computational problems related to record linkage of large Brazilian governmental
datasets, representing a substantial benefit for public health. Finally, more experiments
in systems with larger numbers of cores of different architectures (i.e., multicore + multi-
GPU + multi-MIC) and with other linear algebra routines are needed. To achieve this, an
adaptation of a technique based on theoretical models should be analyzed.
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Abstract

We analyse the progression in time of a tumour marker used on the surveillance
of this disease - the Carcinoma Antigen 15-3 (CA15-3) for Braga’s Hospital senology
unit patients, located in Portugal. Our main purpose is to describe the progression of
this tumour marker, for the subset of patients that suffer a recurrence, as a function of
possible risk factors. Also, to understand how these risk factors influences that progres-
sion. We intend, as well, to detect a possible changing point in the mean progression,
that could be used by clinicians as an early detection of the recurrence. The response
variable, values of CA15-3, was analysed making use of longitudinal models, testing for
different correlation structures. The reference time considered was time from breast
cancer recurrence diagnose until blood test data. For diagnostic of the models fitted
we have used empirical and theoretical variograms. To evaluate the fixed term of the
longitudinal model we have tested for a changing point on the effect of time on the
tumour marker progression. Results show that, one year before the detection of breast
cancer recurrence there is an abrupt rise on the rate of its progression. The presence
of venous vascular invasion of the tumour affects the progression of CA15-3 values, for
the subset of patients with breast cancer recurrence.

Key words: Longitudinal models, Breast Cancer, Recurrence, random effects, corre-
lation structure, CA15-3
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1 Introduction

As [1] report, breast cancer is the second most common cancer in the world and the most
frequent cancer among women. They estimated that 1.67 million new cancer cases were
diagnosed in 2012 (25% of all cancers). It is, actually, the most common cancer in women
both in more and less developed regions with slightly more cases in less developed (883 000
cases) than in more developed (794 000 cases) regions.

Data were collected directly from the medical records of each patient, listed in the
computer system of Braga’s Hospital Glintt HS. We therefore have access to baseline and
clinical history of each patient (a roll of information such as diagnosis; pre-surgery, post-
surgery, group meetings; follow-up and medical exams). The authorization for collect and
use of senology data was approved by the Ethical Committee of Braga’s Hospital.

We gathered information on all patients diagnosed with breast cancer from 2008 until
2012, in Braga’s Hospital, and for all the patients in follow-up at the hospital at the date
of 1st January 2008.

Braga’s Hospital is situated in the east of the city of Braga, located in northern Portu-
gal. Today it serves a direct area of about 275,000 patients. In 2008, a Senology unit at the
Braga’s Hospital was created. Currently, it operates an average of 130 new cases of breast
cancer per year.

We collected information on 540 patients. The total number of deaths is 74, however
the total number of deaths from breast cancer is only 55. Throughout the followup time it
was detected a recurrence of breast cancer (local and/or distant) on 81 patients. Of these,
52 died from breast cancer.

From the information gathered in all the medical reports, we were able to collect more
than 50 variables that group information at patient level (such as age at diagnosis, residence
location, number of births, etc.) and at tumour level (stage, tumour size, estrogen receptor
expression, etc.), including measurements of CA15-3 tumour marker values and the date
when that measurement was registered.

As [7] explain, Carcinoma Antigen 15-3 (CA15-3) is the most widely used serum marker
in breast cancer. It consists in a large transmembrane glycoprotein which is frequently over-
expressed and aberrantly glycosylated in cancer. Currently the main uses of CA15-3 are
in preclinically detecting recurrent breast cancer and monitoring the treatment of patients
with advanced breast cancer, although its clinical value is not validated in a high-level evi-
dence study, as pointed out by the American Society of Clinical Oncology. Nevertheless, as
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[8] point out, there are several well-designed studies that show that an increase in CA15-3
after primary and/or adjuvant therapy, can predict recurrence an average of 5 to 6 months
before other symptoms or tests.

We only have information on tumour marker CA15-3 values for 534 patients. This
translates into a total number of 552 cases analysed, since 18 cases presented bilateral
breast cancer. The total number of deaths from breast cancer is 55. There were 5166 mea-
surements of tumour marker CA15-3, with a number of observations per patient varying
between 1 and 48 measurements. Being 8 the median number of measurements per person.

Since it is a usual medical procedure to be alert for possible tumor recurrence in the
case of detecting a rise in levels of this marker above a certain reference value, our main
purpose is to describe the progression of this tumor marker, on patients who were followed
and treated in this Unit, that presented a breast cancer recurrence, as a function of possible
risk factors. We intend to estimate on average the time to the increase of this tumor marker,
as so to characterize the degree of heterogeneity between patients.

In this particular study, the response variable, values of CA15-3 tumour marker, was
analysed making use of longitudinal models as defined in [9], where different correlation
structures were tested. Also, to evaluate the fixed term of the longitudinal model we have
tested for a changing point on the effect of time on the tumour marker progression for the
subset of patients that died from breast cancer, and for the subset of patients that presented
a breast cancer recurrence.

The analysis presented is an extension of the work published by [10]. Firstly it will
be presented the methodology applied, introduced by a summary explanation of the main
approaches to analyze longitudinal data, describing the longitudinal models used to infer
about the factors that affect the progression of CA15-3 tumour marker values. Subsequently,
the main results from the longitudinal analysis of this response will be demonstrated ending
with a conclusion section.

The entire analysis was performed using R software, in particular making use of both
nlme [11] and JoineR [12] packages.

2 Methodology

The general longitudinal model described as in [9] is:

Yij = µij + d
′
ijUi +Wi(tij) + Zij . (1)
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Where Ui are n i.i.d. realizations of MVN(0, ν2), representing the random effects at
individual level, and d

′
ij is a vector of covariates for the random effects. Wi(tij) is a con-

tinuous time Gaussian Process with E[Wi(tij)] = 0 and E[Wi(tij)] = σ2, representing the
variability within subjects, where the correlation between two measurements of an individ-
ual is described by: corr(Wi(tij),Wi(tik)) = ρ(tij , tik).
Finally, Zij are N i.i.d. realizations of N(0, τ2), representing the measurement error (vari-
ability non specified).

Since Wi(tij) is assumed a stationary process we have ρ(tij , tik) = ρ(|tij − tik|).

We can have different definitions for the function ρ(|tij − tik|). That is, if we consider
the correlation among Wi(tij), let say between Wi(t) and Wi(t − u), determined by the
autocorrelation function ρ(u), we will have for a longitudinal model that accounts for an
exponential correlation structure within individuals:

ρ(u) = exp

(
− 1

φ
|u|

)
, (2)

and for a longitudinal model that accounts for a Gaussian correlation structure within
individuals:

ρ(u) = exp

(
− 1

φ
u2

)
, (3)

where φ is the range parameter that specifies the rate at which the correlation stables.

To model the fixed term of the longitudinal model, µij , we can consider a model with
a changing point δ on the effect of time on the response variable. In practice, the changing
point is the moment where there is an alteration on the slope of the linear response variable’s
progression, on average. Considering δ the changing point, we have E[Yij ] = µij with:

µij =

{
Xijβ + α1tij , if tij < δ
Xijβ + α2(tij − δ) if tij ≥ δ

, (4)

where Xij represents the vector of covariates, β the vector of unknown regression coeffi-
cients, α1 and α2 the coefficients representing the slope before and after the changing point,
respectively.

For simplicity, let’s consider the complete set of N measurements, y, as a realization of
a multivariate Gaussian random vector Y with Y ∼MVN(Xβ, η2V ). Where X is an N×p
matrix of all values of the p explanatory variables. And η2V as a block-diagonal matrix
with non-zero n × n blocks η2V0, each representing the variance matrix for the vector of
measurements on a single subjects.
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For parameter estimation we adopted the maximum likelihood method, Since we are
dealing with unbalance type of data and, also, the missing data detected in our data base
does not seem to be related to the progression of the disease, we consider the completely
random mechanism of missing data. Which can be ignorable when adopting the likelihood
function as the basis for inference [13].

To model the correlation structure for each model we analysed the empirical variogram
of OLS residuals from the saturated model for the mean response [9].

The variogram [9] of a stochastic process Y (t) is given by:

V (u) =
1

2
Var {Y (t)− Y (t− u)} , u ≥ 0. (5)

For a stationary process, the autocorrelation function, ρ(u), and the variance of Y (t),
σ2, are related by:

γ(u) = σ2{1− ρ(u)}. (6)

The estimation of the empirical variogram is based on the calculation of the observed
half-squared-differences between pair of residuals, νij = 1

2(rij−rik)2, and the corresponding
time-differences, uijk = tijtik, where rij = Yijµij , and j < k = 1, ...,mi.

The autocorrelation function at any lag u is estimated from the sample variogram by:

ρ̂(u) = 1− γ̂(u)

σ̂2
, (7)

where γ̂(u) is the average of all the νij corresponding to that particular value of u, and
σ̂2 is the estimated process variance.

Diagnostic checking of the longitudinal fitted model can be made by superimposing the
fitted mean response profiles on a time-plot of the average observed response within each
combination of covariates categories and time, as suggested by [9]. However, this task can
be rather difficult if we are dealing with a model that incorporates a great number of covari-
ates. One other form of model fitting diagnose is to superimpose the fitted variogram on
a plot of the empirical variogram. Which will allow the validation of the correlation struc-
ture by graphical comparison. Another procedure to additionally access which correlation
structure best describe data variability, within a longitudinal model, with a predetermined
fixed part, is by comparison of the maximized log likelihood values.

Plot of the subject specific residuals versus the fitted responses and a Q-Q plot of the
subject-specific residuals can, also, be used for graphical validation of the assumptions of
the constant variance and normal distribution of Zij , respectively.
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2.1 Main Results

According to the usual medical procedures, physicians stay alert to a possible recurrence of
breast cancer for patients that present values of tumour markers above a certain reference
value. We have considered the reference value of 37 U/ml for CA15-3 tumour marker, as
this were the values referred in the blood tests analysed.

The normality assumption of both response variables CA15-3 was first tested preforming
a Shapiro-Wilk normality test, which returned p-value < 0.0001 and therefore was rejected.
It was used a log-transformation of the tumor marker CA15-3 as It is a usual transformation
in many biological cancer markers studies.

A longitudinal model was fitted to the subset of patients that presented a breast cancer
recurrence. We considered the reference time, in month, from date of recurrence diagnose
until blood tests. Note that, doing so, reference time will be on a negative scale. We began
with an exploratory analysis and point estimation by modelling a OLS model with all the
variables. We then conducted a backward elimination to delete variables not significant,
with a limit of 0.08 for the p-value, for inclusion of the variable, until the mean structure
was well defined with only significant covariates.

Observing graphical representation of the empirical variogram, patterns suggested the
existence of variability between subjects, and a possible variability within subjects. Hence,
maintaining the same mean structure we compared two nested models with different covari-
ance structures, such as: (i) random effects, exponential serial correlation and measurement
error (REE), and (ii) random effects, Gaussian serial correlation and measurement error
(REG).

Figure 1 presents the progression in time, since date of breast cancer recurrence de-
tection, of the CA15-3 values for each patient, with grey lines, against the reference value,
and the non-parametric smooth spline line with dash line, indicating the average trend of
progression.

The smooth spline of the spaghetti plot suggests that, on average, the marker progres-
sion increases at a slow rate until about 20 months before death from breast cancer. In
fact, when fitting the saturated general linear model for the subset of patients who died
from breast cancer, given by equation 4, we detected a changing point at 1 years before
recurrence. Which means that, for the patients which was detected breast cancer recurrence
it was detected an abrupt rise of CA15-3 values, above the reference value, 1 years before
the detection.
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Figure 1: Spaghetti plot for tumor marker CA15-3 values - for the subset of patients with
breast cancer recurrence.

Table 1 summarizes and compares the estimated parameters for the two longitudinal
models fitted REE and REG - with those of the general linear model (OLS Model). Note
that the variable ”Time further than 1 year before recurrence” is, in fact, time before the
changing point (2 years before death from breast cancer), in the negative scale considered
and, equivalently, ”Time earlier than 1 year before recurrence” is time after the changing
point, in the negative scale considered.

We selected the REE longitudinal model to describe the progression of the tumour
marker CA15-3 values in time, since it was the one with higher Log likelihood value.

Results show that time after the changing point, that is before one year prior to the
detection of the breast cancer recurrence, has a significant effect (p-value < 0.001) on the
mean progression of the tumour marker values, related to an increase of 0.394 per month
of the CA15-3 values. However, before changing point the effect of time is not significant
(p-value=0.9235) in the mean progression of the tumour marker values.
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Table 1: Estimated Parameters Values for General Linear Model and Longitudinal Models
For Patients with Breast Cancer Recurrence – CA15-3 Tumour Marker

REE REG OLS
Model Model Model

Est p-value Est p-value Est p-value

Intercept 3.110 < 0.001 3.0978098 < 0.001 3.31230 < 0.001
Time further than

1 year before recurrence 0.0055292 0.9235 0.0225484 0.5870 0.07992 0.0168
Time earlier than

1 years before recurrence) 0.3942085 < 0.001 0.3571825 < 0.001 0.31785 < 0.001
Venous
Vascular
Invasion
(Yes) 1.2193974 < 0.001 1.3166430 < 0.001 1.28602 < 0.001

ν2 0.00000042 0.525 .
σ2 0.002 0.091 .
φ 19.958 7.451 .
τ2 1.425 0.772 .
ξ2 . . 1.428

Log Likelihood -502.163 -523.639 -724.714

For the subset of patients that presented a breast cancer recurrence, the mean progres-
sion of the marker is only composed by one significant covariate on the intercept component
of the model - the presence of images of venous vascular invasion (yes versus no). The inter-
cept component of the model, in this particular case, means that a patient with no venous
vascular invasion images and a triple negative type of tumour will start the progression of
the tumor marker with a value of 3.11, on a logarithmic scale.

As expected, the presence of venous vascular invasion has an increasing effect on the
average CA15-3 linear progression in time, as it is related to a worst prognostic case in
the previous survival analysis. A case with venous vascular invasion an increment of 1.22
compared to those with no venous vascular invasion.

For this subset, the correlation structure that best represent the variability of the data
is the structure that incorporates random effects at individual level with ν̂2 ≈ 3 × 10−8,
an exponential correlation structure to describe the variability within patients with ρ̂(u) ≈
exp(− 1

23.247 .|u|) and σ̂2 ≈ 0.040, and a measurement error with variance τ̂2 ≈ 1.826. The
superposition of the theoretical variogram of both exponential and exponential correlation
structures with the empirical variogram, presented in Figure 2, validates the choice of an
exponential correlation structure, since it is the one that best approximates the empirical
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variogram curve.

Figure 2: Superposition of empirial variogram and theoretical variograms, for patients with
breast cancer recurrence - CA15-3 tumour marker.

2.2 Conclusion

An abrupt rise in values of CA15-3 tumor marker, over a reference value, is an alert sign to
a possible recurrence of breast cancer.
When analyzing all patients that were diagnosed with breast cancer, it was detected a
changing point on the linear progression of the tumor marker for the subset of patients that
died from breast cancer two years before the death. This means that, at that point, there
is an abrupt rise on the rate of its progression.
The risk factors for the progression of the marker, for that subset of patients are: bilateral
(yes versus no), images of venous vascular invasion (yes versus no) and estrogen receptor
expression(positive versus negative). However, for the subset of patients that suffered a
breast cancer recurrence it was detected a changing point on the linear progression of the
tumour marker one year prior to the detection of the recurrence. And the only covariate
with significant effect on the progression was the images of venous vascular invasion. This
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is an important result, as it can be used as an alert to a possible state of breast cancer
recurrence if the doctor detects an abrupt increase of the tumour marker progression of this
nature.
For both models fitted, the fact that the estimated variance of the measurement error is quite
lower that the estimated variance of the OLS model means that the fitted REE longitudinal
model explains the variability of the data mainly by means of variability between patients
and within patients assigning a very low value for measurement error (or white noise as
usually mentioned in literature).
The fact that, when comparing the REE and the REG models to a longitudinal model
with only an intercept random effect, the component the serial correlation was significant
stresses the importance incorporating a variability component that translates within subject
measurements correlation, in this type of biological data.
The presented longitudinal analysis of this tumor marker, in combination with the previous
survival analysis, where the event of interest is breast cancer recurrence, is going to be
proceeded, in future work, with a joint modeling of the longitudinal and survival process of
the present data.
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Abstract

When expressing a distribution in Euclidean space in spherical co-ordinates, deriva-
tion with respect to the radial and angular co–ordinates is far from trivial. Exploring
the possibilities of defining a radial derivative of the delta distribution δ(x) (the angu-
lar derivatives of δ(x) being zero since the delta distribution is itself radial) led, see [2],
to the introduction of a new kind of distributions, the so–called signumdistributions,
as continuous linear functionals on a space of test functions showing a singularity at
the origin. In this paper we search for a definition of the radial and angular deriva-
tives of a general standard distribution and again, as expected, we are inevitably led to
consider signumdistributions. Although these signumdistributions provide an adequate
framework for the actions on distributions aimed at, it turns out that the derivation
with respect to the radial distance of a general (signum)distribution is still not yet
unambiguous.

Key words: distribution, radial derivative, angular derivative, signumdistribution
MSC 2000: 46F05, 46F10, 30G35

1 Introduction

Let us consider a scalar–valued distribution T (x) ∈ D′(Rm) expressed in terms of spherical
co–ordinates: x = rω, r = |x|, ω =

∑m
j=1 ej ωj ∈ Sm−1, (ej)

m
j=1 being an orthonormal

basis of Rm and Sm−1 being the unit sphere in Rm. The aim of this paper is to search for
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an adequate definition of the radial and angular derivatives ∂r T and ∂ωj T, j = 1, . . . ,m.
This problem was treated in [2] for the special and interesting case of the delta distribution
δ(x), the following spherical co–ordinates expression of which is often encountered in physics
texts:

δ(x) =
1

am

δ(r)

rm−1
(1)

where am = 2π
m
2

Γ(m
2

) is the area of the unit sphere Sm−1 in Rm and δ(r) is the one–dimensional

delta distribution on the real r–axis. Apparently expression (1) can mathematically be
explained in the following way. Write the action of the delta distribution as an integral:

ϕ(0) = 〈 δ(x), ϕ(x) 〉 =

∫
Rm

δ(x)ϕ(x) dV (x)

=

∫ ∞
0

rm−1δ(x) dr

∫
Sm−1

ϕ(r ω) dSω

= am

∫ ∞
0

rm−1 δ(x) Σ0[ϕ](r) dr

introducing the so–called spherical mean of the test function ϕ given by

Σ0[ϕ](r) =
1

am

∫
Sm−1

ϕ(r ω) dSω

As it is easily seen that Σ0[ϕ](0) = ϕ(0) it follows that

am

∫ ∞
0

rm−1 δ(x) Σ0[ϕ](r) dr =

∫ ∞
0

δ(r) Σ0[ϕ](r) dr = 〈 δ(r),Σ0[ϕ](r) 〉

which explains (1). However we prefer to interpret expression (1) mathematically as

ϕ(0) = 〈 δ(x), ϕ(x) 〉 = 〈 δ(r),Σ0[ϕ](r) 〉 = Σ0[ϕ](0) (2)

Straightforward successive derivation with respect to r of (1) leads to

∂2`
r δ(x) =

1

(2`)!
(m)(m+ 1) · · · (m+ 2`− 1)

1

am

δ(2`)(r)

rm−1
(3)

∂2`+1
r δ(x) =

1

(2`+ 1)!
(m)(m+ 1) · · · (m+ 2`)

1

am

δ(2`+1)(r)

rm−1
(4)

Expression (3) then is interpreted as

〈 ∂2`
r δ(x), ϕ(x) 〉 =

1

(2`)!
(m)(m+ 1) · · · (m+ 2`− 1) 〈 δ(2`)(r),Σ0[ϕ](r) 〉

which is meaningful and can serve as the definition of the even order derivatives with respect
to r of the delta distribution δ(x) in Rm. However expression (4) makes no sense at all since

c©CMMSE ISBN: 978-84-617-8694-7Page 387 of  2288



Fred Brackx

the spherical mean Σ0[ϕ](r) is an even function of r, whose odd order derivatives vanish at
the origin:

〈 − ∂2`+1
r δ(r),Σ0[ϕ](r) 〉 = {∂2`+1

r Σ0[ϕ](r)}|r=0 = 0

How to explain the fact that, proceeding by stepwise derivation with respect to r, the even
order derivatives of δ(x) apparently make sense, while its odd order derivatives are zero
distributions? Let us to that end have a quick look at the functional analytic background
of this phenomenon; for a more systematic treatment we refer to [2].

When expressing a scalar–valued test function ϕ(x) ∈ D(Rm) in spherical co–ordinates,
one obtains a function ϕ̃(r, ω) = ϕ(rω) ∈ D(R × Sm−1), but it is clear that not all func-
tions ϕ̃(r, ω) ∈ D(R × Sm−1) stem from a test function in D(Rm). However a one–to–one
correspondence may be established between the usual space of test functions D(Rm) and a
specific subspace of D(R× Sm−1), which is the contents of the following lemma.

Lemma 1. (see [4]) There is a one–to–one correspondence ϕ(x)↔ ϕ̃(r, ω) = ϕ(rω) between
the spaces D(Rm) and V = {φ(r, ω) ∈ D(R × Sm−1) : φ is even, i.e. φ(−r,−ω) = φ(r, ω),
and {∂nr φ(r, ω)}|r=0 is a homogeneous polynomial of degree n in (ω1, . . . , ωm),∀n ∈ N}.

Clearly V is a closed (but not dense) subspace of D(R× Sm−1) and even of DE(R× Sm−1),
where the subscript E refers to the even character of the test functions in that space;
this space V is endowed with the induced topology of D(R × Sm−1). The one–to–one
correspondence between the spaces of test functions D(Rm) and V translates into a one–
to–one correspondence between the standard distributions T ∈ D′(Rm) and the bounded
linear functionals in V ′; this correspondence is given by

〈 T (x), ϕ(x) 〉 = 〈 T̃ (r, ω), ϕ̃(r, ω) 〉

By Hahn–Banach’s theorem the bounded linear functional T̃ (r, ω) ∈ V ′ may be extended to
the distribution T(r, ω) ∈ D′(R×Sm−1); such an extension is called a spherical representation
of the distribution T (see e.g. [8]). However as the subspace V is not dense in D(R×Sm−1),
the spherical representation of a distribution is not unique, but if T1 and T2 are two different
spherical representations of the same distribution T , their restrictions to V coincide:

〈 T1(r, ω), ϕ̃(r, ω) 〉 = 〈 T2(r, ω), ϕ̃(r, ω) 〉 = 〈 T̃ (r, ω), ϕ(rω) 〉 = 〈 T (x), ϕ(x) 〉

For test functions in D(R × Sm−1) the spherical variables r and ω are ordinary variables,
and thus smooth functions. It follows that for distributions in D′(R× Sm−1) multiplication
by r and ωj , j = 1, . . . ,m, and differentiation with respect to r and ωj , j = 1, . . . ,m, are
standard well–defined operations, whence

〈 ∂r T(r, ω),Ξ(r, ω) 〉 = −〈 T(r, ω), ∂r Ξ(r, ω) 〉
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for all test functions Ξ(r, ω) ∈ D(R× Sm−1), and similar expressions for ∂ωj T, rT and ω T.
However if T1 and T2 are two different spherical representations of the same distribution
T ∈ D′(Rm), then, upon restricting to test functions ϕ̃(r, ω) ∈ V, we are stuck with

−〈 T1(r, ω), ∂r ϕ̃(r, ω) 〉 6= −〈 T2(r, ω), ∂r ϕ̃(r, ω) 〉

because ∂r ϕ̃(r, ω) does no longer belong to V (and neither do ∂ωj ϕ̃(r, ω), r ϕ̃(r, ω) and
ω ϕ̃(r, ω)) since it is an odd function in the variables (r, ω). The conclusion is that the
concept of spherical representation of a distribution does not allow for an unambiguous
definition of the actions proposed. At the same time it becomes clear why even order
derivatives with respect to r of the delta distribution and of a standard distribution in
general are well-defined instead. Indeed, we have e.g.

〈 ∂2`
r T(r, ω),Ξ(r, ω) 〉 = 〈 T(r, ω), ∂2`

r Ξ(r, ω) 〉

where now ∂2`
r Ξ(r, ω) does belong to DE(R× Sm−1) which enables restriction to test func-

tions in V in an unambiguous way.

2 Signumdistributions

As already remarked in the preceding section, ω is an ordinary (vector) variable in R×Sm−1,
whence it makes sense to consider the following subspace of vector–valued test functions in
R× Sm−1:

W = ω V ⊂ DO(R× Sm−1;Rm) ⊂ D(R× Sm−1;Rm)

where now the subscript O refers to the odd character of the test functions under consider-
ation, i.e. ψ(−r,−ω) = −ψ(r, ω),∀ψ ∈ DO(R× Sm−1;Rm). This space W is endowed with
the induced topology of D(R × Sm−1;Rm). By definition there is a one–to–one correspon-
dence between the spaces V and W.

From now on we will interpret vectors in Rm as Clifford 1–vectors in the Clifford algebra
R0,m, where the basis vectors (ej , j = 1, . . . ,m) of Rm, satisfy the relations e2

j = −1, ei∧ej =
eiej = −ejei = −ej ∧ ei, ei · ej = 0, i 6= j = 1, . . . ,m. This allows for the use of the efficient
geometric or Clifford product of Clifford vectors:

x y = x · y + x ∧ y

for which, in particular,
xx = x · x = − |x|2

x being the Clifford 1–vector x =
∑m

j=1 ej xj , whence

ω ω = ω · ω = − |ω|2 = −1
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For more on Clifford algebras we refer to e.g. [5].

For each U(r, ω) ∈ D′(R× Sm−1;Rm) we define Ũ(r, ω) ∈ W ′ by the restriction

〈 Ũ(r, ω), ω ϕ̃(r, ω) 〉 = 〈 U(r, ω), ω ϕ̃(r, ω) 〉, ∀ ω ϕ̃(r, ω) ∈ W

In Rm we consider the space Ω(Rm) = {ω ϕ(x) : ϕ(x) ∈ D(Rm)}. Clearly the functions
in Ω(Rm) are no longer differentiable in the whole of Rm, since they are not defined at
the origin due to the function ω = x

|x| . By definition there is a one–to–one correspondence

between the spaces D(Rm) and Ω(Rm).
For each Ũ(r, ω) ∈ W ′ we define U(x) by

〈 U(x), ω ϕ(x) 〉 = 〈 Ũ(r, ω), ω ϕ̃(r, ω)) 〉, ∀ ω ϕ(x) ∈ Ω(Rm)

Clearly U(x) is a bounded linear functional on Ω(Rm), which, in [2], we called a signumdis-
tribution.

Now start with a standard distribution T (x) ∈ D′(Rm) and let T(r, ω) ∈ D′(R× Sm−1) be
one of its spherical representations. Put S(r, ω) = ω T(r, ω) which in its turn leads to the
signumdistribution S(x) ∈ Ω(Rm). Then we consecutively have

〈 S(x), ω ϕ(x) 〉 = 〈 S(r, ω), ω ϕ̃(r, ω) 〉 = 〈 ω T(r, ω), ω ϕ̃(r, ω) 〉
= −〈 T(r, ω), ϕ̃(r, ω) 〉 = −〈 T (x), ϕ(x) 〉

since ω2 = −1, and we call S(x) a signumdistribution associated to the distribution T (x)
and denote it by T∨(x). It thus holds that for all test functions ϕ ∈ D(Rm)

〈 T∨(x), ω ϕ(x) 〉 = −〈 T (x), ϕ(x) 〉

It should be emphasized that for a given distribution T (x) the associated signumdistribution
T∨(x) is not uniquely defined but instead depends on the spherical representation of T (x)
chosen.
Conversely for a given signumdistribution U ∈ Ω(Rm) we define the associated distribution
U∧ by

〈 U∧(x), ϕ(x) 〉 = −〈 U(x), ω ϕ(x) 〉

Clearly it holds that
T∨∧ = T and U∧∨ = U

As an example consider the distribution T (x) = δ(x). Our aim is to define the signumdis-
tribution δ∨(x). A spherical representation of the delta distribution is given by

〈 T(r, ω),Ξ(r, ω) 〉 = Σ0[Ξ(r, ω)]}|r=0
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Indeed, when restricting to the space V and taking into account property (2), we obtain

〈 T(r, ω), ϕ̃(r, ω) 〉 = Σ0[ϕ(r ω)]}|r=0 = 〈 δ(x), ϕ(x) 〉

This particular spherical representation of T (x) induces a signumdistribution associated to
δ(x), which we define to be δ∨(x) . It thus holds that for all test functions ϕ ∈ D(Rm)

〈 δ∨(x), ω ϕ(x) 〉 = −〈 δ(x), ϕ(x) 〉 (5)

For further examples we refer to [2].

3 The Dirac operator in spherical co–ordinates

The Dirac operator ∂ =
∑m

j=1 ej ∂xj , which may be seen as a Stein–Weiss projection of
the gradient operator (see e.g. [7]) and which underlies the higher dimensional theory of
monogenic functions (see e.g. [3]), linearizes the Laplace operator: ∂2 = −∆. Its action
on a scalar–valued standard distribution T (x) results into the vector–valued distribution
∂ T (x) given by

〈 ∂ T (x) , ϕ(x) 〉 =

m∑
j=1

ej 〈 ∂xj T (x) , ϕ(x) 〉 = −
m∑
j=1

ej 〈 T (x) , ∂xj ϕ(x) 〉 = −〈 T (x) , ∂ ϕ(x) 〉

which is a meaningful operation since only derivatives with respect to the cartesian co–
ordinates x1, . . . , xm are involved.
Two fundamental formulae in monogenic function theory are

{x, ∂} = x ∂ + ∂ x = − 2E−m and [x, ∂] = x ∂ − ∂ x = m− 2Γ

where E =
∑m

j=1 xj ∂xj is the scalar Euler operator, and Γ =
∑

j<k ejek(xj∂xk − xk∂xj ) is
the bivector angular momentum operator. It follows that

x · ∂ = −E and x ∧ ∂ = −Γ

Passing to spherical co–ordinates x = rω, r = |x|, ω =
∑m

j=1 ej ωj ∈ Sm−1, the Dirac
operator takes the form

∂ = ∂rad + ∂ang

with

∂rad = ω ∂r and ∂ang =
1

r
∂ω

To give an idea what the angular differential operator ∂ω =
∑m

j=1 ej ∂ωj looks like, we men-
tion here its explicit form in dimension m = 2 : ∂ω = eθ ∂θ and in dimension m = 3 : ∂ω =
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eθ ∂θ + eϕ
1

sin θ ∂ϕ, the meaning of the angular coordinates θ and ϕ being straightforward.

Taking into account that ∂ω is orthogonal to ω, the Euler operator in spherical co–ordinates
then reads:

E = −x · ∂ = − rω · ∂rad = − rω · ω ∂r = r ∂r

while the angular momentum operator Γ takes the form

Γ = −x ∧ ∂ = − rω ∧ ∂ang = − rω ∧ 1

r
∂ω = −ω ∧ ∂ω = −ω ∂ω

The question now is how to define, if possible, the action of the ∂rad and ∂ang operators
on a standard distribution. To that end both operators should be expressed in terms of
cartesian derivatives, which we achieve by putting

∂rad = ω ∂r = − 1

x
E and ∂ang =

1

r
∂ω = − 1

x
Γ

It becomes clear at once that in this way the actions of ∂rad and ∂ang on a standard
distribution T (x) are not unambiguously defined. Indeed, due to the division by the analytic
function x, both expressions

∂rad T (x) = ω ∂r T (rω) = − 1

x
E [T (x)] (6)

and

∂ang T (x) =
1

r
∂ω T (rω) = − 1

x
Γ [T (x)] (7)

represent equivalent classes of distributions each two of which differ by a vector multiple
of the delta distribution δ(x). But if S1 = ∂rad T (x) and S2 = ∂ang T (x) are distributions

arbitrarily chosen in the equivalent classes ω ∂r T (rω) = − 1
x E [T (x)] and 1

r ∂ω T (rω) =

− 1
x Γ [T (x)] respectively, i.e.

xS1 = −E [T (x)] and xS2 = −Γ[T (x)]

this choice is not completely arbitrary since S1 and S2 always must satisfy the relation

S1 + S2 = ∂rad T (x) + ∂ang T (x) = ∂ T (x) (8)

One could say that the differential operators ∂rad and ∂ang are entangled in the sense that
the results of their actions on a distribution are always subject to (8).
Let us give an simple example to illustrate this phenomenon. Consider the regular distri-
bution T (x) = x; then ∂ x = −m, Ex = x and Γx = (m− 1)x, whence

ω ∂r x = −1 + c1 δ(x) and
1

r
∂ω x = 1−m+ c2 δ(x)

c©CMMSE ISBN: 978-84-617-8694-7Page 392 of  2288



Spherical Derivatives of Distributions

with the restriction that the vector constants c1 and c2 always should satisfy c1 + c2 = 0.

Apparently there seems to be no possibility to unambiguously define the actions of the
∂rad and ∂ang operators on a standard distribution by singling out specific distributions in
the equivalent classes (6) and (7), except for the following two special cases.
If the distribution T (x) is radial, i.e. only depends on r = |x|, then we put 1

r ∂ω T = 0
and ω ∂r T = ∂ T , while if the distribution T (x) is angular, i.e. only depends on ω = ω

|x| ,

then we put ω ∂r T = 0 and 1
r ∂ω T = ∂ T . The first special case is illustrated by the delta

distribution (see also [2]): 1
r ∂ω δ(x) = 0 and ω ∂r δ(x) = ∂ δ(x), the second one by the

regular distribution ω: ω ∂r ω = 0 and 1
r ∂ω ω = ∂ ω = −(m− 1)1

r .
In the next section we will find two other possibilities for an unambiguous definition of the
actions of the ∂rad and ∂ang operators.

4 Radial and angular derivatives of distributions

In Section 1 we explained why it is impossible to define the radial derivative ∂r T and the
angular derivative ∂ω T of a distribution T within the class of distributions. Neither is it
possible to multiply a distribution by the non–analytic functions r and ω. For legitimizing
those forbidden actions we have to take the signumdistributions into consideration instead.

Definition 1. The product of a scalar–valued distribution T by the function ω is the
signumdistribution T∨ associated to T , and it holds that

〈 ω T , ω ϕ 〉 = 〈 T∨ , ω ϕ 〉 = −〈 T , ϕ 〉

Similarly, the product of a scalar–valued signumdistribution U by the function ω is the
distribution −U∧ associated to −U , and it holds that

〈 ω U , ϕ 〉 = 〈 −U∧ , ϕ 〉 = 〈 U , ω ϕ 〉

Definition 2. The product of a scalar–valued distribution T by the function r is the
signumdistribution r T given by

〈 r T , ω ϕ 〉 = 〈 xT , ϕ 〉 = 〈 T , xϕ 〉

The product of a scalar–valued signumdistribution U by the function r is the distribution
r U given by

〈 r U , ϕ 〉 = 〈 −xU , ω ϕ 〉 = 〈 −U , ω (xϕ) 〉

Definition 3. The derivative with respect to the radial distance r of a scalar–valued radial
distribution T is the signumdistribution ∂r T given by

〈 ∂r T , ω ϕ 〉 = 〈 ω∂r T , ϕ 〉 = 〈 ∂ T , ϕ 〉
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The derivative with respect to the radial distance r of a scalar–valued radial signumdistri-
bution U is the distribution ∂r U given by

〈 ∂r U , ϕ 〉 = 〈 −ω∂r U , ω ϕ 〉 = 〈 − ∂ U , ω ϕ 〉

Definition 4. The angular ∂ω–derivative of a scalar–valued distribution T is the signumdis-
tribution ∂ω T given by

〈 ω ϕ , ∂ω T 〉 = 〈 ϕ , ω ∂ω T 〉 = 〈 ϕ , −ΓT 〉

The angular ∂ω–derivative of a scalar–valued signumdistribution U is the distribution ∂ω U
given by

〈 ϕ , ∂ω U 〉 = 〈 ω ϕ , −ω ∂ω U 〉 = 〈 ω ϕ , ΓU 〉

Notice that only for the derivation with respect to r (Definition 3) is was necessary to
confine the action to radial distributions. If instead general (signum)distributions are in-
volved for this action, the result is an equivalence class of (signum)distributions seen the
result obtained in the preceding section on the action of the differential operator ω∂r on a
distribution:

〈 ∂r T , ω ϕ 〉 = 〈 ω∂r T , ϕ 〉 = 〈 S1 , ϕ 〉

with S1 any distribution for which xS1 = −ET , and a similar result for signumdistributions.

Now it is also possible to unambiguously define the radial derivative of the signumdistribu-
tion T∨ associated to the radial distribution T , T∨ certainly not being radial, according to
the following commutative scheme

−ω∂r =−∂
T −→ (∂rT )∧

−ω −∂r −ω↑ �↗ ↑
↓ �↘ ↓ω ∂r ω

T∨ −→ ∂rT
−ω∂r 6=−∂

Definition 5. The radial derivative of the signumdistribution T∨ associated to the distri-
bution T , is given by

∂r T
∨ = − (∂r T )∧

Example 1. Let us illustrate Definition 5 by the following simple example. Take the radial
distribution T to be r. Its radial derivative is given by ∂r r = 1 since

〈 ∂r r , ω ϕ 〉 = 〈 ω ∂r r , ϕ 〉 = 〈 ∂ r , ϕ 〉 = 〈 ω , ϕ 〉 = 〈 1 , ω ϕ 〉
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It follows that (∂r r)
∧ = 1∧ = −ω and so ∂r T

∨ = ∂r r
∨ = ∂r rω = ∂r x = − (∂r r)

∧ = ω, a
result which indeed is quite acceptable!

Now notice that the above scheme implies the definition of the action of the operator ω∂r
on the signumdistribution T∨, the distribution T being radial:

(ω ∂r)T
∨ = − ∂r T = ω(−ω ∂r)T = −ω ∂ T

and for all test functions ω ϕ it holds that

〈 −ω ∂r T∨ , ω ϕ 〉 = 〈 (ω ∂r T
∨)∧ , ϕ 〉 = 〈 ∂r T∨ , ϕ 〉 = 〈 − (∂r T )∧ , ϕ 〉 = 〈 ∂r T , ω ϕ 〉

In a similar way the definition of the radial derivative of the distribution U∧ associated
to the radial signumdistribution U , rests on the following commutative scheme

ω∂r 6= ∂

U∧ −→ ∂rU

−ω ∂r −ω↑ �↗ ↑
↓ �↘ ↓ω −∂r ω

U −→ (∂rU)∨

ω∂r = ∂

Definition 6. The radial derivative of the distribution U∧ associated to the signumdistri-
bution U , is given by

∂r U
∧ = − (∂r U)∨

Example 2. As an illustration of Definition 6 consider the radial signumdistribution U = r
for which ∂r U = ∂r r = 1, the associated signumdistribution of which is (∂r U)∨ = ω. The
associated distribution of U = r is U∧ = −x and we obtain ∂r U

∧ = ∂r(−x) = − (∂r U)∨ =
−ω.

Notice that the above scheme implies the definition of the action of the operator ω∂r on the
distribution U∧, the signumdistribution U being radial:

(ω ∂r)U
∧ = ∂r U = −ω(ω ∂r)U = −ω ∂ U

Finally note that the (signum)distributions appearing in the above examples, are par-
ticular cases of two special and useful classes of distributions which were thoroughly studied,
see e.g. [1], in the framework of Clifford analysis.
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5 Conclusion

In his famous and seminal book [6] Laurent Schwartz writes on page 45: Using co-ordinate
systems other than the cartesian ones should be done with the utmost care [our translation].
And right he is! Indeed, just consider the delta distribution δ(x): it is pointly supported at
the origin, it is rotation invariant: δ(Ax) = δ(x), ∀A ∈ SO(m), it is even: δ(−x) = δ(x) and
it is homogeneous of order (−m): δ(ax) = 1

|a|m δ(x). So in a first, naive, approach, one could

think of its radial derivative ∂r δ(x) as a distribution which remains pointly supported at the
origin, rotation invariant, even and homogeneous of degree (−m− 1). Temporarily leaving
aside the even character, on the basis of the other cited characteristics the distribution
∂r δ(x) should take the following form:

∂r δ(x) = c0 ∂x1δ(x) + · · ·+ cm ∂xmδ(x)

and it becomes immediately clear that this approach to the radial derivation of the delta
distribution is impossible since all distributions appearing in the sum at the right–hand
side are odd and not rotation invariant, whereas ∂r δ(x) is assumed to be even and rotation
invariant. It could be that ∂r δ(x) is either the zero distribution or is no longer pointly
supported at the origin, but both those possibilities are unacceptable. So from the start we
are warned by this example that introducing spherical co–ordinates x = rω, r = |x|, ω ∈
Sm−1 makes derivation of distributions in Rm a far from trivial action, as are, in principle
“forbidden”, actions such as multiplication by the non–analytic functions r and ωj , j =
1, . . . ,m. But there is more: functional analytic considerations on the space D(Rm) of
compactly supported smooth test functions expressed in spherical co–ordinates, forced us to
introduce a new space of continuous linear functionals on a auxiliary space of test functions
showing a singularity at the origin, for which, in [2], we coined the term signumdistributions,
bearing in mind that ω = x

|x| may be interpreted as the higher dimensional counterpart to
the signum function on the real line. It turns out that the actions by r, ω, ∂r and ∂ω map a
distribution to a signumdistribution and vice versa. The basic idea behind the definition of
these actions on a distribution T ∈ D′(Rm), is to express the resulting signumdistributions
as appropriate and “legal” actions on T . So, for example, we put 〈rT, ωϕ〉 = 〈rωT, ϕ〉 =
〈xT, ϕ〉,∀ϕ ∈ D(Rm). This idea may seem to be rather simple, but it is backed up by the
functional analytic considerations mentioned above, which, through the concept of spherical
representation of a distribution, leave room for a choice, and this choice was made for
efficiency’s sake, as is amply demonstrated by the easy to handle calculus rules established
in [2].
Of the four aforementioned actions only the radial derivative ∂r T escapes, in general, from
an unambiguous definition, but leads to an equivalent class of signumdistributions instead.
Still we were able to define unambiguously ∂r T in two particular cases: (i) when the given
distribution T is radial, i.e. rotation invariant, and (ii) when T = U∧ is the associated
distribution to a given radial signumdistribution U , these two particular cases being quite
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interesting since they correspond to two families of frequently used distributions, such as
the fundamental solutions of the Laplace and the Dirac operator, in Clifford analysis.
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Abstract

Similarly as hermitian Clifford analysis emerges in Euclidean space R2n of even
dimension as a refinement of euclidean Clifford analysis by the introduction of a complex
structure on R2n, quaternionic Clifford analysis arises as a further refinement by the
introduction of a so–called hypercomplex structure Q, i.e. three complex structures (I,
J, K) which submit to the quaternionic multiplication rules, on Euclidean space R4p, the
dimension now being a fourfold. In the hermitian framework, the fundamental symmetry
group is U(n), which is isomorphic to the subgroup of SO(2n) of matrices which are
commuting with the complex structure; in the quaternionic framework, this rôle is taken
up by the symplectic group Sp(p), which is isomorphic with the subgroup of SO(4p)
of matrices which are commuting with all three complex structures. Two, respectively
four differential operators are constructed, which are invariant under the action of the
corresponding symmetry group. Their simultaneous null solutions are respectively called
hermitian and quaternionic monogenic functions. The basics of hermitian monogenicity
have been studied in e.g. [2, 3, 9]. Quaternionic monogenicity has been developed in,
amongst others, [13, 11, 10, 5, 6]. In this contribution, we compare the ways in which a
Cauchy integral representation formula can be established in each of these frameworks.

Key words: Hermitian monogenic, quaternionic monogenic, Cauchy formula
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1 Hermitian and quaternionic monogenicity

Clifford analysis is centered around the notion of a monogenic function, a continuously
differentiable function defined in an open region of Euclidean space Rm, taking its values in
the Clifford algebra R0,m, or subspaces thereof, and vanishing under the action of the Dirac
operator ∂ =

∑m
α=1 eα ∂Xα , which is the dual of the Clifford variable X = (X1, . . . , Xm).

This notion is the higher dimensional counterpart of a holomorphic function in the complex
plane. The Dirac operator factorizes the Laplacian: ∆m = −∂2, and is invariant under the
action of the Spin(m)–group which doubly covers the SO(m)–group, whence this framework
is usually referred to as euclidean (or orthogonal) Clifford analysis.

Taking the dimension to be even: m = 2n, renaming the variables as (X1, . . . , X2n) =
(x1, y1, x2, y2, . . . , xn, yn) and considering the standard complex structure I2n, i.e. the com-
plex linear real SO(2n)–matrix

I2n = diag

(
0 1
−1 0

)
,

for which I22n = −E2n, where E2n denotes the identity matrix, we define the rotated vector
variable and the corresponding rotated Dirac operator

XI = I2n[X] =
n∑
k=1

(−yke2k−1 + xke2k)

∂I = I2n[∂] =
n∑
k=1

(−∂yke2k−1 + ∂xke2k)

A differentiable function F then is called hermitian monogenic in some region Ω of R2n, if
and only if in that region F is a solution of the system ∂F = 0 = ∂IF . However, one can also
introduce hermitian monogenics by means of the projection operators 1

2(1± i I2n), involving
a complexification, where we consider the Witt basis vectors fk = −1

2(1− i I2n)[e2k−1] and

f†k = 1
2(1 + i I2n)[e2k−1], k = 1, . . . , n, as well as the vector variables

z = −1

2
(1− i I2n)[X] =

n∑
k=1

(xk + iyk)fk =
n∑
k=1

zkfk, z† =
1

2
(1 + i I2n)[X] =

n∑
k=1

zkf
†
k

and, correspondingly, the hermitian Dirac operators

2 ∂†z = −1

2
(1− i I2n)[∂] = 2

n∑
k=1

∂zk fk, 2 ∂z =
1

2
(1 + i I2n)[∂] = 2

n∑
k=1

∂zk f
†
k

It follows that the hermitian monogenic system is equivalent to ∂zF = 0 = ∂†zF , which can
be shown to be invariant under the action of the group U(n).
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A refinement of hermitian Clifford analysis is obtained by considering the hypercomplex
structure Q = (I4p, J4p,K4p) on R4p ' C2p ' Hp, where the dimension m = 2n = 4p now
is assumed to be a 4-fold. This hypercomplex structure arises by introducing, next to the
complex structure I4p, a second one, J4p, given by

J4p = diag


1
−1

−1
1


Clearly J4p ∈ SO(4p), with J2

4p = −E4p, and it anti–commutes with I4p. A third SO(4p)–
matrix K4p = I4p J4p = −J4p I4p then arises, for which K2

4p = −E4p and which anti–
commutes with both I4p and J4p. We introduce the concept of quaternionic monogenicity
by means of the additional rotated Dirac operators ∂J = J4p[∂] and ∂K = K4p[∂]. A differ-
entiable function F : R4p −→ S is called quaternionic monogenic in some region Ω of R4p, if
and only if in that region F is a solution of the system ∂F = ∂IF = ∂JF = ∂KF = 0. Also
here an alternative characterization is possible in terms of the hermitian Dirac operators,
which in the actual dimension read:

∂z =

p∑
j=1

(∂z2j−1f
†
2j−1 + ∂z2j f

†
2j), ∂†z =

p∑
j=1

(∂z2j−1f2j−1 + ∂z2j f2j)

and their images under the action of J4p:

∂Jz = J4p[∂z] =

p∑
j=1

(∂z2j f2j−1 − ∂z2j−1f2j), ∂†Jz = J4p[∂
†
z ] =

p∑
j=1

(∂z2j f
†
2j−1 − ∂z2j−1f

†
2j)

The quaternionic system above then is equivalent to ∂zF = ∂†zF = ∂Jz F = ∂†Jz F = 0, which
can be shown to be invariant under the action of the symplectic group action of Sp(p).

2 The Clifford Cauchy formula

The Cauchy integral formula is an important result for holomorphic functions in the complex
plane; for a bounded domain D in C with (piecewise) smooth boundary ∂D it reads

f(z) =
1

2πi

∫
∂D

f(ξ)

ξ − z
dξ, z ∈

◦
D

It was generalized to monogenic functions in the euclidean Clifford framework in the
following way:

f(X) =

∫
∂D

E(Ξ−X) dσΞ f(Ξ) , X ∈
◦
D
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where

E(X) =
1

am

X

|X|m

is the fundamental solution of the Dirac operator, the so-called Cauchy kernel, with am
denoting the area of the unit sphere Sm−1 in Rm, ·̄ being the Clifford conjugation and dσΞ

being a Clifford algebra valued differential form of order m− 1.
For hermitian monogenic functions arriving at a suitable Cauchy formula necessitated

a formulation in terms of circulant matrices, see e.g. [4]. The fundamental solutions of the
Dirac operators ∂ and ∂I, i.e. the euclidean Cauchy kernels, are respectively given by

E(X) =
1

a2n

X

|X|2n
, EI(X) =

1

a2n

XI
|XI|2n

where now a2n denotes the area of the unit sphere S2n−1 in R2n; they give rise to their
hermitian counterparts E = − (E + i EI) and E† = (E − i EI), or explicitly:

E(Z) =
2

a2n

Z

|Z|2n
, E†(Z) =

2

a2n

Z†

|Z|2n

Introducing the particular circulant (2× 2) matrices

D(Z,Z†) =

(
∂Z ∂Z†

∂Z† ∂Z

)
, E =

(
E E†

E† E

)
, and δ =

(
δ 0
0 δ

)
it was obtained that D(Z,Z†)E(Z) = δ(Z), whence the concept of a fundamental solution
had to be reinterpreted in a matrix context. Consequently, this also turned out to be the
case for hermitian monogenicity: a circulant matrix

G1
2 =

(
g1 g2

g2 g1

)
with continuously differentiable entries g1 and g2 defined in Ω and taking values in C2n was
then called G1

2 hermitian monogenic if and only if it satisfies the system

D(Z,Z†)G
1
2 = O

where O denotes the matrix with zero entries. A formal Cauchy integral formula for her-
mitian monogenic circulant matrix functions then reads∫

∂D
E(Z − V )dΣ(Z,Z†)G

1
2(X) = cnG

1
2(Y ), Y ∈

◦
D

where dΣ(Z,Z†) is a suitable differential form in circulant matrix format, giving rise to a
normalization constant cn at the right hand side, Z is the hermitian variable corresponding
to X and V is the one corresponding to Y . Taking for G1

2 a diagonal matrix, the above
formula reduces to a genuine Cauchy formula for hermitian monogenic functions.
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Remark 1. It is well known in complex analysis that an alternative way of generalizing
the Cauchy formula to higher dimension is by means of the Martinelli–Bochner kernel, see
e.g. [12], which is not holomorphic but still harmonic, in this way establishing a connection
between harmonic and holomorphic functions. The above hermitian Cauchy formula reduces
to the Martinelli-Bochner formula when the considered functions take their values in a
particular homogeneous subspace of complex spinor space, and thus establishes a connection
between hermitian Clifford analysis and complex analysis in several variables.

In the quaternionic context a formally identical formula was obtained in [1], involving
the fundamental solutions of the Dirac operators ∂, ∂I, ∂J and ∂K and their quaternionic

counterparts , as well as the quaternionic Dirac operators ∂z, ∂
†
z , ∂Jz and ∂†Jz themselves,

placed in their respective corresponding circulant 4× 4 matrices.

3 Future work and ideas

As mentioned in the remark, interesting results were obtained in the hermitian framework by
restricting the values of the considered functions to the different homogenous parts of spinor
space, which are suggested by the U(n) symmetry. Thence for quaternionic monogenics the
effect of a restriction to the Sp(p) invariant parts, the so-called symplectic cells arising in
the quaternionic setting, will be investigated.

To this end we will need to include in our analysis two additional operators: a scalar
Euler operator

E =

p∑
k=1

z2k−1 ∂z2k − z2k ∂z2k−1

and a multiplication operator P = f2f1 + f4f3 + . . . + f2pf2p−1, leading to the definition of
so-called osp(4|2)–monogenics, a explained in [7, 8].
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Abstract

For two-dimensional autonomous linear incommensurate fractional-order dynamical
systems with Caputo derivatives of different orders, necessary and sufficient conditions
are obtained for the asymptotic stability and instability of the null solution. These
conditions are expressed in terms of the elements of the system’s matrix, as well as of the
fractional orders of the Caputo derivatives, leading to a generalization of the well known
Routh-Hurwitz conditions. These theoretical results are then used to investigate the
stability properties of a two-dimensional fractional-order FitzHugh-Nagumo neuronal
model. The occurrence of Hopf bifurcations is also discussed. Numerical simulations
are provided with the aim of exemplifying the theoretical results, revealing rich spiking
behavior, in comparison with the classical integer-order FitzHugh-Nagumo model.

Key words: Caputo derivative; FitzHugh-Nagumo; mathematical model; fractional
order derivative; stability; instability; bifurcation; numerical simulation.

1 Introduction

In many real world applications [5, 8, 10, 11, 15], fractional-order dynamical systems have
proven to provide more accurate and realistic results than their classical integer-order coun-
terparts, due to the fact that fractional-order derivatives are able to reflect memory and
hereditary properties. However, it is important to emphasize that important qualitative
differences may appear when generalizing properties of integer-order dynamical systems to
the fractional-order case, and such generalizations have to be done with great care.
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Stability analysis is one of the most important research topics of the qualitative theory
of fractional-order systems. Two recent surveys [13, 19] provide comprehensive overviews of
stability properties of fractional-order systems. In the particular case of linear autonomous
commensurate fractional order systems, the most important starting point is Matignon’s
stability theorem [16], which has been generalized in [20]. Linearization theorems (or ana-
logues of the classical Hartman-Grobman theorem) for fractional-order systems have been
recently proved in [12, 21]. Up to this date, incommensurate order systems have not re-
ceived as much attention as their commensurate order counterparts. Linear incommensu-
rate fractional order systems with rational orders have been analyzed in [17]. Oscillations in
two-dimensional incommensurate fractional order systems have been investigated in [6, 18].

The first aim of this paper is to explore necessary and sufficient conditions for the
asymptotic stability of two-dimensional linear autonomous incommensurate fractional-order
systems with Caputo derivatives of different orders. These results are later applied to
investigate stability properties of a fractional-order FitzHugh-Nagumo neuronal model. It
is worth emphasizing that fractional-order formulation of neuronal dynamics is strongly
justified by experimental results concerning biological neurons [1, 14].

2 Stability results for linear systems with two Caputo
derivatives of different orders

Consider the following two-dimensional linear autonomous incommensurate fractional-order
system: {

cDq1x(t) = a11x(t) + a12y(t)
cDq2x(t) = a21x(t) + a22y(t)

(1)

where A = (aij) is a real 2-dimensional matrix and q1, q2 ∈ (0, 1) are the fractional orders
of the Caputo derivatives.

Applying the Laplace transform to system (1) we obtain the following system:[
sq1X(s)− sq1−1x(0)
sq2Y (s)− sq2−1y(0)

]
= A ·

[
X(s)
Y (s)

]
,

where X(s) = L (x)(s) and Y (s) = L (y)(s) represent the Laplace transforms of the func-
tions x and y, and sq1 , sq2 represent the principal values (first branches) of the corresponding
complex power functions [7]. Therefore:

(diag(sq1 , sq2)−A) ·
[
X(s)
Y (s)

]
=

[
sq1−1x(0)
sq2−1y(0)

]
.

Next, we denote

∆A(s) = det (diag(sq1 , sq2)−A) = sq1+q2 − a11sq2 − a22sq1 + det(A)
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and we can easily observe that

X(s) =
sq1(sq2 − a22)x(0) + a12s

q2y(0)

s∆A(s)
and Y (s) =

sq2(sq1 − a11)y(0) + a21s
q1x(0)

s∆A(s)
(2)

The following result provides necessary and sufficient conditions for the global asymp-
totic stability of system (1). The proof is based on the Final Value Theorem and asymptotic
expansion properties of the Laplace transform [3, 4, 7].

Theorem 2.1.

1. Denoting q = min{q1, q2}, system (1) is O(t−q)-globally asymptotically stable if and
only if all the roots of ∆A(s) are in the open left half-plane (<(s) < 0).

2. If ∆A(s) has a root in the open right half-place (<(s) > 0), system (1) is unstable.

With the aim of exploring the distribution of the roots of the characteristic function
∆A(s) given above, the following result is given, which is a generalization of Proposition 2
from [4].

Proposition 2.2. Consider the complex-valued function

∆(s) = sq1+q2 + asq2 + bsq1 + c,

where 0 < q1 ≤ q2 < 1, sq1 and sq2 represent the principal values (first branches) of the
corresponding complex power functions and a, b, c ∈ R, b > 0.

1. If c < 0, then ∆(s) has at least one positive real root.

2. ∆(0) = 0 if and only if c = 0.

3. Assume that c > 0.

(a) If a ≥ 0 then all roots of ∆(s) have the property that <(s) < 0.

(b) ∆(s) has a pair of pure imaginary roots if and only if

a = a?(b, c, q1, q2) = − b
q1
q2

sin q2π
2

ωq1−q2
[
sin

q1π

2
+ ωq2 sin

(q1 + q2)π

2

]
. (3)

where ω = h−1q1,q2

(
sin q2π

2 · c

b
1+

q1
q2

)
and hq1,q2 is the function defined by

hq1,q2 :

[sin (q2−q1)π
2

sin q1π
2

] 1
q2

,∞

→ (0,∞)

hq1,q2(ω) = ωq1
(
ωq2 sin

q1π

2
− sin

(q2 − q1)π
2

)
.
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(c) If s(a, b, c, q1, q2) is one of the roots of ∆(s) such that

<(s(a?, b, c, q1, q2)) = 0,

where a? = a?(b, c, q1, q2) defined at (b), the following transversality condition is
satisfied:

∂<(s)

∂a

∣∣∣
a=a∗

< 0.

(d) All roots of ∆(s) are in the left half-plane if and only if a > a?(b, c, q1, q2).

(e) ∆(s) has a pair of roots in the right half-plane if and only if a < a?(b, c, q1, q2).

(f) For any q1, q2 ∈ (0, 1), the following inequality holds:

a?(b, c, q1, q2) ≤ −b
q1
q2 .

Furthermore, sufficient stability conditions which do not depend on the fractional orders
q1 and q2 will be obtained using the following:

Proposition 2.3. Let b > 0, c > 0 and the complex-valued function ∆(s) defined in Propo-
sition 2.2.

1. If a > −min{b, 1} then all roots of ∆(s) are in the open left-half plane, regardless of
q1 and q2.

2. Let a ≤ −min{b, 1}. If a+ b+ c+ 1 ≤ 0 or 0 < a+ b+ c+ 1 < (
√
c− 1)2 and c > 1

then the equation ∆(s) has at least one positive real root, regardless of q1 and q2.

Based on Theorem 2.1 and Propositions 2.2 and 2.3, the following conditions for the
stability of system (1) are obtained, with respect to its coefficients and the fractional orders
q1, q2:

Corrolary 2.4. We consider the linear system (1) with q1, q2 ∈ (0, 1) the fractional orders
of the Caputo derivatives. If we denote a = −a11, b = −a22, c = det(A) and we assume
that b > 0, it results that:

1. If c < 0, system (1) is unstable, regardless of the fractional orders q1 and q2.

2. We suppose that that c > 0.

(a) System (1) is O(t−q)-asymptotically stable if and only if a > a?(b, c, q1, q2), where
a?(b, c, q1, q2) is defined by (3) and q = min{q1, q2}.

(b) If a > −min{b, 1}, system (1) is asymptotically stable, regardless of the fractional
orders q1 and q2.

(c) System (1) is unstable if a < a?(b, c, q1, q2).

(d) If a ≤ −min{b, 1} and a + b + c + 1 ≤ 0 or 0 < a + b + c + 1 < (
√
c − 1)2 and

c > 1 then system (1) is unstable, regardless of the fractional orders q1 and q2.
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3 Investigation of a fractional-order FitzHugh-Nagumo model

The FitzHugh-Nagumo neuronal model [9] is a simplification of the well-known Hodgkin-
Huxley model, which describes a biological neuron’s spiking behavior. In this paper, we
consider an extension on the classical FitzHugh-Nagumo model, by replacing the integer-
order derivatives by fractional-order Caputo derivatives: cDq1v(t) = v − v3

3
− w + I

cDq2w(t) = r(v + c− dw)
(4)

where v represents the membrane potential, w is a recovery variable, I is an external
excitation current and 0 < q1 ≤ q2 ≤ 1. A similar model has been investigated by means of
numerical simulations in [2].

The second equation of system (4) can be rewritten as follows:

cDq2w(t) = rd
(1

d
v +

c

d
− w

)
= φ(αv + β − w)

where φ = rd ∈ (0, 1), α =
1

d
> 1 and β =

c

d
. Therefore, system (4) is equivalent to the

following two-dimensional conductance-based model:{
cDq1v(t) = I − I(v, w)
cDq2w(t) = φ(w∞(v)− w)

(5)

where I(v, w) = w − v +
v3

3
and w∞(v) = αv + β is a linear function.

The equilibrium states of the fractional-ordel neuronal model (5) are the solutions of
the algebraic system {

I = I∞(v)

w = w∞(v)

where

I∞(v) = I(v, w∞(v)) = w∞(v)− v +
v3

3
= (α− 1)v +

v3

3
+ β.

We observe that I∞ ∈ C1, lim
v→−∞

I∞(v) = −∞ and lim
v→∞

I∞(v) =∞.

Moreover, I ′∞(v) = v2 + α − 1 > 0, so the function I∞ is increasing and, as it is also
continuous, it results that I∞ is bijective. Therefore, there exists an unique solution for the
equation I∞(v) = I, which we denote by v∗ = v∗(I, α, β).

For the investigation of the stability of the equilibrium states, we consider the Jacobian
matrix associated to system (5) at an equilibrium state (v∗, w∗) = (v∗, w∞(v∗)):

J =

[
1− (v∗)2 −1
φ · α −φ

]
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The characteristic equation at the equilibrium state (v∗, w∗) is

sq1+q2 + a(v∗)sq2 + b(v∗)sq1 + c(v∗) = 0 (6)

where

a(v∗) = −1 + (v∗)2

b(v∗) = φ > 0

c(v∗) = det(J) = φ · I ′∞(v∗).

Based on Corrolary 2.4 2.b, we obtain:

Proposition 3.1. Any equilibrium state (v∗, w∗) with |v∗| >
√

1− φ is asymptotically sta-
ble, regardless of the fractional orders q1 and q2.

The stability of any equilibrium state (v∗, w∗) with |v∗| ≤
√

1− φ depends on the
fractional orders q1 and q2 (see Figs. 1 and 2).

0.0 0.5 1.0 1.5

-1.0

-0.5

0.0

0.5

1.0

I

v

Figure 1: Membrane potential (v∗) of the equilibrium state (v∗, w∗) of system (4) (with
parameter values: r = 0.08, c = 0.7, d = 0.8) with respect to the external excitation current
I and their stability: red represents asymptotic stability, regardless of the fractional orders
q1 and q2; green represents equilibrium states whose stability depends on the fractional
orders q1 and q2.

Let us know consider an arbitrarily fixed equilibrium state (v∗, w∗) of system (4), such
that |v∗| ≤

√
1− φ. According to Proposition 2.2, at the critical values of the fractional

orders (q?1, q
?
2) defined implicitly by the equality

a(v?) = a?(b(v?), c(v?), q1, q2),

a Hopf bifurcation is expected to occur (see Fig. 2).
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Figure 2: Stability regions (shaded) in the (q1, q2)-plane for equilibrium states (v∗, w∗) of
system (4) (with parameter values: r = 0.08, c = 0.7, d = 0.8), with different values of the
membrane potential v∗ satisfying the inequality |v∗| ≤

√
1− φ ≈ 0.98. In each case, the

part of the blue curve strictly above the first bisector represents the Hopf bifurcation curve
in the (q1, q2)-plane.

Indeed, considering the following values for the system parameters: r = 0.08, c = 0.7,
d = 0.8 and I = 1.24567, the equilibrium state is (v∗, w∗) = (0.8, 1.875). In Fig. 3,
the evolution of the state variables is shown, considering an initial condition in a small
neighborhood of the equilibrium point. For a fixed value q2 = 0.8, the critical value of the
fractional order q1 for which a Hopf bifurcation occurs is q∗1 = 0.599. Indeed, for q1 = 0.58,
asymptotically stable behavior is observed. For q1 = 0.63, numerical simulations show
quasi-periodic behavior, corresponding to the existence of a stable limit cycle. As q1 is
increased, the frequency of the oscillations increases. Numerical simulations suggest that
fractional-order versions of the FitzHugh-Nagumo system provide a more realistic modelling
of individual spikes than the corresponding integer-order counterpart (as seen in the last
image from Fig. 3).
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Figure 3: Evolution of the state variables of system (4) (with parameter values: r = 0.08,
c = 0.7, d = 0.8 and I = 1.24567) for different values of the fractional orders.
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4 Conclusions

Necessary and sufficient conditions have been obtained for the asymptotic stability of a
two-dimensional incommensurate order linear autonomous system with Caputo derivatives
of different fractional orders. These results can be regarded as a generalization of the
classical Routh-Hurwitz stability conditions. As an application, the stability properties of a
fractional-order FitzHugh-Nagumo system have been explored. Numerical simulations are
provided to exemplify the theoretical findings, additionally revealing the occurrence of Hopf
bifurcations when critical values of the fractional orders are encountered.
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Description of attracting sets in specific dynamical systems arising in the gene reg-
ulatory theory is provided.
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1 Introduction

There are different kinds of models of bioregulatory networks. Among them one of wide-
spread mathematical tools are nonlinear ordinary differential equations. Differential rela-
tions can be used to describe the regulatory interactions between genes. The time-dependent
variables x(t) represent the concentration of gene products mRNAs or protein. These vari-
ables are positive valued.

It was noticed by biologists that cells of living organisms are adaptable to unknown and
unpredictable changes in environment even if these changes are very rapid. This mechanism
was described, for instance, by [2]. It was proposed to use the attractor selection as principal
mechanism of adaptation to unknown changes of biological systems [3].

The main idea of attractor selection is that the system is driven by two components,
namely, deterministic and stochastic. Attractors are a part of the equilibrium points in the
solution space. Conditions of such system are controlled by very simple feedback. When
conditions of a system are suitable (close to one of the attractors), it is driven almost only
by deterministic behavior, stochastic influence is very limited. When conditions of the
systems are poor, deterministic behavior influence is close to zero and in this case system is
driven by stochastic behavior. In this case the system randomly fluctuates searching for a
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new attractor. When this attractor is found, deterministic behavior again dominates over
stochastic [3].

If we use attractor selection mechanism for network resource management, at first we
should define regulatory matrix W, which shows relationships between node pairs, that is,
how each node pair affects each other including itself. As it was described in [2], three types
of influence exist - activation, inhibition and no relation, corresponding to Wij values of
1,-1 and 0.

2 System

Systems used for modeling gene regulatory networks are generally in the form

x′i = f(ΣWijxj −Θ)vg − xivg + η,

where f(z) is a continuous bounded monotonically increasing function (sigmoidal regulatory
function) and matrix Wij consists of entries describing the relation between nodes of the
networks. There are various functions f possessing the desired properties. For instance, the
function f(z) = 1

1+e−µz meets the requirements. The argument z is z = ΣWijxj −Θ and it
represents the input on a gene with threshold Θ for increasing xi. The parameter µ changes
the slope of a function f and it indicates the gain parameter of the sigmoidal function.
The term −xivg represents the rate of decrease in the expression level on gene i. The last
term η stands for fluctuations and represents stochastic behaviour. The deterministic and
stochastic behaviors are controlled by growth rate vg, which represents the conditions of
the metabolic reaction network. We consider this model under the simplifying conditions
η = 0 and vg = 1.

In extended form the system looks



x′1 = f(W11x1 + . . . + W1nxn −Θ)− x1,
x′2 = f(W21x1 + . . . + W2nxn −Θ)− x2,
. . . . . . . . . ,
x′n = f(Wn1x1 + . . . + Wnnxn −Θ)− xn,

(1)

where Wij are entries of the regulatory matrix W. We consider the specific case

W =

∣∣∣∣∣∣∣∣

0 1 . . . 1
1 0 . . . 1
. . . . . . . . . . . .
1 1 . . . 0

∣∣∣∣∣∣∣∣
, (2)

and, consequently, 



x′1 = f(x2 + x3 + . . . + xn −Θ)− x1,
x′2 = f(x1 + x3 + . . . + xn −Θ)− x2,
. . . . . . . . . ,
x′n = f(x1 + x2 + . . . + xn−1 −Θ)− xn.

(3)
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We study the system (3) following the standard scheme.
First, the critical points are to be found. The critical points are solutions of the system





x1 = f(x2 + x3 + . . . + xn −Θ),
x2 = f(x1 + x3 + . . . + xn −Θ),
. . . . . . . . . ,
xn = f(x1 + x2 + . . . + xn−1 −Θ).

(4)

Due to properties of a function f all critical points are located in a bounded n-dimensional
cube. Moreover, all critical points are in the form (x, . . . , x), that is, x1 = . . . = xn. This is
easy to see, considering pairs x1 and x2, x2 and x3 and so on. Indeed, let a critical point
be x1, . . . , xn. If x2 > x1, then due to monotonicity of f one has that

x1 = f(x2 + x3 + . . . + xn −Θ) > f(x1 + x3 + . . . + xn −Θ) = x2.

Similarly, if x2 < x1, then x1 < x2. The contradictions prove that x1 = x2.

This is true also for regulatory matrices W with equal positive entries everywhere
except the main diagonal. This is important in light of the remark from [4, p. 1823] that
“An important step will be to move away from the binary idealization in order to analyze
experimental data which is measured on a continuous scale.”

Therefore the following is true for the case under consideration.

Proposition 2.1 Any critical point is of the form (x, . . . , x) (n times), where x satisfies

x = f((n− 1)x−Θ). (5)

3 Linearization

Linearization of system (3) at a critical point (x, . . . , x) yields




u′1 = −u1 + a(u2 + u3 + . . . + un),
u′2 = −u2 + a(u1 + u3 + . . . + un),
. . . . . . . . . ,
u′n = −un + a(u1 + u3 + . . . + un−1),

(6)

where a = df(s)
ds |s=((n−1)x). The characteristic equation for the linearization is

det(A− λI) =

∣∣∣∣∣∣∣∣

−1− λ a . . . a
a −1− λ . . . a
. . . . . . . . . . . .
a a . . . −1− λ

∣∣∣∣∣∣∣∣
= 0. (7)
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It can be solved analytically and the roots are

λ1 = λ2 = . . . = λn−1 = −1− a, λn = −1 + (n− 1)a. (8)

Since f(s) is monotonically increasing, a is positive. Therefore all characteristic values but
one are negative (and equal). The sign of the last λn depends on the dimensionality n and
on the value of a for a particular critical point.

We arrived therefore at the following result.

Theorem 3.1 An attracting set for the system (3) is a complex of critical points of the
form (x, . . . , x), where x solves (5). Any critical point is either fully attractive (all λ-s are
negative) or semi-attractive (the last λ is positive). The case of λn = 0 is possible also and
the respective critical point is attractive.

Visualizations and examples for several choices of f are planned for full version of the
article.
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Abstract

In this paper, we study the Cooper-Shepard-Sodano equation from the point of view
of Lie symmetries. We perform an analysis of the symmetry reductions taking into
account the similarity variables and the similarity solutions which allow us to transform
our equation into ordinary differential equations. Furthermore, some conservation laws
are derived by applying the multipliers method.

Key words: Conservation laws, Lie symmetries, Partial differential equations, Sim-
ilarity solutions.

1 Introduction

In [7] the authors considered the Cooper-Shepard-Sodano equation (CSS) given by

ut − c0ux + ηuxxxx +
1

l − 1
(ul−1)x − γp(up−1u2x)x +

2γ

p+ 2
(up+1)xxx = 0, (1)

where u(x, t) is time evolved in the moving frame of reference with velocity c0, l, p 6= −2,
and γ are arbitrary constants whereas ηuxxxx represents the presence of an artificial dissi-
pation (hyperviscosity). The discussion on the necessity of adding the hyperviscosity term
was given in [4]. The authors argued that this term is needed to damp out explicitly the
numerical high-frequency dispersive errors introduced by the lack of smoothness at the edge
of the discrete representation of the compacton.

In this paper, we consider a generalization of equation (1)

ut − c0ux + ηuxxxx + (f(u))x − γ(p+ 1)(g(u)u2x)x +
2γ

p+ 2
(g(u)u2)xxx = 0, (2)
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where f(u) and g(u) are arbitrary functions. We apply Lie theory to equation (2). Firstly,
we perform an analysis of the Lie symmetries. From the infinitesimal generators obtained
we determine the similarity variables and the similarity solutions which allow us to reduce
our equation into ordinary differential equations. Furthermore, the direct method of the
multipliers method is used to determine conservation laws.

2 Basic definitions

Let x = (x1, . . . , xn) be n independent variables, and u = (u1, . . . , um) be m dependent
variables with the partial derivatives u(1) = {uαi }, u(2) = {uαij}, . . . of the first, second, etc.

orders, where uαi = ∂uα/∂xi, uαij = ∂2uα/∂xi∂xj . Let

Eα
(
x, u, u(1), . . . , u(k)

)
= 0, α = 1, . . . ,m. (3)

Denoting

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · (4)

the total differentiation with respect to xi, we have:

uαi = Di(u
α), uαij = Di(u

α
j ) = DiDj(u

α), · · ·

The variables uα are also known as differential variables.

A function f(x, u, u(1), . . .) of a finite number of variables x, u, u(1), u(2), . . . is called a
differential function if it is locally analytic. The set of all differential functions of all finite
orders is denoted by A.

Let ξi, ηα ∈ A be differential functions depending on any finite number of variables
x, u, u(1), u(2), . . .. A first-order linear differential operator

X = ξi
∂

∂xi
+ ηα

∂

∂uα
+ ζαi

∂

∂uαi
+ ζαi1i2

∂

∂uαi1i2
+ · · · , (5)

where
ζαi = Di(η

α − ξjuαj ) + ξjuαij ,

ζαi1i2 = Di1Di2(ηα − ξjuαj ) + ξjuαi1i2 , . . .
(6)

is called a Lie-Bäcklund operator [5, 6].

The vector T = (T 1, T 2, . . . , Tn) where T j ∈ A and j = 1, . . . , n is a conserved vector
if T i satisfy

DiT
i = 0. (7)

Equation (7) is called conservation law.
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From the multiplier method [1, 2, 3], every conservation law arises from multipliers
Qα(x, u, u(1), . . .) such that

QαEα = DiT
i, (8)

all the multipliers can be determined solving the determining equation obtained from the
variational derivative of

δ

δuβ
(QαEα) = 0, (9)

for arbitrary functions of u(x1, x2, . . . , xn).

In this paper we prove that for f(u) = ul and g(u) = up, l 6= 0 and p arbitrary constants,
equation (2) admits the multiplier

Q1 = 1.

Moreover, if f(u) = u and g(u) = 1
u besides Q1 we obtain the following multipliers

Q2 = c0t− t+ x, Q3 =
1

2
(c0t− t+ x)2 .

3 Lie point symmetries

A vector field

X = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t
+ φ(x, t, u)

∂

∂u
, (10)

where ξ(x, t, u), τ(x, t, u) and φ(x, t, u) are the infinitesimals, is a generator of a point
symmetry of (2) if

X [4][ut − c0ux + ηuxxxx + (f(u))x − α(p+ 1)(g(u)u2x)x +
2α

p+ 1
(g(u)u2)xxx] = 0, (11)

on (2). Here the operator X [4] is the fourth prolongation of the operator X. Requiring the
vanishment of the coefficients of the derivatives of u, we obtain an overdetermined system of
linear partial differential equations. Solving this system we deduce that when f(u) and g(u)
are arbitrary functions and c0, l, p, γ are arbitrary constants the infinitesimal generators are

X1 = ∂x, X2 = ∂t.

• If f = a+bu+cu3a+4 and g = bua, where a, b, c are constants, the infinitesimal generators
are X1, X2 and

X1
3 = (3(b+ c0)t+ x)∂x+ 4t∂t−

(
u

a+ 1

)
∂u.
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• If f = a + bu + cu ln(u), and g(u) = a
u , where a, b, c are constants, the infinitesimal

generators are X1, X2 and

X2
3 = t∂x+

(u
c

)
∂u.

From these generators we obtain the similarity solutions.
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Abstract

Systems, containing a finite set of N cells (vertices) and particles with deterministic
or random movement between the vertices, are the objects of study. This set of vertices
is divided into cycles ( contours ), which are closed non self-intersecting sequence of cells.
Contours have fixed direction of particles movement and may have common cells.

Key words: dynamical system, Contour network, Resolution rule of conflict, Self-
organization, Collapse, Variation of function

1 Cellular automaton and BML model of traffic

(1.1) The Biham – Middleton - Levine model was published in 1992, [1]. It is a model
of cellular automaton on Manhattan network on torus with two fixed types of particles.
Particles move in one of two directions – up or right –, and with deterministic or random
rules of priority in alternating times or in each step. A main result of this paper is to obtain
the effect of self-organization of the system, when the conflicts disappear over some time,
for any admissible initial position of particles. It was also obtained the fact that, at certain
load of network, the system will stop, i.e. comes to the state of collapse. Thus it can be
aware of the authors, laid down the foundation of the spectral theory for considered systems.

(1.2) In the next works there are considered analogical models in spaces with different
dimensions, [2], [3]. But the results were using computer simulation methods. Exact results
in these works are very small.

(1.3) In the original work of 1992 there was announced the exact result about the
movement on an elementary contour that later became the object of study in [4].
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2 Description of the systems

(2.1) (k, 1)− networks We introduce the concept of system with k-structure (k-networks).
Considered networks consist of contours - closed sequences of cells. Standard characteristic
of cell (vertices) V of network is a degree deg(V ), i.e. the number of contours, to which
the considered vertex belongs. We consider networks such that the degree of each vertex is
equal to 1 or k.

(2.2)Dynamical parameters of network

(2.2.1) Flow capacity of arc. Between each two neighbour contour cells more than
one particle can not simultaneously move in both directions.

(2.2.2) The volume of the cell. In each cell there is simultaneously no more than
one particle.

(2.3) Rules of particles movement

(2.3.1) Isolated movement. Initially each contour has a set of particles, S which
can move only on this contour.

(2.3.2) Individual movement (I). We assume that the particle in the next moment
can not go to the next cell, which is occupied at the moment.

(2.3.3)One-way movement (IOW). Each particle of this set S in one cycle makes
an attempt to move forward by one cell, if it is impossible, it remains in it’s cell.

(2.3.4)Shake-way motion (ISW). Each particle of this set S alternately in one cycle
makes an attempt to move forward by one cell, if not possible, then back by one cell and,
otherwise it remains in it’s cell.

(2.3.5) Total connected one-way motion (TOW). Each cluster of particles of set
S in one cycle alternately makes an attempt to move forward by one cell, if it is impossible,
it remains in it’s cell. If two sets of particles unite in a certain moment of time, subsequently
will be considered as a single cluster.

(2.3.6) Control (Collective one-way (CIOW) and Collective shake-way (CISW)).
Allocated area of flow selects behavior based on some criterion. For example, a particle
moves or stays in accordance with the maximum of so-called potential velocity.

(2.4) The interaction of particles of different circuits (Competition and res-
olution rules). If particles of different contours are trying to move in the same common
cell, there is a conflict (competition) of the particles, which is resolved in accordance with
a given rule, this rule can be deterministic or stochastic.

(2.4.1) Deterministic local rule. Deterministic rule is, for example, the priority
rule to resolve the conflict, in which competition always is won by the particle with a higher
priority or a particle in a cell with a higher priority.

(2.4.2) Stochastic local rule. Stochastic rule is, for example, a fair rule, in which
the particles involved in the competition are winning with equal probability.

(2.4.3) Collective control. The priority rule is determined by the objective function
of a collective of particles on the network.
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3 Flows on the contours, trajectory on N− simplex and Rolle
theorem

(3.1) Flows on the contours and trajectory on the simplex. Cells are located in the
vertices of the canonical simplex0, 0, . . . , 0, 1,︸︷︷︸

i+1

0, . . . , 0

 , i = 0, . . . , N − 1 (1)

in N -dimensional space, i.e. the location of the particles in the discrete moments of time.
Each cell has no more than one particle. The unit of time a particle either remains in place
or moves, which is determined by additional conditions.

There are M particles in the vertices of the canonical simplex. Their locations are given
by N -vector, such that M coordinates of the vector are equal to 1, and the other is equal
to zero. Thus, the flow of particles can be considered as a movement on the vertices of M−
simplex in N− dimensional space. Each contour is associated with a cyclic vector of ones and
zeros on the simplex X(N,M) = {x}, X = (x1, x2, · · · , xN ), where xi = 0 ∨ 1, i = 1, · · · , N∑N

i=0 xi = M. Cyclicality means that the first and last coordinates are neighbors.
Cluster is called any maximum connected sequence of ones.
Variation var(X) of cyclic vector is called the double number of clusters. Each rule

of movement gives a mapping A : X → X.
We assume, that mapping A does not reduce the variation, if

V ar(A(x)) ≥ V ar(x) (2)

∀x ∈ X. Mapping A does not increase the variation, if

V ar(Ax) ≤ V ar(x) (3)

∀x ∈ X.
(3.2) Rolle theorem for IOW flows on contour.
Theorem 1.For IOW flows on a contour, mapping A does not reduce variation, and,

if there are two clusters with a distance of more than 1, then variation increases. The flow
velocity reaches a stable state over a finite time, and coincides with the relative number of
clusters, separated by single empty cells.

(3.3) Rolle theorem for ISW flows on contour.
Theorem 2. For ISW flows on a contour, mapping A does not reduce the variation,

and if there are two clusters with a distance of more than 1, the variation increases. The
flow velocity reaches a stable state over a finite time, and coincides with the relative number
of clusters, separated by single empty cells. Other things being equal, the time of reaching
steady state for ISW flows does not exceed the value of similar value for IOW flows.
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Remark 1. Nagel-Shrekenberg-Blank state function. In [1],[4] the formula was obtained
for the dependence of the velocity of OW-movement of particles on a closed contour

v =

{
1, 0 < r ≤ 1

2 ,
1
r − 1, 1

2 < r ≤ 1.

In particular, it is proved, that if density r is less than 1
2 , then velocity of particles is equal

to 1, i.e. particles move at each step.

Remark 2. The state function of stochastic IOW-flow on infinite contour. On infinite
lattice the movements of particles into cell, which is next empty to the right, occur with
probability p. If N →∞, M →∞ at constant density r = M/N, then we have in the limit
of velocity, [6]

v =
1−

√
1− 4pr(1− r)

2r
.

4 Flows on contour networks and Rolle theorem

(4.1.) Flows on the two contours with one node (eight).

For this example it is clear, that Rolle theorem must be modified, because it becomes
wrong in the above formulation. It is not our purpose here to formulate its analog in the
most general terms, but we would like to show that the result tested for centuries can be
“rejuvenated”.

Let OW-priority rule takes place on one of the contours. Then, after a finite number of
steps on the priority contour the flow becomes stationary, and corresponding mapping does
not reduce the variation. As for the similar value for minor contour, it behaves much more
difficult. Since the movement is locked through a common cell for both contours, as soon
as the distance between consecutive clusters on the priority contour near the common cell
is not greater than 1.

We introduce COW-movement on the minor contour. Then, during a time interval of
length at least three steps, when particles on priority contour will not occupy a common
cell, we can pass a particle on minor contour through the common cell.

If there exists a time interval of length at least five steps, when particles on priority
contour will not occupy a common cell, then we can pass two particles on minor contour
through the common cell.

Thus, control on priority contour is become urgent.

(4.2) Rolle theorem for CIOW flows on Eight-figure contour.

Let m be the number of particles on the priority loop length N, k be the number of
particles on the minor contour with the same capacity. If we now introduce the collective
control on the priority contour, then we will represent all distances between the particles as
a linear combination of odd numbers.
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For simplicity, let suppose that m < N/2. Define n = N −m. We express the number
n as a sum of m natural numbers as following

n = n1 + n2 + · · ·+ nm. (4)

Suppose that

K =

[
n1 − 1

2

]
+

[
n2 − 1

2

]
+ · · ·+

[
nm − 1

2

]
. (5)

Denote by K∗ the maximum possible value of the numbers K (3) among all possible
representations of n in the form (4).

Theorem 3. If k < K∗, then there exists a collective control, resulting in a finite
number of steps to non conflict CIOW-flow with maximum velocity and maximum variation
of the corresponding operator A.

(4.3) Rolle theorem for SIOW - flows on linear contour graph.

The linear contour graph is a sequence of contours Ci, i = 1, · · · ,M with the same
length, such that neighbor contours Ci, Ci+1 have a common node. Each IOW-flow on
the contour Ci, such that has no conflicts with the contour Ci−1, defines demands to the
IOW-flow on Ci+1 with the same conditions. Thus, it is possible to obtain constructive
conditions for existence of non conflict flow with a maximum variation on the linear sequence
of contours.

5 Logistics of flows on networks

(5.1) Reduction of networks with physical measuring devices.

We suppose a graph is given with weights of edges corresponding to physical distances
in the real network. Then we want to construct that the number of movement of particles
corresponds to traveled distance, and particle velocity corresponds the number of movements
per unit time. Therefore we add to each edge the number of vertices proportional to the
edge weight, so that each edge of new graph corresponds the same physical distance. This
new graph is an abstract graph with vertices corresponding of simplex with equal distances.

(5.2) Abstract model of traffic and scheduling.

In this section, we go from the description of existing flows to the problems of opti-
mization of networks and flows.

(5.3) Logistic plan of particles

Each i-th particle, 1 ≤ i ≤M, has a location plan (movement) onto the vertices of the
simplex. The plan is encoded as a sequence of ”numbers” from 0 to N − 1 as the follow

{b1b2b3 . . . . . . bT bT+1 . . .}.
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It is a one-to-one mapping to a positional system with base N.

(5.4) Rules of logistic plan realization. If we assume in the original problem for-
mulation that the canonical simplex is flow supporter, then solution of implementation plan
problem for an individual particle can be considered obvious. If, however, flow supporter is
an arbitrary graph G, then the use of the abstract scheme for graph G contains a one-to-
one correspondence between the vertices, connectivity matrix (adjacency, incidence), and
finally the weight (distance, price of movements) between adjacent vertices. Then a ques-
tion of physical non-proportionality of particles moving to the neighbor vertex per the unit
of standard time can be appear. In this case we add the necessary number of vertices to
the original graph for correspondence between number of time steps and price (distance).

6 Computer exercises for IOW and SOW flows

We consider the contour of which is composed of N cells which is located M particles, where
1 ≤ M ≤ N . Using computer simulation we have evaluated variation of mapping. A for
IOW and SOW flow on contour by charging the value of density r = M

N brow 0 to 1 with
step ∆r = 1

N .

(6.1) IOW flows

With computer modeling was developed for IOW-flow on counter cells N = 200 during.
Time interval T = 1000. It is shown in Fig.1,2 the dynamics of IOW-flow variation for
r = 1

2 and variation interval at changing of density r from 0 to 1.

Figure 1: Dynamics of IOW-flow variation, N = 2000, r = 1
2

(6.2) IOW flows
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Figure 2: Dependence of IOW-flow variation interval on density r (N = 2000)

In Fig.3 it is shown the numerical results of variation interval for ISW-flows on contour.

(6.3) IOW flows at Eight-figure graph

Eight-figure graph consists of two contours with dimensions N1 and N2 (numbers of
cells) correspondingly, which are connected by one common cell (node). The node connects
two cells of each ring and prevents the passage of two particles at the same time. Resolution
rule for competition is stochastic local rule. In Fig.4 it is shown the dynamics of total
variation of the two contours, and variation on each contour with fixed parameters N1 =
N2 = 2200, density r = 0.5, modeling time T = 1000.

In Fig.5 it is shown the total variation of two contours on dependence the density.

7 Comments. Three-pendulum, Cantor classes and Kolmogorov
ideology

Let us assume that a system contains three cells V0, V1, V2 and three particles P0, P1, P2.
At any given time there is a single particle in a cell. Particles moving realizes in accordance
with their logistic plans given by the number belonging to the interval (0, 1) and represented
in the ternary calculus system. Plan of particle P0 contains only numbers 0 and 1; plan of
particle P1 contains only numbers 1 and 2; plan of particle P2 contains only numbers 0 and
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Figure 3: Dependence of SOW-flow variation interval on density r (N = 2000)

Figure 4: Eight-figure graph: dynamics of variations on each contour N1 = N2 = 2200 cells,
r = 0.5, T = 1000

2. Thus, the set of admissible plans of each particle is Cantor set.

There are only two possible states of the system. In the first state, the particle Pi is
located in cell Vi, i = 0, 1, 2. In the second state, the particle Pi is located in cell Vi+1

(addition modulo 3). The system state change occurs, if each particle is scheduled to
go to another cell. Kolmogorov ideology is in the follow. We calculate the considered
characteristics for classes of plans, which we are interested in extreme values (extremum,
“unfashionable” word). In this case, we are interested in the extreme values of coherence
or conflict of plans on Cantor subsets of the interval. However, this problem is still open.
Assume that each digit of plan takes any of two possible values with a probability 1

2 . Then,
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Figure 5: Variation in dependence on densities of both contours of Eight-figure graph

the probability of the event that all three particles have to move to another cell by the plan
is equal to 1

8 . Thus, under these conditions the particle velocity is equal to 1
8 .
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Abstract

This paper addresses the distributed fusion estimation problem for discrete-time
linear stochastic systems with multi-sensor measurements including random parameter
matrices. It is assumed that the random parameter matrices in the observation equa-
tions are one-step autocorrelated and cross-correlated between the different sensors and
the additive noises are also correlated. Under these assumptions, a recursive algorithm
is proposed to obtain local least squares linear filters based on the measurements of
each sensor, and the distributed fusion filter is designed as the matrix-weighted linear
combination of these estimators which minimizes the mean squared estimation error.
This research is illustrated by a numerical simulation example where a multi-sensor
system with randomly delayed measurements is considered and the performance of the
proposed estimators is analyzed by comparing the estimation error variances of the
distributed and centralized fusion filters.

Key words: distributed fusion filter, correlated random parameter matrices, randomly
delayed measurements

MSC 2000: 60G35, 62M20, 93E11

1 Introduction

In recent years, the use of sensor networks has received significant attention in many prac-
tical domains, since they usually provide more information than traditional single-sensor
communication systems. For this reason, the fusion estimation problem in sensor network
stochastic systems has been widely studied in many fields of science, technology and mili-
tary, such as navigation and detection.
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Although there are several information fusion techniques, the most common fusion
estimation approaches are the centralized and distributed ones. The former is based on the
measurements from all the sensors, which are sent to a fusion centre, and so, it provides the
optimal estimator when all the sensors work accurately. However, a sensor error can spoil
the performance of the centralized filter and may give rise to heavy computational burden
and poor reliability. In the distributed fusion estimation approach, each single sensor sends
a local estimator to the fusion centre, where the state is estimated by a combination of all the
received local filters using a certain optimality criterion. Thus, the distributed approach
has lower estimation accuracy, which is compensated with considerable advantages, such
as greater robustness and reliability. Therefore, the distributed fusion method is usually
more attractive and has become an interesting research topic (see e.g. [1]-[4] and references
therein).

In general, there are many situations with network-induced phenomena, such as multi-
plicative noise uncertainties, random delays, packet dropouts and missing measurements, in
which the state estimation problem can be addressed by transforming the original system
into one with random parameter matrices. For example, in [1] and [5] systems with packet
dropouts and/or random delays are transformed into systems with random parameter matri-
ces. Also, systems with multiplicative noises in the state and observation equations as those
investigated in [3] are special cases of this kind of systems. The optimal filtering problem is
addressed for a class of discrete-time stochastic systems with multiplicative noises and ran-
dom sensor delays in [6] and, later, also with missing measurements in [7], by transforming
the original system into one with random parameter matrices.

Accordingly, the study of the estimation problem in systems with random parameter
matrices has become an active research field. In [8] a distributed Kalman filtering fusion is
proposed for systems with independent random state transition and measurement matrices
and white noises. For a class of discrete-time multisensor stochastic systems also with
independent random parameter matrices but autocorrelated and cross-correlated noises, the
centralized fusion estimation problem has been addressed under the phenomena of fading
measurements in [9]. Moreover, by considering this same correlation assumption of the noise
processes and one-step correlated and cross-correlated random measurement matrices, the
centralized fusion linear filter is obtained in [10], where the results are applied to systems
with missing measurements and randomly delayed observations. The distributed fusion
estimation problem has also been studied for sensor network systems with independent
random parameter matrices and correlated noises in [11]. Centralized and distributed fusion
estimation problems are both studied in [12] for networked systems with random parameter
matrices, from measurements subject to random delays and packet dropouts during the
transmission, using only covariance information.

Motivated by the above discussion, this paper deals with the distributed fusion esti-
mation problem for discrete-time linear stochastic systems with multi-sensor measurements
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including correlated and cross-correlated random parameter matrices and noises. On the
one hand, it complements [10], where the centralized fusion estimation problem is analyzed
for an analogous class of discrete-time stochastic systems with the same correlation assump-
tions. In this way, the results obtained are applied to multi-sensor systems with correlated
randomly delayed measurements as a particular case. On the other, it is different from [11],
where the distributed fusion filtering estimators are obtained for networked systems with
independent random state transition and measurement matrices, whereas correlation of the
random parameter matrices in the observation equation is considered in the current paper.

The rest of the paper is organized as follows. Section 2 describes the system model
with correlated and cross-correlated random parameter matrices and noises, specifying the
assumptions under which the distributed fusion estimation problem is addressed. In Section
3, the local least squares linear filtering algorithm is given, and the proposed distributed
fusion filter is designed by a matrix-weighted linear combination of the local filters using
the mean squared error optimality criterion. An illustrative simulation example is given
in Section 4 to show the applicability of the proposed filtering algorithm. Finally, some
conclusions are drawn in Section 5.

2 System model

Let us consider the following discrete-time linear stochastic system with measurements
coming from m different sensors:

xk+1 = Fkxk + wk, k ≥ 0,

y
(i)
k = H

(i)
k xk + B

(i)
k v

(i)
k , k ≥ 1, i = 1, . . . , m,

(1)

where xk ∈ Rnx is the state vector to be estimated and y
(i)
k ∈ Rny , i = 1, . . . , m, is the

output measurement of the i−th sensor at the sampling time k. wk ∈ Rnx and v
(i)
k ∈ Rnv

are the process and measurement noise vectors, respectively. Fk is the state transition matrix
and H

(i)
k and B

(i)
k are the measurement matrices, all of them with random parameters and

suitable dimensions.

The following assumptions about the initial state, the random parameter matrices and
the noises involved in system (1) are required.

Assumption 1. The initial state x0 is a zero-mean random vector with Cov[x0] = Σ0. Also,
it is assumed to be independent of the random parameter matrices and noise processes.

Assumption 2. {Fk; k ≥ 0}, {H(i)
k ; k ≥ 1} and {B(i)

k ; k ≥ 1} have known means, which
will be denoted F k ≡ E[Fk], H

(i)
k ≡ E[H(i)

k ] and B
(i)
k ≡ E[B(i)

k ], i = 1, . . . , m. Also, for
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i, j = 1, . . . , m, the following expectations are assumed to be known

E[fpq(k)fp′q′(s)] = E[fpq(k)fp′q′(k)]δk,s,

E[h(i)
pq (k)h(j)

p′q′(s)] = E[h(i)
pq (k)h(j)

p′q′(k)]δk,s + E[h(i)
pq (k)h(j)

p′q′(k − 1)]δk−1,s, s ≤ k,

E[b(i)
pq (k)b(j)

p′q′(s)] = E[b(i)
pq (k)b(j)

p′q′(k)]δk,s + E[b(i)
pq (k)b(j)

p′q′(k − 1)]δk−1,s, s ≤ k,

E[h(i)
pq (k)b(j)

p′q′(s)] = E[h(i)
pq (k)b(j)

p′q′(k)]δk,s + E[h(i)
pq (k)b(j)

p′q′(k − 1)]δk−1,s

+ E[h(i)
pq (k)b(j)

p′q′(k + 1)]δk+1,s,

where fpq(k), h
(i)
pq (k) and b

(i)
pq (k) denote the (p, q)-th entries of Fk, H

(i)
k and B

(i)
k , respectively.

Assumption 3. {wk; k ≥ 0} and {v(i)
k ; k ≥ 1}, i = 1, . . . , m, are zero-mean sequences and

the following covariances and cross-covariances are known

E[wkw
T
s ] = Qkδk,s + Qk,k−1δk−1,s, s ≤ k,

E[v(i)
k v(j)T

s ] = R
(ij)
k δk,s + R

(ij)
k,k−1δk−1,s, s ≤ k, i, j = 1, . . . , m,

E[wkv
(i)T
s ] = S

(i)
k δk,s + S

(i)
k,k+1δk+1,s + S

(i)
k,k+2δk+2,s, i = 1, . . . , m.

Assumption 4. Independence assumptions:

− {Fk; k ≥ 0} is independent of(
{H(i)

k ; k ≥ 1}, {B(i)
k ; k ≥ 1}, {wk; k ≥ 0}, {v(i)

k ; k ≥ 1}, i = 1, . . . , m
)

−
(
{H(i)

k ; k ≥ 1}, {B(i)
k ; k ≥ 1}, i = 1, . . . , m

)
is independent of(

{Fk; k ≥ 0}, {wk; k ≥ 0}, {v(i)
k ; k ≥ 1}, i = 1, . . . , m

)

The following property will be used to calculate some expectations involving the random
parameter matrices Fk, H

(i)
k and B

(i)
k , i = 1, . . . ,m:

Let A =
(
ars

)
r=1,...,n1
s=1,...,n2

, B =
(
brs

)
r=1,...,m1
s=1,...,m2

and C =
(
crs

)
r=1,...,n2
s=1,...,m2

be random parameter

matrices, such that C is independent of (A,B); then, the (p, q)-th entries of the matrix
E[ACBT ] are given by

(
E[ACBT ]

)
pq

=
n2∑

r=1

m2∑

s=1

E[aprbqs]E[crs], p = 1, . . . , n1, q = 1, . . . , m1.

Our aim is to address the least squares (LS) linear filtering problem in this class of
systems with correlated and cross-correlated random parameter matrices and noises using
the distributed fusion approach.
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3 Distributed fusion filtering estimators

In this section, the distributed fusion filter of the state xk based on the available measure-
ments y

(i)
1 , . . . , y

(i)
k , i = 1, . . . ,m, is designed. First, at each sensor, a local LS linear filtering

recursive algorithm is obtained using its own measurement data. Then, these estimators
are sent to the fusion centre where the distributed fusion filter is computed.

3.1 Local LS linear filters

In order to simplify the expressions of the local linear filtering estimators and the subsequent
calculations, let us first present the following properties [10]:

1. The matrices Dk+1 ≡ E[xk+1x
T
k+1] and Dk+1,k ≡ E[xk+1x

T
k ] are recursively calculated

by

Dk+1 = E[FkDkF
T
k ] + F kQk−1,k + Qk,k−1F

T
k + Qk, k ≥ 1;

D1 = E[F0D0F
T
0 ] + Q0; D0 = Σ0,

Dk+1,k = F kDk + Qk,k−1, k ≥ 1; D1,0 = F 0D0.

(2)

2. The noise processes {wk; k ≥ 0} and {v(i)
k ; k ≥ 1}, i = 1, . . . ,m, satisfy the following

correlation properties

W(i)
k ≡ E[wky

(i)T
k ] = Qk,k−1H

(i)T
k + S

(i)
k B

(i)T
k , k ≥ 1,

E(i)
k ≡ E[xkv

(i)T
k ] = F k−1S

(i)
k−2,k + S

(i)
k−1,k, k ≥ 2; E(i)

1 = S
(i)
0,1,

E(i)
k,k−1 ≡ E[xkv

(i)T
k−1 ] = F k−1E(i)

k−1 + S
(i)
k−1, k ≥ 2,

V(ij)
k,k−1 ≡ E[B(i)

k v
(i)
k y

(j)T
k−1 ] = E[B(i)

k S
(i)T
k−2,kH

(j)T
k−1 ] + E[B(i)

k R
(ij)
k,k−1B

(j)T
k−1 ], k ≥ 2.

(3)

For each sensor i = 1, . . . , m, a recursive algorithm for the local LS linear filter, x̂
(i)
k/k,

together with its filtering error covariance matrix, Σ(i)
k/k, is given in the following theorem.

Theorem 1 For system (1), under assumptions 1-4, the local LS linear filter for the i-th
sensor, x̂

(i)
k/k, i = 1, . . . , m, is given by

x̂
(i)
k/k = x̂

(i)
k/k−1 + X (i)

k Π(i)−1
k µ

(i)
k , k ≥ 1; x̂

(i)
0/0 = 0,

where the one-step predictor, x̂
(i)
k/k−1, is calculated by

x̂
(i)
k/k−1 = F k−1x̂

(i)
k−1/k−1 +W(i)

k−1Π
(i)−1
k−1 µ

(i)
k−1, k ≥ 2; x̂

(i)
1/0 = 0.

c©CMMSE ISBN: 978-84-617-8694-7

Page 437 of  2288



Distributed fusion filtering with random parameter matrices

The innovation, µ
(i)
k , is obtained by

µ
(i)
k = y

(i)
k −H

(i)
k x̂

(i)
k/k−1 − Y

(i)
k,k−1Π

(i)−1
k−1 µ

(i)
k−1, k ≥ 2; µ

(i)
1 = y

(i)
1 ,

where, denoting H̃
(i)
k ≡ H

(i)
k −H

(i)
k , the matrix Y(i)

k,k−1 ≡ E[y(i)
k µ

(i)T
k−1] satisfies

Y(i)
k,k−1 = E[H̃(i)

k Dk,k−1H
(i)T
k−1 ] + E[H̃(i)

k E(i)
k,k−1B

(i)T
k−1 ] + V(i)

k,k−1, k ≥ 2.

The matrix X (i)
k ≡ E[xkµ

(i)T
k ] is obtained by

X (i)
k = Σ(i)

k/k−1H
(i)T
k + E(i)

k B
(i)T
k −X (i)

k,k−1Π
(i)−1
k−1 Y(i)T

k,k−1, k ≥ 2;

X (i)
1 = Σ(i)

1/0H
(i)T
1 + E(i)

1 B
(i)T
1 ,

where X (i)
k,k−1 ≡ E[xkµ

(i)T
k−1] is given by X (i)

k,k−1 = F k−1X (i)
k−1 +W(i)

k−1, k ≥ 2.

The innovation covariance matrix, Π(i)
k , satisfies

Π(i)
k = E[H̃(i)

k DkH
(i)T
k ] + E[H̃(i)

k E(i)
k B

(i)T
k ] + E[B(i)

k E(i)T
k H̃

(i)T
k ] + E[B(i)

k R
(i)
k B

(i)T
k ]

+ H
(i)
k X (i)

k + X (i)T
k H

(i)T
k −H

(i)
k Σ(i)

k/k−1H
(i)T
k − Y(i)

k,k−1Π
(i)−1
k−1 Y(i)T

k,k−1, k ≥ 2;

Π(i)
1 = E[H̃(i)

1 D1H
(i)T
1 ] + E[H(i)

1 E(i)
1 B

(i)T
1 ] + E[B(i)

1 E(i)T
1 H

(i)T
1 ]

+ E[B(i)
1 R

(i)
1 B

(i)T
1 ] + H

(i)
1 Σ(i)

1/0H
(i)T
1 .

The filtering error covariance matrix, Σ(i)
k/k, is computed by

Σ(i)
k/k = Σ(i)

k/k−1 −X
(i)
k Π(i)−1

k X (i)T
k , k ≥ 1; Σ(i)

0/0 = Σ0,

where the prediction error covariance matrix, Σ(i)
k/k−1, is given by

Σ(i)
k/k−1 = Dk + F k−1(Σ

(i)
k−1/k−1 −Dk−1)F

T
k−1 +W(i)

k−1Π
(i)−1
k−1 W(i)T

k−1

−X (i)
k,k−1Π

(i)−1
k−1 W(i)T

k−1 −W(i)
k−1Π

(i)−1
k−1 X (i)T

k,k−1, k ≥ 2;

Σ(i)
1/0 = D1.

Finally, Dk, Dk,k−1 and W(i)
k , E(i)

k , E(i)
k,k−1, V(i)

k,k−1 are given in (2) and (3), respectively.
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3.2 Distributed fusion filter weighted by matrices

As we have already indicated, our aim is to design a distributed fusion filter, x̂
(D)
k/k , as a

matrix-weighted sum of the local filters, x̂
(i)
k/k, i = 1, . . . , m, such that the optimal weighting

matrices are computed to minimize the mean squared estimation error. The following
two lemmas provide some expectations required to obtain the proposed fusion estimator.
Hereafter, the assumptions and notations used are the same as those in Theorem 1.

Lemma 1 For i, j = 1, . . . , m and i 6= j, the expectation L
(ij)
k ≡ E[x̂(i)

k/k−1µ
(j)T
k ] satisfies

L
(ij)
k =

(
F k−1K

(i)
k−1/k−2F

T
k−1 −K

(ij)
k/k−1

)
H

(j)T
k

+ X (i)
k,k−1Π

(i)−1
k−1

(
∆(ji)T

k,k−1 + V(ji)T
k,k−1

)
− L

(ij)
k,k−1Π

(j)−1
k−1 Y(j)T

k,k−1, k ≥ 2; L
(ij)
1 = 0,

where the expectation ∆(ij)
k,k−1 ≡ E[H(i)

k xkµ
(j)T
k−1 ] is obtained by

∆(ij)
k,k−1 = E[H(i)

k Dk,k−1H
(j)T
k−1 ] + E[H(i)

k E(j)
k,k−1B

(j)T
k−1 ]

−H
(i)
k F k−1

(
K

(j)
k−1/k−2H

(j)T
k−1 + X (j)

k−1,k−2Π
(j)−1
k−2 Y(j)T

k−1,k−2

)
, k ≥ 3;

∆(ij)
2,1 = E[H(i)

2 D2,1H
(j)T
1 ] + E[H(i)

2 E(j)
2,1B

(j)T
1 ]−H

(i)
2 F 1K

(j)
1/0H

(j)T
1 ,

and L
(ij)
k,k−1 ≡ E[x̂(i)

k/k−1µ
(j)T
k−1 ] is computed by L

(ij)
k,k−1 = F k−1L

(ij)
k−1+X (i)

k,k−1Π
(i)−1
k−1 Π(ij)

k−1, k ≥ 2.

The cross-covariance matrices, K
(ij)
k/k−1 ≡ E[x̂(i)

k/k−1x̂
(j)T
k/k−1] are computed by

K
(ij)
k/k−1 = F k−1K

(ij)
k−1/k−2F

T
k−1 + F k−1L

(ij)
k−1Π

(j)−1
k−1 X (j)T

k,k−1

+ X (i)
k,k−1Π

(i)−1
k−1 L

(ji)T
k−1 F

T
k−1 + X (i)

k,k−1Π
(i)−1
k−1 Π(ij)

k−1Π
(j)−1
k−1 X (j)T

k,k−1, k ≥ 2, i 6= j;

K
(i)
k/k−1 = Dk − Σ(i)

k/k−1, k ≥ 2; K
(ij)
1/0 = 0.

Lemma 2 For i, j = 1, . . . , m and i 6= j, the cross-covariance matrices of the innovations,
Π(ij)

k ≡ E[µ(i)
k µ

(j)T
k ], are given by

Π(ij)
k = ∆(ij)

k + E[B(i)
k E(i)T

k H
(j)T
k ] + E[B(i)

k R
(ij)
k B

(j)T
k ]

− V(ij)
k,k−1Π

(j)−1
k−1

(
H

(j)
k X (j)

k,k−1 + Y(j)
k,k−1

)T
−H

(i)
k L

(ij)
k − Y(i)

k,k−1Π
(i)−1
k−1 Π(ij)

k−1,k, k ≥ 2;

Π(ij)
1 = ∆(ij)

1 + E[B(i)
1 E(i)T

1 H
(j)T
1 ] + E[B(i)

1 R
(ij)
1 B

(j)T
1 ],

where the expectations ∆(ij)
k ≡ E[H(i)

k xkµ
(j)T
k ] are obtained by

∆(ij)
k = E[H(i)

k DkH
(j)T
k ] + E[H(i)

k E(j)
k B

(j)T
k ]−H

(i)
k F k−1K

(j)
k−1/k−2F

T
k−1H

(j)T
k

−∆(ij)
k,k−1Π

(j)−1
k−1

(
H

(j)
k X (j)

k,k−1 + Y(j)
k,k−1

)T
, k ≥ 2;

∆(ij)
1 = E[H(i)

1 D1H
(j)T
1 ] + E[H(i)

1 E(j)
1 B

(j)T
1 ],
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and Π(ij)
k−1,k ≡ E[µ(i)

k−1µ
(j)T
k ] are given by

Π(ij)
k−1,k = ∆(ji)T

k,k−1 + V(ji)T
k,k−1 − L

(ji)T
k,k−1H

(j)T
k −Π(ij)

k−1Π
(j)−1
k−1 Y(j)T

k,k−1, k ≥ 2.

The distributed fusion filter, x̂
(D)
k/k , and its error covariance matrix, Σ(D)

k/k , are given in
the following theorem.

Theorem 2 Let X̂k/k = (x̂(1)T
k/k , . . . , x̂

(m)T
k/k )T be the vector consisting of the local filters

obtained in Theorem 1. Then, the distributed fusion filter for the system (1) is given by

x̂
(D)
k/k = Ξk/kK

−1
k/kX̂k/k, k ≥ 1,

where Kk/k =
(
K

(ij)
k/k

)
i,j=1,...,m

and Ξk/k = (K(1)
k/k, . . . ,K

(m)
k/k ), with the cross-covariance ma-

trices, K
(ij)
k/k , i, j = 1, . . . , m, between any two local filters calculated as

K
(ij)
k/k = K

(ij)
k/k−1 + L

(ij)
k Π(j)−1

k X (j)T
k + X (i)

k Π(i)−1
k L

(ji)T
k

+ X (i)
k Π(i)−1

k Π(ij)
k Π(j)−1

k X (j)T
k , k ≥ 1, i 6= j; K

(i)
k/k = Dk − Σ(i)

k/k, k ≥ 1.

The error covariance matrices of the distributed fusion filtering estimators are computed by

Σ(D)
k/k = Dk − Ξk/kK

−1
k/kΞ

T
k/k, k ≥ 1.

Finally, the matrices L
(ij)
k , K

(ij)
k/k−1 and Π(ij)

k are given in Lemmas 1 and 2, respectively.

4 Numerical simulation example

In this section we show that the results obtained in the current paper for the system model
with random measurement matrices (1) can be applied to multi-sensor systems with corre-
lated randomly delayed measurements as a particular case.

Consider a discrete-time linear stochastic system with state-dependent multiplicative
noise and scalar randomly delayed measurements coming from two sensors:

xk = (0.95 + 0.2εk−1)xk−1 + wk−1, k ≥ 1,

z
(i)
k = C(i)xk + v

(i)
k , k ≥ 1, i = 1, 2,

y
(i)
k = (1− γ

(i)
k )z(i)

k + γ
(i)
k z

(i)
k−1, k ≥ 2, y

(i)
1 = z

(i)
1 , i = 1, 2

(4)

where {εk; k ≥ 0} is a zero-mean Gaussian white process with unit variance. Let us assume
that C(1) = 0.7 and C(2) = 0.6. The additive noises are defined as wk = 0.6(ηk + ηk+1) and
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v
(i)
k = c(i)ηk, i = 1, 2, where c(1) = 1, c(2) = 0.8 and {ηk; k ≥ 0} is a zero-mean Gaussian

white process with variance 0.5.
For i = 1, 2, the random variables γ

(i)
k , which model the random delays, are defined

by two independent sequences of independent Bernoulli random variables, {α(i)
k ; k ≥ 1},

i = 1, 2, with probabilities P [α(i)
k = 1] = α(i); specifically, for i = 1, 2, γ

(i)
k = α

(i)
k+1(1− α

(i)
k ).

Taking into account the previous definition, at each sensor the variables γ
(i)
k and γ

(i)
s

are independent for |k − s| 6= 0, 1 but correlated at consecutive sampling times. The mean
of these variables is γ(i) = α(i)(1 − α(i)), i = 1, 2 and the correlation function is given by

E[γ(i)
k γ

(i)
s ] =

{
γ(i), |k − s| = 0
0, |k − s| = 1

.

In order to apply the theoretical results established in Section 3, system (4) can be
equivalently rewritten as the following one, with random parameter matrices:

Xk+1 = FkXk + Wk, k ≥ 0,

y
(i)
k = H

(i)
k Xk + B

(i)
k V

(i)
k , k ≥ 1, i = 1, 2,

(5)

where

Xk =
(

xk

xk−1

)
, k ≥ 1, X0 =

(
x0

0

)
, Fk =

(
0.95 + 0.2εk 0

1 0

)
, Wk =

(
wk

0

)
, k ≥ 0

H
(i)
k =

{ (
C(i), 0

)
, k = 1(

(1− γ
(i)
k )C(i), γ

(i)
k C(i)

)
, k ≥ 2

, B
(i)
k =





(
1, 0

)
, k = 1(

1− γ
(i)
k , γ

(i)
k

)
, k ≥ 2

,

V
(i)
k =





(
v

(i)
1 , 0

)T
, k = 1

(
v

(i)
k , v

(i)
k−1

)T
, k ≥ 2

.

The new noise processes and the random parameter matrices of system (5) satisfy the
assumptions 1-4 to apply the algorithm proposed in this paper. Specifically, we have:

• {H(i)
k ; k ≥ 1} and {B(i)

k ; k ≥ 1} are correlated and cross-correlated at consecutive
sampling times.

• The additive noises {Wk; k ≥ 0} and {V (i)
k ; k ≥ 1} are correlated, with

Qk =
(

0.36 0
0 0

)
, k ≥ 0, Qk,k−1 =

(
0.18 0
0 0

)
, k ≥ 1,

R
(ij)
1 =

(
0.5c(i)c(j) 0

0 0

)
, R

(ij)
k =

(
0.5c(i)c(j) 0

0 0.5c(i)c(j)

)
,

R
(ij)
k,k−1 =

(
0 0

0.5c(i)c(j) 0

)
, k ≥ 2,
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S
(i)
k =

(
0.3c(i) 0

0 0

)
, k ≥ 1,

S
(i)
0,1 = S

(i)
1 , S

(i)
k−1,k =

(
0.3c(i) 0.3c(i)

0 0

)
, S

(i)
k−2,k =

(
0 0.3c(i)

0 0

)
, k ≥ 2.

To illustrate the feasibility of the proposed estimators, the corresponding algorithms
were implemented in MATLAB, and one hundred iterations of the centralized linear filter-
ing algorithm ([10]) and the proposed distributed filtering algorithm were run. The error
variances of both distributed and centralized fusion filters were calculated for several values
of α(i) which provide different values of the delay probabilities γ(i), i = 1, 2. Only the cases
α(i) ≤ 0.5 are displayed due to the symmetry of γ(i) = α(i)(1− α(i)).

Figure 1 shows local, centralized, and distributed filtering error variances considering
α(1) = 0.5 and α(2) = 0.1. This figure confirms that the distributed fusion filter outperforms
each local filter and that the centralized method is more accurate than the distributed one.

Next, in order to show the dependence of the error variances upon the values α(1) and
α(2), Figure 2 displays the filtering error variances, at a fixed iteration (namely, k = 100),
when both α(1) and α(2) are varied from 0.1 to 0.5, which provide different values of the
delay probabilities γ(1) and γ(2) (γ(i) = 0.09, 0.16, 0.21, 0.24, 0.25). In both graphs we can
see that worse estimations are obtained as the delay probabilities increase. Also, this figure
confirms the similar accuracy of both methods, centralized and distributed.

10 20 30 40 50 60 70 80 90 100
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

Iteration k

 

 

Local filtering error variances (Sensor 1)
Local filtering error variances (Sensor 2)
Distributed filtering  error variances
Centralized filtering  error variances

Figure 1: Filtering error variances for α(1) = 0.5 and α(2) = 0.1.
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Figure 2: Filtering error variances at k = 100 versus α(2) with α(1) varying from 0.1 to 0.5.

5 Conclusion

The distributed fusion filtering problem has been addressed for multi-sensor stochastic sys-
tems with correlated random parameter matrices and additive noises. Firstly, recursive
algorithms for the local LS linear filters of the system state based on the measurements
coming from each sensor have been obtained. Next, a distributed fusion filter has been
designed as a matrix-weighted linear combination of such local estimators by minimizing
the mean squared estimation error. The applicability of the proposed estimators has been
illustrated by a numerical simulation example, where an error variance comparison has been
carried out to show the performance of the centralized and distributed fusion estimators.
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Abstract

The centralized fusion estimation problem is addressed for a class of discrete-time
multisensor networked systems subject to random transmission one-step delays and non-
consecutive packet dropouts with different rates. For each sensor, a different sequence
of Bernoulli variables is used to model these random transmission failures, and the
measured outputs are perturbed by both random parameter matrices and white noises.
Using an innovation approach and without requiring full knowledge of the signal evo-
lution model, but only the first and second order moments of the processes involved,
a computationally simple and easily implementable recursive algorithm is obtained for
the centralized prediction and filtering problems. The proposed estimators depend on
the delay probabilities at each sampling time, but do not need to know if a particular
measurement is delayed or well-timed. A numerical example is given which support our
analysis and shows how the random delays influence the estimation accuracy.

Key words: centralized fusion estimation, random delays and packet dropouts
MSC 2000: 60G35, 62M20, 93E10, 93E11

1 Introduction

Over the past few decades, the scientific community has been concerned with networked
systems, where the observations provided by all the network sensors are transmitted to a
fusion center for being processed, and considerable attention has been paid to the fusion
estimation of signals over multisensor systems with networked-induced random phenomena,
such as missing and fading measurements, sensor gain degradation or multiplicative noise
uncertainties, among others (see e.g. [1]-[5]).
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Also, due to the limited bandwidths of the communication channels, random delays
and/or packet losses are inevitable during the data transmission through the network and,
hence, the measurements received by the processing center may be imperfect. Standard
observation models are not appropriate under these transmission uncertainties, and classical
estimation algorithms cannot be applied directly. For this reason, random delays and packet
dropouts are two important issues which have received significant attention in the research of
the estimation problem in networked systems (see e.g. [6]-[10]). Due to the random nature
of transmission delays and packet dropouts, they can be described by Bernoulli random
variables; however, different observation models are employed depending on whether each
packet at sensor side is transmitted several times, in order to avoid losses as far as possible
(see, e.g. [6]), or just once in order to avoid the network congestion (see e.g. [8]).

In relation to the mentioned networked-induced random phenomena, it is worth not-
ing that random parameter measurement matrices can be used to describe, for example,
missing or fading sensor measurements, and the networked systems involving stochastic mul-
tiplicative noises can be rewritten by using random parameter measurement matrices. Also,
based on an augmentation approach, systems with random delays and packet dropouts, or
systems with two-step random delays, can be transformed into systems with random param-
eter matrices. Consequently, this kind of systems with random parameter matrices provide
an appropriate unified framework to model some of the aforementioned networked-induced
random phenomena; this fact has encouraged an increasing research interest in the fusion
estimation problems in this class of systems (see e.g. [11]- [16], and references therein).

Driven by the above considerations, this paper is concerned with the centralized fusion
problem over multisensor networked systems using measurements perturbed by random pa-
rameter matrices and additive white noises, which are transmitted to the fusion center and
one-step random delays and non-consecutive losses, with different rates, may occur during
the transmission process. In order to avoid the network congestion, at each sampling time,
the measured output of each sensor is sent just once and only one packet or no packet is
available at the fusion center. The main contributions of this paper can be highlighted as
follows: (1) the observation model considers random parameter matrices in the measured
outputs and, simultaneously, random one-step delays and non-consecutive packet dropouts
with different rates in the transmission; (2) an optimal least-squares linear recursive predic-
tion and filtering algorithm is obtained without requiring full knowledge of the state-space
model generating the signal process; and (3) the innovation technique is used, simplifying
substantially the derivation of the algorithm, due to the fact that the innovation process is
a white noise.

The rest of the paper is organized as follows. Section 2 presents the observation model
with random parameter matrices and random one-step delays and non-consecutive packet
dropouts to be considered. In Section 3, a recursive algorithm for the centralized least-
squares linear prediction and filtering estimators is derived. In Section 4, the performance
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of the proposed algorithm is illustrated by a numerical simulation example. Section 5
summarizes the main conclusions of the current study and points out some future research
lines.

Notation: The notation used throughout the paper is standard. Rn denotes the n-
dimensional Euclidean space. AT and A−1 denote the transpose and inverse of a matrix
A, respectively. The shorthand Diag(a1, . . . , am) denotes a diagonal matrix whose diagonal
entries are a1, . . . , am. 1 = (1, . . . , 1)T denotes the all-ones vector and I the identity matrix.
If the dimensions of matrices are not explicitly stated, they are assumed to be compatible
for algebraic operations. The notation ⊗ and ◦ represent the Kronecker and Hadamard
products, respectively. Finally, δk,s represents the Kronecker delta function.

2 Problem formulation

Our aim is to find a recursive algorithm for the optimal least-squares (LS) linear prediction
and filtering problem of a multidimensional discrete-time random signal using measurements
perturbed by random parameter matrices and additive white noises, which are transmitted
by multiple sensors, assuming that one-step random delays and non-consecutive losses may
occur during the transmission process, with different rates at the different sensors. Next,
we present the observation model and the assumptions under which the estimation problem
will be addressed.

Observation model. Consider a networked system with m sensor nodes, which provide

measured outputs, z
(i)
k ∈ Rnz , of the signal vector, xk ∈ Rnx , according to the following

model:
z

(i)
k = H

(i)
k xk + v

(i)
k , k ≥ 1; i = 1, . . . ,m, (1)

where:

(H1) {xk; k ≥ 1}, the signal process, has zero mean and its autocovariance function is given
by: E[xkx

T
s ] = AkB

T
s , s ≤ k, where Ak, Bk, k ≥ 1, are known matrices.

(H2) {H(i)
k ; k ≥ 1}, i = 1, . . . ,m, are independent sequences of independent random pa-

rameter matrices, whose entries have known means and second-order moments; we

will denote H
(i)
k ≡ E[H

(i)
k ], k ≥ 1.

(H3) {v(i)
k ; k ≥ 1}, i = 1, . . . ,m, are white noise sequences with zero mean and known

second-order moments, satisfying E[v
(i)
k v

(j)T
s ] = R

(ij)
k δk,s, i, j = 1, . . . ,m.

It is assumed that, at any sampling time, the outputs are transmitted from the m
different sensors to a data processing center, where the signal estimation is performed and,
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as a consequence of possible failures during the transmission process, one-step delays and
non-consecutive packet dropouts may occur randomly in the transmission. In order to avoid

the network congestion, for each i = 1, . . . ,m, the measured output z
(i)
k of the i-th sensor

is sent just once and only one packet or no packet is available at the processing center.
Namely, for i = 1, . . . ,m, the measurements received are modelled as follows:

y
(i)
k = (1− γ(i)

k )z
(i)
k + γ

(i)
k γ

(i)
k−1z

(i)
k−1, k ≥ 2, y

(i)
1 = (1− γ(i)

1 )z
(i)
1 , (2)

where:

(H4) {γ(i)
k ; k ≥ 1}, i = 1, . . . ,m, are independent sequences of independent Bernoulli

random variables with known means, γ
(i)
k ≡ E[γ

(i)
k ], k ≥ 1.

Also, it is assumed that,

(H5) For i = 1, . . . ,m, the processes {xk; k ≥ 1}, {H(i)
k ; k ≥ 1}, {v(i)

k ; k ≥ 1}, {γ(i)
k ; k ≥ 1}

are mutually independent.

Stacked observation model. To address the estimation problem through the centralized

fusion method, the observations of the different sensors {y(i)
1 , . . . , y

(i)
k , i = 1, . . . ,m}, are

gathered and jointly processed at each sampling time; for this purpose, the observation
equations (1) and (2) are combined yielding the following observation model:

zk = Hkxk + vk, k ≥ 1.
yk = (I − Γk)zk + ΓkΓk−1zk−1, k ≥ 2; y1 = (I − Γ1)z1,

(3)

where zk = (z
(1)T
k , . . . , z

(m)T
k )T , Hk = (H

(1)T
k , . . . ,H

(m)T
k )T , vk = (v

(1)T
k , . . . , v

(m)T
k )T and

Γk = Diag(γ
(1)
k , . . . , γ

(m)
k )⊗ I.

Hence, the problem is to obtain the LS linear estimator of the signal, xk, based on
the randomly delayed observations {y1, . . . , yL}, L ≤ k, given in (3). Next, we present the
statistical properties of the processes involved in the observation model (3), from which the
LS linear prediction and filtering algorithm of the signal xk will be derived; these properties
are easily inferred from the model hypotheses (H1)-(H5) previously established.

(P1) {Hk; k ≥ 1} is a sequence of independent random parameter matrices with known

means, Hk ≡ E[Hk] =
(
H

(1)T
k , . . . ,H

(m)T
k

)T
, and

E[Hkxkx
T
sH

T
s ] = E[HkAkB

T
s H

T
s ] =

(
E[H

(i)
k AkB

T
s H

(j)T
s ]

)
i,j=1...,m

, s ≤ k,
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where E[H
(i)
k AkB

T
s H

(j)T
s ] = H

(i)
k AkB

T
s H

(j)T
s , for j 6= i or s 6= k, and the entries of

E[H
(i)
k AkB

T
k H

(i)T
k ] are computed as follows:

(
E[H

(i)
k AkB

T
k H

(i)T
k ]

)
pq

=

nx∑
a=1

nx∑
b=1

E[h(i)
pa(k)h

(i)
qb (k)](AkB

T
k )ab, p, q = 1, . . . , nz,

where h
(i)
pq (k) denotes the (p, q)−entry of the matrix H

(i)
k .

(P2) The noise {vk; k ≥ 1} is a zero-mean sequence with known second-order moments

defined by the matrices Rk ≡ (R
(ij)
k )i,j=1,...,m.

(P3) The random matrices {Γk; k ≥ 1} are independent or, equivalently, the process

{γk; k ≥ 1}, where γk = (γ
(1)
k , . . . , γ

(m)
k )T ⊗ 1, is a white sequence; their first and

second-order moments are known, and the following notation will be used

· Γk ≡ E[Γk] = Diag
(
γ

(1)
k , . . . , γ

(m)
k

)
⊗ I.

· Kγ
k ≡ E

[
γkγ

T
k

]
, K1−γ

k ≡ E
[
(1− γk)(1− γk)T

]
, Kγ,1−γ

k ≡ E
[
γk(1− γk)T

]
.

(P4) The processes {xk; k ≥ 1}, {Hk; k ≥ 1}, {vk; k ≥ 1} and {Γk; k ≥ 1} are mutually
independent.

Remark 1: From the previous properties, it is clear that {zk; k ≥ 1} and {yk; k ≥ 1} are
zero-mean processes whose correlation functions, Σz

k,s ≡ E[zkz
T
s ] and Σy

k,s ≡ E[yky
T
s ], for

s = k, k − 1, are obtained by the following expressions:

Σz
k,s = E[HkAkB

T
s H

T
s ] +Rkδk,s, s ≤ k.

Σy
k = K1−γ

k ◦ Σz
k +K1−γ,γ

k ◦ Σz
k,k−1Γk−1+Kγ,1−γ

k ◦ Γk−1Σz
k−1,k+Kγ

k ◦K
γ
k−1 ◦Σ

z
k−1, k ≥ 2;

Σy
1 = K1−γ

1 ◦ Σz
1.

Σy
k,k−1 = (I − Γk)Σ

z
k,k−1(I − Γk−1) + (I − Γk)Σ

z
k,k−2Γk−2Γk−1 + ΓkK

γ,1−γ
k−1 ◦ Σz

k−1

+ΓkK
γ
k−1 ◦ Σz

k−1,k−2Γk−2, k ≥ 3;

Σy
2,1 = (I − Γ2)Σz

2,1(I − Γ1) + Γ2K
γ,1−γ
1 ◦ Σz

1.
(4)

3 Centralized fusion estimators

In this section, a recursive algorithm for the LS linear centralized fusion prediction and
filtering estimators of the signal is obtained by an innovation approach. According to
such approach, the observation process {yk; k ≥ 1} is transformed into an equivalent one
(innovation process) of orthogonal vectors {µk; k ≥ 1}, defined by µk = yk − ŷk/k−1, where
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ŷk/k−1 is the orthogonal projection of yk onto the linear space generated by {µ1, . . . , µk−1}.
So, the LS linear estimator of any random vector wk based on the observations {y1, . . . , yL},
denoted as ŵk/L, agrees with that based on the innovations {µ1, . . . , µL}, and, denoting
Πh = E[µhµ

T
h ], the following general expression for the LS linear estimators of wk is obtained

ŵk/L =
L∑
h=1

E[wkµ
T
h ]Π−1

h µh. (5)

One-stage observation predictor. To simplify future formulas and expressions, the
observation model (3) will be equivalently written as follows:

yk = (I − Γk)Hkxk + ΓkΓk−1Hk−1xk−1 + Vk, k ≥ 2,

where Vk = (I − Γk)vk + ΓkΓk−1vk−1 + Γk(Γk−1Hk−1 − Γk−1Hk−1)xk−1.

From the general expression (5), denoting Vk,h ≡ E[Vkµ
T
h ], h ≤ k−1, and since Vk,h = 0

for h ≤ k−2, we obtain that V̂k/k−1 = Vk,k−1Π−1
k−1µk−1, k ≥ 2; hence, from the orthogonal

projection lemma (OPL), the observation predictor is given by

ŷk/k−1 = (I − Γk)Hkx̂k/k−1 + ΓkΓk−1Hk−1x̂k−1/k−1 + Vk,k−1Π−1
k−1µk−1, k ≥ 2 (6)

and, consequently, the one-stage predictor and filter of the signal xk are needed .

Centralized prediction and filtering recursive algorithm. The following theorem
presents a recursive algorithm for the optimal LS linear centralized fusion estimators x̂k/L,
L ≤ k, of the signal xk based on the observations {y1, . . . , yL} given by (3).

Theorem 1. The centralized predictor and filter, x̂k/L, L ≤ k, and the corresponding error

covariance matrices, Σ̂k/L ≡ E[(xk − x̂k/L)(xk − x̂Tk/L)], are obtained by

x̂k/L = AkeL, L ≤ k, (7)

Σ̂k/L = Ak
(
Bk −AkΣ

e

L

)T
, k ≥ 1, (8)

where the vectors eL and the matrices Σ
e

L ≡ E[eLe
T
L] are recursively obtained from

eL = eL−1 + ELΠ−1
L µL, L ≥ 1; e0 = 0, (9)

Σ
e

L = Σ
e

L−1 + ELΠ−1
L E

T
L , L ≥ 1; Σ

e

0 = 0. (10)

The innovation, µL, satisfies

µL = yL −HAL
eL−1 − VL,L−1Π−1

L−1µL−1, L ≥ 2; µ1 = y1, (11)
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where VL,L−1 = Σy
L,L−1 −HAL

HTBL−1
, and the innovation covariance, ΠL, is given by

ΠL = Σ
y

L −HAL
(HTBL

− EL)− VL,L−1Π−1
L−1(HAL

EL−1 + VL,L−1)T, L ≥ 2; Π1 = Σ
y

1.
(12)

The matrices EL are given by

EL = HTBL
− Σ

e

L−1H
T
AL
− EL−1Π−1

L−1V
T
L,L−1, L ≥ 2; E1 = HTB1

. (13)

Finally, the matrices Σy
L and Σy

L,L−1 are given in (4), and the matrices HΨL
with ΨL =

AL, BL, are defined by

HΨL
= (I − ΓL)HLΨL + ΓLΓL−1HL−1ΨL−1, L ≥ 2; HΨ1 = (I − Γ1)H1Ψ1. (14)

Proof. From the general expression (5), to obtain the LS linear estimators x̂k/L, L ≤ k, it
is necessary to calculate the coefficients Xk,h ≡ E[xkµ

T
h ] = E[xky

T
h ]− E[xkŷ

T
h/h−1], h ≤ k.

From (H.1) and the independence hypotheses, we have that E[xky
T
h ] = AkH

T
Bh

, with

HBh
given in (14). Now, using expression (6) for ŷh/h−1, together with (5) for x̂h/h−1 and

x̂h−1/h−1, we obtain that the filter coefficients are expressed as Xk,h = AkEh, h ≤ k, where

Eh = HTBh
−
h−1∑
j=1

EjΠ−1
j E

T
j H

T
Ah
− Eh−1Π−1

h−1V
T
h,h−1, h ≥ 2; E1 = HTB1

.

Then, by defining

eL =
L∑
h=1

EhΠ−1
h µh, L ≥ 1; e0 = 0 and Σ

e

L =
L∑
h=1

EhΠ−1
h Eh, L ≥ 1; Σ

e

0 = 0,

and taking into account that E[eLµ
(i)T
h ] = Eh, for h ≤ L, and E[eLy

T
L ] = HTBL

, it is easy to
obtain expressions (7)-(11) and (13) of Theorem 1.

Finally, expression (12) for ΠL is obtained taking into account that from the OPL, the
innovation covariance matrix can be expressed as ΠL = E[yLy

T
L ] − E[ŷL/L−1ŷ

T
L/L−1], and

using that ŷL/L−1 = HAL
eL−1 + VL,L−1Π−1

L−1µL−1. Then the proof is complete. �

4 Numerical simulation example

Consider a zero-mean scalar signal {xk; k ≥ 1} with autocovariance function given by
E[xkxs] = 1.025641 × 0.95k−s, s ≤ k, which is factorizable according to (H1) taking
for example Ak = 1.025641×0.95k and Bk = 0.95−k. Measured outputs perturbed by white
additive noises coming from two sensors are considered, and two different types of uncer-
tainty are assumed in both sensors: missing measurements in sensor 1, and gain degradation
in sensor 2. Specifically,

z
(i)
k = H

(i)
k xk + v

(i)
k , k ≥ 1, i = 1, 2,

c©CMMSE ISBN: 978-84-617-8694-7Page 451 of  2288



Centralized estimation with random delays and non-consecutive losses

with H
(i)
k = 0.8λ

(i)
k , where {λ(i)

k ; k ≥ 1}, i = 1, 2, are sequences of independent random

variables, such that, for all k ≥ 1, λ
(1)
k a Bernoulli variable with P [λ

(1)
k = 1] = p, and

λ
(2)
k is uniformly distributed on the interval [0.1, 0.9]. The additive noises are defined as

v
(i)
k = ciηk, i = 1, 2, where c1 = 0.5, c2 = 0.75, and {ηk; k ≥ 1} is a zero-mean Gaussian

white process with unit variance. Also, we assume that the sequences {ηk; k ≥ 1} and

{λ(i)
k ; k ≥ 1}, i = 1, 2, are mutually independent.

Now, according to the proposed observation model, it is assumed that, at any sampling
time k ≥ 1, the measured output from the i-th sensor, can be randomly delayed by one
sampling period or lost during network transmission; that is,

y
(i)
k = (1− γ(i)

k )z
(i)
k + γ

(i)
k γ

(i)
k−1z

(i)
k−1, k ≥ 2, y

(i)
1 = (1− γ(i)

1 )z
(i)
1 ; i = 1, 2,

where {γ(i)
k ; k > 1}, i = 1, 2, are independent sequences of independent Bernoulli random

variables with constant probabilities, P [γ
(i)
k = 1] = γ(i).

To illustrate the effectiveness and applicability of the proposed estimators, the cen-
tralized prediction and filtering algorithm was implemented in MATLAB and a hundred
iterations were performed.

Firstly, in order to compare the performance of the predictors, ẑk/L, L = k − 3, k −
2, k− 1 and the filter, ẑk/k, their error variances are calculated considering constant values

p = 0.5 and γ(1) = 0.2, γ(2) = 0.4. The results are displayed in Figure 1, which shows that
the filtering error variances are smaller than the prediction ones, thus confirming that the
filter outperforms the predictor. Also, this figure shows that the predictor becomes more
accurate as the number of available observations increases. Analogous results are obtained
for other values of the probabilities p, γ(1) and γ(2).

Next, we analyze the sensitivity of the estimation performance to the variation of the
probability p that the signal is present in the measurements of the first sensor. For this
purpose, the filtering error variances are calculated for different values of p, when γ(1) =
0.2 and γ(2) = 0.4. The results are given in Figure 2, which shows that, as p increases,
the filtering error variances become smaller and, hence, better estimations are obtained.
Analogous conclusions are deduced for other values of γ(1), γ(2) and p.

Finally, considering a fixed value of p, namely p = 0.5, the filtering error variances have
been calculated for different values of the delay probabilities γ(1) and γ(2). Specifically, the
values γ(1) = 0.1, 0.2, 0.3, 0.4, 0.5, and γ(2) = 0.1, 0.3, 0.5, 0.6, have been used. The
results are displayed in Figure 3, which shows that the filtering error variances become
greater (and, consequently, worse estimations are obtained) as the delay probability γ(1) or
γ(2) increases.
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Figure 1: Prediction and filtering error variances, when p = 0.5 and γ(1) = 0.2, γ(2) = 0.4.
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Figure 2: Filtering error variances for different values of p, when γ(1) = 0.2 and γ(2) = 0.4.
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Filtering error variances, γ(1) = 0.5, γ(2) = 0.6

Figure 3: Filtering error variances for different values of γ(1) and γ(2), when p = 0.5

5 Concluding remark

In this paper, we have studied the recursive LS centralized fusion estimation problem for a
class of multisensor uncertain systems with random parameter matrices, under the assump-
tion that the sensor output transmissions to the processing center may experience random
one-step delays and non-consecutive packet losses, when these transmission uncertainties
occur with different rates at the different sensors. For the addressed model, we have de-
rived an optimal recursive algorithm for the filtering and prediction problems, using the
innovation technique. To measure the estimation accuracy, recursive formulas for the error
covariance matrices have been also derived. The current results are applicable when the
signal evolution model is not available, since the algorithm needs only the mean and co-
variance functions of the processes involved, but it can be also applied to the conventional
state-space model formulation. The usefulness of the developed estimation algorithm has
been illustrated by a numerical simulation example.

Future lines of research will attempt to: (i) Consider noise correlation, since many prac-
tical situations involve non-white measurement noises that can also be correlated among
the sensors, and this correlation should not be ignored. (ii) Explore the design of dis-
tributed fusion estimators which, as it is known, despite being slightly less accurate than
the centralized ones, are more robust and save time and storage resources in the fusion
center.
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Abstract

The distributed fusion filtering problem is addressed for discrete-time random sig-
nals from multi-sensor noisy measurements, which are transmitted to local processors
through different communication channel links. Assume that, due to random transmis-
sion failures, some of the data packet processed for the estimation may either contain
only noise (uncertain observations), be delayed (randomly delayed observations) or even
be definitely lost (random packet dropouts). Using only covariance information, without
requiring the evolution model of the signal process, local least-squares linear estimators
based on the measurements received by the local processor of each individual sensor are
obtained, and the distributed fusion method is then used to generate an optimal fusion
filter by a matrix-weighted linear combination of such local estimators using the mean
squared error as optimality criterion. The accuracy of the proposed estimators, which
is measured by the estimation error covariances, is examined by a simulation example.

Key words: distributed fusion estimation, uncertain observations, random delays,
packet dropouts

MSC 2000: 60G35, 62M20, 93E10, 93E11

1 Introduction

Sensor networks are currently one of the most important technologies and information fusion
has become a challenging issue within the study of the estimation problem in networked
stochastic systems. Many of the existing fusion estimation algorithms are concerned with
conventional systems, where each sensor transmits its outputs to the fusion center (FC)
over perfect connections (see e.g. [1] and [2], and references therein).
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However, usually the network characteristics may not be utterly reliable and, when
the sensors send their measurements to the FC, some problems may arise as, for example,
uncertain observations or missing measurements, random delays and/or packet dropouts,
thus causing the deterioration of the quality of the fusion estimators designed without
considering these drawbacks. For this reason, the design of new fusion estimation algorithms
for systems featuring one of the aforementioned uncertainties (see e.g.[3]-[5] and references
therein), or even several of them simultaneously (see e.g. [6]- [13] and references therein),
has become an active research topic of growing interest.

There are two fundamental kinds of fusion filtering algorithms: (a) The centralized
fusion filtering algorithms (see e.g. [6]), where the sensors simply forward all the measured
data to the FC and then they are processed to provide optimal estimators; hence, when all
the sensors work correctly, centralized fusion estimators have the best accuracy. (b) The
distributed fusion filtering algorithms (see e.g. [12]), where local estimators are obtained
from the measurements of each single sensor, and these local estimators are then combined
according to a certain information fusion criterion; the distributed estimators, despite being
slightly less accurate than the centralized ones, have better robustness and reliability.

In this paper, we address the distributed fusion estimation problem in networked sys-
tems with multiple uncertainties during transmission, which include random delays, packet
dropouts and/or uncertain observations. To the best of the authors’ knowledge, the simul-
taneous consideration of these uncertainties has not yet been investigated in the framework
of covariance information and, therefore, it constitutes an interesting research challenge.
The main contributions of the present paper include: (1) Our approach, based on covari-
ance information, does not require the evolution model generating the signal process. (2)
The estimators are obtained without the necessity of augmenting the state; so, the dimen-
sion of the designed estimators is the same as that of the original state, thus reducing the
computational cost compared with the augmentation method.

The rest of the paper is structured as follows. In Section 2, we present the measurement
model to be considered and the assumptions under which the distributed estimation problem
is addressed. In Section 3, a local least-squares linear filtering algorithm is derived, and
the proposed distributed estimators are generated by a matrix-weighted linear combination
of the local estimators using the mean squared error as optimality criterion. A simulation
example is given in Section 4 to show the performance of the proposed estimators. Finally,
some conclusions are drawn in Section 5.

Notations. The notations used throughout the paper are standard. Rn denotes the n-
dimensional Euclidean space. For a matrix A, AT and A−1 denote its transpose and inverse,
respectively. If a matrix dimension is not specified, it is assumed to be compatible with
algebraic operations. δk,s denotes the Kronecker delta function. Finally, for any function
Gk,s, depending on the instants k and s, we will write Gk = Gk,k for simplicity; analogously,
K(i) = K(ii) will be written for any function K(ij), depending on sensors i and j.
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2 Observation model

This paper deals with the fusion estimation problem of discrete-time random signals from
multi-sensor noisy measurements transmitted through different channels using the dis-
tributed fusion method. Each sensor is assumed to transmit its outputs to a local processor
over imperfect networks, which yield mixed uncertainties. Specifically, the observations
processed for the estimation may either contain only noise, be one-step randomly delayed
or dropped out, in which case the last observation that successfully arrived will be used for
the estimation.

Signal process. The distributed fusion estimators will be obtained under the assumption
that the evolution model of the signal to be estimated is unknown and only information
about its mean and covariance functions is available; this information is specified in the
following assumption: The nx-dimensional signal process {xk; k ≥ 1} has zero mean and
its autocovariance function is expressed in a separable form, E[xkxTs ] = AkB

T
s , s ≤ k, where

Ak, Bs are known matrices.

Multi-sensor measured outputs. Consider m sensors, whose measurements are de-
scribed by the following equations:

z
(i)
k = H

(i)
k xk + v

(i)
k , k ≥ 1, i = 1, . . . ,m, (1)

where z(i)
k ∈ Rnz is the measured output of the i-th sensor at time k, and v

(i)
k is the noise

vector. Assume that the measurement noises {v(i)
k ; k ≥ 1}, i = 1, . . . ,m, are zero-mean

white processes with known covariances E[v(i)
k v

(j)T
s ] = R

(ij)
k δk,s, for i, j = 1, . . . ,m.

From this assumption and the separable form of the signal autocovariance function, it
is clear that, for i, j = 1, . . . ,m, the correlation matrices Σz(ij)

s,k ≡ E[z(i)
s z

(j)T
k ] are given by

Σz(ij)

s,k = H(i)
s BsA

T
kH

(j)T
k +R

(ij)
k δs,k, s ≤ k. (2)

Observation model with mixed uncertainties. As it has been indicated, random one-
step delays, packet dropouts and uncertain observations are supposed to exist in data trans-
missions from the individual sensors to the local processors. Namely, the following model
is considered for the measurement of the i-th local processor, y(i)

k , i = 1, . . . ,m:

y
(i)
k = γ

(i)
0,kz

(i)
k + γ

(i)
1,kz

(i)
k−1 + γ

(i)
2,kv

(i)
k + γ

(i)
3,ky

(i)
k−1, k ≥ 2;

y
(i)
1 = γ

(i)
0,1z

(i)
1 + γ

(i)
2,1v

(i)
1 ,

(3)

where γ(i)
3,k = 1−

∑2
d=0 γ

(i)
d,k, k ≥ 2, and γ

(i)
2,1 = 1− γ(i)

0,1. We denote γ(i)
1,1 = γ

(i)
3,1 = 0, and we

assume that, for i = 1, . . . ,m, and d = 0, 1, 2, 3, the process {γ(i)
d,k; k ≥ 1} is a sequence of
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independent Bernoulli variables with known probabilities P [γ(i)
d,k = 1] = γ

(i)
d,k, ∀k ≥ 1. Also,

we assume that {γ(i)
d,k; k ≥ 1} is independent of the sequences {γ(j)

d′,k; k ≥ 1}, d′ = 0, 1, 2, 3,
for any j 6= i.

Finally, the following independence hypothesis is also assumed: For i = 1, . . . ,m, and
d = 0, 1, 2, 3, the signal, {xk; k ≥ 1}, and the processes {v(i)

k ; k ≥ 1} and {γ(i)
d,k; k ≥ 1} are

mutually independent.

3 Distributed fusion filtering estimators

In this section a recursive filter is designed using the distributed fusion method. For this
purpose, for each i = 1, . . . ,m a local least-squares (LS) linear estimator, x̂(i)

k/k, k ≥ 1, of the

signal xk, based on the measurements
{
y

(i)
1 , . . . , y

(i)
k

}
, is obtained by a recursive algorithm

and then a fusion distributed estimator, x̂k/k, is generated by a matrix-weighted linear
combination of the local estimators, x̂(i)

k/k, i = 1, . . . ,m, using the mean squared error as
optimality criterion.

3.1 Local LS linear filtering recursive algorithm

For each i = 1, . . . ,m, the following theorem presents a recursive algorithm for the optimal
LS linear filtering estimators x̂(i)

k/k, k ≥ 1.

Theorem 1. For i = 1, . . . ,m, the local LS linear filtering estimators, x̂(i)
k/k, k ≥ 1, and

their error covariance matrices, P (i)
k/k, k ≥ 1, are obtained by

x̂
(i)
k/k = AkO

(i)
k , k ≥ 1; P

(i)
k/k = Ak

(
Bk −Akr

(i)
k

)T
, k ≥ 1. (4)

where
O

(i)
k = O

(i)
k−1 + J

(i)
k Π(i)−1

k µ
(i)
k , k ≥ 1; O

(i)
0 = 0, (5)

with
J

(i)
k = H(i)T

Bk
− r(i)

k−1H
(i)T
Ak
− J (i)

k−1Π(i)−1
k−1 R

(i)T
k,k−1, k ≥ 2; J

(i)
1 = H(i)T

B1
, (6)

where R(i)
k,k−1 = γ

(i)
1,k

(
γ

(i)
0,k−1 + γ

(i)
2,k−1

)
R

(i)
k−1, k ≥ 2, and r

(i)
k = E[O(i)

k O
(i)T
k ] is obtained

from
r

(i)
k = r

(i)
k−1 + J

(i)
k Π(i)−1

k J
(i)T
k , k ≥ 1; r

(i)
0 = 0. (7)

The innovation, µ(i)
k , is calculated by

µ
(i)
k = y

(i)
k −H

(i)
Ak
O

(i)
k−1 −R

(i)
k,k−1Π(i)−1

k−1 µ
(i)
k−1 − γ

(i)
3,ky

(i)
k−1, k ≥ 2; µ1 = y

(i)
1 (8)
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and its covariance matrix, Π(i)
k , is given by

Π(i)
k = Σy(i)

k − (γ(i)
3,k)

2Σy(i)

k−1−H
(i)
Ak

(
H(i)T
Bk
− J (i)

k

)
−R(i)

k,k−1Π(i)−1
k−1

(
H(i)
Ak
J

(i)
k−1 +R(i)

k,k−1

)T
, k ≥ 2;

Π(i)
1 = Σy(i)

1
(9)

The matrices Σy(i)

k = E[y(i)
k y

(i)T
k ] satisfy

Σy(i)

k = γ
(i)
0,kΣ

z(i)

k + γ
(i)
1,kΣ

z(i)

k−1 + γ
(i)
2,kR

(i)
k + γ

(i)
3,kΣ

y(i)

k−1, k ≥ 2; Σy(i)

1 = γ
(i)
0,1Σz(i)

1 + γ
(i)
2,1R

(i)
1,

where Σz(i)

k is given in (2), and the matrices H(i)
Ψk

, for Ψk = Ak, Bk, are defined by

H(i)
Ψk

= γ
(i)
0,kH

(i)
k Ψk + γ

(i)
1,kH

(i)
k−1Υk−1, k ≥ 2; H(i)

Ψ1
= γ

(i)
0,1H

(i)
1 Ψ1.

Proof. Theorem 1 will be proved by an innovation approach. For the i-th sensor, the
innovation at time h is defined as µ(i)

h = y
(i)
h − ŷ

(i)
h/h−1, where ŷ(i)

h/h−1 is the LS one-stage

linear predictor of y(i)
h . To simplify the notation we write

ξ
(i)
h = γ

(i)
0,hz

(i)
h + γ

(i)
1,hz

(i)
h−1 + γ

(i)
2,hv

(i)
h , h ≥ 2; ξ

(i)
1 = y

(i)
1 . (10)

Then, from (3), the innovation process can be expressed by

µ
(i)
h = ξ

(i)
h − ξ̂

(i)
h/h−1 − (γ(i)

3,h − γ
(i)
3,h)y(i)

h−1, h ≥ 2; µ
(i)
1 = ξ

(i)
1 . (11)

Now, by denoting X (i)
k,h = E[xkµ

(i)T
h ], the local LS linear estimators x̂(i)

k/s, s ≤ k, are
expressed as linear combination of the innovations as follows:

x̂
(i)
k/s =

s∑
h=1

X (i)
k,hΠ(i)−1

h µ
(i)
h , s ≤ k,

and we start by calculating the coefficients X (i)
k,h which, from (11), are given by

X (i)
k,h = E[xkξ

(i)T
h ]− E[xkξ̂

(i)T
h/h−1], 2 ≤ h ≤ k.

• From the model assumptions, we have that E[xkξ
(i)T
h ] = AkHTBh

, 1 ≤ h ≤ k.

• Using that ξ̂(i)
h/h−1 =

h−1∑
l=1

E[ξ(i)
h µ

(i)T
l ]Π(i)−1

l µ
(i)
l , the following identity holds

E[xkξ̂
(i)T
h/h−1] =

h−1∑
l=1

X (i)
k,lΠ

(i)−1
l [γ(i)

0,hX
(i)T
h,l H

(i)T
h + γ

(i)
1,hX

(i)T
h−1,lH

(i)T
h−1 ]−X (i)

k,h−1Π(i)−1
h−1 R

(i)T
h,h−1.
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Hence, X (i)
k,h = AkJ

(i)
h , h ≤ k, where J (i)

h is a function satisfying

J
(i)
h = H(i)T

Bh
−
h−1∑
l=1

J
(i)
l Π(i)−1

l J
(i)T
l H(i)T

Ah
− J (i)

h−1Π(i)−1
h−1 R

(i)T
h,h−1, h ≥ 2; J

(i)
1 = H(i)T

B1
.

Then, by defining

O
(i)
k =

k∑
h=1

J
(i)
h Π(i)−1

h µ
(i)
h , k ≥ 1; O

(i)
0 = 0, and r

(i)
k =

k∑
h=1

J
(i)
h Π(i)−1

h J
(i)T
h , k ≥ 1; r

(i)
0 = 0,

it is easy to obtain expressions (4)-(8) of Theorem 1.

Finally, expression (9) for Π(i)
k is obtained taking into account that the innovation

covariance matrix can be expressed as

Π(i)
k = E[(y(i)

k − γ
(i)
3,ky

(i)
k−1)(y(i)

k − γ
(i)
3,ky

(i)
k−1)T ]− E[ξ̂(i)

k/k−1ξ̂
(i)T
k/k−1],

and using that ξ̂(i)
k/k−1 = H(i)

Ak
O

(i)
k−1 +R(i)

k,k−1Π(i)−1
k−1 µ

(i)
k−1. Then the proof is complete. �

3.2 Matrix-weighted distributed fusion filtering estimators design

Once the local LS linear filters, x̂(i)
k/k for i = 1, . . . ,m, have been obtained, our goal is to

design a distributed fusion filter, x̂k/k, as the matrix-weighted linear combination of such
local estimators that minimizes the mean squared estimation error. The assumptions and
notation in this section are those of Theorem 1.

By denoting X̂k/k =
(
x̂

(1)T
k/k , . . . , x̂

(m)T
k/k

)T
and Fk =

(
F

(1)
k , . . . , F

(m)
k

)
, the aim is to find

Fk such that the estimator FkX̂k/k minimizes E
[
(xk −FkX̂k/k)(xk −FkX̂k/k)T

]
. As it is

well known, the solution of this problem is given by the matrix

Foptk = E
[
xkX̂

T
k/k

] (
E
[
X̂k/kX̂

T
k/k

])−1
, k ≥ 1. (12)

The following theorem provides the proposed distributed fusion filtering estimators,
x̂k/k, and their error covariance matrices, Pk/k.

Theorem 2. Let X̂k/k =
(
x̂

(1)T
k/k , . . . , x̂

(m)T
k/k

)T
be the vector formed by the local LS estima-

tors calculated in Theorem 1. Then, the distributed fusion filtering estimators x̂k/k, k ≥ 1,
and their error covariance matrices, Pk/k, k ≥ 1, are given by

x̂k/k =
(

Σx̂(1)

k/k , . . . ,Σ
x̂(m)

k/k

)(
ΣX̂
k/k

)−1
X̂k/k, k ≥ 1, (13)
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Pk/k = AkB
T
k −

(
Σx̂(1)

k/k , . . . ,Σ
x̂(m)

k/k

)(
ΣX̂
k/k

)−1 (
Σx̂(1)

k/k , . . . ,Σ
x̂(m)

k/k

)T
, k ≥ 1. (14)

where ΣX̂
k/k =

(
Σx̂(ij)

k/k

)
i,j=1,...,m

, and the cross-correlation matrices Σx̂(ij)

k/k = E
[
x̂

(i)
k/kx̂

(j)T
k/k

]
,

i, j = 1, . . . ,m, are obtained by

Σx̂(ij)

k/k = Akr
(ij)
k ATk , k ≥ 1, (15)

with r(ij)
k = E[O(i)

k O
(j)T
k ] satisfying

r
(ij)
k = r

(ij)
k−1 + J

(ij)
k−1,kΠ

(j)−1
k J

(j)T
k + J

(i)
k Π(i)−1

k J
(ji)T
k , k ≥ 1; r

(ij)
0 = 0. (16)

The matrices J (ij)
k = E[O(i)

k µ
(j)T
k ] are given by

J
(ij)
k = J

(ij)
k−1,k + J

(i)
k Π(i)−1

k Π(ij)
k , k ≥ 1, (17)

and J (ij)
k−1,k = E[O(i)

k−1µ
(j)T
k ] are calculated by

J
(ij)
k−1,k =

(
r

(i)
k−1 − r

(ij)
k−1

)
H(j)T
Ak

+ J
(i)
k−1Π(i)−1

k−1 R
(ji)T
k,k−1 − J

(ij)
k−1Π(j)−1

k−1 R
(j)T
k,k−1, k ≥ 2;

J
(ij)
0,1 = 0.

(18)

The innovation cross-correlation matrices, Π(ij)
k = E[µ(i)

k µ
(j)T
k ], are given by

Π(ij)
k = Σξ(ij)

k −H
(i)
Ak

(
H(j)T
Bk
− J (j)

k − J
(ij)
k−1,k

)
−R(ij)

k,k−1Π(j)−1
k−1

(
H(j)
Ak
J

(j)
k−1 +R(j)

k,k−1

)T
−R(i)

k,k−1Π(i)−1
k−1 Π(ij)

k−1,k, k ≥ 2;

Π(ij)
1 = Σξ(ij)

1 ,

(19)

where Σξ(ij)

k = E[ξ(i)
k ξ

(j)T
k ] satisfy

Σξ(ij)

k = γ
(i)
0,kΣ

zξ(ij)

k + γ
(i)
1,kΣ

zξ(ij)

k−1,k + γ
(i)
2,k(γ

(j)
0,k + γ

(j)
2,k)R

(ij)
k , k ≥ 2;

Σξ(ij)

1 = γ
(i)
0,1Σzξ(ij)

1 + γ
(i)
2,1(γ(j)

0,1 + γ
(j)
2,1)R(ij)

1 ,

with Σzξ(ij)

s,k = E[z(i)
s ξ

(j)T
k ], for s = k − 1, k, given by

Σzξ(ij)

s,k = γ
(j)
0,kΣ

z(ij)

s,k + γ
(j)
1,kΣ

z(ij)

s,k−1 + γ
(j)
2,kR

(ij)
k δs,k, k ≥ 2; Σzξ(ij)

1 = γ
(j)
0,1Σz(ij)

1 + γ
(j)
2,1R

(ij)
1 .

The matrices Π(ij)
k−1,k = E[µ(i)

k−1µ
(j)T
k ] are calculated by

Π(ij)
k−1,k = H(i)

Ak

(
J

(j)
k−1 − J

(ij)
k−1

)
+R(ij)

k,k−1 −R
(i)
k−1Π(i)−1

k−1 Π(ij)
k−1, k ≥ 2. (20)
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Finally, R(ij)
k,k−1 = γ

(i)
1,k(γ

(j)
0,k−1 + γ

(j)
2,k−1)R(ij)

k−1, k ≥ 2, and Σz(ij)

k,s are given in (2).

Proof. From Theorem 1, it is not difficult to check that ξ̂(i/j)
k/k−1, the estimator of ξ(i)

k based

on the measurements
{
y

(j)
1 , . . . , y

(j)
k−1

}
, is given by

ξ̂
(i/j)
k/k−1 = H(i)

Ak
O

(j)
k−1 +R(ij)

k,k−1Π(j)−1
k−1 µ

(j)
k−1, k ≥ 2. (21)

- Expressions (13) and (14) for the distributed estimators and their error covariance ma-
trices, respectively, are immediately derived from (12).

- Expression (15) for the cross-correlation matrices between local estimators, Σx̂(ij)

k/k , follows

easily from (4), since r(ij)
k = E[O(i)

k O
(j)T
k ]; moreover, using (5) and taking into account

that J (ij)
s,k = E[O(i)

s µ
(j)T
k ], for s = k − 1, k, we get (16) for r(ij)

k .

- Using (5) for O(i)
k , expression (17) for J (ij)

k = E[O(i)
k µ

(j)T
k ] is directly obtained.

- To derive (18) for J (ij)
k−1,k = E[O(i)

k−1µ
(j)T
k ], we use (11) for µ(j)

k , which leads to J
(ij)
k−1,k=

E[O(i)
k−1ξ

(j)T
k ]−E[O(i)

k−1ξ̂
(j)T
k/k−1]. Now, from the Orthogonal Projection Lemma (OPL), we

have E[O(i)
k−1ξ

(j)T
k ] = E[O(i)

k−1ξ̂
(j/i)T
k/k−1] and, using (21), it is easy to prove (18).

- If we use expression (11) in Π(ij)
k = E[µ(i)

k µ
(j)
k ], it is not difficult to see that

Π(ij)
k = Σξ(ij)

k − E[ξ(i)
k ξ̂

(j)T
k/k−1]− E[ξ̂(i)

k/k−1µ
(j)T
k ], k ≥ 2. (22)

From the OPL, we have E[ξ(i)
k ξ̂

(j)T
k/k−1] = E[ξ̂(i/j)

k/k−1ξ
(j)T
k ] and, from (21) and (6), it follows

that

E[ξ̂(i/j)
k/k−1ξ

(j)T
k ] = H(i)

Ak

(
H(j)T
Bk
− J (j)

k

)
+R(ij)

k,k−1Π(j)−1
k−1

(
H(j)
Ak
J

(j)
k−1 +R(j)

k,k−1

)T
.

Also from (21), the following identity holds

E[ξ̂(i)
k/k−1µ

(j)T
k ] = H(i)

Ak
J

(ij)
k−1,k +R(i)

k,k−1Π(i)−1
k−1 Π(ij)

k−1,k.

Substituting the above expectations into (22), we immediately get (19).

- Using again expression (11) for µ(j)
k in Π(ij)

k−1,k = E[µ(i)
k−1µ

(j)
k ], we have Π(ij)

k−1,k = E[µ(i)
k−1ξ

(j)T
k ]−

E[µ(i)
k−1ξ̂

(j)T
k/k−1], and applying the OPL and (21), we can show that expression (20) for

Π(ij)
k−1,k holds true.

The proof of Theorem 3 is then complete. �
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4 Numerical simulation example

Consider a zero-mean two-dimensional signal {xk; k ≥ 1} whose autocovariance function is
given by

E[xkxTs ] =
(

0.8k−s 1.02× 0.8k−s

0.9× 0.8k−s−1 0.918× 0.8k−s−1

)
, s < k,

which is factorizable just taking

Ak =
(

0.8k 1.02× 0.8k

0.9× 0.8k−1 0.918× 0.8k−1

)
and Bs =

(
0.8−s 0

0 0.8−s

)
.

Consider four sensors which provide scalar measurements of the signal according to
measured outputs model (1): z(i)

k = H
(i)
k xk + v

(i)
k , k ≥ 1, i = 1, 2, 3, 4, where H(1)

k =
(0.74, 0.75), H(2)

k = (0.65, 0.67), H(3)
k = (0.75, 0.7) and H

(4)
k = (0.95, 0.9). The additive

noise processes {v(i)
k ; k ≥ 1}, i = 1, 2, 3, 4, are defined as v(i)

k = ciηk, where c1 = c2 = 1,
c3 = 0.75 and c4 = 1.5, and {ηk; k ≥ 1} is a zero-mean Gaussian white process with unit
variance. Clearly, these noises {v(i)

k ; k ≥ 1}, i = 1, 2, 3, are correlated at any sampling time,
with R

(ij)
k = cicj .

Next, according to the theoretical observation model, suppose that random one-step
delays, packet dropouts and uncertain observations, with different rates exist in the data
transmissions from the individual sensors to the local processors. Specifically, let us consider
the observation model (3):

y
(i)
k = γ

(i)
0,kz

(i)
k + γ

(i)
1,kz

(i)
k−1 + γ

(i)
2,kv

(i)
k + γ

(i)
3,ky

(i)
k−1, k ≥ 2;

y
(i)
1 = γ

(i)
0,1z

(i)
1 + γ

(i)
2,1v

(i)
1 ,

where, for i = 1, 2, 3, 4, and d = 0, 1, 2, 3, {γ(i)
d,k; k ≥ 1} are sequences of independent

Bernoulli variables with the following probabilities:

k = 1 k ≥ 2

sensor γ
(i)
0,1 γ

(i)
1,1 γ

(i)
2,1 γ

(i)
3,1

i = 1 0.8 0 0 0.2
i = 2 0.75 0 0 0.25
i = 3 0.75 0 0 0.25
i = 4 0.8 0 0 0.2

sensor γ
(i)
0,k γ

(i)
1,k γ

(i)
2,k γ

(i)
3,k

i = 1 0.3 0.25 0.25 0.2
i = 2 0.25 0.3 0.2 0.25
i = 3 0.3 0.2 0.25 0.25
i = 4 0.25 0.25 0.3 0.2

To illustrate the feasibility and effectiveness of the estimators proposed in the current
paper, the algorithms were implemented in MATLAB, and fifty iterations were run. Using
simulated values, both the centralized and the proposed distributed fusion estimates were
calculated, as well as the corresponding error covariance matrices in order to measure the

c©CMMSE ISBN: 978-84-617-8694-7Page 465 of  2288



Distributed fusion estimation with random transmission failures

estimators accuracy. The derivation of the centralized filtering algorithm is omitted since
it is totally analogous to that of the local filtering algorithm (Therorem 1).

For the first and second signal components, Figure 1 displays simulated trajectories
along with the centralized and distributed fusion filtering estimations, and Figure 2 the
error variances of the different filtering estimators (local, centralized and distributed).

From Figure 1, a satisfactory and efficient tracking performance of the proposed dis-
tributed fusion filtering estimators is observed. Figure 2 compares the filtering error vari-
ances of the local filters and the fusion filters and shows that the error variances of the
distributed fusion filtering estimators are significantly smaller than those of every local es-
timators, but lightly greater than those of the centralized ones; nevertheless, this slight
difference is compensated by the fact that the distributed fusion structure reduces the com-
putational cost and has better robustness and fault tolerance. Consequently, agreeing with
the theoretical results, the distributed fusion filter has better accuracy than the local filters
and the centralized fusion filter outperforms them all, as it is the optimal one.

0 10 20 30 40 50
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−1

0

1

2

3

Time k

 

Simulated first signal component
Distributed fusion filtering estimates
Centralized fusion filtering estimates

0 10 20 30 40 50
−3

−2

−1

0

1

2

3

Time k

 

Simulated second signal component
Distributed filtering estimates
Centralized filtering estimates

Figure 1: Simulated first and second signal components and centralized and distributed
fusion filtering estimates.
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Filtering error variances (processor 1)
Filtering error variances (processor 2)
Filtering error variances (processor 3)
Filtering error variances (processor 4)
Distributed fusion filtering error variances
Centralized fusion filtering error variances

Second signal component

First signal component

Figure 2: Error variance comparison of the centralized, distributed and local filters.

5 Conclusion
This paper makes valuable contributions to the estimation problem in networked stochastic
systems featuring three types of random transmission uncertainties: missing measurements,
one-step delays and packet dropouts. By an innovation approach, a recursive distributed
filtering algorithm has been designed, which is easily implementable and does not require the
signal evolution model, but only the mean and covariance functions of the system processes.
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[12] R. Caballero-Águila, A. Hermoso-Carazo and J. Linares-Pérez, Distributed
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1 Departamento de Matemática Aplicada, Universidad de Málaga. Spain

emails: ipcabrera@uma.es, pcordero@uma.es, aciego@uma.es

Abstract

We explore a suitable generalization of the notion of Galois connection in which their
components are binary relations. Many different approaches are possible depending
both on the (pre-)order relation between subsets in the underlying powerdomain and
the chosen type of relational composition.

Key words: Galois connection, relations

1 Introduction

Galois connections can be identified in lots of situations, and they have shown to be an
interesting tool both for theory and for applications [6, 9]. Recent applications can still
be found in different topics, specially in the realm of Formal Concept Analysis and the
foundations of Fuzzy Set Theory, see for instance [1, 7].

In all the different notions of generalized Galois connection the problem of its construc-
tion is of capital importance: specifically, given a mapping f : A → B how can one obtain
its residual (aka right adjoint). Freyd’s adjoint theorem characterizes when such a residual
exists when both A and B have the same structure. One of our recent research topics has
been to study what happens if A and B are differently structured, and a number of results
have been obtained considering different underlying settings. Namely, in [10] we worked
with crisp functions between a poset (resp. preordered set) and an unstructured set; later,
in [2] we entered in the fuzzy arena, considering the case in which A is a fuzzy preposet;
then, in [3], we extended the previous results by allowing fuzzy equivalence relations as an
adequate substitute to equality. In [4] we introduced the notion of relational fuzzy Galois
connection, in which the components of the connection are not fuzzy functions but fuzzy
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relations satisfying certain properties. Before proceeding to further generalizations, it is
worth to start again from the crisp case and consider a more adequate notion of Galois
connection whose components are crisp relations, and that is the topic of the present paper.

2 Preliminary definitions

A binary relation R between two sets A and B is a subset of the Cartesian product A×B
and it can be also seen as a multivalued function R from the set A to the powerset P(B).
For an element (a, b) ∈ R, it is said that a is related to b and denoted aRb.

Definition 1 Given a binary relation R ⊆ A×B,

• the afterset aR of an element a ∈ A is defined as {b ∈ B : aRb}

• the foreset Rb of an element b ∈ B is defined as {a ∈ A : aRb}

• the domain of R is the set Dom(R) = {a ∈ A : aR 6= ∅}

• the range of R is the set Rng(R) = {b ∈ B : Rb 6= ∅}

Definition 2 Given a binary relation R ⊆ A×B and a subset X ⊆ A,

• the direct image of X under R is

R(X) = XR = {b ∈ B : there exists x ∈ X such that xRb} =
⋃
x∈X

xR

The direct image of a subset X is the set of those elements of B that are related to at
least one element of X.

• the subdirect image of X under R is

R/(X) = X/R = {b ∈ B : xRb for all x ∈ X} =
⋂
x∈X

xR

The subdirect image of a subset X is the set of those elements of B that are related to
all the elements of X.

Observe that if X = {a}, the direct image and the subdirect image of X coincides with
the afterset, thus aR coincides with R(a) should we interpret R as a multivalued mapping.

In the realm of ordered structures, Ore [12] introduced in 1944 the so-called Galois
connections as a pair of antitone mappings for which both possible compositions are in-
flationary. In order to extend this concept to binary relations it is necessary to fix the
meaning of antitone and inflationary relation. One possibility is to consider the relation as
a multivalued function and extend it naturally, but both the preordered structure in the
powerset and the composition of relations admit different approaches.
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Definition 3 Given P an arbitrary set and ≤ a preorder (reflexive and transitive relation)
defined over P , it is possible to lift the preorder structure to the powerset P(P ) by defining

X � Y ⇐⇒ for all x ∈ X there exists y ∈ Y such that x ≤ y (1)

X b Y ⇐⇒ for all y ∈ Y there exists x ∈ X such that x ≤ y (2)

X n Y ⇐⇒ for all x ∈ X there exists y ∈ Y such that x ≤ y and (3)

for all y ∈ Y there exists x ∈ X such that x ≤ y

Note that the relations defined above are the preorder relations used in the construction of
the, respectively, Hoare, Smyth, and Plotkin powerdomains.

The concept of antitone multivalued function between two preordered sets depends on
the preorder relation considered over the powerset. We explore three possibilities, being
one approach more restrictive than the others:

Definition 4 Let A = (A,≤A),B = (B,≤B) be two preordered sets and R ⊆ A×B a binary
relation between A and B.

• R is said to be h-antitone if a1 ≤A a2 implies a2R� a1R, for all a1, a2 ∈ A.

• R is said to be s-antitone if a1 ≤A a2 implies a2R b a1R, for all a1, a2 ∈ A.

• R is said to be p-antitone if a1 ≤A a2 implies a2R n a1R, for all a1, a2 ∈ A, equiva-
lently, if it is h-antitone and s-antitone.

Analogously, the definition of inflationary multivalued function also admits three pos-
sibilities.

Definition 5 Let A = (A,≤A) be a preordered set and R ⊆ A×A a binary relation on A.

• R is said to be h-inflationary if {a} � aR, for all a ∈ A, that is, there exists (at least)
x ∈ aR such that a ≤ x.

• R is said to be s-inflationary if {a} b aR, for all a ∈ A, that is, a ≤ x for all x ∈ aR.

• R is said to be p-inflationary if it is h-inflationary and s-inflationary.

Remark 1 Notice that if a relation is s-inflationary, then it is also h-inflationary, therefore
p-inflationary and s-inflationary are equivalent notions.

The condition of the composition of two multivalued mappings being inflationary in
some sense requires also to fix which definition of composition will be used.

Definition 6 Let R be a binary relation between A and B and S be a binary relation
between B and C.
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• The classical composition of R and S is defined as follows

R ◦ S = {(x, z) ∈ A× C : there exists b ∈ B such that xRb and bSz}
= {(x, z) ∈ A× C : xR ∩ Sz 6= ∅}

• The / composition of R and S is defined as follows

R / S = {(x, z) ∈ A× C : for all b ∈ B such that xRb it holds that bSz}
= {(x, z) ∈ A× C : xR ⊆ Sz}

Observe that for an element a ∈ A, the afterset a[R ◦S] coincides with the direct image
of the afterset aR under S, that is

a[R ◦ S] = (aR)S =
⋃

b∈aR
bS

Analogously, for an element a ∈ A, the afterset a[R / S] coincides with the subdirect
image of the afterset aR under S, that is

a[R / S] = (aR)/S =
⋂

b∈aR
bS

3 Two types of relational Galois connections

Definition 7 Let A = (A,≤A),B = (B,≤B) be two posets, R ⊆ A × B a binary relation
between A and B and S ⊆ B ×A a binary relation between B and A.

The pair (R,S) is said to be an s-Galois connection between A and B if

i) R and S are s-antitone.

ii) R ◦ S and S ◦R are s-inflationary.

Proposition 1 Let A = (A,≤A),B = (B,≤B) be two posets and (R,S) be an s-Galois
connection between A and B. Then if b ∈ Rng(R) then bS is at most a singleton, so, the
restriction of S to Rng(R) is a (partial) single-valued function.

Proof: If b ∈ Rng(R) r Dom(S), then there is nothing to prove; therefore, let us assume
that b ∈ Rng(R) ∩Dom(S).

1. As b ∈ Rng(R), there exists a ∈ A such that b ∈ aR and, as b ∈ Dom(S), we have
that bS is nonempty. We will now see that, b ∈ xR for all x ∈ bS.

Since {a} b a[R ◦ S], taking into account that b ∈ aR, we have a ≤ x for all x ∈ bS.
Now, as R is s-antitone, there exists b′ ∈ xR such that b′ ≤ b. The other inequality
b ≤ b′ follows because of {b} b b[S ◦R]. As a result, b = b′ ∈ xR.
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2. Consider two elements x, x? ∈ bS, by definition of composition and the previous item,
we have x? ∈ x[R ◦ S]; since, by hypothesis, we have {x} b x[R ◦ S], it turns out
that x ≤ x?. Applying that R is s-antitone, there exists b? ∈ x?R such that b? ≤ b.
Again, the hypothesis {b} b b[S ◦ R] implies b ≤ b?, and we obtain b = b? ∈ x?R.
This, together with x ∈ bS, proves that x ∈ x?[R ◦ S]; finally, applying once again
x? b x?[R ◦ S], we obtain x? ≤ x and, therefore x? = x and bS is a singleton. �

Notice that the previous result shows that the definition of s-Galois connection neces-
sarily collapses the relations R and S to be (partial) functions in the case of posets. If we
drop the antisymmetry and consider the more general case of preordered sets, we obtain a
similar result in that the images of the relations are clusters.

As a result, it seems more convenient to consider alternative approaches either by
changing the ordering between subsets and/or slightly modifying the notions of antitone or
inflationary relation.

A promising definition seems to be the following:

Definition 8 Let A = (A,≤A),B = (B,≤B) be two preordered sets, R ⊆ A × B a binary
relation between A and B and S ⊆ B × A a binary relation between B and A. The pair
(R,S) is said to be an h-Galois connection between A and B if

i) R and S are h-antitone.

ii) For all a ∈ A and all b ∈ B the following conditions hold:

{a} � yS for all y ∈ aR and {b} � xR for all x ∈ bS. (4)

It is not difficult to check that condition (4) above is a consequence of the property of
R / S and S / R being h-inflationary but, in general, are not equivalent.

The following result shows a necessary condition for a pair (R,S) to be an h-Galois
connection.

Lemma 1 If the pair (R,S) is an h-Galois connection between A and B, then the following
inclusions hold: Rng(R) ⊆ Dom(S) and Rng(S) ⊆ Dom(R).

Proof: Given b ∈ Rng(R), there exists a ∈ A such that b ∈ aR. Now, by condition (4)
above, we obtain that bS 6= ∅ and, therefore, b ∈ Dom(S).

The other inclusion can be proved similarly. �

Notice that, in fact, the proof of the previous lemma does not use the antitonicity of
either R or S.

With the condition of Lemma 1 in mind, we obtain an equivalence with the usual notion
of Galois connection, as stated below:
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Theorem 1 Let A = (A,≤A),B = (B,≤B) be two preordered sets, R ⊆ A × B a binary
relation between A and B and S ⊆ B × A a binary relation between B and A. The pair
(R,S) is an h-Galois connection between A and B if and only if the following holds:

Rng(R) ⊆ Dom(S) and Rng(S) ⊆ Dom(R) (5)

{a} � bS ⇐⇒ {b} � aR (6)

Proof: Given (R,S) an h-Galois connection between A and B, condition (5) follows by
Lemma 1. Now, for condition (6), assume that {a} � bS. Then, there exists x ∈ bS such
that a ≤ x and, by R h-antitone, we obtain xR� aR. On the other hand, by condition (4)
we have {b} � xR. Now, by transitivity of �, we obtain that {b} � aR. The proof that
{b} � aR implies {a} � bS is similar.

Conversely, assume that equivalence (6) holds, and let us prove that (R,S) is an h-Galois
connection.

Firstly, we will show condition (4): Given a ∈ A and y ∈ aR, since y ≤ y, then
{y} � aR which by (6) implies that {a} � yS for all y ∈ aR. The other part is similar.

Now, consider a1 ≤ a2 in A. Then, since {a2} � yS for all y ∈ a2R, it also holds that
{a1} � yS for all y ∈ a2R. Hence, by (6), we have {y} � a1R, for all y ∈ a2R which means
that a2R� a1R. The antitonicity of S follows analogously. �

4 Conclusions and further work

The problem of considering relations within the notion of Galois connection is not new,
since it can be dated back to [8], nor outdated, since one can still find recent references
dealing with different aspects of the integration of relations and Galois connections, see for
instance [5, 11,13].

We have obtained some prospective results on the notion of relational-based Galois
connection, in which the components of the connection are relations between posets. There
are several possibilities depending both on the (pre-)order relation between subsets in the
underlying powerdomain and the chosen type of relational composition. We have just
scratched the surface of the problem, and shown that one of the most reasonable approaches
collapses in that the involved relations R and S should actually be functions. The second
proposed definition uses a different approach in that, apart from considering an alternative
ordering in the underlying powerdomain for the definition of antitonicity, it also generalizes
the notion of being inflationary. This way, we have obtained a promising result in the form
of Theorem 1.

As future work, we are planning to continue the line initiated in [2, 3] and attempt
the construction of the residual, in the sense of relation-based (fuzzy) Galois connections,
to a given mapping between differently structured domain and codomain, as stated in the
introduction.
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Abstract

We show how special well known matrices, namely, the creation and shift matrices
play an important role on a matrix representation of orthogonal systems of polynomials
with a hypercomplex variable and values in a Clifford algebra.

Key words: hypercomplex polynomials, matrix representation, creation matrix, shift
matrix

MSC 2000: 30G35, 65F60, 11B83.

1 Introduction

In [7] the author constructs orthogonal bases of polynomials in the space of square integrable
functions that are in the kernel of a generalized Cauchy-Riemann operator in the unit ball
of Rn+1. The construction process relies on building blocks that do not belong, in general,
to the kernel of the referred operator. By using results established in [3] for these building
blocks, we generalize the algebraic approach developed in [1] and stress the role of the well-
known creation matrix and shift matrix in this representation. We recall that the so-called
creation matrix H and the shift matrix J are defined by

(H)il =

{
i, i = l + 1
0, i 6= l + 1

and (J)il =

{
1, i = l + 1
0, i 6= l + 1,

i, l = 0, . . . ,m, respectively. Although their simple structure, these matrices appear natu-
rally in a matrix decomposition that represents polynomials in arbitrary dimension and in
the framework of non-commutative algebras.
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2 Basic concepts

Let {e1, e2, . . . , en} be an orthonormal basis of the Euclidean vector space Rn endowed with
a non-commutative product according to the multiplication rules ekel+elek = −2δkl, k, l =
1, . . . , n, where δkl is the Kronecker symbol. The associative 2n-dimensional Clifford algebra
C`0,n over R is the set of numbers of the form a =

∑
A aAeA, aA ∈ R, with A ⊆ {1, · · · , n},

eA = el1el2 · · · elr , where 1 ≤ l1 < · · · < lr ≤ n and e∅ =: e0 =: 1. The vector space Rn+1

is embedded in C`0,n by identifying (x0, x1, . . . , xn) ∈ Rn+1 with the so-called paravectors
x = x0 + x ∈ An := spanR{1, e1, . . . , en} ⊂ C`0,n, where x = x1e1 + . . . + xnen is called a
vector. The conjugate x̄ and the norm |x| of x are given by x̄ = x0 − x and |x| = (xx̄)1/2 =

(x̄x)1/2 =
(∑n

k=0 x
2
k

)1/2
, respectively. The generalized Cauchy-Riemann operator and its

conjugate are given, respectively, by ∂ := 1
2(∂0+∂x) and ∂ := 1

2(∂0−∂x), where ∂0 := ∂
∂x0

and ∂x := e1
∂
∂x1

+ · · ·+ en
∂
∂xn

.

We consider C`0,n−valued functions defined in an open subset Ω ⊆ Rn+1 ∼= An, i.e.
functions of the form f(z) =

∑
A fA(z)eA with fA(z) real valued. Continuously differen-

tiable functions f that satisfy the equation ∂f = 0 (resp. f∂ = 0) are called (left) monogenic
(resp. right monogenic) and constitute the analogue of the class of holomorphic functions
in higher dimensions. For more details, see [2, 5].

Let f be a monogenic function that is hypercomplex-differentiable in some domain
Ω ⊂ Rn+1 in the sense of [6]. Then f is real-differentiable and its (hypercomplex) derivative
is given by f ′ = ∂f in Ω.

3 Matrix representation of orthogonal Clifford algebra-valued
polynomials

Branching techniques combined with Gelfand-Tsetlin bases approach yield to the monogenic
polynomials

fk,µ = X
(k−kn)
n+1,kn

X
(kn−kn−1)
n,kn−1

· · ·X(k3−k2)
3,k2

ζk2 ,

where ζ := x1 − x2 e1e2 and µ is an arbitrary sequence of integers (kn+1, kn,
. . . , k3, k2) such that k = kn+1 ≥ kn ≥ . . . ≥ k3 ≥ k2 ≥ 0. These polynomials form an or-
thogonal basis with respect to a suitable Clifford algebra valued inner product of the space

of monogenic polynomials of degree k (see [7]). The building blocks X
(k−j)
n+1,j , j = 0, . . . , k,

are, in general, non-monogenic polynomials and can be expressed as

X
(k−j)
n+1,j (x) =

k−j∑
s=0

(
k

j + s

)
dj,s(n)xk−j−s0 xs, x ∈ An (1)
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where dj,s(n) are suitable real constants (cf. [3]). Given an arbitrary monogenic polynomial
Pj(x), in Rn, of degree j, the system{

X̃
(k)
n+1,j(x) := X

(k−j)
n+1,j (x)Pj(x), j = 0, . . . , k, x ∈ An

}
k∈N

(2)

is formed by monogenic polynomials where again (1) appear as building blocks.
The matrix representation of the building blocks relies on the so-called shifted gener-

alized Pascal matrix Sr(t) = e(H+rJ)t, t ∈ R, r ∈ N0, that combines in a single expression
both H and J matrices.

For this representation we restrict ourselves to vectors of polynomials up to a cer-
tain degree m ∈ N0. Therefore, for each j = 0, . . . , k, we consider the vectors ξ(x) =

[1 x · · · xm]T , Xj(x) = [X
(0)
n+1,j(x) X

(1)
n+1,j(x) · · · X(m)

n+1,j(x)]T and the diagonal matrix
Dj = diag[dj,0(n) dj,1(n) · · · dj,m(n)].

Theorem 3.1. For each fixed j, the vector Xj(x) can be decomposed in the form

Xj(x) = Sj(x0) Dj ξ(x). (3)

Proof. For each fixed j and considering l = k − j, it holds

∂0X
(0)
n+1,j(x) = 0 and ∂0X

(l)
n+1,j(x) = (l + j)X

(l−1)
n+1,j(x), l > 0.

This property leads to the vector differential equation

∂0Xj(x) = (H + jJ)Xj(x)

whose general solution is
Xj(x) = e(H+jJ)x0Xj(0, x).

The result follows immediately noting that X
(l)
n+1,j(0, x) = dj,l(n)xl.

The proposed decomposition (3) can be generalized for the whole orthogonal system
(2) with the help of block matrices. The result highlights the role of the shift matrix J and
its powers. Moreover, the generalized Pascal matrix P (x0) = S0(x0) comes into play as well
(see [4]), connecting special simple matrices with real entries with hypercomplex entities.
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Abstract

Ruscheweyh and Salinas showed in 2004 the relationship of a celebrated theorem
of Vietoris (1958) about the positivity of certain sine and cosine sums with the func-
tion theoretic concept of stable holomorphic functions in the unit disc. The present
paper reveals that the coefficient sequence in Vietoris’ theorem is identical to a number
sequence obtained by a new combinatorial identity which involves generators of quater-
nions. In this sense Vietoris’ sequence of rational numbers combines seemingly disperse
subjects in Real, Complex and Hypercomplex Analysis. Thereby we show that a non-
standard application of Clifford algebra tools is able to reveal new insights in objects of
combinatorial nature.

Key words: Vietoris’ number sequence, quaternions, combinatorial identities
MSC 2000: 30G35; 11B83; 05A19.

1 Introduction

In the center of our attention lies the sequence of rational numbers

1, 1
2 ,

1
2 ,

3
8 ,

3
8 ,

5
16 ,

5
16 ,

35
128 ,

35
128 ,

63
256 ,

63
256 ,

231
1024 ,

231
1024 , . . . . (1)

which by means of the generalized central binomial coefficient
( k

bk2 c

)
can be written in

compact form (cf. [4]) as

S = (ck)k≥0 , where ck =
1

2k

(
k

bk2c

)
, k ≥ 0. (2)
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Seemingly for the first time this sequence appeared in the context of positive trigono-
metric sums in a celebrated paper of L. Vietoris [17]. Askey’s version ([2, p. 5]) of Vietoris’
theorem is the following:

Theorem 1 (L. Vietoris)

n∑
k=1

ak sin kθ > 0, 0 < θ < π, and

n∑
k=0

ak cos kθ > 0, 0 ≤ θ < π,

where

a2k = a2k+1 =
(12)k

k!
, k = 0, 1, . . . , (3)

with (·)k as the raising factorial in the classical form of the Pochhammer symbol.

We call attention to the fact that because of (3), the coefficients in the sine sum used
in Askey’s as well as in Vietoris’ original version are exactly the elements of S in (2) or,
explicitly, in (1). Obviously, demanding in (3) that a2k and a2k+1 coincide, the sequence
of coefficients in the cosine sum differs from (1) by the inclusion of a0 = 1 and the shift
of the indices by one to the left, i.e. a0 = 1 and ak+1 = ck, k ≥ 0. Even though this
small difference, we call S in the sequel simply Vietoris’ number sequence. Compared with
the traditional way of defining the coefficient sequence by (3), the use of the properties of
the generalized central binomial coefficient allowed at least a unique representation (2) with
consecutively running index k.

Before continuing with the specific task of the present paper, it seems worthwhile to
mention the other areas in which Vietoris’ theorem played an important role. Using the
arsenal of real analysis methods in positivity theory, Askey and Steinig showed in [3] the
embedding of Vietoris’ results in general problems for Jacobi polynomials, including their
relation to other subjects in Harmonic Analysis. Later on, Ruscheweyh and Salinas showed
in [15] an interesting relationship of Vietoris’ theorem with the function theoretic concept of
stable holomorphic functions in the unit disc. The common origin of the present paper with
others like, for example, [9, 5] where the sequence S was already mentioned in different
contexts, is the field of Hypercomplex Analysis, particularly the study of monogenic (or
Clifford-holomorphic) Appell polynomials [1, 8, 10]. Recently in [6], the authors obtained
even some number theoretic results for a related to S integer number sequence (sequence
A283208 in The On-Line Encyclopedia of Integer Sequences, published electronically at
https://oeis.org).

The goal of the present paper concerns the surprising appearance of S in a relation
between the generators of Hamilton’s well known non-commutative algebra H of quaternions
(see e.g. [10]), relying only on elementary properties of a adequately generalized binomial
formula for the quaternions. Taking into account that H can be considered as a Clifford
algebra C`0,n, for n = 2, the generalization of our results for an arbitrary n ≥ 2 will be
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treated in an extended version of this paper by applying intrinsic properties of monogenic
Appell polynomials in terms of several hypercomplex variables.

2 Hamilton’s quaternions come into the play

Consider a quaternion q ∈ H written as

q = x0 + x1i + x2j + x3k, where i2 = j2 = k2 = ijk = −1.

Due to non-commutativity the formal expansion of a binomial with two imaginary units
(quaternion generators) (i + j)k, k ≥ 0, will not directly lead to Pascal’s triangle, as the
case k = 3 shows:

(i + j)3 = i3 + (iij + iji + jii) + (ijj + jij + jji) + j3. (4)

But that will happen if we try to embed the non-commutative multiplication into the
concept of a k − nary symmetric (or permutative) operation. Therefore let ai stay for one
of the generators i or j and write the quaternionic k-fold product of k − s generators i and
s generators j, respectively, in the general form of a symmetric “× ” product ([13]), i.e.

ik−s × js :=
1

k!

∑
π(i1,...,in)

ai1ai2 · · · aik (5)

where the sum runs over all permutations of all (i1, . . . , in). Then, by taking into account
the repeated use of i and j on the right hand side of (5), we can write

ik−s × js =
(k − s)!s!

k!

∑
π(i1,...,in)

ai1ai2 · · · aik =

[(
k

s

)]−1 ∑
π(i1,...,in)

ai1ai2 · · · aik

where now the sum runs only over all distinguished permutations of all (i1, . . . , in). Ap-
plying, for example, the convention (5) to (4) we obtain now, for k = 3 the expansion
written with binomial coefficients in the form

(i + j)3 =

(
3

0

)
i3 +

(
3

1

)
i2 × j +

(
3

2

)
i× j2 +

(
3

3

)
j3. (6)

Analogously, the expansion of (i + j)k for any k ≥ 0 follows now the rules of the ordinary
binomial expansion in an evident way and leads to1

(i + j)k =

[
k∑
s=0

(
k

s

)
(ik−s × js)

]
, k ≥ 0. (7)

1An obvious generalization of (5) to the case of more than two generators used in the general case of
C`0,n for n ≥ 2 leads to a polynomial formula.
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Needless to say that the generalized binomial formula (7) is a key for studying combinatorial
relations with quaternions in the following sections.

We will show now that another step towards our goal is the evaluation of expressions
of the form (ik−s × js) k ≥ 0, s = 0, 1, . . . k.

3 Evaluating symmetric products of quaternion generators

Notice that for k ≥ 2 the influence of the non-commutativity of the ordinary quaternionic
product is evident. This can be illustrated by the following examples:

i× j =
1!1!

2!
(ij + ij) = 0,

i2 × j =

(
3

1

)−1
(iij + iji + jii) = −1

3
j, (8)

i× j2 =

(
3

1

)−1
(ijj + jij + jji) = −1

3
i. (9)

To obtain a general rule for those products we refer to an early version of the famous
Faá di Bruno formula for the derivative of a composed function (see [11] and [12]) as it was
used in [7].

T. Abadie’s formula
If f and g are real functions of λ, with a sufficient number of derivatives, then

(g ◦ f)(s)(λ) =

s∑
l=0

(
s

l

)
g(l)
(
f(λ)

){ ds−l

dhs−l
(
∆hf(λ)

)l}
h=0

,

where ∆hf(λ) := f(λ+h)−f(λ)
h is the difference quotient of f .

Consider now the polynomial Fk(λ) of degree k in the real parameter λ,

Fk(λ) = (i + λj)k =

k∑
s=0

(
k

s

)
λsik−s × js

and note that

ik−s × js =
F

(s)
k (0)

s!
(
k
s

) . (10)

Since

Fk(λ) =

(−1− λ2)
k
2 , if k even;

(−1− λ2)
k−1
2 (i + λj), if k odd,

(11)
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it can be composed, for even k, in the form Fk(λ) = (g◦f)(λ) with suitably chosen functions

g(λ) = (−1− λ)
k
2 and f(λ) = λ2.

whereas the case of an odd k can be reduced to the previous case by the relation

Fk(λ) = Fk−1(λ)(i + λj).

Applying T. Abadie’s formula and following the proof of Proposition 1 in [7, p. 1730],
about generalized powers of hypercomplex variables, one gets finally the values of (10) in
the form:

ik−s × js =



(−1)
k
2

(k
2
s
2

)(
k

s

)−1
, k even and s even;

0, k even and s odd;

(−1)
k−1
2

(k−1
2
s
2

)(
k

s

)−1
i, k odd and s even;

(−1)
k−1
2

(k−1
2
s−1
2

)(
k

s

)−1
j, k odd and s odd.

(12)

Remark 1 The examples in the beginning of this section, in particular relations (8) and
(9), confirm very well the last three equalities in (12). It is evident, that there are, depending
on the relative parities of k resp. s only four types of values of ik−s × js, namely (i) real
and different from zero, (ii) equal to zero, (iii) a real multiple of i and (iv) a real multiple
of j. The reason for this, at first glance, surprising result is based on the following facts.
Obviously, an integer power of the type of a so-called reduced purely imaginary quaternion
q = i+j, is either a real number (if k is even) or again a reduced purely imaginary quaternion
(if k is odd; cf. (11)). Besides this, the symmetric products in which such a power (7) is
additively decomposed avoid the appearance of ordinary mixed products like, for example,
i · j as mutually annihilating summands. This becomes directly plausible if we look for
example to the binomial expansion for even k = 2 or k = 4 where only entries of type (i)
and type (ii) are present. An example for an odd k with 2× k+1

2 = k+ 1 alternating entries
of type (iii) and (iv) is (6). In both cases we can recognize the symmetric structure of the
corresponding lines in a Pascal triangle with quaternionic entries.

4 A combinatorial identity for Vietoris’ number sequence

Before coming to our main result, let us still remember a well known combinatorial identity
(cf. [14, p. 130] or [16, p. 44]) that we need for its proof, namely

m∑
t=0

(
2t

t

)(
2m− 2t

m− t

)
= 4m, (13)
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which in turn can be proved by evaluating the square of the generating function of the
central binomial coefficients and its derivatives at x = 0.

Now we can prove

Theorem 2 Let i and j be two generators of a reduced purely imaginary quaternion. Then
the following combinatorial identity holds(

k

bk2c

)[ k∑
s=0

(
k

s

)
(ik−s × js)2

]
= (−2)k. (14)

Taking into account the form of the elements of Vietoris’ number sequence (2), formula
(14) can be rewritten in order to obtain the representation of Vietoris’ number sequence by
symmetric products of the generators i and j.

Corollary [Representation of Vietoris’ number sequence]

ck = (−1)k

[
k∑
s=0

(
k

s

)
(ik−s × js)2

]−1
. (15)

Proof of Theorem 2
As an auxiliary calculation we determine the square of the symmetric products in (12)
multiplied by

(
k
s

)
and distinguish between k = 2m and k = 2m + 1 resp. s = 2t and

s = 2t+ 1 for the different parities. We get immediately

(
k

s

)
(ik−s × js)2 =



(
m
t

)2(
2m
2t

) , k = 2m and s = 2t;

0, k = 2m and s = 2t+ 1;

−
(
m
t

)2(
2m+1
2t

) , k = 2m+ 1 and s = 2t;

−
(
m
t

)2(
2m+1
2t+1

) , k = 2m+ 1 and s = 2t+ 1.

(16)

Now we consider two cases corresponding to the parity of k.

I. k even
Denote by Ak the left-hand side of (14). The use of (16) (note that the second case
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implies that the sum over odd values of s completely vanishes) together with (13)
allows to write

A2m =
(
2m
m

)[ 2m∑
s=0

(
2m
s

)
(i2m−s × js)2

]
=
(
2m
m

)[ m∑
t=0

(
2m
2t

)
(i2m−2t × j2t)2 + 0

]

=
(
2m
m

)[ m∑
t=0

(
m
t

)2(
2m
2t

)] =
m∑
t=0

(2t)!
t!t! ·

(2m−2t)!
(m−t)!(m−t)!

= 4m = (−2)2m

II. k odd
In this case we apply the third and the fourth case of (16) and proceed analogously
to the former case.

A2m+1 =
(
2m+1
m

)[ 2m+1∑
s=0

(
2m
s

)
(i2m+1−s × js)2

]
=
(
2m+1
m

)[ m∑
t=0

−
(
m
t

)2(
2m+1
2t

) − m∑
t=0

(
m
t

)2(
2m+1
2t+1

)]

=
(
2m+1
m

) m∑
t=0

(
m
t

)2[ (2t)!(2m−2t+1)!
(2m+1)! + (2m−2t)!(2t+1)!

(2m+1)!

]
= −2

m∑
t=0

(2t)!
t!t! ·

(2m−2t)!
(m−t)!(m−t)!

= −2 · 4m = (−2)2m+1.

�

We finish with examples for the first values of ck in (15) resp. (1),

c0 =1

c1 =(−1)1
[
i2 + j2

]−1
=

1

2

c2 =(−1)2
[
(i2)2 +

(
2

1

)
(i× j)2 + (j2)2

]−1
=

1

2

c3 =(−1)3
[
(i3)2 +

(
3

1

)
(i2 × j)2 +

(
3

2

)
(i× j2)2 + (j3)2

]−1
=

3

8

c4 =(−1)4
[
(i4)2 +

(
4

1

)
(i3 × j)2 +

(
4

2

)
(i2 × j2)2 +

(
4

3

)
(i× j3)2 + (j4)2

]−1
=

3

8
.
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Abstract

The purpose of this paper is to study the problem of (S, T )-stability and convergence
of the θ-modified Jungck-Ishikawa.

Key words: Coincidence point; Ishikawa iteration; stability.

1 Introduction and Preliminaries

Throughout this paper, we assume that E is a real Banach space.
An operator T : E → E is said to be Lipschizian if there exists a constant L > 0 such

that
‖ Tx− Ty ‖≤ L ‖ x− y ‖, (1)

for all x, y ∈ E.
An operator T : E → E is said to be strongly pseudocontractive if there exists t > 1

such that
‖ x− y ‖≤‖ (1 + r)(x− y)− rt(Tx− Ty) ‖, (2)

for all x, y ∈ E and r > 0.
Let S, T : E −→ E be two non-self mappings such that T (E) ⊆ S(E). Then the

sequence {Sxn}∞n=0 defined by

Sxn+1 = Txn; n = 0, 1, 2, ... (3)
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is called Jungck-Picard iteration scheme [3].

Definition 1.1 Let T : E → E be a self mapping. Then T has a fixed point if there is an
x ∈ E such that Tx = x. The point x is called a fixed point of T . The set of fixed point of
T will be denoted by F (T ).

Definition 1.2 Let S, T : E −→ E. Then x is called a coincidence (common fixed) point
of T and S, respectively, if there exists x ∈ X such that

(x =)Tx = Sx

The set of all coincidence points of T and S will be denoted by C(T, S).

Let S, T : E −→ E are two non-self mappings such that T (E) ⊆ S(E). Then the
sequence {Sxn}∞n=0 defined by

Sxn+1 = (1− αn)Sxn + αnTxn n = 0, 1, 2, ..., (4)

where {αn} is introduced by Singh et al. [7] to establish some stability results and it is
called Jungck-Mann iteration scheme.

On the other hand, the sequence {Sxn}∞n=0 defined by

Sxn+1 = (1− αn)Sxn + αnTzn

Szn = (1− βn)Sxn + βnTxn, n = 0, 1, 2, ...,
(5)

where {αn} and {βn} are the sequences in [0, 1), is called Jungck Ishikawa iteration scheme
[5]. If S is the identity mapping, then Jungck Picard, Jungck Mann and Jungck Ishikawa
iteration schemes becomes Picard, Mann and Ishikawa iteration schemes.

The Ishikawa iterative process was first introduced by Ishikawa [2] in 1974, in order to
approximate fixed point of Lipschitzian pseudocontractive operators, because in the case T
is only pseudocontractive, the Mann iteration does not converge generally to the fixed point
of T . In the literature, there are many convergence results on the Ishikawa iterations. For
example, Chidume [1] proved the following result:

Theorem 1.1 If E is a real Banach space with a uniformly convex dual E∗, and K is a
nonempty closed convex and bounded subset of E, and T : E → E is a Lipschitz strongly
pseudocontractive mapping, the Ishikawa iterative sequence {xn} converges strongly to the
unique fixed point of T .
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Consider the nonlinear equation

f(x) = 0, x ∈ R. (6)

Let S, T : E → E, T (E) ⊂ S(E), S is onto and T and S are differentiable. Suppose ξ is a
simple zero of f and x0 is an initial guess nearer ξ. The equation (6) can be written as

Sx = Tx. (7)

Following the approach of [4] (see also [6]), if T ′x 6= 1, we can modifify (7) by multiplying
θ 6= −1 on both sides as follows

θSx = θTx,

which implies that

Sx =
θTx+ Sx

θ + 1
:= Tθx, (8)

where θ is an arbitrary number.
For a given x0, we can find the approximate solution of xn+1 by using the iteration

scheme named as modified Jungck iteration scheme

Sxn+1 =
θTxx + Sxx

θ + 1
, θ 6= −1, (9)

or

Txn+1 =
θTxx + Sxx

θ + 1
, θ 6= −1. (10)

Using (9) in Jungck-Ishikawa iteration scheme, we develop a modified one scheme as follow:

Definition 1.3 (See [6]). Let T : E −→ E be a mapping. For given θ 6= −1, x0 ∈ E and
{αn}, {βn} sequences in [0,1], we denote {Sxn} ⊂ E the sequence defined by

Sxn+1 =(1− αn)Sxn + αnTθzn,

Szn =(1− βn)Sxn + βnTθxn,
(11)

where Tθx = θTx+Sx
1+θ . The iteration process (11) will be called modified Jungck-Ishikawa

iteration.
The following lemma will be needed in proving our main results.

Lemma 1.1 (See [8]). Let {λn},{µn}, {dn} be nonnegative real sequences satisfying

λn+1 ≤ (1 + tn)λn + µnλn + cn + dn ∀n ≥ 1

If {tn} is a sequence in [0,1] such that
∑∞

n=1 tn = ∞,
∑∞

n=1 µn < ∞,
∑∞

n=1 cn < ∞ and
dn = o(tn). Then λ −→ 0 as n −→∞
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Using the following definition of the stability of an iteration process, Olantiwo [5] es-
tablished some stability results as well as some strong convergence results for a pair of
nonselfmappings using a Jungck-Ishikawa iteration process and some general contractive
conditions.

Definition 1.4 See ([5]). Let S, T : E → E, T (E) ⊆ S(E) and l ∈ C(T, S). For any x0 ∈
E, let the sequence {Sxn+1}∞n=0 generated by iteration Sxn+1 = f(T, xn), n = 0, 1, 2, 3, ...
converges to w. Let {Syn}∞n=0 ⊂ E be an arbitrary sequence, and εn = d (Syn+1, f(T, yn)),
n = 0, 1, 2, ... Then, the iteration {Sxn+1}∞n=0 will be called (S, T )-stable if only if lim

n→∞
εn =

0 implies that lim
n−→∞

Syn = w

2 Main results

Definition 2.1 Given S : E → E and T : E → E.
T is said to be S-Lipschitzian if there exists a constant L > 0 such that

‖ Tx− Ty ‖≤ L ‖ Sx− Sy ‖, (12)

for all x, y ∈ E.
T is S-strongly pseudocontractive is there exists k > 0 such that

‖ Sx− Sy ‖≤‖ Sx− Sy + q [(S − T − kS)x− (S − T − kS)y] ‖ (13)

for all x, y ∈ E and q > 0.

Let S, T : E → E. Suppose x0 ∈ E and xn+1 = f(xn, αn, T, S) defines an iteration
procedure which yields a sequence of points {Sxn} ⊂ E converging to a coincidence point
w of T and S. Let {yn} and let εn =‖ Syn+1 − f(xn, αn, T, S) ‖ be a sequence in [0,∞).

Definition 2.2 If
∞∑
n=1

εn < ∞, implies that lim
n→∞

Syn = w, then the procedure defined by

xn+1 = f(xn, αn, T, S) is said to be almost (S, T )-stable.
If lim

n→∞
εn
αn

= 0, implies that lim
n→∞

Syn = w, then the procedure defined by xn+1 =

f(xn, αn, T, S) is said to be weakly (S, T )-stable.

Theorem 2.1 Let T, S : E → E are two non-self mappings such that T (E) ⊆ S(E),
where Tθ = θTx+Sx

θ+1 is a S-Lipschitzian and S-strongly pseudocontractive mapping with
C(T, S) 6= ∅. Let {xn} be defined by (11) and {αn}, {βn} ⊂ [0, 1] satisfying the conditions:

i .
∑∞

k=1 αk =∞

ii . lim
n−→∞

supαn < k/((L+ 1)3 + 2) and
∑∞

k=1 αkβk <∞

c©CMMSE ISBN: 978-84-617-8694-7Page 492 of  2288
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Suppose {yn} ⊂ E and define {εn} by

Ssn =(1− βn)yn + βnTθyn

εn = ‖ Syn+1 − (1− αn)Syn − αnTθsn ‖, n ≥ 0

Then the following assertions hold:

1. {Sxn}∞n=0 converges strongly to a coincidente point of S and T .

2. {Sxn}∞n=0 is both almost (S, T )-stable and weakly (S, T )-stable.

Similarly to Theorem 2.2, we have the following

Theorem 2.2 Let T, S : E → E are two non-self mappings such that T (E) ⊆ S(E), where
Tθ = θTx+Sx

θ+1 is a S-Lipschitzian and S-strictly pseudocontractive mapping with C(T, S) 6= ∅.
Let {xn} be defined by (11) and {αn}, {βn} ⊂ [0, 1] satisfying the conditions:

i .
∑∞

k=1 αk =∞

ii . There exists δ ∈ (0, 1− k) such that lim
n−→∞

supαn < δ/((L+ 1)3 + 2)

iii.
∑∞

k=1 αkβk <∞

Suppose {yn} ⊂ E and define {εn} by

Ssn =(1− βn)yn + βnTθyn

εn = ‖ Syn+1 − (1− αn)Syn − αnTθsn ‖, n ≥ 0

Then the following assertions hold:

1. {Sxn}∞n=0 converges strongly to a coincidente point of S and T .

2. {Sxn}∞n=0 is both almost (S, T )-stable and weakly (S, T )-stable.
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Abstract

The Eshelby inhomogeneity or inclusion problem is known to play a crucial role in
the micromechanical analysis of the mechanical behavior of composites [10] since leads
to predict the overall behaviour of heterogeneous mediums. The so call inclusion pro-
blem has attracted the interest of several authors in the last two centuries. In particular,
Poisson studied the perturbed field due to an isolated ellipsoid in the context of the New-
tonian potential problem [1]. Later, Maxwell [12] obtained explicit uniform expressions
for the induced electric field inside the ellipsoidal inclusion under an uniform electric
polarization. Donnell [2] studied the problem of a homogeneous elliptical inclusion with
the same elastic properties as the surrounding matrix and undergoes uniform stress-free
transformation strains (also called eigenstrains in the literature). Afterward, Hardiman
[3] considered the case of an elliptical inhomodeneity having elastic properties different
from those of the matrix.

In the context of linear elasticity Eshelby [4], [5], [7] provided a systematic investi-
gation of the corresponding three-dimensional problems. He introduced an interesting
method known as the equivalent inclusion method for dealing with 3D inhomogeneity
problems and showed that given an isolated ellipsoidal inclusion embedded into an in-
finitely homogeneous material, for any uniform loading imposed in the far field, the
strain inside it is also uniform. This property, also called the Eshelby uniformity pro-
perty, has been studied by many since then because it can model numerous phenomena
in materials science, such as phase transformations in solids or the thermal expansion
problem, as well as being useful as a simple modelling tool for inhomogeneous media
[14].

In the case of non-uniform far field conditions, Eshelby showed that if the loading is
a polynomial of order n, the interior field is characterized by a polynomial of the same
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order. This is often called Eshelby’s polynomial conservation theorem. Mura [10] gave
further details of this theory and developed a method of solution based on multipole
expansions in order to evaluate the induced strain field in an ellipsoidal inhomogeneity
using the eigenstrain concept.

For ellipsoidal inhomogeneity problems the so-called Eshelby tensor arises naturally
and it can be shown to be uniform for under uniform far fields conditions. However,
for a non-uniform loading, Eshelby’s solutions in general involve difficult integral expre-
ssions and then, the prediction of its influence is not a natural quantity to work with.
Therefore, several methods based on complex variable [11] (due to uniform interior
eigenstrain) or some circle theorems [6], [9], [8] have been developed in recent years for
the study of interior fields. Recently, in [14] other one has been defined in order to deter-
mine such Eshelby tensors, even for general inclusion shapes. Despite these difficulties,
it occurs that in many practical applications, e.g. permittivity, conductivity, elasticity,
the influence on interior fields under non-uniform far field conditions also needs to be
treated. As consequence, new better predictive methods are needed to be developed
in order to characterize them in a direct manner. For these reasons, in this work for
prescribed polynomial far field conditions, following the approximation to the Eshelby
tensors developed in [14] and the integral operator method introduced in [13], and [15],
we present a scheme to approximate interior fields inside isolated inhomogeneities of
elliptical shape since many composites belong to this class (including layered and fiber
reinforced composites). Moreover, we also verify that the obtained results ascertain the
Eshelby’s polynomial conservation property and are agree with some others provided by
using complex conformal mapping [11] or the classical circle inclusion theorem ([6], [9],
[8]). This result constitutes an useful scheme in the development of predictive material
models that undergoes general non-uniform eigenstrains since they also can be uniformly
approximated by Taylor series expansions, and even because they can be extended in
forthcoming schemes to non elliptical shapes.

Key words: eigenstrains, elliptical inclusions, heterogeneities, conformal mapping,
Eshelby’s tensor, circle theorem, polynomial conservation property
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Abstract

In this work we study the classical Lie symmetries of a generalized Dullin-Gottwald-
Holm equation with arbitrary coefficients. We consider the model (GDGH)

ut − α2uxxt + (f(u))x + γuxxx + λ(u− α2uxx) = α2(2uxuxx + uuxxx). (1)

The equation GDGH is a nonlinear partial differential equation describing the uni-
directional propagation of shallow water waves. The function u(x, t) is the fluid velocity
at time t > 0 in the direction x, γ is the coefficient of the linear dispersion term, f(u)
is a polynomial which derivative can be used to model the linear wave speed for undis-
turbed water at rest at spatial infinity, α2 and γ

k are squares of length scales where k is
the coefficient of u in f(u), this is, the linear wave speed for undisturbed water resting
at spatial infinity, and λ is a coefficient of the weakly dissipative term (u− α2uxx).

When f(u) = 3
2u

2 + c1u+ c0 and λ > 0 the GDGH equation is the disipate Dullin-
Gottwald-Holm equation studied by Guo and Ni in [6], and later by Novruzov in [11].

When f(u) = 3
2u

2+c1u+c0, λ = 0 and γ 6= 0 (1) becomes the Dullin-Gottwald-Holm
equation (DGH) whith was orignally derived as an approximation to the incompressible
Euler equations [4]. Also, when α = 0 it becomes the Korteweg-de Vries (KdV) equation.

When f(u) = 3
2u

2 + c1u + c0, λ = 0, γ = 0 and α = 1 (1) becomes the classical
Camassa-Holm (CH) equation, introduced for Camassa and Holm in [3].

The GDGH equation when λ = 0 was proposed by Shaoyoung Lai and Meng We in
[9]. This equation is also generalized as

ut − utxx + (h(u))x + buxxx = a

(
g′(u)

2
u2x + g(u)uxx

)
x

,

see [2].
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By using the classical method of symmetry reductions of partial differential equations
(PDEs) we obtain transformations under which differential equations are invariants,
such transformations bring the GDGH (1) to itself.

When we have an invariant solution, which can be found by symmetry reduction, by
using new variables, dependents and independents, we obtain a new differential equation
considerably simpler. In the case of two independent variables and one dependent
variable, we obtain ordinary differential equations (ODEs). The description of the
method can be found in [12, 13].

There are several papers that study the symmetries of particular cases of equation
GDGH [1, 2, 5, 7, 8, 10, 14]

The Lie symmetry group of the GDGH (1) will be generated by a vector field of the
form

X = ξ(x, t, u)∂x + τ(x, t, u)∂t + φ(x, t, u)∂u.

When we require that the infinitesimal generator leaves invariant the set of solutions
of the equation, we obtain, in the general case, the space and time translations, v1 =
∂x, v2 = ∂t.

The generators of an optimal system of one-dimensional symmetries in the general
case are the set: {v1, λv1 + v2}. With the second generator, we have travelling
waves, where the constant λ represents the speed of the wave. In order to reduce (1) to
ODEs we obtain the similarity reductions by using the characteristic equations

dx

ξ(x, t, u)
=

dt

τ(x, t, u)
=

du

φ(x, t, u)
.

The similarity reductions are {
z = x+ µ t,
u = h(z),

and the reduced ODE is

α2 hh′′′ + µα2 h′′′ − γ h′′′ + 2α2 h′ h′′ + λα2 h′′ − f h′ − µh′ − λh = 0. (2)

If we considered h the independent variable, and y = y(h), we can reduce the equation
(2) to(

α2 h+ µα2 − γ
)
y
(
y y′′ + (y′)

2
)

+ α2 y (2 y + λ) y′ − (f + µ) y − λh = 0. (3)

Solving (2) we obtain travelling waves solutions of the equation GDGH
For some special choices of the constants, other generators are admitted.

• Case 1. f(u) = c1
2 u

2 − γ
α2u+ c2.

v31 = γeλ t∂x − α2eλ t∂t + α2λeλ tu∂u.

• Case 2. f(u) = 1
2u

2 + c1u+ c2.

v32 = e−λ t∂x − λe−λ t∂u.
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• Case 3. f(u) = 1
2u

2 − γ
α2u+ c1.

v32 , v43 = γeλ t∂x − α2eλ t∂t + λα2eλ tu∂u.

• Case 4. f(u) = c1
2 u

2 + c2u+ c3, λ = 0.

v34 = α2c2 + c1γt∂x − α2(c1 − 1)t∂t +
(
α2(c1 − 1)u+ α2c2 + γ

)
∂u.

• Case 5. f(u) = c2 + c1
(
u− γ

α2

)2
, λ = 0.

v35 = t∂t −
(
u− γ

α2

)
∂u.

• Case 6. f(u) = 1
2u

2 − γ
α2u+ c1, λ = 0.

v35 , v46 = t∂x + ∂u.

we generate the optimal system in each case

• Case 1. {v1, µv1 + v2, µv1 + v31}

• Case 2. {v1, µv1 + v2, µv1 + v32}

• Case 3. {v1, µv1 + v2, v33, µv33 + v43}

• Case 4. {v1, µv1 + v2, µv2 + v34}

• Case 5. {v1, µv1 + v2, µv1 + v35}

• Case 6. {v1, µv1 + v2,v36,v46}

From the other generators of the optimal system in the different cases we obtain the
reduced equations.

Key words: partial differential equations, symmetries
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Abstract

We consider a set of square real matrices A = {A1, A2, · · · , AN}, where each matrix is
partitioned, in the same way, into blocks such that the diagonal ones are square matrices. Under
the assumption that the block (1,1) in the same position have a common Lyapunov solution, a
sufficient condition for the existence of a contractive set of block Lyapunov solutions for A is
presented.

Key words: Block matrices, Common Lyapunov solution, Stability

1 Introduction

Consider a finite set A = {A1, . . . , AN} of matrices in Rn×n, A is said to be simultaneously stable
if there exists a positive definite and symmetric matrix P which is a Lyapunov solution for every
Ap ∈ A, i.e., if there exists P such that −(AT

p P + PAp) is positive definite, for every Ap ∈ A.
The matrix P is called a common Lyapunov solution for A, [9]. In practice, simultaneously stable
sets of matrices play an important role, for instance, in the study of the stability of a class of hybrid
dynamical systems, called linear switched systems where the state evolution is continuous, i.e., the
state components are not subject to jumps during switching, see for instance [2, 1, 8]. However,
when state discontinuities are allowed at the switching instants, see for instance [7], [5], [6], the
stability of a switched system, for every switching law, can be assured by means of the existence of
aR-contractive set of Lyapunov solutions, [3], [4].
In this paper we address the problem of the existence of aR−contractive set of Lyapunov solutions
{Pp : p ∈ P} using an analysis in terms of block matrices such that the matrices Pp have a block
diagonal structure.
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2 Preliminaries

Let A = {A1, . . . AN} be a set of matrices in Rn×n. Consider that each matrix Ap ∈ A is similarly
partitioned into 2× 2 blocks as follows:

Ap =

[
Ap

11 Ap
12

Ap
21 Ap

22

]
, p ∈ P = {1, · · · , N} , (1)

where Ap
ii ∈ Rni×ni , i = 1, 2, for each p and n1 ++n2 = n.

Let S a set of symmetric and definite matrices Pp, p ∈ P defined as follows

P =

[
P11 P12

P21 P22

]
(2)

where the block P22 is an invertible matrix of order z ∈ {1, 2, . . . , n− 1}.

Definition 1. Let A be a set of matrices in Rn×n defined as in (1). A set of symmetric matrices
S = {Pp, p ∈ P} is said a R−contractive set of Lyapunov solutions for a switched system if, for

the set of matricesR =

{
R(q,p) =

[
In−z 0

R
(q,p)
21 R

(q,p)
22

]
: p, q ∈ P

}
, S satisfies:

1. AT
p Pp + PpAp < 0;

2. RT
(q,p)PpR(q,p) ≤ Pp, for all p, q ∈ P

where In−z denotes the identity matrix of order n− z and R(q,p)
22 , p, q ∈ P ,are invertible matrices.

A necessary condition for the R−contractivity of a set of Lyapunov solutions can be establish
in terms of Schur complement, [3].

Theorem 2. If S is a R−contractive set of Lyapunov solutions for A, then Pp have comom Schur
Complement of order n− z, i.e, P p

11 − P
p
12(P

p
22)

−1P p
21 = C not depends on p ∈ P .

Notice that if S is a set of QLFs with common Shur complement of order n,C, then Pp = C, for
all p. So, the problem of existence of a set of Lyapunov solutions with common Schur complement
of order n reduces to the problem of existence of a common Lyapunov solution. The next theorem
gives the relation between the contractivity and the common complement Schur property, [3].

Theorem 3. Let A a set of matrices in Rn×n and S be a set of symmetric and positive definite
matrices of order n. The following statements are equivalent:

1. There exists a set of matrices R =

{
R(q,p) =

[
In−z 0

R
(q,p)
21 R

(q,p)
22

]
: p, q ∈ P

}
such that S is a

R−contractive set of Lyapunov solutions for A.

2. S is a set of Lyapunov solutions for A with common Schur complement of order z.
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3 Existence of block diagonal Lyapunov solutions with common Schur
complement

In this section, we identify a class of matrices A = Ap =

[
Ap

11 Ap
12

Ap
21 Ap

22

]
, p ∈ P = {1, · · · , N} ,

having a R−contractive set of Lyapunov solutions, more precisely a set {Pp : p ∈ P} where the
matrices Pp have a block diagonal structure with all blocks (1,1), P p

11, equals to some matrix C, this
is the same as saying that Pp share a common Schur complement, C. Next we present the following
necessary condition,[3].

Theorem 4. Let A = {A1, . . . AN} be a set of stable matrices in Rn×n defined as in (1) where
the blocks (2,2) are square matrices of order z. If there exists a set of block diagonal solutions for
A with common Schur complement C, of order n − z, then C is a common Lyapunov solution for
the blocks (1,1) and the blocks (2,2) are stable.

In the sequel, we shall use the previous necessary condition and we suppose thatC is a common
Lyapunov solution for the blocks (1,1) of Ap and P p

22 are Lyapunov solutions for the blocks (2,2) of
Ap, p ∈ P , respectively. Then,

(Ap
11)

TC + CA11 = −Qp
1 < 0, for all p ∈ P;

(Ap
22)

TP p
22 + P p

22A
p
22 = −Qp

2 < 0, p ∈ P,
, (3)

respectively.

Theorem 5. Let A a set of stable matrices partioned into 2 × 2 blocks satisfying (3). Then,
{diag(P, P p

22) : p ∈ P} is a set of Lyapunov solutions for A if, for each p ∈ P , one of the fol-
lowing conditions is satisfied:

(A) 16λmax

(
(Ap

12)
TC(Qp

1)
−1CAp

12

)
λmax

(
P p
22A

p
21(Q

p
1)

−1(Ap
21)

TP p
22

)
< λ2min (Q

p
2)

(B) λmin(Q
p
1) > 4‖CAp

12‖s‖A
p
21

T
P p
22‖‖(Q

p
2)

−1‖,

where ‖.‖ denotes the spectral norm.

Proof. Suppose that for each p ∈ P , (A) is satisfied. If Ap
12 = 0 and Ap

21 = 0 for all p ∈ P , i.e,
A is a set of block diagonal matrices, it is obvious that {diag(P, P p

22) : p ∈ P} is a set of Lyapunov
solutions for A. If Ap

12 = 0 or Ap
21 = 0 for all p ∈ P , i.e, A is a set of block triangular matrices,

then easily we prove that {diag(P, εpP
p
22) : p ∈ P} and {diag(P, βpP

p
22) : p ∈ P}, where

0 < εp <
λmin (Q

p
2)

λmax (P
p
22A

p
21(Q

p
1)

−1(Ap
21)

TP p
22)

.

and

βp >
λmax

(
(Ap

12)
TC(Qp

1)
−1CAp

12

)
λmin (Q

p
2)

,
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are sets of Lyapunov solutions for A with respect to lower or upper case.
Otherwise, since each Ap is a sum of a lower block triangular Tp matrix with an upper block

triangular matrix Wp

Ap =

[
1
2A

p
11 0

Ap
21

1
2A

p
22

]
+

[
1
2A

p
11 Ap

12

0 1
2A

p
22

]
, p ∈ P (4)

and the previous cases, we conclude that, for each p, diag (C, tpP
p
22) with

0 < tp <
λmin (Q

p
2)

4λmax (P
p
22A

p
21(Q

p
1)

−1(Ap
21)

TP p
22)

is a Lyapunov solution for Tp and diag (C,wpP
p
22)

wp >
4λmax

(
(Ap

12)
TC(Qp

1)
−1CAp

12

)
λmin (Q

p
2)

.

is a Lyapunov solution for Wp. Therefore, taking account that (A) is verified, we can choose for
each p ∈ P , tp = wp. Taking αp := tp = wp we conclude that {diag (C,αpP

p
22) : p ∈ P} is a set

of block diagonal Lyapunov solutions for A.

Example 6. The matrices

A1 =

 −2 −1 1 −1
−0.5 −2 0.5 2
−1 1 −6 −9
−1 −2 9 −6

 and A2 =

−100 0 −2 1
1 −120 −1 0
1 0 −10 −11
−1 1 150 0


have a block diagonal Lyapunov solutions with common Schur complement of order 2.

Notice that the block (1,1) of both matrices share a common Lyapunov solution:

C =

[
1 −0.2
−0.2 1

]
and the blocks (2,2) are stable (but not admite a common Lyapunov solution). Considering the
Lyapunov solutions

P 1
22 = diag(0.08, 0.08) and P 2

22 =

[
0.7 0.04
0.04 0.05

]
for the blocks (2,2), respectively, we obtain

Q1
1 =

[
3.8 0.7
0.7 3.6

]
; Q2

1 =

[
200.4 −45
−45 240

]

Q1
2 = diag(0.96, 0.96) (λmin

(
Q1

2

)
)2 ≈ 0.9216;

Q2
2 =

[
2 0.6
0.6 0.88

]
(λmin

(
Q2

2

)
)2 ≈ 0.3835.
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Easily we verify that Condition (A) of previous theorem is satisfied. So, we conclude that{
diag

([
1 −0.2
−0.2 1

]
, diag(0.08, 0.08)

)
, diag

([
1 −0.2
−0.2 1

]
,

[
0.7 0.04
0.04 0.05

])}
is a set of block diagonal Lyapunov solutions with common Schur complement of order 2.
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Abstract

The purpose of this work is to study different kinds of stability for a class of integral
equations defined on a finite interval. Sufficient conditions are derived in view to obtain
Hyers-Ulam stability and Hyers-Ulam-Rassias stability by using fixed point techniques
and the Bielecki metric.

Key words: Hyers-Ulam stability, Hyers-Ulam-Rassias stability, Banach fixed point
theorem, integral equation
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1 Introduction

During the last seven decades the concepts of Hyers-Ulam stability and Hyers-Ulam-Rassias
stability for different kinds of functional equations, differential equations, integral equations
and others has been studied in a quite extensive way due to their great number of ap-
plications e.g. in elasticity, semiconductors, heat conduction, fluid flow, scattering theory,
chemical reactions and population dynamic, among others (see [1, 2, 3, 4, 5, 6, 7, 8]). Orig-
inated in 1940 from a famous question raised by S. M. Ulam, the first results of stability of
this type were about to discover when a solution of an equation differing “slightly” from a
given one must be somehow near to the solution of the given equation. A first parcial answer
to this question was given by D. H. Hyers, introducing therefore the so-called Hyers-Ulam
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stability. New directions were introduced by Th. M. Rassias, see [9], introducing therefore
the so-called Hyers-Ulam-Rassias stability.

In this work, we will be devoted to analyse Hyers-Ulam and Hyers-Ulam-Rassias sta-
bility for the following class of integral equations:

y(x) = f

(
x, y(x),

∫ b

a
k(x, τ, y(τ), y(α(τ)))dτ

)
, x ∈ [a, b], (1)

and

y(x) = f

(
x, y(x),

∫ x

a
k(x, τ, y(τ), y(α(τ)))dτ

)
, x ∈ [a, b], (2)

where a and b are fixed real numbers, f : [a, b]×C×C→ C and k : [a, b]× [a, b]×C×C→ C
are continuous functions, and α : [a, b]→ [a, b] is a continuous delay function which therefore
fulfills α(τ) ≤ τ for all τ ∈ [a, b].

The formal definition of the above mentioned Hyers-Ulam-Rassias stability and Hyers-
Ulam stability are now introduced for the integral equation (1).

If for each function y satisfying∣∣∣∣y(x)− f
(
x, y(x),

∫ b

a
k(x, τ, y(τ), y(α(τ)))dτ

)∣∣∣∣ ≤ σ(x), x ∈ [a, b], (3)

where σ is a non-negative function, there is a solution y0 of the integral equation and a
constant C > 0 independent of y and y0 such that |y(x)− y0(x)| ≤ Cσ(x), for all x ∈ [a, b],
then we say that the integral equation (1) has the Hyers-Ulam-Rassias stability.

If for each function y satisfying∣∣∣∣y(x)− f
(
x, y(x),

∫ b

a
k(x, τ, y(τ), y(α(τ)))dτ

)∣∣∣∣ ≤ θ, x ∈ [a, b], (4)

where θ ≥ 0, there is a solution y0 of the integral equation and a constant C > 0 independent
of y and y0 such that |y(x)− y0(x)| ≤ Cθ, for all x ∈ [a, b], then we say that the integral
equation has the Hyers-Ulam stability.

Some of the present techniques to study the stability of functional equations use a
combination of the following well-known Banach Fixed Point Theorem with a generalized
metric in appropriate settings.

Theorem 1 Let (X, d) be a generalized complete metric space and T : X → X a strictly
contractive operator with a Lipschitz constant L < 1. If there exists a nonnegative integer
k such that d(T k+1x, T kx) <∞ for some x ∈ X, then the following three propositions hold
true:

i) the sequence (Tnx)n∈N converges to a fixed point x∗ of T ;
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ii) x∗ is the unique fixed point of T in

X∗ = {y ∈ X : d(T kx, y) <∞}; (5)

iii) if y ∈ X∗, then

d(y, x∗) ≤ 1

1− L
d(Ty, y). (6)

Let p > 0 be a constant, we will be using the space Cp([a, b]) of continuous functions
u : [a, b]→ C endowed with the generalized Bielecki metric

dp(u, v) = sup
x∈[a,b]

|u(x)− v(x)|
ep(x−a)

. (7)

We recall that (Cp([a, b]), dp) is a complete metric spaces (cf., [10]).

2 Hyers-Ulam-Rassias Stability

The present section is devoted to present sufficient conditions for the Hyers-Ulam-Rassias
stability of the integral equations (1) and (2).

Theorem 2 Let α : [a, b]→ [a, b] a continuous delay function with α(t) ≤ t for all t ∈ [a, b]
and σ : [a, b]→ (0,∞) a non-negative function. Moreover, suppose that f : [a, b]×C×C→ C
is a continuous function satisfying the Lipschitz condition

|f(x, u(x), g(x))− f(x, v(x), h(x))| ≤M (|u(x)− v(x)|+ |g(x)− h(x)|) (8)

with M > 0 and the kernel k : [a, b] × [a, b] × C × C → C is a continuous kernel function
satisfying the Lipschitz condition

|k(x, t, u(t), u(α(t)))− k(x, t, v(t), v(α(t)))| ≤ L|u(t)− v(t)| (9)

with L > 0.
If y ∈ Cp([a, b]) is such that∣∣∣∣y(x)− f

(
x, y(x),

∫ b

a
k(x, τ, y(τ), y(α(τ)))dτ

)∣∣∣∣ ≤ σ(x), x ∈ [a, b], (10)

and M
(

1 + L
p

(
ep(b−a) − 1

))
< 1, then there is a unique function y0 ∈ Cp([a, b]) such that

y0(x) = f

(
x, y0(x),

∫ b

a
k(x, τ, y0(τ), y0(α(τ)))dτ

)
(11)
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and

|u(x)− y0(x)| ≤ pσ(x)

p−Mp−ML(ep(b−a) − 1)
(12)

for all x ∈ [a, b].
This means that under the above conditions, the integral equation (1) has the Hyers-

Ulam-Rassias stability.

Proof. We will consider the operator T : Cp([a, b])→ Cp([a, b]), defined by

(Tu) (x) = f

(
x, u(x),

∫ b

a
k(x, τ, u(τ), u(α(τ)))dτ

)
, (13)

for all x ∈ [a, b] and u ∈ Cp([a, b]).
Under the present conditions, we will deduce that the operator T is strictly contractive

with respect to the metric (7). Indeed, for all u, v ∈ Cp([a, b]), we have,

dp (Tu, Tv) = sup
x∈[a,b]

|(Tu) (x)− (Tv) (x)|
ep(x−a)

≤ M sup
x∈[a,b]

1

ep(x−a)
{|u(x)− v(x)|+∣∣∣∣∫ b

a
k(x, τ, u(τ), u(α(τ)))dτ −

∫ b

a
k(x, τ, v(τ), v(α(τ)))dτ

∣∣∣∣}
≤ M sup

x∈[a,b]

1

ep(x−a)
{|u(x)− v(x)|+∫ b

a
|k(x, τ, u(τ), u(α(τ)))− k(x, τ, v(τ), v(α(τ)))| dτ

}
≤ M sup

x∈[a,b]

1

ep(x−a)

{
|u(x)− v(x)|+ L

∫ b

a
|u(τ)− v(τ)| dτ

}
≤ M

{
sup
x∈[a,b]

|u(x)− v(x)|
ep(x−a)

+ L sup
x∈[a,b]

1

ep(x−a)

∫ b

a
|u(τ)− v(τ)| dτ

}

= M

{
sup
x∈[a,b]

|u(x)− v(x)|
ep(x−a)

+ L sup
x∈[a,b]

1

ep(x−a)

∫ b

a
ep(τ−a)

|u(τ)− v(τ)|
ep(τ−a)

dτ

}

≤ M

{
sup
x∈[a,b]

|u(x)− v(x)|
ep(x−a)

+ L sup
τ∈[a,b]

|u(τ)− v(τ)|
ep(τ−a)

sup
x∈[a,b]

1

ep(x−a)

∫ b

a
ep(τ−a)dτ

}

= M

{
dp(u, v) + Ldp(u, v) sup

x∈[a,b]

1

ep(x−a)
ep(b−a) − 1

p

}
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= M

(
1 +

L

p

(
ep(b−a) − 1

))
dp(u, v). (14)

Due to the fact that M
(

1 + L
p

(
ep(b−a) − 1

))
< 1 it follows that T is strictly contractive.

Thus, we can apply the above mentioned Banach Fixed Point Theorem, which ensures that
we have the Hyers-Ulam-Rassias stability for the integral equation (1). Additionally, (12)
follows from (6) and (10).

For the Volterra integral equation (2) we have the following result.

Theorem 3 Let α : [a, b]→ [a, b] a continuous delay function with α(t) ≤ t for all t ∈ [a, b]
and σ : [a, b]→ (0,∞) a non-negative function. Moreover, suppose that f : [a, b]×C×C→ C
is a continuous function satisfying the Lipschitz condition

|f(x, u(x), g(x))− f(x, v(x), h(x))| ≤M (|u(x)− v(x)|+ |g(x)− h(x)|) (15)

with M > 0 and the kernel k : [a, b] × [a, b] × C × C → C is a continuous kernel function
satisfying the Lipschitz condition

|k(x, t, u(t), u(α(t)))− k(x, t, v(t), v(α(t)))| ≤ L|u(t)− v(t)| (16)

with L > 0.

If y ∈ Cp([a, b]) is such that∣∣∣∣y(x)− f
(
x, y(x),

∫ x

a
k(x, τ, y(τ), y(α(τ)))dτ

)∣∣∣∣ ≤ σ(x), x ∈ [a, b], (17)

and M
(

1 + L
p

(
ep(b−a)−1
ep(b−a)

))
< 1, then there is a unique function y0 ∈ Cp([a, b]) such that

y0(x) = f

(
x, y0(x),

∫ x

a
k(x, τ, y0(τ), y0(α(τ)))dτ

)
(18)

and

|u(x)− y0(x)| ≤ pep(b−a)σ(x)

ep(b−a)(p−Mp)−ML(ep(b−a) − 1)
(19)

for all x ∈ [a, b].

This means that under the above conditions, the Volterra integral equation (2) has the
Hyers-Ulam-Rassias stability.
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Proof. We will consider the operator T : Cp([a, b])→ Cp([a, b]), defined by

(Tu) (x) = f

(
x, u(x),

∫ x

a
k(x, τ, u(τ), u(α(τ)))dτ

)
, (20)

for all x ∈ [a, b] and u ∈ Cp([a, b]).
Under the present conditions, we will deduce that the operator T is strictly contractive

(with respect to the metric under consideration). Indeed, for all u, v ∈ Cp([a, b]), we have,

dp (Tu, Tv) = sup
x∈[a,b]

|(Tu) (x)− (Tv) (x)|
ep(x−a)

≤ M sup
x∈[a,b]

1

ep(x−a)
{|u(x)− v(x)|

+

∣∣∣∣∫ x

a
k(x, τ, u(τ), u(α(τ)))dτ −

∫ x

a
k(x, τ, v(τ), v(α(τ)))dτ

∣∣∣∣}
≤ M sup

x∈[a,b]

1

ep(x−a)
{|u(x)− v(x)|

+

∫ x

a
|k(x, τ, u(τ), u(α(τ)))− k(x, τ, v(τ), v(α(τ)))| dτ

}
≤ M sup

x∈[a,b]

1

ep(x−a)

{
|u(x)− v(x)|+ L

∫ x

a
|u(τ)− v(τ)| dτ

}
≤ M

{
sup
x∈[a,b]

|u(x)− v(x)|
ep(x−a)

+ L sup
x∈[a,b]

1

ep(x−a)

∫ x

a
|u(τ)− v(τ)| dτ

}

= M

{
sup
x∈[a,b]

|u(x)− v(x)|
ep(x−a)

+ L sup
x∈[a,b]

1

ep(x−a)

∫ x

a
ep(τ−a)

|u(τ)− v(τ)|
ep(τ−a)

dτ

}

≤ M

{
sup
x∈[a,b]

|u(x)− v(x)|
ep(x−a)

+ L sup
τ∈[a,b]

|u(τ)− v(τ)|
ep(τ−a)

sup
x∈[a,b]

1

ep(x−a)

∫ x

a
ep(τ−a)dτ

}

= M

{
dp(u, v) + Ldp(u, v) sup

x∈[a,b]

1

ep(x−a)
ep(b−a) − 1

p

}

= M

(
1 +

L

p

(
ep(b−a) − 1

ep(b−a)

))
dp(u, v). (21)

Due to the fact that M
(

1 + L
p

(
ep(b−a)−1
ep(b−a)

))
< 1 it follows that T is strictly contractive.

Thus, we can apply the above mentioned Banach Fixed Point Theorem, which ensures that
we have the Hyers-Ulam-Rassias stability for the Volterra integral equation (2). Addition-
ally, (19) follows from (6) and (17).
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3 Hyers-Ulam Stability

The present section is devoted to present sufficient conditions for the Hyers-Ulam stability
of the integral equations (1) and (2).

Theorem 4 Let α : [a, b]→ [a, b] a continuous delay function with α(t) ≤ t for all t ∈ [a, b].
Moreover, suppose that f : [a, b]×C×C→ C is a continuous function satisfying the Lipschitz
condition

|f(x, u(x), g(x))− f(x, v(x), h(x))| ≤M (|u(x)− v(x)|+ |g(x)− h(x)|) (22)

with M > 0 and the kernel k : [a, b] × [a, b] × C × C → C is a continuous kernel function
satisfying the Lipschitz condition

|k(x, t, u(t), u(α(t)))− k(x, t, v(t), v(α(t)))| ≤ L|u(t)− v(t)| (23)

with L > 0.
If y ∈ Cp([a, b]) is such that∣∣∣∣y(x)− f

(
x, y(x),

∫ b

a
k(x, τ, y(τ), y(α(τ)))dτ

)∣∣∣∣ ≤ θ, x ∈ [a, b], (24)

where θ > 0 and M
(

1 + L
p

(
ep(b−a) − 1

))
< 1, then there is a unique function y0 ∈ Cp([a, b])

such that

y0(x) = f

(
x, y0(x),

∫ b

a
k(x, t, y0(t), y0(α(t)))dt

)
(25)

and

|u(x)− y0(x)| ≤ pθ

p−Mp−ML(ep(b−a) − 1)
(26)

for all x ∈ [a, b]
This means that under the above conditions, the integral equation (1) has the Hyers-

Ulam stability.

Proof. We will consider the operator T : Cp([a, b])→ Cp([a, b]), defined by

(Tu) (x) = f

(
x, u(x),

∫ b

a
k(x, τ, u(τ), u(α(τ)))dτ

)
, (27)

for all x ∈ [a, b] and u ∈ Cp([a, b]).
By the same above procedure we have T strictly contractive with respect to the metric

(7) due to the fact that M
(

1 + L
p

(
ep(b−a) − 1

))
< 1. Thus, we can again apply the Banach

Fixed Point Theorem, which ensures that we have the Hyers-Ulam stability for the integral
equation with (26) being obtained by using (6) and (24).
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Now, we consider the Volterra integral equation (2).

Theorem 5 Let α : [a, b]→ [a, b] a continuous delay function with α(t) ≤ t for all t ∈ [a, b].
Moreover, suppose that f : [a, b]×C×C→ C is a continuous function satisfying the Lipschitz
condition

|f(x, u(x), g(x))− f(x, v(x), h(x))| ≤M (|u(x)− v(x)|+ |g(x)− h(x)|) (28)

with M > 0 and the kernel k : [a, b] × [a, b] × C × C → C is a continuous kernel function
satisfying the Lipschitz condition

|k(x, t, u(t), u(α(t)))− k(x, t, v(t), v(α(t)))| ≤ L|u(t)− v(t)| (29)

with L > 0.
If y ∈ Cp([a, b]) is such that∣∣∣∣y(x)− f

(
x, y(x),

∫ x

a
k(x, τ, y(τ), y(α(τ)))dτ

)∣∣∣∣ ≤ θ, x ∈ [a, b], (30)

where θ > 0 and M
(

1 + L
p

(
ep(b−a)−1
ep(b−a)

))
< 1, then there is a unique function y0 ∈ Cp([a, b])

such that

y0(x) = f

(
x, y0(x),

∫ x

a
k(x, t, y0(t), y0(α(t)))dt

)
(31)

and

|u(x)− y0(x)| ≤ pep(b−a)θ

ep(b−a)(p−Mp)−ML(ep(b−a) − 1)
(32)

for all x ∈ [a, b]
This means that under the above conditions, the Volterra integral equation (2) has the

Hyers-Ulam stability.

Proof. We will consider the operator T : Cp([a, b])→ Cp([a, b]), defined by

(Tu) (x) = f

(
x, u(x),

∫ x

a
k(x, τ, u(τ), u(α(τ)))dτ

)
, (33)

for all x ∈ [a, b] and u ∈ Cp([a, b]).
By the same above procedure we have T strictly contractive (with respect to the met-

ric under consideration) due to the fact that M
(

1 + L
p

(
ep(b−a)−1
ep(b−a)

))
< 1. Thus, we can

again apply the Banach Fixed Point Theorem, which ensures that we have the Hyers-Ulam
stability for the integral equation with (32) being obtained by using (6) and (30).

Remark 6 Is possible analyse the Hyers-Ulam-Rassias stability of the integral equation but
defined on infinite intervals. These results will be presented in a future work.
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Abstract

In this paper we present an efficient scheme for the computation of triangular Shep-
ard method. More precisely, it is well known that the triangular Shepard method
reaches an approximation order better than the Shepard one [4], but it needs to identify
useful general triangulation of the node set. Here we propose a searching technique
used to detect and select the nearest neighbor points in the interpolation scheme [2, 3].
It consists in determining the closest points belonging to the different neighborhoods
and consequently applies to the triangulation-based approach. Numerical results show
efficiency of the interpolation procedure.

Key words: scattered data interpolation, triangular Shepard method, fast computa-

tion, approximation algorithms

MSC 2000: 65D05, 65D15, 41A05

1 Introduction

Scattered data consists of a set of points Xn = {x1, . . . , xn} and corresponding functional
values f1, . . . , fn, where the points have no structure or order between their relative loca-
tions. Among the various approaches to interpolating scattered data, the Shepard method
[8] is one of the earliest techniques. It defines an interpolating function as a convex com-
bination of the functional values, that is a linear combination of them with non negative
coefficients (or weight functions or basis functions) which are inverse distances to the scat-
tered points and form a partition of unity. The main drawback of the Shepard method is
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its low polynomial precision (only constants) that badly affects the reconstructed surface.
Several variants of the Shepard method have been considered to overcome this drawback.
Among them, the triangular Shepard method [7] is a convex combination of local linear in-
terpolants with triangle-based weight functions, which are the product of inverse distances
from the vertices of triangles and form a partition of unity. The main feature of the tri-
angular Shepard method is its linear precision without using derivative data, although, for
achieving a good accuracy of approximation, it needs to identify useful general triangulation
of the node set.

An efficient organization of the scattered data, when local interpolation is used, turns
out to be crucial. To this aim, in literature, techniques known as kd-trees, which are not
specifically implemented for a specific interpolation scheme, have already been designed,
[1, 6]. In this paper, we propose the use of a versatile partitioning structure, called the
block-based partitioning structure, given in [3], which is suitably adapted to triangular
Shepard interpolation.

The paper is organized as follows. In Section 2 we consider interpolation using the
triangular Shepard method and the selection of the compact triangulation. Section 3 is
devoted to present the searching technique used to detect and select the nearest neighbor
points in our interpolation scheme. Finally, Section 4 shows some numerical results.

2 Interpolation on compact triangulations

2.1 Triangular Shepard method

In 1983 Little [7] introduced a variant of the Shepard method, called triangular Shepard,
which is a Shepard-like convex combination of the linear interpolants of a set of triangles.
More precisely, if we denote by Xn = {x1, x2, . . . , xn} a set of nodes of R2 with associated
function data f1, . . . , fn and by Tm = {t1, t2, . . . , tm} a set of triangles which vertices are
points of Xn, the triangular Shepard operator is defined by

Kµ[f ](x) =
m
∑

j=1

Bµ,j(x)Lj(x), µ > 0, (1)

where Lj(x) is the linear interpolant on the vertices of tj , j = 1, . . . ,m, and the weight
functions Bµ,j(x) are defined by

Bµ,j(x) =

3
∏

ℓ=1

1

‖x− xjℓ‖µ

m
∑

k=1

3
∏

ℓ=1

1

‖x− xkℓ‖
µ

, j = 1, . . . ,m. (2)
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As noticed by Little himself, the triangular Shepard operator (1) exceeds the Shepard
method both in polynomial precision and esthetic behaviour. In fact, it has linear precision
while Shepard method achieves only constant precision. The better polynomial precision of
the triangular Shepard method reflects on a higher order of approximation. As shown in [4]
the triangular Shepard method reaches quadratic approximation order while the Shepard
method achieves at most linear approximation order [5]. We remark that the definition of
the triangular Shepard operator (1) requires an appropriate list of triangles to be identified.
However, these triangles can realize only a general triangulation of the node set Xn, that is
a triangulation in which some triangles may overlap or be disjoint.

2.2 Selection of the compact triangulation

In order to identify useful general triangulation of the node set Xn we take into account
theoretical results achieved in [4], which link the bound for the remainder term of the linear
interpolant Lj(x) with the bound for the remainder of the triangular Shepard operator
(1). In particular, all triangles should have a rather regular form (as near as possible to
equilateral triangles) and two quantities, denoted by h′ and h′′, play a key role in the choice
of these triangles: the first one is the fill distance in the maximum norm and controls
the uniformity of the triangle distribution, the second one excludes the presence of large
triangles.

For each node xi of the node set Xn we choose, among the 15 triangles with a vertex in
xi and other 2 vertices among its 6 nearest neighbors in Xn, the one which locally reduces
the bound

2‖x− xj1‖2 + 4hjCj‖x− xj1‖ (3)

for the error of the local linear interpolant, where xj1 denotes the first vertex of tj , hj
denotes the maximum edge length of tj and Cj is a constant which depends only on the
shape of tj . We omit duplicate triangles and we get a triangulation Tm of the nodes with
m ≤ n triangles, in which some of the triangles may overlap or be disjoint.

3 Localizing searching technique

In this section we present the searching technique used to detect and select the nearest
neighbor points in our interpolation scheme [2, 3]. Though this procedure can be applied
on a generic domain R ⊆ R

2 and in higher dimensions, for our purpose we here pursue this
description focusing on the unit square, i.e. R = [0, 1]× [0, 1].

Firstly, we define a circular neighborhood of radius

δ =
2

d
, (4)
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with

d =

⌊√
n

2

⌋

, (5)

where each neighborhood is centred at a data point belonging to R. To localize points in
our method, we set n/d2 = 4. Note that the larger (smaller) the value of d is, the more
(less) localizing the scheme is.

In order to determine the closest points belonging to the different neighborhoods and
consequently apply our triangulation-based approach, we propose a new structure that
partitions the domain in blocks of square shape. Such technique results in an effective
searching procedure which is quite efficient from a computational viewpoint. For this scope
we partition the domain R with b2 square blocks, b being the number of blocks along one
side of the unit square defined as

b =

⌈

1

δ

⌉

. (6)

It follows that the side of each square block turns out to be equal to the neighborhood
radius. Hence, such a choice (seemingly trivial) allows us to examine in the searching process
only a small number of blocks, significantly reducing the computational effort compared to
standard or more advanced searching procedures such kd-trees [1, 9]. In fact, our searching
routine is performed in a constant time, independently from the initial number of nodes
considered.

In our partitioning technique square blocks are numbered from 1 to b2, following the
lexicographic order “bottom to top, left to right”. By a repeated use of a quicksort routine
the set Xn is thus partitioned by the block-based partitioning structure into b2 subsets Xnk

,
k = 1, . . . , b2, where Xnk

are the points belonging to nine blocks: the k-th block and its
eight neighboring blocks, see Figure 1. In such framework, we are able to get an optimal
procedure to find the interpolation nodes closest to each of points.

4 Numerical results

In our numerical experiments we report results obtained by using the triangular Shepard
interpolant (1). All the experiments are carried out by means of a grid of ne = 21 × 21
evaluation points on R = [0, 1]× [0, 1] by using several sets of Halton points [6]. The used
test function is the Franke’s one,

f(x, y) = 0.75 exp

(

−(9x− 2)2 + (9y − 2)2

4

)

+ 0.50 exp

(

−(9x− 7)2 + (9y − 3)2

4

)

+0.75 exp

(

−(9x+ 1)2

49
− (9y + 1)

4

)

− 0.20 exp
(

−(9x− 4)2 − (9y − 7)2
)

.
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Figure 1: Example of 2D block-based partitioning structure with a data point set: in red
the k-th block and its eight neighboring blocks, in blue a set of scattered points contained
in the unit square R.

n RMSE told tnew
10000 2.87e-4 27.3056 7.0784
20000 1.53e-4 242.5568 18.1962
40000 7.51e-5 – 49.3938
80000 3.59e-5 – 245.2871

Table 1: CPU times (in seconds) and RMSEs on a grid of ne = 21 × 21 evaluation points
for the Franke’s test function using different sets of n Halton points.

In Table 1 we show the CPU times computed in seconds and the root mean square error
(RMSE)

RMSE =

√

∑ne

i=1
ei2

ne

with

ei = |f(Pi)−K2[f ](Pi)|, (7)

Pi being an evaluation point in R. In particular, we compare performance of the procedure
which computes all the distances between the scattered points (told) with the one using the
block-based searching technique (tnew).
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Figure 2: Approximation of Franke’s test function (left) and the absolute errors (right) on
a grid of ne = 21× 21 evaluation points using n = 40000 Halton points.

Figure 2 shows the reconstruction of Franke’s test function and the absolute values ei
on n = 40000 Halton points.
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Abstract

In this paper we present the problem of determining the so-called basins of attraction

of dynamical systems. They are found out so that there exist manifolds partitioning the
phase space into different regions. The reconstruction of such surfaces is carried out by
means of meshfree interpolation tools and specifically we apply the Partition of Unity
(PU) method with local Radial Basis Function (RBF) interpolants.

Key words: scattered data approximation, partition of unity method, radial basis

functions, dynamical systems, competition population models, basins of attraction

MSC 2000: 65D05, 65D17, 92D25, 37M20

1 Introduction

Over the last years the topic of numerical approximation of multivariate data has gained
popularity in various disciplines, such as numerical solution of PDEs, image registration,
neural networks, optimization, statistics and finance. In what follows we investigate an
application to population dynamics [1].

Nowadays, mathematical modeling is commonly applied to major disciplines and by
these models the prediction of the temporal evolution of the considered quantities, i.e.
populations, cancer, divorces, is sought [9]. This is obtained in general via dynamical
systems. Here we present a reliable algorithm for the reconstruction of unknown manifolds
partitioning the phase state of dynamical systems into disjoint sets. Indeed, in an initial
value problem, involving a set of ordinary differential equations, a particular solution of the
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system is completely determined by the Initial Condition (IC). Depending on the initial
state of the system and on conditions involving the model parameters, the trajectories may
in fact tend towards different equilibria.

The phase state of the dynamical system is thus partitioned into different regions, called
the basins of attraction of each equilibrium, depending on where the trajectories originat-
ing in them will ultimately stabilize. In such cases, the final outcome of a mathematical
model depends on the IC. If it lies in the basin of attraction of a certain equilibrium point,
the system will finally settle to this specific steady state. To establish the ultimate sys-
tem behavior, it is therefore important to assess for each possible attractor its domain of
attraction.

Thus, we present a tool that allows to reconstruct the basin of attraction of each
equilibrium, providing a graphical representation of the separatrix manifold [4, 5]. First,
a suitable scheme is constructed for the generation of these manifolds. It provides points
that, within a certain tolerance, lie on these sought manifolds. This is obtained via a
suitable bisection-like routine that employs pairs of points belonging to two different sets
of the partition. Then, since an attraction basin can be described by an implicit equation,
we interpolate such points with the implicit PU method using local RBF approximants
[6, 8, 10].

The model we consider throughout this paper, involving three populations P , Q and
R, reads as follows

dP

dt
= p

(

1− P

u

)

P − aPQ− bPR,

dQ

dt
= q

(

1− Q

v

)

Q− cPQ− eQR,

dR
dt

= r

(

1− R

w

)

R− fPR− gQR,

(1)

where p, q and r are the growth rates of P , Q and R, respectively, a, b, c, e, f and g are the
competition rates, u, v and w are the carrying capacities of the three populations. The model
describes the interaction of three competing populations within the same environment and
has eight equilibria. For simplicity, we list here only those playing a role in this investigation,
i.e. the origin E0 = (0, 0, 0), the points associated with the survival of only one population

E1 = (u, 0, 0), E2 = (0, v, 0), E3 = (0, 0, w)
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and the coexistence equilibrium

E∗ =

(

u[p(gvwe− qr)− avr(we− q)− bwq(vg − r)]
p(gvwe− qr) + uva(rc− fwe) + uwb(fq − gcv)

,

v[q(fuwb− pr)− rcu(wb− p)− pew(fu− r)]
q(fuwb− pr) + cuv(ra− gwb) + evw(gp− afu)

,

r[(cuva− pq)− gpv(cu− q)− ufq(va− p)]
r(cuva− pq) + bwu(fq − vcg) + evw(gp− fua)

)

.

With the parameter setting p = 1, q = 2, r = 2, a = 5, b = 4, c = 3, e = 7, f = 7,
g = 10, u = 3, v = 2, w = 1, the points associated with the survival of only one population
are stable, the origin E0 is an unstable equilibrium and the coexistence equilibrium E∗ is
a saddle point. The manifolds that partition the phase space into the different domains of
attraction intersect only at the coexistence saddle point E∗.

2 Implicit RBF-PU approximation

In this section we present the method used to approximate the basins of attraction, i.e.
the separatrix manifolds. Since they are often described by implicit surfaces, we consider
the implicit PU approximation using locally radial kelnels or RBFs [2]. Such surfaces are
defined by a point cloud data set XN = {xi ∈ R

3, i = 1, . . . , N}, which belongs to a surface
in R

3.

2.1 Radial kernels

Generally, to recover a function f : Ω → R on a bounded domain Ω ⊂ R
3, we use a set of

samples of f on N pairwise distinct data points or nodes XN ⊂ Ω, i.e. f = [f1, . . . , fN ]T ,
with fi = f(xi), xi ∈ XN . For this aim, we define a positive definite and symmetric kernel
Φ : Ω× Ω → R, obtaining the interpolant expressed as follows

u(x) =
N
∑

j=1

cjΦ(x,xj), x ∈ Ω. (2)

Here Φ is a radial kernel depending on a positive shape parameter ε for all x, z ∈ Ω, i.e.

Φ(x, z) = φε(||x− z||2) = φ(ε||x− z||2),

where φ : R≥0 → R defines a radial basis function. Table 1 shows a list of a few strictly
positive definite radial kernels with their smoothness degrees [10].

The coefficients c = [c1, . . . , cN ]T in (2) are found by solving the system of linear
equations

Ac = f , (3)
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RBF φε(r)

Inverse MultiQuadric C∞ (IMQ) (1 + ε2r2)−1/2

Matérn C6 (M6) e−εr(ε3r3 + 6ε2r2 + 15εr + 15)

Matérn C4 (M4) e−εr(ε2r2 + 3εr + 3)

Wendland C6 (W6) (1− εr)8
+
(32ε3r3 + 25ε2r2 + 8εr + 1)

Wendland C4 (W4) (1− εr)6
+
(35ε2r2 + 18εr + 3)

Table 1: Some examples of strictly positive definite radial kernels in R
3.

where entries of the interpolation matrix are given by

Aij = Φ(xi,xj), i, j = 1, . . . , N.

The resulting solution u is a function of the native Hilbert space NΦ(Ω) uniquely associated
with the kernel, and, if f ∈ NΦ(Ω), it is in particular the NΦ(Ω)-projection of f into the
subspace

NΦ(XN ) = span{Φ(x,xj),xj ∈ XN}

spanned by the standard basis of translates TXN
= {Φ(x,xj), 1 ≤ j ≤ N}, see [6, Ch. 14].

However, since in some situations the matrix A in (3) might turn out to be very ill-
conditioned and, accordingly, the interpolant (2) unstable, many efforts have recently been
made to derive more stable bases (see [7] for an overview).

2.2 Implicit PU interpolation

In order to determine the implicit PU interpolant, we consider additional interpolation
conditions taking an extra set of off-surface points. Hence we generate the extra off-surface
points referring to a small step away along the surface normals ni. This enables us to obtain
for each node xi two additional off-surface points: the former defined as xN+i = xi+ δni is
located outside the surface, the latter expressed in the form x2N+i = xi − δni is set inside,
δ being the stepsize [6, Ch. 30].

After creating the data point set, we can construct the PU interpolant, whose zero
contour or iso-surface interpolates three sets, i.e., XN , X+

δ = {xN+1, . . . ,x2N} and X−
δ =

{x2N+1, . . . , x3N}.
The idea of the PU method is to decompose a (usually) large problem or domain Ω ⊆ R

3

into d small problems or subdomains Ωj such that Ω ⊆ ⋃d
j=1

Ωj with some mild overlap
among the subdomains. Associated with these subdomains we construct a partition of
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unity, i.e. a family of compactly supported, non-negative, continuous functions wj with
supp(wj) ⊆ Ωj such that

d
∑

j=1

wj(x) = 1, x ∈ Ω.

Therefore the global approximant may be expressed as follows

P (x) =
d

∑

j=1

uj(x)wj(x), x ∈ Ω, (4)

where wj : Ωj → R defines the Shepard weight

wj(x) =
ϕj(x)

∑d
k=1

ϕk(x)
,

ϕj being the compactly supported Wendland C2k, k ≥ 1 functions [10]. The local RBF
interpolant uj : Ωj → R in (4) assumes the form

uj(x) =

Nj
∑

i=1

cjiφ(||x− x
j
i ||2),

where Nj indicates the number of data points in Ωj , i.e. the points xj
i ∈ Xj = XN ∩ Ωj .

The PU approach is thus a simple and effective computational method that allows us
to decompose a large problem into many small subproblems, ensuring that the accuracy
obtained for the local fits is carried over to the global one (for further details see [3, 10]).

3 Numerical experiments

In this numerical section we show how the implicit PU method can be applied to reconstruct
the domains of attraction of dynamical systems presenting three stable equilibria.

Specifically, using the routine given in [5], we can approximate the basins of attraction
of the system (1). In fact, considering n equispaced points on each edge of the cube [0, γ]3,
with γ ∈ R

+, we can define a set of ICs, i.e.

P 1
i1,i2

= (xi1 , yi2 , 0) and P 2
i1,i2

= (xi1 , yi2 , γ), i1, i2 = 1, . . . , n,

P 3
i1,i2

= (xi1 , 0, zi2) and P 4
i1,i2

= (xi1 , γ, zi2), i1, i2 = 1, . . . , n,

P 5
i1,i2

= (0, yi1 , zi2) and P 6
i1,i2

= (γ, yi1 , zi2), i1, i2 = 1, . . . , n.

Taking then such points in pairs and applying a bisection algorithm, we find a certain
number of separatrix points that lie on the basins of attraction. As an example, the points
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lying on the separatrix manifolds depicted in Figure 1 have been found assuming n = 15
and γ = 6.

In Figure 1 we report the plot of the three surfaces showing the domains of attraction.
The latter have been approximated by using the method (4) described in Section 2. Such
surfaces have been obtained by taking d = 4 subdomains and the W6 function in Table 1
with ε = 0.1. In this case the parameters used are p = 1, q = 2, r = 2, a = 5, b = 4, c = 3,
e = 7, f = 7, g = 10, u = 3, v = 2 and w = 1.

0

5

0
2

4
6
0

2

4

6

x
y

z

0

5

0
2

4
6
0

2

4

6

x
y

z

Figure 1: Detection of points on the surfaces determining the basins of attraction (left) and
approximation of the domains of E1, E2 and E3 (right). Stable equilibria are marked by a
blue dot, unstable saddle points E0 and E∗ are represented by a black dot.
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Abstract

In this paper we study the link between isomorphic digraphs and isomorphic Leibniz
algebras, determining in detail this fact when using (pseudo)digraphs of 2 and 3 vertices
associated with Leibniz algebras according to their isomorphism classes. Moreover, we
introduce and implement an algorithmic procedure which allows us to decide if a given
combinatorial structure is associated or not with a Leibniz algebra. Finally, and as
application of this algorithm, we give the complete list with all the non-isomorphic
combinatorial structures of 3 vertices associated with Leibniz algebras, studying the
Leibniz-algebra structure associated with each configuration.

Key words: (Pseudo)digraph, Combinatorial structure, Leibniz algebra, Isomorphism
class, Algorithm

MSC 2000: 17A32, 17A60, 05C25, 05C20, 05C90, 68W30, 68W40, 68Q25.

1 Introduction

Research on non-associative algebras is very extensive due to both its own theoretical rel-
evance and its applications to many different fields, like Engineering, Physics or Applied
Mathematics. Within these algebras, we will study Leibniz algebras. These algebras were
introduced at the beginning of the 1990s by Loday [3] as a particular type of non-associative
algebras providing a non-commutative generalization of Lie algebras. However, many gen-
eral questions about them have not been solved at present by means of traditional tech-
niques, such as obtaining their classification.
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Nowadays, Graph Theory has become an essential tool to solve a wide range of problems
in different research fields. In this way, we think that graphs and simplicial complexes (their
generalization to higher dimensions) may be used to study non-associative algebras and solve
open problems like the above-mentioned problem of classifying Leibniz algebras.

The main goal of this paper is to study the link between combinatorial structures and
Leibniz algebras, taking into account some previous papers like [1, 2]. More concretely,
we determine all the isomorphism classes of Leibniz algebras associated with combinatorial
structures. We also introduce and implement an algorithm to decide if a given combinatorial
structure is associated or not with a Leibniz algebra. Finally, we give a complete list with
all non-isomorphic combinatorial structures of 3 vertices associated with each isomorphism
class of Leibniz algebras, indicating the structure of each algebra.

2 Preliminaries

We recall some preliminary concepts on Leibniz algebras, bearing in mind that the reader
can consult [3] as an introductory paper.

Definition 1 A Leibniz algebra L over a field K is a vector space with a second inner
bilinear composition law [·, ·], which verifies the so-called Leibniz identity

[[X,Y ], Z]− [[X,Z], Y ]− [X, [Y, Z]] = 0, ∀X,Y, Z ∈ L

From now on, we will denote L(X,Y, Z) = [[X,Y ], Z]− [[X,Z], Y ]− [X, [Y,Z]].
If, in addition, it is verified that [X,X] = 0, for all X ∈ L, the Leibniz algebra is also

a Lie algebra. In this case, it is satisfied that [X,Y ] = −[Y,X] and the Leibniz identity is
equivalent to the Jacobi identity.

Definition 2 Given a basis {ei}ni=1 of an n-dimensional Leibniz algebra L, the structure
constants of L are defined by [ei, ej ] =

∑n
h=1 c

h
i,jeh, for 1 ≤ i, j ≤ n.

Definition 3 The derived and central series of a finite-dimensional Leibniz algebra L are

L1 = L, L2 = [L,L], . . . , Lk = [Lk−1,Lk−1], . . . and L1 = L, L2 = [L,L], . . . , Lk = [Lk−1,L], . . .

So, L is called (m − 1)-step solvable (resp. nilpotent) if there exists m ∈ N such that
Lm = {0} and Lm−1 6= {0} (resp. Lm = {0} and Lm−1 6= {0}).

3 Associating combinatorial structures with Leibniz algebras

Let L be a n-dimensional Leibniz algebra with basis B = {ei}ni=1. Its structure constants
correspond to [ei, ej ] =

∑n
h=1 c

h
i,jeh and, hence, the pair (L,B) is associated with a combi-

natorial structure by the following procedure
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a) For each ei ∈ B, we draw a vertex i.

b) For every vertex i verifying [ei, ei] 6= 0, we draw a loop such that its weight is an
n-tuple given by (c1i,i, c

2
i,i, . . . , c

n
i,i).

c) Given two vertices i, j verifying (cji,j , c
j
j,i) 6= (0, 0), we draw a directed edge from

vertex i to j whose weight is given by the pair (cji,j , c
j
j,i).

d) Given three vertices i < j < k such that (cki,j , c
k
j,i, c

i
j,k, c

i
k,j , c

j
i,k, c

j
k,i) 6= (0, 0, 0, 0, 0, 0),

we draw a full triangle ijk such that the edges ij, jk and ik have weights (cki,j , c
k
j,i),

(cij,k, c
i
k,j) and (cji,k, c

j
k,i), respectively. Moreover,

d1) we use a discontinuous line (named ghost edge) for edges with weight (0, 0).

d2) If two triangles ijk and ijl satisfy (cki,j , c
k
j,i) = (cli,j , c

l
j,i), draw only one edge

between vertices i and j shared by both triangles.

Figure 1: Loop, directed edge, full triangle and two triangles sharing an edge.

4 (Pseudo)digraphs associated with Leibniz algebras

This section is devoted to state some general results on the isomorphism classes of Leibniz
algebras admitting configurations with 2 and 3 vertices, including the link of isomorphism
between Leibniz algebras associated with different configurations. Throughout the paper
we have used the results obtained in [2]. The main results that we have obtained are the
following.

Theorem 1 There exist only three isomorphism classes of 2-dimensional, non-abelian Leib-
niz algebras associated with (pseudo)digraphs, namely: L21 : [e1, e1] = e2, L22,1 : [e2, e1] = e2
and L22,2 : [e1, e2] = −[e2, e1] = e2.
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Theorem 2 There exist six isomorphism classes of 3-dimensional, non-abelian Leibniz
algebras associated with non-connected (pseudo)digraphs. They are: L31 : [e1, e1] = e2,
L32 : [e1, e1] = e2, [e3, e3] = e2, L33,1 : [e3, e2] = e3, L33,2 : [e2, e3] = −[e3, e2] = e3,
L34,1 : [e2, e2] = e1, [e3, e2] = e3, L34,2 : [e2, e2] = e1, [e2, e3] = −[e3, e2] = e3.

5 Algorithmic procedure

In this section, we show an algorithmic method to determine if a given combinatorial struc-
ture is associated or not with a Leibniz algebra.

We have implemented this algorithm by using the symbolic computation package Maple,
working the implementation in version 12 or higher. To do this, we have used the libraries
linalg and combinat to activate commands related to Linear and Combinatorial Algebra.
This algorithmic procedure consists of the following three steps

a) Defining the values of the structure constants according to the combinatorial structure.

b) Generating the law which should be satisfied by the Leibniz algebra, starting from the
structure constants.

c) Checking if the Leibniz identities are satisfied for this law.
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[1] J. Cáceres, M. Ceballos, J. Núñez, M.L. Puertas and A.F. Tenorio, Combi-
natorial structures of three vertices and Lie algebras, Int. J. Comput. Math. 89 (2012),
1879–1900.
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Luis Mart́ınez1, Pedro Cuenca1 and Otoniel López-Granado2

1 High-Performance Networks and Architectures (RAAP), Albacete Research Institute of

Informatics (I3A), University of Castilla-La Mancha, 02071 Albacete, Spain

2 Department of Physics and Computer Architecture, Miguel Hernández University, 03202

Elche, Spain

emails: Gabriel.Cebrian@uclm.es, vgaliano@umh.es, hmigallon@umh.es,
JoseLuis.Martinez@uclm.es, Pedro.Cuenca@uclm.es, otoniel@umh.es

Abstract

The High Efficiency Video Coding (HEVC) standard has opened the door to high
quality multimedia contents, enabling the advent of new formats such as Ultra High
Definition (UHD), as a result of the unceasing demands of the market. This standard is
able to outperform prior standards by up to 50% in terms of perceptual video quality,
but at the cost of extremely large computational complexities. For this reason, the
development of fast coding algorithms is now a requirement to make HEVC an adequate
candidate for real-world scenarios. In this regard, this paper proposes a collaborative
CPU+GPU coding architecture for this standard, in which the host performs a coarse-
grained parallelization of the encoder using tile partitions, while the device carries out
a fast motion estimation. As a result, an average speed-up of 8.41× can be obtained
with 12 threads, at the cost of reasonable coding efficiency penalties.

Key words: HEVC, H.265, Heterogeneous, Parallel Encoding, GPU, Tiles

1 Introduction

Since its ratification more than a decade ago, the H.264/Advanced Video Coding (AVC) [1]
standard established itself as the most widespread video compression standard for many
types of applications and scenarios, including Blu-ray and various high-definition (HD)
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television broadcasts. Nevertheless, the consumption pattern of video contents has changed
in recent years, with higher preference for larger resolutions such as ultra high definition
(UHD), and higher quality of contents. This, however, has led to an increase in bit rate
that could become a relevant problem from the point of view of communication networks
and storage services. For these reasons, the Joint Collaborative Team on Video Coding
(JCT-VC) defined the High Efficiency Video Coding (HEVC) standard in early 2013 [2].
This standard has been designed to support very large resolutions and formats while im-
proving the coding efficiency of previous standards. In fact, HEVC roughly doubles the
rate-distortion (R-D) performance of H.264/AVC. In other words, it is able to reduce nearly
50% bit rate for the same perceptual video quality [3]. This notable improvement in coding
efficiency comes, however, at the expense of extremely high computational complexities [4].

The HEVC standard is based on the same block-based scheme as its predecessors.
The improved efficiency is derived from the enhancement of many existing coding tools, as
well as the introduction of new ones. Among others, these tools include a highly flexible
quadtree partitioning scheme that divides the picture into square blocks named coding tree
units (CTU). While these tools enable good coding efficiency, they imply a huge increase
in encoding time. To reduce the processing time, HEVC introduces some high-level tools,
such as tiles and wavefronts, with the aim of allowing the parallel encoding and decoding
of a video sequence. These parallelization techniques rely on creating partitions that are
processed concurrently. However, some dependencies are broken to achieve this concurrency.

The parallel techniques defined in the standard operate at a coarse-grained level, while
the rest of encoding operations are sequential. In fact, some of these operations can involve
large computation times. In particular, the inter prediction module can take more than
60% of the encoding time in Random Access configurations [5]. This module is responsible
for determining the motion vectors (MV) that minimize the rate-distortion (R-D) cost
of matching each of the blocks in which the picture is divided with respect to temporal
neighbors. Given the nature of this operation and the large number of repetitive operations
performed, an auxiliary device such as a graphic processing unit (GPU) could help reduce
the time devoted to the inter prediction. In this regard, this paper proposes a GPU-
based heterogeneous coding architecture in which several picture partitions are processed
in parallel in the CPU, and the integer motion estimation (ME) algorithm of the inter
prediction module is performed in a single GPU, creating a collaborative framework between
both devices. The main aim of the proposed architecture is to reduce the total processing
time of the encoder, which is achieved at the cost of minimal coding efficiency losses.

The rest of this paper is organized as follows. Section 2 presents a short summary of
HEVC. Section 3 covers some of the most relevant related works in the topic. Then, Section 4
provides an overview of the proposed GPU-based heterogeneous coding architecture. An
experimental evaluation is carried out in Section 5, showing the results of this architecture
in terms of time reduction and coding efficiency. Finally, conclusions are drawn in Section 6.
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Figure 1: Example of CTU quadtree structure defined in HEVC

2 Technical Background

As mentioned in the introduction of this paper, HEVC achieves considerably higher coding
efficiency compared to previous standards by enhancing existing coding tools and introduc-
ing new ones. In this regard, one of the most important novelties introduced by HEVC is
the new picture partitioning scheme, which is now based on a quadtree structure as shown
in Fig. 1. Each input picture is partitioned into square regions called coding tree units
(CTU), whose size is typically 64×64 pixels. These structures can be partitioned, in turn,
into coding units (CU), prediction units (PU) and transform units (TU). PUs store predic-
tion information such as MVs, and can range from 64×64 to 8×8 using either symmetrical
or asymmetrical sizes. TUs, in turn, contain residual information and range from 32×32
to 4×4, adopting a tree structure named residual quadtree (RQT). Other new features in
HEVC include a total of 35 different intra coding modes, or the new in-loop filters.

With regard to the prediction, HEVC defines eight possible partitions for each CU size:
2N×2N, 2N×N, N×2N, N×N, 2N×nU, 2N×nD, nL×2N and nR×2N. The last four PU
types correspond to the asymmetric motion partitioning (AMP) introduced as a novelty in
this standard. These new sizes involve a large increase in the complexity of the encoder, but
it also enables larger adaptability for edges, especially with larger CU sizes. To get more
accurate motion vector predictors (MVP), the standard defines the advanced motion vector
prediction (AMVP) algorithm, which enables to derive several most probable candidates
based on data from adjacent PUs. As a result, less bits are necessary to encode the MVs,
which enables the use of the merge mode more often, omitting the transmission of MVs.

All these new coding tools introduced in HEVC enable a very flexible encoding. Nev-
ertheless, they also involve a notable increase in the computational complexity of both the
encoder and the decoder. With the aim of reducing this complexity, the standard defines
two different parallelization strategies known as tiles [6] and wavefront parallel processing
(WPP) [7]. On the one hand, tiles are rectangular partitions where dependencies are par-
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Figure 2: Example of picture partitioned in tiles, and coding order

tially broken across boundaries, making it possible to process them independently. The
in-loop filters can still cross these boundaries, however, to improve the overall coding effi-
ciency. An example of tile-based processing can be seen in Fig. 2, in which the input picture
has been divided into 9 tiles. On the other hand, WPP enables the creation of rows that
can be processed in parallel. In this case, unlike tiles, the entropy coding is allowed to cross
partitions with the aim of minimizing coding losses, but at the cost of introducing a delay
of two CTUs between consecutive rows, which limits the parallelism of the algorithm. As a
design decision, both techniques cannot coexist at the same time.

3 Related Work

Provided the need for parallel techniques in HEVC, several state-of-art works address the
complexity analysis and parallelization strategies of this standard [5, 8]. As for other paral-
lelization techniques, authors in [9] present a variation of WPP called Overlapped Wavefront
(OWF), which enables processing two consecutive pictures at the same time to avoid ramp-
ing inefficiencies. In this way, when a thread finishes processing a CTU row and there is no
more available rows in the current frame, it can begin processing the next picture instead
of idling. However, this paper applies this technique to the decoder side. With regard to
the encoder, authors in [10] propose a fine-grained parallel optimization of the ME module
for multi-core and many-core platforms, allowing to perform the MV prediction of all PUs
available in a CU at the same time. Therefore, the maximum parallelism will be dependent
of the platform. In a similar way to this work, a ME algorithm for many-core platforms is
presented in [11].

Other works make use of GPU devices in the encoding process, especially to perform
inter prediction. Authors in [12] propose a scheme designed for GPU plus multi-core CPU
platforms, in a similar way to this paper. However, the encoder used in the tests does not
include all the coding tools, and thus results are not comparable. In [13], authors propose
a GPU-based ME algorithm that makes use of a diamond search pattern, which might not
obtain the best candidate in some cases. This work was later extended for bi-prediction
in [14], but still used the same search pattern. Additionally, the achieved speed-up is
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limited due to the portion of time devoted to the ME, which could be solved with the use
of a coarse-grained algorithm.

4 CPU Plus GPU Tile-Based Coding Architecture

As detailed in the previous sections, it is possible to parallelize both the encoder and the
decoder using the techniques defined in the standard: tiles and WPP. While this is an
effective way to reduce the total encoding time, some modules still involve large computation
times, which should be reduced to achieve reasonable processing times. The module in which
it is devoted the largest amount of time is the inter prediction module, which basically
consists in subtracting the current PU to different positions in the reference frame, in order
to reduce the R-D cost generated by a given MV. The nature of this operation makes the
GPU a very adequate auxiliary device to perform the whole processing in little time. For
this reason, in this paper we propose a GPU-based heterogeneous coding architecture in
which the CPU performs a coarse-grained parallelization of the encoding, while the GPU
carries out a fine-grained parallelization of the ME algorithm of the inter prediction module.
In this way, it is possible to archive much larger speed-ups than using a homogeneous
parallel architecture, i.e. with each of the algorithms separately. In this regard, the tile-
based algorithm defined in the standard has been selected to perform the coarse-grained
parallelization provided that it results in larger speed-ups. The next subsections will show
the approach followed by the proposed architecture.

4.1 Coarse-Grained Parallelization Algorithm: Tiles

As mentioned in Section 2, a tile is a partition that can be independently encoded or decoded
with regard to the other tiles in the same frame. As an exception, the filtering operation
needs to be performed after all the tiles in a frame have been encoded or decoded, and thus
cannot be parallelized. Consequently, a synchronization point is required at the end of the
frame. Despite this, tiles offer huge parallelism that can be exploited so that every tile is
encoded by a different processing unit, which in our case corresponds to a thread.

Our proposed approach is to divide each frame into as many tiles as available processing
units. In this way, if a hardware platform is composed of an octa-core CPU, each frame
would be divided into eight different tiles. While tiles can be assigned any rectangular
shape defined by parameter, the approach followed in this paper is to utilize only horizontal
tiles. The reason for this is to improve the data locality in the device, as frames are usually
stored in raster scan order. Additionally, in order to maximize the parallel efficiency of the
algorithm, each partition is assigned the same number of CTUs, if possible.

Apart from the filtering operation mentioned before, the synchronization point located
at the end of the frame also enables to update the decoded picture buffer (DPB), which
stores the reconstructed version of the frames after their encoding. In order to avoid costly
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memory transfers, a shared memory scheme has been utilized, so that the DPB is shared
across processing units.

4.2 GPU-Based Inter Prediction Algorithm

Whereas the tile-based algorithm is able to achieve coarse-grained parallelism of the en-
coding process, it is still possible to further parallelize the encoding with the proposed
heterogeneous architecture. As already mentioned, one of the most computationally expen-
sive operations of the encoder is the inter prediction, and the ME algorithm in particular.
This operation consists in estimating the MVs that perform the transformation of the PUs
in the current frame with regard to the reference frames with the lowest R-D cost. It is
performed by subtracting the corresponding partitions from the reference pictures, which
involves a large number of repetitive operations. Considering the nature of this algorithm,
it should be noted the convenience of the GPU architecture.

CPU and GPU can work together in a synchronous or an asynchronous way. However,
to avoid delays caused by data transfers and kernel executions, the GPU needs to perform
its operations asynchronously. The way in which this asynchronism is achieved by the
proposed algorithm is shown in Fig. 3. As can be seen, the original frames are copied to the
device as soon as a group of pictures (GOP) starts being processed. In this way, they are
always available for prediction in the device. Given that the ME requires the reconstructed
version of the frames to perform the prediction, these are copied and replaced in the device
once they are encoded. With regard to the assignation of workload to the device, the host
queues the ME of the following CTU to the one that is currently being processed. In other
words, the device is always processing a CTU ahead of the host. This is possible thanks to
a double buffer that holds the motion information of the current CTU, while it allocates
the space necessary for next one. For this reason, the host might need to wait for the device
to finish processing the first CTU as an exceptional case.

In a similar way to how the encoder would perform the ME in the host, the device
calculates the MVs for all the possible PUs in which a CTU is divided, and their associated
distortion costs. However, the device is capable of evaluating all the possible MVs in the
search area, while the host requires to use fast algorithms in order to perform the estimation
in an assumable period of time. The ME is performed in two steps, which corresponds to two
different GPU kernels. On the one hand, the first kernel executes the operations required
to calculate the distortion costs, i.e. the sum of absolute difference (SAD) residuals across a
search area in the reference frame. On the other hand, the second one consists in a reduction
algorithm that determines the best MV in terms of SAD cost.

The first kernel relies on the fact that the dimensions of every PU defined by the stan-
dard are divisible by four, and thus it is possible to calculate the SAD residual information
of a PU from the composition of its 4×4 partitions. Under this assumption, the previously
mentioned kernel distributes a device thread to each sample in the reference search area,
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Figure 3: GPU-based inter prediction algorithm diagram

which is equivalent to a MV. Each thread is responsible for calculating all the 4×4 SAD
blocks in a CTU. After all the threads have finished calculating these costs, each of them
puts them together to calculate the distortion of the PUs into which a CTU might be di-
vided. At this point, the device has at its disposal the distortion cost of each PU in each
position in the search area. Therefore, the second kernel consists in a reduction algorithm
that selects the best MV in terms of SAD. The result of this step is the optimal MV from
the point of view of the distortion for each PU and reference frame. This information is
sent to the host.

With the information calculated in the GPU, the encoder is able to skip the integer
motion estimation process, which is the first part of the inter prediction algorithm. In-
stead of performing this estimation, the host only needs to obtain the MV that the device
asynchronously copied beforehand. As a result, the computational complexity of the inter
prediction module is reduced.

4.3 Joint GPU-Based Heterogeneous Architecture

While the tile-based algorithm defined in the standard performs a coarse-grained paral-
lelization of the encoding, the GPU-based ME algorithm is able to speed up one of the
most computationally expensive modules of the encoder. As they both work at different
levels, they can cooperate simultaneously. The way in which this collaboration takes place
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Figure 4: Combination of the tile-based algorithm and the GPU-based proposal (4 threads)

is shown in Fig. 4. As can be seen, the input pictures are partitioned into horizontal tiles
as described in Section 4.1. Each of these tiles is assigned to a processing unit, which is
equivalent to a thread in our model. Every processing unit queues, in turn, the GPU-based
ME algorithm into different streams of the same device, making it possible to execute the
kernels concurrently with respect to the host. As a result, the device utilization increases,
and the total power consumption decreases.

The scalability of the proposed architecture depends on two different factors. The first
one is inherent to the design of the tiles algorithm, and limits the maximum parallelism to
the number of rows in a frame. However, this issue becomes less important the larger the
frame is. For example, a UHD sequence could hold 34 different horizontal tiles. The second
factor that might limit the parallelism is the hardware platform itself, as the device could
limit the amount of parallelism if is not able to process all the required CTUs simultaneously.
Nevertheless, this has not happened in our experimental evaluation of the architecture.

5 Performance Evaluation

The experiments have been executed on the HEVC Test Model (HM-16.3) reference soft-
ware [15], following the guidelines and coding conditions provided by the JCT-VC in [16].
In this regard, Random Access has been the selected configuration, and the QP values are
22, 27, 32 and 37. The encodings have been carried out using the Main profile and 8-bit
depth. Sequences of classes A to D according to the JCT-VC classification have been used,
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Table 1: Per-sequence results of the proposed GPU-based heterogeneous architecture vary-
ing number of threads

Class Video sequence
BD-rate (%) Speed-up

1 2 4 8 12 1 2 4 8 12

A
Traffic 0.45 0.64 1.03 1.84 2.67 1.05 2.01 3.82 6.88 9.17
PeopleOnStreet −0.13 0.06 0.42 1.07 1.72 1.12 2.14 4.09 7.24 9.57

B

Kimono 0.50 1.07 2.19 4.15 6.03 1.09 2.09 3.95 7.03 8.26
ParkScene 0.22 0.47 1.07 2.16 3.21 1.06 2.03 3.69 6.48 7.99
Cactus 0.32 0.71 1.64 3.18 4.54 1.08 2.04 3.68 6.62 7.98
BasketballDrive 2.99 3.68 4.78 7.07 9.12 1.13 1.99 3.73 6.76 7.89
BQTerrace −0.24 0.14 0.96 2.33 3.59 1.06 2.01 3.77 6.69 7.99

C

BasketballDrill −0.15 0.79 2.66 6.06 1.10 2.06 3.79 6.99
BQMall 0.79 1.88 3.76 7.14 1.08 2.05 3.53 6.66
PartyScene −0.20 0.23 0.98 2.34 1.07 1.97 3.68 6.95
RaceHorses 0.52 1.38 3.18 6.25 1.14 2.03 3.87 7.28

D

BasketballPass 0.38 2.47 5.25 1.11 2.05 3.38
BQSquare 0.06 1.23 2.93 1.05 1.85 3.35
BlowingBubbles −0.26 0.65 2.33 1.05 1.89 3.34
RaceHorses −0.30 1.30 4.05 1.11 1.89 3.49

Mean values (A & B) 0.59 0.97 1.73 3.12 4.41 1.09 2.04 3.82 6.82 8.41
Mean values (all) 0.33 1.11 2.48 3.96 4.41 1.09 2.01 3.68 6.87 8.41

which include the following resolutions: 2560×1600 (A), 1920×1080 (B), 832×480 (C), and
416×240 (D).

The hardware platform used in the experiments is composed of an Intel R© Xeon R© E5-
2650 v2 CPU running at 2.60 GHz and an NVIDIA R© Tesla R© K40 GPU. The encoder has
been compiled with GCC 4.8.5 and NVIDIA R© CUDA 7.0, and executed on CentOS 7.
Turbo Boost was disabled to achieve the reproducibility of the results.

With regard to the parametrization of the encoder, the sample adaptive offset (SAO)
filter has been disabled, as well as the LFCrossSliceBoundary flag. The reason for this
decision is to achieve full independence between tiles, as the SAO filter might introduce
some dependencies in the encoding. The executions have been performed using 1, 2, 4, 8
and 12 threads.

The results will be provided in terms of speed-up and Bjøntegaard delta rate (BD-rate).
The latter represents the percentage of bit rate variation between two sequences with the
same objective quality [17]. Therefore, a negative value implies that the proposal improves
the coding efficiency of the baseline encoder.
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Table 1 shows the results obtained by the proposed architecture when different number
of threads are used for the execution. The results in which only one thread is used correspond
to the case in which only the GPU is enabled, but no tile-based parallelization is performed.
Also, it can be seen that the tests were not carried out for class D when 8 and 12 threads
were used, and also for class C with 12 threads. This is caused by the fact that the maximum
parallelism of the tile-based coarse-grained algorithm is limited by the total number of rows
in the frame. As these classes are composed of low resolution sequences, they do not admit
as many threads as used in the tests, so the obtained results would be the same as using a
lower number of processing units: 4 threads for class D and 8 threads for class C. Considering
that the average values shown in the table might not comprise the same set of results, the
mean values for classes A and B are also shown to better reflect the effect of the proposed
architecture.

First, it is worth detailing the results obtained by the GPU-based ME algorithm itself.
It can be seen that the achieved speed-up is limited to 1.09×, which is derived from the
fact that this is the portion of time devoted by the encoder to the integer ME in the inter
prediction module. Nevertheless, this time reduction is achieved at the expense of very low
coding efficiency losses of 0.33% on average. In fact, it can be seen that in some sequences
the coding efficiency improved with respect to the baseline encoder, which is caused by the
fact that the GPU-based algorithm performs a full search that covers all the possible MVs
in the search area, while the baseline algorithm carries out a simplified search. Additionally,
it has to be taken into account that this speed-up will perform as a multiplier factor for the
tile-based parallelization algorithm.

With regard to the joint algorithm, it can be seen that the coding efficiency experiences
larger losses when the number of processing units increases. This is the expected behavior
of the algorithm, as more dependencies are broken. In fact, it is inherent to the design of the
tile-based scheme defined in the standard. The table also displays the speed-up obtained
by the proposed joint algorithm, which can reach a factor of up to 8.41× with 12 threads.
This means that the proposed architecture does not fully utilize the hardware platform. At
first, it might seem that this is caused by a bottleneck in the device, but in fact, the real
cause is that the pictures cannot be evenly partitioned, which causes that some tiles might
be larger than others. Also, it might happen that two tiles with the same number of CTUs
take different times to process depending on the complexity of the picture. Nevertheless,
the achieved speed-up is notable, and denotes that the proposed architecture is scalable
as long as the frames are divided adequately. Regarding the contribution of the GPU in
the joint algorithm, the benefits of the device can be observed in the results obtained for 2
threads, in which it can be seen that the achieved speed-up can be larger than 2×, which
would not be feasible with only the host. The same behavior is displayed for the sequence
PeopleOnStreet for 4 threads. As for the rest, the multiplying factor of the GPU is occluded
by the inefficiencies derived from the tile-based algorithm.
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6 Conclusions and Future Work

The HEVC standard has enabled the advent of a great number of applications and video
formats such as UHD, as a result of the demands of the market for higher quality of video
contents. Nevertheless, the improved coding efficiency of HEVC has also led to a relevant
increase in computational complexity of both the encoder and the decoder. The research
community is making large efforts to develop algorithms and techniques that enable to
reduce this complexity with the aim of making this standard feasible for real-world scenarios.
Accordingly, this paper proposes a CPU+GPU collaborative framework for HEVC in which
the CPU performs a coarse-grained parallelization of the encoding, while the GPU aids
in carrying out the ME. Having into consideration the intrinsic limitations of tiles, the
experimental evaluation of the algorithm showed that the algorithm is scalable, reaching a
speed-up of 8.41% with 12 threads for reasonable coding efficiency losses.

As future work, the most immediate step would be to extend the GPU algorithm to
perform the fractional ME as well, so larger time reductions would be obtained. Addition-
ally, it would be also of interest to analyze other coarse-grained algorithms that solve the
limitations of horizontal tiles.
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Abstract

In this paper we present a method for computing sparse preconditioners for solving
rank deficient least squares (LS) arising from practical problems. The main idea of the
method proposed is updating an incomplete factorization computed for a regularized
problem to recover the solution of the original one. The numerical experiments show that
the preconditioner proposed can be successfully applied to accelerate the convergence
of iterative Krylov subspace methods.

Key words: Iterative methods, preconditioners, least squares.

1 Introduction

Linear least squares (LS) problems arise in many large-scale applications of the science
and engineering as neural networks, linear programming, exploration seismology or image
processing to name a few. The LS problem considered is formulated as

min
x
‖b−Ax‖2, (1)

where A ∈ Rm×n (m ≥ n) is large and sparse and b ∈ Rm. This problem can be solved
iteratively using the conjugate gradient like methods [1]. Basically, this methods implicitly
apply the conjugate gradient or minimal residual method to the normal equations

ATAx = AT b. (2)
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When the system matrix is large and sparse iterative methods may be preferred because they
often require much less storage than their direct counterparts. Their successful application
often needs a good preconditioner in order to achieve fast convergence rates. When the
matrix A has full rank, the preferred method of choice is computing an incomplete Cholesky
factorization (IC) of the symmetric and positive definite matrix C = ATA, see [2]. If the
matrix A is rank deficient then, the matrix C is a semidefinite positive matrix and the
Cholesky factorization suffers breakdown because negative or zero pivots are encountered.
Thus, rank deficient LS problems are in general much more harder to solve. Basically,
the are two types of approaches for solving this case iteratively. The first one consists
of computing an incomplete factorization of a regularized matrix which can be used as a
preconditioner for the original LS problem [6]. The second type is solving a mathematically
equivalen augmented linear system of order m+n [1]. The technique proposed in this work
belongs to the first type.

The idea is to compute an IC factorization of the normal equations associated to the
regularized matrix [

A

α1/2I

]
. (3)

Thouse are given by
Cα = ATA+ αI. (4)

The shift α is known as Tikhonov regularization parameter. If α is choosen large enough
the computation of an IC for the matrix Cα can be done easily. On the other hand, since
the final purpose is to use this incomplete factorization as a preconditioner for the original
(unregularized) linear system, the parameter α should be chosen as small as possible. Both
requirements make difficult the choice of the appropriate α. In practice, the factorization
is restarted more than once, increasing α on each restart until breakdown is avoided.

We propose a method that simplifies the choice of the regularization parameter. It is
based on the work presented in [3] in which the authors study how to update a preconditioner
for LS problems when the linear system is modified by adding or removing equations.
Consider the matrix

(Cα − βI) (5)

which is an update of the shifted matrix Cα in (3). Clearly, the closer β is to α, the closer
this update is to the normal equations of the original system. Our technique consists of
updating an incomplete Cholesky factorization obtained for Cα using the augmented matrix[

Cα β1/2I

β1/2I I

]
. (6)

Observe that between equations (5) and (6) one can establish the relations

Cα − βI=
[
I O

][ Cα β1/2I

β1/2I I

][
I

β1/2I

]
, (7)
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and

(Cα − βI)−1=
[
I O

][ Cα β1/2I

β1/2I I

]−1[
I
O

]
. (8)

Thus, an IC factorization computed for (6) can be used as a preconditioner for the
original normal equations using these relations. Also note that the modification of the
shifted matrix in equation (5) allows for the choice of shift α values large enough to avoid
breakdown during the IC of the matrix Cα. The subsequent update of the computed IC
factorization should keep the updated preconditioner close to the original system.

2 Preconditioner computation

A block IC factorization of the augmented matrix (6) can be computed as follows. Since(
Cα β1/2I

β1/2I I

)
=

(
Lα 0

β1/2L−T
α I

)(
I 0
0 R

)(
LTα β1/2L−1

α

0 I

)
where R = I − βL−T

α L−1
α ), the preconditioner is computed in four steps:

1. Compute Cα ≈ LαLTα .

2. Compute T = β1/2L−1
α .

3. Compute R = I − T TT .

4. Compute LRL
T
R ≈ R.

3 Preconditioner application

The preconditioning step for a Krylov subspace iterative method typically consists of ob-
taining the preconditioned vector s = M−1r where M−1 is the preconditioner and r is the
residual. Thus, the preconditioning strategy proposed computes the preconditioned residual
by applying equation (8) with an incomplete factorization of the augmented matrix. That
is, (

Lα 0

β1/2L−T
α I

)(
I 0
0 R

)(
LTα β1/2L−1

α

0 I

)(
s
s1

)
=

(
r
0

)
.

The preconditioning step is done as follows:

1. Solve Lαr1 = r.

2. Solve LR(LTRr2) = −T T r1.

3. Solve LTαs = r1 − Tr2.
These three steps will be referenced as updated preconditioned method.
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4 Numerical experiments

In this section we study the numerical performance of the preconditioner update method
proposed. We present results obtained with matrices arising in different areas of scientific
computing from the Florida Sparse Matrix Collection [4].

The technique proposed was used as preconditioner for the conjugate gradient method
applied to the normal equations. It was compared with the IC factorization of Cα used as
preconditioner for the LSMR method [5].

Table 1 shows the set of matrices tested. The matrices were cleaned by removing the
null rows and columns before solving the LS problem. The number of rows and columns
after removing the null ones, number of nonzeros, nnz, and nullity of the matrix (estimated
null space rank) are reported.

Matrix m n nnz nullity Application

BAXTER 27441 30733 111576 3055 Linear programming
DBIR1 18804 45775 1077025 2 Linear programming
DBIR2 18906 45877 1158159 2 Linear programming
NSCT1 22901 37461 678739 1 Linear programming

beaflw 492 500 53403 32 Economic
Pd rhs 5804 4371 6323 3 Counter-example
162bit 3606 3476 37118 16 Combinatorial
176bit 7441 7150 82270 40 Combinatorial
192bit 13691 13093 154303 87 Combinatorial
208bit 24430 23191 299756 210 Combinatorial
kneser 1041 349651 330751 922252 7350 Combinatorial
wheel 601 902103 723605 2170814 600 Combinatorial
12month1 12471 872622 22624727 53 Bipartite graph
ND actors 383640 127823 1470404 13061 Bipartite graph

Maragal 6 21251 10144 537694 92 Least squares
Maragal 7 46845 26525 1200537 659 Least squares
Maragal 8 33093 60845 1308415 14637 Least squares
mri1 65536 114637 589824 1019 graphics/vision
mri2 63240 104597 569160 14919 graphics/vision
tomographic1 142752 1014301 11537419 3700 graphics/vision

Table 1: Set of tested matrices
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The matrices with m < n were transposed. Moreover, the Dulmage-Mendelson permu-
tation was applied to A. The columns of the matrix corresponding to the normal equations
C = ATA were normalised by their 2-norm. As result, an IC factorization LαL

T
α was

computed for the shifted matrix,

Cα = SPCP TST + αI.

For the updated preconditioner, a value of α = β = 1 was used for all the matrices,
except for the matrix BEAFLW for which a value of α = 10−3 was needed. The right-hand
side b provided with the problem was used. Otherwise, the vector of all ones was used.

Table 2 show the results. In this table, timet, ||r||2 and itn represent the total time (in
seconds), residual norm (||b−Ax||2) of the original LS problem and the number of iterations
needed to converge the iterative method. As mentioned above, LSMR correspond to the
results obtained with the IC factorization of Cα while PCG correspond to ones obtained with
the proposed updated preconditioning technique. The iterative methods were stopped when
the relative initial residual, i.e., ||b − Ax||2/||b||, was reduced to 10−6. Lα was calculated
with drop tolerance equal to 0.1, except for the matrices MRI1 and MRI2 for which a value
of 0.2 was used. The experiments were performed using MATLAB.

The results show that the updated preconditioner method is competitive and robust for
solving rank deficient least square problems. There are some problem for which the total
solution time is reduced considerably. Thus, we think that the preconditioner proposed can
be successfully applied to accelerate the convergence of iterative Krylov subspace methods.
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[3] Maŕın, J. , Mas, J., Guerrero D., Hayami K., : Updating preconditioners for modified
leas squares problems. Numer. Algorithms, published online, (2017).

[4] T. A. Davis, Y. Hu, The university of florida sparse matrix collection, ACM Trans.
Math. Softw. 38 (1) (2011) 1:1–1:25.

c©CMMSE ISBN: 978-84-617-8694-7Page 550 of  2288



Preconditioning LS problems

[5] David Chin-Lung Fong and Michael Saunders. Lsmr: An iterative algorithm for sparse
least-squares problems. SIAM J. Sci. Comput., 33(5):2950–2971, October 2011.

[6] J. Scott. On using cholesky-based factorizations for solving rank-deficient sparse linear
least-squares problems. Prepint RAL-P-2016-005, SIAM J. Sci. Comput., 2016.

c©CMMSE ISBN: 978-84-617-8694-7Page 551 of  2288



J. Cerdán, D. Guerrero, J. Maŕın and J. Mas

Matrix PCG LSMR
timet/||r||2/itn timet/||r||2/itn

BAXTER 4.2/2.90/1701 2.6/2.90/1574
DBIR1 1.0/3.65/198 59.5/15.00/12918
DBIR2 0.8/11.35/138 40.8/11.35/8404
NSCT1 0.4/13.03/82 6.7/13.03/1957

beaflw 4.5/4.35/8332 18.8/4.92/15341
Pd rhs 0.4/34.62/188 0.3/34.62/911
162bit 0.1/0.62/255 0.1/0.62/279
176bit 0.2/0.80/254 0.3/0.80/277
192bit 0.4/1.28/246 0.4/1.28/270
208bit 0.7/1.62/215 0.7/1.62/240
kneser 1041 4.6/504.50/105 5.6/504.50/114
wheel 601 13.0/497.51/68 13.7/497.51/140
12month1 37.7/679.32/190 41.4/679.32/245
ND actors 133.4/301.65/6491 140.5/301.65/7188

Maragal 6 1.7/4.8e−4/568 1.8/4.8e−4/609
Maragal 7 4.4/1.3e−4/465 3.8/1.3e−4/493
Maragal 8 6.0/1.4e−3/778 7.0/1.4e−3/1002
mri1 1.5/209.2854/128 1.7/208.1454/175
mri2 0.8/3.6e−3/55 1.1/3.6e−3/99
tomographic1 3.9/3.4e−3/616 3.5/3.4e−3/653

Table 2: Results for the PCG and LSMR methods.
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Abstract

In this paper, we discuss a higher order convergent numerical method for two-
parameter singularly perturbed problem having boundary and interior layers due to a
discontinuous convection coefficient and discontinuous source term. A hybrid monotone
scheme which provides almost second order uniform convergent solution, is constructed
on a piecewise uniform mesh. The current scheme is compared with the standard up-
wind scheme, used at the point of discontinuity. Numerical experiments show that the
hybrid scheme provides a higher order (almost second order) accuracy compared to the
standard upwind scheme which is almost first order accurate.

Key words: singular perturbation, boundary and interior layers, hybrid scheme
MSC 2000: 65N12, 65N30 and 65N06

1 Introduction

Singularly perturbed problems (SPPs) can be characterized by the presence of a (or few)
small positive parameter(s) which follows the boundary or interior layers. Adaptive mesh
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generation [3, 4] is necessary to identify these layers. The simplest adaptive mesh on this
context is due to Shishkin [1], who proposed a piecewise uniform mesh to capture the
layer behavior. In today’s literature, numerical methods for SPPs (involving only diffusion
parameter) with smooth data [1], and non-smooth data [2, 5, 6, 7] are available on Shishkin
meshes. Two-parameter problems, involving convection (εc) and diffusion (εd) parameters,
extend the convection and reaction dominated model. In recent years, several numerical
methods are observed for two-parameter problems with smooth data [8, 9, 10, 13] and
non-smooth [11]. The papers [2, 6, 7] are dedicated to the numerical analysis of interior
layers due to the discontinuous convection coefficient. Motivated by the works, we consider
the following two-parameter singularly perturbed problem with discontinuous convection
coefficient and source term:

Lu(x) ≡ εdu′′(x) + εca(x)u′(x)− b(x)u(x) = f(x), ∀ x ∈ (Γ− ∪ Γ+), (1)

u(0) = u0, u(1) = u1, (2)

where a(x) ≤ −α1 < 0, for x ∈ Γ− and a(x) ≥ α2 > 0, for x ∈ Γ+, (3)

| [a](d) |≤ C, | [f ](d) |≤ C. (4)

Here εd and εc are known as singular perturbation parameters, where 0 < εd � 1, 0 ≤
εc ≤ 1. For simplicity, we consider the domain as Γ = [0, 1] with Γ = (0, 1) and Γ− =
(0, d), Γ+ = (d, 1). Here b(x) is assumed to be sufficiently smooth function in Γ and satisfies
b(x) ≥ β > 0 and a(x), f(x) are sufficiently smooth in (Γ− ∪ Γ+) ∪ {0, 1}. Also a(x), f(x)
and its derivatives have a jump discontinuity at d ∈ Γ, where the jump of ω(x) at x = d is
denoted as [ω](d) = ω(d+)− ω(d−). These assumptions ensure that the SPP (1)-(2) has a
solution u(x) ∈ C0(Γ) ∩ C1(Γ) ∩ C2(Γ− ∪ Γ+).

Note that εc = 0 reduces (1) to a reaction diffusion problem [5] and εc = 1 reduces
(1) to a convection diffusion problem [6]. The solution behaves similar to dissipative form,
when εd/ε

2
c → 0 as εc → 0 and it acts in the dispersive form, when ε2

c/εd → 0 as εd → 0 [9].
Hence, we consider the following two cases for the numerical discretization:
Case (i):

√
αεc ≤

√
γεd,

Case (ii):
√
αεc ≥

√
γεd,

where γ = minΓ {b(x)/α(x)} with α(x) = −α1, x < d and α(x) = α2, x > d.
For two-parameter problems with smooth data, the upwind scheme leads toO(N−1 ln2N)

accuracy on Shishkin mesh [10], where N defines the number of partitions in the domain.
Later in [8], the authors established a higher order numerical method by combining the up-
wind, central difference and mid-point schemes in various partitions of the domain. Their
numerical method provides O(N−2 ln3N) accuracy, if

√
αεc ≤

√
γεd and O(N−2 ln2N), if√

αεc ≥
√
γεd on Shishkin mesh. In [11]a discontinuity in source term is introduced and

obtained O(N−1 ln2N), for
√
αεc ≤

√
γεd and O(N−1 ln3N), for

√
αεc ≥

√
γεd on the

Shishkin mesh. Several other adaptive meshes, based on equidistribution principle [4] can
be observed for two-parameter problems which leads to first order accuracy.
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The above articles motivate us to consider the higher order numerical analysis for two-
parameter problems with discontinuous convection and source term which lead to boundary
and interior layers.

Throughout this article, C denotes a generic positive constant independent of mesh
points, N (assumed to be divisible by 2) and εd, εc. The infinity norm is denoted as
‖u‖Ω = maxx∈Ω |u(x)| for a function u(x) defined on a general domain Ω. We denote it by
‖.‖ = ‖.‖Ω. Accordingly, the corresponding discrete norm is denoted as ‖.‖ = ‖.‖

Ω
N .

The paper is arranged as follows. Section 2 presents a discrete problem based on hybrid
finite difference scheme corresponding to the continuous problem. Numerical examples in
Section 3, validates these theoretical findings. The conclusion is drawn in Section 4.

2 Numerical Approximation

This section introduces the discretization of (1)-(2). The discrete problem will be defined on
an a priori adaptive piecewise uniform mesh, which is dense inside the boundary and interior
layer regions. To construct this mesh, we first divide the domain Γ into six subintervals:

Γ = [0, τ1] ∪ [τ1, d− τ2] ∪ [d− τ2, d] ∪ [d, d+ τ3] ∪ [d+ τ3, 1− τ4] ∪ [1− τ4, 1],

for some τ1, τ2, τ3 and τ4. The mesh points are denoted as Γ
N

= {xi}N0 where xN/2 denotes
the point of discontinuity xN/2 = d. On these mesh points, we define the discrete solution

as Ui. The transitions parameters τ1, τ2, τ3 and τ4 in Γ are chosen as follows:
τ1 = min

{
d

4
,

2

θ2
lnN

}
, τ2 = min

{
d

4
,

2

θ1
lnN

}
,

τ3 = min

{
1− d

4
,

2

θ1
lnN

}
, τ4 = min

{
1− d

4
,

2

θ2
lnN

}
,

(5)

where

θ1 =


√
ρα

2
√
ε
, if

√
αµ ≤ √ρε,

αµ

2ε
, if

√
αµ ≥ √ρε,

and θ2 =


√
ρα

2
√
ε
, if

√
αµ ≤ √ρε,

ρ

2µ
, if

√
αµ ≥ √ρε.

Now we construct a uniform mesh on each subintervals [0, τ1], [d − τ2, d], [d, d + τ3] and
[1−τ4, 1], so that each subintervals containsN/8+1 uniform mesh points and the subintervals
[τ1, d− τ2] and [d+ τ3, 1− τ4] contains N/4 + 1 uniform mesh points respectively. The mesh
sizes in each of the subintervals from left to right of Γ are denoted as h1 = 8τ1/N, h2 =
4(d− τ2− τ1)/N, h3 = 8τ2/N, h4 = 8τ3/N, h5 = 4(1− d− τ3− τ4)/N and h6 = 8τ4/N. On

the above adaptive mesh Γ
N
, we discretize the BVP (1)-(2) as

LNUi ≡ εdδ2Ui + εcaiD
∗Ui − biUi = fi, for i = 1, 2, ..., N − 1,

D+UN/2 −D−UN/2 = 0 with U0 = u(0), UN = u(1).
(6)

c©CMMSE ISBN: 978-84-617-8694-7Page 555 of  2288



AN EFFICIENT NUMERICAL METHOD FOR TWO PARAMETRIC SPPs

The upwind discretization (6) is almost first order accurate [11] (see the numerical Section 3).
Now, we construct an almost second order accurate hybrid scheme for (1)-(2) by combining
the following central, upwind and mid-point difference schemes with a five-point scheme:

LN
c Ui ≡ εdδ2Ui + εcaiD

0Ui − biUi = fi,

LN
u Ui ≡ εdδ2Ui + εcaiD

∗Ui − biUi = fi,

LN
mUi ≡ εdδ2Ui + εcaiD

∗Ui − biUi = f i,

where, D0Ui =
Ui+1 − Ui−1

hi + hi+1
, D+Ui =

Ui+1 − Ui

hi+1
, D−Ui =

Ui − Ui−1

hi
,

δ2Ui =
1

hi
(D+Ui −D−Ui), zi =

zi + zi+1

2
and D∗ =

{
D−, if i < N/2,

D+, if i > N/2.

At xN/2 = d, we use a five-point difference scheme by combining the second order
accurate one sided difference approximation u′(x) ≈ (−3U(x)+4U(x+h3)−U(x+2h3))/2h3,
based on forward difference operator and u′(x) ≈ (3U(x)− 4U(x− h4) + U(x− 2h4))/2h4,
based on backward difference operator. At the point of discontinuity, we define the scheme

LN
t UN/2 ≡

−UN/2+2 + 4UN/2+1 − 3UN/2

2h4
−
UN/2−2 − 4UN/2−1 + 3UN/2

2h3
= 0, (7)

Now, we define the finite difference scheme (LN ), which involves the central, upwind, mid-
point and a five-point scheme on the piecewise uniform mesh which is as follows:
when

√
αεc ≤

√
γεd

LN ≡


LN
c , if xi ∈ (0, τ1) ∪ (d− τ2, d) ∪ (d, d+ τ3) ∪ (1− τ4, 1),

LN
c , if xi ∈ (τ1, d− τ2) ∪ (d+ τ3, 1− τ4), with 2εc‖a‖hk < εd, k = 2, 5,

LN
t , if xi = d,

and for
√
αεc ≥

√
γεd

LN ≡



LN
m, if xi ∈ (0, τ1) ∪ (1− τ4, 1),

LN
m, if xi ∈ (τ1, d− τ2) ∪ (d+ τ3, 1− τ4), with

{
2εc‖a‖hk ≥ εd,
2‖b‖hk < εcα, k = 2, 5,

LN
u , if xi ∈ (τ1, d− τ2) ∪ (d+ τ3, 1− τ4), with

{
2εc‖a‖hk ≥ εd,
2‖b‖hk ≥ εcα, k = 2, 5,

LN
c , if xi ∈ (d− τ2, d) ∪ (d, d+ τ3),

LN
t , if xi = d.
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At the transition points τ1 and (d+ τ3), the scheme is defined as

LN ≡



LN
c , if xi =


τ1 =

1

8
,

d+ τ3 = d+
1

8
,

LN
m, if xi =


τ1, where τ1 <

1

8
, for 2‖b‖h2 < εcα,

d+ τ3, where d+ τ3 < d+
1

8
, for 2‖b‖h5 < εcα,

LN
u , otherwise.

At the transition points (d− τ2) and (1− τ4), we define the scheme as

LN ≡



LN
c , if xi =


d− τ2 = d− 1

8
, for 2εc‖a‖h3 < εd,

1− τ4 = 1− 1

8
, for 2εc‖a‖h6 < εd,

LN
m, if xi =


d− τ2 = d− 1

8
, for 2εc‖a‖h3 ≥ εd,

1− τ4 = 1− 1

8
, for 2εc‖a‖h6 ≥ εd,

LN
m, if xi =


d− τ2, where d− τ2 > d− 1

8
, for 2‖b‖h3 < εcα,

1− τ4, where 1− τ4 > 1− 1

8
, for 2‖b‖h6 < εcα,

LN
u , otherwise.

Now, we define the discrete problem as

LNUi = QNfi, for i = 1, ..., N − 1, with U0 = u(0), UN = u(1),

where QNfi =


fi, if LN ≡ LN

c or LN
u ,

f i, if LN ≡ LN
m,

0, if LN ≡ LN
t .

(8)

The matrix associated with (8) does not satisfy M-matrix condition at the point of discon-
tinuity xi = d. But, (without loss of generality) we can convert this five-point difference
scheme into a three-point difference scheme (say, LN

T Ui) by estimating UN/2−2, UN/2+2 from
LN
c Ui, so that the new equations do have the monotonicity property. To do this, note

UN/2−2 =
2h3

2εd − h3εcaN/2−1

[
h3fN/2−1 +

(
2εd
h3

+ h3bN/2−1

)
UN/2−1

−
(

2εd + h3εcaN/2−1

2h3

)
UN/2

]
,
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UN/2+2 =
2h4

2εd + h4εcaN/2+1

[
h4fN/2+1 +

(
2εd
h4

+ h4bN/2+1

)
UN/2+1

−
(

2εd − h4εcaN/2+1

2h4

)
UN/2

]
.

Now we replace the above expressions of UN/2−2, UN/2+2 of five-point difference scheme
(LN

t UN/2) to construct a three point scheme (LN
T UN/2) which preserves the monotonicity

property and leads to an higher order accuracy at the point of discontinuity.

LN
T UN/2 ≡

(
2εd − h4εcaN/2+1

2εd + h4εcaN/2+1
− 6 +

2εd − h3εcaN/2−1

2εd + h3εcaN/2−1

)
UN/2

+

(
−4εd − 2h2

4bN/2+1

2εd + h4εcaN/2+1
+ 4

)
UN/2+1 +

(
−4εd − 2h2

3bN/2−1

2εd + h3εcaN/2−1
+ 4

)
UN/2−1

=
2h2

3fN/2−1

2εd + h3εcaN/2−1
+

2h2
4fN/2+1

2εd + h4εcaN/2+1
.

So, the reformulated discrete operator (say LN
∗ Ui) of (8) can be written as

LN
∗ Ui = QN

∗ fi, for i = 1, 2, ..., N − 1, (9)

U0 = u(0), UN = u(1), (10)

where

LN
∗ Ui =

{
LN
T Ui, for i = N/2,

LNUi, for i 6= N/2,

and

QN
∗ fi =


2h2

3fN/2−1

2εd + h3εcaN/2−1
+

2h2
4fN/2+1

2εd + h4εcaN/2+1
, if i = N/2,

QNfi, if i 6= N/2.

Finally the discrete problem (9)-(10) form a traditional system of equation which will be
solved using a TDMA Solver to obtain the numerical solution. The parameter uniform
higher order error estimate of the computed solution for sufficiently large N satisfy the
following bound

‖U − u‖ ≤

C(N−1 lnN)2, if
√
αεc ≤

√
γεd,

CN−2(lnN)3, if
√
αεc ≥

√
γεd,

∀ 0 ≤ i ≤ N.

where u(xi) be the solution of the continuous problem (1)-(2) and U(xi) be the solution
of the discrete problem (9)-(10). Further a study on stability and error analysis of the
proposed scheme will be presented in nearest future.
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3 Numerical Examples

This section experimentally demonstrates the applicability of the hybrid scheme (9)-(10)
and compare it with the existed upwind scheme (6).

Example 1 Consider the two-parameter problem (1)-(2) with the following discontinuous
convection coefficient and source term:

a(x) =

{
−(1 + x(1− x)), for 0 ≤ x ≤ 0.5,
(1 + x(1− x)), for 0.5 < x ≤ 1,

b(x) = 1,

f(x) =

{
−2(1 + x2), for 0 ≤ x ≤ 0.5,
3(1 + x2), for 0.5 < x ≤ 1,

and u(0) = u(1) = 0.

As the exact solution of Example 1 is unknown, we use the double mesh principle
[1, 3, 4, 12] to calculate the maximum pointwise error EN

εd,εc
and corresponding order of

convergence ρNεd,εc of the numerical solution provided by the scheme (9) which is as follows:

EN
εd,εc

= max
0≤i≤N

|UN
i − U2N

i | and ρNεd,εc = log2

(
EN

εd,εc
/E2N

εd,εc

)
.

Here UN
i denotes the numerical solution obtained with N number of mesh intervals and U2N

i

denotes the solution on 2N number of mesh intervals obtained by bisecting the previous
original mesh. Similarly, we find the uniform error EN and order of convergence ρN of (6) for
a fixed εc and various values of εd, taken from the set S = {εd|εd = 10−2, 10−4, · · · , 10−14}:

EN = max
εd∈S

EN
εd,εc

and ρN = log2

(
EN/E2N

)
.

Here, the numerical experiment is performed by choosing the constant values α=2.5, β=1.0
and γ=0.2 for Example 1.

We present EN
εd,εc

and ρNεd,εc in Tables 1 and 2 respectively for Example 1. Table 2 shows

that the order of convergence is almost second order O(N−2 ln2N) when
√
αεc ≤

√
γεd and

O(N−2 ln3N) when
√
αεc ≥

√
γεd for the above example. Table 3 presents the maximum

error EN and order of convergence ρN using the standard upwind scheme (6). This table
shows that the existing scheme gives first order parameter uniform convergence, while the
Table 2 shows almost second order convergence using the hybrid difference scheme. Note
that the errors are also lower in Table 1 compared to Table 3.

Loglog error plot in Figure 1 also demonstrates that the predicted order of convergence,
i.e., O(N−2 ln3N), if

√
αεc ≤

√
γεd and O(N−2 ln2N), if

√
αεc ≥

√
γεd are correct.

4 Conclusion

In this paper, an almost second order uniformly convergent numerical solution is obtained for
a two-parameter singularly perturbed problem where the convection coefficient and source
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Table 1: Maximum Pointwise Errors (EN
εd,εc

) with εc = 10−4 for Example 1

εd Number of mesh points N

128 256 512 1024 2048

10−2 3.01720E-05 7.03000E-06 1.21160E-06 1.77190E-07 2.39400E-08
10−4 1.55370E-03 7.67900E-04 2.02340E-04 5.52550E-05 1.32040E-05
10−6 1.30140E-03 6.03150E-04 2.63820E-04 1.09680E-04 3.83720E-05
10−8 1.45400E-03 3.22960E-04 1.05520E-04 2.74780E-05 8.60100E-06
10−10 4.45260E-03 2.01520E-03 7.84000E-04 2.43460E-04 7.18400E-05
10−12 4.48230E-03 2.03110E-03 7.90700E-04 2.45440E-04 7.25100E-05
10−14 4.48260E-03 2.03130E-03 7.90800E-04 2.45460E-04 7.25150E-05

Table 2: Orders of Convergence (ρNεd,εc) with εc = 10−4 for Example 1

εd Number of mesh points N

128 256 512 1024 2048

10−2 2.101589829 2.536670744 2.773525566 2.887791549 2.944105039
10−4 1.016671183 1.924101248 1.872640276 2.065184608 2.476653267
10−6 1.109475717 1.192935556 1.266280804 1.515174609 1.550321966
10−8 2.170649483 1.613839022 1.941167564 1.675700690 1.594048784
10−10 1.143741186 1.361997468 1.687198524 1.760795875 2.076963082
10−12 1.141926332 1.361094457 1.687760037 1.759118509 2.075855289
10−14 1.141916350 1.361018549 1.687824928 1.759136585 2.075787013

Table 3: Maximum Pointwise Errors (EN ) and Orders of Convergence (ρN ) with εc = 10−4

for Example 1

εd ∈ S Number of mesh points N

128 256 512 1024 2048

EN 1.16250E-01 1.00500E-01 7.58210E-02 5.27330E-02 3.30160E-02
ρN 0.210035215 0.406526112 0.523891410 0.675540731 0.748636031
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Figure 1: Loglog Plot of the Maximum Pointwise Errors for Example 1

term have a jump discontinuity at an interior point of the domain. The present hybrid
difference scheme is a combination of upwind, midpoint and central difference schemes
with a five point scheme at the point of discontinuity which preserves the monotonicity
property on Shishkin mesh. The computational result shows that the proposed scheme
is uniformly convergent and provides better accuracy than standard upwind difference.
Therefore, looking towards the better numerical performance of the proposed scheme, it
can be concluded that one can take the above computational analysis as a motivation for
further theoretical analysis of the proposed scheme.

Acknowledgements

The first and fourth authors wish to thank Department of Science and Technology(SERB),
New Delhi for financial support of project SR/FTP/MS-039/2012.

References

[1] P.A. Farrell, A. Hegarty, J. J. H. Miller, E. O’Riordan and G. I. Shishkin,
Robust computational techniques for boundary layers, CRC Press, 2000.

[2] Z. Cen, A hybrid difference scheme for a singularly perturbed convection-diffusion prob-
lem with discontinuous convection coefficient, Applied Mathematics and Computation
169(1) (2005) 689–699.

c©CMMSE ISBN: 978-84-617-8694-7Page 561 of  2288



AN EFFICIENT NUMERICAL METHOD FOR TWO PARAMETRIC SPPs

[3] P. Das, S. Natesan, Numerical solution of a system of singularly perturbed
convection-diffusion boundary-value problems using mesh equidistribution technique,
The Australian Journal of Mathematical Analysis and Applications 10 (2013) 1–17.

[4] P. Das and V. Mehrmann, Numerical solution of singularly perturbed convection-
diffusion-reaction problems with two small parameters, BIT Numerical Mathematics
56(1) (2016) 51–76.

[5] P.A. Farrell, J. J. H. Miller, E. O’Riordan and G. I. Shishkin, Singularly per-
turbed differential equations with discontinuous source terms, appeared in proceedings
of Workshop’98, Lozenetz, Bulgaria, Aug. 27-31 (2000) 147–156.

[6] P.A. Farrell, A. Hegarty, J. J. H. Miller, E. O’Riordan and G. I. Shishkin,
Singularly perturbed convection–diffusion problems with boundary and weak interior
layers, Journal of Computational and Applied Mathematics 166(1) (2004) 133–151.

[7] P.A. Farrell, A. Hegarty, J. J. H. Miller, E. O’Riordan and G. I. Shishkin,
Global maximum norm parameter-uniform numerical method for a singularly perturbed
convection-diffusion problem with discontinuous convection coefficient, Mathematical
and Computer Modelling 40(11) (2004) 1375–1392.

[8] J. L. Gracia, E. O’Riordan and M.L. Pickett, A parameter robust second order
numerical method for a singularly perturbed two-parameter problem, Applied Numerical
Mathematics 56(7) (2006) 962–980.

[9] K.C. Patidar, A robust fitted operator finite difference method for a two-parameter
singular perturbation problem, Journal of Difference Equations and Applications
14(12) (2000) 1197–1214.

[10] E. O’Riordan, M. L. Pickett and G. I. Shishkin, Singularly perturbed problems
modeling reaction-convection-diffusion processes, Computational Methods in Applied
Mathematics 3(3) (2003) 424–442.

[11] V. Shanthi, N. Ramanujam and S. Natesan, Fitted mesh method for singularly
perturbed reaction-convection-diffusion problems with boundary and interior layers,
Journal of Applied Mathematics and Computing 22(1-2) (2006) 49–65.

[12] P. Das, S. Natesan, Adaptive mesh generation for singularly perturbed fourth-order
ordinary differential equations, International Journal of Computer Mathematics 92
(2015) 562-578.
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Abstract

This work introduces a technique that reduces the computational complexity, and
therefore decreases the simulation time, for approximating missing data components
through the least-squares (LS) approximation with the basis from proper orthogonal
decomposition (POD). In the existing standard approach, POD basis is first computed
to extract dominant trends of data from existing set of complete samples. Then, the ap-
proximation of each missing data is obtained optimally in the least-squares sense. How-
ever, in the case of high-dimensional data, the reconstruction process might require high-
complexity computation. To accelerate this approximation process, this work employs
certain important and relevant available data components, which are selected through
a greedy iterative procedure, called discrete empirical interpolation method (DEIM).
This work introduces two different variants of the acceleration, which are tested on the
subsurface flow data. The numerical results demonstrate that the proposed technique
can be as accurate as the standard POD-LS method with much less computational time.

Key words: Data reconstruction, Proper orthogonal decomposition, Least-squares method

1 Introduction

Missing data estimation has been an important problem in many engineering applications,
such as in the reconstruction of unavailable experimental data or in image processing re-
search. A popular approach for solving this problem is based on proper orthogonal decom-
position(POD). The approach using POD for the purpose of data reconstruction is often
called gappy POD (GPOD). GPOD method essentially uses POD basis in the least-squares

c©CMMSE ISBN: 978-84-617-8694-7Page 563 of  2288



ACCELERATED POD-LS METHOD

approximation, and it will be also called POD-LS method in this work. In the application
of aerodynamic flow fields, GPOD was formally introduced in [7] and it was later used to
calibrate and illustrate air flow past a wing [22]. GPOD has been recently used in many
other engineering applications, such as in chemical engineering [5, 11], in mechanical engi-
neering [6,27], in image processing [19], and in optimization of water flooding reservoir [15].

Proper orthogonal decomposition (POD) was introduced in 1937 by Lumley in the con-
text of inhomogeneous structure turbulent flows [21] and stochastic tools in turbulence [20].
POD is also known as, for example, Karhunen-Love decomposition (KLD), principal com-
ponent analysis (PCA), or singular value decomposition(SVD). POD has been successfully
used in many applications, e.g. [4, 14, 18, 24], since it can provide an approximation from
the basis that extracts the dominant characteristic of the existing data. Discrete empirical
interpolation method (DEIM) [10], a variant of [3], was originally introduced to estimate
nonlinear term in dynamical systems by selecting the interpolation indices using a greedy
algorithm. The index selection process in this algorithm is based on trying to capture most
variation of the sample set heuristically. It has been used in many applications, such as mor-
phological structure spiking neurons [17], 2-D shallow-water equations [12], Navier-Stokes
equations [1], four-dimensional variational data assimilation [26], three-dimensional nonlin-
ear aeroelasticity model [13], electrical, thermal, and microelectromechanical models [16].

To derive the accelerated POD-LS method for decreasing computational time in recon-
structing missing data components, this work first reviews some background of POD and
GPOD in Section 2. Then, DEIM approximation and the corresponding greedy process
for selecting components are discussed in Section 3.1. The combination of DEIM with the
POD-LS method or Gappy POD to accelerate the approximation procedure is presented in
Section 3.2. The numerical results in Section 4 demonstrate the accuracy of the proposed
method through the reconstruction of missing components in concentration flow data with
much less computational time. Finally, the conclusion and future extension are discussed
in Section 5.

2 Standard POD-LS method (Gappy POD)

This section reviews some relevant background for constructing missing data based on
proper orthogonal decomposition (POD) and least-squares (LS) approximations. The com-
bination of these approaches is also known as gappy POD (GPOD) method.

2.1 Proper Orthogonal Decomposition (POD)

Let {yj}ns
j=1 ⊂ Rn be the set of snapshots or samples. Proper orthogonal decomposition

(POD) can be used to extract important features of the sample sets. In particular, consider
an approximation of yj by using orthogonal projection onto the space spanned by the set

of vectors {vi}ki=1 ⊂ Rn in the form yj ≈
∑k

i=1 vi(v
T
i yj) = VVTyj . Then, if {vi}ki=1 is the
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POD basis, it is an orthonormal basis that minimizes the approximation error in 2−norm
for a given fixed basis rank k < n, i.e. {vi}ki=1 solves the following minimization problem:

min
{φi}ki=1

ns∑
j=1

‖yj −
k∑
i=1

φi(φ
T
i yj)‖22, φTi φj = δij ,

where δij = 0 if i 6= j and δij = 1 if i = j. Singular value decomposition (SVD) turns out to
be corresponding to this solution of POD basis. That is, POD basis of rank k consists of the
first k left singular vectors from SVD of the snapshot matrix: Y = [y1, . . . ,yns ] ∈ Rn×ns .
Suppose the SVD of a rectangular matrix Y ∈ Rn×ns is given by Y = V̂ΣZT , where r is
the rank of Y, V̂ = [v1, . . . ,vr] ∈ Rn×r and Z ∈ Rns×r are orthogonal matrices and Σ =
diag(σ1, . . . , σr) ∈ Rr×r with singular values in decreasing order: σ1 ≥ σ2 ≥ · · · ≥ σr > 0.

It can be shown [23] that the minimum error of the approximation by using POD basis
is given by the sum of the neglected singular values σk+1, . . . , σr. I.e.,

ns∑
j=1

‖yj −VVTyj‖22 =
r∑

`=k+1

σ2` . (2.1)

Note that, besides using SVD, the POD basis can be computed by using the method of
snapshots based on eigenvalue decomposition of correlation matrix of the snapshots [25].
The procedure for computing POD basis is shown in Algorithm 1.

Algorithm 1 Algorithm for constructing POD basis

INPUT: Snapshots {yj}ns
j=1 ⊂ Rn

OUTPUT: POD basis Vk .

1: Create snapshot matrix : Y = [y1, . . . ,yns ] ∈ Rn×nsand let r = rank(Y)
2: Compute SVD: Y = V̂ΣZT and choose dimension k ≤ r
3: POD basis of rank k : V = [v1, . . . ,vk] = V̂(:, 1 : k)

2.2 Gappy POD

Gappy POD (GPOD) can be used to approximate or reconstruct missing data from the
available partial data, that obtained, e.g. from experimental measurements or numerical
simulations.

Define Y := {y1,y2, . . . ,yns} ⊂ Rn. Let Y = [y1,y2, . . . ,yns ] ∈ Rn×ns . Suppose ŷ is an
incomplete sample which consists of nc known components and ng = n− nc unknown com-
ponents. Let C := {℘1, ℘2, . . . , cnc} ⊂ {1, 2, . . . , n} be the indices of the known components
in ŷ and define C = [ec1 , . . . , ecnc

] ∈ Rn×nc , where eci = [0, . . . , 0, 1, 0, . . . , 0]T ∈ Rn is the
ci-th column of the identity matrix In ∈ Rn×n, for i = 1, . . . ,m. Note that, pre-multiplying
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CT is equivalent to extracting the nc rows corresponding to the indices c1, . . . , cnc ,. Simi-
larly, let G = {g1, g2, . . . , gng} ⊂ {1, 2, . . . , n} be the indices of the unknown components in
ŷ and define G = [eg1 , . . . , egng

] ∈ Rn×ng . I.e. the known components and the unknown
components are given in the following two vectors ŷc ∈ Rnc and ŷg ∈ Rng , respectively. The
missing components contained in ŷg will be approximated by first performing a projection
onto the column span of POD basis matrix V with rank k from Algorithm 1, i.e.

ŷ ≈ Va, or ŷc ≈ Vca and ŷg ≈ Vga,

for some coefficient vector a ∈ Rk, and where Vc := CTV ∈ Rnc×k, Vg := GTV ∈ Rng×k.
The known components contained in ŷc = CT ŷ are then used to determine the co-

efficient vector a through the approximation ŷc ≈ Vca from the following least-squares
problem:

min
a∈Rk

‖ŷc −Vca‖22. (2.2)

The solution obtained from the corresponding normal equation of the above problem is
given by a = (VT

c Vc)
−1VT

c ŷc. That is,

ŷg ≈ Vga = Vg(V
T
c Vc)

−1VT
c ŷc. (2.3)

The steps described above are summarized in Algorithm 2.

Algorithm 2 Gappy POD method for approximating missing data

INPUT:
- Complete snapshot set {yj}ns

j=1 ⊂ Rn and, dimension k ≤ rank({yj}ns
j=1)

- Incomplete data ŷ ∈ Rn with known entries ŷj , j ∈ C and unknown entries ŷj , j ∈ G
OUTPUT:
- Approximation: ŷg = [ŷj ], j ∈ G = {g1, g2, . . . , gng}

1: Create snapshot matrix : Y = [y1, . . . ,yns ] ∈ Rn×nsand let r = rank(Y).
2: Compute POD basis V of rank k ≤ r for Y from Algorithm 1.
3: Find coefficient vector a from ŷc using least-squares problem in (2.2):

mina∈Rk ‖ŷc −Vca‖22.
4: Compute the approximation ŷg ≈ Vga.

3 Accelerated POD-LS method (Gappy POD)

First, this section describes a greedy-based technique called discrete empirical interpolation
method (DEIM), which is used in this work to reduce computational complexity of the
standard GPOD (LS-POD) approach. Two small variants of missing data approximations
using DEIM is then later derived.
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3.1 Discrete Empirical Interpolation Method (DEIM)

DEIM was first introduced for the purpose of approximating the nonlinear term in the
differential equations [9]. In this work, the interpolation indices from this method will
be used to reduce the computational complexity of GPOD in Step 3 of Algorithm 2. This
section describes DEIM in a general setting and provides the corresponding greedy algorithm
for selecting important components that can be used in the approximation.

Consider a vector f ∈ Rn by projecting on a low-dimensional subspace, span{U} where
U ∈ Rn×m is the matrix of rank m ≤ n with orthogonal columns, i.e. f ≈ Ud for d ∈ Rm.
The m components of the nonlinear vector f are selected by a greedy algorithm [2,9] to spec-
ify d using the 2-norm least-squares approximation. In particular, suppose ℘1, ℘2, . . . , ℘m
are the indices of the selected components in f and define P = [e℘1 , . . . , e℘m ] ∈ Rn×m, where
e℘i = [0, . . . , 0, 1, 0, . . . , 0]T ∈ Rn is the ℘i-th column of the identity matrix In ∈ Rn×n, for
i = 1, . . . ,m. Note that, as in the previous section, pre-multiplying PT is equivalent to ex-
tracting the m rows corresponding to the interpolation indices ℘1, . . . , ℘m,. The coefficient
vector d in the DEIM approximation solves the following minimization problem

min
d∈Rm

‖PT f −PTUd‖22

which gives d = (PTU)+PT f , where (PTU)+ = [(PTU)T (PU)]−1(PTU)T is the pseudo-
inverse of PTU. Since PTU is a square matrix and it is shown to be invertible [9], (PTU)+ =
(PTU)−1 and the DEIM approximation for f becomes

f ≈ U(PU)−1PT f .

The sets of indices {℘1, ℘2, . . . , ℘m} is obtained by DEIM index selection algorithm [9],
shown in Algorithm 3, which is a greedy procedure that aim to capture the variation of the
spatial behavior of the input basis using the infinity norm.

From Algorithm 3, DEIM selects the interpolation indices so that the approximation
has smallest error r = uj −Uc in each iteration j. The procedure of DEIM Algorithm 3
can be described as follows. First, the input a basis of rank m, which can be obtained by
using POD of nonlinear term. Then, it selects the first index of a component in the first
basis vector u1 with the largest absolute value. Next, each of the other indices is selected
from the component with largest absolute residual error r = u` −Uc in each step.

The corresponding error of DEIM approximation was proposed in [9] and an extension
of this error bound of to the state-space error estimate can be found in [8].

3.2 Accelerated POD-LS method by using DEIM

This work particularly focuses on the situation when the incomplete data ŷ is in a high-
dimensional space, i.e. the value of n is large, which may result in a large number of known
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Algorithm 3 Algorithm to create for Interpolation Indices DEIM

INPUT: {u`}m`=1 ⊂ Rn linearly independent
OUTPUT: ~℘ = [℘1, . . . , ℘m]T ∈ Rm and P

1: ℘1 = arg maxi=1,2,...,n{|ui1|}
2: U = [u1],P = [e℘1 ], ~℘ = [℘1];
3: for j = 2 to m do
4: Solve (PTU)c = PTuj ;
5: r = uj −Uc
6: ℘j = arg maxi=1,...,n{|ri|}

7: U← [U uj ],P← [P e℘j ], ~℘←
[
~℘
℘j

]
8: end for

components nc, even though there are a lot of unknown components ng. In this case, the
main computational work in approximating missing components may occur while solving
for the coefficient vector a in (2.2) or in Step 3 of Algorithm 2. One possible way to reduce
this computational work is to use only small number known components to specify a ∈ Rk.
These components have to be carefully selected so that they can represent all other nc
components and maintain the same accuracy in the approximation. For this purpose, the
procedure for selecting DEIM indices of important components from Algorithm 3 will be
used as described next.

Recall from Step 3 in Algorithm 2 that, it has to solve for a from

min
a∈Rk

‖ŷc −Vca‖22.

Suppose Vc ∈ Rnc×k has linearly independent columns. Then, for a given DEIM dimension
m ≤ min{nc, k}, the columns of Vc can be used as an input of Algorithm 3 to select m
DEIM indices that can cover the variations of nc components.

In many applications when n is much larger than the number of available complete data
ns , i.e. n > ns ≥ k, we have min{n, k} = k. If we want to use DEIM dimension m > k,
using Vc = CTV ∈ Rnc×k will not be enough and this could limit the accuracy of the
approximation. Therefore, in this work, all columns of the left singular matrix V̄ ∈ Rn×r
from SVD of complete snapshot matrix Y will be used, where r = rank(Y). In particular,
consider the matrix

V̄c := CT V̄ ∈ Rnc×r, (3.1)

which comes from V̄ with selected rows corresponding to the nc known components in C.
Suppose V̄c ∈ Rnc×r has linearly independent columns. Then, the columns of V̄c can be

used in Algorithm 3 to select m DEIM indices, where the largest dimension m is min{nc, r}.
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In this case, suppose ℘1, ℘2, . . . , ℘m are the output indices of DEIM Algorithm 3 and let
P = [e℘1 , . . . , e℘m ] ∈ Rnc×m as defined earlier in this section. The vector a in (2.2) can be
computed from a smaller least-squares problem:

min
a∈Rk

‖PT ŷc −PTVca‖22. (3.2)

Note that, we have assumed that V̄c ∈ Rnc×r has linearly independent columns, which may
not hold in general cases. To avoid this assumption, we can apply SVD on the matrix V̄c and
use the set of first m corresponding left singular vectors as an input of DEIM algorithm 3.
The accelerated POD-LS steps are summarized in Algorithm 4 for both cases of (i) using
V̄c directly as an input (ii) using the set of left singular vectors of V̄c as an input to DEIM
algorithm 3.

Algorithm 4 Accelerated POD-LS method for approximating missing data

INPUT:
- Complete snapshot set {yj}ns

j=1 ⊂ Rn and, dimension k ≤ rank({yj}ns
j=1)

- Incomplete data ŷ ∈ Rn with known entries ŷj , j ∈ C and unknown entries ŷj , j ∈ G
OUTPUT:
- Approximation: ŷg = [ŷj ], j ∈ G = {g1, g2, . . . , gng}

1: Create snapshot matrix : Y = [y1, . . . ,yns ] ∈ Rn×nsand let r = rank(Y).
2: Compute POD basis V of rank k ≤ r for Y from Algorithm 1.
3: Find coefficient vector a

3.1 Find indices ~℘ = [℘1, . . . , ℘m]T ∈ Rm and P from Algorithm 3 by using input from either

(i) V̄c defined in (3.1), or
(ii) Left singular vectors of V̄c from Algorithm 1.

3.2 Solve a from (3.2): mina∈Rk ‖PT ŷc −PTVca‖22..

4: Compute the approximation ŷg ≈ Vga.

Remarks: In practice, the additional computation for DEIM indices can be done in advance
and reused for many incomplete snapshots. Once the DEIM indices are found from Algo-
rithm 3, the term PT ŷc and PTVc can be computed without actually performing matrix
multiplication, since this can be done through selected row indices.

The next section applies the techniques introduced in Algorithm 4 on the miscible flow
data and compares with the standard Gappy POD approach in Algorithm 2.

c©CMMSE ISBN: 978-84-617-8694-7Page 569 of  2288



ACCELERATED POD-LS METHOD

4 Numerical Results

This section considers two numerical tests that compare the proposed algorithm with the
standard Gappy POD method when applied to miscible flow data with spatial dimension
n = 15000. The first test considers the effects of POD dimension k and DEIM dimension
m on accuracy and computation time of the approximations. The other numerical test
considers different amount of missing components in the data. An example of the incomplete
snapshot for the concentration flow is shown in the first plot of Figure 1.

4.1 Numerical Test 1

This numerical test investigates different dimensions of POD and DEIM. Using the same
notations defined in the previous sections, this numerical experiment uses ns = 200 complete
snapshots and tests the algorithms on 50 incomplete snapshots. Each of these incomplete
snapshots consists of 50% unknown components (missing or gappy data). I.e. there are
7500 known and unknown components, since the total dimension is n = 15000. This section
compares the accelerated POD-LS approaches in Algorithm 4 both cases (i) and (ii) with
the standard least-squares (LS) or Gappy POD.
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Figure 1: Comparison of average relative errors and CPU time for LS (Gappy POD)Algorithm 2, LS-
DEIM: Algorithm 4(i), and LS-DEIM-b Algorithm 4(ii), when using different POD dimension (k) and DEIM
dimension (m) with k =m.

The middle plot in Figure 1 shows that the approximations from the proposed accel-
erated POD-LS method Algorithm 4 (i) are very accurate when compared to the Gappy
POD approach, for different POD dimension k and DEIM dimension m with k = m. How-
ever, the results from Algorithm 4(ii) are less accurate for k,m < 100. The CPU times are
equivalent for Algorithm 4 in both cases (i) and (ii). However, these two cases use much
less computational time than the standard LS, i.e. roughly 100 times less CPU time.
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Figure 2: Comparison of average relative errors and CPU time (scaled) for LS (Gappy POD)Algorithm 2,
LS-DEIM: Algorithm 4(i), and LS-DEIM-b Algorithm 4(ii), when different DEIM dimensions are used for a
fixed dimension of POD (k = 10, 30, 50, 100 ).

Figure 2 considers different DEIM dimensions for each of the 4 fixed dimensions of POD
k = 10, 30, 50, 100. The reduction in the CPU time is similar to the results given in Figure 1.
From the 4 error plots in Figure 2, as expected, the accuracy is shown to be increased as
the POD dimension k gets larger. For a fixed dimension k, increasing the DEIM dimension
m for Algorithm 4 in both cases (i) and (ii) may not always improve the accuracy, which is
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shown through the flat portion of the error plots. The accuracy depends on both dimensions
k and m that are used together. In addition, there might not be an obvious convergence
trend, e.g. for k = 50 and k = 100 there are jumps of the errors at around m = 60 and
m = 100, respectively. This suggests that the appropriate dimension of m is roughly equal
to k.

4.2 Numerical Test 2

This numerical test considers the effect of having different amount of missing data in the
incomplete snapshots. This numerical experiment uses ns = 200 complete snapshots and
tests the algorithms on 50 incomplete snapshots. Each of these incomplete snapshots may
contain 10% to 90% unknown components (missing or gappy data) of the total dimension
is n = 15000. This section compares the accelerated POD-LS approaches in Algorithm 4
(i) with the standard least-squares (LS) or Gappy POD. The results are shown in Figure 3
when m = k for k = 20, 30. Notice that, when the amount of missing data is less than 70%,
there is no significant different in the accuracy. When 90% of data components are missing,
the approximation becomes inaccurate.
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Figure 3: Comparison of average relative errors for LS (Gappy POD)Algorithm 2 and LS-DEIM: Algo-
rithm 4(i) when different percentages of unknown (missing) components when m = k for k = 20, 30.

5 Conclusion

This work has presented an approach, called accelerated POD-LS method, for decreasing
computational time for reconstructing missing components of incomplete samples. This
approach is based on the existing Gappy-POD method, which uses POD basis with least-
squares approximation. The proposed method can reduce the computational complexity by
using a greedy algorithm from DEIM index selection process to choose only crucial available
components used in the approximation. The numerical results demonstrate the accuracy
and the efficiency of the proposed method through the reconstruction of missing components
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in the concentration flow data. The CPU time is shown to be around O(10−1) to O(10−2)
times reduction while the accuracy is of the same order as the standard POD-LS method.
Hence, the proposed approach has also shown the potential to reduce approximation time
for high-dimensional data. Theoretical analysis of this approach can be considered in the
future to provide a rigorous error bound for the approximation of missing data.
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Abstract

A bi-parametric family of derivative-free optimal iterative methods of order four, for
solving nonlinear equations, is presented. From its error equation, different iterative
schemes with memory can be designed increasing the order of convergence up to six.
This family applied on quadratic polynomials gives us a rational operator whose dynam-
ics is studied. The stability of its fixed points, in terms of the values of the parameters,
its critical points and their associated parameter planes, etc. give us important informa-
tion about which members of the family have good properties of stability and whether
in any of them appear chaos in the iterative process.

Key words: Iterative method, stability, parameter plane, dynamical plane, chaos

1 Introduction

Solving nonlinear equations f(x) = 0, f : I ⊆ R → R, or nonlinear systems F (x) = 0,
F : D ⊆ Rn → Rn, are important problems with interesting applications in many fields of
Science and Engineering. Analytical methods for solving such problems are hardly available
and so, it is only possible to obtain approximate solutions by applying numerical methods
based on iterative algorithms.

Due to the limitations of one-point methods (Chebyshev, Halley, etc.), the multi-point
schemes appear in the literature and have and spectacular development in the last years.
Multi-point iterative methods are defined as methods that require evaluation of f and its
derivatives at a number of values of the independent variable. These methods are divided
into two classes: without and with memory. The methods of the first class have as iterative
expression

xk+1 = Φ(xk), k = 0, 1, 2, . . .
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whilst for the second one

xk+1 = Φ(xk, xk−1, . . .), k = 0, 1, 2, . . .

being Φ(x) the fixed point function.
The main motivation in the construction of new methods is to achieve the highest

computational efficiency; that is, it is desirable to attain as high as possible convergence
order with a fixed number of function evaluations per iteration. In this context, Kung and
Traub presented in [3] a conjecture that says: the order of an iterative method without
memory, which needs d functional evaluations per iteration, is at most 2d−1. When the
order reaches this bound, the method is called optimal.

The basic idea for the construction of multi-point methods with memory was introduced
by Traub [6], who presented a version with memory from the Steffensen’s method. Recently,
based on this method, some schemes with memory have been developed by several authors.
We can see an interesting overview in [5].

In this work, our starting point is the King’s family of fourth-order schemes

yk = xk − f(xk)
f ′(xk)

,

xk+1 = yk − f(xk)+αf(yk)
f(xk)+(α−2)f(yk)

f(yk)
f ′(xk)

,

where α is a disposable parameter. From this class, we design a derivative-free new family of
fourth-order methods, whose error equation allows us to introduce memory in the iterative
expression that increase the order of convergence up to two units. The parameters of the
family give us the possibility to analyze the stability of the different members in terms of
the values of these parameters. By using tools of complex dynamics we analyze the stability
of the fixed points of the rational operator that appears when our family is applied on a
second degree polynomial. The parameter plane associated to each critical point gives us
important information about the stability of the elements of the family and which of them
have unstable behavior.

2 Parametric families of iterative schemes

Following the structure of the King’s family and replacing the derivative by a first order
divided difference we present the following schemes:

yk = xk − f(xk)
f [xk,wk])

,

xk+1 = yk − f(xk)+αf(yk)
µf(xk)+βf(yk)

f(yk)
f [yk,wk]

,
(1)

where wk = xk + γf(xk), with α, β, γ and µ real parameters, γ 6= 0.
The order of convergence of the methods (1) is established in the following result.

Its proof only requires the development in Taylor series of the elements of the iterative
expression and some algebraic manipulations.
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Theorem 1 Let us suppose that f : I ⊆ R → R is a sufficiently differentiable function in
an open interval I and x∗ ∈ I is a simple root of f(x) = 0. If the initial approximation x0
is close enough of x∗, then the iterative schemes (1) have optimal fourth-order convergence
when µ = 1, β = α− 1 and for all nonzero γ, being in this case the error equation

ek+1 = (1 + γf ′(x∗))2c2(2 + α+ αγf ′(x∗)c22 − c3)e4k +O(e5k), (2)

where ek = xk − x∗, k = 0, 1, . . . and cj = 1
j!
f (k)(x∗)
f ′(x∗) , k ≥ 2.

Let us observe that the first factor in the second step of (1) can be considered as a
particular case of a weight function H(t), where t = f(y)/f(x). So, we consider the family

yk = xk − f(xk)
f [xk,wk])

,

xk+1 = yk −H(tk)
f(yk)

f [yk,wk]
,

(3)

where H(t) is a weight function of variable t = f(y)/f(x).
Theorem 1 can be generalized in the following way:

Theorem 2 Let us suppose that f : I ⊆ R → R is a sufficiently differentiable function in
an open interval I and x∗ ∈ I is a simple root of f(x) = 0. If the initial approximation
x0 is close enough of x∗ and function H(t) satisfies the conditions H(0) = H ′(0) = 1 and
H ′′(0) < ∞, then the iterative schemes (3) have optimal fourth-order convergence, for all
nonzero γ, being in this case the error equation

ek+1 = (−1/2)(1 + γf ′(x∗))2c2
(
(−6 + γf ′(x∗)(−2 +H ′′(0)) +H ′′(0))c22 + 2c3

)
e4k +O(e5k),

(4)

where ek = xk − x∗, k = 0, 1, . . . and cj = 1
j!
f (k)(x∗)
f ′(x∗) , k ≥ 2.

Let us observe that family (3) supports the Kung-Traub conjecture, having optimal
efficiency index I = 41/3 ≈ 1.587. On the other hand, by observing the expression of the
error equation (4) we can choose different values of the free disposable parameters in order
to obtain iterative methods with memory, increasing the order of convergence.

Although we can work with both expressions (1) and (3), we are going to introduce
memory in the first of them.

3 Iterative methods with memory

We are going to design derivative-free schemes with memory based on the proposed methods
of the family (1).

From equation (2) we can assure that the order of convergence of family (1) increase up
to six if γ = −1

f ′(x∗) , but the value of f ′(x∗) is not available in practice and such acceleration
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is not possible. However, we can use an approximation f̄ ′(x∗) ≈ f ′(x∗), calculated by using
known information. Therefore, by setting γ = −1/f̄ ′(x∗) we can increase the convergence
order without using new functional evaluations. The main idea in constructing methods
with memory consists of the calculation of the parameter γ = γk as the iteration proceeds
by γk = −1/f̄ ′(x∗), k = 1, 2, . . .. We are going to consider different approximations of
f ′(x∗).

(1) Let N1(t) = N1(t, xk, xk−1) be the Newton’s interpolation polynomial of first degree
through two available approximations xk, xk−1, that is N1(t) = f(xk) + f [xk, xk−1](t− xk),
so

γk =
−1

N ′1(xk)
=

−1

f [xk, xk−1]
= − xk − xk−1

f(xk)− f(xk−1)
,

and the algorithm denoted by MM1(α) can be presented in the following way:

• x0, γ0 are given,

• wk = xk + γkf(xk), k = 0, 1, 2, . . .

• yk = xk − f(xk)
f [xk,wk]

,

• xk+1 = yk − f(xk)+αf(yk)
f(xk)+(α−1)f(yk)

f(xk)
f [yk,wk]

,

where γk = −1
f [xk,xk−1]

and α is a free parameter.

By using Taylor expansions we obtain the following error expression

ek+1 = (2c52 − c32c3)e2k−1e4k +O7(ekek−1),

where O7(ekek−1) indicates that the sum of the exponents of ek−1 and ek in the rejected
terms is at least 7. By applying Theorem 9.2.9 of [4], we establish the following result

Theorem 3 Let x∗ be a simple zero of a sufficiently differentiable function f : I ⊆ R→ R
in an open interval I. If x0 is close enough to x∗ and γ0 is given, then the R-order of
family MM1(α) is at least 2 +

√
6 ≈ 4.45 that corresponds to the positive root of polynomial

p2 − 4p− 2.

(2) Let N2(t) = N2(t, xk, xk−1, yk−1) (can be also used N2(t) = N2(t, xk, xk−1, uk−1)) be
the Newton’s interpolation polynomial of second degree, that isN2(t) = f(xk)+f [xk, xk−1](t−
xk) + f [xk, xk−1, yk−1](t− xk)(t− xk−1), therefore

γk =
−1

N ′2(xk)
=

−1

f [xk, xk−1] + f [xk, xk−1, yk−1](xk − xk−1)
,

and a similar algorithm to the previous one, denoted by MM2(α), can be presented.
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(3) Let N3(t) = N3(t, xk, xk−1, yk−1, uk−1) be the Newton’s interpolation polynomial
of third degree, N3(t) = f(xk) + f [xk, xk−1](t− xk) + f [xk, xk−1, yk−1](t− xk)(t− xk−1) +
f [xk, xk−1, yk−1, uk−1](t− xk)(t− xk−1)(t− yk−1), then

N ′3(xk) = f [xk, xk−1] + f [xk, xk−1, yk−1](xk − xk−1)
+ f [xk, xk−1, yk−1, uk−1](xk − xk−1)(xk − yk−1)

and

γk =
−1

N ′3(xk)
.

The algorithm denoted by MM3(α) can be presented in the following way:

• x0, γ0 are given,

• wk = xk + γkf(xk), k = 0, 1, 2, . . .

• yk = xk − f(xk)
f [xk,wk]

,

• xk+1 = yk − f(xk)+αf(yk)
f(xk)+(α−1)f(yk)

f(xk)
f [yk,wk]

,

where γk = −1
N ′3(xk)

and α is a free parameter.

Theorem 4 Let x∗ be a simple zero of a sufficiently differentiable function f : I ⊆ R→ R
in an open interval I. If x0 is close enough to x∗ and γ0 is given, then the R-order of family
MM3 is at least 6.

Many other approximations of f ′(x∗) are possible, but they either are of sixth order
(with more computational cost) or lower than six.

Let us observe that family (1) has two free parameters γ and α. In the next section, we
analyze the stability of the elements of the family taking into account the values of these
parameters.

4 Dynamical analysis

In order to study the dynamical behavior of the proposed schemes, the recall of some
fundamentals is mandatory. Further explanations can be found in [1, 2].

Let M : R→ R be a rational function. The orbit of a point x0 ∈ R is defined as the set
{x0,M(x0),M

2(x0), . . . ,M
n(x0), . . .}. A point x0 is a fixed point, xF0 , of M if M(xF0 ) = xF0 .

The multiplier |M ′(xF0 )| classifies the fixed points in attracting, repelling, or neutral if its
value is lower than, greater than, or equal to 1, respectively. xF0 is called superattracting
when M ′(xF0 ) = 0.
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The basin of attraction of an attracting fixed point x∗, A(x∗), is defined as the set of
pre-images of any order such that

A(x∗) = {x0 ∈ R : Mn(x0)→ x∗, n→∞} . (5)

The Fatou set, F(M), includes the points whose orbits tend to an attracting point
x∗. The Julia set, J (M), is its complementary. It covers the repelling points and sets the
borders between the basins of attraction.

The fixed point operator of the biparametric family (1) is

Mf (x) = y − f(x) + αf(y)

f(x) + (α− 1)f(y)

f(y)

f [y, w]
, (6)

where w = x+ γf(x) and y = x− f(x)
f [x,w] .

We are going to analyze the dynamical behavior of the rational function obtained when
family (1) is applied on f(x) = x2−1. In this case, expression (6) is Mf (x) = N11(x)

D10(x)
, where

N11(x) and D10(x) are polynomials of degrees 11 and 10, respectively, depending on x, α
and γ.

There are 10 fixed points of Mf (x). xF1,2 = x∗1,2 = ±1 are superattracting points, while

xF3−10(α, γ) are the roots of an 8th-degree polynomial: xF3,4 ∈ R, xF5−10 ∈ C. Since our

purpose is the study of the real dynamics, xF5−10 are rejected. The evaluation of |M ′f (xF3,4)|
establishes the behavior of these points. For different values of α and γ, xF3,4 have different
dynamical features, as the stability plane of Figure 1 represents. A mesh of 100×100 points
covers the values of α ∈ [−2, 2], γ ∈ [−2, 2]. The white area represents where the multiplier
is lower than 1, while the corresponding black represents where the multiplier is greater than
1. Its dynamical meaning is immediate, since white and black regions represent attracting
and repelling behavior, respectively.

(a)

-2 -1 0 1 2

-2

-1

0

1

2

(b)

-2 -1 0 1 2

-2

-1

0

1

2

Figure 1: Stability plane of (a) xF3 and (b) xF4 .
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Therefore, xF3 has both behaviors, depending on the value of α and γ. For assuring
the convergence of the method to x∗1,2, white areas must be avoided. In addition, it is not
difficult to prove that the infinity is also an attracting fixed point.

Computing |M ′f (x)| = 0, 16 critical points can be found. As expected, xC1,2 = x∗1,2.

xC3,4 = −1±γ
γ are pre-images of x∗1,2. x

C
5−10 ∈ R depend on the values of α and γ. Finally,

xC11−16 ∈ C are left out of the study since we are only interested in real dynamics.

A classical result (due to Fatou and Julia) establishes that there is at least one critical
point associated with each invariant Fatou component, so it is interesting to analyze the
behavior of each free critical point (critical point different to the roots of the polynomial)
used as initial estimation for all the elements of the family.

(a)

-2 -1 0 1 2

-2

-1

0

1

2

(b)

-2 -1 0 1 2

-2

-1

0

1

2

(c)

-2 -1 0 1 2

-2

-1

0

1

2

(d)

-2 -1 0 1 2

-2

-1

0

1

2

(e)

-2 -1 0 1 2

-2

-1

0

1

2

(f)

-2 -1 0 1 2

-2

-1

0

1

2

Figure 2: Parameter planes of (a) xC5 , (b) xC6 , (c) xC7 , (d) xC8 , (e) xC9 , and (f) xC10 (red: x∗1,
green: x∗2, blue: x∗∞, black: other).

The parameter plane represents the family of methods Mf (x), where each point (α, γ)
stands for an individual method. If the orbit of the free critical point tends to −1, 1, or ∞,
the point is colored in red, green, or blue, respectively. If xC does not converge to any of
those points, the point is colored in black. Figure 2 shows the parameter planes of xC5−10.

The unified parameter plane represented in Figure 3 gathers in one image the main

c©CMMSE ISBN: 978-84-617-8694-7Page 582 of  2288



King-type iterative methods

information of Figure 2. It is composed by the superposition of the black regions. In this
way, the election of a point in the white region guarantees that the corresponding scheme
tends to ±1 or ∞, while the set of methods in the black region do not.

-2 -1 0 1 2

-2

-1

0

1

2

Figure 3: Unified parameter plane of xC5−10.

In order to visualize the behavior of each method, the dynamical line is introduced.
Analogously to the dynamical plane for complex variable, the dynamical line represents the
basins of attraction, plotting in different colors where the orbit of each initial estimation
tends. In coherence to Figure 2, the red color is assigned to those initial approximations
that tends to x∗1 = −1. Analogously, the green color to x∗2 = 1, the blue color to x∗ =∞ and
the black one to those initial guess that tends to a point different than the previous three.
The final orbit of 1001 initial values of x ∈ [−2, 2] has been calculated, and the convergence
to a point is set when its distance is lower than 10−3.

Figure 4 represents the dynamical line of a set of methods whose orbits tend to −1, 1,
or ∞, i.e., methods that belong to the white area of the unified parameter plane. On the
contrary, Figure 5 shows methods whose points also tend to another fixed point.

Note that every point in Figure 4 tends to one of the attracting points. However, when
a value of (α, γ) of the black region of Figure 3 is chosen, some points tend to a different
point. For instance, these points can be found in Figures 5(a-d) for x0 = −0.2, x0 = 0.2,
x0 = −0.28 and x0 = 0.28, respectively.

As expected from the attracting area of xF3 and the unified parameter plane, the election
of methods with α > 0 is capital, as proved in Figures 4 and 5.
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(d) (e) (f)
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Figure 4: Dynamical lines of methods with (a) (α, γ) = (0.5, 0.05), (b) (α, γ) = (0.5, 1),
(c) (α, γ) = (0.5, 2), (d) (α, γ) = (1, 0.05), (e) (α, γ) = (1, 1), (f) (α, γ) = (1, 2), (g)
(α, γ) = (2, 0.05), (h) (α, γ) = (2, 1), (i) (α, γ) = (2, 2) (red: x∗1, green: x∗2, blue: x∗∞).

-2 -1 0 1 2
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x
-2 -1 0 1 2

x

(c) (d)

Figure 5: Dynamical lines of methods with (a) (α, γ) = (−0.5,−0.5), (b) (α, γ) =
(−0.5, 0.5), (c) (α, γ) = (−1,−0.5), (d) (α, γ) = (−1, 0.5) (red: x∗1, green: x∗2, blue: x∗∞,
black: other).
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Abstract

Solutions of the problems of disintegration of an arbitrary discontinuity of the gen-
eralized Hopf equation are under analysis. These solutions are constructed from the
sequence of non-tipping Riemann waves and shock waves having the stable stationary
or non-stationary structure.

Key words: special discontinuity, Hopf equation, problems of disintegration of an

arbitrary discontinuity

1 Introduction

In [1, 2], devoted to investigation of the solutions of the Hopf equations with complex
nonlinearity, for selection of discontinuities, which have been used for construction of the
solution, the request of existence of the stationary structure of the discontinuity has been
posed. The structure of discontinuities has been described by the generalized (in the sense
of nonlinearity) Korteweg-de Vries-Burgers equation. Appearance of the resent works [3, 4],
in which spectral stability of the solutions describing the structure is investigated, makes
it possible to include effectively in the notion of the permissible discontinuity the claim of
stability of its structure and from this point of view revise before obtained results. We
call admissible (i. e. realizable in practice for disintegration of an arbitrary discontinuity)
discontinuities with structure, having stability property.

Introduction of the request of stability of the structure in the notion of admissibility
of discontinuities results in cutting down the set of admissible discontinuities, described in
[1, 2], and eliminate non-uniqueness of the solution of the problem about disintegration of
the arbitrary shock, discovered in previous investigations [1]. Furthermore, for construction
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of the solution of the problem we have used the discontinuities with structure, containing the
internal periodic oscillations (non-stationary structures). Variation of the quantities in such
discontinuities may not coincide with variation of the quantities in any discontinuities with
stationary structure. It has been shown [5] that the solution of the problem of disintegration
of the arbitrary discontinuity in this setting always uniquely exists.

2 Discontinuities with a stationary structure

RWe consider the generalized KdVB equation

∂v

∂t
+

∂ϕ(v)

∂x
= µ

∂2v

∂x2
−m

∂3v

∂x3
, (1)

m,µ = const, v = v(x, t).

On the right hand side of the equation (1) the term, containing the coefficient m, describes
dispersion effects (the coefficient m is the parameter of dispersion). We assume everywhere
throughout the paper that m > 0. The term, containing the coefficient µ, takes into account
viscous effects and it determines dissipation in the system (the coefficient µ is the parameter
of dissipation).

In this paper we use the following potential

ϕ(v) = v4 − v2. (2)

The characteristic property of this potential appears to be the presence of two points where
the second derivative changes its sign. We study stability of traveling waves representing
discontinuity structures obeying the equation

∂v

∂t
+

∂ϕ(v)

∂x
= 0, (3)

which is the formal limit of (1), when we consider processes characterized by a large spatial
scale L ( then both terms on the right hand side of (1) become small in comparison with
the terms on the left hand side).

Equation (3) can be called the generalized Hopf equation; it can be transformed into
the known Hopf equation when ϕ(v) is a quadratic function of v.

Equation (3) (as well as (1)) expresses the conservation law, consequently the corre-
sponding relation on the discontinuity can be written in the following form:

W =
[ϕ(v)]

[v]
. (4)
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Here W is the speed of the discontinuity, and quadratic brackets denote the difference of
functions in front of the discontinuity and behind it.

Make the change of variables in (1) for µ 6= 0

t → t
√
m, x → x

√
m, γ =

√
m/µ, ϕ(v) = f(u− 1), v = u− 1. (5)

Equation (1) takes the form

∂u

∂t
+

∂f(u)

∂x
+

∂3u

∂x3
=

1

γ

∂2u

∂x2
. (6)

The stationary structure of the discontinuity is described by the following equations:

u = u(ξ), ξ = x−Wt,

d2u

dξ2
− 1

γ

du

dξ
= Wu− f(u), (7)

lim
ξ→−∞

u(ξ) = ul, lim
ξ→+∞

u(ξ) = ur.

If a solution of (7) exists, then from the point of view of the large scale of the length it
has to represent a discontinuity with a stationary structure, where u = ur and u = ul are
the states in front of the discontinuity (ξ > 0) and behind the discontinuity (ξ < 0). The
states ul and ur satisfy the relations (4) and they represent, therefore, the states, in front
of a discontinuity and behind it corresponding to the conservation law. We assume that
the state in front of a discontinuity is taken in the form ur = 0.

Construction of numerous discontinuities, having the stationary structure is specified,
which are caused, besides dispersion and dissipation, also by the complex nonlinearity which
is given by the potential (2). When the function f(u) is given in such a way, among
the solutions of the equation (1) special discontinuities are possible. A discontinuity is
called special when its structure represents a heteroclinic phase curve, connecting in the
(u, du/dξ) -plane two singular points of the saddle type (one of these points corresponds
to the state in front of the discontinuity, and the other corresponds to the state behind
the discontinuity). The number of special discontinuities increases when γ grows [6]. In
this setting, the entire set of discontinuities with stationary structure varies and becomes
more complex. This set consists of special and non-special discontinuities. The structure of
the non-special discontinuity represents the phase curve, connecting two stationary points:
the saddle (corresponds to the state in front of a discontinuity) and the focus or the node
(corresponds to the state behind a discontinuity).
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3 Linear stability of heteroclinic solutions

For investigation of linear stability of heteroclinic stationary solutions of (6), we look for a
solution of the form [7, 8, 9]

u(x, t) = U(ξ) + w(ξ, t). (8)

The function w(ξ, t) satisfies the linearization of equation (7), i. e.,

∂w

∂t
=

∂

∂ξ

(

− ∂2w

∂ξ2
+

1

γ

∂w

∂ξ
+ (W − f ′(U(ξ)))w

)

, f ′(U) =
df(U)

dU
. (9)

The function U(ξ) satisfies the equation (7) and obeys the conditions

lim
ξ→−∞

U(ξ) = ul, lim
ξ→+∞

U(ξ) = 0.

D e f i n i t i o n 2. The solution U(ξ) of equation (7) is called spectrally (linearly) unstable
if there exists a solution of (9) of the form

w(ξ, t) = eλtY (ξ) (10)

with Reλ > 0, Y (ξ) → 0 for ξ → ±∞.

4 Conclusion and Discussion

Solution of problems which are described by systems of nonlinear hyperbolic equations
necessarily involve discontinuities, and their proper treatment can cause considerable diffi-
culties. A problem of this type is considered in the present work. The mentioned difficulties
are associated with theoretical selection of the admissible discontinuities, i. e. discontinu-
ities that can exist in real media. The naturally occurring requirement for discontinuous
solutions obeying nonlinear hyperbolic equations ( here we consider the Hopf equation (3))
is the convention that the discontinuities represent the singular limit of solutions to compli-
cated equations, when terms describing small scale processes are taken into consideration
(in concrete physical problems, these terms have to correspond to the real processes). In
this paper the complicated problem is represented by the equation (1). Previously, the exis-
tence of a stationary discontinuity structure has been used as an admissability requirement
in many works (see, for example, [1, 6, 10, 11]). However, solutions of standard self-similar
problems constructed with the help of so defined admissible discontinuities turned out to
be non-unique [1].

In this work we modified the notion of an admissible discontinuity and considered the
solutions of the equations (3), (1) from a new point of view. Specifically, admissible dis-
continuities were treated as discontinuities with a stable structure, which can be stationary
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or periodic in time. Accordingly, discontinuities with stationary unstable structures were
excluded from the set of discontinuities regarded previously as admissible, while disconti-
nuities with stable and time-periodic structures were added to this set (their stability and
periodicity were verified by direct numerical computation). As a result we showed that the
solution of the problem of arbitrary discontinuity disintegration constructed in this work
uniquely exists for all parameter values. This was done using an example of the KdVB
equation with the potential providing the existence of a rich set of front solutions to the
equation. Non-uniqueness in the problem of arbitrary discontinuity disintegration more
or less frequently occurs in continuum mechanics and physics. Gas dynamics with non-
standard equations of state gives such an example [12]. The other famous example is an
elastic media. Wave processes there are described, as a rule, by a hyperbolic system of equa-
tions and hence, inevitably discontinuities appear, which, unlike usual gas dynamics, occur
to be non unique, giving thereby a fundamental example of non-uniqueness of shock wave
in mechanics of continuous media [2]. Therefore, in this field the question about selection of
admissible discontinuous solutions (shock waves) is extremely important. In this sense, the
criterion of uniqueness we obtained can be used for the unique selection of front solutions
and simple waves) which solve the problem of arbitrary discontinuity disintegration in a
wide class of media which are described by hyperbolic systems of equations.

The results of our study were achieved in in several steps.

• The form of the discontinuous solutions with a structure dependending on a physical
parameter of the problem (namely, the relation between dispersion and dissipation)
was described. The types of these solutions and their properties were examined.

• The dynamical (spectral) stability of these solutions was analysed.

• The problem of arbitrary discontinuity disintegration was solved using admissible
discontinuities with either a stationary or non-stationary structure in time asymptotics
of the initial discontinuity.
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Abstract

In this paper we propose an efficient numerical method to solve parabolic initial-
boundary two dimensional coupled singularly perturbed systems of reaction-diffusion
type. The diffusion parameter, which can be sufficiently small, is the same in all the
equations of the system. In general, the exact solution of the problem has parabolic
boundary layers at the boundary of the spatial domain. The fully discrete scheme com-
bines a splitting or additive scheme, to discretize in time, and the classical central finite
difference scheme, to discretize in space. Then, if the time derivatives are discretized
on a uniform mesh and the spatial derivatives on a special piecewise uniform mesh of
Shishkin type, the method is uniformly convergent, having first order in time and al-
most second order in space. Some numerical results are showed, which corroborate in
practice the good theoretical properties of the method.

Key words: 2D parabolic systems, reaction-diffusion, additive methods, piecewise
uniform meshes, uniform convergence
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1 Introduction

In this work we are interested in approximating the solution of two dimensional parabolic
singularly perturbed coupled reaction-diffusion systems of ` equations, given by{

Lεu ≡
∂u

∂t
(x, t) + Lx,εu(x, t) = f(x, t), (x, t) ∈ Q = Ω× (0, T ],

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ], u(x, 0) = 0, x ∈ Ω,
(1)
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where Ω = (0, 1)2 and the spatial differential operator Lx,ε is defined as

Lx,εu ≡ −D∆u +Au, (2)

withD = diag(ε, . . . , ε), A(x, t) = (aij(x, t)), i, j = 1, 2, . . . , `. We assume that the diffusion
parameter ε, 0 < ε ≤ 1, can be sufficiently small, that the reaction matrix A is an M -matrix,
i.e., for (x, t) ∈ Q it satisfies

∑̀
j=1

aij ≥ α > 0, aii > 0, i = 1, 2, . . . , `, aij ≤ 0, if i 6= j, (3)

and also that the components of the right-hand side of the differential equation, f(x, t) =
(f1(x, t), f2(x, t), . . . , f`(x, t))

T , and the reaction matrix A are sufficiently smooth functions,
which satisfy sufficient compatibility conditions, in order to guarantee that the exact solution
u ∈ C4,2(Q).

There exists many works in the literature (see for instance [2, 3, 7, 8] and references
therein), where 1D singularly perturbed systems of reaction-diffusion type, in both elliptic
or parabolic case, are analyzed. In those papers, the time variable is discretized by using the
backward Euler method, on a uniform mesh, and the spatial variable is discretized by the
classical central finite difference scheme, defined on a piecewise uniform mesh of Shishkin
type. Then, the resulting schemes are uniformly convergent in both variables. At each time
level of the time discretization, the numerical approximation is obtained by solving a linear
system which requires a high computational cost, due to the components of the discrete
solution are coupled. In order to reduce this computational cost, it is very convenient to
use techniques that decouple the components. This idea is used in [1], where a splitting (or
additive) scheme, defined on a uniform mesh, is used to discretize in time. Here, we are
interested in extending this idea to the class of problems (1), where the dimension of the
spatial variable makes considerably more difficult the resolution of the continuous problem.

In [5, 6, 9] the case of 2D elliptic singularly perturbed systems is analyzed; from those
papers, it follows that parabolic boundary layers, of width O(

√
ε), appear at the boundary

∂Ω of the spatial domain. Similarly to the case of parabolic problems with a single equation
(` = 1), parabolic boundary layers are expected in the exact solution of problem (1).
Therefore, uniformly convergent methods are necessary to find accurate approximations to
the solution for any value of the diffusion parameter, with a number of grid points which is
also independent of ε.

The paper is organized as follows. In Section 2 we construct the fully discrete scheme,
which combines an additive method to discretize in time and the central finite difference
scheme to discretize in space; we also give the result proving the uniform convergence, with
respect to the diffusion parameter, of the numerical method. In Section 3, some results
obtained for different test problems are showed, which corroborate, from a numerical point
of view, the order of uniform convergence of the method.
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2 The fully discrete scheme: uniform convergence

The analysis of the asymptotic behavior of the exact solution, following similar ideas and
techniques as in [5, 6] for systems of elliptic reaction-diffusion equations, shows that the
solution of (1) has parabolic boundary layers at the boundary of the spatial domain. Then,
to approximate that solution we need an efficient numerical scheme.

The first step to construct this method is the time discretization. For that, we consider
a uniform mesh, ωM = {tm = mτ, 0 ≤ m ≤M, τ = T/M}, and the discretization is given
by

z0 = u(x, 0) = 0,
For m = 0, 1, · · · ,M − 1,
τ−1(zm+1 − zm)−D∆zm+1 +Mm+1zm+1 −Nm+1zm = fm+1, in Ω,
zm+1 = 0, on ∂Ω,

(4)

where fm+1 = f(x, tm+1), m = 0, 1, · · · ,M − 1, the operator Mm+1 is given by

Mm+1(x) =


a11(x, tm+1) 0 · · · · · · 0
a21(x, tm+1) a22(x, tm+1) 0 · · · 0

...
...

. . .
...

am1(x, tm+1) am2(x, tm+1) · · · · · · amm(x, tm+1)

 (5)

and Nm+1(x) =Mm+1(x)−Am+1(x). In this way, at the time level tm+1 the components
of the vector unknown zm+1 are decoupled.

To obtain the fully discrete method, we discretize (4) with the classical central difference

scheme, which is defined on a piecewise uniform mesh, Ω
N ≡ Ix,ε,N×Iy,ε,N , given as a tensor

product of one dimensional piecewise uniform Shishkin meshes, Ix,ε,N = {0 = x0 < . . . <
xN = 1}, Iy,ε,N = {0 = y0 < . . . < yN = 1}, where N , the discretization parameter, is
a positive integer. We only give the details of the construction of Ix,ε,N and similarly can
be done for Iy,ε,N . For simplicity in the presentation, we take the same value N for both
spatial variables, but a similar result follows in the case that the number of grid points at
each spatial direction is different.

We know that parabolic boundary layers of width O(
√
ε) appear in ∂Ω; so, the grid

points must condense in the boundary layer regions. In this paper, we choose a piecewise
uniform mesh of Shishkin type. Then, in the x-spatial variable, the grid points of the mesh
are given by (see [4])

xj =


jh, j = 0, . . . , N/4,
xN/4 + (j −N/4)H, j = N/4 + 1, . . . , 3N/4,

x3N/4 + (j − 3N/4)h, j = 3N/4 + 1, . . . , N,
(6a)

where h = 4σ/N, H = 2(1− 2σ)/N , and the transition parameter σ is defined by

σ = min
{

1/4,
√
ε lnN

}
. (6b)
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We denote by Q
N,M

= Ω
N ×ωM the corresponding grid for the (x, t)-variables, by QN,M =

Q
N,M ∩ Q, ∂ΩN,M = Q

N,M\QN,M , and by U = {U0, . . . ,UM} the vector numerical ap-

proximation on the grid Q
N,M

. Thus, u(x, tm) ≈ Um(x) with x ∈ QN,M
.

The fully discrete scheme is defined as

U0 = 0,
For m = 0, 1, · · · ,M − 1,
τ−1(Um+1 −Um)−D

(
δ2x + δ2y

)
Um+1 +Mm+1Um+1 −Nm+1Um = fm+1, in QN,M ,

Um+1 = Um+1 = 0, on ∂ΩN,M ,
(7)

where

δ2xZi,j =
2

hi + hi+1

(
Zi+1,j − Zi,j

hi+1
− Zi,j − Zi−1,j

hi

)
,

δ2yZi,j =
2

hj + hj+1

(
Zi,j+1 − Zi,j

hj+1
− Zi,j − Zi,j−1

hj

)
,

are the standard approximations of the second order derivative, at each spatial variable on
a nonuniform mesh, with hi = xi − xi−1, hj = yj − yj−1, i, j = 1, . . . , N .

The proposed numerical scheme decouples the ` components of the vector problem and
then ` discrete problems are solved at each time level. Each discrete problem approximates
one of the unknowns using a five-point approximation whose associated N ×N matrix is a
tridiagonal block matrix.

The following result proves the uniform convergence of the fully discrete scheme, having
first order in time and almost second order in space.

Theorem 1 Let U be the numerical solution of (7) on Q
N,M

using a uniform mesh in
time and the piecewise uniform Shishkin mesh (6) in space, and let u be the solution of the
continuous problem (1). Then, the following error bound is satisfied

max
0≤m≤M

max
x∈QN,M

|Um(x)− u(x, tm)| ≤ C(M−1 + (N−1 lnN)2), (8)

where C is a positive constant independent of the diffusion parameter ε and the discretization
parameters N and M .

3 Numerical results

In this section we show the numerical results obtained for some test problem of type (1).
The first example is defined when the reaction matrix and the right-hand side are

A =

(
1 + t(x+ y) −t sin(x+ y)
t(cos(xy)− 1) (t+ 1)(1 + xy)

)
, f =

(
t2(x2 + y2)
(1− e−t) cos(x+ y)

)
, (9)
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and the final time is T = 1. The exact solution of problem (1) and (9) is unknown.

Figure 1 displays the numerical solution, at t = 0.5 and t = 1, using the scheme
(7) when the discretization parameters are N = 64, M = 32 and the diffusion parameter
is ε = 10−4. From it, we clearly see the boundary layers at the four sides of the spatial
domain.

Figure 1: Components u1 (first row) and u2 (second row) at t = 0.5 (left figures) and t = 1
(right figures) of problem (1) and (9) for ε = 10−4 with N = 64 and M = 32
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As the exact solution is unknown, we cannot calculate exactly the errors; to approximate
them, we use a variant of the double-mesh principle (see [4]). Then, the maximum errors
for each value of ε are approximated by

dN,M
ε = max

0≤m≤M
max

0≤i,j≤N
|Um

i,j − Û2m
2i,2j |,

where {Ûm
i,j} is the numerical solution on a finer mesh {(x̂i, ŷj , t̂m)} , which has the mesh
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points of the coarse mesh and their midpoints, i.e.,

x̂2i = xi, i = 0, . . . , N, x̂2i+1 = (xi + xi+1)/2, i = 0, . . . , N − 1,
ŷ2j = yj , j = 0, . . . , N, ŷ2j+1 = (yj + yj+1)/2, j = 0, . . . , N − 1,

t̂2m = tm, m = 0, . . . ,M, t̂2m+1 = (tm + tm+1)/2, m = 0, . . . ,M − 1.
(10)

From the maximum two-mesh differences dN,M
ε , we obtain the ε-uniform two-mesh differ-

ences by
dN,M = max

ε
dN,M
ε .

From the approximated maximum errors dN,M
ε , in a standard way, the numerical orders of

convergence, for each value of ε, are calculated by

pN,M
ε = log

(
dN,M
ε /d2N,2M

ε

)
/log 2,

and from the approximated uniform maximum errors dN,M , the numerical uniform orders
of convergence are calculated by

pN,M = log
(
dN,M/d2N,2M

)
/log 2.

Tables 1 and 2 show the maximum two-mesh differences and the orders of convergence
for components u1 and u2 respectively; from them, we clearly deduce that the method is
first-order uniformly convergent. Moreover, we can conclude that the errors associated with
the time discretization dominate into the global error of the numerical method.

In Tables 3 and 4 the discretization parameters are multiplied by different factors so
that the errors associated with the space discretization dominate into the global errors. The
space and time discretization parameters are multiplied by a factor of 2 and 4, respectively.
The computed orders of convergence now show almost second order of convergence, in
agreement with Theorem 1.

In the second example the reaction matrix and the right-hand side are

A =

 ex+y −(x+ y) −tx
−(x+ y) (t+ 1)(3 + x+ y) −t sin(y)
−tx −t sin(y) et(2 + cos(x+ y))

 , f =

 txy
(1− e−t) sin(xy)
(t+ 1) cos(x+ y)

 ,

(11)
and the final time is again T = 1. The computed solutions with the finite difference
scheme (7) at t = 0.5 and t = 1 are displayed in Figure 2. These surfaces show the presence
of boundary layers in the three components of the solution.

Similarly to the previous example, we show the numerical results for each component in
separate tables. The maximum two-mesh differences and the orders of convergence for ui,
i = 1, 2, 3 are given in Tables 5-7 respectively, where the discretization parameters N and
M are multiplied by a factor of 2. The ε-uniform computed orders of convergence shows
first order, and it again agrees with Theorem 1.
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Table 1: Test problem (1) and (9): Maximum and uniform two-mesh differences and their
orders of convergence for the component u1

N=16 N=32 N=64 N=128
M=12 M=24 M=48 M=96

ε = 1 1.240E-4 4.184E-5 2.772E-5 1.637E-5
1.568 0.594 0.759

ε = 10−1 2.419E-3 1.353E-3 7.130E-4 3.659E-4
0.838 0.924 0.962

ε = 10−2 8.373E-3 3.616E-3 1.857E-3 9.448E-4
1.211 0.962 0.975

ε = 10−3 1.101E-2 5.750E-3 2.594E-3 1.296E-3
0.937 1.148 1.001

ε = 10−4 1.251E-2 6.035E-3 2.946E-3 1.464E-3
1.052 1.035 1.009

ε = 10−5 1.299E-2 6.283E-3 3.084E-3 1.528E-3
1.047 1.027 1.013

ε = 10−6 1.313E-2 6.361E-3 3.129E-3 1.551E-3
1.046 1.023 1.012

ε = 10−7 1.318E-2 6.386E-3 3.143E-3 1.559E-3
1.045 1.023 1.011

ε = 10−8 1.320E-2 6.393E-3 3.148E-3 1.562E-3
1.045 1.022 1.011

ε = 10−9 1.320E-2 6.396E-3 3.149E-3 1.563E-3
1.045 1.022 1.011

ε = 10−10 1.320E-2 6.397E-3 3.150E-3 1.563E-3
1.045 1.022 1.011

d
N,M
1 1.320E-2 6.397E-3 3.150E-3 1.563E-3

p
N,M
1 1.045 1.022 1.011
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Table 4: Test problem (1) and (9): Maximum and uniform two-mesh differences and their
orders of convergence for the component u2

N=16 N=32 N=64 N=128
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1.996 1.994 1.976
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d
N,M
2 3.107E-3 1.386E-3 5.646E-4 2.040E-4

p
N,M
2 1.165 1.295 1.469

Table 5: Test problem (1) and (11): Maximum and uniform two-mesh differences and their
orders of convergence for the component u1

N=16 N=32 N=64 N=128
M=8 M=16 M=32 M=64

ε = 1 2.026E-4 6.121E-5 2.165E-5 1.117E-5
1.727 1.499 0.955

ε = 10−1 1.567E-3 5.514E-4 2.875E-4 1.468E-4
1.507 0.939 0.970

ε = 10−2 9.990E-3 3.609E-3 1.049E-3 3.086E-4
1.469 1.783 1.765

ε = 10−3 1.125E-2 6.274E-3 2.585E-3 9.934E-4
0.842 1.280 1.379

ε = 10−4 1.131E-2 6.306E-3 2.593E-3 9.970E-4
0.842 1.282 1.379

ε = 10−5 1.132E-2 6.315E-3 2.596E-3 9.980E-4
0.843 1.282 1.379

ε = 10−6 1.133E-2 6.318E-3 2.597E-3 9.984E-4
0.843 1.283 1.379

ε = 10−7 1.133E-2 6.319E-3 2.597E-3 9.985E-4
0.843 1.283 1.379

ε = 10−8 1.133E-2 6.319E-3 2.597E-3 9.985E-4
0.843 1.283 1.379

ε = 10−9 1.133E-2 6.320E-3 2.597E-3 9.985E-4
0.843 1.283 1.379

ε = 10−10 1.133E-2 6.320E-3 2.597E-3 9.985E-4
0.843 1.283 1.379

d
N,M
1 1.133E-2 6.320E-3 2.597E-3 9.985E-4

p
N,M
1 0.843 1.283 1.379
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Figure 2: Components u1 (first row), u2 (second row) and u3 (third row) at t = 0.5 (left
figures) and t = 1 (right figures) of problem (1) and (11) for ε = 10−4 with N = 64 and
M = 32
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Table 6: Test problem (1) and (11): Maximum and uniform two-mesh differences and their
orders of convergence for the component u2

N=16 N=32 N=64 N=128
M=8 M=16 M=32 M=64

ε = 1 6.031E-5 3.204E-5 1.673E-5 8.587E-6
0.913 0.938 0.962

ε = 10−1 7.733E-4 3.863E-4 1.933E-4 9.683E-5
1.001 0.999 0.998

ε = 10−2 1.578E-3 6.477E-4 3.220E-4 1.613E-4
1.284 1.008 0.998

ε = 10−3 2.045E-3 1.135E-3 4.834E-4 2.302E-4
0.850 1.231 1.071

ε = 10−4 2.392E-3 1.135E-3 5.473E-4 2.711E-4
1.076 1.052 1.013

ε = 10−5 2.509E-3 1.198E-3 5.834E-4 2.880E-4
1.066 1.038 1.018

ε = 10−6 2.546E-3 1.219E-3 5.960E-4 2.944E-4
1.062 1.033 1.017

ε = 10−7 2.558E-3 1.226E-3 6.000E-4 2.967E-4
1.061 1.031 1.016

ε = 10−8 2.562E-3 1.228E-3 6.013E-4 2.975E-4
1.061 1.030 1.015

ε = 10−9 2.563E-3 1.229E-3 6.017E-4 2.977E-4
1.061 1.030 1.015

ε = 10−10 2.563E-3 1.229E-3 6.018E-4 2.978E-4
1.060 1.030 1.015

d
N,M
2 2.563E-3 1.229E-3 6.018E-4 2.978E-4

p
N,M
2 1.060 1.030 1.015

Table 7: Test problem (1) and (11): Maximum and uniform two-mesh differences and their
orders of convergence for the component u3

N=16 N=32 N=64 N=128
M=8 M=16 M=32 M=64

ε = 1 3.183E-4 1.844E-4 9.879E-5 5.106E-5
0.787 0.901 0.952

ε = 10−1 3.082E-3 1.544E-3 7.713E-4 3.853E-4
0.997 1.002 1.001

ε = 10−2 6.155E-3 3.176E-3 1.624E-3 8.220E-4
0.955 0.967 0.983

ε = 10−3 8.837E-3 4.377E-3 2.210E-3 1.110E-3
1.014 0.986 0.993

ε = 10−4 1.001E-2 4.927E-3 2.472E-3 1.238E-3
1.023 0.995 0.997

ε = 10−5 1.039E-2 5.128E-3 2.570E-3 1.286E-3
1.019 0.997 0.999

ε = 10−6 1.051E-2 5.199E-3 2.605E-3 1.302E-3
1.016 0.997 1.000

ε = 10−7 1.055E-2 5.222E-3 2.617E-3 1.308E-3
1.015 0.997 1.000

ε = 10−8 1.056E-2 5.229E-3 2.621E-3 1.310E-3
1.015 0.996 1.000

ε = 10−9 1.057E-2 5.231E-3 2.622E-3 1.311E-3
1.015 0.996 1.000

ε = 10−10 1.057E-2 5.232E-3 2.623E-3 1.311E-3
1.014 0.996 1.000

d
N,M
3 1.057E-2 5.232E-3 2.623E-3 1.311E-3

p
N,M
3 1.014 0.996 1.000
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Abstract

In this work we derive important properties regarding matrix invariants which occur
in the theory of differential equations with reflection.
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1 Introduction

In recent works regarding the solution and Green’s functions of Differential Equations with
Reflection (see for instance [1–3, 8]) the strong relation between linear analysis and linear
algebra is highlighted. In particular, in the most recent of the aforementioned works, the
authors obtain an explicit fundamental matrix for the system of differential equations with
reflection

Hu(t) := Fu′(t) +Gu′(−t) +Au(t) +Bu(−t) = 0, t ∈ R, (1.1)

where n ∈ N, A,B, F,G ∈Mn(R) and u : R→ Rn. To be precise, they prove the following
result.

Theorem 1.1 ( [3]). Assume F −G and F +G are invertible. Then

X(t) :=

∞∑
k=0

Ekt2k

(2k)!
− (F +G)−1(A+B)

∞∑
k=0

Ekt2k+1

(2k + 1)!
,

where E = (F−G)−1(A−B)(F+G)−1(A+B), is a fundamental matrix of problem (1.1). If
we further assume A−B and A+B are invertible, then E is invertible and we can consider
a square root Ω of E. Then,

X(t) = cosh Ωt− (F +G)−1(A+B)Ω−1 sinh Ωt.
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What is more, in another recent work the authors proved an analog of the Liouville’s
formula for the case with reflections in systems of order two.

Theorem 1.2 (Abel-Jacobi-Liouville Identity [5]). Let n = 2 in equation (1.1). Then
(|X|, |X ′|) is the unique solution of the system of differential equations

x′′ = tr(E)x− 2y,

y′′ =− 2|E|x+ tr(E)y,

subject to the one point conditions

x(0) = 1, y(0) = |M+|, x′(0) = − tr(M+), y′(0) = tr(Adj(M+)E).

The authors also presented in that work the following conjecture:

Conjecture 1.3. For any n ≥ 1, if X(t) is a fundamental matrix of problem (1.1), then
|X(t)| can be obtained as a component of the solution of a linear system of differential
equations with constant coefficients, those coefficients depending only on the different matrix
invariants of E, which is defined as in Theorem 1.1.

In order to attempt proving this conjecture, and taking into account the proof of The-
orem 1.2, we need to study the different matrix invariants of the matrices appearing in the
theory.

2 The Y matrix

For X(t) the fundamental matrix of the problem, define

Y (t) := X(t)−1X ′(t). (2.1)

We have that X = S1 − M+S2 where S1 and S2 s are power series in E which we can
formally give, by using Ω =

√
E, as S1 = cosh(Ωt), S2 = Ω−1 sinh(Ωt).

Notice both are indeed power series in Ω2 = E. Since X ′′ = XE and (Y −1)′ =
−Y −1Y ′Y −1 we have that

Y ′ = E − Y 2. (2.2)

Using the construction of [6] we build an associated ODE system

z′ =

(
0 E
I 0

)
z.

The system has as fundamental matrix(
cosh(Ωt) Ω−1 sinh(Ωt)

Ω sinh(Ωt) cosh(Ωt)

)
.
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The solution of equation (2.2) is then given by

Y (t) = [cosh(Ωt)Y (0) + Ω sinh(Ωt)]
[
Ω−1 sinh(Ωt)Y (0) + cosh(Ωt)

]−1
,

which in terms of the S functions is Y (t) = [−S1M+ + ES2] [−S2M+ + S1]−1, where we fix
the initial condition with Y (0) = X ′(0) = −M+. This seems like a commuted version of
expression (2.1), but it is nothing more than the hypergeometric identity.

Consider the Liouville equation for Y itself, that is,

(log |Y |)′ = Tr
(
Y −1Y ′

)
= Tr

(
Y − Y −1E

)
.

Then we have Tr(Y −1E) = Tr(Y )−(log |Y |)′, which can be calculated in terms of invariants
of |X|.

3 Complex systems

The main involution occurring in the theory of complex variable is the complex conjugation
C : C → C, C(z) = z. It is, in fact, a reflection with respect to the second variable if we
write z = (x, y) ∈ R2: C(x, y) = (x,−y).

We consider now an operator L acting on z(t) as

A0z(t) +A1z(t) +B0z(t) +B1z′(t), (3.1)

where z : R→ Cn, and Ai, Bi ∈Mn×n (C) :=M.
We can consider a extended algebra M∗ by with the linear operation of complex con-

jugation which acts as Cz = z, z ∈ Cn.
It is easy to see that the following properties hold1,

C2 = I, CA = AC, (3.2)

where A is the complex conjugate of A.
The we consider the free product quotiented by these relations,

M∗ =M ? {C}
/(
C2 = I, CA = AC

)
.

Now, we can see that this is in fact a Z2-graded algebra. Due to the conditions (3.2), we
can move any C’s to the right, and any power of it is reduced modulo 2. Therefore, any
element of A ∈ M∗ can be written as A = A0 +A1C with A0, A1 ∈ M. As a vector space,
M∗ =M⊕M.

1In fact, one could use here any involution for which matrix conjugation verifies CAC ∈ M by defining A
suitably.
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The grading is clear by looking at the product of two generic elements,

AB = (A0 +A1C) (B0 +B1C) =
(
A0B0 +A1B1

)
+
(
A0B1 +A1B0

)
C. (3.3)

We can also calculate a explicit inverse, using (I −AC) (I +AC) = I − AA, from where
(I +AC)−1 =

(
I −AA

)
(I −AC).

Since (AB)−1 = B−1A−1, we can generalize it to

(A0 +A1C)−1 =
(
A−1

1 A0 −A−1
0 A1

)−1 (
A−1

1 −A
−1
0 C

)
.

As it is, the expression is unclear when either Ai = 0. We rewrite

A−1 = ∆ (A0, A1) + ∆
(
A1, A0

)
C, (3.4)

with

∆ (A0, A1) =

0, A0 = 0, A1 6= 0,(
A0 −A1A

−1
0 A1

)−1
, A0 6= 0, A1 6= 0.

As a last note, this can of course be realized as a matrix algebra over R2n, although
it does not lead to anything new (other than clutter). For the record, one can take a
representation

ρ (z) =

(
<z
=z

)
, ρ (A) =

(
<A −=A
=A <A

)
, ρ (C) =

(
I 0

0 −I

)
,

for which it is easy to see that properties such as (3.2) or (3.3) hold.

3.1 Equation reduction

With these tools, one can rewrite equation (3.1) as Bz′(t)+Az(t) = 0, which can be reduced
to z′(t) +

(
B−1A

)
z(t) = 0. This means we can just focus on the study of

z′(t) +A0z(t) +A1z(t) = 0.

Of course, one could now look for a fundamental operator inside the M∗ algebra, such
that solutions fulfill

z(t) = X(t)z(0),

which is
X = cosh (At)− sinh (At) .

Unfortunately, it does not seem easy to calculate terms like An at the moment. We could
in principle directly get an explicit fundamental matrix if we could write a manageable
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expression. However, we do learn something important. Since An ∈ M∗, then cosh (At) ∈
M∗ too. Hence, if we want to find fundamental matrices for the problem, the ansatz must
be of the form

z(t) = (X0(t) +X1(t)C) z(0) = X0(t)z(0) +X1(t)z(0),

where X(0) = I and Y (0) = 0 as to agree with X(0) = I.

3.2 An generating function

The components of An can still be algorithmically computed by using the expression

(I − tA)−1 =

∞∑
n=0

(tA) .

By writing the explicit inverse of I − tA = (I − tA0)− tA1C, we get

An =
1

n!

d

dt

[(
A−1

1 (I − tA0)− (I − tA0)
−1
A1

)−1 (
A−1

1 − (t−1I −A0)
−1C

)]
t=0

.

3.3 Ansatz

We take the system
z′ +Az +Bz = 0, z : R→ Cn, A,B ∈M

and introduce the ansatz

z = Xz0 + Y z0, z0 = z(0), X, Y : R→M,(
X ′ +AX +BY

)
z0 +

(
Y ′ +AY +BX

)
z0 = 0,{

X ′ +AX +BY = 0,

Y ′ +AY +BX = 0.
(3.5)

This a ordinary system. Take X ′′ and substitute Y ′ and Y through equation (3.5),

X ′′ +AX ′ +B
(
−BX −AB−1

(
−X ′ −AX

))
= 0,

X ′′ +
(
A+BAB−1

)
X ′ +

(
BAB−1A−BB

)
X = 0.

Unsurprisingly, we get a very similar structure to the inverses in expression (3.4).For the
sake of notation, we will rename the coefficients as

X ′′ + FX ′ +GX = 0.
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Repeating the process, we get

Y ′′ + FY ′ +GY = 0.

The initial conditions for this second order problem are given by X(0) = I and equation
(3.5). That is,

X(0) = I, Y (0) = 0, X ′(0) = −A, Y ′(0) = −A.

In principle, we could now take as an ansatz

X = αe(Γ+Ω)t + βe(Γ−Ω)t,

subject to the conditions

X(0) = α+ β,X ′(0) = α(Γ + Ω) + β(Γ− Ω),

which can be inverted into

α =
1

2

[
X ′(0)−X(0) (Γ− Ω)

]
Ω−1,

β =− 1

2

[
X ′(0)−X(0) (Γ + Ω)

]
Ω−1.

4 Generalized matrix invariants

In the following section we use the concept of crossed or generalized matrix invariants which
can be found in [7] and [4] among others.

4.1 Definition and basic properties

Let X1, . . . , XN ∈ GL (n). Define

Z (X1, . . . , XN ) := det

(
I +

N∑
i=1

αiXi

)
:=
∑
mi

αm1
1 . . . αmN

N Zm1,...,mN (X1, . . . , XN ) . (4.1)

Since det is an algebraic combination of matrix entries, the expansion is a polynomial
in the αi variables. We can however take the sum to be over all integer values of mi by
suitably defining its α-coefficients, Zm1,...,mN , as zero when not corresponding to any power
that appears in the det expansion. In particular,

Zm1,...,mN (X1, . . . , Xn) = 0 if min {mi} < 0. (4.2)
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These Z coefficients then give us the generalized matrix invariants, which reduce to the
usual ones when we only consider one matrix (or set the other indices to 0). We can get
explicit expressions in terms of traces via

det(I + αX) = eTr log(I+αX) (4.3)

by expanding the Taylor series around α = 0 and using the linearity of the trace. This
already gives, looking at the leading order of the exponential expansion,

Z0,...,0(X1, . . . , Xn) = 1. (4.4)

In the same way, we can reduce any expression with a 0 index,

Zn1,...,nN−1,0 (X1, . . . , XN ) = Zn1,...,nN−1 (X1, . . . , XN−1) .

Looking at higher coefficients upon expanding the exponential returns higher invariants.
For instance,

Tr log (I + αX) =αTr (X)− α2

2
Tr
(
X2
)

+
α3

3
Tr
(
X3
)

+O
(
α4
)
,

Z1(X) =Tr(X),

Z2(X) =
1

2

(
Tr(X)2 − Tr(X2)

)
,

Z3(X) =
1

6

(
Tr(X)3 − 3Tr(X2)Tr(X) + Tr(X3)

)
,

etc, but also
Z1,1(X,Y ) = Tr(X)Tr(Y )− Tr(XY ).

Of course, equation (4.3) is usually proven using Liouville’s formula. We will make
contact with it again later, when looking at the derivatives of the Z invariants themselves.

4.2 Factorization

Consider

det

(
1 + αA+

∑
i

βiB

)
,

and the fact that
det (αA) = αn detA.

Extract this determinant from the original expansion,

det

(
I + αA+

∑
i

βiB

)
=
∑
l,mi

αl
(∏

βmi

)
Zl,m1,...,mN

(A,B1, . . . , BN )

= det (A)
∑
l,mi

αl
(∏

βmi
i

)
Zn−l−

∑
mi,m1,...,mN

(
A−1, A−1B1, . . . , A

−1BN
)
.
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To equate the two polynomials, we equate every coefficient and get a duality relationship

Zl,m1,...,mN
(A,B1, . . . , BN ) = det (A)Zn−l−

∑
mi,m1,...,mN

(
A−1, A−1B1, . . . , A

−1BN
)
.

(4.5)

Already an interesting property comes from the fact that any Z with negative indices
must be 0, by equation (4.2). The dual of this statement is then

Zm1,...,mN (X1, . . . , XN ) = 0 if
∑
i

mi > n.

We will call the sum of all indices
∑
mi the order of the trace Zm1,...,mN . That an invariant

of order higher than the size of the matrix is zero reduces, as expected, to the usual property
of matrix invariants when we have a single matrix, and together with expression (4.2) ensures
that only a finite number of Z invariants for any given set of Xi is non-zero.

We can also take a dual of equation (4.4), which is the well known

Zn (X) = det (X)

or

1 = det (X)Zn
(
X−1

)
.

Now, this statement gets interesting when we introduce more matrices. Consider the two
matrix case,

Zl,m (A,B) = det (A)Zn−l−m,m
(
A−1, A−1B

)
and set A = X, B = XY , and l +m = n,

Zn−m,m (X,XY ) = det (X)Z0,m

(
X−1, Y

)
= det (X)Zm (Y ) .

This, which is the generalization of

det (XY ) = det (X) det (Y ) ,

allows us to decompose order n invariants of a product into products of invariants. In
particular, we get the n = 2 expression with which we built the ODE system.

More generally,

Zn−
∑
mi,m1,...,mN

(X,XY1, . . . , XYN ) = det (X)Zm1,...,mN (Y1, . . . , YN ) . (4.6)
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4.3 Small-ε expansion

By using expression (4.1) we can easily derive distributivity properties, which can be applied
to calculate

Zl,m1,...,mN

(
A1 + εA2 +O

(
ε2
)
, B1, . . . , BN

)
=

l∑
i=0

εiZl−i,i,m1,...,mN
(A1, A2 +O (ε) , B1, . . . , BN )

=
l∑

i=0

εi [Zl−i,i,m1,...,mN
(A1, A2, B1, . . . , BN ) +O (ε)]

=
1∑
i=0

εiZl−i,i,m1,...,mN
(A1, A2, B1, . . . , BN ) +O

(
ε2
)

=Zl,m1,...,mN
(A1, B1, . . . , BN ) + εZl−1,1,m1,...,mN

(A1, A2, B1, . . . , BN ) +O
(
ε2
)
.

4.4 Derivatives

As we have seen before, the derivatives of the invariants play an essential role in the theory.
We would now like to have a formula for derivatives of the form

d

dt
Zm (X (t)) .

Consider

Z(m0,m1,m2,... ) (X) := Zm0,m1,m2,...

(
X,X ′, X ′′, . . .

)
,

such that for some N we have mi = 0 for every i > N .

We can retrieve its first derivative from its Taylor series, which we can in turn get from
its small ε expansion.

Z(m0,m1,... )
(
X + εX ′ +O

(
ε2
))

=Z(m0,m1,m2,... ) (X) + ε (m1 + 1)Zm0−1,m1+1,m2,...

(
X,X ′, X ′′, . . .

)
+ ε (m2 + 1)Zm0,m1−1,m2+1,...

(
X,X ′, X ′′, . . .

)
+ · · ·

Taking the ε term we get the first coefficient of the Taylor series, i. e., the first derivative,(
Z(m0,m1,m2,... ) (X)

)′
=

∞∑
i=1

(mi + 1)Z(m0,...,mi−1−1,mi+1,... ) (X) .

Notice that the infinite sum is merely formal, since by equation (4.2) it is guaranteed to
terminate as soon as all the remaining mi are 0, due to the mi−1 − 1 index at every term.
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For the first few derivatives, we find via recursion the general expressions

Zm (X)′ =
(
Z(m)

)′
=Z(m−1,1),

Zm (X)′′ =
(
Z(m)

)′′
=2Z(m−2,2) + Z(m−1,0,1),

Zm (X)′′′ =
(
Z(m)

)′′′
=6Z(m−3,3) + 3Z(m−2,1,1) + Z(m−1,0,0,1).

Something very important (albeit somehow obvious, following Leibniz’s rule for matri-
ces), is that the order of the invariants involved in the expressions is preserved.

This allows us to use the factorization formula (4.6) over the derivatives of the deter-
minant, which corresponds to Zn.

As a small note, if we take in the first derivative m = n together with expression (4.5),
we get

det (X)′ = Zn−1,1

(
X,X ′

)
= det (X)Z1

(
X−1X ′

)
= det (X) Tr

(
X−1X ′

)
,

the usual Liouville’s Formula.

4.5 Application to the differential system of invariants for n > 2

In the matrix dimension m = 2 case, taking derivatives of the determinant eventually closes,
since X ′′ = XE. This follows from

det(X)′′ = Zm(X)′′ = 2Z(m−2,2)(X) + Z(m−1,0,1)(X).

The Z(m−1,0,1)(X) can be immediately rewritten as a determinant by using the duality
formula,

Zm−1,0,1(X,X ′, X ′′) = det(X)Z1(X−1X ′′) = det(X) tr(E),

and, when m = 2,
Z(m−2,2)(X) = Z(0,2)(X) = det(X ′).

Of course, now we can do the same for X ′,

det(X ′)′′ = 2Z(m−2,2)(X) + Z(m−1,0,1)(X)

and, for m = 2,

det(X ′)′′ = 2 det(X ′′) + det(X ′) tr(E) = 2 det(E) det(X) + det(X ′) tr(E),

closing the system as we had found in Theorem 1.2. The problem is now obvious, since
for m > 2, Z(m−2,2)(X) will involve a non trivial product between X and X ′. One could
consider this as a new variable for the system, but its derivatives will now concern objects
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of the form Z(m−2,1,1)(X) which, if understood as yet another variable of the system, would
yield upon derivation

Z(m−2,1,0,1)(X), Z(m−2,1,0,0,1)(X), Z(m−2,1,0,...,0,1), ...

Notice that this will always involve a term in X ′, and a term in X, so that we cannot
perform the same trick as we did for Z(m−1,0,1)(X) –namely, using X ′′ = XE to factor the
determinant out. Hence, the system of second derivatives of invariants for m > 2 does not
close.
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Abstract

The Basel Committee of Banking Supervision has recently set out the revised stan-
dards for minimum capital requirements for market risk. The Committee has focused,
among others, on the two key areas of moving from Value-at-Risk (VaR) to Expected
Shortfall (ES) and considering a comprehensive incorporation of the risk of market illiq-
uidity by extending the risk measurement horizon. The estimation of the ES for several
trading desks and taking into account different liquidity horizons is computationally
very involved. We present a novel numerical method to compute the VaR and ES of
a given portfolio within the stochastic holding period framework. Two approaches are
considered, the delta-gamma approximation, for modelling the change in value of the
portfolio as a quadratic approximation of the change in value of the risk factors, and
some of the state-of-the-art stochastic processes for driving the dynamics of the log-
value change of the portfolio like the Merton jump-diffusion model and the Kou model.
Central to this procedure is the application of the SWIFT method developed for option
pricing, that appears to be a very efficient and robust Fourier inversion method for risk
management purposes.

Key words: market risk, liquidity risk, stochastic liquidity horizon, value-at-risk,
expected shortfall, Fourier transform inversion, Shannon wavelets.
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1 Introduction

The Basel Committee of Banking Supervision states in the consultative documents [1, 2]
that “the financial crisis exposed material weaknesses in the overall design of the frame-
work for capitalising trading activities. The level of capital required against trading book

c©CMMSE ISBN: 978-84-617-8694-7Page 615 of  2288



Stochastic liquidity horizon in market risk

exposures proved insufficient to absorb losses”. Within the mentioned documents, the Basel
Committee initiated a fundamental review of the trading book regime, beginning with an
assessment of those things that went wrong. The revised standards for minimum capital
requirements for market risk were recently established in [3].

The Committee has focused, among others, on the two key areas of moving from VaR
to ES and considering a comprehensive incorporation of the risk of market illiquidity. In
regards to the first issue, a number of weaknesses have been identified with using VaR for
determining regulatory capital requirements, including its inability to capture the risk in
the tail. For this reason, the Committee has considered alternative risk metrics like, in
particular, the ES, which measures the riskiness of a position by considering both the size
and the likelihood of losses above a certain confidence level. The second issue relies on the
importance of incorporating the risk of market illiquidity as a key consideration in banks’
regulatory capital requirements for trading portfolios. The assumption that trading book
risk positions where liquid, i.e., that banks could exit or hedge these positions over a ten-day
horizon proved to be false during the recent crisis.

The estimation of the ES for several trading desks and taking into account different
liquidity horizons is computationally very involved. In this work we present some of the
results obtained in [5]. We compute the VaR and ES risk measures of a market portfolio and
we assume that the holding period follows a certain positive stochastic process to account for
liquidity risk. We will therefore measure the risk in the situation where the holding period
is the liquidity horizon. To our best knowledge, this idea was first introduced in [4] as a
proposal to open a research effort in stochastic holding period models for risk measures.
In that paper the authors assume that the log-return on the portfolio value is normally
distributed, which facilitates the calculation of the risk measures. Within this work, we
give a step further by considering more realistic models for the log-value of the portfolio.
On the one hand we propose the use of the delta-gamma approach, where it is assumed that
the change in portfolio value is a quadratic function of the changes in the risk factors. On
the other hand, we consider the Merton jump diffusion model and the Kou model to drive
the log-return on the portfolio value. Under any of these scenarios, the closed formulae to
compute the risk measures within the Gaussian setting in [4] are not available anymore.

2 Risk measures and stochastic liquidity horizon

Let us assume that the liquidity horizon follows a certain stochastic process {H(t)}t≥0 where
H(t) is a positive random variable associated to the liquidity horizon at time t ≥ 0. Let V (t)
be the value of the portfolio under consideration at time t. We are interested in measuring
the change in value of the portfolio within the stochastic liquidity horizon framework. To
do this, we consider two different approaches. The first one is the well-known delta-gamma
approximation, which assumes that the change in value of the portfolio is a quadratic
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function of the change in value of the risk factors. Within the present context of stochastic
liquidity horizon, the change in value of the portfolio under the delta-gamma approach is
defined as ∆V := V (t + H(t)) − V (t). To our best knowledge, this is the first time that
the delta-gamma approach is considered with an stochastic holding period. The second
approach consists of assuming that the value of the portfolio follows a certain stochastic
process and we are therefore interested in measuring the change in the log-value of the
portfolio rather than in the value itself. Then, we define X := ln (V (t+H(t)))− ln (V (t)).
Let f∆V (respectively fX) be the probability density function (PDF) of ∆V (respectively X)
and F∆V (respectively FX) its cumulative distribution function (CDF). If we assume that
we short the portfolio, then the right tail of fX represents losses. Given some confidence
level α ∈ (0, 1), the VaR to measure the risk of holding the portfolio during the stochastic
period H(t) is given by the smallest number l such that the probability that the loss X
exceeds l is no larger than 1− α, where typically α ≥ 0.95. Formally,

VaR(α) := inf{l ∈ R : P(X > l) ≤ 1− α} = inf{l ∈ R : FX(l) ≥ α}. (1)

By definition, ES is related to VaR by,

ES(α) :=
1

1− α

∫ 1

α
VaR(u) du.

Instead of fixing a particular level α, we average VaR over all levels u ≥ α. Obviously,
ES(α) depends only on the distribution of X, and ES(α) ≥ VaR(α). For continuous loss
distributions an even more intuitive expression can be derived that shows that ES can be
interpreted as the expected loss that is incurred in the event that VaR is exceeded. For an
integrable loss X with continuous distribution function FX and for any α ∈ (0, 1) we have,

ES(α) = E(X|X ≥ VaR(α)),

or, in integral form,

ES(α) =
1

1− α

∫ +∞

VaR(α)
xfX(x) dx. (2)

Note that when we work under the delta-gamma approach, then we replace X,FX , fX by
∆V, F∆V , f∆V in (1) and (2). It is worth remarking that ES is a coherent measure of risk,
satisfying in particular, the axiom of sub-additivity in line with the concept of diversification.

In practice, analytical expressions are not available, and Monte Carlo (MC) simulation
is often used to compute the risk measures, being the main drawback the computational
effort. From this point of view, the situation worsens when we consider a stochastic liquidity
horizon H(t), since an extra source of randomness is introduced and must be simulated as
well. For this reason, there is an increasing interest in looking for alternative and more
efficient methods. Here we propose the SWIFT method, which was originally developed for
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European options pricing in [6]. The SWIFT method gives us an accurate and extremely fast
recovery of the density function and we give a prescription on how to select the parameters
appearing in the numerical method. All these features make our proposal efficient, robust
and reliable for practical implementations.
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Abstract

A generalized Fourier series method is constructed to approximate the solution of the
Neumann problem in a finite domain for the system of equations governing the bending
of elastic plates with transverse shear deformation. The method is illustrated by an
example with computation performed by four different techniques that are contrasted
and compared for efficiency, accuracy, and stability.

Key words: elastic plates, Neumann problem, generalized Fourier series

Solutions of boundary value problems for an elliptic mathematical model can be ap-
proximated by expanding them in a complete set of functions in a conveniently chosen
space—for example, L2. The technique becomes more user-friendly when these functions
are closely connected with the structure of the layer potentials constructed for the prob-
lem. Computation based on such expansions, however, is hampered by the fact that the
Gram–Schmidt process used to orthonormalize the selected set is numerically unstable and,
to our knowledge, has not been properly brought under control, particularly in the case of
Neumann-type boundary conditions. In what follows, we aim to indicate a procedure that
circumvents this obstacle and leads to excellent numerical results to within a prescribed
accuracy. The technique is illustrated in application to an interior Neumann problem for
the system governing the bending of elastic plates with transverse shear deformation.

Let S be a finite domain in R2 bounded by a simple, closed, C2-curve ∂S, let x and y
be generic points in S or on ∂S, and let h0 = const > 0, h0 � diam S. We assume that
the three-dimensional region (S ∪ ∂S) × [−h0/2, h0/2] is occupied by a homogeneous and
isotropic elastic material with Lamé constants λ and µ, and write h2 = h20/12.

The Neumann problem for the process of bending is

A(∂1, ∂2)u(x) = 0, x ∈ S, T (∂1, ∂2)u(x) = Q(x), x ∈ ∂S, (1)
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where the partial differential operators A and T are

A(∂1, ∂2) =

h 2µ∆ + h 2(λ+ µ)∂21 − µ h 2(λ+ µ)∂1∂2 −µ∂1
h 2(λ+ µ)∂1∂2 h 2µ∆ + h 2(λ+ µ)∂22 − µ −µ∂2

µ∂1 µ∂2 µ∆

 ,

T (∂1, ∂2) =

h
2(λ+ 2µ)ν1∂1 + h 2µν2∂2 h 2µν2∂1 + h 2λν1∂2 0

h 2λν2∂1 + h 2µν1∂2 h 2µν1∂1 + h 2(λ+ 2µ)ν2∂2 0

µν1 µν2 µ(ν1∂1 + ν2∂2)

 ,

u = (u1, u2, u3)
T is a vector characterizing the displacements and ν = (ν1, ν2)

T is the unit
vector of the outward normal to ∂S. We also consider the matrix of fundamental solutions
D(x, y) computed in [1] and the associated matrix P (x, y) = (T (∂y)D(y, x))T.

Problem (1) is solvable for any Q ∈ C(0,α)(∂S), α ∈ (0, 1), iff∫
∂S

(Qα − xαQ3) ds = 0, α = 1, 2,

∫
∂S

Q3 ds = 0. (2)

The solution u ∈ C2(S) ∩ C1(S ∪ ∂S) is unique up to a rigid displacement [1].
According to Somigliana’s representation formula,

φ(x)u(x) = −
∫
∂S

P (x, y)ρ(y) ds(y) + L(x), x ∈ R2, (3)

where

φ(x) =


1, x ∈ S,
1/2, x ∈ ∂S,
0, x ∈ R2 \ (S ∪ ∂S),

ρ is the trace of u on ∂S, and

L(x) =

∫
∂S

D(x, y)Q(y) ds(y), x ∈ R2. (4)

Let S be a disk of radius r centered at origin, let ∂S∗ be a circle of radius r∗ > r, also
centered at the origin, and let {x(k)}∞k=1 be a set of points densely distributed on ∂S∗. We
construct the vector functions

τ (jk)(x) = T (∂x)D(j)(x, x(k)), k = 1, 2, . . . ,

where D(j) are the columns of D. The set of these functions, which are the rows of P (x(k), x),
augmented with a basis for the space of rigid displacements, is linearly independent on ∂S
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and complete in L2(∂S). We re-order the sequence {τ (11), τ (21), τ (31), τ (12), τ (22), τ (32), . . .}
as {τ (1), τ (2), τ (3), τ (4), τ (5), τ (6), . . .} and orthonormalize it to obtain a sequence {η(k)}∞k=1.

Seeking an approximation of the unknown vector function ρ in the form

ρ(n) =
n∑
k=1

〈η(k), ρ〉η(k) =
n∑
k=1

k∑
i=1

r̃ik〈τ (i), ρ〉
( k∑
j=1

r̃jkτ
(j)

)
, n = 1, 2, . . . , (5)

where the r̃ik are the orthonormalization coefficients and 〈· , ·〉 is the inner product on
L2(∂S), we use (3) to construct (up to an arbitrary rigid displacement) the approximate
solution

u(n)(x) = −
∫
∂S

P (x, y)ρ(n)(y) ds(y) + L(x), x ∈ S. (6)

From (3) with x ∈ R2 \ (S ∪ ∂S) replaced by x(k) it follows that∫
∂S

P (x(k), x)ρ(x) ds(x) = L(x(k)),

so, given the definitions of P and τ (jk), we have 〈τ (jk), ρ〉 = Lj(x(k)) for j = 1, 2, 3 and
k = 1, 2, . . . , or, after re-indexing,

〈τ (3(k−1)+j), ρ〉 = Lj(x(k)), j = 1, 2, 3, k = 1, 2, . . . . (7)

In conclusion, u(n) is given by (6), with ρ(n) computed from (5), 〈τ (i), ρ〉 from (7), and
Lj(x(k)) from (4). The sequence u(n) converges uniformly in the L2-norm on any closed
subdomain of S to a solution u of the problem. This solution may contain a specific rigid
displacement, which can be easily identified.

As an illustration of the method, we choose λ = µ = 1, h = 0.5, r = 1, r∗ = 2,

{x(1), x(2), x(3), . . .}Cartesian = {(2, 0), (2, π), (2, π/2), (2, 3π/2), (2, π/4), . . .}Polar,
Q(x)|x1=cos θ, x2=sin θ =

(
6 cos θ + 3 cos(3θ)− 20 cos(4θ),

− 6 sin θ + 3 sin(3θ) + 20 sin(4θ), 18 cos(2θ)
)T
.

It is easy to verify that Q satisfies the solvability conditions (2).
The set {τ (k)}∞k=1 is orthonormalized by three different procedures: the classical Gram–

Schmidt (CGS), the modified Gram–Schmidt (MGS), and the Householder reflections (HR)
(see [2] and [3]). We also use a fourth technique, which, based on row reduction, obviates
the need for orthonormalization. Below are the results obtained by the MGS method.

Fig. 1 displays the three components of u(150) in S, and the approximate computed
traces of these components on ∂S. Fig. 2 shows the corresponding computational errors.
The curves on the left in Fig. 3 are the graphs (in terms of the polar angle) of the computed
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traces of the components of u(150) on ∂S. The graph on the right in Fig. 3 (drawn in a
logarithmic scale) indicates the exponential convergence in the L2-norm of the sequence of
approximations to the exact solution as the number of the sample points x(k) increases.

The solution u constructed in this example contains no rigid displacements.

Figure 1

Figure 2
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Abstract

The dynamical analysis of iterative methods without memory for solving nonlinear
models, by using complex dynamics tools, is a very useful technique to study their stabil-
ity and reliability. A parametric family of order four, applied on quadratic polynomials,
gives us a rational operator whose dynamics is studied. The stability of its fixed points,
in terms of the value of the parameter, its critical points and their associated parameter
planes, etc. give us important information about which members of the family have
good properties of stability and whether in any of them appear chaos in the iterative
process.

Key words: Iterative methods, nonlinear equations, stability, parameter plane, basin
of attraction, rational operator

1 Introduction

The design of fixed point iterative schemes for solving equations and systems of nonlinear
equations is an important and challenging task in the field of Numerical Analysis. To find
the solution x∗ of a nonlinear equation f(x) = 0, f : I ⊆ R → R, or a nonlinear system
F (x) = 0, F : D ⊆ Rn → Rn, is a classical and difficult problem with many applications in
Science and Engineering.

In the last years, many iterative methods have been constructed for solving these type
of problems, see for example [1] and [2] and the references therein. Many times, the re-
searchers design a parametric family of iterative methods, all of them with the same order
of convergence but, all members have the same stability? Does the width of the basins
of attraction depend on the value of the parameter?, Which elements of the family have
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chaotic behavior?, ... We can found the answer of these and other questions by analyzing
the dynamical behavior of the rational operator associated to the iterative method on low
degree polynomials.

Our goal in this paper is to carry out a dynamical study of the parametric family of
iterative methods designed for solving nonlinear equations f(x) = 0. The idea for construct-
ing this class appears in [3]. By using tools of complex dynamics we analyze the stability
of the fixed points of the rational operator that appears when our family is applied on an
arbitrary second degree polynomial. The parameter plane associated to each critical point
gives us important information about the stability of the elements of the family and which
of them have unstable behavior.

Now, we are going to recall some dynamical concepts of complex dynamics that we use
in this work. Given a rational function R : Ĉ → Ĉ, where Ĉ is the Riemann sphere, the
orbit of a point z0 ∈ Ĉ is defined as:

{z0, R (z0) , R
2 (z0) , . . . , R

n (z0) , . . .}.

We analyze the phase plane of the map R by classifying the starting points from the asymp-
totic behavior of their orbits. A z0 ∈ Ĉ is called a fixed point if R (z0) = z0. A periodic
point z0 of period p > 1 is a point such that Rp (z0) = z0 and Rk (z0) 6= z0, for k < p.
A pre-periodic point is a point z0 that is not periodic but there exists a k > 0 such that
Rk (z0) is periodic. A critical point z0 is a point where the derivative of the rational func-
tion vanishes, R′ (z0) = 0. Moreover, a fixed point z0 is called attractor if |R′(z0)| < 1,
superattractor if |R′(z0)| = 0, repulsor if |R′(z0)| > 1 and parabolic if |R′(z0)| = 1.

The basin of attraction of an attractor α is defined as:

A (α) = {z0 ∈ Ĉ : Rn (z0)→α, n→∞}.

The immediate basin of attraction of an attractor is the connected component of its
basin of attraction that holds the attractor.

The Fatou set of the rational function R, F (R) , is the set of points z ∈ Ĉ whose orbits
tend to an attractor (fixed point, periodic orbit or infinity). Its complement in Ĉ is the
Julia set, J (R). That means that the basin of attraction of any fixed point belongs to the
Fatou set and the boundaries of these basins of attraction belong to the Julia set.

The following theorem establishes a classical result of Fatou and Julia that we use in
the study of parameter space associated to the family.

Theorem 1 Let R be a rational function. The immediate basin of attraction of an attract-
ing fixed or periodic point holds, at least, a critical point.

By using this result, one can be sure to find all the stable behavior associated to a
rational function R, by analyzing the performance of R on the set of critical points.
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1.1 The parametric family

By adding a new step to Newton’s method, we construct the following two-step scheme

yk = xk − f(xk)
f ′(xk)

,

xk+1 = yk −
(
α1 + α2

f ′(xk)
f ′(yk)

+ α3

(
f ′(xk)
f ′(yk)

)2)
f(yk)
f ′(yk)

, k = 0, 1, . . . ,
(1)

where α1, α2 and α3 are free parameters.
The following result establishes the convergence of family (1).

Theorem 2 Let f : I ⊆ R→ R be a sufficiently differentiable function in an open interval
I and x∗ ∈ I a root of equation f(x) = 0. Choosing an initial approximation x0 close enough
to x∗, the iterative scheme defined by (1) has fourth-order convergence when α2 = 3− 2α1

and α3 = −2 + α1, being α1 a free parameter. In particular, if α1 = 5
4 then method (1) has

order five.

Which is the relation between the values of the free parameter α1 and the stability of
the corresponding iterative method? Under the point of view of complex dynamics, we are
going to study the general convergence of the families on quadratic polynomials. It is known
that, if the iterative method satisfies the scaling theorem (and family (1) doesw), the roots
of a polynomial can be transformed by an affine map with no qualitative changes on the
dynamics of the family. So, we can use a generic quadratic polynomial p(z) = (z−a)(z−b).
The rational operator obtained when family (1) is applied on p(z) has the expression:

Tp,α1,a,b(z) =
(a− z)(b− z)
a+ b− 2z

+ z

+(a− z)2(b− z)2
[

(a4 + b4 − 4a3z − 4b3z + 4(1 + α1)b
2z2 − 8α1bz

3

(a+ b− 2z)(a2 + b2 − 2az − 2bz + 2z2)3

+
4α1z

4 − 4az((−1 + 2α1)b
2 + (2− 4α1)bz + 2α1z

2)

(a+ b− 2z)(a2 + b2 − 2az − 2bz + 2z2)3

+
a2((−2 + 4α1)b

2 + (4− 8α1)bz + 4(1 + α1)z
2))

(a+ b− 2z)(a2 + b2 − 2az − 2bz + 2z2)3

]
,

depending on parameter α1 and also on the roots of the polynomial a and b.

Blanchard in [4] considered the conjugacy map h (z) =
z − a
z − b

, (a Möbius transforma-

tion) with the following properties:

i) h (∞) = 1, ii) h (a) = 0, iii) h (b) =∞,

and proved that, for quadratic polynomials, Newton’s operator is conjugate to the rational
map z2. In an analogous way, operator Tp,α1,a,b(z) on quadratic polynomials is conjugated
to operator Oα1 (z),
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Oα1 (z) =
(
h ◦ Tp,α1,a,b ◦ h−1

)
(z) = −z4 5− 4α1 + 2z2 + z4

−1− 2z2 +−5z4 + 4α1z4
, (2)

We observe that parameters a and b have been obviated in Oα1(z).
In the following sections we study the fixed and critical points of operator Oα1(z),

the stability of the fixed points, the parameter plane associated to the family and some
dynamical planes describing different behavior: stability, periodic orbits, ...

2 Analysis of the fixed and critical points

Firstly, we study the fixed points of the rational function Oα1(z) that are not related with
the original roots of the polynomial p(z) (called strange fixed points), and the free critical
points, that is, the critical points of Oα1(z) different from 0 and ∞, which are associated to
the roots of p(z).

Fixed points of Oα1(z) are the roots of equation Oα1(z) = z, that is, z = 0, z =∞ and
the strange fixed points ex1(α1) = 1 and the roots of the polynomial

r(α1, z) = 1 + z + 3z2 + (−2 + 4α1)z
3 + 3z4 + z5 + z6,

that are denoted by exi(α1), i = 2, 3, 4, 5, 6, 7.
Therefore, there are seven strange fixed points, except in the following cases:

i) If α1 = 1, then the operator is O1(z) = z4, so there are no strange fixed points.

ii) If α1 = 2, then the operator is O2(z) = −z4 3+z2

1+3z2
. There are only six strange fixed

points as ex2(α1) = ex3(α1) = −1.

iii) If α1 = −2, there are only five strange fixed point as ex2(α1) = ex3(α1) = 1.

On the other hand, in order to determine the critical points, we calculate the first
derivative of Oα1(z):

O′α1
(z) = −4z3

(1 + z2)2(−5 + 4α1 + 2(1− 2α1)z
2 + (−5 + 4α1)z

4)

(1 + 2z2 + (5− 4α1)z4)2
.

As we have said, a classical result establishes that there is, at least, one critical point
associated with each invariant Fatou component. Due to the order of convergence of the
methods under study, it is clear that z = 0 and z = ∞ (related to the roots of the poly-
nomial by means of Möbius map) are critical points and give rise to their respective Fatou
components, but there exist in the family some free critical points, some of them depending
on the value of the parameter.

Proposition 1 By analyzing the equation O′α1
(z) = 0 of the family, we obtain:
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a) If α1 = 1 there is no free critical points of operator Oα1 (z).

b) If α1 = 2 or α1 = 5
4 , then z = −i and z = i are the only free critical points.

c) In any other case,
cr1(α1) = −i,

cr2(α1) = i,

cr3(α1) = −

√
1− 2α1 + 2

√
3
√
−2 + 3α1 − α2

1

5− 4α1
,

cr4(α1) =

√
1− 2α1 + 2

√
3
√
−2 + 3α1 − α2

1

5− 4α1
,

cr5(α1) = −

√
−1 + 2α1 + 2

√
3
√
−2 + 3α1 − α2

1

−5 + 4α1
,

and

cr6(α1) =

√
−1 + 2α1 + 2

√
3
√
−2 + 3α1 − α2

1

−5 + 4α1
,

are free critical points.

Let us remark that cr1(α1) and cr2(α1) are pre-images of z = 1 and cr3(α1) and cr5(α1)
are conjugated, as well as cr4(α1) and cr6(α1). Therefore, we only have two independent
free critical points.

3 Stability of the fixed points

Of course, z = 0 and z =∞ are superattracting fixed points but, which is the character of
the rest of fixed points? The following results answer this question.

The character of the strange fixed point ex1(α1) = 1 of the family, α1 6= 2, is as follows:

i) If |α1 − 2| > 4 , then ex1(α1) = 1 is an attractor.

ii) When |α1 − 2| = 4, ex1(α1) = 1 is a parabolic point.
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iii) If |α1 − 2| < 4, then ex1(α1) = 1 is a repulsor.

The analysis of the stability of strange fixed points exi(α1), i = 2, 3, 4 shows that they
are repulsors for any value of the parameter. Finally, the character of the strange fixed
points exi(α1), i = 5, 6 is as follows:

i) If |α1 + 1| < 1 , then both points are attractors.

ii) When |α1 + 1| = 1, ex5(α1) and ex6(α1) are parabolic points.

iii) If |α1 + 1| > 1, then both points are repulsors.

In Figure 1, we represent the stability regions of all strange fixed points exi(α1), i =
1, 2, 3, 4, 5, 6.

Figure 1: Stability regions of ex1(α1) (left),exi(α1), i = 2, 3, 4 (middle) and exi(α1), i = 5, 6
(right).

4 The parameter space

The parameter space associated with an independent free critical point of operator is ob-
tained by associating each point of the complex plane with a value of α1, i.e., with an
element of family. Every value of the parameter belonging to the same connected com-
ponent of the parameter space gives rise to subsets of schemes of the family with similar
dynamical behavior. So, it is interesting to find regions of the parameter plane as much
stable as possible, because these values of the parameter will give us the best members of
the family in terms of numerical stability.

When we consider the independent free critical points of operator Oα1(z) as a starting
point of the iterative scheme of the family associated to each complex value of α1, we paint
this point of the complex plane in red if the method converges to any of the roots (zero
and infinity) and they are black in other cases. The color used is brighter when the number
of iterations is lower. Then, the parameter plane P1 is obtained. A mesh of 500 × 500
points has been used, 250 has been the maximum number of iterations involved and 10−3

the tolerance used as a stopping criterium.
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Figure 2: Parameter plane P1 associated to cri(α1), i = 3, 4, 5, 6

We obtain an only parameter plane due to the fact that cr4(α1) is equal in module to
cr6(α1) and the operator’s powers are even numbers. We can observe that the best real
values of the parameter α1 are between 1 and 2.

4.1 Dynamical Planes

In this section we show, by means of dynamical planes, the qualitative behavior of the
different elements of family. We select these elements by using the conclusions obtained by
analyzing the parameter plane of the family and the stability analysis made on fixed points.

The dynamical plane associated to a value of the parameter, that is, obtained by iter-
ating an element of family, is generated by using each point of the complex plane as initial
estimation (we have used a mesh of 400 × 400 points). We paint in blue the points whose
orbit converges to infinity, in orange the points converging to zero (with a tolerance of 10−3),
in other colors (green, red, etc.) those points whose orbit converges to one of the strange
fixed points (all fixed points appear marked as a white star in the figures) and in black if it
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reaches the maximum number of 40 iterations without converging to any of the fixed points.

There are some regions in parameter spaces whose corresponding iterative methods have
good numerical behavior, in terms of stability and efficiency. They correspond to values of
the parameter painted in red. In Figure 3 we show the dynamical planes corresponding to
stable values of the parameter, specifically α1 = 1, α1 = 2 and α1 = 0.5.

(a) α1 = 1 (b) α1 = 2 (c) α1 = 0.5

Figure 3: Some dynamical planes with stable behavior

On the other hand, unstable behavior is found when we choose values of α1 in the
black region of parameter plane. In Figure 4, dynamical planes corresponding to values of
parameter α1 = 3, α1 = 3.5 and α1 = −1.5 are presented.

(a) α1 = 3 (b) α1 = 3.5 (c) α1 = −1.5

Figure 4: Dynamical planes with unstable behavior

In Figure 4a and 4b we can observe periodic orbits of period two, while in Figure 4c
four basins of attraction appear, two of them corresponding to the roots of p(z) and the
other ones are the basins of attraction of the strange fixed points exi(α1), i = 5, 6.
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Abstract

A growth mathematical model (individual-population) of biomass for Mytilus chilen-
sis is introduced. This incorporates the energy variable when assuming a predation
component by means of the filtering. We will assume that the prey is the phytoplank-
ton one and the predators are the filtering organisms. A new generalized Monod type
biomass gain function is considered. Some simulations based in biogeographic data are
included.

Key words: biomass curve, Mytilus chilensis, mathematical model

MSC 2000: 92B05

1 Introduction

The aquaculture is a important productive sector in Chilean economy [4]. Chile is the third
world producer of mollusc with with 78,500 tons of annual production [4]. The Mytiliculture
is a part of this productive areas, which is concentrated in the South of Chile in Los Lagos
region [4]. The Mylitus chilensis (Hupe 1854) is a filtering bivalve of the family Mylidae.
This molluscs is widely distributed along the Chilean coast from Arica (18 degrees South)
to Cape Horn (56 degrees South) [6] to depths of 25 [m] [1]. Along the latitudinal range of
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(a) (b)

Figure 1: (a) Chiloé island. (b) Satellite image of cultures in Chiloé island, Quetalmahue
sector.

Chile, the shell-shape di↵erences in the population of Mytilus chilensis are highly significant
[5, 12] and these are related with the latitude and origin [12].

The main objective of this work is to propose a mathematical model to predict the
individual biomass growth (in average) of the Mytilus chilensis in suspensions cultures, in
a such manner that the consulting Fishing Partners company can estimate the production
in each of the growing areas (see figure 1-(b)). In mathematical terms, the main result of
this work, it is the formulation of an ordinary di↵erential equations system, which model
the relation between individual growth and food, considering a set of environmental and
biological parameters.

The relation between Mytilus chilensis and fitoplankton is assumed as an interaction
prey-predator, supposing that the fouling e↵ect is nule. The spatial-temporal scale was
choice including biotics and abiotics factors. In this first approach, we have supposed that
the culture area is shared among some producers. In addition, we have assumed that there
exists a temporal horizon, which is the average time between sowing and spawning.

The biological and environmental main assumptions are: (i) The volume of water in
the culture area is constant. (ii) The phytoplankton growth is external to the culture area.
(iii) On the culture area only exists consumption of phytoplankton. (iv) The fouling is
neglected. (v) The consumption of phytoplankton is proportional to its concentration. (vi)

1Founded by CONICYT PAI/Academia 79150021 2016-2018.
2Founded by Portafolio de Innovación Corfo 16GPI723
3Founded by Portafolio de Innovación Corfo 16GPI723
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Assimilated energy is proportional to consumption. And, (v) the gain of biomass from the
potential energy (assimilated less metabolic) is determined by a generalized Monod type
function.

The resulting biomass curves (in time) are visualized with the sigmoid shape, which is
similar to the individual growth curves obtained by means of statistical methods applied to
predict the growth in bivalve, see [3].

2 Model deduction

2.1 Population growth

Let us consider that the culture process presents the following stage: seeding, individual
growth and spawning. The model is limited at individual growth stage. We also assume
that the number of individuals is only a↵ected by detachment of the rope, since the death
implies detachment. Then, denoting by �

k

the detachment rate at time k, it follows that

�
k

=
1

n
k

n
k

� n
k+1

t
k+1 � t

k

, k = 1, · · · ,m� 1 ,

where n
k

is the number of individuals at time k. By now, the relation, in the extremes of
[t, t+�t], is given by

n(t+�t) = n(t)[1� ��t] .

In conclusion, the daily detachment is proportional to the numbers of individuals. Taking
the limit as �t ! 0 we obtain the di↵erential equation

n0(t) = �� n(t) .

Therefore, after a intial time t0 > 0 where the number of individuals is n0, we have expo-
nential decay given by

n(t) = n0 exp{�(t� t0)}, for t � t0,

where t0 is the first time of count.

Denoting by N(t) the total number of individual in the culture area at t day, we can
conclude that

N(t) = L · n(t) = Ln0 exp{�(t� t0)}, for t � t0, (1)

where L is the length of culture rope.
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2.2 Phytoplankton Abundance

Let us denote the total concentration of phytoplankton in the culture area by C(t) [cel/m3].
We assume that the phytoplankton abundance is a↵ected by the consumption of individuals
and by that enters through the flow. We denote by ⌦ the culture zone defined as a body of
water with constant volume V [m3] with an external flux of fresh water Q[m3/day] assuming
that the same amount of water leaves ⌦. Let us represent by Ce[cel/m3] the external flux
of phytoplankton entering to ⌦. Notice that A(t)[cel] = C(t)[cel/m3]V [m3], describe the
total phytoplankton on ⌦ at t-day and the variation during the time interval [t, t +�t] is
given by,

A(t+�t)�A(t) =

⇢

Entering
for day

�

�
⇢

Consumption
for day

�

�
⇢

Outgoing
for day

��

�t .

We have that,
Entering for day =: Ce[cel/m3] · Q[m3/day]

and
Outgoing for day =: C(t)[cel/m3] · Q[m3/day] .

Then, taking the limit as �t ! 0 we obtain

A0(t) = C 0(t)V = (Ce � C(t))Q� {consumption for day} .

Therefore,

C 0(t) = (Ce � C(t))D � 1

V
{consumption for day}. (2)

Noticing that D = (Q/V )[day�1] is the dilution.

2.3 Phytoplankton consumption

Let us consider that the phytoplankton consumption on ⌦ is dependent on: (1) The phyto-
plankton concentration C(t) [cel/m3]. (2) The total numbers of individuals N(t)[ind]. And,
(3) The biomass b(t) [gr]. We also assume that one unity of biomass consumes F (C) [cel/day]
of phytoplankton and the fouling consumption is negligible. Thus, we can define F (·) as
follows,

F (C)[cel/day] = ⌫(t)[m3/day] · C[cel/m3] .

where ⌫(t) is the number of cubic meters a unit of biomass is capable of filtering in one day
and it changes with the age. We define ⌫(t) by

v(t) = ⌫
t

T
, (3)

where ⌫ is the maximal consumption [gr/m3] for 1 [gr] of biomass at spawning time and T
is the spawinng time.
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2.4 Energy assimilation

Let us suppose that one biomass unit of Mytilus chilensis transforms its consumption
F (C)[cel/day] into Energy represented by E(C) [cal/day] and it is assumed proportional
to F (C)[cel/day]

E(C)[cal/day] = q[cal/cel] · F (C)[cel/day] ,

where q denotes the amount of calories containing in one cell of phytoplankton.

2.5 Biomass gain

In [11] the author proposes that the assimilated energy is divided into biomass gain and
metabolism maintenance. We denote by E = E � M , which is the di↵erence between the
assimilated energy (E) and the one that is spent to maintain its metabolism (M).

Here, we introduce the generalized Monod function,

G
r

(E) = G1

⇢

E
E + a

�

↵

, (4)

where G1 is a parameter of maximal e�ciency. The metabolims is modeled as follows,

M(t) = (M
max

�M
min

)

✓

1� t

T

◆

+Mmin,

where M
max

and M
min

are the maximal and minimal metabolic spent, respectively, given
in the literature [10], assuming that the metabolism is increasing respect to the age.

3 The model

The prey-predator interaction between one specie of phytoplankton (prey) and the Mytilus
chilensis (predator) is modeled by the no linear system, non-autonomous of ordinary di↵er-
ential equations, that follows

8

>

<

>

:

C 0(t) = {Ce � C(t)} ·D � L

V

n0e��t⌫(t)C(t)b(t) ,

b0(t) = G1
n

qM(t)⌫(t)C(t)
qM(t)⌫(t)C(t)+a

o

↵

b(t) ,
(5)

where C(t) is the phytoplankton concentration [gr/m3] at time t [day] and b(t) is the
individual biomass of one Mytilus chilensis [gr] at time t [day].
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4 Simulations

(a) (b)

Figure 2: (a) Simulated parameters values. (b) Simulations (- -) Real data of Quetalmahue
(o) (2015).

(a) (b)

Figure 3: (a) Sensibility at parameter �. (b) Sensibility at parameter Q.
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(a) (b)

Figure 4: (a) Sensibility at parameter G. (b) Sensibility at parameter N .
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Abstract

The multiplicative arithmetic is the base of the Bigeometric Calculus. In this work,
we present the fundamental elements to construct a multiplicative linear algebra. Some
important concepts and examples are given to visualized the e↵ects of the multiplicative
arithmetic properties over about what has traditionally been understood as linearity.
Key words: Non-newtonian arithmetic, Linearity, Matrix-matrix exponentiation

1 Introduction

The complete ordered field that gives arithmetic support to the bi-geometrical calculus is
that of the positive real numbers endowed with two operations. The usual multiplication,
as the first operation, and the e-exponentiation as the second one, which is defined by:
a ? b = aln(b), a, b 2 R+, see [3, 4, 5]. In other words, the operation ? makes the calculation
of powers a commutative operation.

If the intention is to advance towards generalizations or expansions of the bi-geometric
or multiplicative calculus, for example towards larger dimensions, it is necessary to rescue
the expressions that would have a linear algebra of multiplicative base. Notice that, just
as the family of functions y = ax, a 2 R, corresponds to the functions that have constant
multiplicative derivative, the lineal ones, it is of waiting, that one of the type z = xayb,
a, b 2 R, responds to the re-signification of the concept of linearity.

The multiplicative calculation in several variables has proved to be useful, for example,
in the treatment of images with multiplicative noise, see [6], however, we know that a
fundamental theoretical support to work in larger dimensions is the need for a linear algebra,
in this work, that necessity guides our purpose.

As a novelty, in this paper we explore the traditional concepts of linear algebra, such
as: vector space, linear transformations and matrix representations. In particular new
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operations are introduced between matrices, and as a main result, we gives meaning to the
idea of matrix raised to a matrix. Unlike other existing ones, see [1, 2, 7], this has an easier
definition.

The present work (summary) is organized as follows: In Section 2, we give some prelim-
inary of mathematical base. Section 3 is oriented toward a reconstruction of the the linear
algebra. Finally, in Section 4, we introduce power between matrices and its properties are
presented.

2 Mathematical preliminary

Let be (R+, ·, ?) the field of the positive real numbers with the operations given by: (i)
The usual product a · b and (ii) the exponentiation defined by a ? b = aln(b). As we know,
this field is an isomorphic copy of (R,+, ·). Notice that, if P =]1,1[, then P divides the
positives into three mutually exclusive categories, in e↵ect, for each a 2 <, we have a 2 P ,
a = 1 or a�1 2 P. The elements of P are named e-positive numbers and if a, b are e-positive
numbers, then the same with a · b and a ? b. Moreover, R+, with the relative value given by

[x] =

⇢
x , x � 1 ,

x�1 , x < 1 ,
(1)

is a relative metric space. In general, R+ is a complete ordered field. For x, y 2 R+, some
immediate properties are: (i) [x] � 1, (ii) [x] = 1 i↵ x = 1, (iii) [x ? y] = [x] ? [y], and (iv)
[x · y]  [x] · [y], the last one is the triangular inequality.

3 Fundamental elements for a Linear Algebra

Let us define the pair (V,R+) as an e-vector space, if we have an internal operations v · u,
for all v, u 2 V and an external one ↵ ? v, for all ↵ 2 R+ and for all v 2 V , that satisfy the
following list of properties:

• Commutative: If u, v 2 V , then v · u = u · v.

• Associative: If u, v and w 2 V , then v · (u · w) = (v · u) · w.

• Neutral element: There exists 1 2 V , such that v · 1 = v = 1 · v, for all v 2 V .

• Inverse element: For each v 2 V there is a unique vector v�1 2 V , such that
v · v�1 = 1 = v�1 · v.

• Compatibility of scalar multiplication with vector multiplication: Given ↵,� 2 R+,
(↵ ? �) ? v = ↵ ? (� ? v), for all v 2 V .
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• Distributive with respect to scalars: Given ↵,� 2 R+, then (↵ ·�)?v = (↵?v) ·(�?v),
for all v 2 V .

• Distributive with respect to vectors: Given ↵ 2 R+, ↵ ? (u · v) = (↵ ? u) · (↵ ? v), for
all u, v 2 V .

• Identity element of scalar multiplication: The element e 2 V (e is the euler number)
satisfies e ? v = v, for all v 2 V .

It is possible to think of many examples of vector spaces from the multiplicative per-
spective, all in analogy with those of the additive approximation of linear algebra. Here are
a few examples of e-vector space:

Euclidean Space: Let us consider, for any natural number n, the space Rn
+ = R+⇥· · ·⇥R+,

n-times, of the (x1, · · · , xn), such that xi 2 R+ for each i 2 {1, · · · , n}. We consider the
following operations:

• Vector multiplication: Given u = (x1, · · · , xn) and v = (y1, · · · , yn) in Rn
+, we define

the multiplication between vectors by

u · v = (x1y1, · · · , xnyn) .

• Scalar multiplication: Given u = (x1, · · · , xn) in Rn
+ and ↵ 2 R+, the scalar multipli-

cation is defined by

↵ ? u = (↵ ? x1, · · · ,↵ ? xn) = (xln(↵)1 , · · · , xln(↵)n ) .

It is a simple and tedious calculation to test all the properties, listed above, that make
of (V, R+) with V = Rn

+ as a e-vector space. We only emphasize that the neutral element
of V for the vector multiplication is eV = (1, · · · , 1) and the inverse element for each vector
u = (x1, · · · , xn) is given by u�1 = (x�1

1 , · · · , x�1
n ).

In addition, we note that a linear combination of two elements u and v of V , with
parameter ↵,� 2 R+, looks like,

(↵ ? u) · (� ? v) =
⇣
x
ln(↵)
1 y

ln(�)
1 , · · · , xln(↵)n yln(�)n

⌘
.

In this way, the analogue to the canonical base in this context is defined by C =
{e1, · · · , en}, where each vector in this base have the Euler number e in the i-th position.
Precisely,

ei = (1, · · · , 1, e, 1, · · · , 1) ,

c�CMMSE ISBN: 978-84-617-8694-7

Page 642 of  2288



Bi-geometrical linear algebra

for all i 2 {1, · · · , n}. Then, the decomposition of any vector u = (x1, · · · , xn) in the
canonical base C is given by,

u =
nY

i=1

xi ? ei = (x1 ? e1) · · · (xn ? en) .

In e↵ect, we observe that

nY

i=1

xi?ei = (xln(e)1 , x
ln(1)
1 , · · · , xln(1)1 ) · · · (xln(1)n , · · · , xln(1)n , xln(e)n ) = (x1, 1, · · · , 1) · · · (1, · · · , 1, xn) .

Matrix Space: Let us consider, for any natural number n, the space Mn(R+) of matrices
with positive real numbers inputs. We proceed to define the following operations,

• Matrix multiplication: Given A = (aij) and B = (bij) in Mn(R+), the matrix product
is defined by A ·B = C, where cij = aij · bij , for i, j 2 {1, · · · , n}.

• Scalar multiplication: Given A = (aij) in Mn(R+) and ↵ 2 R+, the scalar product is

defined by ↵ ?A = (cij), with cij = ↵ ? aij = a
ln(↵)
ij for any i, j 2 {1, · · · , n}.

With the pair of multiplicative operations defined above, the set Mn(R+) is a e-vector space
on the field R+.

4 Matrix-matrix exponentiation

There exists some definitions in the literature for matrix-matrix exponentiation. In [2], for
example, it is defined as AB = eln(A)B, where exp(X) =

P1
n=0(1/n!)X

n and ln(Y ) denotes
the unique solution of the matrix equation eX = Y with eigenvalues � 2 C such that
�⇡ < Im(�) < ⇡.

In this section, a novel and simple operation between matrices is defined. It is named
as matrix exponentiation and the objective is generalize the usual ab for a 2 R+ and b 2 R.
First we will introduce, by simple analogies sum-product and product-exponentiation, the
star operation A ? B between matrices A = (aij) 2 Mm⇥n(R+) and B = (bij) 2 Mn⇥p(K)
as:

A ?B = (cij) 2 Mm⇥p(R+), where cij = (ai1 ? b1j) · · · (an1 ? bnj).

This product is not commutative, but associative and distributed with respect to the tra-
ditional product of matrices (i.e. A ? (B · C) = (A ? B) · (A ? C), the matrices with the
dimensions that allow the operation). The neutral element will be denoted by E = (aij)
and is defined as aij = e if i = j and aij = 1 if i 6= j.
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On the other hand, given a matrix B = (bij) 2 M(R), we will denote by eB to the
matrix (ebij ) 2 M(R+). An obvious property is eB+C = eB · eC , for any B, C 2 M(R).

With this previous operations, we have the conditions to introduce the following defi-
nition of powers between matrices:

Definition: Given matrices A 2 M(R+) and B 2 M(R), the operation power of base A
and exponent B is defined by:

AB = A ? eB.

It is important to remark that intuitively AB = A ? eB = Aln (eB).

Example: Let us consider matrices

A =

✓
a b
c d

◆
2 M(R+) and B =

✓
↵ �
� �

◆
2 M(R),

then

AB =

✓
a b
c d

◆
?

✓
e↵ e�

e� e�

◆
=

✓
(a ? e↵)(b ? e�) (a ? e�)(b ? e�)
(c ? e↵)(d ? e�) (c ? e�)(d ? e�)

,

◆

this is

AB =

✓
a↵b� a�b�

c↵d� c�d�

◆
.

Some properties:

1. Given A 2 M(R+) and B, C 2 M(R), then A(B+C) = AB ·AC .

2. Given A 2 M(R+) and B, C 2 M(R), then (AB)C = AB·C .

3. Given A 2 M(R+) and O the null matrix of M(R), then AO = 1, where 1 is the
matrix for which all its entries are equal to 1.

4. Given A 2 M(R+) and Id the identity matrix of M(R), then AId = A.

5. Given B 2 M(R), then EB = eB.

6. Given 1 2 M(R+), then 1B = 1.

5 Conclusions and perspectives

The multiplicative arithmetic, base of the bi-geometric calculus, allows us to introduce novel
concepts in the traditional Linear Algebra and the idea of linearity is resignified.
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Abstract

This paper provides a characterization for the solvability of multi-adjoint relation
equations by using multi-adjoint object-oriented concept lattices theory. Moreover,
when multi-adjoint relation equations are solvable, we give an interpretation of their
solutions as the intensions of the concepts in a multi-adjoint object-oriented concept
lattice. Finally, we introduce a procedure in order to obtain two approximate solutions
for unsolvable multi-adjoint relation equations.

Key words: Multi-adjoint object-oriented concept lattice; Fuzzy relation equations;
Approximate solutions.

1 Introduction

The study of fuzzy relation equations has become an important research topic, both from
theoretical and applicational perspective, since these equations were introduced by Sanchez
in [23]. To the best of our knowledge, the most relevant papers focused on the resolution of
fuzzy relation equations are [1, 4, 8, 9, 21, 22]. Other interesting approaches are [14, 15, 17,
18]. A generalization of fuzzy relation equations was given by Dı́az-Moreno and Medina [10],
who apply the multi-adjoint paradigm in order to obtain a more flexible framework than
the existence environments [2, 3, 4, 20]. These general equations are known as multi-adjoint
relation equations and an interesting study containing their most important properties can
be found in [5, 10, 11, 12, 13, 19].

In this paper, we will present sufficient and necessary conditions in terms of concepts of
multi-adjoint object-oriented concept lattices [16] to guarantee when a multi-adjoint fuzzy
relation equation is solvable. Furthermore, we will provide an optimistic approximate solu-
tion and a pessimistic approximate solution based on concept lattice theory for unsolvable
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multi-adjoint relation equations. These approximations are interesting when a solution of
the problem is needed and the multi-adjoint relation equation is not solvable. To finish
with, some illustrative examples together with conclusions and prospects for future work
are given.

2 Multi-adjoint object-oriented concept lattice framework

Following the philosophy of the multi-adjoint paradigm, a generalization of the classical
property and object-oriented concept lattices to a fuzzy environment was introduced in [16].
Later, the concepts of a multi-adjoint property-oriented concept lattice were related to the
solutions of multi-adjoint fuzzy relation equations in [10]. Now, we are interested in inter-
preting the solutions of multi-adjoint fuzzy relation equations as the intensions of concepts
in a multi-adjoint object-oriented concept lattice. For that reason, we need to recall some
preliminary definitions and results associated with multi-adjoint object-oriented concept
lattices theory.

To begin with, we will present the notion of adjoint triple which is composed by a non-
commutative conjunctor and two residuated implications verifying the well-known adjoint
property. Adjoint triples have been widely studied in [6] and their comparison with other
general operators have been introduced in [7].

Definition 1 ([6]) Let (P1,≤1), (P2,≤2), (P3,≤3) be three posets and &:P1 × P2 → P3,
↙:P3×P2 → P1, ↖:P3×P1 → P2 be mappings, then (&,↙,↖) is called an adjoint triple
with respect to P1, P2, P3, if the double equivalence:

x ≤1 z ↙ y iff x& y ≤3 z iff y ≤2 z ↖ x

is satisfied, for all x ∈ P1, y ∈ P2 and z ∈ P3.

Adjoint triples play an important role as basic operators to make the computations in
multi-adjoint object-oriented concept lattices environment, as it is shown in the following.

Definition 2 ([16])

• A multi-adjoint object-oriented frame is a tuple (L1, L2, P,�1,�2,≤,&1,↙1,↖1, . . . ,

&n,↙n,↖n) where (L1,�1) and (L2,�2) are two complete lattices, (P,≤) is a poset
and (&i,↙i,↖i) is an adjoint triple, for all i ∈ {1, . . . , n}. Multi-adjoint object-
oriented frames will be denoted as (L1, L2, P,&1, . . . ,&n).

• A multi-adjoint object-oriented context is a tuple (A,B,R, σ) such that A and B are
non-empty sets, R is a P -fuzzy relation R:A×B → P and σ:A×B → {1, . . . , n} is
a mapping which associates any element in A×B with some particular adjoint triple
in the frame.
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Considering a fixed multi-adjoint object-oriented frame and context, we can introduce the
concept-forming operators ↑N :LB2 → LA1 and ↓

Π
:LA1 → LB2 which are defined as:

g↑N (a) = inf{g(b)↙a,b R(a, b) | b ∈ B} (1)

f↓
Π

(b) = sup{f(a) &a,bR(a, b) | a ∈ A} (2)

As usual, we define a multi-adjoint object-oriented formal concept 〈g, f〉 as a pair of map-
pings g ∈ LB2 and f ∈ LA1 satisfying that g↑N = f and f↓

Π
= g. It is convenient to

mention that the pair (↑N , ↓
Π

) forms an isotone Galois connection, the composition map-
ping ↑N↓

Π
:LB2 → LB2 is an interior operator and ↓

Π↑N :LA1 → LA1 is an closure operator.
These considerations are very important in order to obtain the elements of a multi-adjoint
object-oriented concept lattice.

Theorem 1 ([16]) Let (L1, L2, P,&1, . . . ,&n) be a multi-adjoint object-oriented frame and
(A,B,R, σ) be a multi-adjoint object-oriented context. The set of all multi-adjoint object-
oriented formal concepts, which are denoted as MNΠ(A,B,R, σ), together with the ordering
〈g1, f1〉 � 〈g2, f2〉 if and only if g1 �2 g2, or equivalently, if and only if f1 �1 f2, forms
a complete lattice. This complete lattice will be called multi-adjoint object-oriented formal
concept lattice and will be denoted as (MNΠ(A,B,R, σ),�).

As we mentioned above, the main notions and results on the solvability of multi-adjoint
fuzzy relations equations included in this paper will be based on the previous concepts cor-
responding to the multi-adjoint object-oriented concept lattices theory. As a consequence,
a multi-adjoint object-oriented frame, denoted as (L1, L2, P,&1, . . . ,&s), will be fixed in
order to present our advances in the resolution of multi-adjoint fuzzy relations equations.

3 Solving multi-adjoint fuzzy relation equations

Multi-adjoint relation equations were introduced by Dı́az-Moreno and Medina in order to
generalize the usual fuzzy relation equations given in the literature [8, 9, 22]. In particular,
a detailed study on multi-adjoint relation equations related to their definition, properties
and solutions using multi-adjoint property-oriented concept lattices was presented in [10].
Now, we will introduce new definitions and will develop a mechanism based on multi-adjoint
object-oriented (instead of property-oriented) concept lattices theory to solve multi-adjoint
relation equations. This mechanism will not be studied in depth because it is very similar to
the one given in [10]. We will start including the notions of multi-adjoint relation equation
with sup-&-composition.

Definition 3 Given the universes U , V , W , the fuzzy relations S:V ×W → P , T :U×W →
L2, an unknown fuzzy relation R:U×V → L1, and a mapping σ:V → {1, . . . , s} that relates
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each element in V to an adjoint triple of the frame. A multi-adjoint relation equation with
sup-&-composition is the equation

R�σ S = T (3)

that is to say, ∨
v∈V

(R(u, v) &v S(v, w)) = T (u,w), u ∈ U,w ∈W (4)

where &v represents the adjoint conjunctor associated with v by σ.

A mechanism to know when the multi-adjoint relation Equation (3) is solvable is given
in the following theorem. It is important to emphasize that the solvability of these equations
is characterized by the concepts of a multi-adjoint object-oriented concept lattice.

Theorem 2 Let u ∈ U and the fuzzy subset gu ∈ LW2 , defined as gu(w) = T (u,w), for all

w ∈W . Equation (3) can be solved if and only if 〈gu, g↑Nu 〉 is a concept ofMNΠ(V,W, S, σ),
for all u ∈ U . In this case, the matrix R, defined by R(u, v) = g↑Nu (v) for all u ∈ U , v ∈ V ,
is the greatest solution.

Note that, this procedure is very similar to the one given by Dı́az-Moreno and Medina
in the multi-adjoint property-oriented concept lattice framework [10]. For that reason, the
proof will be omitted.

An illustrative example will be included in order to clarify the notions and properties
on multi-adjoint relation equations previously presented.

Example 1 Let us consider the multi-adjoint lattice 〈[0, 1],≤,&1,↙1,&2,↙2〉 such that
(&1,↙1) = (&G,↙G) and (&2,↙2) = (&P ,↙P) are the Gödel and product adjoint pairs,
respectively (see [6, 7] for more details). Given the sets U = {u1, u2}, V = {v1, v2},W =
{w1, w2, w3}, the mapping σ:V → {1, 2} such that σ(v1) = 1, σ(v2) = 2 and the fuzzy
relations S:V ×W → [0, 1] and T :U ×W → [0, 1] defined by the following tables:

Figure 1: Relation S.

w1 w2 w3

v1 0.4 0.6 0.6
v2 0.4 0.8 0.3

Figure 2: Relation T .

w1 w2 w3

u1 0.4 0.7 0.4
u2 0.4 0.5 0.3

We want to solve the multi-adjoint relation equation (x, y)�σ S(v, w) = T (u1, w) being
v ∈ V,w ∈ W and x, y unknown variables. This equation is equivalent to the following
system:

0.4 = (x&G 0.4) ∨ (y&P 0.4)
0.7 = (x&G 0.6) ∨ (y&P 0.8)
0.4 = (x&G 0.6) ∨ (y&P 0.3)
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In order to analyze the solvability of this system, we will consider the fuzzy subset
gu1 ∈ [0, 1]W defined as gu1(w) = T (u1, w), for all w ∈ W , which is equivalent to say
that gu1(w1) = 0.4, gu1(w2) = 0.7, gu1(w3) = 0.4. To apply Theorem 2, we need to prove
that 〈gu1 , g

↑N
u1 〉 is a concept of MNΠ(V,W, S, σ), that is, we need to check if the equality

g↑N↓
Π

u1 = gu1 holds. First of all, we will compute (gu1)↑N :

(gu1)↑N (v1) = inf{0.4↙G 0.4, 0.7↙G 0.6, 0.4↙G 0.6} = inf{1, 1, 0.4} = 0.4

(gu1)↑N (v2) = inf{0.4↙P 0.4, 0.7↙P 0.8, 0.4↙P 0.3} = inf{1, 0.875, 1} = 0.875

The fuzzy subset (gflu)
↑N↓Π is obtained as follows:

(gu1)↑N↓
Π

(w1) = sup{0.4 &G 0.4, 0.875 &P 0.4} = sup{0.4, 0.35} = 0.4

(gu1)↑N↓
Π

(w2) = sup{0.4 &G 0.6, 0.875 &P 0.8} = sup{0.4, 0.7} = 0.7

(gu1)↑N↓
Π

(w3) = sup{0.4 &G 0.6, 0.875 &P 0.3} = sup{0.4, 0.2625} = 0.4

It is clear that the equality g↑N↓
Π

u1 = gu1 is satisfied and therefore, we can ensure that
〈gu1 , g

↑N
u1 〉 is a concept of MNΠ(V,W, S, σ). Hence, the considered system is solvable and

its greatest solution is (gu1)↑N = (0.4, 0.875).

There exist different applications in which a solution is needed and the multi-adjoint
fuzzy relation equations system is not solvable. In order to overcome this drawback, we
can compute two approximations of the unknown variables as it is shown in the following
section.

4 Optimistic and pessimistic approximations

We have provided a characterization for the solvability of multi-adjoint relations equations
by means of the concepts of a multi-adjoint object-oriented concept lattice. Now, our task
is focused on knowing what can we do when we need the solution of an unsolvable multi-
adjoint relation equation. The answer to this question is given by the procedure developed
in this section, which offer approximate solutions (an optimistic and a pessimistic approach)
for unsolvable equations.

We suppose that for certain fuzzy subset gu ∈ LW2 , defined as gu(w) = T (u,w), for all
w ∈W , Equation (3) has not solution. Then, we present two possible alternatives in order
to obtain approximate solutions for Equation (3):

• An approximation can be computed interchanging the row T (u,w) by the fuzzy set

g↑N↓
Π

u in Equation (3). This approximation can be understand as a pessimistic ap-
proximation. Observe that, there exist other possibilities to obtain an approximate
solution but the complexity for the computations is major.
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• Another different approximation can be obtained by using a procedure based on the
concepts whose extension is greater than gu. In this case, we need to consider a finite
object-oriented concept lattice which implies that the set

G = {g ∈ LB2 | gu �2 g and 〈g, g↑N 〉 ∈ MNΠ(V,W, S, σ)}

either is empty or has minimal elements. It is easy to see that if gm is a minimal
element of G, then Equation (3) with T (u,w) = gm(w), for all w ∈W , is solvable and
gu �2 gm. As a consequence, g↑Nm can be considered as an optimistic approximation.

The following example will be useful to clarify the developed procedure previously.

Example 2 Coming back Example 1 and considering the fuzzy subset gu2 ∈ [0, 1]W defined
as gu2(w) = (0.4, 0.5, 0.3), we can easily see that 〈gu2 , g

↑N
u2 〉 is not a multi-adjoint object-

oriented concept. Therefore, the system (x, y)�σ S(v, w) = gu2(w) is not solvable. Now, we
will compute the pessimistic and optimistic approximations following the ideas introduced
above:

• We will consider the fuzzy set (gu2)↑N↓
Π

(w) = (0.3, 0.5, 0.3) instead of gu2(w) in order
to obtain the equation (x, y)�σ S(v, w) = (gu2)↑N↓

Π
(w). This equation is solvable and

its greatest solution is (gu2)↑N = (0.3, 0.625), which will be considered as a pessimistic
approximation.

• In order to obtain an optimistic approximation, we will consider a finite multi-adjoint
object-oriented concept lattice whose frame is composed by the regular partition [0, 1]10

and the discretizations of the Gödel and product conjunctors with respect to [0, 1]10

(see [6] for more details). We will fix the context (V,W, S, σ) given in Example 1, but
in this occasion the mapping σ is associated with the discretization conjunctors. The
Hasse diagram of the concept lattice (MNΠ(A,B,R, σ),�) together with the concepts
is shown in Figure 3. According to Figure 3, we can ensure that the set of concepts
whose extensions are greater than gu2 = (0.4, 0.5, 0.3) is:

{C13, C14, C15, C16, C17, C18, C19, C20, C21, C22, C23, C24, C25}

The previous set has two minimal elements C13 and C14 and therefore, we have two
optimistic approximations. Considering the extension of C13, we obtain that equation
(x, y)�σ S(v, w) = (0.4, 0.5, 0.4) is solvable and its greatest solution is the intension of
the concept C13. Hence, (0.4, 0.6) is an optimistic approximate solution of the original
system. Following an analogous reasoning with the concept C14, we have that (0.3, 0.8)
is another optimistic approximate solution of the original system.

c©CMMSE ISBN: 978-84-617-8694-7Page 651 of  2288



M.E. Cornejo, J.C. D́ıaz-Moreno, J. Medina

C0 = 〈(0, 0, 0), (0, 0)〉
C1 = 〈(0.1, 0.1, 0.1), (0.1, 0.1)〉
C2 = 〈(0.1, 0.2, 0.1), (0.1, 0.2)〉
C3 = 〈(0.2, 0.3, 0.1), (0.1, 0.3)〉
C4 = 〈(0.2, 0.2, 0.2), (0.2, 0.2)〉
C5 = 〈(0.2, 0.3, 0.2), (0.2, 0.3)〉
C6 = 〈(0.2, 0.4, 0.2), (0.2, 0.5)〉
C7 = 〈(0.3, 0.3, 0.3), (0.3, 0.3)〉
C8 = 〈(0.3, 0.5, 0.2), (0.2, 0.6)〉
C9 = 〈(0.3, 0.4, 0.3), (0.3, 0.5)〉
C10 = 〈(0.3, 0.5, 0.3), (0.3, 0.6)〉
C11 = 〈(0.4, 0.4, 0.4), (0.4, 0.5)〉
C12 = 〈(0.3, 0.6, 0.3), (0.3, 0.7)〉
C13 = 〈(0.4, 0.5, 0.4), (0.4, 0.6)〉
C14 = 〈(0.4, 0.7, 0.3), (0.3, 0.8)〉
C15 = 〈(0.4, 0.6, 0.4), (0.4, 0.7)〉
C16 = 〈(0.4, 0.5, 0.5), (0.5, 0.6)〉
C17 = 〈(0.4, 0.8, 0.3), (0.3, 1.0)〉
C18 = 〈(0.4, 0.7, 0.4), (0.4, 0.8)〉
C19 = 〈(0.4, 0.6, 0.5), (0.5, 0.7)〉
C20 = 〈(0.4, 0.8, 0.4), (0.4, 1.0)〉
C21 = 〈(0.4, 0.7, 0.5), (0.5, 0.8)〉
C22 = 〈(0.4, 0.6, 0.6), (1.0, 0.7)〉
C23 = 〈(0.4, 0.8, 0.5), (0.5, 1.0)〉
C24 = 〈(0.4, 0.7, 0.6), (1.0, 0.8)〉
C25 = 〈(0.4, 0.8, 0.6), (1.0, 1.0)〉

C0

C1

C2

C3 C4

C5

C6 C7

C8 C9

C10 C11

C12 C13

C14 C15 C16

C17 C18 C19

C20 C21 C22

C23 C24

C25

Figure 3: Hasse diagram of (MNΠ(A,B,R, σ),�) and its concepts (Example 2).

If we are interested in comparing the optimistic and the pessimistic approximations, it
is necessary to compute the pessimistic approximation in the considered finite case. Solving
the equation (x, y)�σ S(v, w) = (0.3, 0.5, 0.3) where (0.3, 0.5, 0.3) is the extension of concept
C11, we have that the pessimistic approximate solution is (0.3, 0.6). Clearly, (0.3, 0.6) is less
than the optimistic approximations.

After computing the pessimistic and optimistic approximate solutions, one can choose
what approximate solution is the best in the ∧-semilattice given by the least element (0.3, 0.6)
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and the maximal elements (0.4, 0.6) and (0.3, 0.8) of the lattice [0, 1]10×[0, 1]10. In this case,
the ∧-semilattice only has four elements: {(0.3, 0.6), (0.4, 0.6), (0.3, 0.8), (0.3, 0.7)}.

5 Conclusions and future work

We have interpreted the solutions of multi-adjoint relation equations by using the con-
cepst in a multi-adjoint object-oriented concept lattice. Furthermore, we have presented
a mechanism in order to compute approximate solutions for unsolvable multi-adjoint re-
lation equations. This method provides optimistic and pessimistic approximations of the
considered equations based on concept lattice theory.

As a future work, we will study the interpretation of the minimal solutions of multi-
adjoint relation equations and we will present real-life applications of these equations.
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Abstract

At the 127th European Study Group with Industry an energy sector company pro-
posed an industrial challenge that consisted on the asset acquisition planning for its
liquefied petroleum gas (LPG) cylinder business, one of the most recent business areas
in the company. This business area is still in a growing phase and to satisfy the mar-
ket needs and assure a sustainable growth a very tight control of the main assets, the
LPG cylinders, is of paramount importance. Therefore, a detailed planning of all the
assets acquisition is required, taking into consideration several variables: sales growth
rate, seasonality, cylinder rotation and corresponding return rate to the filling plant.
The challenge was to develop a model for the assets acquisition planning. In order to
tackle this challenge, it was necessary to forecast the demand. For that purpose, time
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series techniques were used, in particular, moving averages and exponential smoothing.
The results show that the seasonality does not explain all the variation of the demand,
therefore it is necessary to use a model that would consider other possible explana-
tory variables. According to several authors, gas consumption may be influenced by
several aspects, such as, atmospheric temperatures, heliophany (a measure of the day
luminosity), wind, relative humidity, rains, minimum and maximum temperatures, de-
mand in previous periods, and prices. Therefore, in an extended version of this article
a multivariate linear regression model will be used.

Key words: Industrial Mathematics, LPG bottles demand, time series, exponential
smoothing forecast, moving averages.

MSC 2000: 62P30 Applications in engineering and industry; 62-07 Data analysis;
62Hxx Multivariate analysis; 62M10 Time series, auto-correlation, regression.

1 Introduction

A Portuguese company in the energy sector, that will be named ALPHA for confidentiality
reasons, started its activity in 2006, focusing in the production and distribution of biofuel.
Since then, the company has been continuously growing, extending its business areas to
other fuels, and is now operating at a national level. The company started the liquefied
petroleum gas (LPG) cylinder business activities in 2012, and since then it has experienced
a continuous growth. In this business, the LPG cylinder is the main asset and a correct
planning of its needs is critical. The company currently commercializes propane gas and
has two types of cylinders with different capacity, henceforth named type A and type B
cylinders.

ALPHA wants to find a model to forecast the demand of each type of LPG cylinders.
These forecasts are crucial for the company to define an assets acquisition plan, i.e., to
determine the amount of LPG cylinders to acquire, and when to acquire them.

In [9], Virtullo et. al. look at the financial implication of forecasting natural gas, the
nature of natural gas forecasting, the factors that impact natural gas consumption, and
present a survey of the mathematical techniques and practices used to model natural gas
demand. These authors argue that the most common mathematical modeling techniques
used to forecast daily demand are multiple linear regression (MLR) and artificial neural
networks (ANN) (for details see [8]). Paggi and Robledo presented, in [7], an application of
ANN in the prediction of time series of the weekly wholesales of bottled propane gas.

In the present work, in order to tackle the challenge, an approach similar to these
authors is followed and several statistical techniques are used.

This paper is organized as follows: In Section 2 an exploratory analysis of the data
is made. Section 3 is devoted to determining the sales forecast of bottled propane gas for
the Portuguese market and for ALPHA company. In the last section some conclusions are
presented and future work is sketched.
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2 Dataset and exploratory analysis

The dataset provided by the company included information about sales, return number of
cylinders, operational stock of assets, total number of assets in the market, of the two types
of propane cylinders (A – small bottles and B – large bottles), between January Year 0
(Jan/Y0) and December Year 1 (Dec/Y1). The forecast for sales during Year 2 are also
provided by the company. Note that, for confidentiality reasons, the data used in this work
was masked. Additional data about consumption of propane and temperature in Portugal
were also collected from the Portuguese Association of Petroleum Companies – APETRO1

and from the Portuguese Institute for Sea and Atmosphere – IPMA2, respectively. Figure
1 and Figure 2 show this data.

Figure 1: Comparison between national sales and ALPHA sales.

Figure 1 shows a general increase in the sales of ALPHA, however, it still represents a
small percentage of the national market. Furthermore, the national and ALPHA sales of
propane have different behaviors, thus in principle this is not a good indicator to forecast
the company’s sales when based on the national ones.

Figure 2 depicts the values of propane national sales and, simultaneously, the average
temperature3 in Portugal in the same period is shown. Since propane gas is used mostly
for cooking and water heating, it is expected that whenever temperature decreases there
is an increase in gas consumption. However, from Figure 2, this is not always true. In
fact, for January Year -1 there is a decrease of the temperature and also a decrease of the
consumption of gas.

1http://www.apetro.pt
2https://www.ipma.pt
3The air temperature in (◦C) was multiplied by a constant factor for a better comparison with the sales.
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Figure 2: Average temperature and national sales.

In order to study the existence of seasonality in sales of type A and B cylinders, Figure 3
presents the sales for the three years. In this figure an increasing linear trend of ALPHA’s
sales, due to the company’s market expansion, is observed. There is also some indicators
of seasonality, because over the years the variations appear to be similar. In order to
analyse the seasonality, moving averages seasonality coefficients (e.g. [4,10]) and exponential
smoothing forecasts (for review see e.g. [2, 3, 5]), are calculated in the next Section.

3 Bottled propane gas sales forecast

3.1 Estimating seasonality coefficients

To study the seasonality of the data, the seasonality coefficients for total propane sales of
ALPHA (in tons); sales of type A and B ALPHA assets; and sales of butane, propane and
total in Portugal were calculated.

Let us consider, without loss of generality, ALPHA sales of propane between January
Year 0 and December Year 2. The number of observations is given by N = k × s, where k
is the number of years and s the number of periods in the year, i.e. months. In this case
N = 3 × 12 = 36. Using the centered moving averages method, it is possible to calculate
12 seasonal indexes (one for each month) that express the amount of sales in each month
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Figure 3: ALPHA sales of type A and B cylinders.

that are superior (or inferior) to the global mean sales. Using the multiplicative method,
the seasonal indexes work as a percentage. The non-normalized estimates of the seasonal
component at time i of each year are:

S̄i =
1

k − 1

k∑
j=1

S∗
i+s(j−1) , i = 1, 2, . . . , s,

with

S∗
t =

Xt

Mt
,

where Mt are the centered moving averages of the sales series Xt:

Mt =
1

s

(
1

2
Xt− s

2
+Xt− s

2
+1 + ...+Xt+ s

2
−1 +

1

2
Xt+S

2

)
, t =

s

2
+ 1, . . . , N − s

2
.

Finally, the standardized estimates of the seasonal components are:

Ŝi = S̄i ·
s

s∑
j=1

S̄j

, 1, 2, . . . , s.

Using these formulas it is possible to estimate the seasonal indexes of the demand and
sales (see Figure 4).

Similarly, the seasonal coefficients presented in Table 1 were obtained. The national
coefficients (PT butane, PT propane, PT total) do not have significant variations from
month to month. In fact, for the national sales, the PT butane seasonal coefficients present
a minimum of 84% in October and a maximum of 111% in May, while for PT propane and
PT total the minimum is attained in September with 92% and 91%, respectively, and the
maximum occurs in April with 111% and 110% 92%.

On the other hand, ALPHA sales show more significant variations. The seasonal co-
efficients of the total sales vary from 59% in July to 172% in December, while for type A

c©CMMSE ISBN: 978-84-617-8694-7Page 660 of  2288



LPG Demand Forecast Using Time Series

Figure 4: ALPHA sales (in tons).

cylinder from 55% in July until 163% in December, and finally, type B cylinder sales vary
from 65% in July to 183% in December (see Table 1). The months with high coefficients
(above 100%) are February, May, November and December, and the ones with smallest
coefficients (below 100%) are June, July, August and September.

Table 1: Seasonal coefficients.
PT ALPHA

Month butane propane total total type A type B

January 100% 99% 99% 84% 96% 69%
February 102% 95% 97% 109% 110% 108%
March 103% 93% 96% 96% 95% 98%
April 107% 111% 110% 89% 92% 84%
May 111% 110% 110% 125% 121% 132%
June 96% 98% 98% 82% 91% 70%
July 109% 98% 101% 59% 55% 65%
August 101% 98% 99% 81% 69% 97%
September 90% 92% 91% 80% 74% 87%
October 84% 109% 102% 87% 91% 81%
November 88% 99% 96% 135% 144% 124%
December 108% 98% 101% 172% 163% 183%

Therefore, forecast for sales can be done using these seasonal coefficients.
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3.2 Exponential smoothing forecast

Exponential smoothing forecast is a widely used method for time series forecast, including
sales forecasting [1, 5, 6, 12].

Using the seasonal coefficients obtained in the previous subsection to desseasonalize the
data, then Holt’s method was used to forecast type A bottles sales. The model obtained
using Holt’s method [11] was such that: AIC = 671.9332, BIC = 678.5942, RMSE =
25697.11 for the training set, level coefficient α = 0.0253 and trend coefficient β = 0.0253.
Further details of this model are depicted in Table 2). In Figure 5, the observed values of the
type A bottles sales (from Jan/Y0 to Apr/Y2) are presented alongside with the estimated
values (from Jan/Y0 to Apr/Y2), and the forecast sales for May/Y2 until Dec/Y3.

sigma: 25697.11
AIC AICc BIC

671.9332 674.6605 678.5942
Error measures:

ME RMSE MAE MPE MAPE MASE ACF1
Training set -4739.01 25697.11 18961.96 -6.6708 14.9323 0.71456 0.05174

Table 2: Details of the model for type A bottles sales obtained using Holt’s method.

Figure 5: Forecast of type A bottle sales using Holt’s method.
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4 Conclusions and future work

The goal of this work was to forecast the sales of propane gas cylinders in order to plan the
assets acquisition necessity of a Portuguese company of the energy sector. In this work the
time series techniques exponential smoothing and moving averages were used to forecast
the demand.

This approach allowed to see that the national seasonal coefficients are quite distinct
from the ones observed for the sales of the company. ALPHA’s sales present a larger
variability in the seasonal coefficients than the total national sales. For the company the
higher coefficients were observed in May, November and December, while the smaller were
in July.

Since national and ALPHA seasonality coefficients are different, some other possible
explanatory variables should be considered in order to forecast the demand with better ac-
curacy. For that reason, several data has been collected, such as atmospheric temperatures,
demand in previous periods, objectives of sales, expectation of price increase, and among
others variables. In an extended version of this paper the focus will be in using approaches
to forecast sales that take into account this data.
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Abstract

A Markov model is defined through its associated stochastic transition matrix whose
entries are deterministic values representing the so-called transition probabilities be-
tween two possible states. In practice, these quantities are not known in a deterministic
manner since they need to be fixed from sampling, therefore, it is more realistic to
consider them as random variables (RV’s) rather than deterministic quantities. This
paper is addressed to give a generalization of the classical Markov methodology allow-
ing the treatment of the entries of the transition matrix as RV’s. The randomization
of the classical Markov model permits the computation of the first probability density
function (1-PDF) of the solution stochastic process taking advantage of the so-called
Random Variable Transformation (RVT) technique. From the 1-PDF relevant proba-
bilistic information about the evolution of the model described by Markov models can
be calculated including all one-dimensional moments (mean, variance, symmetry, kur-
tosis, etc). As it is shown, RVT method also allows us the computation of the PDF’s
of the time instant until a certain proportion of the total population reaches a specific
value of interest and of the steady state. All theoretical results are established under
fairly general assumption since the PDF’s of the randomized transition probabilities are
assumed to be arbitrary. Finally, our theoretical findings are illustrated by means of a
numerical example.

Key words: Binary Markov chain, random variable transformation technique, first
probability density function
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1 Introduction

A stochastic process (SP) is a mathematical representation that permits to describe how
evolves a phenomenon over time in a probabilistic manner. Discrete Markov models, also
referred to as Markov chains, are particular SP’s where the outcome of an experiment
depends only on the outcome of the previous experiment [5, 1]. Markov chains are applied in
many different realms including Economy, Sociology, Reliability, Medical Decision Making,
for instance. Markov chains are often chosen as a suitable tools for modelling very different
phenomena because they are fairly general and adaptable to many contexts [4]. Moreover,
excellent numerical techniques exist for computing its statistics.

This contribution is addressed to give a generalization of classical Markov chains by
randomizing the entries of the transition matrix as random variables (RV’s). To the best
of our knowledge, this problem has not been considered yet in the extant literature. As a
first step, we here will concentrate on the simplest type of Markov chains, usually referred
to as binary Markov chains which are those having just two possible states.

Let {xn, n = 0, 1, . . . } be a Markov chain, where n = 0, 1, 2, . . ., denotes the cycle or
period. As early indicated, we will consider binary Markov chains whose two possible states
will be denoted by x1n and x2n, being n the period or cycle. It is assumed that 0 < x1n, x

2
n < 1,

thus x1n and x2n can be interpreted as percentages. As a key feature of Markov chains, it
is assumed that x1n + x2n = 1 for every n. This means that the system is closed, that is,
if for example, x1n and x2n represent the percentage of susceptibles and infected persons of
a population, then it is implicitly assumed that any person can neither leave nor join the
population. The evolution of the number of individuals in each cycle n is determined by
the initial state (x10, x

2
0)
> and the transition matrix while the long-term behaviour of the

Markov chain only depends on the transition matrix. This matrix is a constant matrix whose
entries represent the probabilities to change either from one state to another or to remain
in the same state between to consecutive cycles. In practice, this entries are assumed to be
deterministic quantities. In this contribution we generalize this feature by considering that
the entries of the transition matrix are RV’s rather than deterministic constants. Naturally,
these RV’s are assumed to take values in the interval [0, 1], thus representing probabilities.
In Figure 1, we show the flow diagram with the transitions among states.

In the classical context, a Markov chain is described as follows

xn+1 = a xn, n = 0, 1, 2, . . . , a =

(
p 1− q

1− p q

)
, (1)

where a is termed the (deterministic) transition matrix and x0 = (x10, x
2
0)
> = (x10, 1− x10)>

is the initial condition, i.e. the initial percentage of individuals in each group.

As indicated above, we will consider the entries of the transition matrix, p and q, as well
as the initial condition, x0, as RV’s. For sake of clarity, in the following these quantities will
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Figure 1: Flow diagram to a binary Markov chain.

be written using capital letters. The randomized Markov chain is then written as follows

Xn+1 = AXn, n = 0, 1, 2, . . . , A =

(
P 1−Q

1− P Q

)
,

X0 = (X1
0 , 1−X1

0 )>,
(2)

where X1
0 , P and Q are assumed to be absolutely continuous RV’s defined on a common

probability space (Ω,F ,P).
Solving a randomized Markov chain means not only to obtain its solution discrete SP,

Xn = (X1
n, X

2
n)> = (X1

n, 1 −X1
n)>, but also to compute its mean, E [Xn] and its variance,

V [Xn], for each cycle n. A more general purpose is the computation of its first probability
density function (1-PDF), f1(x;n). This function provides a full probabilistic description
of the solution SP in every cycle n. The aim of this paper is to obtain the 1-PDF of the
solution SP for randomized binary Markov chains under very general hypotheses. To reach
this objective, we will apply the Random Variable Transformation (RVT) method. This is
a powerful technique that has been recently used by the authors to construct random phase
portrait for planar systems [2] and to model the stroke disease [3]. The RVT technique
permits to compute the PDF of a RV which results from mapping of another RV whose
PDF is known. The multidimensional version of the RVT technique is stated in Theorem
1.

Theorem 1 (Multidimensional version, [6, pp. 24–25]). Let U = (U1, . . . , Un)> and
V = (V1, . . . , Vn)> be two n-dimensional absolutely continuous random vectors. Let r :
Rn → Rn be a one-to-one deterministic transformation of U into V, i.e., V = r(U).
Assume that r is continuous in U and has continuous partial derivatives with respect
to U. Then, if fU(u) denotes the joint probability density function of vector U, and
s = r−1 = (s1(v1, . . . , vn), . . . , sn(v1, . . . , vn))> represents the inverse mapping of r =
(r1(u1, . . . , un), . . . , rn(u1, . . . , un))>, the joint probability density function of vector V is
given by

fV(v) = fU (s(v)) |J | , (3)
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where |J | is the absolute value of the Jacobian, which is defined by

J = det

(
∂s>

∂v

)
= det


∂s1(v1, . . . , vn)

∂v1
· · · ∂sn(v1, . . . , vn)

∂v1
...

. . .
...

∂s1(v1, . . . , vn)

∂vn
· · · ∂sn(v1, . . . , vn)

∂vn

 . (4)

As the two states of a binary Markov chain make up a closed system, X1
n +X2

n = 1, we
shall see that once the 1-PDF of one of the two states has been computed, the 1-PDF of
the other state can be straightforwardly determined taking advantage of the following key
lemma. This result can be derived as direct application of Theorem 1.

Lemma 2 Let X and Y be two absolutely continuous random variables, such as Y = 1 −
X. Let fX(x) denote the probability density function of the random variable X, then the
probability density function of the random variable Y is given by

fY (y) = fX (1− y) . (5)

2 Solving the randomized binary Markov chain

This section is divided in two parts. In the first subsection we will compute the 1-PDF of
the solution to the randomized binary Markov chain (2) under very general assumptions and
the PDF of its steady state as well. The second subsection is addressed to determine the
PDF of the RV representing the time until a given proportion of the population is reached.
These goals will be achieved by applying the RVT technique.

Let us recall that the solution of problem (2) is given by

Xn = AnX0 =


−1 +Q+ (−1 + P +Q)n

(
1−Q+ (−2 + P +Q)X1

0

)
−2 + P +Q

−1 + P + (−1 + P +Q)n
(
−1 +Q− (−2 + P +Q)X1

0

)
−2 + P +Q

 , n = 0, 1, . . .

(6)
As P and Q are absolutely continuous RV’s, then P [{ω ∈ Ω : P (ω) +Q(ω)− 2}] = 0, for all
event ω ∈ Ω. As a consequence, the denominator of both components of (6) is well-defined.
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2.1 First Probability Density Function

As previously indicated, in this subsection we will obtain the 1-PDF of (6) using the RVT
method. To do this, we will apply Theorem 1 for the following choice of mapping r

y1 = r1
(
x10, p, q

)
=
−1 + q + (−1 + p+ q)n

(
1− q + (−2 + p+ q)x10

)
−2 + p+ q

,

y2 = r2
(
x10, p, q

)
= p,

y3 = r3
(
x10, p, q

)
= q.

Then, we will obtain the PDF of X1
n for n fixed. This can be achieved by applying

Theorem 1, but we first need to compute the inverse mapping s of mapping r

x10 = s1 (y1, y2, y3) =
y1 (−2 + y2 + y3) + (−1 + y3) (−1 + (−1 + y2 + y3)

n)

(−1 + y2 + y3)
n (−2 + y2 + y3)

,

p = s2 (y1, y2, y3) = y2,

q = s3 (y1, y2, y3) = y3,

and its jacobian

|J | =
∣∣∣∣∂s1∂y1

∣∣∣∣ =

∣∣∣∣ 1

(−1 + y2 + y3)
n

∣∣∣∣ .
Therefore, the PDF of the random vector (Y1, Y2, Y3) defined through mapping r is

fy1,y2,y3 (y1, y2, y3) = fx10,P,Q

(
y1(−2+y2+y3)+(−1+y3)(−1+(−1+y2+y3)n)

(−1+y2+y3)n(−2+y2+y3) , y2, y3

)
×

∣∣∣ 1
(−1+y2+y3)n

∣∣∣ .
Finally, marginalizing this expression with respect to P and Q and letting n arbitrary, we
obtain the 1-PDF of X1

n

fx
1

1 (x;n) =
∫∫
D(P,Q) fx10,P,Q

(
x(−2+p+q)+(−1+q)(−1+(−1+p+q)n)

(−1+p+q)n(−2+p+q) , p, q
)

×
∣∣∣ 1
(−1+p+q)n

∣∣∣ dq dp,

(7)

where D(P,Q) stands for the domain of the random vector (P,Q).
Now, taking into account that X2

n = 1 −X1
n for every n, and applying Lemma 2, the

1-PDF of X2
n is given by

fx
2

1 (x;n) = fx
1

1 (1− x;n) =

=
∫∫
D(P,Q) fx10,P,Q

(
(1−x)(−2+p+q)+(−1+q)(−1+(−1+p+q)n)

(−1+p+q)n(−2+p+q) , p, q
) ∣∣∣ 1

(−1+p+q)n
∣∣∣ dq dp.

(8)
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An important issue in dealing with Markov chains is to determine the steady state.
From the deterministic theory it is known that the steady state to the Markov chain (1) is

x∞ =


1− q

2− p− q
1− p

2− p− q

 . (9)

By defining an appropriate mapping based on the expression (9) and using RVT technique,
it can be shown that the PDF corresponding to the first component of the steady state is

fx1∞(x) =

∫
D(Q)

fP,Q

(
−1− x(2 + q) + q

x
, q

) ∣∣∣∣1− qx2

∣∣∣∣dq. (10)

2.2 Distribution of time until a given proportion of the subpopulation is
reached

It is useful to know when the percentage of a group in the population will attain a certain
level. This motivates the computation of the distribution of the time, Ni, i = 1, 2, until
a given proportion, ρi, of the population of state i is reached. Now, we concentrate on
the computation of N1 corresponding to the first subpopulation. Then, let us consider the
following relation obtained from the first component of equation (6) one gets

ρ1 =
−1 + q + (−1 + p+ q)n1(1− q + (−2 + p+ q)x10)

−2 + p+ q
. (11)

In order to obtain the 1-PDF, fN1(n), we first isolate n1 from equation (11) and use the
capital letter notation for random inputs X1

0 , P and Q. This leads to

N1 =
log
(
1−Q+(−2+P+Q)ρ1
1−Q+(−2+P+Q)x10

)
log(−1 + P +Q)

. (12)

This RV represents the time until a percentage ρ1 of the subpopulation 1 has been reached.
Using the RVT technique with an appropriate mapping inspired in (11), it can be proved
that

fN1(n) =
∫∫
D(P,Q) fx10,P,Q

(
(−1+p+q)−n(1−q+(−1+q)(−1+p+q)n+ρ1(−2+p+q))

−2+p+q , p, q
)

×
∣∣∣ (−1+p+q)−n(−1+q−(−2+p+q)ρ1) log(−1+p+q)

−2+p+q

∣∣∣ dq dq.

(13)
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Figure 2: Left: 1-PDF of the solution SP, X1
n, with n ∈ {1, 2, 3, 4} and the PDF of the

equilibrium RV X1
∞. Right: 1-PDF of the solution SP, X1

n, with n = 4 and the PDF of the
equilibrium RV X1

∞.

3 Example

This section is addressed to show an example where the previous theoretical results are
illustrated. With this aim, we need to choose the distributions of RV’s X1

0 , P and Q. For
the sake of clarity in the presentation, hereinafter we will assume that these RV’s are inde-
pendent. Therefore, its joint PDF can be factorized as the product of each individual PDF,
fX1

0 ,P,Q
(x10, p, q) = fX1

0
(x10)fP (p)fQ(q). On the one hand, as X1

0 is the initial percentage of
population in the state 1 (subpopulation 1), it lies between 0 and 1, then it is plausible to
assume that X1

0 has a Uniform distribution on the interval [0, 1]. On the other hand, as P
and Q represent the probabilities to remain in the states 1 (subpopulation 1) and 2 (sub-
population 2), respectively, then interval [0, 1] can represent their domains. Therefore, Beta
is a flexible biparametric probability distribution for these two RV’s, and this motivates
that in the sequel we take P ∼ Be(3; 2) and Q ∼ Be(3; 5).

In Figure 2 the 1-PDF, fX
1

1 (x;n), of the solution SP, X1
n, for different values of n ∈

{1, 2, 3, 4} and the PDF, fX1
∞

(x), of the equilibrium point, X1
∞, are shown. As it has been

previously pointed out, in this graphical representation one can observe that fX
1

1 (x;n) tends
to fX1

∞
(x) when n increases. In Figure 2, we have plotted separately the PDF’s fX

1

1 (x; 4)
and fX1

∞
(x) to better highlight this behaviour. On the right side of Figure 2, we can observe

that both PDF’s match. In Table 1, we report the total error of approximation fX
1

1 (x;n)
to fX1

∞
(x) as n increases. This error is calculated as

en =

∫ 1

0

∣∣∣fX1

1 (x;n)− fX1
∞

(x)
∣∣∣dx, n = 1, 2, . . . (14)

In Figure 3, the mean of the solution SP, X1
n, and the threshold computed by the mean

of the equilibrium have been represented. As it occurs with the 1-PDF, now we can observe
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n = 1 n = 2 n = 3 n = 4

en 0.155419 0.0508478 0.0405023 0.00884491

Table 1: Values of error en given by (14) for different cycles, n ∈ {1, 2, 3, 4}.

1 2 3 4 5 6 7 8

0.614

0.616

0.618

0.620

0.622

0.624

[Xn
1 ]

[Xn
∞]

Figure 3: Blue points: E
[
X1
n

]
for different n ∈ {1, 2, . . . , 8}. Red line: E

[
X1
∞
]
.

that E
[
X1
n

]
tends to E

[
X1
∞
]

as n increases. This fact can be numerically observed in Table
2, where the error measured as the absolute value of the difference between E

[
X1
n

]
and

E
[
X1
∞
]
, has been calculated for n ∈ {1, 2, . . . , 8}.

n = 1 n = 2 n = 3 n = 4

Error 0.0110972 0.00693051 0.00157336 0.00108635

n = 5 n = 6 n = 7 n = 8

Error 0.00035583 0.000262173 0.000106079 0.0000817976

Table 2: Error between E
[
X1
n

]
and E

[
X1
∞
]

for different cycles, n ∈ {1, 2, . . . , 8}.

4 Conclusions

In this paper we have provided a full probabilistic description of random binary Markov
chains under very general assumptions on the random inputs. These input are the proba-
bilities of the transition matrix and the initial conditions. That description has been made
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through the first probability density function of the discrete solution stochastic process and
the probability density function associated to the steady state. Furthermore, the probability
density function of a key time having specific interpretation in practice has been determined.
Other quantities of great interest in the deterministic context of Markov chains, like first
passage time, can be randomized using our approach. This permits the applications of the
theoretical results established in this contribution when dealing with real models.
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1 Instituto Universitario de Matemática Multidisciplinar,
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Abstract

Linear differential equations are important to model problems in many disciplines.
When its input parameters are treated as random variables, the solution of a random
differential equation is a stochastic process. Apart from obtaining the solution stochastic
process, it is also important to determine its first probability density function. The first
probability density function is important because it provides a comprehensive prob-
abilistic description of the solution and from it one can calculate the mean and the
variance functions and other important moments as well. In this paper we deal with
the computation of approximations of the first-order probability density function to
homogeneous variable-coefficient linear differential equations. This problem is studied
under very general assumptions on both the diffusion coefficient and the initial condi-
tions, which are assumed to be a stochastic process and a random variable, respectively.
To achieve this goal, the Karhunen-Loève expansion and Random Variable Transfor-
mation technique will be applied. Our findings are illustrated by means of a numerical
example.

Key words: Random non-autonomous linear differential equations, Random Variable
Transformation, Karhunen-Loève expansion.

1 Introduction

Linear differential equations, which depend on a number parameters, are important to model
some problems in many disciplines as Physics or Engineering, for example [1]. Although
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most of differential equations that appear in practice are nonlinear, linearization can be
used to study the local stability of an equilibrium point of a system of nonlinear differential
equations or discrete dynamical systems [2]. This method is commonly used in fields such
as engineering, Physics, Economics, Ecology, etc.

Coefficients and initial conditions of differential equations are treated as deterministic
constants in spite of being usually obtained by measurements and experiments. Then, they
contain errors. For this reason, it is more realist to treat these quantities as random variables
(RVs) or, when depending on other variables as time and/or space, as stochastic processes
(SPs).

A great part of the extant literature dealing with differential equations with uncertainty
focuses on the study of Stochastic Differential Equations (SDEs). In that case, randomness
is considered by means of special classes of SPs like markovian processes or, even more
specific as the Wiener process (also designed as brownian motion). This latter case restricts
the uncertainty to gaussian processes with irregular sample behaviour. This class of SDEs
are usually referred to as Itô-type SDEs. Solving SDEs is based on Itô calculus [3, 4]. Apart
from obtaining the solution SP, solving a SDE also means to determine the mean and the
variance of the solution. Complementary to SDEs, uncertainty can be considered through a
wider type of probabilistic distributions as binomial, Poisson, beta, gamma, etc. including
gaussian, but having milder sample behaviour. This class of equations are referred to as
Random Differential Equations (RDEs) and their rigorous analysis is usually based on a he
so-called Mean Square calculus [5, 6] whose convergence is termed mean square convergence.

It is worthy to point out that the extension of results of deterministic differential equa-
tions to RDEs is not immediate at all. With the aim of motivating this assertion, and
to justify our subsequent study for the linear non-autonomous RDE, next we state some
well-know in the deterministic framework that do not fulfil in the random context unless
additional assumptions are included. Indeed, let us consider the first-order linear RDE

x′(t;ω) = a(ω)x(t;ω), t ≥ 0; x(0;ω) = 1,

where a = a(ω) is a second-order RV, i.e. having finite variance defined on a complete
probability space (Ω,F ,P). In [5, 7], it has been shown that the extension of the classical
Lipschitz condition to mean square calculus in order to prove the uniqueness of the solution
to random initial problem (IVP) is satisfied if, and only if, a = a(ω) is bounded almost
surely. As a consequence, this important result is not applicable when a = a(ω) assumes
a Gaussian or a Poisson probability distribution. As another example that highlights deep
differences between deterministic and random differential equations, let us consider the
following non-homogeneous linear RDE

x′(t;ω) = a(t;ω)x(t;ω) + b(t;ω), x(t0;ω) = x0(ω). (1)

Then, the mean of the solution, µx(t) = E[x(t;ω)], does not satisfy the averaged differential
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equation (see [5, 8])

dµx(t;ω)

d t
= E[a(t;ω)]µx(t) + E[b(t;ω)], µx(t0;ω) = E[x0(ω)].

In [9] a random power series solution to random IVP (1) is constructed and the main
statistical functions (mean and variance) are calculated using mean square calculus as well.

Besides the calculation of first statistical moments, such as the mean and the variance,
the computation of the first probability density function (1-PDF) of the solution SP is much
more desirable since, from it, one can compute all the statistical moments. Furhtemore, the
1-PDF provides a comprehensive probabilistic description of the solution SP for each time
instant t and it permits compute the probability that the solution lies on a certain set of
specific interest.

In a previous contribution [10], some of the authors have provided a closed-form expres-
sion for the 1-PDF of the solution SP to first-order autonomous linear RDE whose input
parameters (coefficients and initial condition) are assumed to be RVs rather than deter-
ministic constants. This contribution is based on the application of the so-called Random
Variable Transformation (RVT) technique. Now, we will reach the next level by consider-
ing that the diffusion coefficient of an homogeneous linear RDE is a SP instead of a RV.
Therefore, the problem is formulated as follows

x′(t, ω) = a(t, ω)x(t, ω), t ∈ T ⊂ R+

x(t0, ω) = x0(ω),

}
(2)

where a : T × Ω→ R is a real-valued SP and x0 : Ω→ R is a real-valued RV. Hereinafter,
L2(Ω,L2(T )) will denote the Hilbert space of square integrable real-valued SPs [11]. Our
main goal is to obtain the 1-PDF, f1(x, t), of the solution SP, x(t;ω), to the random IVP
(2). This objective will be achieved by applying RVT method together with Karhunen-
Loève expansion. Despite of the simplicity in the statement of random IVP (2), as it shall
be seen later the answer to this question is far from trivial. Moreover, as far as we know
this problem has not be treated yet.

Karhunen-Loève expansion (KLE) is a Fourier type series that permits to represent
a SP in L2(Ω,L2(T )) by a denumerable set of uncorrelated RVs, {ξi}∞i=1, with mean zero
and unit variance. KLE is a generalization of the spectral decomposition of real-valued
symmetric matrices [11].

Theorem 1 (L2 convergence of Karhunen-Loève) ([11, p.202]) Consider a stochastic
process {y(t), t ∈ T } and suppose that y(t) ∈ L2(Ω,L2(T )). Then,

y(t, ω) = µy(t) +

∞∑
j=1

√
νjφj(t)ξj(ω), ω ∈ Ω, (3)
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where the sum converges in L2(Ω,L2(T )),

ξj(ω) :=
1
√
νj
〈y(t, ω)− µy(t), φj(t)〉L2(T ) ,

being µy(t) = E [y(t)] the mean of y(t) and {νj , φj} denote, respectively, the eigenvalues
with ν1 ≥ ν2 ≥ · · · ≥ 0 and eigenfunctions of the covariance function, Cy(s, t) in

(Cf)(t) :=

∫
T
Cy(s, t)f(s)ds, for f ∈ L2(T ),

where C is the integral operator.
Random variables ξj(ω) have mean zero, unit variance and are pairwise uncorrelated.

If the process is Gaussian, then ξj ∼ N(0, 1) i.i.d.

To apply the RVT technique, we will need to consider the truncation of order N of the
infinite series (3), i.e.

yN (t, ω) = µy(t) +
N∑
j=1

√
νjφj(t)ξj(ω), ω ∈ Ω. (4)

In this manner, only the following N + 1 RVs, x0(ω) and {ξi(ω) : 1 ≤ i ≤ N}, will
be involved in dealing with our approximate problem thas results after substituting the
diffusion coefficient a(t, ω) by the truncated KLE of order N in the original random IVP
(2). Then, we will obtain the 1-PDF, fN1 (x, t), of the solution to the approximate random
IVP. The last step will be to prove that fN1 (x, t) converges to the exact 1-PDF f1(x, t) under
mild conditions. To do this, the following result will be required.

Theorem 2 (Uniform convergence of Karhunen-Loève) [11, p.203] Consider a sto-
chastic process y(t, ω) ∈ L2(Ω,L2(T )), and let yJ(t, ω) be the stochastic process defined in
(4). If T ⊂ R is a closed and bounded set and the covariance function of y(t, ω)), Cy(s, t)
is continuous, Cy ∈ C(T × T ), then φj ∈ C(T ) and the series expansion of Cy converges
uniformly. In particular,

sup
s,t∈T

|Cy(s, t)− Cy,J(s, t)| ≤ sup
t∈T

∞∑
j=J+1

νjφj(t)
2 → 0, as J →∞,

where Cy,J is the covariance function of the SP yJ(t, ω) defined by

Cy,J(s, t) =

J∑
j=1

νjφj(s)φj(t).

Moreover,
sup
t∈T

E
[
(y(t, ω)− yJ(t, ω))2

]
→ 0, as J →∞.
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For the sake of completeness, now we state the RVT technique that will be used throughout
our analysis. As previously indicated this result will allow us to determine the 1-PDF
fN1 (x, t) of the truncated solution SP in terms of the joint PDF of the random vector
(x0(ω), ξ1(ω), . . . , ξN (ω), which will be assumed known.

Theorem 3 (Random Variable Transformation method) ([5, 12]) Let us consider
x(ω) = [x1(ω), . . . , xm(ω)]T and y(ω) = [y1(ω), . . . , ym(ω)]T be two m-dimensional abso-
lutely continuous random vectors defined on a complete probability space (Ω,F,P). Let
r : Rm → Rm be a one-to-one deterministic transformation of x(ω) into y(ω), i.e., y(ω) =
r(x(ω)) for each ω ∈ Ω. Assume that r is continuous in x(ω) for every for each ω ∈ Ω fixed,
and has continuous partial derivatives with respect to each xi ≡ xi(ω), 1 ≤ i ≤ m, for every
ω ∈ Ω. Then, if fx(ω)(x) denotes the joint probability density function of random vector
x(ω), and s = r−1 = (s1(y1, . . . , ym), . . . , sm(y1, . . . , ym)) represents the inverse mapping
of r = (r1(x1, . . . , xm), . . . , rm(x1, . . . , xm)), the joint probability density function of vector
y(ω) is given by

fy(ω)(y) = fx(ω) (s(y)) |Jm| , (5)

where |Jm|, which is assumed to be different from zero, denotes the absolute value of the
Jacobian defined by the determinant

Jm = det


∂s1(y1, . . . , ym)

∂y1
· · · ∂sm(y1, . . . , ym)

∂y1
...

. . .
...

∂s1(y1, . . . , ym)

∂ym
· · · ∂sm(y1, . . . , ym)

∂ym

 . (6)

The paper is organized as follows. Section 2 is addressed to compute the 1-PDF,
fN1 (x, t), of the truncated solution SP and also to study under what conditions there is
convergence in distribution to the 1-PDF of the exact solution SP, f1(x, t). Our findings
are illustrated with a numerical in Section 3. Conclusions are drawn in Section 4.

2 Computing the 1-PDF of the truncated solution stochastic
process

It is known that the exact closed solution to the IVP (2) is

x(t, ω) = x0(ω)Exp

[∫ t

t0

a(s, ω)ds

]
, ω ∈ Ω. (7)

It is important to note that given a SP a(t), in general nothing is known about the
distribution of the random integral

∫ t
t0
a(s) ds. An exception is the integrand is a Gaussian
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SP. In this case, the integral is also a Gaussian SP, see [5]. This is the reason why Karhunen-
Loève expansion is used here.

Let us first consider the truncated Karhunen-Loève expansion of SP a(t, ω) (see (1))

aN (t, ω) = µa(t) +
N∑
j=1

√
νjφj(t)ξj(ω), ω ∈ Ω, (8)

where µa(t) represents the mean of the SP a(t, ω).
Secondly, we substitute (8) in (7). Then, the approximated solution SP of the random

IVP (2) is

xN (t, ω) = x0(ω)Exp

[∫ t

t0

aN (s, ω)ds

]

= x0(ω)Exp

∫ t

t0

µa(s) +
N∑
j=1

√
νjφj(s)ξj(ω)

ds

 . (9)

Now, fixed t ∈ T , we will apply the RVT method (see Theorem 3), to obtain the
PDF of the approximate solution SP (9) in function of the joint PDF of the random vector
ξN+1(ω) = (x0(ω), ξ1(ω), . . . , ξN (ω)), fξN+1(ω)

(ξN+1), which is assumed to be known. To

this end, we consider the following mapping r : RN+1 → RN+1, whose components are ri,
1 ≤ i ≤ N + 1,

y1 = r1(x0, ξ1, . . . , ξN ) = x0 Exp

∫ t

t0

µa(s) +
N∑
j=1

√
νjφj(s)ξj

ds

 ,
y2 = r2(x0, ξ1, . . . , ξN ) = ξ1,

...
yN+1 = rN+1(x0, ξ1, . . . , ξN ) = ξN .

Its inverse transformation, s = r−1, is

x0 = s1(y1, y2, . . . , yN+1) = y1 Exp

−∫ t

t0

µa(s) +
N∑
j=1

√
νjφj(s)yj+1

ds

 ,
ξ1 = s2(y1, y2, . . . , yN+1) = y2,

...
ξN = sN+1(y1, y2, . . . , yN+1) = yN+1.

It can be checked that the absolute value of the Jacobian is

|JN+1| = Exp

−∫ t

t0

µa(s) +
N∑
j=1

√
νjφj(s)yj+1

 ds

 6= 0.
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Applying the RVT method (see Theorem 3), we obtain the joint PDF of the random vector
yN+1 = (y1(ω), y2(ω), . . . , yN+1(ω)) in function of the joint PDF of the random vector
ξN+1(ω)

fyN+1(ω)(yN+1) = fξN+1(ω)

y1 Exp

−∫ t

t0

µa(s) +

N∑
j=1

√
νjφj(s)yj+1

 ds

 , y2, . . . , yN+1



× Exp

−∫ t

t0

µa(s) +

N∑
j=1

√
νjφj(s)yj+1

 ds

 .
(10)

Finally, taking t ∈ T arbitrary and marginalizing expression (10), we obtain the 1-PDF
of the truncated solution SP

fN1 (x, t) =

∫
D(ξN )

fξN+1

x Exp

−∫ t

t0

µa(s) +
N∑
j=1

√
νjφj(s)ξj

ds

 , ξ1, . . . , ξN


× Exp

−∫ t

t0

µa(s) +

N∑
j=1

√
νjφj(s)ξj

ds

dξN · · · dξ1,

(11)
where D(ξN ) denotes the domain of random vector ξN (ω) = (ξ1(ω), . . . , ξN (ω)).

The uniformly convergence of the sequence {fN1 (x, t)} in R× T , i.e.

lim
N→∞

fN1 (x, t) = f1(x, t), ∀(x, t) ∈ R× T .

can be established.

3 Example

In this section we show a numerical example where the main results previously established
are illustrated. In this example we assume that a(t, ω) is the standard Brownian motion,
B(t), and t0 = 0, [11, 13]. Then, it is known that is mean, µa(t) = 0, and its variance,
V[a(t)] = 1, ∀t ∈ T = [0, T ]. Also, the covariance function is given by

Ca(s, t) = min (s, t), (s, t) ∈ T × T ,
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which has the following eigenvalues and normalized eigenfunctions

νj =
4T 2

π2(2j − 1)2
, φj(t) =

√
2

T
sin

(
tπ(2j − 1)

2T

)
, j = 1, 2, . . . (12)

Then according to (11), the 1-PDF of the truncated solution SP, xN (t, ω), is

fN1 (x, t) =

∫
D(ξN )

fξN+1(ω)

x N∏
j=1

e−Kj(t)ξj , ξ1, . . . , ξN

 N∏
j=1

e−Kj(t)ξj dξN · · · dξ1, (13)

where

Kj(t) =
4
√

2T 2

√
Tπ2(2j − 1)2

(
1− cos

(
tπ(2j − 1)

2T

))
.

In this example the 1-PDF of the exact solution SP, x(t, ω), can be computed. This
allows us to check the accuracy of approximations constructed using our approach. Applying
RVT technique and as Z(t) =

∫ t
0 B(s)ds ∼ N(0, t3/3), the 1-PDF is given by

f1(x, t) =

∫ ∞
−∞

fX0,Z(x e−z, z) e−z dz. (14)

Hereinafter we will take ξj(ω), j = 1, 2, truncated standard Gaussian RVs in the interval
[−10, 10], x0(ω) a uniform RV on the interval [0, 1], x0(ω) ∼ Un[0, 1] and we will assume that
x0(ω), ξ1(ω) and ξ2(ω) are independent RVs. In Table 1 the error given by the expression
(15) is calculated for different times levels, t ∈ {0.1, 1, 2} and truncation orders, N = 1, 2.
We observe that the 1-PDF of the first truncation is close to the 1-PDF of the exact solution.
Moreover, if the order of truncation increases this error decreases.

eN (t) =

∫ ∞
−∞

∣∣f1(x, t)− fN1 (x, t)
∣∣dx. (15)

eN (t) N = 1 N = 2

t = 0.1 0.019319 0.016788

t = 1 0.077919 0.008663

t = 2 0.005310 0.000832

Table 1: Error measure eN (t) defined by (15) for different time instants, t ∈ {0.1, 1, 2}, and
truncation orders, N ∈ {1, 2}.
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4 Conclusions

In this paper we have proposed a method in order to compute the first probability density
function of the solution stochastic process to the non-autonomous linear random differential
equation with a random initial condition. The method is based on the application of both
the Random Variable Transformation technique and the Karhunen-Loève expansion. To
the best of our knowledge, thisis the first time that this approach has been considered. The
method has been successfully tested through an example where the exact expression of the
first probability density function of the solution is available. The proposed technique is
promising, and we will study its application to complex random differential equations in
our forthcoming research.
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Abstract

The heliostat field of a solar power tower system, considering both its deployment
cost and potential energy loss at operation, must be carefully designed. This procedure
implies facing a complex continuous, constrained and large-scale optimization problem.
Hence, its resolution is generally wrapped by extra distribution patterns or layouts with
a reduced set of parameters. Griding the available surface is also an useful strategy.
However, those approaches limit the degrees of freedom at optimization. In this context,
the authors of this work are working on a new meta-heuristic for heliostat field opti-
mization by directly addressing the underlying problem. Attention is also given to the
benefits of modern High-Performance Computing (HPC) to allow a wider exploration
of the search-space. Thus, a parallel genetic optimizer has been designed for direct
heliostat field optimization. It relies on elitism, uniform crossover, static penalization
of infeasible solutions and tournament selection.

Key words: heliostat field optimization, genetic algorithm, parallelization

1 Introduction

Solar central receiver systems, SCRS in what follows, are one the most promising flagships
in the field of solar energy for large-scale electricity production. This is mainly due to the
high thermodynamic efficiency and power output stability that can be achieved by these

c©CMMSE ISBN: 978-84-608-6082-2Page 684 of  2288



Parallel GA for pattern-free heliostat field optimization

systems [2, 6]. For the scope of this work, SCRS can be defined as a large set of high
reflectance mirrors, called ‘heliostats’, and a radiation receiver on top of a tower. Heliostats
feature an orientable structure and a tracking system that make them follow the apparent
solar movement throughout days while also reflecting the incident radiation on the receiver.
This energy is then progressively transferred to a working fluid which circulates inside the
receiver. Finally, once the temperature of the fluid is high enough, it can be ultimately used
in a turbine cycle to generate electricity. In Fig. 1, an illustrative depiction of this kind of
systems is shown. Further information of SCRS can be found in [1, 16].

Sun 

Heliostats 

Receiver 

Turbine Steam 
Generator 

Working fluid 

Figure 1: Scheme of a solar tower power plant.

The heliostat field supposes up to 50% of the initial investment costs and can cause
up to 40% of energetic loss at operation [3, 6]. Consequently, its design must be carefully
optimized. Some valid criteria to do so are the total intercepted power [8] (which is the
objective chosen in this work), optical efficiency [3, 10] (which can be seen as a ratio between
the really intercepted power and the theoretical maximum), land use [10, 15] and price of
production [12]. Heliostat field optimization is a complex problem in which [5]: i) the
coordinates of every heliostat should be directly considered (and commercial fields have,
at least, several hundreds of heliostats) with placement constraints and ii) the objective
function is computationally expensive and multi-modal without a direct solid approach.
According to the concise and clear analysis done in [5, 8], most design methodologies relies
on a) well-known parametric distribution patterns and b) selection of positions. Besides,
these approaches could also be combined and expanded with what could be called ‘special
strategies’. Regarding known distribution patterns, there are some classic ones such as
the popular radial-staggered scheme (used in [6, 10, 11]). There are also some recent and
interesting proposals such as the parametric layout described in [12], which mainly expands
the concept of radial staggering with more degrees of freedom. In [10], apart from trying to
optimize a radial-stagger distribution, an innovative pattern is also proposed, a bio-inspired
spiral later used in [3]. In relation to greedy selection of positions, the method of [15], in
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which a grid is formed on the available surface, is widely known. The approach proposed
in [5] is similar to that strategy. In fact, the concept of selection is also generally applied
to pattern-based fields by generating larger layouts than needed and ultimately selecting
the best heliostats as investigated in [3, 10, 11, 12]. Hence, layouts could be even seen as
‘smart’ ways of generating available positions. This is a good way to partially overcome
the constrained perspective of parametric layouts as commented in [12]. Additionally, what
has been tagged as ‘special strategies’, without considering some of the previous ones which
also combine several ideas/steps, could contain the methods proposed in [4, 8] for their
enhanced flexibility. In [4], an interesting procedure in which the refinement of a preliminary
design is presented. In [8], based on some works exposing the sub-optimality of parametric
approaches, the whole complexity of the problem is directly addressed with a classical
optimization approach and a gradient-based method.

The authors of this work have defined a new meta-heuristic for heliostat field design.
It aims to address the continuous and constrained large-scale problem of adjusting the
coordinates of very heliostat through gradually altering the search-space shown to any
selected optimizer. In this paper, the design of an optimizer specially designed for the
problem at hand is described and commented. It is a genetic algorithm that has been
designed with the main aim of keeping a simple but robust and parallel structure. We are
aware that this type of algorithms have already been used for heliostat field optimization
but i) their interesting theoretical principles worth its application in our specific context
and, ii) their use is commonly focused on relatively reduced set of parameters as in [3,
4, 11, 12]. The underlying premise of design is: ‘The more solutions can be explored per
unit of time, the better results can be obtained’. In fact, the objective function is complex
and requires simulating several candidate fields, which can be computationally expensive.
Furthermore, as directly working with coordinates, it is expected that numerous cycles
will be needed to achieve good solutions. Nevertheless, the procedure also relies on known
principles to properly converge. Specifically, elitism, tournament selection and uniform
crossover. Besides, points of potential knowledge-injection are also highlighted. This paper
is organized as follows: In Section 2, the optimization problem is formally described in
terms of maximizing the total power reflected on the receiver. Then, in Section 3, the
genetic optimizer is described in detail. Finally, in Section 4, conclusions are drawn and
future work is planned.

2 Problem statement

As introduced, the problem at hand consist in placing a certain number of heliostats on a
flat ground so that, they reflect the maximum power on a known receiver. Let H be the total
number of heliostats to deploy. All are assumed to be of the same size and specifications
(as usual, to benefit from large-scale production). Specifically, their reflective surface is
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rectangular and has a size of l × w (from length and width, respectively). Every heliostat
h can be identified on the field by its central point, Ch = (xh, yh) (assuming Cartesian
coordinates). Hence, a field of H heliostats can be defined as a vector F = (C1, · · · , CH) =
(x1, y1, · · · , xH , yH) in R2H .

Considering the previous definitions, the problem to solve will have 2H dimensions, i.e.,
two coordinates per heliostat. Let PT (F ) be the total power effectively reflected by a certain
field F on the receiver throughout a fixed set of T instants of interest (i.e., defined apparent
solar positions), T = {t1, · · · , tT }. Depending on the final application requirements, T
can vary from a single one (for design-point optimization) to many ones encompassing, for
instance, a whole year (which increase the complexity and, specially, the computational
cost). PT (F ), which will be the objective function, can be analytically defined as expressed
in Eq. (1) [8, 9].

PT (F ) = A

T∑
t=t1

It

 H∑
h=h1

ηh(t)

 (1)

In relation to A, it is the reflective area of the heliostat model (approximately l × w
(m2)) and It is the incident radiation density at instant t (kW/m2). Regarding ηh(t), it is
the instantaneous efficiency factor of heliostat h at instant t (from 0 to 1, minimum and
maximum efficiencies respectively). This factor depends on i) the instant, ii) the position of
heliostat h in relation to the receiver and iii) the other heliostats due to potential interac-
tions. Its computation implies both simulating and analyzing the behavior of the candidate
field. As clearly explained in [3, 10, 16], this factor models different sources of energy loss at
operation. In fact, it is composed by different sub-factors (also in range [0,1]). The abstract
definition selected in this work is shown in Eq. (2), and it is the same selected in [3, 9, 10].

ηh = ηcosηsbηitcηaaηref (2)

A brief summary of the components of Eq. (2) and the way in which they are computed
is shown next:

• ηcos (Cosine loss): The effective reflective area of a heliostat is reduced by the cosine
of angle of incidence of solar radiation. It is computed as described in [16].

• ηsb (Shading and blocking loss): Every heliostat can partially obstruct the ra-
diation either incident (shading) or reflected (blocking) from any other one. It is
computed as recently proposed in [13] with the method for candidate filtering used in
[10]. This is the most computationally expensive part pf the function.

• ηitc (Interception loss): The reflected flux map of heliostats might not perfectly fit
the desired zone of the receiver. It is computed according to the model proposed in
[9] (which avoids its temporal component for computational efficiency).
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l 

w 

l 

w 

d 

Figure 2: Characteristic safety distance for heliostats.

• ηaa (Atmospheric attenuation loss): The atmosphere attenuates reflected radi-
ation from heliostats along its trajectory. It is estimated by using the same model
applied in [10] (which is also non-instant dependent).

• ηref (Reflectivity loss): Heliostats cannot grant a lossless reflection phenomenon.
It is considered as a common fabrication constant as in [10].

Additionally, it must also be considered that: i) the receiver base will be at the origin
of coordinates, ii) no heliostats can be neither nearer the receiver than Rmin nor further
than Rmax and iii) heliostats should be able to freely move without colliding each other,
where the safety distance d can be computed as d =

√
l2 + w2 (see Fig.2). At this point, the

target optimization problem expressed in Eq. (3). Therefore, there are H(H − 1)/2 + 2H
constrains to satisfy (as distance from any point a to b is the same that from b to a) and
the potential problem dimensionality is really large.

maximize
F

PT (F )

subject to
√
x2 + y2 ≥ Rmin +

d

2
, ∀C = (x, y)√

x2 + y2 ≤ Rmax −
d

2
,∀C = (x, y)√

(xi − xj)2 + (yi − yj)2 ≥ d, ∀Ci = (xi, yi), Cj = (xj , yj) : (i 6= j)

(3)

3 Method description

Genetic algorithms (GA), proposed by Holland in late seventies [7], are commonly used for
complex global optimization problems. This is because their underlying theoretical principle
is not linked to any particular problem but to the abstract evolution of species. Specifically,
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a population of candidate solutions (‘individuals’) is generated and simulated to evolve
(including interaction) until a certain halt condition met. In fact, as commented in Sec.1,
they are usually considered for heliostat field optimization. In any case, the concept of GA
(and even evolutionary computing in general) is quite wide and abstract. Hence, this kind
of methods is ultimately adapted to the target problem, which usually determines both the
selection of its base operators and their scope. Further information on population-based
heuristic including GA, see [14].

In this work, a GA has been designed for the problem defined at Sec.2. Besides, as
large populations are expected to be used it has the underlying aim of being able to run in
parallel too. This strategy adapts the whole procedure to exploit modern high-performance
environments, which is specially valuable to attenuate the potential cost of the objective
function (specially for large fields and/or sets of instants).

The structure defined for the individuals is quite simple: They are vectors of length 2H
with an additional field to record the fitness of that field design, i.e., the total power that
it reflected on the receiver after simulation (evaluation of Eq. (1)). In Fig.3, the structure
of individuals is depicted. Besides, it is important to remember, as included in that figure,
that every pair of coordinates is linked to a certain heliostat. However, GA are mainly
suited to unconstrained optimization [17] and as the problem at hand is constrained, some
adaptations must be done. Specifically, the problem is treated as an unconstrained one and
any unfeasible solution, i.e., those that does not respect all constraints, will be penalized
with very low fitness. Penalization will only depend on the degree of violation, i.e., the more
constraints are not respected (number and amount), the worse fitness is associated. This
approach, which is quite common to handle constrained optimization problems with GA, is
called ‘static penalization’ [17]. Thus, the designed method ignores the constraints shown
in Eq. (3) but alter the evaluation of any candidate solution, F , as defined in Eq. 4. In that
expression, mc is the distance between heliostat c and the tower base, i.e., m =

√
x2c + y2c ,

and IT is the summation of solar radiation density at every instant in T . Finally, V is an
abstract set which contains a record for every heliostat c in F and the constraints it violates
(to compute only those factors). Every heliostat in V has also a special set linked, Vc listing
any other heliostat z that is too near.

eval(F ) =


PT (F ), if V = ∅
0−AIT

(
(Rmin+d/2)−mc

(Rmin+d/2) + mc−(Rmax−d/2)
mc

+ d−dist(Cc,Cz)
d

)
; ∀c ∈ V,∀z ∈ Vc

otherwise
(4)

Once the definition of candidate solutions and how constraints are handled, the genetic
procedure can be described. It takes the input parameters listed below:

• popsize: the population size, which will be kept constant during the search.

• numpairs: the number of pairs to form for crossover.
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Figure 3: Diagram of an individual.

• tournsize: the tournament size at any selection (both for crossover and replacement).

• ovmut: the overall probability mutating a descendant.

• permut: the probability of altering every heliostat of a descendant once mutation
started.

• cycles: the number of cycles, i.e., generations to run.

It must be noted that contextual information such as the description of the field, which
is necessary to evaluate candidate solutions, is assumed implicitly available. With all this
information, the algorithm described in Alg.1 is executed. As can be seen, it is a common
evolutionary loop in which the parts that involve evaluating the objective function is dis-
tributed among concurrent threads (in a shared-memory environment). In fact, they all
are forced to wait for the master to define the population of the next cycle before starting
at line 12. By proceeding this way, threads can share the cost of evaluating the objective
function (which is required at initialization (line 5), reproduction (line 9) and mutation
(line 10)) while a consistent common population is maintained. Functions createThreads,
runInParallel and getChunkSize, they are referred to the way in which a thread pool can
be created and launched to work on different ranges of the population matrix. Similarly,
tag synchr simple indicates that the update of that variable must be consistent. The tag
barrier master do declares that the operation must be executed by the master while any
other thread is forced to wait for him. Regarding the algorithmic behavior of the proposed
GA, it is described next.

FunctionGenerateInitialPop (line 5) is expected to create as many candidate solutions,
i.e., F vectors, as required by the population size. However, their evaluation according to
Eq.4 is also required to form complete individuals. In fact, heliostats at this point are only
forced to respect the constraints involving Rmin and Rmax, just to limit their position, but
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Algorithm 1: Genetic algorithm for the first layer of the problem.

Input: Int popsize, numpairs, tournsize, cycles, Real ovmut, permut

Output: Vector F in R2H

1 IndividualSet pop, Individual bestIndividual; /* Shared among threads */

2 ThreadTeam threads = createThreads(); /* Create a team */

3 threads.runInParallel(); /* Thread-local below: */

4 Integers range = getChunkSize(); /* Get my zone of work as a thread */

5 pop = GenerateInitialPop(popsize, range, INJECT?);
6 bestIndividual < synchr >= UpdateBest(pop);
7 for i = 1 to cycles do
8 IndividualSet progs = SelectProgenitors(pop, range < numpairs >, tournsize);
9 IndividualSet desc = Reproduce(progs);

10 IndividualSet descMut = Mutate(desc, ovmut, permut);
11 bestIndividual < synchr >= UpdateBest(desc, descMut);
12 pop < barrier master do >= Replace(pop, descMut,KEEP BEST );

13 end
14 return bestIndividual.F

collisions are not avoided. Thus, partially unfeasible solutions are possible from the very
beginning. Nevertheless, its special label ‘INJECT?’ declares the possibility of including
some ‘special individuals’. Specifically, it is referred to adding some fields obtained from
any robust distribution pattern such as the biomimetic spiral proposed in [10]. This is
a two-bladed option because it injects solid knowledge to the population from its origin,
but also induces a serious influence in it because the fitness of those individuals will be
much more higher than the other ones. Hence, it could lead to an important genetic drift
and premature convergence. This option should be avoided or, at least, minimized when
possible.

Function SelectProgenitors (line 8) simply looks for two different progenitors to form
every pair. To do so, tournament selection is performed. This method is one of the most
popular for GA as it can easily combine uniformity of exploration with adjustable selection
pressure. Thus, every progenitor of each pair is selected out of a sample of tournsize
participants. This is also the procedure applied in function Replace (line 12), in which
the master selects every surviving individual out of popsize − 1 tournaments. The previous
−1 is caused because the best solution known so far is always left as part of the population
(at it would not be guaranteed to participate at any tournament otherwise). This is called
‘elitism’ in the field of GA, and it is based on the idea that the structure of a very good
solution could orientate the other ones to better zones of the search-space.

Function Reproduce (line 9) takes every pair and gets two descendant from each one.
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To do so, uniform crossover is applied. This method is very popular because it features
a high rate of mixing that tends to more complete explorations of the search-space. Its
procedure consists in these steps: First, an auxiliary crossover mask is randomly defined. It
is a binary string of length H (one per heliostat, i.e., pair of coordinates C) in which every
bit had the same probability to be either a 0 or a 1. Second, a first descendant is formed
by taking the heliostats (coordinates x and y) of its progenitor i for every position in which
the auxiliary mask has a 1 while they taken from the progenitor i+ 1 otherwise. Third, the
mask is inverted and a second descendant is obtained by applying the same rules. Any new
individual must be ultimately evaluated according to Eq. 4.

Function Mutate (line 10) is expected to allow the population to reach completely new
zones of the search-space. To do so, every descendant has a probability of ovmut of suffering
any kind of mutation. Specifically, their set of heliostats is crossed and any of them has
a probability of permut of being randomly repositioned. It must be noted that altered
individuals must be evaluated as new ones. Besides, when applied, mutation can override
promising solutions and make them worse. This is why a copy of the non-mutated ones is
maintained to update the global reference of the best solution known so far.

Finally, the method returns to the best vector of coordinates defining a field that has
been found during the search. That vector would be the solution that our meta-heuristic
would receive for further processing.

4 Conclusions and future work

In this work, the problem of heliostat field optimization has been presented and formally
stated. The field is not tried to be described by a reduced set of design variables, but the
complete set of continuous coordinates is directly addressed. This approach maximizes the
degrees of freedom at designing the field with respect to the use of parametric patterns.
Increasing the mobility at search has been proven to lead to better designs. In fact, any
final pattern can be seen just as a special case of a continuous pattern-free optimization.
In this context, the authors of this paper are working on a meta-heuristic that can reduce
the complexity of a complete resolution without significantly losing the achieved flexibility.
However, as a meta-heuristic, it must be coupled with an optimizer to effectively solve
the problem. Hence, a minimalist and parallel genetic algorithm has been designed for
that purpose. Its aim is to perform a wide exploration of the search-space by using high-
performance computing environments while also guiding the search. It relies on i) elitism,
ii) uniform crossover, iii) static penalization and v) tournament selection. Additionally, the
possibility of injecting distribution patterns as initial individuals is also allowed. It should
be used with extreme care to avoid strong genetic drift and premature convergence.

Regarding future work, the most immediate one is to enhance the current preliminary
implementation of the method. After that, it will included in our meta-heuristic and its real
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performance for the problem at hand will be analyzed in depth. Hence, that some aspects
might have to be further adapted.
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Abstract

In this paper we propose a modified version of the classical collocation method and
two spline collocation methods with high order of convergence, for the solution of integral
equations on surfaces of R3. Such methods are based on optimal superconvergent quasi-
interpolants defined on type-2 triangulations and based on the Zwart-Powell quadratic
box spline.
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1 Introduction

In this paper we consider the surface integral equation

ρ(P1)−
∫
S
K(P1,P2)ρ(P2)dSP2 = ψ(P1), P1 ∈ S, (1)

where S is a connected surface in R3, described by a sufficiently smooth map F : Ω → S,
with Ω a polygonal domain in R2, and the kernel K(P1,P2) is continuous for P1, P2 ∈ S.

Therefore, (1) can be written as

ρ(F(u, v))−
∫

Ω
K(F(u, v),F(s, t))ρ(F(s, t)) |(DsF×DtF)(s, t)| ds dt = ψ(F(u, v)), (u, v) ∈ Ω,

where |(DsF×DtF)(s, t)| is the Jacobian of the map F(s, t).
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If we denote by K : C(S) −→ C(S) the integral operator defined by

Kρ(F(u, v)) :=

∫
Ω
K(F(u, v),F(s, t))ρ(F(s, t)) |(DsF×DtF)(s, t)| ds dt,

for (u, v) ∈ Ω, then we can write (1) in the following operator form

(I − K)ρ = ψ. (2)

We remark that (2) has a unique solution ρ ∈ C(S) for any given ψ ∈ C(S) [3].
In the literature, standard methods for solving (2) consist in Nyström, Galerkin and

collocation methods. For instance, we recall the collocation ones based on a sequence of
linear interpolatory projection operators onto finite dimensional subspaces Xmn of C(S),
converging to the identity operator pointwise. A classical choice of Xmn is the space of C0

piecewise polynomials of a given degree d (usually d = 2) on a triangulation of Ω (see [3, 5]).
In this paper we propose three collocation methods for (2), based on a sequence of

optimal superconvergent spline quasi-interpolating operators {Qmn}, that are not projectors
and are defined on the space Xmn = S1

2(Ω, Tmn) of the C1 quadratic splines on a uniform
type-2 triangulation Tmn of Ω, with Ω a rectangular domain. We recall [12] that the above
quasi-interpolating splines are expressed by means of the scaled/translates of the Zwart-
Powell quadratic box spline (ZP-element) (see e.g. [4, Chap. 1], [14, Chap. 2]). From a
computational point of view, this is more convenient than the use of other spanning sets, for
instance formed by bivariate B-splines with support completely included in Ω [1, 7, 9, 13],
that, having different supports, have different expressions in the domain, while the ZP-
element is always the same.

Given a rectangular domain Ω = [a, b] × [c, d], by dividing it into mn equal squares
{Ωij}m n

i=1, j=1 with a given edge h, m,n ≥ 4, each of them being subdivided into 4 triangles by

its diagonals, we obtain a uniform type-2 triangulation Tmn of Ω. We denote by S1
2(Ω, Tmn)

the space of C1 quadratic splines on Tmn, whose dimension is (m+ 2)(n+ 2)− 1 ([14] and
the reference therein).

This space is generated by the (m + 2)(n + 2) B-spline functions {Bi,j , (i, j) ∈ Amn},
where Amn = {(i, j), 0 ≤ i ≤ m + 1, 0 ≤ j ≤ n + 1}, obtained by dilation/translation of
the ZP-element. Moreover, in order to obtain a B-spline basis for S1

2(Ω, Tmn) we have to
neglect one B-spline from the spanning set ([14] and the reference therein).

In the space S1
2(Ω, Tmn) we consider special optimal quasi-interpolants (abbr. QIs) of

the form
Qmnf :=

∑
(i,j)∈Amn

λi,j(f)Bi,j , (3)

with {λi,j , (i, j) ∈ Amn} a family of local linear functionals defined in this way

λi,j(f) :=
∑

(k,l)∈Fi,j

σi,j(k, l)f(Mk,l), (4)
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where the finite set of points {Mk,l, (k, l) ∈ Fi,j}, Fi,j ⊂ Amn, lies in some neighbourhood of
suppBi,j ∩Ω and the σi,j(k, l)’s are chosen such that Qmnf ≡ f for all f in P2 (the space of
bivariate polynomials of total degree two) and superconvergence is induced at some specific
points, i.e. the vertices, the centers, the midpoints of horizontal and vertical edges of each
subsquare of the partition. The coefficient functional expression (4) is given in [12] and we
recall that ‖Qmn‖∞ ≤ 2. The points Mk,l in (4) are the mn centers of the squares, the
2(m+ n) midpoints of boundary segments and the four vertices of Ω.

We remark that the QIs (3) can also be written in quasi-Lagrange form

Qmnf :=
∑

(i,j)∈Amn

f(Mi,j)Li,j ,

by means of the fundamental functions Li,j , obtained as linear combination of the Bi,j ’s.
Standard results in approximation theory and other specific ones given in [6] allow

us to deduce the following theorem, where Dβ = Dβ1β2 = ∂|β|

∂xβ1∂yβ2
, with |β| = β1 +

β2, ‖Dνf‖∞ = max
|β|=ν

∥∥∥Dβf
∥∥∥
∞

, ω (Dνf, h) = max {ω (Dαf, h) , |α| = ν}, where ω (f, h) =

max {|f(P1)− f(P2)| ;P1, P2 ∈ Ω, ‖P1 − P2‖ ≤ h} is the modulus of continuity of f ∈ C(Ω),
and ‖·‖ is the Euclidean norm.

Theorem 1 Let f ∈ Cν(Ω), 0 ≤ |α| ≤ ν ≤ 2, |α| = 0, 1 then

‖Dα(f −Qmnf)‖∞ ≤ Kα,νh
ν−|α|ω (Dνf, h) ,

where the error constant Kα,ν is independent of h and depends only on α and ν.
If, in addition, f ∈ C3(Ω), then

‖Dα(f −Qmnf)‖∞ ≤ Kα,3h
3−|α| ∥∥D3f

∥∥
∞ .

We underline that Qmn has superconvergence properties. In particular, for f ∈ C4(Ω),
we have that |(f −Qmnf)(P )| = O(h4) at specific points P in Ω, that are the vertices, the
centers, the midpoints of horizontal and vertical edges of each subsquare of Ω partition.

Finally, the above superconvergent QIs can be applied to numerical integration, getting
cubature rules that we will use in Section 2.2.

For any function f ∈ C(Ω), we can numerically evaluate the integral

I(f) =

∫
Ω
f(s, t) ds dt

by the cubature rule defined by

I(Qmnf) =
∑

(i,j)∈Amn

wi,jf(Mi,j), (5)
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where the weights

wi,j =

∫
Ω
Li,j(s, t) ds dt.

are reported in [8].
From Theorem 1, we can easily deduce the following result.

Theorem 2 Let f ∈ C(Ω) and E(f) = I(f)− I(Qmnf).
Then, |E(f)| ≤ C̄ω(f, h), where C̄ is a positive constant independent of m and n.
Moreover if f ∈ Cν(Ω), ν = 1, 2, 3, then E(f) = O(hν).

We remark that the above cubature has precision degree at least 2, because Qmn is
exact on P2. However, since uniform partitions are special cases of the ones with symmetric
knots with respect to the center of Ω, Corollary 1 of [10] can be generalized to our case,
getting

I(f) = I(Qmnf) for f(s, t) = sr1tr2 ,

with 0 ≤ r1, r2 ≤ 3, r1 + r2 = 3 and r1, r2 = 1, 3, with r1 + r2 = 4. Therefore the precision
degree of the cubature (5) is 3 and, if f ∈ C4(Ω), then E(f) = O(h4).

2 Collocation methods for surface integral equations

In this section we present and analyse three collocation methods (see [8] for details) based
on the sequence {Qmn} of spline QI operators defined in Section 1.

2.1 Modified collocation method

In this method, that we call modified collocation method, in (2) we replace the operator
K by QmnK and the right hand side ψ by Qmnψ. We remark that the idea of defining
a collocation method by operators that are not projectors has been proposed in [2] for
univariate integral equations.

Therefore, we approximate the integral equation (2) by

(I −QmnK)ρmn = Qmnψ. (6)

We write the approximated solution ρmn, belonging to S1
2(Ω, Tmn), as

ρmn(F(u, v)) =
∑

α∈Amn

XαLα(u, v), with α = (i, j).

Substituting the expressions of Qmn and ρmn into (6), by identifying the coefficients of Lα,
we obtain

Xα −
∑

β∈Amn

XβL̄β(Mα) = ψ(F(Mα)), α ∈ Amn,
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with L̄β = KLβ. This is a linear system of (m+ 2)(n+ 2) equations, that can be written in
the form

(I −A)X = a (7)

where A is the matrix with entries

Aαβ := L̄β(Mα) =

∫
Ω
K(F(Mα),F(s, t)) |(DsF×DtF)(s, t)|Lβ(s, t) ds dt (8)

and a is the vector with elements aα := ψ(F(Mα)).
Concerning the convergence, we can state the following theorem.

Theorem 3 Let ρ ∈ C3(Ω), then ‖ρ− ρmn‖∞ = O
(
h3
)
.

2.2 Collocation methods with high order of convergence

In these methods, that we call collocation methods with high order of convergence, in (2)
we replace K by one of the two following finite rank operators

Kmn,i := QmnK +K∗mn,i −QmnK∗mn,i, i = 1, 2,

where

1. K∗mn,1 is the degenerate kernel operator defined by

K∗mn,1ρ(F(u, v))

:=

∫
Ω
Qmn (K(F(u, v),F(s, t)) |(DsF×DtF)(s, t)|) ρ(F(s, t)) ds dt

=
∑

α∈Amn

K(F(u, v),F(Mα)) |(DsF×DtF)(Mα)| ·
∫

Ω
Lα(s, t)ρ(F(s, t)) ds dt,

(9)

2. K∗mn,2 is the Nyström operator based on Qmn and defined by

K∗mn,2ρ(F(u, v)) :=
∑

α∈Amn

wαK(F(u, v),F(Mα)) |(DsF×DtF)(Mα)| ρ(F(Mα)),

(10)
according to (5).

We remark that such methods are defined by a logical scheme similar to that one used in
[1] to construct methods for 2D integral equations, based on other quasi-interpolants.

Therefore, we approximate (2) by

ρmn,i − (QmnK +K∗mn,i −QmnK∗mn,i)ρmn,i = ψ, i = 1, 2. (11)
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that can be reduced to two systems of 2(m+ 2)(n+ 2) linear equations.
After some algebra, from (9) and (11), we can write the approximate solution ρmn,1 as:

ρmn,1(F(u, v)) = ψ(F(u, v)) +
∑

α∈Amn

XαLα(u, v)

+
∑

α∈Amn

YαK(F(u, v),F(Mα)) |(DsF×DtF)(Mα)| ,

where the unknowns {Xα} and {Yα}, α ∈ Amn, are obtained by solving the linear system
(I −R)Z = d, with

R :=

[
A D −B
C E

]
, Z :=

[
X
Y

]
, d :=

[
b
c

]
(12)

and A, B, C, D, E ∈ R(m+2)(n+2)×(m+2)(n+2), b, c ∈ R(m+2)(n+2), whose entries are given
by

• Aα,β := L̄β(Mα), see (8),

• Bα,β := K(F(Mα),F(Mβ)) |(DsF×DtF)(Mβ)|,

• Cα,β :=

∫
Ω
Lα(s, t)Lβ(s, t) ds dt,

• Dα,β :=

∫
Ω
K(F(Mα),F(s, t))|(DsF×DtF)(s, t)|K(F(s, t),F(Mβ))|(DsF×DtF)(Mβ)| ds dt,

• Eα,β :=

∫
Ω
K(F(s, t),F(Mβ)) |(DsF×DtF)(Mβ)|Lα(s, t) ds dt,

• bα := Kψ(F(Mα)) =

∫
Ω
K(F(Mα),F(s, t)) |(DsF×DtF)(s, t)|ψ(F(s, t)) ds dt,

• cα :=

∫
Ω
ψ(F(s, t))Lα(s, t) ds dt.

Similarly, from (10) and (11), we can get that the solution ρmn,2 is

ρmn,2(F(u, v)) = ψ(F(u, v)) +
∑

α∈Amn

XαLα(u, v)

+
∑

α∈Amn

wαYαK(F(u, v),F(Mα)) |(DsF×DtF)(Mα)| ,

where the unknowns {Xα} and {Yα}, α ∈ Amn, are obtained by solving the linear system
(I − T )Z = f , with

T :=

[
A F −G
H G

]
, Z :=

[
X
Y

]
, f :=

[
a
e

]
(13)

and F , G, H ∈ R(m+2)(n+2)×(m+2)(n+2), e ∈ R(m+2)(n+2), whose entries are given by
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• Fα,β := wβ

∫
Ω
K(F(Mα),F(s, t))|(DsF×DtF)(s, t)|K(F(s, t),F(Mβ))|(DsF×DtF)(Mβ)| ds dt,

• Gα,β := wβK(F(Mα),F(Mβ)) |(DsF×DtF)(Mβ)|,

• Hα,β := Lβ(Mα),

• eα := ψ(F(Mα).

Concerning the convergence, we can state the following theorem.

Theorem 4 If ρ is differentiable with bounded derivatives, K(·, ·) ∈ C4(S × S) and F ∈
C5(Ω), then ‖ρ− ρmn,1‖∞ = O(h7).

If ρ ∈ C4(S), K(·, ·) ∈ C4(S × S) and F ∈ C5(Ω), then ‖ρ− ρmn,2‖∞ = O(h7).

3 Numerical results

By using the collocation methods (6) and (11), we have to evaluate many integrals and
usually it must be done by suitable numerical integration formulas. Therefore, we have
to discretize the proposed methods by introducing convenient cubatures and we denote by
ρDmn, ρDmn,i, i = 1, 2, the corresponding solutions.

Here, we decide to compute the entries of the matrices and vectors appearing in (7), (12),
(13), by using a composite Gaussian cubature on triangular domains (see [11]), implemented
by the Matlab function triquad (see [15]), with N2 nodes in each triangle of Tmn and with
precision degree 2N − 1. The number of nodes is chosen to preserve the approximation
order of the method. Therefore, we choose N = 2 for the modified collocation method (6)
and N = 4 for the two collocation methods with high order of convergence (11).

We test the performances of the proposed methods in the numerical solution of the
surface integral equation from [3]

ρ(P1)− 1

30

∫
S
ρ(P2)

∂

∂nP2

(
‖P1 −P2‖2

)
dSP2 =

1

30
ψ(P1), P1 ∈ S,

where S is the ellipsoidal surface given by x2 +
(

4y
3

)2
+ (2z)2 = 1, nP2 is the inner normal

to S at P2 and

F(s, t) =

 sin (s) cos (t)
3
4 sin (s) sin (t)

1
2 cos (s)

,

 (s, t) ∈ Ω = [0, π]× [0, 2π].

We choose ρ(P) = e
1
2

cos (s) and define ψ accordingly.
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For each method we compute the maximum absolute errors

Emn = max
(u,v)∈G

|ρ(u, v)− ρDmn(u, v)|, Emn,i = max
(u,v)∈G

|ρ(u, v)− ρDmn,i(u, v)|, i = 1, 2,

for increasing values of m and n, where G is a uniform grid of 100 × 100 points in Ω. We
also compute the corresponding numerical convergence orders omn, omn,i, i = 1, 2.

The results are shown in Table 1 and we can notice that they agree with the theoretical
ones.

Table 1: Maximum absolute errors and numerical convergence orders.

m n Emn omn Emn,1 omn,1 Emn,2 omn,2

4 8 7.56e-03 - 2.51e-05 - 3.17e-05 -

8 16 8.11e-04 3.22 2.09e-07 6.91 1.29e-07 7.94

16 32 8.21e-05 3.30 1.48e-09 7.14 1.71e-09 6.24

32 64 8.34e-06 3.30 1.12e-11 7.04 1.46e-11 6.87
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Abstract

We consider an optimal order numerical approximation for the boundary layer adap-
tive solution of a system of reaction-diffusion problems. To generate the layer adaptive
mesh, we use the equidistribution of a positive monitor function. This technique enables
the mesh movement to follow the rapidly changing behavior of the solution. It is ob-
served that the discrete solution is second-order uniformly convergent on this mesh and
the convergence is optimal with respect to the discretization of the continuous problem.
Numerical experiments validate the performance of the present method.

Key words: Boundary layer, Singular perturbation, Adaptive mesh, Mesh equidistri-
bution, Uniform convergence.
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1 Introduction

In this work, we consider a system of reaction diffusion model which frequently rises in
control theory [8]. For the numerical analysis, we consider the following singularly perturbed
system of reaction-diffusion problems on x ∈ Ω = (0, 1) :

Lu(x) = f(x)⇔


L1u(x) ≡ −εu′′1(x) + b11(x)u1(x) + b12(x)u2(x) = f1(x),

L2u(x) ≡ −εu′′2(x) + b21(x)u1(x) + b22(x)u2(x) = f2(x),

u1(0) = 0, u1(1) = 0, u2(0) = 0, u2(1) = 0,

(1)
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where 0 < ε � 1 is the singular perturbation parameter and u(x) = (u1(x), u2(x))T , L =
(L1, L2)T and f(x) = (f1(x), f2(x))T which are assumed to be sufficiently smooth. The
matrix (bij)

2
i,j=1 is considered an L0-matrix (i.e., off-diagonals are nonpositive and diagonals

are positive) with

min
x∈Ω=[0,1]

{ 2∑
j=1

bmj(x)

}
≥ β > 0, for m = 1, 2, (2)

and β > bii(x) > β > 0, i, j = 1, 2, for some real number β, β. Under these assumptions
the equation (1) has a unique solution u(x) [3] with two boundary layers at x = 0, 1.

Numerical methods on a fixed uniform mesh do not capture boundary layer for an
arbitrary value of ε, unless one uses the fitted operator technique. This technique is well
developed in several works of Vigo-Aguiar et al. [9, 10]. In recent days, fitted mesh methods
have shown its interest, where one needs to find an adaptive mesh which is dense inside
the boundary layers. In [6], an almost second order convergence upto logarithmic term is
observed on Shishkin’s fitted mesh for (1). Here, our aim is to develop a numerical method
for (1) which is exactly second order convergent. For this, we use the mesh equidistribution
technique. A mesh {a = x0 < x1 < · · · < xN = b} is said to be equidistributed [2, 4, 7], if∫ xi

xi−1

M
(
s,u(s)

)
ds =

1

N

∫ b

a
M
(
s,u(s)

)
ds, i = 1, · · · , N, (3)

where M
(
x,u(x)

)
(> 0) is called the error monitor function. This technique automatically

adopts the mesh by equidistributing M
(
s,u(s)

)
. Nowadays, several researchers have shown

their interest on the moving mesh methods for scalar singularly perturbed reaction-diffusion
[1, 3]. Here, our main goal is to obtain a parameter uniform optimal order convergent so-
lution for a system of singularly perturbed reaction-diffusion problems using mesh equidis-
tribution.

The paper is divided as follows. In Section 2, we propose an error monitor function
whose equidistribution leads to an layer adaptive mesh. The finite difference discretization
of (1) and its stability analysis is considered in Section 3. In Section 4, it is shown that
the discrete solution is second-order parameter uniformly convergent on the equidistributed
mesh. This order of convergence is optimal with respect to the discretization of the contin-
uous problem. The numerical examples in Section 5 validates the theoretical prediction.

Throughout this paper, C denotes a generic positive constant, independent of ε, xi
(mesh points) and N (number of partitions of the domain Ω). We set φi = φ(xi) for
any scalar function φ, while φNi (or ΦN

i for vector valued function) denote a numerical
approximation of φ (analogously Φ = (φ1, φ2)T ∈ R2) at xi. We denote || · ||∞ as ||φ|| =
||φ(x)||D = max

ξ∈D
|φ(ξ)| for any function φ defined on some domain D. Analogously for

φ ∈ R2, ||φ|| will be denoted as ||φ||∞ = ||φ|| = max
x∈D
{|φ1|, |φ2|}. In the analysis, we

assume that ε satisfies 0 <
√
ε < N−1, as otherwise, the adaptive mesh is not required.
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2 Derivative Bounds of the Solution

We decompose the analytical solution u into the smooth and singular components v and w
resp. such that u = v + w. The following lemma provides the derivative bounds of v, w.

Lemma 2.1 The smooth component v = (v1, v2)T , where

Lv(x) = f(x), x ∈ Ω, where v(0) and v(1) are suitably chosen,

and the singular component w = (w1, w2)T , where

Lw(x) = 0, x ∈ Ω, w(0) = u(0)− v(0), w(1) = u(1)− v(1),

satisfy

|v(k)(x)| ≤ C(1 + ε(2−k)/2), for k = 0, · · · , 4, (4)

and

|w(k)(x)| ≤ Cε−k/2
(

exp(−x
√
β/ε) + exp(−(1− x)

√
β/ε)

)
, for k = 0, · · · , 4. (5)

Proof. The proof of this lemma is given in [5]. For our error analysis, we shall use the
leading order asymptotic expansion of the solution u(x) of (1) and its derivative bound. To
find this, we use the decomposition of the solution u(x) into smooth component v(x) and
the singular component w(x). To find this, we use the asymptotic expansion technique.
For the smooth component v(x), we use the asymptotic expansion v(x) = v0(x) + εv1(x) =
(v01(x)+εv11(x), v02(x)+εv12(x))T where v1(0) = 0 and v1(1) = 0. Hence the leading order
term v0(x) of v(x) satisfies (by putting ε = 0 in (1))

b11(x)v01(x) + b12(x)v02(x) = f1(x), b21(x)v01(x) + b22(x)v02(x) = f2(x),

which ensures the ε uniform bound of v01(x) and v02(x). In a similar way, following the
technique given in [6], we can obtain the derivative bounds in (4). Now, we decompose the
singular/layer component w(x) as w(x) = wl(x) + wr(x) such that{

Lwl(x) = 0, x ∈ Ω,

wl(0) = w(0), wl(1) = 0,
and

{
Lwr(x) = 0, x ∈ Ω,

wr(0) = 0, wr(1) = w(1).

Let us introduce the asymptotic expansions for the left-hand singular component wl =
(wl1, w

l
2)T and the right-hand singular component wr = (wr1, w

r
2)T as

wls(x) = wl0s(x) +
√
εwl1s(x) + εwl2s(x) + · · · , wrs(x) = wr0s(x) +

√
εwr1s(x) + εwr2s(x) + · · · ,
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where s = 1, 2. To find the derivative bounds of wl, we shall use the transformation
ξ = x/

√
ε. Using the Taylor series expansions of bmn(ξ

√
ε), m, n = 1, 2, comparing the

terms of order ε, it can be checked that the leading order terms of wl(ξ) satisfies

L̂1w
l
01 + b12(0)wl02 = 0, L̂2w

l
02 + b21(0)wl01 = 0,

wl0k(0) = −v0k(0) with lim
ξ→∞

wl0k(ξ) = 0, for k = 1, 2,

where L̂k ≡ −
d2

dξ2
+ bkk(0)I and so on. In a similar way, the leading order terms of wr(ξ)

satisfies
L̂1w

r
01 + b12(1)wr02 = 0, L̂2w

r
02 + b21(1)wr01 = 0,

wr0k(1) = −v0k(1) with lim
ξ→−∞

wr0k(ξ) = 0, for k = 1, 2,

and so on. Now we can use a similar approach provided in [6] to have |wlk(1)| < C exp(−β/ε)
and |wl (p)

k (x)| ≤ Cε−p/2 exp
(
−x
√
β/ε

)
, where k = 1, 2. By a similar way, using the

asymptotic expansion technique, we can obtain the derivative bounds of the right-hand side
of the boundary layer. This completes the proof of this lemma.

From now onwards, we shall concentrate only on the finer bounds of the derivatives of
v(x) and w(x). The a priori derivative bounds of the solution suggest that the boundary
layer phenomena occurs from the singular component w(x) = (w1(x), w2(x))T of the solu-
tion. Mesh equidistribution in (3) can also be thought of as a mapping x = x(ξ) from a
computational coordinate ξ ∈ [0, 1] to the physical coordinate x ∈ Ω, defined by∫ x(ξ)

0
M
(
s,u(s)

)
ds = ξ

∫ 1

0
M
(
s,u(s)

)
ds. (6)

To simplify the error analysis, we consider a monitor function, which only involves the
singular component, since the derivatives of the singular component are not uniformly
bounded with respect to ε. Here, we consider

M(x,u(x)) = α+ |w′′1(x)|1/2 + |w′′2(x)|1/2, (7)

which involves the singular components (w1, w2) of u. This choice will make the analysis
simpler. Here α is a positive constant which is defined in Lemma 2.2. To approximate
w′′k(x), k = 1, 2, we use Lemma 2.1 with 0 < ε � 1. Hence, the leading order expansion of
w(x) follows

|w′′m(x)| ≈


κm1ε

−1 exp

(
−x
√
β

ε

)
, x ∈ [0, 1/2],

κm2ε
−1 exp

(
−(1− x)

√
β

ε

)
, x ∈ (1/2, 1],
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where κm1 and κm2 for m = 1, 2, are constants which are independent of ε and x. Hence,
we have ∫ 1

0
(|w′′1(x)|1/2 + |w′′2(x)|1/2)dx ≡ K ≈ 2

[ 2∑
i,j=1

|κij |1/2
]
/
√
β.

Substituting the approximate value of w′′k(x) in (6), we obtain for x(ξ) ≤ 1/2,

ξ
( α
K

+ 1
)

= α
x(ξ)

K
+

2
∑2

i=1 |κi1|1/2

K
√
β

[
1− exp

(
−x(ξ)

2

√
β

ε

)]
. (8)

Similarly, for x(ξ) > 1/2, we have

(1− ξ)
( α
K

+ 1
)

= α
(1− x(ξ))

K
+

2
∑2

i=1 |κi2|1/2

K
√
β

[
1− exp

(
−(1− x(ξ))

2

√
β

ε

)]
. (9)

Note that the equidistribution principle (6) is a mapping from the physical nonuniform
coordinates {xi}Ni=0 to the computational coordinates of uniform meshes {ξi = i/N}Ni=0.
Hence, we have from (8) and (9) that

αxi
K

+K1

[
1− exp

(
−xi

2

√
β

ε

)]
=

i

N

( α
K

+ 1
)
, for xi ≤ 1/2, (10)

and for xi > 1/2

α(1− xi)
K

+K2

[
1− exp

(
−(1− xi)

2

√
β

ε

)]
=

(
1− i

N

)( α
K

+ 1
)
, (11)

where

K1 =

∑2
i=1 |κi1|1/2∑2
i,j=1 |κij |1/2

and K2 = 1−K1.

Hence, the adaptively generated mesh xi is the solution of the nonlinear algebraic equations
(10) and (11). Now let us denote the step sizes on an arbitrary mesh ΩN ≡ {0 = x0 < x1 <
· · · < xN = 1} as hi = xi − xi−1. The following lemma provides the structure of the mesh
distribution and a choice for α.

Lemma 2.2 Let us assume that α = K in (10) and (11). Then the mesh points satisfy

xkl < 2

√
ε

β
ln(N) < xkl+1, and xkr−1 < 1− 2

√
ε

β
ln(N) < xkr ,

c©CMMSE ISBN: 978-84-617-8694-7Page 708 of  2288



Second order uniform convergence for system of equations

with kl =

[
K1

2
(N − 1) +

√
ε

β
N ln(N)

]
, kr =

[
N − K2

2
(N − 1)−

√
ε

β
N ln(N)

]
+ 1,

where [·] denotes the integral part of the inside quantity. In particular, the mesh widths
within the boundary layers i.e., for i = 1, · · · , kl, kr + 1, · · · , N, satisfy hi < C

√
ε/β, with

|hi+1−hi| ≤ Ch2
i , i = 1, · · · , kl−1, and |hi+1−hi| ≤ Ch2

i+1, i = kr +1, · · · , N −1, and

exp

(
−xi

2

√
β

ε

)
≤ CN−1, i ≥ kl − 1, xi ≤ 1/2, and exp

(
−(1− xi)

2

√
β

ε

)
≤ CN−1, i ≤

kr, xi > 1/2.

Proof. The proof of the above results on mesh structure follows from [1].
The following lemma provides upper bounds for the mesh spacings generated by (10-11).

Lemma 2.3 Mesh spaces generated by the equidistribution of monitor function (7) satisfy

hi ≤ CN−1, for i = 1, · · · , N.

Proof. Note that (7) satisfies M(x,u(x)) ≥ α = K. The derivative bounds of Lemma 2.1

follows

∫ 1

0
M(x,u(x))dx ≤ C1 where C1 is independent of ε. Hence, (3) implies

αhi ≤
∫ xi

xi−1

M(x,u(x))dx =
1

N

∫ 1

0
M(x,u(x))dx ≤ C1N

−1.

Therefore hi ≤ CN−1.

3 Discrete Problem

In this section, we consider the discrete problem and its stability for (1). We use the
following finite difference schemes to discretize (1) on ΩN ≡ {0 = x0 < x1 < · · · < xN = 1}.
For a given discrete function η(xi) = ηi, we use the central difference operator

δ2ηi =
(D+ηi −D−ηi)

~i
where D+ηi =

ηi+1 − ηi
hi+1

and D−ηi =
ηi − ηi−1

hi
,

where ~i = (hi + hi+1)/2 to discretize the problem (1). Therefore, the discrete problem
corresponding to the continuous version (1) becomes:
Find U = (U1,U2)T such that

LNUi = fi ⇔


LN1 Ui ≡ −εδ2U1,i + b11,iU1,i + b12,iU2,i = f1,i,

LN2 Ui ≡ −εδ2U2,i + b21,iU1,i + b22,iU2,i = f2,i, i = 1, · · · , N − 1,

U1,0 = U1,N = U2,0 = U2,N = 0,

(12)
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where LN = (LN1 , L
N
2 )T is the discrete operator corresponding to the continuous operator

L and fi = (f1,i, f2,i)
T . By solving the system of linear algebraic equations in (12) on the

adaptive equidistributed mesh obtained by the equidistribution of (7), we obtain the nu-
merical solution U on the adaptive mesh x0, x1, · · · , xN . Observe that the discrete operator
LN satisfies the following comparison principle.

Lemma 3.1 If two mesh functions V and W, where Vi = (V1,i, V2,i) and Wi = (W1,i,W2,i)
satisfy (LNV)i ≥ (LNW)i, for 1 ≤ i ≤ N − 1, with V0 ≥ W0 and VN ≥ WN , then
Vi ≥Wi, for 1 ≤ i ≤ N − 1.

Proof. Let us assume Zi = Vi −Wi. Therefore, it is enough to show that Zi ≥ 0 under
the conditions stated above. Now, let us assume that the above result is not true, i.e., there
exists xp ∈ ΩN such that Zq,p < 0 for some q. Let Si = (S1,i, S2,i)

T where Sk,i = 1 for all
i and k and assume φ = maxk{maxi(−Zk/Sk)(xi)}. This implies that there exists a mesh
point x∗ ∈ ΩN such that (Zt + φSt)(x∗) = 0 for some t. Note that (Zk,i + φSk,i) ≥ 0 for all
i = 0, · · · , N. Therefore, the minimum of Zk + φSk attains at x∗.

Again (LNk S)i =
∑2

j=1 bkj,i > 0 from (2). Therefore

0 < (LNt (Z + φS))∗ = −εδ2(Zt + φSt)∗ +
∑2

j=1 btj,∗(Zj,∗ + φSj,∗)

= −εδ2(Zt + φSt)∗ +
∑2

j=1,j 6=t btj,∗(Zj,∗ + φSj,∗) ≤ 0

which is a contradiction. Therefore Zi ≥ 0 for all i.
An immediate consequence of the above lemma is the following stability result of (12).

Lemma 3.2 If Ui = (U1,i, U2,i), 0 ≤ i ≤ N is any discrete solution satisfying the problem
(12), then

‖U‖ ≤ C max{‖U0‖, ‖UN‖, ‖LNUi‖}. (13)

Proof. Define the barrier function U±i = (U±1,i, U
±
2,i)

T as U±k,i = C1 ± Uk,i, where C1 =

C2 max{‖U0‖, ‖UN‖, ‖LNUi‖} where C2 is a ε- independent positive user chosen constant.
Then U±0 ≥ 0 and U±N ≥ 0. Again,

(LNk U
±)i = ±LNk UN

i + C1

2∑
j=1

bkj,i ≥ ±LNk UN
i + C1β > 0

for C2 ≥ 1/β. Therefore U±i ≥ 0 which proves the lemma.

4 Convergence Analysis

Here, we describe the ε-uniform convergence analysis of the solution of (12). First, we
decompose the numerical solution U, into smooth and singular components V and W
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respectively, i.e., U = V + W, where V and V satisfy{
LNVi = fi, i = 1, · · · , N − 1,

V0 = v(0), VN = v(1),
and

{
LNWi = 0, i = 1, · · · , N − 1,

W0 = w(0), WN = w(1).

Therefore, using the triangle inequality, we can write that the error of the numerical solution
U satisfies

||Ui − u(xi)|| ≤ ||Vi − v(xi)||+ ||Wi −w(xi)||, (14)

in the region ΩN . Now, consider the error of the smooth component V. From (4) and Lemma
2.3, we have |LNk (V−v)(xi)| = |(Lk−LNk )v(xi)| ≤ Cε(hi+hi+1)||v′′′k (x)||(xi−1,xi+1) ≤ CN−2,
for k = 1, 2, since

√
ε� N−1. Hence, we have

||LN (V− v)(xi)|| ≤ CN−2. (15)

The consistency analysis of the singular component for i = kl, · · · , kr, shows that the trun-
cation error of the singular components W1 and W2 satisfy

|LNk (W−w)(xi)| ≤ Cε|(δ2wk − w′′k)(xi)| ≤ Cε|w′′k(x)|[xi−1,xi+1], for k = 1, 2.

Now, Lemma 2.1 implies that ||LN (W − w)(xi)|| ≤ C exp (−xi−1

√
β/ε) for xi ≤ 1/2.

Therefore, from Lemma 2.2 for xi ≥ 1/2 with kl ≤ i, we get

||LN (W−w)(xi)|| ≤ C exp
(
−xkl−1

√
β/ε

)
= C

(
exp

(
−xkl−1

2

√
β/ε

))2
≤ CN−2.

In a similar manner, the case xi > 1/2 with kr ≥ i can be carried out. Hence, for i =
kl, · · · , kr,

||LN (W−w)(xi)|| ≤ CN−2. (16)

Now, we consider the error estimate at the nodes corresponding to i = 1, · · · , kl−1 and i =
kr + 1, · · · , N − 1. We only consider the left-hand boundary layer region as the analysis
corresponding to right-hand boundary layer region can be derived by the same technique.
Using Taylor’s series expansion, we obtain

|LNk (W−w)(xi)| =
ε|h2

iw
′′′
k (η1

i )− h2
i+1w

′′′
k (η2

i )|
3(hi + hi+1)

, where η1
i ∈ (xi−1, xi) and η2

i ∈ (xi, xi+1),

for k = 1, 2.Again |h2
iw
′′′
k (η1

i )−h2
i+1w

′′′
k (η2

i )| ≤ C(|h2
i−h2

i+1||w′′′k (xi)|+h2
i (hi+hi+1)|w(iv)

k (xi)|).
Hence, Lemma 2.2 implies that

||LN (W−w)(xi)|| ≤ Cε−1h2
i exp

(
−xi

√
β

ε

)
≤ Cε−1

(∫ xi

xi−1

exp

(
−s

2

√
β

ε

)
ds

)2

.
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It follows that

||LN (W−w)(xi)|| ≤ Cε−1

(
√
ε

∫ xi

xi−1

M(t,u(t))dt

)2

≤ CK2N−2 ≤ CN−2.

where we have used the definition of the equidistribution principle (3) in the above inequal-
ity. Therefore, for i = 1, · · · , kl − 1 and i = kr + 1, · · · , N − 1, we have

||LN (W−w)(xi)|| ≤ CN−2. (17)

This completes the proof.
Now, we write the main convergence result of the numerical solution Ui.

4.1 The main convergence result

The following theorem shows that the discrete solution U of (12) is second-order uniformly
convergent on the equidistributed mesh.

Theorem 4.1 Let u be the solution of (1) and U be the solution of the discrete problem
(12), on a mesh obtained by equidistributing the monitor function (7) with α = K. Then,
there exists a constant C, independent of ε, xi and N , such that

||u−U||ΩN ≤ CN−2.

Proof. Lemma 3.2 implies that the inverse of the discrete operator LN is ε-uniformly
bounded. Therefore, using (15) and (17) in (14), we obtain that

|u(xi)−Ui| ≤ |Vi − v(xi)|+ |Wi −w(xi)| ≤ CN−2 for i = 0, · · · , N,

which is the required result.

5 Computational Experiments

The layer adaptive meshes will be obtained by the equidistribution of the proposed monitor
function (7) based on a moving mesh algorithm. We use the de Boor algorithm to move any
user chosen mesh, whose convergence analysis is considered in [11]. For the convergence of
this algorithm, it is sufficient to consider the following weak discrete version of (3):

Mihi ≤
C0

N

N∑
j=1

Mjhj , for i = 1, · · · , N

whereMi is the discrete approximation of the monitor functionM(x,u(x)) in the subinterval
(xi−1, xi). In practice, we use the central difference approximation to discretize the second
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order derivatives appeared in (7). Here C0 > 1 is a user chosen constant. C0 can be chosen
large enough to get fewer iterations for the convergence of the algorithm.

Algorithm 1: (Mesh Generation and Adaptive Solution)

Step 1: Define the initial uniform mesh {x(0) = i/N : 0 ≤ i ≤ N} and go to Step 2 with p = 0.

Step 2: Solve the discrete problem LNU
(p)
i = f

(p)
i , defined in (12) for (U

(p)
0 , · · · , U(p)

N ) on the

uniform mesh {x(p)
i : i = 0, · · · , N}. Define h

(p)
i = x

(p)
i − x

(p)
i−1 for i = 1, · · · , N .

Step 3: Find the smooth component V
(p)
i by solving (1) with ε = 0. Denote the layer com-

ponent of U
(p)
i as W

(p)
i = U

(p)
i −V

(p)
i . Find the discretized monitor function M

(p)
i =[

α(p)+
∑2

k=1 |δ
2
W

(p)
k,i |

1/2
]

for i = 1, · · · , N. by defining δ
2
Wk,i = (δ2Wk,i+δ

2Wk,i−1)/2

with δ
2
Wk,1 = δ2Wk,1 and δ

2
Wk,N = δ2Wk,N−1, for k = 1, 2. where α(p) =∑N

i=1 hi(
∑2

k=1 |δ
2
Wk,i|1/2). Compute the total length Φ

(p)
j =

∑j
i=1 h

(p)
i M

(p)
i .

Step 4: Choose a constant C0 ≥ 1. The stopping criteria for iterative technique is max
i=1,...,N

h
(p)
i

M
(p)
i /Φ

(p)
N ≤ C0N

−1. If it holds, then go to Step 6, else continue with step 5.

Step 5: Generate a new mesh: Set Y
(p)
i = iΦ

(p)
N /N for i = 0, · · · , N . Now interpolate

(Y
(p)
i , x

(p+1)
i ) to (Φ

(p)
i , x

(p)
i ) using piecewise linear interpolation. Generate a new mesh

x(p+1) ≡ {0 = x
(p+1)
0 < x

(p+1)
1 < · · · < x

(p+1)
N = 1} and return to Step 2.

Step 6: Set x∗ = {0 = x∗0 < x∗1 < · · · < x∗N = 1} = x(p+1) and U∗ = U(p+1), where x∗ is the
boundary layer adaptive mesh and U∗ is our desired adaptive solution. Stop.

5.1 Numerical Examples

Now, we demonstrate two numerical examples to validate our monitor function (7).

Example 5.1 Consider the following system of second-order reaction-diffusion problems:
−εu′′1(x) + (10 + exp(−x))u1(x)− 6x2u2(x) = 6 + 5x2, x ∈ Ω = (0, 1),

−εu′′2(x)− x4|x|u1(x) + (7 + 2x3)u2(x) = 5 + x3,

u1(0) = u1(1) = u2(0) = u2(1) = 0.

Example 5.2 Consider the system of singularly perturbed second-order problems:
−εu′′1(x) + 2(x+ 1)2u1(x)− (1 + x3)u2(x) = 2 exp(x), x ∈ Ω = (0, 1),

−εu′′2(x)− 2 cos
(πx

4

)
u1(x) + 2.2 exp(1− x)u2(x) = 10x+ 1,

u1(0) = u1(1) = u2(0) = u2(1) = 0.
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We compute the accuracy of the numerical solution by using the following double mesh
principle: for any value of N , the maximum pointwise error ENm,ε, m = 1, 2, of the numerical

solution is calculated by ENm,ε = max
0≤i≤N

|UN
m−U

2N
m |, where UN is the computed solution with

N number of intervals and U
2N

= (U
N
1 ,U

N
2 ) is the numerical solution on a mesh, obtained

by bisecting the original mesh such that the ith point of the original mesh coincides with
the 2i th point of the newly obtained mesh. The uniform error, say ENm , for each fixed N
is defined by ENm = maxε∈S E

N
m,ε, where the set S =

{
ε|ε = 1, 2−2, · · · , 2−30 }. The order of

convergence is calculated by rNm = log2

(
ENm/E

2N
m

)
. We took C0 = 1.2. in Algorithm 1.

Table 1: Uniform errors and orders of convergence of U1 for Example 5.1.
ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096
EN

1 3.9638e-3 1.1440e-3 2.2835e-4 5.4579e-0 1.3420e-5 3.3254e-6 8.3215e-7
rN1 1.7928 2.3248 2.0648 2.0239 2.0128 1.9986 -

Table 2: Uniform errors and orders of convergence of U2 for Example 5.1.
ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096
EN

2 2.2397e-3 6.1678e-4 1.2372e-4 2.9406e-5 7.2295e-6 1.7923e-6 4.4822e-7
rN2 1.8605 2.3177 2.0729 2.0241 2.0121 1.9996 -
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Figure 1: Solution plot and the mesh density for N = 64, ε = 2−30 resp. for Example 5.1.

The maximum ε-uniform errors ENm and the orders of convergence rNm of the (U1, U2)
displayed in Tables 1, 2,3, 4 shows that the second order convergence hold true in practice.
This rate is better than the rate of convergence on uniform mesh (where numerical solution
diverges) and Shishkin mesh (where almost second order accuracy observed in [3]) which
appear in Tables 6, 7 resp. The Shishkin mesh is constructed by dividing the domain [0, 1]
into three subdomains [0, τ ], [τ, 1−τ ] and [1−τ, 1] with τ = min{1/4, 2

√
ε/β log(N)}. Here

each subdomain contains N/4, N/2 and N/4 number of mesh intervals respectively with
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Table 3: Uniform errors and orders of convergence of U1 for Example 5.2.
ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096
EN

1 8.5058e-3 2.7059e-3 7.7061e-4 1.8278e-4 4.5170e-5 1.1221e-5 2.7994e-6
rN1 1.6523 1.8120 2.0759 2.0166 2.0092 2.0030 -

Table 4: Uniform errors and orders of convergence of U2 for Example 5.2.
ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096
EN

2 6.1937e-3 1.4829e-3 3.5946e-4 8.3424e-5 2.0669e-5 5.1377e-6 1.2831e-6
rN2 2.0624 2.0445 2.1073 2.0130 2.0082 2.0014 -

uniform step size. We take β = .5 to generate Table 7. Note that the present method also
works for nonsingularly perturbed problems as the set S contains ε = 1. Table 5 presents
the number of iterations taken by Algorithm 1 which shows the effectiveness our preferred
monitor function.

Figures 1, 2 show the boundary layer phenomena and mesh density towards the bound-
ary points x = 0, 1 of Examples 5.1 and 5.2. The mesh movements in Figure 3 shows the
effectiveness of Algorithm 1 to generate layer adapted mesh. In addition, Figure 4 shows
that the depicted second order convergence holds true in logarithmic scale as N increases.

6 Conclusion

In this paper, we have proposed a computational technique for a system of singularly per-
turbed reaction-diffusion problems exhibiting boundary layers by moving mesh methods.
An error monitor function is proposed whose equidistribution will lead to a boundary layer
adapted mesh. Through theoretical and numerical results, it is shown that the proposed
numerical method is second order ε-uniform convergent.

Table 5: Number of iterations taken by the Algorithm 1 for Example 5.2.
ε Number of intervals N

64 128 256 512 1024 2048
1 0 0 0 0 0 0

2−6 1 1 1 1 1 1
2−12 2 2 1 1 1 1
2−18 3 3 2 2 2 1
2−24 8 5 4 3 3 2
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Table 6: Uniform errors and orders of convergence on uniform mesh for Example 5.2.
ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096
EN

1 6.4085e-2 6.4311e-2 6.4429e-2 6.4489e-2 6.4519e-2 6.4535e-2 6.4542e-2
rN1 -5.0786e-3 -2.6466e-3 -1.3500e-3 -6.8165e-4 -3.4249e-4 -1.7166e-4 -
EN

2 1.8680e-1 1.8768e-1 1.8813e-1 1.8836e-1 1.8847e-1 1.8853e-1 1.8856e-1
rN2 -6.8190e-3 -3.4479e-3 -1.7335e-3 -8.6913e-4 -4.3516e-4 -2.1773e-4 -

Table 7: Uniform errors and orders of convergence on Shishkin mesh for Example 5.2.
ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096
EN

1 2.6150e-2 9.6536e-3 3.3847e-3 1.0961e-3 3.3995e-4 1.0304e-4 3.0673e-5
rN1 1.4377 1.5120 1.6267 1.6889 1.7221 1.7482 -
EN

2 6.2734e-2 2.2667e-2 7.5931e-3 2.4204e-3 7.5022e-4 2.2707e-4 6.7596e-5
rN2 1.4687 1.5778 1.6495 1.6898 1.7242 1.7481 -
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Figure 3: Mesh trajectories towards boundary layers x = 0 and x = 1 for N = 64, ε = 2−30.
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Abstract

Key words: Conservation laws, Equivalence transformations, Gardner equation,
Nonlinear partial differential equations.

In the last decade, there has been an increasing interest in the research of several gener-
alizations of some important dispersive wave equations such as the Korteweg-de Vries (KdV)
equation, mKdV equations and the Burgers equation. Among these generalizations, special
attention should be paid to variable-coefficient nonlinear equations because these describe
a great number of nonlinear phenomena more realistically than their constant-coefficient
counterparts. Specifically, the Gardner equation, also known as combined KdV-mKdV
equation, is widely used in different branches of physics such as fluid dynamics, solid state
physics or quantum field theory. Moreover, it describes interesting physical phenomena:
the long wave propagation in an inhomogeneous two-layer shallow liquid, internal waves in
a stratified ocean, ion acoustic waves in plasma with a negative ion...

In this paper, we consider a generalized variable-coefficient Gardner equation with non-
linear terms of any order and forcing term given by

ut + a(t)unux + b(t)u2nux + c(t)uxxx + h(t)ux + f(t)u = −r(t), (1)

where n is a positive constant, a(t) and b(t) are not simultaneously equal to zero, c(t) 6= 0,
f(t), h(t) and r(t) are arbitrary functions. The Gardner equation has been recently stud-
ied by different authors [5, 6, 7, 8, 9]. In [9] a large number of solutions of equation (1)
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with r(t) = 0 were constructed. The authors obtained these solutions with the aid of two
first-order nonlinear ordinary differential equations and a new generalized algebraic method.
Later, in [6], exact solutions of equation (1) were obtained by using the general mapping
deformation method which included soliton solutions, Jacobi elliptic wave solutions and
Weierstrass elliptic function solution, among others. Finally, in [5] the authors performed
an analysis of the classical and nonclassical symmetries admitted by the constant-coefficient
counterpart of equation (1) and they constructed some exact travelling wave solutions by
using the simplest equation method.

The problem lies in the fact that the study of variable-coefficient equations is often
difficult. Equivalence transformations fit perfectly into the study of variable-coefficient par-
tial differential equations (PDEs). Equivalence transformations allow us to determine those
inessential elements of the class under consideration and to perform a transformation which
maps these arbitrary elements to chosen simple values from the beginning. The use of these
transformations often provides an alternative way to simplify a group classification problem
and to show the results in a simple and clear manner.

An equivalence transformation of class (1) is a nondegenerate point transformation, (t, x, u)
to
(
t̃, x̃, ũ

)
in the augmented space (t, x, u, a, b, c, h, f, r) with the property that it preserves

the differential structure of the equation but with different arbitrary functions, ã(t̃), b̃(t̃),
c̃(t̃), h̃(t̃), f̃(t̃) and r̃(t̃).

The symmetry group of a PDE is the largest group of transformations acting on the space
of independent and dependent variables which transforms solutions of the equation into
other solutions. The method of Lie symmetry groups is one of the most powerful methods
to analyse PDEs. Among its well-known applications, we highlight that symmetry groups
can be used to obtain exact solutions or to construct conservation laws.

Given a PDE, a conservation law is a space-time divergence expression

DtT +DxX = 0, (2)

that vanishes on all solutions of the PDE, where the conserved density T and the spatial
flux X are functions of t, x, u and derivatives of u, whereas Dt and Dx denote the total
derivative operators with respect to t and x respectively. This concept has its origin in
physics, nevertheless it presents important applications in the study of differential equa-
tions or systems of differential equations. To begin with, the integrability of a differential
equation is closely linked with the existence of a large number of conservation laws. Fur-
thermore, these laws can be used to assess the accuracy and stability of numerical methods
for the solutions of PDE.
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Anco and Bluman [1, 2, 3] proved a general method to construct conservation laws for
PDEs. This method makes use of the concept of multiplier. A multiplier is a non-
singular function Q(t, x, u, ut, ux, · · ·) on the set of solutions u(t, x), which satisfies that
(ut + a(t)unux + b(t)u2nux + c(t)uxxx + h(t)ux + f(t)u+ r(t))Q is a divergence expression
not only for solutions of equation (1), but for any function u(t, x).

A conservation law is called locally trivial if there is a function Θ(t, x, u, ut, ux, . . .) so
that the conserved vector (T,X) = (DxΘ,−DtΘ) holds for every solution u(t, x), therefore
equation (2) becomes an identity. From this definition, two conservation laws are considered
to be locally equivalent if they differ by a locally trivial conservation law. Any non-trivial
conservation law can be expressed in a general form

d

dt

∫
Ω
Tdx = −X

∣∣∣∣
∂Ω

,

where Ω ⊆ R is a fixed spatial domain. Moving off of the set of solutions of equation (1),
each conservation law can be stated by using the characteristic form

DtT̃ +DxX̃ = (ut + a(t)unux + b(t)u2nux + c(t)uxxx + h(t)ux + f(t)u+ r(t))Q. (3)

In particular, from the characteristic form (3) it follows that each conserved vector given
by (2) derives from a multiplier Q of equation (1). Multipliers Q are obtained by requiring
that the divergence condition must be verified identically

δ

δu

(
(ut + a(t)unux + b(t)u2nux + c(t)uxxx + h(t)ux + f(t)u+ r(t))Q

)
= 0,

where δ
δu = ∂u −Dx∂ux −Dt∂ut +DxDt∂uxt +D2

x∂uxx + ..., represents the variational deriva-
tive. Divergence condition splits with respect to ut, uxxx and their differential consequences,
yielding an overdetermined system in Q and the arbitrary functions which equation (1) in-
volves. Once multipliers have been determined, the conserved vectors can be constructed
by integrating the characteristic equation (3) [3, 4].

The aim of this work is to analyse the generalized Gardner equation (1) from the point
of view of Lie symmetries and conservation laws. To achieve this objective, we will derive
the continuous equivalence group of equation (1). The gauging of arbitrary functions by
using equivalence transformations allows us to perform an exhaustive study of equation
(1) and a clear presentation of the results. Moreover, we obtain a classification of the Lie
symmetries of the reduced equation. Finally, we determine nontrivial conservation laws via
the direct method of the multipliers [1, 2, 3].
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Abstract

Big data field usually involves the use of Time Series (TS) datasets. In this scenario,
the detection of complex TS events are rarely presented; thus, the learning algorithms
need to tackle with the TS data balancing problem, which has been barely studied.
This study addresses this issue, describing a very simple TS extension of the well-known
SMOTE algorithm for balancing datasets where a preliminary study on the TS distances
used in different parts of the extension of the SMOTE algorithm. Besides, as the study
will carry out the experiments on a realistic TS dataset simulating epilepsy attacks, a
proposal to force an erratic behavior is presented. A study on the characteristics of the
dataset before and after the performance of this TS balancing algorithm is performed,
showing evidence on the requirements for the research on this topic, the energy efficiency
of the algorithm and the TS generation process among them.
Key words: Dataset balancing algorithms, SMOTE, Time Series, Time Series Distances

1 Introduction

Big data field usually involves the use of Time Series (TS) datasets. Such cases includes the
management of the sensory systems located on wearable devices, like in the human activity
recognition and the abnormal movement detection [1, 2]. Furthermore, the TS datasets have
become into multivariate TS datasets, which makes the data analysis even more complex.

In this context, when leaning models for the detection of some complex events, the
problem of lacking data balance arises: there are many more TS segments belonging to
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normal class than to the abnormal class to detect. For instance, in the problem of epilepsy
seizure detection [3, 4], the occurrence of a seizure might be once in a month or even less.

The main part of the literature concerning the dataset balancing problem is focused on
classical datasets, where a sample includes an atomic value for each of the features. These
balancing techniques can rely on oversampling the minority classes or undersampling the
majority classes; however, as long as oversampling does not produce information losses, it
is preferred over undersampling.

Some valid alternatives have also been published, coping with imbalanced problems
specific algorithms [5], or proposing ensembles for the minority class together with a kind
of undersampling of the majority classes [6]. Examples of oversampling techniques include
well-known algorithms as SMOTE (Synthetic Minority Over-sampling Technique, [7, 8]),
ADASYN (ADAptive SYNthetic Sampling, [9]), ADOMS (Adjusting the Direction Of the
synthetic Minority clasS examples, [10]) or SPIDER (Selective Preprocessing of Imbalanced
Data, [11]).

However, the problem of balancing TS datasets has not received much attention. In a
TS datasets, each sample includes a TS for each feature. Moreover, the sample is assigned
a class, but also a TS is attached as the labelling TS for that sample. From now on, we
consider all the TS features from a sample with the same length and sampling frequency;
however, the variability in these factors needs further study. Some approaches for TS
datasets balancing have focused on univariate TS problems, either.

Several solutions studied how to classify the values in the incoming sequence [12, 13,
14, 15], where the known data sequence labels are clearly biased to the majority class.
Therefore, the solutions rely on drawing new synthetic atomic values based on any of the
above mentioned algorithms. On the other hand, Koknar et al proposed the balancing
of univariate TS based on suggesting ghost points [16]. These ghosts points belong to the
domain space of TS distances. With the distance matrix a SVM classifier is learned; allowing
to generate a new TS and assigning a it a class. Different TS distance measurements were
proposed, the Dynamic Time Warping (DTW) distance measurement along them.

Clearly, there is a need of tackling the multivariate TS datasets balancing problem.
This study addresses this topic, extending the well-known SMOTE algorithm to cope with
multivariate TS. Besides, our proposal use a simpler strategy to draw the synthetic TS than
the one used by Koknar [16]. Current proposal includes the use of KNN algorithm to select
the parents for new synthetic TS as well as the merging operator TS AVERAGE presented
in our previous work[17]. In addition, as the study will carry out the experiments on a
realistic TS dataset simulating epilepsy attacks, a proposal to force an erratic behavior of
the simulated TS is presented

The experimentation will analyze the distortion in the dataset due to the inclusion of
the new TS samples. This study is structured as follows. Next section outlines the SMOTE
algorithm, while the design issues are explained and possible solutions are given in Sect. 3.
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Experimentation and the discussion on the results are coped in Sect. 4. Finally, the main
conclusions are drawn.

2 The SMOTE algorithm

The SMOTE algorithm is an oversampling method [7], where each sample from the minority
class is randomly combined with each of its nearest neighbors to balance the dataset. This
method assumes a two-class problem, however, it can be easily extended to a multi-class
problem.

Algorithm 1 reproduce the algorithm from the original paper for the sake of autocom-
pletion. The parameters of this method include the number of nearest neighbor to consider
(k, by default k = 5 has been proposed), the number of samples belonging to the minority
class (T ) and the number of synthetic samples to generate for each original sample from the
minority class (N). This parameter N is given as a percentage; values smaller than 100%
reduces the original minority subset and produces a new dataset of the same size as the
original. Whenever N > 100 means that N/100 synthetic samples are to be generated for
each sample from the minority class.

As can be seen, SMOTE takes a sample and searches for some neighbors; each synthetic
sample is generated as random linear combination of the two considered samples. This
method has been successfully tested on different domains; and plenty of different versions
have been published [8]. One the most known version of SMOTE isSMOTE-ENN, a sort of
de-noising version, that will not be considered in current work.

3 Tackling the TS balancing problem

Two main concerns, at least, have to be solved in order to allow the SMOTE algorithm to
cope with TS datasets. The first concern is related to the method for choosing the parents
TS to mate, the second focuses on the generation of the new TS sample.

Choosing the two TS samples that will be used in generating the new TS offspring should
consider TS grouping according to some measurement. The original SMOTE randomly
selects the parents for mating among those belonging to the minority class that are the
nearest neighbours (KNN). However, different solutions can be considered; for instance, the
solution proposed in ADASYN [9], where the parents are randomly chosen according to the
distribution of the size of the neighborhood, is totally valid as well. It seems, according to the
published results for the different SMOTE-based flavors, that problem-oriented heuristics
might be the best solution for each problem. An example of such heuristic can be grouping
the TS samples for the minority class using the mean value of the Phan et al distance[18];
afterwards, two different groups are randomly chosen; finally, one TS sample is chosen form
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Algorithm 1 The SMOTE original algorithm. Three parameters (T, N, k) are needed, as
stated above. SMOTE(T,
N, k)
1: if N < 100 then
2: Randomize the T minority class samples
3: T = (N / 100) * T
4: N = 100
5: end if
6: N = int( N / 100 )
7: numattrs = Number of attributes
8: Sample[][]: array for original minority class samples
9: newindex: counts the number of generated synthetic samples
10: Synthetic[][]= array for synthetic samples
11: for i = 1 : T do
12: Compute the k nearest neighbors of sample i, saving the indexes in nnarray
13: Populate(N, i, nnarray)
14: end for
15: function Populate(N, i, nnarray)
16: while N 6= 0 do
17: Choose a random number nn in {1, k}
18: for attr = 1 : numattrs do
19: dif = Sample[nnarray[nn]][attr]-Sample[i][attr]
20: gap = random number in {0, 1}
21: Synthetic[newindex][attr] = Sample[i][attr] + gap * dif
22: end for
23: newindex ++
24: N = N - 1
25: end while
26: end function
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each of the two candidate groups. Nevertheless, this distance measurement suites the best
when the length of the TS is bounded to less than, say, 30 values.

On the other hand, the generation of a new TS is not a simple task: as long as mul-
tivariate TS are considered, the new TS sample will need a TS for each of the available
features. For each feature to generate, a combination of the parents’ feature should be
performed. Further, the combination must be coherent for all the features considered as
a single sample. Finally, the class TS needs to be generated as well, which is much of a
compromise. Again, general algorithms can be provided, but it should be expected that
specific heuristic would eventually be needed in order to obtain a better performance.

In this study, the selection of the parents is performed using the same strategy than in
the original SMOTE, using KNN with euclidean distance among the minority class samples.
The euclidean distance between two multivariate TS X and Y (See equation 1) will be
calculated on the average of all the features. In case the parents have different length, the
shortest one will be considered.

KnnDistanceX,Y =

√√√√√ ∑
i=min{#X,#Y }

(

∑
f∈featuresX

f
i − Y

f
i

#features
)2 (1)

The generation of a new TS sample is performed as follows, from now on, this proposal
is referred as AVG TS SMOTE:

• For each feature, the average of the corresponding TS from the parents is computed.

• The class TS is calculated with the maximum of the values from the two parents.

• The length of the new TS sample, for every feature and for class TS, is bounded to
the shortest of the two parents.

From now on, this new release of SMOTE will be referred as TS SMOTE.

4 Experiments and results

4.1 Experimental setup

For this experimentation, a real world TS dataset obtained from the simulation of epileptic
seizures is used; this dataset is publicly available at [3, 19]. This TS dataset was gathered
following a previously defined and very strict protocol, defining a set of activities, namely,
the simulation of the epileptic convulsions and three activities: running, sawing and walking
-either gesturing while walking slowly or normal walking at different paces. A wearable
triaxial accelerometer sensor (3DACM) included in a bracelet placed on the affected wrist
measured the participant movements.
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Transformation Calculation

SMAt(~s)
1
w

∑w−1
i=1 (

∑
c∈{x,y,z} |bc,t−1|)

AoMt(~s)
∑i=w−1

i=0

∑
c∈{x,y,z} |max(bc,t−i)

−min(bc,t−i)|
TbPt(~s) Computed with the following algorithm:

1.- Find the sequences with value higher
than mean+K*std within the window
(K = 0.9)

2.- Keep the rising points from each of
these sequences

3.- Measure the mean time between them

Table 1: The transformations of the components of the acceleration, where bc,i stands for
the body acceleration.

The bracelets have wireless data sampling capabilities at a rate of 16 Hz, the 3DACM
have a range of 2 × g. Up to 6 healthy participants, all of whom remained anonymous,
successfully completed this experiment, each running 10 trials of each activity. The ages
of the participants ranged from 22 to 47, with four participants of around 40 years old.
One participant out of six was female, and the eldest was left-handed. An identification
number was given to each Time Series (TS), including information fields on participant ID,
the number of trials, the activity, etc.

The acceleration has been filtered and processed, becoming into a three variable TS
dataset: the features are depicted in Table 1: the Signal-Magnitude Area (SMA), the
Amount of Movement (AoM) and the Time between Peaks (TbP). The complete pre-
processing have been described in [3].

This TS dataset, consisting on TS samples of three TS each -SMA, AoM and TbP-
{TSs}, with the label for each activity {cs} and with the TS for each timestamp label
{Cs}, has been used in this experimentation. We denote this TS dataset as ORIG, while
the TS dataset after applying AVG TS SMOTE is denoted as SMT.

To select the number of TS samples to introduce in the dataset we used the following
criteria. In an imbalanced dataset, there exists R = 3 times more examples belonging to
the MC class than to the mC class for the s data source. So, to balance the number of
samples for both classes means injecting (R1)× |mCs| new TS samples.

Finally, the α parameter was allowed to drift in the interval [-1.0, 1.0]. Although this
is a rather wide interval, it was used to evaluate the robustness of the algorithm when the
generation of the synthetic TS samples generate disperse samples. As stated in [8], this
scenario highly penalizes the performance of balancing dataset algorithms; therefore, the
conclusions can be extracted on adverse scenarios. The next experimentation focuses on
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analyzing the correlation between each feature and the class for the ORIG and the SMT
datasets.

4.1.1 Shifting process

As it was explained in section 4.1 a very strict protocol, with a high control of the timing
in each stage, was carried out to gather the TS dataset, thus all the TSs corresponding to
EPILEPSY class have the same timing (see figure 1.top). This is a problem when facing the
same problem of generating synthetic TS in different domains, or even in the same domain,
in different contexts -such as in everyday life- where the TS are not so similar, even totally
different. So, in order to inject an erratic behavior in the datasets as in the daily live, a
shifting procedure to induce more dispersion in the timing of the EPILEPSY class TS is
proposed. This procedure consists of the following steps:

1. With a probability of Pshift (Pshift=50%) each Ts belonging to EPILEPSY class
will be shifted.

2. Each chosen Ts will be shifted circularly Sshift ticsto the right or to the left with a
probability of 50% .

3. Sshift is the 75% of the number of NO EPILEPSY class tics at beginning or at the
end of the TS depending of the shifting direction, left or right respectively.

For the shake of example, a right shifted TS is shown in Figure 1bottom.
Once we have defined the shifting procedure, it will be carried out on the whole

EPILEPSY class TS obtaining the Shifted Dataset. Thus we have two input datasets for our
TS SMOTE algorithm: the original dataset (ORIG) and the shifted dataset(SHIFTED),
besides TS SMOTE algorithm will be run with these two inputs obtaining the balanced
datasets called ORIGSTM and SHIFTEDSTM respectively.

4.2 Correlation study

Two different measurements have been applied in this study in order to assess the rela-
tionship between the distribution of the ORIG and the SMT datasets, namely: the Pearson
Correlation (ρX,Y , Eq. 2) coefficient and the Mutual Information (MI(X,Y ), Eq. 3); where
cov is the covariance, σX is the standard deviation of X, p(x) is the probability of the event
x and p(x, y) is the conditional probability of x given y.

ρX,Y =
cov(X,Y )

σXσY
(2)

MI(X,Y ) =
∑
y∈Y

∑
x∈X

p(x, y) log

(
p(x, y)

p(x) p(y)

)
(3)
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Figure 1: top) Case of EPILEPSY class TS where the solid line represents the class and
the dashed, dotted and dashed-dotted lines represent the features SMA, AoM and TbP
respectively, bottom) Right shifting of the top TS.

In order to analyze the robustness of the TS SMOTE proposal, it’s included a compar-
ative study of correlation between the features and the class of each TS for the four datasets
ORIG, SHIFTED, ORIGSMT and SHIFTEDSMT. For the sake of space restrictions only
the detailed boxplot data for participant number 1 is depicted in Fig. 2. It can be noted
that although the results for both flavors (shifted and not shifted datasets) are close similar
it doesn’t show the real differences between both results.

Let’s see one the synthetic TS (Figure 3 ) from the SHIFTEDSMT dataset. It can be
see that the synthetic TS (solid line) perverts totally at least one of the characteristics of the
parent TSs (the dashed and the dotted lines), the length, which an important characteristic
of a epilepsy attack.

Therefore, the table 2 includes a second correlation analysis, where every TS of not
balanced dataset (ORIG or SHIFTED) will be compared with every TS of the corresponding
balanced dataset (ORIGSMT or SHIFTEDSMT). It can be stated clearly that the balanced
dataset obtained (SHIFTEDSMT) from the shifted dataset (SHIFTED) has a very low
correlation with the respective not balanced dataset, with values of Pearson Correlation
under 0.3-0.4 while the not shifted results are above 0.7-0.9.

Thus, we can conclude that the timing factor is a critical factor in the balancing process
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Figure 2: Boxplots of the relationship measurements between each feature and the class
TS for the output of TS SMOTE: ORIGSMT (top figure) and SHIFTEDSMT datasets
(bottom figure). The 6 left-most boxes correspond to the Pearson Correlation, while the 6
right-most correspond to the Mutual Information.

of TS, so it’s necessary to consider a kind of TS distances independent of shifting like DTW
or OSB.

5 Conclusions

This research, presents a simple extension of the datasets balancing SMOTE algorithm
but adapted to TS (TS SMOTE). Our proposal is based on the following points: a) the
inclusion of KNN algorithm for multivariate TS to select the parents of the synthetic TSs,
where the distance between TS is based on a combination of the features; b) the definition
of the operator AVG TS SMOTE to obtain the synthetic TSs.

Besides a shifting process is presented in order to inject an erratic behavior in the
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Figure 3: Example of SHIFTEDSMT Synthetic TS. From top to bottom, the two parents
TS -the dashed and the dotted lines- and the synthetic TS -the solid line-.

datasets as in the daily live. So, the results of TS SMOTE have been run on both unbalanced
datasets (the original TS dataset and the shifted TS dataset) and we can conclude that
timing is a critical factor in the balancing process of TS, so it’s necessary to consider a kind
of TS distances independent of shifting like DTW or OSB [20, 21].
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Abstract

Kronecker power series is one of the fundamental elements of the Probabilistic Evo-
lution Theory (PREVTH) developed in Demiralp group studies during the last decade.
This is a concise representation of multivariate Taylor series where the independent
variable is just a vector instead of many scalar independent variables and based on
Kronecker powers. In contrast to Taylor series it is not unique because the greater
than one Kronecker powers of a vector becomes orthogonal to certain constant vectors
such that their population rapidly grows as the power increases. This property brings
a lot of interesting flexibilities to change the structure of the series without changing
the target function the Kronecker power series represents. These can be used at our
favor to facilitate the analyses especially through the Constancy Adding Space Exten-
sion (CASE). This work focuses on these issues and basically on converting a Kronecker
power multinomial to its highest power monomial which gains great importance to get
a new extension to PREVTH.

Key words: Kronecker product, Kronecker power, Kronecker power series, Kronecker
multinomial, Kronecker monomial, PREVTH.

1 Introduction: Kronecker Products, Kronecker Powers,

Kronecker Power Series

Kronecker power series concept is somehow backbone of the Probabilistic Evolution The-
ory (PREVTH) which has been recently developed in Demiralp group studies, [1–16] for
constructing analytic solutions to the first order ODEs under initial condition impositions.
For better understanding of these series we need to start with Kronecker product of two
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ordinary linear algebraic arrays (vectors, matrices). It is defined in a way such that each
element of first (left) array is replaced by the product of second (right) array with that
element. If we denote the factor arrays by A1 (m1 × n1) and A2 (m2 × n2) respectively
then the Kronecker power can be symbolized as A1 ⊗A2 and its type is m1m2 × n1n2. To
be more explicit we can write the following equality for two given linear algebraic vectors,
a and b with ma and mb elements respectively

a⊗ b ≡
[

a1b
T ... ama

b
T
]T

(1)

where the product is a linear algebraic vector of mamb elements. This explicit definition
can be extended to vector-matrix, matrix-vector, matrix-matrix products accordingly even
though we are not going to get into further details. Kronecker power is not commutative
generally for different factors. Throughout this presentation we use lower and upper letter
bold symbols for ordinary linear algebraic vectors and matrices respectively. When we need
to use just a single symbol for an entity which can be either vector or matrix depending on
the situation we use bold calligraphic upper letters.

Now we can define the Kronecker power of an array (vector or matrix) as sufficient
number of consecutive Kronecker products of that array. If we denote the array whose mth
Kronecker power is under consideration by A then we can write

A
⊗m ≡ A⊗ · · · ⊗A

︸ ︷︷ ︸

m factors

, m = 1, 2, ...; A
⊗0 ≡ 1 (2)

where we have used the algebraic convention dictating us that the zero power of something
is just the constant 1.

Kronecker powers enable us to define the powers of ordinary algebraic vectors. This
property can be used to much more concisely rewrite a multivariate Taylor series in a single
infinite sum. If we consider a multivariate function f which depends on N number of
independent variables then we can define the following vector

x ≡
[

x1 − x
(e)
1

... xN − x
(e)

N

]T

(3)

which can be called “System Vector” in system theoretical applications. Then the following
infinite sum corresponds to multivariate Taylor series expanded at the position denoted by

the vector whose elements x
(e)
1

,..., x
(e)

N respectively ((e) stands for recalling expansion) for
the function f (x).

f (x) =

∞
∑

j=0

f
T
j x

⊗j (4)

where fj stands for an N j element constant vector whose elements can be evaluated from
the f function’s appropriate partial derivatives evaluated at x = 0N .
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First two coefficient vectors, 1×1 type (scalar) f0 and N×1 type f1 vectors, are unique
in this representation. However, all other fj vectors are not unique because the greater than
or equal to 2 Kronecker powers of the independent variable vector x is orthogonal to some
finite number constant matrices. To explain this situation we can consider the Kronecker
square of the vector x. The vector x

⊗2 has elements which are binary products like aiaj
(i 6= j). The elements aiaj and ajai are same even though their positions in element ordering
are (i − 1)N + j and (j − 1)N + i respectively. So the vector whose elements are all zero
except the ones at these locations have same magnitude but opposite signs is orthogonal to
x
⊗2. This implies that there are N(N − 1)/2 constant vectors to which the vector x

⊗2 is
orthogonal. Hence the addition of the linear combination of these constant vector transposes
with arbitrary linear combination coefficients does not change the contribution of the term
proportional to f2 to whole sum. Similar situations exist for other Kronecker powers greater
than 2 such that the number of the constant vectors rapidly grows unboundedly as the power
increases. All these discussions mean that Kronecker power series is not a unique entity
and many appropriately defined constant vectors with arbitrary magnitudes can be added
to the coefficients without changing the entire expansion.

2 Constancy Adding Space Extension (CASE)

The nonuniqueness of Kronecker power series in fact presents an important facilitation
in the restructuring of Kronecker power series since certain arbitrary parameters can be
introduced to the structure such that we can monitor the series coefficients by choosing
appropriate values to these parameters. On the other hand, another important concept,
“Space Extension” may take us to much better structures in Kronecker power series. Space
extension means the definition of new independent variables in terms of the given ones to
extend the space where the Kronecker power series basic vector x lies in such a way that
the original Kronecker power series becomes having coefficients which are close to what we
desire to have.

“Constancy Adding Space Extension” takes an important specific part amongst many
other space extensions. It basically adds a constant function with an arbitrary value, as if
a new independent variable. Let us now define an augmented independent variable vector
from the independent variable of the Kronecker power series in (4) as follows

xaug ≡
[

x
T xn+1 − x

(e)
n+1

]T

, xn+1 ≡ a (5)

where we have assumed that the augmented expansion point component, x
(e)
n+1

vanishes and
a is arbitrary at this moment. We can write the following Kronecker power series instead
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of the one in (4)

f (x) =
∞
∑

j=0

f
T
aug,jx

⊗j
aug (6)

where we need to express faug,j vectors in terms of fj vectors. To accomplish this task we

focus on the Kronecker powers x⊗j
augs. x

⊗j
aug is a jth degree polynomial of a as can be noticed

immediately even though this dependence may be considered quite complicated. A careful
look at this vector reveals that each element is proportional to a nonengative integer power
of a even though there seems to be existing rather a disordered ordering of these powers.
However it is always possible that we can use permutations amongst the elements of this
vector such that the new formed vector has vector blocks located as descending Kronecker
powers of the vector x starting from the power j. Each block should be multiplied by a
power of a such that the sum of this power with the Kronecker power of that term always
remains equal to j. There is only one block containing jth Kronecker power of x which
has no prefactor of an a power while the number of blocks proportional to the (j − 1)th
Kronecker power of x is j and they are multiplied by just a. The number of the other terms
are relevant binomial coefficients and the degree of the a factors increases by one as the
Kronecker power decreases by one. Therefore we can write

x
⊗j
aug ≡ Πj



x
⊗jT ax⊗(j−1)

T
... ax⊗(j−1)

T

︸ ︷︷ ︸

j identical terms

a2x⊗(j−2)
T

... a2x⊗(j−2)
T

︸ ︷︷ ︸

j(j − 1)/2 identical terms

... aj





T

(7)

where Πj is a permutation matrix of (N + 1)j × (N + 1)j type. Due to the specific nature
of the permutation operation, this permutation matrix is unitary. We do not intend to
explicitly give its analytic structure.

(7) implies that the relation faug,j = fzpad,jΠ
T can be constructed between the fj and

faug,j vectors where fzpad,j stands for the (N + 1)j element vector whose first N j element
block is equal to fj while its remaining part is padded with zero.

3 Monomial Shifting In Constancy Adding Space Extension

(CASE)

Abovementioned formulation shows that the use of CASE may not be considered so in-
teresting unless certain extra actions are realized to facilitate the Kronecker Power Series
utilization under consideration. To this end we can start with the following equalities:
1 ≡ a/a ≡ (1/a)eTN+1

xaug, a 6= 0 where eN+1 stands for the standard unit vector whose
only nonzero element is 1 and located at the (N + 1)th position, in (N + 1) dimensional
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Cartesian space. The following extended form of this equality is much more facilitating for
the term shifts in Kronecker power series.

1 ≡ am

am
≡ 1

am
(

e
T
N+1

xaug

)m ≡ 1

am
e
⊗m
N+1

T
x
⊗m
aug , a 6= 0, m = 0, 1, 2, ... (8)

This leads us to write

f
T
aug,jx

⊗j
aug = 1fTaug,jx

⊗j
aug1 =

1

am

(

e
⊗m1

N+1

T
x
⊗m1

aug

)

(

f
T
aug,jx

⊗j
aug

)

(

e
⊗(m−m1)

N+1

T
x
⊗(m−m1)

aug

)

=
(

e
⊗m1

N+1
⊗ faug,j ⊗ e

⊗(m−m1)

N+1

)

x
⊗(j+m)

aug = f
T
aug,j→m1+j+m−m1

x
⊗(j+m)

aug (9)

where the (N + 1)j+m type new coefficient vector can be given through the following iden-
ticality.

faug,j→m1+j+m−m1
≡ e

⊗m1

N+1
⊗ faug,j ⊗ e

⊗(m−m1)

N+1
(10)

where the subscript component j → m1 + j +m−m1 explains the shift from jth term to
(j+m)th term in a way such that the total shift is partitioned to three elementary shifts: (i)
first from constant to m1 Kronecker power, (ii) then the next j step shift in power ascending
direction, (iii) and finally, (m−m1) step in power ascending direction. This implies that
there are (m+1) number of three partitioned consecutive shifts from jth power to (j+m)th
power.

Now, we can write the following equality from (9)

f
T
aug,jx

⊗j
aug =

(

m
∑

m1=0

αm1
faug,j→m1+j+m−m1

)T

x
⊗(j+m)

aug = faug,j→j+m (α)T x
⊗j
aug,

α0 + · · ·+ αm = 1 (11)

where α stands for the set of the α parameters while the rightmost part coefficient is
a concise notation not explicitly representing the partitioning and the coefficient of the
(j +m) Kronecker power of xaug therein can be called the “Coefficient to m-Power-Shift”.
This means that m-power-shift introduces m arbitrary scalars as flexible parameters (if m
vanishes then there is no inserted flexible parameter; however this means no shift and it is a
trivial issue). These parameters can be determined to suppress certain array norms to get
wider convergence domains.

The above analysis imposes no condition on the structure of the vector fj and inserts a
lot of arbitrary parameters to that vector during the m-power-shift such that the number
of the parameters ascends up to infinity as j grows unboundedly. However, this number
can be much more increased if the vector fj has certain specific natures. To this end, first
thing coming to mind, is the binary Kronecker product decomposition and we can write

faug,j = f
(1)

aug,j1
⊗ f

(2)

aug,j−j1
, faug,jx

⊗j =
(

f
(1)

aug,j1
x

⊗j1
)(

f
(2)

aug,j−j1
x

⊗(j−j1)
)

(12)
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where j1 can take just a single or more-than-one values between 0 and j exclusive and
each factor between parantheses can be parametrized by using m-power-shift formula given
above. Since the total power shift will be considered as m, each paranthesed factor can be
power shifted such that the total power shift remains as m-power-shift.

By using (11) and distributive property of matrix product over Kronecker product we
can write

f
T
j x

⊗j
aug =

m
∑

m1=0

γm1

(

faug,j1→j1+m1
(αm1

)⊗ faug,(j−j1)→(j−j1)+(m−m1)

(

βm−m1

))T
x
⊗(j+m)

aug

= fj→j+m;KPD (α,β,γ)x⊗j+m (13)

where subscript componentKPD after semicolon stands for implying the Kronecker product
decomposition of the vector fj at two factor (binary) product level while the symbols α and
β have been used to denote the unions of the sets over αm1

s and the unions of the sets over
βm1

s respectively whereas γ denotes the set composed of γs.
The set αm1

has (m1 + 1) elements denoted by αm1,0,...,αm1,m1
such that the sum of

these elements separately vanish for all m1 values between 1 and m inclusive as long as
m does not vanish (otherwise trivial). Same thing is also valid for the set βm−m1

whose
elements can be denoted by βm−m1,0, ..., βm−m1,m−m1

such that the sum of these elements
separately vanish for each m1 values between 0 and m− 1 inclusive as long as m does not
vanish (otherwise trivial). Hence, for a specific m1 value between 0 and m, αm1

brings
m1 flexible parameters while the number of flexible parameters brought by the set βm−m1

is (m−m1). Thus the number of flexible parameters entering the shift for a single given
m1 value from αs and βs is always m. This makes the total number of flexible parameters
coming from αs and βs is m(m + 1). Since we have also used γs with indices between 0
and m inclusive as flexible parameters, the total number of flexible parameters is m(m+2)
because of the vanishing sum over γs. This means that the number of flexible parameters in
(13) can be represented by a second degree polynomial of m. This proves the rapid increase
in the parametrization when the vector fj can be expressed as a Kronecker product of two
appropriate subvectors. Here all these are true for just a single binary Kronecker product
case. If there are more than one cases each of which leads us to a separate binary Kronecker
power for the vector fj then the number of the flexible parameters grows much more rapidly.

The latest analysis here in this section can be extended to the case where the vector fj
can be expressed as more than two factor Kronecker products. In those cases the number
of the flexible parameters increases from second degree polynomials of m to much more
higher polynomials of m even though we do not intend to proceed for giving much more
informations for these cases since they are not primary items for this work.

In many cases the vector fj may not be uniquely (but approximately) represented as the
Kronecker products of some number of factors. In those cases, certain more sophisticated
schemes, for example singular value decomposition like or enhanced multivariate products
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representation like algorithms, to represent this vector can be brought to the stage. However,
these algorithms alone may necessitate quite rigorous studies and we find them too detailed
for this proceeding paper even though we have current research projects on these items.

The higher number of flexible parameters which can be inserted to Kronecker power
terms during the shifts in Kronecker powers is quite important since their optimisation can
be used to suppress the norm of the coefficient vector of shifted Kronecker power term. This
suppression generally leads us to get wider convergence domain in the resulting-after-shift
Kronecker power series and this is very important issue for practical applications. Hence
high level parametrization of the m-power-shifts in Kronecker power series is perhaps most
desired issue. We find this discussion sufficient for our goal in this work.

4 Converting Multinomiality to Highest Degre Monomiality

via Power Shifts

Kronecker power series are somehow is the backbone of the Probabilistic Evolution Theory
(PREVTH) as we pronounced at the beginning of this paper. PREVTH extensively uses
the concept of space extension as unfamiliar reader can find sufficient information in our
publications on this issue [1–16] and many practical cases have possibilities to get multi-
nomiality (multinomial=polynomial of more than one independent variables) at the right
hand side functions of the explicit ODEs in PREVTH. Until now we have also attempted
to further reduce multinomiality to conicality (the second degree multinomiality) to get the
analytical solution for PREVTH. Our recent considerations have shown that the Highest
Degree Monomiality (just a single Kronecker power with highest degree together with its co-
efficient matrix or vector) can also facilitate the PREVTH analysis and may yield analytical
solutions as again appropriate Kronecker power series.

Hence to proceed we can focus on the Kronecker power multinomial defined as follows

f (x) =

N
∑

j=0

f
T
aug,jx

⊗j
aug (14)

which is a restricted form of the Kronecker power series given in (6). Our purpose is now
to use m-power-shifts to reduce this multinomial to a single power multinomial such that
only the highest Kronecker power appears. To this end we can start with the following new
form of (13)

f
T
j x

⊗j
aug = fj→j+m;Dec (κm)x⊗j+m (15)

where the separately symbolized sets α, β, and, γ have been combined to a single set
denoted by κm (m specifies the shift) for brevity here. Beyond that the subscript string
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KPD, which has been used to mean a very specific situation, can be interchanged with
another string Dec to mean a more general vector decomposition.

We can now change m with N − j in (15) to get the following more specific shift

f
T
j x

⊗j
aug = fj→N ;Dec (κN−j)x

⊗N (16)

whose utilization in (14) produces

f (x) =





N
∑

j=0

fj→N ;Dec (κN−j)



x
⊗N (17)

whose right hand side is apparently highest degree monomial of the original multinomial.
This is a quite important relation and stands for opening new horizons to PREVTH. Here
the number of elements in the set κN−j may be quite nonlinear in comparison to the term
(N − j) and therefore the total level of parametrization may be quite high and nonlinear
in (N − j) depending on the decomposition used in the parametrization. Even though this
is an important issue in the sense of combinatorial analysis, we can consider this term as a
secondary issue in this conceptual work. However, for further practicality this issue is quite
important and we have launched a new peoject to reveal important aspects of this topic.

5 Concluding Remarks

The main goal of this work has been the conversion of a Kronecker multinomial to its
highest degree monomial with a different coefficient. To this end we have basically used
the Constancy Adding Space Extension (CASE) which principally adds a constant function
with an unknown value to the existing unknowns such that the added constant function is
considered as if it is a new unknown. This addition of course affects the existing coefficients
of a Kronecker power series. However the most important aspect of CASE is the possibility of
moving certain Kronecker powers to a higher Kronecker power and add to its existing value.
This can be successed in such a way that the resulting affected higher Kronecker power
coefficient includes some number of arbitrary parameters which can be used to suppress
the relevant coefficient norms and therefore to obtain much wider convergence domain in
the relevant Kronecker power series. The parametrization level (the number of the flexible
parameters to be optimized) depends on the nature of the coefficients entering the shifts
from certain Kronecker powers to higher degree Kronecker powers.

Kronecker power series appear comprehensively in PREVTH and are not unique expan-
sions. This nonuniqueness shows up as flexible parameter insertion in Constancy Adding
Space Extension (CASE). However, in PREVTH, the infinite Kronecker power series do
not help us so much to facilitate the analysis and to get an analytical solution. On the
other hand, in many practical applications the right hand sides of the explicit ODEs to
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which PREVTH will be applied there exist certain functions of the unknown temporally
changing functions such that the use of those functions as new unknowns with or without
existing ones produces new extended set of ODEs having right hand sides in multinomials
of the new unknowns. Once the multinomiality is obtained at the right hand side of the
considered ODEs the rest is quite straightforward and the multinomiality can be converted
to conicality as certain theorems guarantees. Even though the present widely used form of
PREVTH uses conicality our brainstorming actions implied that highest degree monomial
structured right hand sides even facilitate the PREVTH analysis pretty much and the power
shifts mentioned in this paper permits us to convert a given Kronecker power multinomial
to its highest degree monomial with a new coefficient and this brings another analytical
solution having PREVTH version to applications.
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Türkiye (2012) 268-271.

[10] E. Demiralp, M. Demiralp and L. Hernandez-Garcıa, Journal of Mathematical
Chemistry, URL doi:http://dx.doi.org/10.1007/s10910-011-9930-4, 50, (2012)
870.

[11] B. Tunga and M. Demiralp, Probabilistic Evolution of the State Variable Expected
Values in Liouville Equation Perspective, for a Many Particle System Interacting Via
Elastic Forces, Proceedings of the 12th International Conference on Computational
and Mathematical Methods in Science and Engineering (ICCMSE), ISBN: 978-84-615-
5392-1, Murcia, Spain (2012) 1186-1197.

[12] M. Demiralp, Squarificating the Telescope Matrix Images of Initial Value Vector in
Probabilistic Evolution Theory (PET), Proceedings of the 19th International Con-
ference on Applied Mathematics (AMATH’14), ISBN: 978-1-61804-258-3, İstanbul,
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Abstract

An algebraic vector which is a one way array can be decomposed to a linear com-
bination of elements in a complete basis set. This is a quite ordinary idea for vector
decomposition. However it becomes quite interesting when we take a basis set of or-
thonormal vectors each of which is a binary Kronecker product of same type. This work
focuses on such decompositions each of which in fact uses appropriate matrix forms
obtained from the target vector. We focus on singular value decomposition (SVD) and
tridiagonal matrix enhanced multivariance products representation (TMEMPR) only in
this work.

Key words: Kronecker product, Singular value decomposition, Tridiagonal Matrix
Enhanced Multivariance Products Representation.

1 Introduction: Needs for Linear Algebraic Vector Decom-

position

Probabilistic Evolution Theory (PREVTH) has been developed to get analytic solutions to
explicit ODE(s) under initial value impositions recently in our group (Group for Science
and Methods of Computing (G4SMC)) studies [1–16]. PREVTH solutions are given in
Kronecker power series as long as the explicit ODE set at the focus has a conical right hand
side. Space extension concept is also used to reduce the conicality to the highest degree
monomial. The definition of Kronecker product, Kronecker power and Kronecker power
series have been given in another paper [17] of this author in this conference proceeding.
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Kronecker power series representation of a multivariate function is defined by using its
multivariate Taylor series and therefore the partial derivative values evaluated at a specific

expansion point denoted by the components x
(e)
1

, ..., x
(e)
N in N dimensional Cartesian space

f (x) =

∞
∑

j=0

f
T
j x

⊗j (1)

where

x ≡
[

x1 − x
(e)
1

... xN − x
(e)
N

]

(2)

which can be named “System Vector” in system theoretical point of view. In (1) f stands for
a multivariate function depending on system vector x while the coefficient fjs are constant
vectors of N j × 1 type, composed of constant elements in terms of the partial derivatives of
f evaluated at the expansion point x(e) in N -dimensional Cartesian space. These varying
types of the coefficients are balanced by the types of the relevant Kronecker powers. Thus
the jth monomial of the series has 1 × N j type array coefficient is balanced to a scalar
byN j ×1 type x⊗j . First two coefficients of the Kronecker power series in (1) are 1×1 type
(scalar) fT

0
and 1×N type f1 vector transpose are unique in this representation. However,

all remaining fj vectors are not unique because the greater than or equal to 2 Kronecker
powers of the independent variable vector x are orthogonal to certain finite number constant
vectors. A detailed discussion on this issue has been given in another paper of this papers
author [17]. Therein, these nonuniquenesses have been used for parametrization of the
shifted coefficients through certain flexible parameters. Beyond these, certain decomposition
relation additions have also been investigated up to certain level of detailing. Hence the
decomposition of a vector to a linear combination of binary Kronecker products gains a lot
of importance and we have devoted the remaining part of this presentation to this issue.
We will present basically two decompositions: (i) Kronecker product based singular value
decomposition, (ii) Tridiagonal Matrix Enhanced Multivariance Products Representation
(TMEMPR) Based Decomposition.

2 Kronecker Product Based Singular Value Decomposition

of Linear Algebraic Vectors

Singular Value Decomposition (SVD) of a matrix which can be even rectangular is formu-
lated generally by using two mappings from one Cartesian space whose dimension matches
target matrix column space dimension to another Cartesian space whose dimension matches
target matrix row space dimension and its reverse such that each mapping somehow de-
fine a semi-eigenvalue problem to get a true eigenvalue problem when they are combined.
We do not intend to repeat the details of this well-known formulation here. Beyond the
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above formulation we can generate the SVD formula by optimizing the Euclidean distance
between the target matrix and an outer product of two unit normed vectors whose number
of elements match the row and column number of the target matrix scaled by an arbitrary
constant where everything is considered real-valued for brevity. This gives some number of
possibilities for the outer product and the scaling factor such that all solutions match one
of the singular value decompositions additive terms as can be proven by using consecutive
constrained optimizations until the Euclidean distance of the remaining target vanishes.
We do not intend to detail this formulation since the following parts will reveal the same
type actions for our present Kronecker product based singular value decomposition of a
linear algebraic vector. Now for our current decomposition we will denote the target vector
to be decomposed by a and assume that its number of element is mn where m and n are
two positive integer numbers for convenience. We are going to propose the following cost
functional for optimisation

J (σ,u,v, λu, λv) ≡ ‖a− σu⊗ v‖2 + λu

(

u
T
u− 1

)

+ λv

(

v
T
v − 1

)

= a
T
a− 2σaT (u⊗ v) + σ2

u
T
uv

T
v + λu

(

u
T
u− 1

)

+λv

(

v
T
v − 1

)

(3)

where we have used the unit norm constraints on the vectors u of m elements and v of n
elements. This cost functional depends on three scalars, σ, λu, λv and two vectors, u and
v. Its optimization necessitates the setting of its partial derivatives with respect to σ, λu

and λv equal to zero and setting its gradients with respect to the vectors u and v equal to
0m and 0n, the zero vectors of m and n elements respectively. We can at first write

∂J
∂σ

= 2σuT
uv

T
v − 2a (u⊗ v) (4)

∂J
∂λu

= u
T
u− 1 (5)

∂J
∂λv

= v
T
v − 1 (6)

These form three scalar equations for solving unknowns. We need two additional vector
equations. To this end we have to evaluate the gradients of additive terms in the expression
of the cost functional. We can write first

a ≡
[

a
T
1 ... a

T
N

]

(7)

where ais stand for n-element subvector components of a. This takes us to the following
equality

a
T (u⊗ v) =

m
∑

i=1

uia
T
i v = u

T
Av (8)
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where A stands for the m× n type matrix defined as follows

A ≡ [a1 ... am ]T (9)

All these enable us to rewite the explicit expression of the cost functional as follows

J (σ,u,v, λu, λv) = a
T
a− 2σaT (u⊗ v) + σ2

u
T
uv

T
v + λu

(

u
T
u− 1

)

+λv

(

v
T
v− 1

)

(10)

which permit us to write

∇uJ = −2σAv + 2σ2
v
T
vu+ 2λuu = 0m (11)

∇vJ = −2σAT
u+ 2σ2

u
T
uv + 2λvv = 0n (12)

Premultiplication of (11) and (12) with the transposes of vectors u and v results in the
following scalar equations

−2σuT
Av + 2σ2 + 2λu = 0, −2σvT

A
T
u+ 2σ2 + 2λv = 0 (13)

where we have used (5) and (6). On the other hand, the combination of (8) with (4), (5)
and (6) makes the following equality valid.

σ = u
T
Av (14)

The employment of this intermediate result in (13) takes us to the conclusion that the
Lagrange parameters of optimization, λu and λv, vanish. This implies that optimisation
could have been conducted without imposing the unit norm condition on u and v through
the constraints. Instead we could straightforwardly impose to the construction of cost
functional by taking the norms of these vectors directly equal to 1. This achievement is
quite natural for spectral-decomposition-like or SVD-like formulations.

Now we can reorganize (11) and (12) by setting λu and λv equal to 0 while setting the
norms of the vectors u and v equal to 1. This gives

Av = σu, A
T
u = σv (15)

which implies that the σ parameter can take the singular values of A while u and v corre-
spond to the relevant singular vectors of same matrix. The matrix A is composed of rows
each of which is equal to one of ais. Hence it is rowwise folding of the original vector a.
For this folding the vectors v and u are the relevant right and left singular vectors of the
matrix A to the singular value σ. All these mean that we can define the Kronecker product

c©CMMSE ISBN: 978-84-617-8694-7Page 747 of  2288
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based singular value decomposition as the singular value decomposition of the matrix A.
We can therefore write

a =

min(m,n)
∑

i=1

σiui ⊗ vi (16)

where σi, ui, vi are the ith Kronecker Product Based SVD singular value, normalized right
singular vector, normalized left singular vector respectively as long as the multiple singular
states are counted separately.

3 Kronecker Product Based Tridiagonal Matrix Enhanced

Products Representation for an Ordinary Linear Algebraic

Vector

We have been able to develop many extensions to the High Dimensional Model Representa-
tion (HDMR) and Enhanced Multivariance Products Representation (EMPR) [18–21] takes
a very important place in these extensions. We have even brought new extensions to EMPR
such that the Bivariate EMPR has been used as the backbone of the new methodology and
its utilization is repeated with different support functions which are the basic additional
components of EMPR. Bivariate EMPR can be written as follows for a given matrix A of
m× n type

A = αuvT + a1v
T + ua

T
2
+A1,2 (17)

where m-element u and n-element v vectors are given and called “Left” and “Right” “Sup-
port Vectors”. They have unit norms and can be optimised to increase the descending
dominance of right hand side additive terms. The right hand side entities, α, a1 , a2 and
A1,2, stand for a scalar, an m-element vector, an n-element vector and an m×n type matrix.
They are called in a way such that “constant component” for α, “univariate components for
a1 and a2, and finally, “remainder matrix component” for A. These are determined in such
a way that additive terms become mutually orthogonal in Frobenius matrix inner product.
We do not give further details since the basic content of this section will reveal all these
details parallel to the formulations of this section.

Now as being inspired by Bivariate EMPR for a given matrix we can propose the
following expression for a given vector a with mn elements wherem and n are given positive
integers.

a = αu⊗ v + a1 ⊗ v + u⊗ a
T
2
+ a1,2 (18)

where the remainder term can be considered as the agent to be suppressed in norm. We
can define the following Euclidean Distance cost functional by considering support vectors
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as given entities while EMPR components are considered as the items to be optimised.

Jcd (α,a1,a2) ≡ ‖a− αu⊗ v− a1 ⊗ v − v ⊗ a2‖2

= a
T
a+ α2 + a

T
1 a1 + a

T
2 a2 + 2αuT

a1 + 2αvT
a2 + 2uT

a1v
T
a2

−2aT (u⊗ v)− 2aT (a1 ⊗ v)− 2aT (v ⊗ a2)

= a
T
a+ α2 + a

T
1 a1 + a

T
2 a2 + 2αuT

a1 + 2αvT
a2 + 2uT

a1v
T
a2

−2uT
Av − 2aT

1
Av − 2uT

Aa2 (19)

where we have used the fact that each support function has unit norm by definition. This
may not be considered as the cost functional to be used in optimisation because of certain
constraints on the right hand side components.

(18) imposes just a single vector equation amongst one scalar, two vectors, and, one
matrix components and is not sufficient to uniquely determine the right hand side com-
ponents. To get uniqueness the extended forms of Sobol conditions in High Dimensional
Model Representation are needed to be used. They are called vanishing product conditions
and two of them dictates us that a1 and a2 need to be orthogonal to the support vectors, u
and v, respectively. Thus using these vanishing inner products as constraints we can define
the following new cost functional instead of the one in (19) as follows

J (α,a1,a2, λ1, λ2) ≡ Jcd (α,a1,a2) + λ1u
T
a1 + λ2v

T
a2

= a
T
a+ α2 + a

T
1
a1 + a

T
2
a2 − 2uT

Av− 2aT
1
Av − 2uT

Aa2

+λ1u
T
a1 + λ2v

T
a2

(20)

By setting the first partial derivative of this cost functional with respect to α equal to zero
and then solving the resulting equation we can obtain

α = u
T
Av (21)

On the other hand, by setting the first partial derivatives of this cost functional with respect
to λ1 and λ2 equal to zero and then solving the resulting equations we can obtain

u
T
a1 = 0 v

T
a2 = 0 (22)

The remaining equations can be obtained by setting the gradients of the cost functional with
respect to the vectors a1 and a2 equal to m element and n element zero vectors respectively.
We can write

2a1 − 2Av − λ1u = 0m, 2a22A
T
u− λ2v = 0n (23)
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whose equations can be premultiplied by the transposes of the vectors, u and v, respectively;
and then the resulting scalar equations can be solved for λ1 and λ2. This action produces

λ1 = λ2 = 2uT
Av = 2α (24)

This takes us from (23) to the following results

a1 = Av + αu, a2 = A
T
u+ αv (25)

(21) and (25) shows that α, a1, a2 components of the vector a match the Bivariate
EMPR components of the matrix A which is a specific folded form of the vector a. This
implies that the remainder vector a1,2 should give the remainder matrix, A1,2 when it is
folded in accordance with the folding of the target vector a.

TMEMPR is based on consecutive Bivariate EMPR (BEMPR) application to the target
matrix. The remainder matrix of first BEMPR can be taken as a new target and then the
univariate components of the first BEMPR can used as the new support vectors after they
are scaled such that their norms become 1. This produces new α and new univariate com-
ponents together with a new remainder matrix. Then a new BEMPR is launched with this
remainder at the focus by using the new univariate vectors as the new support vectors. As
the number of consecutive BEMPRs increases the newly formed remainder matrix becomes
having decreasing ranks such that after some number of consecutive steps the remainder
becomes disappearing. This builds Tridiagonal Matrix Enhanced Multivariance Products
Representation (TMEMPR) whose explicit structure is given below

A =

nα
∑

i=1

αiuiv
T
i +

nβ
∑

i=1

βiui+1v
T
i +

nγ
∑

i=1

uiv
T
i+1 (26)

where nα stands for min(m,n), the minimum of the positive integer row and column num-
bers, while nβ characterizes (m − 1) when m < n and m when m > n. Similarly, nγ

represents m when m < n and (m − 1) when m > n. In the case where m = n both nβ

and nγ take the common value, (m − 1). Curious readers can refer to our basic relevant
publications [18–21] for much more detailed information on TMEMPR.

Above analysis and the most recently given formula can be parallelly adapted to the
case of vector decomposition through TMEMPR as follows

a =

nα
∑

i=1

αiui ⊗ v
T
i +

nβ
∑

i=1

βiui+1 ⊗ v
T
i +

nγ
∑

i=1

ui ⊗ v
T
i+1 (27)

where all entities, α, β, and, γ parameters together with the support vectors, us and vs,
are known in terms of the target vector a and the initially given support vectors. This
completes the construction of our basic goal, the vector decomposition via TMEMPR.
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4 Concluding Remarks

This work has been devoted to the linear algebraic vector decomposition by using binary
Kronecker product terms. Our important remarks are enumerated below

1. We have focused on Singular Value Decomposition (SVD) of an ordinary linear alge-
braic vector such that each additive term is proportional to the Kronecker product
of two vectors each of which has been taken from an orthonormal vector set, each of
which is from a different Cartesian vector space.

2. We have also focused on Tridiagonal Matrix Enhanced Multivariance Products Rep-
resentation (TMEMPR). We have immediately noticed that each additive term outer
product should be changed with the Kronecker product of the same factors of the
relevant outer product.

3. Kronecker Product Based SVD and TMEMPR are not the only possible ordinary
linear algebraic vector decompositions. However, these are the most basic two of
standing approaches based on powerful theoretical backgrounds.

4. These two decompositions can be used for shifting from a Kronecker power to a
another higher Kronecker power. This inserts quite many arbitrary parameters to
shifted Kronecker power coefficient and enable us to suppress the norms of coefficient
vectors or matrices as much as possible. Even though the handling of these parameter
evaluations stands rather comprehensive it has the power of monitoring the Kronecker
power series convergences.

5. By having convergence monitoring powers of these decompositions we are now at an
important point that we can extend the Probabilistice Evolution Theory (PREVTH)
we have developed for conical systems in last decade to highest power monomiality.
This will form the content of our very near future publication. We have been now
equipped very much to this end.
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Abstract

This work can be regarded as the most contemporary and important development
realized in most recent Demiralp group studies, nine of which are reported in this con-
ference’s presentations. A well developed Probabilistic Evolution Theory (PREVTH)
has been developed by us in the last decade through step by step, maybe small but
quite important, developments. However, that theory basically constructed to solve the
explicit ODE(s) whose autonomous right hand side functions are conical (second degree
multinomial) in unknown temporal functions. The obtention of conicality is generally
based on certain space extension procedures which mostly increase the dimensionality
of the space of unknowns. Our recent efforts have revealed that the conicality is not
the only important facilitation to get rather simple analytic series solutions. It is also
almost equivalently possible to develop similar algorithms to one for conicality case for
any multinomiality in the right hand sides since as we have caught the fact that any
multinomial can be converted to highest degree monomial by using some shift oper-
ations. This work is designed to focus on these issues by also referring to other two
important papers of the author in this conference contributions.

Key words: Kronecker product, Kronecker power series, PREVTH, PREVTH re-
cursions.

1 Introduction: Probabilistic Evolution Theory (PREVTH)

in its Contemporary Form

In last decade of our group (Group for Science and Methods of Computing (G4SMC)) stud-
ies [1–16], we have developed a productive structure we have called Probabilistic Evolution
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Theory (PREVTH) to obtain analytic solutions to first order autonomous explicit ODE(s)
under initial value impositions. As long as the explicit ODE set at the focus has a conical
right hand side PREVTH solutions are given in Kronecker power series even though the
coefficient matrices or vectors may not be analytically found. The “Space Extension” con-
cept can also be used to convert the conicality to the highest (second) degree monomiality
to get analytically evaluable coefficient arrays (matrices or vectors). Curious readers can
refer to our relevant publications [1–16]. We do not intend to repeat the details of solution
construction procedure since almost same thing will be realized for the PREVTH’s present
form solution in this work.

2 Probabilistic Evolution Theory (PREVTH) on Highest Po-

wer Multinomiality

Let us consider the following vector ODE

ẋ(t) = Fx(t)⊗n, x(0) = a (1)

where x(t) stands for the N -element system vector while n stands for a positive integer
whereas F is a constant rectangular matrix of N ×Nn type. Even though we can construct
a Kronecker power series solution to this vector ODE it opens a new formalism from scratch.
Instead of that construction it seems to be better to use an ODE over not system vector
but its (n − 1)th Kronecker power. To this end, we can write the following equality via
simple temporal differentiation.

dx(t)⊗ (n−1)

dt
=

n−2
∑

j=0

x(t)⊗ j ⊗ ẋ(t)⊗ x(t)⊗ (n−j−2) = Gx(t)⊗ (2n−2),

G ≡
n−2
∑

j=0

I
⊗ j
N ⊗F⊗ I

⊗ (n−j−2)

N , x(0)⊗ (n−1) = a⊗ (n−1) (2)

where G matrix is of Nn−1 ×N2n−2 type. Now we can write

ẏ(t) = Gy(t)⊗ 2, y(0) = a⊗ (n−1) ≡ b, y(t) ≡ x(t)⊗ (n−1) (3)

where y is anNn−1 element vector. The ordinary differential equation herein allows us to use
conicality based Probabilistic Evolution Theory (PREVTH) to construct a Kronecker Power
Series solution. We are going to give intermediate steps explicitly for better explanation.
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We can write the following equality from this purely conical ODE set.

dy(t)⊗ j

dt
=

j−1
∑

k=0

y(t)⊗ k ⊗ ẏ(t)⊗ y(t)⊗ (j−k−1) = Mjy(t)
⊗ j+1,

Mj ≡
j−1
∑

k=0

I⊗ k

N
⊗G⊗ I

⊗ (j−k−1)

N
, N ≡ Nn−1 y(0)⊗ j = b⊗ j (4)

where N
j × N

j+1
type array, Mj , can be called “Monocular Matrix” as we have done in

Conicality Based Probabilistic Evolution Theory (PREVTH). The temporal integration of
both sides in (4) takes us to the following integral equation

y(t)⊗ j = b⊗ j +

∫ t

0

dτMjy(τ)
⊗ (j+1), j = 1, 2, 3, ... (5)

First J equations of this recursion can be used to get the following equality by eliminating
the integrals over the Kronecker powers (except the highest one) of the system vector and
performing all remaining intermediate simple integrations

y(t) =

J−1
∑

j=0

tj

j!
Tjb

⊗ (j+1) +

∫ t

0

dt1...

∫ tJ−1

0

dtJTJy (tJ)
⊗ (J+1) , J = 1, 2, 3, ...

Tk ≡
k
∏

ℓ=1

Mℓ, k = 0, 1, 2, ... (6)

where t0 ≡ t and the finite product over Monocular Matrices, whose upper limit is less than
the corresponding lower limit, is assumed to be N element identity matrix. The multifold
integral term in the first part of this formula tends to vanish as long as its integrand’s norm
tends to decrease as J increases unboundedly. However, this is equivalent to the convergence
of the preceding multinomial part in the first equation of this formula. If this convergence
happens to exist then we can write the solution as follows

y(t) =
∞
∑

j=0

tj

j!
Tjb

⊗ (j+1), (7)

As have done in Conicality Based Probabilistic Evolution Theory, the matrix Tj is
called “j-th Telescope Matrix” and it is somehow consistent cascaded form of the Monocular
Matrices.

The solution given through (7) is a denumerable infinite linear combination of N ele-
ment vectors, jth of which is in fact the image of the (j+1)th augmented initial vector (b)
Kronecker power under the jth Telescope matrix (Tj). The conicality coefficient matrix G
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is defined as a sum of certain left and right Kronecker products of the matrix F with appro-
priate identity matrices. Hence it is rather sparse and the sparsity dramatically increases as
the positive integer n increases. On the other hand, Monocular Matrices add more sparsity
because of their structures connecting them to the matrix G. A similar sparsity addition
comes from the relations of the Telescope Matrices to Monocular matrices. All these imply
that the sparsity is a quite undesired happening because it consumes much more memory
and execution times in computer applications, and hence, must be avoided. To this end a
new compaction method we call squarification has been proposed in Demiralp group studies.
Basic definition of the squarification is as follows

Tjb
⊗ (j+1) ≡ Sj (b)b, j = 0, 1, 2, ... (8)

where Sj (b) stands for a matrix of N ×N with elements depending on initial vector. The
square matrices, Sj (b)s can be evaluated by using specific procedure we call “Squarifica-
tion”. Since T0 = IN there is specific need for squarification and we take S0 ≡ IN . However
for S1 (b) we can write first

T1b
⊗ 2 = Gb⊗ 2 ≡

[

G1 ... G
N

]

b⊗ 2 =





N
∑

j=1

bjGj



b (9)

which urges us to define the following “Squarification” procedure

⌊G,b⌉ =





N
∑

j=1

bjGj



b, S1 (b) ≡ ⌊G,b⌉ (10)

where the leftmost symbol can be called “Squarification of G by b”, or briefly, “Squari-
fication” while the matrix G and the vector b are called “Squarificant” and “Squarifier”
respectively. The essential points in this squarification are the rules on the types of the
squarificant and the squarifier. The matrix column number must be square of its row num-
ber which must also be equal to the number of elements in the squarifier. Beyond these,
the matrices, Sj (b) are called “Squarified Telescope Matrices (SquTelMats)”. These are
vald only when the rectangular matrix to be squarified acts on a Kronecker square. If the
rectangular matrix acts on a rather general entity, a Kronecker product of two different
vectors then the rules may change accordingly. We are going to encounter such cases at the
end of this section.

Even though the first SquTelMat, S1 (b) is coincidentally a sole squarification, the other
higher indexed SquTelMats generally have nested and powered squarifications. The expres-
sions of these entities rapidly become quite complicated as the index of the SquTelMat tends
to increase unboundedly. And, as a matter of fact, the determination of these expressions
become formidable tasks even computer facilites are appropriately used. These facts have
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urged us to seek a recursion amongst the SquTelMats. After comprehensive studies we have
been able to get

Sj (b) =

j−1
∑

k=0

(

j − 1

k

)

⌊G,Sk (b)b⌉Sj−k−1 (b) , j = 1, 2, ... S0 (b) = I
N

(11)

whose validity had been shown by using some number of first SquTelMat expressions even
though the general induction stage of the mathematical induction proof method has not
been realized. Quite recently we could have been able to prove the validity of this recursion
for all positive integer j values [21].

Although this recursion is constructed on square matrices, it is much better to convert
it to a vector recursion for facilitating the computer algebra. To this end we can write

vj (b) =

j−1
∑

k=0

(

j − 1

k

)

⌊G,vk (b)⌉vj−k−1 (b) , j = 1, 2, ... v0 (b) = b (12)

where

vj (b) ≡ Sj (b)b (13)

Now the utilization of the last definition in (7) gives the ultimate PREVTH solution of
(3) as follows

y(t) =

∞
∑

j=0

tj

j!
vj (b) (14)

Now we can rewrite (1) as follows in the light of our most recent findings

ẋ(t) = Fx(t)⊗n = F (y(t)⊗ x(t)) x(0) = a (15)

which urges us to write the following much more general squarification where two vector
Kronecker product appears instead of a single vector’s Kronecker square.

F ≡ [F1 ... FNn−1 ] , ⌊F,y(t) ⌉ ≡
Nn−1

∑

j=1

yj(t)Fj (16)

The first vector factor of the Kronecker product must have same number of elements as
the number of square blocks in the rectangular matrix squarificant while the second vector
factor of the Kronecker product must have same number elements as the number of the rows
of the squarificant. We do not distinguishly symbolize this squarifier for brevity and this
does not create any confusion as long as the Kronecker product factors’ and squarificant’s
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row and column numbers are incompatible for multiplication. This squarification enables
us to finally write

ẋ(t) = ⌊F,y(t) ⌉x(t) x(0) = a (17)

This is a linear vector ODE with variable known coefficient and can be at least numerically
solved since we have assumed that y(t) has been found from the PREVTH solution of the
auxiliary vector ODE. On the other hand, this equation can also be handled by using a
PREVTHwise recursion.

3 Solving Previous Section’s Linear Vector ODE via Recur-

sion Construction

We can now proceed to get the solution of (17) by proposing the following expansions

x(t) ≡
∞
∑

j=0

tj

j!
xj, ⌊F,y(t)⌉ =

∞
∑

j=1

tj

j!
⌊F,yj⌉ (18)

which allows us to write

ẋ(t) ≡
∞
∑

j=0

tj

j!
xj+1, ⌊F,y(t)⌉x(t) =

∞
∑

j=1

tj

j!

j
∑

k=0

(

j

k

)

⌊F,yk⌉xj−k (19)

as long as the convergences permit us. The plugging into (17) produces

xj+1 =

j
∑

k=0

(

j

k

)

⌊F,yk⌉xj−k, j = 0, 1, 2, ...; x0 ≡ a. (20)

This is an infinite linear recursion whose solution’s convergence characteristics can be in-
vestigated by using, for example, majorant series.

Let us consider the linear vector space spanned by the matrices of N ×Nn−1 type and
denote it by MN×Nn−1 . We are going to consider the Frobenius inner product and relevant
induced norm which can be explicitly defined over this space as follows

(M1,M2) ≡ Tr
(

MT
1
M2

)

, ‖M‖ ≡ (M,M) , M1,M2,M ∈ MN×Nn−1 (21)

Now we can write the following norm equality from the second equality in (16)

‖⌊F,y(t) ⌉‖ ≤
Nn−1

∑

j=1

|yj(t)| ‖Fj‖ ≤





Nn−1

∑

j=1

yj(t)
2





1

2





Nn−1

∑

j=1

‖Fj‖2




1

2

≡ ‖y(t)‖ ‖F‖ (22)
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where we have used the Cauchy-Schawarz inequality when we write the rightmost inequality.
On the other hand, we can also write

‖y(t)‖ ≤
∞
∑

j=0

|t|j
j!

‖yk‖ ≡ Y (t), ‖⌊F,y(t) ⌉‖ ≤ ‖F‖Y (t) (23)

‖x(t)‖ ≤
∞
∑

j=0

|t|j
j!

‖xk‖ ≡ X(t), ‖⌊F,y(t) ⌉x(t)‖ ≤ ‖F‖Y (t)X(t) (24)

The first one of this couple of equation imply the following formulae when it is considered
together with the second one of the same couple of equations

‖ẋ(t)‖ ≤
∞
∑

j=0

|t|j
j!

‖xk+1‖ , Ẋ(t) = ‖F‖Y (t)X(t) (25)

where we have converted the inequality to equality at the second formula sinceX(t) has been
considered as a majorant function. It should be accompanied with the initial imposition
X(0) = a. Then the resulting simple scalar ODE can be solved as follows

X(t) = e‖F‖
∫
t

0
dτY (τ)a, t ≥ 0 (26)

In accordance with this majorant function x(t) should converge in the same temporal inter-
val as Y (t) converges. This means that the essential point is the temporal convergence of
the vector y(t). This convergence has been investigated under sufficient rigor in our relevant
publications. [1–16]. Curios readers can refer to them.

4 Conicality Matrix and Convergence of Auxiliary Solution

We have used an auxiliary conicality based PREVTH solution in the previous sections.
Therein the auxiliary vector y(t) has played an important role in the construction of the
main solution. Hence its temporal series convergence is also a very important issue in the
quality of the PREVTH solution for the highest monomiality based ODEs. On the other
hand, our conicality based PREVTH solution convergence is basically determined by the
matrix G we may call “Conicality Matrix” and also initial vector b. We are not going to
repeat the details of this issue. However, we may consider to investigate the specific structure
of conicality in the sense of coefficient nonuniquenesses and the relevant flexibilities.

Second equality of (2) defines the conicality matrix, G explicitly. The structure of
this matrix includes many different types identity matrices each of which is multiplied by
a (generally) different Kronecker powers of the system vector such that these powers are
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orthogonal to certain number of constant vectors. This enables us to add certain number
of specific constant matrices to these identity matrices with arbitrary coefficients. So it is
quite possible to insert many flexible parameters to the conicality matrix, G. Same thing
happens not only to identity matrices but also to the core matrix (highest monomiality
matrix), F. All these flexible parameters can be determined in such a way that the norm
of the Conicality Matrix, G can be suppressed as much as possible to get a close quality to
desired convergence rate. We do not intend to go beyond this point in this issue.

5 Concluding Remarks

We have presented how to construct a Kronecker power series solution to an explicit au-
tonomous first order ODE set with a monomial at the right hand side and to this end we
have used the fact that the right hand side multinomial’s highest degree monomial can be
considered as the only Kronecker power at the right hand side of the focused ODE set
without any loss of generality due to our findings [27, 28]. Since we believe that our basic
task has been completed in this work, we are not willing to repeat all details here.

Beside this work we have some other papers reporting most recent developments about
PREVTH in this conference. One paper [21] focuses on the proof of the conicality based
PREVTH and that development is a milestone as we believe.

Another paper [22] includes the solution of sensitivity coefficient evaluation problem and
has been one of the basic motivation agent to put this work on the loom if the statement
holds.

The quantum expectation value dynamics is a quite important issue in the solution of
the quantum dynamical problems and until now we have used the Ehrenfest or Ehrenfest-
like analysis. This was presenting a lot of undesired negativities. Now in three different
papers [23–25], Heisenberg picture related concepts have been used first time and a set
of operator equatons we call “Evolver Dynamical Equations” have been constructed. We
believe that this development opens a new horizon in PREVTH use for quantum dynamical
problems.

Finally, in our another paper [26] we have attempted to get analytic continuations to
PREVTH solutions by using Padé approximants.
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Abstract

In this work, a predator-prey model considering a non-differentiable functional re-
sponse similar to the Cobb-Douglas type production function. We show that this func-
tion has a strong influence on the locally and globally dynamics of the model.

The non-uniqueness of solutions on the coordinate axis for any initial conditions is
proved, i.e. the system is non-lipchitzian. Moreover, the model has at least one small
amplitude limit cycles generated by Hopf bifurcation of a fine focus.

Tthe existence of a homocinic curve on the phase plane (threshold curve), which
divides the behavior of the trajectories, iimplying that two solutions, to distinct side of
this curve have different ω− limit; so, the solutions highly sensitive to initial conditions.

Key words: predator-prey model, stabiity, separatrix curve, limit cycles,
MSC 2000: AMS codes 92D25; 34C23; 58F14; 58F21

1 Introduction

We analyzed a predator-prey model, in which the following aspects are considered: i) the
prey natural growth is the logistic equation, [17],

ii) the functional response is a non-differentiable [4, 7, 11], and

iii) the equation for predator growth is the logistic type [1, 15, 17].

This last assumption characterize to the Leslie-Gower type models, in which the con-
ventional environmental carrying capacity for predators Ky is a function of the available
prey quantity [1, 10, 13].
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We will consider that the predator consumption function or functional response is ex-
pressed by the H(x, y) = qxαyβ, known in Economy Sciences as a Cobb-Douglas type func-
tion [4]. This function is more realistic than the bilinear functional response H(x, y) = qxy,
proposed in the Lesie-Gower predator-prey model [8, 9, 13].

To establish the local stability of the equilibrium points, the standard methodoogy
cannot be used, [2, 3, 12], due the non-uniqueness of solutions over the coordinates axis.
Thus, new methods must be proposed for the analysis of the singuarities over the axis.

2 The model

The predator-prey model is described by a family of vector fields or by autonomous bidi-
mensional differential equations system of the Kolmogorov type [6] given by

Xµ :

{
dx
dt = r

(
1− x

K

)
x− qxαyβ

dy
dt = s

(
1− y

nx+c

)
y

(1)

where x (t) and y (t) denote the prey and predator population size, respectively, of
densities as functions of time, and the vector of parameters

µ = (r,K, q, s, n, c, α, β) ∈ R6
+ × ]0, 1]2

having different ecological meanings.

In order to make an adequate description of the behaviour of system (1) and to simplify
calculus, we follow the methodology used in [8, 9, 10], making a change in variables and a
time rescaling given by

ϕ : R2
+ × R→ R2

+ × R,

such that

ϕ (u, v, τ) =
(
ku, nkv, (u+C)

r τ
)

= (x, y, t)

with

detDϕ (u, v, τ) =

∣∣∣∣∣∣
 k 0 0

0 nk 0
τ
r 0 (u+C)

r

∣∣∣∣∣∣ = nk2(u+C)
r > 0.

Then, ϕ is a diffeomorphism preserving time orientation; hence, in the new coordinates, the
topologically equivalent vector field [5, 3] to Xµ is

Yη :

{
du
dτ =

(
(1− u)u−Quαvβ

)
(u+ C)

dv
dτ = S (u+ C − v) v

, (2)

where η = (Q,C, S, α, β) ∈ R3 × ]0, 1]2 with Q = q
rk

α+β−1nβ, C = c
nk and S = s

r .
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The equilibrium points of system (2) or singularities of vector field Yη are: (0, 0), (1, 0),
(0, C) and (ue, ve) ∈ R2

+, satisfying the equations of the isoclines

(1− u)u−Quαvβ = 0
u+ C − v = 0

(3)

Since (1− u)u = Quαvβ > 0 then 0 < u < 1. Thus, of the second isocline, we obtain
C < v < 1 + C. The abscissa u is a solution of the equation

f (u) = Q

where the function f : [0, 1]→ R+,0 is given by

f (u) = (1−u)u

uα(u+C)β
, (C,α, β) ∈ R+ × ]0, 1]2 .

We consider two cases: α < 1 and α = 1.
If α < 1, f (0) = f (1) = 0 and we obtain

df
du (u) = − q(u)

uα(u+C)β+1 , q (u) = au2 + bu− C (1− α) ,

with a = 2− β − α > 0 and b = α+ β − 1 + (2− α)C. q is a parabola that opens upward
with only positive root ū, then

df
du (ū) = 0⇔ q (ū) = 0⇔ ū =

−b+
√
b2+4aC(1−α)

2a

Moreover, since q (ū) = 0 < 1 + C = q (1), ū < 1. Then ū ∈ ]0, 1[. Deriving again and
evaluating in ū we have

d2f
du2

(u) = q(u)((1+α+β)u+αC)

uα+1(u+C)β+2 − b+2au
uα(u+C)β+1 ,

d2f
du2

(ū) = −
√
b2+4aC(1−α)

ūα(ū+C)β+1 < 0.

Therefore, f is increasing in [0, ū], decreasing in [ū, 1] and with maximun value in ū.
For α = 1 we have

f (u) = (1−u)

(u+C)β
, f (0) = 1

Cβ , f (1) = 0,
df
du (u) = −β+(1−β)u

(u+C)β+1 < 0.

then f is decreasing.

3 Main Results

For the system (2) or vector field Yη, we have the following results.

Lemma 1 The set Γ =
{

(u, v) ∈ R2 | 0 < u < 1, C < v < 1 + C
}

is an invariant region.
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Proof. On the upper boundary of Γ,

dv
dτ (u, 1 + C) = S (u− 1) (1 + C) ≤ 0, u ∈ [0, 1] .

On the lower boundary of Γ,

dv
dτ (u,C) = SuC ≥ 0, u ∈ [0, 1] .

On the right boundary of Γ,

du
dτ (1, v) = −Qvβ (1 + C) ≤ 0, v ∈ [0, 1 + C] .

Therefore, all orbits starting from the interior of Γ cannot cross the boundary.
We define the functions F : [0, 1]× R+ → R+,0 and g : [0, 1]→ R+,0 such as

F (u,C) = (1−u)u

uα(u+C)β
, g (u) = (1− u)u1−α−β, with (α, β) ∈ ]0, 1[× ]0, 1] .

Also, we define ū as function of C, this is, ū : R+ → [0, 1] such that

ū (C) =
−(α+β−1+(2−α)C)+

√
(α+β−1+(2−α)C)2+4(2−β−α)C(1−α)

2(2−β−α) ,

with (α, β) ∈ ]0, 1[× ]0, 1] .
For (α, β) ∈ ]0, 1[× ]0, 1], the following statements are true:

i) For u ∈ ]0, 1] fixed, limC→0F (u,C) = g (u).

ii) ū (0) = 0 if 1− α− β ≤ 0 and ū (0) = (1−α−β)
(2−α−β) if 1− α− β > 0.

iii) limC→∞F (u,C) = 0 uniformly in u.

iv) dF (ū(C),C)
dC = ∂F

∂u (ū (C) , C) dū
dC (C) + ∂F

∂C (ū (C) , C) = (0) dū
dC (C) − β (1−u)u

uα(u+C)β+1 < 0,

namely, F (ū (C) , C) is decreasing in C.

Ultimately, we defined the following sets of parameters

∆sg(ε) =
{
η ∈ R5

+ | 1− α = sg (ε) , β ≤ 1
}
,

Υsg(ε) = {η ∈ ∆+ | 1− α− β = sg (e)} ,
Λsg(ε) =

{
η ∈ ∆+ | Q− (1− α− β)1−α−β (2− α− β)α+β−2 = sg (ε)

}
,

where η = (Q,C, S, α, β).

Lemma 2 For η = (Q,C, S, α, β) ∈ ∆+:

1. If η ∈ Υ−, ∃! C1 > 0 such that F (ū (C1) , C1) = Q.

c©CMMSE ISBN: 978-84-617-8694-7Page 768 of  2288



J. D́ıaz-Avalos and E. González-Olivares

2. If η ∈ Υ0 ∩ Λ−, ∃! C2 > 0 such that F (ū (C2) , C2) = Q;

3. If η ∈ Υ+ ∩ Λ−, ∃! C3 > 0 such that F (ū (C3) , C3) = Q.

Proof. Proof of 1. Let K > 0. If η ∈ Υ−, for the function g we have

g (1) = 0, limu→0g (u) =∞, dg
du = (1−α−β)−(2−α−β)u

uα+β < 0,

then, there is u1 < 1 such that K = g (u1). Let ε < u1 = g−1 (K). As g is decreasing, we
can choose some δ > 0 such that δ < g (ε)−K. Since i), for u fixed, there is C̃ such that

g (u)− F (u,C) < δ < g (ε)−K, C < C̃.

We choose u = ε, then K < F (ε, C) for C < C̃. By ii), there is C̄ such that

ū (C) < ε, C < C̄,

and since ū is a maximun, F (ū (C) , C) > F (ε, C) for all C < C̄. Then, we choose Č =

min
{
C̃, C̄

}
. Thus

F (ū (C) , C) > F (ε, C) > K, C < Č.

Therefore, limC→0F (ū (C) , C) = ∞. By iii), there is Ĉ such that F
(
ū
(
Ĉ
)
, Ĉ
)
< Q.

Then, by intermediate value theorem, there is C1 ∈
]
0, Ĉ

[
such that F (ū (C1) , C1) = Q.

By vi), F (ū (C) , C) is decreasing, then C1 is unique.
Proof of 2. Let δ > 0. If η ∈ Υ0, g (u) = 1 − u. We choose ε < min {1, δ} and

θ = δ − ε = δ − 1 + g (ε) > 0. Since i), for u fixed, there is C̃ such that

g (u)− F (u,C) < θ = δ − 1 + g (ε) C < C̃.

We choose u = ε, then 1− F (ε, C) < δ for all C < C̃. By ii), there is C̄ such that

ū (C) < ε, C < C̄,

and since ū is a maximun, F (ū (C) , C) > F (ε, C) for all C < C̄. Then we choose Č =

min
{
C̃, C̄

}
. Thus

1− F (ū (C) , C) < 1− F (ε, C) < δ, C < Č.

Therefore, limC→0F (ū (C) , C) = 1. By iii) there is Ĉ such that F
(
ū
(
Ĉ
)
, Ĉ
)
< Q.

If η ∈ Λ−, Q < 1 and by intermediate value theorem, there is C2 ∈
]
0, Ĉ

[
such that

F (ū (C2) , C2) = Q. By vi) F (ū (C) , C) is decreasing, then C2 is unique.
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Proof of 3. Let δ > 0. If η ∈ Υ+, for the function g we have

g (0) = g (1) = 0, dg
du = (1−α−β)−(2−α−β)u

uα+β , dg
du (û) = 0⇔ û = (1−α−β)

(2−α−β) ,
d2g
du2

< 0,

then g has a maximun at û and g (û) = (1−α−β)1−α−β

(2−α−β)2−α−β . F (ū (C) , C) is C0 ([0,∞[) and by ii),

F (ū (0) , 0) = g (û). Since iii), there is Ĉ such that F
(
ū
(
Ĉ
)
, Ĉ
)
< Q. Thus, if η ∈ Λ−,

Q < g (û) by intermediate value theorem, there is C3 ∈
]
0, Ĉ

[
such that F (ū (C3) , C3) = Q.

By vi), F (ū (C) , C) is decreasing, then C3 is unique.

Theorem 3 The existence of singularities in Γ is given by:

1. For η = (Q,C, S, α, β) ∈ ∆0,

(a) if QCβ ≥ 1, there are not singularities;

(b) if QCβ < 1, Sing (Yη (Γ)) = {(u0, u0 + C)}.

2. For η = (Q,C, S, α, β) ∈ ∆+,

(a) either if η ∈ Υ− with C > C1 or if η ∈ Υ0 ∩ Λ− with C > C2 or if η ∈ Υ+ ∩ Λ−

with C > C3 or if η ∈ Υ0,+ ∩ Λ0,+, there are not singularities;

(b) either if η ∈ Υ− with C = C1 or if η ∈ Υ0 ∩ Λ− with C = C2 or if η ∈ Υ+ ∩ Λ−

with C = C3, Sing (Yη (Γ)) = {(u1, u1 + C)};
(c) either if η ∈ Υ− with C < C1 or if η ∈ Υ0 ∩ Λ− with C < C2 or if η ∈ Υ+ ∩ Λ−

with C < C3, Sing (Yη (Γ)) = {(u2, u2 + C) , (u3, u3 + C)}.

Proof.
Proof of 1. Since the function f is decreasing if α = 1, there is u0 satisfying f (u) = Q

iff f (0) = 1
Cβ > Q. Moreover, u0 is unique. This proves a) and b).

Proof of 2. (ue, ve) is solution of (3) iff is solution of

f (u) = Q, v = u+ C. (4)

and by Lemma 2, if η ∈ Υ−∪
(
Υ0 ∩ Λ−

)
∪(Υ+ ∩ Λ−) there is Ci, with i ∈ {1, 2, 3} depending

on the case, such that F (ū (Ci) , Ci) = Q. Moreover, f has a maximum value in ū.
a. If C > Ci and as by the vi) property, F (ū (C) , C) is decreasing, we obtain

f (u) ≤ f (ū) = F (ū (C) , C) < F (ū (Ci) , Ci) = Q, u ∈ [0, 1] .

Thus, any u can verify (4). If η ∈ Υ0 ∩ Λ0,+, then g (u) = 1− u and Q ≥ 1. Then

f (u) < g (u) ≤ Q, u ∈ ]0, 1[ ,
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y thus, any u can verify (4). If η ∈ Υ+ ∩ Λ0,+, then

f (u) < g (u) ≤ g (û) = (1−α−β)1−α−β

(2−α−β)2−α−β ≤ Q, u ∈ ]0, 1[ ,

Thus, any u can verify (4).

b. If C = Ci then

f (u) ≤ f (ū) = F (ū (C) , C) = Q, u ∈ [0, 1] .

Thus, only u1 = ū can verify (4).

c. If C < Ci and as by vi), F (ū (C) , C) is decreasing, then

Q = F (ū (Ci) , Ci) < F (ū (C) , C) = f (ū) .

As f (0) = f (1) = 0 and f has a maximun value in ū, there are u2, u3 ∈ ]0, 1[ such that
u2 < ū < u3 and f (u2) = f (u3) = Q.

Proposition 4 The singularity (0, 0) is an unstable node.

Proof. The Jacobian matrix at (0, 0) is

DYη (0, 0) =

(
C 0
0 SC

)
with detDYη (0, 0) = SC2 > 0 and traDYη (0, 0) = C (1 + S) > 0, then the point is an
unstable node.

Proposition 5 The singularity (1, 0) is a saddle point.

Proof. The Jacobian matrix at (1, 0) is

DZη (1, 0) =

(
−1− C −Q (1 + C)

0 βS (1 + C)

)
with detDZη (1, 0) = − (1 + C)βS (1 + C) < 0 and therefore, (1, 0) is a saddle point.

Proposition 6 If η = (Q,C, S, α, β) ∈ ∆0, i. e. α = 1 for (0, C) we have:

1. if QCβ < 1, (0, C) is a saddle point.

2. if QCβ > 1, (0, C) is stable.
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Proof. The Jacobian matrix at (0, C) is

DYη (0, C) =

( (
1−QCβ

)
C 0

SC −SC

)
with detDYη (0, C) =

(
QCβ − 1

)
SC2 and traDYη (0, C) = C

(
1−QCβ − S

)
.

(1) If QCβ < 1, detDYη (0, C) < 0 and (0, C) is a saddle point.
(2) If QCβ > 1, traDYη (0, C) < 0 < detDYη (0, C) and (0, C) is stable.

Lemma 7 If η ∈ ∆+, there is not uniqueness of solutions at points in the positive v-axis,
different from the singularity (0, C).

Proof. If η ∈ ∆+, α < 1. We consider the change of variables and the time rescaling given
by

φ : R2
+ × R→ R2

+ × R, φ (z, w, κ) =
(
z

2
1−α , w, zκ

)
= (u, v, τ) ,

with

detDφ (z, w, κ) =

∣∣∣∣∣∣∣
 2

1−αz
2

1−α
−1 0 0

0 1 0
κ 0 z


∣∣∣∣∣∣∣ = 2

1−αz
2

1−α > 0 .

and φ (0, C) = (0, C). By the rule chain dz
dκ = 1−α

2 z1− 1−α
2

du
dτ

dτ
dκ and dw

dκ = dv
dτ

dτ
dκ , in the new

coordinates, the new vector field is

Zη :


dz
dκ = 1−α

2

((
1− z

2
1−α

)
z2 −Qwβ

)(
z

2
1−α + C

)
dw
dκ = S

(
z

2
1−α + C − w

)
wz

. (5)

Clearly Zη (0, w) = −1−α
2 QCwβ ∂

∂z . Then, for w > 0, the vector field Zη is orthogonal
to the w-axis. If 0 < w0 6= C and γ is the orbit of vector field (5) with initial condition in
the point (0, w0), then γ∗ = γ − {(0, w0)} is also an orbit to the vector field (5).

As φ is a homeomorphism, systems (2) and ( 5) are C0-equivalent in the first quadrant
R2

+; hence if φ (γ∗) is an orbit of (2), by continuity φ (γ) is an orbit of (2) that is tangent to
the vector field Yη a the point (0, w0). But the v-axis, u = 0 is clearly an invariant set and
Yη (0, w0) = S (C − w0)w0

∂
∂v 6= 0. Thus, for the point (0, w0), at least two orbits exist.

Evaluating the Jacobian matrix of vector field Yη at the equilibrium point (ue, ve), we
have

DYη (ue, ve) =

(
(1− 2ue − α (1− ue)) (ue + C) −β (1− ue)ue

S (ue + C) −S (ue + C)

)
,

with trace and determinant given by

detDYη (ue, ve) =
(
(2− α− β)u2

e + (α+ β − 1 + (2− α)C)ue − C (1− α)
)
S (ue + C)

= q (ue)S (ue + C) ,
traDYη (ue, ve) = (1− α+ (α− 2)ue − S) (ue + C) .
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In the parameters space, in order to obtain a simpler description of the bifurcation diagram
of (2), for η = (Q,C, S, α, β), we define the sets

Θsg(ε) = {η ∈ ∆+ | S − 1 + α+ (2− α) ū = sg (ε) , ū = ū (C,α, β)} ,
Πsg(ε) =

{
η ∈ ∆+ | Q− (1 + S) (1− α− S)1−α (2− α)α+β−2 (C (2− α) + 1− α− S)−β = sg (ε)

}
.

Theorem 8 The nature of singularities in Γ is given by:

1. The singularity p0 = (u0, u0 + C) is stable.

2. For the singularity p1 = (u1, u1 + C) we have

(a) if η ∈ Θ−, p1 is a unstable saddle-node;

(b) if η ∈ Θ0, p1 is a cusp point;

(c) if η ∈ Θ+, p1 is a stable saddle-node.

3. The singularity p2 = (u2, u2 + C) is a saddle-point

4. For the singularity p3 = (u3, u3 + C) we have

(a) either if η ∈ Θ− ∩Π− or if η ∈ Θ0 ∪Θ+, p3 is stable;

(b) if η ∈ Θ− ∩Π0, a Hopf bifurcation occurs at p3;

(c) if η ∈ Θ− ∩Π+, p3 is unstable.

Proof. Proof of 1. The trace and the determinat of the Jacobian matrix DYη (p0) are

detDYη (p0) =
(
(1− β)u2

0 + (β + C)u0

)
S (u0 + C) > 0,

traDYη (p0) = − (u0 + S) (u0 + C) < 0,

thus, p1 is stable.

Proof of 2. Since u1 = ū y q (ū) = 0, the trace and the determinant of DYη (p1) are

detDYη (p1) = p (ū)S (ū+ C) = 0,
traDYη (p1) = (1− α+ (α− 2) ū− S) (ū+ C) ,

then, the sign of traDYη (p1) depends of the factor S̄ = 1−α+ (α− 2) ū− S. If η ∈ Θ− or
Θ+, S̄ is positive o negative, respectively, therefore, we obtain (a) and (c). In the particular
case η ∈ Θ0, S̄ = 0, and the Jacobian matrix at p1 is

DYη (p1) = S (ū+ C)

(
1 −1
1 −1

)
.
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The Jordan form matrix corresponding to this Jacobian matrix is(
0 S (ū+ C)
0 0

)
.

and we have the Bogdanov–Takens bifurcation [16], that is, the point p1 is a cusp point.
Proof of 3. Since q (u2) < 0, detDYη (p2) = q (u2)S (u2 + C) < 0 and p2 is a saddle

point.
Proof of 4. Since q (u3) > 0, detDYη (p3) = q (u3)S (u3 + C) > 0 and the nature of p3

depends on the trace, given by

traDYη (p3) = (1− α+ (α− 2)u3 − S) (u3 + C) ,

i.e., depends on the factor S̄ = 1− α+ (α− 2)u3 − S. If η ∈ Θ0 ∪Θ+ and since ū < u3, is
true that

1− α− (2− α)u3 < 1− α− (2− α) ū ≤ S,

hence, S̄ < 0 and then p3 is stable. If η ∈ Θ−, ū < 1−α−S
2−α and since f is decreasing in ]ū, 1[,

we have that

η ∈ Π− ⇒ f (u3) = Q < (1+S)(1−α−S)1−α(2−α)α+β−2

(C(2−α)+1−α−S)β
= f

(
1−α−S

2−α

)
⇒ 1−α−S

2−α < u3 ⇒ S̄ < 0,

η ∈ Π0 ⇒ f (u3) = Q = (1+S)(1−α−S)1−α(2−α)α+β−2

(C(2−α)+1−α−S)β
= f

(
1−α−S

2−α

)
⇒ 1−α−S

2−α = u3 ⇒ S̄ = 0,

η ∈ Π+ ⇒ f (u3) = Q > (1+S)(1−α−S)1−α(2−α)α+β−2

(C(2−α)+1−α−S)β
= f

(
1−α−S

2−α

)
⇒ 1−α−S

2−α > u3 ⇒ S̄ > 0.

Thus, we obtain (a) and (c). The proof of (b) follows from that traDYη (p3) changes sign
and the detDYη (p3) is always positive. Moreover, verifying the transversality condition [12],
we have

∂(traDYη(p3))
∂S = − (u2 + C) < 0. .

Therefore, at the point p3 =
(

1−α−S
2−α , 1−α−S

2−α + C
)

occurs a Hopf bifurcation [16] for the

bifurcation value Q = (1+S)(1−α−S)1−α(2−α)α+β−2

(C(2−α)+1−α−S)β
.

Remark. The existence of homoclinic curve can be proved, which is generated by the
intersection of the stable and unstable maniforld of the saddle point p2.

Proposition 9 If η ∈ ∆0, there are not limit cycle in R2
+.

Proof. Let g (u, v) = 1
u(u+C)v . Clearly g ∈ C1

(
R2

+

)
. Then

div (g (u, v)Yη (u, v)) = d
du

(
((1−u)u−Quαvβ)(u+C)

u(u+C)v

)
+ d

dv

(
S(u+C−v)v
u(u+C)v

)
= − 1

v −
Q(α−1)
u2−αv1−β − S

u(u+C)

, ∀ (u, v) ∈ R2
+.
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If α = 1, div (g (u, v)Yη (u, v)) = − 1
v −

S
u(u+C) < 0. Therefore, by the Dulac criteria [16],

there are not limit cycles in R2
+.

If β < 1, the vector fied Yη is non-lipchitzian in the u-axis. However, we have the
following property:

Proposition 10 If β < 1, Yη is topologically equivalent to a vector field of Kolmogorov type
and lipchitzian in the u-axis.

Proof. Making a change in variables ϕ : R2
+ × R→ R2

+ × R, such as

ϕ (z, w) =
(
z, w

1
β

)
= (u, v) with

detDϕ (z, w) =

∣∣∣∣∣
(

1 0

0 1
βw

1−β
β

)∣∣∣∣∣ = 1
βw

1−β
β > 0.

Then, ϕ is a diffeomorphism preserving time orientation; hence, in the new coordinates,
the topologically equivalent vector field to Yη is

Zη :

{
dz
dτ = ((1− z) z −Qzαw) (z + C)
dw
dτ = βS

(
z + C − w

1
β

)
w

,

which it is of Kolmogorov type and lipchitzian on the z-axis (u-axis).
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Abstract

We consider the multipoint nonlocal boundary value problem for the two-dimensional
Laplace equation in a rectangular domainThe solution of this problem is defined as a
9-point finite difference solution, with the fourth order gluing operator of the local
Dirichlet boundary value problem, by constructing a special method to find a function
as the boundary value on the side of the rectangle, where the nonlocal condition is
given. Numerical experiments are illustrated to support the analysis made.
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1 Introduction

The paper of A.V. Bitsadze and A.A. Samarskii [1] stated a nonlocal boundary value prob-
lem for finding a function on the rectangle, for the given continuous boundary values on
three sides of the rectangle. This function has the following properties: it is a solution of
Poisson’s equation on the open rectangle, it is continuous on the closed rectangle, also on
the fourth side of the rectangle and on the midline of the rectangle, which is parallel to this
side the function takes coinciding values.

Different generalizations of the nonlocal conditions and their approximate solutions
were investigated by numerous authors (see [2], [3], [4], and references therein). As follows
from the existing papers, difficulties arise in the analysis of both the exact and numerical
solutions due to the existence of the nonlocal conditions.
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In [5]-[7] a new constructive method for the solution of the Poisson equation with
nonlocal boundary condition have been proposed and justified.

In this paper by the 9-point approximation of the Laplace equation with the fourth
order interpolation operator, the approximate method used in [5]-[7] is developed. The
9-point solution of the multilevel nonlocal problem is defined as the 9-point solution of the
Dirichlet problem by finding a function given as the boundary value on the side of the
rectangle where the nonlocal condition was given. Finally, the numerical experiments are
illustrated to support the obtained theoretical results.

2 Multipoint Nonlocal Boundary Value Problem

Let

R = {(x, y) : 0 < x < 1, 0 < y < 2} (1)

be an open rectangle, γp, p = 1, 2, 3, 4 be its sides including the ends, numerated in the
clockwise direction, starting with the side which lies on the y-axis, and let γ = ∪4p=1γ

p be

the boundary of R, R = R ∪ γ.
Let η1, η2, ..., ηm, and α1, α2, ..., αm be given numbers satisfying for some fixed number

δ > 0 the inequalities

0 < δ ≤ η1 < η2 < ... < ηm ≤ 2− δ < 2, (2)(
1− η1

2

) m∑
k=1

|αk| < 1. (3)

We consider the following nonlocal boundary value problem on R :

∆u = 0 on R, u = 0 on γ1 ∪ γ3, u = τ(x) on γ2, (4)
m∑
k=1

αku(x, ηk) = u(x, 0), 0 ≤ x ≤ 1, (5)

where ∆ ≡ ∂2/∂x2 + ∂2/∂y2 is the Laplace operator, τ(x) is the given continuous function
on [0, 1] and τ(0) = τ(1) = 0.

The existence and uniqueness of the classical solution u ∈ C(R)∩C2(R) of the problem
(4), (5) is given in [8], [3].

3 Approximate solution of the nonlocal problem by the finite
difference method

We say that φ ∈ Ck,λ(D), if φ has k-th derivatives on D satisfying the Hölder condition
with exponent λ. Let τ(x) ∈ C4,λ(γ2), 0 < λ < 1, and τ (2q)(0) = τ (2q)(1), q = 0, 1, 2.
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We assign a square mesh Dh obtained with the lines x, y = 0, h, 2h, ... , where h = 1
N

is the step size, N > 2 is an integer, such that h is less than half of the minimum length of
the intervals [0, η1], [η1, η2], ..., [ηm, 2], and we denote by jl the number for which

jlh ≤ ηl < (jl + 1)h.

We denote by Rh = Dh ∩ R, γph is the set of grids on γp, p = 1, ..., 4, γh = ∪4p=1γ
p
h, Rh =

Rh ∪ γh, and for each integer l, 1 ≤ l ≤ m, the set of intersection points of the line y = ηl
with the grid lines x = ih, i = 1, ..., N − 1, is denoted by Y h

l ; R̃h = Rh ∪ (∪ml Y h
l ).

On the set Y h = ∪ml=1Y
h
l , we introduce the fourth order liear matching operator S4 from

the condition that the expression S4(F3) gives the exact value of any third order harmonic
polynomial F3(x, y) at each point P ∈ Y h. Let P0 be the grid node closest to P. We place
the origin of the rectangular system of coordinates at the node P0 and direct the positive
axis of x along the grid line so that P = P (σh, 0), 0 ≤ σ < 1. In the neighborhood |z| < 2h,
where z = x+ iy in the new coordinate system, for the harmonic function u ∈ C4,0 on the
basis of Taylor’s formula, we have

u(x, y) = F3(x, y) +O(h4), (6)

where

F3(x, y) =

3∑
k=0

ak Re zk +

3∑
k=1

bk Im zk (7)

a0 = u(0, 0), a1 =
∂u(0, 0)

∂x
, a2 =

1

2

∂2u(0, 0)

∂x2
, a3 =

1

3!

∂3u(0, 0)

∂x3
;

b1 =
∂u(0, 0)

∂y
, b2 =

1

2

∂2u(0, 0)

∂x∂y
, b3 =

1

3!

∂3u(0, 0)

∂x2∂y
.

We take the points P1(h, 0), P2(h, h), and P3(0, h) to find numerical coefficients µ′0, µ
′
1, µ
′
2

and µ′3 such that the representation

u0 = µ′0u+ µ′1u1 + µ′2u2 + µ′3u3 (8)

is satisfied for the harmonic polynomials Re zn, z = x + iy, n = 0, 1, 2, 3, where u = u(P ),
uk = u(Pk), k = 0, 1, 2, 3. We then have

µ′0 + µ′1 + µ′2 + µ′3 = 1, σµ′0 + µ′1 + µ′2 = 0, (9)

σ2µ′0 + µ′1 − µ′3 = 0, σ3µ′0 + µ′1 − 2µ′2 = 0. (10)

Solving system (9), (10), we obtain µ′0 = 3λ0, µ
′
1 = −σ(2 + σ2)λ0, µ

′
2 = −σ(1 − σ2)λ0,

µ′3 = −σ(2− σ)(1− σ)λ0, where λ0 = 1/(3− 5σ + 3σ2 − σ3).
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Now, we take the nodal points P4(h,−h) and P5(0,−h) respectively symmetric to the
points P2 and P3 with respect to the x axis. Since Im zk = 0, k = 1, 2, 3 for y = 0 and is
odd with respect to y, and Re zk, k = 0, 1, 2, 3 is even with respect to y, from (7) and (8)
we obtain the expression

S4u ≡
5∑

k=0

µkuk, (11)

which, on the basis of (6)− (7), gives the exact value of the harmonic polynomial F3(x, y)
at the point P , where

µ0 = 1/µ′0, µ1 = −µ′1/µ′0, µq = µq+2 = −µ′q/2µ′0, q = 2, 3. (12)

It is easy to check that

µ0 > 0, µq ≥ 0, q 6= 0;

5∑
k=0

µk = 1. (13)

More general construction of the fourth order matchinh operator S4 see [9].
Let [0, 1]h =

{
x = xi, xi = ih, i = 0, 1, ..., N ; h = 1

N

}
, be the set of nodes on the in-

terval [0, 1] with the step size h. Let C0
h be the set of grid functions fh on [0, 1]h for which

fh(0) = fh(1) = 0. We define the norm ‖fh‖C0
h

= maxx∈[0,1]h |fh| . It is obvious that the

space C0
h is complete equipped with this norm.

Let ṽh be a solution of the following system of equations defined on R̃h :

ṽh = Bṽh on Rh, (14)

ṽh = S4ṽh on Y h
l , l = 1, 2, ...,m, (15)

ṽh = τh on γ2h, ṽh = 0 on γh \ γ2h, (16)

where τh is the trace of τ on γ2h, S
4 be the operator defined by (11), and

Bu(x, y) = (u(x+ h, y) + u(x− h, y) + u(x, y + h) + u(x, y − h))/5

+ (u(x+ h, y + h) + u(x+ h, y − h) + u(x− h, y + h) + u(x− h, y − h))/20.

On the basis of maximum principle, the problem (14)-(16) has a unique solution.
We define

ϕ̃h = ϕ̃h(x) =

m∑
l=1

αlṽh(x, ηl) ∈ C0
h, x ∈ [0, 1]h , (17)

where ṽh(x, ηl) are the solution values of the system (14)− (16) on Y h
l , l = 1, 2, ...,m.

We consider the following problem on R̃h

wh = Awh on Rh, (18)

wh = S4wh on Y h
l , l = 1, 2, ...,m, (19)

wh = 0 on γmh , m = 1, 2, 3, wh = fh on γ4h, (20)
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where fh ∈ C0
h, is an arbitrary function. On the basis of (13) and the maximum principle,

for any fh problem (18)− (20) has a unique solution.
We introduce a linear operator Bh

l : C0
h → C0

h, and let for any grid function fh =
fh(x) ∈ C0

h

Bh
l fh ≡ wh(x, ηl) ∈ C0

h, l = 1, 2, ...,m, (21)

where wh is the solution of the problem (18)-(20).
On the basis of properties (13) of the matching operator S4 and maximum principle,

we obtain ∥∥∥Bh
l fh

∥∥∥
C0

h

≤ 1

2
‖fh‖C0

h
(µ1 + µ2 + µ4)(2− (jl + 1)h)

+
1

2
‖fh‖C0

h
(µ0 + µ3 + µ5)(2− jlh)

=
1

2
‖fh‖ (2− ηl), l = 1, 2, ...,m, (22)

i.e., the norm of operator Bh
l does not exceed ql = 1− ηl

2 , l = 1, 2, ...,m.

Let ψ̃l,h , l = 1, 2, ...,m be the solution of the system of equations

ψ̃l,h = Bh
l

(
ϕ̃h +

m∑
k=1

αkψ̃k,h

)
, l = 1, 2, ...,m, (23)

where ϕ̃h is defined by (17).
We seek the solution of system (23) by the following fixed-point iteration´

ψ̃0
l,h = 0, ψ̃nl,h = Bh

l

(
ϕ̃h +

m∑
k=1

αkψ̃
n−1
k,h

)
, l = 1, 2, ...,m; n = 1, 2, ... (24)

On the basis of inequality (22) follows that the iteration converges to the unique solution
of the equation (23).

We define the function

f̃nh = ϕ̃h +
m∑
l=1

αlψ̃
n
l,h, on γ4h, (25)

where ϕ̃h is defined by (17), ψ̃nl,h is the n-th element of the sequence (24)
For the approximate solution of problem (4), (5), we take the solution of the following

finite difference problem

ũnh = Aũnh on Rh, ũnh = 0 on γmh , m = 1, 3 ũh = τh on γ2h, (26)

ũnh = f̃nh on γ4h, (27)

where f̃nh is defined by (25).
The following Theorem is proved:
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Theorem 1 Let the boundary function τ(x) in the problem (4), (5) be from the Hölder
classes C4,λ(γ2) and τ (2q)(0) = τ (2q)(1) = 0, q = 0, 1, 2. The next estimation holds

max
(x,y)∈Rh

|ũnh − uh| ≤ ch4 + c1
qn+1

1− q
, n ≥ 2, (28)

where ũnh is a solution of the problem (26), (27), uh is the trace of the exact solution of the
nonlocal problem (4), (5), c and c1 are constants independent of n and h,

q = max

{
1− η1

2 ,
(
1− η1

2

) m∑
k=1

|αk|

}
< 1.

4 Numerical results

Let

R = {(x, y) : 0 < x < 1, 0 < y < 2} .

Problem 1:

∆u = 0 on R, u(0, y) = u(1, y) = 0, 0 ≤ y ≤ 2,

u(x, 2) = 100e−π sinπx, 0 ≤ x ≤ 1,

u(x, 0) =
1

2
u

(
x,

3

5

)
+

1

4
u

(
x,

6

5

)
+

1

4
u

(
x,

9

5

)
, 0 ≤ x ≤ 1.

Problem 2:

∆u = 0 on R, u(0, y) = u(1, y) = 0, 0 ≤ y ≤ 2,

u(x, 2) = 100e−π sinπx, 0 ≤ x ≤ 1,

u(x, 0) =
1

4
u

(
x,

3

2

)
+

1

4
u

(
x,

9

5

)
, 0 ≤ x ≤ 1.

The exact solutions of this problems are unknown. The approximate solutions obtained
by the proposed method are demonstrated on line y = 0 (Table 1 and Table 2). According
to the repeated digits, for the decreasing mesh steps h = 1

16 ,
1
32 ,

1
64 ,

1
128 it follows that the

maximum error on these line decreases as O(h4). To achieve this accuracy just 11 iterations
in (25) are needed. These problems were solved in [7] with the O(h2) order of accuracy.
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h = 1/16 h = 1/32 h = 1/64 h = 1/128
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0.7371568959 0.7371580428 0.7371582022 0.7371582073

0.6943866124 0.6943876928 0.6943878429 0.6943878477

0.6249314409 0.6249324132 0.6249325483 0.6249325526

0.5314605045 0.5314613313 0.5314614462 0.5314614499

0.4175658389 0.4175664886 0.4175665789 0.4175665818
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Table 1: Solutions on the line y=0 of Problem1

h = 1/16 h = 1/32 h = 1/64 h = 1/128

1.40667736245870 1.40667890400060 1.40667919485265 1.40667920245065
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7.07184465696806 7.07185240682252 7.07185386903453 7.07185390723225

6.66153200523764 6.66153930544092 6.66154068281451 6.66154071879598

5.99522041437613 5.99522698438550 5.99522822398898 5.99522825637145

5.09851586514848 5.09852145248217 5.09852250667828 5.09852253421731

4.00587821050381 4.00588260044373 4.00588342872030 4.00588345035757

2.75929690275187 2.75929992659508 2.75930049712190 2.75930051202591

1.40667736245870 1.40667890400060 1.40667919485265 1.40667920245065

Table 2: Solutions on the line y=0 of Problem 2
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Abstract

Numerical simulations of the flow control using a synthetic jet are presented. The
flow considered is around a NACA 0012 airfoil at Re = 5000 and the actuator is located
at 6% of the chord from the leading edge. This work will be focused on the study of the
effect of the frequency of the actuator on the flow parameters in order to find in which
range of frequencies the actuation is more efficient.

Key words: flow control, synthetic jets, numerical simulations

1 Introduction

The field of active flow control (AFC) has experimented a dramatic growth in the recent
years, specially in the aeronautic field (despite being a multidisciplinary field). AFC consists
on techniques in which energy is actively expended to modify the flow around a specific
surface. Periodic excitation introduced at the surface has shown as an efficient and practical
means of flow control [1]. It has, among other advantages, the potential to significantly
change the lift and drag of an airfoil and the separation of the boundary layer [2].

Regarding periodic actuation, it has been reported two different ranges of frequency
in which actuation has been considered optimal i.e. at F+O(1) and at F+O(10), where
F+ = factL/Uref is defined in terms of the position of the actuator from the trailing edge
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L [3]. Another parameter that should also be considered when it comes to synthetic jets
actuators (SJA) is the location and number of jets. This work is a preliminary study
regarding the influence of the frequency of the actuation on the flow past a NACA 0012.
Most of the studies conducted so far have been performed on thick airfoils with a trailing
edge stall and at relatively large Reynolds numbers Re > 1e5 (see for instance [3, 4, 5] and
citations therein). However, in spite of the studies done so far, there is no consensus on
whether the optimum frequency should be on the order of the vortex shedding frequency or
an order of magnitude larger, nor if these frequencies have the same effects on thinner airfoils
at lower Reynolds numbers (typical of UAVs) where a combination of leading-edge/trailing-
edge stall might occur [6]. In order to analyse the influence of the frequency of the actuator,
several numerical simulations of a NACA 0012 at Re = 5000 and AoA = 6◦ and 10◦ are
performed.

2 Mathematical and numerical model

The incompressible Navier-Stokes equations can be written as

∂ui
∂xi

= 0 (1)

∂ui
∂t

+
∂uiuj
∂xj

= −ρ−1 ∂p

∂xi
+ ν

∂2ui
∂xj∂xj

(2)

where xi are the spatial coordinates (or x, y, and z) in the stream-wise, cross-stream and
span-wise directions. ui (or u, v, and w) stand for the velocity components and p is the
pressure. ν is the kinematic viscosity and ρ the density of the fluid.

The discretisation of the governing equations has been performed using a low dissipation
finite element (FE) scheme, which is based on the same principles followed by Verstappen
and Veldman [7], generalised for unstructured finite volumes by Jofre et al. [8] and Trias et
al. [9] and extended to finite element (FE) schemes by Lehmkuhl et al. [10]. The basic idea
behind this approach remains the same: to mimic the fundamental symmetry properties
of the underlying differential operators, i.e., the convective operator is approximated by a
skew-symmetric matrix and the diffusive operator by a symmetric, positive-definite matrix.
The final set of equations is time integrated using an explicit third order conservative
Runge-Kutta method. The pressure stabilisation is achieved by means of a non-incremental
fractional step. The chosen low dissipation FE scheme presents good accuracy compared
to other low dissipation finite volume and finite difference methods with the advantage
of being able to increase the order of accuracy at will without breaking the fundamental
symmetry properties of the discrete operators. This methodology is implemented into Alya
code, which is a multi-physics parallel code organized in a modular way: kernel, services
and modules, which can be separately compiled and linked. Each module represents a single
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set of Partial Differential Equations (PDE) for a given physical model. To solve a coupled
multi-physics problem, all the required modules must be active and interacting following a
well-defined workflow. For more details, the reader is referred to [11].

2.1 Definition of the cases and boundary conditions

All computed flows around a NACA 0012 airfoil extended to include a sharp trailing edge
are at Reynolds number Re = UrefC/ν = 5000. The Reynolds number is defined in terms
of the free-stream velocity Uref and the airfoil chord C. Two different angles of attack,
AoA = 6◦ and 10◦ have been considered. As separation at AoA = 10◦ occurs close to the
leading edge of the airfoil, a synthetic jet actuator has been placed at a distance from the
leading edge of x/C = 0.057. The width of the actuator is h/C = 0.00748, similar to that
used in the experimental work of Gilarranz [1]. The actuator results in a periodic injection
and suction of mass flow with a constant frequency. The velocity at the neck of the actuator
is given by,

(u, v) = (cos(AoA),−sin(AoA))Ap sin(2πfactt)Uref (3)

Considering that there is no consensus regarding the most effective frequency of the sinu-
soidal oscillation fact, in this work different frequencies are varied from F+ = factUref/C =
0.85 to 10 [3]. Ap is the amplitude of the oscillation and is characterised by the momentum
coefficient Cµ,

Cµ =
h(ρU2

max)sinθj
C(ρU2

ref )
(4)

being θj the jet angle with respect to the airfoil surface. In this work it has been set to
θj = 30◦ as in [1].

Due to the large computational resources that might be required to perform a thorough
study on three-dimensional meshes, in this work and as a first step in order to analyse the
influence of the frequency on the performance of the actuator, two-dimensional simulations
are here considered. It is of course known that a final study with a three-dimensional
domain will be necessary, but in order to find the range and order of magnitude of the
most effective frequencies, it is expected that the results will be acceptable without loss of
generality. Thus, the domain to be computed has dimensions of 25C × 30C with the airfoil
leading edge placed at (0, 0), see figure 1. In all cases, the meshes used are unstructured
and have been constructed clustering the points around the airfoil surface and in the near
wake behind the airfoil. In the regions far from the airfoil and the wake, the flow complexity
diminishes as the distance increases and so does the computational mesh. Moreover, at the
outlet of the actuator, the mesh has been refined so as to carefully capture the actuation of
the jet on the boundary layer.
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Figure 1: Computational domain (not to scale)

3 Preliminary results

Preliminary results are obtained for AoA = 10◦ and actuation frequency F+ = 1. In figure
2 the streamlines for both the baseline flow and the actuated one are plotted. As can be
seen from the figure, at this AoA a large recirculation bubble can be observed (figure 2a)
and the flow reattaches to the airfoil surface close to the trailing edge. For the actuated
case, separation occurs at a position downstream of the baseline case and even though
a large recirculation bubble is formed, the height of this bubble is smaller than for the
baseline case. Indeed, if the streamwise velocity profiles at different streamwise locations
are inspected (see figure 3) it can be seen that the size of the separated boundary layer is
smaller for the actuated case than for the baseline flow. However, in the case of the baseline
case, reattachment occurs earlier than for the actuated case.

At the time this work is being written, several actuation frequencies are being simulated.
It is expected to present in the conference a complete set of results with the optimal range
of frequencies for which the efficiency of the airfoil is higher.
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(a) (b)

Figure 2: Average flow streamlines at AoA=10. (a) Flow without actuation, (b) Actuated
flow F+ = 1
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Abstract

We consider the Richards equation for the fluid flow in variably saturated porous
media, which is a crucial problem in several application fields like water resource man-
agement, assessment of water-related disaster and agriculture. So, efficient methods for
the numerical solution of the Richards equation can provide great benefits for society.
We define four numerical procedures for the solution of such an equation. The compu-
tational performances of these procedures are tested and compared in two experiments:
a water infiltration problem for three types of soil, a landslide hazard evaluation on a
geographical area.

Key words: soil moisture, Richards equation, hydrological modelling, landslide haz-
ard.

MSC 2000: 76S05

1 Introduction

The prediction of fluid movement in porous media is an important problem in many branches
of sciences and engineering [6]. The most important application field is probably the soil
moisture dynamics, which is a fundamental component of the hydrological cycle. In fact, it is
a relevant phenomenon in several natural man-induced processes, such as the soil pollution,
which consists of altering the chemical and geological balance caused by the transmission
and transport of pollutants into groundwater, compromising quality of freshwater [1]. The
soil moisture dynamics can give also important inputs to the efficient use of water resources
for agriculture and silviculture activities, avoiding unnecessary irrigations and providing
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information for the optimal management operations [2]. It is also strictly connected to
the water-related risk analysis: heavy rains combined with the particular conditions char-
acterizing a region, can cause natural disasters such as landslides or floods. An efficient
landslide warning system should combine the dynamics of soil moisture, with a model for a
quantitative evaluation of the slope stability [3].
The dynamics of the soil moisture can be formally described by the Darcy’s law and mass
continuity law, in fact the combination of these two principles gives the Richards equation
[4], that is a non linear partial differential equation, defining the water flow both in the
saturated and unsaturated porous media.
Richards equation cannot be solved analytically under realistic situations, such as three-
dimensional heterogeneous media, therefore a numerical solution of this equation has to be
computed by discretization methods. The most usual numerical approaches, i.e. the finite
difference method [11] and the finite element method [12], can also be applied to Richards
equation producing in this way non-linear systems of algebraic equations. However, these
general approaches are usually coupled with special linearization techniques to deal with
the strong non-linearity of the soil hydraulic functions. In particular, the main objective
of these techniques is the achievement of the accurate numerical solutions of the Richards
equation, also providing a good approximation of the mass-conservation property [5].
In this paper, four numerical procedures are considered for the solution of Richards equa-
tion: such procedures differ for the discretization scheme and/or for the linearization ap-
proach as well as for the solution of the linearized equations. These procedures are tested in
two numerical experiments concerning the water infiltration on three homogeneous types of
soil, and the landslide hazard evaluation on a geographical area having a heterogeneous soil.

The remaining part of the paper is organized as follows. Section 2 defines the Richards
equation. In Section 3, we describe two numerical methods for the discretization of the
space domain, i.e. the finite difference method and the finite element method, then we
define four different implementation procedures. Section 4 provides the first numerical ex-
periment comparing the performance of the procedures on a water infiltration problem in
a three types of soil. In Section 5, an application of the Richards equation relative to the
landslide hazard problem is studied and the corresponding results are provided for a test
area in the Italian territory. In section 6 we give some conclusions and future development
of this work.

2 The dynamics of soil humidity

The water movement into the soil can be formally described by Darcy’s law and mass
continuity law; in fact, these two principles can be combined to obtain the so called Richards
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equation [4], that is (
C(ψ) + Ss

θ(ψ)

nε

)∂h
∂t

= div(K∇h) +W − ET, (1)

where div(·) = ∂(·)
∂x î+ ∂(·)

∂y ĵ + ∂(·)
∂z k̂, ∇h =

(
∂h
∂x ,

∂h
∂y ,

∂h
∂z

)
, C(ψ) = dθ

dψ is the specific capillary

capacity, ψ is the pressure head, Ss is the storage coefficient, θ(ψ) is the water content, nε
is the porosity, h = ψ + z is the hydraulic head, K(ψ) is the hydraulic conductivity, W is
the recharge and it is related to the rate of precipitation, ET is the evapotranspiration rate
(usually estimated by Penman−Montieth equation [9]).
It is worth noticing that equation (1) defines the water flow both in the saturated and in
the unsaturated porous media.
The Van Genuchten model is probably the most used formulation of functions θ(ψ) and
K(ψ), see [10] for a detailed definition of these relations. We note that this model depends
on various hydraulic parameters, e.g., α that is the inverse of the value of ψ at the air entry
point, the residual water content θr, the saturated water content θs, n that is an empirical
parameter, Ks that is the value of the hydraulic conductivity when the soil is saturated.
These parameters are all related to the pore size distribution and geometry and so they
ultimately depend on the soil type.
The solution of equation (1) requires knowledge of the initial distribution of the hydraulic
head h inside the space domain Ω. Moreover, it requires knowledge of appropriate boundary
conditions to describe the interactions along the domain boundary ∂Ω: specified hydraulic
head (Dirichlet type) and specified flux (Neumann type) are the most commonly used for
Richards equation [6].

3 The discretization schemes and their implementation

We describe two numerical methods for the discretization of the Richards equation in the
space domain: the finite difference method and the finite element method. Both methods
yield to a first order non-linear initial-value problem in the time variable whose solution
can be found by applying an iterative procedure. Moreover, linearization strategy is taken
into account to deal with such a non linear problem. On the base of these numerical
approximations, we define four different procedures for the solution of the problem.

3.1 The Finite difference approximation

The finite difference scheme is obtained from the equation (1) by using central difference
quotients for the space derivatives:(

C(ψi,j,k) + Ss
θ(ψi,j,k)

nε

)∂h
∂t

(xi, yj , zk) =
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=
1

(∆x)2

[
K(ψi+1/2,j,k)(hi+1,j,k − hi,j,k)−K(ψi−1/2,j,k)(hi,j,k − hi−1,j,k)

]
+

+
1

(∆y)2

[
K(ψi,j+1/2,k)(hi,j+1,k − hi,j,k)−K(ψi,j−1/2,k)(hi,j,k − hi,j−1,k)

]
+

+
1

(∆z)2

[
K(ψi,j,k+1/2)(hi,j,k+1−hi,j,k)−K(ψi,j,k−1/2)(hi,j,k−hi,j,k−1)

]
+Wi,j,k−ETi,j,k, (2)

where ∆x, ∆y, ∆z are the discretization steps in the x, y and z direction, respectively, hi,j,k
and ψi,j,k denote the approximate value of h and ψ at in the generic grid point (xi, yj , zk);
for brevity, in equation (2) the time-dependence of these functions is not explicitly denoted.

3.2 Finite element approximation

In the following we suppose ∂Ω = ∂ΩD ∪ ∂ΩN , where we impose a Dirichlet boundary
condition in ∂ΩD and a Neumann boundary condition in ∂ΩN . We consider the Galerkin
method [12], that is based on the weak formulation of the Richards equation (1):∫

Ω
w
(
C(ψ) + Ss

θ(ψ)

nε

)∂h
∂t

dx+

∫
Ω
∇w · [K(ψ) · ∇h] dx

−
∫

Ω
w(W − ET ) dx+

∫
∂ΩN

wqh ds(x) = 0; ∀w ∈ H1
0(Ω) (3)

where qh = [K(ψ) · ∇h] · n, and H1
0 (Ω) is the space of square integrable functions w hav-

ing square integrable derivative defined almost everywhere, an such that w(x) = 0, x ∈ ∂ΩD.

Solution h is approximated by a function h̃(x, t) ≈
∑Np

j=1Nj(x)hj(t) whereNj , j = 1, 2, . . . , Np

are basis functions and hj(t) are unknown coefficients to be determined; for semplicity we
suppose that an homogeneous Dirichilet boundary condition is prescribed on ∂ΩD. In par-
ticular, this basis is usually defined by piece-wise polynomial functions Ni having a small
support Ωi with respect to the domain. The Galerkin method considers the weighting
function w equal to the representation functions, i.e. Ni, so formula (3) becomes

∑
e

∫
Ωe

Ni

(
C(ψe) + Ses

θ(ψe)

neε

) ∂
∂t

(∑
j

Njhj

)
dx+

∑
e

∫
Ωe

∇Ni · [K(ψe) · ∇(
∑
j

Njhj)] dx

−
∑
e

∫
Ωe

Ni(W
e − ET e)dx+

∑
e

∫
∂Ωe

N
Niqh

eds(dx) = 0

1 ≤ i ≤ Np. (4)
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3.3 Time discretization

Both equation (2) and equation (4) represent a first-order initial-value problem in the time
variable. This problem is numerically solved by an iterative process. Let ∆t > 0 be a time
step which defines a partion of the time domain [0, T0] such that tn = n∆t, n = 0, . . . N .
On the base of this discretization, both (2) and (4) can be formally rewritten as

∂hn

∂t
= F (hn, tn), (5)

where hn is the vector of the unknowns at time t = tn, F (hn, tn) is a non linear vectorial
function. We replace the time derivative by the finite difference approximation

∂hn

∂t
=
hn+1 − hn

∆t
. (6)

So, in order to define the iterative process for the numerical solution of (5), we take into
account the single step methods which are expressed in their generalized form as

hn+1 = hn + ∆t[(1− λ)F (hn, tn) + λF (hn+1, tn+1)], (7)

where λ is a time-weighting factor, 0 ≤ λ ≤ 1.
In particular, the case λ = 0 is called explicit Euler method, the case λ = 1

2 is called Crank
Nicolson method while the case λ = 1 is called implicit Euler method.

3.4 Linearization tecniques

At each time tn, the numerical solution of nonlinear system (7) requires an iterative proce-
dure, where, roughly speaking, several local linearized models are subsequently solved. We
consider the following iterative procedure: we define hn+1,r as the vector solution at time
level n+ 1 at the r-th refinement iterate and for r = 1, · · ·R we compute

hn+1,r = hn + ∆t[(1− λ)F (hn, tn) + λF (hn+1,r−1, tn+1)], (8)

where R is the first iterate that, given an appropriate tolerance toll, satisfies∣∣∣∣∣∣hn+1,r − hn+1,r−1
∣∣∣∣∣∣
∞
< toll. (9)

At the end of the cycle we define

hn+1 = hn+1,R. (10)

Other linearization methods used to solve (7) are Picard linearization scheme and Newton
scheme [7].
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3.5 The procedures

We consider four numerical procedures for the solution of Richards equation. These pro-
cedures are obtained by combining the previously described approximation approaches in
order to compare their efficiency.

Procedure 1 The finite difference method is used for space discretization; the solution
of the system (7) is carried out by Crank-Nicolson method togheter with the linearization
scheme (8) and the solution at the iterate r = 1 is given by the explicit Euler method.

Procedure 2 The finite difference method is used for space discretization; the solution of
the system (7) is carried out by implicit Euler method togheter with the Picard linearization
scheme and the solution of the linearized system is obtainded by means of a direct method
based on a sparse variant of Gaussian elimination, that is called multifrontal method [13].

Procedure 3 The finite difference method is used for space discretization; the solution of
the system (7) is carried out by implicit Euler method togheter with the Picard linearization
scheme and the solution of the linearized system is obtainded by means of the preconditioned
conjugate gradient method.

Procedure 4 The finite element method is used for space discretization; the solution of
the system (7) is carried out by implicit Euler method togheter with the Picard linearization
scheme and the solution of the linearized system is obtainded by means of the preconditioned
conjugate gradient method.

4 Numerical experiments

We tested the four numerical procedures presented in the previous section with three ex-
amples. All these examples consider the same spatial domain Ω1 = [0, Lx]× [0, Ly]× [0, Lz],
where Lx = 90 m, Ly = 50 m and Lz = 4 m and the same time period of 30 days, but with
three different soil types. Table 1 shows the values of α, θr, θs, n, Ks of these considered
soil types in the Van Genucthen model (see [8] for details). In particular, the first example
considers a clay soil, at time t = 0 the simulation starts from a saturation equal to 50% and
the time period is characterized by a precipitation rate of 100 mm/day. The second and
third examples consider sand and coarse sand soils, respectively, at time t = 0 the saturation
is equal to 30% and the precipitation rate considered is 50 mm/day. At the boundary of
Ω1 we impose the zero normal flow condition as we supposed that these boundaries do not
interact with the outside. Procedure 1 is implemented inside a program written in Fortran
language, while, in order to implement the multifrontal method in Procedure 2, we used the
package MA57 [14], taken from the HSL software library. Procedure 3 is implemented inside
the computer model MODFLOW-2005 [11] which numerically solves the three-dimensional
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ground-water flow equation by using a finite-difference method. Procedure 4 is implemented
inside the demo version of FEFLOW software [12], that is an advanced Finite-Element sub-
surface flow and transport modeling system.

Grainsize Description θr θs α[1/m] n Ks[m/s]

Clay Cl> 75% 0.11 0.48 1.33 1.31 1.00E-08

Sand Sa> 75% 0.05 0.39 3.36 2.11 5.83E-05

Coarse Sand CSa> 75% 0.02 0.36 15.85 2.91 1.00E-03

Table 1: Different types of grain sizes and the corresponding parameters θr, θs, α, n, Ksat

in Van Genucthen model.

Table 2 shows a comparison between the results obtained by the four numerical procedures
on the basis of the time step ∆t, the elapsed CPU time of the computation and the RE(i, j),
i.e. the relative error in the 2-norm between the solution computed by the procedure i and
the one computed by procedure j at the end of the simulation period. We observe that, de-
spite its simple structure, Procedure 1 performs quite well with the exception of the coarse
sand type where, in order to achieve the convergence of the method, we had to decrease
the time step by a factor 100, compromising the efficiency of the procedure. Figure 1 shows
the saturation in the domain Ω1 at the end of the simulation period relative to the clay
case: from this figure, we observe a similar behaviour in the solutions computed by the four
procedures.
We tested our simulations using Window PCs with 128 GB of RAM and 8 Core of CPU.

5 A landslide hazard application

We consider the application of the dynamics of the soil moisture for a quantitative evaluation
of landslide hazard.
The landslide hazard problem is usually formulated in terms of the Safety Factor, which
is given by the ratio between the forces that prevent the slope from failing and those that
bring the slope to collapse; in particular, the last forces depend on the soil saturation,
given by the solution of Richards equation (1). Therefore, the safety factor is a hazard
index: a value larger than 1 indicates stable conditions, a value smaller than 1 indicates
unstable conditions.
The Infinite Slope Model [15] is probably the easiest evaluation method for the safety
factor F , that is given by

F =
C + (zγ − zwγw) cos2 β tanφ

zγ sinβ cosβ
, (11)

c©CMMSE ISBN: 978-84-617-8694-7Page 798 of  2288



RICHARDS EQUATION

Procedure ∆t (min) Computation
time (min)

RE with Procedure 2 RE with Procedure 3 RE with Procedure 4

CLAY

Procedure 1 15 0.25 7.96E-5 0.00553 0.0555

Procedure 2 15 0.3 / 0.00552 0.0554

Procedure 3 15 0.4 / / 0.0664

Procedure 4 15 8 / / /

SAND

Procedure 1 15 0.25 0.000757 0.00659 0.188

Procedure 2 15 0.3 / 0.0664 0.187

Procedure 3 15 0.4 / / 0.230

Procedure 4 15 8 / / /

COARSE SAND

Procedure 1 0.15 30 0.0905 0.0022 0.118

Procedure 2 15 0.3 / 0.0889 0.145

Procedure 3 15 0.4 / / 0.0053

Procedure 4 15 8 / / /

Table 2: Comparison between the solution computed by the four different procedures rela-
tive to the three soil types described in Table 1.

where C is the effective cohesion; γ is the unit weight of the soil; γw is the unit weight of
water; z is the depth of the failure surface; zw is the height of the watertable above failure
surface; β is the slope of the inclined surface; φ is the angle of internal friction.
The Infinite Slope Model has been used to analyse a geographical area of 11,69 km2 located
in the hydrographic basin of the Esino River in the province of Ancona (Italy), where a
landslide occurred on March 2015. This area is representative due to its landslide suscep-
tibility, moreover several meteorological stations are located in it. Previous geological and
geotechnical studies provided the geomorphological information: in particular, we know
that the soil is mostly characterized by clay and sand.
The proposed experiment considers the test area during the three months before the land-
slide event: Figure 2 shows the millimeters of rain fell every days during the observation
period (12/6/2014 to 3/6/2015). The four procedures described in section 3, are combined
with the infinite slope model (11): in particular, the solution of Richards equation (1) is
used in order to obtained information about zw in formula (11).
Figure 2 shows the trend of the minimum value of F computed during the observation
period: this diagram shows that during the three months before the landslide initiation,
the safety factor values gradually decreased, passing from values larger than 1 (indicating
stable region) to values smaller than 1 (indicating unstable region).
Figure 3 shows a graphical representation of the safety factor values concerning the last day
of the simulation: a nearly black zone is an unstable region (F < 1); a nearly white zone
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Figure 1: The saturation in Ω1 at the time t = 30 dayes related to clay.

is a stable region (F > 1). The four images in this figure are relative to the four numerical
procedures for the soil moisture dynamics. So these results show that the four procedures
give the same solution for the computation of the safety factor.

6 Conclusions

The water movement in the unsaturated porous media is described by Richards equation
that is a non-linear partial differential equation. Four numerical procedures are considered
for the solution of this equation: such procedures differ for the discretization scheme and/or
for the linearization approach as well as for the solution of the linearized equations.
We tested and compared the four procedures in two numerical experiments: the soil moisture
dynamics in three soil types (clay, sand, coarse sand) and the landslide hazard evaluation on
a geographical area with mixed soil (clay, sand). Results show that, Procedure 1 performs
quite well, even if it breaks down when we consider the coarse sand type with a discretiza-
tion time of 15 minutes, however the convergence can be achieved if we decrease the time
step. In the other cases, Procedure 1 seems to provide acceptable results in a very efficient
way.
This preliminary study should be extended by comparing the four procedures on the basis
of a larger range of soil types. This would allow a more detailed evaluation of the efficiency
of Procedure 1 and the possible remedies to overcome its inefficiencies. The results of such
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(a) (b)

Figure 2: (a) the millimeters of rain fell every dayes during the three months before the
landslide event; (b) trend of the minimum safety factor during the observation period.

an analysis will be useful in several application fields like natural hazard evaluation, water
resource analysis and weather forecast.
Another further difficulty in Richards equation is the efficient acquisition of model param-
eters. Actually, this is a quite common situation to all mathematical models for complex
phenomena; however, in this particular case, it is a very crucial issue since it depends on the
weather data and on the geotechnical features of the soil. Weather is usually acquired by
proper stations on the territory or by satellite measurements. Soil features are mainly char-
acterized by the granulometry, which can be used to identify the textural class of the soil
studied among a number of possible classes and it can be obtained by direct measurements
and/or general geomorphological features of the territory. So, both sets of these data are
difficult to get with high spatial resolution and accuracy. Unfortunately the lack of infor-
mation can limit the successfull application of Richards equation to real-world problems, so
a precise sensitivity analysis for such a model should be provided in order to obtain reliable
results.
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Figure 3: Graphical representation of the safety factor values concerning the last day of the
simulation.
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Abstract

Present research concerns the physical background of a wild-fire propagation model
based on the split of the front motion into two parts - drifting and fluctuating. The drift-
ing part is solved by the level set method and the fluctuating part describes turbulence
and fire-spotting. These phenomena have a random nature and can be modeled as a
stochastic process with the appropriate probability density function. Thus, wildland fire
propagation results to be described by a nonlinear partial differential equation (PDE) of
the reaction-diffusion type. A numerical study of the effects of the atmospheric stability
on wildfire propagation is performed through its effects on fire-spotting. Moreover, it
is shown that the solution of the PDE as an indicator function allows to construct the
energy balance equation in terms of the temperature.

Key words: fire propagation, fire-spotting, level set method, energy balance
MSC 2000: 00A59, 35K57, 65C20, 70H20

1 Introduction

In wildland fire propagation, fire-spotting phenomena cause isolated fire from the main fire.
It is an important aspect because it affects the rate of spread of the fire and may cause
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dangerous effects. The present study deals with fire propagation modelling and its physical
background.

In the proposed model, the front motion is splitted into two parts - drifting and fluctu-
ating. Each of them can be solved by using an appropriate method. In the present study,
the Eulerian Level Set Method (LSM) is chosen for the drifting part while the fluctuating
part is the result of a comprehensive statistical description of the physics of the system
and takes into account the randomness of the hot air turbulent transport and fire-spotting.
Thus, in order to treat the fluctuating part, specific probability density function has to be
taken into account [1].

Fire-spotting is a complicated physical process due to many factors, such as wind, fire
intensity, fuel characteristics, atmospheric conditions, etc. The statistical formulation of
fire-spotting has been proposed in [1] and completed by the physical parametrisation in [2].
This formulation does not depend on the method used for fire propagation. In the present
study we extend this approach and include into account the change of wind direction and
possibility of the several secondary fires appearance.

The main aim of the present study is to explain the physical background of the proposed
model. The solution of the underlying PDE is connected to a temperature field. The transfer
of the temperature due to the turbulent flows is then described by the energy balance
equation. The rest of the paper is organized as follows. The wildland fire propagation
model is proposed in the next section, including a brief description of the level-set method
and physical parametrisation of the fire-spotting. Section 3 deals with the energy balance
equation for the proposed model. Numerical examples for several test cases, such as different
wind conditions, and merging of the secondary fires, are provided in Section 4.

2 Fire propagation model

2.1 Level-set method

LSM is widely used as effective method for the front-tracking. For some computational
domain S the fire front contour is represented by a closed curve Γ. The region bounded by
Γ is denoted by Ω and represents the burnt area. Let us introduce an indicator function
φ(x, t):

φ(x, t) =

{
1, x ∈ Ω(t),

0, othervise.
(1)

Let γ : S × [0,∞) → R be a level-set function, such that for some fixed γ∗ at the
moment t the fire front can be described by Γ(t) = {x ∈ S|γ(x, t) = γ∗}. If γ(x, t) > γ∗,
then the ignition is observed at the point x. The level-set function γ(x, t) evolves according
to the following ordinary level-set equation
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∂γ

∂t
= V (x, t)||∇γ||, (2)

where V (x, t) is a rate of spread (ROS) of the fire front. The ROS value depends on many
elements, such as the intensity and direction of the wind, fuel conditions, etc.

2.2 Turbulence and fire-spotting modelling

Together with other factors, turbulence and fire-spotting cause the random motion of the
fire-front. Thus, the random front contour can be defined by the effective indicator function
[1]:

φe(x, t) =

∫
Ω(t)

f(x; t|x̄)dx̄, (3)

where f(x; t|x̄) is the probability density function (PDF) that accounts for turbulence and
fire-spotting effects. Note that the point is labelled as burnt, if φe(x, t) exceeds some
threshold value φthe .

In accordance with the Reynold transport theorem, the evolution of the effective indi-
cator function φe(x, t) takes the form

∂φe
∂t

=

∫
Ω(t)

∂f

∂t
dx̄ +

∫
Ω(t)
∇x̄ [V (x̄, t)f(x; t|x̄)] dx̄. (4)

Evolution equation for the PDF f(x; t|x̄) takes the form

∂f

∂t
= εf, (5)

where ε = ε(x) is a generic evolution operator. Hence, (4) can be rewritten in the following
form

∂φe
∂t

= εφe +

∫
Ω(t)
∇x̄ [V (x̄, t)f(x; t|x̄)] dx̄. (6)

In (6) the front-line velocity is controlled by the ROS, while random process, such as
turbulence and fire-spotting, are modelled by modifying PDF. Thus, if f(x; t|x̄) = δ(x− x̄),
equation (6) reduces to the deterministic case described by (2).

Assuming that the downwind phenomenon of fire-spotting is independent of turbulence,
the random process handled by f(x; t|x̄) in (6) can be defined as follows

f(x; t|x̄) =

{∫∞
0 G(x− x̄− ln̂; t)q(l)dl, if downwind,

G(x− x̄; t), otherwise.
(7)
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The shape of the PDF is defined by the isotropic bi-variate Gaussian function (consid-
ering turbulence effects) G(x − x̄; t) and the firebrand landing distribution q(l) is defined
by a lognormal distribution as follows

q(l) =
1√

2πσl
exp
−(ln l/µ)2

2σ2
, (8)

where µ is the ratio between the square of the mean of landing distance l and its standard
deviation, σ is the standard deviation of ln l/µ.

In [3] authors complete the study of the fire-spotting proposed in [1] by describing this
phenomenon in terms of the fire intensity, wind velocity and fuel characteristics. It includes
only the vital ingredients, each firebrand is assumed to be spherical of the constant size.
Then lognormal parameters µ and σ in (8) take the following form

µ = H

(
3ρaCd
2ρfrg

)1/2

, σ =
1

2zp
ln

(
U2

rg

)
, (9)

where U is the wind velocity and H is the maximum loftable height, that is according to [4],

H = αHABL + β

(
I

dPf0

)γ
exp

(
−
δN2

FT

N2
0

)
, (10)

where all the parameters are defined in Table 1.

3 Energy balance equation

Wildfire model can be formulated based on balance equations for energy and fuel, as it is
proposed in [5,6]. In the present study we follow the level-set formulation with the stochastic
process. However, there is a connection between these two formulations. In order to derive
the energy balance equation, the physical laws are used, mainly, conservation of energy and
fuel reaction. In present study we focus on the solution in the form of indicator function.
Thus, it is important to show, that the found solution is connected to the temperature and
the energy balance equation can be derived by using the indicator function.

An important part of study deals with the temperature field. Temperature is transferred
due to the turbulent flows, and it can be modelled by the diffusion process. The heating-
before-burning mechanism, that is accumulation in time of potential fire, can be associated
with an amount of heat:

ψ(x, t) =

∫ t

0
φe(x, η)

dη

τ
, (11)

where τ is the ignition delay, that can be understood as a resistance to the hot-air heating
and firebrand landing in parallel.
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Notation Description

α Part of ABL passed freely, α < 1 0.24 [4]
β [m] Contribution of the fire intensity, β > 0 170 [4]
γ Power-law dependence on FRP, γ < 0.5 0.35 [4]
δ Dependence on stability of the FT, δ ≥ 0 0 [4]

Habl [m] Height of the atmospheric boundary layer (ABL) 1200
d [m ] Unit depth of the combustion zone 1
Pf0 [MWm−2] Ratio of reference fire power 1 [4]
N2
FT [s−2] Brunt-Väisälä frequency in the FT 2.789 · 1e− 4
N2

0 [s−2] Brunt-Väisälä frequency 2.5 · 1e− 4
H [m] The maximum loftable height
ρa [kg/m3] Density of the ambient air 1.1
ρf [kg/m3] Density of the wild-land fuels 542
Cd Drag coefficient 0.45
zp p-th percentile 0.45
r [m] Brand radius 0.015
g [ms−2] Acceleration due to gravity 9.81

Table 1: Physical parameters of the atmospheric boundary layer and fire-spotting.

The amount of heat is proportional to the increasing of the temperature T (x, t). For
the sake of simplicity, we can assume that

ψ(x, t) =
T (x, t)− Ta(x)

Tign − Ta(x)
, T < Tign, (12)

where ambient temperature is denoted by Ta, and Tign stands for the ignition temperature.
From (12) one can see, that ψ(x, t) = 1 entails that T (x, t) = Tign and the spacial point x
at the moment t belongs to the burning area.

Temperature T (x, t) can be found from (12) as follows

T (x, t) = Ta(x) + ψ(x, t) (Tign − Ta(x)) , (13)

that by the differentiation leads to

∂T

∂t
=

(Tign − Ta(x))

τ
φ(x, t). (14)

According to the heat-before-burning mechanism, the temperature field is described by
the following reaction-diffusion type equation [1]

∂T

∂t
= εT +

Tign − Ta
τ

(IΩ0(x) +W (x, t)) , (15)
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where Tign is the ignition temperature, Ta(x) is the ambient temperature, IΩ0(x) = φe(x, 0)
and

W (x, t) =

∫ t

0

(∫
Ω(θ)
∇x̄ · [V(x̄, θ)f(x; θ|x̄)] dx̄

)
dθ. (16)

Equation (15) can be understood as the energy balance equation associated to the
model. In (15) ε = ε(x) is a generic evolution operator, associated to the evolution of
f(x; t|x̄), and it models the turbulent heat transfer due to radiation. Moreover, the second
term on the RHS corresponds to the convective heat lost to the atmosphere and the third to
the rate of fuel consumed by the fire with Rate of Spread V(x̄, t) in the outward direction.

4 Numerical results

In this section some numerical examples are considered in order to study effects of the wind
and the choice of underlying PDF on the rate of spread. It is natural that if there is no
wind, for the homogeneous moisture the fire front would grow slower and in all directions,
as it is shown in Figure 1. If there is wind (we consider U = 6.7ms−1, the fire intensity
I = 20MW ), then the fire propagates in the downwind direction (see Figure 2).

0 2000 4000
x [m]

0

2000

4000

y
 [

m
]

2
5

5
0

7
5

1
0
0

(f)

Figure 1: Fire propagation with zero wind.
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Figure 2: Fire propagation with mean wind U = 6.7ms−1.

The model treats the fire-spotting. In order to model this phenomenon the lognormal
PDF (8), as it is shown in Figure 3. The point of ignition of the secondary fire also depends
on the wind direction. If at some moment t = t∗ the wind changes the direction, then new
secondary fires appear in new direction, as it is shown in Figure 4. For the sake of simplicity,
the initial conditions for new ignitions are chosen the same as for the main fire zone, that
causes the same form of the secondary fires.

However, not for any set of the parameters the sire-spotting can be observable. In some
cases the fire intensity is not high enough to let the firebrands jump from the main column
and produce new independent fire. Moreover, it can occur the situation when the firebrand
jumps not that far, so it merges to the main fire changing the curvature of the fire front
(see Figure 5).
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Figure 3: Fire-spotting effect (initial moment t = 0 and t = 74 min).
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Figure 4: Fire-spotting effect with wind changing (t = 90 and t = 110 min).
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Figure 5: Secondary fire merges to the main fire.
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Abstract

We specify a new bisection eigenstructure algorithm developed for symmetric qua-
siseparable of any order matrices to band Toeplitz matrices. It is shown that there is a
small perturbation of a band symmetric Toeplitz matrix with the eigendata obtained ex-
plicitly and with interlacing property between eigenvalues of the original matrix and of
the perturbed one. This allows to improve the performance of the eigenvalue algorithm
essentially.

Key words: Toeplitz, quasiseparable, band, eigenstructure, bisection
MSC 2000: 15A18, 15A42, 65N25

Given an N×N Toeplitz symmetric 2q+1-band matrix Tq with the only nonzero entries
Tq(i, j) = t|i−j|, |i− j| ≤ q, i, j = 1, . . . , N . We perform on the corner of its first entries a
small perturbation, such that

Tq(i, j) = t|i−j| − ti+j , 2 ≤ i + j ≤ q

and a centrosymmetric perturbation on the corner of its last entries, no matter how large N
is. We prove that if tq > 0, which we can presume without loss of generality, the eigenvalues
of the such obtained matrix Aq are

λA
k = t0 + 2

q∑
j=1

tj cos
(

jkπ

N + 1

)
, k = 1, . . . , N, (1)

which in the sequel will be sorted in ascending order to almost interlace with the eigenvalues
of Tq. More precisely, if the corner matrix Tq(1 : q − 1, 1 : q − 1) − Aq(1 : q − 1, 1 : q − 1)
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is strongly regular and we denote by n the number of its negative eigenvalues and by
p = q − 1− n the number of its positive eigenvalues (including multiplicities), then

λA
k−2n ≤ λT

k ≤ λA
k+2p, k = 2n + 1, . . . , N − 2p.

For q = 2, if tq > 0, we show that the eigenvalues of A2 and T2 almost interlace, more
exactly

λA
k ≤ λT

k ≤ λA
k+2, k = 1, . . . , N − 2.

For 7-band matrices, i.e. q = 3, we show that the eigenvalues of A3 and T3 satisfy

λA
k−2 ≤ λT

k ≤ λA
k+2, k = 3, . . . , N − 2.

As the perturbing matrix is null on N−2q+2 rows, i.e. except of two diagonal blocks of
size (q−1)×(q−1), which are a Hankel matrix, we use known results about small symmetric
matrix perturbations of a symmetric matrix in order to approximate the eigenvalues of Tq.
For instance, we show that if mk, k = 1, . . . , N are the unwanted differences between the
eigenvalues of Tq and Aq, then

∑N
k=1 m2

k ≤ 2
∑q−1

j=1 jt2j+1 independently on how large is the
size N of the matrices Tq and Aq. The approximation is better for larger matrices and/or
tridiagonally dominated matrices. For instance for 11-band 10, 000× 10, 000 matrices with
tj = t0/2j , j = 1, . . . , 5 we obtain five exact digits. This permits us to find lower and upper
bounds when we look only for selected eigenvalues of Tq.

We then specify the bisection algorithm developed for quasiseparable Hermitian ma-
trices to the particular case of symmetric band Toeplitz matrices. We obtain a fast and
accurate complete algorithm to solve the eigenproblem in this case. To this end, we use
interlacing properties between the eigenvalues of Tq and Aq.

The basic part of the bisection algorithm is the computation of the number of sign
changes in the Sturm sequence

Dk(λ) =
γk(λ)

γk−1(λ)
, k = 1, 2, . . . , N, (2)

where
γ0(λ) ≡ 1, γ1(λ), γ2(λ), . . . , γN (λ)

are characteristic polynomials of the principal leading submatrices of a matrix. In our case
this number is obtained as follows.

Algorithm. The number ν of sign changes in the Sturm sequence (2) for a given real
value λ and for an N×N Toeplitz symmetric 2m+1-band matrix Tm with the given diagonal
entry d ≡ t0 and the given row vector q = (t1, · · · , tm)T of Toeplitz coefficients is computed
by the following steps.

1. Compute r = m− 1, δ = d− λ, v = qT /δ; f = vq. Set v(m) = q(m) and set ν = 1 if
δ < 0 and ν = 0 otherwise.

c©CMMSE ISBN: 978-84-617-8694-7Page 815 of  2288



Y.Eidelman, I.Haimivoci

2. Compute N − 2 times D = δ − f(1, 1), v(1 : r) = q(1 : r)T − f(2 : m, 1) and

φ = vvT /D, φ(1 : r, 1 : r) = φ(1 : r, 1 : r) + f(2 : m, 2 : m), f = φ.

Set ν = ν + 1 if D < 0.
3. Set ν = ν + 1 if δ − f(1, 1) < 0.
For a given simple eigenvalue λ the normalized eigenvector is obtained as follows.
Algorithm. The normalized eigenvector for a given simple eigenvalue λ and for an

N ×N Toeplitz symmetric 2m+1-band matrix Tm with the given diagonal entry d ≡ t0 and
the given row vector q = (t1, · · · , tm)T of Toeplitz coefficients is computed by the following
steps.

1.1. Setr = m − 1, hm = (N − ρ)/2 where ρ is the remainder of the integer division
of N to 2 and hp = hm + 1, u(m,N − 1) = 1. Set also δ = d − λ, u(:, 1) = q(:)T /δ,
f = u(:, 1)q(:), where f is a m×m auxiliary matrix.

1.2. For k = 2, . . . , N − 1 perform:

D = δ − f(1, 1), u(m, k) = q(m)/D, u(1 : r, k) = (q(1 : r))T − f(2 : m, 1 : 1))/D,

F = u(:, k)(u(:, k))T D, F (1 : r, 1 : r) = F (1 : r, 1 : r) + f(2 : m, 2 : m), f = F.

2.1. Set x(N) = 1, s(2 : m) = 0, s(1) = 1.
2.2. For k = N − 1, N − 2, . . . , hm set n = 1 and perform:

x(k) = −u(:, k)′s(:), s(2 : m) = s(1 : r), s(1) = x(k), n = n + (x(k))2.

2.3. Compute n =
√

2(n− (x(hm))2)− ρ(x(hp))2.
3.1. Set σ = 1 if x(hm)x(hp + ρ) > 0 else σ = −1.
3.2. For j = hp + 1, . . . , N set x(N + 1− j) = σx(j).
3.3. Normalize x(1 : N) = x(1 : N)/n.
The results of numerical tests demonstrate a good behavior of presented algorithms.
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In the literature it has been widely studied the existence of positive solutions for
boundary value problems (BVP), namely second order BVP with Periodic and Dirich-
let boundary conditions. A standard technique consists on obtaining the existence of
positive solutions through Krasnoselskii’s fixed point theorem on cones, or to use fixed
point index theory. In these cases, the positivity of the associated Green’s functions is
usually fundamental to prove such results. In this paper we are able to prove existence
of solutions for several problems where the associated Green’s function changes sign.

Hill’s operator properties have been described in several papers, where existence and
multiplicity results, comparison principles, Green’s functions and spectral analysis were
studied.

Positivity results for BVP where the Green’s function can vanish are treated for
example in [4, 8]. In [4], Graef, Kong and Wang studied the periodic BVP (with T = 1
in the paper)

u′′(t) + a(t)u(t) = g(t) f(u(t)), u(0) = u(T ), u′(0) = u′(T ), (1)

with f and g nonnegative continuous functions and g satisfying mint∈[0,1] g(t) > 0. They
assumed the Green’s function to be nonnegative and to satisfy the following condition

min
0≤s≤T

∫ T

0

G(t, s) dt > 0. (2)

Webb ([8]) considered weaker assumptions to prove the existence of positive solutions
of the previous problem, but he still assumed the Green’s function to be nonnegative.
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Despite our results do not require the Green’s function to be nonnegative, they could be
applied to this particular case, obtaining positive solutions assuming an integral condi-
tion weaker than the one above.

On the other hand, some existence results for BVP with sign-changing Green’s func-
tion have been considered in [3, 6], where the authors asked for the existence of a subin-
terval [c, d] ⊂ [0, T ], a function φ ∈ L1([0, T ]) and a constant c ∈ (0, 1] such that the
Green’s function G satisfies the following condition:

|G(t, s)| ≤ φ(s), t ∈ [0, T ], pps ∈ [0, T ], (3)

G(t, s) ≥ c φ(s) t ∈ [c, d], pps ∈ [0, T ]. (4)

It must be pointed out that, if we consider a periodic problem with constant potential
a(t) = ρ2 for which the related Green’s function changes it’s sign (i.e. ρ > π/T ,
ρ 6= 2kπ/T , k = 1, 2, ...), the condition above is never fulfilled for any strictly positive
function φ. This is due to the fact that in such situation the Green’s function is constant
along the straight lines of slope equals to one (see [2] for details). Meanwhile, our results
can be applied without further complications for this case.

Moreover, for Dirichlet BVP with constant potential a(t) = ρ2 with sign change
Green’s function (i.e. ρ > π/T , ρ 6= kπ/T , k = 1, 2, ...) it is easy to verify that the
condition above holds if and only if ρ2 lies between the first and the second eigenvalues
of the problem ( πT < ρ < 2π

T ) but it is never satisfied for ρ > 2π
T . However, our results

can be applied for any nonresonant value of ρ > π/T . Despite this, we must note that
the imposed restrictions increase with ρ.

Furthermore, in [3, 6] the authors proved the existence of solutions in the cone

K0 =

{
u ∈ C[0, T ], min

t∈[c,d]
u(t) ≥ c‖u‖

}
,

that is, they ensured the positivity of the solutions on the subinterval [c, d] but such
solutions were allowed to change sign when considering the whole interval [0, T ].

As far as we know, positive solutions for BVP with sign-changing Green’s function
can be tracked only as back as 2011 in the papers [7, 10]. In the first of these papers,
R. Ma considers the following one parameter family of problems,

u′′(t) + a(t)u(t) = λ g(t) f(u(t)), t ∈ (0, T ), u(0) = u(T ), u′(0) = u′(T ). (5)

By using the Schauder’s fixed point Theorem, the author obtains the existence of a posi-
tive solution for sufficiently small values of λ. These existence results are not comparable
with the ones we will obtain in this paper. On the second paper [10], S. Zhong and Y.
An study the following autonomous periodic BVP, with constant potential ρ ∈ (0, 3π

2T ].

u′′ + ρ2u = f(u), t ∈ (0, T ), u(0) = u(T ), u′(0) = u′(T ). (6)

In this case, it is very well known that the related Green’s function GP (t, s) ≥ 0 for all
ρ ∈ (0, πT ] and it changes sign for ρ ∈ ( πT ,

3π
2T ] (see [2]). With this, it can be defined the

constant

δ =

{
∞ if ρ ∈ (0, πT ],

inft∈I

∫ T
0
G+

P (t,s) ds∫ T
0
G−

P (t,s) ds
if ρ ∈ ( πT ,

3π
2T ]

(7)
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and using the Krasnoselskii’s fixed point Theorem, the authors prove the following exis-
tence result:
Theorem. [10, Theorem 3] Suppose that the following assumptions are fulfilled:

(J1) f : [0,∞)→ [0,∞) is continuous.

(J2) 0 ≤ m = infu≥0 {f(u)} and M = supu≥0 {f(u)} ≤M ≤ ∞.

(J3) M/m ≤ δ, with M/m =∞ when m = 0.

Moreover, if δ =∞ assume that

lim
x→∞

f(x)

x
< ρ2 < lim

x→0+

f(x)

x
.

Then problem stated above has a positive solution on [0, T ].

Concerning this specific case, along this work we improve the range of the values ρ for
which the result is still valid. Furthermore, we apply our study to nonconstant potentials
and nonautonomous nonlinear parts.

Some of the positivity conditions imposed in the periodic BVP cannot be adapted for
the Dirichlet BVP, so the approach that must be used needs to be considerably modified,
by using, in this case, a different type of cones.
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Abstract

In this paper, we propose, analyze and test a post-processing implementation of a
projection-based variational multiscale (VMS) method with proper orthogonal decom-
position (POD) for the incompressible Navier-Stokes equations. The projection-based
VMS stabilization is added as a separate post-processing step to the standard POD ap-
proximation, and since the stabilization step is completely decoupled, the method can
easily be incorporated into existing codes, and stabilization parameters can be tuned
independent from the time evolution step. We present a theoretical analysis of the
method, and give results for several numerical tests on benchmark problems which both
illustrate the theory and show the proposed method’s effectiveness.

Key words: proper orthogonal decomposition, projection-based variational multiscale,
reduced order models, post-processing

1 Introduction

We consider the incompressible Navier-Stokes equations (NSE) on a polyhedral domain
Ω ⊂ Rd, d ∈ {2, 3} with boundary ∂Ω:

ut − ν∆u + (u · ∇)u +∇p = f in (0, T ]× Ω,
∇ · u = 0 in [0, T ]× Ω,

u = 0 in [0, T ]× ∂Ω,
u(0,x) = u0 in Ω,∫
Ω
p dx = 0, in (0, T ].

(1)
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Here, u(t,x) is the fluid velocity and p(t,x) the fluid pressure. The parameters in (1)
are the kinematic viscosity ν > 0, the prescribed body forces f(t,x) and the initial ve-
locity field u0(x). Simulating complex flows by a direct numerical simulation (DNS) can
be very expensive. In this case reduced order models are needed to decrease computa-
tional cost. The proper orthogonal decomposition (POD) approach is most widely used
reduced order model. POD only uses the most energetic base functions. However, POD
causes numerical instability in turbulent flows. Using VMS in POD was pioneered in [1, 2],
and their studies showed this could increased numerical accuracy for convection-dominated
convection-diffusion equations [2] and for NSE [1].

2 Post-Processed VMS-POD Schemes

We proposes fully discrete VMS-POD methods. We analyze the backward Euler temporal
discretization. We consider the extension to BDF2 time stepping. In our analysis, we assume
that the eddy viscosity coefficient νT is known bounded, positive and element-wise constant.
In that analysis that follows, we denote variables at time tn = n∆t, n = 0, 1, 2, . . . ,M, T :=
M∆t using superscripts, e.g. fn := f(tn). The two step VMS-POD scheme equipped with
backward Euler time stepping reads as follows:

Algorithm 2.1 Let f ∈ L2(0, T ;H−1(Ω)) and u0
r = w0

r be given with L2 projection of u0

in Xr. Given un
r ∈ Xr compute un+1

r by applying the following two steps:
Step 1. Calculate wn+1

r ∈ Xr satisfying ∀ψ ∈ Xr,(
wn+1

r − un
r

∆t
, ψ

)
+ b(wn+1

r ,wn+1
r , ψ) + ν(∇wn+1

r ,∇ψ) = (fn+1, ψ). (2)

Step 2. Post-process wn+1
r by applying projection PR to obtain un+1

r ∈ Xr, ∀ψ ∈ Xr:(
wn+1

r − un+1
r

∆t
, ψ

)
= (νT (I − PR)∇(wn+1

r + un+1
r )

2
, (I − PR)∇ψ), (3)

We note that Step 1 is the standard Galerkin POD method, and Step 2 is completely
decoupled VMS stabilization step. The projection in Step 2 is not a filter but constructed
to recover VMS eddy viscosity term.

Lemma 2.1 (Stability of Algorithm 2.1 ) The post-processed-VMS-POD approximation
(2)-(3) is unconditionally stable in the following sense: for any ∆t > 0,

‖uM
r ‖2 +

M−1∑
n=0

[
2νT∆t‖(I − PR)∇(wn+1

r + un+1
r )

2
‖2 + ‖wn+1

r − un
r ‖2

+ν∆t‖∇wn+1
r ‖2

]
≤ ‖u0

r‖2 + ν−1|||f |||22,−1.
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We present the error analysis of the true solution of Navier Stokes equations and VMS-
POD approximation (2)-(3). The optimal asymptotic error estimation requires the following
regularity assumptions for the true solution:

u ∈ L∞(0, T ;Hm+1(Ω)) p ∈ L∞(0, T ;Hm(Ω)) utt ∈ L2(0, T ;H1(Ω))

f ∈ L2(0, T ;H−1(Ω)) (4)

Theorem 2.1 Suppose (4) holds and un
r and wn

r given by Algorithm 2.1. For sufficiently
small ∆t, i.e. ∆t ≤ [Cν−3‖∇u‖4∞,0]−1 we have the following asymptotic error estimation:

‖uM − uM
r ‖2 +

M−1∑
n=0

[
1

4
∆tνT ‖(I − PR)∇(un+1 − (un+1

r + wn+1
r )/2)‖2

+ν∆t‖∇(un+1 −wn+1
r )‖2

]
≤ C

(
h2m + (∆t)2 + (1 + ‖SR‖2 + ‖Sr‖2)h2m+2

+

d∑
j=R+1

‖ψj‖21λj +

d∑
j=r+1

(1 + ‖ψj‖21)λj

)
We consider now an extension of Algorithm 2.1 to BDF2 time stepping.

Algorithm 2.2 Let f ∈ L2(0, T ;H−1(Ω)) and initial conditions u0
r and u−1

r be given in
Xr. Then for n=0,1,2,...
Step 1. Calculate wn+1

r ∈ Xr satisfying ∀ψ ∈ Xr,(
3wn+1

r − 4un
r + un−1

r

2∆t
, ψ

)
+ b(wn+1

r ,wn+1
r , ψ) + ν(∇wn+1

r ,∇ψ) = (fn+1, ψ) (5)

Step 2. Post-process wn+1
r to obtain un+1

r ∈ Xr satisfying ∀ψ ∈ Xr,(
wn+1

r − un+1
r

∆t
, ψ

)
= (νT (I − PR)∇(wn+1

r + un+1
r )

2
, (I − PR)∇ψ). (6)

We note the post-processing step is exactly the same as in the backward Euler case. Also
as in the case of the backward Euler method above, without Step 2, Algorithm 2.2 reduces
to the classical Galerkin POD formulation for the NSE, although now using BDF2 time
stepping.

Lemma 2.2 (Stability of Algorithm 2.2) The post-processed VMS-POD approximation (5)-
(6) is stable for the eddy viscosity term νT < 4ν in the following sense:

‖uM+1
r ‖2 + ‖2uM+1

r − uM
r ‖2 + 2νT∆t

∥∥∥∥(I − PR)∇(wM+1
r + uM+1

r )

2

∥∥∥∥2

+2ν∆t‖∇wM+1
r ‖2 +

M∑
n=1

‖wn+1
r − 2un

r + un−1
r ‖2 + (4ν − νT )

∆t

2

M−1∑
n=1

‖∇wn+1
r ‖2

≤ ‖u1
r‖2 + ‖2u1

r + u0
r‖2 +

νT∆t

2
‖∇u1

r‖2 + 2ν−1|||f |||22,−1.
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3 Numerical Experiments

We test the VMS-POD approximate solution with three numerical experiments. In all
cases we use Algorithm 2.2, i.e. the scheme with second order time stepping. Our first test
considers the predicted convergence rates of the previous section, with respect to varying
R and ∆t. For the second test, we compare accuracy of the proposed VMS-POD scheme
compared with the usual Galerkin POD method (i.e. unstabilized POD, computed by
eliminating the post-processing step of the VMS-POD) in 2D channel flow past a cylinder.
Finally we consider the VMS-POD for a 3D turbulent channel flow simulation.

4 Conclusion

We proposed, analyzed and tested a VMS-POD method for incompressible NSE simulation,
where the stabilization is completely decoupled into the second step of a two step imple-
mentation at each time step. Decoupling of the stabilization has the advantage of easily
being incorporated into existing POD-G codes, and also that stabilization parameters can
be adjusted only in the stabilization step (and not as part of the evolution equation). We
rigorously prove an error estimate for the model, in terms of the number of POD modes r,
the stabilization parameters R (number of modes not to add stabilization to) and νT , as
well as the time step size ∆t and the mesh width h of the underlying FEM simulation that
produced the POD modes. Results from several numerical experiments are provided that
show how effective the method can be. In particular, we show for 2D channel flow past a
step, POD-G has an energy growth that causes poor lift and drag prediction, especially for
longer times. The proposed VMS-POD is able to fix this by stabilizing so that the energy
matches the DNS energy, which in turn leads to excellent lift and drag prediction, even
up to t = 10 (and from the plots, it appear the accurate predictions can continue for even
longer time).
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Abstract

The study of contractions of Lie algebras is profusely extended in the last decades.
In this paper we study the graded contractions of some lower-dimensional filiform Lie
algebras which have not been studied earlier. Particularly, we deal with graded con-
tractions of model filiform Lie algebras of dimension less than or equal to 6 and with
the ones of a non-model 6-dimensional filiform Lie algebra.

Key words: Graded contractions; filiform Lie algebras.
MSC 2000: 17B30; 17B40; 17B51.

1 Introduction

One of the most relevant and useful results in Physics is the so called Correspondence
principle, which sets that a new theory should coincide with the old one in predictions for
phenomena where these conditions are satisfied.

The mathematical formulation of this principle for relativistic mechanics was given by
Inönü and Wigner [3] when introducing the Inönü-Wigner contractions (IW-contractions).

In this paper we concentrate on the algebraical approach to contractions, so called
graded contractions, which were originally introduced in [4] as a generalization of IW-
contractions.

There are two types of graded contractions: continuous graded contractions, which
correspond to IW-contractions and discrete graded contractions, which possess no equivalent
in continuous contractions. The general solution of the graded contractions, considering
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only so called generic case, was achieved in [7, 8]. Since this solution depends solely on
the grading group (the structure of the Lie algebra does not matter at all), it is obtained
simultaneously for all Lie algebras which allow the given grading. However, this approach
is in a certain sense too general. It motivates our study.

Indeed, graded contraction of several types of Lie algebras have been already dealt in
previous papers. For instance, Novotny studied in deep graded contractions of the simple
Lie algebra sl(3,C) [5]. He showed 4 gradings for this algebra. Later, Novotny himself
obtained the contractions for each grading. Bahturin, Goze y Remm [1] classified, up to
isomorphism, gradings by abelian groups on nilpotent Lie algebras of nonzero rank and, in
the case of rank 0, they described conditions to obtain non trivial Zk-gradings.

So, by continuing with this study, which we began to deal with in [2], we show in the
paper the graded contractions of the model filiform Lie algebras of dimension 3 and 4. These
ones, together with those of dimensions 5 and 6, which have been also obtained by us, but
are not included in the paper for reasons of length, have allowed us to study the general
case of the contractions of n-dimensional model filiform Lie algebras, which is dealt with in
Section 5. Moreover, with the objective of comparing the model case with the non-model
one, the graded contractions of a non-model 6-dimensional filiform Lie algebra has been also
obtained. It is convenient to say that our motivation for dealing with this type of algebras is
due to the fact of that these algebras, which were introduced by Vergne in 1966, in her Ph.
D. Thesis, later published in 1979 [6], constitute the most structured subset of nilpotent Lie
algebras.

Let us now recall brief preliminaries on this subject.

2 Preliminaries

Let g be a finite dimensional complex Lie algebra over C. A decomposition Γ : g = ⊕i∈Igi
of the vector space g into a direct sum of vector subspaces gi 6= 0, i ∈ I, is called a grading
of g if for any pair of indices i, j ∈ I, there exists k ∈ I, such that [gi, gj ] ⊂ gk. Vector
subspaces gi are called grading subspaces. The number of grading subspaces is equal to the
cardinality |I| of the index set I.

A grading Γ : g = ⊕i∈Igi is called group grading (respectively, semigroup grading) if
there exist an abelian group (resp. semigroup) G and an injective mapping f : I → G such
that for any pair of indices i, j ∈ I, the equality f(i◦j) = f(i)+f(j) holds, where + denotes
the binary operation in G. The group (resp. semigroup) G is called grading group (resp.
semigroup).

The universal group is the Abelian finitely generated group U which contains the set of
indices J of a grading group J ⊂ U.

Let Γ : g = ⊕i∈Igi be a grading of the Lie algebra g, with |I| = m ∈ N grading
subspaces. A complex Lie algebra gε endowed with a Lie bracket [, ]ε and satisfying the
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two conditions: i) the underlying vector space of gε is the underlying vector space of g, i.e.
gε = ⊕i∈Igi, and ii) for all i, j ∈ I, there exists εij ∈ C such that [x, y]ε = εij [x, y], for all
x ∈ gi and y ∈ gj , is called Γ-graded contraction of the Lie algebra g.

We define the contraction matrix ε of the Lie algebra gε as a matrix whose elements are
εij . This matrix determines the Lie algebra gε.

The elements εij associated with Lie brackets verifying [gi, gj ] 6= 0 will be called relevant
elements. On the contrary, those elements verifying [gi, gj ] = 0 will be called non-relevant
elements and they will be considered null. The null relevant elements will be called singular
elements. The set of the pairs (i, j) such that εij is a relevant element of the contraction
matrix ε will be denoted by I.

Let Pn denote the symmetric group of the set {1, 2, ..., n}. We define an equivalence
relation on In as follows: two n-tuples (x1, ..., xn), (y1, ..., yn) ∈ In are equivalent if and only
if there exists σ ∈ Πn such that xi = yσ(i), for all i = 1, ..., n. The classes (x1 x2 ... xn) =
{(xσ1, ..., xσn)|σ ∈ Πn} defined by this relation are called unordered n-tuples and the set of
all unordered n-tuples with entries in I is denoted by Inu .

The lower central series of a Lie algebra g is defined as g1 = g, g2 = [g1, g], . . . , gk =
[gk−1, g], . . . .

If there exists m ∈ N such that gm ≡ 0, then g is called nilpotent. An n-dimensional
nilpotent Lie algebra g is said to be filiform if it is verified that dim gk = n − k, for all
k ∈ {2, . . . , n}. A n-dimensional filiform Lie algebra is called model if the only nonzero
brackets are [e1, ek] = ek+1, for 2 ≤ k ≤ n− 1, where {e1, . . . , en} is an adapted basis.

3 Graded contractions of the model filiform Lie algebra of
dimension 3

All the computations needed to obtain the graded contractions of model filiform Lie algebras
will be only detailed in this dimension 3. For the next dimensions, these computations will
be only indicated.

Let f3 : [e1, e2] = e3 be the model filiform Lie algebra of dimension 3. A grading of f3 is
given by (see [1])

Γ : f3 = f3(1,0) ⊕ f3(0,1) ⊕ f3(1,1)

The universal group U of f3 is Z2 ⊗ Z2 and f3(1,0) = 〈e1〉, f3(0,1) = 〈e2〉 and f3(1,1) = 〈e3〉.

Let us now denote

I = {(1, 0), (0, 1), (1, 1)}

and let us consider a order relation on I
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O :


1 → (1, 0)
2 → (0, 1)
3 → (1, 1)

Let us consider

Π3 =

(
1 0
a 1

)
, with a ∈ Z2,

and the set GΠ3 = {g ∈ Aut(f3) | ∃π ∈ Π3 | g(f3i ) = f3π(i), for all i ∈ I}.

We define π as the mapping I 7→ I, which maps an element i ∈ I into the matrix product
in I. Then, it is easy to see that GΠ3 is a subgroup of Aut(f3). Indeed, if g1, g2 ∈ GΠ3 , then
there exist π1, π2 ∈ Π3, such that g1(f3

i ) = f3
π1(i) and g2(f3

i ) = f3
π2(i), for all i ∈ I. Therefore,

(g1g
−1
2 )f3

i = g1(g−1
2 (f3

π2(π−1
2 (i))

)) = g1(f3
π−1
2 (i)

) = f3
π1(π−1

2 (i))
. Therefore, g1g

−1
2 ∈ GΠ3 , and

thus GΠ3 is a subgroup of de Aut(f3).

1. Orbits of I.

Let us recall that the concept of orbit is the following: If G is a group acting on a set
I, the orbit of an element x in I is the set of elements in I to which x can be moved by the
elements of G, that is, G · x = {g · x | g ∈ G}.

Now, let us see how we can obtain the orbits of I.

Let

π1 =

(
1 0
0 1

)
, π2 =

(
1 0
1 1

)
be the generators of Π3. Then

π1((1, 0)) = (1, 0)π1 = (1, 0) ∈ I, π2((1, 0)) = (1, 0)π2 = (1, 0) ∈ I.

Therefore, (1, 0) represents a orbit which contains itself. Similarly, as

π1((0, 1)) = (0, 1)π1 = (0, 1) ∈ I, π2((0, 1)) = (0, 1)π2 = (1, 1) ∈ I,

(0, 1) represents a orbit containing itself and the index (1, 1). So, we have

Represented by the points Orbits
(1, 0) (1, 0)
(0, 1) (0, 1) and (1, 1)

Similarly, we obtain and show in the following tables the rest of orbits.

2. Orbits of the 3 points of I2
u

These orbits are obtained by the following definition πi((p, q)(r, s)) = (πi(p, q)πi(r, s)),
for all i ∈ {1, 2, 3}. We obtain that
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Orbits Represented by the points
((1, 0)(0, 1)) ((1, 0)(0, 1)) and ((1, 0)(1, 1))
((0, 1)(1, 1)) ((0, 1)(1, 1))

3. Orbit of the unique point of I3
u

Similarly, these orbits are obtained by the following definition πi((m,n)(p, q)(r, s)) =
(πi(m,n)πi(p, q)πi(r, s)), for all i ∈ {1, 2, 3}. We have

Orbits Represented by the points
((1, 0)(0, 1)(1, 1)) ((1, 0)(0, 1)(1, 1))

Let us observe that this orbit contains an unique triple, which is the one of indices of the
vectors which satisfy Jacobi Identity.

4. Orbit of the 3 points of I:

The non-relevant elements of the contraction matrix ε which might be different from
zero are ε(1,0)(0,1) and ε(1,0)(1,1). We obtain

Orbits Represented by the points
((1, 0)(0, 1)) ((1, 0)(0, 1)) and ((1, 0)(1, 1))

However, ε(1,0)(1,1) = 0, because 0 = [f3(1,0), f
3
(1,1)]ε = ε(1,0)(1,1) [f3(1,0), f

3
(1,1)] = ε(1,0)(1,1)

[f3π2(1,0), f
3
π2(1,1)] = ε(1,0)(1,1)g2 [f3(1,0), f

3
(0,1)], but the bracket [f3(1,0), f

3
(0,1)] 6= 0. So, the element

ε(1,0)(1,1) of the contraction matrix is singular.

The explicit form of the contraction matrix ε with respect to the chosen order O is 0 ε(1,0)(0,1) 0

ε(1,0)(0,1) 0 0

0 0 0

 .

Now, we are trying to find if the relevant elements of the contraction matrix verify some
particular conditions. To do this, the elements of this matrix have to satisfy the following
conditions

By imposing the Jacobi identity

[X, [Y,Z]ε]ε + [Y, [Z,X]ε]ε + [Z, [X,Y ]ε]ε = 0 (1)

for all X ∈ f3(i,j), Y ∈ f3kl, Z ∈ f3(m,n) and for all (i, j)(k, l)(m,n) ∈ I3
u, we obtain that

ε(i,j)(k+m,l+n)ε(k,l)(m,n)[Xi,j , [Xk,l, Xm,n]] + ε(k,l)(m+i,n+j)ε(m,n)(i,j)[Xk,l, [Xm,n, Xi,j ]]

+ε(m,n)(i+k,j+l)ε(i,j)(k,l)[Xm,n, [Xi,j , Xk,l]] = 0, (2)
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for all ((i, j)(k, l)(m,n)) ∈ I3
u.

From this expression and for all π ∈ Π3, it is deduced that

επ(i,j)π(k+m,l+n)επ(k,l)π(m,n)[Xπ(i,j), [Xπ(k,l), Xπ(m,n)]] + επ(k,l)π(m+i,n+j)επ(m,n)π(i,j)

[Xπ(k,l), [Xπ(m,n), Xπ(i,j)]] + επ(m,n)π(i+k,j+l)επ(i,j)π(k,l)[Xπ(m,n), [Xπ(i,j), Xπ(k,l)]] = 0, for all
((i, j)(k, l)(m,n)) ∈ I3

u.

Let now g ∈ GΠ3 be such that g(X(k,l)) = Xπ(k,l), for all (k, l) ∈ I. We have the three
following restrictions for the elements of the contraction matrix

επ(i,j)π(k+m,l+n)επ(k,l)π(m,n) g[X(i,j), [X(k,l), X(m,n)]] + επ(k,l)π(m+i,n+j)επ(m,n)π(i,j) g[X(k,l),
[X(m,n), X(i,j)]]+επ(m,n)π(i+k,j+l)ε(i,j)(k,l)g[X(m,n), [X(i,j), X(k,l)]] = 0, for all ((i, j)(k, l)(m,n))
∈ I3

u.

g(επ(i,j)π(k+m,l+n)επ(k,l)π(m,n) [X(i,j), [X(k,l), X(m,n)]] + επ(k,l)π(m+i,n+j)επ(m,n)π(i,j) [X(k,l),
[X(m,n), X(i,j)]]επ(m,n)π(i+k,j+l)ε(i,j)(k,l)[X(m,n), [X(i,j), X(k,l)]]) = 0, for all ((i, j)(k, l)(m,n))
∈ I3

u.

επ(i,j)π(k+m,l+n)επ(k,l)π(m,n) [X(i,j), [X(k,l), X(m,n)]] + επ(k,l)π(m+i,n+j)επ(m,n)π(i,j)[X(k,l),

[X(m,n), X(i,j)]]+επ(m,n)π(i+k,j+l)ε(i,j)(k,l)[X(m,n), [X(i,j), X(k,l)]] = 0, for all ((i, j)(k, l)(m,n)) ∈
I3
u.

These expressions allow us to obtain the restrictions which verify the rest of elements
of the contraction matrix. It implies that the relevant elements επ(i,j) are also elements of
that matrix and satisfy the same conditions as ε(i,j).

Moreover, [Xi,j , [Xk,l, Xm,n]], [Xm,n, [Xi,j , Xk,l]] and [Xk,l, [Xm,n, Xi,j ]] are null for f3.
This implies that the element ε(1,0)(0,1) can take any complex value.

On the other hand, if ε = (εij) is a contraction matrix, then we define τ = (τij) such
that τij = 1

εij
, if εij 6= 0 or τij = 0, otherwise. Besides, ε�τ (�means the Hadamard product,

that is the binary operation that takes two matrices of the same dimensions, and produces
another matrix where each element pq is the product of elements pq of the original two
matrices) is a contraction matrix in which all non-null elements are 1. We call normalized
contraction matrix of ε to the matrix ε�τ, and we denote by N(f3) to the set of all normalized
contraction matrices of f3. This set has 2 elements, which are the 3× 3 null matrix and the

matrix

 0 1 0
1 0 0
0 0 0

 .
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4 Graded contractions of the model filiform Lie algebra of
dimension 4

Let f4 : [e1, ek] = ek+1, for 2 ≤ k ≤ 3 be the model filiform Lie algebra of dimension 4. A
grading of f4 is given by

Γ : f4 = f4(1,0) ⊕ f4(0,1) ⊕ f4(1,1) ⊕ f4(2,1)

The universal group of f4 is Z3 ⊗ Z2 and f4(1,0) = 〈e1〉, f4(0,1) = 〈e2〉, f4(1,1) = 〈e3〉 and

f4(2,1) = 〈e4〉.

Let us consider

Π4 =

(
1 0
a 1

)
, with a ∈ Z3 and I = {(1, 0), (0, 1), (1, 1), (2, 1)}.

We now consider the following order O on I : 1→ (1, 0), 2→ (0, 1), 3→ (1, 1) and 4→ (2, 1).
By straightforward computations, we obtain that the elements of I constitute the following
orbits

Represented by the points Orbits
(1, 0) (1, 0)
(0, 1) (0, 1), (1, 1) and (2, 1)

Similarly, we show in the following tables the following orbits

2. Orbits of the 6 points of I2
u

Orbits Represented by the points
((1, 0)(0, 1)) ((1, 0)(0, 1)), ((1, 0)(1, 1)) and ((1, 0)(2, 1))
((0, 1)(1, 1)) ((0, 1)(1, 1)), ((1, 1)(2, 1)) and ((2, 1)(0, 1))

3. Orbits of the 4 point of I3
u

Orbits Represented by the points
((1, 0)(0, 1)(1, 1)) ((1, 0)(0, 1)(1, 1)), ((1, 0)(1, 1)(2, 1)) and ((1, 0)(2, 1)(0, 1))
((0, 1)(1, 1)(2, 1)) ((0, 1)(1, 1)(2, 1))

Let us observe that these two orbits contain
(

4
3

)
= 4 triples, which correspond with the

indices of the triples of vectors which must satisfy the Jacobi Identity.
4. Orbits of the 3 points of I:

Orbits Represented by the points
((1, 0)(0, 1)) ((1, 0)(0, 1)), ((1, 0)(1, 1)) and ((1, 0)(2, 1))
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The non-relevant elements of the contraction matrix ε that might be different from zero
are ε(1,0)(0,1), ε(1,0)(1,1) and ε(1,0)(2,1). However, a similar reasoning as in the previous case
shows that the element ε(1,0)(2,1) is singular. So, the explicit form of the contraction matrix
ε with respect to the chosen order O is

0 ε(1,0)(0,1) ε(1,0)(1,1) 0

ε(1,0)(0,1) 0 0 0

ε(1,0)(1,1) 0 0 0

0 0 0 0


where the non-null elements of this matrix have to satisfy Equation (2).

Moreover, from Equation (1) is deduced that the elements ε(1,0)(0,1) and ε(1,0)(1,1) can
take any complex value.

By reasoning as we did in the previous dimension, we deduce that the set N(f4) of all
normalized contraction matrices of f4 has 4 elements, which are the following matrices

0 1 1 0
1 0 0 0
1 0 0 0
0 0 0 0

 ,


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 ,


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 and the 3× 3 null matrix.

5 Graded contractions of the n-dimensional filiform Lie al-
gebra

Let fn : [e1, ek] = ek+1, for 2 ≤ k ≤ n− 1 be the model filiform Lie algebra of dimension n.
A grading of fn is given by

Γ : fn = fn(1,0) ⊕ fn(0,1) ⊕ fn(1,1) ⊕ fn(2,1) ⊕ fn(3,1) ⊕ fn(4,1) ⊕ . . .⊕ fn(n−2,1).

The universal group of fn is Zn−1 ⊗ Z2 and fn(1,0) = 〈e1〉, fn(0,1) = 〈e2〉, fn(1,1) = 〈e3〉,
fn(2,1) = 〈e4〉, fn(3,1) = 〈e5〉, fn(4,1) = 〈e6〉, . . . , fn(n−2,1) = 〈en〉.

Let us consider

Πn =

(
1 0
a 1

)
, with a ∈ Zn−1 and I = {(1, 0), (0, 1), (1, 1), (2, 1), (3, 1), . . . , (n− 2, 1}.

We now consider the following order O on I : 1 → (1, 0), 2 → (0, 1), 3 → (1, 1), 4 →
(2, 1), . . . , and n → (n − 2, 1) and starting from this point and by using any symbolic
computation package for computations we proceed in the same way as the indicated in the
previous particular cases. Indeed, we obtain the orbits of the points of I, I2

u and I3
u and

consider the elements of the n× n contraction matrix ε that might be different from zero.
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These elements are ε(1,0)(0,1), ε(1,0)(1,1), ε(1,0)(2,1), ε(1,0)(3,1), . . . and ε(1,0)(n−2 1). The
resting elements are null. Moreover, we find that ε(1,0)(n−2 1) = 0. It allows us to obtain the
explicit form of the contraction matrix ε with respect to the chosen order O.

Let us recall that for any n-dimensional filiform Lie algebra, the elements, the non-null
ones have to verify the following conditions (Equation (2))

ε(i,j)(k+m,l+n)ε(k,l)(m,n)[Xi,j , [Xk,l, Xm,n]] + ε(k,l)(m+i,n+j)ε(m,n)(i,j)[Xk,l, [Xm,n, Xi,j ]]

+ ε(m,n)(i+k,j+l)ε(i,j)(k,l)[Xm,n, [Xi,j , Xk,l]] = 0, ∀((i, j)(k, l)(m,n)) ∈ I3
u.

Moreover, [Xi,j , [Xk,l, Xm,n]], [Xm,n, [Xi,j , Xk,l]] and [Xk,l, [Xm,n, Xi,j ]] are null for fn.
This implies that the elements ε(1,0)(0,1), ε(1,0)(0,1), ε(1,0)(1,1), ε(1,0)(2,1), . . . , ε(1,0)(n−3 1) can
take any complex value, which allow us to obtain the conclusions in each dimension.

In any case, ε � τ is the contraction matrix in which all the non-null elements are 1 and
we find that the set N(gn) of all normalized contraction matrices of fn has 2n−2 elements.

Now, we are going to study, as a particular example, the case of a non-model filiform
Lie algebra.

6 Graded contractions of the 6-dimensional filiform Lie alge-
bra Q6

Let Q6, defined by the law [e1, ek] = ek+1, for 2 ≤ k ≤ 5, [e2, e5] = −e6 and [e3, e4] = e6 be
the filiform Lie algebra of dimension 6. A grading of Q6 is given by

Γ : Q6 = Q6
(1,0) ⊕Q

6
(0,1) ⊕Q

6
(1,1) ⊕Q

6
(2,1) ⊕Q

6
(3,1) ⊕Q

6
(3,2)

By proceeding in a similar way as in previous sections, we have that the universal group
of Q6 is Z4 ⊗ Z3. Besides, Q6

(1,0) = 〈e1 + e2〉, Q(0,1) = 〈e2〉, Q6
(1,1) = 〈e3〉, Q6

(2,1) = 〈e4〉,
Q6

(3,1) = 〈e5〉 and Q6
(3,2) = 〈e6〉.

Let now consider

HΠ6 =

(
1 0

2 a 1

)
, with a ∈ Z4 and I = {(1, 0), (0, 1), (1, 1), (2, 1), (3, 1), (3, 2)}.

The considered order O on I is {1 → (1, 0); 2 → (0, 1); 3 → (1, 1); 4 → (2, 1); 5 →
(3, 1); 6 → (3, 2)}. The tables now obtained for the elements of I and the orbits of the
points of I2

u and I3
u are the following

Represented by the points Orbits
(1, 0) (1, 0)
(0, 1) (0, 1), (2, 1)
(1, 1) (1, 1), (3, 1)
(3, 2) (3, 2)
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Orbits of the 15 points of I2
u

Orbit Represented by the points
((1, 0)(0, 1)) ((1, 0)(0, 1)), ((1, 0)(2, 1))
((1, 0)(1, 1)) ((1, 0)(1, 1)), ((1, 0)(3, 1))
((1, 0)(3, 2)) ((1, 0)(3, 2))
((0, 1)(1, 1)) ((0, 1)(1, 1)), ((2, 1)(3, 1))
((0, 1)(2, 1)) ((0, 1)(2, 1))
((0, 1)(3, 1)) ((0, 1)(3, 1)), ((2, 1)(1, 1))
((0, 1)(3, 2)) ((0, 1)(3, 2)), ((2, 1)(3, 1))
((1, 1)(3, 2)) ((1, 1)(3, 2)), ((3, 1)(3, 2))
((1, 1)(3, 1)) ((1, 1)(3, 1))

Orbits of the 20 points of I3
u

Orbit Represented by the points
((1, 0)(0, 1)(1, 1)) ((1, 0)(0, 1)(1, 1)), ((1, 0)(2, 1)(3, 1))
((1, 0)(0, 1)(2, 1)) ((1, 0)(0, 1)(2, 1))
((1, 0)(0, 1)(3, 1)) ((1, 0)(0, 1)(3, 1)), ((1, 0)(2, 1)(1, 1))
((1, 0)(1, 1)(3, 1)) ((1, 0)(1, 1)(3, 1))
((1, 0)(1, 1)(3, 2)) ((1, 0)(1, 1)(3, 2)), ((1, 0)(3, 1)(3, 2))
((1, 0)(0, 1)(3, 2)) ((1, 0)(0, 1)(3, 2)), ((1, 0)(2, 1)(3, 2))
((0, 1)(1, 1)(2, 1)) ((0, 1)(1, 1)(2, 1)), ((2, 1)(3, 1)(0, 1))
((0, 1)(1, 1)(3, 1)) ((0, 1)(1, 1)(3, 1)), ((2, 1)(3, 1)(1, 1))
((0, 1)(1, 1)(3, 2)) ((0, 1)(1, 1)(3, 2)), ((2, 1)(3, 1)(3, 2))
((0, 1)(3, 1)(3, 2)) ((0, 1)(3, 1)(3, 2)), ((2, 1)(1, 1)(3, 2))
((1, 1)(3, 1)(3, 2)) ((1, 1)(3, 1)(3, 2))
((0, 1)(2, 1)(3, 2)) ((0, 1)(2, 1)(3, 2))

Orbits of the 6 points of I:

Orbit Represented by the points
((1, 0)(0, 1)) ((1, 0)(0, 1)), ((1, 0)(1, 1)), ((1, 0)(2, 1)), ((1, 0)(3, 1)) and ((2, 1)(1, 1))

The explicit form of the contraction matrix ε with respect to chosen order O is

0 ε(1,0)(0,1) ε(1,0)(1,1) ε(1,0)(2,1) 0 0

ε(1,0)(0,1) 0 0 0 0 0

ε(1,0)(1,1) 0 0 ε(1,1)(2,1) 0 0

ε(1,0)(2,1) 0 ε(1,1)(2,1) 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0


The conditions for the non-null elements of the contraction matrix are

ε(i,j)(k+m,l+n)ε(k,l)(m,n)[Xij , [Xkl, Xmn]] + ε(k,l)(m+i,n+j)ε(m,n)(i,j)[Xkl, [Xmn, Xij ]]

+ ε(m,n)(i+k,j+l)ε(i,j)(k,l)[Xmn, [Xij , Xkl]] = 0, ∀((i, j)(k, l)(m,n)) ∈ I3
u.

In this case, the following restriction ε(1,0)(0,1)ε(1,1)(2,1) = 0 is obtained.

Moreover, the elements of any contraction matrix verify the following conditions

• If ε(1,0)(0,1) 6= 0, then ε(1,1)(2,1) = 0 and the parameters ε(1,0)(1,1) and ε(1,0)(2,1) could
be null. So, there are 22 different types of contraction matrices with ε(1,0)(0,1) 6= 0.
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• If ε(1,0)(0,1) = 0, then the parameters ε(1,0)(1,1), ε(1,0)(2,1) y ε(1,1)(2,1) could be null. So,
there are 23 different types of contraction matrices with ε(1,0)(0,1) = 0.

If ε = (εij) is a contraction matrix, then τ = (τij), such that τij = 1
εij

if εij 6= 0 or τij = 0,

if εij = 0 is also a contraction matrix. Moreover, ε � τ is the contraction matrix in which
all the non-null elements are 1. That matrix is the normalized contraction matrix of ε. If
we denote by N(Q6) to the set of all normalized contraction matrices of Q6, we find that
this set has 12 elements.

7 Certain conclusions

In our research we have obtained the graded contractions of some lower-dimensional fili-
form Lie algebra, concretely, of the model filiform Lie algebras of dimensions 3, 4, 5 and 6,
although in this paper only the two first cases are shown, due to reasons of length. Then,
as a consequence of the results obtained, we have dealt with the general case n-dimensional
for this type of algebras. Moreover, we have repeated this study for the dimension 6 with
a non-model filiform Lie algebra.

Two have been the reasons for the authors to deal with this subject. The first of them
is to complete previous papers by different authors, like Inönü and Wigner [3] in 1953,
Weimar-Woods [7] in 2006 or Bahturin, Goze and Remm [1] in 2013, for instance.

The second one is the possibility of setting new theoretical results on it. Indeed, as
consequences of this study, we find some question which could make us think of giving an
answer to the following facts, thereby determining some conjectures. For instance: a) will
have the orbits of I2

u, for the filiform Lie algebras f5 and f6, the same representatives? Have
these orbits 4 points at most? b) have the contraction matrices of the filiform Lie algebras
fn and Qn an unique null relevant contraction parameter? and c) which is the form of the
symmetry groups of filiform Lie algebras fn and Qn?

We hope to give responses to these questions in future work.
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Abstract

We use an auxiliary point in the analysis of the semilocal convergence of Newton’s
method under center conditions on high order derivatives of the operator involved and
use the majorant principle of Kantorovich to do it.
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1 Introduction

The application of Newton’s method to solve nonlinear equations has a long history and
different types of conditions has been used over the past years to analyse the semilocal
convergence of the method. Remember that semilocal convergence results for iterative
methods, in general, and, for Newton’s method, in particular, require conditions on the
starting points and conditions on the operator involved. Different types of conditions on
the operator can be required as we can see in the mathematical literature, but, if we pay
attention to center conditions on the operator, we see that the starting points are used
to center the conditions on the first or second derivative of the operator. In this work, we
propose to require conditions on higher order derivatives of the operator and on an auxiliary
point different from the starting point of Newton’s method.

For the last, we consider a nonlinear operator F : Ω ⊆ X → Y defined on a nonempty
open convex domain Ω of a Banach space X with values in a Banach space Y in order to
give sufficient generality to our study, so that problems from computational sciences, physics
and other disciplines can be brought into the equation F (x) = 0 by using mathematical
modelling, so that the unknowns of this equation can be functions (difference, differential,
and integral equations), vectors (systems of linear or nonlinear algebraic equations), or
real/complex numbers (single algebraic equations with single unknowns).
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2 Preliminaries

The algorithm of Newton’s method for solving equation F (x) = 0 is:

x0 ∈ Ω, xn+1 = xn − [F ′(xn)]−1F (xn), n ≥ 0,

and the first semilocal convergence result given for Newton’s method in Banach spaces is
due to the Russian mathematician L. V. Kantorovich, who proves, at the beginning of the
50s of the last century, the semilocal convergence of Newton’s method using “the majorant
principle” and under the following conditions [3]:

(K1) There exists Γ0 = [F ′(x0)]
−1 ∈ L(Y,X), for some x0 ∈ Ω, with ‖Γ0‖ ≤ β and

‖Γ0F (x0)‖ ≤ η, where L(Y,X) is the set of bounded linear operators from Y to X,

(K2) ‖F ′′(x)‖ ≤M for x ∈ Ω,

(K3) Mβη ≤ 1
2 .

From that moment, a plethora of studies on the weakness and/or extension of conditions
(K1)–(K3) have been made.

Focusing on center conditions on F , we underline the papers of Gutiérrez [1] and
Gutiérrez and Hernández [2], where semilocal convergence results under conditions of type

‖F ′′(x)− F ′′(x0)‖ ≤ L0‖x− x0‖, L0 ≥ 0, x ∈ Ω,

or

‖F ′(x)− F ′(x0)‖ ≤ K0‖x− x0‖, K0 ≥ 0, x ∈ Ω,

are respectively given. In this work, we propose to study the semilocal convergence of
Newton’s method under conditions of the last two types, but with two significant variants:
derivatives of higher order than two and center conditions on an auxiliary point x̃ instead
of on the starting point x0; in particular, under a condition of type

‖F (k)(x)− F (k)(x̃)‖ ≤ ω(‖x− x̃‖), x ∈ Ω,

where k ≥ 3 and ω : [0,+∞)→ R is a nondecreasing continuous function such that ω(0) = 0.
This variant of the previous known conditions leads us to modify the domain of starting
points for Newton’s method, so that we can guarantee the semilocal convergence of the
method from starting at points where other results fail.

c©CMMSE ISBN: 978-84-617-8694-7Page 838 of  2288



J. A. Ezquerro and M. A. Hernández-Verón

3 The majorant principle

To prove the semilocal convergence of Newton’s method, we consider the conditions

(C1) There exists the operator Γ0 = [F ′(x0)]
−1 ∈ L(Y,X) with ‖Γ0‖ ≤ β and ‖Γ0F (x0)‖ ≤

η; moreover, ‖F (i)(x0)‖ ≤ bi with i = 2, 3, . . . , k − 1 and k ≥ 3,

(C2) There exists x̃ ∈ Ω such that ‖x0 − x̃‖ = γ, where x0 ∈ Ω, and ‖F (k)(x̃)‖ ≤ δ,

(C3) There exists a nondecreasing continuous function ω : [0,+∞) −→ R such that
‖F (k)(x)− F (k)(x̃)‖ ≤ ω(‖x− x̃‖) for x ∈ Ω and ω(0) = 0,

and use “the majorant principle” of Kantorovich, that consists of looking a scalar sequence
{tn},

t0 = 0, tn+1 = tn −
f(tn)

f ′(tn)
, n ≥ 0,

that majorizes Newton’s sequence {xn} in the Banach space X. As a consequence of this
fact, the convergence of {xn} follows immediately from the convergence of {tn}, see [3].

So, we then look for a real function f ∈ Cj([t̃,+∞)), with t̃ ∈ R+ and j ≥ k, such that

‖F (k)(x)− F (k)(x̃)‖ ≤ f (k)(t)− f (k)(t̃) with ‖x− x̃‖ ≤ t− t̃, x ∈ Ω and t ∈ [t̃,+∞).

So, from (C3) and the last, it follows

‖F (k)(x)− F (k)(x̃)‖ ≤ ω(‖x− x̃‖) ≤ ω(t− t̃) = f (k)(t)− f (k)(t̃)
if ‖x− x̃‖ ≤ t− t̃, since ω is a nondecreasing continuous function, and then

f (k)(t) = f (k)(t̃) + ω(t− t̃).
In addition, if we consider t̃ = −γ, f (k)(t̃) = δ and take into account (C1)-(C2), we can
solve the initial value problem

y(k)(t) = δ + ω(t+ γ),

y(0) =
η

β
, y′(t0) = − 1

β
,

y′′(0) = b2, y′′′(0) = b3, . . . , y(k−1)(0) = bk−1,

to find f(t), since we can choose, from (C1), − 1
f ′(0) = β, − f(0)

f ′(0) = η
β and f (i)(0) = bi, for

i = 2, 3, . . . , k − 1. So, next result is given.

Theorem 1. Suppose that the function ω(t + γ) is continuous in [0,+∞). Then, for any
nonnegative real numbers γ, δ, β 6= 0, η, b2, b3, . . . , bk−1, the last initial value problem has
a unique solution f(t) ∈ Cj([−γ,+∞)), with j ≥ k ≥ 3, which is given by

f(t) =

∫ t

0

∫ θk−1

0
· · ·

∫ θ1

0
ω(s+ γ) ds dθ1 · · · dθk−1 +

δ

k!
tk +

k−1∑
i=2

bi
i!
ti − t

β
+
η

β
.
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4 Semilocal convergence

In the following result, we prove that the sequence {tn}, defined from the function f(t)
given in Theorem 1, majorizes sequence {xn} in the Banach space X.

Theorem 2. Let X and Y be two Banach spaces and F : Ω ⊆ X −→ Y a nonlinear q
(q ≥ 2) times continuously differentiable operator on a nonempty open convex domain Ω
and f(t) be function defined in Theorem 1. Suppose that conditions (C1)–(C3) are satisfied,
there exists a root α > 0 of f ′(t) = 0 such that f(α) ≤ 0, and B(x0, t

∗) ⊂ Ω, where t∗ is the
smallest positive root of f(t) = 0. Then, Newton’s sequence {xn} satisfies:

‖xn − xn−1‖ ≤ tn+1 − tn, for all n ≥ 0.

Once we have proved that {tn} majorizes {xn}, we can prove the semilocal convergence
of {xn} in the Banach space X.

Theorem 3. Let X and Y be two Banach spaces and F : Ω ⊆ X −→ Y a nonlinear q
(q ≥ 2) times continuously differentiable operator on a nonempty open convex domain Ω
and f(t) be function defined in Theorem 1. Suppose that conditions (C1)–(C3) are satisfied,
there exists a root α > 0 of f ′(t) = 0 such that f(α) ≤ 0, and B(x0, t

∗) ⊂ Ω, where t∗ is the
smallest positive root of f(t) = 0. Then, Newton’s sequence {xn} converges to a solution x∗

of F (x) = 0 starting at x0. Moreover, xn, x
∗ ∈ B(x0, t∗) and

‖x∗ − xn‖ ≤ t∗ − tn, for all n ≥ 0.

where tn = tn−1 − f(tn−1)
f ′(tn−1)

, with n ∈ N and t0 = 0.
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Abstract

Conjugacy and orthogonality of Latin squares have been widely studied in the lit-
erature not only for their theoretical interest in combinatorics, but also for their appli-
cations in distinct fields as experimental design, cryptography or code theory, amongst
others. This paper deals with a series of binary constraints that characterize the sets of
partial Latin squares of a given order for which their six conjugates either coincide or
are all of them distinct and pairwise orthogonal. These constraints enable us to make
use of a SAT solver to enumerate both sets. As an illustrative application, it is also
exposed a method to construct totally symmetric partial Latin squares that gives rise,
under certain conditions, to new families of Lie partial quasigroup rings.

Key words: Partial Latin square, conjugacy, orthogonality.
MSC 2000: 05B15, 20N05.

1 Introduction

A quasigroup [22] is a pair (S, ·) formed by a nonempty set S endowed with a product ·
such that, if any two of the three symbols a, b and c in the equation a · b = c are given as
elements of S, then the third one is uniquely determined. The size of S is the order of the
quasigroup. The multiplication table of a quasigroup of order n constitutes a Latin square
of the same order, that is, an n × n array in which each cell contains one symbol chosen
from the set S, such that each symbol occurs exactly once in each row and in each column.
The number of Latin squares is known [24, 26, 29, 30] for order up to 11.
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Bruck [12] introduced the concept of totally symmetric quasigroup as a quasigroup (S, ·)
for which the equation a · b = c remains valid under every permutation of the three symbols
a, b, c ∈ S. There exist six such permutations and each one of them gives rise to a new
quasigroup, which is said to be conjugate to (S, ·). Hence, a quasigroup is totally symmetric
if its six conjugates coincide. If besides, the quasigroup is idempotent, that is, if a ·a = a, for
all a ∈ S, then this notion is equivalent to that of a Steiner triple system. The distribution of
totally symmetric quasigroups and Steiner triple systems into isomorphism classes is known
[1, 25] for orders up to 10 and 19, respectively.

Two quasigroups of order n are said to be orthogonal if the juxtaposition of their
corresponding multiplication tables gives rise to an n×n array containing n2 distinct ordered
pairs. Stein [34] posed the problem of constructing a quasigroup or Latin square that is
orthogonal to one of its conjugates. It is known in this regard [6, 7, 11, 31] the existence of
quasigroups that are orthogonal to the conjugate under consideration, distinct of themselves,
for any order n 6∈ {2, 3, 6}. Much more recently, Bennett and Zhang [10] dealt with Latin
squares for which each one of their conjugates is orthogonal to its transpose. They proved
the existence of such Latin squares for all prime powers n 6∈ {2, 3, 5}. Further, Lindner
et al. [28] focused on idempotent Latin squares for which their six conjugates are distinct
and pairwise orthogonal. They proved in particular the existence of such Latin squares
for every order being a prime power n ≥ 8 and also for all sufficiently large orders n.
Bennett [4] established n > 5594 as an upper bound for this last condition except possibly
n = 6810, and enumerate a series of smaller orders for which these Latin squares also exist.
Four years later, he improved [5] the previous upper bound to n > 5074. Much more
recently, Belyavskaya and Popovich [3] introduced the equivalent notion of totally conjugate
orthogonal quasigroup as a quasigroup for which its six conjugates are distinct and pairwise
orthogonal. They proved the existence of such quasigroups for any order n ≥ 11 that is
relatively prime to 2, 3, 5, and 7. Their motivation to study this kind of quasigroups was
mainly based on their application in error detecting codes [2].

The concept of quasigroup is straightforwardly generalized to that of partial quasigroup
of order n, for which (a) the law · is a partial binary operation on a finite set S of n elements,
and (b) if the equations a ·x = b and y ·a = b, with a, b ∈ S, have solutions for x and y in S,
then these solutions are unique. The multiplication table of a partial quasigroup of order n
constitutes a partial Latin square of the same order, that is, an n × n array in which each
cell is either empty or contains one element chosen from S, such that each symbol occurs at
most once in each row and in each column. The number of partial Latin squares is known
[17, 18, 19, 20] for order up to seven.

Since Evans [15] introduced the problem of embedding a partial quasigroup of order n
into a quasigroup of order 2n, a wide amount of authors have dealt with the embedding
of distinct types of partial quasigroups; particularly, that of a partial totally symmetric
quasigroup into a totally symmetric quasigroup [13, 27, 32, 33]. Further, the orthogonality
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among conjugates of a partial Latin square was indirectly contemplated [8, 9, 23] by focusing
on the existence of incomplete Latin squares that are orthogonal to one of their conjugates
and have an empty subsquare that can be filled by means of a Latin square that is orthogonal
in turn to its corresponding conjugate. A more general case was recently proposed by the
first author [18], who makes use of computational algebraic geometry to enumerate the set
of self-orthogonal partial Latin squares of order n ≤ 4. This paper delves into this topic by
dealing with the sets of partial Latin squares of a given order for which their six conjugates
either coincide or are all of them distinct and pairwise orthogonal, respectively. In order to
improve the computational efficiency, it is proposed to focus on techniques to solve Boolean
satisfiability problems instead of those on algebraic geometry.

As an illustrative application of the exposed study, we also delve into a recent work
developed by the authors [16] about the enumeration of partial quasigroup rings over finite
fields derived from partial Latin squares. Bruck [12] introduced the concept of quasigroup
ring related to a quasigroup (S, ·) as an algebra of basis {ea | a ∈ S} over a base field K such
that eaeb = ea·b, for all a, b ∈ S. This concept is straightforwardly generalized to that of
partial quasigroup ring in case of being the pair (S, ·) a partial quasigroup. In this paper, we
describe a totally symmetric partial Latin square of order 3n, derived from a given partial
Latin square of order n, that enables us to introduce in turn a Lie partial quasigroup ring
over a finite field of characteristic two.

The paper is organized as follows. In Section 2, we expose some preliminary concepts
and results on partial Latin squares that are used throughout our study. In Section 3, we
introduce a pair of series of binary constraints that characterize, respectively, the sets of
totally symmetric and totally conjugate orthogonal partial Latin squares of given order and
weight. Finally, Section 5 deals with an illustrative example that enables us to construct
a family of Lie partial quasigroup rings from a totally symmetric partial Latin square
satisfying certain conditions.

2 Preliminaries

This section deals with some basic concepts and notations on partial Latin squares that are
used throughout the paper. We refer the reader to the monographs of Dénes and Keedwell
[14] for more details about this topic.

Hereafter, the set of partial Latin squares of order n is denoted as PLSn, whereas the
set of symbols of any such a partial Latin square P = (pij) ∈ PLSn is assumed to be the
set [n] = {1, . . . , n}. An entry of P is any triple (i, j, pi,j) ∈ [n] × [n] × [n]. The partial
Latin square P is uniquely determined by the set of all its entries, which is called its entry
set and denoted as E(P ). The size of this set coincides, therefore, with the number of
non-empty cells of P , which constitutes its weight. From here on, PLSn;m denotes the
set of partial Latin squares of order n having weight m. Thus, for instance, the partial
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Latin square P in Figure 1 belongs to the set PLS3;4 and has as entry set the set E(P ) =
{(1, 1, 2), (1, 2, 1), (2, 1, 1), (3, 3, 3)}.

P ≡
2 1

1

3

Figure 1: Partial Latin square in PLS3;4.

Let S3 denote the symmetric group of three elements. Let P be a partial Latin square
in PLSn;m and let π be a permutation in S3. The π-conjugate of P is defined as the partial
Latin square P π ∈ PLSn;m such that E(P π){(pπ(1), pπ(2), pπ(3)) : (p1, p2, p3) ∈ E(P )}. There

exist, therefore, six conjugates: P Id = P , P (12) = P t, P (13), P (23), P (123) = (P (23))t and
P (132) = (P (13))t, where the notation t denotes the transpose of the corresponding partial
Latin square. In order to illustrate these conjugates, let us consider the partial Latin square
P ∈ PLS3;4 in Figure 2. Particularly, E(P ) = {(1, 1, 1), (1, 2, 2), (2, 2, 3), (3, 3, 1)} and hence,
once the corresponding permutations among the three components of each entry are done,
we obtain the conjugates therein exposed. Observe that all of them are distinct. Figure 1
shows instead a partial Latin square in PLS3;4 for which all its conjugates coincide. In this
case, the partial Latin square under consideration is said to be totally symmetric. Hereafter,
the set of totally symmetric partial Latin squares of order n and its subset of partial Latin
squares of weight m are respectively denoted as TSPLSn and TSPLSn;m.

P ≡
1 2

3

1

P (12) ≡
1

2 3

1

P (13) ≡
1 3

1

2

P (23) ≡
1 2

2

3

P (123) ≡
1 3

2

2

P (132) ≡
1

1 2

3

Figure 2: Partial Latin square in PLS3;4 and its conjugates.

Let P = (pij) and Q = (qij) be two partial Latin squares of order n. They are said to be
orthogonal if all the ordered pairs on non-empty entries that are obtained when both arrays
are superimposed are distinct. Equivalently, given i, i′, j, j′ ∈ [n] such that pij = pi′j′ ∈ [n],
then qij and qi′j′ are not the same symbol of [n]. Thus, for instance, the partial Latin
squares P and P (13) in Figure 2 are orthogonal, but the partial Latin squares P and P (12)

in the same figure are not. In this regard, given a permutation π ∈ S3 \ {Id}, a partial
Latin square P ∈ PLSn is said to be π-orthogonal if it is orthogonal to its π-conjugate.
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Particularly, if π = (12), then P is said to be self-orthogonal. Thus, for instance, the partial
Latin square P (23) in Figure 2 is self-orthogonal. Finally, we say that a partial Latin square
is totally conjugate orthogonal if its six conjugates are distinct and pairwise orthogonal.
This is the case, for instance, of the partial Latin square shown in Figure 3. From here on,
the set of totally conjugate orthogonal partial Latin squares of order n and its subset of
partial Latin squares of weight m are respectively denoted as TCOPLSn and TCOPLSn;m.

P ≡
3

2

1 3

P (12) ≡
1

3

3 2

P (13) ≡
3

2

3 1

P (23) ≡
3

3

1 2

P (123) ≡
1

3

3 2

P (132) ≡
3

3

2 1

Figure 3: Totally conjugate orthogonal partial Latin square in PLS3;4.

The set PLSn is identified [18] with the set of zeros of the following system of equations
in the set of n3 variables {X} = {xijk | i, j, k ∈ [n]}.

xijkxi′jk = 0, for all i, i′, j, k ≤ n such that i 6= i′,

xijkxij′k = 0, for all i, j, j′, k ≤ n such that j 6= j′,

xijkxijk′ = 0, for all i, j, k, k′ ≤ n such that k 6= k′,

xijk ∈ {0, 1}, for all i, j, k ≤ n.

(1)

Specifically, every partial Latin square P = (pij) ∈ PLSn is uniquely identified with a zero
(x111, . . . , xnnn), where xijk = 1 if pij = k and 0, otherwise. Hereafter, in order to avoid
degeneracy, partial Latin squares are assumed to have at least one entry in each row, at
least one entry in each column, and at least one copy of each symbol. To get this condition,
the following inequations are added to (1)

∑
j,k∈[n] xijk ≥ 1, for all i ∈ [n],∑
i,k∈[n] xijk ≥ 1, for all j ∈ [n],∑
i,j∈[n] xijk ≥ 1, for all k ∈ [n].

(2)

Based on (1) and (2), we establish in Section 3 some equations to deal, respectively, with
the sets TSPLSn and TCOPLSn. To this end, let us introduce the following notation

xπi1i2i3 := xiπ(1)iπ(2)iπ(3) ,

for all π ∈ S3 and xi1i2i3 ∈ {X}. Besides, we label the six permutations in S3 as

S3 := {π1 = Id, π2 = (12), π3 = (13), π4 = (23), π5 = (123), π6 = (132)}.
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3 Binary constraints related to the sets TSPLSn and TCOPLSn

This section deals with a series of binary constraints that characterize the sets of totally
symmetric and totally conjugate orthogonal partial Latin squares of given order and weight.

Lemma 3.1. Let n and m be two positive integers such that n ≤ m ≤ n2.

a) If m > n, then every pair of orthogonal conjugates of a partial Latin square in the set
TCOPLSn;m are distinct.

b) If |TCOPLSn;m| = 0, then |TCOPLSn;m′ | = 0, for all m′ ∈ {m+ 1, . . . , n2}.

Proof. Let us prove each statement separately.

a) Let P ∈ PLSn;m and π, π′ ∈ S3 be such that π 6= π′ and P π = P π
′
. Since m > n, there

exists one symbol k ∈ [n] and a distinct pair of elements (i1, j1) and, (i2, j2) in [n]× [n]
such that {(i1, j1, k), (i2, j2, k)} ⊆ E(P π) ∩ E(P π

′
). As a consequence, P π = P π

′
is not

orthogonal to itself.

b) Otherwise, the partial Latin square that results after emptying any m′ −m filled cells
of the partial Latin square in TCOPLSn;m′ would be in TCOPLSn;m, which is a contra-
diction.

Proposition 3.2. Let n and m be two positive integers such that n < m ≤ n2. Then,

a) The set TSPLSn is identified with the set of zeros of (1)–(2) and

xπsijk = xijk, for all i, j, k ∈ [n] and s ∈ {1, 2, 3}. (3)

b) The set TSPLSn;m is identified with the set of zeros of (1)–(3) and∑
i,j,k∈[n]

xijk ≤ m. (4)

c) The set TCOPLSn is identified with the set of zeros of (1)–(2) and

xπsijpx
πs
klpx

πt
ijqx

πt
klq = 0, for all i, j, k, l, p, q ≤ n; s, t ≤ 3; such that (i, j) 6= (k, l), s ≤ t. (5)

d) The set TCOPLSn;m is identified with the set of zeros of (1), (2), (4) and (5).

Proof. The result follows straightforwardly from the definitions exposed in Section 2 once
each partial Latin square P = (pij) ∈ PLSr,s,n is identified with a zero (x111, . . . , xrsn)
such that xijk = 1 if pij = k and 0, otherwise. Thus, for instance, if we focus on the proof
of statement (c), then, given 1 ≤ s < t ≤ 3, the system of equations determined by (5)
involves the π−1s - and π−1t -conjugates of P to be orthogonal. Besides, from Lemma 3.1.a,
both conjugates are distinct.
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Proposition 3.2 has been implemented in the SAT solver Minion [21] to obtain the
numerical data exposed in Table 1. Further, Table 2 indicates the run time that is required
in a system with an Intel Core i7-2600, with a 3.4 GHz processor and 16 GB of RAM to
determine one specific example in the sets TSPLSn;m and TCOPLSn;m.

m |TSPLS(n;m)| |TCOPLS(n;m)|
n n
3 4 5 6 3 4

3 1 36
4 6 1 216 576
5 6 12 1 12 45168
6 10 24 20 1 0 315048
7 12 64 80 30 0 391824
8 3 60 220 210 0 95028
9 3 100 380 680 0 2616

10 148 910 1980 0
11 72 1010 4380 0
12 90 1630 7660 0
13 72 2740 17820 0
14 36 2040 23370 0
15 16 2784 37476 0
16 16 3395 68850 0
17 2195 68190
18 2080 96660
19 2320 145560
20 900 122040
21 900 146040
22 480 196200
23 240 132480
24 30 148710
25 30 157320
26 101430
27 81540
28 86310
29 35820
30 33390
31 20340
32 11340
33 4560
34 3960
35 720
36 480

Total 41 711 24385 1755547 264 850260

Table 1: Distribution of the sets TSPLSn;m and TCOPLSn;m.

4 Lie partial quasigroup rings derived from the conjugate-
extension of a partial Latin square

The inclusion of new binary constraints into (1)–(5) enables us to determine families of par-
tial Latin squares in the sets TSPLSn and TCOPLSn with possible applications in distinct
fields. As an illustrative example, we conclude this paper by describing in this section a new
family of Lie partial quasigroup rings related to a totally symmetric partial Latin square of
order 3n, which is derived in turn from a given partial Latin square of order n. Recall that
a Lie algebra is an anti-commutative algebra A that holds the so-called Jacobi identity

J(a, b, c) := (ab)c+ (bc)a+ (ca)b = 0, for all a, b, c ∈ A. (6)
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Run time (seconds) Run time (seconds)
n m TSPLSn;m TCOPLSn;m
5 5 0 22

10 0 3
6 6 0 8561

12 0 10
15 0 74

10 10 69 Out of memory
50 0 ”

15 15 > 3 hours ”
60 2 ”

20 100 Out of memory ”

Table 2: Run times required to get exactly one totally symmetric or totally conjugate
orthogonal partial Latin square of a given order and weight.

Let P = (pij) ∈ PLSn;m. We define the n × n arrays P ′ = (p′ij) and P ′′ = (p′′ij) such
that

p′ij :=

{
pij + n, if pij ∈ [n],

0, otherwise.
and p′′ij :=

{
pij + 2n, if pij ∈ [n],

0, otherwise.
(7)

Then, we define the partial Latin square P = (pij) ∈ PLS3n;6m by means of nine n × n
blocks as

P :≡
0 P ′′ P ′(23)

P ′′(12) 0 P (132)

P ′(123) P (13) 0

(8)

where 0 denotes the n × n array with all its entries being zero. We call this new partial
Latin square the conjugate-extension of P . Thus, for instance, Figure 4 shows the conjugate-
extension of the partial Latin square exposed in Figure 2.

Lemma 4.1. If P ∈ PLSn;m, then P ∈ TSPLS3n;6m.

Proof. The result follows from the entry set E(P ) once we keep in mind (7) and (8).

Let AK(P ) denote the partial quasigroup ring over a finite field K of characteristic two
that is related to P . Particularly, we focus on the case of being P ∈ TSPLSn. If this is the
case, then the definition (8) of the partial Latin square P results

P ≡
0 P ′′ P ′

P ′′ 0 P

P ′ P 0

(9)
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7 8 4 5
9 5

7 6
7 1
8 9 1 2

7 3
4 6 1 3
5 1

5 2

Figure 4: Conjugate-extension of the partial Latin square P ∈ PLS3 of Figure 2.

Theorem 4.2. Let K be a finite field of characteristic two and let P ∈ TSPLSn be the
multiplication table of a quasigroup ([n], ·) satisfying the left invertive law

(a · b) · c = (c · b) · a, for all a, b, c ∈ [n]. (10)

Then, the partial quasigroup ring AK(P ) is a Lie algebra.

Proof. The symmetry of the partial Latin square P = (pij), with pii = 0, for all i ≤ 3n,
together with the fact of being K a finite field of characteristic two, involves AK(P ) to
be anti-commutative. Now, in order to prove that the Jacobi identity (6) holds, suppose
{e1, . . . , e3n} to be the basis of AK(P ), which we partition into the three sets {e1, . . . , en},
{en+1, . . . , e2n} and {e2n+1, . . . , e3n}. Let S(ei) denote which one of these three sets contains
each basis vector ei. From (9), we have that, if S(ei) = S(ej), then eiej = 0. Besides, if
S(ei) 6= S(ej) and eiej 6= 0, then S(ei) 6= S(eiej) 6= S(ej). As a consequence, J(ei, ej , ek) =
0, for all i, j, k ≤ 3n such that the three sets S(ei), S(ej) and S(ek) either coincide or are
pairwise distinct. Then, from the symmetry of the Jacobi identity, it is enough to focus
on the expression J(ei, ej , ek) in case of being S(ei) = S(ej) 6= S(ek). If this is the case,
eiej = 0 and hence, J(ei, ej , ek) = (ejek)ei + (ekei)ej = e(j·k)·i + e(k·i)·j . The result follows

from the symmetry of the partial Latin square P and the left invertive law.

Every totally symmetric partial Latin square satisfying (10) constitutes the multipli-
cation table of a partial totally symmetric group. In order to compute this kind of partial
Latin squares, we include the following equations to (1)–(4)

xijkxklsxljt(xtis − 1) = 0, for all i, j, k, l, s, t ∈ [n] (11)∑
k≤n

xijk − 1

∑
k≤n

xljk

xljt

∑
k≤n

xtik

 = 0, for all i, j, l, t ∈ [n] (12)

xijk

∑
s≤n

xkls − 1

∑
s≤n

xljs

xljt

∑
s≤n

xtis

 = 0, for all i, j, k, l, t ∈ [n] (13)
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The implementation of these equations into our SAT solver determines, for instance, the
pair of partial Latin squares exposed in Figure 5, which give rise in turn, according to
Theorem 4.2, to a pair of Lie partial quasigroup rings as we have previously described.

3 1

2

1 3

2 1
1 2

4 3
3 4

6 5
5 6

Figure 5: Totally symmetric partial Latin squares satisfying the left invertive law.

5 Conclusion and further studies

We have described in this paper a series of binary constraints that enable us to determine the
distribution of the sets TSPLSn and TCOPLSn of totally symmetric and totally conjugate
partial Latin squares of order n, respectively, according to their weights. By means of the
SAT solver Minion, we have computed the former, for all 2 ≤ n ≤ 6, and the latter,
for all 2 ≤ n ≤ 4. A further study to improve the efficiency of the proposed method is
required to deal with higher orders. Besides, we have introduced the conjugate-extension of
a given partial Latin square, which gives rise to a totally symmetric partial Latin square.
Particularly, the description of a family of Lie partial quasigroup rings derived from the
conjugate-extension of a totally symmetric partial Latin square that holds the left invertive
law has enabled us to delve into the open problem of constructing examples of this type of
Lie algebras.
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2 Servei Meteorològic de Catalunya,

emails: angel.farguell@uab.cat, ana.cortes@uab.cat, tomas.margalef@uab.cat,
jrmiro@meteo.cat, jmercaderc@meteo.cat

Abstract

Advances in High Performance Computing (HPC) have led to an improvement in
modelling multi-physic systems because of the capacity to solve complex numerical sys-
tems in a reasonable time. WRF-SFIRE is a multi-physics system that couples the
atmospheric model WRF and the forest fire spread model called SFIRE with the objec-
tive of considering the interactions atmosphere-fire. In systems like WRF-SFIRE, the
trade off between result accuracy and time required to deliver that result is crucial. So,
in this work, we analyze the influence of the WRF-SFIRE settings (grid resolutions)
into the forecasts accuracy and into the execution times on multi-core platform.

Key words: forest fire simulation, multi-physic model, HPC.

1 Introduction

There are several factors that affect the evolution of a wildland fire. It is well known that
one of the parameters that most affects forest fire propagation is the wind. Intuitively,
the meteorological wind speed and wind velocity tend to drive the main direction and the
rate of spread of forest fires. However, in large forest fires that take place in complex
terrain where the wind fluxes can vary due to the topography and the wind convections
produced by the heat generated by the fire, the effective wind speed and wind direction can
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be unpredictable. For that reason, a multi-physics forest fire spread model that considers
the feedback between the atmospheric model and the forest fire spread model could capture
the micro-weather generated by a large forest fire and provide more accurate wildland fire
propagations. However, this improvement in accuracy has a cost in terms of execution time.
This limitation could be a serious drawback when trying to use those complex systems as
operational tools for being used during a real event. However, the predictability potential
of a multi-physic forest fire spread system is supposed to be better than considering the
atmosphere and the forest fire as two isolate systems. There are many works that analyze
this problem [6] [2] showing that any strategy that takes into account the atmosphere effect
into the forest fire evolution provides better forecasted results. In fact, there are three
different approaches to tackle this relationship: the unidirectional, the bidirectional and the
integration strategy. The unidirectional approach uses static meteorological information,
such as wind speed and direction, to drive the fire propagation, but does not consider the
effect of the fire on the atmosphere [1] [4]. The second approach, the bidirectional scheme, is
a coupled system where the fire propagation considers meteorological information and also
on the other way round, so that the effect of heat fluxes from the fire on the atmosphere
evolution is also captured [6] [3]. Finally, the third approach, the integration scheme, tries
to integrate all the processes using only one simulator which combines everything [5] [7]. In
this work, we focuses on the multi-physics system WRF-SFIRE with the aim of analyzing
its predictability capacity compared to the time incurred in delivering the results. The main
objective is to determine the viability of using WRF-SFIRE as an operational tool. The
main constraint of these complex multi-physic systems is their execution time. Fortunately,
some of them have been parallelized using different parallel programming paradigms such
as OpenMP and MPI. Therefore, an exhaustive analysis about the trade off between results
accuracy and time incurred in provide those results should be done.
Section 2 describes the WRF-SFIRE system. In section 3 a real forest fire is used to analyze
the time requirements when running on a multi-core platform and the accuracy of the results
depending on the WRF-SFIRE initialization settings. Finally, the main conclusions of this
work are reported in section 4.

2 WRF-SFIRE

WRF-SFIRE is a forest fire simulator which couples the meteorological model WRF-ARW
and the fire spread model resolving Rothermel’s equation through the level set method called
SFIRE. Particularly, WRF-SFIRE solves the multi-physical problem related to forest fire
propagation in a cyclic fashion. That is, meteorological data is obtained by running WRF
for a certain period of time and, the obtained WRF data is used to expand the fire front
numerically. In order to solve these two models properly, it is necessary to do a discretization
of the domain where the hazard is taking place. This domain discretization is done in two
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Figure 1: 3D atmospheric grid and 2D fire grid with a mesh ratio of 1:10

different meshes in order to distinguish atmospheric and fire processes. The atmospheric
models works on a logically quadrilateral 3D grid on the Earth surface, whereas the fire
model uses a refined 2D fire mesh posed in the Earth surface level. The recommended mesh
ratio is 1 : 10, so the fire grid resolution is 10 times thee atmospheric grid resolution. This
grid scheme is depicted in figures 1

In order to capture the small scale meteorological processes, the atmospheric grid res-
olution should be as small as possible. However, reducing the grid resolution implies to
increase the total system points (atmospheric points and, consequently, fire points) what
has a direct effect in the WRF-SFIRE execution time. Therefore, the elections of the proper
grid resolution is a critical feature to analyze. In the subsequently section, a real case has
been used to study this relation, trying to highlight the weak points and the good features
in order to determine a trade off among them.
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3 Experimental study

The real case analyzed is a forest fire occurred in Catalonia (North-East of Spain) on 8th
July 2005. The 2005 Cardona fire burned a total surface of 1439 ha. and it lasted 6 hours.
The fire started at 14:30 and it keeps until 20:30 approximately. This particular case was
labeled by the firefighter as a forest fire driven by the winds generated by the fire itself,
thus, it is a perfect example to show the benefits of using a multi-physics system that takes
into account the feedback between the atmosphere and fire processes. To run WRF-SIFRE,
it is required to determine the domain to simulate, that is, to define a 3D cut of the Earth
surface where the evolution of the forest fire is going to be forecasted. Once the domain has
been determined, the equations of the atmospheric model are resolved in all domain points,
so, a smart cutting would, eventually, save unnecessary execution time. The relationship
between the domain size and the atmospheric and fire grid resolutions used is not the focus
of this work, therefore, in this study, we used a fixed domain size of a 49 Km2 (7 Km × 7
Km) forest area that surrounds the real fire perimeters and allows to properly simulate the
propagation of the fire.

Regarding the atmospheric mesh initialization, the initial weather data used as initial
conditions for the simulations is a weather data set provided by the SMC (Servei Meteoro-
logic de Catalunya), which are at 3 Km horizontal resolution and interpolated at 19 vertical
levels. The atmosphere grid resolution tested have been 236, 118, 100 and 59 meters and,
consequently, the corresponding fire grid resolutions used have been 24, 12, 10 and 6 me-
ters respectively. The coarser grid resolutions has been selected as initial grid resolutions
because it corresponds to the minimum data resolution used in the system, in particular,
the fuel map resolution, which has a resolution of 25 meters.

The main objectives of the experimental study reported in this section, consist of an-
alyzing the relation between the prediction quality and the time incurred to obtain it.
WRF-SFIRE has been parallelized using OpenMP and MPI but, in this work, we focused
on the OpenMP parallelization. In particular, we have studied the relationship between
the scalability improvements in terms of execution time due to the used of shared mem-
ory versus the quality improvements due to the different grid resolution used to solve the
system.

3.1 Quality results

The main advantage of using a coupled multi-physic system to predict the evolutions of a
forest fire is the ability of capturing the effect of meteorological events that happens a high
resolution and, on the way back, the capacity to observe the influence of the heat fluxes
generated by the fire into the atmosphere. Figure 2 shows the forest fire spread predicted
by WRF-SFIRE when using different grid resolutions. The green shape corresponds to the
final burnt area and the doted lines are the forecasted forest fire spread. As we can observe,
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Figure 2: Cardona forest fire final burnt area compared to the forest fire prediction when
using WRF-SFIRE with atmospheric grid resolutions equal to 236, 118, 100 and 59 meters

the atmospheric grid resolution plays a relevant role in the final results in terms of quality.
Lower resolutions provide forest fire evolutions that are more similar to the real fire spread
than the ones obtained using higher resolutions. The main reason of these results is the
capacity of WRF to better detect local winds convections due, not only to the atmosphere
effects but also because of the forest fire. However, a question that arises at this point is,
can we increase the mesh resolution as much as we want in order to obtain better prediction
results? The answer is not straight forward. Figure 2 depicts the predicted fire evolutions
when using 236, 118, 100 and 59 meters as atmospheric grid resolution. If we focus on the
cases where this value is 236, 118 and 59 meters, we can observe that each grid resolution is
half the previous one. This variation clearly affects the quality of the results. However, as
we will see in the next section, low resolution simulations imply higher execution times, for
that reason, we also test an intermediate case with the atmospheric grid resolution equal
to 100 meters. As we can see, this case provides a forest fire spread similar to the one
obtained with a grid resolutions equal to 59 meters but, as it is following explained, the
execution time is significantly lower. Therefore, it is important to be able to determine a
relation between grids resolutions and quality if we want to use this multi-physics system
in an operational way.
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3.2 WRF-SFIRE scalability

As it has been introduced, WRF-SFIRE is a multi-physics system that couples the WRF
atmospheric model and the SFIRE forest fire spread model. WRF requires a 3D grid to solve
the atmospheres processes, meanwhile SFIRE works in a 2D mesh. The execution platform
used for the experiments reported in this section is a multi-core system composed of 2
sockets integrating Intel Xeon processors with 8 cores and multithreading. Figure 3 shows
the execution time spent when simulating the Cardona fire using a single thread approach for
all tested grid resolutions. Moreover, the execution time spent for each individual model is
also depicted. As we can see, lower resolutions imply higher executions times varying from,
approximately, 1000 to 10000 minutes depending on the resolution used. Whatever grid
resolution we use, the execution times obtained are prohibitively for operational purposes.
It is also remarkable what happened when using a atmospheric grid resolution of 236 meters.
As we can see, the total execution time for this case and for the experiment with atmospheric
grid resolution equal to 118 meters are quite similar. This could be seen as an anomaly,
however, there is a reason to explain this behavior. As it was previously mentioned, WRF
uses a 3D grid to solve the atmospheric equations and, for all the experiments, the number of
vertical level was initially set to 29. However, when executing the case with a grid resolution
equal to 236 meters the system was not able to converge to a solution due to the reduce
number of grid points used. For that reason, in this particular case, the number of vertical
level was increased to 200 to include the minimum required number of points that allows
the system to converge. Since the final number of points in the atmospheric grid has been
similar to the case where the grid resolution is equal to 118 with 19 vertical levels, the total
execution time is quite similar. However, if we analyze the execution times of WRF and
SFIRE separately, we can observe that for the case of 236 meters grid resolution the time
required to execute WRF is almost 90% of the total execution time, whereas in the case of
118 meters grid resolution the total execution time is balanced among both models.

Fortunately, WRF-SFIRE has been parallelized using OpenMP and MPI so, in order
to be able to use the system during an ongoing event, we have studied the behavior of the
multi-physics system on multi-core platforms. Since the simulations that provide better
quality results are the ones with atmospheric grid resolutions equal to 100 and 59 meters,
we have focused the study on these two cases. Figures 4 and 5 show, respectively, the ideal
execution time, the real total execution time and the execution time of the two models
(WRF and SFIRE) when using 2, 4, 8 and 16 threads locating each thread in a different
core. As we can observe, the scalability of the system is quite good because the total exe-
cution time has almost the same tendency that the ideal case.

However, in terms of absolute execution time incurred in both cases, it is clear that
the one that could reach the execution time requirements for operational purposes, is the
experiment with atmospheric grid resolution equal to 100 and running using either 8 or 16
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Figure 3: Total serial execution time of simulating the Cardona fire using WRF-SFIRE
with atmospheric grid resolutions equal to 236, 118, 100 and 59 meters

Figure 4: Execution time of simulation Cardona fire using WRF-SFIRE with atmospheric
grid resolutions 100 meters and OpenMP with 2, 4, 8 and 16 threads

threads. Consequently, a deeper study to be able to asses in advance the appropriate grid
settings and the hardware requirements to cope with operational constraints must be done.
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Figure 5: Execution time of simulation Cardona fire using WRF-SFIRE with atmospheric
grid resolutions 59 meters and OpenMP with 2, 4, 8 and 16 threads

4 Conclusions

Atmospheric wind is one of the parameters that most affect the forest fire behavior. How-
ever, this atmospheric phenomenon can be hardly affected by the forest fire micro-weather
generated by the fire itself. WRF-SFIRE is a coupled atmospheric-fire system that takes
into account the continuous relation between both models. However, the penalty of con-
tinuously evaluating the evolution of the atmosphere processes and the fire processes is the
execution time. WRF-SFIRE has an OpenMP parallel implementation that allows to ex-
ploit multi-core systems. This parallel approach has been tested using as study case: the
Cardona fire. This forest fire was a fire driven by the winds generated by the fire itself, so
to run the simulations with low resolutions is the best approach to cope the local effect of
the fire in the atmosphere. However, to reach operational times, it is necessary to exploit
to the maximum the OpenMP parallelization of WRF-SFIRE taking into account conver-
gence features of the system that can go from modifying the grid resolutions to improve the
vertical levels of the meteorological grid in order to have enough point to allow the system
to converge. Therefore, a further analysis of this relation is required to be able to develop
a model that could predict in advance the required grids settings and number of threads
required to accomplish the predetermined deadline times.
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Abstract

In this work, we deal with the optimization of a High-Pressure Thermal (HPT) pro-
cess for treating food samples. In particular, this industrial problem has several conflict-
ing objectives as the vitamin retention and the enzymatic reduction or the temperature
control. Recently, this optimization problem has been solved by using a multi-objective
optimization algorithm called WASF-GA. Its main objective is to provide a good size ap-
proximation of the Pareto-front, i.e., a fixed number of well-distributed solutions which
cover a region of interest determined by the preferences of a decision maker. WASF-GA
works with a list of individuals, which evolves during the optimization procedure. In
this scenario, the evaluation of a single individual is really high from a computational
point of view, since it consists of solving a partial differential equation system that
simulates the HPT treatment. Therefore, when the set approximating the Pareto-front
must have many points (because a high precision is required), the number of function
evaluations can explode and hence, the computational time needed by WASFGA may
not be negligible at all. Furthermore, the computational resources needed may be so
high that a PC may run out of memory. In those cases, parallelizing the algorithm and
running it in a supercomputer may be the best way forward. In this work, we propose
a parallelization of the optimization algorithm by using a master-slave strategy based
on assigning a fraction of the population to each available processing element. The
efficiency of this parallel strategy has been analyzed and the preliminary results are
optimistic.

Key words: high-performance computing, multi-objective optimization, genetic algo-
rithms, food industry, high-pressure
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1 Introduction

High-Pressure (HP) technology is widely used in food treatment processes. In the last
decades, its popularity has grown significantly due to the increasing demand for healthy and
safe products, minimally processed, and at the same time, ready for immediate consumption.
Among other food treatments, HP stands out for the two following advantages: it does not
use additives that consumers prefer to avoid, and it is not based on extremely high or low
temperatures, which can affect nutritional and organoleptic properties of the food.

In this work, we focus on a particular food treatment device (a cylindrical chamber)
which is used to apply a combination of High-Pressure and Thermal processes to treat food
samples. We model the behavior of this device by considering the heat transfer equations,
to model the variations of pressure and temperature, coupled with a first–order kinetic
equation, that describes the effect of such variations on the activity of certain enzymes and
vitamins [5]. Consequently, given the pressure profile and the initial and refrigeration tem-
perature, this model simulates the variation of temperatures and the evolution of enzymatic
and vitamin activities in the food sample. Then, based on this mathematical model, we
define a multi-objective optimization problem, associated with this High-Pressure Thermal
treatment, which consists of determining the initial and refrigeration temperatures and the
pressure profile provided to the equipment in order to minimize the final enzymatic activity
and the maximum temperature reached during the whole process and to maximize the final
vitamin activity.

In multi-objective optimization problems, as the one considered here, there is usually
no single optimal solution, but a set of alternative results with different trade-offs. Such
a set of solutions is called the Pareto set (or efficient set), and the corresponding set of
objective vectors, the Pareto front. Then, solving a multi-objective optimization problem
consists of finding the nondominated subset formed by the efficient decision vectors whose
corresponding objective vectors represent the Pareto optimal front.

For the problem at hand, obtaining an exact description of the efficient set (or Pareto
front) is practically impossible, since those sets are usually a continuum and include an
infinite number of points. Furthermore, the computing cost may be excessive, and this is
an important aspect, mainly for hard-to-solve optimization problems, such as the one con-
sidered in this work. In this context, the Preference-based Multi-Objective Evolutionary
Algorithms (PMOEAs) allow us to obtain ‘good approximations’ of the region of inter-
est (ROI). A good Pareto front approximation is defined as a finite set of non-dominated
objective vectors which cover the whole ROI evenly.

In particular, to solve our optimization problem, we have used the preference-based
algorithm called WASF-GA. Nevertheless, even when WASF-GA focuses on a region of
interest and, thus, avoids unnecessary computations, its execution time is not negligible.
On the contrary, WASF-GA needs nearly 55 hours to find the Pareto front approximation
with 300 individuals and 36 iterations (i.e. 10800 evaluations), and more than 100 hours for
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obtaining an approximated set composed by 500 individuals in 40 iterations of the algorithm
(i.e. 20000 evaluations)). This is mainly due to the evaluation of the objective function is
very costly.

Nevertheless, it is important to achieve a representative set of optimal individuals so
that the food engineer receives as many solutions as possible for covering the industry
requirements at each particular moment. Therefore, once the Pareto front approximation is
computed, the decision maker (DM) has available a set of points that are individually good
solutions for many different constrained mono-objective problems. Then, the DM can choose
the most preferable one depending on the specific quality requirements that he/she wants
to satisfy at each moment without having to execute a new optimization procedure. This
translates into popupulations with larger number of individuals and hence, longer computing
times. A parallelization of WASF-GA may allow us to deal with these inconvenients. In
this work, WASF-GA is parallelized by considering a a master-slave paradigm.

The rest of the paper is structured as follows. First of all, in Section 2, we present
the multi-objective optimization problem under study. Next, in Section 3, we describe
the sequential algorithm WASF-GA used to solve it. Then, in Section 4, we explain the
master-slave strategy proposed for parallelizing WASF-GA. Finally, Section 5 is devoted to
summing up the preliminary results and the main conclusions.

2 The multi-objective problem

The industrial problem concerning us is obtaining the best configuration for a particular
HPT equipment and a specific food sample so that, after the treatment, the food satisfies
some quality requirements. More precisely, the HPT configuration that we are interested in
determining is given by the initial and refrigeration temperatures and the pressure profile
provided to the equipment. Additionally, the considered quality requirements are based on
the inactivation of the enzyme called Bacillus Subtilis α–Amylase (BSAA) [2], the preser-
vation of the vitamin C [7], and the control of the food temperature for maintaining it as
lower as possible. Remember that high temperatures damage the food properties, and, in
particular, the vitamins. However, the pressure has to be increased for fighting against the
enzyme and, as a consequence, the temperature also experiments a rise.

Therefore, for managing those conflicting objectives and optimizing them simultane-
ously, our problem is formulated as a multi-objective problem as follows:

min fbsaa(T0, Tr, P ),
max fvit(T0, Tr, P ),
min fTmax(T0, Tr, P ),

(1)

where the decision variables are the initial, T0, and refrigeration, Tr, temperatures and a
piece-wise linear function P (depending on time), defining the equipment pressure evolution.
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Additionally, those decision variables are constrained due to the equipment restrictions
detailed below (e.g., temperature and pressure admissible range).

Given a particular configuration (T0, Tr, P ), it determines a specific HPT process whose
behavior is simulated solving numerically the heat transfer system explained at [5]. More-
over, two first-order kinetic equations for describing the activity evolution of both the con-
sidered enzyme and vitamin are also involved. As a consequence, the activity values of
enzyme Absaa and vitamin Avit at the end of the process (i.e. at time tf ) can be obtained
from this numerical simulation. Then, they are averaged in the food sample domain ΩF to
evaluate the first and the second objective functions, respectively:

fbsaa(T0, Tr, P ) =
1

|ΩF|

∫
ΩF

Absaa(r, z, tf )drdz,

fvit(T0, Tr, P ) =
1

|ΩF|

∫
ΩF

Avit(r, z, tf )drdz.

The third objective function fTmax is the maximum temperature reached in the food
sample during the whole HPT treatment, which can be expressed by:

fTmax(T0, Tr, P ) = max
(r,z)∈ΩF, t∈[t0,tf ]

T (r, z, t).

In order to design the pressure evolution function P , we consider an initial equipment
pressure P0 = 0.1 (MPa) (i.e., atmospheric pressure) at time t0 = 0 seconds. Then, we
consider n+1 time intervals [ti, ti+1], with ti = i· 900

n , i ∈ {1, · · · , n}, and, at each interval, we
consider a constant pressure variation ∆Pi ∈ [∆Pn,dec,∆Pn,inc] (MPa), where ∆Pn,dec and
∆Pn,inc are the maximum variations allowed by the equipment for the decrease and for the
increase in pressure, respectively, during 900/n seconds. However, those pressure variations
cannot generate pressure out of the equipment admissible pressure range [Pmin, Pmax] (MPa).
Finally after 900 seconds, the pressure is decreased at a constant fixed rate of ∆Pn,dec ·
(n/900) (MPa·s−1) up to reaching 0.1 MPa. Thus, P (t) is built by considering the linear
interpolation through the points {(i∗900/n (s), Pi (MPa) )}ni=0∪{(900+(Pn−0.1)/|∆Pn,dec|
(s), 0.1 (MPa) )}, with Pi = Pi−1 + ∆Pi for i ∈ {1, · · · , n}.

In this work, taking into account the restriction of the considered pressure vessel, we
consider that the range of admissible temperature is [10, 50] (◦C), the range of admissi-
ble pressure is [0.1, 900] (MPa) and the range of admissible variations for the pressure is
[∆Pn,dec,∆Pn,inc] = [−250, 250] (MPa).

Thus, the optimization problem considered is the following discrete version of Prob-
lem (1): 

min fbsaa(T0, Tr,∆P1, . . . ,∆Pn),
max fvit(T0, Tr,∆P1, . . . ,∆Pn),
min fTmax(T0, Tr,∆P1, . . . ,∆Pn).
s.t. T0, Tr ∈ [10, 50](◦C)

∆P1, . . . ,∆Pn ∈ [−250, 250](MPa)

(2)
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3 The sequential method: the weighting achievement scalar-
izing function genetic algorithm

The weighting achievement scalarizing function genetic algorithm, shortly called WASF-
GA, is a preference-based evolutionary algorithm aimed at multi-objective optimization.
For taking into account the decision maker preferences, it considers a reference point (RP)
q = (q1, . . . , qm), consisting of a desirable value qi for each one of the objective functions
fi, with i = 1, . . . ,m.

Additionally, the DM should provide a set of Nµ weight vectors {µ1, . . . , µNµ}, where
each weight vector has a number of components equal to the number m of objective func-
tions, i.e., µj = (µj1, . . . , µ

j
m) and µji > 0 for j = 1, . . . , Nµ and i = 1, . . . ,m.

Then, WASF-GA uses the following Wierzbicki’s achievement scalarizing function (ASF)
based on the L∞ distance:

s(q, f(x), µj) = max
i=1,...,m

{µji (fi(x)− qi)}+ η
m∑
i=1

µji (fi(x)− qi), (3)

where the parameter η > 0, called augmentation coefficient, must be a small positive value.

According to Equation (3), for evaluating the ASF, q is projected onto the optimal
front in the direction determined by the inverses of the weights. Therefore, in order to
obtain a well-distributed approximation of the region of interest, the set of weight vectors
must be selected so that the inverse of its components µji must be evenly distributed in the
space (0, 1)m.

The general behaviour of the WASF-GA can be summarized as follows. First of all, an
initial population of N individuals is randomly generated with a uniform distribution. Next,
at each iteration, an offspring population with the same number of individuals is obtained
from the previous population by applying the crossover and mutation operators. Then, the
individuals belonging to both parent and offspring populations are classified into different
fronts. To do so, all of those individuals are evaluated through the objective function
and, for each one, the Nµ values of the ASFs for the Nµ weight vectors are calculated.
Attending to those values, for each weight vector, the individual with the lowest value of
its ASF is selected and copied into the first front. Once a particular individual is chosen for
minimizing an ASF associated to a weight vector, this individual will not be considered for
the remaining ASFs. Thus, the first front will be complete when it contains Nµ individuals,
one minimizing each ASF. For filling the following fronts, the same procedure is carried
out. Finally, the parent population for the next iteration is composed of the N first selected
individuals belonging to the first fronts. In our study, we have considered N = Nµ, so that,
at each iteration, the parent population will be the first front of the previous iteration.
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Figure 1: Master-slave model

4 Parallelization Approach: A master-slave strategy

Master-slave is a parallel communication model where one processing element called the
master has unidirectional control over one or more processing elements known as the slaves.
This technique is a “global parallel model” in the sense that all the decisions taken during
the algorithm consider the whole population. Indeed, the global decisions are made by the
master processor which also distributes the information among all the processing elements
(including itself) [1]. On the other hand, the slave processors are in charge of run specific
tasks as the evaluation of the assigned population.

Figure 1 depicts the communication procedure among processors. The central core is
the master, which interchanges some information with the slaves. Such interchanges are
carried out using communications, that are represented by arrows.

The execution time of a master-slave model has three basic components: the time used
in computations, the time used to communicate information among processing elements, and
the waiting time due to the synchronization points. The first one is largely determined by the
size of the population. However, the population size is also a major factor in the effectiveness
of population-based methods and if the population is reduced, then the probability that the
algorithm will find good solutions would decrease [3, 4]. The second one depends directly
on the number of slaves, on the particular hardware used to execute the algorithm and on
the size of the messages. Finally, the third one depends on the degree of parallelism of the
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algorithm, i.e. if there exist or not parts that have to be executed in a sequential way, and
if the different parallel subtasks can evolve independently or, on the contrary, they need
some information from the other ones to continue.

In the master-slave strategy that we have implemented, the master processor executes
WASF-GA sequentially. The parallelism derives from the simultaneous resolution of the
HPT system to evaluate the new candidate solutions. This is because the evaluation of an
individual is independent from the rest of the population, and there is no need to communi-
cate during this phase. The evaluation of individuals is parallelized by assigning a fraction
of the population to each available processing element (master and slaves processors). Com-
munications occur only as each slave receives its subset of individuals for evaluation and
when the slaves return the objective function values. In our proposal, the master processor,
after evaluating its assigned subpopulation, receives those objective function values from the
slave processors. This is a synchronization point due to the necessity of having the objective
function values of the whole population before applying the selection procedure to compose
the different fronts. However, this selection task is not as time-consuming as the evaluation
stage. Therefore, it is important to emphasize that, the master-slave method does not affect
the behavior of the algorithm, i.e. the selection mechanism takes into account the entire
population and it is possible to mate with any individual.

5 Preliminary results and conclusions

The preliminary results are promising, i.e. for the instances considered, the proposed
master-slave strategy applied to WASF-GA allows to reduce significantly the computa-
tional time. This is an important aspect, mainly for hard-to-solve optimization problems,
such as the one considered in this work. Thanks to the proposed parallelization, we can
solve our industrial problem using a larger number of evaluations. As a consequence, the set
of optimal points provided to the food engineer could have more individuals, since we can
use larger populations, and it could be more accurate since we can carry out more iterations
of the optimization algorithm.
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Abstract

This paper deals with estimation and hypothesis testing in multivariate mixed lin-
ear models in which observation vectors have block compound symmetry covariance
structure.
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1 Unstructured Mean Vector Within k Groups

1.1 Model

Consider an observations vector of size mp with distribution Yij ∼ N(µ0 + µi,Σ), i =

0, . . . , k, j = 1, . . . , ni, such that
∑k

i=1 niµi = 0mp, where µi =
[
µi,1 . . . µi,mp

]′
, m =

m1m2 and n =
∑k

i=1 ni. The joint distribution of the model will be Y ∼ N
(
µ,diagki=1(Ini⊗

Σ)
)
, with µ =

[(
1n1 ⊗ (µ0 + µ1)

)′ · · · (
1nk
⊗ (µ0 + µk)

)′]′
, vector of size nmp, with

n =
∑k

i=1 ni. The covariance matrix Σ has a 2-level BCS structure, with Σ0,Σ1 and Σ2

matrices of size p× p, with each “layer” of size m1 and m2, respectively. In algebraic form:

Im1m2 ⊗ (Σ0 −Σ1 + Σ2) + Im1 ⊗ (m2Jm2)⊗ (Σ1 −Σ2) + (m1m2Jm1m2)⊗Σ2

= Q0 ⊗∆0 + Q1 ⊗∆1 + Q2 ⊗∆2, (1)

with
Q0 = Km2 ⊗ Im1 , Q1 = Jm2 ⊗Km1 , Q2 = Jm2 ⊗ Jm1 , (2)
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and

∆0 = Σ0 −Σ1, ∆1 = Σ0 − (m1 − 1)Σ1 −m1Σ2,

∆2 = Σ0 − (m1 − 1)Σ1 +m1(m2 − 1)Σ2, (3)

where Js is a matrix whose elements are all 1
s and Ks = Is − Js. Consider the matrix

H =
[
Hm2 ⊗ Im1 Hm2 ⊗ Jm1 Jm2 ⊗ Jm1

]
(4)

where Hn : H′nHn = In−1 ∧HnH′n = Kn. Taking matrix D = diagki=1(Ini ⊗H⊗ Ip), which
is an orthogonal transformation, we get that

D′Y ∼ N

 k
diag
i=1

(1ni ⊗ Imp)

(H
′ ⊗ Ip)(µ0 + µ1)

...
(H′ ⊗ Ip)(µ0 + µk)

 , k
diag
i=1

(Ini ⊗∆)

 . (5)

Note that HΣH′ = diag2i=0(Igi ⊗∆i) = ∆, where

gi =


m2(m1 − 1), i = 0

m1 − 1, i = 1

1, i = 2

(6)

Considering the transformation F = Hn⊗ Imp, where Hs is a Helmert matrix of size s,
the mean vector of Z = F′D′Y has the form

E[Z] = diag

[
τ0((

(Hn)
′ diagki=1

(
1√
ni

1niN
))
⊗ Imp

)
τF

]
, (7)

with τ0 = (H′ ⊗ Ip)(
√
nµ0) and τF =

[
τ′1 · · · τ′k−1

]′
, and Cov(Z) = In ⊗∆.

1.2 Maximum Likelihood Estimators

The log-likelihood ` of Z can be expressed as

− 2` = nmp log(2π) + n
2∑

i=0

gi log
(
|∆i|

)
+ tr

(
(z0 − τ0)

′∆−1(z0 − τ0)
)

+ tr
((

zF − (XF ⊗ Imp)τF
)′
(In−1 ⊗∆−1)(zF − (XF ⊗ Imp)τF )

)
, (8)

with

z0 = diag(Imp,0(n−1)mp,(n−1)mp)z, (9)

zF = diag(0mp,mp, I(n−1)mp)z, (10)

XF = (H⊥n )
′ k
diag
i=1

(
1
√
ni

1niN

)
. (11)
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Taking

B : B′B = Ik−1 ∧BB′ = XF (X
′
FXF )

−1
X′F , (12)

B⊥ : (B⊥)
′
B⊥ = In−1 ∧B⊥(B⊥)

′
= In−1 −XF (X

′
FXF )

−1
X′F , (13)

hs =

{
0, s < 0∑s

t=0 gt, s ≥ 0
, δr,s(k, l) = δr(k)⊗ δs(l), (14)

Z∆i =
[(((

δn−k,m(1, hi−1 + 1)
)′(B⊥ ⊗ Im)

′) ⊗ Ip

)
z · · ·

(((
δn−k,m(n − k, hi|l)

)′(B⊥ ⊗ Im)
′) ⊗ Ip

)
z

]
, (15)

it is then possible to rewrite the log-likelihood as

− 2` = nmp log(2π) + tr
(
(z0 − τ0)

′∆−1(z0 − τ0)
)

+tr

((
(B′ ⊗ Imp)zF −

(
(B′XF )⊗ Imp

)
τF

)′
(Ik−1⊗∆−1)

(
(B′⊗Imp)zF−

(
(B′XF )⊗Imp

)
τF

))
+ n

2∑
i=0

gi log
(
|∆i|

)
+ tr(∆−1i Z∆iZ

′
∆i

). (16)

Hence, the parameters that minimize −2` are

τ̂0 = z0, τ̂ =
((

(X′FXF )
−1

XF

)
⊗ Im

)
zF , ∆̂

(1)
i =

1

ngi
Z∆iZ

′
∆i
, (17)

taking the value `1 = −nmp
2

(
(log(2π) + 1

)
−
∑2

i=0
ngi
2 log

(
|∆̂(1)

i |
)
.

As for distributions of these statistics, we can ascertain that

z0 ∼ N(τ0,∆), (18)((
(X′FXF )

−1
XF

)
⊗ Im

)
zF ∼ N(τ, Ik−1 ⊗∆), (19)

Z∆iZ
′
∆i
∼W

(
(n− k)gi,∆l

)
, (20)

all of these statistics being independent.

2 Unstructured Mean Vector

Consider an observations vector of size mp with distribution Yj ∼ N(µ0,Σ), j = 1, . . . , n,

where µ0 =
[
µ0,1 . . . µ0,mp

]′
. The joint distribution of the model will be Y ∼ N(1n ⊗

µ0, In ⊗Σ).
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Taking

Z∆i,F =
[(((

δn−k,m(1, hi−1 + 1)
)′(B⊥ ⊗ Im)

′) ⊗ Ip

)
z · · ·

(((
δn−k,m(k − 1, hi)

)′(B⊥ ⊗ Im)
′) ⊗ Ip

)
z

]
, (21)

we get

− 2` = nmp log(2π) + tr
(
(z0 − τ0)

′∆−1(z0 − τ0)

+
2∑

i=0

ngi log
(
|∆i|

)
+ tr

(
∆−1i (Z∆iZ

′
∆i

+ Z∆i,FZ′∆i,F )
)
. (22)

The parameters that minimize the above function are

τ̂0 = z0, ∆̂
(0)
i =

1

ngi
(Z∆iZ

′
∆i

+ Z∆i,FZ′∆i,F ), (23)

with the log-likelihood taking the value `0 = −nmp
2

(
(log(2π) + 1

)
−
∑2

i=0
ngi
2 log

(
|∆̂(0)

i |
)
.

We also have that

z0 ∼ N(τ0,∆), Z∆iZ
′
∆i
∼W

(
(n− k)gi,∆i

)
, Z∆i,FZ′∆i,F ∼W

(
(k − 1)gi,∆i

)
, (24)

all independent.

3 Likelihood Ratio Test

In order to test the hypothesis H0 : µq = 0mp, q = 1, . . . , k vs. H1 : ∃q,µq 6= 0mp, we

consider the likelihood ratio test statistic T =
(∏2

i=0
|Wi|

|Wi+Wi,F |

)− 1
2
, with Wi = Z∆iZ

′
∆i

and Wi,F = Z∆i,FZ′∆i,F
.
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Abstract

In dynamical systems a particular solution is completely determined by the param-
eters considered and the initial conditions. Indeed, when the model shows a multista-
bility, starting from different initial state, the trajectories can evolve towards different
attractors. The invariant manifolds of the saddle points separate the vector field into
the basins of attraction of different stable equilibria.
The aim of this work is the reconstruction of these separation surfaces in order to know
in advance the geometry of the basins. In this paper three-dimensional models with
three or more stable fixed points is investigated. To this purpose a procedure for the
detection of the scattered data lying on the manifolds is proposed. Then a Moving Least
Squares meshfree method is involved to approximate the surfaces. Numerical results
are presented in order to assess the method.

Key words: Dynamical systems, Invariant manifolds, Separatrix, Meshfree method,
Moving Least Squares.

1 Introduction

Mathematical modeling and experimental investigations in biomedical sciences are popular
instruments to explain the biological or physics process developed from a particular ob-
served phenomenon. The systems of ordinary differential equations are analyzed in order
to predict the temporal evolutions of the involved variables.
For a designated set of parameters, the solutions of the models evolve towards a set of nu-
merical values called ”attractor” [10]. Althought persistent oscillations or chaotic behaviors
can happen, in this work we focus only on fixed stable points. When the model presents
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more than one stable equilibrium (multistability), the analysis of the basins of attraction is
fundamental for a detailed knowledge of the different evolutions of the trajectories. In fact,
nearby the boundaries of the basins, initial points could indeed lead to completely different
system’s outcomes [2], [3].
To this purpose we analyze the invariant manifolds of the saddle points, which represent
the separatrices for the vector field.
Extending our preliminary results [6], we proceed on the reconstruction of the basins bound-
aries for 3D models with three or more equilibria concurrently stable. In order to find the
points lying on the invariant manifolds we operate by employing the eigenspace generated
by the saddle node’s eigenvectors.
Therefore we reconnect the manifolds points by using the Moving Least Squares mesh-
less method presented in [7],[8]. Finally the study of a tristable epidemiological model is
proposed [5].

2 Invariant manifolds reconstruction

In order to approximate the basins of attraction, the general idea is finding the points of
the invariant manifolds of the saddle points.
We focus our attention on three-dimensional dynamical models where a saddle node is a
fixed point which admits three eigenvalues such that at least one of them has real part
positive and at least one has real part negative.
To integrate the separatrix surface of a saddle Es, we consider M equispaced points on an
ellipse centered on Es whose semi-axes are the eigenvectors corresponding to the eigenvalues
with the same sign. Therefore the ellipse lies on the eigenspace V that is tangent to the
invariant manifold W of the saddle . Furthermore we backward integrate the model starting
from the M seeding points obtaining the separatrix points ([11], [12],[9]) that we reconnect
by using the Moving Least Squares method.
We start projecting the scattered data on the plane xy: X = {xi, i = 1, ..., N} ∈ R2 and
considering zi as the corresponding height. To approximate the manifolds we have to
construct the quasi-interpolant [1]:

P (y) =

N∑
i=1

ziΦi(y) (1)

where Φi(y) = Φ(xi,y) are the generating functions.
Let Q = span {p1, ..., pm} with m < N the approximation space with pm ∈

∏s
2, the bi-

variate polynomial of degree at most d.
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The generating functions are [4]:

Φi(y) = ω(xi,y)

m∑
j=1

λjpj(xi), i = 1, ...N (2)

where ω represent the weighted functions governing the influence of the scattered data
X and λj are the Lagrangian multipliers that solve the system:

N∑
i=1

pk(xi)pl(xi)ω(xi,y)λ(y) = p(y) k, l = 1, ...,m. (3)

This meshfree approximant is very attractive especially when one is only interested in a
few evaluations. Indeed it is not necessary to set up and solve a large interpolation system
[13]. Furthermore when m < 3 it is possible find the explicit formulas for the Lagragian
multipliers avoiding the resolution of the system (3).

3 Tristable model analysis

In order to test the algorithm presented in the previous section, we consider the following
model [5]:

dS

dt
= S [(S − θ) (1− S − I)− βI − aP ] , (4)

dI

dt
= βSI − aIP − µI, (5)

dP

dt
= P [bs+ αI − d] (6)

that analyzes a predator-prey interaction with prey subjected to Allee effect and disease.
Therefore these latter are divided into susceptible (S) and infected (I) individual and P
represents the predators. We resume all the parameters on the following table:

Parameter Biological Meaning

θ Allee threshold
β Infection Rate
a Attack rate of predator
b Total effect to predator by consuming susceptible prey
µ Death rate of infected prey
α Total effect to predator by consuming infected prey
d Natural death rate of predator.
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Letting β = 1.5, θ = 0.2, a = 2, b = 1.35, µ = 1 and d = 1 the system admits three stable
equilibria: the origin E0 ≡ (0, 0, 0), the disappearance of the disease E1 ≈ (0.7407, 0, 0.0701)
and the predator extinction E2 ≈ (0.6667, 0.0791, 0).
For the reconstruction of their basins of attraction we consider the invariant manifolds of
the attractive saddle points Es1 ≡ (θ, 0, 0) and Es2 ≈ (0.7329, 0.0211, 0.0497).
We start with the first saddle that admits the stable eigenvectors v1 ≈ (0.4099, 0, 0.9121)
and v2 ≈ (0.329, 0.9442, 0). We integrate the separatrix considering M = 20 equispaced
on the ellipse generated by v1 and v2 rescaled by a factor 0.7. Then, throught a backward
integration we obtain all the scattered data on the manifold (Figure 1A).
Applying the same procedure to the saddle Es2 we generate the separatrix points on the sec-
ond manifold by rescaling the stable complex conjugated eigenvectors v1,2 ≈ (0.9817,−0.0088±
0.08731i,−0.0552± 0.1599i) with a factor 0.6 (Figure 1B).
Finally we approximate the two surfaces (Figure 1C) applyng the MLS approximant using
the Wendland C2 compactly supported function:

ω(xi,y) = (1− ε||y− xi||2)4+(4ε||y− xi||2 + 1) (7)

where the shape parameter ε = 3 and 60 evaluation points y are taking into account (Figure
1D).

4 Conclusions

In this work we have presented a method for the reconstruction of the invariant manifolds of
the saddle points. These surfaces play an important role on the analysis of the vector field
because they partition it into the basins of attraction of the different fixed stable equilibria.
Therefore, studying a dynamical model, when the parameters involved are chosen, one
can understand a priori the possible evolution of the initial state. In this paper we have
investigated the basins of attraction of a tristable model, but also systems with more stable
equilibria can be treated.
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Figure 1: A) Scattered data on invariant manifold of saddle Es1 ; B) Scattered data on
invariant manifold of saddle Es2 ; C) Intersection of the two separatricies; D) Reconstruction
of the two surfaces.

c©CMMSE ISBN: 978-84-617-8694-7Page 878 of  2288



References

[1] G. Backus and F. Gilbert, The resolving power of gross earth data, Geophys. J. R.
Astr. Soc., Vol. 16, pp. 169–205 (1968).

[2] R. Cavoretto, A. De Rossi, E. Perracchione and E. Venturino, Graphical Representa-
tion of Separatrices of Attraction Basins in Two and Three-Dimensional Dynamical
Systems, International Journal of Computational Methods, Vol. 14, Issue 1 (2016).

[3] R. Cavoretto, A. De Rossi, E. Perracchione and E. Venturino, Robust Approximation
Algorithms for the Detection of Attraction Basins in Dynamical Systems, Journal of
Scientific Computing, Vol. 68, pp. 395–415 (2016).

[4] G. Fassahuer, Meshfree Approximation Methods with MATLAB, World Scientific Pub-
lishing Co., Singapore, pp. 190–205 (2007).

[5] Y. Kang, S.K. Sasmal, A.R. Bhowmick and J. Chattopadhyay, Dynamics of a predator-
prey system with prey subject to Allee effects and disease, Mathematical Biosciences
and Engineering, Vol. 11, Issue 4, pp. 877–918 (2014).

[6] E. Francomano, F.M. Hilker, M. Paliaga and E. Venturino, An efficient method to
reconstruct invariant manifolds of saddle points, Dolomites Research Notes on Ap-
proximation, in press (2017).

[7] E. Francomano, F.M. Hilker, M. Paliaga and E. Venturino, On Basins of Attraction
for a Predator-Prey Model Via Meshless Approximation, AIP Conference Proceedings
1776, NUMTA (2016).

[8] E. Francomano, F.M. Hilker, M. Paliaga and E. Venturino, Separatrix reconstruction
studying the Allee effect in a predator-prey model, Applied Mathematics and Compu-
tation, submitted (2016).

[9] G. Moore, Laguerre approximation of stable manifolds with application to connecting
orbits, Mathematics and Computation, Vol. 73, pp. 211-242 (2003).

[10] J.D. Murray, Mathematical Biology I: An Introduction, third edition, Springer, New
York (2002).

[11] R. Precup, M.A. Serban and D. Trif, Asymptotic stability for a model of cell dynamics
after allogenic bone marrow transplation, Nonlinear Dynamics and Systems Theory,
Vol. 13, Issue 1, pp. 79–92 (2013).

[12] H. Theisel, T. Weinkauf, H.C. Hege and H.P. Seidel, Saddle Connectors- an approach
to visualizing the topological skeleton of complex 3D vector fields, Visualization, 2003,
IEEE (2003).

c©CMMSE ISBN: 978-84-617-8694-7Page 879 of  2288



[13] H. Wendland, Scattered Data Approximation, Cambridge University Press, Cambridge,
pp. 35–43 (2010).

c©CMMSE ISBN: 978-84-617-8694-7Page 880 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Nonparametric wavelet-based estimation from strongly
spatially correlated data
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Abstract

Wavelet-based estimation methodologies are considered for spatial prediction from
strong correlated high-dimensional date. Different approaches are proposed for spatial
estimation of annual mean ocean surface temperature maps. Specifically, spatial wavelet
kernel penalized nonparametric regression and wavelet shrinkage are applied on daily
ocean surface temperature curves from the Hawaii ocean stations, available at latitude-
longitude interval [22.7, 22.8]× [−158.1,−157.94], during the period 2000 – 2007, from
The World-Wide Ocean Optics Database (WOOD).

Key words: Wavelet-based estimation methodology, spatial models, ocean surface
temperatures maps, functional data.

1 Introduction

Nowadays, prediction of future climate change based on statistical models play a key role
in climate sciences. Alterations in sea-surface temperatures may lead to changes in atmo-
spheric circulation and precipitation, causing more hurricanes and drought, particularly in
the tropics. Statistical techniques for high- dimensional data can be applied to analyze long
records of observations available at different stations of ocean islands. In this context, when
only sample information from long records is incorporated in the estimation procedure, the
most important issue is the application of estimation procedures adequate to the nature
of the data, e.g., spatial correlation structure and spatial regularity through time, among
others characteristics.

c©CMMSE ISBN: 978-84-617-8694-7Page 881 of  2288



Nonparametric wavelet-based estimation

The present paper provides an extended formulation of the wavelet kernel penalized
univariate nonparametric regression approach studied in [1] to the bivariate spatial design
point case, applied to ocean surface temperature estimation. Wavelet shrinkage is also
considered here for spatial estimation of ocean surface temperature (see, for example, [2]
and [3]). The results obtained are compared with those ones derived, under the spatial
autoregressive Hilbertian framework (SARH(1) framework), considered in [6], [7], [8] and
[9], and under the semiparametric approach presented in [10], based on Gaussian linear
processes with heavy tail covariance functions.

2 Non-linear estimation methods

2.1 Wavelet kernel penalized nonparametric regression

Let us consider the following spatial nonparametric regression model:

Yi = f(xi1, x
i
2) + σε(xi1, x

i
2), i = 1, . . . , N2,

where f is a deterministic function to be estimated or approximated, and ε(xi1, x
i
2), (x

i
1, x

i
2) ∈

I ⊂ R2, i = 1, . . . , N2, are independent and identically distributed standard Gaussian
random variables. Here, parameter σ2 is considered unknown, and estimated from the
data. Furthermore, the following model is assumed to be satisfied by function f :

f(x1, x2) = µ(x1, x2) +
√
bz(x1, x2),

where µ is a spatial deterministic function, and z is a spatial Gaussian process, both defined
on I = [a, b]×[c, d] ⊂ R2, with [0, 1]×[0, 1] ⊆ I = [a, b]×[c, d]. Function µ and spatial process
z respectively admit the following orthogonal series representations: For all (x1, x2) ∈ [0, 1]×
[0, 1],

µ(x1, x2) =
2J−1∑
k1=0

2J−1∑
k2=0

αJ,k1,k2φJ,k1,k2(x1, x2)

√
bz(x1, x2) =

∑
s=h,v,d

∑
j≥J

2j−1∑
k1=0

2j−1∑
k2=0

βsj,k1,k2ψ
s
j,k1,k2(x1, x2),

where βsj,k1,k2 are independent random variables satisfying βsj,k1,k2 ∼ N(0, λj), k1 = 0, . . . 2j−
1, k2 = 0, . . . 2j − 1, j ≥ J, s = h, v, d. Here, {φJ,k1,k2 , k1 = 0, . . . 2J − 1, k2 = 0, . . . 2J −
1} denotes the compactly supported scaling function basis on the interval [0, 1] × [0, 1],
generating the space VJ , and {ψs

j,k1,k2
, k1 = 0, . . . 2j−1, k2 = 0, . . . 2j−1, j ≥ J, s = h, v, d}

are compactly supported wavelet bases, respectively generating the spaces {Wj , j ≥ J}.
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The predictor f̂ can be expressed in the form,

f̂(x) = Φxα̂+ b1/2ẑ(x), x ∈ [0, 1]× [0, 1],

where
α̂ = (Φ′M−1Φ)−1Φ′M−1Y

is the least square weighted predictor for the model

Y (x) = Φxα+ ε′(x), x ∈ [0, 1]× [0, 1],

with ε′(x) = b1/2z(x) + σε(x), x ∈ [0, 1]× [0, 1], and

b1/2ẑ(x) = ΣxM
−1(I − Φx(Φ′M−1Φ)−1Φ′M−1)Y, x ∈ [0, 1]× [0, 1],

is the plug-in predictor of the centered Gaussian random effect, based on the least square
weighted estimation of the fixed effect parameter vector α. Φ is the n × 22J , with Φi,k =
φ2J,k(xi) = φ2J,k(xi1, x

i
2) = φJ,k1(xi1)φJ,k2(xi2), for i = 1, . . . , n, and k = (k1, k2), k1 =

0, . . . , 2J − 1, k2 = 0, . . . , 2J − 1, and, for each x = (x1, x2) ∈ [0, 1] × [0, 1], Φx is then the
1 × 22J row matrix, with entries (Φ1,k = φ2J,k(x))k=(k1,k2),k1=0,...,2J−1,k2=0,...,2J−1. For each

x = (x1, x2) ∈ [0, 1]×[0, 1], matrix Σx is the 1×n row matrix with entries (K1(x,xt))t=1,...,n,
where,

K1(xr,xt) =
∑

s=h,v,d

∑
j≥J

2j−1∑
k1=0

2j−1∑
k2=0

λjψ
s
j,k(xr)ψ

s
j,k(xt)

=
∑
j≥J

2j−1∑
k1=0

2j−1∑
k2=0

λjφj,k1(xr1)ψj,k2(xr2)φj,k1(xt1)ψj,k2(xt2)

+λjψj,k1(xr1)φj,k2(xr2)ψj,k1(xt1)φj,k2(xt2)

+λjψj,k1(xr1)ψj,k2(xr2)ψj,k1(xt1)ψj,k2(xt2).

Finally, M = Σ + (σ2/b)In, with Σ the n × n matrix, with entries (Σr,t)r=1,...,n, t=1,...,n =
(K1(xr,xt))r=1,...,n, t=1,...,n, with xr = (xr1, x

r
2), r = 1, . . . , n, and xt = (xt1, x

t
2), t = 1, . . . , n,

(see, [4]).

2.2 Spatial shrinkage and thresholding

In this section, we briefly introduce an alternative wavelet-based nonparametric regression
framework in space, based on the application of spatial non-linear shrinkage rules, that
allows to eliminate the additive Gaussian white noise ε, in the following equation:

Yi = f(xi1, x
i
2) + σε(xi1, x

i
2), i = 1, . . . , n. (1)
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Specifically, the shrinkage estimator f̂ of function f minimizes the empirical mean-square
error

E(f̂) =
1

n

n∑
i=1

E
(
f̂(xi1, x

i
2)− f(xi1, x

i
2)
)2
.

In the next section, spatial wavelet thresholding will be applied (see, for example, [2]).
The following steps will then be implemented for the computation of the spatial wavelet
thresholding estimators of function f in equation (1):

Step 1 The two-dimensional discrete wavelet transform is computed.

Step 2 A nonlinear shrinkage rule is applied. In particular, hard-thresholding or soft-thresholding
could be applied (see, for example, [11]). We can also distinguish between global
thresholding and level dependent thresholding.

Step 3 The corresponding shrinkage estimator is obtained from the inverse two-dimensional
discrete wavelet transform, given by

f̂(xi1, x
i
2) =

2J0−1∑
k1=0

2J0−1∑
k2=0

α̂J0,kφJ0,k(xi1, x
i
2)

+
∑

s=h,v,d

J∑
j=J0

2j−1∑
k1=0

2j−1∑
k2=0

β̂sj,kψ
s
j,k(xi1, x

i
2).

3 Estimation of ocean surface temperature of Hawaii ocean

Here, ocean surface temperature is estimated in Hawaii Ocean by applying different wavelet-
based methodologies. Data are collected from the oceanographic bio-optical database: The
Worldwide Ocean Optics Database (WOOD). Particularly, the area analyzed corresponds
to the latitude-longitude interval [22.7, 22.8]× [−158.1,−157.94], during the period 2000 –
2007. In that area and period, 1564 weather stations are available, approximately between
190 and 292 stations are available per year, in the period studied. Spatial interpolation
method based on exponential covariance function is applied to allocating data on a 16× 16
spatial regular grid. The influence of the spatial interpolation technique in the wavelet-
based methodologies studied here is investigated in [4]. Moreover, they show the presence
of strong correlations in space and time in annual mean ocean surface temperature data in
the area studied here. Specifically, the spatial dependence structure of the yearly averaged
data reflects spatial and temporal correlations of daily data within each year studied. Then,
kriging with exponential covariance model is suitable for interpolate yearly averaged ocean
surface temperature values because it takes into account the spatial dependence structure.
Figure 1 displays boxplots of the absolute error spatial L∞-norms for the wavelet-based
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non parametric regression techniques describes in sections 2.1 and 2.2. The yearly averaged
ocean surface temperature maps estimated with the referred estimation methods can be
found in Figure 2. Spatial wavelet thresholding methods at coarser resolution levels seems
to provide the best estimation results against spatial wavelet kernel penalized regression,
where local smoothing is performed. Table 1 shows mean and standard deviation of the
absolute error spatial L∞-norms of the methodologies considered in section 2 compared
with two linear model based estimation methodologies implemented in the wavelet domain,
previously proposed in the literature. Specifically, in the linear model context, we consider
here curve estimation under the SARH(1) model framework (see [5]). The semiparametric
estimation methodology, based on fractional-order pseudodiffential models, proposed in [10],
is considered as well. The means of L∞-norms of the absolute error curves, obtained from the
application of the selected spatial wavelet thresholding technique, and the semiparametric
estimation methodology proposed in [10], are lower than in the case of the wavelet kernel
penalized nonparametric regression and SARH(1) prediction. Whether stations in tropical
and subtropical ocean islands are very concentrated in space. Hence, the linear or non-linear
character of the spatial functional statistical model fitted to the data is not as important as
its capability for spatial decorrelation, i.e., for efficient processing of strong spatial correlated
functional data, by removing redundant information (see, [4]).

Estimation Method Mean (standard deviation)
of L∞-norms of the absolute error curves

SARH(1) 0.5911 (0.0994)
SEM 0.192 (0.1142)
SWKPR 0.4792 (0.2829)
SWTHR (db2, 1◦) 0.1782 (0.0809)
SWTHR (db2, 2◦) 0.4582 (0.2188)
SWTHR (db4, 1◦) 0.1051 (0.0463)
SWTHR (db4, 3◦) 0.6573 (0.3178)

Table 1: Mean and standard deviation of L∞-norms of the absolute error curves, applying
spatial wavelet level dependent thresholding (SWTHR), spatial wavelet kernel penalized
regression (SWKPR), SARH(1) prediction, and semiparametric estimation methodology
(SEM).
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Figure 1: Boxplots of spatial L∞-norms of absolute errors, from the application of Spatial
Wavelet Kernel Penalized Regression (SWKPR), Spatial Wavelet Thresholding (SWTHR)
in terms of Daubechies 2 at first resolution level (db2, 1◦), in terms of Daubechies 2 at
second resolution level (db4, 1◦), in terms of Daubechies 4 at first resolution level (db4, 1◦),
and in terms of Daubechies 4 at third resolution level (db4, 3◦).
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Figure 2: Interpolated (left), and estimated temperature maps applying Spatial Wavelet
Kernel Penalized Regression (middle), Spatial Wavelet Thresholding in terms of Daubechies
4 at first resolution level (right), from the top to the bottom for years 2002, 2003 and 2004.
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4 Conclusions

In order to find an optimal non-linear estimation of ocean surface temperature in a non-
parametric framework, from the discrete wavelet transform of data, we have explained two
different methodologies, spatial wavelet thresholding and spatial wavelet kernel penalized
regression. The smooth local variation of ocean surface daily temperature in tropical and
subtropical regions through the year allows annual spatial prediction of averaged daily tem-
perature, from a coastal station network, covering a very small latitude-longitude interval,
when a suitable statistical model is applied. Thus, in that case, the patterns observed in a
small area can be reproduced in an extensive area of ocean, in certain subtropical and trop-
ical regions. The results derived here illustrate the fact that, the most important property
required on spatial estimation from slow varying strong correlated high-dimensional data is
the capability for eliminating redundant information and avoiding over smoothing. While
spatial wavelet kernel penalized nonparametric regression methods, like the one derived
here, are required, for the analysis of high-dimensional data displaying singular (erratic)
spatial patterns over time, to avoid, for example, false positives in risk assessment. Alter-
natively, a flexible wavelet-based non-linear methodology, allowing the adaptation of scale
to the the dependence range of the data, for performing a suitable decorrelation, can be
considered to solve the filtering problem. This is the case of spatial wavelet level-dependent
thresholding methods considered here, leading to an optimal selection of the most relevant
features of the data for estimation, removing redundant information.
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Abstract

We present existence and multiplicity results for systems of first order differential
equations. To this aim, we introduce the method of solution-regions. It generalizes the
method of upper and lower solutions and the method of solution-tubes. Our results can
also be seen as viabily results since we obtain solutions remaining in suitable regions.
We give conditions insuring the existence of at least three viable solutions of a system
of first order differential equations.
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Abstract

Equivalence transformations and Lie symmetries are found for a generalized Fisher
equation.

1 Introduction

In recent years, interactions between the mathematical and biological sciences have been
increasing rapidly. Consequently, it has stimulated developments in the theory of non-
linear differential equations with a variety of challenging problems. Many physicists and
mathematicians have paid much attention to the Fisher equations due to their importance in
mathematical physics. The equation analyzed in this work is a generalized Fisher equation
with variable coefficients

ut = f(u) +
1

c(x)
(c(x)g(u)ux)x , (1)

where u(x, t) denote the density of tumor cells, g is the diffusion coefficient depending on
the variable u, being x and t the independent variables, f(u) an arbitrary function and c(x)
an arbitrary function depending on the space variable x. For special cases, this equation
has been studied by other authors using symmetry analysis and equivalence transformations
[1, 3, 8] has attracted considerable interest in studies of tumor growth and their applications
[4, 7, 5, 2]. For a particular case of equation (1), a complete classification of the classical
symmetries and exact solutions of was obtained in [6]. In this paper, a generalized Fisher
equation is studied from the point of view of the theory of symmetry reductions in partial
differential equations.
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2 Lie symmetries

We perform the Lie group classification for equation (1) in the case fguc
′ 6= 0. That is we

classify all the Lie symmetries depending on the form of the arbitrary elements (functions
f(u), g(u), and c(x)). For the sake of simplicity, in the following analysis we prefer to

introduce the new function α(x) = c′(x)
c(x) In this way equation (1) can be written as

ut = f(u) + αgux + guu
2
x + guxx. (2)

We look for infinitesimal generator of the equivalence transformations of equation (2) of the
form

Y = Ξ1∂t + Ξ2∂x + φ∂u + µ1∂f + µ2∂α + µ3∂g (3)

where the infinitesimal components Ξ1, Ξ2, and φ, are depending on t, x, and u, while the
infinitesimal components µi, (i = 1, 2, 3) can also depend on f, g, and α. We find that
the class (2) admits a continuous group of equivalence transformations generated by the
following operators

Y1 = ∂t, Y2 = ∂x, Y3 = ∂u,

Y4 = t∂t − f∂f − g∂g, Y5 = x∂x − α∂α + 2g∂g, Y6 = u∂u + f∂f .
(4)

To apply the classical method to equation (2), one looks for infinitesimal generators of the
form

V = ξ(x, t, u)∂x + η(x, t, u)∂t + ψ(x, t, u)∂u,

that leave invariant this equation. For f , g and α arbitrary the only symmetry generator
admitted by (2) is v1 = ∂t. Moreover whenever the function α(x) is constant, the equations
(2) admit also the symmetry generator v2 = ∂x.
Now, we look for the functional forms of f , g and α which yield extra symmetry generators
and we distinguish the following four cases depending on the function g. We write the
corresponding results in the following tables:

Table 1: g = g0u
g1

i α f vk

1.1 ∀ f0ug1+1 v3 = t∂t −
u

g1
∂u

1.2 ∀ f0ug1+1 + f1u, f1 6= 0 v4 =
e−f1g1t

f1
∂t + e−f1g1tu∂u

1.3 (1) f0ug1+1, g1 6= −4/3 v5 = c2v3 + c4v51 + c2+c1g1
g1(4+3g1)

v52, (2)

v51 = e−A
(
∂x − 2αu

3g1+4
∂u
)
, withA = g1

3g1+4

∫
αdx

v52 =
(
2g1e−A

∫
eA dx

)
∂x + 4u

(
1− g1αe

−A

3g1+4

∫
eA dx

)
∂u

1.4 (3) f0ug1+1 + f1u, f1 6= 0, g1 6= −4/3 v4,v5 = c4v51 + c1
4+3g1

v52, (4)

1.5
α1

x
f0uf1 , f1 6= g1 + 1 v6 =

2(1− f1)t
1 + g1 − f1

∂t + x∂x +
2u

1 + g1 − f1
∂u
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(1) In this case α, f0 and g1 must satisfy the condition

e−2A
(
c4(3g1 + 4) + 2(g1c1 + c2)

∫
eA dx

)2

H(x) = const, (5)

where

H(x) = 2g0((2 + g1)α
2 + (3g1 + 4)αx)− f0(3g1 + 4)2. (6)

(2) The constants c1, c2 and c4 are linked to α, f0 and g1 by condition (5).
(3) In this case α, f0 and g1 must satisfy the condition

e−2A
(
c4(3g1 + 4) + 2g1c1

∫
eA dx

)2

H(x) = const, (7)

where H(x) is given by (6).
(4) The constants c1 and c4 are linked to α, f0 and g1 by condition (7).

Table 2: g = g0u
−4/3

i α f vk

2.1 (5) f0u−1/3 v3,v50 =
1

α
∂x +

3αx

2α2
u∂u

2.2 (5) f0u−1/3 + f1u, f1 6= 0 v4,v50

(5) In this case α and f0 must satisfy the equation

3g0(α
3αxx − 2α2α2

x + 6α3
x − 6ααxαxx + α2αxxx)− 4f0α

2αx = 0. (8)

Table 3: g = g0e
ug1

i α f vk

3.1 ∀ f0eg1u + f1, f1 6= 0 v1,v7 =
e−f1g1t

f1
∂t + e−f1g1t∂u

3.2 ∀ f0eg1u v1,v8 = t∂t − 1
g1
∂u

3.3 (6) f1 + f0eg1u, f1 6= 0 v1,v7,v9 = c5v91 + c1v92, (7)

v91 = e−B
(
∂x − 2α

3g1
∂u
)
,withB = 1

3

∫
αdx

v92 =
(
2
3
e−B

∫
eB dx

)
∂x − 4

9g1

(
αe−B

∫
eB dx− 3

)
∂u

3.4 (8) f0eg1u v1,v9 = c2v8 + c5v91 + c1v92, (9)

3.5
α1

x
f0ef1u v1,v10 =

2t

f1 − g1
∂t +

x

f1
∂x −

2

f1(f1 − g1)
∂u

(6) In this case α, f0 and g1 must satisfy the condition

e−2B
(
c5 +

2

3
c1

∫
eB dx

)2 (
9g1f0 − 2g0(3αx + α2)

)
= const. (9)
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(7) The constants c1 and c5 are linked to α, f0 and g1 by condition (9).
(8) In this case α, f0 and g1 must satisfy the condition

e−2B
(
c5 +

2

3
(c1 + c2)

∫
eB dx

)2 (
9g1f0 − 2g0(3αx + α2)

)
= const. (10)

(9) The constants c1, c2 and c5 are linked to α, f0 and g1 by condition (10).
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Abstract

This paper addresses the least-squares linear filtering problem of signals from mea-
surements which can be randomly delayed by one or two sampling times. The delays
are modeled by homogeneous discrete-time Markov chains to capture the dependence
between them. Assuming that the evolution equation generating the signal is not avail-
able and that only the first and second-order moments of the processes involved in the
observation model are known, a recursive filtering algorithm is derived using an innova-
tion approach. Recursive formulas for filtering error covariance matrices are obtained
to measure the goodness of the proposed estimators.
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1 Introduction

An unavoidable problem in communication networks is the existence of delays in the arrival
measurements. Indeed, in practical situations such as wireless communication channels is
common the existence of errors during the transmission due to heavy network traffic, which
can lead delayed measurements. The delay may be deterministic or random, although in
the most practical cases, such as mobil communications, exploration seismology, between
others, the delay is random, being modeled by a stochastic process.

The problem of signal estimation in linear stochastic systems has been widely studied
considering different delayed observation models. Most papers on signal estimation from
randomly delayed measurements assume the delay is modeled by independent random vari-
ables. In this context, attention has been focused on investigating estimation problems from
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measurement subject to a random delay which does not exceed one sample time; so, the
available observation at any time is considered to be either the current or previous one.
In this line, Hounkpevi and Yaz [1] derived a centralized linear minimum variance unbi-
ased filter considering that the delays are modeled by independent Bernoulli variables with
different delay probabilities, indicating that the model considered could be generalized to
the case of multiple-sample delay. Thus recently, the research is addressed to signal esti-
mation problem from measurements that can be randomly delayed by more one sampling
time. In this situation, Linares-Pérez et al. [2] derived a recursive filtering algorithm from
observations which can be randomly delayed by one or two sampling times.

On the other hand, in real communication systems, current time delays are usually
correlated with the previous ones; a reasonable way to model the dependence on the delays
is to consider them as homogeneous Markov chains. State estimation algorithms from
measurements with Markovian delays have been derived considering that the delay steps
were known on-line via time-stamped data (see, for example, [3]). Later, Garćıa-Ligero et
al. [4] proposed recursive filtering and smoothing algorithms when the measurements can
be delayed by one sampling time assuming known the statistic characteristics of the Markov
chain without the need to know if a particular measurement is delayed or updated.

In this paper, a recursive algorithm is proposed for the least-squares linear filter of
signals from measurements that can be randomly delayed by one or two sampling times.
Assuming the state-space model of the signal is not available and that the delay is modeled
by a homogeneous discrete-time Markov chain with three states, the filter is derived by
using the information provided by the covariance functions of the process involved in the
observations, as well as the probability distribution of Markov chain modeling the delay.

2 Observation model

Consider an n-dimensional signal, xk, whose scalar measured output, zk, at each sampling
time is perturbed by an additive noise:

zk = Hkxk + vk, k ≥ 1,

where Hk is a known matrix and vk is the measurement noise.

A common problem in communication theory is the existence of failures during the
transmission, which can lead to delays in the arrivals of the measurements. In this paper, it
is assumed that the measurements may be randomly delayed by one or two sampling time
during the transmission; that is, the observed measurement at time k is zk−a, a = 1, 2, if
there is delay, or zk, if there is not. The delay is modeled by a homogeneous Markov chain,
{θk, k ≥ 1}, that takes values in the state space S = {0, 1, 2}. If θk = a, a = 1, 2, means
that the k-th measurement is delayed by a sampling periods; otherwise, if θk = 0, there is

c©CMMSE ISBN: 978-84-617-8694-7Page 897 of  2288
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not delay in arrival. This situation can be modeled by the following observation model:

yk =

(k−1)∧2∑
a=0

δ(θk, a)zk−a, k ≥ 1,

where δ(·, ·) is the Kronecker delta function.
The aim of this paper is to study the least-squares linear estimation problem of the

signal, xk, from the randomly delayed observations y1, · · · , yk. This problem is addressed
using the information provided by the covariance functions of the signal and involved noises
in the observation model. For this purpose, the following hypotheses about the signal and
noise processes are assumed:

(i) The signal process, {xk, k ≥ 1}, has zero mean and its covariance function is given
by

E[xkx
T
s ] = AkB

T
s , s ≤ k,

where A and B are known n×M matrix functions.

(ii) The measurement noise, {vk, k ≥ 1}, is a white process with zero mean and known
variances E[v2k] = Rk.

(iii) {θk, k ≥ 1} is a homogenous Markov chain that takes values in S = {0, 1, 2} , with

known probability distribution π
(k)
a = P [θk = a], a ∈ S, and transition probability

matrix P =

 p00 p01 p02
p10 p11 p12
p20 p21 p22

 , where pab = P [θk = b/θk−1 = a] , a, b ∈ S.

(iv) The signal process, {xk, k ≥ 1}, the noise, {vk, k ≥ 1} , and {θk, k ≥ 1} , are mutu-
ally independent.

Given the randomly delayed measurements up to time k, y1, · · · , yk, our aim is to
determine the least-squares linear estimator, x̂k/k, of the signal, xk. For this purpose an
innovation approach is used.

The innovation approach is based on an orthogonalization procedure by means of which
the observation process is transformed into an equivalent one, the innovation process, defined
as the differences between each observation and its estimation from the previous ones; the
linear estimation problem is then approached by replacing the observation process by the
innovation one since both processes provide the same information. As the innovation process
is white, the estimator calculated as linear combination of innovations provides a simpler
form to obtain the algorithms than that obtained when it is expressed as linear combination
of observations. In order to apply this approach, the first step is to calculate the explicit
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expression for the innovation and its covariance matrix, and afterwards determining the
estimator expression.

According to this approach, the estimator, x̂k/k, is expressed as a linear combination of
the innovation, µh = yh− ŷh/h−1, where ŷh/h−1 is the one-stage predictor of the observation
yh; specifically, the least-squares linear estimator, x̂k/k, is given as follows:

x̂k/k =

k∑
h=1

E[xkµh]Π−1h µh, k ≥ 1

where Πh = E[µ2h] denotes the innovation covariance matrix.

In order to simplify the expressions of the filtering algorithm, the following notations
are used:

Ak =


(H1A1 | 0 | 0) (P⊗ IM )T , k = 1
(H2A2 | H1A1 | 0) (P2 ⊗ IM )T , k = 2
(HkAk | Hk−1Ak−1 | Hk−2Ak−2) (Pk ⊗ IM )T , k ≥ 3

Bk =


(
π
(1)
0 H1B1 | 0 | 0

)
(P−1 ⊗ IM )T , k = 1(

π
(2)
0 H2B2 | π(2)1 H1B1 | 0

)
(P−2 ⊗ IM )T , k = 2(

π
(k)
0 HkBk | π

(k)
1 Hk−1Bk−1 | π

(k)
2 Hk−2Bk−2

)
(P−k ⊗ IM )T , k ≥ 3

Fk =

{
p
(1)
01 π

(1)
0 R1, k = 1

p
(1)
02 π

(k)
0 Hk−1(Bk−1A

T
k −Ak−1BT

k )HT
k + p

(1)
01 π

(k)
0 Rk + p

(1)
12 π

(k)
1 Rk−1, k ≥ 2

where ⊗ denotes the Kronecker product and IM is the M ×M identity matrix.

3 Filtering algorithm

The filter, x̂k/k, of the signal xk is obtained by

x̂k/k = AkO
x
k , k ≥ 1,

where the vectors Oxk are recursively calculated as

Oxk = Oxk−1 + JxkΠ−1k µk, k ≥ 1; Ox0 = 0,

with

Jxk =

(k−1)∧2∑
a=0

π(k)a BT
k−aH

T
k−a − r

xy
k−1A

T
k −

(k−1)∧2∑
j=1

Jxk−jΠ
−1
k−jG

(j)
k−j , k ≥ 2;

J1 = π
(1)
0 BT

1 H
T
1 ,
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being

G(1)
k = Fk + G(2)

k−1Π
−1
k−1(AkJ

y
k−1 + G(1)

k−1), k ≥ 2; G(1)
1 = F1,

G(2)
k = p

(2)
02 π

(k)
0 Rk, k ≥ 1.

The innovation, µk, is given by

µk = yk − AkOyk−1 +

(k−1)∧2∑
j=1

G(j)
k−jΠ

−1
k−jµk−j , k ≥ 2; µ1 = y1,

where the vectors Oyk are recursively calculated as

Oyk = Oyk−1 + JykΠ−1k µk, k ≥ 1; Oy0 = 0,

with

Jyk = BTk − r
y
k−1A

T
k −

(k−1)∧2∑
j=1

Jyk−jΠ
−1
k−jG

(j)
k−j , k ≥ 2; Jy1 = BT1 .

The matrices rxyk = E[OxkO
yT
k ] and ryk = E[OykO

yT
k ] are obtained by

rxyk = rxyk−1 + JxkΠ−1k JyTk , k ≥ 1; rxy0 = 0,

ryk = ryk−1 + JykΠ−1k JyTk , k ≥ 1; ry0 = 0.

The innovation covariance matrix, Πk, is given by

Πk =

(k−1)∧2∑
a=0

π(k)a [Hk−θAk−aBk−aH
T
k−a +Rk−a]− Ak

[
BTk − J

y
k

]
−

(k−1)∧2∑
j=1

G(j)
k−jΠ

−1
k−j

[
AkJyk−j + G(j)

k−s

]T
, k ≥ 2;

Π1 = π
(1)
0 [H1A1B1H

T
1 +R1].

The filtering covariance matrix, Σk/k, verifies

Σk/k = Ak(Bk −Akrxk)T , k ≥ 1.

where rxk = E[OxkO
xT
k ] is recursively calculated by

rxk = rxk−1 + JxkΠ−1k JxTk , k ≥ 1; rx0 = 0.
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4 Numerical simulation results

In this section, the efficiency of the proposed filtering algorithm is illustrated by a numerical
example. For the simulation, a zero-mean scalar signal {xk, k ≥ 0} with covariance function

E[xkxs] = 1.025641× 0.95k−s, s ≤ k,

is considered. Clearly this covariance function, according to Hypothesis (i), can be factorized
taking

Ak = 1.025641× 0.95k and Bs = 0.95−s.

The measured outputs are affected by a white noise, {vk, k ≥ 1} , with zero mean and
variances Rk = 0.9,∀k.

According to the proposed observation model, it is assumed that the available measure-
ments of the signal can be delayed by one or two sample periods during the transmission;
that is, the processed observations are modeled by

yk =

(k−1)∧2∑
a=0

δ(θk, a)zk−a, k ≥ 1.

As in Hypothesis (iii), it is assumed that {θk, k ≥ 1} is a homogeneous Markov chain

with initial distribution π
(1)
0 = 1, π

(1)
1 , π

(1)
2 = 0, (the first observation is not delayed) and

transition probability matrix P =

 0.99 0.006 0.004
0.15 0.98 0.005
0.002 0.028 0.97

 .

Moreover, the signal and noise processes are assumed to be mutually independent.

In order to realize the simulation process, the signal is assumed to be generated from
the following first-order autoregressive model,

xk+1 = 0.95xk + wk

where {wk, k ≥ 0} is a zero-mean white Gaussian noise with E[w2
k] = 0.1, ∀k.

Figure 1 shows a simulated signal together with the filtering estimates, x̂k/k. In this
figure, we notice the closeness between the evolution of filtering estimates and the signal,
which reveals the good performance of the proposed estimators.

Moreover, we have also calculated the filtering error variances assuming that the delay
is modeled by different Markov chains. Concretely, we assume the same initial distribution
(first observation is not delay) and the following transition probability matrices:

P1 =

 0.95 0.03 0.02
0.05 0.89 0.06
0.03 0.07 0.9

 , P2 =

 0.9 0.04 0.06
0.07 0.87 0.06
0.05 0.06 0.89

 .
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Figure 1: Simulated signal, filtering estimates

The properties of the Markov chains lead us to conclude that the no delay probabilities
converge to constant values; in our case these values are 0.58, 0.44, and 0.37, for the different
considered transition probability matrices, P,P1 and P2, respectively. Figure 2 shows the
filtering error variances for these models; this figure reveals that as the limit probability
of no delay increases, the filtering error variances become smaller and, consequently, the
performance of the estimator improves.
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Abstract

The symmetric matrices have particular spectral properties, that is, with respect to
their eigenvalues (they are real) and eigenvectors (they are orthogonal and form a basis
for diagonalization). In particular we are interested in the partitioning of symmetric
graphs through a specific eigenvector of the Laplacian matrix. In this work we expose
similar spectral properties regarding skew-symmetric matrices, some known, such that
their eigenvalues are purely imaginary and not defective, and other seemingly new, that
they verify a minimax variational formula. As application we use it in the problem of
partitioning non-symmetric, oriented graphs in two parts of equal number of vertices,
with the minimum number of edges between the parts.

Key words: Variational Eigenvalue, Spectral Graph Partition

1 Introduction

Among the spectral properties of the symmetric matrices are that they have real eigenval-
ues and eigenvectors forming an orthonormal basis, in addition to the extreme minimax
relations. We propose to generalize these properties to skew-symmetric matrices. Some
results are known, but the variational formula of Theorem 2, as far as we know, is not. This
is the main development of the paper, and it is motivated by a problem of oriented graph
partition that we will describe.

On terminology, we speak of matrices instead of operators (or of symmetric matrices
instead of self-adjoint operators) for convenience. Also, although the matrices, of real
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entries, are considered as operators in Rn, it will sometimes be considered as operators
in Cn. For example, when speaking about the eigenvector corresponding to a complex
eigenvalue.

In the following section we recall the spectral properties of symmetrical matrices of
interest for us. In the section 3 we develop the results for skew-symmetric matrices, although
the formulation of the statements requires some modifications, like the extremal formula
containing pairs of purely imaginary eigenvalues. Another modification is the use of real
Jordan blocks, instead of diagonal form, to have a real orthonormal basis. Finally in section
4 we suggest the application of these results to the problem of partition of oriented graphs.
We delay until that section the exposition of the problem.

2 Spectral Properties of Symmetric Matrices

A generic real matrix A of size n× n is expressed as:

A =

 a11 a12 · · ·

a21
. . .

· · · ann

 = (aij)i=1,...,n
j=1,...,n

with aij ∈ R. We will consider the Euclidean scalar product, defined for vectors x =
(x1, . . . , xn) and y = (y1, . . . , yn) of Rn as (x, y) =

∑n
i=1 xiyi. We will also use the Hermitian

product, if x, y ∈ Cn, defined as (x, y) =
∑n

i=1 xiȳi. Both products are denoted equally, the
context identify the meaning. The Euclidean product allows us to characterize symmetric
and skew-symmetric matrices:

Lemma 1. Let A be a real matrix n× n. (Ax, y) = (x,Ay) for all x, y ∈ Rn if and only if
A is symmetric. (Ax, y) = −(x,Ay) for all x, y ∈ Rn if and only if A is skew-symmetric.

The proof of the facts of this section can be found in almost any standard book of
Linear Algebra, for example [3].

We will denote as λ an eigenvalue of A, that is, a number λ ∈ C such that there is a
non null vector v ∈ Cn (called eigenvector corresponding to λ) with Av = λv. As it is know
a real matrix can have complex eigenvalues, in conjugate pairs because they are the roots
of the characteristic polynomial. The set of eigenvalues {λ1, λ2, . . . , λn} (not necessarily
different) is called the spectrum of A. We resume some spectral properties of symmetrical
matrices in the following:

Proposition 1. If A is a n× n symmetric matrix:

a) The eigenvalues λ1, λ2, . . . , λn are reals.

b) The eigenvectors corresponding to different eigenvalues are orthogonal.
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c) There is a basis of eigenvectors (that is, the matrix A is diagonalizable).

In order to calculate the eigenvalues effectively, for example in numerical analysis [2]
or in the theory of vibrations [4], variational methods like the following theorem are often
used.

The Rayleigh quotient of a symmetric matrix A is

RA(x) =
(Ax, x)

(x, x)

defined for x 6= 0 in Rn.

Theorem 1. (Courant-Fisher). Let Sk be the set of subspaces of Rn of dimension lesser
or equal than k, for k = 1, 2, . . . , n. If the eigenvalues are sorted λ1 ≤ λ2 ≤ · · · ≤ λn ,then

λk = min
E∈Sk

max
x∈E
||x||=1

RA(x)

and, dually,

λn−k+1 = max
E∈Sk

min
x∈E
||x||=1

RA(x)

Besides, the extreme value is reached in a corresponding eigenvector.

3 Spectral Properties of Skew-symmetric Matrices

We will follow the path outlined by the above results, but in the case of skew-symmetric
matrices. Being this an extended abstract, the proofs are omitted. In this section, A will
be a real skew-symmetric matrix. We consider it both an lineal operator in Rn or in Cn.
For example a non real eigenvalue λ /∈ R has a corresponding eigenvector with non null
imaginary part in some components.

Proposition 2. The eigenvalues λk of A are purely imaginary, that is λk = τki, τi ∈ R.

Note that 0 is purely imaginary. In particular, as the eigenvalues appear in conjugate
pairs, if the order n is odd the real 0 must be an eigenvalue.

Proposition 3. Two eigenvectors vk1 , vk2 corresponding to different eigenvalues λk1 , λk2,
respectively, are orthogonal.

In the following proposition, the index starts from zero to ease the notation that will
be used later to match pairs of vectors.
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Proposition 4. (Spectral Decomposition). For a skew-symmetric matrix A there exists an
orthonormal basis of Cn that consists of eigenvectors v0, v1, . . . , vn−1 corresponding to the
eigenvalues λ0, λ1, . . . , λn−1. Moreover, for every x ∈ Cn we have:

Ax =

n−1∑
k=0

λk(x, vk)vk

and

(Ax, x) =

n−1∑
k=0

λk(x, vk)
2.

Propositions 3 and 4 are standards results for normal complex matrices, in particular for
skew-symmetric real ones [4]. We have chosen to explicitly state it because, in conjunction
with Proposition 2 and the following lemmas, we can arrive at the variational Theorem 2,
which is the new result that we need for graph partitioning.

The above expression of Ax and of the quadratic form (Ax, x) in Proposition 4 is
diagonal, but of complex coefficients in a basis of complex vectors. We will modify it to
have a real expression, on a real orthonormal basis of Rn. It will not be diagonal, but in
the form of real Jordan blocks, that is, tridiagonal.

3.1 Orthonormal Real Basis

For a set of vectors e1, . . . , ek ∈ Rn, E = 〈e1, . . . , ek〉 is the subspace generated over R by
these vectors. Likewise, if the vectors belong to Cn, 〈e1, . . . , ek〉C is the subspace generated
over C. We also denote with Eλ = Ker(A− λI) the eigenspace of the eigenvalue λ.

Lemma 2. If A is a skew-symmetric real matrix:

a) If λ is a simple eigenvalue of A, λ̄ is also simple. If vλ is a unit vector with Eλ = 〈vλ〉C,

then there is a unit vector vλ̄ with Eλ̄ = 〈vλ̄〉C and such that u0 = (vλ + vλ̄)

√
2

2
and

u1 = (vλ − vλ̄)i

√
2

2
are unit real vectors with Eλ ⊕ Eλ̄ = 〈u0, u1〉C.

b) If λ is an eigenvalue with multiplicity nλ, λ̄ has the same multiplicity. For each unit

vλ ∈ Eλ there is a unit vλ̄ ∈ Eλ̄ such that u0 = (vλ + vλ̄)

√
2

2
and u1 = (vλ − vλ̄)i

√
2

2
are unit real vectors. Besides if vλ, v

′
λ ∈ Eλ are linearly independent, its corresponding

vλ̄, v
′
λ̄

are also linearly independent.

We order the complex vector of the orthonormal basis v0, v1, . . . , vn−1 of proposition
4 in such a way that the corresponding eigenvalues λ0, λ1, . . . , λn−1 verify λ2p = λ̄2p+1 for
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p = 0, . . . , r2 − 1, being r the rank of A, necessarily even. If n is odd, the last eigenvalue is
0. We also consider that λ2p = τpi with τ0 ≥ τ1 ≥ · · · ≥ 0. In this way λ2p+1 = −τpi.

In addition, λ2p+1 = λ̄2p and we can choose the pair of vectors v2p, v2p+1 verifying the
claim of Lemma 2. If we call u2p, u2p+1 to the pair of real vectors that arise from v2p, v2p+1

in this Lemma, the set u0, u1, . . . , un−1 is a orthonormal basis of Rn. If we change A to this
basis, it results 

0 τ0 0 0
−τ0 0 0 0

0 0 0 τ1

0 0 −τ1 0
. . .

0 τ r
2
−1

−τ r
2
−1 0

0
. . .

0


The pair u2p, u2p+1 verifies Au2p = τpu2p+1, Au2p+1 = −τpu2p. It is termed a hyperbolic

pair in the classification of quadratic forms [5]. Calling ak = (x, uk) we have x =
∑n−1

k=0 akuk,
as in any basis, but besides

Ax =

r/2−1∑
p=0

τp(a2pu2p+1 − a2p+1up)

Therefore (x, x) =
∑r/2−1

p=0 (a2
2p + a2

2p+1) +
∑n−1

k=r a
2
k and

(Ax,Ax) =

r/2−1∑
p=0

τ2
p (a2

2p + a2
2p+1)

3.2 Cuadratic Extremal Theorem

With the above expressions we can reach the main result of the paper. We define the
quadratic Rayleigh quotient, for x 6= 0, as:

SA(x) =
(Ax,Ax)

(x, x)

Being u0, u1, . . . , un−1 the above orthonormal real basis, we define Fp = 〈u0, u1, . . . , u2p, u2p+1〉.
We can proof:
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Proposition 5.
τ2
p = min

x∈Fp

x6=0

SA(x)

Based on that proposition, we can prove that:

Theorem 2. If S2p be the set of subspaces of Rn of dimension lesser or equal than 2p, then

τ2
p = max

E∈S2p
min
x∈E
||x||=1

SA(x)

and, dually,
τ2
n−2p+1 = min

E∈S2p
max
x∈E
||x||=1

SA(x)

Besides, the extreme value is reached in a corresponding eigenvector.

4 Partition of Oriented Graphs

Our main motivation for developing the above variational formula of Theorem 2 is its use in
spectral partition of oriented graphs. An undirected graph, commonly called graph without
further specification, is a set V of vertices and a set E of edges. Each edge is a set {p1, p2}
of two vertices of V . Its graphic representation associates each vertex to a point of the
representation medium and each edge to a line that joins the corresponding vertices. An
oriented graph is an undirected graph in which in each edge {p1, p2} has been chosen an
orientation, or arrow, either (p1, p2) or (p2, p1). It is different from the concept of directed
graph, where between two vertices can go both arrows (or also one of them, or none at all).

In this work we study oriented graphs, well represented by the oriented incidence matrix
A, skew-symmetric, with entries:

aij =


+1 if the orientation is (pi, pj)

−1 if the orientation is (pj , pi)

0 in other case

We briefly describe now the spectral partition of non-directed graphs [7], and then sketch
how Theorem 2 allows to develop an analogous theory for oriented graphs. The problem of
graph partitioning is to divide the set of vertices in two equal parts, so that the total number
of edges between the two parts is minimized. One of the fields where this problem arises is
in high performance computing (HPC). The distributed HPC applications are composed of
many processes, each with its computational load. These processes must communicate with
each other, and that slows the computation. The application is modeled by a graph where
the vertices are the processes and the edges represent the communications. When assigning

c©CMMSE ISBN: 978-84-617-8694-7Page 909 of  2288
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the processes to the different processors of a parallel architecture, this assignment must be
done in equal parts (so that the computational load is balanced), but also minimizing the
number of edges between parts (so that the communication delays are minimized) [1].

An approximate solution to this combinatorial optimization problem, in the case of
non-directed graphs, is obtained by the spectral theory of the Laplacian matrix L. This
matrix is L = D −M , where M is the adjacency matrix, of entries:

mij =

{
1 if {pi, pj} is an edge

0 in other case

and D is the diagonal degree matrix: dii is the number of vertices adjacent to pi. The
meaning of this construction, D −M , is to add a valuated loop in each vertex, so that
the resulting graph verifies the Kirchhoff’s current law: the sum of the incidences in each
vertex (the sum of the rows of L) is zero. As a mathematical consequence, one of the
eigenvalues of the Laplacian matrix L is λ1 = 0 and the corresponding eigenvector is the
vector of ones 1 = (1, 1, . . . , 1). This causes that the eigenvectors corresponding to nonzero
eigenvalues are orthogonal to 1. The Fiedler eigenvector vf is the corresponding to the
minimum nonzero eigenvalue λ2. By the extremal Theorem 1, λ2 = min

E∈S2
max
x∈E

(Lx, x), and

the minimum of (Lx, x) between those x orthogonal to 1 is precisely the Fiedler eigenvector
vf . If c is the characteristic vector of a vertex partition (that is, the i-th component of c
is +1 if pi belongs to the first part, −1 if pi belongs to the second), it can be viewed that
(Lc, c) is proportional to the number of edges between the two parts. That is, the negative
and positive components of the Fiedler vector approximates the characteristic vector of a
partition that minimizes the number of edges. A bound on the error of this approximation
is given by [6].

To transfer this spectral partitioning scheme, from the case of non-directed graphs to
the case of oriented graphs, is the practical application that we search when developing
Theorem 2. To make a construction similar to that of Kirchhoff, obtaining a matrix with 1
as eigenvector, keeping the skew-symmetry, we consider the vector d of total degrees, that
is, the i-th component is the number of arrows coming out of pi minus those coming in. The
total degree can be negative, if there are more arrows arriving at the vertex than coming
out. We define the skew-symmetric Laplacian Ls as the matrix with the following blocks:

Ls =

(
A d
−dt 0

)
being dt the vector of total degrees considered as a row matrix. The skew-symmetric Lapla-
cian has eigenvalue 0 and corresponding eigenvector 1. By the spectral properties of the
skew-symmetric matrices described in section 3, the non null eigenvalues of Ls with minimal
imaginary part, λ2f and λ2f+1 with f = r

2 − 1 (r the rank of Ls), have a pair v2f , v2f+1

of complex eigenvectors whose real equivalents u2f , u2f+1 by Lemma 2 are analogous to
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the Fiedler vector: they are orthogonal to 1 (hence approximating the characteristic of a
partition) and minimize the expression (Lsx, Lsx), that can be seen proportional to the
number of arrows between the two parts.

In summary, the spectral properties of the eigenvalues closest to zero in the matrices of
Laplacian type, either symmetric or skew-symmetric, allow us to approximate a solution to
the combinatorial problem of graph partitioning.
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Abstract

Recently, deep learning techniques based on Convolutional Neural Networks (CNN)
have started to be used for the classification of hyperspectral images. These techniques
present high computational cost when preprocessing stages are applied. In this paper, a
GPU (Graphical Processor Unit) implementation of a spatial-spectral supervised clas-
sification scheme based on CNNs and applied to remote sensing datasets is presented.
The scheme comprises convolution filters for processing the spectral information and a
patch around each pixel to take the spatial information into account. To reduce the
size of the filters, the dimensionality of the dataset is previously reduced using Principal
Component Analysis (PCA). In order to achieve an efficient GPU projection, different
techniques and optimizations have been applied such as the use of the deep learning
framework Caffe. Speedups of up to 38.66× over the Pavia University dataset are
obtained together with competitive classification accuracies.

Key words: Hyperspectral, Classification, Convolutional neural network, Deep learn-
ing, Caffe, GPU.

1 Introduction

Hyperspectral images contain a large amount of information that can be exploited during
the processing. This information is not only spectral but there is also a lot of spatial
information in the neighborhood of each pixel. Hyperspectral techniques that can exploit
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both types of information are known by the name of spectral-spatial techniques [1]. When
these techniques are introduced in the classification of hyperspectral images, experimental
results show great improvements in the accuracy results.

Recently, deep-learning techniques have started to be introduced in the field of classi-
fication of hyperspectral datasets [2, 3, 4, 5, 6]. These classifiers consist of several layers
with nonlinear processing units to extract and transform different features. Each layer uses
the output of the previous layer as input and the network can be trained in a supervised
or unsupervised manner. Applications include pattern recognition and statistical classifica-
tion. The proposed methods extract spatial information using structures such as Multilayer
Perceptrons (MLP) or Convolutional Neural Networks (CNN). Usually before the extrac-
tion of spatial information, a dimensionality reduction is performed using techniques such as
Principal Component Analysis (PCA), Independent Component Analysis (ICA) or wavelets
in order to obtain moderately small vectors.

A CNN contains convolutional layers that can be used to perform spatial convolutions
on the hyperspectral image bands. Usually pooling layers are also included in order to apply
some kind of decimation and reduce the number of coefficients. A CNN may have one or
more convolutional layers, but the final classification is performed using one or more fully-
connected layers. Activation functions to introduce non-linearity, usually of sigmoid type,
can be included in convolutional layers. Such functions are similar to those used in MLPs.
Usually the backpropagation algorithm is used to set the coefficients of both, neurons of
fully-connected layers and convolution filters.

Some published deep-learning schemes applied to hyperspectral images use only the
spectral information. Thus, Hu et. al [4] propose a scheme based on CNNs, which does not
consider spatial information since each input is a single pixel-vector. Other schemes incor-
porate the spectral and spatial information separately to the classifier, often constructing a
stack-vector for input to the neural network and using PCA [2, 3, 6, 5].

Remote sensing hyperspectral applications are computationally demanding and, there-
fore, good candidates to be projected in high performance computing infrastructures such
as clusters or specialized hardware devices [7]. GPUs provide a cost-efficient solution to
carry out onboard real-time processing of remote sensing hyperspectral data for performing
hyperspectral unmixing, classification or change detection, among others [8]. In the case of
deep learning techniques, different high-level frameworks optimized for GPU computing are
available, such as Theano, Caffe [9], TensorFlow or Torch. The implementations of deep
learning methods for hyperspectral images are in some cases presented in terms of execution
times but without an analysis of the computational cost [10]. In other cases the use of an
optimized framework such as Caffe [11] is mentioned but without including execution times
or a detailed analysis of the implementations.

In this paper we propose a CUDA GPU spectral-spatial classification scheme for hy-
perspectral images based on CNNs and implemented mainly by using the Caffe analyzing
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Figure 1: HYCNN scheme for the classification of hyperspectral images.

the details of the implementation. In order to reduce the size of the convolution filters, the
image dimensionality is previously reduced using PCA, as it will be explained in the next
section.

The paper is organized as follows: section 2 presents the proposed spectral-spatial
classification scheme in CPU, section 3 presents the GPU code. The evaluation is performed
in section 4, and, finally, section 5 presents the conclusions.

2 Spectral-Spatial CNN-Based Classification

In this section we present a scheme for the classification of hyperspectral images based on
PCA, patch extraction, and CNNs, that we called HYCNN. Fig. 1 shows the operations
performed and the network structure. These are described in more detail in the pseudocode
of Algorithm 1, which also indicates the adjustable parameters in the scheme.

Algorithm 1 Steps of the HYCNN scheme

Input: Hyperspectral image
Output: Classification map
Parameters:
N1: number of principal components
H × V : patch size
N2: number of convolution filters
F1 × F2: spatial size of filters
D1 ×D2: decimation factor
N3: number of neurons in hidden layer
η: learning parameter

1. Preprocessing
1.1 PCA on the image
2. Patch extraction
2.1 Patch around each pixel
3. Convolutional layer
3.1 Convolution filtering
3.2 Pooling (average)
3.3 Activation function (sigmoid)
4. Fully-connected layers
4.1 Hidden layer (with sigmoid)
4.2 Output layer (with sigmoid)

As a first step, HYCNN performs a reduction of image dimensionality using PCA.
It extracts the most significant information from the hyperspectral image in the spectral
dimension and reduces the number of components, which progress to the next step of the
algorithm.
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A patch is then extracted around each pixel to be classified. This step aims at getting
the spatial information in the neighborhood of a pixel in addition to the spectral information.
Accordingly, the patch has the same number of components as those retained from the PCA,
and comprises a window around the pixel. The window size is an adjustable parameter of
the classification. Each patch is considered a sample and used as the unit of information
during the training and classification phases by the CNN.

The next step is the processing of each patch by the CNN. This consists of three parts:
convolutional filters, pooling layer and activation function. A convolutional layer is a locally
connected structure which is convolved with the image to produce several feature maps, one
for each filter. Each filter consists of a rectangular grid of neurons. Unlike a fully-connected
layer, the filter coefficients used in all the nodes are the same.

The convolutional layer of our scheme processes several components (spectral bands).
The inputs to the filters are the patches, which we assume to have in this sequential algo-
rithm a size of H × V ×N1, being H and V the size of the spatial dimensions, and N1 the
number of bands. In order to extract multiple features, the convolutional layer comprises
N2 filters, so we will have this same number of maps (planes) at the output. Regarding the
size of the filters, if F1×F2 is the size of the spatial grid, each filter will have F1×F2×N1

coefficients.

The pooling layer takes small rectangular blocks from the convolutional layer and sub-
samples them to produce a single output from each block. For the pooling layers each map
is subsampled with mean pooling over blocks of size D1 × D2. After the subsampling, a
sigmoidal nonlinearity is applied to each feature map.

The last part of the scheme consists of fully-connected layers, which perform the high-
level reasoning of the CNN. A fully connected layer takes all the outputs in the previous
layer and connects then to every single neuron it has. This type of layer is arranged in
one dimension, so they are not spatially located operations anymore. In this paper we use
the typical two-layer MLP, with hidden and output layers. The number of neurons in the
hidden layer is the adjustable parameter N3, while the output layer has a number of neurons
equal to the number of classes in the hyperspectral image. The activation function in both,
convolutional and fully-connected layers, is of sigmoid type.

The learning of all the layers of the CNN in this scheme is conducted using a backprop-
agation algorithm. The error is computed at the output of the network using the training
samples and comparing the results to the reference data. Then, the error is propagated
backwards through the network. The backpropagation is used in conjunction with an op-
timization method, in this case a gradient descent. It calculates the gradient of a cost
function with respect to all the weights of the network, and then updates the weights in
an attempt to minimize the cost function. The learning parameter, usually denoted as η,
indicates how much the weights are adjusted at each update.
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3 Spectral-Spatial CNN-Based Classification in GPU

In this section we introduce some Compute Unified Device Architecture (CUDA) program-
ming fundamentals as well as the CUDA GPU implementation of the scheme proposed in
Sect. 2.

3.1 CUDA GPU programming fundamentals

CUDA is a parallel computing platform and programming model that enables NVIDIA
GPUs to execute programs invoking parallel functions called kernels [12]. Each kernel
launches a user-defined number of threads that are organized into blocks. The blocks are
arranged in a grid that is mapped to a hierarchy of CUDA cores in the GPU. Threads can
access data from multiple memory spaces. Each block has a shared memory that is visible
exclusively to the threads within this block and whose lifetime is equal to the block lifetime.
The shared memory lifetime makes it difficult to share data among thread blocks. This
implies the use of global memory whose access is slower than shared memory access. The
new Pascal architecture has introduced changes regarding the memory hierarchy [13].

Different performance optimization strategies have been applied in this work. The
most important is to reduce the data transfers between the CPU and the GPU memories.
Another key is to improve the efficiency in the use of the memory hierarchy by performing
the maximum number of computations on the data already stored in shared memory. The
search for the best kernel configurations is also fundamental. To get the highest possible
occupancy is the only way to hide latencies and keep the hardware busy. To achieve this,
the maximum block size for each kernel is selected with the requirement that the number
of registers and the shared memory usage do not act as occupancy limiters. Finally, the
existing CUDA optimized libraries must be used. CULA [14], MAGMA [15], and CUBLAS
[16] are used for algebra operations. For the deep learning calculations the Caffe framework
is used. It performs calls to CuDNN [17], CUBLAS and MAGMA. CuDNN is a GPU-
accelerated library for deep neural networks.

3.2 CUDA implementation

In this section the GPU implementation of the HYCNN algorithm described in section 2 is
detailed. The pseudocode in Algorithm 2 shows a detailed description of the classification
scheme. The kernels executed in GPU are placed between <> symbols. The pseudocodes
also include the GM and SM acronyms to indicate kernels executed only in global memory
and kernels that only use shared memory, respectively. The whole forward-backward process
for the training phase of the algorithm is detailed. The CNN is implemented using Caffe.
Since the calls to Caffe functions produce a high number of calls to libraries, these are
grouped in the pseudocode by steps of the scheme and only the most repeated kernels are
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included pointing out the call sequence.

Algorithm 2 HYCNN classifier for hyperspectral images (GPU) → Training step
Input: Hyperspectral image

GPU EVD-PCA algorithm

1: for each epoch do
Forward
Convolution filtering

2: for each training sample do
3: im2col gpu() → <im2col gpu> . GM
4: caffe gpu gemm() → cublasSgemm() → <gemmSN NN>, <gemmK1> . SM + GM
5: end for

Average Pooling
6: PoolingLayer::Forward gpu() → <AvePoolForward> . GM

Convolution Activation
7: CuDNNSigmoidLayer::Forward gpu() → cudnnActivationForward() → <activation fw 4d> . GM

First Inner
8: InnerProductLayer::Forward gpu() → caffe gpu gemm() → <sgemm largeK>, <gemmk1> . SM + GM

First Inner activation
9: CuDNNSigmoidLayer::Forward gpu() → cudnnActivationForward() → <activation fw 4d> . GM

Second Inner
10: InnerProductLayer::Forward gpu() → caffe gpu gemm() → <sgemm>, <gemmk1> . SM + GM

Second Inner Activation
11: CuDNNSigmoidLayer::Forward gpu() → cudnnActivationForward() → <activation fw 4d> . GM

SoftMax with Loss
12: CuDNNSoftmaxLayer::Forward gpu() → cudnnSoftmaxForward() → <softmax fw> . SM + GM
13: SoftmaxLossForwardGPU() → <SoftmaxLossForwardGPU>, <cublasSasum> . GM

Backward
14: SoftmaxLossBackwardGPU() → <SoftmaxLossBackwardGPU>, <cublasSscal> . GM

Second Inner Activation
15: CuDNNSigmoidLayer::Backward gpu() → cudnnActivationBackward() → <activation bw 4d> . GM

Second Inner
16: InnerProductLayer::Backward gpu() → <sgemmNT2>, <gemmv2N>, <sgemm 128x64> . SM + GM

First Inner Activation
17: CuDNNSigmoidLayer::Backward gpu() → cudnnActivationBackward() → <activation bw 4d> . GM

First Inner
18: InnerProductLayer::Backward gpu() → <sgemm 128x64>, <gemmv2N>, <sgemm 128x64> . SM + GM

Convolution Activation
19: CuDNNSigmoidLayer::Backward gpu() → cudnnActivationBackward() → <activation bw 4d> . GM

Pooling
20: PoolingLayer::Backward gpu() → <AvePoolBackward> . GM

Convolution filtering
21: for each training sample do
22: ConvolutionLayer::Backward gpu():
23: backward gpu bias() → <gemv2T> . SM + GM
24: weight gpu gemm() → <im2col gpu> . GM
25: backward gpu gemm() → <gemmSN TN> . SM + GM
26: end for

Weights update
27: caffe::SGDSolver() → <SGDUpdate> . GM
28: end for
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As a first step, the PCA algorithm using EVD (EVD-PCA) is applied to reduce the
dimensionality of the dataset. For details of the GPU implementation see [18].

A patch is then extracted around each pixel and stored into a two different Lightning
Memory-Mapped Databases (LMDBs) to be accessed from the Caffe framework. The first
database stores the training patches whereas the second one stores the test patches. As
shown in the pseudocode, both, the CNN steps and the fully-connected layers steps are
applied to each patch N times (epochs).

The training phase is divided into two main steps: forward and backward. The forward
step computes all the training patches through the full network to obtain a classification re-
sult and the backward step updates the network weights to adjust the obtained classification
result.

The forward step starts applying the convolution filters to each training patch. Unlike in
the CPU version where the H×V pixels of the patch are computed through the convolution
filters sequentially, in the GPU version the patch is converted first into a matrix using
the im2col gpu function (line 3 in the pseudocode 2). Then, it is multiplied by a matrix
containing the convolutional values using the cublasSgemm function (line 4).

Next, a pooling substep is performed using a Caffe kernel called AvePoolForward. This
function computes the pooling over all the training patches at the same time. The last
substep of the CNN is the activation. The CuDNNSigmoidLayer::Forward gpu() calls the
CuDNN funtion to perform the sigmoid activation (line 7).

Once the CNN has finished, two fully-connected layers perform the classification. First,
an inner product function (line 8) that uses CuBLAS multiplies the CNN output matrix by
a matrix of learned weights. Next, a sigmoid activation function (line 9) is applied over the
previous result using a CuDNN function. The previous two operations are repeated over
the last fully-connected layer (lines 10 and 11).

At this point, the output of the full network contains the classification of each training
patch. Then, a softmax function (line 12) is applied to get a probability distribution over
classes. This function takes a vector of arbitrary real-valued scores and converts it to a
vector of values between zero and one that sum one. The last substep of the forward is to
compute the loss of the network using the function SoftmaxLossForwardGPU (line 13).

Regarding the backward step, it includes all the substeps of the forward step but applied
in reverse order (lines 14-26). This allows to update the values of all the neurons in the full
network based on the results of the loss function computed in the forward step. At the end
of the loop, the update of all the weights of the full network is performed (line 27). This
task is carried out by a Caffe function.
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4 Results

This section shows the experimental results obtained for the GPU HYCNN scheme com-
paring to the CPU scheme in terms of computation time and classification accuracy.

The proposed algorithms have been evaluated on a PC with a quad-core Intel i5-6600 at
3.3GHz and 32 GB of RAM. The codes have been compiled using the gcc 4.8.4 version with
OpenMP (OMP) 3.0 support under Linux using four threads. The OPENBLAS library has
been used to accelerate the algebra operations included in the algorithms. Regarding the
GPU implementation, CUDA codes run on an Pascal NVIDIA GeForce GTX 1070 with 15
Streaming Multiprocesors (SMs) and 128 CUDA cores each. The CUDA codes have been
compiled under Linux using the nvcc version 8.0.26 of the toolkit. As usual in remote sensing
[19], measures of classification accuracy are given in terms of overall accuracy (OA), which
is the percentage of correctly classified pixels comparing to the reference data information
available. The computational performance results are expressed in terms of execution times
and speedups. The results are the average of 10 independent executions.

The algorithms have been used over two remote sensing datasets: a 103-band ROSIS
image of the University of Pavia (Pavia Univ.) and a 220-band AVIRIS image taken over
Northwest Indiana (Indian Pines). The images and the corresponding reference data are
shown in Fig. 2.

For each dataset the samples are randomly distributed between the training [18] and
testing sets. During the testing stage all pixels of the image are classified, but the samples
used in the training stage are excluded for the calculation of the accuracy results (see Table
1).

Datasets Sensor classes Dimensions samples training samples

Pavia Univ. ROSIS 9 610×340×103 42776 3921 (9.17%)
Indian Pines AVIRIS 16 145×145×220 10249 695 (6.78%)

Table 1: Information for the test remote sensing datasets.

The configuration parameters were determined by performing experiments varying the
number of principal components, the batch size and the filter size for the code executed
in CPU. These parameters are also used for the GPU implementation when both codes
are compared from the computational point of view. The base parameters considered for
the comparison are H = V = 28 (patch size), N1 = 4 (number of principal components),
N2 = 16 (number of filters), N3 = 100 (neurons in the hidden layer), F1 = F2 = 5 (filter
size), and D1 = D2 = 2 (decimation factor). The backpropagation algorithm was performed
with learning parameter η = 0.2, batch size equal to the number of training samples, and
a total of 200 epochs. The Caffe framework using a block size of 512 is used to execute the
GPU version of the HYCNN scheme except for the initial PCA algorithm.
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(a)

(b)

Figure 2: Hyperspectral datasets: (a) Pavia Univ., (b) Indian Pines.

Table 2 shows the comparison between the CPU and the GPU implementations of the
scheme when it is applied to the Pavia Univ. image. For a better understanding of the
results, different parts of the code have been grouped into higher abstraction level functions.
The times are split following the functions of the pseudocode in Algorithm 2 but aggregating
the results for the backward step. The speedups are calculated as the number of times that
the GPU code is faster than the CPU code. The biggest speedup is observed for the First
Inner function that comprises the update of the hidden layer neurons in the fully-connected
network. The speedup for the Second Inner is lower because the size of the matrix by
matrix multiplication is smaller as it corresponds to layers with fewer neurons. The most
time consuming function is the Convolution in the Forward step. Its speedup is only 47.41×
because this function includes a group of kernels with low occupancy.

Table 3 shows the execution times and speedups for the whole classification scheme for
the two test datasets (including the training and testing steps and also the PCA step) as well
as the classification accuracies for both implementations. It is important to enhance that
the same configuration parameters were used for both implementations in order to compare
the computational time in the same conditions. Nevertheless, for the GPU accuracies the
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Step Lines CPU GPU Speedup

Forward step
Convolution 2-5 2.06537s 0.04356s 47.41×
Average Pooling 6 0.03557s 0.00556s 6.40×
Convolution Act. 7 0.26165s 0.01389s 18.83×
First Inner 8 1.92316s 0.00225s 854.74×
First Inner Act. 9 0.01281s 0.00063s 20.33×
Second Inner 10 0.00621s 0.00006s 103.50×
Second Inner Act. 11 0.00126s 0.00005s 25.20×
Loss 12-13 0.00023s 0.00015s 1.53×
Backward step
Second Inner 14-16 0.00350s 0.00007s 50.00×
First Inner 17-18 0.95480s 0.00537s 177.80×
Convolution 19-26 1.61309s 0.04792s 33.66×
Total 6.87742s 0.11939s 57.60×

Table 2: CPU and GPU execution times and speedups for the training step of the HYCNN
scheme for Pavia Univ. dataset. The column Lines shows the lines in Algorithm 2

CPU GPU Speedup

Dataset Time Accuracy (%) Time Accuracy (%)
Pavia Univ. 1404.26s 98.50 36.32s 97.15 38.66×
Indian Pines 252.33s 97.14 7.60s 84.84 33.20×

Table 3: Execution times,speedups and classification accuracies for the HYCNN scheme.

parameters were optimized for the GPU code separately. The patch size was reduced to 256.
In addition, the number of epochs was set to 1300 and 3683 for the Pavia Univ. and the
Indian Pines images respectively. The differences in classification accuracy among the CPU
and the GPU schemes are produced by the weights update during the backpropagation. For
the CPU case the update is carried out for each sample separately, on the contrary for the
GPU case the updates are performed by blocks of samples.

5 Conclusions

In this paper we propose a spectral-spatial scheme in GPU based on convolutional neural
networks for the classification of hyperspectral images and evaluate its results on several
public datasets used in remote sensing for land-cover applications. The scheme consists
of principal component analysis, patch extraction, convolution filters and fully-connected
layers. The learning is performed using the standard backpropagation algorithm.
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The CUDA GPU implementation is based on the use of the Caffe optimized framework
for deep learning and other optimization strategies including calls to optimized libraries
such as CULA, CUBLAS and MAGMA. Details on the Caffe implementation are given. The
experiments obtain speedups of up to 38.66% for the Pavia Univ. dataset with accuracies
of up to 97.15%.
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Abstract

We analyze the existence of a solution for a quite general variational inequalities
system, which includes some variational problems with constraints. The fundamental
tool to carry out this study is a minimax theorem. In addition, a stable numerical
method is introduced for approximating the solution of such a system.
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1 Main results

Although originally, minimax inequalities arose in the context of game theory, they have
turned out to be powerful tools in other fields: let us mention, for instance, [2, 3, 6, 7, 8, 9,
10, 11]. We start from the classical minimax inequality of von Neumann–Fan for studying
the existence of a solution for a certain system of variational inequalities.

In order to introduce the class of systems that we are going to analyze, let us mention
that the study of variational equations with constraints emerges naturally, among others,
from the context of the elliptic boundary value problems, when their essential boundary
conditions are treated as constraints in their standard variational formulation. For instance,
let Ω be an open and bounded subset of Rn with a Lipschitz boundary ∂Ω, and let f0 ∈ L2(Ω)
and g0 ∈ H1/2(∂Ω). Let us also assume that h0 ∈ L∞(Ω) and that there exists δ > 0 such
that

δ ≤ h0 in Ω.
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Let us consider the variational problem: find x0 ∈ H1(Ω) such that

x0 = g0 on ∂Ω and for all x ∈ H1
0 (Ω),

∫
Ω
h0∇x0 · ∇x =

∫
Ω
f0x,

that is, the weak formulation of the elliptic boundary problem associated with the Poisson
equation with non-homogeneous Dirichlet boundary condition{

−div (h0∇x) = f0 in Ω
x = g0 on ∂Ω

.

Equivalently, we can impose weakly the boundary condition: let X := H1(Ω), Y :=
H−1/2(∂Ω), Z := H1

0 (Ω), let a : X × X −→ R and b : X × Y −→ R be the continu-
ous bilinear forms

a(x1, x2) :=

∫
Ω
h0∇x1 · ∇x2, (x1, x2 ∈ X)

and
b(x, y) :=< tr(x), y >, (x ∈ X, y ∈ Y )

< ·, · > being the canonical bilinear form in H1/2(Γ) × H−1/2(Γ) and tr : H1(Ω) −→
H1/2(Γ) ⊂ L2(Γ) the trace operator in H1(Ω); and let f : X −→ R and g : Y −→ R be the
continuous and linear functionals defined by

f(x) :=

∫
Ω
f0x, (x ∈ X)

and
g(y) :=< g0, y >, (y ∈ Y ).

Then, the variational formulation coincide with this constrained variational equation:

find x0 ∈ X such that

{
z ∈ Z ⇒ f(z) = a(x0, z)
y ∈ Y ⇒ g(y) = b(x0, y)

.

In a more general way, we deal with the following problem: let E be a real reflexive Banach
space, n ∈ N and suppose that for each j = 1, . . . , n, Fj is a real normed space, y∗j ∈ F ∗j
(“∗” stands for “topological dual space”), Cj is a convex subset of Fj with 0 ∈ Cj , and
aj : E × Fj −→ R is a bilineal form satisfying

yj ∈ Cj ⇒ aj(·, yj) ∈ E∗;

find x0 ∈ E such that 
y1 ∈ C1 ⇒ y∗1(y1) ≤ a1(x0, y1)

· · ·
yn ∈ Cn ⇒ y∗n(yn) ≤ an(x0, yn)

.
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As mentioned above, our fundamental tool is the von Neumann–Fan minimax theorem,
which allows us to characterize the existence of a solution for this variational inequalities
system in terms of that of a positive constant. Moreover, that minimax result implies
the stability of numerical schemes of the Galerkin type for approximating the solution.
The corresponding finite dimensional subspaces are generated from adequate biorthogonal
systems depending on the concrete problem.

The variational systems under consideration are so general that include mixed varia-
tional formulations of some elliptic problems, those in the so-called Babuška–Brezzi theory
(see, for instance [1, 5] and some of its generalizations [4]).

Finally, we illustrate our results with some numerical examples.
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Abstract

In the present work we study the generalized Drinfeld-Sokolov equations. Previously,
we got its classical Lie symmetries and obtained exact solutions. Now we continue
the analysis by applying the nonclassical method proposed by Bluman and Cole to
deduce new symmetries of the equation. In addition, we look for nonlocal symmetries
by applying the potential symmetry method introduced by Bluman et al. Finally, we
obtain conservation laws depending on the parameters by using the multiplier method.

Key words: generalized Drinfeld-Sokolov, nonclassical symmetries, potential symme-
tries, conservation laws.

1 Introduction

Nowadays Drinfeld-Sokolov equations are getting a lot of attention because of their extensive
applications. Initially they were presented by Drinfeld and Sokolov in [8] as some examples
of generalized KdV and mKdV corresponding to classical Kats-Moody algebras, and these
days we have organised them in two categories.

The first one is the Drinfeld–Sokolov–Wilson (DSW) system{
ut + (vn)x = 0
vt − avxxx + 3buxv + 3kuvx = 0

where a, b, k and n are constants. This system was introduced by Drinfeld and Sokolov as
an example of a system of nonlinear equations possessing Lax pairs of a special form [10]
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and it is used to describe nonlinear surface gravity waves propagating over an horizontal
sea bed. It has been extensively studied in [3, 11, 16] and so on.

The second one is formed by the generalized Drinfeld-Sokolov equations (gDS) [14]{
ut + α1uux + β1uxxx + γ

(
vδ
)
x

= 0

Vt + α2uvx + β2Vxxx = 0
(1)

where α1, α2, β1, β2, γ and δ are constants. This system models one dimensional nonlinear
wave processes in two-component media.

In a previous paper, Garrido and Bruzón [9] studied this couple of equations (1) obtain-
ing its classical lie symmetries classification, reductions, and few travelling wave solutions
applying the sine–cosine method introduced by Wazwaz [15]. So the aim of the present pa-
per is to continue with the previous research of (1) extending it to the study of nonclassical
symmetries, potential symmetries and conservation laws.

There are several reasons to be interested in the study of symmetries admitted by a
partial differential equation and probably the most important is that they are useful for
finding invariant solutions. Lie group theory provides a method to search for these special
group invariant solutions [12]. However, sometimes not all of these invariant solutions can be
found by using the Lie classical method and that is why we have looked for the nonclassical
and potential symmetries of (1) too.

Bluman and Cole [4] proposed the so–called nonclassical method of group-invariant
solutions in which since the number of determining equations is smaller, the set of solutions
is larger than the one for the classical method. In the same way in [5] Bluman et al.
have introduced the concept of potential symmetry, which is a nonlocal symmetry, for any
differential equation which can be written as a conservation law.

To conclude and due to the physical importance of conservation laws in the study of
properties that do not change in the course of time, especially for determining conserved
quantities and constants of motion, we have applied the multiplier method proposed by
Bluman and Anco [1, 2] which provides a general treatment to find all local conservation
laws admitted by any given evolution equation. Some examples can be found in [6, 7, 13].
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Abstract

The generalized finite difference method (GFDM) has been proved to be a good
meshless method to solve several linear partial differential equations (pde’s): wave prop-
agation, advection-diffusion, plates, beams, etc.
The GFDM allows us to use irregular clouds of nodes that can be of interest for mod-
elling non-linear parabolic pde’s.
This paper illustres that the GFD explicit formulae developed to obtain the different
derivatives of the pde’s are based in the existence of a positive definite matrix that it
is obtained using moving least squares approximation and Taylor series development.
Criteria for convergence of fully explicit method using GFDM for different non linear
parabolic pdes are given.
This paper shows the application of the GFDM to solving different non-linear problems
including applications to heat transfer, acoustics and problems of mass transfer.

Key words: meshless methods, generalized finite difference method, non-linear parabolic
partial differential equations.

1 Introduction

Modern numerical methods, in particular those for solving non-linear PDEs, have been
developed in recent years using finite differences, finite elements, finite volume or spectral
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methods. A review of numerical methods for non-linear partial differential equations is given
by Polyanin [1] and Tadmor [2]. In this paper we use a meshless method called generalizad
finite difference method (GFDM) for solving different parabolic non-linear pdes.
Benito, Gavete and Ureña [3,4,5] have developed the explicit formulae and h-adaptive
method for the solution of the pdes in 2-D.
In this paper, this meshless method is used for solving non-linear parabolic partial differen-
tial equations in 2-D. Parabolic equations have been solved using an explicit method and
the convergence has been studied taking into account the irregularity of the cloud of points.
The numerical results show the high accuracy obtained.
The paper is organized as follows. In section 2 the explicit method and GFDM to solve
non-linear parabolic partial differential are showed. In section 3, convergence is studied.
Sections 4 exposes the results obtained for solving different non-linear problems. Finally, in
section 5, some conclusions are obtained.

2 Explicit method and GFDM: application to non-linear parabolic
partial differential equations

Consider the following non-linear problem in the domain D = [0, T ]× Ω with Ω ⊂ R2

∂U

∂t
= LΩ[U ] (1)

where LΩ[U ] is a non-linear operator, Γ is the boundary of the domain Ω, with boundary
condition:

UΓ = f(t) (2)

and initial condition

U(x, y, 0) = g(x, y) (3)

where f and g are two known functions.
To solve the problem described by Eqs.(1), (2) and (3), using the explicit method, time
derivative is approximated by

∂u(x0, y0, n4t)
∂t

=
un+1

0 − un0
4t

+ Θ(4t) (4)
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and spatial derivatives are approximated using GFD [3,4,5], are denoted by

∂u(x0, y0, n4t)
∂x

= −λ0u0 +

s∑
i=1

λiui + Θ(h2
i , k

2
i ), with λ0 =

s∑
i=1

λi

∂u(x0, y0, n4t)
∂y

= −µ0u0 +

s∑
i=1

µiui + Θ(h2
i , k

2
i ), with µ0 =

s∑
i=1

µi

∂2u(x0, y0, n4t)
∂x2

+
∂2u(x0, y0, n4t)

∂y2
= −m0u0 +

s∑
i=1

miui + Θ(h2
i , k

2
i )

with m0 =

s∑
i=1

mi

(5)

3 Convergence of the scheme for non-linear parabolic pde’s

In this section convergence of non-linear parabolic pde’s, using GFDM, is studied. We will
do so by introducing the following definitions:

• A partial differential equation is semilinear if the coefficients of its highest derivatives
are functions of the spaces variables only.

• A partial differential equation is quasi-linear if it is linear in its highest derivatives.

In this paper, the following cases are considered for LΩ[U ] of Eq.(1), for their importance
in applied science and technology:
Semilinear

LΩ[U ] =
∂2U

∂x2
+
∂2U

∂y2
+ F (U) (6)

Quasilinear

LΩ[U ] = K(U)(
∂2U

∂x2
+
∂2U

∂y2
) (7)

The method which has been used consists in finding an error bound directly from the
discretized expressions and, therefore, the concept of stability is not used. However this
concept appears when we consider that the error must be limited.

3.1 Semilinear parabolic PDEs

Let us consider Eq.(6) where F (U) is a differentiable function. By considering the non-linear
scheme together with the explicit expressions Eqs.(4) and Eq.(5)

un+1
0 − un0

∆t
= −m0u

n
0 +

N∑
i=1

miu
n
i + F (un0 ) (8)
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and let the same expression for the exact solution be

Un+1
0 − Un

0

∆t
= −m0U

n
0 +

N∑
i=1

miU
n
i + F (Un

0 ) (9)

If we define the error as eni = uni − Un
i y en0 = un0 − Un

0 , using the mean value theorem for
F , it is obtained

F (un0 )− F (Un
0 ) = en0

∂F

∂U
(χj) (10)

where χj = Un
0 + ξen0 , ξ ∈ [0, 1] Subtracting Eqs.(8) and (9) and introducing Eq.(10) it is

obtained
en+1

0 − en0
∆t

= −m0e
n
0 +

N∑
i=1

mie
n
i + en0

∂F

∂U
(χj) (11)

en+1
0 = (1−m0∆t+ ∆t

∂F

∂U
(χj))e

n
0 + ∆t

N∑
i=1

mie
n
i (12)

|en+1
0 | ≤ |(1−m0∆t+ ∆t

∂F

∂U
(χj))||en0 |+ ∆t|

N∑
i=1

mie
n
i | (13)

Let en = max
i=0,..,N

|eni |, taking into account eq.(4) and eq.(1) it is obtained

en+1 ≤ en(|1−m0∆t+ ∆t
∂F

∂U
|+

N∑
i=1

∆t|mi|) + Θ1(∆t(h2
i + k2

i + ∆t)) (14)

α = |1−m0∆t+ ∆t
∂F

∂U
|+

N∑
i=1

∆t|mi| (15)

by considering n = 1 and including a constant C

e1 = αe0 + C(∆t(h2
i + k2

i + ∆t)) (16)

as e0 = 0 by the initial condition Eq.(3)

e1 = C(∆t(h2
i + k2

i + ∆t)) (17)

and similarly to eq.(17)

e2 = αe1 + C(∆t(h2
i + k2

i + ∆t)) = C(∆t(h2
i + k2

i + ∆t))(1 + α) (18)

en+1 = C(∆t(h2
i + k2

i + ∆t))(1 + α+ α2 + · · ·+ αn) (19)
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1 + α + α2 + · · · + αn + · · · is a geometric series, where the condition of convergence is
|α| < 1. Hence, in order for the error not to diverge as time increment tends to 0, it must
be:

|α| < 1⇔ |1−m0∆t+ ∆t
∂F

∂U
|+

N∑
i=1

∆t|mi| < 1 (20)

Thus,

|1−m0∆t+ ∆t
∂F

∂U
| < 1−

N∑
i=1

∆t|mi| (21)

−1 +

N∑
i=1

∆t|mi| < 1−m0∆t+ ∆t
∂F

∂U
< 1−

N∑
i=1

∆t|mi| (22)

by comparing first and second terms of inequality eq.(29) and second and third terms the
following two conditions can be obtained.{

1−m0∆t+ ∆t∂F∂U < 1−
∑N

i=1 ∆t|mi|
−1 +

∑N
i=1 ∆t|mi| < 1−m0∆t+ ∆t∂F∂U

⇔

{
∆t(∂F∂U +

∑N
i=1 |mi| −m0) < 0

∆t(
∑N

i=1 |mi|+m0 − ∂F
∂U ) < 2

(23)

as ∆t > 0, the criteria of convergence are
∂F

∂U
+
∑N

i=1 |mi| −m0 < 0

∆t <
2∑N

i=1 |mi|+m0 − ∂F
∂U

(24)

From first inequality of eq.(24), taking account eq.(5) thus ∂F
∂U < 0 is obtained. The second

inequality of eq.(24) gives us the limit ∆t of convergence of each one of the stars of the
domain. Then the minimum value obtained between all the stars is taken as limit of
convergence.

3.2 Quasilinear parabolic PDEs

Let us consider eq.(7) representing an heat transmission case where U is the temperature
and K(U) is the conductivity.
Using fully explicit approximations

un+1
0 − un0

∆t
= K(un0 )(−m0u

n
0 +

N∑
i=1

miu
n
i ) (25)

and similarly for the exact solution

Un+1
0 − Un

0

∆t
= K(Un

0 )(−m0U
n
0 +

N∑
i=1

miU
n
i ) (26)
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Defining the error en = un − Un, it is obtained

en+1
0 − en0

∆t
= K(un0 )(−m0u

n
0 +

N∑
i=1

miu
n
i )−K(Un

0 )(−m0U
n
0 +

N∑
i=1

miU
n
i ) (27)

en+1
0 = en0 + ∆t[K(un0 )(−m0u

n
0 +

N∑
i=1

miu
n
i )−K(un0 )(−m0U

n
0 +

N∑
i=1

miU
n
i )

+K(un0 )(−m0U
n
0 +

N∑
i=1

miU
n
i )−K(Un

0 )(−m0U
n
0 +

N∑
i=1

miU
n
i )] (28)

and using the mean value theorem

en+1
0 = en0 + ∆t[K(un0 )(−m0e

n
0 +

N∑
i=1

mie
n
i ) + en0

∂K

∂U
(χj)(−m0U

n
0 +

N∑
i=1

miU
n
i )] (29)

and rearranging

en+1
0 = en0 [1 + ∆t

∂K

∂U
(−m0U

n
0 +

N∑
i=1

miU
n
i )−m0∆tK(un0 )] + ∆tK(un0 )

N∑
i=1

enimi (30)

If, again, we make en = max
i=0,..,N

|eni | in every point of the cloud of points, we shall obtain the

relation:

en+1 ≤ en(|1 + ∆t
∂K

∂U
(−m0U

n
0 +

N∑
i=1

miU
n
i )−m0∆tK(un0 )|+ ∆t|K(un0 )|

N∑
i=1

|mi|)

+ Θ3(∆t(h2
i + k2

i + ∆t)) (31)

Denoting:

R = ∆t
∂K

∂U
(−m0U

n
0 +

N∑
i=1

miU
n
i ) (32)

γ = |1 +R∆t−m0∆tK(un0 )|+ ∆t|K(un0 )|
N∑
i=1

|mi| (33)

en+1 ≤ enγ + Θ3(∆t(h2
i + k2

i + ∆t)) (34)

Thus,

e1 ≤ e0γ + C2(∆t(h2
i + k2

i + ∆t)) = C2(∆t(h2
i + k2

i + ∆t)) (35)
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where e0 = 0 by initial condition eq.(3)

en ≤ C2(∆t(h2
i + k2

i + ∆t))(1 + γ + · · · ) (36)

Taking account that 1+γ+γ2 + · · · is a geometric series, then the condition of convergence
is |γ| < 1.

|1 +R∆t−m0∆tK(un0 )|+ ∆t|K(un0 )|
N∑
i=1

|mi| < 1 (37)

−1 + ∆t|K(un0 )|
N∑
i=1

|mi| < 1 +R∆t−m0∆tK(un0 ) < 1−∆t|K(un0 )|
N∑
i=1

|mi| (38)

by relating second and third terms and first and second ones{
1 +R∆t−m0∆tK(un0 ) < 1−∆t|K(un0 )|

∑N
i=1 |mi|

−1 + ∆t|K(un0 )|
∑N

i=1 |mi| < 1 +R∆t−m0∆tK(un0 )
(39)

then the following two inequalities are obtained{
∆t(R+ |K(un0 )|

∑N
i=1 |mi| −m0K(un0 )) < 0

∆t(|K(un0 )|
∑N

i=1 |mi|+K(un0 )m0 −R) < 2
(40)

and operating in eq.(40) −R+m0K(un0 ) > |K(un0 )|
∑N

i=1 |mi|
∆t <

2

|K(un0 )|
∑N

i=1 |mi|+m0K(un0 )−R
(41)

by taking first inequality of the eq.(41) and substituting it in the second one −R+m0K(un0 ) > |K(un0 )|
∑N

i=1 |mi|
∆t <

1

m0K(un0 )−R
(42)

As it is shown in the second inequality of eq.(42) the values of the coefficients (mo,mi) are
important to determine the ∆t for each one of the stars. The limit of convergence ∆t for
each cloud of nodes is the minimum value obtained considering all the stars of the domain.

4 Numerical results

In this section it will be shown the numerical results obtained by solving five non-linear
parabolic pde with Dirichlet boundary conditions the initial conditions (which are obtained
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by substitution in the exact solution), which correspond to non-linear problems in physics
and engineering: heat equation, diffusion of liquids in porous medium, advection-diffusion,
etc.
Firstly we consider 3 examples and apply them in 6 different discretizations (see figure 1),
obtaining the solution for t = 0.25 sec. To do it we divide the total time into a different
number of steps, in particular, 50, 100, 250, 500 and 1000 steps, which is equivalent to use
as time increments 0.005, 0.0025, 0.001, 0.0005 and 0.00025 sec. respectively.
In all the cases considered the global error has been calculated according to the formula

%Global Error =

√√√√√√
NI∑
i=1

(
sol(i)− exac(i)

)2

NI

|exacmax|
× 100 (43)

where sol(i) is the GFD solution in node i, exac(i) is the exact value of the solution at node
i, exacmax is the maximum value of the exact values in the cloud of nodes considered and
NI is the number of nodes of the domain Ω.
Note that in the numerical results the time step used, ∆t, have been selected according to

Figure 1: Clouds of points 1, 2, 3, 4 , 5 and 6

the convergence limits defined in eq.(24) and eq.(42). However these limits depend of the
stars of nodes, and hence they are different for the six clouds of points considering in fig.1
Then as consequence only the converging cases have been considered in tables [1-3].
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Example 1
Let us consider the equation

∂U

∂t
=
∂2U

∂x2
+
∂2U

∂y2
− Uln(U) (44)

with exact solution:

U(x, y, t) = ee
−t
e

x2

5
+xy

5
+ y2

20
+ 1

2 (45)

This example corresponds to a semilinear case whose convergence has been studied in
previous section.

Time increments 4t calculated by using the rate of convergence for each mesh are,

mesh
4t

0.005 0.0025 0.001 0.0005 0.00025

1 - - 2.7582 · 10−5 8.2719 · 10−6 2.4258 · 10−5

2 - - 2.7802 · 10−3 2.0688 · 10−5 6.8425 · 10−6

3 - - 5.5248 · 10−5 2.7699 · 10−5 2.5353 · 10−5

4 3.8457 · 10−4 1.6820 · 10−4 1.2141 · 10−4 4.4682 · 10−1 1.5638 · 10−4

5 - - 1.6033 · 10−5 1.0019 · 10−5 9.2320 · 10−6

6 - - 4.1119 · 10−5 2.3447 · 10−5 5.3133 · 10−5

Table 1: Table of mean squared errors for Example 1

respectively: 0.0022, 0.00125, 0.001, 0.0078, 0.00125 and 0.0022. Thus, the numerical
results obtained Table 1 and Fig. 2 are according with the limit previously developed.

Example 2
Let us consider the equation

∂U

∂t
= U(

∂2U

∂x2
+
∂2U

∂y2
) (46)

with the exact solution:

U(x, y, t) =
1

1− t
(
x2 + y2 + 1

4
+ xy + x+ y) (47)

This case corresponds to a heat transmission problem where the conductivity K de-
pends on the temperature U .
This example corresponds to a quasilinear whose convergence has been studied in
previous section.

4t has been calculated by using the rate of convergence for each cloud of points
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Figure 2: Exact and approximated solutions of the example 1 on meshes 1, 2, 3, 4 5 and 6

being, respectively: 0.00088, 0.00035, 0.00067, 0.0038, 0.00076 and 0.00088. Thus,
the numerical results obtained Table 2 and Fig. 3 are according with the convergence
theory, previously developed.

Example 3
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Figure 3: Exact and approximated solutions of the example 2 on clouds of points 1, 2, 3, 4,
5 and 6

Let us consider the equation

∂U

∂t
= U(

∂2U

∂2x
+
∂2U

∂2y
) + U (48)

with the exact solution:
U(x, y, t) = et(1 + ex sin(y)) (49)
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mesh
4t

0.005 0.0025 0.001 0.0005 0.00025

1 - - - 2.1974 · 10−5 1.1149 · 10−5

2 - - - - 1.3456 · 10−5

3 - - - 9.8553 · 10−2 1.2612 · 10−5

4 - 1.5380 · 10−4 6.1535 · 10−5 3.0915 · 10−5 1.5726 · 10−5

5 - - - 9.8553 · 10−2 1.2612 · 10−5

6 - - - 3.8040 · 10−5 1.9095 · 10−5

Table 2: Table of mean squared errors for Example 2

This example corresponds to a quasilinear whose convergence has been studied in
previous section.

mesh
∆t

0.005 0.0025 0.001 0.0005 0.00025

1 - - 2.2895 · 10−1 1.3241 · 10−5 1.0168 · 10−5

2 - - - 1.497 · 10−1 1.3643 · 10−5

3 - - - 4.9862 · 10−5 4.7147 · 10−5

4 - 2.1002 · 10−4 1.9940 · 10−4 1.9655 · 10−4 1.9527 · 10−4

5 - - - 3.8149 · 10−1 2.1619 · 10−5

6 - - 5.2962 · 10−1 2.838 · 10−5 2.2815 · 10−5

Table 3: Table of mean squared errors for Example 3

4t computed by using the rate of convergence for each mesh are, respectively: 0.0017,
0.00065, 0.00062, 0.0031, 0.00072 and 0.0017. Thus, the numerical results obtained Table 3
and Fig 4 are according with the convergence, previously developed.

5 Conclusions

In this paper explicit and implicit methods using GFDM for solving different non-linear
parabolic PDEs, have been considered.
Convergence has been studied, for semilinear and quasilinear equations, and limits of con-
vergence have been developed and implemented in different examples.
The examples provided illustrates the viability of the application of GFDM for solving
parabolic non-linear PDEs in 2D. The efficiency of the developed methods is clearly shown.
The accuracy of the GFDM has been tested in different non-linear PDEs, including differ-
ent cases related with acoustics, heat transfer, mass transfer, heat extinction, combustion.
Numerical results for several non-linear problems validate the use of GFDM to solve this
type of practical problems.
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Figure 4: Exact and approximated solutions of the example 3 on clouds of points 1, 2, 3, 4,
5 and 6
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Abstract

In this talk we discuss the numerical properties of structured linearizations formed
by Bezoutian-like matrices as well as of their rank structured counterparts generated
from the values of the Newton correction applied for the solution of a nonlinear equation.
Numerical results are presented and some open questions are listed.

1 Introduction

We consider the problem of estimating zeros of an analytic function f : Ω ⊂ C→ C from the
values of a related rational function at sample points. Approaches based on interpolation
techniques are known for this problem [11]. Recently, the interest on these methods has
been renewed in [1], where approximations of the zeros of f(z) inside the unit circle are
computed by solving certain structured generalized eigenvalue problems directly constructed
from the values attained by f(z) at the roots of unity. Efficient eigensolvers based on
rank-structured matrix algorithms are presented in [7, 5, 4]. Differently, the associated
linearized eigenvalue problems might be solved using the Ehrlich-Aberth method [3, 8] for
simultaneous polynomial root-finding. Numerical experiments carried out in [7, 6] show that
the weakness of the resulting procedure lies in the evaluation of f(z) at the interpolation
points which can be prone to round-off errors. Approximation schemes based on computing
the ratio f(z)/f ′(z) –generally referred as the Newton correction of f(z)– are numerically
more reliable. It is an immediate observation that the function value and the derivative
might overflow/underflow while the ratio may still be a reasonable machine number. In
this talk we elaborate upon the construction of structured linearizations of the zerofinding
problem using the values of the Newton correction.
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More precisely, for a given fixed n ∈ N let Z(1) = {zj}nj=1 and Z(2) = {wj}nj=1 be
two disjoint sets of pairwise distinct points. Let us consider rational approximations of
the meromorphic function N(z) = f ′(z)/f(z), which gives the reciprocal of the Newton
correction applied to f(z). The rational interpolant r(z) = p(z)/q(z) of of type (n − 1, n)
on Z = Z(1) ∪ Z(2) is defined by the conditions

p(tj)

q(tj)
= N(tj) =

f ′(tj)

f(tj)
, tj ∈ Z; p(z) ∈ Pn−1, q(z) ∈ Pn, q(0) = 1,

where P` denotes the set of univariate polynomials of degree at most `.

Let us introduce the two matrices B1 = (b
(1)
i,j ), B2 = (b

(2)
i,j ) ∈ Cn×n given by

b
(1)
i,j =

N(zi)−N(wj)

zi − wj
, zi ∈ Z(1), wj ∈ Z(2), 1 ≤ i, j ≤ n,

and

b
(2)
i,j =

ziN(zi)− wjN(wj)

zi − wj
, zi ∈ Z(1), wj ∈ Z(2), 1 ≤ i, j ≤ n,

Pairs of matrices of the form (B1, B2) are considered in [9, 10]. Properties of these matrices
can be enlightened by using some classical connections with other well known classes of
displacement structured matrices. From

b
(1)
i,j =

N(zi)−N(wj)

zi − wj
=

p(zi)
q(zi)
− p(wj)

q(wj)

zi − wj
= q(zi)

p(zi)q(wj)− p(wj)q(zi)

zi − wj
q(wj).

There follows that
B1 = diag [q(zi)] · B1 · diag [q(wj)] ,

where

B1 =

(
p(zi)q(wj)− p(wj)q(zi)

zi − wj

)
1≤i,j≤n

.

Recall that the symmetric n× n matrix Bp,q = (fi,j) such that

p(x)q(y)− p(y)q(x)

x− y
=
[
1, x, . . . , xn−1

]
Bp,q

[
1, y, . . . , yn−1

]T
=

n−1∑
i,j=0

fi+1,j+1x
iyj ,

is called the Bezoutian associated with the polynomial pair (p(z), q(z)). Hence, it is found
that

B1 = VT (z1, . . . , zn) · Bp,q · V(w1, . . . , wn),

where

V(x1, . . . , xn) =


1 . . . . . . 1
x1 . . . . . . xn
...

...
...

...

xn−11 . . . . . . xn−1n

 ,
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is the classical Vandermonde matrix generated from the nodes x1, . . . , xn. The matrix Bp,q
can further be decomposed by using the properties of Vandermonde matrices [12]. For the

sake of simplicity, let us assume that the zeros ξ
(n)
1 , . . . , ξ

(n)
n are pairwise distinct. Then we

have

Bp,q = V−T (ξ
(n)
1 , . . . , ξ(n)n ) · diag

[
ε
(n)
1,i

]
· V−1(ξ(n)1 , . . . , ξ(n)n ),

where

ε
(n)
1,i = p(ξ

(n)
i )q′(ξ

(n)
i ), 1 ≤ i ≤ n.

A similar analysis relates the matrix B2 with Bzp,q such that

Bzp,q = V−T (ξ
(n)
1 , . . . , ξ(n)n ) · diag

[
ε
(n)
2,i

]
· V−1(ξ(n)1 , . . . , ξ(n)n ),

where

ε
(n)
2,i = ξ

(n)
i p(ξ

(n)
i )q′(ξ

(n)
i ), 1 ≤ i ≤ n.

In this way, we arrive at the following two-step procedure for approximating the zeros of
q(z) and therefore, hopefully, the zeros of f(z):

1. for two given set of points Z(1) = {zj}nj=1 and Z(2) = {wj}nj=1, evaluate N(zi) and
N(wi), 1 ≤ i ≤ n, and then form the matrices B1 and B2;

2. compute the generalized eigenvalues of the matrix pair (B2, B1).

A rank structured linearization can also be defined starting from the matrix pair (B1, B2).
If we set D2 = diag([w1, . . . , wn]) then we have

B2 −B1D2 = e [N(z1), . . . , N(zn)] , eT = [1, . . . , 1] .

The resulting representation of B−11 B2 as a diagonal plus a rank-one matrix corresponds
with the linearization provided in [2] based on Lagrange interpolation.

In this talk we analyze the role of structured linearizations formed by Bezoutian-like
matrices as well as of their rank structured counterparts generated from the values of the
Newton correction applied for the solution of a nonlinear equation. Numerical results are
presented and some open questions are listed.
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Abstract

The power unit is the key element of heavy machinery. Its actual technological
complexity makes it difficult either for constructors or engineers to predict properly
its failure. The main contribution of this work is, firstly, to provide a suitable model
to obtain the probability distribution that better reflects the fault occurrence on the
power unit for mining excavators from a work management approach. Secondly, an
optimum maintenance strategy is modelled through an influence diagram in terms of
repair costs and production losses, representing the direct and indirect costs engineers
have to face when a machine breaks down. Results show Weibull distribution as the
best probabilistic model for the estimation of prior fault probabilities of the power unit
elements. Indirect costs are demonstrated to be about 4.5 times bigger than direct costs,
reflecting the necessity for a maintenance strategy capable to reduce faults in the early
stages avoiding costs to become expansive over time. This approach tries to minimize
production losses at the same time engineers gain knowledge in the management of risks
involved with the severity and time of appearance of certain types of faults.

Key words: model selection, reliability and life testing, decision making, maintenance
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1 Introduction

Excavators (Hydraulic Excavators) are heavy construction equipment decisive for earth-
moving operations both in mining and civil works. The engine consists of three parts. The
engine block, the engine head and the lower engine. Each part is constituted respectively
for a large number of components which are assembled in order to obtain the intended part.
When talking about failures, from the set of faults that can be recorded during the machine
operating life, according to their prevalence, those that can be associated with the power
unit can be classified as: direct engine faults, injection system faults and starter engine
faults.

During the past 20 years there has been a heightened improvement in the manufacture
of heavy machinery engines. They are more powerful and fuel efficient with a minimized
impact of emissions. The reliability has also been significantly enhanced with the inclusion
of sophisticated electronic settings able to detect and predict nearby faults, but with a high
price. Commonality and simplicity of design has turned now into complex structures with
multiple sensors and an increased number of components. On many occasions, when faults
occur time to repair takes a considerable time due to disassembly process which has to be
carried out by qualified technical staff.

However, from a management perspective when a fault occurs the problem for engineers
is not so much which component has failed, rather than how long the machine is going to be
stopped or how much is the reparation cost. This situation, creates the necessity to define
maintenance strategies oriented toward a wider scale represented by the set of power unit
elements failure instead of power unit components failure. This new approach provides a
great simplification of the domain problem, although is widely known that the decision-
model results and conclusions are reliable as the probability model is well specified.

The motivation behind this work comes from trying to figure out whether different dis-
tributions change maintenance decisions in a considerably way. In this context, this paper
evaluates exponential and Weibull distributions due to its extensive use in data analysis
and reliability engineering [1]. The exponential distribution excels by its simplicity in cal-
culation, but might not be appropriate to model the overall lifetime power unit elements,
because the failure rates are not constant, and a constant failure rate approximation could
not be representative enough. Alternatively, an important aspect of the Weibull distribution
is how the values of the shape parameter k and the scale parameter λ affect the probability
density function (PDF) and how they properly represent the power unit reliability [2]. For
this latter issue, a suitable estimation of Weibull parameters is needed in order to obtain a
reliable analysis of the occurrence of faults in the power unit.

The rest of the paper is structured in the following way. Section 2 presents the math-
ematical methods used to determine Weibull parameters and obtain the cumulative distri-
bution function (CDF), both for Weibull and exponential distribution. Section 3 explains
the influence diagram design. Section 4 shows the decision model results and discusses
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the findings obtained about how these distributions may influence maintenance decisions.
Section 5 concludes the paper and provides future work.

2 Model selection

The Weibull distribution is a suitable probability distribution for modelling survival analysis
and has been widely used in reliability engineering and failure analysis due to its versatility.
The density function of a Weibull distribution is given by the following expression:

f (x|θ) =
k

λ

(x
k

)k−1
e−(x/λ)k , if x ≥ 0,

where θ = (k, λ)t, k > 0 is the shape parameter, λ > 0 the scale parameter and t denotes
transposed. On the other hand, the exponential distribution is a particular case with k = 1
indicating a constant failure rate η = 1

λ > 0 over time and therefore that random external
events are causing the components failure.

2.1 Estimation methods

In order to select the probabilistic model that better determines the fault of the power unit
in mining excavators, several methods have been implemented for the estimation of the
parameter θ. Given a sample {x1, x2, , xn} of size n drawn from a random variable X, the
following estimation methods can be defined:

Method 1. Maximum likelihood estimation. Under i.i.d. assumptions, θ is estimated
by maximizing the likelihood function defined as:

L (θ) =
n∏
i=1

f (xi|θ) .

Method 2. Moment matching estimation. This technique is based on matching the
sample moments with the corresponding distribution moments:

E (Xr) =
1

n

n∑
i=1

xri , r = 1, 2.

Method 3. Quantile matching estimation. Based on matching the sample quantiles,
Qn,pr , with the corresponding distribution moments:

F−1 (pr|θ) = Qn,pr , 0 < pr < 1.

Method 4. Maximum goodness-of-fit estimation with the Cramer-von Mises goodness-
of-fit distance. Assuming that an ordered sample, x1 ≤ x2 ≤ . . . ≤ xn, θ is estimated by
minimizing:
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1

12n
+

n∑
i=1

[
F (xi|θ)−

2i− 1

n

]2
. (1)

Method 5. Maximum goodness-of-fit estimation with the Kolmogorov-Smirnov goodness-
of-fit distance. Assuming that an ordered sample , x1 ≤ x2 ≤ . . . ≤ xn, θ is estimated by
minimizing:

max

{
maxi=1,...,n

[
1

n
− F (xi|θ)

]
,maxi=1,...,n

[
F (xi|θ)−

1− 1

n

]}
. (2)

2.2 Goodness-of-fit statistics

Different goodness-of-fit statistics were calculated to measure the distance between the ad-
justed parametric distribution and the empirical distribution. Firstly, three goodness-of-fit
statistics which are classically considered when fitting continuous distributions: Cramer-von
Mises, based on (1), Kolmogorov-Smirnov, whose distance was given in (2), and Anderson-
Darling with the following goodness-of-fit distance, assuming an ordered sample:

−n− 1

n

n∑
i=1

(2i− 1) log {F (xi|θ) [1− F (xn+1−i|θ)]} .

Secondly, Akaike information criterion or the Bayesian information criterion were cal-
culated. These loglikehood criteria are often appropriate to avoid overfitting when small
samples are available:

AIC = 2r − 2 ln
[
L
(
θ̂
)]
,

BIC = ln (n) r − 2 ln
[
L
(
θ̂
)]
,

with r = 2, number of estimated parameters.
Finally, root mean square error:

RMSE =

{
1

n

n∑
i=1

[
f
(
xi|θ̂

)
− 1

n

]2}1/2

and Chi-squared distance:

χ2 =

∑n
i=1

[
f
(
xi|θ̂

)
− 1

n

]2
n− r

were also calculated.

c©CMMSE ISBN: 978-84-617-8694-7Page 953 of  2288
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2.3 Estimated parameters and selected probability distributions

All calculations were obtained using the open source programming language R [3]. The
results obtained with the different goodness-of-fit statistics allowed to identify Method 5
for the engine, Method 1 for the starter engine and Method 3 for the injection system as
the best estimation methods for the obtainment of Weibull parameters. The values of the
parameters required for the representation of the cumulative distribution function for each
power unit element with the winning methods are shown in Table 1.

Table 1: Parameters values for Weibull and exponential distributions representation
Distribution Parameters Engine Starter Engine Injection System

Weibull
Shape (k) 0.91290 1.44447 1.94212
Scale (λ) 1222.22 3244.58 3658.132

Exponential Failure Rate (η) 0.00027586 0.00015517 0.00012069

Note that the cumulative distribution function for the Weibull distribution is:

F (x) = 1− e−(x/λ)k , x ≥ 0,

whose representation requires the estimation of the scale λ and shape k parameters. Whereas,
the exponential distribution only needs the failure rate η, being its cumulative distribution
function:

F (x) = 1− e−ηx, η =
1

λ
, x ≥ 0.

Table 1 showns the constant failure rate for each power unit element estimated by
means of the average of faults in the machine operating life. It is interesting to analyse
the payoff between its simplicity of calculation and the magnitude of the difference in the
results, Figure 1, especially when they are transferred to an influence diagram affecting
strategic decisions.

In view of Figure 1, it can be seen how the Weibull distribution gives higher probabilities
to the failure of the units during the first years of its operating time.

3 Influence diagram for maintenance strategy evaluation

The maintenance strategy is modelled through an influence diagram (ID). An ID is a directed
acyclic graph representing a generalization of a Bayesian network, in which probabilistic
inference can be applied to solve decision making problems [4]. In this case, the ID was
created using the decision modelling software BayesFusion, LLC [5]. The problem design
depicted in Figure 2 involves 4 variable types for notation:
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Figure 1: Cumulative distribution functions comparison for the power unit elements

Figure 2: Influence diagram (ID) for power unit maintenance evaluation
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Table 2: Deterministic node definition. Fault occurrences (yes or no) determining power
unit fault severity (very high, high, medium or low)

Engine Yes Yes Yes Yes No No No
Starter Engine Yes Yes No No Yes Yes No
Injection System Yes No Yes No Yes No Yes

Very high X X
High X X X
Moderate X
Low X

• 2 decision nodes (green rectangles). The excavator operating time is evaluated in
hours. Every operation year the excavator works 4800 hours, considering a service
life at full performance up to 16800 hours. The maintenance strategy node offers the
possibility to assess the maintenance strategy according to the fault probabilities for
each element of the power unit obtained with exponential and Weibull distributions
(Figure 1).

• 3 chance nodes (yellow circles). The engine itself, the starter engine and the injec-
tion system. They are quantified by the probabilities (Figure1) which integrate the
uncertainty associated to the failure of the power unit.

• 1 deterministic node (red double circle). It represents the fault severity of the power
unit. Once all their parents are known, there is no uncertainty about the outcome.
The quantification is similar to chance nodes. The only difference now is that when a
fault event takes place, the outcome is known with certainty. The definition is done
with a probability table (Table 2) that contains the fault severity depending on the
combination of fault elements in the power unit, according to the criteria of mining
engineers consulted.

• 8 value nodes (blue and red hexagons). Blue hexagons represent the direct cost (DC)
and red hexagons the indirect cost (IC) for each power unit element fault. DCs refer
to the economic cost of fault repair. On the other hand, ICs imply a broader concept.
They compute the economic cost associated with the loss of production due to the
failure of the machine. The loss of production depends on the repair time, which is
in turn dependent on the severity of the fault. For this reason, the utility costs for
every element fault are computed independently. Moreover, for a generalized analysis
it is usually easier for the decision maker to combine them in a single multi-attribute
utility function (MAU) [6]. Thus, the influence diagram has two final MAUs, the
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Power Unit DC and the Power Unit IC, summarizing the direct and indirect costs
expected for the power unit elements failure over time.

In accordance with the expected utility theory, the goal of an influence diagram is to
choose a decision alternative that has the highest expected gain or utility [7]. Utility is,
however, by assumption subjective. In this particular case, the influence diagram enables
engineers and decision makers assess the expected costs of suffering a failure over time.
This approach means that direct and indirect costs need now to be minimized knowing that
utility has not a meaningful zero point because maintenance has always an associated cost
and it is very rare the case, not to say impossible, that an excavator has no faults during
its operating time.

Various decision makers facing the same problem and even sharing the same set of beliefs
may choose differently because of their preference structure and different utility functions.
This can be especially noticed in a field such as engineering. Taking this into account, the
utility elicitation of fault costs was made through an extensive review of repair invoices from
power units of several mining excavators in the last 5 years.

4 Decision model results

The results obtained offer two main contributions. Firstly, how the estimations of prior
probabilities can affect decision making for maintenance policy in this new approach based
on the power unit segmentation into three main failure elements. Secondly, how the risk
for fault severity changes depending on the model selected.

4.1 Distribution influence on decision making

The expected direct and indirect costs associated with the failure of the power unit modelled
either with exponential or Weibull distribution show a significant growth in the first two
years (see iceberg chart in Figures 3 and 4). After the second year, when the machine has
been operating more than 9600 hours, the expected costs present a certain stabilization.

Comparing the results obtained with each model, a big difference lies within the first
3 years. The influence diagram, when is modelled with exponential distribution, gives rise
to lower direct and indirect costs for that period. These differences reduce over time, from
48% less for the first year to 20% less the second and just 10% less the third. This highlights
that even if both models present a good similarity from the third year onwards, Weibull
distribution, more mathematically appropriate, can better respond to the expected costs
during the initial stages. Therefore, even though for some real life scenarios a constant
failure rate can represent a good approximation, a Weibull distribution has proven to be
a worthwhile distribution for modelling power unit faults, although the estimations of its
parameters may be more time-consuming in terms of calculation.
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This last point is also supported by the fact that Weibull distribution enables a better
understanding of power unit elements. The shape parameter k represents the failure rate
behaviour. A value of k < 1 indicates that the failure rate decreases over time. This is the
case of the engine block k=0.91290 (Table 1). When k > 1 the failure rate increases with the
passing of time. The starter engine k=1.44447 and the injection system k= 1.94212 (Table
1) present this condition reflecting the existence of an aging process. It is noticeable that
the engine itself is the one with the most similar behaviour to an exponential distribution
(k=1), while the injection system gets closer to a Rayleigh distribution (k=2) with the
starter engine in the middle of these two.

Figure 3: Direct and indirect expected fault costs for the exponential probabilistic model

When designing an optimum maintenance policy this knowledge is crucial. The engine
is known now as more sensitive to suffer initial faults, while the starter engine and the
injection system present the inverse condition. A right balance could be found with an
extensive maintenance that pays special attention to the machine in its initial stage moving
toward a less exhaustive maintenance when the machine have reached its half-life. This
could ensure a good adaptation of the engine to the work environment whilst promoting a
healthy aging for the starter engine and the injection system.

From a management perspective, a fault minimization at the beginning of the excavator
operating life not only involves a reduction in direct costs associated with repair, but also
would contribute to quickly reach the required hours to complete the amortization of the
machine. Indirect costs show up in a ratio of 4.5 to 1 compared with direct cost. They are
larger from what many engineers can imagine, often hidden behind the shadow of the faults
having a huge role in the whole system performance.
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Figure 4: Direct and indirect expected fault cost for the Weibull probabilistic model

4.2 Fault severity

Aleatory or stochastic uncertainty due to the faults randomness is always at some point
inherent to the variability of the system regardless of how good the maintenance strategy
is. However, epistemic or subjective uncertainty arising from the lack of knowledge about
the system and its behaviour can be certainly reduced by acquiring knowledge through
probability and decision models like the one shown here. One aspect that holds special
importance is the risk of suffering a fault with a high degree of severity, because of its huge
cost and long time to repair.

The deterministic node incorporated in the influence diagram (Figure 2) with engineers’
criteria for the fault degree of severity regarding the particular damaged elements in the
power unit (Table 2) makes it possible to calculate the risk profile for the machine operating
time (Figure 5). The risk profile is important for identifying the acceptable level of risk
an individual or corporation is able to accept. It is expressed in terms of risk probability
including the results of using in the influence diagram the prior probabilities for both the
exponential and Weibull model.

As it can be seen in Figure 5, from year 2 the likelihood of having a fault with a very
high severity exceeds the 50%. Year 2 can, therefore, set the point for which the risk level
determines the maintenance strategy. During the two first years could be implemented an
extensive maintenance based on a predictive approach that tries to minimize fault risk levels
for the later years. From the third year a preventive maintenance, less exhaustive, can be
applied. The aging effect is already present and expensive maintenance approaches could
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Figure 5: Probability risk profile for the power unit fault severity

not really stop faults appearance.

5 Conclusions and future work

In this paper, it was tried to develop a new process for the estimation of the power unit
failure in mining excavators using an innovative management perspective. The power unit
was divided in three main fault elements and from data of faults collected the last years in
different mining excavators throughout its operation life, exponential and Weibull proba-
bilistic models were used in order to obtain the prior fault probabilities for each element.
The analysis of the prior probabilities into an influence diagram showed that the Weibull
model offers a more accurate representation of the expected direct and indirect costs for the
power unit.

A risk profile for the faults severity was calculated proposing an optimized maintenance
solution for this machinery. Maintenance strategies should be designed under the assump-
tion of a certain probability model that does not influence decisions. Since the selection of
the probability model is carried out at an early stage of the design, one might expect a low
impact on the final selection of the best strategy. This paper shows how a misspecification of
the probability model can lead to erroneous conclusions since early stages causing expansive
economic losses. Future work is required to analyse and optimize maintenance strategies
in other crucial parts of excavators and other mining and civil machinery, especially those
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exposed to a high level of wear.
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Abstract

We investigate some simple models to describe prevention measures for mosquito
borne diseases like dengue fever. We introduce the concepts of optimal control in very
simple models which can in most aspects be treated analytically, namely the linear in-
fection model, which has been used previously to describe for example vaccine trial data
and could be as well applied to other control measures. We then relax the conditions
of the linear infection model, and have to perform now most steps numerically, until we
reach realistic models for mosquito borne diseases, namely the SISUV model as a sim-
plest model with susceptible and infected humans, S and I, and susceptible and infected
mosquitoes, U and V.

The SISUV model has already sufficient nonlinearities to not only apply quadratic
cost functions for optimization but also linear cost functions, which have nontrivial opti-
mal control equations due to the nonlinearities in the disease model. The classically used
quadratic cost functions to be optimized are compared to linear cost functions, which
are more realistical from the health economics point of view than the quadratic cost
functions, but tend to the occasional occurence of bang-bang control signals. However,
we can give examples of non-linear models, like the SISUV model, in which qudratic
and linear cost functions give qualitatively very similar control signals, avoiding any
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complications of the optimum reaching any unreasonable boundaries, which could lead
to bang-bang controls. The small numerical differences are due to different scalings
in quadratic and linear cost functions, and could eventually be removed. But these
numerical differences are of little practical relevance.

Key words: optimal control theory, dengue fever, vaccination, mosquito repellents,

linear infection model, SISUV model

1 Introduction

Zika infection, dengue fever, chikungunya and yellow fever are examples of vector-borne
diseases transmitted by day-time active mosquitoes. In 128 countries, in particular in tropic
and sub-tropic regions of Asia and Latin America these diseases are a major health risk and
a negative economic factor.

In recent years, however, vector-borne diseases and especially dengue fever are occurring
in Europe. Some reasons for this are the worldwide flow of trade and travelling tourism.
Increasing urbanization, as well as regional warming due to global climate change, have am-
plified the spread of mosquitoes like Aedes albopictus in Europe. In 2010, infections with the
dengue virus were registered in Croatia, France and Italy. In 2012 and 2013, more than 2000
autochtonous cases having dengue fever were found on the isle of Madeira/Portugal trans-
mitted by Aedes aegypti. Chikungunya infections occurred in Italy (2007) and Spain/France
(2015). Eggs, larvae, pupae and adult mosquitoes of Aedes albopictus were repeatedly de-
tected in the south of Germany in autumn 2014 and in 2015. Researchers assume from
these findings that Asian tiger mosquitoes can survive the winter and settle in Germany.

Over the past few decades, the incidences of dengue have grown dramatically. Recent
studies indicate the existence of approximately 390 million dengue infections per year and
that 3,9 billion people, in 128 countries including Thailand, Brazil, India and Pakistan, are
at risk of being infected with the dengue virus. The WHO has set the goal to constrain
and control the spreading of dengue fever by 2020, however there are major obstacles in
achieving this goal. Some vaccines are in advanced trial stages, but not effective against
all serotypes, with the Phase 3 results of the Sanofi Pasteur vaccine as front runner just
concluded, and have negative effects in some age classes. WHO guidelines for vaccine trials
are very detailed and specific in their requirements of scientific investigation before licensing,
with phases 1, 2, 2b and 3, and finally phase 4 after licensing.

As already mentioned, for dengue fever first vaccine trials are running, but the results
are not satisfactory. In general regarding mosquito vector-borne diseases vaccines are quite
imperfect like DengVaxia for dengue fever, recently licenced by Sanofi-Pasteur, or vaccines
do not yet exist as is the case for the Zika virus. In relation to yellow fever the vaccine is
even in some cases lethal. Classical mosquito control measures, like bed-nets and municipal
spraying in the streets, have proven to be of little effectiveness in combating disease cases. In
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mosquito control, some activities in demonstration of efficacy using bed-nets via the WHO
are performed. However bed nets are not very efficient against the disease. One reason
is that vectors of dengue, the species Aedes aegypti and Aedes albopictus are active in the
morning and evening, but not very active at night. Another important aspect in eliminating
mosquitoes by classical pesticides and insecticides, beside the danger to human health, is
that the elimination of mosquitoes, would also deprive many fish, birds, and reptiles of a
food source and even destroy critical pollinator for plants.

In future research we will investigate SIR-type models with repellency and vaccination
and analyse with optimal control theory. Here we first study a toy model which can in
many aspects be treated analytically, and can already capture some simplest aspects of
repellents respectively vaccination. Then numerical methods are studied to relax the need
for analyticity in the models. In order to calculate numerically the influence of repellency
and vaccination in the model we will use the gradient method. For some aspects see also
[1, 2]. Ones the effectiveness of different control measures in known, like e.g. in the case of
the dengue vaccine [3] using the experimental data obtained during the phase 3 trial, e.g.
[4] or like new generations of mosquito repellent applications (including nano-particles in
textiles, wall paints etc.) the next step, of course, is the suggestion of optimal strategies to
combat vector-borne diseases like dengue fever, and it would be a matter of optimal control
as a mathematical field.

2 The mathematical model for dengue fever

2.1 The general SIRUV-model for coupling mosquito to human epidemi-

ology including repellency and vaccination

For pure human disease epidemiology, we assume the usual SIR model given by the ODEs

d

dt
S = µ(N − S)− β

N
SI

d

dt
I =

β

N
SI − (γ + µ)I

d

dt
R = γI − µR (1)

with state variables S for susceptible humans, I for infected and R for recovered humans.
The population of humans N = S + I +R is assumed constant. The infection rate is given
by β, recovery rate γ and birth and death rate for humans by µ.

The stationary states are easily otained. For the human infection we obtain the trivial
disease-free equilibrium stationary state I∗1 = 0 and the non-trivial case I∗2 = (µ/(γ+µ)(1−
(γ + µ)/β)N . Respectly we have the two stationary states for the susceptibles S∗

1 = N and
S∗
2 = ((γ + µ)/β)N and for the recovered in both cases R∗ = N − S∗ − I∗.
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Now we add to the ODEs (1) the susceptible mosquito population U and the infected
mosquitos as disease vectors V . In the easiest case the total population size M adds up to
M = U + V . We assume, since mosquitoes do not have an immune system, they cannot
recover from the infection. So the resulting ordinary differential equations give the following
system

d

dt
S = µ(N − S)− β

M
SV − υS

d

dt
I =

β

M
SV − (γ + µ)I

d

dt
R = γI − µR+ υS (2)

d

dt
U = ψ − νU − ϑ

N
UI

d

dt
V =

ϑ

N
UI − νV

with mosquito birth rate ψ, infection rate from human to mosquito ϑ and mosquito mortality
ν, mosquito population size M = U(t) + V (t) assumed constant, hence for now ψ := ν ·M .
We also included in the above equations (2) the vaccination factor υ. Here the repellent
acts as reducing contact rates between humans and mosquitoes, hence β and ϑ, where in
time scale separation or center manifold analysis the simplest version already gives β · ϑ as
contact parameter in the effective SIR model [5].

2.2 The simple case of linear infection model and optimal control

Using the described model in the last section we use the simple case of the linear infection
model to understand the application of the optimal control method in these above mentioned
models. The linear infection model with reaction scheme

S + I∗
β−→ I + I∗ (3)

with susceptibles S meeting outside infected I∗ assumed in equilibrium with infection rate
β brings the different aspects of modelling and analysing disease control measures together,
since

Sc + I∗
β−→ Ic + I∗

Sv + I∗
(1−kv)β−→ Iv + I∗

is used in its stochastic version to describe vaccine trials [3]. Here kv is the vaccine efficacy
which can be estimated e.g. in a Bayesian framework from empirically given numbers of
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infected in the vaccine group Iv, ones β is estimated from the number of infected in the
control group Ic. And Sc and Sv are given by the group sizes of control group and vaccine
group. Vaccines, however, are not always completely effective or even in some age groups like
the dengue vaccine dangerous with occasionally negative vaccine efficacy kv < 0, giving quite
interesting effects in more complex multi-strain models including such imperfect vaccines
in itself [7, 8].

 10
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 90
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I(
t)

t

Figure 1: Number of infected with time for the linear infection model, blue and red on top

of each other for the uncontroled system, blue with the direct integration of the ODE, red

with the discretized solution. The controlled system gives the number of infected with time

as shown by the pink curve.

Hence, other control measures like mosquito repellents, modelled as

Sc + I∗
β−→ Ic + I∗

SM + I∗
(1−kM )β−→ IM + I∗

should be studied, with an as yet to investigate mosquito repellent efficacy kM .
The reaction scheme Eq. (3) gives the rate equation

d

dt
I =

β

N
SI∗ = β∗S (4)

with β∗ = (β/N)I∗ and then omiting the star, but keeping conservation of population size
N constant, hence

d

dt
I = βS = β(N − I) (5)

defining the linear infection model [6]. For the optimal control problem the linear infection
model is given by

d

dt
I = β0(N − I) (6)
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with natural infection rate β0, as for example measured from a control group study. For
any control measure, vaccination or mosquito control, we obtain then

d

dt
I = (1− k)β0(N − I) = (β0 − kβ0)(N − I) (7)

with a maximally possible control u0 := kβ0 for a vaccination of mosquito repellency group
with all members vaccinated (hence 100% coverage). Any actual control strategy u(t) then
should be larger zero and smaller than the maximum, hence 0 < u(t) < u0.

We introduce the control signal u(t) in β(t) = (β0 − u(t)) in the above optimal control
problem (7) with the simple solution of the ODE İ = (β0 − u(t))(N − I) given by

I(t) = N − (N − I0)e
−

∫
t

t0
β(t̃)dt̃

= N − (N − I0)e
−

∫
t

t0
{β0−u(t̃)}dt̃

(8)

=: I[u(t̃)] (9)

and then the optimal control problem minimizes the cost function

J =

∫ T

t0

{1
2
kI2 +

1

2
ℓu2} dt . (10)

By using the variation of the cost function to obtain the optimal control signal u(t)

δJ [u(t)]

δu(t)
= 0 (11)

and for numerical analysis discretisation we can then solve the above problem. For the
solution we discretize the total time T into n steps with size ∆t

T = n∆t (12)

and hence the continuous I(t) becomes time discretisized using Eq. (8)

Ii = N − (N − I0)e
−

∑
i−1

k=0
{β0−u

k
} ∆t (13)

and for convenience Bi := e−
∑

i−1

k=0
{β0−u

k
} ∆t. Note that we run the sum from k = 0 to

k = i− 1. The cost function becomes plugging the above into Eq. (10), and using m := ℓ/k
with unimportant factor k in the cost function

J (T ) =
n
∑

i=1

{1
2
I2i +

1

2
mu2i } ∆t

= J (u0, u1, · · · , un−1)
︸ ︷︷ ︸

=:u

= J (

{

uk

}n−1

k=0

) (14)
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hence

J (u) =
n
∑

i=1

{1
2
I2i (u) +

1

2
mu2i } ∆t (15)

so the optimization problem reduces to optimizing J in respect to u, i.e.

∂J (u)

∂uj
= 0 (16)

for all uj .
After some calculations one finds the following expressions for the partial derivatives

for the cost function J

∂J (u)

∂uj
= muj ·∆t+

n+1
∑

i=j+1

Ii(u) · (−(N − I0)Bi) (∆t)
2 (17)

with Ii(u) = N − (N − I0)Bi and the Bi being functions of the control signal u. These
partial derivatives either could be analyzed to be zero, but no solution is easily visible, or
they can be used for a gradient method numerically, the way we went finally. Hence for the
update of the (ν+1) step of the control signal uj from the ν step with initially zero control

u
(0)

j := 0 is given by

u
(ν+1)

j = u
(ν)
j + hj (18)

with hj = c · (−∂J /∂uj), i.e. maximizing G := −J , and a step size c initially quite large,
and then halfening every time it overshoots the minimization process. Numerical results
are given in Figs. 1 and 2.

2.3 Generalization to not directly solvable disease dynamics

In cases when the disease dynamics İ = f(I, u) cannot be solved analytically, we can
use Lagrange multipliers λ(t) for the optimization of the cost function, taking the disease
dynamics as constraint into account, hence

L[I(t), u(t), λ(t)] =
∫ T

t0

{1
2
I2 +

1

2
mu2 + λ(İ − f(I, u))} dt (19)

to be minimized.
Now the discretization, done in the same way as before, reveals some interesting insights,

namely the variation in respect to the Lagrange multipiers ∂L/∂λj = 0 gives back the
constraint of the disease dynamcis

1

∆t
(Ij+1 − Ij) = f(Ij , uj) (20)
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Figure 2: In a) we show the cost function of the uncontrolled system in green, and the

result after optimization in pink, reducing the cost significantly at the end of the target time,

while initially the costs were increased due to control costs and not yet achieved reduction

in disease cases. In b) we show the optimal control signal itself. The main effect has a

control at the beginning of the controling time, and then relaxing, since the initial increase

of infected has been successfully dampened.

and then variation in respect to the infecteds ∂L/∂Ij = 0 gives a backward in time dynamics
for the Lagrange multipliers

1

∆t
(λj−1 − λj) = λj

∂f

∂Ij
− Ij (21)

with the upper boundary condition λn = −In+1 · ∆t → 0 for small time steps ∆t → 0.
Finally the variation in respect to the control signal ∂L/∂uj = 0 gives an algebraic equation
system

muj − λj
∂f

∂uj
= 0 (22)

which in the case of a linear control in f , like we have here in the linear infection model,
gives the control signal uj as a function of λj and Ij only, due to ∂f/∂uj is then only a
function of Ij , and not of uj any more. Hence then the forward dynamics for the infected
and the backward dynamics for the Lagrange multipliers are sufficient to solve the optimal
control problem, and

uj =
1

m
λj
∂f

∂uj
(23)

determins the new updated control signal.
We implemented this method and in this case of the linear infection method we obtain

exactly the same result as with the known analytic solution I(u). Numerically, the results
are indistinguishable from Figs. 1 and 2.
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2.4 Optimal control for the SIS system

Now we use the resulting method for general disease models İ = f(I, u) and generalize to
the next simplest model of the SIS system, susceptibles becoming infected with rate β and
recovering with rate α, hence

İ = f(I, u) = (β0 − u(t)) · I
N

(N − I)− αI (24)

which is nonlinear in the disease variable I. In principal the direct method with

uj =
1

m
λj
∂f

∂uj
(25)

could still be used, but this gives not converging cost functions, but oscillations between
different values of the cost function, hence no clear minimum can be found.
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Figure 3: Optimal control of the SIS system for cost function weight m = 5000.

However, the constraint of the disease function has to be fulfilled always, so we keep the
disease dynamics with given control signal in an Euler-forward scheme. Then, we also use the
optimal solution of the backward dynamics for the Lagrange multipliers, and only replace
the optimization of the control signal, which is most likely causing oscillations between
minimal and maximal solutions of the cost function, by an explicit gradient method, as
described before, i.e. with large initial step size and on rejection halfening this step size.
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Figure 4: Optimal control of the SIS system for reduced cost function weight m = 500.
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In this way we found a valid optimal solution also for the nonlinear SIS system, as given
in Fig. 3 for the cost function weight of m = 5000, as before used for the linear infection
model, and Fig. 4 for reduced costs of the control with weight m = 500.

2.5 Optimal control for the SISUV system: non-linear dynamics and

non-linear control allow quadratic and also linear cost-functions with

similar results

We now give some first preliminar results on the optimal control of the SISUV model [5],
with percentual control in the contact parameters β and ϑ. Due to the non-linearities not
only in the disease dynamics but also in the control signal, we can obtain similar optimal
control results for the above given quadratic cost function and for a more economically
reasonable linear cost function.

The SISUV model, describing in a simple way the time scale separation of mosquito
dynamics versus the human disease dynamics and serving as a simplified version of the
SIRUV model described above [5], is in its result given by the differential equation

İ = (β · ϑ) · I
N

(N − I) · 1

ν + ϑ I
N

− αI (26)

with all notations also used and described in more detail in [5]. Now we will control the
two contact rates, β of human susceptibles being infected by infected mosquitoes, and ϑ of
susceprible mosquitoes being infected by infected humans, both in percentage of the rate in
order to have comparable control signals in both parameters, hence

β(t) = β0 · (1− u(t)) (27)

and

ϑ(t) = ϑ0 · (1− u(t)) (28)

such that we have finally the controllable disease dynamics given by

İ = f(I, u) = (β0 · ϑ0) ·
I

N
(N − I) · (1− u)2

ν + (1− u) · ϑ0 I
N

− αI (29)

hence a nonlinear dynamics f(I, u) as well in the number of infected I as in the control
signal u.

For the evaluation of the optimal control as described above in the section for the SIS
model, we need the partial derivatives of f(I, u), which can be calculated analytically as

∂f

∂u
= (β0 · ϑ0) ·

I

N
(N − I) · (u− 1)

(

(1− u)ϑ0
I
N

+ 2ν
)

(

ν + (1− u) · ϑ0 I
N

)2
(30)
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and
∂f

∂I
= (β0 · ϑ0) ·

(1− u)2

N
· (N − 2I)ν − (1− u)ϑ0

I2

N
(

ν + (1− u) · ϑ0 I
N

)2
− α (31)

to be inserted in the conditions ∂L/∂λj = 0 for the disease forward dynamics, ∂L/∂Ij = 0
for the Langrange multiplier backward dynamics and for the gradient method of updating
the control signal u the gradient ∂L/∂uj , ones the cost function J and hence the Lagrangian
L are specified.
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Figure 5: Optimal control of the SISUV system for quadratic cost function with weight

m2 = 5000.
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Figure 6: Optimal control of the SISUV system for linar cost function with weight m1 = 20,
giving similar results to those using the quadratic cost function in the previous figure.

Here we can now compare the results for the already above mentioned quadratic cost
function

J2(u) =
n
∑

i=1

(

1

2
I2i (u) +

1

2
m2u

2
i

)

∆t (32)

and an in economical terms better justifiable linear cost function, which however might be
less convenient mathematically,

J1(u) =
n
∑

i=1

(Ii(u) +m1ui) ∆t (33)

both already given in their discretized version.
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For the quadratic cost function and hence the Lagrangian function respectively we
obtain the above mentioned results: The variation in respect to the Lagrange multipiers
∂L/∂λj = 0 gives back the constraint of the disease dynamcis

1

∆t
(Ij+1 − Ij) = f(Ij , uj) (34)

and then variation in respect to the infecteds ∂L/∂Ij = 0 gives the backward dynamics for
the Lagrange multipliers

1

∆t
(λj−1 − λj) = λj

∂f

∂Ij
− Ij (35)

while the variation in respect to the control signal ∂L/∂uj gives the gradient to be used in
updating the control signal u

∂L/∂uj =
(

muj − λj
∂f

∂uj

)

·∆t (36)

with the results after optimization given in Fig. 5 with a weight of the control signal in the
quadratic cost function as m2 = 5000.

For the linear cost function we obtain from the variation the following results: The
variation in respect to the Lagrange multipiers ∂L/∂λj = 0 gives again the constraint of
the disease dynamcis

1

∆t
(Ij+1 − Ij) = f(Ij , uj) (37)

and then variation in respect to the infecteds ∂L/∂Ij = 0 gives the backward dynamics for
the Lagrange multipliers now in the slightly different form

1

∆t
(λj−1 − λj) = λj

∂f

∂Ij
− 1 (38)

while the variation in respect to the control signal ∂L/∂uj gives the gradient to be used in
updating the control signal u now also slightly different as

∂L/∂uj =
(

m− λj
∂f

∂uj

)

·∆t (39)

with the results after optimization given in Fig. 6, when using a weight of the control signal
in the linear cost function as m1 = 20 as a first guess to obtain similar control results as
for the quadratic cost function given in Fig. 5 with m2 = 5000. The results for both cost
functions, the quadratic and the linear, are qualitatively in good agreement. No effort was
given to find anm1 for the linear cost function which could closer match the results obtained
with m2 in the case of the quadratic cost function.
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Abstract

In the paper we provide sufficient conditions assuring existence of viable solutions of
differential inclusions with fractional derivative without singular kernel, namely Caputo–
Fabrizio derivative of order α ∈ (0, 1). A modified condition of tangency, according to
specifity of system with this new fractional derivative is given.

Key words: viability, differential inclusion, Caputo–Fabrizio derivative

1 Introduction and preliminaries

Viability theory as well as fractional calculus have a wide range of applications. And so,
viablity theory designs and develops mathematical and algorithmic methods that can be
found, for example, in biological evolution, economics, environmental sciences, financial
markets or control theory and robotics (see [2] and the references within), while fractional
calculus finds numerous applications in viscoelasticity, capacitor theory, electrical circuits
(see for example [8, 9, 10, 11]). It was a motivation for the author to examine a combination
of these two so applicative fields of mathematics. The goal of this research is to deliver
conditions under which solutions of fractional differential inclusion are constrained to be in a
given set (viable solutions). To the best of our knowledge, there are only few papers devoted
to this subject [5, 6, 7, 12]. In the paper we give tangency conditions for the existence of
viable solutions of differential inclusions with fractional derivative without singular kernel
- Caputo–Fabrizio derivative.

c©CMMSE ISBN: 978-84-617-8694-7Page 975 of  2288



ON VIABLE SOLUTIONS OF...

We start with the definition of Caputo fractional derivative (for details see [9]). For
given b > 0 and α ∈ (0, 1) the Caputo fractional derivative is given by

CDαf(t) =
1

Γ(1− α)

∫ t

t0

(t− s)−αf ′(s)ds , t > t0.

Now changing the kernel (t− s)−α by the function exp
−α(t−s)

1−α and 1
Γ(1−α) by 1√

2π(1−α2)
we

obtain the new Caputo–Fabrizio fractional derivative of order α ∈ (0, 1) introduced racently
by Caputo and Fabrizio in [4] in the following form:

CFDαf(t) =
(2− α)M(α)

2(1− α)

∫ t

t0

exp

(
− α

1− α
(t− s)

)
f ′(s)ds , t ≥ t0 , (1)

where M(α) is a normalization constant depending on α.
Let F be a multifunction from [t0, T ]×Rn into Rn. We consider the differential inclusion

with Caputo–Fabrizio derivative as follows:

CFDαy(t) ∈ F (t, y(t)) , y(t0) = y0 , t ∈ [t0, T ] . (2)

Definition 1. An absolutely continuous function y(·) is said to be a solution to differential
inclusion (2) if there exists a measurable selection fy(t) ∈ F (t, y(t)) such that for all t ∈
[t0, T ] one has

y(t) = c+ aαfy(t) + bα

∫ t

t0

fy(s)ds , (3)

where c = −aαf(t0, y0) + y0, aα = 2(1−α)
(2−α)M(α) , bα = 2α

(2−α)M(α) and M(α) = 2
2−α ,

0 ≤ α ≤ 1 and y′ ∈ L∞([t0, T ],Rn).

2 Main results

The main result of the paper is theorem that delivers viability conditions for fractional differ-
ential inclusions with Caputo–Fabrizio derivative. Before we start with the assumptions on
a set-valued map F and a function f , we define a multifunction G(t, x) := coF ([t0, T ], x+B)
(then G has convex closed values) and consider a differential inclusion with an initial con-
dition as follows

CFDαy(t) ∈ G(t, y(t)) , y(t0) = y0 , t ∈ [t0, T ] . (4)

Now we propose an assumption:

(A1) Assume that F : [t0, T ] × Rn  Rn is upper semi–conitnuous (short: u.s.c., for
definition and details see [1, 2, 3]) set–valued map with nonempty convex and compact
values. Moreover, let F be Lipschitz with the constant k(t).
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Next proposition is crucial for the main results.

Proposition 2. Let us assume that (A1) is fullfiled. Then there exists a constant Nα such
that ‖G(t, y(t))‖ ≤ Nα a.e. in [t0, T ] for every solution y(·) to (4) and the solution set of
(4) is equicontinuous.

Now we introduce the notion of viability.

Definition 3. Let K ⊂ Rn be a closed set and let y0 ∈ K. We say that K is viable with
respect to (2) if there exists a solution y(·) to (2) such that y(t) ∈ K for t ∈ [t0, T ]. This
kind of solutions we call viable.

One of the main difficulties is to establish the tangency condition taking into account
the specificity of the fractional system with Caputo–Fabrizio derivative. In order to deliver
approximate solutions remaining close to the set K we propose the following tangency
condition.

Definition 4. Suppose t0 ≤ t̄ < T . Let E ∈ Rn be bounded, f(·) ∈ L∞([t0, T ],Rn) and let
us define y(t) = c+aαf(t)+bα

∫ t
t0
f(s)ds. The pair (f,E) is said to be tangent to [t0, T ]×K

at (t̄, ȳ) ∈ [t0, T ]×K if y(t̄) = ȳ and

lim inf
h→0+

1

h
d(ȳ + aαr(t̄, f(·))(h) + h · bαE,K) = 0 , (5)

where r(t̄, f(·))(h) = f(t̄+ h, y(t̄+ h))− f(t̄, ȳ).

Remark 5. Observe that the above tangency condition one can understand as follows. For

t0 ≤ t̄ < t̄+h ≤ T a solution to (2) is of the form y(t̄+h) = c+aαf
F
y (t̄+h)+bα

∫ t̄+h
t0

fFy (s)ds

= c+ aαf
F
y (t̄) + bα

∫ t̄
t0
fF (s, y(s))ds+ aαr(t̄, f

F
y (·))(h) + bα

∫ t̄+h
t̄ fF (s, y(s))ds ,

where r(t̄, fFy (·))(h) = fFy (t̄+h)−fFy (t̄) and fFy (·) is a measurable function such that fFy (t) ∈
F (t, y(t)), t ∈ [t0, T ]. Then having in mind that F (·, ·) is u.s.c. we get lim inf

h→0+
1
hdist(ȳ +

aαr(t̄, f
F
y (·))(h) + h · bαF (t̄, ȳ),K) = 0 for y(t̄) = ȳ. It clearly implies that for every viable

solution y(·) to (2) the pair
(
CFDαy, F (t, y(t))

)
is tangent to [t0, T ] × K at (t, y(t)) for

almost all t ∈ [t0, T ].

In order to prove existence of viable solution we need a suitable construction of approx-
imate solutions.

Proposition 6. Let assumption (A1) be fullfiled and let y(·) be an absolutely continuous
function on [t0, t̄] with y(t0) = y0 and t0 ≤ t̄ < T . If the pair

(
CFDαy(·), F (t̄, ȳ)

)
is tangent

to [t0, T ] ×K at (t̄, ȳ) ∈ [t0, T ] ×K, then for every ε > 0 there exist δ > 0 and ε-solution
z(·) to (2) on [t̄, t̄+ δ], which is an extension of y(·), such that z(t̄+ δ) ∈ K.

Finally we are in the position to present the main result of the paper.

Theorem 7. Let us assume that (A1) hold. If the tangency condition is fullfiled by system
(2) at every (t̄, ȳ) ∈ [t0, T ]×K, then there exists at least one viable solution to (2).
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Abstract

Probabilistic evolution theory facilitates the solution of initial value problem of ex-
plicit autonomous ordinary differential equations with second degree multinomial right
hand side functions. Its formulation has components we call telescope matrices. The
matrices grow in size very rapidly and has many zeroes and repeating structures. In
order to avoid the computational complexity coming from telescope matrices, squarified
telescope matrices are utilized. Their calculation is through a recursion. This recursion
has been used in several works by the authors and their colleagues but its proof was
not given. This work gives the proof of the recursion and all the surrounding details.
A second purpose of this work is to provide a method for most facilitative (optimal)
space extension: using probabilistic evolution theory when degree of multinomiality of
the right hand side functions is more than two. For this purpose, an approach using
method of exhaustion (brute-force) is proposed.

Key words: probabilistic evolution theory, squarification, Kronecker multiplication,
telescope matrices, space extension

1 Probabilistic Evolution Theory

The problem under consideration is the initial value problem of explicit autonomous ODE
set where the right hand side functions are second degree multinomials [1, 2]. It is in the
compact form

.
x(t) = F0 + F1x(t) + F2x(t)⊗2,

x(0) = α (1)
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where⊗2 on the exponent represents taking the second Kronecker power: Kronecker product
of a vector by itself. ODEs with a higher degree of multinomiality may be put in the form
in (1) using space extension. Section 3 has information about space extension. In (1), F0

is a vector, F1 is a square matrix and F2 is a rectangular matrix. Considering that x(t) in
(1) is a vector with n elements, then F0 is of type n × 1, F1 is of type n × n and F2 is of
type n×n2. F0, F1 and F2 have constants (independent of t) as elements. These constants
represent the parameters of the dynamics of the system whose state at time t is represented
by the vector x(t).

Constancy adding space extension (CASE) is utilized to eliminate F0 at the expense of
incrementing each dimension of matrices and vectors by 1. It relies on appending a constant
element to x(t). In addition, the new (augmented) F1 may be put in a form so that it is
proportional to the identity matrix. Therefore, using CASE, (1) may be written in the form

x(t) ≡
[

x(t)
αn+1

]
,

.
x(t) = β x(t) + Fx(t)⊗2,

x(0) ≡ a (2)

where αn+1 is any real nonzero constant. The value of αn+1 will not show itself in the
final solution: norm minimization makes the result independent of αn+1. β may also be
calculated using norm minimization: unlike αn+1, the value of β has an effect on the solution
[2]. If a factor eβt is pulled out from x(t), then

x(t) ≡ eβt x(t)
.
x(t) = eβtFx(t)⊗2,

x(0) = a (3)

appears. The initial value problem in (3) has only second degree terms. On the other hand,
it is not autonomous. If the independent variable is taken as a certain function of t instead
of t itself, autonomous behavior may be obtained. This may be shown as

u ≡ eβt − 1

β
, y(u) ≡ x(t),

dy

du
= Fy(u)⊗2,

y(0) = a (4)

where taking β as 0 is a special case in which u is equal to t. The initial value problem in
(4) is autonomous. In order to form the solution, the derivative of Kronecker power of a
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vector is necessary. This may be performed using Leibniz rule as follows

d

du

(
y(u)⊗m

)
=

m−1∑
j=0

y(u)⊗j ⊗ dy(u)

du
⊗ y(u)⊗m−j−1,

=

m−1∑
j=0

I⊗jn ⊗ F⊗ I⊗m−j−1n

y(u)⊗m+1,

m = 0, 1, 2, ... (5)

where In is n×n identity matrix. In (5) and from here on, n shows the number of elements in
the system vector after constancy adding space extension (CASE). (5) relies on distributive
property of product over Kronecker product. There is also the distributive property of
Kronecker product over product. The matrix coefficients in (5) are named “monocular
matrices”. They are defined as follows.

Mm ≡

m−1∑
j=0

I⊗jn ⊗ F⊗ I⊗m−j−1n

 , m = 0, 1, 2, ...

d

du

(
y(u)⊗m

)
= Mmy(u)⊗m+1,

y(0)⊗m = a⊗m+1 m = 0, 1, 2, ... (6)

Integrating both sides of the ODE in (6),

y(u)⊗m = a⊗m+1 + Mm

∫ u

0
dυy(υ)⊗m+1, m = 0, 1, 2, ... (7)

may be obtained. Proceeding in the same manner,

y(u) = a + M1

∫ u

0
dυy(υ)⊗2

= T0a + uT1a
⊗2 + T2

∫ u

0
dυ1

∫ υ1

0
dυ2y (υ2)

⊗3

=

2∑
j=0

u j

j!
Tja

⊗j+1 + T3

∫ u

0
dυ1

∫ υ1

0
dυ2

∫ υ2

0
dυ3y (υ3)

⊗4 (8)

appears where T matrices are telescope matrices: they are ordered products of monocular
matrices defined as follows.

M0 ≡ In, Tm ≡M0...Mm, m = 0, 1, 2, ... (9)
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The generalization of (8) gives

y(u)=

m∑
j=0

u j

j!
Tja

⊗j+1 + Tm+1

∫ u

0
dυ1...

∫ υm

0
dυm+1y (υm+1)

⊗m+2 , m = 0, 1, 2, ... (10)

and taking m to infinity by taking into consideration that the integral in (10) approaches
zero when m is increased,

y(u) =
∞∑
j=0

u j

j!
Tja

⊗j+1 (11)

appears. (11) may be used in order to calculate the solution of the ODE given in (1). The
only drawback is the size of telescope matrices: Tj is an n× nj+1 matrix.

2 Recursion of Squarified Telescope Matrices

In previous works, recursion of squarified telescope matrices is given [3] and is applied to
many different problems. On the other hand, proof of recursion of squarified telescope
matrices is given in this paper. Squarification is utilized so that (11) is simplified. Assume
that there is a matrix Sm (a) such that

Tma
⊗m+1 ≡ Sm (a)a, m = 0, 1, 2, ... (12)

holds. Sm (a) is named “squarified telescope matrix” (SquTelMat). The calculation of these
matrices may be performed by the use of a recursion. This section shows the proof of the
recursion between SquTelMats. Using (12) in (11),

y(u) =


∞∑
j=0

u j

j!
Sj (a)

a (13)

is obtained. The derivative of y(u) may be found using (13). Differentiating (13), j comes
down as a factor and forms (j−1)! on the denominator. The exponent becomes (j−1). The
zeroth term of the sum is 0 since (j−1)! goes to infinity when j is 0. Therefore, the infinite
sum starts from 1. In order to make it start from 0, all instances of j may be replaced by
(j + 1). Then,

dy(u)

du
=


∞∑
j=0

u j

j!
Sj+1 (a)

a (14)
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may be obtained. Therefore, differentiation corresponds to increasing the subindex of
SquTelMats. The right hand side of the ODE is in the form

Fy(u)⊗2 = b F,y(u) ey(u) (15)

where the first factor on the right hand side of (15) is a squarification. A squarification
takes two operands: a matrix and a vector. The result of a squarification is a vector which
is a linear combination of the square blocks of the matrix where the elements of the vector
are the linear combination coefficients. Squarification is a linear operation with respect to
its vector operand. The squarification in (15) is

b F,y(u) e =
∞∑
j=0

u j

j!
b F,Sj (a)a e (16)

by using (13) and linearity of squarification with respect to its vector operand. Multiplying
both sides of (16) by y(u) from right and using Cauchy product of two infinite series,

b F,y(u) ey(u)=


∞∑
k=0

u k

k!
b F,Sk (a)a e

∞∑
j=0

u j

j!
Sj (a)

a

=


∞∑
k=0

u k

k!
b F,Sk (a)a e

∞∑
j=k

u j−k

(j − k)!
Sj−k (a)

a

=


∞∑
j=0

u j

j!

j∑
k=0

(
j

k

)
b F,Sk (a)a eSj−k (a)

a (17)

is obtained. Substituting (17) in (15) and using (14) and (4),

∞∑
j=0

u j

j!
Sj+1 (a)a =

∞∑
j=0

u j

j!

j∑
k=0

(
j

k

)
b F,Sk (a)a eSj−k (a)a (18)

appears. (18) has the following consequence: for a certain power of u, the coefficient vector
on the left side of (18) should be equal to the coefficient vector on the right side of (18).
Therefore,

Sj+1 (a)a =

j∑
k=0

(
j

k

)
b F,Sk (a)a eSj−k (a)a

j = 0, 1, 2, ... S0 = T0 = In (19)

should be the case in order for (18) to hold for any value of u. (19) is a recursion between
vectors. The initial value of the recursion is S0a. (19) has been used for the solution of

c©CMMSE ISBN: 978-84-617-8694-7Page 983 of  2288



RECURSION OF SQUTELMATS AND OPTIMAL SPACE EXTENSION

certain initial value problems in previous proceedings by the authors of this paper and their
colleagues [4, 5]. The fact that it is possible to obtain (19) from the original ODE set and
the definition of squarification is important: the direct proof for the recursion between the
images of the (augmented) initial vectors under SquTelMats is complete. The recursion in
(19) suffices for finding the solution of an initial value problem by probabilistic evolution
theory. In fact, the use of the vector recursion in (19) is more efficient than the matrix
recursion between the squarified telescope matrices. On the other hand, it is also necessary
to show that the vector recursion in (19) may be used in order to prove the matrix recursion
between the squarified telescope matrices. This is done by proof by contradiction. Assuming
that the solution to the matrix recursion is not unique, thus adding an Rj(a) matrix to
each Sj(a), it is possible to find that Rj(a) matrices should all be zero matrices.

Sj+1 (a) =

j∑
k=0

(
j

k

)
b F,Sk (a)a eSj−k (a)

Sj (a) ≡ Sj (a) + Rj (a) , Rj (a)a = 0,

Sj+1 (a) =

j∑
k=0

(
j

k

)⌊
F,Sk (a)a

⌉
Sj−k (a)

Rj+1 (a) =

j∑
k=0

(
j

k

)⌊
F,Sk (a)a

⌉
Rj−k (a)

j = 0, 1, 2, ... S0 = In, R0 (a) = 0 (20)

The recursion at the end of (20) is a linear recursion. Its solution may be performed by the
following steps. Creating infinite sums at both sides of the recursion in (20),

∞∑
j=0

u j

j!
Rj+1 (a) =

∞∑
j=0

u j

j!

j∑
k=0

(
j

k

)⌊
F,Sk (a)a

⌉
Rj−k (a) (21)

and then considering that the left side is the derivative of a certain entity,

d

du

 ∞∑
j=0

u j

j!
Rj (a)

 =

∞∑
k=0

u k

k!

⌊
F,Sk (a)a

⌉ ∞∑
j=0

u j

j!
Rj (a)

∞∑
j=0

u j

j!
Rj (a) = exp

( ∞∑
k=0

u k

k!

⌊
F,Sk (a)a

⌉)
R0 (a)

Rj (a) = 0, j = 0, 1, 2, ... (22)
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appears. The last equality of (22) shows that all Rj(a) must be zero since R0(a) is 0.
Vector recursion yields the matrix recursion.

Sj+1 (a)a =

j∑
k=0

(
j

k

)
b F,Sk (a)a eSj−k (a)a

Sj+1 (a) =

j∑
k=0

(
j

k

)
b F,Sk (a)a eSj−k (a)

j = 0, 1, 2, ... S0 = T0 = In (23)

Therefore, the matrix recursion is

Sj+1 (a) =

j∑
k=0

(
j

k

)
b F,Sk (a)a eSj−k (a)

j = 0, 1, 2, ... S0 = In (24)

and it may be used to calculate all squarified telescope matrices.

Another way to see that the recursion is valid is to start with the recursion and come
back to the ODE. Multiplying both sides of (24) by a from right

Sj+1 (a)a =

j∑
k=0

(
j

k

)
b F,Sk (a)a eSj−k (a)a

j = 0, 1, 2, ... S0a = a (25)

and forming an infinite sum in both sides of (25),

∞∑
j=0

uj

j!
Sj+1(a)a =

∞∑
j=0

uj

j!

j∑
k=0

(
j

k

)
b F,Sk (a)a eSj−k (a)a (26)

may be obtained. Simplifying the factorials and rewriting the summation in the triangular
region

∞∑
j=0

uj

j!
Sj+1(a)a =

∞∑
k=0

∞∑
j=k

uj

k!(j − k)!
b F,Sk (a)a eSj−k (a)a (27)

appears. Using Cauchy product rule in (27),

∞∑
j=0

uj

j!
Sj+1(a)a =

∞∑
k=0

uk

k!
b F,Sk (a)a e

∞∑
j=0

uj

j!
Sj(a)a (28)
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is obtained. Using the linearity of squarification
∞∑
j=0

uj

j!
Sj+1(a)a =

⌊
F,
∞∑
k=0

uk

k!
Sk (a)a

⌉ ∞∑
j=0

uj

j!
Sj(a)a (29)

appears. The next step is to see that the left hand side of (29) is the derivative of a term
having Sj(a). Therefore,

d

du

 ∞∑
j=0

uj

j!
Sj(a)a

 =

⌊
F,
∞∑
k=0

uk

k!
Sk (a)a

⌉ ∞∑
j=0

uj

j!
Sj(a)a (30)

which is a matrix ODE. Making the following definition

g(u) ≡
∞∑
j=0

uj

j!
Sj(a)a (31)

(30) may be written in the compact form

d

du
(g(u)) = b F,g(u) eg(u) (32)

and using the definition of squarification

dg(u)

du
= Fg(u)⊗2, g(0) = a (33)

may be obtained. This was the original ODE. Consequently, it is also possible to show that
the recursion is valid by starting with the recursion and finding out that it is a recursion of
the matrices in the solution of the ODE in (33). It is possible to replace u by t using (4),
to obtain

g(t) ≡ eβt
∞∑
j=0

(eβt − 1)j

j!
Tja

⊗j+1 (34)

which is the solution via telescope matrices.

3 Optimal Space Extension

In the vector form of the ODE, the matrix coefficient corresponding to the first degree
terms is forced to be proportional to the identity matrix. If the proportionality constant
is chosen as 0, the exponential term does not appear in the probabilistic evolution theory
solution. In that case, the distinction between space extension and constancy adding space
extension (CASE) disappears; space extension by itself suffices to form purely second degree
multinomial right hand side functions. This special case is worth studying, because it gives
a lot of information about what the most facilitative space extension may be. This section
focuses on finding the most facilitative space extension where the proportionality constant
corresponding to first degree terms (β) is 0.
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3.1 Basis Set Utilization

A multivariate basis set is used for showing the multinomial right hand side functions. It
is given as follows

u(`1,...,`n) (x1, . . . , xn) = x`11 x
`2
2 x

`3
3 . . . x`nn

`1 = 0, . . . ,m1

...
...

`n = 0, . . . ,mn (35)

where each function has n upper indices. The functions are linearly independent. Then,
the ODE set with n equations and n unknowns may be shown in the form

.
x1(t) =

∑
`1,...,`n

a
(`1,...,`n)
1 u(`1,...,`n) (x1(t), . . . , xn(t))

.
x2(t) =

∑
`1,...,`n

a
(`1,...,`n)
2 u(`1,...,`n) (x1(t), . . . , xn(t))

...
...

.
xn(t) =

∑
`1,...,`n

a(`1,...,`n)n u(`1,...,`n) (x1(t), . . . , xn(t)) (36)

where the right hand sides have n summations. The coefficients also have n upper indices.
The lower indices of the coefficients show which equation a certain coefficient belongs to.
The idea here is to show the ODE set in terms of the basis set and then use space extension
to form purely second degree structures. The sought functions, the derivatives of which
appear on the left hand side of (36), may also be shown in terms of the basis set with basis
functions having one upper index being 1 and all others 0. The temporal derivatives of the
basis functions are

.
u(`1,...,`n) (x1, . . . , xn) =

∂u(`1,...,`n) (x1, . . . , xn)

∂x1

.
x1(t) + · · ·+ ∂u(`1,...,`n) (x1, . . . , xn)

∂xn

.
xn(t)

(37)

where the derivatives with respect to sought functions are

∂u(`1,...,`n) (x1, . . . , xn)

∂x1
= `1x

`1−1
1

(
x`22 . . . x`nn

)
∂u(`1,...,`n) (x1, . . . , xn)

∂x2
= x`11 `2x

`2−1
2

(
x`33 . . . x`nn

)
...

...

∂u(`1,...,`n) (x1, . . . , xn)

∂xn
=
(
x`11 . . . x

`n−1

n−1

)
`nx

`n−1
n . (38)
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Using (38) in (37), temporal derivatives of the basis functions appear as

.
u(`1,...,`n) (x1, . . . , xn) = `1u

(`1−1,`2,`3,...,`n) (x1, . . . , xn)
∑

j1,...,jn

a
(j1,...,jn)
1 u(j1,...,jn) (x1, . . . , xn)

+ `2u
(`1,`2−1,`3,...,`n) (x1, . . . , xn)

∑
j1,...,jn

a
(j1,...,jn)
2 u(j1,...,jn) (x1, . . . , xn)

+ · · ·
+ `nu

(`1,`2,`3,...,`n−1) (x1, . . . , xn)
∑

j1,...,jn

a(j1,...,jn)n u(j1,...,jn) (x1, . . . , xn) .

(39)

This representation will be utilized when introducing new equations in space extension.

3.2 Basis Set with a Singularity

The philosophy stays the same when working with singularities. Consider the case where
the basis set is

u(`1,...,`n) (x1, . . . , xn) = x`11 x
`2
2 x

`3
3 . . . x`nn

`1 = 0, . . . ,m1

...
...

`i−1 = 0, . . . ,mi−1

`i = −s, . . . ,mi

`i+1 = 0, . . . ,mi+1

...
...

`n = 0, . . . ,mn (40)

Then, (37), (38) and (39) are still valid.

3.3 Applications

A brute-force method based on the formulation above is formed and it is used for the
solution of classical quartic anharmonic oscillator and gravitational two body problem. A
computer program using Maxima language is formed. The program finds the optimal space
extension of classical quartic anharmonic oscillator and it is adaptable to other systems.
The application details will be given in the conference presentation.
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4 Concluding Remarks

Recursion of squarification is one of the primary reasons why probabilistic evolution theory
is powerful. This recursion was conjectured in a previous work by the authors and it was
applied to different problems with success. The step by step direct proof of the recursion is
given in this paper.

Also, a brute-force approach for making ODE sets with multinomial right hand side
functions (with a degree greater than two) into an ODE set with purely second degree
multinomial right hand side functions is proposed. It relies on finding the number of equa-
tions in all the possible space extensions and choosing the one with the smallest number of
equations: therefore minimal number of equations is guaranteed.
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[5] Coşar Gözükırmızı and Elif Tataroğlu. Squarification of telescope matrices in the prob-
abilistic evolution theoretical approach to the two particle classical mechanics as an
illustrative implementation. AIP Conference Proceedings, 1798(1):020062, 2017.

c©CMMSE ISBN: 978-84-617-8694-7Page 989 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Digital Image Sequence Processing via Tridiagonal Folmat
Enhanced Multivariance Products Representation

(TFEMPR)

Zeynep Gündoğar 1 and Metin Demiralp1

1 Informatics Institute, Computational Science and Engineering Department, İstanbul
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Abstract

In this paper, we focus on the recently developed decomposition method we have
called “Tridiagonal Folmat Enhanced Multivariance Products Representation (TFEM
PR)”. This method uses recently defined mathematical objects called folded matrix
(folmat) and folded vector (folvec), and, is designed to reduce the computation cost
by avoiding the decomposition on each way (direction, dimension). This method has
now been applied on digital image sequence data like digital videos in our recent works
including the present one. The method mentioned here is applicable to many areas
such as digital image, digital image sequence, signal processing and also compressing
problems due to the convenience of its nature.

Key words: Tridiagonal Folmat Enhanced Multivariance Products Representation
(TFEMPR), Folded Vectors, Folded Matrices, Folded Arrays, Multiway Arrays, De-
composition, Factorization, Digital Image Processing

MSC 2000: 94A08, 41Axx, 49M27

1 Introduction

Multiway array decomposition is a commonly focused issue in image processing, neu-
roscience (like on FMRI data), data science, mathematics etc. Tucker Decomposition
[1, 2],Lathauwer’s Multilinear Singular Value Decomposition [3–6], PARAFAC, SVD are
amongst the well-known decomposition methods [7–10]. One of commonly used decom-
position method is High Dimensional Model Representation (HDMR) which has been
proposed by Sobol [11] and developed by Rabitz and Demiralp [12–15] beside some others
whose works can be found in scientific literature. Enhanced Multivariance Products Rep-
resentation (EMPR) is another decomposition method arisen from reinforcing HDMR with
supports. This method is developed by Demiralp and his group [16–20] during HDMR
implementations on the image reconstruction problem.

Basically EMPR of a matrix which is two way array is explicitly given as,

A = a0uvT + a1vT + ua2
T + A1,2. (1)

The representation includes 22 = 4 components; respectively constant component (a0),
the univariate components respectively in direction of row and column (a1 and a2) and
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bivariate component which is also called as remainder term(A1,2). Here, u and v are
known as the support vectors which enhance the multivariance of each term to 2th order
multivariance. The representation turns out to be High Dimensional Model Represen-
tation (HDMR) of the matrix under consideration by taking each support equal to a
normalized vector whose all elements are same. We do not intend to give details about
the determination of EMPR components. Details can be found in papers [16–20].

Remainder term has gained more importance during the image reconstruction prob-
lems in consequence of being located major information of image in. To extract this
information, EMPR is applied remainder term recursively. When whole information is
extracted from remainder, a factorization is obtained. This factorization and decompo-
sition method is developed by Demiralp and his group and called as Tridiagonal Matrix
Enhanced Multivariance Products Representation (TMEMPR) [21–23].

The paper is organised as follows. In section 2 we give a short explanation about
folded matrices proposed by Demiralp [24,25]. Tridiagonal Folmat Enhanced Multivariance
Product Representation (TFEMPR), which is the main method of this work, will be given
in third section [26–28]. Fourth section includes the implementations about the method
for real data and Peak Signal to Noise Ratio (PSNR) concept which is commonly used
and known in literature as a measurer of reconstruction quality. The concluding remarks
will be summarized in the final section.

2 Folded Matrices (Folmats)

Vectors and matrices in ordinary linear algebra are respectively considered as one-way
and two-way arrays in literature. Matrices have two spaces (row and column space) and
also have mapping characters. Folded matrices (Folmats) are defined for making analogy
between matrices and multiway arrays and adapt the features of a matrix such as inner
product, norm, outer product etc. to multiway arrays. The folarr, folmat and folvec
concepts have been proposed by Demiralp [24–28] to facilitate the multiway array analyses.

2.1 Certain Basic Issues in Folmat Definitions

A folmat is in fact a matrix whose rows and columns are folded. In its present format, it
can be defined as follows

AGL;GR ≡
[
A(i);(j)

]∀(j)∈GR→
∀(i)∈GL↓

, L ≡ I1 × · · · × Im, R ≡ J1 × · · · × Jn, (2)

where (i) and (j) stand for the following tuples

(i) ≡ (i1, ..., im) , m = 1, 2, 3, ... (j) ≡ (j1, ..., jn) , n = 1, 2, 3, ... (3)

The general elements of these tuples, ik and j` are assumed to take integer values between
1 and Ik inclusive, and, 1 and J` inclusive respectively. As long as all Iks are independent
of the elements of the m-tuple (i), this implies that the domain of (i) is an orthogonal
multidimensional grid whose kth edge contains Ik number of nodes located at the integer
values. Same thing also remains valid for the other tuple (j) whose domain is also an
orthogonal grid and its `th edge contains J` number of nodes located at the integer values
as long as J`s are all independent of the elements of (j).

If we denote the abovementioned grids whose general nodes are (i) and (j) respectively
by GL and GR then their definitions can be given as follows

GL ≡ Z+
I1
× · · · × Z+

Im
, GR ≡ Z+

J1
× · · · × Z+

Jn
(4)
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where, for a positive integer I, Z+
I stands for the finite set composed of first I num-

ber of positive integers. These grids can also be introduced by using following open set
representations.

GL ≡
{

(i1, ..., im)| ip ∈ Z+
Ip
, p ∈ Z+

m

}
, GR ≡

{
(j1, ..., jn)| jp ∈ Z+

Jp
, p ∈ Z+

n

}
. (5)

As can be noticed immediately, the grids GL and GR are sets of m-tuples and n-tuples
respectively such that the number of their elements are I1 · · · Im and J1 · · · Jn respectively.
In these definitions, m and n denotes the dimensions of the Cartesian spaces where GL and
GR lay respectively. These numbers somehow correspond to the folding orders of rows and
columns of an ordinary linear algebraic matrix. Hence we call m and n “row folding level”
and “column folding level” respectively. Since they are fundamental properties of a folmat,
they should be explicitly or implicitly declared somewhere in the definition of a folmat. We
prefer to use types of grids for these declarations. The type definition for a grid is analogue
to the type definitions of ordinary linear algebraic matrices. In this connection, the types
of the grids GL and GR are denoted by I1 × · · · × Im and J1 × · · · × Jn respectively. The
folding levels are hidden in these representations such that they are equal to the number
of “times” symbol plus 1. Hence, the types define the grids uniquely without leaving any
doubt.

There are two ways to declare the type of a grid: (i) to use it as the subscript of the
grid symbol G, like GI1×···×Im or GJ1×···×Jn ; (ii) to declare it as the value of a variable like
in GL, L ≡ I1 × · · · × Im or in GR, R ≡ J1 × · · · × Jn. The second option has been used
in (2) for typographical reasons. The subscripts L and R in grid symbols have been used
to recall the statements “left grid type” and “right grid type” respectively.

We can also now define a “Global Grid” as the ordered pair of these newly defined
grids through G ≡ (GL, GR)

In ordinary linear algebra a matrix can be given by its general term in the form like
ai,j where the comma is generally exchanged with the space character by many authors
since comma symbols in indices of continuum mechanical objects can be used to denote
some kind of derivatives (covariant, and/or contravariant). Continuum mechanics is a
quite specific external area for our work, hence we can exclude the danger of confusion in
the comma utilization. Beyond this, the comma utilization accentuates the fact that the
indices are truely corresponding to separate entities. On the other hand comma separation
fits very well to tuple representation. i and j in ai,j correspond to the row and column
locations respectively in an ascending ordering starting from 1. Hence we may also call i
and j “row locator” and “column locator” respectively. Analogously, the m-tuple (i) and
the n-tuple (j) can be considered the row and column locators of the folmat defined in
(2) since their values taken from GL and GR specify somehow rowwise and columnwise
locations. However, the use of grids in the domains of the indices somehow brings a
geometrical structuring, “folding” to the issue. Hence we respectively call (i) and (j)
“Folded Row Locator” and “Folded Column Locator”.

At the right hand side of (2) the left and right brackets have been used to imply that
the encompassed entity is a two way array whose rows and columns are folded to more than
one ways. The symbol encompassed by the brackets stands for the general element of the
multiway array at the focus. This is somehow a matrix, however it is composed of folded
rows and columns each of which is denoted by a tuple like m-tuple (i) and n-tuple (j).
That is, (i) and (j) stand for pointing to the folded rows and columns of this generalized
or geometrically structured matrix.

Since we have used comma as an element separator in tuples we have used semicolon
to distinguish these so-called folded row and column locators. The down and right arrows
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in the right hand side of (2) imply the downward positionings (folded rows) and rightward
positionings (folded columns) respectively. The inclusions of the tuples in the relevant
grids have also been explicitly shown in the notation of (2) as sub and super indices.
Beyond these the “forall” symbol accentuates that the left and right brackets encompass
an array for all elements the relevant grids.

We use these notations for simplicity. We use folmats to get rid of very high compu-
tational complexity of each-way-separation-style decomposition of multiway arrays. Semi-
colon enables binary decomposition by separating indices into two groups. As can be
noticed immediately, the important components in the folmat definition are the row and
column folding levels and the grids for locating a specific element of folmat. These are for
positionings of course and the other but very important entities are the elements of the
folmat.

2.2 Folvec Definition

If we specifically choose n = 0 in the above definitions then we obtain no grid for columns.
In other word, the folmat under consideration becomes an entity which has just a single
folded column. We call these entities “folvec”s within an analogy to the matrix-vector
discrimination in ordinary linear algebra. Folvec is in fact a special form of folmat. The
general term of a folded vector (folvec) can be represented by a(i); where (i) belongs to
the grid Gt, t ≡ I1× · · ·× Im where t stands for a variable name as any variable name can
be used as long as its value declares the type of the relevant grid and unless there appears
any confusion matter. The shorthand notation for this is aGt;, t ≡ I1 × · · · × Im. The
further specification m = 1 corresponds to the vector of ordinary linear algebra.

The explicit folvec definition can be given as follows

aGt; =
[
a(i);

]
∀(i)∈Gt↓

, t ≡ I1 × · · · × Im (6)

where the folding level of this folvec is m as we can deduce from the type of the relevant
grid.

3 Tridiagonal Folmat Enhanced Multivariance Products
Representation (TFEMPR)

Tridiagonal Folmat Enhanced Multivariance Products Representation (TFEMPR) which
is one of the recently developed decomposition methods for multiway arrays has the all fea-
tures of binary decompositions due to the usage of folmat concept [26–28] (also see Sect. 2).
TFEMPR method can be considered as higher order analogues of matrix decomposition.

First we will apply EMPR to a general folmat. We can write EMPR of a folmat as,

AGL;GR = a0UGL;V
T
GR;

+ a
(1)
GL;

VT
GR;

+ UGL;a
(2)
GR;

T
+ A

(1,2)
GL;GR

(7)

where AGL;GR stands for a folmat and GL is called left grid which includes row space
indices, GR is called right grid including column space indices. The subscript L and R
stand for two type variables and take the values I1×· · ·×Im and J1×· · ·×Jn respectively,
and, Is and Js are the upper limits of the corresponding indices. Beyond these we denote
the sizes of grids. GL and GR, by µ and ν respectively. These parameters are defined
through the equalities, µ ≡ I1 · · · Im, ν ≡ J1 · · · Jn. The representation in (7) consists of
four terms respectively, the constant term, the term towards left grid, the term towards
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right grid and the remainder term (A
(1,2)
GL;GR

). UGL; and VGR; are preselected support
folded vectors (folvecs) respectively on left and right grids.

In (7) there are four components to be determined, a0, a
(1)
GL;

, a
(2)
GR;

, A
(1,2)
GL;GR

. It is
necessary to provide two preconditions for determining the components. First condition
is the unit norm standardization and can be given as follows for the left and right grid
support folvecs

UT
GL;

UGL; =
∑

(i)∈GL

U2
(i) = 1, VT

GR;
VGR; =

∑
(j)∈GR

V 2
(j) = 1 (8)

Support folded vectors should satisfy these unit norm standardization. The second con-
straints on the components are the vanishing conditions:

UT
GL;

a
(1)
GL;

= 0, a
(2)
GR;

T
VGR; = 0 (9)

These conditions point out the orthogonality of support folvec and the relevant component

through the same grid. And also UGL; should be in the left null space of A
(1,2)
GL;GR

and

VGR; is in the right null space of A
(1,2)
GL;GR

, that is,

UT
GL;

A
(1,2)
GL;GR

= 0;GR , A
(1,2)
GL;GR

VGR; = 0GL; (10)

Under these conditions we obtain components as follows.

a0 = UT
GL;

AGL;GRVGR; (11)

a
(1)
GL;

=
(
IGL;GL −UGL;U

T
GL;

)
AGL;GRVGR; (12)

a
(2)
GR;

=
(
IGR;GR −VGR;V

T
GL;

)
AT
GL;GR

UGL; (13)

A
(1,2)
GL;GR

=
(
IGL;GL −UGL;U

T
GL;

)
AGL;GR

(
IGR;GR−VGR;V

T
GL;

)
(14)

Details about determination components of the representation (7) can be seen in [26–28].
From now on operations to be taken is for building recursive structure to give TFEMPR.

We use the following definitions to get the first step of the recursion we desire to
construct

A
(0)
GL;GR

≡ AGL;GR , A
(1)
GL;GR

≡ A
(1,2)
GL;GR

, U
(1)
GL;

= UGL;, V
(1)
GR;

= VGR;. (15)

For each recursion step we can get rid of the folvec components by defining new two support
folvecs for rowwise and columnwise directioning such that each of which are orthogonal to
its initially given counterpart

U
(2)
GL;

=
1∥∥∥a(1)
GL;

∥∥∥a
(1)
GL;

, V
(2)
GR;

=
1∥∥∥a(2)
GR;

∥∥∥a
(2)
GR;

(16)

We also use the following definitions for simplicty

α1 = a0, β1 =
∥∥∥a(1)

GL;

∥∥∥ , γ1 =
∥∥∥a(2)

GR;

∥∥∥ (17)

Now, (7) is rewritten by using these definitions

A
(0)
GL;GR

= α1UGL;
(1)V

(1)
GR;

T
+β1UGL;

(2)V
(1)
GR;

T
+ γ1UGL;

(1)V
(2)
GR;

T
+ A

(1)
GL;GR

(18)
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which can be considered as the first step of a recursion.

The goal of the recursion we want to construct is to get rid of remainder term. To
this end, in each step, we apply EMPR to the remainder term under the support folarrs
which have been obtained one step before. This leads us to the following general recursion

A
(`)
GL;GR

=α`+1U
(`+1)
GL;

V
(`+1)
GR;

T
+ β`+1U

(`+2)
GL;

V
(`+1)
GR;

T
+γ`+1U

(`+1)
GL;

V
(`+2)
GR;

T
+ A

(`+1)
GL;GR

(19)

The rank of the remainder term decreases by 1 in each step as ` increases. So this recursion
stops when ` takes (at most) the value of min {µ, ν} = min {IJ,K} where, in that specific
case, remainder identically vanishes. Hence, this is a finite recursion. So we can write the
following exact relation

AGL;GR =

nα∑
`=1

α`UGL;
(`)V

(`)
GR;

T
+

nβ∑
`=1

β`UGL;
(`+1)V

(`)
GR;

T

+

nγ∑
`=1

γ`UGL;
(`)V

(`+1)
GR;

T
= UGL;GLΣGL;GR

VGR;GR
T
. (20)

where

nα ≡ min {µ, ν} ≡ min {IJ,K} ,

nβ ≡
{

nα µ < ν
nα − 1 µ ≥ ν nγ ≡

{
nα µ > ν

nα − 1 µ ≤ ν (21)

Here the entities of UGL;GL and VGR;GR are orthonormal folmats. Because the entities of
these folmats are normalized support folvecs and orthogonal to each other we can write

UGL;GL ≡
[

U
(1)
GL;

... U
(µ)
GL;

]
, VGR;GR ≡

[
V

(1)
GR;

... V
(ν)
GR;

]
(22)

where the superscripts(µ) and (ν) respectively represents the sizes of the left and right
grids and therefore equal to IJ and K respectively. We have used capital letters for
denoting the left and right supports since the left one is folded vector hence has somehow
a hidden matrix nature even though the right one is in fact a truly ordinary vector.

Σµ;ν consists of αs, βs and γs calculated at each step of recursion. These parameters
represent the contribution of outer products. Under assumption of µ < ν we can write

Σµ;ν =



α1 γ1 0 · · · · · · 0 0 · · · 0
β1 α2 γ2 · · · · · · 0 0 · · · 0

0 β2 α3
. . .

...
...

... · · ·
...

...
...

. . .
. . .

. . .
...

... · · ·
...

...
...

...
. . .

. . . γµ−1 0 · · · 0
0 0 · · · · · · βµ−1 αµ γµ · · · 0


(23)

By using α, β and γ parameters we can define quality measurers at each recursion step to
measure how good the approximation is. Quality measurer definition is given as follows
for the `th step of the recursion

σ` =
∑̀
i=1

α2
i + β2i + γ2i
‖A‖2

(24)
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4 Numerical Implementations

In this section TFEMPR is applied on a digital image sequence and results given by
quality measurer of the method which comes from method’s nature and by PSNR which is
commonly used in literature as a measurer on these issues. Illustrative numerical examples
given previous works, you can see in [27].

4.1 Peak Signal to Noise Ratio (PSNR)

PSNR is a widely used parameter to measure how efficient the approximation to a signal
sequence is. It is defined as follows

PSNR ≡ 10 log10

max(GL,GR)

(
χ2
i,j;k

)
MSE

 , MSE ≡ 1

µν

∥∥AGL;GR −ATFEMPR
GL;GR

∥∥2 (25)

where µ and ν stand for the number of elements in GL and GR respectively while AGL;GR

and ATFEMPR
GL;GR

denote the target folmat and its TFEMPR approximant under considera-
tion.

If we assume that µ < ν then we can use (20) and its truncated form for N recursive
step truncation and write the following equality

AGL;GR −ATFEMPR
GL;GR

=

nα∑
`=N+1

α`U
(`)
GL;

V
(`)
GR;

T
+

nβ∑
`=N+1

β`U
(`+1)
GL;

V
(`)
GR;

T
+

nγ∑
`=N+1

γ`U
(`)
GL;

V
(`+1)
GR;

T
(26)

which implies

∥∥AGL;GR −ATFEMPR
GL;GR

∥∥ =

nα∑
`=N+1

α2
` +

nβ∑
`=N+1

β2` +

nγ∑
`=N+1

γ2` (27)

and therefore

MSE =
1

mn

(
nα∑

`=N+1

α2
` +

nβ∑
`=N+1

β2` +

nγ∑
`=N+1

γ2`

)
. (28)

where nα, nβ, nγ are defined as before. As we can see the number of the additive terms
decreases as N grows such that MSE vanishes at the limit where none of the α, β, γ
appears in the sums.

4.2 Real Data Implementations: Digital Video

In this part we will present application of TFEMPR on the real data obtained from digital
videos. Grayscale video data will be taken into consideration as implementation in this
part and the results will be provided numerically in table and visually in figures.

Grayscale video is basically taken into consideration as a three-way array. Two of
these ways represent respectively the horizontal and vertical positions of each pixel in
frames and the third way represents the location of the frame in the frame sequence.
We can imagine video as a rectangular prism which is obtained by aligning the images
consecutively. Despite the highly many components of digital video data, we consider only
these three ways; height, width and the location of frame in these implementations. We
will work on the grayscale video data first for simplicity.

c©CMMSE ISBN: 978-84-617-8694-7

Page 996 of  2288



TFEMPR

The grayscale video data taken for TFEMPR implementation here is a 240× 320× 36
type multiway array. We use the video file under the name “xylophone.mp4” which is a de-
fault image file in Matlab. Movement of a mallet during playing xylophone is tapen in this
video. The results are given for the 18th frame, which produces the middle instantaneous
display of video, to compare approximation and exact digital video in this paper. The
resulting frames are illustrated such that the left frame represents approximation while
the right frame characterizes the exact frame.

Figure 1 depicts the 18th approximation and exact frame of digital video for the 5
recursion steps under the use of Normalised Directional Average Support (NDAS). For 5
steps of TFEMPR, background is almost clear, but the mallet and hand are fuzzy due to
their moving object characters.

Figure 2 presents the result for 10 recursion steps under the same conditions. Back-
ground is sharper, mallet and hand are still unsharp, but much sharper than Figure 1. The
moving objects obtained for 20 recursion steps are visibly clear in Figure 3, and, as the last
comparison in Figure 4, moving objects become clear and also background is sharp as in
the exact frame. These results indicate that TFEMPR works pretty good on background
reconstruction and video processing problems.

Figure 1: The result of 18th frame for 5 Recursion Step with NDAS

Figure 2: The result of 18th frame for 10 Recursion Step with NDAS
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Figure 3: The result of 18th frame for 20 Recursion Step with NDAS

Figure 4: The result of 18th frame for 30 Recursion Step with NDAS

Quality measurers and PSNR results of TFEMPR method is tabulated in Table 1. It
is clearly seen in Table 1 that approximation quality and PSNR get better as long as the
number of recursion step increases.

Table 1: TFEMPR Quality Measurers and PSNR values for Grayscale Video Implemen-
tation

RecSN 5 10 20 30

σ 0,9949 0,9972 0,9990 0,9998
PSNR 30,2559 32,9384 37,5787 43,8265

TFEMPR is also applicable to multilinear arrays having more-than-three ways. Espe-
cially for digital video data we can increase dimension via some parameters. One of these
is the color parameters which is well-known as RGB. RGB is abbreviation for the names of
its main color components, Red, Green and Blue, each of which takes values from nonneg-
ative integers in Z255 (the subset of integers composed of first natural numbers between
0 and 255 inclusive). All possible colors obtained from the mixtures of these colors and a
color is represented by three values, for example red is [255, 0, 0]

We can increase the number of ways or dimensions by adding the audio, brightness,
opaqueness components and so on. Audio data can be represented in 8 bit or 16 bit format
and the data range is the interval [−1, 1 ]. Audio data is a sequence of digital signals in
fact, as long as digital audio devices and relevant processors can be used. According to
today’s technology analog sound signals can also be processed as if they are digital data.
However to this end a widely-used-in-computers method Pulse Code Modulation (PCM)
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is utilized. Due to finite bit formats these parameters take also discrete and limited values
too. So these may be the source of error accumulations for the TFEMPR at small level
truncations. This can be cured perhaps by using modular arithmetic even though we have
not attempted to do so yet.

5 Concluding Remarks

In this work we have focused on the decomposition of multiway arrays to outer products
lower multivariance multiway arrays. To this end we have used the folmat and folvec
concepts we have recently developed. The scheme has been designed in such a way that
the additive components of decompositions are binary (two-factor) outer products. We
have given illustrative and also confirmative implementations. We are planning to publish
a more comprehensive report on these types digital image sequence decompositions pretty
soon.

References

[1] L.R. Tucker, The extension of factor analysis to three-dimensional matrices, Con-
tributions to Mathematical Psychology, (1964) 110–127.

[2] L. R. Tucker, Some mathematical notes on three-mode factor analysis, Psychomet-
rika, 31, (1966) 279–311.

[3] L. De Lathauwer, B. De Moor and J. Vandewalle, A multilinear singular
value decomposition, SIAM J. Matrix Anal. Appl., 21(4), (2000) 1253–1278.

[4] L. De Lathauwer, B. De Moor and J. Vandewalle, Independent component
analysis and (simultaneous) third-order tensor diagonalization, IEEE Transactions on
Signal Processing, 49, (2001) 2262–2271.

[5] L. De Lathauwer, Decompositions of a higher-order tensor in block terms Part I:
Lemmas for partitioned matrices,SIAM Journal on Matrix Analysis and Applications
(SIMAX), 30(3), (2008) 1022–1032.

[6] L. De Lathauwer, Decompositions of a higher-order tensor in block terms Part
II: Definitions and uniqueness, SIAM Journal of Matrix Analysis and Applications,
30(3), (2008)1033–1043.

[7] S. E. Leurgans, R. T. Ross and R. B. Abel, A decomposition for three-way arrays,
SIAM J. Matrix Anal. Appl., 14, (1993) 1064–1083.

[8] T. G. Kolda and B. W. Bader, Tensor decompositions and applications, SIAM
Review, 51 (3), (2008) 455–500.

[9] T. G. Kolda, Orthogonal tensor decompositions, SIAM Journal on Matrix Analysis
and Applications, 23, (2001) 243–255.

[10] A. Cichocki, R. Zdunek, A. H. Phan and S. Amari, Nonnegative matrix and
tensor factorizations-Applications to exploratory multiway data Analysis and blind
source seperation, Wiley and Sons Publication, (2009).

[11] I. M. Sobol, Sensitivity estimates for nonlinear mathematical models, Mathematical
Modelling and Computational Experiments,1, (1993) 407–414.

c©CMMSE ISBN: 978-84-617-8694-7

Page 999 of  2288
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Abstract

This work takes into consideration a single variable function to be approximated.
Then making a series of transformations it is represented as a contour integral where
the kernel fuction is expressed in terms of two variables. This new representation
allows us to apply Tridiagonal Kernel Enhanced Multivariance Products Representation
(TKEMPR) method onto it and provides us with a good approximation of the kernel
function which then is integrated to obtain an approximation for the initial function in
question. Because of the overall conceptual approach to the problem through this article,
applications which are done are intended to be given during the oral representation.

Key words: Univariate Approximation, multivariate approximation, EMPR, TKEMPR,
Contour integrals

MSC 2000: 00A69, 15A12, 65D15

1 Introduction

The intended work uses the TKEMPR method which decomposes a linear integral operator
on univariate functions by using high dimensional modelling with the basic idea to use En-
hanced Multivariance Products Representation (EMPR) technique created and conjectured
by Demiralp. The representation used here is not based on the general EMPR and is a
specific EMPR construction for bivariate function decomposition. We call this decomposi-
tion Tridiagonal Kernel Enhanced Multivariance Products Representation (TKEMPR). It
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uses EMPR [1-18] bivariate function decomposition consecutively such that in each step the
remainder term is expanded to again a bivariate EMPR but with different support func-
tions. To make a function approximation using TKEMPR, first we represent our function
in terms of contour integration, then following a procedure which allows us to obtain the
kernel to be used in TKEMPR [19-24], we obtain a two variable form and finally use it to
approximate our function.

2 Basics of EMPR

Enhanced Multivariance Products Representation (EMPR) is a decomposition method re-
cently developed by M. Demiralp. For a given multivariate function f (x1, ..., xN ) it can be
written as

f (x1, ..., xN ) = f0

N∏
i=1

si (xi) +
N∑
j=1

fj (xj)
N∏

i=1,i6=j
si (xi)

+
N∑

j1,j2=1
j1<j2

fj1,j2 (xj1 , xj2)
N∏

i=1,i6=j1,j2

si (xi)

+

N∑
j1,j2,j3=1
j1<j2<j3

fj1,j2,j3 (xj1 , xj2 , xj3)

N∏
i=1,i6=j1,j2,j3

si (xi)

+ · · · (1)

where fjs stand for the EMPR components ordered in ascending multivariance. The uni-
variate functions denoted by s are called support functions and finally

xi ∈ [ ai, bi ] , i = 1, ..., N (2)

where the interval may or may not be a finite one. There are 2N unknown components
given in a single equation. Hence some constraints apply to uniquely determine EMPR
components. These constraints are constructed via vanishing integrals over the EMPR
components except f0. To define these integrals univariate weight functions the product
of which defines a single multivariate weight function, are used. These univariate weight
function integrals over the relevant intervals given above are set equal to 1 to facilitate
further analysis; these constraints are not necessary but provide the averaging property to
the weight function. ∫ bi

ai

dxiWi (xi) = 1, i = 1, ..., N (3)
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W (x1, ..., xN ) ≡
N∏
i=1

Wi (xi) . (4)

nd the vanishing conditions can be written as follows∫ bi

ai

dxiWi (xi) fj1,...,jk (xj1 , ..., xjk) = 0,

i ∈ {j1, ..., jk} , k = 1, ..., N (5)

By using them after integrating both sides of the EMPR definitions over certain chosen
x independent variables over their intervals and under the product of the corresponding
univariate weight factors produces the unique values of the EMPR components.

EMPR is an extended form of the High Dimensional Model Representation (HDMR)
first proposed by Sobol with all unit intervals [ 0, 1 ] and unit constant weight functions
whose values are all one throughout the relevant intervals. This form can be called Sobol’s
plain HDMR. A lot of new extensions have been developed in Demiralp’s group studies.
Amongst them, the most important one is the extension to EMPR which becomes HDMR
when all univariate support functions are taken equal to just unit constant function over
the relevant interval.

3 EMPR for Bivariate Functions

When matrices have been taken as target entities a new decomposition method called “Tridi-
agonal Matrix Enhanced Multivariance Products Representation ”, has been developed.
The elements of a matrix being located via two indices which take positive integer values,
independently from the other index values, this allows us to construct, so-called “Discrete
Bivariate EMPR, over the matrices. Following this step we have to search for a method to
apply this construction to corresponding bivariate functions. To this end we can write the
following equality for a given bivariate function f (x, y)

f (x, y) = f0u(x)v(y) + f1(x)v(y) + f2(y)u(x) + f1,2(x, y) (6)

where u and v are the support functions. In this construction we will use the unit interval
[ 0, 1 ] for both independent variables, x and y without any loss of generality Beyond that
the weight factors are defined as follows

W1 (x) ≡ 1, W2 (y) ≡ 1, x, y ∈ [ 0, 1 ] . (7)

The support functions are assumed to have unit norms over the above intervals and under
the above weights ∫ 1

0
dxu (x)2 = 1,

∫ 1

0
dyv (y)2 = 1 (8)
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For this case the vanishing conditions should be taken as constraints imposed on f1 (x),
f2 (y) and, f1,2 (x, y). They can be written as follows∫ 1

0
dxf1(x)u(x) = 0 (9)

∫ 1

0
dyf2(y)v(y) = 0 (10)

∫ 1

0
dxf1,2(x, y)u(x) = 0 (11)

∫ 1

0
dyf1,2(x, y)v(y) = 0 (12)

These equations allow us to evaluate the EMPR terms uniquely as

f0 =

∫ 1

0
dx

∫ 1

0
dyf (x, y)u (x) v (y) (13)

f1 (x) =

∫ 1

0
dyf (x, y) v (y)− f0u (x) (14)

f2 (y) =

∫ 1

0
dxf (x, y)u (x)− f0v (y) (15)

f1,2 (x, y) = f (x, y)− f0u (x) v (y)

−f1 (x) v (y)− f2 (y)u (x) . (16)

These four equations can be used to obtain more concise expressions for EMPR terms and
EMPR’s itself. To this end we can define the following integral operators through their
actions on a given arbitrary function g which may be taken depending on x and y as we
need

P̂ g(x) ≡ u(x)

∫ 1

0
dξu (ξ) g (ξ)

Q̂g(y) ≡ v(y)

∫ 1

0
dηv (η) g (η)

(17)
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This enables us to write the following equalities

f0u(x)v(y) = P̂ Q̂f(x, y) (18a)

f1(x)v(y) =
(
Îx − P̂

)
Q̂f(x, y) (18b)

f2(y)u(x) = P̂
(
Îy − Q̂

)
f(x, y) (18c)

f1,2(x, y) =
(
Îx − P̂

)(
Îy − Q̂

)
f(x, y) (18d)

and finally

f(x, y) = P̂ Q̂f(x, y) +
(
Îx − P̂

)
Q̂f(x, y) + P̂

(
Îy − Q̂

)
f(x, y)

+
(
Îx − P̂

)(
Îy − Q̂

)
f(x, y) (19)

where Îx and Îy stand for the unit operators in the spaces of univariate functions depending
on x and y respectively.

From (19) the EMPR is an orthogonal decomposition of the target function into two
components laying in the space spanned by u(x) and in its complementary space and another
two components laying in the space spanned by v(y) and in its complementary space.
Therefore “EMPR is a projective decomposition projecting onto the spaces spanned by
support functions and their complementary spaces.

Finally to reach (TKEMPR) construct which consists of using EMPR bivariate function
decomposition consecutively such that in each step the remainder term is expanded to again
a bivariate EMPR but with different support functions.

4 Contour Integration

A function f(x) can be represented in terms of a contour integration over an interval [0, 1]
which may in fact easily be converted to any finite interval [a, b] without loss of generality

f(x) =
1

2πi

∮
C
dξ

f(ξ)

ξ − x
, x ∈ [0, 1] (20)

C → ξ = x+ eiθ

r > 0, θ ∈ [0, 2π)
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The corresponding integration interval [0, 2π] can be divided into two halves.

f(x) =
1

2π

∫ 2π

0
dθf

(
x+ reiθ

)
=

1

2π

∫ π

0
dθf

(
x+ reiθ

)
+

1

2π

∫ 2π

π
dθf

(
x+ reiθ

)
(21)

Via a simple change of variable, the second half can be written in terms of the first one and
the overall expression is expressed in a more compact manner.

f(x) =

∫ 2π

π
dθf

(
x+ reiθ

)
2π−θ→

∫ π

0
dθf

(
x+ re−iθ

)
(22)

f(x) =
1

π

∫ π

0
dθ

1

2

[
f
(
x+ reiθ

)
+ f

(
x+ re−iθ

)]
(23)

The function with two different arguments can be written as below, by representing their
real and imaginary components separately.

f
(
x+ reiθ

)
= fg + ifs

f
(
x+ re−iθ

)
= fg − ifs (24)

Thus fg can be written as

fg =
1

2

[
f
(
x+ reiθ

)
+ f

(
x+ re−iθ

)]
(25)

By making a change of variable θ → πθ we obtain

f(x) =

∫ 1

0
dθ

1

2

[
f
(
x+ reiπθ

)
+ f

(
x+ re−iπθ

)]
(26)

Now, let us make a definition which corresponds to Heaviside step function

1f ≡

{
1 0 ≤ θ ≤ 1

0 other
(27)

Correspondingly we obtain the expression below.

I1f =

∫ 1

0
dθK(θ, x)1f (28)

The final form of the kernel to be used in TKEMPR can be written as follows:

K(θ, x) =
1

2

[
f
(
x+ reiθ

)
+ f

(
x+ re−iθ

)]
(29)
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5 Method

Now that we have constructed a bivariate form for a function f(x) needed to be used it in
(TKEMPR), we have to adapt it to the proper form mentioned in bivariate (EMPR)

K(θ, x) = K0u(θ)v(x) +K1(θ)v(x) +K2(x)u(θ) +K1,2(θ, x) (30)

where u and v are support functions which will be chosen as 1 for the initial step. θ and x
are taken on the unit interval as mentioned before. The same will be valid for the weight
functions also. Now when we proceed for the (EMPR) we will obtain

K1,2 (θ, x) = K (θ, x)−K0u (θ) v (x)−K1 (θ) v (x)−K2 (x)u (θ) . (31)

At this stage, this is again a bivariate function which needs our attention in terms of
(EMPR). This process can be repeated as many times as we need and each time we add a
new step a better approximation will be obtained.

A final step after making sufficient number of iterations to approximate the bivariate
function K1,2 (θ, x) is to integrate this latter over the interval [0, 1] to obtain back the
intended approximation of our original function f(x)

f(x) =

∫ 1

0
dθK(θ, x) (32)

6 Conclusion

The decomposition obtained by applying (TKEMPR) to a univariate function after having
obtained a bivariate counterpart of it via contour integration provides us with a good
approximation to the bivariate kernel. Finally if we integrate this kernel over the unit
interval we obtain an approximation to the original function. An intended future work
consists of applying the same method to the remainder term of a Taylor expansion of a
function, expressed in integral form and obtain a better approximation enforced by the
Taylor expansion itself, after necessary transformations
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Abstract

This paper analyzes how optimal therapies are affected when the time evolution of
cancer is envisaged as an additional element determining malignancy. We introduce a
time valuation factor that measures the increase of malignancy associated to the quick
development of the disease and the persistent negative effects of initial drug doses.
Taking as reference a mathematical model of Chronic Myeloid Leukemia (CML), we
solve and simulate the model with and without the new time valuation factor. We
conclude that the consideration of this factor allows more efficient optimal therapies to
be designed.

Key words: Optimal Control Problem; Objective Function; Time Valuation Factor;
Chronic Myeloid Leukemia; Imatinib Therapy.

MSC 2000: AMS 49N90;90C90.

1 Introduction

The design of optimal therapies to fight cancer is an important research field in today’s
Biomathematics (see [5] and [7]). Basically, an optimal therapy problem is a control prob-
lem consisting of: first, a set of difference/differential equations describing the biological
dynamics of the disease under the specified treatment; and, second, an objective function
measuring the malignancy of the treated cancer. By solving this optimal control problem
it is possible to find the optimal therapy, i.e, the drug doses that minimize the malignancy
of the treated disease. Until now, the mathematical formulation adopted to measure the
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malignancy of cancer exclusively considers as malignancy elements the tumor size (given by
the number of cancer cells) and the administered drug concentration measured in a given
instant. From this assumption, a given number of cancer cells and a given drug dosage
always cause the same malignancy, independently of the moment of time in which these
magnitudes have been observed/administered. However, from the biomedical perspective,
it is a well established fact that the faster the cancer grows the worse the cancer is. To
take into account this malignancy factor, ignored by the literature, would entail assigning
higher malignancy to cancer cells at the beginning of the cancer and lower malignancy to
those appeared afterwards, that is, a time valuation factor weighting cancer size. On the
other hand, it is also widely accepted by biomedical researchers and practitioners that drugs
are not totally eliminated by patients and remain in their bodies, and that, additionally,
the apparition of drug resistance is a direct consequence of early and persistent treatments.
Subsequently, a given drug dose involves more negative effects if it is administered at the
beginning of treatment than at the end, and then, to evaluate malignancy associated to
drug doses, it would also be necessary to consider a time valuation factor assigning higher
malignancy to the initial drug doses. We will study these questions for a standard optimal
therapy problem. To do so, after formulating a discrete version of the model of Chronic
Myeloid Leukemia (CML) proposed in [1], we introduce a time valuation factor that allows
the malignancy elements associated to time and commented on above to be considered. We
analyze its consequences with the purpose of clarifying whether or not this time dependent
malignancy factor modifies the optimal therapies and the population of normal and cancer
cells, and quantifying these modifications.

2 A Mathematical Model of Treated CML

In [1] a continuous time model was introduced to analyze the global dynamics of CML.
This model incorporates the existence of nonlinear effects of imatinib treatment over a fixed
period of time. Here, in order to gain consistency in the analysis, comparisons with real
data and simulations, we propose a discrete time version of that model incorporating a
daily schedule in the dynamics, since in the empirical literature on CML and in clinical
practice the parameters and variables involved in the model are measured in per day values.
We start by considering two different populations: that of hematopoietic stem cells (HSC),
and that of differentiated cells (DC). In addition, each of these populations is divided into
normal cells and cancer cells. Then, at time instant t, it is possible to distinguish between
four different populations: Normal HSC, denoted by x0(t); cancer HSC, denoted by y0(t);
normal DC, represented by x1(t); and cancer DC, denoted by y1(t). The evolution over
time of CML is described by a system of difference equations which incorporates the most
relevant biomedical facts. First, the populations of all the considered types of cells naturally
decrease at fairly constant rates. Upon this fact, let d0, g0, d and g be, respectively, the per
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day decrease rates of normal HSC, cancer HSC, normal DC, and cancer DC. In addition,
since DC are produced not only by proliferation of DC but also by HSC, it is necessary
to distinguish between these two mechanisms of increase in the number of DC for both
normal and cancer cells. In particular, let d2 and g2 be the per day rates at which normal
and cancer DC proliferate and originate, respectively, normal and cancer DC; and let r
and q denote the rates at which normal and cancer HSC produce normal and cancer DC,
in this order. Finally, through the self-renewal process, normal and cancer HSC produce
similar cells by division. Then, we let normal and cancer HSC divide at rates n and m per
day, respectively. In this self-renewing activity, there underlies a homeostatic process that
controls the proliferation of HSC. In this respect, the division of normal HSC x0 is directed
by homeostasis, depending on the total level of HSC (x0 + y0), and given by

Φ(x0 + y0) = 1− x0 + y0
K

,

where K represents the carrying capacity of bone marrow. In the same way, homeostasis
for cancer cells y0 is governed by the function

Ψ(x0 + αy0) = 1− x0 + αy0
K

,

where α ∈ (0, 1] measures the fall in the homeostatic efficiency due to the disease (see [5],
chapter 9, for an analysis of this fall).

Drug treatment is described by a positive time-dependent function u(t). This function
u(t) captures the drug dose, and given that there is a dosage limitation due to the drug’s
toxicity, u(t) is supposed to be bounded in [0, umax] for all t in [0, T ], where T denotes the
treatment duration, measured in days. The effects of imatinib treatment are introduced
through nonlinear functions, which affect the lifetime of cancer cells, and imply their maxi-
mum effect only for an intolerable dosage. In [1], different scenarios were studied depending
on the distinct effects of imatinib on the dynamics. That work concluded that the disease
completely remits only when imatinib causes an additional mortality of cancer HSC, rep-
resented by the function h(u), which is a nonlinear increasing function satisfying h(0) = 0
(this means that cancer HSC decline at rate g0 without treatment), and h attains the max-
imum value 1 for an intolerable dosage. Since this is the case with highest plausibility from
the biomedical point of view, we limit our study to this situation. The behavior under
treatment of CML is therefore described by the following system of difference equations:

x0(t+ 1) = x0(t) + nΦ(x0(t) + y0(t))x0(t)− d0x0(t)
x1(t+ 1) = x1(t) + rx0(t)− (d− d2)x1(t)
y0(t+ 1) = y0(t) +mΨ(x0(t) + αy0(t))y0 − g0y0(t)− βh(u(t))y0(t)
y1(t+ 1) = y1(t) + qy0(t)− (g − g2)y1(t)
t = 0, 1, . . . , T

 ,

where β ∈ [0, 1] is a parameters measuring the proportion for additional decline in cancer
HSC.
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3 The Optimal Therapy Problem

As in any optimal therapy problem, the objective is to find the therapy u∗(t) minimizing the
malignancy of the disease under treatment. Concerning the objective function measuring
malignancy, [1] considers quadratic terms representing the nonlinear costs of the treatment
and the malignancy of the cancer HSC and DC levels; however, it does not entail any
valuation of time. Here we formulate the objective function

N(u) =
T∑
t=0

ρt[u2(t) + y20(t) + y21(t)] + ρT+1[y20(T + 1) + y21(T + 1)],

where ρ ∈ (0, 1] is a parameter measuring the increase of malignancy of early cancer de-
velopment and drug administration. More specifically, we consider an objective function
which incorporates a final addend measuring the malignancy at the end of the treatment,
and that implies lower malignancy as time passes. In this respect, and given that a higher
malignancy is associated with both early cancer growth and early drug administration, we
introduce a time valuation malignancy factor, decreasing over time, that affects the ob-
jective function in the optimal therapy problem as a whole. This is consistent with the
observed evidence for treated CML, obviously the only existing situation of the disease for
which data exist. Indeed, most empirical survival analyses show decreasing rates of mor-
tality as treated cancer persists, i.e., higher mortality rates at the beginning of the disease
than in subsequent dates. This decreasing rate of mortality over time would also suggest
introducing a time valuation factor weighting cancer malignancy, and implying decreasing
malignancy as cancer persists. Summing up, we propose to solve and simulate the optimal
therapy problem

min

T∑
t=0

ρt[u2(t) + y20(t) + y21(t)] + ρT+1[y20(T + 1) + y21(T + 1)]

s.t.



x0(t+ 1) = x0(t) + n(1− x0(t)+y0(t)
K )x0(t)− d0x0(t)

x1(t+ 1) = x1(t) + rx0(t)− (d− d2)x1(t)
y0(t+ 1) = y0(t) +m(1− x0(t)+αy0(t)

K )y0 − g0y0(t)− βh(u(t))y0(t)
y1(t+ 1) = y1(t) + qy0(t)− (g − g2)y1(t)
x0(t) ≥ 0, x1(t) ≥ 0, y0(t) ≥ 0, y1(t) ≥ 0, umax ≥ u(t) ≥ 0
t = 0, 1, . . . , T
x0(0), x1(0), y0(0), y1(0) initially given

(1)
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4 Solving and Calibrating the Model

We investigate the role played by the malignancy parameter ρ in the control problem.
As usually happens with optimal control problems in Biomedicine, the optimal therapy
problem (1) does not have an explicit algebraic solution. We therefore numerically solve
the problem taking account of the necessary conditions that the variables must satisfy.
These necessary conditions involve the system of difference equations for the state variables
describing the dynamics of CML and with the associated initial conditions, the system of
difference equations for the Lagrange multipliers with the corresponding final conditions,
and the nonlinear equation for the control variable (see [4]).

The numerical solution is obtained running an iterative procedure: we start with an
initial guess for u(t) at 0 ≤ t ≤ T ; with this initial iterant, we compute the corresponding
values of the state and Lagrange multiplier variables; finally, from these approximations, we
compute a new control variable. We iterate this procedure until convergence to the optimal
control u∗(t).

We implement this numerical method for a practical case. To this end, it is previously
necessary to calibrate the parameters, i.e., to assign a value to the parameters in the system
of difference equations providing the solution. This calibration is carried out on the basis of
the available recent biomedical data ([2], [3], [6], [8], [9]). After the calibration, the optimal
therapy is simulated for two referential situations, namely with and without the proposed
time valuation factor.

5 Results and Conclusions

Regarding the consequences of the consideration of a time valuation factor capturing the
higher malignancy associated to early growth of cancer and drug administration, our re-
sults are unequivocal: this consideration allows more efficient therapies to be designed. More
specifically, when this time valuation factor is considered, the optimal drug doses are con-
siderably lower, and do not entail significant increases in the number of cancer cells or in
the disease duration.
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Abstract

In this work we study some numerical properties of the continuous Newton’s method,
the continuous version of the classical Newton’s method for solving nonlinear equations
p(z) = 0. In fact, continuous Newton’s method is an initial value problem whose
solutions flow to a root of the equation. We show the influence of the multiplicity of
the roots of the considered equation in the Jacobian matrix related to the problem. In
addition we study some modifications of the continuous Newton’s method that allow us
to increase the velocity of the convergence of the solutions towards the roots of p(z) = 0.

Key words: Continuous Newton’s method; nonlinear equations; fixed points.
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1 Introduction

In this work we are concerned with some numerical properties of the initial value problem

z(0) = z0, z′(t) = − p(z(t))
p′(z(t))

, (1)

where z : R → C and p(z) is a given complex function. This problem is called continuous
Newton’s method and it was initially posed in the late 1980s (see [4], [6], [7]). Later, the
method was popularized by Neuberger [5].

Note that the classical Newton’s method for solving a nonlinear equation p(z) = 0,
can be seen as an Euler step to the differential equation (1). Even more, a general Euler
approximation of the differential equation (1) with step size h > 0 gives rise to the damped
Newton’s method

zn+1 = zn − h
p(zn)

p′(zn)
. (2)
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This relationship between the continuous and discrete Newton’s method has been an-
alyzed by Jacobsen et al. ([3]). Actually, they have studied the basins of attraction of the
roots for methods (2) and they have realized that their fractal structure shrinks away when
h→ 0. This fact has been also pointed out by Epureanu and Greenside ([1]). In addition, in
[3] other ODE solvers, like Runge-Kutta methods or Adams-Bashforth methods have been
considered. The influence of the step size in the fractal dimension of the basin boundaries
is the same than in the Euler’s case. However, higher-order approximations for solving
ODEs did not necessarily produce root-finding methods with a good numerical efficiency.
In [2] the relationship between the step size and the order of convergence is particularly
considered. For a constant step size, these iterative root-finding methods have a low order of
convergence (linear) but a high computational cost. For a non-constant step size, a plethora
of root-finding methods can be constructed. In particular, the famous Chebyshev-Halley
family of methods can be constructed in this way.

2 Modified continuous Newton’s method

Neuberger ([5]) used the following improved version of continuous Newton’s method for
obtaining roots of a nonconstant complex polynomial p. For a given z0 ∈ C, the target is
to get a continuous function z : R→ C such that

z(0) = z0, p(z)′(t) = −p(z(t)), t ∈ R. (3)

Neuberger characterized the convergence of continuous Newton’s method to the roots of p.
In this paper we consider the modified continuous Newton’s method

ω(0) = ω0, p(ω)′(t) = −kp(ω(t)), k > 0. (4)

Our aim is to extend the results given by Neuberger and to analyze the influence of the
parameter k in the velocity of convergence of the flow to the solutions. In fact, we can state
that if ω is a solution of (4), then p(ω(t)) = p(ω0)e

−kt.
For each k > 0, let us introduce the set Qk of functions ω : R → C which solve the

differential equation (4). If ω ∈ Qk, then u = limt→∞ ω(t) exists and p(u) = 0. In addition,
we can deduce that the modified continuous Newton’s method has the same properties than
the classical Neuberger’s problem (3).

3 Fixed points and equilibrium solutions

The fixed points (x∗, y∗) of a system of differential equations{
x′(t) = f(x(t), y(t)),
y′(t) = g(x(t), y(t)),

(5)
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represent equilibrium solutions of the problem, since if x(t) = x∗ and y(t) = y∗ initially,
then x(t) = x∗ and y(t) = y∗ for all time. We are interested in the study of the equilibria of
the modified continuous Newton’s method (4). Actually, if we make z = x + iy we obtain
a system of differential equations (5) where

f(x, y) = Re
(
− p(x+ iy)

p′(x+ iy)

)
, g(x, y) = Im

(
− p(x+ iy)

p′(x+ iy)

)
. (6)

Our first result characterizes the equilibria of (5) and establishes their local dynamical
behavior in terms of the corresponding Jacobian matrices.

Theorem 1 Let z∗ = x∗ + iy∗ be a zero with multiplicity m of a differentiable enough
function p(z). Then (x∗, y∗) is an asymptotically stable fixed point of the system (5) with
f and g given by (6). In addition, if we denote F (x, y) to the vector field F (x, y) =
(f(x, y), g(x, y)), we have that the Jacobian matrix of F (x, y) at (x∗, y∗) is

JacF (x∗, y∗) =

(
−k/m 0

0 −k/m

)
. (7)

Figure 1: On the left, phase portrait of the continuous Newton’s method applied to the
polynomial p(z) = z3(z − 1)2(z + 1). The other two figures are details around the points
(0, 0) and (1, 0) respectively.

Remark 1 Note that JacF (x∗, y∗) is a diagonal matrix with a double eigenvalue of λ =
−k/m. So from a local point of view, (x∗, y∗) behaves as a shrink star node whose typical
phase portrait is shown in Figure 1. In fact, when the trajectories (x(t), y(t)) are close
enough to the equilibrium point (x∗, y∗), these trajectories behaves as the functions{

x(t) = x∗ + C1e
−kt/m

y(t) = y∗ + C2e
−kt/m.
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So the convergence of the trajectories to the equilibrium point is slower when the multiplicity
m increases. However the convergence of the trajectories to the equilibrium point is faster
when the parameter k increases.

Acknowledgements

This work has been partially supported by the Spanish Ministry of Economy and Compet-
itiveness under grant MTM2014-52016-C2-1-P.

References

[1] B. I. Epureanu and H. S. Greenside, Fractal basins of attraction associated with
a damped Newton’s method, SIAM Rev. 40 (1998) 102–109.

[2] J. M. Gutiérrez, Numerical Properties of Different Root-Finding Algorithms Ob-
tained for Approximating Continuous Newton’s Method, Algorithms 8 (2015) 1210–
1218.

[3] J. Jacobsen, O. Lewis and B. Tennis, Approximations of continuous Newton’s
method: An extension of Cayley’s problem, Electron. J. Diff. Equ. 15 (2007) 163–173.

[4] H. Jongen, P. Jonker and F. Twilt, The continuous, desingularized Newton
method for meromorphic functions, Acta Appl. Math. 13 (1988) 81–121.

[5] J. W. Neuberger, Continuous Newton’s method for polynomials, Math. Intell. 21
(1999) 18–23.

[6] H. Peitgen, M. Prufer and K. Schmitt, Global aspects of the continuous and
discrete Newton’s method: A case study, Acta Appl. Math. 13 (1988) 123–202.

[7] D. Saupe, Discrete versus continuous Newton’s method: A case study, Acta Appl.
Math. 13 (1988) 59–80.

c©CMMSE ISBN: 978-84-617-8694-7Page 1021 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Dynamics of the FK3V cardiac cell model

Radek Halfar1

1 Department of Applied Mathematics, VŠB - Technical University of Ostrava,
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Abstract

The aim of this paper is to study evolution of transmembrane potencial on the
cardiac cell under different rates of stimulation. For modeling this potential, the Fenton-
Karma model was applied. It is a phenomenological model with three degree of freedom
that corresponds to nondimensional transmembrane potencial and gating variables for
regulation of inward and outward ion currents. Moreover, as a novelty, the model was
forced by stimulus with shape of half sinus period. For solving the equations the explicit
Runge-Kutta method was used. As the main aim of the paper it is shown that that the
Fenton-Karma model is showing regular as well as irregular motion; periodic and also
chaotic patterns are detected using bifurcation diagrams and 0-1 test for chaos.

Key words: cardiac cell model, bifurcation, 0-1 test for chaos
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1 Introduction

The cardiac electrophysiology is the result of complex processes occurring on the heart cell
membranes, which aim to ensure the proper progression of cardiac action potential inherent
in heart muscle. Understanding of this process is very important for prevention of heart
failure, incompatible with life, such as ventricular fibrillation.

The Fenton-Karma model (FK3V) is commonly used to describe a simplified model
of the heart and electrophysiology. Studies that uses this model can be generally divided
into several groups. Studies dealing with the determination of model parameters to better
replicate the outputs obtained by using physiological models or experimental data, studies
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that uses FK3V model to study the electrophysiology of the heart and studies that examine
the characteristics of the model FK3V itself.

The first group can include for example the study [7], which describes a procedure for
finding such parameters FK3V model to its restitution characteristics correspond restitution
characteristics of Courtemanche-Ramirez Nattel model of atrial tissue. In [6], the authors
then edited the parameters of detailed and simplified (FK3V) model to fit for five clinical
data of patients undergoing ablation therapy.

Termination of fibrillation is studied in [9]. Their objective was to numerical validation
the experimental techniques for terminating fibrillation presented in [8]. In his work, they
found that synchronized defibrillation can create a low-energy alternative to traditional
defibrillation. In [1] the authors studied electrophysiological and dynamic mechanism of
spiral waves break up. The authors found several alternans unstable modes with different
growth rates, frequencies and spatial structures. In a study [2], the authors examined
the behavior of fibers in a computing FK3V monodomain anisotropic model of re-entrant
ventricular fibrillation.

The main aim of this paper is the research of dynamical properties of the FK3V model
in dependence of the stimulation frequency; moreover regular as well as chaotic moments
were observed.

2 FK3V model

FK3V model is ionic model of cardiac action potencial which is based on the Luo-Rudy
I model. For reproducing action potencial it uses three variables u, v and w. Variable u
represent nondimensional transmembrane potential (so that u = 0 and u = 1 are the rest
and peak voltages, respectively) Transmembrane potential changing depending on ionic
currents according to equation:

u̇ = Jstim − Jfi − Jso − Jsi

where Jfi (accountable for depolarization of the membrane), Jso (accountable for repolariza-
tion of the membrane) and Jsi (balances Jso during the plateau phase) are cross-membrane
currents named fast inward (fi), slow outward (so) and slow inward (si) that roughly corre-
sponds to sodium, potassium and calcium ion currents respectively. But because they do
not represent quantitatively measured currents, but only their activation, inactivation, and
reactivation it is preferred to call these currents as fast and slow inward, and slow outward,
rather than Na, Ca, and K as a reminder of these simplification. Jstim indicates externally
applied current. In this study is external current composition of pulses created by first half
period of sinus function followed by zero function. Jstim is therefore defined by equation:

Jstim =

{
0.48 sin(t− n(c+ 1)) t ∈< n(c+ 1), n(c+ 1) + 1 > n ∈ N ∪ {0}
0 t /∈< n(c+ 1), n(c+ 1) + 1 > n ∈ N ∪ {0}.
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Where c denotes length of time interval between pulses. Dot over a variable denotes deriva-
tive with respect to time.
Cross membrane currents are given by

Jfi(u; v) = Θ(u− uc)(1− u)(u− uc)
−v
τd
,

Jso(u) = Θ(uc − u)
u

τ0
+ Θ(u− uc)

1

τr
,

Jsi(u;w) =
(1 + tanh [k(u− usic )])

2

−w
τsi

,

where Θ(x) is the Heaviside function which replaced the gating functions h∞(V ), m∞(V ),
j∞(V ), and f∞(V ), in the Beeler-Reuter or Luo-Rudy-I models. Function

(1 + tanh [k(u− usic )])

2

is than smooth function that replaced d∞(V ). to provide good fit of APD restitution
curves.
Another two variables v and w used in the model are gating variables which regulates
inactivation of Jfi and Jso takes the following form:

v̇ = Θ(uc − u)(1− v)
1

τ−v (u)
−Θ(u− uc)v

1

τ+v
,

ẇ = Θ(uc − u)(1− w)
1

τ−w
−Θ(u− uc)w

1

τ+w
,

τv(u) is function for defining time constants for two voltage ranges (uv < u < uc and u < uv)
and is introduced for proper reproducing CV restitution curve. It controls reactivation of
Jfi and is given by equation

τ−v (u) = Θ(u− uv)τ−v1 + Θ(uv − u)τ−v2

The model contains several constants, which are used for fitting the output curves into
requested shape, time constants τr, τsi, τ0 . . . and threshold potentials uc, u

si
c and uv.

The original paper [3] describes four different sets of parameters to fit for different dataset.

• BR: obtained by stimuli of Beeler-Reuter model with standard parameter values.

• MBR: obtained by stimuli of modified Beeler-Reuter model with speeded up calcium
kinetic.

• MLBR-I: stimuli of Luo-Ruby-I model with speeded up calcium kinetic.
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• GP: experimental data extracted by Girouard et al. from measuring membrane po-
tentials on the epicardial surface of left Ventricle of a guinea pig.

Table 1: Original published parameters of FK3V model [3] for BR parameters set, k = 10
Parameter Description unit value

τd setting influence Jfi for u > uc ms 0.25
τr setting influence Jso for u > uc ms 33
τsi setting influence Jsi on u̇ ms 30
τ0 setting decrease u to 0 for u < uc ms 12.5
τ+v setting decrease v to 0 for u > uc ms 3.33
τ−v1 setting value for τ−v (u) for u > uv ms 1250
τ−v2 setting value for τ−v (u) for u < uv ms 19.6
τ+w setting decrease w to 0 for u > uc ms 870
τ−w setting increase w to 1 for u < uc ms 41
uc depolarization threshold - 0.13
uv threshold for activation τ−v1 or τ−v2 - 0.04
usic threshold for opening Jsi - 0.85

3 Main results

In this work, the BR parameter set was used. In individual simulations, the heart cell was
irritated with the half-sinus shaped current pulses with amplitude 0.48 (twice as needed to
cause irritation) and duration 1 ms. The individual stimulation pulses were separated by
the delay c (see equation defining Jstim current). Computations was done for stimulation
delays from 10 to 300 ms with step of 5 ms. Each simulation was done for time from 0 to
5×105 ms. From the last 20 % of results was consequently created a phase diagram for each
simulated frequency and bifurcation diagram from the entire simulated frequency spectrum.

Chaotic behavior of the model was observed on stimulation delays from 10 to 85 ms
(see Figures 1 and 2). This behavior can also be seen in bifurcation diagrams in Figures
4 and 5. Next, regular responses to stimulation impulses are observable on delays from 85
to 300 ms and this model output is shown in Figure 3 and also in bifurcation diagrams in
Figures 4 and 5.
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Figure 1: Time responses of u, v, w (left) and phase diagram (right) of the FK3V model
for c = 10 ms.

4.758 4.76 4.762 4.764 4.766 4.768 4.77 4.772 4.774

time [ms] ×10
5

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

u

v

w

Figure 2: Time responses of u, v, w (left) and phase diagram (right) of the FK3V model
for c = 50 ms.
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Figure 3: Time responses of u, v, w (left) and phase diagram (right) of the FK3V model
for c = 300 ms
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Figure 4: FK model bifurcation of variable u (lef) and v (right).

Figure 5: Bifurcation diagram of variable w.
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Figure 6: Results of the 0-1 test for chaos of
variables u, v and u.

Figures 4, and 5 shows bifurcation dia-
grams of FK3V model. Values for diagrams
was collected witch period of stimulation
frequency (recorded was every fifth stimu-
lus). In Figures can be seen that for stimu-
lation delays from 35 to 85 ms is is response
of the model chaotic.

Finally, 0-1 test for chaos was per-
formed. This test, introduced in [4] (see
also [5]), is used to distinguish regular and
chaotic dynamic. It works with the time
series and does not need any phase space
reconstruction. The resulting value of this
test can only be 0 (regular behavior) or 1
(chaos). The results of this test can bee
seen in Figure 6. This test coincides just
for variable w.
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4 Conclusions

In this paper, responses of Fenton-Karma model of cardiac cell to various rates of stimulation
frequencies were analyzed. Newly, the model was forced by stimulus with shape of half sinus
period. The equations of potentials were solved numerically using Runge-Kutta method of
the fourth order as ode45 solver in Matlab.

It was observed that model is showing regular and also chaotic pattern for different
range of stimulation delay. Chaotic behavior of variables u, v and w were confirmed by 0-1
test for chaos for suitable choices of stimulation delays.
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SP2017/122, VŠB - Technical University of Ostrava, Czech Republic.

References

[1] G. D. Allexandre, N. Otani, Preventing alternans-induced spiral wave breakup in
cardiac tissue: An ion-channel-based approach, Phys. Rev. E 70 (2004) 061903.

[2] G. R.H. Clayton, A.V. Holden, Filament behavior in a computational model of
ventricular fibrillation in the canine heart, IEEE Transactions on Biomedical Engineer-
ing 51 (2004) 28-34.

[3] G.E. Flavio Fenton, Alain Karma, Vortex dynamics in three-dimensional contin-
uous myocardium with fiber rotation: Filament instability and fibrillation, Chaos: An
Interdisciplinary Journal of Nonlinear Science 8 (1998) 20-47.

[4] G.A Gottwald, I. Melbourne, A new test for chaos in deterministic systems,
Proc. R. Soc. London A 460 (2004) 603–611.

[5] G.A Gottwald, I. Melbourne, On the implementation of the 0-1 test for chaos,
SIAM J. Appl. Dyn. 8 (2009) 129–145.

[6] G. D. Lombardo, F. Fenton, S. Narayan, W. Rappel, Comparison of detailed
and simplified models of human atrial myocytes to recapitulate patient specific proper-
ties, PLOS Computational Biology 12 (2016) 1-15.

c©CMMSE ISBN: 978-84-617-8694-7Page 1028 of  2288



Dynamics of the FK3V cardiac cell model

[7] G. R. Oliver, W. Krassowska, Reproducing cardiac restitution properties using the
FentonKarma membrane model, Annals of Biomedical Engineering 33 (2005) 907-911.

[8] G. H. Pak, Y. Liu, H. Hayashi, Y. Okuyama, P. Chen, S. Lin, Synchronization
of ventricular fibrillation with real-time feedback pacing: implication to low-energy de-
fibrillation, American Journal of Physiology - Heart and Circulatory Physiology 285
(2003) H2704-H2711.

[9] G. S. Puwal, B. Roth, Numerical simulations of synchroniyed pacing, Journal of
Biological Systems 14 (2006) 101-112 .

c©CMMSE ISBN: 978-84-617-8694-7Page 1029 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Cloud implementation of logistic regression for hyperspectral
image classification

Juan Mario Haut1, Mercedes Eugenia Paoletti1, Abel Paz-Gallardo2,
Javier Plaza1 and Antonio Plaza1

1 Department of Technology of Computers and Communications, University of
Extremadura, Escuela Politecnica, Avda. de la Universidad s/n, Cáceres
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Abstract

Classification of remotely sensed hyperspectral images is a challenging task due the
enormous amount of information comprised in these images, that contain hundreds
of continuous spectral bands. This creates a need to develop new techniques for
hyperspectral classification using high performance computing architectures. Despite
the availability of multiple algorithms adapted to parallel environments (such as
multicore computers or accelerators like field programmable gate arrays or graphics
processing units, the application of cloud computing techniques has not been as
widespread, although there are many potential advantages in exploiting cloud computing
architectures for distributed hyperspectral image analysis. In this paper, we present
a cloud implementation (developed using Apache Spark) of a successful technique
for hyperspectral image classification: the multinomial logistic regression probabilistic
classifier. Our experimental results suggest that cloud computing architectures allow
for the efficient classification of large hyperspectral image data sets.

Key words: Hyperspectral imaging, multinomial logistic regression, cloud computing,
Apache Spark.
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1 Introduction

Remotely sensed hyperspectral imaging is a popular technique for Earth observation (EO)
[1], which allows for the simultaneous collection of images (at different wavelength channels)
for the same area on the surface of the Earth. A characteristic of hyperspectral imagers is
that they can collect data in thousands of narrow, contiguous spectral bands [2], providing
so-called hyperspectral image data cubes [3].

An important property of hyperspectral instruments is their ability to acquire a
complete reflectance spectrum for each pixel in the image (called contiguous spectral curves
or spectral signatures). These signatures allow us to accurately distinguish different physical
materials. For instance, the NASA’s Jet Propulsion Laboratory’s Airbone Visible/Infrared
Imaging Spectrometer (AVIRIS) [4] measures the solar reflected spectrum from 0.4µm to
2.5µm at intervals of 0.01µm. The EO-1 Hyperion imaging spectrometer also collects bands
in the range of 0.4µm to 2.5µm (more than 200 bands in both cases) [5, 6]. Several new
satellite mission that will be soon operative and ready to collect data in a very similar
spectral range. For instance, the German Environmental Mapping and Analysis Program
(EnMAP [7]) is expected to collect data in the range 0.42µm to 2.45µm, as well as the
Italian PRISMA program [8]. Other spectrometers acquire hyperspectral images in other
regions of the spectrum, for instance the Reflective Optics System Imaging Spectrometer
(ROSIS) takes images with a spectral range from 0.43µm to 0.96µm [9].[2].

Hyperspectral imaging has proved to be useful over a wide range of applications,
such as agriculture, forestry, geology, ecological monitoring and disaster monitoring
[10, 6]. However, due to the great dimensionality of hyperspectral data cubes, analysis
techniques exhibit significant requirements in terms of storage and data processing [11, 12].
Therefore, the development of techniques that are computationally efficient becomes critical
[6, 13, 14, 15].

Many efforts have been made within the field of hyperspectral image classification, both
supervised and unsupervised [16]. Supervised techniques have been generally more popular
due to their higher classification accuracy, but they require sufficient training information in
order to perform properly. One of the supervised classifiers that can perform more accurately
in the presence of limited training samples is the multinomial logistic regression (MLR)
[17]. However, this classifier is computationally expensive, and available implementations
have not considered the possibility of using cloud computing architectures [18]. These
platforms can be greatly beneficial for hyperspectral image classification due to their
advanced capabilities for internet-scale, service-oriented and high-performance computing.
Specifically, the use of cloud computing for the classification of large hyperspectral data
repositories can be considered a natural solution and an evolution of previously developed
techniques for other kinds of computing platforms [19]. Still, there are few efforts in
the recent literature oriented to the exploitation of cloud computing infrastructure for
hyperspectral imaging techniques.
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This work explores the possibility of using a distributed framework for classification
of massive hyperspectral images based on cloud computing architectures. In particular
we have focused on the discriminative MLR classifier [17] to demonstrate the applicability
of utilizing cloud computing technologies to efficiently perform distributed classification of
hyperspectral data.

The remainder of the paper is organized as follows. Section 2 first presents
the theoretical principles of the MLR method (section2.1). Then, it describes our
distributed framework design for this classifier (section 2.2). Finally, it describes our
cloud implementation in detail (section 2.3). Section 3 validates the proposed cloud MLR
algorithm by comparing it with other implementations. Finally, section 4 concludes with
some remarks and hints at plausible future research lines.

2 Methodology

2.1 Multinomial Logistic Regression

To understand the operations of the MLR, we first we need to describe how logistic regression
(LR) works. Given a collection of n linear-separable numeric samples X = {x1, ..., xn} where
each xi ∈ Rd, xi = [xi,1, ..., xi,d], the goal of classification methods is to categorize each
xi into a class or category yi of those available in Y = {y1, ..., yk}, with k < n. But, in
contrast to other classification methods, LR does not try to predict the value of a xi given
a set of inputs. Instead, the output is a probability that the input xi belongs to a certain
class yi. It would be 0 when xi does not belong to yi and 1 if xi belongs to yi. Suppose that
xi = [xi,1, ..., xi,d] and Y = {−,+}, LR assumes that the input d-space can be separated
into two regions by a linear boundary: β0 + β1xi,1 + ... + βdxi,d. This function outputs
a value in (−∞,∞) given an input data point, xi

1. To map the label probabilities with
boundary values, LR applies log-odds functions2 and calculates the predicted probabilities

as P (yi = +|xi, β) =
exp(β0+

∑d
j=1 βjxi,j)

1+exp(β0+
∑d

j=1 βjxi,j)
. The goal of LR is to estimate the coefficients

β = {β0, β1, ..., βd} through maximum likelihood estimation (MLE), that optimizes β in
order to maximize the log likelihood (LL, i.e. the log odds).

MLR extends the binary problem of LR to any number of classes, k > 2. Specifically,

1If xi lies in the region defined by the + class, the function’s value is positive in the range (0,+∞) and
its probability P (yi = +|xi, β) is in (0.5, 1]. If xi lies in the region defined by the − class, the function’s
value is negative in the range (−∞, 0) and its probability P (yi = −|xi, β) = 1−P (yi = +|xi, β) is in [0, 0.5).
Finally if we do not know whats xi is, the function’s value is 0, and probabilities of being + or − are exactly
0.5

2Given a probability function P (x) ∈ [0, 1], the odds ratio is defined as OR(x) = P (x)
1−P (x)

∈ [0,+∞).

Applying the logarithm to OR(x) we obtain log(OR(x)) ∈ (−∞,∞). If the log-odds is log( P (x)
1−P (x)

) = a+bx,

we can transform it into P (x)
1−P (x)

= exp(a+ bx)→ P (x) = exp(a+bx)
1+exp(a+bx)

, i.e the logistic function
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MLR selects one category as the baseline, e.g. the k-th class, and calculates the regression
coefficients for the l = 1, ..., k − 1 non-baseline categories (β(1), ..., β(k−1) with β(l) =

{β(l)0 , ..., β
(l)
d }) against the baseline class. The predicted probabilities are extended to

P (yi = l|xi, B) =
exp
(
β
(l)
0 +

∑d
j=1 β

(l)
j xi,j

)
1+
∑k−1

l′=1

(
exp
(
β
(l′)
0 +

∑d
j=1 β

(l′)
j xi,j

)) , where B is the (d + 1) × (k − 1) matrix

of all the regression coefficients. The goal of MLR is then to estimate B given the samples
dataset X and the categories Y , by minimizing the optimization function:

f(B;X,Y ) = −
n∑
i=1

logP (yi|xiB) +
λ

2

d∑
j=1

k−1∑
l=1

|β(l)j |
2, (1)

where λ is a regularization term added in order to mitigate the overfitting problem.

2.2 Distributed framework design

To create our distributed environment, two frameworks have been used: 1) OpenStack3

and 2) Apache Spark4. Each one of them will be in charge of the correct execution of the
architecture in two aspects:

• On the one hand, OpenStack provides Infrastructure as a Service (IaaS), abstracting
and manages the physical machines that will give the support to the virtual machines.
OpenStack works like a cloud operating system that controls large pools of compute,
storage, and networking resources throughout a datacenter, all managed through a
dashboard that gives administrators control while empowering their users to provision
resources through a web interface.

• On the other hand, Apache Spark is a distributed in-memory processing framework
that works over the virtual machines (managed by OpenStack) and allows to
implement MapReduce5 distributed programming model [18]. Also, Apache Spark
implements a fault-tolerant abstraction for in-memory cluster computing, and provides
fast and general data processing on large distributed platforms. It supports simple
one-pass computations and can also be extended to the case of multi-pass, iterative
algorithms.

3https://wiki.openstack.org/wiki/Main Page
4http://spark.apache.org/
5The MapReduce model takes full advantage of the high-performance capabilities provided by cloud

computing architectures. The operation is easy: a task is processed by two distributed operations, map and
reduce. The datasets are organized as key/value pairs, and the map function processes a key/value pair to
generate a set of intermediate pairs, dividing a task into several independent subtasks to be run in parallel.
The reduce function is in charge of processing all intermediate values associated with the same intermediate
key, then collecting all the subtask results to gather the result for the whole task.
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The full architecture of our newly developed system for hyperspectral image classification
is shown in Fig. 1. In Fig. 2 we display the services offered by OpenStack and the Apache
Spark framework used.

Figure 1: Integrated OpenStack and Apache
Spark framework for Logistic Regression.

Figure 2: Description of the proposed Apache
Spark and Open Stack architecture.

2.3 Cloud Implementation

Proposed cloud MLR divides the execution between one master (Spark driver) and several
slaves (Spark executors). The driver prepares the environment (reserves resources), launches
the executors and initializes β. Each executor loads their corresponding patch of the
hyperspectral image and for each data calculates the loss function and the gradient (Map)
that are summed up (Resume) and sent back to the driver. The driver calculates the loss and
the gradient of regularizer and plugs the gradient and loss of the model and the regularizer
into optimizer to get the new β. If the loss is less than the stopping criterion, the algorithm
ends.

To execute our cloud implementation of MLR we need several parameters: the number
of classes (k), the input training data (a percentage of hyperspectral image’s pixels with
which MLR will train), the number of maximum iterations and the tolerance of the L-BFGS
optimizer. On the other hand, the input data is regularized by L2.
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3 Experimental results

3.1 Experimental Configuration

In order to evaluate the performance of the adopted MLR implementation, we use a
hardware environment composed by a Intel(R) Xeon(R) CPUs E5430 @ 2.66GHz (8 cores),
16 GB RAM, Shared storage, NetApp FAS3140. Virtual nodes have two virtual CPUs,
4GB of RAM and 40 GB hard disk each. In addition, we have developed a parallel
version of the algorithm for comparative purposes. This version has been implemented
on a paltform with Intel(R) Core(TM) i7-4790 CPUs @ 3.60GHz (8 cores), 16 GB RAM,
SanDisk SDSSDA240G. In our experiments, we used Ubuntu 14.04 x64 LTS as operating
system. For the parallel version of MLR, a virtual machine of the cluster with 2 cores, 4GB
of RAM and 40GB of hard disk, and the same software configuration has been used.

Color Land cover type Samples

Background 10776

Alfalfa 46

Corn-notill 1428

Corn-min 830

Corn 237

Grass/Pasture 483

Grass/Trees 730

Grass/pasture-mowed 28

Hay-windrowed 478

Oats 20

Soybeans-notill 972

Soybeans-min 2455

Soybean-clean 593

Wheat 205

Woods 1265

Bldg-Grass-Tree-Drives 386

Stone-steel towers 93

Total samples 21025

Figure 3: Original ground-truth of Small Indian Pines scene, with class labels and original
number of samples per class.

3.2 Hyperspectral data sets

In our experiments, we use two different hyperspectral images. The first one was collected
by AVIRIS [4] in 1992 over a set of agricultural fields with regular geometry and irregular
patches of forest in Northwestern Indiana (Indian Pines image). This scene has 145 × 145
pixels with 224 spectral bands in the range 0.4-2.5µm, with 0.01µm of spectral resolution,
0.020µm moderate spatial resolution and 16 bits of radiometric resolution. 4 zero bands plus
20 bands with lower signal-to-noise ratio (SNR) have been removed, retaining 200 spectral
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channels. The data has 16 ground-truth classes (Fig. 3). Also, we use a larger version of

Color Land cover type Samples Color Land cover type Samples

Background 1310047 BareSoil 57

Buildings 17195 Concrete/Asphalt 69

Corn 17783 Corn? 158

Corn-EW 514 Corn-NS 2356

Corn-CleanTill 12404 Corn-CleanTill-EW 26486

Corn-CleanTill-NS 39678 Corn-CleanTill-NS-Irrigated 800

Corn-CleanTilled-NS? 1728 Corn-MinTill 1049

Corn-MinTill-EW 5629 Corn-MinTill-NS 8862

Corn-NoTill 4381 Corn-NoTill-EW 1206

Corn-NoTill-NS 5685 Fescue 114

Grass 1147 Grass/Trees 2331

Grass/Pasture-mowed 19 Grass/Pasture 73

Grass-runway 37 Hay 1128

Hay? 2185 Hay-Alfalfa 2258

Lake 224 NotCropped 1940

Oats 1742 Oats? 335

Orchard 39 Pasture 10386

pond 102 Soybeans 9391

Soybeans? 894 Soybeans-NS 1110

Soybeans-CleanTill 5074 Soybeans-CleanTill? 2726

Soybeans-CleanTill-EW 11802 Soybeans-CleanTill-NS 10387

Soybeans-CleanTill-Drilled 2242 Soybeans-CleanTill-Weedy 543

Soybeans-Drilled 15118 Soybeans-MinTill 2667

Soybeans-MinTill-EW 1832 Soybeans-MinTill-Drilled 8098

Soybeans-MinTill-NS 4953 Soybeans-NoTill 2157

Soybeans-NoTill-EW 2533 Soybeans-NoTill-NS 929

Soybeans-NoTill-Drilled 8731 Swampy Area 583

River 3110 Trees? 580

Wheat 4979 Woods 63562

Woods? 144

Total samples 1644292

Figure 4: Original ground-truth of Big Indian Pines scene, with class labels and original
number of samples per class.

the Indian Pines scene, with a size of 2678×614 pixels. It was collected over the same area,
but spanning a much larger extent. It contains 220 spectral bands an the total number of
classes is 58 (Fig. 4).

3.3 Performance Evaluation

To evaluate the performance of our cloud implementation of MLR, we make a comparison
between the cloud version and a multi-core parallel implementation of the same MLR
algorithm. Our experiments have been launched for each hyperspectral image, using
different training percentages (15%, 25% and 50% of the training samples available in each
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class). For the cloud version we have considered 2, 4 and 8 distributed nodes. The optimal
number of iterations and λ value are obtained by cross-validation. Each configuration has
been repeated five times, and the results reported are the average across the executions for
statistical consistency.

Training Parallel Distributed
percentage 2 nodes 4 nodes 8 nodes

Time Execution

5% 1.82 (2.143) 16.34 (1.876) 16.90 (2.102) 19.32 (2.201)
15% 4.48 (2.051) 18.65 (2.039) 20.01 (1.872) 23.50 (2.231)
25% 6.84 (1.942) 21.04 (2.052) 22.61 (2.312) 25.32 (2.214)
50% 13.42 (2.161) 30.34 (1.911) 32.39 (1.891) 32.84 (1.857)

Accuracy Results

5% 68.25 (1.0) 67.11 (0.9) 68.19 (1.0) 67.02 (0.8)
15% 77.15 (0.8) 75.74 (0.8) 75.00 (1.0) 73.77 (0.9)
25% 79.58 (0.9) 77.27 (0.9) 76.69 (1.1) 76.58 (0.9)
50% 82.05 (1.4) 78.40 (1.1) 79.36 (1.2) 79.11 (1.0)

Table 1: Average processing time, classification accuracy (and standard deviation) for
different implementations of multinomial logistic regression using the Small Indian Pines
Image.

Figure 5: Classification results for the Small Indian Pines image: classification map without
background (left) and classification map with background (right), obtained using 15%
training.

Table 1 shows the results obtained by different implementations of the MLR using
the Small Indian Pines dataset. The classification accuracies are worse as we add nodes
to the cluster, due to the lack of data within the nodes, and the processing times tend
to be worse too. This is because the nodes have not enough data to optimize. Fig. 5
shows the obtained classification result. As mentioned before, the processing times increase
slightly as we add nodes to the distributed environment (with 8 nodes the weight of the
communication prevents to improve the speed up). However, the increase of training samples
affects non-uniformly the obtained classification results (this depends on the calculation of
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λ).

Training Parallel Distributed
percentage 2 nodes 4 nodes 8 nodes

Time Execution

5% 163.83 (2.620) 169.12 (2.527) 106.22 (1.403) 79.33 (2.300)
15% 400.20 (9.601) 364.00 (4.341) 218.46 (5.231) 127.36 (3.053)
25% 598.31 (3.310) 556.48 (3.254) 327.106 (1.900) 181.65 (1.024)
50% 1208.98 (11.708) 1087 (9.865) 584.65 (5.651) 374.42 (3.643)

Accuracy Results

5% 44.52 (1.1) 42.24 (0.9) 42.47 (0.9) 42.48 (1.0)
15% 45.39 (1.2) 43.06 (1.1) 43.02 (1.3) 43.88 (1.2)
25% 45.52 (1.1) 43.54 (1.2) 43.63 (0.9) 43.95 (1.1)
50% 45.65 (1.3) 44.29 (1.3) 44.34 (1.2) 44.96 (1.3)

Table 2: Average processing time, classification accuracy (and standard deviation) for
different implementations of multinomial logistic regression using the Big Indian Pines
Image.

Figure 6: Classification results for the Big Indian Pines image: classification map without
background (top) and classification map with background (bottom), obtained using 15%
training.

On the other hand, Table 2 shows the results obtained by MLR using the Big Indian
Pines dataset. As we can see, as we increase the number of nodes, time decreases. The
highest speed up is achieved with 8 nodes (a 3.29), while the accuracy results are quite
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acceptable given the complexity of this scene (although is less than in the parallel version).
These results reveal that our cloud implementation benefits from the availability of large
data volumes and complex analysis scenarios, such as the one given by the Big Indian Pines
scene. The complexity of the classification of this scene can be appreciated in Fig. 6.

4 Conclusions and Future Lines

In this paper, we have discussed the possibility of exploiting cloud computing architectures
for hyperspectral image classification. As a case study, we have presented a cloud computing
implementation of the multinomial logistic regression classifier (a technique that has been
used successfully for hyperspectral data interpretation) on the Apache Spark and Openstack
platforms. Our experimental results show the effectiveness of the proposed distributed
implementation with large hyperspectral datasets (i.e., the proposed technique provides
satisfactory results with very large images and complex analysis scenarios given by a large
numbers of samples and classes). As future work, we will implement other techniques
for hyperspectral image classification using cloud computing platforms, as it is our feeling
that there are many open and unexplored possibilities for the exploitation of these kind of
platforms in remotely sensed hyperspectral imaging.
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Abstract

In this paper we use the general steerable one-sided Clifford Fourier transform
(CFT), and relate the classical convolution of Clifford algebra-valued signals over Rp,q

with the (equally steerable) Mustard convolution. A Mustard convolution can be ex-
pressed in the spectral domain as the point wise product of the CFTs of the factor
functions. In full generality do we express the classical convolution of Clifford algebra
signals in terms of a linear combination of Mustard convolutions, and vice versa the
Mustard convolution of Clifford algebra signals in terms of a linear combination of clas-
sical convolutions. Finally, we derive auto-correlation theorems for the cross-correlation
and for the auto-correlation of Clifford signals.

Key words: Convolution, Clifford Fourier transform, Clifford algebra signals, spatial
domain, frequency domain, auto-correlation theorem
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1 Introduction

The steerable one-sided Clifford Fourier transformation (CFT) was introduced in [10]. It
generalizes related transforms, like the classical complex Fourier transform, the one-sided
single kernel quaternion Fourier transform [5], and the Clifford Fourier transforms with pseu-
doscalar kernels [4, 6] to higher dimensions. These CFTs essentially replace the imaginary
unit i ∈ C by a general multivector square root of −1, which usually populate continuous
Clifford algebra submanifolds [9, 11]. The classical complex Fourier transform needs only
one fully commuting kernel factor, due to the commutativity of complex numbers. To have
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a non-commutative kernel factor under the transform integral on one side of the signal func-
tion is meaningful due to the inherent non-commutativity in Clifford algebras. An extensive
discussion of the historical development and the application relevance of the CFTs can be
found in [1] and [14].

This paper is organized as follows. Section 2 gives some background on the steerable
one-sided CFT. Next, Section 3 defines the classical convolution of two Clifford signal func-
tions, their steerable Mustard convolution, their cross-correlation, and the auto-correlation
of a Clifford signal function. The rest of the section is devoted to representing the clas-
sical convolution in terms of a sum of Mustard convolutions (Theorem 3.3) and dually to
expressing the Mustard convolution in terms of a sum of classical convolutions (Theorem
3.4). Furthermore, direct single convolution product identities between classical and Mus-
tard convolutions are established (Theorem 3.6), together with the theoretical equivalence
(for general Clifford signal convolution product factor functions) of expressing the classi-
cal convolution in terms of the Mustard convolution and the reverse (Equation (3.17)).
Finally, Section 4 derives auto-correlation theorems for the cross-correlation and for the
auto-correlation of Clifford signals.

2 General steerable one-sided Clifford Fourier transforms

We will make use of the following notation.

Notation 2.1 (Argument reflection). For a function h : Rp,q → Cl(p′, q′) we set1

h1(x) := h(−x). (2.1)

Note that we obviously have

(h1)1(x) = h1(−x) = h(x). (2.2)

We will make use of the following lemma [11].

Lemma 2.2. Every multivector A ∈ Cl(p, q) has, with respect to a square root f ∈ Cl(p, q)
of −1, i.e., f−1 = −f, the unique decomposition

A+f =
1

2
(A+ f−1Af), A−f =

1

2
(A− f−1Af)

A = A+f +A−f , A+f f = fA+f , A−f f = −fA−f , (2.3)

A+f ∈ centralizer(f, Clp,q).

1We are aware that this notation could be confused with an ordinary taking to the power of 1, but as
will be seen in the current context no danger of confusion is likely to arise.
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The general steerable one-sided Clifford Fourier transform (CFT) [10], can be under-
stood as a generalization of previously known one-sided CFTs [6], to a general Clifford
algebra setting. Most known CFTs (prior to [10]) used in their kernels specific square roots
of −1, like bivectors, pseudoscalars, unit pure quaternions, or sets of coorthogonal blades
(commuting or anticommuting blades) [2]. All those restrictions on the square roots of −1
used in a CFT do not apply in our definition below. Note further, that the definition we are
about to introduce is even more general than Definition 3.1 given in [10], because we gener-
alize to multivector signal functions in L1(Rp,q;Cl(p′, q′)) and not only in L1(Rp,q;Cl(p, q)).

Definition 2.3 (Steerable CFT with respect to one square root of −1). Let i ∈ Cl(p′, q′),
i2 = −1, be any square root of −1. The general Clifford Fourier transform (CFT) of
f ∈ L1(Rp,q;Cl(p′, q′)), with respect to i is

F i{f}(ω) =

∫
Rp,q

f(x) e−iu(x,ω)dnx, (2.4)

where dnx = dx1 . . . dxn, x,ω ∈ Rp,q, and u : Rp,q × Rp,q → R.

Since square roots of−1 in Cl(p′, q′) populate continuous submanifolds in Cl(p′, q′), the CFT
of Definition 2.3 is generically steerable within these manifolds, see (2.6). In Definition 2.3,
the square roots i ∈ Cl(p′, q′) of −1 may be from any component of any conjugacy class.
The choice of the Clifford’s geometric product between multivector signal function f and the
multivector kernel e−iu(x,ω), in the integrand of (2.4) is very important. Because only this
choice allowed, e.g. in [4], to define and apply a holistic vector field convolution, without
loss of information.

Note that two-sided CFTs can be decomposed to pairs of one-sided CFTs [12].

Remark 2.4. In order to avoid clutter we often drop the upper index i as in F{h} =
F i{h}, but in principle the one-sided CFT always depends on the particular choice i of the
multivector square root of −1. Since square roots of −1 in Cl(p′, q′) populate continuous
submanifolds in Cl(p′, q′), the CFT of Definition 2.3 is generically steerable within these
submanifolds. In Definition 2.3, the square root i ∈ Cl(p′, q′) of −1, may be from any
conjugacy class and component, respectively.

Within the same conjugacy class of square roots of −1 the CFTs of Definition 2.3 are related
by the following equation, and therefore steerable. Let i, i′ ∈ Cl(p′, q′) be any two square
roots of −1 in the same conjugacy class, i.e. i′ = a−1ia, a ∈ Cl(p′, q′), a being invertible.
As a consequence of this relationship we also have

e−i
′u = a−1e−iua, ∀u ∈ R. (2.5)

This in turn leads to the following steerability relationship of all CFTs with square roots of
−1 from the same conjugacy class:

F i′{h}(ω) = F i{ha−1}(ω)a, (2.6)
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where ha−1 means to multiply the signal function h by the constant multivector a−1 ∈
Cl(p′, q′).

For establishing an inversion formula and other properties of the CFT in Definition
2.3, certain assumptions about the phase function u(x,ω) need to be made. In principle
these assumptions could be made based on the desired properties of the resulting CFT. One
possibility is, e.g., to assume

u(x,ω) = x ∗ ω̃ =

n∑
l=1

xlωl =

n∑
l=1

xlωl, (2.7)

which will be assumed in the rest of this paper.
We then get the following inversion theorem2.

Theorem 2.5 (Inversion of one-sided CFT). For F i{h} ∈ L1 (Rp,q;Cl(p′, q′)), provided that
in any finite interval h and the partial coordinate derivatives of h are piecewise continuous,
and have at most a finite number of extrema and discontinuities, and that h is continuous
at x ∈ Rp,q, we have

h(x) = F i−1{F i{h}}(x) =
1

(2π)n

∫
Rp,q
F i{h}(ω) eiu(x,ω)dnω, (2.8)

where dnω = dω1 . . . dωn, x,ω ∈ Rp,q.

The proof of theorem 2.5 is strictly analogous to the proof of equation (4.8) on page
231 of [10], and therefore left as an exercise to the reader.

We further note the following useful relationship using the argument reflection of No-
tation 2.1

F−i{h} = F i{h1} = F{h1}. (2.9)

The main properties of the CFT of Definition 2.3 have been studied for the special case
of multivector signal functions f ∈ L1(Rp,q;Cl(p, q)) in detail in [10], and can easily be
generalized to the more general case of f ∈ L1(Rp,q;Cl(p′, q′)).

3 Convolution and steerable Mustard convolution, cross-correlation
and auto-correlation

We define the convolution of two Clifford (algebra) signals a, b ∈ L1(Rp,q; Cl(p′, q′)) as

(a ? b)(x) =

∫
Rp,q

a(y)b(x− y)dny, (3.1)

2Note, that we show the inversion symbol −1 as lower index in F i−1, in order to avoid a possible confusion
by using two upper indice. The inversion could also be written with the help of the CFT itself as F i−1 =

1
(2π)n

F−i.
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provided that the integral exists.

Note that the real continuous Clifford geometric algebra wavelet transform can be
written as a convolution of the multivector signal function with the daughter wavelet (a
rotated, dilated and translated mother wavelet), essentially evaluated at the center of the
daughter wavelet, see [7].

The Mustard convolution [15, 3] of two Clifford signals a, b ∈ L1(Rp,q; Cl(p′, q′)) is
defined as

(a ?M b)(x) = (F i)−1(F i{a}F i{b})(x), (3.2)

provided that the integral exists.

Remark 3.1. The Mustard convolution has the conceptual and computational advantage
to simply yield, independent of the particular Clifford algebra Cl(p′, q′) involved and of the
particular multivector square root of −1 in the CFT kernel, as spectrum in the CFT Fourier
domain the point wise product of the CFTs of the two signals, just as for the classical complex
Fourier transform. On the other hand, by its very definition, the Mustard convolution itself
depends on the choice of i, i.e. of the multivector square root of −1, used in the Definition
2.3 of the CFT. The Mustard convolution (3.2) is therefore a steerable operator, dependent
on the choice of i.

We further define the cross-correlation of two Clifford signals a, b ∈ L1(Rp,q; Cl(p′, q′))
as

(a ?c b)(x) =

∫
Rp,q

a(y) ˜b(y − x)dny =

∫
Rp,q

a(y + x)b̃(y)dny, (3.3)

provided that the integral exists.

We finally define the auto-correlation of a Clifford signal a ∈ L1(Rp,q; Cl(p′, q′)) as

(a ?a a)(x) =

∫
Rp,q

a(y) ˜a(y − x)dny =

∫
Rp,q

a(y + x)ã(y)dny, (3.4)

provided that the integral exists.

In the following two Subsections we will express the convolution (3.1) in terms of the
Mustard convolution (3.2), and vice versa, and study the mutual relations of these expres-
sions. Then we will give auto-correlation theorems for the cross- and auto-correlations of
Clifford signals.

3.1 Expressing the convolution in terms of the Mustard convolution

In this Subsection we assume the use of the one-sided CFT with a general multivector square
roots of −1, i ∈ Cl(p′, q′). The definition of the classical convolution (3.1) is independent
of the application of a CFT. The Mustard convolution of (3.2) depends on the definition of
the CFT and in particular on the choice of the multivector square root i of −1.
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In our approach we generalize equation (4.17) on page 233 of [10], which expresses the
convolution of two Clifford signal functions in the Clifford Fourier domain with the help of
the CFT of Definition 2.3. We generalize this equation to the case of multivector signal
functions a, b ∈ L1(Rp,q;Cl(p′, q′), and to the CFT of Definition 2.3. Nevertheless the proof
works perfectly analogous to the one given in [10], we therefore leave this as an exercise to
the reader.

Theorem 3.2 (CFT of convolution). We assume that the function u is linear with respect
to its first argument. The CFT of the convolution (3.1) of two multivector signals a, b ∈
L1(Rp,q;Cl(p′, q′) can then be expressed as

F i{a ? b} = F−i{a}F i{b−i}+ F i{a}F i{b+i}
= F i{a1}F i{b−i}+ F i{a}F i{b+i}. (3.5)

We can now easily express the convolution of two multivector signals F i{a ? b}(ω) in
terms of only two Mustard convolutions (3.2), by applying the inverse CFT.

Theorem 3.3 (Convolution in terms of Mustard convolution). Assuming a general multi-
vector square root i of −1, the convolution (3.1) of two Clifford functions a, b ∈ L1(Rp,q;Cl(p′, q′))
can be expressed in terms of two Mustard convolutions (3.2) as

a ? b = a1 ?M b−i + a ?M b+i. (3.6)

An alternative direct proof of Theorem 3.3 is the following:

(a ? b)(x) =

∫
Rp,q

a(y)b(x− y)dny

=

∫
Rp,q

a(y) 1
(2π)n

∫
Rp,q
F{b}(ω)eiu(x−y,ω)dnωdny

= 1
(2π)n

∫
Rp,q

a(y)

∫
Rp,q

[F{b+}(ω) + F{b−}(ω)]e−iu(y,ω)eiu(x,ω)dnωdny

= 1
(2π)n

∫
Rp,q

∫
Rp,q

[a(y)e−iu(y,ω)dnyF{b+}(ω)

+ a(y)eiu(y,ω)dnyF{b−}(ω)]eiu(x,ω)dnω

= 1
(2π)n

∫
Rp,q

[F{a}(ω)F{b+}(ω) + F{a}(−ω)F{b−}(ω)]eiu(x,ω)dnω

= 1
(2π)n

∫
Rp,q

[F{a}(ω)F{b+}(ω) + F{a1}(ω)F{b−}(ω)]eiu(x,ω)dnω

= a ?M b+i + a1 ?M b−i, (3.7)

where we have applied the inverse CFT by substituting for the second equality b = F iF i−1{b},
and that for α ∈ R, F i{b±}eiα = e±iαF i{b±} for the fourth equality.
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3.2 Expressing the Mustard convolution in terms of the convolution

Now we will first simply write out the Mustard convolution (3.2) and simplify it until only
standard convolutions (3.1) remain.

We begin by writing the Mustard convolution (3.2) of two multivector functions a, b ∈
L2(Rp,q;Cl(p′, q′))

a ?M b(x)

= 1
(2π)n

∫
Rp,q
F{a}(ω)F{b}(ω)eiu(x,ω)dnω

= 1
(2π)n

∫
Rp,q

∫
Rp,q

a(y)e−iu(y,ω)dny

∫
Rp,q

b(z)e−iu(z,ω)dnzeiu(x,ω)dnω

= 1
(2π)n

∫∫∫
a(y)e−iu(y,ω)[b+i(z) + b−i(z)]eiu(x−z,ω)dnydnzdnω

= 1
(2π)n

∫∫∫
a(y)b+i(z)e−iu(y,ω)eiu(x−z,ω)dnydnzdnω

+ 1
(2π)n

∫∫∫
a(y)b−i(z)eiu(y,ω)eiu(x−z,ω)dnydnzdnω

= 1
(2π)n

∫∫∫
a(y)b+i(z)eiu(x−y−z,ω)dnydnzdnω

+ 1
(2π)n

∫∫∫
a(y)b−i(z)eiu(x+y−z,ω)dnydnzdnω

=

∫∫
a(y)b+i(z)δ(x− y − z)dnydnz

+

∫∫
a(y)b−i(z)δ(x + y − z)dnydnz

=

∫
Rp,q

a(y)b+i(x− y)dny +

∫
Rp,q

a(y)b−i(x + y)dny

=

∫
Rp,q

a(y)b+i(x− y)dny +

∫
Rp,q

a(y)b−i(−(−x− y))dny

= a ? b+i(x) + a ? b1−i(−x)

= a ? b+i(x) + a1 ? b−i(x). (3.8)

We have abbreviated
∫
Rp,q

∫
Rp,q to

∫∫
, and

∫
Rp,q

∫
Rp,q

∫
Rp,q to

∫∫∫
. For the third equality we

applied the split of Lemma 2.2 to b(x) and used the linearity of u with respect to its first
argument. For the fourth equality we used the linearity of Clifford’s geometric product,
the linearity of the triple integral, and we used the commutation and anti-commutation
properties of b±i(x) with the multivector square root i ∈ Cl(p′, q′), which produces the
sign change e−iu(y,ω) → e+iu(y,ω) in the case of anti-commutation. For the fifth equality
we again applied the linearity of u with respect to its first argument. The integrations
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1
(2π)n

∫
eiu(x±y−z,ω)dnω produce the n-dimensional Dirac delta functions δ(x ± y − z),

giving the sixth equality.

We illustrate the last identity of (3.8), a ? b1−i(−x) = a1 ? b−i(x), in the one-dimensional
case Rp,q = R, the generalization to Rp,q is then straightforward

a ? b1(−x) =

∫
R
a(y)b(−(−x− y))dy =

∫ +∞

−∞
a(y)b(x+ y)dy

=

∫ −∞
+∞

a(−g)b(x− g)(−1)dg =

∫ +∞

−∞
a(−g)b(x− g)dg

=

∫
R
a1(g)b(x− g)dg = a1 ? b(x). (3.9)

where we have substituted g = −y, dg = −dy, including substitution of the integration
boundaries for the third equality. The interchange of the integration boundaries eliminates
the overall minus sign in the fourth equality of (3.9).

Note that in (3.8), a ? b1−i(−x), means to first apply the convolution to the pair of
functions a and b1−i, and only then to evaluate the result of the convolution integral with
the argument (−x). So in general a ? b1−i(−x) 6= a ? b−i(+x).

We finally obtain the desired decomposition of the Mustard convolution (3.2) in terms
of the classical convolution.

Theorem 3.4 (Mustard convolution in terms of standard convolution).
The Mustard convolution (3.2) of two multivector signal functions a, b ∈ L1(Rp,q; Cl(p′, q′))
can be expressed in terms of two standard convolutions (3.1) as

a ?M b(x) = a1 ? b−i(x) + a ? b+i(x). (3.10)

Remark 3.5 (Theorem duality). Comparing Theorems 3.3 and 3.4 we notice an interest-
ing duality: interchanging convolution and Mustard convolution in either theorem yields the
other, independent over which vector space Rp,q the multivector signals are defined, indepen-
dent from the signal value Clifford algebra Cl(p′, q′), and independent from the particular
choice of multivector square root of −1, i ∈ Cl(p′, q′). The last form of independence also
means, that the observed duality is stable with respect to steering the CFT and the Mustard
convolution by changing i ∈ Cl(p′, q′). Note further, that a corresponding duality will be
valid for the left-sided version of the CFT in Definition 2.3, by placing the kernel factor on
the left side and going analogously through all arguments up to Theorem 3.4.

Yet, it is an interesting non-trivial question, whether a similar duality may hold for
other forms of the CFT, e.g. with more than one kernel factor, see e.g. [12, 13].
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3.3 Single convolution product identities for classical and Mustard con-
volutions

Let us now apply Theorem 3.3 to the three functions a, b±i, observing that

(b+i)−i = (b−i)+i = 0, (b+i)+i = b+i, (b−i)−i = b−i. (3.11)

Then we obtain

a ? b+i = a1 ?M (b+i)−i + a ?M (b+i)+i = 0 + a ?M b+i = a ?M b+i, (3.12)

and similarly,
a ? b−i = a1 ?M b−i ⇐⇒ a1 ? b−i = a ?M b−i, (3.13)

since double reflection of the argument returns the function itself (2.2). Note, that the
very same identities are easily obtained by analogously applying Theorem 3.4 to a, b±i. We
therefore summarize them in the following theorem.

Theorem 3.6 (Partial identities between convolutions and Mustard convolutions). For
pairs of functions (a, b−i) and (a, b+i) with a, b±i ∈ L1(Rp,q;Cl(p′, q′)), where the second fac-
tor either commutes or anti-commutes with the multivector square root of −1, i ∈ Cl(p′, q′)
of the Definition 2.3, the following convolution product identities between convolution (3.1)
and Mustard convolution (3.2) hold

a1 ? b−i = a ?M b−i ⇐⇒ a ? b−i = a1 ?M b−i,

a ? b+i = a ?M b+i. (3.14)

Theorem 3.6 can therefore either be derived from Theorem 3.3 or from Theorem 3.4.
Moreover, Theorem 3.6 can also be established independently by direct computation. Then
adding two convolution terms would give the Mustard convolution

a1 ? b−i + a ? b+i
Th. 3.6

= a ?M b−i + a ?M b+i = a ?M b. (3.15)

And conversely adding two Mustard convolution terms would give the convolution

a1 ?M b−i + a ?M b+i
Th. 3.6

= a ? b−i + a ? b+i = a ? b. (3.16)

This establishes the following important threefold theorem equivalence

Theorem 3.3 ⇐⇒ Theorem 3.6 ⇐⇒ Theorem 3.4. (3.17)

Remark 3.7. Note that the need to always decompose the right convolution product factor
function b = b−i + b+i is manifestly due to the kernel in Definition 2.3 being placed on the
right side. Using a corresponding left side kernel CFT, would lead to analogous results with
decomposing the left convolution product factor a = a−i + a+i.
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Furthermore, we can ask under what conditions we get a full direct single convolution
product identity of the two convolution products a ? b = a ?M b? This identity holds under
any of the following conditions:

1. For all functions a, b ∈ L1(Rp,q;Cl(p′, q′)), with b−i ≡ 0. This condition depends on
the choice of i.

2. For central multivector square roots i ∈ Cl(p′, q′) of −1 and all functions a, b ∈
L1(Rp,q;Cl(p′, q′)). An important practical example is i = e1e2e3 ∈ Cl(3, 0) [4].

3. For all functions a, b ∈ L1(Rp,q;Cl(p′, q′)), with reflection symmetry a1 = a. This
condition does not depend on the choice of i, and poses no restriction on b.

4 Auto-correlation theorem for Clifford signals

Using the classical complex Fourier transform, the auto-correlation of a signal can be ex-
pressed as the inverse Fourier transform of the spectral density. It provides information
on how closely related a signal is to the same signal at some other time (or location). For
unrelated noise, the auto-correlation function will be nearly zero, but if there is temporal
(or spatial) structure in the signal, the auto-correlation will provide interesting information
about it, see [16], Chapter 15.7.

In the following we assume b ∈ L1(Rp,q;Cl(p′, q′)), that in any finite interval b and
the partial coordinate derivatives of b are piecewise continuous, and have at most a finite
number of extrema and discontinuities, that b is continuous at x ∈ Rp,q, that F{b} ∈
L1(Rp,q;Cl(p′, q′)), and that ĩ = −i. For establishing the auto-correlation theorem for
Clifford signals we begin with the cross correlation (3.3) and apply the inverse CFT of
Theorem 2.5.

(a ?c b)(x) =

∫
Rp,q

a(y) ˜b(y − x)dny

= 1
(2π)n

∫
Rp,q

a(y)

∫
Rp,q

[F i{b}(ω)eiu(y−x,ω)dnω]∼dny

= 1
(2π)n

∫
Rp,q

∫
Rp,q

a(y) e−iu(y−x,ω) ˜F i{b}(ω)dnωdny

= 1
(2π)n

∫
Rp,q

∫
Rp,q

a(y) e−iu(y,ω)dny eiu(x,ω) ˜F i{b}(ω) dnω

= 1
(2π)n

∫
Rp,q
F i{a}(ω)eiu(x,ω) ˜F i{b}(ω) dnω (4.1)

Setting b = a, we get an important identity for the auto-correlation

(a ?a a)(x) = 1
(2π)n

∫
Rp,q
F i{a}(ω)eiu(x,ω) ˜F i{a}(ω)dnω. (4.2)
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Hence we obtain one theorem and one corollary.

Theorem 4.1 (Auto-correlation theorem for cross-correlation of Clifford signals). We
assume two Clifford signals a, b ∈ L1(Rp,q, Cl(p′, q′)), that in any finite interval b and
the partial coordinate derivatives of b are piecewise continuous, and have at most a fi-
nite number of extrema and discontinuities, that b is continuous at x ∈ Rp,q, and that
F{b} ∈ L1(Rp,q, Cl(p′, q′)). The cross-correlation of a, b can then be expressed as

(a ?c b)(x) = 1
(2π)n

∫
Rp,q
F i{a}(ω)eiu(x,ω) ˜F i{b}(ω)dnω. (4.3)

Corollary 4.2 (Auto-correlation theorem for auto-correlation of Clifford signals). We as-
sume a Clifford signal a ∈ L1(Rp,q, Cl(p′, q′)), that in any finite interval a and the par-
tial coordinate derivatives of a are piecewise continuous, and have at most a finite num-
ber of extrema and discontinuities, that a is continuous at x ∈ Rp,q, and that F{a} ∈
L1(Rp,q, Cl(p′, q′)). The auto-correlation of a can then be expressed as

(a ?a a)(x) = 1
(2π)n

∫
Rp,q
F i{a}(ω)eiu(x,ω) ˜F i{a}(ω)dnω. (4.4)
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Abstract

Based on finite differences the discrete Laplacian can be factorized. By using one
of these factors it is possible to study discrete holomorphic functions similar to the
continuous case. In this paper discrete polynomials as well as an exponential function
and a sine- and cosine function are defined such that all of them have the property to be
discrete holomorphic. All investigations start in the one-dimensional case and extend
the information to the complex case. An extension to the hypercomplex case seems to
be possible but is not practiced here.

Key words: Finite Differences, Discrete Holomorphic Functions, Polynomials.

1 Introduction

Using finite differences and the factorization of the Laplacian, discrete holomorphic func-
tions can be studied which are discrete harmonic, too. The paper starts with discrete
polynomials which fulfill the so-called Appell property. Especially in the one-dimensional
case such polynomials were already studied by Faustino und Kähler in [2]. The authors
extend their polynomials to multi-index polynomials in order to obtain a Fischer decompo-
sition with respect to the discrete Dirac operator and they use Euler- and Gamma operators
in unbounded domains. The aim of this article is the extension of the polynomials to the
complex case and the study of their properties. Furthermore the exponential function and
the cosine and sine function are investigated. Starting again with the one-dimensional case
it is possible to use some information to develop discrete holomorphic functions in the
complex case.
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2 Discrete polynomials and the Appell property

In the following section the Appell property is important so that the complex derivation of
a basic function leads again to a multiple of a basic function (see [1]). In detail a system
of polynomials {Pn(z)} is called an Appell system if d

dz P
n(z) = nPn−1(z) holds with

n = 1, 2, . . .. Let {mh = (m1h,m2h) with m1,m2 ∈ ZZ} be an uniform lattice with step
width h.

Theorem 2.1 The polynomials Pn(m1h,m2h) =

(
Pn
0 (m1h,m2h)

Pn
1 (m1h,m2h)

)
with

Pn
0 =

n∑
s=0(2)

(
n
s

)
(−1)s/2

n−s/2−1∏
k=s/2

(m1 − k)h

s/2∏
l=1−s/2

(m2 + l)h and

Pn
1 =

n∑
s=1(2)

(
n
s

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s−1)/2

(m1 − k)h

(s−1)/2∏
l=(1−s)/2

(m2 + l)h

have in case n ≥ 1 the properties

1

2

(
D−1

h −D2
h

D−2
h D1

h

)(
Pn
0 (m1h,m2h)

Pn
1 ((m1 − 1)h,m2h)

)
=

(
0
0

)
and

1

2

(
D1

h D2
h

−D−2
h D−1

h

)(
Pn
0 (m1h,m2h)

Pn
1 (m1h,m2h)

)
= n

(
Pn−1
0 (m1h,m2h)

Pn−1
1 ((m1 − 1)h,m2h)

)
.

In this notation D1
h and D2

h denote forward differences and D−1
h and D−2

h denote backward
differences with respect to the first or second component, respectively. The product of the
two matrices leads to the factorization of the discrete Laplacian in the form

D1hD2h =

(
D−1

h −D2
h

D−2
h D1

h

) (
D1

h D2
h

−D−2
h D−1

h

)
=

(
∆h 0
0 ∆h

)
.

Each complex function which fulfill the first property is called discret holomorphic. The
second property is the Appell property in the discrete case. For more information about the
difference operators which are used here we refer to [3]. A possibility for using the discrete
polynomials is discussed in [4].

Before this theorem is proved, the first polynomials are specified in order to illustrate
the structure of the them. It is

P 1(m1h,m2h) =

(
m1h
m2h

)
P 2(m1h,m2h) =

(
m1h (m1 − 1)h−m2h (m2 + 1)h

2m1hm2h

)
P 3(m1h,m2h) =

(
m1h (m1 − 1)h (m1 − 2)h− 3(m1 − 1)hm2h (m2 + 1)h

3m1h (m1 − 1)hm2h− (m2 − 1)hm2h (m2 + 1)h

)
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Proof of Theorem 2.1: Having in mind the Appell property, the first component of
the left-hand side is considered:

1

2
(D1

hP
n
0 (m1h,m2h) + D2

hP
n
1 (m1h,m2h))

=
1

2h

 n∑
s=0(2)

(
n
s

)
(−1)s/2

n−s/2−1∏
k=s/2

(m1 − (k − 1))h

s/2∏
l=1−s/2

(m2 + l)h

−
n∑

s=0(2)

(
n
s

)
(−1)s/2

n−s/2−1∏
k=s/2

(m1 − k))h

s/2∏
l=1−s/2

(m2 + l)h

+
n∑

s=1(2)

(
n
s

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s−1)/2

(m1 − k)h

(s−1)/2∏
l=(1−s)/2

(m2 + l + 1)h

−
n∑

s=1(2)

(
n
s

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s−1)/2

(m1 − k)h

(s−1)/2∏
l=(1−s)/2

(m2 + l)h


In case of s = n for the first two summation signs it holds(

n
n

)
(−1)n/2

n/2∏
l=1−n/2

(m2 + l)h−
(

n
n

)
(−1)n/2

n/2∏
l=1−n/2

(m2 + l)h = 0.

Therefore it is possible to substitute the upper summation index by n− 1. Furthermore it
is possible to sum up the first two terms by using the property(

n
s

)
(n− s) = n

(
n− 1
s

)
. (1)

It follows

n−1∑
s=0(2)

(
n
s

)
(−1)s/2

n−s/2−2∏
k=s/2−1

(m1 − k)h−
n−s/2−1∏
k=s/2

(m1 − k)h

 s/2∏
l=1−s/2

(m2 + l)h

=

n−1∑
s=0(2)

(
n
s

)
(−1)s/2

n−s/2−2∏
k=s/2

(m1 − k)h

s/2∏
l=1−s/2

(m2 + l)h · (n− s)h

= nh
n−1∑

s=0(2)

(
n− 1
s

)
(−1)s/2

n−1−s/2−1∏
k=s/2

(m1 − k)h

s/2∏
l=1−s/2

(m2 + l)h .

In order to sum up the last two summands the property(
n
s

)
s = n

(
n− 1
s− 1

)
(2)
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is used. This leads to
n∑

s=1(2)

(
n
s

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s−1)/2

(m1 − k)h

 (s−1)/2+1∏
l=(1−s)/2+1

(m2 + l)h−
(s−1)/2∏

l=(1−s)/2

(m2 + l)h


=

n∑
s=1(2)

(
n
s

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s−1)/2

(m1 − k)h

(s−1)/2∏
l=(3−s)/2

(m2 + l)h · sh

= nh
n∑

s=1(2)

(
n− 1
s− 1

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s−1)/2

(m1 − k)h

(s−1)/2∏
l=(3−s)/2

(m2 + l)h

= nh
n−1∑

s=0(2)

(
n− 1
s

)
(−1)s/2

n−1−s/2−1∏
k=s/2

(m1 − k)h

s/2∏
l=1−s/2

(m2 + l)h

Because both results are equal, it follows

1

2
(D1

hP
n
0 (m1h,m2h) + D2

hP
n
1 (m1h,m2h)) = nPn−1

0 (m1h,m2h) .

Now the second component is considered:

1

2
(−D−2

h Pn
0 (m1h,m2h) + D−1

h Pn
1 (m1h,m2h))

=
1

2h

− n∑
s=0(2)

(
n
s

)
(−1)s/2

n−s/2−1∏
k=s/2

(m1 − k)h

s/2∏
l=1−s/2

(m2 + l)h

+

n∑
s=0(2)

(
n
s

)
(−1)s/2

n−s/2−1∏
k=s/2

(m1 − k))h

s/2∏
l=1−s/2

(m2 + l − 1)h

+

n∑
s=1(2)

(
n
s

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s−1)/2

(m1 − k)h

(s−1)/2∏
l=(1−s)/2

(m2 + l)h

−
n∑

s=1(2)

(
n
s

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s−1)/2

(m1 − (k + 1))h

(s−1)/2∏
l=(1−s)/2

(m2 + l)h


In case of s = 0 for the first two sums it follows

−
(

n
0

)
(−1)0/2

n−1∏
k=0

(m1 − k)h +

(
n
0

)
(−1)0/2

n−1∏
k=0

(m1 − k)h = 0.

Therefore in both sums the lower summation index can be substituted by 2. Furthermore
both expressions can be summarized because of property (2) in the following form:

n∑
s=2(2)

(
n
s

)
(−1)s/2

n−s/2−1∏
k=s/2

(m1 − k)h

− s/2∏
l=1−s/2

(m2 + l)h +

s/2−1∏
l=−s/2

(m2 + l)h
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=
n∑

s=2(2)

(
n
s

)
(−1)s/2

n−s/2−1∏
k=s/2

(m1 − k)h

s/2−1∏
l=1−s/2

(m2 + l)h · (−s)h

= −nh
n∑

s=2(2)

(
n− 1
s− 1

)
(−1)s/2

n−s/2−1∏
k=s/2

(m1 − k)h

s/2−1∏
l=1−s/2

(m2 + l)h

= −nh
n−1∑

s=1(2)

(
n− 1
s

)
(−1)(s+1)/2

n−s/2−3/2∏
k=(s+1)/2

(m1 − k)h

(s−1)/2∏
l=(1−s)/2

(m2 + l)h

= −nh
n−1∑

s=1(2)

(
n− 1
s

)
(−1)(s+1)/2

n−1−s/2−3/2∏
k=(s−1)/2

(m1 − 1− k)h

(s−1)/2∏
l=(1−s)/2

(m2 + l)h .

In order to combine the last two summands in the second component the relation (1) is
used. In case s = n it holds additionally(

n
n

)
(−1)(n−1)/2

(n−1)/2∏
l=(1−n)/2

(m2 + l)h−
(

n
n

)
(−1)(n−1)/2

(n−1)/2∏
l=(1−n)/2

(m2 + l)h = 0,

such that the upper summation index can be replaced by n− 1. These steps leads to

n−1∑
s=1(2)

(
n
s

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s−1)/2

(m1 − k)h−
n−s/2−1/2∏

k=(s−1)/2+1

(m1 − k)h

 (s−1)/2∏
l=(1−s)/2

(m2 + l)h

=

n−1∑
s=1(2)

(
n
s

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s+1)/2

(m1 − k)h

(s−1)/2∏
l=(1−s)/2

(m2 + l)h · (n− s)h

= nh

n−1∑
s=1(2)

(
n− 1
s

)
(−1)(s−1)/2

n−s/2−3/2∏
k=(s+1)/2

(m1 − k)h

(s−1)/2∏
l=(1−s)/2

(m2 + l)h

= nh
n−1∑

s=1(2)

(
n− 1
s

)
(−1)(s−1)/2

n−1−s/2−3/2∏
k=(s−1)/2

(m1 − 1− k)h

(s−1)/2∏
l=(1−s)/2

(m2 + l)h .

Based on the property (−1)(s+1)/2 = (−1)(s−1)/2+1 = −(−1)(s−1)/2 both results can be
added and it follows

1

2
(−D−2

h Pn
0 (m1h,m2h) + D−1

h Pn
1 (m1h,m2h)) = nPn−1

1 ((m1 − 1)h,m2h).

In this way the Appell property is proved. Repeating all steps adapted to the changed finite
differences it is easy to prove that the polynomials considered are discret holomorphic in
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the sense of the property

1

2

(
D−1

h −D2
h

D−2
h D1

h

)(
Pn
0 (m1h,m2h)

Pn
1 ((m1 − 1)h,m2h)

)
=

(
0
0

)
From the last property it follows immediately

1

4

(
D−1

h −D2
h

D−2
h D1

h

)(
D1

h D2
h

−D−2
h D−1

h

)(
Pn
0 (m1h,m2h)

Pn
1 (m1h,m2h)

)
=

n

2

(
D−1

h −D2
h

D−2
h D1

h

)(
Pn−1
0 (m1h,m2h)

Pn−1
1 ((m1 − 1)h,m2h)

)
=

(
0
0

)
.

Because of the factorization of the discrete Laplacian it is obviously shown that the discrete
polynomials are discrete harmonic, too.

The next step is to investigate whether the polynomials are linear independent. In the
whole plane it is possible to show that(

P0(m1h,m2h)
P1(m1h,m2h)

)
:=

n∑
i=0

ai

(
P i
0(m1h,m2h)

P i
1(m1h,m2h)

)
≡
(

0
0

)
holds for all (m1h,m2h) only if all ai with i = 0, . . . , n are identically to zero. Based on
the structure of the polynomials it follows(

P0(0, 0)
P1(0, 0)

)
=

(
a0
0

)
.

Consequently, only in case of a0 = 0 the real part is equal to zero. Using the Appell property
of the polynomials and a small correction concerning the difference operator in order to do
the transition from the mesh point ((m1 − 1)h,m2h) to the mesh point (m1h,m2h), it is
easy to see that the identity

1

2

(
D1

h D2
h

−D−2
h −hD

1
hD

−2
h D−1

h +hD1
hD

−1
h

)(
P0(m1h,m2h)
P1(m1h,m2h)

)
=

n∑
i=0

iai

(
P i−1
0 (m1h,m2h)

P i−1
1 (m1h,m2h)

)
≡
(

0
0

)
in the mesh point (m1h,m2h) = (0, 0) is only fulfilled if a1 = 0 holds. By repeated
application of the modified difference operator it can be shown that for all ai, i = 0, . . . , n
the identity ai = 0 must be fulfilled.

From the continuous case it is well-known that polynomials can not only be developed
according to powers of z, but also according to powers of z− z0, where z0 is an arbitrary
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fixed complex number. In the following this strategy is transferred to the discrete case. Let
N = N1 ·N2. For a fixed degree of polynomials n = N − 1 the identity

N1∑
n1=1

N2∑
n2=1

an1,n2

(
Pn
0 ((m1 − n1)h, (m2 − n2)h)

Pn
1 ((m1 − n1)h, (m2 − n2)h)

)
≡
(

0
0

)

is investigated. It is possible to add n further equations by applying step by step the
modified difference operator

1

2

(
D1

h D2
h

−D−2
h −hD

1
hD

−2
h D−1

h +hD1
hD

−1
h

)
.

Based on the Appell property the degree of the polynomial decreases from equation to
equation. The whole equation system can be written in matrix representation with complex
elements. Because the right-hand side is in each component equal to zero, all coefficients
an1,n2 have to be zero if the matrix of the polynomials has a determinant different from zero.
Therefore the structure of the matrix is to be investigated in more detail. By transposing
the matrix it becomes obviously that it is a Vandermonde matrix. By investigating the
column vectors of the transposed matrix it is possible to show that these column vectors
are linear independent. Therefore a linear combination of the column vectors is formed
and the resulting problem is considered line by line. In each line, polynomials of ascending
degree are located in one and the same lattice point. For these polynomials, the linear
independence has been shown already, so that the linear independence of the column vectors
follows directly from this property.

3 Diskrete Exponential,- Sinus- und Cosinusfunktionen

In order to discretize the exponential function the investigations start with the one-dimensional
case. The aim is to find a function, which difference derivation is the function themselve.

Lemma 3.1 In the one-dimensional case it holds

D1
h(1 + h)m1 = (1 + h)m1 D−1

h (1− h)−m1 = (1− h)−m1

D1
h(1− h)m1 = −(1− h)m1 D−1

h (1 + h)−m1 = −(1 + h)−m1 .

Proof: The steps of the proof are demonstrated for the first equation. All other relations
are proved in the same way. Using the definition of forward differences it holds

D1
h(1 + h)m1 = h−1[(1 + h)m1+1 − (1 + h)m1 ] = h−1(1 + h)m1(1 + h− 1) = (1 + h)m1
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The function (1 + h)m1 considered in Lemma 3.1 is now studied in more detail. Using the
binomial theorem it follows

(1 + h)m1 =

m1∑
k=0

(
m1

k

)
hk

= 1+m1h +
m1h·(m1−1)h

2!
+

m1h·(m1−1)h·(m1−2)h

3!
+. . .+ m1h

m1−1 + hm1 .

On the other hand the exponential function in the continuous case can be developed into
the infinit series ex = 1+x+ x2

2! + x3

3! + . . . . Therefore it is obviously to consider polynomials
of the form

xn+ =
n−1∏
k=0

(m1 − k)h.

These polynomials have the property D1
h x

n
+ = nxn−1

+ , since

D1
h x

n
+ =

1

h

(
n−1∏
k=0

(m1 + 1− k)h−
n−1∏
k=0

(m1 − k)h

)

=
1

h

(
n−1∏
k=0

(m1 − (k − 1))h−
n−1∏
k=0

(m1 − k)h

)

=
1

h

(
n−2∏
k=−1

(m1 − k)h−
n−1∏
k=0

(m1 − k)h

)

=
1

h

(
n−2∏
k=0

(m1 − k)h

)(
(m1 + 1)h− (m1 − (n− 1))h

)
=

1

h
· xn−1

+ · n · h .

In analogy to this strategy it is possible by using polynomials of the form

xn− =

n−1∏
k=0

(m1 + k)h

to prove the property

D−1
h xn− =

1

h

(
n−1∏
k=0

(m1 + k)h−
n−1∏
k=0

(m1 − 1 + k)h

)

=
1

h

(
n−1∏
k=0

(m1 + k)h−
n−2∏
k=−1

(m1 + k)h

)
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=
1

h

(
n−2∏
k=0

(m1 + k)h

)(
(m1 + (n− 1))h− (m1 − 1)h

)
= n · xn−1

− .

With regard to the note in the introduction the here mentioned polynomials were already
studied by Faustino und Kähler in [2]. They were the basis for the construction of the
discrete holomorphic polynomials in Theorem 2.1.

The question is how to find a discret holomorphic exponential function in the complex
case by using the information from the one-dimensional case. In detail the one-dimensional
case should be generalized so that the following two properties remain intact: On the one
hand side the function should be discret holomorphic. Using the notation from section 2 we

are looking for a function EXPh(m1h,m2h) =

(
EXP0

h(m1h,m2h)
EXP1

h(m1h,m2h)

)
with the property

D1h EXPh = 0.

On the other hand the complex derivation of the function should return the function itself.

Based on the information that the operator D2h converges to
(

∂
∂x − i ∂

∂y

)
and looking at

the definition ∂z = 1
2

(
∂
∂x − i ∂

∂y

)
the desired discrete function should have the property

1

2
D2h EXPh = EXPh.

The function described in the following theorem essentially satisfies these requirements,
even if some neighboring grid points are included.

Theorem 3.1 The function EXPh(m1h,m2h) with

EXP 0
h(m1h,m2h) =

1

2
(1 + h)m1−1[(1 + ih)m2+1 + (1− ih)m2+1]

EXP 1
h(m1h,m2h) =

1

2i
(1 + h)m1 [(1 + ih)m2 − (1− ih)m2 ]

has the properties

D−1
h EXP 0

h((m1 + 1)h, (m2 − 1)h)−D2
hEXP 1

h((m1 − 1)h,m2h) = 0

D−2
h EXP 0

h(m1h,m2h) + D1
hEXP 1

h((m1 − 1)h,m2h) = 0

and

1

2
D1

hEXP 0
h(m1h,m2h) +

1

2
D2

hEXP 1
h(m1h,m2h)

=
1

2
[EXP 0

h(m1h,m2h) + EXP 0
h((m1 + 1)h, (m2 − 1)h)]
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as well as

−1

2
D−2

h EXP 0
h((m1 + 1)h,m2h) +

1

2
D−1

h EXP 1
h((m1 + 1)h,m2h) = EXP 1

h(m1h,m2h).

Proof: With regard to the first property it holds

D−1
h EXP 0

h((m1 + 1)h, (m2 − 1)h)−D2
hEXP 1

h((m1 − 1)h,m2h)

=
1

2h
[(1 + h)m1 − (1 + h)m1−1][(1 + ih)m2 + (1− ih)m2 ]

− 1

2ih
(1 + h)m1−1[(1 + ih)m2+1 − (1− ih)m2+1 − (1 + ih)m2 + (1− ih)m2 ]

=
1

2h
(1 + h)m1−1(1 + h− 1)[(1 + ih)m2 + (1− ih)m2 ]

− 1

2ih
(1 + h)m1−1[(1 + ih)m2(1 + ih− 1) + (1− ih)m2(−1 + ih + 1)]

= 0.

The second property results from

D−2
h EXP 0

h(m1h,m2h) + D1
hEXP 1

h((m1 − 1)h,m2h)

=
1

2h
(1 + h)m1−1[(1 + ih)m2+1 + (1− ih)m2+1 − (1 + ih)m2 − (1− ih)m2 ]

+
1

2ih
[(1 + h)m1 − (1 + h)m1−1][(1 + ih)m2 − (1− ih)m2 ]

=
1

2h
(1 + h)m1−1[(1 + ih)m2((1 + ih− 1)− (1− ih)m2(−1 + ih + 1)]

+
1

2ih
(1 + h)m1−1(1 + h− 1)[(1 + ih)m2 − (1− ih)m2 ]

= 0.

Now the third term is investigated. It follows

1

2
D1

hEXP 0
h(m1h,m2h) +

1

2
D2

hEXP 1
h(m1h,m2h)

=
1

4h
[(1 + h)m1 − (1 + h)m1−1][(1 + ih)m2+1 + (1− ih)m2+1]

+
1

4ih
(1 + h)m1 [(1 + ih)m2+1 − (1− ih)m2+1 − (1 + ih)m2 + (1− ih)m2 ]

=
1

4h
(1 + h)m1−1(1 + h− 1)[[(1 + ih)m2+1 + (1− ih)m2+1]

+
1

4ih
(1 + h)m1 [(1 + ih)m2((1 + ih− 1) + (1− ih)m2(−1 + ih + 1)].
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Finally the last property is considered.

−1

2
D−2

h EXP 0
h((m1 + 1)h,m2h) +

1

2
D−1

h EXP 1
h((m1 + 1)h,m2h)

=
1

4h
(1 + h)m1 [−(1 + ih)m2+1 − (1− ih)m2+1 + (1 + ih)m2 + (1− ih)m2 ]

+
1

4ih
[(1 + h)m1+1 − (1 + h)m1 ][(1 + ih)m2 − (1− ih)m2 ]

=
1

4h
(1 + h)m1 [(1 + ih)m2(−1− ih + 1)− (1− ih)m2(1− ih− 1)]

+
1

4ih
(1 + h)m1(1 + h− 1)[(1 + ih)m2 − (1− ih)m2 ]

In the second part of this section we look for a discretization of the sine and cosine function.
Again we start with the one-dimensional case. Using the relations cos(x) = 1

2(eix+e−ix) and
sin(x) = 1

2i(e
ix − e−ix) the discrete sine and cosine functions investigated in the following

lemma were obtained.

Lemma 3.2 The discrete functions cos+h (m1h) = 1
2 [(1+ih)m1+(1−ih)m1 ] and sin+

h (m1h) =
1
2i [(1 + ih)m1 − (1− ih)m1 ] have the properties

D1
hD

1
h cos+h (m1h) = −D1

h sin+
h (m1h) = − cos+h (m1h) and

D1
hD

1
h sin+

h (m1h) = D1
h cos+h (m1h) = − sin+

h (m1h).

On the other hand for functions cos−h (m1h) = 1
2 [(1−ih)−m1+(1+ih)−m1 ] and sin−

h (m1h) =
1
2i [(1− ih)−m1 − (1 + ih)−m1 ] it follows

D−1
h D−1

h cos−h (m1h) = −D−1
h sin−

h (m1h) = − cos−h (m1h) and

D−1
h D−1

h sin−
h (m1h) = D−1

h cos−h (m1h) = − sin−
h (m1h).

Additionally it is possible to prove

(cos+h (m1h))2 + (sin+
h (m1h))2 = (1 + h2)m1

(cos−h (m1h))2 + (sin−
h (m1h))2 = (1 + h2)−m1 ,

where the right-hand sides converges to one for h → 0 and the product of both left-hand
sides gives exactly one.

The proof of Lemma 3.2 as well as the proof of Lemma 3.1 is based on straight forward
calculations using forward and backward differences. Now it is possible to explain the
origin of the complex exponential function in Theorem 3.1. It is based on the equation
ez = ex+iy = ex(cos(x) + i sin(x)).
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Fortunately, using the relation

cos z =
1

2
(eiz + e−iz)) =

1

2
(eix−y + e−ix+y) =

1

2
(ey + e−y) cosx +

i

2
(e−y − ey) sinx

in the complex case, a discrete cosine function COSh(m1h,m2h) =

(
COS0

h(m1h,m2h)
COS1

h(m1h,m2h)

)
can be defined. Even in the special combination of the grid points, the function fits excel-
lently with the exponential function in Theorem 3.1. By applying the operator 1

2D
2h the

correspon-ding discrete sine function SINh(m1h,m2h) is explained.

Theorem 3.2 The function COSh(m1h,m2h) with

COS 0
h(m1h,m2h) =

1

4
[(1− h)m2+1 + (1 + h)m2+1][(1 + ih)m1−1 + (1− ih)m1−1]

COS 1
h(m1h,m2h) =

1

4i
[(1− h)m2 − (1 + h)m2 ][(1 + ih)m1 − (1− ih)m1 ]

has the properties

D−1
h COS 0

h((m1 + 1)h, (m2 − 1)h)−D2
hCOS 1

h((m1 − 1)h,m2h) = 0

D−2
h COS 0

h(m1h,m2h) + D1
hCOS 1

h((m1 − 1)h,m2h) = 0

and

1

2
D2hCOSh(m1h,m2h) = −

(
1
2 [SIN 0

h(m1h,m2h) + SIN 0
h((m1 + 1)h, (m2 − 1)h]

SIN 1
h((m1 − 1)h,m2h)

)
with

SIN 0
h(m1h,m2h) =

1

4i
[(1 + h)m2+1 + (1− h)m2+1][(1 + ih)m1−1 − (1− ih)m1−1]

SIN 1
h(m1h,m2h) =

1

4
[(1 + h)m2 − (1− h)m2 ][(1 + ih)m1 + (1− ih)m1 ] .

Conversely, the equations

D−1
h SIN 0

h((m1 + 1)h, (m2 − 1)h)−D2
hSIN 1

h((m1 − 1)h,m2h) = 0

D−2
h SIN 0

h(m1h,m2h) + D1
hSIN 1

h((m1 − 1)h,m2h) = 0

and

1

2
D2hSINh(m1h,m2h) =

(
1
2 [COS 0

h(m1h,m2h) + COS 0
h((m1 + 1)h, (m2 − 1)h)]

COS 1
h((m1 − 1)h,m2h)

)
are fulfilled. When using the operator D2h , there is only one shift in the two summands in
the first component concerning the lattice points, which prevents a summation.
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The proof of Theorem 3.2 is entirely analogous to the proof steps of Theorem 3.1.
In addition it is possible to get results like

1

4
D2hD2hSINh(m1h,m2h)

=

(
−SIN0

h(m1h, (m2 − 1)h) + O(h)
−SIN1

h((m1 − 2)h, (m2 − 1)h) + O(h)

)
.

By the help of the discrete holomorphic functions a tool is created which is very helpful
for the solution of difference equations. For instance the discrete exponential function can be
used to extend the theory of discrete Cauchy-Riemann operators in the sense of Vekua. The
next step can be the generalization of the results in the complex case to the hypercomplex
case.
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Abstract

In this paper we obtain some theoretical results about iterative methods with mem-
ory for nonlinear equations. The main idea consists of using for the predictor step of
each iteration a quantity that has already been calculated in the previously, usually
the quantity governing the slope from the previous corrector step. In this way we do
not introduce any extra computation, and more importantly we avoid new functional
evaluations, allowing us to obtain high iterative methods in a simple way. A specific
class of methods of this type is introduced, and we prove that the convergence order is
2n + 2n−2 with n + 1 functional evaluations. Finally, an exhaustive efficiency study is
performed to show the competitiveness of these methods.

Key words: Iterative methods with memory, convergence rate, efficiency, Kung-
Traub conjecture.

MSC 2000: 47H99, 65H10, 65B05, 47H17, 49M15.

1 Introduction

Nonlinear equations appear in a natural way in many applications of science and engineering.
The solutions are typically approximated via iterative methods. Newton’s method and other
“simple” techniques are common, and historically have been sufficient. However, nowadays
high-order methods are very important, as many scientific applications (astronomy, climate
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simulations, etc.) need high precision in their computations. These methods allow getting
the required precession without a significant increase of the number of iterations.

The convergence order of an iterative method is directly related with the efficiency in
the sense of the conjecture of Kung-Traub, [3], which states that a method without memory
that uses n+ 1 function evaluations per iterate can have a convergence rate of at most 2n.

This paper focuses on the consequences of memory reuse rather than just using the
historical points in new ways. It is well known that iterative methods with memory can
surpass the Kung-Traub conjecture, but often the computational cost of obtaining high-
order methods is very expensive. Therefore we concentrate in this work on trying to use
memory to obtain a high-order of convergence, but without introducing extra computation
to the iterative expression.

Our idea in this work is to simplify this cost by constructing high-order methods in a
way that the iterative expression remains as simple as possible. We use the idea of using
for the predictor step of each iteration a quantity that has already been calculated in the
previous iteration. While high-order methods are important, the operational cost of getting
them must also be taken into account. For this reason an exhaustive efficiency study is
performed to show the effectiveness of these methods.

2 Predictor-Corrector iterative methods

While Newton’s Method is one of the most popular root-finding algorithms due both to its
simplicity and its quadratic rate of convergence, many more powerful methods exist with
faster convergence rates. The methods of derivation for these powerful methods often result
in implicit equations. For example, if one integrates f ′(x) between the current iterate and

the (unknown) root,

∫ α

xn

f ′(x)dx = −f(xn) and apply the Midpoint Rule to the integral,

we get f ′(12 [xn +α])(α− xn) ≈ −f(xn), which can be rearranged into the implicit equation

α ≈ xn−
f(xn)

f ′(12 [xn + α])
. These equations are typically applied algorithmically as a predictor-

corrector set ([1]-[2]); for example,

yn = xn − f(xn)Ψ(xn)

xn+1 = xn −
f(xn)

f ′(12 [xn + yn])
(1)

for some function Ψ. It is common to use Newton’s Method for the predictor step,

yn = xn −
f(xn)

f ′(xn)

xn+1 = xn − f(xn)Φ(xn, yn). (2)
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In this sense, one could view this type of algorithm as Newton’s Method with a corrective
factor. We would like to use for the predictor step a quantity that has already been cal-
culated, namely Φ(xn−1, yn−1), that is the quantity governing the slope from the previous
corrector step.

yn = xn − f(xn)Φ(xn−1, yn−1)

xn+1 = xn − f(xn)Φ(xn, yn). (3)

This type of method will be referred to as the Standard 2-step Predictor-Corrector algo-
rithm, denoted by SA.

We again consider the effect of incorporating the previous slope into the predictor step

yn = xn − f(xn)Φ(xn−1, yn−1)

xn+1 = yn − f(yn)Φ(xn, yn), (4)

and refer to this as the Improved 2-step Predictor-Corrector algorithm, denoted by IA. This
can be further expanded into an Improved multi-step Predictor-Corrector algorithm with a
similar scheme.

3 Convergence Analysis

We begin by establishing convergence results for the two-step predictor-corrector iterative
schemes previously defined to locate a zero x = α of f(x). Define the error terms εn = xn−α
and ε∗n = yn − α for all n. The sequence {xn}∞n=0 is said to converge to x = α with rate of

convergence ρ if lim
n→∞

|εn+1|
|εn|ρ

= λ for positive constants ρ, λ. The relationship between εn+1

and εn can therefore be written εn+1 = Anε
ρ
n + h.o.t. where An → λ as n → ∞ and h.o.t.

denotes higher-order terms which satisfy lim
n→∞

h.o.t.

ερn
= 0. This relationship will be denoted

by εn+1 ∼ ερn.

Theorem 1. Suppose that the error condition for the corrector step of the Standard 2-step
Predictor-Corrector algorithm is given by εn+1 ∼ εpn(ε∗n)q, with p and q real positive numbers,
and that f is sufficiently differentiable. Then the convergence rate for the algorithm is given

by ρ =
p+ q +

√
(p+ q)2 + 4q

2
.
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3.1 Applying theorem 1 to the Midpoint method with memory

We consider the Midpoint Method with memory, denoted by MP , derived at the beginning
of Section 2. It is given by:

yn = xn −
f(xn)

f ′(12 [xn−1 + yn−1])

xn+1 = xn −
f(xn)

f ′(12 [xn + yn])
. (5)

This is a Standard 2-step Predictor-Corrector algorithm. The error relationship from the
corrector step is derived in [5] and shown to be εn+1 ∼ εnε

∗
n, so that p = q = 1. Therefore

the rate of convergence is ρ =
1 + 1 +

√
(1 + 1)2 + 4

2
= 1 +

√
2 ≈ 2.414.

Theorem 2. Suppose that the error condition for the corrector step of the Improved 2-
step Predictor-Corrector algorithm is given by εn+1 ∼ εpn(ε∗n)q, with p and q real positive
numbers, and f is sufficiently differentiable. Then the convergence rate for the algorithm,

denoted by IA, is given by ρ =
(p+ q + 1) +

√
(p+ q + 1)2 − 4p

2
.

3.2 Efficiency Indices

The efficiency index of an iterative algorithm as defined in [2] measures the balance between
the rate of convergence (ρ) and the number of functional evaluations (m) required per
iterate, and is defined by EI = ρ1/m. Obviously methods are preferable when they have a
higher efficiency index.

The algorithms stated in the previous section, SA and IA, have slower convergence
order than their Newton analogs, NP . These algorithms reuse conveniently the predictor
step, resulting in one fewer functional evaluation and surpassing the optimal convergence
rate stated by the Kung-Traub conjecture.

The following theorem addresses the efficiency of the respective algorithms.

Theorem 3. Suppose one iterative scheme has convergence rate ρ1, requiring m functional
evaluations per iterate, while a second iterative scheme has convergence rate ρ2 with 1 <
ρ2 < ρ1, requiring m − 1 functional evaluations per iterate. The efficiency index of the

second scheme is greater than the first scheme for m <
ln(ρ1)

ln(ρ1)− ln(ρ2)
.

According to this Theorem, the Standard 2-step Predictor-Corrector is more efficient
than its Newton analog when:

m <
ln(p+ 2q)

ln
(

2(p+2q)

p+q+
√

(p+q)2+4q

) ,
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while the Improved 2-step Predictor-Corrector is more efficient than its Newton analog
when:

m <
ln(p+ 2q)

ln
(

2(p+2q)

p+q+1
√

(p+q+1)2−4p

) .
Next we consider the convergence rate of the Improved multi-step Predictor-Corrector
(IMS).

Theorem 4. Suppose that the error conditions for the predictor steps (1), ..., (k) of the

Improved k-step Predictor-Corrector algorithm are given by ε
(`)
n ∼ εr`n (ε

(0)
n )s`, that of the

corrector step is given by εn+1 ∼ εpn(ε
(0)
n ))q, and that f is sufficiently differentiable. Then

the convergence rate for the algorithm is given by:

ρ =
(p+ q + sk)±

√
(p+ q + sk)2 − 4(psk − qrk)

2
.

4 Proposed iterative methods

In this section we propose a new multistep algorithm that utilizes the idea that we have
introduced in the previous sections, that is, to use the prior corrector slope for the current
first predictor slope.

We consider the ZLH (Zheng-Li-Huang) family presented in [7]. The family uses n+ 1

points (y
(−1)
k , y

(0)
k , · · · , y(n−1)k ), utilizes n+ 1 function evaluations per iterate, and is shown

to have the optimal convergence rate of 2n. However, the algorithm that we propose in-

terchanges the roles of y
(−1)
k and y

(0)
k and reuses the slope from the previous corrector step

to obtain the first step in a new iteration. This modification introduces memory into the
expression, and this algorithm is shown in the following proof to have a convergence rate of
2n + 2n−2 by using the same number of functional evaluations per iterate than that of the
ZLH family. The function iteration for the proposed algorithm, (OP ), has n−1 intermediate
steps and is given by:

y
(0)
k = xk −

f(xk)

P ′k−1,n−1(y
(n−1)
k )

, y
(−1)
k = xk

y
(`+1)
k = y

(`)
k −

f(y
(`)
k )

P ′k,`(y
(`)
k )

, ` = 0, 1, ..., n− 2

xk+1 = y
(n−1)
k −

f(y
(n−1)
k )

P ′k,n−1(y
(n−1)
k )

. (6)
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Obviously we need for the first iteration a starting guess x0 and a constant value for

P ′0,n−1(y
(n−1)
0 ). The following theorem uses the result of Theorem 3 to obtain the con-

vergence rate.

Theorem 5. Suppose that α is a simple root of f(x). Then the numerical algorithm outlined
in equations (6), denoted by OP, has order of convergence 2n + 2n−2, provided the method
is convergent.

4.1 An exhaustive efficiency study

It is preceptive in a new proposal to compare our methods with already existing methods
exhibiting similar characteristics in order to show their efficiency. In this sense we cite a very
interesting paper due to Džunić and Petković, see [6], and compare our proposed methods
with theirs. In [6] the authors perform a complete study about iterative methods with
memory by using Newton’s interpolating polynomials, considering biparametric multipoint
methods with the following form:

y
(0)
k = xk

y
(1)
k = xk + γf(xk)

y
(2)
k = xk −

f(xk)

f [xk, y
(1)
k ] + pf(y

(1)
k )

y
(`+1)
k = y

(`)
k −

f(y
(`)
k )

P ′k,`(y
(`)
k )

, ` = 1, ..., n− 2

xk+1 = y
(n−1)
k −

f(y
(n−1)
k )

P ′k,n−1(y
(n−1)
k )

(7)

From this multipoint method are obtained two different families with memory. In the

first one, denoted by DP1, it is shown that if γ =
−1

f ′(α)
, then the rate of convergence

increases to 2n + 2n−1.

The second parameter p can also be approximated by using historical data in order to
increase the convergence order of the iterative method to 2n + 2n−1 + 2n−2. The method
obtained, denoted by DP2, is written as:

c©CMMSE ISBN: 978-84-617-8694-7Page 1072 of  2288



HOWK, HUESO, MARTINEZ, TERUEL

y
(0)
k = xk, γk =

−1

N ′m(y
(0)
k )

y
(1)
k = xk + γkf(xk), pk =

−N ′′m+1(y
(0)
k )

2N ′m+1(y
(0)
k )

y
(2)
k = xk −

f(xk)

f [xk, y
(1)
k ] + pkf(y

(1)
k )

y
(`+1)
k = y

(`)
k −

f(y
(`)
k )

P ′k,`(y
(`)
k )

, ` = 1, ..., n− 2

xk+1 = y
(n−1)
k −

f(y
(n−1)
k )

P ′k,n−1(y
(n−1)
k )

(8)

where N ′m+1(y
(0)
k ) and N ′′m+1(y

(0)
k ) denote the evaluation in y

(0)
k of the derivatives for the

Newton interpolatory polynomial of degree m+ 1 based on two points of the new iteration
and m = n+ 1 points of previous iteration. Obviously the iterative methods with memory,
OP , DP1 and DP2, derived from the optimal iterative method without memory, ZLH,
perform the same number of functional evaluations, n + 1, so the corresponding efficiency
indices, EI, increases when the order increases.

However, for high-order methods one can also take into account the computational
efficiency, CE ([4]), which is defined in terms of the number of operations performed per
iteration (N), specifically products and quotients, for a method with order of convergence
ρ. It is obtained by CE = ρ1/N .

In order to obtain these values we recall the number of products and quotients that the
iterative methods OP , DP1 and DP2 perform per iteration. We have taken into account
the information for obtaining polynomials of degree n− 1 in order to obtain polynomials of
degree n, which takes n(n+1)/2, plus the number of operations for computing its derivative
if it is needed. Our proposed method has better computational efficiency for different values
of n than methods DP1 and DP2.

For completing the efficiency study we have to analyze the total cost of computing
a root, because normally high-order methods perform less iterations than a method with
lower convergence order. We obtain the computational efficiency by taking into account
the number of iterations performed (k) as well as the work performed per iterate (N). We

define the total computational efficiency as TCE = ρ
1

kN .

In these terms we consider the following question: how many fewer iterations must be
performed for the iterative methods DP1 and DP2 to be more efficient than OP?. We
prove the following result that establish the relation between the total computational effi-

c©CMMSE ISBN: 978-84-617-8694-7Page 1073 of  2288



EFFICIENT ITERATIVE METHODS WITH MEMORY

ciency for the methods of the previous sections.

Theorem 6. Suppose one iterative scheme has convergence rate ρ1, requiring k iterations
for reaching the solution with tolerance tol and N1 operations per iteration, while a second
iterative scheme has convergence rate ρ2 with 1 < ρ1 < ρ2, requiring k − i iterations and
N2 operations per iteration The TCE index of the second scheme is greater than the first
scheme for:

i < k

(
1− N1

N2

ln(ρ1)

ln(ρ2)

)
. (9)

For the iterative methods under consideration we have that TCE(OP ) > TCE(DP1)
if the difference between the number of iterations i is bounded for:

i < k

(
1− n

n+ 2

n− 1 + log2 3

n− 2 + log2 5

)
For the highest order iterative method we have that TCE(OP ) > TCE(DP2) if:

i < k

(
1− n(n+ 1)

(n+ 2)(n+ 3)

n− 2 + log2 7

n− 2 + log2 5

)
.

5 Conclusions

Numerical algorithms for approximating zeros of nonlinear functions have a rich history. The
primary study of these methods has historically been focused on methods without memory,
which possess an upper bound on their rate of convergence as stated by the conjecture of
Kung-Traub. This bound does not apply to methods with memory, resulting in methods
incorporating memory becoming a current topic of research. These methods typically utilize
historical data in new ways to boost convergence rates. In this paper we aim to minimize
computations while still allowing one to exceed the theoretical maximum that exists for
methods without memory. In a predictor-corrector scheme, this is achieved by using the
slope from the previous corrector step to generate the current predictor step. Convergence
rates for various algorithms of this general form were calculated, followed by an analysis of
their efficiency. Two specific cases were examined: the Midpoint method with memory ([5])
and the OP method. The OP method was compared to two other modifications of the ZLH
algorithm.
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Abstract

We examine the problem of stability of solitary waves, propagating in a fluid-filled
membrane tube. We consider only waves with speeds close to those given by the linear
dispersion relation (it is known that there may exist four families of solitary waves
having such speeds), i. e. waves of a small (but finite) amplitude bifurcating from the
quiescent state of the system. In other words we adopt weakly nonlinear description of
solitary waves. It is shown that if a solitary wave speed is bounded away from zero,
then the solitary wave itself is orbitally stable, either the fluid initially stationary or
not.

Key words: memrane tubes, spectral stability, solitary waves
MSC 2000: AMS codes (74J30,76B25)

1 Introduction

Governing equations for quasi-one dimensional motion of the perfect fluid in an axisym-
metric membrane tube were obtained in [1] by means of straightforward derivation. Study
of spectral stability of a branch of steady solitary-wave solutions (so-called aneurysm solu-
tions) in the absence of the fluid inside the tube (pressure-controlled case) is given in [2].
A bifurcation parameter was the inflation pressure, and the authors found that all family
of solitary waves is always spectrally unstable (i. e. a perturbation of a wave form exponen-
tially grows with time). In [3] stability of the whole branch aneurysm solutions is studied
when the fluid inside the tube is present, but a mean flow (a constant speed of the fluid at
infinity) is zero. It was found there that the aneurysm is still unstable, but the presence
of fluid has a strong stabilizing effect. The authors of [4] undertook a stability analysis of
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aneurysm solution in the presence of the mean flow and found that if a speed of the fluid
at infinity is bounded away from zero, then the aneurysm is spectrally stable.

In the present paper we examine the problem of stability of solitary waves, propagating
with a non-zero speed in a fluid-filled axisymmetric membrane tube. In this case a bifur-
cation parameter is not the inflation pressure any more (it may take arbitrary values), but
a solitary wave’s speed. We consider only waves with speeds close to those given by the
linear dispersion relation, i. e. the waves of a small (but finite) amplitude bifurcating from
the quiescent state of the system. In other words we adopt weakly nonlinear description of
solitary waves.

2 Formulation of the problem

We model the tube as incompressible, isotropic, hyperelastic, cylindrical membrane. The
tube has a constant undeformed radius R and a constant undeformed thickness H. The
tube is assumed to be infinitely long, and end conditions are imposed at infinity. We use
cylindrical coordinates, and undeformed configuration is given by coordinates R,Θ, Z.

We assume that the axisymmetry remains throughout the entire deformation; the de-
formed configuration is expressed using cylindrical polar coordinates r, θ, z, where r =
r(Z, t), θ = θ(Z, t), z = z(Z, t), and t denotes time.

The principal directions of the deformation correspond to the lines of latitude, the
meridian and the normal to the deformed surface, and the principal stretches are given by

λ1 =
r

R
, λ2 = (r′2 + z′2)

1

2 , λ3 =
h

H
, (1)

where the indices 1, 2, 3 are used for the circumferential, axial and radial directions re-
spectively, a prime represents differentiation with respect to Z, and h denotes the deformed
thickness.

The principal Cauchy stresses σ1, σ2, σ3 in the deformed configuration for an incom-
pressible material are given by

σi = λiWi − p, i = 1, 2, 3 (no summation),

where W = W (λ1, λ2, λ3) is the strain-energy function, Wi = ∂W/∂λi, and p is a Lagrange
multiplier, associated with the constraint of incompressibility. Utilizing the incompressibil-
ity constraint λ1λ2λ3 = 1 and the membrane assumption of no stress through the thickness
direction σ3 = 0, we find [5]

σi = λiŴi, i = 1, 2

where Ŵ (λ1, λ2) = W (λ1, λ2, λ
−1

1
λ−1

2
) and Ŵ1 = ∂Ŵ/∂λ1, etc.
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As an example we give here frequently used three strain-energy functions, the Varga,
Ogden and Gent materials, given respectively by,

W = 2µ(λ1 + λ2 + λ3 − 3),

W = µ
3

∑

r=1

µr(λ
αr

1
+ λαr

2
+ λαr

3
− 3)/αr,

W = −1

2
µJmln (1− λ2

1
+ λ2

2
+ λ2

3
− 3

Jm
),

where µ is the shear modulus for infinitesimal deformations, Jm > 0 is a material constant
representing the maximum stretch of the material and α1 = 1.3, α2 = 5.0, α3 = −2.0,
µ1 = 1.491, µ2 = 0.003, µ3 = −0.023. The Ogden and Gent materials were proposed in [6]
and [7] respectively, and are popularly used to model rubber.

The equations of motion for the tube can be derived from the exact field equations
of general nonlinear shell theory, (see e. g. [8]), but in [1] a very readable self-contained
derivation is given based on linear momentum balance applied to an infinitesimal material
form of tube’s wall. In terms of the Lagrangian coordinate Z and the time t the equations
of motion for the fluid inside the tube were obtained in [1], (for derivation, see [3, 4]). In
the dimensionless form these equations read

[

σ2
z′

λ2

2

]′

− Prr′ = z̈,

[

σ2
r′

λ2

2

]′

− σ1
λ1

+ Prz′ = r̈, (2)

ṙz′ − r′ż + vfr
′ +

1

2
rv′f = 0, bf [v̇fz

′ − v′f ż + vfv
′
f ] + P ′ = 0, (3)

where
z = z∞Z + u(Z, t), r = r∞ +w(Z, t), u, w → 0, as Z → ∞,

and P is the dimensionless internal pressure in the fluid, and the dot denotes the differen-
tiation with respect to time; bf is defined by

bf =
ρfR

ρH
.

where ρf is the fluid density and ρ is density of solid walls.
The governing equations (2) and (3) admit the uniform solution

r = r∞, z′ = z∞ = λ2∞, vf = vf∞, P = P∞ ≡ W1(c, r∞, λ2∞)

r∞λ2∞
. (4)
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We look for a general localized traveling wave solution for which the dependence on Z
and t is through Z − ĉt, where ĉ denotes the wave speed of the wave. Localization means
that as Z − ĉt → ±∞, the fluid-filled tube is in a uniform state given by (4).

We shall also need to refer to the dispersion relation for small-amplitude traveling waves
superimposed on the uniform state (4). Assuming that the small-amplitude perturbations
are proportional to

exp

(

λ2∞

r∞
k(Z − ĉt)

)

,

then the scaled wavenumber k and wave speed c = ĉλ2∞ satisfy the dispersion relation [3]
(

k2m+ 2
)

c4 − 4vf∞c3 −
(

mα0k
2 +mγ1k

2 − 2v2f∞ −mβ0 +mβ1 + 2γ1
)

c2

+4vf∞γ1c− 2v2f∞γ1 +mγ1(k
2α0 + β1 − β0)−m(α1 − β0)

2 = 0, (5)

where m = 1/(bf r
2
∞λ2∞), and the expressions for the quantities α0, α1, γ1, β0, β1 are given

in [9] (with remarks in [4]). When vf∞ = 0, the above equation becomes a bi-quadratic on
c at the limit k → 0, and the roots can be written as

4c2 = 2γ1 +m(β1 − β0)±
√

[2γ1 −m(β1 − β0)]2 + 8m(α1 − β0)2, (6)

so that the four roots are all real. These characteristic speeds correspond to four branches
of long waves: two of them propagate to the right, the other two propagate symmetrically
to the left.

It can be easily shown [1] that the fluid equations (3) in this case can be integrated to
yield

P = P∞ + vf0

(

1− r4∞
r4

)

, vf =
vf∞r2∞

r2
, (7)

where the constant vf0 is defined by

vf0 =
1

2
bf (vf∞ − c)2, c = ĉλ2∞.

It is also known [1, 4] that the equations in (2) together with (7) have two integrals.
They are given by

W − λ2W2 +
1

2
c2λ2

2
= C1,

W2z
′

λ2

− 1

2
P ∗r2 − c2z′ = C2, (8)

where a prime again denotes differentiation with respect to Z − ĉt,

P ∗ = P∞ + vf0

(

1 +
λ4

1∞

r4

)

,

and the constants C1 and C2 can be determined by evaluating the corresponding left hands
at the uniform state (4).
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3 Weakly nonlinear theory of running solitary waves

We first note that the two integrals (8) are of the forms f(λ1, λ2) = 0 and z′ = g(λ1, λ2),
respectively. These two equations always admit the trivial solution (4). To characterize
non-trivial solutions, we write λ1 = r = r∞ + w(Z − ĉt) and proceed to derive a governing
equation for w(Z−ĉt). To this end, we note that in principle we may solve the first integral to
express λ2 in terms of w. Although in general this expression cannot be obtained explicitly,
a Taylor expansion of this expression valid for small w can be obtained in a straightforward
manner [4]. The second integral can then be used to find the Taylor expansion of z′ in terms
of w as well. On substituting these expressions into (1), we then obtain

(

w′
)2

= ω(c, r∞, λ2∞, vf∞)w2 + γ(c, r∞, λ2∞, vf∞)w3 +O(w4), (9)

where the expression for ω(c, r∞, λ2∞, vf∞) is given in [4], eqn (35), and the expression for
γ(c, r∞, λ2∞, vf∞) is given by [9], eqn (3.7).

On differentiating (9), we obtain

w′′ = ω(c, r∞, λ2∞, vf∞)w +
3

2
γ(c, r∞, λ2∞, vf∞)w2 +O(w3). (10)

It can then be seen that a bifurcation takes place when the coefficient ω(c, r∞, λ2∞, vf∞)
vanishes. Considering c as a bifurcation parameter, we further assume vf∞ = 0, (because, as
shown in [4], the mean flow stabilize the motion) and put r∞ and λ2

2∞ arbitrary. The critical
value of c, ccr say, is then determined by the bifurcation condition ω(ccr, r∞, λ2∞) = 0, which
can be reduced to (6).

On expanding the coefficients in (10) around c = ccr, we obtain

V
′′ − V + V 2 + e(ǫ, V ) = 0, (11)

where

w =
2ǫ ω′

cr

3γcr
V (ξ), ξ =

√

|ǫω′
cr|(Z − ĉt),

ω′
cr =

dω

dc

∣

∣

∣

∣

c=ccr

, γcr = γ(ccr, r∞, λ2∞), e(ǫ, V ) = O(ǫ),

ε = |ccr − c|, if ω′
cr > 0, γcr < 0,

ε = −sgn(ωcr)|ccr − c|, if γcr > 0.

Therefore, when γcr < 0 and ω′
cr > 0 or γcr > 0 and ω′

cr < 0 the solitary wave family
bifurcate from the quiescent state in result of a supercritical bifurcation (c > ccr), in the
case γcr > 0 and ω′

cr > 0 this bifurcation is a subcritical one (c < ccr).
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When the O(ǫ) term is neglected, equation (11) has an exact solitary wave-type solution
given by

V = V0 ≡
3

2
sech2

ξ

2
. (12)

Equation (11) is a special case of reversible differential equations for which general
persistence results have previously been established in [10]. In other words, the solution of
the full nonlinear equation (11) which is given by (12) for ǫ → 0 is close to the expression
given by (12) for small enough |ǫ| and tend to zero as ξ → ±∞, namely

|V − V0| ≤ Cǫ exp(−|ξ|), (13)

where C > 0 is some constant. Very good correspondence of the asymptotic (12) and
exact result (which relates to a solution of (11), see [9], Fig. 1), without any doubt serves a
demonstration of the persistence property (13).

4 Orbital stability of the weakly nonlinear running solitary

waves

We now investigate the stability of the weakly nonlinear solitary wave (12). We assume
that perturbations of the quiescent state (4) depend on the slow time variable τ = ǫ3/2t,
where ǫ = |ccr − c|, as well as on the variable ξ. We look for a perturbation solution of the
form

r = r∞ + ǫ[w1(ξ, τ) + ǫw2(ξ, τ) + ...],

z = z∞Z +
√
ǫ[u1(ξ, τ) + ǫu2(ξ, τ) + ...],

vf = ǫvf1(ξ, τ) + vf2 + ...,

P = P∞ + ǫ[p1(ξ, τ) + ǫp2(ξ, τ) + ...]. (14)

For P∞ given by Eq. (4) we have the Taylor expansion

P∞ =
W1(ccr, r∞, λ2∞)

r∞λ2∞
+ ǫP1 + .... (15)

On substitution (14), (15) into Eqs. (2) and (3), and then equating the coefficients of ǫ we
obtain

L

[

w1
√

|ω′|u1ξ

]

= 0,

L =

[

−W1/z∞ +W12 W22 − z2∞ccr
2

z∞(W1 − r∞W11)− 2b
f
r2
∞

z
∞

c2cr r∞(W1 − z∞W12)

]

, (16)
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where W1, W11, W12, W22 are all evaluated at c = ccr and (r, z) = (r∞, z∞). It is easy to
see that ω(ccr, r∞, z∞) = 0 implies detL = 0, and thus the equation (16) has a nontrivial
solution for w1 and u1ξ . Proceeding to the next order, we find

L

[

w2ξ
√

|ω′|u2ξξ

]

= b, (17)

v1f =
2ccr
r∞

w1, p1ξ =
2bf c

2
cr

r∞
w1ξ, v2f =

2ccr
r∞

w2 −
6ccr
r2∞

w1w1ξ −
2z∞
r∞

ẇ1,

p2ξ =
2bf c

2
cr

r∞
w2ξ −

10bf c
2
cr

r2∞
w1w1ξ −

4bf ccr
r∞

ẇ1 −
4bf c

2
cr

r∞z∞
u1ξw1ξ, (18)

where after substitution of (18) the vector b only contains w1 and its derivatives. On
forming the dot product of the vector b in Eq. (17) with the left zero eigenvector of L, we
then obtain the evolution equation in the form

∂w1

∂τ
− c0

∂w1

∂ξ
+ c1w1

∂w1

∂ξ
+ c2

∂3w1

∂ξ3
= 0, (19)

where c0, c1, and c2 are constants. Since (19) reduces to (11) when time independence is
assumed, it must take the form

∂Ṽ

∂τ
− c0

∂Ṽ

∂ξ
+ c02Ṽ

∂Ṽ

∂ξ
+ c0

∂3Ṽ

∂ξ3
= 0, (20)

where

Ṽ = −sgn(ω′
crγcr)

3γcr
2ω′

cr

w1,

and the remaining constant can be found by looking for a traveling wave solution of the lin-
earized form of (20) and then comparing the resulting dispersion relation with (5). However,
for our purpose the explicit expression of c0 is not needed.

Under the variable transformation T = |c0|τ−sgnc0 ξ, x = sgnc0 ξ, u = 2Ṽ the equation
(20) reduces to the standard form

∂u

∂T
+ u

∂u

∂x
+

∂3u

∂x3
= 0. (21)

The solution (12) of (20) corresponds to the following traveling solitary wave solution
of (21)

u = 3sech2
(

x− T

2

)

. (22)
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A nonlinear small perturbation of a solitary wave of the KdV equation (21) (and, in
particular, (22)) can yield a solitary wave with slightly different speed. Therefore it is
reasonable to study the orbital stability of solitary waves, namely when a solution u(x, T ),
which is initially close to a solitary wave uc(x−cT ) in the Sobolev space of square integrable
functions with their derivatives H1(R), will remain close to the set of translates of the
solitary wave (or the orbit of the solitary wave under the group of time translations) for
any time t > 0). This is true for solitary waves (solitons) of Eq. (21) as was established in
[11] (see also [12]). In other words, it was shown that for sufficiently small ε, there exists δ,
such that, if

||u(·, 0) − uc(·)||H1(R) < δ,

then one has

inf
s
||u(·, T ) − uc(+s)| · |H1(R) < ε.

The orbital stability property of solitary wave solutions to (21) was established in [11] (see
also [12]). This definition of stability states that that a shape of the wave is stable, so it is
often also called stability in form.
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Abstract

In this paper we present a Quadrature-Difference Method (QDM) to solve a system
of two second order Fredholm integro-differential equations with constant coefficients.
We fully discretize the coupled equations using finite difference operators on the dif-
ferential part of the equations and numerical quadrature formulas on the integral part.
This procedure leads to two systems of linear algebraic equations, which can be solved
simultaneously as a block matrix system. Moreover, we illustrate the method on a
benchmark problem for which we construct the exact solution, and test its performance
and accuracy, as well as the numerical order of convergence.

Key words: Coupled Systems, FIDE, Finite Difference, Direct Methods, Quadrature
Formulas.

1 Introduction

Many relevant physical, biological and financial phenomena can be modelled using Integro-
Differential Equations (IDEs) [17]. For instance, the use of IDEs is quite common in scat-
tering theory, heat transfer in the presence of memory effects [9], floating structures and
viscoelastic materials[18], economics [17] and finance [14]. More applications of IDEs can
be found in [4]. Generally speaking, an IDE is an equation involving an unknown function
u, its derivatives and integral terms associated with convolution kernels.

We focus on Fredholm integro-differential Equations (FIDEs), for which the integral
terms have fixed integration limits. This class of problems has gained importance in the
literature with a variety of applications [13]. For a comprehensive study on FIDEs and
other types of IDEs we refer to [11].
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Closed form analytical solution are rarely available for FIDEs and, in most cases of
interest, we must resort to numerical methods. A significant amount of literature is available
regarding the numerical solution of FIDEs, namely using Galerkin and Wavelet-Galerkin
methods [2, 12], Tau method [15], shifted Legendre polynomials [10], Hybrid Functions [1]
and Quadrature-Difference Methods [7].

In this paper we consider a Quadrature-Difference Method to solve a system of second
order coupled FIDEs with constant coefficients, arising from a model in financial option
pricing with memory effects [8]. The paper is organized as follows. In Section 2 we dis-
cretize the continuous problem using finite differences and numerical quadrature, obtaining
a system of linear algebraic equations. In Sections 3 and 4, we analyse the numerical per-
formance of the method, with respect to consistency and local truncation error. In Section
5, we present a toy problem for which we construct the exact solution and use it to show
the accuracy of the method as well as the order of convergence. Conclusions and future
perspectives are discussed in Section 6.

Preliminaries

We will consider the following system of Fredholm integro-differential equations:

a0u
′′(x) + a1u

′(x) + a2u(x) + λ0

∫ b

a
K0(x, z)v(z)dz = f(x),

b0v
′′(x) + b1v

′(x) + b2v(x) + λ1

∫ b

a
K1(x, z)u(z)dz = g(x),

u(a) = ua, u(b) = ub, v(a) = va, v(b) = vb.

(1)

where ai, bi, λ0, λ1 are real constants, K0,K1 : [a, b]2 → R and f, g : [a, b] → R are
given functions with suitable regularity. We search for a classical solution of the problem,
(u, v) ∈ (C2(]a, b[))2 ∩ (C0([a, b]))2, which we want to approximate numerically.

The existence and uniqueness of solution can be shown converting (1) to a system of first
order FIDEs and using the results derived in [3]. This involves transforming our boundary
value problem into an initial value problem with the same solution, which is achieved by
setting up a shooting method. This requires additional regularity with respect to [3] and
we refer to [19].

2 Discretization of the system of FIDEs

We use a computational grid over the interval [a, b], over which our problem will be approx-
imated. Let x1, · · · , xM be equally spaced points in the interval [a, b], such that:

a = x1, x2, · · · , xM = b, h =
b− a
M − 1

, xi+1 − xi = h, i = 1, ...,M. (2)
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At each grid point xi the solutions u(xi) and v(xi) are approximated by un(xi) and
vn(xi), where the index n stand for numerically computed. In order to ease the writing,
we set un(xi) = ui and vn(xi) = vi. The solution can be written as a single vector W ∈ R2M :

W = (U |V ) = (u1, u2, · · · , uM , v1, v2, · · · , vM ). (3)

Approximation of the differential part

The differential parts of our system are discretized replacing the first and second order
derivatives by centered finite differences on a stencil coinciding with the computational
grid.

W ′(xi) ≈
Wi+1 −Wi−1

2h
, W ′′(xi) ≈

Wi−1 − 2Wi +Wi+1

h2
, i = 2, ..., 2M − 1. (4)

Both these approximations are second order accurate.

Approximation of the integral part

In order to obtain a full discretization of (1), the integral terms are approximated by using
a quadrature rule which uses the grid points as integration nodes.

∫ b

a
Ks(xi, t)W (t)dt ≈

M∑
j=1

qjK
s
ijWsM+j , s ∈ {0, 1} , i = 2, ...,M − 1, (5)

where qj are the weights of the chosen quadrature rule. In this work we make use of a
composite trapezoidal rule and a composite Simpson’s 1

3 rule [5]. Substituting (4) and (5)
in (1) we get a full discretization of the coupled system:

a0
Wi+1 − 2Wi +Wi−1

h2
+ a1

Wi+1 −Wi−1

2h
+ a2Wi+λ0

M∑
j=1

qjK
1
ijWM+j = fi

, i = 2, ...,M − 1,

b0
Wi+1 − 2Wi +Wi−1

h2
+ b1

Wi+1 −Wi−1

2h
+ b2Wi+λ1

M∑
j=1

qjK
2
i−M,jWj = gi

i = M + 1, ..., 2M − 1.

(6)
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2.1 The System of Linear Algebraic Equations

Grouping the coefficients in (6), we obtain:

(a0

h2
− a1

2h

)
Wi−1 +

(
−2a0

h2
+ a2

)
Wi +

(a0

h2
+
a1

2h

)
Wi+1 + λ0

M∑
j=1

qjKijWM+j = fi,

(
b0
h2
− b1

2h

)
Wi−1 +

(
−2b0
h2

+ b2

)
Wi +

(
b0
h2

+
b1
2h

)
Wi+1 + λ1

M∑
j=1

qjKi−M,jWj = gi.

(7)

Let us defineQ = Diag(q1, · · · , qM ), [Ks
ij ] = [Ks(xi, xj)], Ds = KsQ, F = (f(x1), ..., f(xM )),

G = (g(x1), ..., g(xM )), and A,B are tridiagonal matrices with line coefficients given by(
a0
h2
− a1

2h ,−
2a0
h2

+ a2,
a0
h2

+ a1
2h

)
, and

(
b0
h2
− b1

2h ,−
2b0
h2

+ b2,
b0
h2

+ b1
2h

)
, respectively. The dis-

cretized system reduces to the following 2M × 2M linear algebraic system of equations,
written in matrix form: (

A D0

D1 B

)(
U

V

)
︸ ︷︷ ︸

W

=

(
F

G

)
(8)

Boundary conditions are enforced by replacing rows corresponding to boundary points,
i.e. rows 1,M,M+ and 2M , by the corresponding lines in the identity matrix I2M . For
these lines, the RHS of the system is set to be the corresponding boundary data.

Different methods can be used for solving this system: direct methods such as Gaus-
sian Elimination, LU-decomposition, ILU decomposition, etc; or iterative methods such as
Gauss-Sidel, SOR or Krylov subspace methods. In this first approach, given the moderate
dimension of the system, we used Gaussian elimination. Considering the sparsity pattern
of system (8), illustrated in Fig. 1, we used sparse representations of the linear system,
leading to a significant gain in memory use.

3 Consistency and Local Truncation Error

This section is dedicated to the analysis of consistency of the QDM. Consistency is a prop-
erty of a discretization that ensures that the discrete equations converge to the continuous
equations as the discretization parameter goes to zero (h→ 0). When a numerical scheme
is not consistent with the continuous equations, it is probably modelling a different process
and, even if convergent, is not suitable to approximate the desired equation [6]. We start
by rewriting (1) splitting the differential and integral parts:{

D0u+ J 0v = f,
D1v + J 1u = g,

(9)
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Figure 1: The (2N×2N) matrix block sparsity pattern of the discretized system (8). (N=21)

where
D0w = a0w

′′ + a1w
′ + a2w, D1w = b0w

′′ + b1w
′ + b2w

J 0w = λ0

∫ b

a
K0(x, z)w(z)dz, J 1w = λ1

∫ b

a
K1(x, z)w(z)dz.

The continuous operators D0,1 and J 0,1 are approximated, at each grid point, by the
discrete operators D0,1

∆ and J 0,1
∆ , i.e D0,1w(xi) ≈ D0,1

∆ wi and J 0,1w(xi) ≈ J 0,1
∆ wi. The

following theorem establishes the consistency of our QDM.

Theorem 1. Let u and v ∈ C∞([a, b]) satisfy the boundary conditions of (1). Then, for
sufficiently small h > 0, and for each xi, i = 2, · · · ,M − 1{

D0u(xi) + J 0v(xi)−D0
∆ui − J 0

∆vi = O(h2)
D1v(xi) + J 1u(xi)−D1

∆vi − J 1
∆ui = O(h2)

. (10)

Proof. Starting with the integral operator J 0 for the first equation on (10) and using, for
instance, the composite trapezoidal rule, we have

J0v(xi) =

∫ b

a
K0(xi, z)v(z)dz =

h

2

K0
i,1v1 + 2

M−1∑
j=2

K0
i,jvj +K0

i,MvM

+O(h2) (11)

Hence, the error of approximating the continuous J 0v by the discretized J 0
∆v is

J 0v(xi)− J 0
∆vi = O(h2). (12)
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The same argument can be used for the second equation in (10), leading to

J 1u(xi)− J 1
∆ui = O(h2). (13)

Regarding the differential operators D0,1, simple third order Taylor’s expansions can be
used to derive error bounds to the difference operators, yielding

D0u(xi)−D0
∆ui = O(h2)

D1v(xi)−D1
∆vi = O(h2).

(14)

Finally, combining (12), (13) and (14) we obtain (10), showing the consistency of the
quadrature-difference method.

4 Numerical Experiments

In this section we consider a benchmark problem in order to test the efficiency and accuracy
of our QDM. We consider the system (1), where the given functions and constants are as
follows:

a = 0, b = 2, a0 = a1 = a2 = b0 = b1 = b2 = 1, λ0 = λ1 = 1, K0(x, z) = K1(x, z) = xz.

f(x) = −x
π
− 2π sin(2πx)− 4π2 cos(2πx) + cos(2πx).

g(x) = −4π2 sin(2πx) + sin(2πx) + 2π cos(2πx),

u(0) = u(2) = 1, v(0) = v(2) = 0.

The exact solution to this problem is (u(x), v(x)) = (cos(2πx), sin(2πx)). Tables 1 and 2
show a comparison between the numerical solution and the exact solution. Table 1 shows
the absolute difference between QDM and the analytical solution. The maximum value is
highlighted. Table 2 presents the errors measured in two different norms (l2 and l∞). In
Figure 4, we plot in logarithmic scale the error measured in l∗∞ and Root Mean Squared
Error (RMSE∗), as function of the number of discretization points M, where

l∗∞ = max {‖u− u′‖∞, ‖v − v′‖∞}

RMSE∗ = max

{√
1
M

∑M
i=1 (u(xi)− ui)2,

√
1
M

∑M
i=1 (v(xi)− vi)2

}
end
u = (u(x1), . . . , u(xM )) , v = (v(x1), . . . , v(xM ))
u′ = (u1, . . . , uM ) , v′ = (v1, . . . , vM ) .

(15)

c©CMMSE ISBN: 978-84-617-8694-7Page 1090 of  2288



J. Janela, J.Guerra, G. Silva

Table 1: Values of the numerical and analytical solution. Absolute Error Comparison. M = 200 (Number
of discretization points).

xi ui u(xi) |u(xi)− ui| vi v(xi) |v(xi)− vi|
0 1.0000 1 0.0000 0.0000 0 0.0000

0.2 0.3131 0.3090 0.0041 0.9557 0.9511 0.0046

0.4 -0.8020 -0.8090 0.0070 0.5956 0.5878 0.0078

0.6 -0.7999 -0.8090 0.0092 -0.5782 -0.5878 0.0096

0.8 0.3197 0.3090 0.0107 -0.9405 -0.9511 0.0105

1 1.0111 1.0000 0.0111 0.0110 -0.0000 0.0110

1.2 0.3192 0.3090 0.0102 0.9616 0.9511 0.0106

1.4 -0.8009 -0.8090 0.0082 0.5967 0.5878 0.0089

1.6 -0.8033 -0.8090 0.0058 -0.5816 -0.5878 0.0062

1.8 0.3122 0.3090 0.0032 -0.9480 -0.9511 0.0031

2 1.0000 1 0.0000 0.0000 0 0.0000

Table 2: l2 and l∞ errors analysis

M = 100

l2- norm l∞- norm

||u(xi)− ui|| 0.1096635 0.01115816

||v(xi)− vi|| 0.1134598 0.01097373

Numerical estimation of the order of convergence

Here we intend to analyze the numerical convergence rate of our algorithm. Let W be
the exact solution to our problem and Wh the approximate solution in a uniform grid with
spacing h. The method that has order α if there is a constant K, independent of h, such that

|W −Wh| ≤ Khα, (16)

for sufficiently small values of h [16]. Now, considering the sequence hj =
h

2j
, j =

0, 1, · · · , N , the order of convergence can be estimated as

αj = log2

‖W −Whj‖∞
‖W −Whj+1

‖∞
, (17)

where ‖W − Whj‖∞ = max (‖u(xi)− ui‖∞, ‖v(xi)− vi‖∞). Table 3 shows that the last
column of the sequence αj is close to 2, which is consistent with second order convergence
in the l∞ norm.
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Figure 2: Comparison of the analytical solution u(x) and v(x) with the numerical solution obtained with
201 discretization points. The dots represent the exact solution while the lines stands for the numerical
solution

Table 3: The l∞-norm of the errors obtained by the QDM. M is the number of points in [a, b] and α is the
estimated rate of convergence defined by (10).

M h Eh = ‖W −WM‖∞ α

16 0.125 1.82567 -

32 0.0625 4.40487× 10−1 2.0512

64 0.03125 1.09263× 10−1 2.0112

128 0.015625 2.72542× 10−2 2.0032

256 0.0078125 6.80971× 10−3 2.0008

512 0.00390625 1.70222× 10−3 2.0002

1024 0.00195313 4.25541× 10−4 2.00004

2048 0.000976563 1.06384× 10−4 2.00001
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Figure 3: Absolute Error function for different values of M

Figure 4: l∞−norm and RMSE as functions of M. The graph is plotted in logarithm scale in both axes
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5 Conclusions and future work

This paper presents a simple method to solve numerically a class of systems of second
order Fredholm integro-differential equations. A finite difference scheme and a numerical
quadrature rule are used to fully discretize the system, and the resulting linear algebraic
system is solved as a block matrix system. The accuracy and convergence order of the
method was demonstrated in a benchmark problem. We are currently working on a direct
proof of existence and uniqueness of the boundary value problem, which will require less
regularity. On another direction, we are extending the procedure to a time evolution system
of Fredholm integro-differential equations with possible applications to financial derivative
markets [14].
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Abstract

A class of tests for testing independence whose test statistic is an L2-norm of the
difference between the joint empirical characteristic function and the product of the
marginal empirical characteristic functions associated with a sample is considered. Since
the null distribution of these test statistics is unknown, some approximations are in-
vestigated. Specifically, the permutation, bootstrap and weighted bootstrap estimators
are examined. All of them provide consistent estimators. A simulation study analyzes
the performance of these approximations for small and moderate sample sizes.

Key words: testing for independence, permutation, bootstrap, weighted bootstrap.

1 Introduction

Independence is a key concept in Statistics, which plays a fundamental role in many statis-
tical procedures. Because of this reason, a number of tests have been proposed for testing
the null hypothesis that two or more random vectors are independent. This paper deals
with the issue of approximating the null distribution of a certain class of test statistics for
such testing problem. To keep the notation as simple as possible, in our development we
will only consider the case of a bivariate random vector (X,Y ). Nevertheless, the methods
proposed here can be applied in an obvious way to testing for the independence of any
collection of subvectors from vectors with arbitrary dimensions. With this notation, the
hypothesis of interest is

H0 : X and Y are independent.
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The problem of testing for independence by using the familiar equation linking the
joint characteristic function (CF) and the product of component CFs has been exploited
in several papers (see, for example, Csörgő [3], Kankainen and Ushakov [5], Bilodeau and
Lafaye de Micheaux [1], Székely et al. [7], Meintanis and Iliopoulos [6], Hlávka et al. [4],
and the references therein). Here we consider the approach in [4, 6, 7], that proposed to
reject the null hypothesis for large values of

Tn(w) = ‖
√
n{Cn(t, s)− Cn(t, 0)Cn(0, s)}‖2w,

where Cn is the empirical CF (ECF) associated with a sample, (X1, Y1), . . . , (Xn, Yn), which
are independent, identically distributed (IID) from (X,Y ),

Cn(t, s) =
1

n

n∑
j=1

exp(itXj + isYj),

and ‖·‖w stands for the norm in the separable Hilbert space L2(w) = {f : R2 → C : ‖f‖2w =∫
|f(t)|2w(t)dt <∞}, for some nonnegative function w satisfying∫

w(t, s)dtds <∞ (1)

where an unspecified integral denotes integration over R2 and for any complex number
x = a+ ib, |x| =

√
a2 + b2.

In order to determine what are large values of Tn(w), one must calculate or approximate
its null distribution. Székely et al. [7] proposed to approximate the null distribution of
Tn(w) by a permutation estimator. Here we consider two further estimators: a bootstrap
estimator and a weighted bootstrap (WB) estimator, in the sense of Burke [2]. This piece
of research shows that each of these three estimators provide a consistent approximation to
the null distribution of Tn(w). Their finite sample behaviour is numerically compared in a
simulation study.

Before ending this section we introduce some notation: all limits in this paper are taken

when n→∞;
L−→ denotes convergence in distribution; P0 denotes probability under the null

hypothesis; P∗ denotes the conditional probability law given the data (X1, Y1), . . . , (Xn, Yn).

2 Approximations

2.1 The permutation estimator

Let π(1), . . . , π(n) and σ(1), . . . , σ(n) be two independent random permutations of 1, . . . , n.
Let (X∗1 , Y

∗
1 ) = (Xπ(1), Yσ(1)), . . . , (X

∗
n, Y

∗
n ) = (Xπ(n), Yσ(n)). Let T ∗n(w) be defined as Tn(w)

with (Xj , Yj) replaced by (X∗j , Y
∗
j ), 1 ≤ j ≤ n. The permutation null distribution estimator

of Tn(w) is defined as the conditional distribution, given the data, of T ∗n(w).
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Jiménez-Gamero and Alba-Fernández

The next theorem shows that the permutation distribution of Tn(w) consistently esti-
mates its null distribution when any weight function satisfying (1) is used.

Theorem 1 Let (X1, Y1), . . . , (Xn, Yn) be a random sample from a random vector (X,Y )
and suppose that (1) holds, then

sup
x∈R
|P∗{T ∗n(w) ≤ x} − P0{Tn(w) ≤ x}| → 0, a.s.

2.2 The bootstrap estimator

Let X†1, . . . , X
†
n be a random sample from Fn,X and let Y †1 , . . . , Y

†
n be a random sample from

Fn,Y , selected independently from X†1, . . . , X
†
n, where Fn,X and Fn,Y stand for the empirical

distribution function associated to X1, . . . , Xn and Y1, . . . , Yn, respectively. Let T †n(w) be
defined as Tn(w) with (Xj , Yj) replaced by (X†j , Y

†
j ), 1 ≤ j ≤ n.

The next theorem shows that the bootstrap distribution of Tn(w) consistently estimates
its null distribution when any weight function satisfying (1) is used.

Theorem 2 Let (X1, Y1), . . . , (Xn, Yn) be a random sample from a random vector (X,Y )
and suppose that (1) holds, then

sup
x∈R

∣∣∣P∗{T †n(w) ≤ x} − P0{Tn(w) ≤ x}
∣∣∣→ 0, a.s.

2.3 The weighted bootstrap estimator

Let Sn(t, s) =
√
n{Cn(t, s)−C(t, s)}, where C stands for the CF of (X,Y ). Since Sn

L−→ Z
in L2(w), where Z is a zero-mean Gaussian process on L2(w), it follows that under H0

ξn(t, s) =
√
n{Cn(t, s)− Cn(t, 0)Cn(0, s)}

=
√
n{Cn(t, s)± C(t, 0)C(0, s)} −

√
n{Cn(t, 0)± C(t, 0)}{Cn(0, s)± C(0, s)}

= ξ0n(t, s) + rn(t, s),

where ‖rn‖2w = oP (1) and

ξ0n(t, s) =
1√
n

n∑
j=1

Uj(t, s),

with

Uj(t, s) = exp(itXj + isYj)− C(t, 0) exp(isYj)− C(0, s) exp(itXj) + C(t, 0)C(0, s),
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1 ≤ j ≤ n. Let ς1, . . . , ςn be IID random variables with mean 0 and variance 1, which are
independent of the data (X1, Y1), . . . , (Xn, Yn). Let

ξ?1n(t, s) =
1√
n

n∑
j=1

Un,j(t, s)ςj ,

where

Un,j(t, s) = exp(itXj + isYj)− Cn(t, 0) exp(isYj)− Cn(0, s) exp(itXj) + Cn(t, 0)Cn(0, s),

1 ≤ j ≤ n. The WB distribution estimator of Tn(w) is defined as the conditional distri-
bution, given the data, of T ?n(w) = ‖ξ?1n‖2w. The weighted bootstrap estimator provides a
consistent approximation to the null distribution of Tn(w).

The next theorem shows that the weighted bootstrap estimator provides a consistent
approximation to the null distribution of Tn(w).

Theorem 3 Let (X1, Y1), . . . , (Xn, Yn) be a random sample from a random vector (X,Y ),
suppose that (1) holds and that H0 is true, then

sup
x∈R
|P∗{T ?n(w) ≤ x} − P0{Tn(w) ≤ x}| → 0, a.s.

2.4 Practical calculation

The calculation of the exact permutation (bootstrap, WB) distribution of Tn(w) is, from a
practical point of view, unaffordable, so the permutation (bootstrap, WB) p-value is usually
approximated by simulation as follows:

1. Compute the test statistic Tn,obs(w).

2. For some large integer B, repeat for every b ∈ {1, . . . , B}:

(a) Generate (X∗b1 , Y
∗b
1 ), . . . , (X∗bn , Y

∗b
n ) ((X†b1 , Y

†b
1 ), . . . , (X†bn , Y

†b
n ), ςb1, . . . , ς

b
n).

(b) Calculate T ∗bn (w) (T †bn (w), T ?bn (w)),

3. Approximate the p-value of the observed value of the test statistic by

p̂∗ =
1

B

B∑
b=1

I{T ∗bn (w) > Tn,obs(w)}

(p̂† = 1
B

∑B
b=1 I{T

†b
n (w) > Tn,obs(w)}, p̂? = 1

B

∑B
b=1 I{T ?bn (w) > Tn,obs(w)}).
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3 Numerical comparisons

This section summarizes the results of an intensive simulation experiment whose objective
is to investigate and compare the goodness of these approximations for small and moderate
sample sizes. All computations in this paper were performed by using programs written in
the R language.

The first step is to study the goodness of the bootstrap, the permutation and the WB
approximations to the null distribution of the test statistic Tn(w). With this aim, we genera-
ted 5000 samples with size n, for n = 20, 30, 40, 50, 100, from a bivariate normal distribution
with independent components; the approximations of the p-value were calculated by simu-
lation, as indicated in Subsection 2.4 with B = 1000. As weight function w(t), several
choices are possible, here we considered two of the most used in other papers related to
the use of the ECF for inferential purposes: the probability density function (PDF) of
a univariate normal distribution with zero mean and standard deviation σ = a and the
PDF of a univariate Laplace distribution with zero mean and variance σ2 = 2a2. The
obtained results are shown in Table 1, that displays the actual levels for nominal values
0.05 (left column) and 0.10 (right column) for each method. The approximations of the p-
value are labeled as P, B and WB for the permutation, bootstrap and WB approximations,
respectively. The function w considered is indicated in the tables as N, for the normal
PDF, and L, for the Laplace PDF. The same experiment were repeated for data from other
populations, obtaining quite similar results. Looking at this table we see that the bootstrap
and the permutation give significance levels which are quite close to the nominal values
in all tried cases; the goodness of the WB approximation depends on the weight function,
giving quite satisfactory results for the normal weight and rather conservative tests for the
Laplace weight.

To compare the powers of the resulting tests, we repeated the above experiment for data
from a bivariate normal distribution with correlated marginals with correlation coefficient
ρ = 0.2. Table 2 displays the obtained results. Looking at this table we conclude that the
bootstrap and permutation approximation behave very closely; that these two approxima-
tions with normal weight and a = 0.5 yield the most powerful results; as the sample size
increases, the differences between the three studied approximations becomes negligible.

Finally, we also compared the three studied approximations in terms of the required
time to get a p-value. Table 3 displays the average time consumed in the seconds needed to
obtain each approximation to the p-value (Intel(R) Core(TM) i7-4710MQ, 2.5 Ghz). In this
respect, the bootstrap approximation is a little more time consuming than the permutation
one. Anyway, both approximations require much more time than the WB.

Summarizing, in the light of the numerical results, our recommendation is to use the
permutation approximation for n < 100 and the WB for n ≥ 100; as for the weight function
w, it is advisable to use the normal PDF with standard deviation 0.5.
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Table 1: Estimated type I error probabilities.
a = 0.5 a = 1 a = 1.5

n N L N L N L

20 P .052 .105 .051 .105 .047 .095 .045 .100 .051 .104 .052 .106
B .050 .107 .044 .104 .050 .115 .048 .111 .053 .105 .053 .110

WB .043 .102 .040 .099 .042 .095 .029 .080 .036 .088 .020 .067
30 P .059 .103 .056 .104 .040 .097 .048 .101 .054 .105 .054 .103

B .053 .108 .050 .106 .050 .108 .046 .108 .050 .105 .051 .102
WB .042 .084 .045 .097 .041 .088 .034 .080 .037 .086 .025 .069

40 P .049 .096 .049 .104 .055 .109 .051 .109 .054 .111 .054 .109
B .053 .105 .050 .105 .048 .101 .046 .099 .049 .106 .046 .104

WB .047 .089 .042 .095 .044 .097 .037 .084 .036 .085 .028 .074
50 P .048 .101 .049 .103 .056 .103 .051 .105 .052 .104 .052 .103

B .052 .106 .051 .107 .047 .098 .046 .099 .045 .101 .047 .098
WB .051 .102 .044 .097 .046 .097 .038 .086 .037 .085 .031 .076

100 P .053 .103 .055 .106 .055 .107 .052 .106 .051 .101 .052 .101
B .050 .097 .047 .101 .053 .104 .053 .108 .049 .102 .051 .102

WB .050 .100 .042 .095 .049 .093 .048 .098 .048 .092 .036 .081

Table 2: Estimated power.
a = 0.5 a = 1 a = 1.5

n N L N L N L

20 P .134 .221 .118 .192 .097 .178 .086 .165 .086 .157 .082 .156
B .134 .230 .115 .209 .105 .192 .095 .180 .075 .151 .067 .150

WB .099 .196 .083 .161 .068 .137 .047 .108 .040 .104 .031 .082
30 P .163 .261 .142 .230 .123 .210 .108 .192 .089 .164 .087 .159

B .178 .283 .155 .247 .122 .209 .109 .191 .089 .168 .087 .163
WB .145 .249 .112 .208 .062 .127 .074 .140 .063 .128 .048 .108

40 P .230 .336 .201 .295 .149 .242 .132 .215 .105 .183 .105 .179
B .225 .332 .187 .292 .160 .255 .141 .231 .116 .199 .111 .198

WB .190 .297 .156 .259 .078 .153 .094 .183 .077 .159 .057 .127
50 P .275 .396 .231 .349 .184 .281 .158 .253 .123 .205 .118 .202

B .262 .376 .224 .333 .195 .291 .168 .264 .129 .213 .122 .205
WB .241 .354 .195 .301 .106 .189 .118 .203 .079 .153 .082 .153

100 P .489 .604 .419 .537 .324 .445 .282 .397 .218 .322 .212 .314
B .476 .607 .409 .534 .319 .434 .269 .387 .214 .316 .205 .309

WB .455 .588 .387 .507 .301 .418 .251 .371 .187 .292 .171 .278

Table 3: Average CPU time.
n=20 n=30 n=40 n=50 n=100

P B WB P B WB P B WB P B WB P B WB

N .03 .04 .01 .05 .05 .01 .08 .11 .02 .12 .15 .04 .70 .77 .06
L .03 .05 .01 .05 .07 .01 .07 .10 .01 .12 .14 .03 .70 .75 .06
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Abstract

Recent advances in subwavelength metal optics, e.g. nanophotonics, metamaterials,
and plasmonics, provide several new examples where nanostructured metals perform the
separate tasks of absorption and charge separation necessary for solar power conversion.
Nanostructured metals are extremely efficient broadband absorbers of radiation, with
tailorable optical properties throughout the visible and infrared spectrum.

This preliminary report concerns a compact splitting difference method for solving
Helmholtz partial differential equations in subwavelength metal in radially symmetric
fields. We consider a highly accurate transverse approximation for nanostructured per-
formance simulations. Proper auxiliary expansions are carried out, and a decomposition
strategy is employed. It is proven that the highly reliable and efficient compact splitting
algorithm is asymptotically stable. Simulation illustrations are given.

Key words: compact method, splitting approach, wave equations, oscillatory solutions

MSC 2000: AMS Subject Classification: 65M06, 65M12

1 Introduction

Maxwell’s field equations have been playing a crucial role in modeling electromagnetic fields
and subwavelength optical waves. The equations provide a ultimate theoretical backbone
for numerous cutting-edge technologies such as high efficiency energy transforms. Maxwell’s
equations describe how electric and magnetic fields propagate and interact. Although these
equations are difficult to use for immediate initial-boundary value problem computations,
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if being decoupled properly, they yield straightforward computational models such as the
following time-dependent Helmholtz equation,

utt = c2 (uxx + uyy + uzz) , (x, y) ∈ D2, z > 0, t > t0, (1.1)

where u = u(x, y, z, t) is the intensity function of the electric field, z is the beam propagation
direction, c is the speed of light, and D2 is the two-dimensional transverse domain. When
a monochromatic light is assumed, we may define u(x, y, z, t) = v(x, y, z)e2πiκ0t, where i =√
−1, κ0 is the optical wave frequency in the free space, and v is the complex wavefunction

[1, 6]. Thus, from (1.1) we have the following:

vxx + vyy + vzz = −κ2v, (x, y) ∈ D2, z > 0,

where κ = 2πκ0/c > 102 is the wave number of the light beam. We continue letting w be
the complex envelope of v. Therefore, from the above we observe that

2iκwz = wxx + wyy + wzz, (x, y) ∈ D2, z > 0. (1.2)

Explorations and investigations of fast and effective numerical methods for comput-
ing oscillatory solutions of (1.1), (1.2) with relatively small wave numbers can be found in
numerous recent publications. However, the investigation of highly efficient and accurate
algorithms beyond finite-difference time-domain methods for solving highly oscillatory op-
tical beam propagation problems is still in its early stages [5, 8]. Diffraction and Fourier
integral formalism is still dominating solution procedures for paraxial optical systems.

In this presentation, we are primarily interested in decomposition strategies which offer
high accuracy in transverse directions while providing both computational efficiency and
effectiveness. We turn our main attention to cases where radially symmetric electric fields in
transverse directions are expected. The singularity that emerges in the resulting Helmholtz
equation in polar coordinates is also successively removed via a decomposition strategy in
the transverse direction [7, 11, 13]. Special consideration is given to the investigation of
asymptotic stability of the compact splitting scheme derived.

2 Approximations in Transverse Direction

For the simplicity in discussions, we consider only monochromatic lights, and cases in which
electric fields in transverse directions may be treated as radially symmetric [6, 10]. Now, if
D2 is radially symmetric, then (1.2) can be conveniently reformulated to yield

wz = β

(
wrr +

1

r
wr + wzz

)
, 0 < r ≤ R, z ≥ 0, (2.1)
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where z0 > 0 and β = −i/(2κ) via a standard polar transformation. Consider a transparent
boundary condition [9, 14]:

wr|r=R = 0, z ≥ 0, (2.2)

where wr is the outgoing normal derivative of w along the boundary of D2. We likewise
adopt a typical Gaussian beam type initial function [1, 3],

w(r, 0; z0) =
e−r

2/[2(1+iz0)]

1 + iz0
, 0 ≤ r ≤ R. (2.3)

Theorem 2.1. Let 0 < r̃ � R and w be sufficiently smooth in the transverse direction.
Then for 0 < r < r̃ and z > z0,

1

r
wr(r, z)− wrr(r, z) = g(w)− r4

30
wr6(ξ1, z)−

r4

24
wr7(ξ0, z)(ξ2 − ξ1),

where

g(w) = −r
2
wrrr(0, z)−

r2

3
wr4(0, z)− r3

8
wr5(0, z)

and 0 < ξk < r̃, k = 0, 1, 2.

To eliminate the singularity in (2.1) as r → 0, we replace the equation by the following
coupled decomposed equations:

wz = β (2wrr + wzz + g(w)) , 0 ≤ r < r̃, (2.4)

wz = β

(
wrr +

1

r
wr + wzz

)
, r̃ ≤ r ≤ R. (2.5)

Note that the error induced is of O(r4) where 0 < r < r̃ � R. Moreover, since the
singularity has been removed, for calculations involving (2.4) we may consider a slightly
extended transverse domain, [0, r̃).

The structures of the underlying differential equations often play a critical role in de-
veloping proper compact or essentially compact algorithms [4, 12, 13, 15]. Continuing
differentiations of (2.4) yield

wrrrr =
1

2β
wzrr −

1

2
wzzrr +

1

3
wr4(0, z) +

3r

8
wr5(0, z), 0 ≤ r < r̃, z > z0. (2.6)

By the same token, from (2.5) we acquire

wrrrr +
2

r
wrrr =

1

β
wzrr +

1

βr
wzr − wzzrr −

1

r
wzzr

+
1

r2
wrr −

1

r3
wr, r̃ ≤ r ≤ R, z > z0. (2.7)

c©CMMSE ISBN: 978-84-617-8694-7Page 1106 of  2288



A Compact Splitting Scheme

Now, let h = R/(n − 1) < r̃ be sufficiently small, and denote Dh = {rk : rk =
(k−1)h, k = 1, 2, . . . , n}. Since w(−h, z) = w(h, z), z ≥ z0, we derive from (2.4), (2.5) that

(wz)k = 2β
wk+1 − 2wk + wk−1

h2
− βh2

3!
(wr4)k −

4βh4

6!
(wr6)k

+β(wzz)k + βg(w0) +O
(
h6
)
, k = 1, 2, . . . , k̃, (2.8)

(wz)k = β
wk+1 − 2wk + wk−1

h2
+
β

rk

(
wk+1 − wk−1

2h

)
+ β(wzz)k

−β
[
h2

3!

(
1

2
(wr4)k +

1

rk
(wr3)k

)
+
h4

5!

(
1

3
(wr6)k

+
1

rk
(wr5)k

)]
+O

(
h6
)
, k = k̃ + 1, k̃ + 2, . . . , n; (2.9)

where k̃ ≥ 1 is a small integer for which 0 < k̃h < r̃ and (k̃ + 1)h ≥ r̃ [11]. Note that the
values of w0 and wn+1 can be determined via (2.3) and (2.2), respectively.

A substitution of (2.6), (2.7) into (2.8), (2.9) leads to

(wz)k = 2β

(
wk+1 − 2wk + wk−1

h2

)
+ β(wzz)k −

(wz)k+1 − 2(wz)k + (wz)k−1

12

+β
(wzz)k+1 − 2(wzz)k + (wzz)k−1

12
+ βg̃(w0) +O

(
h4
)
,

k = 1, 2, . . . , k̃, z > z0; (2.10)

(wz)k = β

(
wk+1 − 2wk + wk−1

h2
+
wk+1 − wk−1

2rkh

)
+ β(wzz)k

−βh
12

[
(wz)k+1 − 2(wz)k + (wz)k−1

βh
+

(wz)k+1 − (wz)k−1

2βrk

−(wzz)k+1 − 2(wzz)k + (wzz)k−1

h
− (wzz)k+1 − (wzz)k−1

2rk

+
wk+1 − 2wk + wk−1

r2k h
− wk+1 − wk−1

2r3k

]
+O

(
h4
)
,

k = k̃ + 1, k̃ + 2, . . . , n, z > z0, (2.11)

where

g̃(w0) = g(w)− h2

18
wr4(0, z)− h2rk

16
wr5(0, z).
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3 Approximations in Propagation Direction

Adopt a standard central difference approximation for the z-derivatives, from (2.10), (2.11)
we have

wj+1
k − wj−1

k

2τ
= 2β

(
1 +

h2

12τ2

)[
wjk+1 − 2wjk + wjk−1

h2

]
+ β

[
wj+1
k − 2wjk + wj−1

k

τ2

]

− 1

12

[
wj+1
k+1 − 2wj+1

k + wj+1
k−1 − w

j−1
k+1 + 2wj−1

k − wj−1
k−1

2τ

]

+
β

12

[
wj+1
k+1 − 2wj+1

k + wj+1
k−1 + wj−1

k+1 − 2wj−1
k + wj−1

k−1

τ2

]
+ βg̃

(
wj0

)
+O

(
h4 + τ2

)
, k ∈ θ0; (3.1)

wj+1
k − wj−1

k

2τ
= β

(
1− h2

12r2k

)[
wjk+1 − 2wjk + wjk−1

h2

]
+ β

[
wj+1
k − 2wjk + wj−1

k

τ2

]

+
β

rk

(
1 +

h2

12r2k

)[
wjk+1 − w

j
k−1

2h

]
− h

24rk

[
wj+1
k+1 − w

j+1
k−1 − w

j−1
k+1 + wj−1

k−1

2τ

]

− 1

12

[
wj+1
k+1 − 2wj+1

k + wj+1
k−1 − w

j−1
k+1 + 2wj−1

k − wj−1
k−1

2τ

]

+
β

12

[
wj+1
k+1 − 2wj+1

k + wj+1
k−1 − 2wjk+1 + 4wjk − 2wjk−1 + wj−1

k+1 − 2wj−1
k + wj−1

k−1

τ2

]

+
βh

24rk

[
wj+1
k+1 − w

j+1
k−1 − 2wjk+1 + 2wjk−1 + wj−1

k+1 − w
j−1
k−1

τ2

]
+O

(
h4 + τ2

)
, k ∈ θ1, (3.2)

where θ0 =
{

1, . . . , k̃
}
, θ1 =

{
k̃ + 1, k̃ + 2, . . . , n

}
and p = pj and τ is the variable z-step.

Denote

σ =
τ

h2
, λ = 24βσ, µ±k = 2± h

rk
, ν±k = 1± h2

12r2k
, η± = 1± 2β

τ
.

In an effort to organize the scheme in a convenient manner, drop all truncation errors from
(3.1), (3.2) and rearrange terms. We consequently arrive at the following compact splitting
algorithm for the numerical solution of the subwavelength energy transfering problem (2.2)-
(2.5),

Awj+1 = Bwj + Cwj−1 + p j , j = 1, 2, 3, . . . , (3.3)
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where p, w ∈ Cn and A,B,C ∈ Cn×n are tridiagonal,

A =


b1 (a1 + c1)
a2 b2 c2

. . .
. . .

. . .

an−1 bn−1 cn−1

(an + cn) bn

 , (3.4)

B =


e1 (d1 + f1)
d2 e2 f2

. . .
. . .

. . .

dn−1 en−1 fn−1

(dn + fn) en

 , (3.5)

C =


m1 (l1 + n1)
l2 m2 n2

. . .
. . .

. . .

ln−1 mn−1 nn−1

(ln + nn) mn

 , (3.6)

where

ak =

{
η−, k ∈ θ0,
µ−k η

−/2, k ∈ θ1;
bk =

{
10η−, k ∈ θ0,
10η−, k ∈ θ1;

ck =

{
η−, k ∈ θ0,
µ+k η

−/2, k ∈ θ1;
dk =

 4β (12σ − 1/τ) , k ∈ θ0,

λν−k −
λh

2rk
ν+k −

2β

τ
µ−k , k ∈ θ1;

ek =

{
−8β (12σ + 5/τ) , k ∈ θ0,
−2
(
λν−k + 20β/τ

)
, k ∈ θ1;

fk =

 4β (12σ − 1/τ) , k ∈ θ0,

λν−k +
λh

2rk
ν+k −

2β

τ
µ+k , k ∈ θ1;

gjk =

{
g̃(Ej0), k ∈ θ0,
0, k ∈ θ1;

lk =

{
η+, k ∈ θ0,
µ−k η

+/2, k ∈ θ1;

mk =

{
10η+, k ∈ θ0,
10η+, k ∈ θ1;

nk =

{
η+, k ∈ θ0,
µ+k η

+/2, k ∈ θ1.

4 Asymptotic Stability

Consider an evolutional finite difference method with an amplification matrix M for solving
an oscillatory problem associated with a high wave number κ. We say that the numerical
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method is asymptotically stable if there exists a constant d ∈ R+ such that

‖M‖ < 1 +O
(
κ−d

)
, κ� 1,

where ‖·‖ is an appropriate matrix norm and the constant d > 0 is the asymptotical stability
index of the method [12, 14].

Theorem 4.1. The compact splitting scheme (3.3) is unconditionally asymptotically
stable with the index d = 1.

Proof. Without loss of generality, we begin with our perturbation equation

ε j+1 = A−1Bε j +A−1Cε j−1.

It follows that ∥∥ε j+1
∥∥ ≤

(∥∥A−1B
∥∥+

∥∥A−1C
∥∥) ∥∥ε j∥∥ .

Thus for the amplification matrix M, we have ‖M‖ ≤
∥∥A−1B

∥∥+
∥∥A−1C

∥∥ .
Define

Ã =



10 1

1 10 1
. . .

. . .
. . .

1 10 1 ←
(
k̃
)th

row

1− h

2rk̃+1

10 1 +
h

2rk̃+1

←
(
k̃ + 1

)st

row

. . .
. . .

. . .

1− h

2rn−1
10 1 +

h

2rn−1

1− h

2rn
10



, (4.1)

It is not difficult to see that∥∥A−1C
∥∥ = 1,

∥∥A−1B
∥∥ ≤ ∣∣∣∣∣ 1

1 + i
κτ

∣∣∣∣∣
∣∣∣∣− i

2κ

∣∣∣∣ ∥∥∥Ã−1
∥∥∥∥∥∥B̃∥∥∥ .

Since

∣∣∣∣∣
(

1 +
i

κτ

)−1
∣∣∣∣∣ < 1, we conclude that

∥∥A−1B
∥∥ < 1

2κ

∥∥∥Ã−1
∥∥∥∥∥∥B̃∥∥∥ = O (1/κ) .
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Thus
‖M‖ ≤

∥∥A−1B
∥∥+

∥∥A−1C
∥∥ < 1 +O (1/κ) , κ� 1.

This completes our proof.

The above proof follows for any desired matrix norm.

5 Example and Conclusion

Consider the problem (2.1)-(2.3) with κ = 104 and z0 = 100. For a CFL number 0.01, we
simulate the numerical solution w at the wave focusing location in Figures 5.1 and 5.2.
The vector generated 3D figures clearly demonstrate the superior numerical convergence as
suggested by the asymptotic stability of the compact splitting algorithm. The computa-
tional experiments are carried out on a high performance HP C3000BL HPC cluster system
running CentOS 5. The cluster is comprised of 128 computer nodes, each with 16GB of
RAM and dual quad-core Intel 2.6GHz processors giving a total of 1024 cores. An Infini-
band ConnectX DDR network is used for message passing and networked storage. Shared
storage capacity in the cluster is 123TB.
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Fig. 5.1. Three-dimensional views of the real part of the focusing numerical solution
w(x, y, z0) = w(r, z0) (LEFT) and its enlarged inner solution (RIGHT).
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In summary, a splitting method for solving Helmholtz partial differential equations
in subwavelength metal is developed on decomposed radially symmetric transverse fields
successfully. The compact structures of the numerical method ensures higher accuracy
and simplicity in nanostructured applications. Proper auxiliary expansions are utilized
and discussed on decomposed domains. It is proven that the highly reliable and efficient
compact splitting algorithm is asymptotically stable. The corresponding algorithms have
been intensively used for numerous computational projects involving subwavelength metal
optics and applications.
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Abstract

In this paper we describe how to control the transformations, reparameterizations
and continuity of planar cubic Pythagorean Hodograph splines. More precisely we show
how these features can be ensured by conditions on the curve preimage.

Key words: PH curve, spline, signed curvature, rotation

1 Introduction and preliminaries

Pythagorean hodograph (PH) curves (see [1, 3, 2, 4, 5] and the references cited therein), form
a remarkable subclass of polynomial parametric curves. They have a piecewise polynomial
arc length function and, in the planar case, rational offset curves. These curves provide
an elegant solution of various difficult problems occurring in applications, in particular in
the context of CNC (computer-numerical-control) machining. Our paper is devoted to the
modification of the planar PH curves via their preimage and on the connection of two PH
cubics in a smooth way.

A Bézier curve is called Pythagorean Hodograph (PH) if the length of its tangent vec-
tor, taken in the appropriate metric, depends in a polynomial way on the parameter. In
particular in the planar case p(t) = [x(t), y(t)] is called planar PH curve if there exists a
polynomial σ(t) such that

x′(t)2 + y′(t)2 = σ2(t). (1)

The degree of σ(t) equals n− 1, where n is the degree of the PH curve. The curve h(t) =
[x′(t), y′(t)] is called the hodograph of p(t).

The planar polynomial curve p(t) can be identified with complex valued polynomial
p(t) = x(t) + iy(t). The hodograph h(t) = x′(t) + iy′(t) then satisfy the equation (1) if and
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only if it is of the form h(t) = λ(t)w(t)2, where w(t) = u(t) + iv(t) is a complex valued
polynomial called preimage, [1, 6].

In order to study the G2 continuity we will need the notion of the signed curvature.

Definition 1.1 Let c : I → R2 be a regular parameterized curve. We define its signed
curvature at the point t ∈ I by the formula

κz(t) =
det(c′(t), c′′(t))

‖|c′(t)‖|3
. (2)

The signed curvature is not changed by the orientation-preserving reparameterizations.

2 Controling PH curves via their preimage

In this section we will show how a PH curve can be transformed and reparameterized via its
preimage. We will also provide the formula for the signed curvature based on the preimage.

Lemma 2.1 Let p : I → R2 be a PH curve nad q : I → R2 its preimage. Then p is regular
if and only if ∀t ∈ I : q(t) 6= 0.

Proof: Let the complex preimage is of the form q(t) = a(t) + ib(t). Suppose

∀t ∈ I : q(t) 6= 0⇔ ∀t ∈ I : a(t) 6= 0 ∨ b(t) 6= 0.

Thus for
h(t) = q2(t) = a2(t)− b2(t) + i2a(t)b(t)

we get ∀t ∈ I : h(t) 6= (0, 0), because if for some t0 ∈ I : a(t0) = b(t0) 6= 0, then
a(t0)b(t0) 6= 0. If on the other hand for some t1 ∈ I : a(t1)b(t1) = 0, then a2(t1)−b2(t1) 6= 0.
As p′(t) = h(t) 6= 0t ∈ I, we obtain the regularity.
For the other implication consider the curve p with the hodograph

h(t) = a2(t)− b2(t) + i2a(t)b(t),

which due to the regularity satisfies h(t) 6= 0, t ∈ I. Then

∀t ∈ I : a2(t)− b2(t) 6= 0 ∨ 2a(t)b(t) 6= 0⇔ ∀t ∈ I : a(t) 6= 0 ∨ b(t) 6= 0.

Thus we get
∀t ∈ I : q(t) = a(t) + ib(t) 6= 0.

�

Lemma 2.2 If the peimage is rotated clockwise by an angle α then the resulting PH curve
is rotated by the angle 2α.
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Proof: Rotation by the angle α can be realized by the multiplication with the complex
unit cosα+ i sinα. Suppose that the starting preimage is q = a+ ib (we omit the parameter
t on which the functions a, b depend) and obtain the rotated preimage

qr = (a+ ib)(cosα+ i sinα) =

= (a cosα− b sinα) + i(a sinα+ b cosα) = c+ id.

Taking its square we obtain the rotated hodograph

hr = (c2 − d2) + i(2cd) =

= a2 cos2 α− 2ab cosα sinα+ b2 sin2 α− a2 sin2 α− 2ab sinα cosα−
− b2 cos2 α+ i2(a2 sinα cosα+ ab cos2 α− ab sin2 α− b2 sinα cosα) =

= a2 cos 2α− 2ab sin 2α− b2 cos 2α+ i(a2 sin 2α− b2 sin 2α+ 2ab cos(2α)

= ((a2 − b2) + i(2ab))(cos 2α+ i sin 2α) = h(cos 2α+ i sin 2α).

We thus obtain the starting hodograph rotated by the angle 2α. The same holds for the
PH curve, as the integration commutes with the rotation. �

Translation can be realized by the integration constant. We have seen, that the ro-
tation is obtained via rotating the preimage. The following lemma shows that the linear
reparameterization of the preimage provides a scaled PH curve.

Lemma 2.3 Let the PH curve p has the r q and let k 6= 0, l ∈ R. Then the linearly
reparameterized preimage q(kt+ l) provides the PH curve 1

kp(kt+ l).

Proof: We obtain this result by a direct use of the substitution in the integral. �
The following result is straightforward, too.

Lemma 2.4 Let q is the preimage of the PH curve p. The kq, k ∈ R, is the preimage of
the curve k2p.

Combining the two previous observation we get the following method for obtaining the
pure reparameterization of the curve.

Proposition 2.5 Let q(t) be the preimage of the PH curve p(t) and k, l ∈ R, k > 0. Then√
k · q(kt+ l) is the preimage of the PH curve p(kt+ l).

The signed curvature of the PH curve can be obtained from its preimage in the following
way.

Proposition 2.6 Let a PH kivka
p : I → R2 has the preimage q. Then the signed curvature of p can be expressed as

κz(t) = 2
Im(q̄(t)q′(t))

|q(t)|4
. (3)
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Proof: This formula can be found at [1] without the proof. Let us denote h = p′ = (x′, y′),
h = q2, thus h′ = 2qq′ = (x′′, y′′). using the formula (2) we get

κz =
det(p′, p′′)

‖p‖3
=

x′y′′ − x′′y′

(x′2 + y′2)3/2
.

Moreover

2
Im(q̄q′)

|q|4
=

Im(2qq′q̄2)

|q|6
=

Im(h′h̄)

|h|3
=

=
Im((x′′ + iy′′)(x′ − iy′))

(x′2 + y′2)3/2
=

x′y′′ − x′′y′

(x′2 + y′2)3/2
= κz.

�

3 Smooth joints of PH cubics

In the reminder of the paper we will restrict our investigations to the cubic PH curves.
In particular we will consider the joint between two cubic PH curves and the sufficient
end necessary conditions for the joint to be smooth. We will suppose that the curves are
connected in the C0 way, which can be achieved by setting suitably the integration constants.
We will use the following notation: Consider two PH cubics p1 a p2 with the linear preimages
q1 and q2 of the form

q1(t) = w0(1− t) + w1t,q2(t) = z0(1− t) + z1t,

w0, w1, z0, z1 ∈ C,w0 = w01 + iw02, w1 = w11 + iw12.
(4)

The following proposition gives the conditions for the G1 and C1 continuity.

Proposition 3.1 Let p1, p2 are PH cubics with the preimages of the form (4). The curves
p1, p2 are connected in the G1 way if and only if z0 = cw1, c ∈ R, c 6= 0.
In particular the curves are connected in the C1 way if and only if c = ±1.

Proof: Let h1 = p′1, h2 = p′2.
First suppose z0 = cw1, c ∈ R, c 6= 0. Then

h1(t) = w2
0(1− t)2 + w0w12t(1− t) + w2

1(1− t)2,
h2(t) = c2w2

1(1− t)2 + cw1z12t(1− t) + z21(1− t)2.

We thus have p′1(1) = h1(1) = w2
1 a p′2(0) = h2(0) = c2w2

1. The tangent vectors thus have
the same direction and orientation and we have the G1 continuity.
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Moreover the reparameterization of p2 by the function φ(t) = t/c2 provides the C1
continuity. Denote

P0 =
w2

0 + w0w1 + w2
1

3
,P1 = P0 +

c2w2
1

3
,

P2 = P1 +
cw1z1

3
,P3 = P2 +

z21
3
.

It holds p2(t) = P0(1− t)3 + P13t(1− t)2 + P23t
2(1− t) + P3t

3, tedy

(p2 ◦ φ)(t) = P0

(
1− t

c2

)3

+ P1
3t

c2

(
1− t

c2

)2

+ P2
3t2

c4

(
1− t

c2

)
+ P3

t3

c6
.

Differentiating we get

(p2 ◦ φ)′(t) = P0

(
− 3

c2
+

6t

c4
− 3t2

c6

)
+ 3P1

(
1

c2
− 4t

c4
+

3t2

c6

)
+

+ 3P2

(
2t

c4
− 3t2

c6

)
+ P3

3t2

c6
,

and thus (p2 ◦ φ)′(0) = −3P0

c2
+

3P1

c2
= w2

1 = p′1(1).

For the inverse implication if the connection is G1 we have p′1(1) = kp′2(0), k > 0, and thus
h1(1) = w2

1 = kh2(0) = kz20. Setting c = ±
√
k 6= 0 we get the statement.

For c = ±1 there holds φ(t) = t/c2 = t, the reparameterization is thus the identity and we
have the C1connection. �

The following proposition gives the conditions for the G2 and C2 continuity.

Proposition 3.2 Let p1, p2 are PH cubics with the preimages (4) and let z0 = cw1, c 6= 0.
The curves p1,p2 are connected in the G2 way if and only if the point z1 is on the straight
line

w12x− w11y + c3(w01w12 − w11w02) = 0.

The curves are connected in the C2 way if and only if c = ±1 and
c(z1 − z0) = c(z1 − cw1) = w1 −w0, tedy z1 = c(2w1 −w0).

Proof: The G1 connection is ensured by the previous proposition. We must obtain the
same signed curvature on both segments. Let us denote κ1 (resp. κ2) the signed curvature
of the curve p1 (resp. p2). For q1 = w0(1− t) + w1t we get using 2.6

κ1(t) = 2
Im(q̄1(t)q

′
1(t))

|q1(t)|4
=

=
2[(w01 + t(w11 − w01))(w12 − w02)− (w11 − w01)(w02 + t(w12 − w02))]

[(w01 + t(w11 − w01))2 + (w02 + t(w12 − w02))2]2
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and for q2 = cw1(1− t) + z1t, z1 = [z11, z12] we get

κ2(t) = 2
Im(q̄2(t)q

′
2(t))

|q2(t)|4
=

=
2[(cw11 + t(z11 − cw11))(z12 − cw12)− (z11 − cw11)(cw12 + t(z12 − cw12))]

[(cw11 + t(z11 − cw11))2 + (cw12 + t(z12 − cw12))2]2
.

We require κ1(1) = κ2(0), which leads to

2(w01w12 − w11w02)

(w2
11 + w2

12)
2

=
2c(w11z12 − w12z11)

((cw11)2 + (cw12)2)2
,

which gives the condition for z1, namely

c3(w01w12 − w11w02) = w11z12 − w12z11.

For the C2 continuity we must have p′′1(1) = p′′2(0). There holds

p′′1(1) = p′′2(0)⇔ h′1(1) = h′2(0)⇔ 2w1(w1 −w0) = 2cw1(z1 − cw1)⇔
⇔ (w1 −w0) = c(z1 − cw1), c = ±1.

�

4 Examples

Let us demonstrate the continuity results on several examples.

Example 4.1 Let

w0 = [1, 1], w1 = [0, −1], z0 = cw1 = [0, −3/2], z1 = [−1, 0], c = 3/2.

By Proposition 3.1 the resulting curves should be connected in the G1 way. Indeed

p′2(0) = (−9/4, 0) = c2p′1(1) =
9

4
(−1, 0).

On Figure 1 there is the linear preimage q1, q2, and on Figure 2 the resulting PH curves.
C1 connection is a special case of the G1 connection and is obtained by setting c = ±1. For
c = 1 we get z̃0 = [0, −1] and indeed p̃′2(0) = p′1(1) = (−1, 0), see Figures 3 and 4. The
preimage q̃2 has the control points z̃0, z1 and p̃2 is the resulting PH curve.
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Example 4.2 Let

w0 = [1, 0], w1 = [2, 2], z0 = cw1 = [4, 4], z1 = [0, 8], c = 2.

For z1 on the line x−y+8 = 0 we get by 3.2 the G2 connectivity. On the figure 5 we see the
preimage of the resulting PH along the the condition line (red). At the Figure 6 we see the
resulting PH curves having at the joint points identical signed curvatures κz1(1) = κz2(0) =
1/16.
In order to have the C1 continuity let us set c = −1, and thus z̃0 = [−2, −2]. To obtain
the G2 continuity the control point z1 must be on the line x − y − 1 = 0. If we set z1 =
−2w1 + w0 = [−3, −4] we obtain even the C2 continuity. We can see the results on Figures
7 and 8.

5 Conclusion

We have solved the problem of the connection of order one and two for planar PH cubics.
In the future we plan to investigate higher degree PH curves and express the connection
results in the formalism of B-splines.
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Abstract

This work is devoted to the investigation of the Evolver Dynamics of a singular
quantum system via Probabilistic Evolution Theoretical tools recently developed in our
group studies. Even though the purpose is rather conceptuality we have also developed
an approximation which is based on the fluctuationlessness theorem of multivariate
functions. We have taken hydrogen-like systems as the target for constructing evolver
dynamical equations. The system vector which is composed of operators involves either
the position and momentum operator or position, momentum and Hamilton operator
related operators as the basic entities and this gives expressions which are singular in
position operator. On the other hand, the use of Hamiltonian powers instead of the
inverse powers of position operator has facilitated the analysis especially for the use of
ground state eigenfunction of the Hamiltonian as the initial wave function. We do not
present any implementation because of the conceptual structure of the paper while we
have reported how to use fluctuationlessness theorem to evaluate the expectation value
evolutions.
Key words: PREVTH, Evolver Dynamics, Expectation Values, Mathematical Fluctua-

tions, Uncertainty.

1 Introduction

Probabilistic Evolution Theory (PREVTH) has been recently developed in our group stud-
ies, [1–16] and has been quite well investigated for explicit autonomous ODE(s) with initial
impositions. As we have done in our various works whose findings are reported until now,
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we have attempted to use PREVTH in quantum expectation value dynamical equations
arising from one of our main interests: quantum dynamical motions. We have employed
Kronecker power series we proposed in last decade and Poisson Bracket algebra over the
basic operators of the quantum system under consideration and obtained an analytical so-
lution after using so-called space extensions, where the solution’s vector components are
determined thru rather simple recursions. Yet practical efficiency has not been provided
and rather complicated cures are proposed in our group studies. All these urged us to de-
velop the Evolver Dynamics which is somehow related to Heisenberg Picture of Quantum
Mechanics. The coming sections detail this and related issues.

2 Introducing the Evolver Dynamics

In Schrödinger Picture, a quantum dynamical system can be described by the following
partial differential equation which is known as time dependent Schrödinger equation and
the accompanying initial imposition

i~
∂ψ (x, t)

∂t
= Ĥ (p̂, q̂ )ψ (x, t) , ψ (x, t0) = ψ0 (x) (1)

where ψ denotes the wave function of the system, which is a function of position variable
denoted by x and time is symbolized by t while ~ is the “Reduced Planck Constant” which
is in fact the ratio of the universal Planck Constant to 2π. The initial moment of the
system’s evolution has been denoted by t0 instead of 0 to give the possibility of using any
initialization instant and therefore any desired subinterval for the evolution. Even though
ψ0 can be anything from the space of wave functions, we are going to confine ourselves to
rather minimum uncertainty wave packets here for conciseness and brevity.

The expectation value dynamics avoids the use of wave function explicitly except its
initial form and therefore the solution of the parabolic Schrödinger equations. In these type
approaches, the transition operators are also frequently used and their investigation can be
considered as “Transition Operator Picture” (even though this term is rather infrequently
employed). This operator is defined as follows

ψ (x, t1) = T̂ (p̂, q̂, t1, t0)ψ (x, t0) (2)

and connects the system’s wave function values at two different time instants, t0 and t1.
Transition operators for isolated systems (which do not interact with their environment)
and interacted systems (having interactions with their environments) have of course different
structures and the former case is analytically expressible. We do not intend to use different
symbols or subscripts to this end but the Hamiltonian will reveal the difference.
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The use of (2) in (1) implies that the transition operator T̂ will satisfy the following
partial differential equation

i~
∂T̂ (p̂, q̂, t, t0)

∂t
= Ĥ (p̂, q̂, t) T̂ (p̂, q̂, t, t0) , T̂ (p̂, q̂, t0, t0) = Î (3)

Transition Operator definition does not pretty much facilitate the investigation of quan-
tum system evolution. However it helps us to construct the evolver dynamics. Beside
Schrödinger Picture there is another and useful point of view which does not use wave func-
tion concept. It is a very well known theory and called “Heisenberg Picture”. This picture
uses an operator evolving in time for each given operator. This operator is produced by
using a general superoperator.

We can now define

E (ô) (t) ≡ T̂ (t, t0)
† ô T̂ (t, t0) (4)

where we call E (ô) (t) “Evolver Operator of the Operator ô ” or “ô ’s Evolver Operator”
while E which is in fact a superoperator mapping from the space of linear operators to the
same space of linear operators since it defines a unitary transformation, is called “Evolver
Superoperator”.

Since ô’s evolver operator is a function of t, we may investigate its time derivative and
write

dE (ô) (t)

dt
=

dT̂ (t, t0)
†

dt
ô T̂ (t, t0) + T̂ (t, t0)

† ô
dT̂ (t, t0)

dt

= T̂ (t, t0)
†
{
Ĥ, ô

}
T̂ (t, t0) (5)

This result shows that time derivative of the image of a target operator ô under “Evolver
Superoperator” takes us to the image of Poisson Bracket of that operator with the system
Hamiltonian, under the same “Evolver Superoperator”.

dE (ô) (t)

dt
= E

({
Ĥ, ô

})
(6)

which is a general conclusion for any time independent operator ô. The temporal variation
of the operator ô changes the right hand side of (6) by adding the temporal derivative of ô

to
{
Ĥ, ô

}
.

3 Constructing the PREVTH System Vector With No Ha-
miltonian Dependence

Now to explain how to construct evolver dynamics for a quantum system we are going to
focus on a rather simple singular system, hydrogen-like system whose Hamiltonian can be
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explicitly given below

Ĥ ≡ 1

2µ
p̂ 2 − αq̂ −1 (7)

where µ denotes the reduced mass parameter while p̂ and q̂ stand for momentum and
position operators respectively whereas the scalar α is proportional to the atomic number
of the system and contains also certain universal physical constants. We can naturally focus
on the momentum and position operators and try to evaluate their Poisson Brackets with
the system Hamiltonian. To this end we can use the following well-known properties of the
Poission Bracket: (1) it is linear with respect to its both operands, (2) It is distributive on
the products in one operand, (3) The leftmost or rightmost Hamilton operator factors in
the operands can be factored out the Poisson Bracket. By using these features we can write
the following equalities without giving the intermediate details{

Ĥ, p̂
}

= α
{
p̂, q̂ −1

}
= −αq̂ −2,{

Ĥ, q̂
}

=
1

2µ

{
p̂ 2, q̂

}
− α

{
q̂ −1, q̂

}
=

1

µ
p̂ (8)

These equalities show that the set composed of momentum and position operators is not
multinomially closed under the Poisson Bracket operation. Hence these are not appropriate
for the PREVTH equations construction. To get at least multinomiality and beyond that
conicality (second degree multinomial right hand sides) we need to consider the inverse of the
position operator as a new basic operator. This is a space extension since the dimensionality
of the basic operators is increased by one. However, momentum and position operator
together with the reciprocal of the position operator does not provide the conicality and
enforces us to increase the dimensionality. Until the conicality is obtained the basic operator
set remains open under the action of the Poisson Bracket and we are further enforced to
extend the space. After our all efforts we could have been able to show that the following
system vector of operators provides the conicality.

ŝ ≡ [ ŝ1 ... ŝ6 ] ≡
[
p̂ q̂ q̂ −1 p̂ q̂ −1 q̂ −2 q̂ −1p̂

]
(9)

The Poisson Bracket evaluations based on this structure can be given as follows{
Ĥ, ŝ1

}
= −αŝ 23

{
Ĥ, ŝ2

}
= 1

µ ŝ1{
Ĥ, ŝ3

}
= − 1

µ ŝ3ŝ4

{
Ĥ, ŝ4

}
= −αŝ3ŝ5 − 1

µ ŝ
2
4{

Ĥ, ŝ5

}
= − 1

µ ŝ5ŝ4 −
1
µ ŝ6ŝ5

{
Ĥ, ŝ6

}
= − 1

µ ŝ
2
6 − αŝ3ŝ5

(10)

These equalities can be rewritten in the following concise format{
Ĥ, ŝ

}
= F1ŝ + F2ŝ⊗2 (11)
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where F1 is desired to be proportional to 6 × 6 type identity matrix for getting analytical
PREVTH solution while F2 stands for 6×36 type rectangular matrix. However F1 is not at
that format which can be achieved by using an extra space extension by adding the operator
element ŝ7 thru ŝ7 ≡ aÎ where Î stands for the identity operator while a is arbitrary at this
moment. This space extension is also known Constancy Adding Space Extension (CASE)
whose original form was more comprehensive. After this CASE we can rewrite the above
relevant equalities as follows

ŝ ≡ [ ŝ1 ... ŝ7 ] ≡
[
p̂ q̂ q̂ −1 p̂ q̂ −1 q̂ −2 q̂ −1p̂ aÎ

]
(12)

{
Ĥ, ŝ1

}
= βŝ1 − β

a ŝ1ŝ7 − αŝ
2
3

{
Ĥ, ŝ2

}
= βŝ2 − β

a ŝ2ŝ7 + 1
aµ ŝ1ŝ7{

Ĥ, ŝ3

}
= βŝ3 − β

a ŝ3ŝ7 −
1
µ ŝ3ŝ4

{
Ĥ, ŝ4

}
= βŝ4 − β

a ŝ4ŝ7 − αŝ3ŝ5 −
1
µ ŝ

2
4{

Ĥ, ŝ5

}
= βŝ5 − β

a ŝ5ŝ7 −
1
µ ŝ5ŝ4 −

1
µ ŝ6ŝ5

{
Ĥ, ŝ6

}
= βŝ6 − β

a ŝ6ŝ7 −
1
µ ŝ

2
6 − αŝ3ŝ5{

Ĥ, ŝ7

}
= βŝ7 − β

a ŝ
2
7

(13)

where first six equalities of last formula turn out to be matching previous equalities while
the seventh one becomes having zero right hand side when ŝ7 is replaced with aÎ. However
we can write these 7 equalities in the following concise format{

Ĥ, ŝ
}

= β ŝ + F ŝ⊗2 (14)

where F is a rectangular matrix of 7 × 49 type. The nonzero elements of F are explicitly
given below

F1, 7 = −β
a F1, 17 = −α F2,14 = −β

a F2, 7 = 1
aµ

F3,18 = − 1
µ F3,21 = −β

a F4,19 = −α F4,25 = − 1
µ

F4,28 = −β
a F5,32 = − 1

µ F5,35 = −β
a F5,40 = − 1

µ

F6,19 = −α F6,41 = − 1
µ F6,42 = −β

a F7,49 = −β
a

(15)

The rectangular matrix ultimately obtained above is not unique because of two impor-
tant reasons: (1) the employed space extension is based on the addition of new functions of
original unknowns such that the additions are generally chosen linearly independent even
though they are chosen functionally dependent on the existing unknowns, (2) the use of
CASE brings very extensive flexibilites for the structuring of the matrix F.

On the other hand the selection of the basic operators may change the F structuring
depending on the preferences.
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4 Constructing the PREVTH System Vector With Hamilto-
nian Dependence

The operator basis set we have used in the previous section contains the powers of finite
region singularity in position operator explicitly. This may not be always desired and it
preferred to hi de them in Hamiltonian and its powers for certain conveniences. In this
section we are going to use Hamilton operator and its certain powers instead of position
operator’s reciprocal powers. Our investigations have shown that the following system
vector’s operator elements set is conically closed under the Poisson Bracket operation with
the system Hamiltonian and also fits PREVTH format as CASE has been used to get that
format

ŝ ≡ [ ŝ1 ... ŝ10 ] ≡
[
p̂ p̂ 2 Ĥ Ĥ p̂ p̂ Ĥ Ĥ 2 p̂ 3 p̂ 2 Ĥ Ĥ p̂ 2 aÎ

]
(16)

This enables us to write the following equalities

{
Ĥ, ŝ1

}
= − 1

4µ2α
ŝ22 + 1

2µα
ŝ2ŝ3 + 1

2µα
ŝ3ŝ2

{
Ĥ, ŝ2

}
= − 1

2µ2α
ŝ2ŝ7 + 1

2µα
(ŝ2ŝ4 + ŝ4ŝ2)

− 1
α
ŝ 2
3 + βŝ1 − β

a
ŝ1ŝ10 − 1

α
ŝ3ŝ4 + βŝ2 − β

a
ŝ2ŝ10{

Ĥ, ŝ3
}

= βŝ3 − β
a
ŝ3ŝ10

{
Ĥ, ŝ4

}
= − 1

4µ2α
ŝ9ŝ2 + 1

2µα
(ŝ4ŝ5 + ŝ6ŝ2)

− 1
α
ŝ3ŝ6 + βŝ4 − β

a
ŝ4ŝ10{

Ĥ, ŝ5
}

= − 1
4µ2α

ŝ2ŝ8 + 1
2µα

ŝ2ŝ6 + 1
2µα

ŝ4ŝ5
{
Ĥ, ŝ6

}
= βŝ6 − β

a
ŝ6ŝ10

− 1
α
ŝ3ŝ6 + βŝ5 − β

a
ŝ5ŝ10{

Ĥ, ŝ7
}

= − 3
4µ2α

ŝ27 + 1
µα
ŝ8ŝ2 + 1

2µα
ŝ9ŝ2

{
Ĥ, ŝ8

}
= − 1

2µ2α
ŝ7ŝ8 + 1

2µα
(ŝ8ŝ5 + ŝ4ŝ8)

− 1
α
ŝ3ŝ9 + 1

2µα
ŝ7ŝ4 + 1

2µα
ŝ5ŝ7 − 1

α
ŝ6ŝ5 + 1

2µα
ŝ7ŝ6 + 1

2µα
ŝ5ŝ8

− 1
α
ŝ5ŝ4 + 1

2µα
ŝ2ŝ8 − 1

α
ŝ8ŝ3 − 1

α
ŝ5ŝ6 + βŝ8 − β

a
ŝ8ŝ10

+ βŝ7 − β
a
ŝ7ŝ10{

Ĥ, ŝ9
}

= − 1
2µ2α

ŝ9ŝ7 + 1
2µα

ŝ9ŝ4 + 1
2µα

ŝ6ŝ7
{
Ĥ, ŝ10

}
= βŝ10 − β

a
ŝ210

− 1
α
ŝ6ŝ4 + 1

2µα
ŝ4ŝ8 + 1

2µα
ŝ4ŝ9

− 1
α
ŝ4ŝ6 + βŝ9 − β

a
ŝ9ŝ10

(17)

This structure can be rewritten in the following much more concise formula

˙̂s(t) = β ŝ(t) + F ŝ(t)⊗2 (18)

where F is an 11× 121 type rectangular matrix with constant elements which may depend
on certain system parameters beyond β and a. 54 non-zero elements of 1331 total elements
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of F are explicitly given below

• F1,10 = −β
a
, F1,12 = − 1

4αµ2
, F1,13 =

1

2αµ
, F1,22 =

1

2αµ
, F1,23 = − 1

α
;

• F2,14 =
1

2αµ
, F2,17 = − 1

2αµ2
, F2,20 = −β

a
, F2,24 = − 1

α
F2,32 =

1

2αµ
;

• F3,30 = −β
a

;

• F4,26 = − 1

α
, F4,35 =

1

2αµ
, F4,40 = −β

a
, F4,52 =

1

2αµ
, F4,82 = − 1

4αµ2
;

• F5,16 =
1

2αµ
, F5,18 = − 1

4αµ2
, F5,26 = − 1

α
, F5,35 =

1

2αµ
, F5,50 = −β

a
;

• F6,60 = −β
a

;

• F7,18 =
1

2αµ
, F7,29 = − 1

α
, F7,44 = − 1

α
, F7,47 =

1

2αµ
, F7,64 =

1

2αµ
,

F7,67 = − 3

4αµ2
, F7,70 = −β

a
F7,72 =

1

αµ
F7,73 = − 1

α
, F7,82 =

1

2αµ
;

• F8,38 =
1

2αµ
, F8,46 = − 1

α
, F8,48 =

1

2αµ
, F8,55 = − 1

α
, F8,66 =

1

2αµ
,

F8,68 = − 1

2αµ2
, F8,75 =

1

2αµ
, F8,80 = −β

a
;

• F9,36 = − 1

α
, F9,38 =

1

2αµ
, F9,39 =

1

2αµ
, F9,54 = − 1

α
, F9,57 =

1

2αµ
,

F9,84 =
1

2αµ
, F9,87 = − 1

2αµ2
, F9,90 = −β

a
;

• F10,100 = −β
a
. (19)

where we have used the bullet symbol to mark rows of F.

These equations apparently urge us to decompose F as follows

F =
β

a
Fβ
a

+
1

a
F 1
a

+ FR (20)

where right hand side F matrices with subscripts do not depend on either β or a even though
they vary with α and µ. We will use this decomposition in our companion paper [17] of
this conference for optimization purposes. In the above analysis we have not focused on the
position operator. However, it can be expressed in terms of the integral over the momentum
evolver and since it is in principle evaluated through PREVTH solution there is no problem
except the evaluation of an integral which is rather a straightforward task.
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5 Probabilistic Evolution Theoretical Solution to the Equa-
tions of Evolver Dynamics

If both sides of (14) are premultiplied by the Hermitian conjugate of the transition operator
and postmultiplied by the transition operator’s itself then we can write

˙̂
S(t) = β Ŝ(t) + F Ŝ(t)⊗ 2, Ŝ (t0) = ŝ, Ŝ(t) ≡ T̂ (t, t0)

† ŝ T̂ (t, t0) (21)

where the first equation can be simplified through the following definitions and equations

Ŝ(t) = eβ(t−t0)ξ(t), u(t) ≡ eβ(t−t0) − 1

t
,

dξ(u)

du
= Fξ(u)⊗2, ξ (t0) = ŝ. (22)

The solution of this problem can be provided by PREVTH and can be written as follows

ξ(u) =
∞∑
j=0

uj

j!
Tj ŝ

⊗(j+1), Ŝ(t) = eβ(t−t0)
∞∑
j=1

eβ(t−t0) − 1

βjj!
Tj ŝ

⊗(j+1) (23)

where ŝ stands for the n-operator-element initial vector while Tj ’s (Telescope Matrices) are
of n× n(j+1) type and can be expressed in Monocular matrices defined below.

Tj ≡
j∏

k=1

Mk j = 0, 1, 2, ... Mk ≡
k−1∑
`=0

I⊗`n ⊗ F⊗ I⊗(k−1−`)n , k = 1, 2, ... (24)

where Mk (Monocular Matrix) is of nk×n(k+1) type. Telescope matrices are cascaded form
of them.

Telescope matrices are very sparse because of their above-given structures. This sparsity
can be suppressed as much as possible by using the following “Squarified Telescope Matrices
(SquTelMats)”, Σjs, and beyond them, more suppressed terms, vj vectors. This takes us
to the following vector recursion also.

vj =

j−1∑
k=0

(
j − 1

k

)
b F,vk evj−k−1, j = 1, 2, ... v0 = ŝ, vj = Σj(ŝ)ŝ = Tj ŝ

⊗j+1 (25)

The squtelmat between n × n2 type F matrix and n element y vector can be explicitly
defined as follows

bF,ye ≡
n∑
j=1

yjFj , y ≡

 y1
...
yn

 , F = [F1 · · ·Fn] (26)

The recursive equation of the squarification and the calculation of the squtelmats are de-
tailed in [12–16].
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vk vectors depend on operator elements, basically the elements of ŝ as can be noticed
from (25). Hence, their expressions contain 11 operator elements and form kth degree
multinomials in those operators. Since these operators are not totally commutative their
expressions are quite cumbersome and the structural complications increases very rapidly
as k grows. Hence, we do not give these structures explicitly even for a few small k values.
Beyond that their evaluations via computer algebra systems is not easy because noncom-
mutative algebra or very specific algorithms are needed for calculations.

6 Evaluating the Expectation Values at the Fluctuationless-
ness Limit

The expectation value of a given operator ô and its evolver E (ô) are defined as follows

〈 ô 〉 ≡
∫ ∞
0

dxψ(x, t)∗ ô ψ(x, t), 〈E ( ô ) 〉 (t) ≡
∫ ∞
0

dxψ0(x)∗E (ô) (t)ψ0(x) (27)

where we have taken the domain of the position variable nonnegative real values consistently
with our target system in this work. In our present case the system vector is composed of 11
operator elements when Hamiltonian involving operators are used instead of the reciprocal
powers of the position operator. For each of these system operators we can write

ŝj = 〈 ŝj 〉 Î + φ̂j , j = 1, 2, ..., 11 (28)

each of which is in fact the definition of the relevant fluctuation operator at the same
time. As can be noticed immediately each fluctuation operator has vanishing expectation
value. Now the expectation value of a multivariate analytic function depending on these
system operators can be approximated by replacing its each argument operator with its
expectation value. This is known as the “Fluctuationlessness Theorem” and enables us to
get the conclusion “The expectation value of an operators product is equal to the product
of relevant operator’s expectation values at the fluctuationlessness limit”. By using this fact
we can rewrite the rightmost equation of (23) after using the rightmost equality of (25) and
then evaluating the expectation values of both sides in the resulting equality as follows〈

Ŝ(t)
〉

= eβ(t−t0)
∞∑
j=1

eβ(t−t0) − 1

βjj!
〈vj〉 (29)

which needs to be combined with the following equality which can be produced from (25).

〈vj〉 =

j−1∑
k=0

(
j − 1

k

)
b F, 〈vk〉 e 〈vj−k−1〉 , j = 1, 2, ... 〈v0〉 = 〈ŝ〉 (30)
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This recursion exactly matches the recursion obtained via PREVTH for 11 ODEs where
the unknown vector is the expectation value of the system Evolver Vector, Ŝ(t), and the
initial vector is the expectation value of the system vector ŝ composed of the system operator
expectation values. We do not intend to get into details of this issues since they are available
through some of our publications.

7 Focusing on the Initial Wave Packet

We have not specifically consider the structure of the initial wave function until now even
though the use of Hamiltonian instead of reciprocal powers of the position operator has been
implicitly or, more or less, explicitly implying the Hamiltonian eigenfunctions as the initial
wave function. If the initial wave function matches one of the eigenfunction of the consid-
ered system’s Hamiltonian then the evolver of a considered temporally invariant operator
does not change, remains temporally constant. Our specific Hamiltonian has both discrete
(bound states) and continuous (scattering states) spectra and the union of eigenfunctions
for these spectra forms a complete basis set for representing any given initial wave function.
Hence, the eigenfunction case for initial wave function is not so interesting in this sense.

If the initial wave function is not expressible in linear combinations of finitely many
eigenfunctions of the Hamilton operator then the expectation value of an operator may
not be expanded to a temporal Maclaurin series unless the initial wave function’s images
under all nonnegative integer powers of the Hamilton operator remains in the function
space where the wave functions lie. This however may require an essential singularity in
the initial wave function at the Hamiltonian’s singular point with respect to the position
operator. For example an exponential function of a linear combination of x and 1/x with
negative combination coefficients can be considered to this end.

What we have told above also imply that the the convergence properties of the PREVTH
series quite strongly depends on the initial wave function structure. This convergence is
also affected by the level of the uncertainty in the system operators expectation values and
therefore the uncertainty in the initial wave function. We do not intend to get into the
details of these issues here. We are conducting studies on these issues and planning to
report them when done.

8 Concluding Remarks

This work is devoted the first time construction of what we call Evolver Dynamical Equa-
tions. We have used hydrogen-like systems as the sample target systems and constructed
two different set of equations by using two different operator basis set which is conically
closed under the Poisson Bracket operation with the system Hamiltonian with the special
PREVTH conicality. We have also given certain details of the fluctuation free expectation
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BERFİN KALAY, METİN DEMİRALP

value evaluation. Many important part of this study is based on the Probabilistic Evolution
Theory (PREVTH) recently developed in our group studies whose relevant publications can
be found in the scientific literature.

We have introduced two arbitrary constant in our formulations. These parameters can
be optimised to extend the convergence properties of PREVTH solution to larger domain.
This is given in our another paper, where the introduction possibilities of some other flexi-
bilities for optimisation will be mentioned, in this conference.
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[10] E. Demİralp, M. Demİralp and L. Hernandez-Garcia, Journal of Mathematical
Chemistry, URL doi:http://dx.doi.org/10.1007/s10910-011-9930-4 50 (2012)
870.
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[12] M. Demİralp, Squarificating the Telescope Matrix Images of Initial Value Vector in
Probabilistic Evolution Theory (PET), Proceedings of the 19th International Con-
ference on Applied Mathematics (AMATH’14), ISBN: 978-1-61804-258-3, İstanbul,
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[14] C. Gözükırmızı, Probabilistic Evolution Theory for ODE Sets with Second Degree
Multinomial Right Hand Side Functions: Implementation, ICCMSE, Athens, Greece
(2015).
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Abstract

This is somehow a companion paper to our another contribution relevant to the
evolver dynamical equations construction for a quantum system whose Hamiltonian
has a singular point in finite domain of the position operator, in this conference. We
focus on again the hydrogen-like systems as sample target and take the operator basis set
which involves Hamilton operator’s positive integer powers instead of position operator’s
integer reciprocal powers. We optimise β and a parameters appearing in the PREVTH
format to extend the convergence properties validity region to larger domains. We
propose to use exponential weight function which has essential singularities in both 0
and infinite values of the position variable. This weight’s parameters are also optimised
to suppress the uncertainty such that the smoothest element of the basis function set
to represent the initial wave function becomes the least oscillating basis function. Even
though the fluctuation expansion is also possible we do not involve discussions to this
end since it complicates the presentation unnecessarily too much.

Key words: Evolver dynamics, Expectation values, Singular Hamiltonian, Mathe-
matical fluctuation theory.

1 Probabilistic Evolution Theoretical Introduction

In our another contribution [1] to this conference, which is somehow companion to this
paper, we have developed a new method based on the Heisenberg picture of quantum me-
chanics and combined with the Probabilistic Evolution Theory (PREVTH) [2–15], recently-
developed in our group studies. We called the method “Evolver Dynamics in Probabilistic
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Evolution Theoretical Perspective”. Evolver is a unitary superoperator producing a linear
operator from another but given operator and is the unknown of the Heisenberg Picture
equations. It uses the interaction representation operator connecting the wave function of
the considered system at a time instant to the same function but at a different time instant.
It satisfies the Schrödinger equation with the unit operator initial imposition.

In the companion paper we have focused on hydrogen-like systems Which are composed
of two electrically charged particles (mathematically point objects) mutually interacting
through a Coulomb force. The Hamiltonian of such a system can be expressed as follows

Ĥ ≡ 1

2µ
p̂ 2 − αq̂ −1 (1)

where µ denotes the system’s reduced mass whose reciprocal is equal to the sum of particles’
mass reciprocals. This is in fact a reduced Hamiltonian which is obtained after (i) separating
the mass center coordinates and related Hamiltonian part, (ii) then passing through the
spherical coordinates constructed on the relative coordinates system which assumes that
one of the particles is as if motionless. The operators p̂ and q̂ respectively stand for the
momentum and position operators which are defined through the following equalities.

p̂f(x) ≡ −i~∂f(x)

∂x
, q̂f(x) ≡ xf(x), x ∈ [0,∞) (2)

where we call x position variable (note that we have used different symbols for position
operator and position variable). Hamilton operator for this system has singularity at x = 0
as can be seen immediately.

PREVTH aims to use a system operator vector ŝ which has finite number, say n,
operator elements such that each element’s Poisson Bracket with the system Hamiltonian is
a second degree multinomial. To this end various types of space extensions are used as long
as the set of these elements is multinomially closed under the Poisson Bracketing operation.
The conicality (second degree multinomiality) is in such a way that we can write{

Ĥ, ŝ
}

= βŝ + Fŝ⊗2 (3)

where β is an arbitrary scalar at the moment while ŝ may have some finite number of oper-
ator elements. This finite number may be varying depending on how the space extensions
are used. In other words this form is not unique in dimension even though there are a lot
of signals for the existence of minimum dimensional space extension. In the companion
of this paper we have shown that 7 operator elements can remain conically closed under
Poisson Bracketing such that the linear term coefficient is proportional to identity matrix
(PREVTH format) when we have used momentum and position operators together with
certain integer powers of position operator reciprocal. We have also constructed another
similar operator basis set which contains certain positive integer powers of momentum and
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Hamilton operators together with the position operator. In this case the system vector of
operator elements has 11 elements whose explicit structures are given below (we prefer to
focus on this case since the singularity is somehow hidden in the Hamiltonian)

ŝ ≡ [ ŝ1 ... ŝ10 ] ≡
[
p̂ p̂ 2 Ĥ Ĥ p̂ p̂ Ĥ Ĥ 2 p̂ 3 p̂ 2 Ĥ Ĥ p̂ 2 aÎ

]
(4)

This leads us to construct the following equalities

{
Ĥ, ŝ1

}
= − 1

4µ2α
ŝ22 + 1

2µα
ŝ2ŝ3 + 1

2µα
ŝ3ŝ2

{
Ĥ, ŝ2

}
= − 1

2µ2α
ŝ2ŝ7 + 1

2µα
(ŝ2ŝ4 + ŝ4ŝ2)

− 1
α
ŝ 2
3 + βŝ1 − β

a
ŝ1ŝ10 − 1

α
ŝ3ŝ4 + βŝ2 − β

a
ŝ2ŝ10{

Ĥ, ŝ3
}

= βŝ3 − β
a
ŝ3ŝ10

{
Ĥ, ŝ4

}
= − 1

4µ2α
ŝ9ŝ2 + 1

2µα
(ŝ4ŝ5 + ŝ6ŝ2)

− 1
α
ŝ3ŝ6 + βŝ4 − β

a
ŝ4ŝ10{

Ĥ, ŝ5
}

= − 1
4µ2α

ŝ2ŝ8 + 1
2µα

ŝ2ŝ6 + 1
2µα

ŝ4ŝ5
{
Ĥ, ŝ6

}
= βŝ6 − β

a
ŝ6ŝ10

− 1
α
ŝ3ŝ6 + βŝ5 − β

a
ŝ5ŝ10{

Ĥ, ŝ7
}

= − 3
4µ2α

ŝ27 + 1
µα
ŝ8ŝ2 + 1

2µα
ŝ9ŝ2

{
Ĥ, ŝ8

}
= − 1

2µ2α
ŝ7ŝ8 + 1

2µα
(ŝ8ŝ5 + ŝ4ŝ8)

− 1
α
ŝ3ŝ9 + 1

2µα
ŝ7ŝ4 + 1

2µα
ŝ5ŝ7 − 1

α
ŝ6ŝ5 + 1

2µα
ŝ7ŝ6 + 1

2µα
ŝ5ŝ8

− 1
α
ŝ5ŝ4 + 1

2µα
ŝ2ŝ8 − 1

α
ŝ8ŝ3 − 1

α
ŝ5ŝ6 + βŝ8 − β

a
ŝ8ŝ10

+ βŝ7 − β
a
ŝ7ŝ10{

Ĥ, ŝ9
}

= − 1
2µ2α

ŝ9ŝ7 + 1
2µα

ŝ9ŝ4 + 1
2µα

ŝ6ŝ7
{
Ĥ, ŝ10

}
= βŝ10 − β

a
ŝ210

− 1
α
ŝ6ŝ4 + 1

2µα
ŝ4ŝ8 + 1

2µα
ŝ4ŝ9

− 1
α
ŝ4ŝ6 + βŝ9 − β

a
ŝ9ŝ10

(5)

which can be rewritten in much more concise formula as follows

˙̂s(t) = β ŝ(t) + F ŝ(t)⊗2 (6)

where F is an 11 × 121 type rectangular matrix whose 54 non-zero elements of 1331 total
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elements are explicitly given below

• F1,10 = −β
a
, F1,12 = − 1

4αµ2
, F1,13 =

1

2αµ
, F1,22 =

1

2αµ
, F1,23 = − 1

α
;

• F2,14 =
1

2αµ
, F2,17 = − 1

2αµ2
, F2,20 = −β

a
, F2,24 = − 1

α
F2,32 =

1

2αµ
;

• F3,30 = −β
a

;

• F4,26 = − 1

α
, F4,35 =

1

2αµ
, F4,40 = −β

a
, F4,52 =

1

2αµ
, F4,82 = − 1

4αµ2
;

• F5,16 =
1

2αµ
, F5,18 = − 1

4αµ2
, F5,26 = − 1

α
, F5,35 =

1

2αµ
, F5,50 = −β

a
;

• F6,60 = −β
a

;

• F7,18 =
1

2αµ
, F7,29 = − 1

α
, F7,44 = − 1

α
, F7,47 =

1

2αµ
, F7,64 =

1

2αµ
,

F7,67 = − 3

4αµ2
, F7,70 = −β

a
F7,72 =

1

αµ
F7,73 = − 1

α
, F7,82 =

1

2αµ
;

• F8,38 =
1

2αµ
, F8,46 = − 1

α
, F8,48 =

1

2αµ
, F8,55 = − 1

α
, F8,66 =

1

2αµ
,

F8,68 = − 1

2αµ2
, F8,75 =

1

2αµ
, F8,80 = −β

a
;

• F9,36 = − 1

α
, F9,38 =

1

2αµ
, F9,39 =

1

2αµ
, F9,54 = − 1

α
, F9,57 =

1

2αµ
,

F9,84 =
1

2αµ
, F9,87 = − 1

2αµ2
, F9,90 = −β

a
;

• F10,100 = −β
a
. (7)

where the bullet symbol has been used to mark rows of F.
These equations imply the following decomposition

F =
β

a
Fβ
a

+
1

a
F 1
a

+ FR (8)

where right hand side subscripted F matrices do not depend on PREVTH parameters,
either β or a. Dependence on given α and µ parameters are existing as expected.

In the last formula here, a is an arbitrary constant at this moment while ŝ11 definition
has been introduced to the operator definitions to provide the very specific linear structure
in (3). This is based on the facts that (i) the degree of any operator pre or post multiplied
by ŝ11 is increased by one. This enables us to push any desired first degree operator to the
second degree operators, (ii) the square of ŝ11 is proportional to itself, (iii) any operator

c©CMMSE ISBN: 978-84-617-8694-7Page 1139 of  2288
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inserted to first degree operators can be balanced by adding its product with an appropriate
multiple of ŝ11. All these enable us to write

T̂ (t, t0)
†
{
Ĥ, ŝ

}
T̂ (t, t0) = β Ŝ(t) + F Ŝ(t)⊗2, Ŝ(t) ≡ T̂ (t, t0)

† ŝ T̂ (t, t0) . (9)

This implies

˙
Ŝ(t) = β Ŝ(t) + F Ŝ(t)⊗2, Ŝ(t) ≡ T̂ (t, t0)

† ŝ T̂ (t, t0) (10)

where ψ (x, t) = T̂ (p̂, q̂, t, t0)ψ (x, t0) and

i~
∂T̂ (p̂, q̂, t, t0)

∂t
= Ĥ (p̂, q̂, t) T̂ (p̂, q̂, t, t0) , T̂ (p̂, q̂, t0, t0) = Î . (11)

The last equation has been obtained from the Schrödinger equation which is a linear
parabolic partial differential equation in temporal and spatial coordinates. However, we
do not want to use the wave function to determine the expectation values of the observ-
ables related to the system under consideration and this is the main reason why we develop
evolver dynamics.

The solutions of the PREVTH equations for evolver dynamics in (10) is the basic goal
of PREVTH and we can write the solution as follows

Ŝ (u(t)) = (1 + βu(t))
∞∑
j=0

1

j!
u(t)jvj

(
Ŝ0

)
, u(t) ≡ eβ(t−t0) − 1

β
(12)

where vj vectors satisfy the following recursion

vj

(
Ŝ0

)
=

j−1∑
k=0

(
j − 1

k

)⌊
F,vk

(
Ŝ0

)⌉
vj−1−k

(
Ŝ0

)
, j = 1, 2, 3, ... v0

(
Ŝ0

)
≡ Ŝ0 (13)

and we have used the squarified telescope matrix (SquTelMat) notation which is defined as
follows⌊

F,vk

(
Ŝ0

)⌉
≡

7∑
`=1

v
(k)
` F`, F ≡ [F1 ... F7 ]T , vk ≡

[
v
(k)
1 ... v

(k)
7

]T
(14)

On the other hand, Ŝ0 is equal to Ŝ(0) and therefore to ŝ.
Now each ŝi (i = 1, 2, ..., 11) operator can be written in terms of relevant fluctuations

as follows ŝi ≡ 〈ŝi〉 Î + φ̂i, i = 1, 2, 3, ..., 7 which are definitions of the related fluctu-
ation operators at the same time and imply that the expectation values of all fluctuation
operators vanish. The fluctuationlessness theorem dictates us that the expectation value
of a multivariate function depending on certain operators is equal to the image of all those
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operator’s expectation values under that multivariate function at the zero fluctuation limit.
This enables us to replace (12) with its following fluctuationless counterpart.

vj (〈 ŝ 〉) =

j−1∑
k=0

(
j − 1

k

)
bF,vk (〈 ŝ 〉)e vj−1−k (〈 ŝ 〉) , j = 1, 2, 3, ...; v0 (〈ŝ〉) ≡ 〈 ŝ 〉 (15)

where we have replaced Ŝ0 with its equivalent, ŝ.

2 Optimization of Fundamental PREVTH Parameters

As we have seen in the previous section, β and a constants are arbitrary parameters appear-
ing in the PREVTH equations relevant to evolver dynamics. Hence the determination of
these parameters under certain conditions gains a lot of importance. We consider the con-
vergence of the PREVTH solution as most important issue and we can try to choose β and
a in such a way that the convergence rules in a largest domain. This can be accomplished
via optimization. We can write the following inequality from (12) to this end∥∥∥∥∥∥

∞∑
j=0

1

j!
u(t)jvj (ŝ)

∥∥∥∥∥∥ ≤
∞∑
j=0

1

j!
(u(t)∗u(t))

j
2 ‖vj‖ (16)

where we have used Frobenious vector norm definition which is submultiplicative. The right
hand side can be enlarged by replacing the norm of the vector vj with a bound bj which is
valid for all nonnegative integer j values. That is, ‖vj‖ ≤ bj , (j = 0, 1, 2, ...) On the other
hand we can write the following formulae from (13)

‖ bF, 〈vk ( ŝ )〉e 〈vj−1−k ( ŝ ) 〉 ‖ = ‖F (〈vk ( ŝ )〉 ⊗ 〈vj−1−k ( ŝ ) 〉 )‖
≤ ‖F‖ ‖vj‖ ‖vj−k−1‖ ≤ ρ (F) bkbj−k−1, j = 1, 2, 3, ... k = 0, 1, 2, ..., j − 1 (17)

where ρ (B) stands for the spectral radius (that is, maximum singular value) of F. Since bj
is defined via an inequality its choice is somehow at our disposal. So it is quite reasonable
to impose the following equality which can be derived from (15)

bj
(j − 1)!

= ρ (F)

j−1∑
k=0

bk
k!

bj−k−1
(j − k − 1)!

, j = 1, 2, 3, ... (18)

which is in fact a recursion to determine bjs. For the solution we can use the generating
function method. If we multiply the both sides of this equation by zj where z is a scalar
variable and then sum over all positive integer j values we can write

∞∑
j=1

zj
bj

(j − 1)!
= ρ (F)

∞∑
j=1

j−1∑
k=0

zj
bk
k!

bj−k−1
(j − k − 1)!

, j = 1, 2, 3, ...; b0 = ‖ 〈 ŝ 〉 ‖ (19)
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which can also be rewritten in the following concise form

dG(z)

dz
= ρ (F)G(z)2, G(0) = ‖ 〈 ŝ 〉 ‖ , G(z) ≡

∞∑
j=0

bj
j!
zj (20)

whose unique solution is as follows

G(z) =
‖ 〈 ŝ 〉 ‖

1− ρ (F) ‖ 〈 ŝ 〉 ‖ z
. (21)

If we now use bound for vj in (16) and replace z by
√

(u(t)∗u(t)) then (16) can be
rewritten as follows∥∥∥∥∥∥

∞∑
j=0

1

j!
u(t)jvj (ŝ)

∥∥∥∥∥∥ ≤ G
(√

u(t)∗u(t)
)

=
‖ 〈 ŝ 〉 ‖

1− ρ (F) ‖ 〈 ŝ 〉 ‖
√
u(t)∗u(t)

. (22)

which brings the following condition on time

ρ (F) ‖ 〈 ŝ 〉 ‖
√
u(t)∗u(t) < 1. (23)

The left hand side expression at the left of this inequality depends on β and a and
therefore can be optimised to diminish this expression as much as possible. To this end,
we need to find the functional dependences of this expression on these parameters to get
results precise as much as possible. We can write first

| 〈 ŝ 〉 | =
√
ν2 + |a|2 < ν + |a| , ν2 ≡

10∑
j=1

| 〈 ŝj 〉 |2 (24)

where the entities between single vertical pipe symbols denote the complex modulus of
the relevant scalar entity. In fact all ŝj operators which are self-adjoint have real valued
expectation values. All these expectation values will depend on which structure is used for
the initial wave function. a does not appear in the first 10 elements of system vector. In
this formula we have assumed that the unknown scalar a can take complex values also.

On the other hand, the spectral radius of the F matrix is also a norm (induced, spectral
norm) and therefore urges us to write

ρ (F) =
|β|
|a|
ρ
(
Fβ
a

)
+

1

|a|
ρ
(
F 1
a

)
+ ρ (FR) , ρ

(
Fβ
a

)
= 1, ρ

(
F 1
a

)
=

1

µ
(25)

where β and a are unknown scalars as we stated previously and we have skipped the inter-
mediate details of rightmost two equalities.
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We can also write the following formulae for the temporal entity u(t)

√
(u(t)∗u(t)) = |u(t) =|

∣∣∣∣∣eβ(t−t0) − 1

β

∣∣∣∣∣ =

∣∣∣∣∣∣
∞∑
j=1

βj−1

j!
(t− t0)j

∣∣∣∣∣∣ <
∞∑
j=1

|β|j−1

j!
T j

<
e|β| − 1

|β|
, t ∈ [ t0, t0 + T ] (26)

where the positive constant T denotes the evolution time duration.
Entire analysis of this section until now urges us to define the following cost functional

J (β, a) ≡
[(
|β|+ 1

µ

)
1

|a|
+ ρ (FR)

]
(ν + |a|) e|β| − 1

|β|
, t ∈ [ t0, t0 + T ] (27)

whose less than one values for some T values correspond to the convergence of PREVTH
solution. However, this depends on β and a and can be minimized with respect to these
parameters. For this minimization J must be separately differentiated with respect to
these parameters and then each resulted equation should be set equal to zero. This gives
two coupled algebraic equations which are quite nonlinear and therefore can not be solved
analytically even though various numerical procedures to get the solution can be used to
this end.

Despite we have assumed that the parameters β and a can take complex values, the
above analysis involves only complex moduli of these parameters. This is because of the
pessimism in the construction of the above cost functional. We have used in fact quite loose
bounds in this construction such that only the complex moduli appeared in the results and
therefore all phase related terms have been somehow rounded off. The utilization of much
more tight bounds through rigorous analyses will bring the dependences on phases also,
beside the moduli. However, this is a quite cumbersome procedure and we do not intend to
get into further details of this issue.

3 Further Convergence Maximization Possibilities

The analysis in the previous section is based on the PREVTH parameters since they are
the only arbitrary entities to be optimised in the PREVTH solution. However, it is also
possible to introduce further arbitrarinesses into the rectangular matrix F. One important
thing to this end is the commutativity of the system operators. A careful look at (4)
reveals that, the first, second, and, third powers of the momentum operator are mutually
commutative. At the same time the first and second powers of the Hamilton operator are
also commutative. Beyond that ŝ11 is commutative with all remaining operators. All these
mean the existence of totally 14 commutativity relations. The commutativity between any
given two operators, ô1 and ô2, enables us to write c (ô1ô2 − ô2ô1) = 0 where c is an arbitrary
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coefficient. This permits us to add this kind vanishing entities with different c coefficients
and different operator pairs to the right hand side of each equation in (5). This enters
totally 154 arbitrary c coefficients in the structure of F, and therefore, of FR. Thus, there
is a possibility to suppress the spectral norm of this matrix. This optimisation is based on
the optimisation of a quadratic form in cs. However, we do not intend to get into details of
this issue here furthermore.

4 Basis Function Set for Representing Initial Wave Function

In last two sections we have not specified the structure of the initial wave function. One
way to choose initial wave function is to use eigenfunctions of the system Hamiltonian.
However, the expectation values of integer reciprocal powers can not be evaluated through
these eigenfunctions as long as the integer power of the position operator remains greater
than or equal to −2. On the other hand, the cases where the initial wave function is one of
the eigenfunctions corresponds to the separation of the temporal and spatial dependences
and is very well-known. Hence, the profits coming from PREVTH utilisation may not be
considered so much important and therefore is not so interesting in the PREVTH point of
view.

The other way to use a different basis set is to take the singularity in the Hamiltonian
to the consideration. Since the Hamiltonian is singular at both 0 and ∞ for x, the function
whose image under Hamiltonian must have some specific behavior at these singularities.
Otherwise the image function becomes having singularities at these values of the position
variable. As told above, Hamiltonian eigenfunctions do not give singularities at these points.
However, they are insufficient to evaluate the expectation values of the greater than two
powers of the position operator reciprocal. So, in this case, we intend to construct such a
basis set that the expectation values of all powers (positive and nonpositive) can be evaluated
through these basis functions. This enforces us to use a weight function and insert such
a behaviour to this weight that all negative and nonnegative powers in expectation values
can be suppressed by this weight function. We can write the following structure which is
composed of the weight function alone for the initial wave function as a first step to be
taken for the set construction.

ψ0(x) ≡ cx−
1
4 e−( ν12x+

ν2
2
x)+iν3x, x ∈ [0,∞) (28)

where c and νs are positive parameters and we need to find the values of these parameters in
such a way that this function should have unit norm and can be able to produce the given
expectation values of the position and momentum operators. This leaves one parameter
unknown and we can connect that parameter to the standard deviation to get uniqueness.
For normalization we need to evaluate the modulus square integral of this function’s except
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the c factor. We can write∫ ∞
0

dxx−
1
2 e−( ν1x +ν2x) = 2e−2

√
ν1
√
ν2

∫ ∞
0

dxe
−
(√

ν1
x
−√ν2x

)2
= 2
√
ν1
√
ν2e
−2√ν1

√
ν2

×
∫ ∞
0

dxe−
√
ν1
√
ν2( 1

x
−x)

2

= 2
√
ν1
√
ν2e
−2√ν1

√
ν2

∫ ∞
0

dx
1

x2
e−
√
ν1
√
ν2( 1

x
−x)

2

(29)

where the last equality implies∫ ∞
0

dxe−
√
ν1
√
ν2( 1

x
−x)

2

=
1

2

∫ ∞
0

d

(
x− 1

x

)
e−
√
ν1
√
ν2( 1

x
−x)

2

=

√
π

4 (ν1ν2)
1
4

(30)

which can be combined with (29) to give∫ ∞
0

dxx−
1
2 e−( ν1x +ν2x) =

√
π

2
(ν1ν2)

1
4 e−2

√
ν1
√
ν2 (31)

This integral therefore can be considered as a generating function and enables us to write
the following formulae∫ ∞

0
dxxj−

1
2 e−( ν1x +ν2x) = (−1)j

∂j

∂νj1

{√
π

2
(ν1ν2)

1
4 e−2

√
ν1
√
ν2

}
, j = 0, 1, 2, ... (32)

∫ ∞
0

dxx−j−
1
2 e−( ν1x +ν2x) = (−1)j

∂j

∂νj2

{√
π

2
(ν1ν2)

1
4 e−2

√
ν1
√
ν2

}
, j = 0, 1, 2, ... (33)

These equalities are sufficient to evaluate expectation values of all power involving terms.
This means that we can also construct a set of polynomials in the position variable’s non-
negative powers or in its reciprocal powers as a basis set to represent initial wave function.
There are of course certain properties facilitating this construction. This issue is under
an intense study of us even though we do not report certain further informations. We are
planning to tell more issues in the presentations and the possible extended publication.

5 Concluding Remarks

In our two contrubutions to this conference we have constructed evolver dynamics somehow
based on the Heisenberg Picture of Quantum Mechanics. We have obtained the super ODEs
on operators, the right hand sides of which has a Probabilistic Evolution Theory (PREVTH)
specific conicality by using certain type space extensions. This has been accomplished in
the previous paper.

This paper is basically devoted to the PREVTH parameter optimisation and the con-
vergence of PREVTH solution has also been revisited. The initial function representation
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which is a very important issue in our analysis has also been considered. A specific basis set
has been proposed such that its weight function’s modulus square can be evaluated analyt-
ically. Beyond that all polynomial factors can also be imported to the analytic integration
such that integrations can be performed by using partial differentiation on a generating
function appearing in the modulus square integral of the weight function.

We have proposed the fluctuation free evaluations for approximation. However, quan-
tum mechanics of our singular systems depend on fluctuation terms beyond that the fluc-
tuationlessness terms. Howeever we have not intended to deal fluctuation expansion here
even though that extension seems to be quite straightforward and we are planning to report
our future results on this issue as soon as possible.
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Abstract

This paper presents an improved method for smoothed particle hydrodynamics
(SPH) within a nested Lagrangian domain of fluid particles. In the previous method,
ghost particles, generated around fluid particles using Poisson-disk sampling method,
transfer necessary physical quantities of the outer domain to the fluid. Using this tech-
nique, the local fluid motion is reproduced which agrees with the results simulated
with full SPH. However, the computational cost for generation of ghost particles are
non-negligible. In order to reduce the cost, we develop a patch-based sampling method
to generate ghost particles. In our approach, the ghost particles are generated locally
around each fluid particle for computational efficiency and corresponding physical quan-
tities are determined using the local ghost particles. Furthermore, we introduce a new
technique that determines physical quantities of ghost particles to transfer information
from the outer domain to the local fluid particles.

Key words: smoothed particle hydrodynamics, fluid simulation

1 Introduction

In this paper, we propose an efficient method of local smoothed particle hydrodynamics
(SPH). Particle tracking is a typical and important problem in environmental fluid engi-
neering [1] and the local SPH is designed specifically to the problem [2]. The formulation of
the local SPH is based on the conventional SPH which we refer to as full SPH (See Figure
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1 for comparison of full SPH and local SPH) in this paper and works under an assumption
that global physical quantities of outer fluid flow are given a priori. In this formulation, the
global quantities are transferred to local fluid particles of the nested Lagrangian domain,
using so called ghost particles that are temporally allocated around the local fluid particles.
The ghost particles are generated at every time step of SPH based on the technique of
Poisson-disk sampling (PDS) so that they surround the fluid particles. This ghost particle
generation process is time consuming and is often a bottleneck of speed in practical compu-
tation. In order to address this problem, we present a new method to transfer the physical
quantities from the outer domain to the fluid particles. In our approach, the ghost particles
are generated around each fluid particle individually. This method does not require globally
consistent ghost particles and can be performed with lower computational cost.

PDS is a method to generate randomly distributed points following some statistical
properties [3]. Many fast PDS techniques have been developed for CPU [4] and GPU [5],
and also adopted to fluid simulation with SPH [6]. In our local SPH context, although
PDS can generate appropriate ghost particles around the fluid, it is not efficient to operate
on the fly. In order to avoid inefficient generation of the particles, we develop patch-based
ghost particle sampling.

SPH is a particle-based fluid simulation method, and a review of recent studies is found
in [7]. In this paper, we adopt δ-SPH [8, 9] to simulate weakly compressible flow based on
the Euler equations and continuity equation. Since the physical quantities evaluated in SPH
are generally not equal to those obtained by analytical solutions or other methods, if the
physical quantities obtained with such ways are used as outer flow, local SPH does not work
correctly. In order to avoid this situation, we introduce a new technique that determines
physical quantities of ghost particles appropriately.

2 Improved ghost particles

The previous method uses PDS to generate ghost particles around local fluid particles. This
appropriately reproduces local fluid motion and reduces computational cost compared to
full SPH. However the computational time of ghost particle generation is not negligible. For
more efficient computation, we propose here a new sampling method.

We generate ghost particles around each fluid particle by applying a precomputed patch
to the fluid particle, then removing the samples that are too close to fluid particles. The
effects of the ghosts at the fluid particle is determined individually using only the ghost
particles around the fluid particle after removal. This approach is more efficient than the
previous method [2] in the sense that globally consistent ghost particles are not required.

As a precomputation process, many patches are prepared using PDS around one dummy
fluid particle. We distribute sampled particles within the kernel effective radius from the
dummy, yet outside a minimal distance of any particles of αl (α is a user defined parameter).
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Figure 1: Full SPH (Left) and local SPH (Right). The blue particles indicate the fluid and
the blown particles are the wall. The particles are arranged with initial spacing l.

Since the distances from the fluid particle to the samples are known before actual simulation,
we avoid the distance evaluation during the simulation.

In order to transfer outer physical quantities to the fluids, we copy the velocity and
pressure of the outer domain to each ghost particle and evaluate the i-th ghost’s density as

ρti =
pti
c20

+ ρ0, where ρ is the density, p the pressure, c0 the sound speed and t is time. The

density ρti is then used for the density diffusive term in δ-SPH while the other terms are
evaluated with rest density for weak compressibility. This technique naturally passes the
outer information to the fluids using only δ-SPH formulation.

3 Results

We compare the proposed method and the previous method [2] with two dimensional static
water test case as shown in right hand side of Figure 1. The fluid particles are arranged in
square and 20 particles are used for each edge (totally 400 fluid particles).

In this test case, the previous method takes 5.99ms per time step, while the proposed one
takes 1.58ms. As shown in Figure 2, the errors are less than initial spacing l in both methods
even after 1M time steps, and our new method has less errors for long time simulation. This
means that our method works appropriately and faster than the previous one.
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Abstract

A four-dimensional mathematical model is presented and analyzed, which describes
the hypothalamus-pituitary-adrenal (HPA) axis with the influence of the GR concen-
tration and includes general feedback functions. Due to the fact that the involved
processes are not instantaneous, distributed time delays are incorporated, providing a
more realistic modeling approach, since the whole past history of the variables is taken
into account. Sufficient conditions for the local asymptotic stability of the equilibrium
points are obtained and the occurrence of Hopf bifurcations is investigated, accounting
for the appearance of limit cycles which successfully model the ultradian rhythm of the
HPA axis. Numerical simulations reflect the importance of the theoretical results.

Key words: HPA axismathematical model distributed time delay stability bifurcation
numerical simulation

1 Introduction

One of the most important self-regulated dynamic feedback neuroendocrine systems, which
helps the body respond to stress, is the hypothalamuspituitaryadrenal (HPA) axis [6]. It
consists of three regions: the hypothalamus, pituitary and adrenal glands, along with a set of
direct influences and positive and negative feedback interactions. Both physical and psycho-
logical stressors (e.g. infection, dehydration, anticipation, fear) activate the hypothalamus
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to release corticotropin-releasing hormone (CRH), which induces the corticotropin (ACTH)
production in the pituitary. Then, ACTH is transported by the blood to the adrenal cor-
tex, where it stimulates the production of cortisol (CORT), which in turn suppresses the
production of both CRH and ACTH.

Mathematical modeling has been successfully applied in the study of metabolic and
endocrine processes [3]. Several mathematical models of the HPA axis have been recently
explored [2, 3, 6, 9, 10, 13, 14, 16, 17, 18, 20, 21, 22]. Oscillatory solutions of the mathe-
matical models of the HPA axis should reflect the circadian as well as ultradian rhythm of
hormone levels [5]. The ultradian rhythm is seen as an inherent behavior of the HPA axis,
while the circadian rhythm is regarded as an external input to the axis [2]. Additionally,
it is important to emphasize that time delays unavoidably exist in the HPA axis, due to
the transportation of the hormones among the three glands, therefore, it is mandatory to
incorporate them in the mathematical model.

The ”minimal model” of the HPA axis, consisting of a system of three coupled, non-
linear differential equations, with the hormones CRH, ACTH and cortisol as variables,
has been developed in [22]. No oscillatory behavior has been observed in this minimal
model if time delays are not taken into consideration [2, 22]. This model has been recently
generalized in [13], including memory terms in the form of distributed delays and fractional-
order derivatives, which are linked with generating oscillatory solutions.

In this paper, we investigate a four-dimensional model of the HPA axis which includes
distributed time delays. General distributed delays are helpful to reflect the whole past
history of the variables, proving to be more realistic and more accurate in real world appli-
cations than discrete time delays [7]. Distributed delay models appear in a wide range of
applications such as hematopoiesis [1], population biology [8], neural networks [11].

2 Mathematical model of HPA with distributed delays

In formulating the mathematical model which describes the variation in time of the concen-
trations of the three hormones CRH, ACTH and CORT, the following sequence of typical
events is considered. CRH is secreted from the hypothalamus and released into the portal
blood vessel of the hypophyseal stalk, and then transported to the anterior pituitary where
it stimulates the secretion of ACTH, with an average time delay τ1. Then, in the cortex
of the adrenal glands, ACTH stimulates the secretion of the stress hormone cortisol with
the average time delay τ2. Cortisol has a negative feedback effect on the hypothalamus and
the pituitary, expressed by two feedback functions f1 and f2, affecting the synthesis and
release of CRH and ACTH, respectively. On one hand, cortisol inhibits the secretion of
CRH through glucocorticoid receptors (GRs) situated in the hypothalamus [15], with an
average time delay τ31. On the other hand, cortisol also performs a negative feedback on
the secretion of ACTH through GRs situated in the pituitary, with an average time delay
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τ32. The hormone concentrations of CRH, ACTH and cortisol are depleted through the rate
constants w1, w2 and w3, respectively.

Denoting the hormone concentrations, for simplicity, by CRH(t) = x1(t), ACTH(t) =
x2(t), CORT (t) = x3(t), GR(t) = x4(t), the following system of differential equations with
distributed delays is considered:

ẋ1(t) = f1

(∫ t

−∞
x3(s)h31(t− s)ds

)
− w1x1(t),

ẋ2(t) = f2

(
x4(t)

∫ t

−∞
x3(s)h32(t− s)ds

)∫ t

−∞
x1(s)h1(t− s)ds− w2x2(t),

ẋ3(t) = k3

∫ t

−∞
x2(s)h2(t− s)ds− w3x3(t),

ẋ4(t) = f3

(
x4(t)

∫ t

−∞
x3(s)h34(t− s)ds

)
− w4x4(t),

(1)

where all the first terms on the right hand side represent production and all the second
terms represent depletion of hormones. The constant k3 as well as the elimination constants
w1, w2, w3, w4 are positive.

The functions f1, f2 : [0,∞) → (0,∞), which represent the negative feedback from
CORT on CRH and ACTH, respectively, are assumed to be strictly decreasing, smooth and
bounded on [0,∞). In particular, the results presented in this paper are also applicable
when Hill functions are being used in the expression of the feedback functions [2, 22]:

f1(u) = k1

(
1− η uα1

cα1 + uα1

)
, f2(u) = k2

(
1− µ uα2

cα2 + uα2

)
, (2)

with α1, α2 ≥ 1, k1, k2 > 0, η, µ ∈ (0, 1), c > 0. It is easy to verify that functions (2) satisfy
all the properties mentioned above. However, it may be possible to model the negative
feedback using different types of functions f1 and f2. In this paper, our aim is to obtain
general results which will also be applicable to other choices of negative feedback functions,
besides functions (2), often used in the literature.

The function f3 : [0,∞) → (0,∞), which represents the positive feedback from CORT
on the GR production is strictly increasing, smooth and bounded on [0,∞). In particular,
it can also be considered as a Hill function of the form:

f3(u) = k4

(
1 + ξ

uα3

cα3 + uα3

)
, (3)

with α3 ≥ 1, k4 > 0, ξ ∈ (0, 1), c > 0.
In system (1), the delay kernels h1, h2, h31, h32, h34 : [0,∞) → [0,∞) are probability

density functions representing the probability that a particular time delay occurs. They are
assumed to be bounded, piecewise continuous and satisfy∫ ∞

0
h(s)ds = 1. (4)
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The average delay of a delay kernel h(t) is given by

τ =

∫ ∞
0

sh(s)ds <∞.

Two important classes of delay kernels often used in the literature, are worth mentioning:

• Dirac kernels: h(s) = δ(s− τ), where τ ≥ 0, equivalent to a discrete time delay:∫ t

−∞
x(s)h(t− s)ds =

∫ ∞
0

x(t− s)δ(s− τ)ds = x(t− τ).

• Gamma kernels: h(s) =
sp−1e−s/β

βpΓ(p)
, where p, β > 0, with the average delay τ = pβ.

In the mathematical modeling of real world phenomena, the exact distribution of time delays
is generally unavailable, and hence, general kernels may provide better results [4, 23]. The
analysis of models which include particular classes of delay kernels (e.g. weak Gamma
kernels with p = 1 or strong Gamma kernels with p = 2) may reveal the more realistic effect
of distributed delays on the system’s dynamics, compared to discrete delays.

Initial conditions associated with system (1) are of the form:

xi(s) = ϕi(s), ∀ s ∈ (−∞, 0], i = 1, 2, 3, 4,

where ϕi are bounded continuous functions defined on (−∞, 0], with values in [0,∞).

3 Local stability analysis

The existence of an equilibrium point of system (1) is provided by the following:

Proposition 1. The equilibrium states of system (1) are of the form

E =

(
f1(x0)

w1
,
w3x0
k3

, x0,
1

x0
f−12

(
w1w2w3

k3

x0
f1(x0)

))
. (5)

where x0 ∈
[
0,

k1k2k3
w1w2w3

]
with ki = fi(0), i = 1, 2, is a solution of the equation

f3

(
f−12

(
w1w2w3

k3

x

f1(x)

))
=
w4

x
f−12

(
w1w2w3

k3

x

f1(x)

)
. (6)

In what follows, we provide necessary and sufficient conditions for the local asymptotic
stability of an equilibrium point E and the occurrence of limit cycles in a neighborhood of
E (due to Hopf bifurcations) that can explain the ultradian rhythm. Considering general
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delay kernels, we first obtain delay independent sufficient conditions for the local asymptotic
stability of the equilibrium point E, which may prove to be useful if the time delays in system
(1) cannot be accurately estimated.

The characteristic equation of the linearized system at the equilibrium point E is:

(z + w1)(z + w2)(z + w3)(z + w̃4) + a(w4 − w̃4)(z + w1)H2(z)H34(z)+ (7)

+ b(z + w̃4)H1(z)H2(z)H31(z) + a(z + w1)(z + w̃4)H2(z)H32(z) = 0,

where Hi(z) =
∫∞
0 e−zshi(s)ds represent the Laplace transforms of the delay kernels hi,

i ∈ {1, 2, 31, 32, 34} and

a = − k3
w1
f1(x0)f

′
2(x0r0)r0 = −w2w3

x0r0f
′
2(x0r0)

f2(x0r0)
> 0, (8)

b = −k3f ′1(x0)f2(x0r0) = −w1w2w3
x0f

′
1(x0)

f1(x0)
> 0, (9)

w̃4 = w4 − x0f ′3(x0r0) < w4. (10)

The following inequalities will be useful for the theoretical analysis:

(I0) w̃4 > 0 and

(w1 + w̃4)(w2 + w̃4)(w3 + w̃4) ≥ (w̃4 − w1)(w̃4 − w4)(w1 + w2 + w3 + w̃4);

(I1) a(w1 + w4) + b ≤ (w1 + w2)(w2 + w3)(w1 + w3);

(I2)
aw4

w̃4
+

b

w1
< w2w3;

(I2)
aw4

w̃4
+

b

w1
≥ w2w3.

Theorem 1 (Local asymptotic stability).

1. In the non-delayed case, if inequality (I1) is satisfied, then the equilibrium point E of
system (1) is locally asymptotically stable.

2. For any delay kernels hi(t), i ∈ {1, 2, 31, 32, 34}, if inequality (I2) holds, then the
equilibrium point E of system (1) is locally asymptotically stable.

Corollary 1. For any delay kernels hi(t), i ∈ {1, 2, 31, 32, 34}, if the equilibrium point E
of system (1) is unstable, then inequality (I2) holds. In other words, inequality (I2) is a
necessary condition for the occurrence of bifurcations in system (1).
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4 Bifurcation analysis

For simplicity, we further assume that

H32(z) = H34(z) = H1(z)H31(z),

and we denote

H(z) = H2(z)H32(z) = H2(z)H34(z) = H1(z)H2(z)H31(z).

In fact, H(z) is the Laplace transform of the convolution of the delay kernels h2 and h32
defined as

h(t) =

∫ t

0
h2(s)h32(t− s)ds,

with the mean

τ =

∫ ∞
0

sh(s)ds = τ2 + τ32, (11)

where τ2 and τ32 represent the average delays of the kernels h2 and h32 respectively.
Therefore, the characteristic equation (7) becomes

(z + w1)(z + w2)(z + w3)(z + w̃4) + [a(z + w1)(z + w4) + b(z + w̃4)]H(z) = 0,

which can be rewritten as:
H(z)−1 = Q(z), (12)

where

Q(z) = − a(z + w1)(z + w4) + b(z + w̃4)

(z + w1)(z + w2)(z + w3)(z + w̃4)
.

The properties of the function Q(z) are given in the following Lemma.

Lemma 1. The function

ω 7→ |Q(iω)| =

√
(bw̃4 + aw1w4 − aω2)2 + ω2(a(w1 + w4) + b)2

(ω2 + w2
1)(ω2 + w2

2)(ω2 + w2
3)(ω2 + w̃4

2)

is strictly decreasing on [0,∞) and the equation

|Q(iω)| = 1

has a unique positive real root ω0 if and only if inequality (I2) is satisfied.
Moreover, the following inequality holds:

=
(
Q′(iω)

Q(iω)

)
> 0 ∀ω > 0.

For the bifurcation analysis, we focus our attention on the following two cases: (1) all
delay kernels are Dirac kernels; (2) all delay kernels are Gamma kernels.
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4.1 Dirac kernels

If all the delay kernels are Dirac kernels: h1(t) = δ(t − τ1), h2(t) = δ(t − τ2), h31(t) =
δ(t − τ31), h32(t) = δ(t − τ32), h34(t) = δ(t − τ34) where τ1, τ2, τ31, τ32, τ34 ≥ 0 satisfy the
property

τ2 + τ32 = τ2 + τ34 = τ1 + τ2 + τ31 = τ > 0, (13)

then, the characteristic equation (12) becomes:

eτz = Q(z). (14)

Choosing τ as bifurcation parameter and following the same proof as in [13], we have:

Theorem 2 (Hopf bifurcations in the case of Dirac kernels). Assume that inequalities (I0),
(I1) and (I2) are satisfied. For any p ∈ Z+, consider

τp =
arccos [<(Q(iω0))] + 2pπ

ω0
, (15)

where ω0 > 0 is given by Lemma 1. The equilibrium point E is asymptotically stable if any
only if τ ∈ [0, τ0). For any p ∈ Z+, at τ = τp, system (1) undergoes a Hopf bifurcation at
the equilibrium point E.

4.2 Gamma kernels

If the delay kernels are Gamma kernels: h1(t) =
tn1−1e−t/β

βn1(n1 − 1)!
, h2(t) =

tn2−1e−t/β

βn2(n2 − 1)!
,

h31(t) =
tn31−1e−t/β

βn31(n31 − 1)!
, h32(t) =

tn32−1e−t/β

βn32(n32 − 1)!
, h34(t) =

tn34−1e−t/β

βn34(n34 − 1)!
, where β > 0

and n1, n2, n31, n32, n34 ∈ Z+ \ {0} satisfy:

n2 + n32 = n2 + n34 = n1 + n2 + n31 = n ≥ 2,

the characteristic equation (7) is:

(βz + 1)n = Q(z). (16)

Choosing β as bifurcation parameter, as in [13], the following result holds:

Theorem 3 (Hopf bifurcations in the case of Gamma kernels). Assume that inequalities
(I0), (I1) and (I2) are satisfied. Let ωn denote the largest real root of the equation

Tn

(
1

|Q(iω)|1/n

)
=
<(Q(iω))

|Q(iω)|
(17)
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from the interval (0, ω0), where Tn is the Chebyshev polynomial of the first kind of order n,
and consider

βn =
1

ωn

√
|Q(iωn)|2/n − 1. (18)

The equilibrium point E is asymptotically stable if β ∈ (0, βn). At β = βn, system (1)
undergoes a Hopf bifurcation at the equilibrium point E.

5 Numerical simulations

For numerical simulations, the literature values of the elimination constants are considered:
w1 = 0.17329 min−1, w2 = 0.034831 min−1, w3 = 0.0090726 min−1 and w4 = 0.01 min−1

[21].

The equilibrium point E of the system consists of the 24-h mean values of the hormones:
x̄1 = 7.659 pg/ml, x̄2 = 21 pg/ml, x̄3 = 3.055 ng/ml [5] and x̄4 = 1 pg/ml.

The feedback functions f1, f2 and f3 are considered as in eqs. (2) and (3), with
α1 = α2 = 5, α3 = 7, η = µ = 1, ξ = 0.75, k1 = 12.364 pg/(ml ·min), k2 = 0.88969 min−1,
k4 = 0.0058368 min−1 and c = 2 ng/ml. Moreover, k3 = 1.31985 min−1.

According to [3], we assume the mean delay τ1 = 0. Recently, it has been shown that
humans show fast HPA negative feedback [19], suggesting that both GR (glucocorticoid
receptors) and MR (mineralocorticoid receptors) are involved in this mechanism, with GR
effecting a rapid nongenomic feedback at the level of the anterior pituitary and MR sensing
higher glucocorticoid levels while levels are still rising [12]. This is in accordance with our
numerical simulations (Figs. 1,2), which show that for small values (less than 10 min) of the
average time delays τ2, τ31, τ32, τ34, oscillatory behavior occurs in system (1), with different
types of distributed delays.

CRH Hpg�mlL ACTH Hpg�mlL CORT Hng�mlL

0 2 4 6 8 10 12 14 16 18 20 22 24

5

10

15

20

25

30

time HhL

GR Hpg�mlL

0 2 4 6 8 10 12 14 16 18 20 22 24

0.996

0.998

1.000

1.002

1.004

time HhL

Figure 1: Stable periodic orbit of system (1) with Dirac kernels (discrete delays τ1 = 0,
τ2 = 7.5 (min), τ31 = τ32 = τ34 = 8 (min)) due to the Hopf bifurcation taking place when
the bifurcation parameter τ exceeds the critical value τ0 = 14.81 (min).
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Figure 2: Stable periodic orbit of system (1) with strong Gamma kernels (n1 = 0, n2 =
n31 = n32 = n34 = 2, β = 4.5 (min), mean delays: τ2 = τ31 = τ32 = τ34 = 9 (min)) due
to the Hopf bifurcation taking place when the bifurcation parameter β exceeds the critical
value β4 = 4.07056 (min).

6 Conclusions

This paper presents an analysis of a four-dimensional mathematical model describing the
hypothalamus-pituitary-adrenal axis with the influence of the GR concentration, considering
general feedback functions to account for the interactions within the HPA axis. Due to
the fact that the involved processes are not instantaneous, distributed delays have been
included. This is a more realistic approach to the modeling of the biological processes,
as it takes into account the whole past history of the variables, efficiently capturing the
vital mechanisms of the HPA system. Sufficient conditions have been obtained for the local
asymptotic stability of the equilibrium point and the occurrence of Hopf bifurcations has
been investigated. Numerical simulations reflect the importance of the theoretical results
and are in accordance with experimental findings.

As a direction for future research, a fractional-order formulation of the mathematical
model will be analyzed.
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Abstract

In recent years, many authors have tried to find at least a fixed point for multi-
valued quasi-contractions whose contractivity constants α belonged to the interval (0, 1).
Up to now, efforts in this direction when α ∈ ( 1

2 , 1) either have failed or have been
lessened to a lighter version. The main result of current research gives a partial positive
answer to the above-mentioned problem by adding a necessary and sufficient condition
in order to guarantee the existence of strict fixed points for quasi-contractive multi-
valued mappings. Ultimately, some examples and results obtain which have a closed
relation to quasi-contractions mappings.

Key words: Strict fixed point, fixed point, Quasi-contraction, Pompeiu-Hausdorff
metric, Multi valued mapping

MSC 2000: AMS 47H10, 47H08, 54C60.

1 Introduction

In 2011, Wardowski published a paper [11] where he introduced fixed point results for
multi-valued contractive mappings in normal cone metric spaces. In 2011, Amini-Harandi
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managed to prove a result on the existence of fixed points in the set of multi-valued quasi-
contractive mappings in metric spaces by using Rezapour et al.’s technique which had been
given in [8]. But, like Kadelburg et al. [5], he could only prove it for α ∈ (0, 12) [1]. In
2012, Rezapour et al. [4] introduced quasi-contractive type multi-valued mappings and they
demonstrated that the main result of Amini-Harandi also held in the set of quasi-contractive
type multi-valued mappings.

In what follows, the following notions are needed to achieve the goal. From now on,
let (X, d) be a metric space and let CB(X) be the family of all nonempty, closed, bounded
subsets of X. Let T : X → CB(X) be a multi-valued mapping on X. A point x ∈ X is
called a fixed point of T if x ∈ Tx, and it is called a strict fixed point of T if Tx = {x}.
We denote by Fix(T ) (respectively, by SFix(T )) the family of all fixed points (respectively,
the family of all strict fixed points) of T . Obviously, SFix(T ) ⊆ Fix(T ). Some authors
call endpoints to strict fixed points (for instance, see [9] and [10]). From our point of view,
the nomenclature “strict fixed point” is more appropriate, so we will use it throughout this
paper.

A multi-valued mapping T : X → CB(X) is said to be a multi-valued quasi-contractive
mapping whenever there exists α ∈ (0, 1) such that

H(Tx, Ty) ≤ αM(x, y) for all x, y ∈ X,

where

M(x, y) = max{ d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx) }.

In recent years, many authors (such as Amini-Harandi, Rezapour et al., and Kadelburg et
al.) have introduced some fixed point theorems for multi-valued quasi-contractions whose
contractivity constants α belonged to the interval

(
1
2 , 1
)
. However, Amini-Harandi pointed

out, it is not clear whether such results also hold when α ∈
(
0, 12
)
, Up to now, efforts in this

direction either have failed or they have been lessened to a lighter version. The main result
of the current research gives a partial positive answer to the above-mentioned problem by
adding a necessary and sufficient condition in order to guarantee existence of strict fixed
points of quasi-contractive multi-valued mappings. This problem has remained open for
many years. Moreover, some important results have obtained in this direction.

Theorem 1.1. Let (X, d) be a complete metric space and let T : X → CB(X) be a multi-
valued quasi-contraction for some α ∈ (0, 12). Then T has a fixed point.

Immediately, he proposed the following question.

Question 1.2. [Amini Harandi’s Conjecture] Does the conclusion of Theorem 1.1 re-
main true for any α ∈ [12 , 1)

In this manuscript, we give a partial positive answer.

c©CMMSE ISBN: 978-84-617-8694-7Page 1165 of  2288



F. Khojasteh, A. Roldan

2 A Partial Positive Answer

In this section, we introduce a necessary and sufficient condition for guaranteeing existence of
strict fixed points of quasi-contractive multi-valued mappings, which gives a partial positive
answer to Question 1.2.

The following definition plays a crucial role to continue.

Definition 2.1. ([6, Moradi, Khojasteh]) A multi-valued mapping T : X → CB(X) has
approximate strict fixed point property if

inf {H({x}, Tx) : x ∈ X } = 0. (1)

Theorem 2.2. Let (X, d) be a complete metric space and let T : X → CB(X) be a multi-
valued mapping such that

H(Tx, Ty) ≤ α max { d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx) } , (2)

for all x, y ∈ X, where 0 ≤ α < 1. Then T has a strict fixed point in X, if and only if,
T has the approximate strict fixed point property. In such case, SFix(T ) = Fix(T ) and T
has a unique (strict) fixed point.

Corollary 2.3. Let (X, d) be a complete metric space and let T : X → CB(X) be a multi-
valued mapping such that

H(Tx, Ty) ≤ α max

{
d(x, y), d(x, Tx), d(y, Ty),

d2(y, Tx) + d2(x, Ty)

d(y, Tx) + d(x, Ty)

}
,

for all x, y ∈ X, where 0 ≤ α < 1. Then T has a unique strict fixed point in X, if and only
if, T has the approximate strict fixed point property. In such a case, SFix(T ) = Fix(T ).

Corollary 2.4. Let (X, d) be a complete metric space and let f : X → X be a mapping
such that

d(fx, fy) ≤ α max

{
d(x, y), d(x, fx), d(y, fy),

d2(y, fx) + d2(x, fy)

d(y, fx) + d(x, fy)

}
,

for all x, y ∈ X, and 0 ≤ α < 1
2 . Then T has the approximate fixed point property in X,

that is,
inf { d(x, fx) : x ∈ X } = 0

Corollary 2.5. Let (X, d) be a complete metric space and let f : X → X be a mapping
such that

d(fx, fy) ≤ α max

{
d(x, y), d(x, fx), d(y, fy),

d2(y, fx) + d2(x, fy)

d(y, fx) + d(x, fy)

}
, (3)

for all x, y ∈ X, 0 ≤ α < 1
2 . Then T has a unique fixed point.
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3 Some Consequences

In this section, we present some new fixed point results in the set of multi-valued mappings
which generalize the results introduced by Nadler [7], Ćirić [2], and Daffer and Kaneko [3].
The following theorem is our first main result.

Theorem 3.1. Let (X, d) be a complete metric space and let T : X → CB(X) be a multi-
valued mapping such that

H(Tx, Ty) ≤ α max

{
d(x, y), d(x, Tx), d(y, Ty), c · d

2(y, Tx) + d2(x, Ty)

d(y, Tx) + d(x, Ty)

}
, (4)

for all x, y ∈ X, where 1
2 ≤ c < 1 and 0 ≤ α < 1

4c2
. Then at least one of the following

conditions holds:

(i). T has a fixed point

(ii). T 2 has a fixed point (that is, there exists z ∈ X such that z ∈ T 2z, where T 2z =⋃
ω∈Tz

Tω).

The following consequences are obtained by replacing the contractivity condition by a
stronger one.

Corollary 3.2. Let (X, d) be a complete metric space and let T : X → CB(X) be a multi-
valued mapping such that

H(Tx, Ty) ≤ α max

{
d(x, y), d(x, Tx), d(y, Ty), c

√
d2(y, Tx) + d2(x, Ty)

2

}
, (5)

for all x, y ∈ X where 1
2 ≤ c < 1 and 0 ≤ α < 1

4c2
. Then at least one of the following

conditions holds:

(i). T has a fixed point,

(ii). T 2 has a fixed point.

Corollary 3.3. Let (X, d) be a complete metric space and let T : X → CB(X) be two
multi-valued mapping such that

H(Tx, Ty) ≤ α max

{
d(x, y), d(x, Tx), d(y, Ty),

d2(y, Tx) + d2(x, Ty)

d(y, Tx) + d(x, Ty)

}
, (6)

for all x, y ∈ X, where 0 ≤ α < 1
2 . Then T has a fixed point.

We also have found two suitable examples to show that the new class of contractions
which have been introduced in Theorem 3.1 or Corollary 2.5 is a non-empty set.
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[2] Lj. B. Ćirić, Generalized contraction and fixed point theorems, Publ. Inst. Math
(Beograd) 12 (1971) 19–26.

[3] P. Z. Daffer, H. Kaneko, Fixed points of generalized contractive multi-valued map-
pings, J. Math. Anal. Appl. 192 (1995) 655–666.

[4] R.H. Haghi, Sh. Rezapour, N. Shahzad, On fixed points of quasi-contraction type
multifunctions, Appl. Math. Lett. 25 (2012) 843–846.
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Abstract

Probabilistic Evolution Theory (PREVTH) has been recently developed in our group
studies [1–17] and it stands as one of most effective methods used for the solution of
explicit autonomous ordinary differential equations. Its most recent form is based on
a rather simple recursion between so-called Squarified Telescope Matrices or between
the images of initial vector under these matrices. The initial vector elements can be
considered as parameters to the solutions and the sensitivities of the solution vector to
these parameters can be utilized for robustness investigations. The partial derivatives
can be used to this end, and for each derivative a different recursion can be constructed
simply partial differentiating the PREVTH vector recursion accordingly. This work is
devoted to this issue and a sample target system (Henon-Heiles system) has been taken
to the focus.

Key words: Ordinary Differential Equation, Probabilistic Evolution Theory, Con-
stancy Adding Space Extension, Telescope Matrices, Squarification, Henon Heiles, Re-
cursion between Vectors.

1 Introduction

Even though the Probabilistic Evolution Theory (PREVTH) has been developed for the first
order autonomous explicit ODEs, this is not a great limitation since (1) all higher-than-first
order ODEs can be converted to a set of first order ODEs whose number of unknown is
higher than the original ODEs, (2) any nonautonomy can be converted to autonomy by
defining a new unknown function which is identical to the time variable, t. This leaves us
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with no loss of generality. Under this situation we can write the ODEs to be solved via
following equations

ẋ(t) = f (x1(t), ..., xn(t)) , x(0) = a (1)

where t stands for “time” and the right hand side does not explicitly depend on time because
of autonomy. The unknown functions are the elements of the vector x(t) while a vector’s
elements denote the initial values of the unknown functions.

The right hand side of first equation in (1) is assumed to be analytic in unknown
functions. Hence it can be expanded to a multivariate Taylor series which is not preferable to
use because of its quite complicated multiindex structure. Instead we can use the Kronecker
power series defined as follows in our group studies [5–7].

f (x(t)) =

∞∑
j=0

Fjx(t)⊗j (2)

where Fj stands for a constant matrix of n× nj , which can be constructed from the vector
function f . The Kronecker product of two entities (A and B), matrix and/or vector, and,
the Kronecker power are defined as follows

[A⊗B ]i,j ≡ [A ]i,j B, x(t)⊗j ≡ x(t)⊗ · · · ⊗ x(t) (3)

If the right hand side function vector f has a special structure such that the addition of
new functions depending on the unknown functions as new elements to unknown function
set then the new right hand side vector function can take a multinomial form which can
be reduced to a second degree right hand side function by new unknown additions (space
extension) [12,13]. So under these conditions one can write

ẋ(t) = F0 + F1x(t) + F2x(t)⊗2 (4)

where F0 is an n×1 type vector while F1 and F2 are n×n and n×n2 type matrices. Beyond
that, x is a vector of n elements and is composed of unknown functions. If we attempt
to extend the space by adding an unknown constant as a new additional function (this
procedure is called “Constancy Adding Space Extension” CASE) then the constant term F0

in (4) can be removed while F1 can be converted to βIn where β is an arbitrary parameter.
All these mean that the following vector ODE and accompanying initial condition become
valid for our original equation

ẋ(t) = βInx(t) + Fx(t)⊗2, x(0) = a (5)

This can be further simplified by using the following definitions

x(t) = eβtξ(t), u(t) ≡ eβt − 1

β
(6)
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to get

dξ(u)

du
= Fξ(u)⊗2, ξ(0) = a (7)

whose analytic solution and the related form of x(t) can be written as follows in accordance
with PREVTH.

ξ(u) =
∞∑
j=0

uj

j!
Tja

⊗j+1, x(t) = eβt
∞∑
j=0

1

j!

(
eβt − 1

β

)j
Tja

⊗j+1 (8)

where a stands for the initial vector with n given elements as we stated before and this
equation obtained after the use of “Constancy Additional Space Extension” which is detailed
in [18, 21]. In this formula Tj ’s are called as “Telescope Matrices” which are of n× n(j+1)

type. Their explicit structures are given thru below equalities

Tj ≡
j∏

k=1

Mk, j = 0, 1, 2, ... Mk ≡
k−1∑
`=0

I⊗`n ⊗ F⊗ I⊗(k−1−`)n , k = 1, 2, ... (9)

where the matrix factor, Mk is called “Monocular Matrix” and is of nk×n(k+1) type. They
are cascaded to produce telescope matrices as expressed above.

Telescope matrices have abundantly many of zero elements and hence are very sparse.
In order to suppress the sparsity as much as possible, the following “Squarified Telescope
Matrices (SquTelMats)” denoted by Sj ’s can be brought to scene as follows

Tja
⊗j+1 ≡ Sj(a)a j = 0, 1, 2, ... (10)

The following recursion between squarified telescope matrices hold

Sj =

j−1∑
k=0

(
j − 1

k

)
b F,Ska eSj−k−1, j = 1, 2, ... S0 = I (11)

where the squtelmat between n × n2 type F matrix and n element y vector is explicitly
defined below

bF,ye ≡
n∑
j=1

yjFj , y ≡

 y1
...
yn

 , F = [F1 · · ·Fn] (12)

The recursion equation of the squarification and the calculation of the squtelmats are de-
tailed in [18–23]. The above recursion amongst squtelmats has a computational complexity
which is much more than the computational complexity of the following vector recursion
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which can be obtained from the postmultiplication of the both sides in the above squtelmat
recursion with the initial vector.

vj = Sj(a)a, vj =

j−1∑
k=0

(
j − 1

k

)
b F,vk evj−k−1, j = 1, 2, ... v0 = a (13)

This recursion is expected to be implemented much more rapidly than the relevant matrix
recursion and our implementations confirm this point.

2 Sensitivity Coefficients

The use of the above v vectors enable us to rewrite the PREVTH solution as follows

x(t) = eβt
∞∑
j=0

1

j!

(
eβt − 1

β

)j
vj(a) (14)

We have nothing further to do with this formula and the above recursion but just to use.
However, there is an important question about the parameterization of the PREVTH ODEs
and relevant solutions together with the above recursion: “How do the solution vector
elements of PREVTH solution changes when the parameters in the equations change?”.
Parameters can come from the right hand function or initial vector structure. We can
investigate these changes simply by evaluate the first partial derivative of the solution
with respect to those parameters. We call these derivatives “Sensitivity Coefficients”. For
simplicity we are going to focus on the sensitivity coefficients with respect to the initial
vector elements in this work.

If we denote the parameter, with respect to which we are going to evalaute sensitivity
coefficient by σ then we can write

F = F(σ), vj = vj(σ), a = a(σ) (15)

where σ dependence of v vectors are in fact thru a few channel, from F and a dependencies.
The partial differentiation of above vector recursion with respect to σ produces

∂vj
∂σ

=

j−1∑
k=0

(
j − 1

k

)(⌊
F,
∂vk
∂σ

⌉
vj−k−1 + bF,vke

∂vj−k−1
∂σ

)

+

j−1∑
k=0

(
j − 1

k

)⌊
∂F

∂σ
,vk

⌉
vj−k−1,

∂v0

∂σ
=
∂a

∂σ
(16)

∂x

∂σ
= eβt

∞∑
j=0

1

j!

(
eβt − 1

β

)j
∂vj
∂σ

(17)
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In the case where σ is taken as a` we can write

∂V0

∂a1
= e`, ` = 1, 2, 3, ..., n (18)

where e` stands for the `th standard unit vector whose only nonzero element is 1 and is
positioned on the `th position.

3 Implementations

The following four ODEs can be written for Henon-Heiles system which is given by [24,25]

ẋ1 = x2, ẋ2 = −x1 − 2x1x3, ẋ3 = x4, ẋ4 = −x3 − x21 + x23 (19)

which are conical at the right hand side genuinely. However, the first degree terms do not
have a scalar matrix (identity matrix scaled by a scalar) coefficient. On the other hand,
the use of CASE (Constancy Additional Space Extension) adds a constant function with an
arbitrary value to the unknowns and therefore makes a space extension by a constant. This

creates 5-unknown ODEs whose right hand side F
(aug)
1 matrix is now βI5 and the other

matrix, 5 × 25 type F
(aug)
2 has unknown parameters like β and the constant coming from

CASE. Those parameters are determined to get a minimum norm form the 5 × 25 type
rectangular. After this optimization β and the CASE constant are found as zero while the

new form of 5×25 type F
(aug)
2 becomes having only 4 nonzero elements which are explicitly

given below[
F

(aug)
2

]
2,3

= −1,
[
F

(aug)
2

]
2,9

= −1,
[
F

(aug)
2

]
4,1

= −1,
[
F

(aug)
2

]
4,11

= 1.

(20)
The accompanying initial conditions in the implementations of this section have been

taken as follows
x(0) = a ≡ [ 0.1 0.2 0.3 0.4 ]T (21)

In the first implementation the general σ variable has been taken as a1 and approximants
formed by 2, 3, 4, 5, 6 and 10 terms truncations are plotted in the same graphics separately
for the first, second, third, and, fourth components of the 5 element PREVTH solution.
These are evaluated by using the vector recursion above and the fifth element which in fact
corresponds to zero function has not been shown. The variation of the approximants are
given throughout the interval [ 0, 1 ]. The convergence is at easily noticable level as seen
from the plots.
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Figure 1: Derivative of the first PREVTH solution vector component with respect to the
first element of the initial vector
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Figure 2: Derivative of the second PREVTH solution vector component with respect to the
first element of the initial vector
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Figure 3: Derivative of the third PREVTH solution vector component with respect to the
first element of the initial vector
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Figure 4: Derivative of the fourth PREVTH solution vector component with respect to the
first element of the initial vector

For these truncations the absolute errors between certain truncation approximants can
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also be given in the following graphics.
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Figure 5: Truncation approximant comparisons for the derivative of the first PREVTH
solution vector component with respect to the first element of the initial vector
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Figure 6: Truncation approximant comparisons for the derivative of the second PREVTH
solution vector component with respect to the first element of the initial vector
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Figure 7: Truncation approximant comparisons for the derivative of the third PREVTH
solution vector component with respect to the first element of the initial vector
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Figure 8: Truncation approximant comparisons for the derivative of the fourth PREVTH
solution vector component with respect to the first element of the initial vector
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Even though we have evaluated the derivatives of the PREVTH solution vector elements
with respect to all elements of the initial vector, we have reported only the partial derivatives
with respect to the first element of the initial vector because of the typographical room
insufficency. However, the convergence behavior of all cases seem to be almost same and
the rather lower truncation order approximants seem to be sufficent for moderate qualities.

Conclusion

In this work we have attempted to evaluate certain sensitivity coefficients by using PREVTH
solutions accompanied by a recently developed recursion. Our all implementations support
what we expect theoretical aspects of PREVTH. The sensitivity equations are in fact linear
and facilitates the solution techniques. We intend to continue our studies towards this
direction in our future works.
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Türkiye (2014) 99104.

[19] M. E. Kırkın and C. Gözükırmızı, Probabilistic Evolution Theory for ODE Sets
with Second Degree Multinomial Right Hand Side Functions: Certain Reductive Cases
ICCMSE, Athens, Greece (2015).
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Abstract

In this paper, we are concentrated on solving Delta equation for a class of non-linear
option pricing models. The unknown solution is the first spatial derivative of the option
value - Greek Delta. We develop and analyze monotone finite difference method for
the model problem. Some basic properties of the numerical scheme are established. To
improve the efficiency of the computations, two-grid method is used.

Key words: Delta Greek, Delta equation, finite difference scheme, monotonicity,
convergence, two-grid method

1 Introduction and possing the problem

We consider Black-Scholes equation with non-linear volatility term

∂V

∂t
+

1

2
σ2

(
S, t,

∂2V

∂S2

)
S2∂

2V

∂S2
+ (r − q)S∂V

∂S
− rV, S > 0, 0 ≤ t ≤ T, (1)

where the solution V = V (S, t) depends on the time variable t and the underlying asset
price S. The other parameters are: r > 1 is the interest rate, q ≥ 0 is the dividend yield
rate, T is the maturity. Such modifications of the classical option pricing equation, model
for instance, presence of constant transaction costs (Leland [4]), non-constant transactions
costs (see e.g. Ševčovič and Žitňanská [5]), imperfect replication and investor’s preferences
(cf. Barles and Soner [2]), etc.

The so called Greeks, representing the sensitivity of the price of derivatives, are very
important tools in mathematical engineering. In particular Greek Delta - the first spatial
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derivative of the option value, measure the rate of change of the option value with respect
to changes in the underlying asset’s price.

Let W = ∂V
∂S . Applying time inversion t = T − t and differentiating (1) with respect to

S, we derive Delta equation

∂W

∂t
−1

2

∂

∂S

[
σ2

(
S, t,

∂W

∂S

)
S2∂W

∂S

]
+qW−(r−q)S∂W

∂S
= 0, (S, t) ∈ (0, Smax)×(0, T ), (2)

The semi-infinite domain is truncated by large enough computational interval [0, Smax]. The
problem is completed with initial and boundary conditions, which depends on the type of
the option. Let H(x) = 1[0,∞)(x) stands for the Heaviside function and g′1, gW2 , gW3 are
known functions. The initial conditions for some popular options are

g′1(S) =


H(S −K) for Vanilla call,
−H(K − S) for Vanilla put,
H(S −K1)− 2H(S −K) +H(S −K2) for Butterfly Spread,

(3)

The corresponding boundary conditions for (2): gW2 at S = 0 and gW3 at S = Smax, are

gW2 =


0 for Vanilla call,
−1 for Vanilla put,

0 for Butterfly Spread,
gW3 =


1 for Vanilla call,
0 for Vanilla put,
0 Butterfly Spread.

(4)

The aim of this work is to construct and investigate appropriate and efficient numerical
method for solving the model problem (2)-(4).

In the papers [6, 7] a numerical approach for computing the Delta Greek and the option
price of the Black-Scholes-Barenblatt equation is developed. In our previous paper [3] a first
order upwind numerical method is constructed for solving (2)-(4).

2 Numerical method

Finite difference discretization. We define non-uniform meshes in space and time. The
space step is hi = Si+1 − Si, i = 0, 1, . . . ,M − 1, S0 = 0, SM = Smax and time step
4tn = tn+1−tn, n = 0, 1, . . . , N−1. Let ~0 = h0/2, ~i = (hi−1 +hi)/2, i = 1, 2, . . . ,M−1,
~M = hM−1/2 and the numerical solution at point (Si, t

n) is denoted by Wn
i .

Using upwind scheme, combined with ’maximal use of central differencing’ [8] for the
convection term, we construct the weighted (θ ∈ [0, 1]) discretization of (2). For i =
1, 2, . . . ,M − 1, n = 0, 1, . . . , N − 1 we have

Wn+1
i −Wn

i

4tn
− θ

2~i

[
S2
i+1/2σ̂

2,n+1
i+1/2(WS)n+1

i − S2
i−1/2σ̂

2,n+1
i−1/2(WS̄)n+1

i

]
− θ(r − q)+Si[χ

+
i (WS)n+1

i + (1− χ+
i )(WS̊)n+1

i ]

+ θ(r − q)−Si[χ−i (WS̄)n+1
i + (1− χ−i )(WS̊)n+1

i ] + qθWn+1
i

(5)
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=
(1− θ)

2~i

[
S2
i+1/2σ̂

2,n
i+1/2(WS)ni − S2

i−1/2σ̂
2,n
i−1/2(WS̄)ni

]
+ (1− θ)(r − q)+Si[χ

+
i (WS)ni + (1− χ+

i )(WS̊)ni ]

− (1− θ)(r − q)−Si[χ−i (WS̄)ni + (1− χ−i )(WS̊)n+1
i ] + q(1− θ)Wn

i ,

where (WS)ni = (Wn
i+1 −Wn

i )/hi, (WS̄)ni = (WS)ni−1, (WS̊)ni = (hi−1(WS)ni + hi(WS̄)ni )/2~i,

σ̂2,n+1
i+1/2 := σ2

(
Si+1/2, tn+1, (WS)n+1

i

)
, σ̂2,n+1

i−1/2 := σ2
(
Si−1/2, tn+1, (WS̄)n+1

i

)
,

χ+
i =

 0, hi <
S2
i−1/2σ̂

2,n+1
i−1/2

(r − q)+Si
,

1, otherwise,

χ−i =

 0, hi−1 <
Si+1/2σ̂

2,n+1
i+1/2

(r − q)−
,

1, otherwise.

The finite difference scheme is completed with boundary and initial conditions

Wn
0 = gW2 (tn), Wn

M = gW3 (tn), n = 1, . . . , N, W 0
i = g′1(Si), i = 0, . . . ,M. (6)

Convergence. On the base of the results in [1] for a second order non-linear PDE, from
stability, monotonicity and consistency of the numerical discretization follows convergence
of the numerical solution to the viscosity solution.

Lemma 1. (Stability) If the following restriction is fulfilled

4tn ≤
1

1− θ

(
1

2~ihi−1
S2
i−1/2σ̂

2,n
i−1/2 +

1

2~ihi
S2
i+1/2σ̂

2,n
i+1/2

+(r − q)−Si
[
χ−i
hi−1

+
(1− χ−i )hi

2~i

(
hi
hi−1

− hi−1

hi

)]
+(r − q)+Si

[
χ+
i

hi
+

(1− χ+
i )hi−1

2~i

(
hi−1

hi
− hi
hi−1

)]
+ q

)−1

,

(7)

then the solution of the discretization (5), (6) satisfies the estimate

‖Wn+1‖∞ ≤ max{‖g′1‖∞, ‖gW3 ‖∞, ‖gW3 ‖∞}.

Lemma 2. (Monotonicity) The discretization (5), (6), θ = 1 is monotone, if

hi ≤
S2
i−1/2

Si|r − q|
min

{
1

(1− χ−i+1)

∂(σ̂2,n+1
i+3/2U

n+1
i+3/2)

∂Un+1
i+3/2

,
1

(1− χ+
i )

∂(σ̂2,n+1
i−1/2U

n+1
i−1/2)

∂Un+1
i−1/2

}
. (8)

Lemma 3. The discretization (5), (6) is consistent.

Theorem 1. Let the conditions of Lemmas 1 - 3 are fulfilled. Then the solution of (5),
(6), θ = 1, converges to the viscosity solution as (|h|,4t)→ (0+, 0+), where |h| = max

0≤i≤M
hi

and 4t = max
0≤n≤N−1

4tn.
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Numerical implementation. Let define a new - fine space mesh with step size hfi << hi. To
improve the computational efficiency of the numerical method (5), (6) we apply the two-
grid idea. At each time level, we solve the non-linear system (5), (6) by Picard or Newton
iteration process on the coarse mesh (with step size hi). Then, on the fine mesh, we perform
only one Newton/Picard iteration.

Various numerical experiments were performed and they confirm the efficiency of the
proposed method.
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Abstract

In this work we consider a system of weakly coupled semi-linear parabolic equations
of optimal portfolio in a regime-switching model in the case of exponential utility func-
tion, proposed by A.R. Valdez and T. Vargiolu [8]. We develop efficient finite difference
method for 2D case. For the approximation of the convection term we implement van
Leer flux limiter technique and for the discretization of the mixed derivatives we ap-
ply different stencils, depending on the sign of the correlation. We prove comparison
principle and convergence for the approximated solution.

Key words: Regime-switching model, system of semi-linear parabolic PDE, exponen-
tial non-linearity, finite difference scheme, flux limiter, convergence

1 Introduction and model formulation

Following the regime-switching model in [8], we consider the PDE system

Ckt +rSCkS + 1
2tr(S

∑
k

∑T
k SC

k
SS)+ e−r(T−t)

α

[
m∑
j=1

(e−αφ(C
k−Cj) − 1)λkj− 1

2z
2
k

]
= rCk,

Ck(T ) = 0.

(1)

Here C(t, S) := (Ck(t, S))k=1,...,m ∈ C1,2
b ([0, T ] × B,Rm), B = (0,∞)d, r is the risk-free

interest rate, φ(t) := er(T−t), α > 0, µk = µk(t, S) : [0, T ] × B ⊂ Rd → Rd,
∑

k

∑T
k are

locally Lipschitz and bounded,
∑

k =
∑

k(t, S) : [0, T ] × B ⊂ Rd → Rd×d is nonsingular
for all (t, S),

∑−1
k µk and λkj : [0, T ] × B → [0,∞), λkj ∈ C1

b ([0, T ] × B) are bounded
on ΩT = [0, T ] × B, for all k, j = 1, . . . ,m, 1 is the d-dimensional unit column vector,
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S := diag(S), S = (S1, S2, . . . , Sd), C
k
S is the gradient with respect to S, CkSS is the Hessian

matrix with entries CkSiSj
, i, j = 1, 2, . . . , d and functions z2k are defined by

z2k(t, S) := (µk(t, S)− r1)T
(∑

k(t, S)
∑T

k (t, S)
)−1

(µk(t, S)− r1).

A simpler regime-switching model (represented by a parabolic-ODE system) in the
case of exponential utility is derived in [6]. For solving this market model, in [1, 2, 7] are
constructed and analyzed efficient finite difference schemes. In our previous work [3] a scalar
case of problem (1) is studied.

We consider two-dimensional case of (1) with more general terminal conditions Ck(T, S) =
Ck0 (S), k = 1, 2. The semi-infinite domain B is truncated by large enough computational
region [0, S1max] × [0, S2max], imposing natural boundary conditions. Next, we apply the
logarithmic change of the space variables xi = lnSi. As a result [0, Simax] transforms to
the semi-infinite domain (−∞, lnSimax]. Then, this domain is truncated by large enough
computational domain D = D1 ×D2, Di = [L−

i , L
+
i ], L+

i = lnSimax and L−
i < 0, L+

i > 0
are real numbers. For i = 1, 2 we define the function δi

δi =

{
0, xi = L±

i ,
1, otherwise,

δ2i = δi.

In order to obtain an initial-value problem we invert the time, setting τ := T − t. Let∑
k

∑T
k = {σkil}

2,2
i,l=1 ≥ 0 and denote 2ρkil = σkil +σkli, k = 1, 2. Finally, the resulting problem

for (τ, x) ∈ QT = (0, T ]×D1 ×D2, is

Ckτ − δ1
(
r − 1

2
σk11

)
Ckx1 − δ2

(
r − 1

2
σk22

)
Ckx2 + rCk

− 1

2

(
δ1σ

k
11C

k
x1x1 + 2δ1δ2ρ

k
12C

k
x1x2 + δ2σ

k
22C

k
x2x2

)
=
e−rτ

α

 m∑
j=1

(e−αφ(C
k−Cj) − 1)λkj − 1

2
z2k


Ck(0, x) = Ck0 (ex), x ∈ D1 ×D2.

(2)

We prove comparison principle for the differential problem (2).

2 Numerical method

We consider uniform mesh in space ωh = ωh1 × ωh2 with mesh step size hi in xi direction

ωhi =
{
xi,ji : xi,ji = L−

i + (ji − 1)hi, ji = 1, . . . , Ni, hi = (L+
i − L

−
i )/(Ni − 1)

}
and non-uniform mesh ωτ in time with time increments 4τn, i.e. τn+1 = τn + 4τn,
n = 0, 1, . . . , Nτ . The numerical solution at grid nodes from QhT = ωτ × ωh is denoted by
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Ckj1,j2 := Ck(τn, x1j1 , x2j2) and Ĉkj1,j2 := Ck(τn+1, x1j1 , x2j2). Further, we use the following
notations for the derivative approximations

Cktj1,j2
=
Ĉkj1,j2 − C

k
j1,j2

4τn
, Ckx1j1,j2

=
Ckj1,j2 − C

k
j1−1,j2

h1
, Ckx1j1,j2

= Ckx1j1+1,j2
,

Ckx2j1,j2
=
Ckj1,j2 − C

k
j1,j2−1

h2
, Ckx2j1,j2 = Ckx2j1,j2+1

, Ckxsxp = (Ckxs)xp , s, p = {1, 2},

(Ck)−x1x2 =
1

2
[Ckx1x2 + Ckx1x2 ], (Ck)+x1x2 =

1

2
[Ckx1x2 + Ckx1 x2 ], (Ck)± = max{0,±Ck}.

In order to approximate the model problem (2), we use different stencils for the approxi-
mation of the mixed derivative, depending on the sign of ρk12 and for convection term we
implement van Leer flux limiter technique [5]. For the exponential term we apply Newton-
like linearization. The resulting weighted (θ1, θ2, θ3 ∈ [0, 1]) numerical scheme is

Ckt − θ1δ1[(Ak1)+(Λ̂k1)+Ĉkx1 − (Ak1)−(Λ̂k1)−Ĉkx1 ]

− θ1δ2[(Ak2)+(Λ̂k2)+Ĉkx2− (Ak2)−(Λ̂k2)−Ĉkx2 ]+rθ2Ĉ
k +θ3

m∑
j=1

e−αφ̂(C
k−Cj)(Ĉk − Ĉj)λ̂kj

− 1

2
θ2

(
δ1σ

k
11Ĉ

k
x1x1 + 2δ1δ2(ρ

k
12)

+(Ĉk)+x1x2 − 2δ1δ2(ρ
k
12)

−(Ĉk)−x1x2 + δ2σ
k
22Ĉ

k
x2x2

)
= (1− θ1)δ1[(Ak1)+(Λk1)+Ckx1 − (Ak1)−(Λk1)−Ckx1 ]

+ (1− θ1)δ2[
(
(Ak2)+(Λk2)+Ckx2 − (Ak2)−(Λk2)−Ckx2

)
] + Fm1 + Fm2 − r(1− θ2)Ck

+
1− θ2

2

(
δ1σ

k
11C

k
x1x1 + 2δ1δ2(ρ

k
12)

+(Ck)+x1x2 − 2δ1δ2(ρ
k
12)

−(Ck)−x1x2 + δ2σ
k
22C

k
x2x2

)
,

(3)

coupled with initial conditions Ck(0, x1, x2) = Ck0 (ex1 , ex2), (x1, x2) ∈ ωh. The following
notations are used in (3)

(Λki )
+ = 1 +

1

2
Φ((θkji+1/2)

−1)− 1

2
Φ(θkji+3/2), (Λki )

− = 1 +
1

2
Φ(θkji+1/2)−

1

2
Φ((θkji−1/2)

−1),

Φ(θk) =
|θk|+ θk

1 + |θk|
, θkji+1/2 =

Ckxij1,j2
Ckxij1,j2

, i = 1, 2,

Fm1 = (1− θ3)
e−rτ

n

α

 m∑
j=1

(e−αφ(C
k−Cj) − 1)λkj − 1

2
z2k

 ,
Fm2 = θ3

e−rτ
n+1

α

 m∑
j=1

[(1 + αφ̂(Ck − Cj))e−αφ̂(Ck−Cj) − 1]λ̂kj − 1

2
ẑ2k

 .
Now, if |ρk12|(σk22)−1 ≤ h1h−1

2 ≤ σk11|ρk12|−1, then the coefficient matrix of the system (3)
is an M -matrix.
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Further, for a mild time step restriction, we prove negativity preserving property and
convergence in maximal discrete norm of the solution of (3).

Various numerical experiments confirm computational efficiency of the proposed method
and validate the theoretical statements.
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Abstract

In this paper, we investigate and prove common random fixed point theorems in cone
random metric spaces for weakly compatible mappings satisfying implicit relations.

Key words: Random Fixed Point, Cone Random Metric Spaces, Implicit Relation
MSC 2000: 47H10, 54H25

1 Introduction

Random fixed point theorems is stochastic generalizations of classical fixed point theorems.
The study of random fixed points form a central topic in this area. Random fixed point
theorems for random contraction mappings on separable complete metric spaces were first
proved by Špaček [1] and Hanš [2]. Subsequently, Bharucha-Reid [3] proved the stochastic
version of the well-known Banachs and Schauders fixed point theorem and hence random
fixed point theory and applications have been developed rapidly in recent years, see [4, 5, 6,
7]. In 2007, Huang and Zhang [8] defined the cone metric spaces. They also described the
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convergence of sequences and introduced the notion of completeness in cone metric spaces
and proved some fixed point theorems of contractive mappings on complete cone metric
space. In 2008, Rezapour and Hamlbarani [9], showed that there are no normal cones with
normal constant M < 1, and for each k > 1 there are cones with normal constant M > k,
by providing non-normal cones and omitting the assumption of normality. Random fixed
point results in cone random metric spaces are stochastic generalization of deterministic
fixed point results in cone metric space. Several other authors see [10, 11, 12] studied the
existence of random fixed points and common random fixed points of mappings satisfying
contractive type conditions in setting cone random metric spaces. Recently, Rashwan and
Hammad [12] a common random fixed point for four weakly compatible mappings on a
nonempty separable closed subset of cone random metric spaces. In this paper, we prove
common random fixed point theorems for weakly compatible mapping vai implicit relation.

2 Preliminaries

Definition 2.1. [10] Let (E , τ) be a topological vector space. A subset p of E is called a
cone if the following conditions satisfied:

(c1) p is closed, nonempty and p 6= {0};

(c2) a, b ∈ R, a, b ≥ 0 and x, y ∈ p⇒ ax+ by ∈ p;

(c3) If x ∈ p and −x ∈ p⇒ x = 0.

For a given cone p ⊂ E we define a partial ordering � with respect to p by x � y if y−x ∈ p.
We shall write x ≺ y to indicate that x � y but x 6= y, while x� y will stand for y−x ∈ p◦,
where p◦ indicate to the interior of p.

Definition 2.2. [8, 14] Let X be a nonempty set and the mapping the mapping d : X×X →
E satisfies:

(d1) 0 ≤ d(x, y) for all x, y ∈ X and d(x, y) = 0⇔ x = y;

(d2) d(x, y) = d(y, x) for all x, y ∈ X;

(d3) d(x, y) ≤ d(x, z) + d(z, y); x, y, z ∈ X.

Then d is called a cone metric [8] or K-metric [14] on X and (X, d) is called a cone metric
space [8].
The concept of a cone metric space is more general than that of a metric space, because
each metric space is a cone metric space where E = R and p = [0,+∞).
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Definition 2.3. Let (X, d) be a cone metric space. We say that {xn} is:

(i) a Cauchy sequence if for every ε in E with 0� ε, then there is an N such that for all
n,m > N, d(xn, xm)� ε;

(ii) a convergent sequence if for every ε in E with 0� ε, then there is an N such that for
all n > N, d(xn, x)� ε for some fixed x in X.

A cone metric space X is said to be complete if every Cauchy sequence in X is convergent
in X.

Definition 2.4. Let (Ω,Σ) be a measurable space with Σ- a sigma algebra of subsets of
Ω and M be a nonempty subset of a metric space X = (X, d). Let 2M be the family of
nonempty subsets of M and C(M) the family of all nonempty closed subsets of M. A
mapping G : Ω → 2M is called measurable if for each open subset U of M, G−1(U) ∈ Σ,
where G−1(U) = {ω ∈ Ω : G(ω) ∩ U 6= ∅}

Definition 2.5. A mapping ξ : Ω → M is called measurable selector of a measurable
mappings G : Ω→ 2M if ξ is measurable and ξ(ω) ∈ G(ω) for each ω ∈ Ω.

Definition 2.6. The mapping T : Ω×M→ X is called a random operator if for each fixed
x ∈M, the mapping T (·, x) : Ω→ X is measurable.

Definition 2.7. A random operator T : Ω×M→ X is called continuous random operator
if for each fixed x ∈M and ω ∈ Ω, the mapping T (ω, ·) : Ω→ X is continuous.

Definition 2.8. A measurable mappings ξ : Ω →M is a random fixed point of a random
operator T : Ω×M→ X if T (ω, ξ(ω)) = ξ(ω) for each ω ∈ Ω.

Definition 2.9. Let M be a nonempty set and the mapping d : Ω×M → p, where p is a
cone, ω ∈ Ω be a selector, satisfy the following conditions:

(i) d(x(ω), y(ω)) ≥ 0 and d(x(ω), y(ω)) = 0⇔ x(ω) = y(ω) for all x(ω), y(ω) ∈ Ω×M,

(ii) d(x(ω), y(ω)) = d(y(ω), x(ω)) for all x, y ∈M, ω ∈ Ω and x(ω), y(ω) ∈ Ω×M,

(iii) d(x(ω), y(ω)) ≤ d(x(ω), z(ω)) + d(z(ω), y(ω)) for all x, y, z ∈ M and ω ∈ Ω be a
selector,

(iv) for any x, y ∈M, ω ∈ Ω, d(x(ω), y(ω)) is nonincreasing and left continuous.

Then d is called cone random metric on M and (M, d) is called a cone random metric
space.
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Definition 2.10. Random operators T, S : Ω×X → Xare weakly compatible if T (S(ξ(ω))) =
S(T (ξ(ω))) provided that T (ξ(ω)) = S(ξ(ω)) for every ω ∈ Ω.

Definition 2.11. [15] Let F6 be the family of all continuous mappings F (t1, t2, t3, t4, t5, t6) :
R6
+ → R with t3 + t4 6= 0 satisfying the following condition:

(F1) there exists 0 ≤ h < 1 such that for all u, v, w ≥ 0 with

(Fa) F (u, v, v, u, w, 0) ≤ 0 or

(Fb) F (u, v, u, v, 0, 0) ≤ 0
we have u ≤ hv.

3 Main result

Theorem 3.1. Let (X, d) be a complete cone random metric space with respect to a cone
P and let M be nonempty separable closed subset of X. Assume that S, T, f, and g be four
continuous random operators defined on M such that ω ∈ Ω, S(ω, ·), T (ω, ·), f(ω, ·), g(ω, ·) :
Ω×M→M satisfying the following conditions:

(i) S(ω,X) ⊆ g(ω,X) and T (ω,X) ⊆ f(ω,X),

(ii) the pairs {S, f} and {T, g} are random weakly compatible mappings,

(iii)

F (d(S(x(ω)), T (y(ω))), d(f(x(ω)), g(y(ω))), d(f(x(ω)), S(x(ω))),

d(g(y(ω)), T (y(ω))), d(f(x(ω)), T (y(ω))), d(S(x(ω)), g(y(ω)))) ≤ 0 (1)

for all x(ω), y(ω) ∈ Ω×X and F ∈ F6.
Satifies (F1) if d(f(x(ω)), S(x(ω))) + d(g(y(ω)), T (y(ω))) 6= 0, or d(S(x(ω)), T (x(ω))) = 0
if d(f(x(ω)), S(x(ω))) + d(g(y(ω)), T (y(ω))) = 0.
Then the four random mapping have unique common random fixed point in X.

Proof. For each x0(ω), x1(ω) ∈ Ω×X and n = 1, 2, 3, . . . , we choose y1(ω), y2(ω) ∈ Ω×X
such that

y1(ω) = S(x0(ω)) = g(x1(ω))

and
y2(ω) = T (x1(ω)) = f(x2(ω))

In general we construct a sequence of measurable mappings xn(ω), yn(ω) : Ω → X defined
by

y2n+1(ω) = S(x2n(ω)) = g(x2n+1(ω)) (2)
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y2n+2(ω) = T (x2n+1(ω)) = f(x2n+2(ω)) (3)

If d(f(x2n(ω)), S(x2n(ω))) + d(g(x2n+1(ω)), T (x2n+1(ω))) 6= 0. Then from (1), (2), and (3),
we get

F (d(S(x2n(ω)), T (x2n+1(ω))), d(f(x2n(ω)), g(x2n+1(ω))), d(f(x2n(ω)), S(x2n(ω))),

d(g(x2n+1(ω)), T (x2n+1(ω))), d(f(x2n(ω)), T (x2n+1(ω))), d(S(x2n(ω)), g(x2n+1(ω))))

= F (d(y2n+1(ω), y2n+2(ω)), d(y2n(ω), y2n+1(ω)), d(y2n(ω), y2n+1(ω)),

d(y2n+1(ω), y2n+2(ω)), d(y2n(ω), y2n+2(ω)), d(y2n+1(ω), y2n+1(ω)))

≤ 0.

By (Fa), we get
d(y2n+1(ω), y2n+2(ω)) ≤ hd(y2n(ω), y2n+1(ω))

Similarly, if

d(f(x2n+2(ω)), S(x2n+2(ω))) + d(g(x2n+1(ω)), T (x2n+1(ω))) 6= 0.

we obtain
d(y2n(ω), y2n+1(ω)) ≤ hd(y2n−1(ω), y2n(ω)),

hence
d(y2n+1(ω), y2n+2(ω)) ≤ h2d(y2n−1(ω), y2n(ω)).

On continuing this process, we have

d(y2n+1(ω), y2n+2(ω)) ≤ h2nd(y0(ω), y1(ω)).

Also, for n > m, we get

d(yn(ω), ym(ω)) ≤ d(yn(ω), yn−1(ω)) + d(yn−1(ω), yn−2(ω)) + · · ·+ d(ym+1(ω), ym(ω))

≤ (hn−1 + hn−2 + · · ·+ hm)d(y0(ω), y1(ω))

≤ (
hm

1− h
)d(y0(ω), y1(ω)).

Let 0 � ε is given. Choose a natural number N such that ( hm

1−h)d(y0(ω), y1(ω)) � ε for
every m ≥ N , hence

d(yn(ω), ym(ω)) ≤ (
hm

1− h
)d(y0(ω), y1(ω))� ε,

this implies that {yn(ω)} is Cauchy sequence in Ω×X. Since (X, d) is complete, then there
exists z(ω) ∈ Ω×X such that yn(ω)→ z(ω) as n→∞. Then from (2) and (3), we get

lim
n→∞

S(x2n(ω)) = lim
n→∞

g(x2n+1(ω)) = z(ω)
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and

lim
n→∞

T (x2n+1(ω)) = lim
n→∞

f(x2n+2(ω)) = z(ω).

Therefore

lim
n→∞

S(x2n(ω)) = lim
n→∞

g(x2n+1(ω)) = lim
n→∞

T (x2n+1(ω)) = lim
n→∞

f(x2n+2(ω)) = z(ω) (4)

Since T (ω,X) ⊆ f(ω,X), then there exists v(ω) ∈ Ω×X such that

z(ω) = f(v(ω)). (5)

From (1), we obtain

F (d(S(x2n(ω)), T (x2n+1(ω))), d(f(x2n(ω)), g(x2n+1(ω))), d(f(x2n(ω)), S(x2n(ω))),

d(g(x2n+1(ω)), T (x2n+1(ω))), d(f(x2n(ω)), T (x2n+1(ω))), d(S(x2n(ω)), g(x2n+1(ω)))) ≤ 0,

this implies that d(z(ω), T (v(ω))) ≤ 0, thus −d(z(ω), T (v(ω))) ∈ p. But d(z(ω), T (v(ω))) ∈
p, therefore by Definition 2.1 (c3), we have d(z(ω), T (v(ω))) = 0 and so d(z(ω) = T (v(ω))).
Form (5) we get

z(ω) = f(v(ω)) = T (v(ω)).

Hence v(ω) is a random coincidence point of T and f . Since the pair T and f are random
weakly compatible, i.e. T (f(v(ω))) = f(T (v(ω))) this implies that

T (z(ω)) = f(z(ω)).

Now we show that z(ω) is a random fixed point of S, we have from (1) that

F (d(S(u(ω)), T (v(ω))), d(f(u(ω)), g(v(ω))), d(f(u(ω)), S(u(ω))),

d(g(v(ω)), T (v(ω))), d(f(u(ω)), T (v(ω))), d(S(u(ω)), g(v(ω))))

= F (d(S(u(ω)), (z(ω))), 0, d(z(ω), S(u(ω))), 0, 0, d(S(u(ω)), z(ω)))

≤ 0.

By (Fb) we get f(z(ω)) = S(z(ω)) and g(z(ω)) = T (z(ω)). Since d(f(z(ω)), S(z(ω))) +
d(g(v(ω)), T (v(ω))) = 0, it follows that d(S(z(ω)), T (v(ω))) = 0 i.e.

z(ω) = S(z(ω)) = f(z(ω)). (6)

By a similar way and using (6), we can prove that for all ω ∈ Ω,

z(ω) = T (z(ω)) = g(z(ω)). (7)

c©CMMSE ISBN: 978-84-617-8694-7Page 1194 of  2288



C. Kongban and P. Kumam

The equations (6) and (7) show that z(ω) is common random fixed point of T, S, f, g. For
uniqueness. Let z(ω) 6= q(ω) be another common random fixed point of four mappings,
then from (1), one can write

F (d(S(u(ω)), T (q(ω))), d(f(u(ω)), g(q(ω))), d(f(u(ω)), S(u(ω))),

d(g(q(ω)), T (q(ω))), d(f(u(ω)), T (q(ω))), d(S(u(ω)), g(q(ω))))

= F (d(q(ω), (z(ω))), 0, d(z(ω), q(ω)), 0, 0, d(q(ω), z(ω)))

≤ 0.

a contradiction. Hence z(ω) = q(ω) and so z(ω) is a unique common random fixed point of
T, S, f, g.

If we take, f = g in above theorem we obtain the following corollary.

Corollary 3.2. Let (X, d) be a complete cone random metric space with respect to a cone
P and let M be nonempty separable closed subset of X. Assume that S, T and f be three
continuous random operators defined on M such that ω ∈ Ω, S(ω, ·), T (ω, ·), f(ω, ·) : Ω ×
M→M satisfying the following conditions:

(i) S(ω,X) ⊆ f(ω,X) and T (ω,X) ⊆ f(ω,X),

(ii) the pairs {S, f} and {T, f} are random weakly compatible mappings,

(iii)

F (d(S(x(ω)), T (y(ω))), d(f(x(ω)), f(y(ω))), d(f(x(ω)), S(x(ω))),

d(f(y(ω)), T (y(ω))), d(f(x(ω)), T (y(ω))), d(S(x(ω)), f(y(ω)))) ≤ 0

for all x(ω), y(ω) ∈ Ω×X and F ∈ F6 satifies (F1) if d(f(x(ω)), S(x(ω)))+d(f(y(ω)), T (y(ω))) 6=
0, or d(S(x(ω)), T (x(ω))) = 0 if d(f(x(ω)), S(x(ω))) + d(f(y(ω)), T (y(ω))) = 0.
Then the three random mapping have unique common random fixed point in X.

If we take, f = g and S = T in above theorem we obtain the following corollary.

Corollary 3.3. Let (X, d) be a complete cone random metric space with respect to a cone
P and let M be nonempty separable closed subset of X. Assume that S and f be two
continuous random operators defined on M such that ω ∈ Ω, S(ω, ·), f(ω, ·) : Ω×M→M
satisfying the following conditions:

(i) S(ω,X) ⊆ f(ω,X),

(ii) the pairs {S, f} is a random weakly compatible mappings,
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(iii)

F (d(S(x(ω)), S(y(ω))), d(f(x(ω)), f(y(ω))), d(f(x(ω)), S(x(ω))),

d(f(y(ω)), S(y(ω))), d(f(x(ω)), S(y(ω))), d(S(x(ω)), f(y(ω)))) ≤ 0

for all x(ω), y(ω) ∈ Ω×X and F ∈ F6 satifies (F1) if d(f(x(ω)), S(x(ω)))+d(f(y(ω)), S(y(ω))) 6=
0, or d(S(x(ω)), S(x(ω))) = 0 if d(f(x(ω)), S(x(ω))) + d(f(y(ω)), S(y(ω))) = 0.
Then the two random mapping have unique common random fixed point in X.
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Abstract

Recent results on the construction and applications of the transmutation (transfor-
mation) operators are discussed. Three new representations for solutions of the one-
dimensional Schrödinger equation are considered. Due to the fact that they are obtained
with the aid of the transmutation operator all the representations possess an important
for practice feature. The accuracy of the approximate solution is independent of the
real part of the spectral parameter. This makes the representations especially useful
in problems requiring computation of large sets of eigendata with a nondeteriorating
accuracy.

Applications of the exact representations for the transmutation operators to partial
differential equations are discussed as well. In particular, it is shown how the methods
based on complete families of solutions can be extended onto equations with variable
coefficients.

Key words: Sturm-Liouville equation, Transmutation operator, Neumann series of
Bessel functions, Spectral problem, Complete family of solutions, Method of fundamental
solutions
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1 Transmutation operators

Transmutation operators also called transformation operators are a widely used tool in the
theory of linear differential equations (see, e.g., [2], [4], [5] [18], [19], [20] and many other
publications). In particular, let q ∈ C[−b, b] be a complex valued function. Consider the
Sturm-Liouville equation

Ay := y′′ − q(x)y = −ω2y. (1)
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It is well known (see, e.g., [19]) that there exists a Volterra integral operator T called the
transmutation (or transformation) operator defined on C[−b, b] by the formula

Tu(x) = u(x) +

∫ x

−x
K(x, t)u(t)dt

such that for any u ∈ C2[−b, b] the following equality is valid

ATu = Tu′′

and hence any solution of (1) can be written as y = T [u] where u(x) = c1 cosωx+ c2 sinωx
with c1 and c2 being arbitrary constants.

The transmutation kernelK is a solution of a certain Goursat problem for the hyperbolic
equation (

∂2

∂x2
− q(x)

)
K(x, t) =

∂2

∂t2
K(x, t).

2 Construction of the transmutation kernel and new repre-
sentations for solutions of the Sturm-Liouville equation

In spite of fundamental importance of the transmutation kernel K in the theory of linear
differential equations, besides the method of successive approximations derived directly from
the Goursat problem (see, e.g., [5]) very few attempts of its practical construction have been
reported. In this relation we mention the paper [3] where analytic approximation formulas
for the integral kernel were obtained and the recent publications [14], [15] where another
procedure of analytical approximation was proposed.

To the difference of those previous results, in the recent paper [13] an exact representa-
tion for K in the form of a Fourier-Legendre series with explicit formulas for the coefficients
was obtained. Suppose that q ∈ W−12 [−b, b] (that is, q can be a piecewise continuous func-
tion, may have a singularity, e.g., q(x) ∼ c/x, etc.). In this case K(x, t) is an L2-function.
Under these conditions the following theorem was proved in [13].

Theorem 1 The kernel K has the form

K(x, t) =

∞∑
n=0

βn(x)

x
Pn

(
t

x

)
(2)

where for every x ∈ [−b, b] the series converges with respect to t in the L2-norm (if q ∈
C[−b, b] the series converges uniformly),

βn(x) =
2n+ 1

2

( n∑
k=0

lk,nϕk(x)

xk
− 1

)
,
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with lk,n being the coefficient at xk of the Legendre polynomial Pn, and ϕk being the so-called
formal powers constructed as follows (see [8], [12]).

Definition 2 (Formal powers ϕk) Let f be a solution of

f ′′ − q(x)f = 0, x ∈ [−b, b], (3)

f(0) = 1, f ′(0) = 0.

Then {ϕk}∞k=0 are defined by the equalities

ϕk =

{
fX(k), k odd,

fX̃(k), k even,

where

X(0) ≡ 1, X(n)(x) = n

∫ x

0
X(n−1)(s)

(
f2(s)

)(−1)n
ds,

and

X̃(0) ≡ 1, X̃(n)(x) = n

∫ x

0
X̃(n−1)(s)

(
f2(s)

)(−1)n−1

ds.

It is worth mentioning that ϕk are easily computable (at least numerically) in practice
(see, e.g., [13] for additional details).

A representation for the kernel K leads to a representation for the solution of (1). Let
u(ω, x) denote the solution of (1) satisfying the initial conditions

u(ω, 0) = 1, u′(ω, 0) = iω.

Then we have

u(ω, x) = eiωx +

∫ x

−x
K(x, t)eiωtdt.

Substitution of (2) into the last integral gives us the equality [13]

u(ω, x) = eiωx +

∞∑
n=0

βn(x)

∫ 1

−1
Pn (y) eiωxydy = eiωx +

∞∑
n=0

inβn(x)jn(ωx)

where jn(z) =
√

π
2zJn+1/2(z) are spherical Bessel functions. The series converges uniformly

with respect to x.
Moreover, take ω ∈ R. Consider

KN (x, t) =
N∑
n=0

βn(x)

x
Pn

(
t

x

)
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and

uN (ω, x) = eiωx +
N∑
n=0

inβn(x)jn(ωx), x > 0.

We have [13]

|u(ω, x)− uN (ω, x)| =
∣∣∣∣∫ x

−x
(K(x, t)−KN (x, t)) eiωtdt

∣∣∣∣
≤ ‖K(x, ·)−KN (x, ·)‖L2(−x,x)

∥∥eiωt∥∥
L2(−x,x)

= εN (x)
√

2x

—independent of ω. More generally, for any ω ∈ C, ω 6= 0 belonging to the strip |Imω| ≤ C,
C ≥ 0,

|u(ω, x)− uN (ω, x)| ≤ εN (x)
sinh(Cx)

C
.

This ω-independence of the approximation accuracy was shown in [13] to give a very fast
and efficient method for computing large sets of eigendata with a nondeteriorating accuracy.
In [17] it was generalized onto perturbed Bessel equations, and in [16] onto Sturm-Liouville
equations.

Another representation for the kernel K and as a corollary for the solutions of (1) was
obtained in [9]. Consider the following extension of the transmutation kernel K,

K̃(x, t) =

{
K(x, t), −x ≤ t ≤ x,
0, −∞ < t < −x.

Then

u(ω, x) = eiωx +

∫ x

−∞
K̃(x, y)eiωydy = eiωx

(
1 +

∫ ∞
0

K̃(x, x− t)e−iωtdt
)
.

Consider
K̃(x, x− t) = k(x, t)e−t.

The function k(x, ·) then belongs to the space L2

(
0,∞; e−t

)
equipped with the scalar prod-

uct 〈u, v〉 :=
∫∞
0 u(t)v(t)e−tdt. Thus, k(x, ·) admits a Fourier-Laguerre expansion conver-

gent in the corresponding norm,

k(x, t) =
∞∑
n=0

an(x)Ln(t).

The kernel has the form [9]

K̃(x, y) =

∞∑
n=0

an(x)Ln(x− y)e−(x−y),
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with the coefficients an defined by

an(x) =

n∑
j=0

(−1)j
(
ϕj(x)− xj

) n∑
k=j

(−1)k
n!

(n− k)!k!(k − j)!j!
xk−j . (4)

The solution u(ω, x) has the form [9]

u(ω, x) = eiωx

(
1 +

∞∑
n=0

an(x)
(iω)n

(1 + iω)n+1

)
. (5)

The following estimate is valid for any ω ∈ R,

|u(ω, x)− uN (ω, x)| ≤ εN (x) , (6)

where

uN (ω, x) := eiωx

(
1 +

N∑
n=0

an(x)
(iω)n

(1 + iω)n+1

)
,

and εN (x) is a nonnegative function independent of ω and such that εN (x) → 0 for all
x ∈ [−b, b] when N →∞. More generally,

|u(ω, x)− uN (ω, x)| ≤ εN (x)e− Imωx

√
1− 2 Imω

, when Imω < 1/2.

Consideration of another extension of the transmutation kernel defined by

K̃(x, y) :=

{
K(x, y) when x ∈ [−b, b] and y ∈ [−x, x]

0 otherwise.

leads to the following series expansion

K̃(x, y) =
∞∑
n=0

cn(x)Hn(y)e−y
2

where Hn stands for an Hermite polynomial of order n and the coefficients cn are to be
found. Note that ∫ ∞

−∞
K̃(x, y)Hn(y)dy =

√
πn!2ncn(x).

Hence

cn(x) =
1√
πn!2n

∫ x

−x
K(x, y)Hn(y)dy =

1√
πn!2n

n∑
k=0

hk,n

(
ϕk(x)− xk

)
(7)
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where hk,n denotes the coefficient of xk from the Hermite polynomial Hn(x).
This leads to another representation for the solution of (1),

u(ω, x) = eiωx +

∫ ∞
−∞

K̃(x, y)eiωydy

= eiωx +

∞∑
n=0

cn(x)

∫ ∞
−∞

Hn(y)eiωye−y
2
dy

= eiωx +
√
πe−

ω2

4

∞∑
n=0

cn(x) (iω)n .

Consider the partial sum

uN (ω, x) = eiωx +
√
πe−

ω2

4

N∑
n=0

cn(x) (iω)n .

Then it is easy to see that

|u(ω, x)− uN (ω, x)| ≤ π
1
4 e

(Imω)2

2 εN (x)

which means that the truncation error is uniformly bounded in any strip |Imω| ≤ C.

3 Applications to PDEs

Exact representations of the transmutation kernel lead to numerous applications for par-
tial differential equations admitting certain symmetry. In particular, let us consider the
possibility to obtain complete systems of solutions. For example, application of the trans-
mutation operator T to a complete system of harmonic functions leads to a complete system
of solutions of the equation

(∆− q(x))u(x, y) = 0. (8)

Indeed,
(∆− q(x))T = T∆

whenever the domain of interest is such that the integration in T is well defined.
Example Harmonic polynomials (Re zn and Im zn) can be written in the form

p0(x, y) = 1,

p2m+1(x, y) = Re zm+1 =

m∑
even k=0

(−1)
k
2

(
m+ 1

k

)
xm+1−kyk, m ≥ 0,

p2m(x, y) = Re (izm) =
m∑

odd k=1

(−1)
k+1
2

(
m

k

)
xm−kyk, m ≥ 1.
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Since

T : xk 7→ ϕk(x),

the following functions are the images of pm under the action of T and represent a complete
system of solutions of (8)

u0(x, y) = f(x),

u2m+1(x, y) =
m+1∑

even k=0

(−1)
k
2

(
m+ 1

k

)
ϕm+1−k(x)yk, m ≥ 0,

u2m(x, y) =

m∑
odd k=1

(−1)
k+1
2

(
m

k

)
ϕm−k(x)yk, m ≥ 1.

Other complete systems of solutions can be obtained.
Example The method of fundamental solutions (discrete sources) (see, e.g., [1], [6]) can

be extended onto equations with variable coefficients. Consider the fundamental solution
for the Laplace operator on the plane

log |x+ iy − (η + iξ)| = log |x− Z| .

Application of T leads to the following integrals

T [log |x− Z|] = log |x− Z|+
∞∑
n=0

βn(x)

x

∫ x

−x
Pn

(
t

x

)
log |t− Z| dt.

Their calculation gives us the image of the fundamental solution in the form

T [log |x− Z|] = log |x− Z|+ β0(x) Re

(
log ((Z + x) (Z − x)) + 2Q1

(
Z

x

))
+ 2

∞∑
n=1

βn(x)

2n+ 1
Re

(
Qn+1

(
Z

x

)
−Qn−1

(
Z

x

))
where Qn are Legendre functions of the second kind.

Similar considerations can be applied to systems arising in hypercomplex analysis (see,
e.g., [7]) and may lead to extensions of well known methods based on monogenic polynomials
or other complete systems of solutions onto systems with variable coefficients [10], [11]
important, e.g., in electromagnetic theory and quantum physics.
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Solution Existence of Differential Equations

In this my talk, we consider mainly on the question about existence and uniqueness
of solution of fixed point equation for several nonlinear mappings and several kinds of
domain spaces. We then give a brief examples of practical applications to illustrate the
usability of our theoretical results.

Key words: Fixed Point; Contraction; Generalized Contraction; Differential Equa-
tion; Partial Differential Equation.

MSC 2000: 47H10, 54H25.

1 Introduction

The question about solvability of particular forms of ordinary or partial differential equations
is naturally the first to ask. But the answer is unfortunately not easily acquired. By
transforming a particular differential equation into a fixed point equation, we can reduce
the difficulty of the question and we can apply various fixed point theorems to the equation
and obtain the desired affirmative answer.

In discrete time domain, major considerations turn to the difference equations and
generating functions. While in the latter one, under which we shall be considering mainly
for this chapter, the system is usually represented by differential equations. It might be
more influential to talk about the inclusion problems if a set-valued system is to be analyzed.

The very first and fundamental dynamical system is known now a days under the term
Cauchy problem. It is represented with the following C1 initial-valued problem:{

u′(t) = f(t, u(t)),

u(0) = u0.

In this case, we assume that f : [0, T ] × R → R is continuous and u ∈ C1([0, T ]). From
simple calculus, we may see that this system is equivalent to the following integral equation:

u(t) = u0 +

∫
[0,t]

f(s, u(s))ds. (1)

This is where Banach got the idea to solve the problem. He proposed his famous
fixed point theorem known today as the contraction principle in 1922 [4], mainly to solve
this Cauchy problem effectively. Recall that the contraction principle states that if X is a
complete metric space and T : X → X is Lipschitz continuous with constant 0 < L < 1,
then T has a unique fixed point.

Let us consider a map Λ : C1([0, T ])→ C1([0, T ]) given by

Λ(u)(t) := u0 +

∫
[0,t]

f(s, u(s))ds, ∀u ∈ C1([0, T ]), ∀t ∈ [0, T ].

One can notice that u ∈ C1([0, T ]) solves Cauchy problem (1) if and only if it is a fixed
point of Λ. With this approach, by considering C1([0, T ]) with the supremum norm ‖ · ‖∞,
we end up with the local solvability of the Cauchy problem.
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2 Example of Fixed Point Theory

Let X be a nonempty set and λ ∈ (0,∞). Due to the disparity of the arguments, a function
ω : (0,∞) × X × X → [0,∞] will be written as ωλ(x, y) = ω(λ, x, y) for all λ > 0 and
x, y ∈ X. [8] Let X be a nonempty set. A function ω : (0,∞)×X ×X → [0,∞] is called a
metric modular on X is satisfies the following condition: for all x, y, z ∈ X,

(i) ωλ(x, y) = 0 for all λ > 0 if and only if x = y;

(ii) ωλ(x, y) = ωλ(y, x) for all λ > 0;

(iii) ωλ+µ(x, y) ≤ ωλ(x, z) + ωµ(z, y) for all λ, µ > 0.

If, instead of (i), we have only the following condition:

(i′) ωλ(x, x) = 0 for all λ > 0, then ω called a (metric) pseudomodular on X.

If ωλ(x, y) = ω(x, y) does not depend on λ > 0 and has only finite values, then the
axioms (i)-(iii) mean that ω is a metric on X if (i) is replaced by (i′).

We next give another route of investigation of fixed point inclusion in modular metric
spaces. This time, we shall apply more on analytical assumptions. Briefly said, we shall
use the contractivity assumptions (see [16]).

2.1 Fixed point theorems in modular metric spaces

In this section, we prove new existence theorems of fixed points for contraction mappings
in modular metric spaces. Let ω be a metric modular on X, Xω be a modular metric
space induced by ω and T : Xω → Xω be an arbitrary mapping. A mapping T is called a
contraction if, for all x, y ∈ Xω and λ > 0, there exists 0 ≤ k < 1 such that

ωλ(Tx, Ty) ≤ kωλ(x, y). (2)

Let Xω be a complete modular metric space and T : Xω → Xω be a contraction
mapping. Assume that there exists x0 ∈ X such that ωλ(x0, Tx0) <∞ for all λ > 0. Then
T has a fixed point in x∗ ∈ Xω and the sequence {Tnx0} converges to x∗. Moreover, if,
z ∈ F (Xω), where F (Xω) is a set of fixed point of T such that ωλ(x∗, z) <∞ for all λ > 0,
then x∗ = z. Let x0 be an element in Xω such that ωλ(x0, Tx0) < ∞ for all λ > 0 and
we write x1 = Tx0, x2 = Tx1 = T 2x0 and, in general, xn = Txn−1 = Tnx0 for all n ≥ 1.
Observe that

ωλ(Tnx0, T
n+1x0) ≤ kωλ(Tn−1x0, T

nx0) ≤ · · · ≤ knωλ(x0, Tx0) <∞
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for all n ≥ 1. Assume that n and m are two positive integers with m > n. Then we have

ωλ(Tnx0, T
mx0) ≤ ω λ

m−n
(Tnx0, T

n+1x0) + ω λ
m−n

(Tn+1x0, T
n+2x0)

+ · · ·+ ω λ
m−n

(Tm−1x0, T
mx0)

≤ (kn + kn+1 + · · ·+ km−1)ω λ
m−n

(x0, Tx0)

≤ (kn + kn+1 + · · ·)ω λ
m

(x0, Tx0)

= kn1− kω λ
m

(x0, Tx0).

Since ωλ(x0, Tx0) < ∞ for all λ > 0, we deduce that, for any ε > 0, ωλ(Tnx0, T
mx0) < ε

for all m > n > N with sufficiently large. Thus {Tnx0} is a Cauchy sequence and hence it
converges to some x∗ ∈ Xω by the completeness of Xω. Observe further that

ωλ(x∗, Tx∗) ≤ ωλ
2
(x∗, T

nx0) + kωλ
2
(Tn−1x0, x∗).

Letting n→∞, we have ωλ(x∗, Tx∗) = 0 for all λ > 0. Therefore, x∗ is a fixed point of f .
Let z be another fixed points of T such that ωλ(x∗, z) <∞ for all λ > 0, then we get

ωλ(x∗, z) = ωλ(Tx∗, T z) ≤ kωλ(x∗, z)

for all λ > 0. Since 0 ≤ k < 1, we get ωλ(x, z) = 0 for all λ > 0, which implies that x∗ = z.
This completes the proof.

Theorem 2.1 Let Xω be a complete modular metric space and T : Xω → Xω be a contrac-
tion mapping. Suppose that x∗ ∈ Xω is a fixed point of T , {εn} is a sequence of positive
numbers for which limn→∞εn = 0 and {yn} ⊆ Xω satisfies

ωλ(yn+1, Tyn) ≤ εn

for all λ > 0. Then n→∞limyn = x∗.

Let y0 = x ∈ Xω. Then we observe that, for all m ≥ 1,

ωλ(Tm+1x, ym+1) = ωλ·m
m

(Tm+1x, ym+1)

≤ ωλ·(m−1)
m

(Tm+1x, Tym) + ω λ
m

(Tym, ym+1)

≤ kωλ·(m−1)
m

(Tmx, ym) + εm

≤ kωλ·(m−2)
m

(Tmx, Tym−1) + kw λ
m

(Tym−1x, ym) + εm

≤ k2ωλ·(m−2)
m

(Tm−1x, ym−1) + kεm−1 + εm
...

≤
m∑
i=0

km−iεi

(3)
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for all λ > 0. Thus we get

ωλ(ym+1, x
∗) ≤ ωλ

2
(ym+1, T

m+1x) + ωλ
2
(Tm+1x, x∗)

≤
m∑
i=0

km−iεi + ωλ
2
(Tm+1x, x∗).

(4)

Next, we claim that m→∞limωλ(ym+1, x
∗) = 0 for all λ > 0. Now, let ε > 0. Since

n→∞limεn = 0, there exists a positive integer N such that, for all m ≥ N , εm ≤ ε. Thus
we have

m∑
i=0

km−iεi =
N∑
i=0

km−iεi +
m∑

i=N+1

km−iεi

≤ km−N
N∑
i=0

kN−iεi + ε
m∑

i=N+1

km−i.

(5)

Taking limit as m→∞ in (5), we have

lim
m→∞

m∑
i=0

km−iεi = 0. (6)

Since x∗ is a fixed point of T , using Theorem 2.1, it follows that the sequence {Tnx} converge
to x∗. This implies that

lim
m→∞

ωλ
2
(Tm+1x, x∗) = 0 (7)

for all λ > 0. Therefore, from (4), (6) and (7), we have

lim
m→∞

ωλ(ym+1, x
∗) = 0 (8)

for all λ > 0, which implies that limn→∞yn = x∗. This completes the proof.

Theorem 2.2 Let Xω be a complete modular metric space and, for any x∗ ∈ Xω, define

Bω(x∗, γ) := {x ∈ Xω : ωλ(x, x∗) ≤ γ, ∀λ > 0}.

If T : Bω(x∗, γ)→ Xω is a contraction mapping with

ωλ
2
(Tx∗, x∗) ≤ (1− k)γ (9)

for all λ > 0, where 0 ≤ k < 1, then T has a fixed point in Bω(x∗, γ).

By Theorem 2.1, we only prove that Bω(x∗, γ) is complete and Tx ∈ Bω(x∗, γ) for all
x ∈ Bω(x∗, γ). Suppose that {xn} is a Cauchy sequence in Bω(x∗, γ), and then also {xn} is
a Cauchy sequence in Xω. Since Xω is complete, there exists x ∈ Xω such that

limn→∞ωλ
2
(xn, x) = 0 (10)
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for all λ > 0. Since, for each n ≥ 1, xn ∈ Bω(x∗, γ), using the property of a metric modular,
we get

ωλ(x∗, x) ≤ ωλ
2
(x∗, xn) + ωλ

2
(xn, x)

≤ γ + ωλ
2
(xn, x

∗)
(11)

for all λ > 0. It follows the inequalities (10) and (11) that wλ(x∗, x) ≤ γ, which implies that
x ∈ Bω(x∗, γ). Therefore, {xn} is a convergent sequence in Bω(x∗, γ) and also Bω(x∗, γ) is
complete.

Next, we prove that Tx ∈ Bω(x∗, γ) for all x ∈ Bω(x∗, γ). Let x ∈ Bω(x∗, γ). From
the inequalities (9), the contraction of T and the notion of a metric modular, we have

ωλ(x∗, Tx) ≤ ωλ
2
(x∗, Tx∗) + ωλ

2
(Tx∗, Tx)

≤ (1− k)γ + kωλ
2
(x∗, x)

≤ (1− k)γ + kγ
= γ.

Therefore, Tx ∈ Bω(x∗, γ). This completes the proof.

Theorem 2.3 Let Xω be a complete modular metric space and T be a self-mapping on Xω

satisfying
ωλ(Tx, Ty) ≤ k(ω2λ(Tx, x) + ω2λ(Ty, y)) (12)

for all x, y ∈ Xω, where k ∈
[
0, 1

2

)
. Assume that there exists x0 ∈ X such that ωλ(x0, Tx0) <

∞ for all λ > 0. Then T has a fixed point in x ∈ Xω and the sequence {Tnx0} converges to x.
Moreover, if, z ∈ F (Xω), where F (Xω) is a set of fixed point of T such that ωλ(x∗, z) <∞
for all λ > 0, then x∗ = z.

Let x0 be an element in Xω such that ωλ(x0, Tx0) < ∞ for all λ > 0. We write
x1 = Tx0, x2 = Tx1 = T 2x0 and, in general, xn = Txn−1 = Tnx0 for all n ≥ 1. If
Txn0−1 = Txn0 for some n0 ≥ 1, then Txn0 = xn0 . Thus xn0 is a fixed point of T .

Suppose that Txn−1 6= Txn for all n ≥ 1. For any k ∈ [0, 1
2), we have

ωλ(xn+1, xn) = ωλ(Txn, Txn−1)
≤ k(ω2λ(Txn, xn) + ω2λ(Txn−1, xn−1))
≤ k(ωλ(xn+1, xn) + ωλ(xn, xn−1))

(13)

for all λ > 0 and n ≥ 1. Hence we have

ωλ(xn+1, xn) ≤ k
1−kωλ(xn, xn−1) (14)

for all λ > 0 and n ≥ 1. Put β := k
1−k . Since k ∈ (0, 1

2), we get β ∈ (0, 1) and hence

ωλ(xn+1, xn) ≤ βωλ(xn, xn−1)
≤ β2ωλ(xn−1, xn−2)

...
≤ βnωλ(x1, x0)

(15)
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for all λ > 0 and n ≥ 1. Similar to the proof of Theorem 2.1, we can conclude that {xn} is
a Cauchy sequence and, by the completeness of Xω there exists a point x ∈ Xω such that
xn → x as n→∞. By the property of a metric modular and the inequality (12), we have

ωλ(Tx, x) ≤ ωλ
2
(Tx, Txn) + ωλ

2
(Txn, x)

≤ k(ωλ(Tx, x) + ωλ(Txn, xn)) + ωλ
2
(Txn, x)

≤ k(ωλ(Tx, x) + ωλ
2
(Txn, x) + ωλ

2
(x, xn)) + ωλ

2
(Txn, x)

= k(ωλ(Tx, x) + ωλ
2
(xn+1, x) + ωλ

2
(x, xn)) + ωλ

2
(xn+1, x)

(16)

for all λ > 0 and n ≥ 1. Taking n→∞ in the inequality (16), we obtain

ωλ(Tx, x) ≤ kωλ(Tx, x). (17)

Since k ∈ [0, 1
2), we have Tx = x. Thus x is a fixed point of T .

Let z be another fixed points of T such that ωλ(x∗, z) <∞ for all λ > 0, then we get

ωλ(x, z) = ωλ(Tx, Tz)
≤ k(ω2λ(Tx, x) + ω2λ(Tz, z))
= 0

for all λ > 0, which implies that x = z. This completes the proof.

2.2 Kannan’s set valued contraction mappings

Before we could stomp into the main exploration, we need the following knowledge of metric
modular of sets.

We write (X) to denote the set of all nonempty closed subsets of X. For any subset
A ⊂ Xw and point x ∈ X, we denote wt(x,A) := infy∈Awt(x, y).

Given two subsets A,B ∈ (X), define wt(A,B) := supx∈Awt(x,B). Most importantly,
the Hausdorff-Pompieu metric modular Wt(A,B) := max{wt(A,B), wt(B,A)}.

Let (X,w) be a modular metric space, A ∈ (X), and x ∈ X. Then,

wt(x,A) = 0 for all t > 0 ⇐⇒ x ∈ A.
Given a modular metric space (X,w) and an arbitrary point x ∈ X. A subset Y ⊂ X

is said to be reachable from x if

inf
y∈Y

sup
t>0

wt(x, y) = sup
t>0

wt(x, Y ) <∞.

This lemma gives a simple criterion of when the reachability holds. Let (X,w) be a
modular metric space with w being l.s.c., Y ⊂ X a nonempty compact subset. For a point
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x ∈ X, if either infy∈Y supt>0wt(x, y) < ∞ or supt>0wt(x, Y ) < ∞, then Y is reachable
from x.

The following lemma is essential in showing the solvability of fixed point inclusion for
contractivity condition. Suppose that Y,Z ∈ (X) are nonempty and z ∈ Z. If Y is reachable
from z, then for each ε > 0, there exists a point yε ∈ Y such that supt>0wt(z, yε) ≤
supt>0Wt(X,Y ) + ε.

Now, we state the notion of the contraction and the Kannan’s contraction. Make note
that these two concepts are not generalizations of one another.

Let (X,w) be a modular metric space. A set-valued operator F : X ⇒ X is said to be
a contraction if there exists a constant k ∈ [0, 1) such that

Wt(Fx, Fy) ≤ kwt(x, y), (18)

for all t > 0 and x, y ∈ X. If k is restricted in [0, 1
2) and the equation above is replaced

with the following inequality:

Wt(F (x), F (y)) ≤ k[wt(x, F (x)) + wt(y, F (y))].

Then, we call F a Kannan’s contraction.

Now, we present the main existence theorems (see [7]).

Theorem 2.4 Let (X,w) be a complete modular metric space with w being l.s.c., and F
a contraction on X having compact values with contraction constant k. Suppose that there
exists a pair of points x0 ∈ X and x1 ∈ F (x0) with the following properties:

1. the set {x0, x1} is bounded,

2. F (x1) is reachable from x1.

Then, F has at least one fixed point.

3 Fractional Integral Inclusion

In this section, we shall illustrate some use of the theorems presented in the previous section.
We focus on applications to integral inclusion.

For another application, we investigate the solvability of the fractional inclusion problem
in which we include also the delayed behaviors. Fractional integral is used in describing var-
ious natural phenomena, and also in electric transmission, travelling waves, fluid dynamics,
and in control engineering

It is natural to raise the situation of set-valued integral, which proved itself for its im-
portance in practical applications especially in engineering. In 1965, Aumann [2] introduced
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the concept of definite set-valued integral on real line and Euclidean spaces. Suppose that
Ψ is an interval [0, T ], where T > 0. Let F : Ψ→ 2R be a set-valued operator. A selection
of F is the function f : Ψ → R ∪ {±∞} such that f(t) ∈ F (t) a.e. t ∈ Ψ. We write F
to denote the set containing all integrable selections of F . According to Aumann [2], the
set-valued integral is determined by the operator in the following:

ΨF (t)dt :=

{∫
Ψ
f(t)dt ; f ∈ F

}
,

i.e., the set of the integrals of integrable selections of F .
On the other hand, in elementary calculus, one deals with derivatives and integrals,

including the higher-integer-order iterations. Here, in fractional integral, one looks at a
broader concept where the real-order iteration is taken into account. There are many
approaches to study this kind of extensions. In our context, we shall use the classical
notion introduced by Riemann and Liouville, the latter of which is the first one to point out
the possibility of fractional calculus in 1832. Given a function f ∈ L1(Ψ, µ), the fractional
integral of order α > 0 is given by

α
Ψf(t)dt :=

1

Γ(α)

∫
Ψ

(t− τ)α−1f(τ)dτ.

Naturally, we may further consider the following fractional integral:

α
ΨF (t)dt := {αΨf(t)dt ; f ∈ F} .

In this particular subsection, we shall use notations a bit differently than those of
earlier sections. This is due to conventional uses of variables and functions that is common
to integral and differential equations.

Suppose that Ψ is the interval mentioned in the previous section. Let us assume
throughout the section that the real line R is equipped with the metric modular

ωR
λ (x, y) :=

1

1 + λ
|x− y| ,

for λ > 0 and x, y ∈ R. Thus, for the space C(Ψ) of all continuous (in ωR-topology)
real-valued functions on Ψ, we shall use the metric modular

ω
C(Ψ)
λ (ϕ,ψ) := sup

t∈Ψ
ωR
λ (ϕ(t), ψ(t)),

for λ > 0 and ϕ,ψ ∈ C(Ψ). Note that both ωR and ωC(Ψ) satisfy the Fatou’s property. Also
note that the set R is second countable, i.e., it has a countable base, w.r.t. ωR-topology.
Moreover, it is clear that the set {ϕ,ψ} is bounded w.r.t. ωC(Ψ), for any ϕ,ψ ∈ C(Ψ).
Suppose that F : Ψ × R → 2R is a set-valued operator with nonempty compact values,
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and u ∈ C(Ψ). We shall use the following notation to explain the collection of integrable
selections:

SF (u) :=
{
f ∈ L1(Ψ, µ) ; f(t) ∈ F (t, u(t))a.e.t ∈ Ψ

}
.

It is clear that SF (u) is closed. Next, for each i ∈ {0, 1, · · · , N}, N ∈ N, assume that
βi : Ψ → R is continuous, and τi : Ψ → R+ is a function with τi(t) ≤ t. We write
B := max0≤i≤N supt∈Ψ βi(t). The main aim of this section is to consider the fractional
integral inclusion:

u(t)−
N∑
i=0

βi(t)u(t− τi(t)) ∈αΨ F (t, u(t))dt, α ∈ (0, 1]. (FII)

In the above inclusion, the summation here is interpreted to be the delay term.
We shall define a set-valued operator Λ : C(Ψ)→ 2C(Ψ) by

Λ(u) :=

{
w ∈ C(Ψ) ; w(t) =

N∑
i=0

βi(t)u(t− τi(t)) +α
Ψ f(t, u(t))dt, f ∈ SF (u)

}
.

Note here that for any ϕ ∈ C(Ψ), we have Λ(ϕ) is reachable from ϕ w.r.t. ωC(Ψ).
To restrict the operator Λ with some nice property, we assume that SF (u) is nonempty.

Lemma 3.1 The operator Λ given above is compact valued if SF (u) is nonempty.

For the proof, we shall show the compactness by its sequential characterization. Suppose
that u ∈ C(Ψ), and (wn) is an arbitrary sequence in Λ(u). By definition, there corresponds
a convergent sequence (fn) in SF (u) ⊂ F (·, u(·)) satisfying

wn(t) =

N∑
i=0

βi(t)u(t− τi(t)) +α
Ψ fn(t, u(t))dt.

The conclusion is then followed.
Now, we shall state now the solvability result for the problem (FII). It is clear that

u ∈ C(Ψ) solves (FII) if and only if u is a fixed point of Λ.

Theorem 3.2 Suppose that F defined above is compact-valued, and SF (u) is nonempty.
Assume further that

1. for any given u, v ∈ C(Ψ) and a selection f ∈ SF (u) of F , there corresponds a function
f ′ ∈ SF (v) such that{

ωR
λ (f(t, u(t)), f ′(t, v(t))) = ωR

λ (f1(t, u(t)), F (t, v(t))),

ωR
λ (f(t, u(t)), f ′(t, v(t))) ≤ LωC(Ψ)

λ (u, v),

for all t ∈ Ψ;
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2. (N+1)BΓ(α)+LTα

Γ(α) < 1.

Then, Λ has a fixed point.

For each u, v ∈ C(Ψ), we may choose, from the assumption, functions f1, f2 such that

f1 ∈ SF (u),

f2 ∈ SF (v),

ωR
λ (f1(t, u(t)), f2(t, v(t))) = ωR

λ (f1(t, u(t)), F (t, v(t))),

ωR
λ (f1(t, u(t)), f2(t, v(t))) ≤ LωC(Ψ)

λ (u, v),

for each t ∈ Ψ. Consider the two functions w1 ∈ Λ(u) and w2 ∈ Λ(v), respectively as
follows: {

w1(t) :=
∑N

i=0 βi(t)u(t− τi(t)) +α
Ψ f1(t, u(t))dt,

w2(t) :=
∑N

i=0 βi(t)v(t− τi(t)) +α
Ψ f2(t, v(t))dt.

Now, consider the following computation:

ωR
λ (w1(t), w2(t))

≤
N∑
i=0

βi(t)ω
R
λ (u(t− τi(t)), v(t− τi(t))

+ω
C(Ψ)
λ (αΨf1(t, u(t))dt,αΨ f2(t, u(t))dt)

≤ (N + 1)Bω
C(Ψ)
λ (u, v) +α

Ψ ωR
λ (f1(t, u(t)), f2(t, v(t)))

≤ (N + 1)Bω
C(Ψ)
λ (u, v) +

LTα

Γ(α)
ω
C(Ψ)
λ (u, v)

=

[
(N + 1)BΓ(α) + LTα

Γ(α)

]
ω
C(Ψ)
λ (u, v).

It follows that

Ω
C(Ψ)
λ (Λ(u),Λ(v)) ≤

[
(N + 1)BΓ(α) + LTα

Γ(α)

]
ω
C(Ψ)
λ (u, v).

The proof ends here by applying Theorem 2.4.

4 Conclusion

Taking into account several classes of nonlinear differential equations, either ordinary or
partial, we may design the corresponding nonlinear operator to suit a particular class of
the original problem with the most important property; the fixed point of the corresponded
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operator solves the original problem. By imposing some conditions on the involved differ-
ential equations, we can show equivalence between the original differential equation and the
transformed fixed point equation. Moreover, we can also derive the solution existence from
appropriate fixed point theorems and finally obtain the desired results.

Using simple conditions on the underlying space and operators, we show existence of
fixed point for such operators. We emphasize results in nonlinear spaces and on generalized
contractive operators. Finally, we deliver an equivalence existence theorems for certain
classes of nonlinear system of differential equations. Our results cover both initial valued
and boundary value problems.

Acknowledgements
The first author was supported by Rajamangala University of Technology Thanyaburi
(RMUTT) for financial support. This project was partially supported by the Theoreti-
cal and Computational Science (TaCS) Center under Computational and Applied Science
for Smart Innovation Cluster (CLASSIC), Faculty of Science, KMUTT. Moreover, this re-
search work was financially supported by King Mongkut’s University of Technology North
Bangkok. Contract No. KMUTNB-60-ART-084.

References

[1] A. H. Ansari, P. Kumam, and B. Samet. A fixed point problem with constraint in-
equalities via an implicit contraction. Journal of Fixed Point Theory and Applications,
pages 1–19, 2016.

[2] R. J. Aumann. Integrals of set-valued functions. Journal of Mathematical Analysis and
Applications, 12(1):1 – 12, 1965.

[3] H. Aydi, C. Vetro, W. Sintunavarat, and P. Kumam. Coincidence and fixed points for
contractions and cyclical contractions in partial metric spaces. Fixed Point Theory and
Applications, 2012(1):124, 2012.

[4] S. Banach. Sur les opérations dans les ensembles abstraits et leur application aux
équations intégrales. Fundamenta math., 3:133–181, 1922.

[5] P. Chaipunya, Y. Je Cho, and P. Kumam. Geraghty-type theorems in modular metric
spaces with an application to partial differential equation. Advances in Difference
Equations, 2012(1):83, 2012.

[6] P. Chaipunya and P. Kumam. An observation on set-valued contraction mappings in
modular metric spaces. Thai Journal of Mathematics, 13(1):9–17, 2015.

c©CMMSE ISBN: 978-84-617-8694-7Page 1218 of  2288



Wiyada Kumam et al.

[7] P. Chaipunya, C. Mongkolkeha, W. Sintunavarat, and P. Kumam. Fixed-point theo-
rems for multivalued mappings in modular metric spaces. Abstr. Appl. Anal., 2012:14
p., 2012.

[8] V. V. Chistyakov. Modular metric spaces. I: Basic concepts. Nonlinear Anal., Theory
Methods Appl., Ser. A, Theory Methods, 72(1):A, 1–14, 2010.

[9] D. Delbosco and L. Rodino. Existence and uniqueness for a nonlinear fractional differ-
ential equation. J. Math. Anal. Appl., 204(2):609–625, 1996.

[10] A. El-Sayed and A. Ibrahim. Multivalued fractional differential equations. Applied
Mathematics and Computation, 68(1):15 – 25, 1995.

[11] A. M. El-Sayed and A.-G. Ibrahim. Set-valued integral equations of fractional-orders.
Applied Mathematics and Computation, 118(1):113 – 121, 2001.

[12] A.-G. Ibrahim and A. M. El-Sayed. Definite integral of fractional order for set-valued
functions. J. Fractional Calc., 11:81–87, 1997.

[13] A. Kilbas and J. Trujillo. Differential equations of fractional order: Methods, results
and problems. I. Appl. Anal., 78(1-2):153–192, 2001.

[14] W. Kirk, P. Srinivasan, and P. Veeramani. Fixed points for mappings satisfying cyclical
contractive conditions. Fixed Point Theory, 4(1):79–89, 2003.

[15] Y. Ling and S. Ding. A class of analytic functions defined by fractional derivation. J.
Math. Anal. Appl., 186(2):504–513, 1994.

[16] C. Mongkolkeha, Geometric properties of some Banach spaces and fixed point theorems
for generalized contraction mappings, A Ph. D. Dissertation (Applied Mathematics),
Faculty of Science, King Mongkut’s University of Technology Thonburi (KMUTT),
Thailand, (2013).

c©CMMSE ISBN: 978-84-617-8694-7Page 1219 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Algorithms for accretive operators with applications to
convex minimization problem

Wiyada Kumam1, Anantachai Padcharoen2, Duangkamon Kitkuan2 and
Poom Kumam3

1 Program in Applied Statistics, Department of Mathematics and Computer Science,
Faculty of Science and Technology, Rajamangala University of Technology Thanyaburi,

Thanyaburi, Pathumthani 12110, Thailand.

2 KMUTTFixed PointResearch Laboratory, Department of Mathematics, Room SCL 802
Fixed Point Laboratory, Science Laboratory Building, Faculty of Science, King Mongkut’s
University of Technology Thonburi (KMUTT), 126 Pracha Uthit Rd., Bang Mod, Thung

Khru, Bangkok 10140, Thailand.

3 KMUTT-Fixed Point Theory and ApplicationsResearch Group, Theoretical and
Computational Science Center (TaCS), Science Laboratory Building, Faculty of Science,
King Mongkuts University of Technology Thonburi (KMUTT), 126 Pracha-Uthit Road,

Bang Mod, Thrung Khru, Bangkok 10140, Thailand

emails: wiyada.kum@rmutt.ac.th, apadcharoen@yahoo.com,
or duangkamon@hotmail.com, poom.kum@kmutt.ac.th

Abstract

In this paper, we introduce a new iterative method for finding the common zeros
of two accretive operators in the framework of uniformly smooth Banach spaces. Also,
we will prove the strong convergence theorems for the iterative algorithms and give
the example of the main theorems. The results of this paper are improvements and
extensions of the corresponding ones announced by many others.
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1 Introduction

Let E be a real Banach space, C a nonempty closed convex subset of E, and Let
f : C → C be a mapping. Recall that f is said to be contractive if there exists a constant
σ ∈ (0, 1) such that ‖fx− fy‖ ≤ σ‖x− y‖ for all x, y ∈ C, f is said to be nonexpansive if
σ = 1.

A point x ∈ C is a fixed point of T provided Tx = x. Denote by F (T ) the set of fixed
points of T ; that is, F (T ) = {x ∈ C : Tx = x}. It is assumed throughout the paper that T
is a nonexpansive mapping such that F (T ) 6= ∅.

For an operator A : E → 2E , we denote its domain, range and graph as follows:

D(A) = {x ∈ E : Ax 6= ∅},
R(A) = ∪{Az : z ∈ D(A)},

and

G(A) = {(x, y) ∈ E × E : x ∈ D(A), y ∈ Ax},

respectively. The inverse A−1 ofA is defined by x ∈ A−1y, if and only if y ∈ Ax.
Let E be a real Banach space with norm ‖ · ‖ and let E∗ be its dual. The value of

f ∈ E∗ at x ∈ E will be denoted by 〈x, f〉. A Banach space E is said to be strictly convex

if ‖x+y‖2 < 1 for all x, y ∈ E with ‖x‖ = ‖y‖ = 1. It is also said to be uniformly convex if
limn→∞ ‖xn − yn‖ = 0. for any two sequences {xn}, {yn} in E such that ‖x‖ = ‖y‖ = 1.

and limn→∞
‖x+y‖

2 = 1.
The (normalized) duality mapping J from E into the family of nonempty (by Hahn

Banach theorem) weak-star compact subsets of its dual E is defined by

J(x) = {f ∈ E∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2}

for each x ∈ E, where 〈·, ·〉 denotes the generalized duality pairing.
The norm of E is said to be Gâteaux differentiable if

lim
t→0

‖x+ ty‖ − ‖x‖
t

exists for each x, y in its unit sphere U = {x ∈ E : ‖x‖ = 1}.
A closed convex subset C of a Banach space E is said to have the fixed point property

for nonexpansive mappings if every nonexpansive mapping of a nonempty closed convex
subset D of C into itself has a fixed point in D.

A subset C of Banach space E is called a retract of E if there is a continuous mapping
Q from E onto C such that Qx = x for all x ∈ C. We call such Q a retraction of E onto C.
It follows that if a mapping Q is a retraction, then Qy = y for all y in the range of Q. A
retraction Q is said to be sunny if Q(Qx+ t(xQx)) = Qx for all x ∈ E and t ≥ 0. If a sunny
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retraction Q is also non expansive, then C is said to be a sunny non expansive retract of E
[1]. In a smooth Banach space E, it is known (cf. [1], p. 48) that Q : C → D is a sunny
nonexpansive retraction if and only if the following condition holds:

〈x−Q(x), J(z −Q(x))〉 ≤ 0, x ∈ C, z ∈ D.

We know that the sunny non expansive retract mapping form Hilbert space H onto
a closed convex subset C ⊂ H is metric projection and we use PC to denote the metric
projection from H onto C.

An accretive operator A in a Banach space X is said to satisfy the range condition if
D(A) ⊂ R(I + λA) for all λ > 0, where D(A) denotes the closure of the domain of A. We
know that for an accretive operator A which satisfies the range condition, A−10 = F (JAλ )
for all λ > 0.

2 Preliminaries

Lemma 2.1. [2] A Banach space E is uniformly smooth if and only if the duality map J
is the single-valued and norm-to-norm uniformly continuous on bounded sets of E.

Lemma 2.2. [3] Let E be a Banach space. Then for every x, y ∈ E, we have

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, j(x+ y)〉,

for all j(x+ y) ∈ J(x+ y).

Lemma 2.3. [4] Let E be a Banach space and let Let A : D(A) → 2E be an accretive
operator. For λ > 0, µ > 0 and x ∈ E, we have Jλx = Jµ(µλx + (1 − µ

λ )Jλx), where
Jλ = (I + λA)−1 and Jµ = (I + µA)−1.

Lemma 2.4. [6] Let {an} be a sequence of nonnegative real numbers such that an+1 ≤ (1−
tn)an+bn+cn, where {cn} is a sequence of nonnegative real numbers, {tn} ⊂ (0, 1) and {bn}
is a number sequence. Assume that

∑∞
n=0 tn = ∞, lim supn→∞

bn
tn
≤ 0, and

∑∞
n=0 cn < ∞.

Then limn→∞ an = 0.

Theorem 2.5. [7] Let E be a reflexive Banach space with a uniformly Gâteaux differen-
tiable norm such that every weakly compact convex subset of E has fixed point property
for nonexpansive mappings. Let C be a closed convex subset of E and T non expansive
mapping from C into itself with F (T ) 6= ∅. Then {xt} defined by xt = tfxt + (1 − t)Txt
where f : C → C is a contraction mapping and t ∈ (0, 1), converges strongly to a point in
x∗ ∈ F (T ) which satisfies QF (T )f(x∗) = x∗.
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3 Main results

Theorem 3.1. Let C be a nonempty closed convex subset of a uniformly convex and uni-
formly smooth Banach space X. Let A : D(A) ⊆ C → 2X and B : D(B) ⊆ C → 2X be
accretive operators such that Ω = A−10 ∩ B−10 6= ∅, D(A) ⊂ C ⊂

⋂
r>0R(I + rA) and

D(B) ⊂ C ⊂
⋂
r>0R(I + rB). Let f : C → C be a contrative mapping with contractive

constant σ ∈ (0, 1). Let {xn} be a sequence generated by x0 ∈ C and{
yn = βnxn + (1− βn)JAλnxn

xn+1 = αnf(xn) + (1− αn)JBγnyn,
(1)

where the sequence {αn}, {βn}, and {γn} satisfy the following restrictions:

(i) limn→∞ αn = 0,
∑∞

n=1 αn =∞;

(ii) λn ≥ ε, γn ≥ ε for some ε > 0 and for alln,∑∞
n=0 |αn+1 − αn| <∞,

∑∞
n=0 |βn+1 − βn| <∞,

∑∞
n=0 |λn+1 − λn| <∞,

and
∑∞

n=0 |γn+1 − γn| <∞.

Then {xn} converges strongly to w = Qf(w), where Q is a sunny nonexpansive retraction
of E onto Ω.

Theorem 3.2. Let H be a Hilbert space. Let A : H → 2H and B : H → 2H be maximal
monotone operators such that S = A−10∩B−10 6= ∅. Let f : C → C be a contrative mapping
with contractive constant σ ∈ (0, 1). Let {xn} be a sequence generated by (1), where the
sequence {αn}, {βn}, and {γn} satisfy the following restrictions:

(i) limn→∞ αn = 0,
∑∞

n=1 αn =∞;

(ii) λn ≥ ε, γn ≥ ε for some ε > 0 and for alln,∑∞
n=0 |αn+1 − αn| <∞,

∑∞
n=0 |βn+1 − βn| <∞,

∑∞
n=0 |λn+1 − λn| <∞,

and
∑∞

n=0 |γn+1 − γn| <∞.

Then {xn} converges strongly to PSf(w∗) = w∗ , where PS : H → S is a metric projection
from H onto S.
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Abstract

The primary goal of this work is to introduce two Steffensen-like adaptive with
memory methods with the highest efficiency indices. In the existing methods, to improve
the convergence order applying the with memory concept, it has only been focused on
the current and previous iterations. However, it is possible to improve the accelerators,
considering date from the first to the current iterations. Therefore, we achieve superior
convergence orders and obtain as high as possible efficiency indices. These are the
main contributions of this work. Key words: Nonlinear equations, iterative methods,

Steffensen-like method, with memory methods, adaptive methods.

1 Introduction

One of the most important subjects in developing numerical algorithms is to establish
optimal algorithms with economic complexity. For example, developing iterative methods
for approximating zero(s) of a given nonlinear equation falls within this matter, and many
studies have been devoted to it [3, 2]. Inspired by this, we will set up two adaptive Steffensen-
like with memory methods in which they are improvement of existing methods. To our
knowledge, these kinds of adaptive methods have not been studied in the literature.

Truab developed the first method with memory from Steffensen’s method [4] as following
[2]: 

wk = xk + γk f(xk),

xk+1 = xk − f(xk)
f [xk,wk]

, k = 0, 1, 2, · · · ,
γk+1 = − 1

N ′1(xk+1)
,

(1.1)

c©CMMSE ISBN: 978-84-617-8694-7Page 1225 of  2288



Adaptive Steffensen-like methods with memory

where x0 and γ0 are given initially suitable, and N1(t) = f(xk+1) + (t − xk+1)f [xk+1, xk] is 
the linear√ Newton’s interpolation. The convergence order of the with memory method (1.1) 
is 1 + 2 ≈ 2.414. Also, Džunnić and Petković improved Traub’s idea, introducing a better

accelerator [3]: 
wk = xk + γk f(xk),

xk+1 = xk − f(xk)
f [xk,wk]

, k = 0, 1, 2, · · · ,
γk+1 = − 1

N ′2(xk+1)
,

(1.2)

where x0 and γ0 are given initially suitable, and N2(t) is the Netwon’s interpolation poly-
nomial given by

N2(t) = f(xk+1) + (t− xk+1)f [xk+1, wk] + (t− xk+1)(t− wk)f [xk+1, wk, xk].

The convergence order of the with memory method (1.2) is 1 +
√

4 = 3. Moreover, Džunić
added another parameter to the Steffensen’s method and obtained a more efficient with
memory method [3]:

xk+1 = xk − f(xk)
f [xk,wk]+λk f(wk)

, k = 0, 1, 2, · · · ,
γk+1 = − 1

N ′2(xk+1)
,

wk+1 = xk+1 + γk+1 f(xk+1),

λk+1 =
−N ′′3 (wk+1)
2N ′3(wk+1)

,

(1.3)

where x0, γ0, and λ0 are given initially suitable. This method has convergence order 3+
√
17

2 ≈
3.56.

Remark 1.1. If γ and λ are constants, then the methods (1.2) and (1.3) are without
memory methods with convergence order two with the following error equations, respectively:

ek+1 = c2
(
1 + γf ′(α)

)
e2k +O(e3k), (1.4)

and
ek+1 =

(
c2 + λ

)(
1 + γf ′(α)

)
e2k +O(e3k). (1.5)

In this work, we will attempt to carry two adaptive with memory methods out from (1.2)
and (1.3) which are superior to them. To this purpose, we first update the accelerator γk in
each iteration using available data not only from the current and previous iterations, but also
from the current and all previous iterations (adaptive concept). We prove that this method
has convergence order 3.4 using the same function evaluations as (1.2), so its efficiency
index is much better as well. Similarly, we derive another adaptive with memory for (1.3)
which acquires convergence order 3.9 using the same functional evaluations. Therefore, this
method is better not only than our adaptive method with one accelerator, but also than all
the existing methods.
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2 Developing adaptive with memory methods

This section deals with two new adaptive methods with memory. To this end, we modify
and extend methods (1.2) and (1.3) in such a way that they consider all previous information
to attain as high as possible convergence order without any new functional evaluation. In
this manner we use the adaptive idea which has not been considered to our best knowledge.

2.1 Mono accelerator adaptive with memory method

In (1.2), to update accelerator γk in each iteration, we only use the information from the
current and previous iterations and reach the convergence order 3. However, as the pro-
cedure goes ahead it is possible to use the old information not only from the current and
previous step, but also from the current and all the previous steps. In other words, we wish
to apply the adaptive idea to construct the new methods with memory. Accordingly, we
introduce the following new adaptive method with memory

wk = xk + γk f(xk),

xk+1 = xk − f(xk)
f [xk,wk]

, k = 0, 1, 2, · · · ,
γk+1 = − 1

N ′2k+2(xk+1)
,

(2.1)

where x0 and γ0 are given initially suitable, and N2k+2(t) is Netwon’s interpolation poly-
nomial of degree 2k + 2 at the points xk+1, wk, xk, . . . , w0, x0.

Referring to the Error Equation (1.4), it is observed that if 1 + γf ′(α) = 0, then
convergence order of the method without memory (2.1), for a moment suppose γk is fix,
increases. Since α is unknown, we cannot suppose γ = −1/f ′(α). Even if we assumed
that α was known, we could not use it to evaluate f ′(α), since it increases the functional
evaluation, and optimality of the methods is destroyed. It is assumed that the sequence
{xk} converges to α. Moreover, f ′ is at least continuous, so lim f ′(xk) = f ′(α) as k → ∞.
Thus, we can use N ′2k+2(xk) instead of f ′(xk) to our mission, i.e., γk = −1/N ′2k+2(xk). To
discuss the convergence order of (2.1), we need:

Lemma 2.1. If γk = −1/N ′2k+2(xk), and λk+1 =
−N ′′2k+2(wk+1)

2N ′2k+2(wk+1)
then

1 + γf ′(α) ∼
k−1∏
i=0

ew,iei, c2 + λ ∼
k−1∏
i=0

ew,iei, (2.2)

where ei = xi − α and ew,i = wi − α.

Theorem 2.2. Let the initial approximation x0 be sufficiently close to the zero α of f , R
and p denote the convergence order of the sequences {xk} and {wk}, respectively, generated
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by the adoptive method with memory (2.1). Then, we have{
Rkp−Rk − (p+ 1)

∑k−1
i=0 R

i = 0,

Rk+1 −Rk − (p+ 1)
∑k−1

i=0 R
i = 0.

(2.3)

Proof. We can assume

ek+1 ∼ eRk . (2.4)

Hence,

ek+1 ∼ (eRk−1)
R = eR

2

k−1. (2.5)

Inductively,

ek+1 ∼ eR
k+1

0 . (2.6)

Similarly, we have

ew,k ∼ epk = (eRk−1)
p = eRpk−1. (2.7)

Thus,

ew,k ∼ eR
k p

0 . (2.8)

By (2.4) and (2.7), Lemma 2.1 results

1 + γf ′(α) ∼ e(p+1)
∑k−1

i=0 R
i

0 . (2.9)

On the other hand, since ew,k ∼ (1 + γf ′(α))ek and ek+1 ∼ (1 + γf ′(α))e2k, taking into
account (2.9), then

ew,k ∼ e
Rk+(p+1)

∑k−1
i=0 R

i

0 , (2.10)

and

ek+1 ∼ e
2Rk+(p+1)

∑k−1
i=0 R

i

0 . (2.11)

From (2.8)-(2.10) and (2.6)-(2.11), we conclude that

eR
k p

0 ∼ eR
k+(p+1)

∑k−1
i=0 R

i

0 , (2.12)

eR
k+1

0 ∼ eR
k+(p+1)

∑k−1
i=0 R

i

0 . (2.13)

Consequently, {
Rkp−Rk − (p+ 1)

∑k−1
i=0 R

i = 0,

Rk+1 −Rk − (p+ 1)
∑k−1

i=0 R
i = 0.

(2.14)
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2.2 Bi accelerators adaptive with memory method

We now introduce bi accelerators adaptive with memory method. Since much of the details
are similar to the descriptions of (2.1) we confine ourselves to repeat them.

xk+1 = xk − f(xk)
f [xk,wk]+λk f(wk)

, k = 0, 1, 2, · · · ,
γk+1 = − 1

N ′2k+2(xk+1)
,

wk+1 = xk+1 + γk+1 f(xk+1),

λk+1 =
−N ′′2k+3(wk+1)

2N ′2k+3(wk+1)
,

(2.15)

Also, we have

Theorem 2.3. Let the initial approximation x0 be sufficiently close to the zero α of f , R
and p denote the convergence order of the sequences {xk} and {wk}, respectively, generated
by the adoptive method with memory (2.15). Then, we have{

Rkp−Rk − (p+ 1)
∑k−1

i=0 R
i = 0,

Rk+1 − 2Rk − 2(p+ 1)
∑k−1

i=0 R
i = 0.

(2.16)

The proof is similar in spirit to the Theorem 2.2.

References

[1] A.M. Ostrowski, Solution of equations and systems of equations, , Prentice-Hall,
Englewood Cliffs, NJ, USA, 1964.

[2] J.F. Traub, Iterative Methods for the Solution of Equations, Prentice Hall, New York,
1964.

[3] J. Dzunic and M.S. Petkovic, A cubically convergent steffensen-like method for
solving nonlinear equations, ,Applied Mathematics Letters, 25 (2012) 1881–1886.

[4] I.F. Steffensen, Remarks on iteration, Aktuarietidskr, 16 (1933) 64–79.

c©CMMSE ISBN: 978-84-617-8694-7Page 1229 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Double-pendulum with both-sided stops simulation analysis

Marek Lampart1,2 and Jaroslav Zapoměl3,4
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Abstract

This research was motivated by a real technological problem of vibrations of bodies
hanging on chains or ropes in tubes or spaces limited by walls or other bodies. The
system has two degrees of freedom. Its movement is governed by a set of nonlinear
ordinary differential equations. As the main result it is shown that the system exhibits
regular, irregular and chaotic patterns for suitable choice of parameters.

Key words: mechanical model, chaos tests, bifurcation, vibration
MSC 2000: 34H20, 34H10, 37N30

1 Introduction

The research area of multi-pendulum systems are widely studied by many authors form
different point of view under several motivations. In [3] a control system combining input
shaping and feedback is developed for double-pendulum systems subjected to external dis-
turbances. The authors in [2] proposed a parametrically excited pendulum with irrational
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nonlinearity which comprises a simple pendulum linked by a linear spring under base excita-
tion. The dynamics of hybrid systems and analytical dynamics of discrete material particle
system containing creep elements described by fractional order derivatives, is presented in
[4] (see references therein for more literature about dynamics of multi-pendulum systems
and solutions of the system equations).

The main aim of the present paper is to derive equations of motions of the double-
pendulum with both sided walls where collisions of the pendulums occur. The pendulums
movement analysis is performed in dependence of the sliding motion excitation frequency;
movements are showing periodic and also chaotic patterns that are supported by bifurcation
diagrams and 0-1 test for chaos.

2 Mathematical model of the system

The investigated system consists of a driving body and of the upper and lower pendulums
see Fig. 1). The driving body performs sliding motion in the horizontal direction which
excites the movement of both pendulums. The motion of the pendulums is limited by
two vertical walls. All bodies included the walls are considered as absolutely rigid, some
elasticity is taken into account in the contact area between the pendulums and the walls.

Figure 1: Model of investigated system
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The task of the present research is to investigate the influence of the systems parameters,
especially the frequency of kinematic excitation on a character of the double-pendulum
movement. The investigated system has two degrees of freedom. Its instantaneous position
is defined by two generalized coordinates:

ϕ2 - angel of rotation of the upper pendulum,
ϕ3 - angel of rotation of the lower pendulum.

The equations of motion have been derived using the Lagrange equations of the second
kind:

(JT2 +m2l
2
T2 +m3l

2
2)ϕ̈2 +Aϕ̈3 = Q2 +Bϕ̇2

3 −m2glT2 cosϕ2 −m3gl2 cosϕ3+
+m2ẍzlT2 sinϕ2 +m3ẍzl2 sinϕ2

(JT3 +m3l
2
T3)ϕ̈3 +Aϕ̈2 = Q3 −Bϕ̇2

2+
+m3ẍzlT3 sinϕ3 −m3glT3 cosϕ3

(1)

where

A = m3l2lT3(sinϕ2 sinϕ3 + cosϕ2 cosϕ3) (2)

B = m3l2lT3(cosϕ2 sinϕ3 − sinϕ2 cosϕ3) (3)

Q2 = −(FR2 + FR3)l2 sinϕ2 +QD2 (4)

Q3 = −FR3l3 sinϕ3 +QD3 (5)

QD2 = (b2 + b3)ẋzl2 sin(ϕ2)− (b2 + b3)l
2
2ϕ̇2 − b3l2l3(sinϕ2 sinϕ3 + cosϕ2 cosϕ3)ϕ̇2(6)

QD3 = b3ẋzl3 sin(ϕ3)− b3l23ϕ̇3 − b3l2l3(sinϕ2 sinϕ3 + cosϕ2 cosϕ3)ϕ̇2 (7)

here ( ˙ ) and (¨) denote the first and second derivative with respect to time, respectively.
The impact forces FR2 and FR3 are defined as follows:

FR2 =


if xR2M < −c then FR2 = −kc(xR2M + c),
if xR2P > c then FR2 = −kc(xR2P − c),
else FR2 = 0,

(8)

FR3 =


if xR3M < −c then FR3 = −kc(xR3M + c),
if xR3P > c then FR3 = −kc(xR3P − c),
else FR3 = 0,

(9)

where

xR2M = xz − r2 + l2 cosϕ2, (10)

xR2P = xz + r2 + l2 cosϕ2, (11)

xR3M = xz − r3 + l2 cosϕ2 + l3 cosϕ3, (12)

xR3P = xz + r3 + l2 cosϕ2 + l3 cosϕ3. (13)
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The horizontal position position of the driving body is given by

xz(t) = A (1− e−αt) sin(ωt) (14)

where A is the amplitude of the kinematic excitation of the upper pendulum, α the run up
coefficient and ω stands for the excitation frequency. All system parameters are summarized
in Table 1.

At the beginning the system takes the equilibrium position, which corresponds to the
initial conditions:

ϕ2(0) = 3/2π, (15)

ϕ3(0) = 3/2π, (16)

ϕ̇2(0) = 0, (17)

ϕ̇3(0) = 0. (18)

(19)

3 Main results

Main results were reached by numerical simulations of (1) for system parameters summarized
in Table 1 where the excitation frequency ω was changed form 1 rad s−1 to 100 rad s−1.

The character of movement of the double-pendulum system is analyzed in detail. The
first observations are shown in bifurcation diagrams Figs. 2, where periodic as well as chaotic
movements are visible for suitable choices of ω. Here, x2 and x3 stand for the horizontal
displacements of the upper and lower pendulum ball centers, respectively. In this figures it is
also marked that for the excitation frequencies ω ∈ [1, 10]∪{25, 28, 29} there are no contacts
of the upper pendulum with the wall (marked green) and for ω ∈ [11, 24]∪{26, 27}∪[30, 100]
collision of the upper pendulum with the wall occurs; and for the excitation frequencies
ω ∈ [1, 10] there are no contacts of the lower pendulum with the wall (marked green) and
for ω ∈ [11, 100] collision of the upper pendulum with the wall occurs.

It is visible form phase portraits (see Figs. 3, 4 and 5) that the movement is periodic
and also chaotic and its character is changing with increasing excitation frequency.

The output parameter of the 0-1 test for chaos can acquire only one of the values 0 or
1 which correspond to the regular and chaotic motions, respectively. More details can be
found in [1]. The results of the 0-1 test for the range of investigated frequencies are shown
in Fig. 6 where chaotic and non-chaotic movements were detected. Note, that the result of
0-1 test coincides with bifurcation diagrams in Fig. 2 and with phase diagrams, for special
choices of the excitation frequencies shown in Figs. 3, 4 and 5.
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Table 1: Parameters of the system (1).

quantity value description
m2 1 kg mass of the upper pendulum
m3 1 kg mass of the lower pendulum
JT2 0.1 kg m2 moment of inertia of the upper pendulum

referred to its centre of gravity
JT3 0.2 kg m2 moment of inertia of the lower pendulum

referred to its centre of gravity
l2 1 m length of the upper pendulum
lT2 0.8 m length of the upper pendulum

(rotational joint - centre of gravity)
r2 0.1 m radius of the ball of the upper pendulum
l3 1.2 m length of the lower pendulum
lT3 0.9 m length of the lower pendulum

(rotational joint - centre of gravity)
r3 0.1 m radius of the ball of the lower pendulum
kc 2× 106 N m−1 the contact stiffness
c 0.4 m the half width of the clearance
g 9.80665 m s−2 the gravity acceleration
A 0.1 m the amplitude of the kinematic excitation

of the upper pendulum
α 500 s−1 the run up coefficient
b2 1 Nms rad−1 the damping coefficient of the upper pendulum
b3 1.5 Nms rad−1 the damping coefficient of the lower pendulum

Figure 2: Bifurcation diagrams of x2 (Left) and x3 (Right) in dependence on ω.
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Figure 3: Phase portraits x2 versus ẋ2 (Left) and x3 versus ẋ3 (Right) for ω = 28 rad s−1.
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ẋ
3
[m

s-
1
]

Figure 4: Phase portraits x2 versus ẋ2 (Left) and x3 versus ẋ3 (Right) for ω = 78 rad s−1.
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Figure 5: Phase portraits x2 versus ẋ2 (Left) and x3 versus ẋ3 (Right) for ω = 98 rad s−1.
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Figure 6: Output of the 0-1 test for chaos of x2 (Left) and x3 (Right) in dependence on ω.

c©CMMSE ISBN: 978-84-617-8694-7Page 1235 of  2288



M. Lampart and J. Zapoměl

4 Conclusions

In this paper, a mechanical system with two degrees of freedom has been investigated and
the movement of the double-pendulum with both sides walls was analyzed. This model was
inspired by a real problem of bodies hanging on chains or ropes in tubes or spaces limited
by walls or stops.

The equation of movement was solved numerically using Runge-Kutta method imple-
mented as ode45 solver in Matlab.

It was observed that the movement is showing regular and also chaotic patterns for
suitable choice of parameters, mainly excitation frequency of the driving body played a key
role here. For this purpose 0-1 test for chaos and bifurcation diagrams were used.
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Abstract

In this paper we will investigate one certain application of polynomial 2-surfaces
possessing the polynomial area element in the Minkowski space R3,1, where they coincide
with the so called MOS surfaces (i.e., medial surface transforms with rational domain
boundaries). We formulate an efficient algorithm for Hermite interpolation by MOS
surfaces and apply the developed method to the construction of branching pieces which
occur during the operation of rational skinning. We recall that when branched skins
of systems of spheres are constructed then the envelopes of suitable two-parametric
systems of spheres must be considered. MOS surfaces are presented as especially suitable
candidates for modelling these shapes because they provide not only rational envelopes
but also all offsets of these envelopes are rational.

Key words: Medial surface transforms; MOS surfaces; rational envelopes; skinning

1 Introduction

We continue with the investigation of modelling parts of branched skins using special me-
dial surface transforms yielding rational envelope surfaces. We recall that the operation of
skinning can be considered as a certain analogy to the well-known interpolation of point
data sets, which is a problem often solved in geometric modelling, see [7]. For us it is a
construction of a Gk/Ck continuous interpolation surface of an ordered sequence of spa-
tial shapes, in particular of spheres/balls. Due to its technical importance, skinning has
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Figure 1: Branched skin of a system of spheres Σ in 3D containing a triangular and quad-
rangular branching element (green).

attracted the researchers in recent years and one can find a growing number of articles on
this subject, see e.g. [14, 9, 1].

The problem of skinning can be identified in various situations, maybe the best known
is the application in computer animation. Computing skins of a system of spheres/balls in
3D appears further for instance in the area of computational chemistry or molecular biology
when surface meshes for molecular models are supposed to be generated. In a discrete sense,
skinning can be considered as a part of the problem of computing envelopes of families of
spheres using the cyclographic mapping [12, 13]. Skinning is closely related to representing
shapes with the help of the associated medial axis/surface transforms [4, 11] and the theory
of canal surfaces [10, 6].

When constructing the skin of spheres in the linear configuration then finding the
solution is relatively mastered. However the problem is more complicated when branching of
skins is allowed. Branching in this sense means that there exists a sphere which is connected
via the skin with more than two neighbouring spheres. In these scenarios, the rational
envelopes of suitable two-parameter systems of spheres must be thoroughly investigated
and functional algorithms for interpolations with them must be designed. By utilizing
polynomial MOS surfaces, we present a simple method for computing pieces of rational
branched skins of a system of spheres/balls in 3D. We present MOS surfaces as very suitable
candidates for modelling these parts as they give not only rational envelopes but also rational
offsets of these envelopes.

2 Branched skins of systems of spheres

Using the method from [9], we consider a given sequence of spheres Σ = {S1, S2, . . . , Sn},
admissible as defined in [1]. The goal is to construct a smooth spline surface S(Σ) skinning
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M. Lávička, M. Bizzarri

this system. We will admit not only linear sequences of input spheres but also more com-
plicated cases. In particular, we plan to focus on configurations when branched skins are
designed and when special branching elements shall be constructed, cf. Fig. 1.

If we construct the skin of spheres in some linear configuration, S(Σ) consists of the
following elements: (i) parts of Si obtained as the differences of Si and the spherical caps
determined by the contact circles; (ii) surfaces smoothly joining two consecutive spheres
Si−1 and Si along prescribed contact circles, e.g. parts of canal surfaces, see Fig. 1 and
we refer also to [2] for more details. These scenarios are quite sufficiently solved in the
literature. However, the problem is significantly more complicated when branching of skins
is allowed and new challenges dealing with new types of elements must be discussed.

When branching of skins occurs then two types of situations must be discussed. Either,
branching takes place on a particular sphere and then the skin consists again of the elements
of type (i) and (ii) only. Or, a joining part between more than two spheres is needed then an
element of a new type must be constructed. In this case, the rational envelopes of suitable
two-parameter systems of spheres must be investigated in more detail. We recall that this
problem was suitably solved in [2] devoted to study of rational envelope (RE) surfaces,
where formulated efficient algorithms for G1 data interpolation using RE surfaces were
applied also to rational skinning. Using the recent results from [3] we present polynomial
MOS surfaces as shapes especially suitable for modelling rational branching elements. The
extra-feature of these newly constructed elements is that they guarantee also the rationality
of their offsets. This is a main contribution of the designed method.

3 Medial surface transforms yielding rational envelopes

Let be given a spatial domain Ω ⊂ R3 and the family of all inscribed spheres partially
ordered with respect to inclusion of the associated balls. The medial surface (MS) of Ω is
the set of all centers (x, y, z)> ∈ R3 of maximal inscribed spheres and the medial surface
transform (MST) of Ω is obtained by appending the corresponding sphere radius r to the
MS, i.e., it consists of the points (x, y, z, r)> in the four-dimensional Minkowski space R3,1.

Let a medial surface transform x(u, v) = (x, y, z, r)> ⊂ R3,1 be given. If we denote by
x̂(u, v) = (x, y, z)> the corresponding medial surface in R3 then the envelope formula is

b±(u, v) = x̂(u, v)− rn±(u, v), (1)

with

n± =
1

ÊĜ−F̂ 2

[(
∂r

∂u
Ĝ− ∂r

∂v
F̂

)
x̂u +

(
∂r

∂v
Ê− ∂r

∂u
F̂

)
x̂v ∓

√
EG−F 2(x̂u×x̂v)

]
, (2)

where n± is a unit vector perpendicular to b±. The components E,F,G of the first fun-
damental form of x(u, v) are computed using the indefinite Minkowski inner product 〈�, �〉
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with the signature (3,1), whereas the components Ê, F̂ , Ĝ of the first fundamental form of
x̂(u, v) are determined using the standard Euclidean inner product in R3.

MOS surfaces, i.e., Medial surfaces Obeying the Sum of squares condition, were intro-
duced in [8] as the shapes satisfying the distinguishing property that if considered as an
MST of a spatial domain, then the associated envelope and its offsets admit exact rational
parameterization. So, they are given by the condition

EG− F 2 = σ2(u, v), where σ(u, v) ∈ R(u, v), (3)

which guarantees the rationality of (2) and thus of the envelope b±(u, v).
From this it is evident that MOS surfaces are simultaneously surfaces with rational area

element in R3,1 as the squared area element of the parametric surface x(u, v) has the form

dA2 =
〈xu,xu〉 〈xu,xv〉
〈xu,xv〉 〈xv,xv〉

du2dv2 = (EG− F 2) du2dv2. (4)

Moreover, all polynomial MOS surfaces possess polynomial surface area A(u, v) =∫∫ √
EG− F 2 dudv. This offers many useful computational advantages compared to other

surfaces.
In what follows, we will study suitable normal vector fields that help us to construct

parameterizations of polynomial MOS surfaces. We recall a result from [3] expressing that
for a polynomial surface x(u, v) in R3,1 it holds

Γ(xu,xv) = f2 Γ(n1,n2), (5)

where n1,n2 are the normal vectors generating the normal space span{n1(u, v),n2(u, v)},
Γ is the the Grammian of the considered vectors and f(u, v) ∈ R(u, v) is a non-zero factor.
This means that it is possible to start with suitable normal vectors when constructing
parameterizations of polynomial MOS surfaces as the distinguishing condition (3) depends
on Γ(n1,n2) equally as on Γ(xu,xv) = EG−F 2. Moreover, when at least one of the normal
vectors n1, or n2 is isotropic, i.e., its squared norm is zero, then Γ(n1,n2) is automatically
a perfect square.

Hence we can recall the main ideas from the approach discussed in [3]. We start
with the normal space span{n+(u, v),n−(u, v)} given by the polynomial isotropic vectors of
degree k, i.e., 〈n±,n±〉 ≡ 0. Their parameterizations can be obtained e.g. from polynomial
Pythagorean quadruples, see [5]. To find an associated polynomial MOS surface of degree
`+ 1, it is necessary to find suitable polynomial vector fields

q(u, v) =

 ∑
i+j≤`

q1iju
ivj ,

∑
i+j≤`

q2iju
ivj ,

∑
i+j≤`

q3iju
ivj ,

∑
i+j≤`

q4iju
ivj

> ,
r(u, v) =

 ∑
i+j≤`

r1iju
ivj ,

∑
i+j≤`

r2iju
ivj ,

∑
i+j≤`

r3iju
ivj

∑
i+j≤`

r4iju
ivj

> ,
(6)
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which will play the role of xu, xv, respectively. Thus, q, r must satisfy the following
conditions

〈q,n±〉 ≡ 0,
〈r,n±〉 ≡ 0,

∂q

∂v
− ∂r

∂u
≡ 0,

(7)

where the last equation expresses the condition of integrability. For ` large enough, system of
linear equations (7) with unknowns q1ij , q2ij , q3ij , q4ij , r1ij , r2ij , r3ij , r4ij possesses a solution
and thus we arrive at a MOS parameterization x(u, v), for which it holds EG − F 2 =
f(u, v)2Γ(n+,n−), where f(u, v) is a factor relates suitably the degrees of n± and x.

4 MOS branching elements for skinning of spheres

The G1 Hermite interpolations by polynomial MOS surfaces can be efficiently used when
branching elements of rational skinning surfaces shall be constructed as the rational en-
velopes of two-parameter families of spheres. We present the approach at least for triangular
and quadrilateral patches.

Consider three or four points pij ∈ R3,1, i, j = 0, 1 (and i+ j < 2 for the case of three
points), and three or four associated tangent planes τij determined by the vectors tij,1 and
tij,2. A choice of these points and associated tangent planes reflects a particular situation
obtained when the branching skins shall be constructed. Following the previously presented
ideas, we can formulate the whole algorithm consisting of three subparts:

(i) We find the isotropic vectors n±ij lying in the normal planes orthogonal to the given
tangent planes τij

(ii) We construct a normal vector field n+(u, v) interpolating data λij n
+
ij and having the

polynomial norm.

(iii) We compute a polynomial patch interpolating the points pij , possessing the isotropic
normal vector field n+(u, v) and in addition having n−ij as normal vectors at pij .

As concerns step (i), we consider the projective closure of R3,1 consisting of the points
with the homogeneous coordinates (x0 : x1 : x2 : x3 : x4), and the equation x0 = 0 describes
the points at infinity (the ideal hyperplane). We find the ideal lines of τij , compute the
conjugated lines with respect to Σ (i.e., the ideal lines of the normal planes at pij), and by
intersecting them with the absolute quadric Ω : x21 + x22 + x23 − x24 = x0 = 0, we arrive at
the isotropic vectors n±ij associated to pij . The isotropic normals n± can be identified with

points of the oval quadric Ω considered as the unit sphere in R3. Hence we consider the
associated normals Nij = (n1, n2, n3)/n4 on the unit sphere S2.
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Figure 2.

Next we continue with step (ii) and interpolate the so called isotropic Gauss image G+
by a suitable rational patch N(u, v) = (N1/N4, N2/N4, N3/N4) on S2. For this purpose we
apply a standard method based on using the stereographic projection πw with the center
w, the consequent construction of a suitable polynomial patch in R2 interpolating πw(Nij)
and applying the inverse stereographic projection on the obtained planar patch. Thus we
arrive at n+(u, v) = (N1, N2, N3, N4) interpolating data λij n

+
ij .

Finally in step (iii), we take n+(u, v) as the input for (7) and add to this system the
equations

x(i, j) = pij , 〈xu(i, j),n−ij〉 = 0, 〈xv(i, j),n−ij〉 = 0, (8)

which guarantee satisfying the interpolation conditions. Solving the system of linear equa-
tions we arrive at an MOS patch interpolating given Hermite data {pij , τij}.

The envelopes determined by these polynomial MOS patches. considered as MSTs
in R3,1, can be taken as suitable branching elements of the constructed skins. Let us
emphasize that not only they are rational, but the properties of MOS surfaces guarantee that
also their offsets are rational, as they belong among the so called surfaces with Pythagorean
normals (i.e., rational surfaces with rational offsets)

5 Computed examples

In this section we present the designed method on several particular examples. It is assumed
that the connectivity (topology) of the skin is given.

Example 5.1 Consider 4 spheres given by ...
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Figure 3.

Example 5.2 Consider 3 spheres given by ...

6 Conclusion

This paper was devoted to the construction of branching elements of rational skins of systems
of spheres with the prescribed connectivity. We have shown how the so-called MOS surfaces
can be used for this operation. The functionality of the presented method was illustrated
on some examples. We would like to emphasize that the designed approach is not limited
to constructing branching elements joining only 3 or 4 spheres. In the case when we have
more than 4 spheres, the principles of the construction remain the same, but the goal
is to construct an n-sided MOS patch which interpolates, at its corners, n points and
their associated tangent planes. In our future work we would like to focus on further
constructions, important in technical practice, in which MOS patches can be efficiently
used – as e.g. when branching blends (i.e., smooth joins of several given shapes) shall be
constructed, see Fig. 4.
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Figure 4: A blending surface between more than two canal surfaces containing the parts
which are defined as envelopes of special two-parameter families of spheres.
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Abstract

The understanding of complex physical or biological systems nearly always requires a
characterisation of the variability that underpins these processes. In addition, the data
used to calibrate such models may also often exhibit considerable variability. A recent
approach to deal with these issues has been to calibrate populations of models (POMs),
that is multiple copies of a single mathematical model but with different parameter
values. To date this calibration has been limited to selecting models that produce
outputs that fall within the ranges of the dataset, ignoring any trends that might be
present in the data.
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We present here a novel and general methodology for calibrating POMs to the dis-
tributions of a set of measured values in a dataset. We demonstrate the benefits of our
technique using a dataset from a cardiac atrial electrophysiology study based on the
differences in atrial action potential readings between patients exhibiting sinus rhythm
(SR) or chronic atrial fibrillation (cAF) and the Courtemanche-Ramirez-Nattel model
for human atrial action potentials.

Our approach accurately captures the variability inherent in the experimental popu-
lation, allows for uncertainty quantification and also allows us to identify the differences
underlying stratified data as well as the effects of drug block.

Key words: analysis of complex systems, populations of models, calibration
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Abstract

In this paper, we present the data-driven COS method, ddCOS. It is a Fourier-based
financial option valuation method which assumes the availability of asset data samples:
a characteristic function of the underlying asset probability density function is not re-
quired. As such, the method represents a generalization of the well-known COS method
[1]. Convergence with respect to the number of asset samples is according the conver-
gence of Monte Carlo methods for pricing financial derivatives. The ddCOS method
is particularly interesting for density recovery and also for the efficient computation of
the option’s sensitivities Delta and Gamma. This paper is a short version of an already
available preprint [6].

Key words: The COS method, density estimation, data-driven approach, Greeks, the
SABR model

1 Introduction

In quantitative finance, statistical distributions are commonly used for the valuation of
financial derivatives and within risk management. The underlying assets are often modeled
by means of stochastic differential equations (SDEs). Except for the classical and most
simple asset models, the corresponding probability density function (PDF) and cumulative
distribution function (CDF) are typically not known and need to be approximated.
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In order to compute option prices, and to approximate statistical distributions, Fourier-
based methods are commonly used numerical techniques. They are based on the connection
between the PDF and the characteristic function (ChF), which is the Fourier transform of
the probability density. The ChF is often available, and sometimes even in closed form,
for the broad class of regular diffusions and also for Lévy processes. Here, we focus on the
COS method from [1], which is based on an approximation of the PDF by means of a cosine
series expansion.

Still, however, the asset dynamics for which the ChF are known is not exhaustive, and
for many relevant asset price processes we do not have such information to recover the
density. In this work, we extend the applicability of the COS method to the situation where
only data (like samples from an unknown underlying risk neutral asset distribution) are
available. We will focus on the framework of statistical learning, see [7].

The use of the COS method gives us expressions for option prices and, in particular,
for the option sensitivities or Greeks. These option Greeks are the derivatives of option
price with respect to a variable or parameter. The efficient computation of the Greeks
is a challenging problem when only asset samples are available. Existing approaches are
based on Monte Carlo (MC)-based techniques, like on finite-differences (bump and revalue),
pathwise or likelihood ratio techniques, for which details can be found in [2], chapter 7. The
ddCOS method is not directly superior to Monte Carlo methods for option valuation, but
it is competitive for the computation of the corresponding sensitivities. We derive simple
expressions for the Greeks Delta and Gamma.

This paper is organized as follows. The ddCOS method, and the origins in statistical
learning and Fourier-based option pricing, are presented in Section 2. Numerical exper-
iments, with a focus on the option Greeks, are presented in Section 3. We conclude in
Section 4.

2 The data-driven COS method

In this section we will discuss the ddCOS method, in which aspects of the MC method,
density estimators and the COS method are combined to approximate, in particular, the
option Greeks Delta and Gamma for European options. The connection with the COS
method is found in the fact that the data-driven PDF appears as a cosine series expansion.

2.1 The COS method

The starting point for the well-known COS method is the risk-neutral option valuation
formula, where the value of a European option at time t, v(x, t), is an expectation under
the risk neutral pricing measure, i.e.,

v(x, t) = e−r(T−t)E [v(y, T )|x] = e−r(T−t)
∫
R
v(y, T )f(y|x)dy, (1)
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with r the risk-free rate, T the maturity time, and f(y|x) the PDF of the underlying
process, and v(y, T ) represents the option value at maturity time, being the payoff function.
Typically, x and y are chosen to be scaled variables,

x := log

(
S(0)

K

)
and y := log

(
S(T )

K

)
,

where S(t) is the underlying asset process at time t, and K is the strike price.
Density f(y|x) is unknown in most cases and in the COS method it is approximated,

on a finite interval [a, b], by a cosine series expansions, i.e.,

f(y|x) =
1

b− a

(
A0 + 2

∞∑
k=1

Ak(x) · cos

(
kπ
y − a
b− a

))
,

A0 = 1, Ak(x) =

∫ b

a
f(y|x) cos

(
kπ
y − a
b− a

)
dy, k = 1, 2, . . . .

By substituting this expression in Equation (1), interchanging the summation and in-
tegration operators using Fubini’s Theorem, and introducing the following definition,

Vk :=
2

b− a

∫ b

a
v(y, T ) cos

(
kπ
y − a
b− a

)
dy,

we find that the option value is given by

v(x, t) ≈ e−r(T−t)
∞∑′

k=0

Ak(x)Vk, (2)

where ′ indicates that the first term is divided by two. So, the product of two real-valued
functions in Equation (1) is transformed into the product of their cosine expansion coeffi-
cients, Ak and Vk. Density coefficients Ak can be computed by the ChF and Vk is known
analytically (for many types of options).

Closed-form expressions for the option Greeks can also be derived. From the COS
option value formula, ∆ and Γ are obtained by

∆ =
∂v(x, t)

∂S
=

1

S(0)

∂v(x, t)

∂x
≈ exp(−r(T − t))

∞∑′

k=0

∂Ak(x)

∂x

Vk
S(0)

,

Γ =
∂2v(x, t)

∂S2
=

1

S2(0)

(
−∂v(x, t)

∂x
+
∂2v(x, t)

∂x2

)
≈ exp(−r(T − t))

∞∑′

k=0

(
−∂Ak(x)

∂x)
+
∂2Ak(x)

∂x2)

)
Vk

S2(0)

(3)

Due to the rapid decay of the coefficients, v(x, t), ∆ and Γ can be approximated with
high accuracy by truncating the infinite summation in Equations (2) and (3) to N terms.
Under suitable assumptions, exponential convergence is proved and numerically observed.
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2.2 Statistical learning theory for density estimation

In the setting of this paper, we assume a vector of n independent and identically distributed
(i.i.d.) samples, X1, X2, . . . , Xn. Based on these samples, we wish to find an accurate
approximation of the PDF estimator, fn(x), which should approximate density f(x).

By definition, the PDF is related to its CDF F (x),∫ x

−∞
f(y)dy = F (x). (4)

Function F (x) is approximated by the empirical approximation,

Fn(x) =
1

n

n∑
j=1

η(x−Xj), (5)

where η(·) is a step function. This approximation converges to the “true CDF” with rate
O(1/

√
n). Rewriting Equation (4) as a linear operator equation, gives us,

Cf = F ≈ Fn,

where the operator Ch :=
∫ x
−∞ h(z)dz.

As explained in [7], this matrix equation represents an ill-posed problem, and therefore
a risk functional should be constructed, with a regularization term, as follows

Rγn(f, Fn) = L2
H(Cf, Fn) + γnW (f), (6)

where LH is a metric of the space H, γn > 0 is a parameter which gives a weight to the
regularization term W (f), with γn → 0 as n → ∞. The solution of Cf = Fn belongs to
D, the domain of definition of W (f). Functional W (f) takes real non-negative values in D.
Furthermore, Mc = {f : W (f) ≤ c} is a compact set in H (the space where the solution
exists and is unique).

The solution fn, minimizing the functional in Equation (6), converges almost surely to
the desired density. By considering particular choices of LH = L2(0, π) and W (see [7] for
details), the the risk functional in Equation (6) becomes

Rγn(f, Fn) =

∫ π

0

(∫ x

0
f(y)dy − Fn(x)

)2

dx+ γn

∫ π

0

(
f (p)(x)

)2
dx. (7)

Given a cosine series expansion, ψ1(θ) = cos(θ), . . . , ψk(θ) = cos(kθ), . . . , the approxi-
mation to the unknown PDF will be of the form

fn(θ) =
1

π
+

2

π

∞∑
k=1

Ãk cos(kθ), (8)
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with Ã0, Ã1, . . . , Ãk, . . . expansion coefficients, defined as Ãk =< fn, ψk >. We need to
compute the expansion coefficients so that the functional in Equation (7) is minimized. The
coefficients Ãk cannot be directly computed from the definition since the unknown PDF, fn,
is implicitly involved in the expression, but from the equivalent expression Ãk =< f̂n, ψ̂k >.
Thus, it can be proved that the minimum of the functional using cosine series expansions
(see [7]) is obtained when

Ãk =
1

1 + γnk2(p+1)

1

n

n∑
j=1

cos(kθj), (9)

where θj ∈ (0, π) are given samples of the unknown distribution.
Assuming that the samples are given, the solution contains two free parameters: regu-

larization parameter γn, and smoothing parameter p. The parameter p is selected as p = 0,
implying that the actual function enters in the regularization term. The choice of parameter
γn impacts the efficiency of the data-driven COS method, since it is related to the required
number of data samples, and by reducing the number of samples, the overall computational
cost can be reduced. The parameter γ can be obtained by the following rule,

γn =
log log n

n
. (10)

As proved in [7], this rule provides a robust asymptotic rate of convergence under the
assumption of a compactly supported density. It implies, with probability one, uniformly
converging approximations fn to the unknown density.

2.3 The ddCOS method

We are now ready to present the ddCOS method, where we employ the series expansion
coefficients from the regularization approach. We replace the Ak-coefficients from Equation
(2) by those coefficients based on data, Ãk in Equation (9).

So, suppose we have risk neutral samples (or values) from an underlying asset at a
future time t, i.e., S1(t), S2(t), . . . , Sn(t). We compute the value of a European option with
maturity time T and strike price K, and require therefore the samples Sj(T ). With a
logarithmic transformation, we have

Yj := log

(
Sj(T )

K

)
.

Before employing these samples in the regularization approach and because the solution
is defined in (0, π), we need to transform the samples by the following change of variables,

θj = π
Yj − a
b− a

,
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where the boundaries a and b are defined as

a := min
1≤j≤n

(Yj), b := max
1≤j≤n

(Yj).

The Ak coefficients in Equation (2) are replaced by the data-driven Ãk in Equation (9),

Ak ≈ Ãk =

1
n

∑n
j=1 cos

(
kπ

Yj−a
b−a

)
1 + γnk2(p+1)

.

The ddCOS pricing formula for European options based on risk neutral data is now
obtained as

ṽ(x, t) = e−r(T−t)
∞∑′

k=0

1
n

∑n
j=1 cos

(
kπ

Yj−a
b−a

)
1 + γnk2(p+1)

· Vk

= e−r(T−t)
∞∑′

k=0

ÃkVk.

(11)

The samples Yj should originate from one initial state, i.e. the dependency on the state
x is implicitly assumed. In the case of European options this is typically fulfilled. In the
Monte Carlo method, for example, all simulated asset paths depart from the same point

S(0), so that x := log
(
S(0)
K

)
.

Regarding the Greeks, we can also derive data-driven expressions for the ∆ and Γ
sensitivities. We first define the corresponding sine coefficients as

B̃k :=

1
n

∑n
j=1 sin

(
kπ

Yj−a
b−a

)
1 + γnk2(p+1)

.

Taking derivatives in Equation (11) w.r.t the samples, Yj , and following the COS ex-
pression for the sensitivities in Equation (3), the data-driven Greeks, ∆̃ and Γ̃, can be
obtained by

∆̃ = e−r(T−t)
∞∑′

k=0

B̃k ·
(
− kπ

b− a

)
· Vk
S(0)

,

Γ̃ = e−r(T−t)
∞∑′

k=0

(
B̃k ·

kπ

b− a
− Ãk ·

(
kπ

b− a

)2
)
· Vk
S2(0)

.

As in the original COS method, we must truncate the infinite sum to a finite number
of terms N .
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2.3.1 Application of variance reduction

Because of the focus on asset path data, the ddCOS method is related to the Monte Carlo
method. Variance reduction in Monte Carlo methods is typically achieved by the use of
variance reduction techniques. The ddCOS method also admits an additional variance
reduction, in this case, for the computation of the expansion coefficients, Ãk. We show how
to introduce antithetic variates (AV) to our method. Since one of the assumptions for the
regularization approach is that the samples are i.i.d., an immediate application of AV is not
possible. Therefore, if we assume that antithetic samples, Y ′i , to the original samples Yi, can
be computed without any serious computational effort, a new estimator for the coefficients
can be defined as

Āk :=
1

2

(
Ãk + Ã′k

)
,

where we denote by Ã′k the corresponding “antithetic coefficients”, obtained by Y ′i . By
a similar derivation as for the standard AV technique, it can be proved that the use of
coefficients Āk will give us a variance reduction compared to using the Ãk coefficients.
Other variance reduction techniques may also be considered for the ddCOS method under
the assumption of i.i.d. samples.

3 Applications of the ddCOS method

In this section, we present some applications of the ddCOS method. The first application is
an option pricing experiment, where we show the method’s convergence. Subsequently, we
present the performance regarding the computation of the Greeks, where ddCOS exhibits
a stable convergence and can be employed with involved models, as we only need asset
samples. We also compute the Greeks under Merton and SABR models. The experiments
have been carried out on a computer system with the following characteristics: CPU Intel
Core i7-4720HQ 2.6GHz and RAM memory of 16GB RAM. The employed software package
is Matlab R2016b.

3.1 Option valuation

First of all, we numerically test the convergence of the ddCOS method in an option valu-
ation experiment. The Geometric Brownian Motion (GBM) asset dynamics are employed,
since a reference value for the option value is available by the Black-Scholes formula. The
regularization parameter γn is set as in Equation (10). As is common in MC experiments,
the Mean Squared Error (MSE) is considered as the error measure. In the convergence
tests, the reported values are computed as the average of 50 experiments.

The expected order of convergence for the option values is O(1/
√
n), according to

the convergence of the empirical CDF towards the true CDF in Equation (5). In Section

c©CMMSE ISBN: 978-84-617-8694-7Page 1254 of  2288



The data-driven COS method

10
1

10
2

10
3

10
4

10
5

10
-2

10
-1

10
0

10
1

ddCOS

ddCOS, AV

MC

MC, AV

(a) Option price.

10
1

10
2

10
3

10
4

10
5

10
-4

10
-3

10
-2

10
-1

ddCOS 

ddCOS , AV

MCFD 

MCFD , AV

(b) Greek ∆.

10
1

10
2

10
3

10
4

10
5

10
-4

10
-3

10
-2

ddCOS 

ddCOS , AV

MCFD 

MCFD , AV

(c) Greek Γ.

Figure 1: Convergence in prices and Greeks of the ddCOS method: Antithetic Variates
(AV); GBM, S(0) = 100, r = 0.1, σ = 0.3, K = S(0) and T = 2.

2.3.1, the application of antithetic variates in the ddCOS framework has been presented. In
Figure 1a, we confirm that this variance reduction technique provides a similar improvement
in terms of precision as when it is applied to the plain MC method.

3.2 Greeks

We have empirically shown in Figure 1a that the ddCOS method converges to the true price
with the expected convergence rate O(1/

√
n), which resembles the plain MC convergence.

However, by the ddCOS method, not only the option value but also the sensitivities can
readily be obtained. This is an advantage w.r.t MC-based methods for estimating sensitiv-
ities, where often, additional simulations, intermediate time-steps or prior knowledge are
required. Thus, a similar convergence test is performed for the ∆ and Γ sensitivities, see
Figures 1b and 1c. As MC-based method for the Greeks calculation we consider the Finite
Difference method (bump and revalue, denoted as MCFD). We have chosen MCFD for
the comparison because it is flexible and it does not require prior knowledge. MCFD may
require one or two extra simulations, and the choice of optimal shift parameter may not be
trivial. The reference Delta and Gamma are given by the Black-Scholes formula. In both
experiments, while the ∆ is very well approximated by the ddCOS and MCFD methods,
the second derivative, Γ, appears more complicated for the MCFD method. This fact was
already pointed out by Glasserman in [2]. The ddCOS estimator, however, is accurate and
stable as it is based on the data-driven PDF and the ddCOS machinery.

Using n = 105, in Table 1 we now compare the ∆ and Γ estimations obtained under
the GBM dynamics for several strikes. The performance of the ddCOS method is very sat-
isfactory as it is accurate, with small Relative Error (RE, averaged over K) and reproduces
the reference values very well. The difficulties of the MCFD estimating Γ are more clearly
visible.
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K (% of S(0)) 80% 90% 100% 110% 120%

∆

Ref. 0.8868 0.8243 0.7529 0.6768 0.6002
ddCOS 0.8867 0.8240 0.7528 0.6769 0.6002

RE 1.1012× 10−4

MCFD 0.8876 0.8247 0.7534 0.6773 0.6006
RE 7.5168× 10−4

Γ

Ref. 0.0045 0.0061 0.0074 0.0085 0.0091
ddCOS 0.0045 0.0062 0.0075 0.0084 0.0090

RE 8.5423× 10−3

MCFD 0.0045 0.0059 0.0071 0.0079 0.0083
RE 4.9554× 10−2

Table 1: GBM option Greeks: Call, S(0) = 100, r = 0.1, σ = 0.3 and T = 2.

We wish to test the ddCOS method in a more complex situation, by adding jumps
in the form of a Merton jump-diffusion asset price process. To accurately compute the
option sensitivities in this case gives rise to difficulties for MC-based methods. We perform
a similar experiment as before, where now the underlying asset follows the Merton jump-
diffusion model, and the obtained ∆ and Γ are presented in Table 2. In this case, the
reference value is provided by the COS method at a high accuracy.

The SABR model [3] is interesting within the ddCOS framework since the ChF is not
known and, furthermore, the asset path MC simulation is not trivial. The authors provided
a closed-form approximation formula for the implied volatility under the SABR dynamics,
which is often used within the calibration. However, the closed-form expression is derived
by perturbation theory, and therefore the formula is not accurate for small strike values, for
long time to maturity options or for high volatilities (see, for example, [4, 5]). Therefore, the
calculation of the Greeks under the SABR model becomes challenging but can be addressed
by the ddCOS method. To employ the method, we need samples of the underlying asset at
time T . Here, we make use of the one time-step SABR MC simulation introduced by Leitao
et al. in [4]. Thus, the ddCOS method will be combined with the one time-step SABR
simulation to efficiently compute ∆ and Γ under the SABR dynamics.

For the numerical experiments, we consider two parameter settings. First of all, a basic
parameter set is taken, where the SABR formula is valid and can be used as a reference. The
results are presented in Table 3. For the second test we use a more difficult set of parameters
(i.e., Set III in [4]), where the SABR formula does not provide accurate results anymore. In
Table 4, we observe that the ddCOS provides accurate ∆-values in this case, without any
problems. The reference value has been computed by the MCFD in combination with the
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K (% of S(0)) 80% 90% 100% 110% 120%

∆

Ref. 0.8385 0.8114 0.7847 0.7584 0.7328
ddCOS 0.8383 0.8113 0.7846 0.7585 0.7333

RE 2.7155× 10−4

MCFD 0.8387 0.8118 0.7850 0.7586 0.7330
RE 3.1265× 10−4

Γ

Ref. 0.0022 0.0024 0.0027 0.0029 0.0030
ddCOS 0.0022 0.0024 0.0027 0.0029 0.0030

RE 8.2711× 10−3

MCFD 0.0023 0.0026 0.0028 0.0031 0.0033
RE 6.118× 10−2

Table 2: Merton jump-diffusion option Greeks: Call, S(0) = 100, r = 0.1, σ = 0.3, µj =
−0.2, σj = 0.2 and λ = 8 and T = 2.

K (% of S(0)) 80% 90% 100% 110% 120%

∆

Ref. 0.9914 0.9284 0.5371 0.0720 0.0058
ddCOS 0.9916 0.9282 0.5363 0.0732 0.0058

RE 5.2775× 10−3

MCFD 0.9911 0.9279 0.5368 0.0737 0.0058
RE 5.5039× 10−3

Table 3: Greek ∆ under the SABR model: Call, S(0) = 100, r = 0, σ0 = 0.3, α = 0.4,
β = 0.6, ρ = −0.25 and T = 2.

SABR MC simulation in [5], with a large number of MC paths (n = 10, 000, 000) and time
steps (4T ).

4 Conclusions

In this work, the ddCOS method has been introduced. The method extends the COS
method applicability to cases when only data samples of the underlying asset are available.
The method exploits a closed-form solution, in terms of Fourier cosine expansions, of a
density. The use of the COS machinery in combination with density estimation allowed
us to develop a data-driven method which can be employed for option pricing and risk
management. The ddCOS method particularly results in an efficient method for the ∆ and
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K (% of S(0)) 80% 90% 100% 110% 120%

∆

Ref. 0.8384 0.7728 0.6931 0.6027 0.5086
ddCOS 0.8364 0.7703 0.6902 0.6006 0.5084

RE 2.7855× 10−3

Hagan 0.8577 0.7955 0.7170 0.6249 0.5265
RE 3.1751× 10−2

Table 4: Greek ∆ under SABR model. Setting: Call, S(0) = 0.04, r = 0.0, σ0 = 0.4,
α = 0.8, β = 1.0, ρ = −0.5 and T = 2.

Γ sensitivities computation, based solely on the samples.
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Abstract

We analyze the implementation, performance and energy e�ciency of an algoritm to
compute the QR factorization of a dense matrix on a Field Programmable Gate Array
(FPGA). Our implementation is based on a simple level-2 BLAS formulation of the
factorization algorithm that relies on Householder re�ectors. The results on a Xilinx
Virtex-7 show a dissipation rate that is slightly above 3 Watts.

Key words: QR factorization, high performance, energy consumption, �eld pro-
grammable gate array (FPGA), linear algebra.

1 Introduction

The QR factorization is a key numerical algorithm for the solution of linear least squares
problems arising, among others, in statistics, geodetics, signal processing, control and, in
general, in any scenario where it is necessary to �t a model to observations containing er-
rors [3]. As a consequence, over the past decades there has been a continuous e�ort to
accelerate the computation and improve the stability of this factorization, via e�cient algo-
rithms and computational kernels for a wide variety of computer architectures. In particular,
from the mathematical and algorithmic perspectives one of the most remarkable advances is
the formulation of the QR factorization via Householder re�ectors [5]. On the other hand,
from the point of view of high performance on modern computer architectures, the intro-
duction of the WY transform and its compact variant [6], which unleashed the utilization
of compute-intensive kernels in the factorization, are two signi�cant advances.
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As computer architectures progress on the road to Exascale systems, energy has arisen
as a primary challenge on par with performance [4, 8]. A distinguisable milestone in high
performance computing (HPC) system have been the shift towards heterogeneous systems,
equipped with some sort of accelerator, in order to improve the performance-per-energy unit
ratio [1]. As we move along this line, we can expect an eventual adoption of customizable
technologies such as �eld programmable gate arrays (FPGAs) due to their �exibility, perfor-
mance and energy e�ciency, as recent movements from companies such as IBM, Intel and
Microsoft hint.

In this paper we assess the performance and energy e�ciency of an algorithm to compute
the QR factorization on FPGA based on Householder re�ectors and implemented on a Xilinx
Virtex-7 board.

2 The QR Factorization

Given a nonzero vector x ∈ Rn, the corresponding Householder re�ector H := house(x) =
In − τvvT , where v = x + αe1, τ = 2/(vT v), α = ±‖|x||2, In denotes the square identity
matrix of order n and e1 is the �rst column of In, satis�es y := Hx = ∓||x||2e1 [6]; that is,
all entries of x are annihilated by the application (from the left) of the Househoder re�ector
H, except the �rst entry of x which, after the application, becomes ∓||x||2.

For a matrix A ∈ Rm×n, this type of orthogonal re�ectors can be applied to compute the
QR factorization A = QR, where Q ∈ Rm×m is orthogonal and R ∈ Rm×n is upper triangu-
lar. For this purpose, the procedure commences with A(0) = A and consecutively applies a
sequence of Householder re�ectorsH1, H2, . . . ,Hn such thatHj annihilates the (subdiagonal)
entries in the j-th column of A(j−1) = (Hj−1 . . . H1)A. Thus, upon completion, A(n) = R,
and Q = H1H2 · · ·Hn [6]. Figure 1 illustrates the calculation of this factorization, using
the FLAME notation [7], via an unblocked algorithm that is implemented as routine geqr2
in the Linear Algebra Package (LAPACK) [2]. Internally, the algorithm relies on routine
larfg to generate a Householder re�ector for the vector consisting of α11 and a21. Routine
larf then applies this re�ector (from the left) to the trailing submatrix composed of aT12
and A22. The Householder re�ector H is not explicitly built, but applied implicitly using
the parameters v, τ . In particular, note that the application of the Householder re�ector to
a matrix Â can be performed as HÂ = (I − τvvT )Â = Â− τv(vT Â), which boils down to a
matrix-vector product, wT := wT Â, followed by a (scaled) rank-1 update, Â := Â− τvwT .

In practice, the upper triangular factor R overwrites the corresponding entries of A.
Furthermore, the parameters vj and τj that de�ne the Householder re�ector Hj (which
annihilates the subdiagonal entries in the j-th column of A(j−1)) are respectively stored
using the annhilated entries of the column plus the j-th entry of an additional vector of
size n. (Here, the �rst entry of v equals 1 and does not need to be explicitly stored.)
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Algorithm: [A] := QR_unb(A)

Partition A→
(

ATL ATR

ABL ABR

)
where ATL is 0× 0

while n(ATL) < n(A) do

Repartition

(
ATL ATR

ABL ABR

)
→


A00 a01 A02

aT10 α11 aT12

A20 a21 A22


where α11 is 1× 1

H := house

(
α11

a21

)
larfg returns τ, v s.t. H = I − τvvT(

aT12
A22

)
:= H

(
aT12
A22

)
larf applies H via τ, v

Continue with

(
ATL ATR

ABL ABR

)
←


A00 a01 A02

aT10 α11 aT12

A20 a21 A22

 ,

endwhile

Figure 1: Unblocked algorithm for the QR factorization using Householder re�ectors. n(·)
is a function that returns the number of columns of its input argument.

3 Implementation on FPGAs

Figure 2 illustrates the hardware architecture that implements the algorithm for the QR
factorization. The memory module provides the input data; the House module calculates
the Householder re�ector; and the Row house module applies the Householder re�ector to
the appropriate blocks of the data matrix.

Matrix A ∈ Rm×n is partitioned, passsed to and processed by the FPGA by blocks
of dimension n × n, starting from the bottom and proceedings upwards. While processing
two of these blocks, the block immediately above them is transferred to the FPGA in order
to overlap communication with computation and avoid idle periods. Module Memory is
composed of three banks: input, upper and lower. The input bank stores the block in trans-
ference while the remaining two banks provide the information to the rest of the processing
system. When the calculation of a submatrix is completed, the roles of the banks are rotated
so that the upper bank becomes the input bank, the receiver becomes the lower bank, and
the lower becomes becomes the upper one.

The calculation modules (House and Row house) work in parallel. As soon as the �rst
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Figure 2: Hardware architecture used to implement QR factorization and steps involved in
an intermediate iteration

column is updated, the Householder re�ector for the next iteration can be calculated. Thus,
steps (3) and (4) in Figure 2 are executed simultaneously. The generation of the Householder
re�ector exhibits a reduced degree of parallelism and does not have a contiguous source of
data. Therefore, the design of module House aims to o�er low latency and consume a low
number of DSP resources. The majority of DSPs are dedicated to the implementation of
the Row house module to take full advantage of the parallelism of this operation.

There are two versions for the Row house module. The �rst one utilizes the maximum
number of �oating�point units (following a non-blocking pipeline architecture). The second
version adapts the design depending on the number of resources, implementing operators of
smaller size and multiplexing the data entry (following a blocking pipeline architecture) in
time.

4 Experimental Results

Table 1: Summary of resource utilization
Resource LUT LUTRAM BRAM DSP

Available 433,200 174,200 1,470 3,600

Utilization (%) 251,042 (57.95%) 4,604 (2.64%) 617 (41.97%) 2,649 (73.58%)

We study three metrics of our FPGA implementation: Board usage, computational per-
formance and power consumption. The hardware architecture was implemented on a Xilinx
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Virtex-7 XC7VX690T. Table 1 shows the resources necessary for our hardware implemen-
tation for a problem of size n = 256. In reference to performance, in order to factorize a
block of dimension 256 × 256, the implementation requires a total of 175,205 clock cycles
and proceeds at 60 MHz. Looking at power consumption, the static power consumption is
0.58 Watts while the dynamic power consumption is 2.42 Watts, for a total of 3 Watts.
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Abstract

In this paper we look at a non-age-structured model for the spread of the Zika Virus
and Microcephaly in Brazil. We first outline the non-seasonal differential equation
model, and discuss parameter values and their estimation. Then we talk about the basic
reproduction number and details of the calculation of the number of Microcephaly cases.
Next we estimate how the model can be made more realistic by introducing seasonality
into the mosquito population. Finally we consider sensitivity of the results to the
mosquito biting rate.

Key words: Zika, Brazil, Microcephaly, Aedes Aegypti mosquito, basic reproduction
number, differential equation model, seasonality.
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1 Extended Abstract

1.1 Non-seasonal Model

The Zika virus is spread by the same species of mosquito, namely the Aedes Aegypti (A.
Aegypti), as Dengue. Zika is a member of the virus family Flaviviridae. The first discovery
of the Zika virus was in 1947, however despite being around for a while, Zika has not
received much attention until recently when it has been discovered that it is associated with
Microcephaly which is a serious birth defect in newborns, caused if women are infected
with Zika during pregnancy. Most importantly there is still no vaccine to prevent the Zika
virus. Apart from causing severe birth defects to newborn babies, infected individuals can
also experience fever, rash and joint pain. As a result, in this paper we will use an existing

c©CMMSE ISBN: 978-84-617-8694-7Page 1264 of  2288



NON-AGE-STRUCTURED MODEL FOR ZIKA

Parameter values Biological meanings Values

a A. Aegypti biting rate 0.5 × 7/week [1, 5]

Probability of transmission of Zika when 0.10 − 0.75 [1]
b an infectious mosquito bites a susceptible

human

Probability of transmission of Zika when 0.30 − 0.75 [3]
c a susceptible mosquito bites an infectious

human

NH Human population in Brazil in 2015 207, 848, 000 [12]

µH Per capita human mortality rate in Brazil 1/(75 × 52)/week [12]

γ Per capita human recovery rate 7/6/week [5]

µv Per capita mortality rate for A. Aegypti 0.025 × 7/week [9]

Nv A. Aegypti population 1.5 ×NH [4, 6]

τ Zika extrinsic incubation period 8.2/7 weeks [5]

Table 1: Parameter values given in Equation (1).

time-delayed mathematical model for Dengue mentioned in [9] to analyse the dynamical
behaviour for the Zika virus, in Brazil, as well as estimating the future expected number of
cases of Microcephaly due to Zika.

The definitions of the parameter values used in the differential equation model and their
corresponding values are given in Table 1. The model that we are working with is given as
follows:

dSH(t)

dt
= −abIv(t)

SH(t)

NH
− µHSH(t) + µHNH ,

dIH(t)

dt
= abIv(t)

SH(t)

NH
− (µH + γ)IH(t),

dRH(t)

dt
= γIH(t) − µHRH(t), (1)

dSv(t)

dt
= −acSv(t)

IH(t)

NH
− µvSv(t) + µvNv,

dLv(t)

dt
= acSv(t)

IH(t)

NH
− µvLv(t) − acSv(t− τ)

IH(t− τ)

NH
e−µvτ ,

dIv(t)

dt
= acSv(t− τ)

IH(t− τ)

NH
e−µvτ − µvIv(t),

with initial conditions SH(0), IH(0), RH(0), Sv(0), Lv(0) and Iv(0), where SH(t), IH(t) and
RH(t) respectively represent the susceptible, infected and recovered individuals for hu-
mans, while Sv(t), Lv(t) and Iv(t) respectively represent the susceptible, latent and infected
mosquitoes. Note that NH = SH + IH + RH denotes the total human population size and
Nv = Sv + Lv + Iv represents the total A. Aegypti population size where both populations
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are constant. Although the Zika virus and Dengue are spread by the same transmission
route and thus some parameter values would remain the same, parameters such as the
transmission probabilities between humans and A. Aegypti mosquitoes which are defined as
b and c in Equation (1) may vary. Therefore one of the aims in this project is to use the
least squares estimation technique and the real Zika virus data from Brazil given in [5] to
estimate these two values.

We assume that a single Zika infected human enters the disease free population at some
time t0, where t0 < t1 and t1 is the first time when we have available Zika data values
in Brazil obtained from [5] as the first week in 2015. We have estimated t0 and hence
SH(t1), IH(t1), RH(t1), Sv(t1), Lv(t1) and Iv(t1), used as simulation starting values, by least
squares. The basic reproduction number for our delayed Zika model given in [10] is defined
as

R0 =
ma2bce−µvτ

µv(µH + γ)
, (2)

where all the parameter values are defined as in Table 1. For a in the range 0.7 – 3.5/week
we get R0 in the range 1.27 – 11.01/week.

1.2 Numerical Solutions

Once all the parameter values are obtained and estimated, we use R to solve the differential
equations given in Equation (1) and produced simulations which illustrate the number of
susceptible, infected and recovered individuals over both a short time period, to represent
the immediate future, and over a long time period, to represent what happens when the
endemic equilibrium has been reached.

We focus on analysing the effect of pregnant women infected with Zika virus during
their first trimester as various reports (e.g. [2, 8]) suggest that pregnant women who are
infected with the Zika virus during the first trimester have a much higher risk of their
babies developing Microcephaly as opposed to those who are infected with Zika in their
second or third trimesters. We have obtained an estimated expected future number of cases
of Microcephaly due to pregnant women infected with Zika during their first trimester both
in the short and in the long term.

1.3 Model With Seasonality

It is well-known that the life cycle of A. Aegypti is influenced by many environmental factors
such as rainfall and temperature (e.g. [7, 11, 13]). As a result, in order to fully capture
the behaviour of the A. Aegypti mosquitoes under the influence of environmental factors
and its effect on the number of Microcephaly cases, later on we decided to improve on our
model by adding seasonality into the birth function of A. Aegypti mosquitoes. Similarly,
with this seasonality model, we use the least squares estimation technique to parameter
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estimate new values of b and c, and thus calculate the future expected number of cases of
Microcephaly both in the short and long term due to pregnant women being infected in
their first trimester.

1.4 Results

For both models, numerical simulations are produced to illustrate the spread of the Zika
virus over a period of time and the future expected number of cases of Microcephaly as a
result of the Zika virus are calculated. The suggested value of a= 3.5/week for the parameter
a, the A. Aegypti biting rate, is high compared to the other values in the literature. So
we discuss the sensitivity of our results to different values of this parameter. We will later
extend the results to an age-structured model.
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Abstract

With the advent of new high-throughput next generation sequencing technologies,
the volume of genetic data processed has increased significantly. It is becoming essential
for these applications to achieve large-scale alignments with thousands of sequences
or even whole genomes. However, all current MSA tools have exhibited scalability
issues when the number of sequences increases. The main drawback of these methods
is that errors made in early pairwise alignments are propagated to the final result,
affecting the accuracy of the global alignment. The use of consistency information
allows the final result to be improved and makes it more stable from the accuracy
point of view. However, such methods are severely limited by the memory required to
store the consistency information. In the present paper, we use evolutionary algorithms
to analyze and determine the optimal consistency data that must be stored with the
dual aim of maximizing the quality of the resulting alignment, while also reducing the
memory requirements.

Key words: Multiple Sequence Alignment, Memory Efficiency, T-Coffee, Consis-
tency, Accuracy

1 Introduction

The Multiple Sequence Alignment (MSA) is gaining importance in the analysis of biological
sequence data. Phylogenetic tree reconstruction ([3]), structure prediction ([8]) or hidden
Markov modeling ([2]) require MSA to infer residue-level homology or structural or func-
tional identity.

The alignment of two sequences can be done optimally using Dynamic Programming.
However, for a greater number of sequences, the alignment was shown to be a non-deterministic
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polynomial (NP)-complete problem [15], requiring the utilization of heuristics algorithms.
In this case, the goal of MSA is to find an alignment that maximizes its accuracy, approxi-
mated by the sum of similarities for all pairs of sequences (SP score, [5]).

Among the different MSA approaches, progressive alignment is the most prevalent for
large data sets. Progressive alignment builds up a final MSA by combining pairwise align-
ments beginning with the most similar pair and progressing, following a guide tree, to the
most distantly related. The main drawback of these methods is that errors made in early
pairwise alignments are propagated to the final result, thus affecting the accuracy of the
global alignment. To lessen the early-error propagation, consistency-based methods were
proposed.

Consistency-based methods use consistency information from different pairwise align-
ments to improve the final result. However, such methods are severely limited by the
memory requirements needed to store the consistency information. In T-Coffee (TC) [9],
the most representative method in this category, the consistency-library size is in the order
of O(N2L2), N being the number of sequences and L, the length of the sequence, which
limits its performance and scalability considerably.

Our final goal is to develop an algorithm able to select the best consistency information
for aligning the sequences, with the aim of reducing memory requirements but maintaining
the accuracy of the original method. To this end, in this paper we analyzed the individual
impact of consistency on the alignment accuracy.

Achieving these objectives requires a deeper analysis of the consistency, identifying the
scores that compose the optimal consistency library, which is very useful in the alignment
process. Finally, based on these, a new method is proposed for selecting/filtering where
consistency information must be used, with the dual aim of maximizing the quality of the
resulting alignment and reducing the memory requirements.

The paper is organized as follows: Section 2 presents a brief state of the art of consistency-
based MSA tools. In Section 3, we define the problem statement. In Section 4, we explore
the consistency distribution and significance. From these analyses, two new methods are
derived, and these are presented in Section 5. The performance and accuracy evaluation
are shown in Section 6 and finally, the main conclusions are presented in Section 7.

2 State of art

The consistency based MSA has been shown to be able to increase final alignment accuracy.
In [4], O. Gotoh first introduced consistency to identify anchor points for reducing the search
space of an MSA. Since then, some MSA tools based on consistency have appeared in the
literature.

Do et al. presented ProbCons in [1]. This was a modification of the traditional sum-
of-pairs scoring system that incorporates Hidden Markov Models to specify the probability
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distribution over all alignments between a pair of sequences. Furthermore, Subramanian
et al. developed a new tool, DIALIGN-T, in [13], which formulated consistency based
on finding ungapped local alignments via segment-to-segment comparisons that determine
new weights using consistency. Notredame et al. presented T-Coffee. This improves the
alignment accuracy by seeking consistency from a set of global and local pairwise alignments.
The scoring function for aligning two sequences or two pre-aligned groups is determined by
the whole set of sequences via two processes called library generation and library extension.
Although T-Coffee can produce high alignment accuracy, the consistency library is time
and memory consuming when the number of sequences is large. Another method based
on consistency, MAFFT, was presented by Katoh et al. in [6]. This uses a new objective
function combining the WSP score from Gotoh and the COFFEE-like score ([10]), which
evaluates the consistency between a multiple and pairwise alignments.

However, it is known that when the number of sequences to be aligned increases, there
is a degradation of accuracy [12]. Other studies focusing on phylogeny estimation from
nucleotide datasets, have confirmed this hypothesis [7]. This situation can be mitigated by
the use of consistency. However, consistency-based methods do not scale well because of the
computational resources required to calculate and store the consistency information, which
grows quadratically.

3 Consistency stage

Consistency-based methods use the point of view that prevention is the best way to avoid
errors in early stages of the alignment. However, next-generation sequencing applications
are unable to take advantage of this improvement due to the bottleneck their huge memory
requirements represent. This problem is evident in the analysis of homologous sequences.
This is especially troublesome for marker genes, like the ribosomal RNA (rRNA) where
millions of sequences are already publicly available and individual studies can easily produce
hundreds of thousands of new sequences [11].

Newer methodologies to use consistency have been developed since COFFEE. Although
some are faster, the consistency data is not as tractable as in TC. It allows input/output
of libraries and also generate the library without aligning the sequences. In this paper, we
use TC to generate the information needed to complete our analysis.

3.1 Consistency calculation

The consistency library information is a collection of pairwise alignments obtained from
computing all-against-all pairwise alignments. It can be represented by an NxN matrix
(see Figure 1), where each cell Si−Sj when i 6= j contains a list of residue matches between
those sequences. Each residue match is represented by a constraint/entry {x, y,W(x,y)}, x
being a residue of Si matched with y a residue of Sj and a weight W(x,y) representing its
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Figure 1: Library structure.

correctness. Each constraint list is used in the progressive alignment stage in order to fill
the dynamic programming matrix.

The size of the consistency library is in the order of O(N2L2), where N2 is given by
all the possible combinations of sequences without repetition and L2 by the worst scenario
in one pairwise (there is no matches between both sequences). In TC, this process is
implemented in parallel as there are no dependencies between each position in the matrix.

3.2 Consistency analysis

It is impossible to calculate the optimal library. Thus, there are two alternatives for dealing
with consistency: 1) Retain all the constraint information as in T-Coffee, which requires
high computational resources; 2) Select only a subset of the library in order to reduce
these requirements and improve efficiency. We explore this second approach, searching for
a method capable of selecting a representative subset of data for a given library.

To make this possible, we need to analyze the consistency and discover patterns that
allow us to discard information that does not generate added value for the alignment, pre-
serving the consistency and ensuring the final quality. With this in mind, we designed a set
of experiments to explore several consistency features. Firstly, we show the importance of
the constraint selection policy. Secondly, we use evolutionary algorithms as an approxima-
tion to the optimal consistency library and then carry out a deeper study of the consistency
from different points of view.

In order to carry out this analysis, a reliable database is needed. The choice is BAl-
iBASE [14], a database of high-quality documented and manually-refined reference align-
ments based on 3D structural superpositions. The accuracy of the alignments is measured
using two accuracy metrics: the Sum-of-Pairs (SP) and the Total Column Score (TCS),
which are obtained by comparing the user alignment with a reference alignment.

We show all the results with the smallest data set included in BAliBASE, BB11001, so
we are able to show more readable graphics, as the other datasets contains up to hundred
sequences and longer residues per sequence. BB11001 is composed of 4 sequences and the
original consistency method from TC generates 1540 constraints.
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Figure 2: Random discarding policy when solving the BB11001 data set.

3.2.1 Influence of the constraints selection

First of all, we wished to demonstrate the effect of discarding the constraints of an alignment.
In order to generate this test case, we developed a script which (1) executes TC and generates
the output library for the input dataset and scores it, (2) removes a constraints from the
library, (3) executes TC with the input library and generates a new output library scoring it
and finally (4) repeats step (2) until the library is empty. In Figure 2, the alignment quality
is plotted as the library size is decreased. It can be seen how a randomly discarding method
behaves. Thus, it seems to be following a linear fall. When more constraints are discarded,
less accuracy is achieved. For this reason, it is mandatory to have a policy capable of
deciding which residue matches have to be discarded, because if not, the accuracy of the
alignment is highly compromised.

The next important point is whether the residues (library information) are evenly dis-
tributed between sequences and along the alignment. From the point of view of the residue
distribution in the sequences, we can observe that the number of constraints generated for
each one is similar, all four of them having almost the same number of constraints, these
being 853, 743, 701 and 783 respectively.

However, if we analyze the distribution of all the library residues over the alignment,
we can observe more variability. Figure 3 shows that all the residue matches are grouped
by their position regardless of the pairwise. A maximum (40 residues around positions
73-82) and a relative maximum (22 residues around positions 30-37) can be distinguished.
These regions tend to be the most problematic areas of the alignment, because the more
information you have, the more choices there are where the alignment may split. It must
be decided if the histogram shape needs to be maintained when the library is reduced
(maintaining more consistency in the maximums), or it could be better to trim the peaks
and balance the histogram to the same level.

Finally, the distribution of the BB11001 library regarding the weighting score of the
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Figure 3: Constraints distribution in the Library when solving the BB11001 data set.

Table 1: Constraint weight distribution when solving the BB11001 data set.

Weight Occurrences Percentage Weight Occurrences Percentage

999-900 247 16.04 499-400 42 2.73%
899-800 34 2.21 399-300 66 4.29%
799-700 47 3.05 299-200 72 4.68%
699-600 22 1.43 199-100 156 10.13%
599-500 33 2.14 99-1 821 53.31%

constrains is analyzed in Table 1. We can observe that the most outstanding weights seem
to be the higher and the lower ones, while the intermediate values have a similar number
of occurrences. Although the lower weighted constraints are the least valuable, regarding
their correctness, half the library is filled with these. It has to be decided whether a range
of weights must maintain a higher proportion of values, or if they need to be distributed
equally.

3.2.2 Analyzing optimal libraries

For the following test, we need to obtain a representative approximation of the optimal
library. It was decided to design a genetic algorithm (GA) to look for the best library
constraints1. Our evolutionary gene defines which constrains are selected in the library. The
genetic algorithm developed is capable of obtaining the best possible subset of constraints
for a given size of the library.

The first execution showed that the GA was able to obtain an accuracy of 1 (perfect)
with a subset size of 1540, meaning that some constraints add noise to the alignment (some

1The GA sources and its installation instructions can be found at: github.com/jllados/CL-GA.
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Figure 4: Residues selected with GA in the library for each pairwise in the data set BB11001
with 100 constraints (Accuracy 0.436).

constraints where repeated). This accuracy was consistent until the gene size was set below
250, so just 250 constraints were actually needed to obtain a perfect alignment.

Next, we decided to go further. We wanted to observe the behavior of the library
under different situations. The following test consisted of generating 96 possible libraries
with a given size of 100 constraints. On the other hand, we decided to use one hundred
constraints, a few more than the length of each sequence in the data set. The reason
was that we wanted to observe how well the selected residues from each constraint were
distributed over the alignment length.

Figure 4 was generated using the BB11001 library as input and a given maximum
library size of 100 constraints. It shows us that all the pairwise seem to have a rather
similar number of constraints, #2 4 being the one with the most. This fact was interesting
as in almost every data set analyzed, some pairwise always had a little more information
than the others. Furthermore, there are no repeated occurrences in the data. Another fact
is that we cannot see blocks of data. The constraints seem to be distributed over the length
of the alignment. This is an indicator that the selected constraints may have a variety
of weights (frequently the most heavily weighted constraints seem to be concentrated in
the same region). This solves the previous doubt about Figure 3, we should balance the
histogram among the residues.

Then we need to look at the constraints weight distribution. They were separated into
different groups. Each group represents the weight range and a the average number of
occurrences over the 96 test: 999-900: 64, 899-800: 4, 799-700: 8, 699-600: 1, 599-500: 3,
499-400: 2, 399-300: 3, 299-200: 2, 199-100: 3 and 99-1: 7. In this particular case, 64%
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Figure 5: BB11001: Pairwise occurrences and guide tree.

of the library is composed of the most weighted ones, while the rest is well distributed. In
comparison with Table 1, were the library contained the 1540 constraints, the lower ranges
are drastically reduced and a bigger proportion is maintained for the highest ones.

Regarding the fact of having more data in one pairwise, Figure 5a shows that #2 4
almost doubles the occurrences of the rest. The reason can be observed in Figure 5b, as it
is known that MSA aligners follow the order of a guide tree to generate the alignment. It
is reasonable that the first couple of sequences to be aligned (the most closely related ones)
contain more information. We must ensure its accuracy to avoid propagating an error to
the rest of profile alignments.

3.3 Memory efficient consistency library

The following premises were extracted from the previous analysis, in order to implement
the new method for build de consistency library:

• The higher the weight, the better.

• The most closely related leaves of the guide trees must have more constraints.

• The constraints have to cover all the domain of the alignment.

These premises were used to define the pattern that we followed in the design of the
method, named Memory Efficient consistency Library (MEL), to generate an algorithm
capable of deciding whether or not a constraint should be maintained.

The implementation of MEL, Algorithm 1, is based on a temporary queue structure, in
which all the library constraints are stored sorted by their weight. After this, each constraint
is evaluated in order to determine if it must be pushed into the final list. The evaluation
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for each sequence Si ∈ S1..SN and Si 6= Sj do
for each sequence Sj ∈ Si..SN where Si 6= SN do

PAij=Pairwaise Alignment Fork(Si, Sj);
for each residue x ∈ Si, y ∈ Sj | are aligned in PAi,j do

W(x,y) =

∑
OCCURRENCE(PAi,j)

RESIDUES(PAi,j)
;

Q Push Sorted(x, y,W(x,y)));

end

MAX Constraints PAij =
MAX Library

CN,2
;

Bound=Ceil(MAX Constraints PAij ,MAX Length(Si, Sj));
if isleaf(Si, Sj) then

MAX Constraints PAij+=remainder;
end
for each constraint xi, yj ,W(xi,yi) ∈ Q do

if balanced(xi, yj , Bound)| not full MAX Constraints PAij then
L(Sx

i , S
y
j ) = W(Sx

i ,S
y
j )

;

end

end

end

end
Algorithm 1: Memory Efficient consistency Library (MEL) construction

function has to check a pair of parameters, the first being the maximum bound previously
generated. With this value, the method prunes the number of residues matching the same
region of the alignment. The second parameter indicates whether or not a new entry has
enough memory to be allocated. Also, if the evaluated pairwise PAij is a leaf node, the
remainder lost allocating each pairwise its added to the maximum number of constraints.
As the queue is sorted by weight, the higher ones will be the first to be evaluated, thus
ensuring that they have more chances of surviving than the lower ones.

Our functions and data structures were adapted to make use of the current parallelism
implemented in TC.

4 Experimentation

In this section, we evaluate MEL. This experimental study evaluates (1) the effectiveness of
the discarding method, (2) the accuracy obtained from our proposal decreasing the amount
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Table 2: BAliBASE accuracy results with MEL.

Entries % Average RV 11 RV 12 RV 20 RV 30 RV 40 RV 50 Time

157M 100.00 0.746 0.534 0.879 0.827 0.718 0.758 0.759 45689.91
134M 84.89 0.745 0.534 0.878 0.826 0.715 0.760 0.755 40673.9
125M 79.09 0.745 0.535 0.877 0.826 0.716 0.760 0.756 39721.54
114M 72.62 0.744 0.532 0.878 0.826 0.717 0.758 0.755 38926.47
103M 65.41 0.745 0.528 0.875 0.825 0.717 0.767 0.757 37202.72
90M 57.42 0.745 0.527 0.875 0.826 0.723 0.767 0.753 35834.48
77M 48.73 0.745 0.525 0.872 0.822 0.721 0.775 0.752 34543.23
62M 39.46 0.740 0.521 0.865 0.817 0.719 0.773 0.747 34369.66
47M 29.74 0.725 0.511 0.833 0.794 0.715 0.766 0.730 32731.14
31M 19.86 0.672 0.471 0.734 0.728 0.678 0.731 0.688 33726.12
16M 9.93 0.512 0.349 0.494 0.553 0.552 0.579 0.546 46617.86

of library/pairwise and finally (3) the global performance of T-Coffee2.

The tests consisted of solving BAliBASE. The figures are total Sum-of-Pairs (SP) pro-
duced using bali score. The first column indicates the number of entries used in the run
and the second the percentage reduction. The average score over all families is given in the
third column. The results for BAliBASE subgroupings are in columns 4–9. Finally, the last
column refers to the total execution time.

First, we present the results produced by reducing the total numbers of entries on
BAliBASE with MEL. These are shown in Table 2. We must highlight the results between
84.89% and 48.73%. In comparison with the full library accuracy, all these cases behave
quite similarly, losing on average 0.002 at most. Despite this, the library is reduced by 50%,
which is a far greater improvement.

In general, we must say that the reduced scenarios attain a better accuracy with RV11
(equidistant sequences of similar length with very divergent conservation <20% identity) and
a better gain is achieved with RV30 (equidistant divergent families with <25% residue iden-
tity between groups) and RV40 (sequences with N/C-terminal extensions). Furthermore,
concerning time, we can see an inverted bell curve, fewer entries implies less execution time,
until the minimum is achieved (47M entries), where time increases.

Next, we evaluated the above-mentioned random discard policy and the best possible
scenario against the proposal presented. Figure 6 shows the accuracy of aligning as the
number of entries decreases. The behavior is clear, the greater the reduction applied, the
more pronounced the impact becomes. As can be seen, MEL is notably superior to the
random one, so it is clear enough that a discarding policy is worth it. Even though there is
a gap between our method and the GA, because GA uses the reference alignment and none
algorithm will be able to reach that result. Despite this, both shapes are quite similar.

2T-Coffee sources and its installation instructions can be found at: github.com/jllados/TCoffee-MEL
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Figure 6: Comparison of MEL with the Optimal and a random policy for BB11001 dataset.

5 Conclusions

In this paper, the authors present a method to build the consistency library of a Multiple
Sequence Aligner. The approach is applied during the process of building the library. Its
goal is to maintain the best consistency information while reducing the size of the memory
that the library may use without affecting the accuracy.

We proved that MEL is able to filter the consistency library more efficiently than the
current methods. This has a positive effect on an MSA aligner, because the fewer the
constraints used, the smaller the amount of memory needed. One of the best scenarios
occurs when the library maintains around 50% of the entries. This means that we are able
to reduce the memory requirements by half while obtaining almost the same results.

In the future, we must integrate consistency with a more basic MSA tool in order to
avoid errors in the early stages of the alignment and maintain the accuracy.
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Abstract

In this paper we investigate the consensus of a new class of uncertain multi-agent
systems, according to the Liu’s uncertainty theory, as a counterpart of stochastic multi-
agent systems. We revise the concept of finite-time stability in the context of uncertainty
theory.

Key words: uncertain differential equation, stability, Liu process

1 Introduction

In the last decades, analysis and control design of multi-agent systems (MAS) have become
very popular, because of their applications including traffic control, sensor networks, mobile
robots and social networks.

In particular, stochastic MAS attracted attention due to the fact that in real-world
applications, the behaviour of dynamical systems is concretely affected by disturbances and
uncertainties because of the unpredictable environmental conditions (e.g. see [1]).

Stability problems, also known as consensus issues, for such class of MAS have been
widely discussed. Consensus means the states of all the agents converge to a common value
according to some control schemes. It is usually referred to the asymptotic behaviour of
the trajectories of the system as time goes to infinity. The concept of finite-time stability
for stochastic systems was introduced in [2] and adapted to the consensus problem in MAS
(e.g. see [3]), in order to get a faster convergence rate.

Recently, an uncertainty theory has been proposed by Liu [4]. In particular, Liu [5]
introduced the concept of uncertain process, in order to describe the evolution of an uncer-
tain phenomenon, and designed a canonical Liu process [6], which is an uncertain process
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with stationary and independent normal uncertain increments. Liu [6] founded the uncer-
tain calculus as a counterpart of Ito calculus, by introducing a type of uncertain differential
equation (UDE) driven by canonical Liu process.

In this work, we aim to introduce a new class of uncertain MAS, according to the Liu’s
theory, as a counterpart of stochastic MAS.

2 Preliminaries

Definition 1 Let L be a σ-algebra on a nonempty set Γ. The uncertain measure M is a
set function M : L → [0, 1], satisfying three axioms:

• M{Γ} = 1 for the universal set Γ (normality axiom);

• M{Λ}+M{Λc} = 1 for any event Λ (duality axiom);

• for every countable sequence of events Λ1,Λ2, . . ., we have

M
⋃∞

i=1 Λi ≤
∑∞

i=1M{Λi}

(subadditivity axiom).

The triplet (Γ,L,M) is called an uncertainty space.

Definition 2 [6] An uncertain process Ct is said to be a canonical Liu process if

• C0 = 0 and almost all sample paths are Lipschitz continuous;

• Ct has stationary and independent increments;

• every increment Cs+t − Cs is a normal uncertain variable with expected value 0 and
variance t2, whose uncertainty distribution is

Φt(x) =

(
1 + exp(− πx√

3t
)

)−1
(1)

Definition 3 [6] Let Ct be a canonical Liu process, f and g two given functions. Then

dX = f(t,X)dt+ g(t,X)dCt (2)

is called an uncertain differential equation.

The UDE (2) has a unique solution if the functions f(t,X) and g(t,X) satisfy [7]
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• the linear growth condition

|f(t,X)|+ |g(t,X)| ≤ K(1 + |X|),∀X ∈ R, t ≥ 0 (3)

• the Lipschitz condition

|f(t,X)− f(t, Y )|+ |g(t,X)− g(t, Y )| ≤ K|X − Y |, ∀X ∈ R, t ≥ 0 (4)

for any constant K.

Obviously, the UDE (2) admits a trivial solution.

Definition 4 [6] An uncertain differential equation is said to be stable if for any solution
X and Y , with initial values X0 and Y0 respectively, any given (though arbitrarily small)
ξ, ε > 0, there exists δ > 0 s.t.

M{|X − Y | > ξ} < ε, ∀t > 0 (5)

whenever |X0 − Y0| < δ.

In the following, we will revise some definitions in the context of the uncertainty theory.

We first introduce a new definition of finite-time stability for the UDE (2). This defi-
nition represents the counterpart of the one for stochastic nonlinear systems [2].

Definition 5 The trivial solution of UDE (2) is said to be finite–time stable, if the equation
admits a unique solution, say X(t;X0), for any initial value X0 ∈ Rn s.t.

• the corresponding settling time τX0 is finite, that is M{τ <∞} = 0;

• the UDE is stable.

All the definitions above can be easily extended to the multi-dimensional case [8].

3 Problem formulation

Assumption 6 Let C be a canonical Liu process. There exists a continuous function η(t)
s.t. dC=η(t)dt.

Remark 7 Let us consider, for instance, the continuously differentiable function h(t, C) =
tC. By fixing dh = Cdt+ tdC = 0, then the assumption is trivially true.
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Let the dynamics of a first-order multi-agent system along an undirected graph V be
described as follows

ẋi = f(xi) + ui + g(xi)η(t), xi(0) = x0i, i ∈ V (6)

where xi ∈ R is the state of the ith agent, XT = (x1, x2, . . . , xn) is the state of the
whole network, ui is the local control input and x0i are the initial conditions. Henceforth
it is assumed that the functions f(xi) and g(xi) satisfy the conditions (3) and (4).

Due to the Assumption 1, Eq. (6) can be written as follows

dxi = (f(xi) + ui)dt+ g(xi)dC, xi(0) = x0i, i ∈ V (7)

Now we introduce the finite-time quasi–consensus.

Definition 8 The first-order finite-time consensus is achieved if there exists a settling time
T , satisfying M{T <∞} = 0, such that

M{xi = xj , ∀t ≥ T} = 0, ∀i 6= j = 1, . . . , n. (8)

In order to discuss the finite-time consensus, one has to prove that the trivial solution
of the UDE (7) in terms of errors ei = xi − 1

n

∑n
j=1 xj is finite–time stable.
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Abstract

Universal features of the many-electron wave function Φ are of continued interest to
physicists and chemists, as they guide the construction of highly accurate wave functions
[1, 2], explicitly correlated ansätze within F12 theory [3, 4] and accurate Jastrow factors
for quantum Monte Carlo (QMC) calculations [5]. The Coulombic singularity at short
interparticule distances dominates all other terms and, near the two-particle coalescence
point, the behavior of Φ becomes independent of other details of the system.

Early work by Kato [6], and elaborations by Pack and Byers-Brown [7], showed that,
as one electron at ri approaches a nucleus of charge ZA at rA, we have

∂ 〈Φ〉
∂ri

∣∣∣∣
ri=rA

= −ZA 〈Φ〉|ri=rA
, (1)

where 〈Φ〉 is the spherical average of the n-electron wave function Φ(r1, . . . , rn) about
ri = rA.

To remove divergences in the local energy Φ−1ĤΦ at the electron-nucleus coalesence
points, cusp conditions such as (1) must be satisfied. These divergences are especially
harmful in diffusion QMC calculations, where they can lead to a large increase of the
statistical variance, population-control problems and significant biases [5].

In this talk, we propose to show how to introduce the correct electron-nucleus cusp
within single-determinant wave functions (such as Hartree-Fock wavefunction) via a
dressing of the Fock matrix. This method, involving effective Hamiltonian theory, has
been shown to be also successful in other scenario [8, 9]. Illustrative examples will be
given for atomic and molecular systems [10].
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Abstract

This paper is addressed to the study of equilibrium figures of uniform rotating ce-
lestial bodies. The study of this topic in the classical theory is based on the Laplace
desideratum which, unfortunately cannot be proved.

After proving in a previous paper a first order amplitudes theory, the authors extend
now their work up to second order. So, the main achievement of this work is its capacity
to obtain the results up to second order in amplitudes without using the unproved
Laplace desideratum needed by the classical theory.

The paper is based on the Clairaut method and the results about the deformation
amplitudes obtained in the first order theory are used in our developments. From these
results, by using the asymptotic properties of numerical quadrature, a consistent second
order theory is obtained.

Key words: Celestial Mechanics. Figures of Celestial Bodies. Spherical Harmonics.
Potential Theory.

MSC 2000: 70F15, 74Gxx.

1 Introduction

The main objective of this work is to develop a consistent second order amplitudes the-
ory to evaluate the potential of a rotating deformable celestial body when the hydrostatic
equilibrium of the system has been achieved. This case can be modeled as:

−→
∇P = ρ

−→
∇Ψ

4Ψ = −4πGρ+ 2ω2
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where P is the pressure, ρ is the density, Ψ is the total potential, 4 is Laplace operator, G
is the gravitational constant, and −→ω is the system’s angular velocity.

To integrate these equations in a general case of mass distribution a state equation
relating pressure and density is needed.

To assess the full potential Ψ to calculate the self-gravitational potential Ω and the
centrifugal potential Vc it is needed. The equilibrium configuration involves the hydrostatic
equilibrium that is to say, the rigid rotation of the system corresponding to the minimum
potential and, according with Kopal [4], this state involves the identification of equipotential,
isobaric, isothermal and isopycnic surfaces.

To study the structure of the body, a coordinate system OXY Z will be defined where
O is the center of mass of the component, OX is an axis fixed in an arbitrary point of the
body equator, OZ the axis parallel to angular velocity ~ω and finally OY defines a direct
trihedrom OXY Z.

For an arbitrary point P in the primary component the Clairaut coordinates are given by
(a, θ, λ) where a is the radius of the sphere containing the same mass that the equipotential
surface containing P and (θ, λ) the angular spherical coordinates of P .

Classical theory of this problem can see in Finlay [1], Kopal [3], [4].
To achieve our main objective two different methods are proposed in this paper: the

first one, which we will call analytical method, is similar to that used by Laplace to develop
the inverse of the distance between two planets, and the second one, which we have called
numerical quadrature method, will be based on the asymptotic properties of numerical
quadrature formulas.

The main problem to develop the total potential is the development of the self-gravitational
potential. For this purpose we will proceed by using the classical development of the po-
tential as

Ω = U + V, U = G

∫ r1

r0

∫ 2π

0

∫ π

0

dm′

∆
, V = G

∫ r0

0

∫ 2π

0

∫ π

0

dm′

∆

where ∆ is the distance between the positions of element of mass dm′ placed in P ′ and the
point P , r0 is the radius the sphere centered in O containing P and r1 is the radius of the
minor sphere centered in O containing the primary component. The mas element is given
by dm′ = ρr cos θ′dθ′dλ′dr′

2 Classical theory about the self-gravitational potential

The classical theory is based on the development of the inverse of the distance:

1

∆
=


1
r

∞∑
n=0

(
r′

r

)
Pn(cos γ) r > r′

1
r′

∞∑
n=0

(
r
r′

)
Pn(cos γ) r < r′

, (1)
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where γ is the angle between
−−→
OP and

−−→
OP ′. From this development we can write in the

form Ω =
∞∑
n=0

Unr
n +

∞∑
n=1

Vnr
−n−1, where

Un =

∫ r1

r0

∫ π

0

∫ 2π

0
r′1−nPn(cos θ′)dr′dθ′dλ′, Vn =

∫ r0

0

∫ π

0

∫ 2π

0
r′2+nPn(cos θ′)dr′dθ′dλ′.

(2)
By symmetry reasons the coordinate r is connected with the Clairaut coordinates (a, θ, λ)

by r = a(1 +
∞∑
n=0

f2n(a)P2n(cos θ)), where f2n(a) are the amplitudes and P2n(cos θ) the

Legendre polinomials. The classical theory assumes that

Un =
G

2− n

∫ a1

a0

ρ′
∂

∂a

[∫ π

0

∫ 2π

0
r′1−nPn(cos θ′)dθ′dλ′

]
da′, ifn 6= 2 (3)

U2 = G

∫ a1

a0

ρ′
∂

∂a

[∫ π

0

∫ 2π

0
ln(r′)Pn(cos θ′)dθ′dλ′

]
da′ (4)

Vn =
G

n+ 3

∫ a

0
ρ′
∂

∂a

[∫ π

0

∫ 2π

0
r′n+3Pn(cos θ′)dθ′dλ′

]
da′ (5)

Notice that these functions are defined in the internal and external region as the equipo-
tential surface that contains P and it is necessary to assume these series converge in this
region [2], [6]. This assumption is known as Laplace desideratum.

From these hypothesis and approaching r′k and ln r′ up to the required order in ampli-

tudes we obtain Ω =
∞∑
n=0

n∑
m=−n

[
F2n(a)rn + E2mr

−n−1]P2n(cos θ).

3 A second order consistent theory of autogravitatory po-
tential

To solve the inconvenience to make use of the Laplace desideratum assumption, the authors
have developed [5] two different methods to obtain the self-gravitational potential up to
first order in amplitudes without using the referred non demonstrated hypotesis.

In this same paper the potential obtained in the classical theory has been shown to be
right up to first order in ω2.Therefore, from this it is derived that the amplitudes [4] it is
only f2(a) are of first order in ω2. From this result it easy to probe that up to second order
in ω2.

Being D the equipotential surface containing P and let r = r0 the sphere containing
P then equation of this sphere in Clairaut coordinates will be given up to second order in
amplitudes by

a′ = a(1 +D −D′ +D′2 −DD′),
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where D =
∞∑
n=0

f2n(a)P2n(cos θ) and D′ =
∞∑
n=0

f2n(a′)P2n(cos θ′). Evaluating the integrals

(2) with a numerical quadrature method [5] it is easy to show that the obtained results up
to second order (3), (4) and (5) are false.

As it has been discussed up to now, the classical theory developments of the inner and
outer potentials of the auto gravitational potential up to second order do not coincide with
those obtained in this work. However, the results up to the second order obtained in this
work, without using Laplace’s desiderata, prove that the auto gravitational potential up to
the second order obtained in classical theory is correct.
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An active attack is presented which targets the well-known multiparty key exchange
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user for the duration of the key exchange only.
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1 Introduction

Group Key Management is a major concern in many applications nowadays, mainly due to
the so called Internet of Things getting more and more widespread. One of the most impor-
tant approaches to solve this matter is using a distributed solution, where users collaborate
to build a common key. Examples of this type of protocols can be found in [2] and [6] and
their references.

One of the best known protocols for distributed Group Key Management is known as
CLIQUES and was proposed by Steiner et al. in [5]. In [4] the authors provided an active
attack on this protocol based on the well-known man-in-the middle attack for the case of an
attacker that is able to control communications of a user with a special role in the group,
namely the last user during the set up phase, i.e., when the group is collaborating to agree
on the first common key. They also show that it is possible that the attacker leaves the
group without letting the group members know about the attack.

Our aim in this work is to show the possibility of extending the attack to any member of
the group. The work is structured as follows. In the second section we describe the original
protocol. In the third section we show the attack and in the last section we conclude the
paper.
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2 The Group Key Agreement

The following protocol describes the Initial Key Agreement of CLIQUES named as IKA.2 in
[5]. In [3], the authors generalize these schemes considering a general action on a semigroup,
and this is how IKA.2 is presented below.

Suppose we have n users U1, . . . ,Un who wish to agree upon a common key.

Let G be an abelian group, written multiplicatively. Let S be a set, and suppose we
have a group action

G× S → S

(g, s) 7→ g · s.

The users publicly agree on a common element C0 = s ∈ S, and for each i = 1, . . . , n,
the user Ui selects a secret group element gi ∈ G.

The protocol proceeds as follows:

(1) For i = 1, . . . , n− 2, Ui sends to Ui+1 the message Ci = gi · Ci−1.

(2) Un−1 broadcasts Cn−1 = gn−1 · Cn−2 to the other users U1, . . . ,Un−2,Un.

(3) Un computes the shared key K = gn · Cn−1.

(4) For i = 1, . . . , n− 1, Ui sends Di = g−1i · Cn−1 to Un.

(5) Un broadcasts {gn ·D1, gn ·D2, . . . , gn ·Dn−1, Cn−1} to Ui, i = 1, . . . , n− 1.

(6) For i = 1, . . . , n− 1, Ui computes the shared key K = gi · (gn ·Di).

3 The active attack

In this section we give an active attack on the protocol described in the preceding section.
The aim of the attacker, M, is that the users U1, . . . ,Un agree on a shared key as it is
obtained after running the protocol, but she will know the key as well, so she can listen and
send messages using that common key as if she was a legal member of the group.

As in a usual man-in-the-middle attack,M needs to have full control over the commu-
nication of a user Ui, i ∈ {1, . . . , n}, but only during the key exchange. Then, unlike in a
regular man-in-the-middle attack, she does not need to maintain this control after the key
exchange is completed. In this paper we will assume that i < n−1. The case i = {n−1, n}
is given in [4].

In the beginning, M chooses her own secret group element g ∈ G. She then proceeds
as follows:
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(a) Step (1) is carried out as usual until Ui sends Ci = gi · Ci−1 to Ui+1. At this point he
is sitting in step (1) waiting for the broadcast of Un−1.

(b) M stops this message and sends C ′i = g · Ci−1 to Ui+1 as if she was Ui.

(c) Un−1 broadcasts Cn−1 = gn−1 · Cn−2 to the other users U1, . . . ,Un−2,Un. At this point
Un computes the key K = gn · Cn−1.

(d) M stops this message for Ui and sends Di = g−1Cn−1 =
(∏n−1

j=1,j 6=i gj

)
to Un.

(e) Un broadcasts {gn · D1, gn · D2, . . . , gn · Dn−1, Cn−1} to Ui, i = 1, . . . , n − 1. M stops
this message for Ui.

(f) M computes K = g · (gn ·Di), which is the common key computed by all the remaining
users.

(g) M chooses b ∈ G and sends b ·K to Ui as if it was the message that Un−1 broadcasts
in (2).

(h) Ui sends g−1i · (b ·K) to Un.

(i) M stops this message, computes g−1i · K using b−1, and sends back {gn · D1, gn ·
D2, . . . , g

−1
i ·K, . . . , gn ·Dn−1, Cn−1} to Ui.

(j) Ui recovers gi · (g−1i ·K) = K.

By the end of the attack all users U1, . . . ,Un andM share a common key andM stays
in the group as another “invisible” legal member.

She can also leave the group without leaving any evidence of her stay in the group. To
do so, before any rekeying takes place, M carries out the following simple strategy.

(i) M chooses g′ and computes a new key g′ ·K =
(
g′g
∏n

j=1,j 6=i gj

)
· s.

(ii) M broadcasts {g′ · (gn ·D1), g
′ · (gn ·D2), . . . , g

′ · (g−1i ·K), . . . , g′ · (gn ·Dn−1), g
′ ·Cn−1}

to U1, . . . ,Un.

Thus U1, . . . ,Un and M will share the new key g′ · K and she will keep being an
“invisible” legal member of the group until a new rekeying is done by any user. Then they
all will be rekeyed but they will never know about the attack.

We point out thatM may take control of the group by carrying out the leaving strategy
for as long as she wishes before any other member rekeys.

c©CMMSE ISBN: 978-84-617-8694-7Page 1293 of  2288



AN ACTIVE ATTACK ON CLIQUES

4 Conclusions

We have shown that IKA.2 implementation of CLIQUES is insecure unless the Initial Key
Agreement takes place under an authenticated environment. In particular, we have pre-
sented an active attack that allows the attacker to share a common key with all the legal
members in a communication group and a strategy to take control of the communications
or leave the group without letting the legal members know about the attack.

In [1] the authors propose an authenticated version of IKA.2 for CLIQUES. An analo-
gous attack can be also carried out for this, but a desynchronizing of users may take place
and the attack will be discovered. However the attacker may also be part of the group
without letting the legal members know about her presence during the attack.
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Lućıa López-Somoza1

1 Institute of Mathematics, University of Santiago de Compostela
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Abstract

We will study the existence of unbounded solutions of the problem

(p(t)φ(u′(t)))′ + p(t)f(φ(u(t))) = 0, u(0) = u0 ∈ [L0, L], u′(0) = 0.

Key words: second order ODE, φ-Laplacian, unbounded solution, time singularity.

1 Introduction

Our aim is to analyze the singular nonlinear equation

(p(t)φ(u′(t)))′ + p(t)f(φ(u(t))) = 0, (1)

coupled with the initial conditions

u(0) = u0, u′(0) = 0, u0 ∈ [L0, L]. (2)

Problem (1)-(2) is investigated under the basic assumptions

φ ∈ C1(R), φ′(x) > 0 for x ∈ (R \ {0}), φ(R) = R, φ(0) = 0, (3)

L0 < 0 < L, f(φ(L0)) = f(0) = f(φ(L)) = 0, (4)

f ∈ C[φ(L0),∞), xf(x) > 0 for x ∈ ((φ(L0), φ(L)) \ {0}), f(x) ≤ 0 for x > φ(L), (5)

p ∈ C[0,∞) ∩ C1(0,∞), p′(t) > 0 for t ∈ (0,∞), p(0) = 0. (6)

Our problem can be singular in the sense that p(0) = 0 and 1/p(t) may not be integrable.

Definition 1.1. Let [0, b) ⊂ [0,∞) be a maximal interval such that a function u ∈ C1 [0, b)
with φ(u′) ∈ C1 (0, b) satisfies equation (1) for every t ∈ (0, b) and let u satisfy the initial
conditions (2). Then u is called a solution of problem (1)-(2) on [0, b).
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Definition 1.2. Consider a solution of problem (1)-(2) on [0,∞) with u0 ∈ [L0, L] and
denote usup = sup{u(t) : t ∈ [0,∞)}.
If usup = L, then u is called a homoclinic solution of problem (1)-(2).
If usup < L, then u is called a damped solution of problem (1)-(2).

Definition 1.3. Let u be a solution of (1)-(2) on [0, b). If there exists c ∈ (0, b) such that
u(c) = L, u′(c) > 0, then u is called an escape solution of problem (1)-(2) on [0, b).

Analytical properties of solutions of problem (1)-(2) with a φ-Laplacian have already been
studied in [1] with a focus on the existence of bounded solutions. The goal of this work
(which can be found in [2]) is to find conditions which guarantee the existence of unbounded
solutions of (1)-(2). Since in general an escape solution does not need to be unbounded,
criteria for an escape solution to tend to infinity are necessary. We distinguish two cases:

• Case I: If functions φ−1 and f are Lipschitz continuous, the uniqueness of solution of
problem (1)-(2) is guaranteed.

• Case II: If φ−1 and f are not Lipschitz continuous, the lack of uniqueness causes
difficulties. Problems are overcome by means of the lower and upper function method.

2 Auxiliary Problem

To simplify our considerations we introduce the auxiliary equation

(p(t)φ(u′(t)))′ + p(t) f̃(φ(u(t))) = 0, t ∈ (0,∞), (7)

where

f̃(x) =

{
f(x) for x ∈ [φ(L0), φ(L)],

0 for x < φ(L0), x > φ(L).

Two important hypothesis that we will assume are

lim
t→∞

p′(t)

p(t)
= 0, (8)

∃B̄ ∈ (L0, 0) : F̃
(
B̄
)

= F̃ (L), where F̃ (x) =

∫ x

0
f̃(φ(s)) ds, x ∈ R. (9)

Under the previous hypothesis, the two following results are proved in [1].

Theorem 2.1. If (3)–(6) hold, then for each u0 ∈ [L0, L], there exists a solution of (7)-(2).
Moreover, if

f ∈ Lip[φ(L0), φ(L)], and φ−1 ∈ Liploc(R), (10)

then any solution of (7)-(2) with u0 ∈ [L0, L] is unique on [0,∞).

Theorem 2.2. Assume (3)–(6), (8) and (9). Then, for each u0 ∈
[
B̄, L

)
, problem (1)-(2)

has a solution. If u0 ∈
[
B̄, L

)
, every solution is damped.
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Now we will formulate the results of existence of escape solutions for the auxiliary
problem. We note that, despite the results are quite similar, their proofs are quite different.

Theorem 2.3 (Existence of escape solutions of (7)-(2), Case I). If (3)–(6), (8)–(10) hold,
then there exist infinitely many escape solutions of (7)-(2) with starting values in (L0, B̄).

Theorem 2.4 (Existence of escape solutions of (7)-(2), Case II). If (3)–(6), (8)–(9) hold,
then there exist infinitely many escape solutions of (7)-(2) with starting values in

[
L0, B̄

)
.

3 Unbounded solutions

Now we will provide conditions for p and f to ensure the existence of unbounded solutions
of (1)-(2). Assume that (3)–(6), (8) and (9) hold and let u be a solution of (7)-(2). Then

∃ c ∈ (0,∞) : u(t) ∈ [L0, L), t ∈ [0, c), u(c) = L, u′(c) > 0. (11)

Clearly, u fulfils (1) on [0, c] and can be extended as a solution of the original problem
(1)-(2) on some maximal interval [0, b), where c < b ≤ ∞. So, unbounded solutions of the
original problem (1)-(2) can be searched just as prolongations of escape solutions of (7)-(2).

Lemma 3.1. Assume that (3)–(6) hold. Let u be an escape solution of (1)-(2) on [0, b).
Then u(t) > L, u′(t) > 0, t ∈ (c, b), where c is from (11). If b <∞, then limt→b− u(t) =∞.

So, it is enough to investigate the boundedness of escape solutions having [0, b) = [0,∞).

Theorem 3.2. Assume (3)–(6) hold and let

lim
t→∞

p(t) <∞. (12)

Let u be an escape solution of problem (1)-(2). Then limt→∞ u(t) =∞.

Theorem 3.3. Assume (3)–(6), (8) and

f(x) < 0 for x > φ(L). (13)

Let u be an escape solution of problem (1)-(2). Then limt→∞ u(t) =∞.

Theorem 3.4. Assume (3)–(6),
f(x) ≡ 0 for x > φ(L), (14)

φ(ab) = φ(a)φ(b), a, b ∈ (0,∞). (15)

Let u be an escape solution of problem (1)-(2). Then

lim
t→∞

u(t) =∞ ⇐⇒
∫ ∞
1

φ−1
(

1

p(s)

)
ds =∞.

If we replace condition (15) by

φ(ab) ≤ φ(a)φ(b), a, b ∈ (0,∞), (16)

then limt→∞ u(t) =∞ holds if ∫ ∞
1

φ−1
(

1

p(s)

)
ds =∞. (17)
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4 Conclusions and example

If we combine the theorems about existence of escape solutions of the auxiliary problem
(7)-(2) with one of the theorems from Section 3, we get the main existence results about
unbounded solutions of (1)-(2). We will write them for Case II, being analogous for Case I.

Theorem 4.1 (Existence of unbounded solutions of problem (1)-(2), Case II, 1). Let (3)–
(6), (8), (9) and (12) hold. Then there exist infinitely many unbounded solutions un of
problem (1)-(2) on [0, bn) with starting values in

[
L0, B̄

)
, n ∈ N.

Theorem 4.2 (Existence of unbounded solutions of problem (1)-(2), Case II, 2). Assume
that (3)–(6), (8), (9) and (13) hold. Then there exist infinitely many unbounded solutions
un of problem (1)-(2) on [0, bn) with starting values in

[
L0, B̄

)
, n ∈ N.

Theorem 4.3 (Existence of unbounded solutions of problem (1)-(2), Case II, 3). Let (3)–
(6), (8), (9) and (14)–(17) hold. Then there exist infinitely many unbounded solutions un
of problem (1)-(2) on [0, bn) with starting values in

[
L0, B̄

)
, n ∈ N.

Example 4.4. Consider problem (1)-(2) with φ(x) = |x|α sgnx, α > 1, p(t) = arctan t and

f(x) =

{√
|x| sgnx(x− φ(L0))(φ(L)− x) for x ∈ [φ(L0), φ(L)],

cos(x− φ(L))− 1 for x > φ(L),
0 < L < −L0.

Previous functions satisfy (3)–(6) and (8). As f is continuous, 0 < L < −L0 and φ is a
continuous and odd function, (9) holds. From Theorem 4.1, problem (1)-(2) has infinitely
many unbounded solutions with starting values in

[
L0, B̄

)
.

Acknowledgements

Supported by FPU scholarship, Ministerio de Educación, Cultura y Deporte, Spain, and
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Abstract

In this work, we will investigate a Riesz space-fractional wave equation with a nonlin-
ear potential term, and approximate its solutions following an implicit finite-difference
approach. Classical wave equations are susceptible of being investigated through La-
grangian and Hamiltonian formulations; however, the lack of a physically meaningful
theory has been a major drawback in the investigation of fractional systems. Recently,
some energy-like operators have been introduced for fractional models. Using those re-
sults, we propose a discretization for nonlinear fractional wave equations that conserves
the total energy of the system. Amongst other properties, we establish that the method
is a convergent and stable technique. Some comparisons against results available in the
literature are provided in the way.

Key words: wave equation, Riesz space-fractional equation, Lagrangian formulation,
Hamiltonian formulation, energy-preserving method, implicit finite-difference scheme

1 Introduction

Nonlinear supratransmission is a phenomenon that was thoroughly investigated in arrays
of harmonic oscillators and in many other hyperbolic systems [2]. Historically, the study
of energy transmission in nonlinear wave equations has been an interesting topic of inves-
tigation. These models have applications in the description of data transmission in optical
fibers and in the study of the self-induced transparency of systems subject to a high-energy
incident laser pulse. More generally, the behavior of continuous media subject to a con-
tinuous wave radiation is a fundamental problem that has potential applications in many
nonlinear systems [6].
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Additionally, there are many reports which investigate mathematically the occurrence
of supratransmission. However, still many questions remain unanswered while other avenues
of research open up with the development of new mathematical tools. For instance, models
that consider fractional derivatives have attracted the attention of many researchers in
recent years. Classical systems that include derivatives of integral order have been extended
in this way using various inequivalent approaches [5], and interesting results have been
derived in the way. Motivated by these facts, we will provide a continuous Riesz fractional
extension of the model investigated in [1] for derivative orders in (1, 2), and design an energy-
preserving and convergent method to approximate the solutions of Riesz space-fractional
wave equations with nonlinear potentials.

2 Preliminaries

The point of departure and the motivation of this work are the (1 + 1)-dimensional sine-
Gordon and nonlinear Klein-Gordon equations from relativistic quantum mechanics and
field theory, which are described by the hyperbolic partial differential equation

∂2u

∂t2
(x, t)− ∂2u

∂x2
(x, t) + V ′(u(x, t)) = 0, (1)

where

V (u) = 1− cosu (2)

in the case of the classical sine-Gordon system. In the case of the nonlinear Klein-Gordon
equation, the potential function V takes on the form

V (u) =
1

2!
u2 − 1

4!
u4 +

1

6!
u6. (3)

Both equations possess a Lagrangian functional and an associated Hamiltonian which are
defined for each (x, t) ∈ I × R+, and that are given respectively by

L(x, t) =
1

2

[
∂u

∂t
(x, t)

]2
− 1

2

[
∂u

∂x
(x, t)

]2
− V (u(x, t)), (4)

H(x, t) =
1

2

[
∂u

∂t
(x, t)

]2
+

1

2

[
∂u

∂x
(x, t)

]2
+ V (u(x, t)). (5)

The total energy of the system (1) at the time t is provided by

E(t) =

∫
I
H(x, t)dx. (6)

c©CMMSE ISBN: 978-84-617-8694-7Page 1300 of  2288



J. E. MACIAS-DIAZ

3 Mathematical problem

In this work, we will consider a space-fractional extension of the sine-Gordon equation
(1) using the Riesz fractional approach [4]. More precisely, let us define the Riesz space-
fractional derivative of u of order 0 ≤ α ≤ 2 at the point (x, t) by

∂αu

∂|x|α
(x, t) =


−
Dα+ +Dα−

2 cos(απ/2)
u(x, t), α 6= 1,(

d

dx
H

)
u(x, t), α = 1.

(7)

Here H is the Hilbert transform in the first variable, that is,

Hu(x, t) = p.v.
1

π

∫ ∞
−∞

u(ξ, t)

ξ − x
dξ, (8)

where the principal value of the integral is understood in the sense of Cauchy.
For the sake of briefness, the Riesz space-fractional derivative of order α of u(x, t) is

sometimes denoted by Dαu(x, t). In (7), Dα± denotes a Weyl fractional derivative operator
of order α, which is given in terms of the Weyl fractional integrals by

Dα±u(x, t) =


±
(
d

dx
I1−α±

)
u(x, t), 0 < α < 1,(

d2

dx2
I2−α±

)
u(x, t), 1 < α < 2.

(9)

For each β > 0,

Iβ+u(x, t) =
1

Γ(β)

∫ x

−∞
(x− ξ)β−1u(ξ, t)dξ, (10)

Iβ−u(x, t) =
1

Γ(β)

∫ ∞
x

(ξ − x)β−1u(ξ, t)dξ. (11)

Let A and Ω be positive numbers, and let I = (0, L) for some L > 0. Using the
conventions introduced above, this manuscript investigates the following initial-boundary-
value problem:

∂2u

∂t2
(x, t)− γ(x)

∂u

∂t
(x, t)− ∂αu

∂|x|α
(x, t) + V ′(u(x, t)) = 0, (x, t) ∈ I × R+,

subject to


u(x, 0) = ut(x, 0) = 0, ∀x ∈ I,
u(0, t) = A sin(Ωt), ∀t ∈ R+,
ux(L, t) = 0, ∀t ∈ R+.

(12)

Here, the function γ : I → R represents damping and it will be used to account for an
absorbing boundary at the right end of I.
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The problem considered in this work is a non-local version of the system studied in
different media [2, 3] in the context of the investigation of nonlinear supratransmission. It
is important to point out that the undamped form of the fractional model (12) has the
generalized fractional Hamiltonian functional

H(x, t) =
1

2

[
∂u

∂t
(x, t)

]2
+

1

2

[
∂u

∂x
(x, t)

] [
∂α−1u

∂|x|α−1
(x, t)

]
+ V (u(x, t)), (13)

for each (x, t) ∈ I × R+ (see [5] for details). With these conventions, an energy integral
associated to the undamped sine-Gordon equation of the problem (12) is defined by (6).
Moreover, if we consider a finite period of time T , the total energy of the system in that
periods will be defined as

E =

∫ T

0
E(t)dt. (14)

4 Aim of this work

The purpose of this work is to provide a consistent finite-difference discretization of (12),
together with consistent discrete forms of (13) and (14). These and more properties of
our numerical techniques will be established thoroughly, and suitable applications to the
investigation of nonlinear supratransmission will be proposed in the way.
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Abstract

In this work, we provide a discretization of a nonlinear diffusion-reaction system that
models the growth of cancer with radiotherapy. Only positive and bounded solutions
are physically relevant in this context, and the discretization that we provide in this
manuscript is able to preserve both properties. The method is computationally eco-
nomic; some qualitative and quantitative comparisons are carried out in support of the
advantages of our scheme. Moreover, the technique used in the present manuscript has
the advantage over other similar methodologies that it yields no singularities. In addi-
tion, the preservation of the properties of non-negativity and boundedness of both the
solution and the total mass are distinctive features which are established analytically in
this work. The numerical simulations on cancer growth obtained with the exponential
method are found to be in good agreement with the experimental results available in
the literature.

Key words: cancer growth model, two-dimensional diffusion-reaction equation, preser-
vation of structure, exponential finite-difference method, fast computational method

1 Introduction

The present work is motivated by various systems of partial differential equations that
describe the growth of cancer. More precisely, the present work is motivated by partial
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differential equations in the dynamics of brain cancer [1] and the effects of proliferation and
motility of transforming growth factor (TGF) β on cancer cells [5]. In all these cases, the
models under consideration are extensions of the classical Fisher’s equation of population
dynamics [2], and all of them are physically interesting in the two-dimensional scenario in
view of the applications to the dynamics of growth of tumors on human tissues. Moreover,
the variable of interest in either case is the density of tumor cells at each point of the
tissue, whence the properties of non-negativity and boundedness naturally arise. In view
of these remarks, one is immediately led to ask whether it is possible to design an efficient
and dynamically consistent technique to approximate the solutions of a generalized two-
dimensional form of the equations investigated in [5]. More precisely, we are interested in
developing numerical methods to approximate the solutions of those equations with the
following characteristics:

1. The non-negativity and the boundedness of numerical approximations is preserved.

2. The method preserves the non-negativity and the boundedness of the total mass of
the cancer tumor.

3. The technique is computationally fast.

4. The method is easy to implement in any computer language.

5. The computational implementation allows to employ fine grid meshes.

2 Mathematical model

Throughout this manuscript, we assume that α, β and Dp are positive numbers and that
Dm is nonnegative. Let Ω be a domain of R2 which is open, bounded, connected and
measurable, with area given by A(Ω). We let u = u(x, y, t) be a real function defined on
the closure of Ω× R+, which is twice differentiable in the interior of its domain and which
satisfies the initial-value problem with homogeneous Neumann boundary conditions

∂u

∂t
(x, y, t) = ∇ · (D(µ(t))∇u(x, y, t)) + αu(x, y, t) (1− βu(x, y, t)) , ∀(x, y) ∈ Ω,∀t ∈ R+,{

u(x, y, 0) = φ(x, y), ∀(x, y) ∈ Ω,
∂u

∂n
(x, y, t) = 0, ∀(x, y) ∈ ∂Ω, ∀t ∈ R+ ∪ {0},

(1)
for some continuous function φ : Ω → R which satisfies the condition 0 ≤ φ(x, y) ≤ 1

β at

each (x, y) ∈ Ω. Here, D is the real function defined by

D(z) = Dm

(
1− z

A(Ω)

)
+Dp (2)
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for each z ∈ R, and the function µ will be the function of total mass of the system at the
time t. More precisely, for each t ≥ 0 we let

µ(t) = µ(u(x, y, t)) = β

∫∫
Ω
u(x, y, t)dxdy. (3)

3 Physical description

Following the physical context of [5], the value u(x, y, t) represents the spatial density of
tumor cells at the time t and at the point (x, y) on a flat surface of interior equal to Ω.
Clearly, u has units length−2. The parameter α denotes the intrinsic proliferation rate of the
cells, with units given in time−1. Meanwhile, β is given in units of length2 and represents
the (positive) area occupied by a single cell in average, whence the constant 1/β represents
the number of cells per unit of area. Here, we impose the constraint

0 ≤ u(x, y, t) ≤ 1

β
, (4)

for each (x, y) ∈ Ω and each t ∈ R+. Moreover, the expression

N(t) =
µ(t)

β
(5)

denotes the total number of cells in the region Ω.

Obviously, the maximum value of N is achieved when u is the constant 1/β, in which
case the number of cells is given by the value Nmax = A(Ω)/β. The role of the constant Dp is
to account for the spatial expansion of proliferating cells, while the parameter Dm accounts
for the facts that the cells undergo a random walk which follows the laws of Brownian
motion, and that the cells of a cluster may break lose from the cluster [4]. Finally, it is
worthwhile to notice that (1) is also a model of the growth of brain cancer when the diffusion
coefficient is constant and when radiotherapy is not considered [1, 3].

The following property is recorded as a lemma for the sake of future reference.

Lemma 1 The inequalities

0 ≤ µ(t) ≤ A(Ω), (6)

Dp ≤ D(µ(t)) ≤ Dm +Dp, (7)

are satisfied when (4) holds.
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4 Aim of this work

The purpose of this work is to provide a structure-preserving finite-difference discretization
of the following initial-boundary-value problem:

∂u

∂t
(x, y, t) = ∇ · (D(µ(t))∇u(x, y, t)) + αu(x, y, t) (1− βu(x, y, t)) + f(u, x, y, t),{

u(x, y, 0) = φ(x, y), ∀(x, y) ∈ Ω,
∂u

∂n
(x, y, t) = 0, ∀(x, y) ∈ ∂Ω,∀t ∈ R+ ∪ {0},

(8)

This problem describes, among other physical situations, the dynamics of growth of cancer
subject to a therapy function f , whence its importance is pragmatically justified.
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Abstract

In this note, we investigate the existence of exact solutions of a nonlinear partial dif-
ferential equation with time-dependent coefficients that generalizes the well-known non-
linear wave model with external and internal damping. The model under consideration
generalizes other classical models from physics, like the nonlinear Klein–Gordon equa-
tion, the (1 + 1)-dimensional φ4-theory, the Fisher–Kolmogorov–Petrovsky–Piscounov
equation from population dynamics and the Hodgkin–Huxley model used in the descrip-
tion of the propagation of electric signals through the nervous system. An extension of
the trial equation method (also known as the direct integral method) for partial differ-
ential equations with non-constant coefficients is used in this work in order to derive
traveling-wave solutions in exact form.

Key words: generalized wave equation, time-dependent coefficients, traveling-wave
solutions, trial equation method, external and internal damping, direct integral method

1 Introduction

In this note, we use R+ to represent the set of positive numbers, and we let a, b, c, d, e, f
and g be real-valued functions defined on R+∪{0}. Throughout we suppose that u is a real
function defined on R×R+ ∪{0} which has derivatives up to the third order in the interior
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of its domain, and which satisfies the nonlinear wave equation with external damping and
time-dependent coefficients

∂2u

∂t2
(x, t)− a2(t)∂

2u

∂x2
(x, t) = b(t)

∂3u

∂x2∂t
(x, t) + c(t)

∂u

∂t
(x, t) + F (u(x, t), t), (1)

for all (x, t) ∈ R× R+. Here the reaction function is given by

F (u, t) = d(t) + e(t)u+ f(t)u2 + g(t)u3, ∀(x, t) ∈ R× R+. (2)

It is worth noting that this model is a generalization of various models appearing math-
ematical physics. Amongst those equations, we may quote the following:

• The classical wave equation results from (1) when the coefficient a is a constant, and
when b, c and F are identically equal to zero. So (1) is a generalization of the wave
equation with power-law nonlinearities.

• The classical linear Klein–Gordon equation from relativistic quantum mechanics is
obtained when a is a constant, e is a positive real number, and all the other coefficients
are identically equal to zero. The nonlinear Klein–Gordon equation with constant
coefficients is also a particular case of Equation (1).

• Our model is also a generalization of the classical Fisher’s equation investigated simul-
taneously and independently by R. A. Fisher and A. N. Kolmogorov, I. G. Petrovsky
and N. S. Piscounov in the context of the dynamics of some populations.

• Equation (1) is an extension of the Hogdkin–Huxley model describing the propagation
of electric signals through nerves.

• Finally, our model is also a continuous and damped generalization of both the α- and
β-Fermi–Pasta–Ulam systems.

The presence of time-dependent coefficients in (1) accounts for the possible effects of an
inhomogeneous medium. From that perspective, the model under investigation in this work
may provide a more realistic description of phenomena described by constant-coefficient
wave equations in the homogeneous regime. This is particularly interesting in view of the
fact that wave-like equation with constant coefficients have been proposed to describe a
wide range of physical phenomena, including the process of nonlinear supratransmission.
Supratransmission which is a nonlinear phenomenon which was discovered in mechanical
chains of oscillators described by coupled Klein-Gordon equations [2], and it was quickly
studied in other nonlinear models [2, 3].

c©CMMSE ISBN: 978-84-617-8694-7Page 1308 of  2288



J. E. MACIAS-DIAZ and H. VARGAS-RODRIGUEZ

2 Methodology

In this work, we will derive traveling-wave solutions of the generalized damped wave equa-
tion (1) using an extension of the well-known trial equation method for partial differential
equations with time-dependent coefficients. To that end, we start considering a solution of
(1) of the form

u(x, t) = u(ξ(x, t)), ξ(x, t) = κ(t)x+ ω(t), (3)

where both κ and ω are real functions defined on R+ ∪ {0}. After differentiating and using
these assumptions, we obtain the equations

∂u

∂t
(x, t) =

(
κ′(t)x+ ω′(t)

)
u′(ξ), (4)

∂2u

∂t2
(x, t) =

(
κ′′(t)x+ ω′′(t)

)
u′(ξ) +

(
κ′(t)x+ ω′(t)

)2
u′′(ξ), (5)

∂2u

∂x2
(x, t) = κ2(t)u′′(ξ), (6)

∂3u

∂x2∂t
(x, t) = 2κ(t)κ′(t)u′′(ξ) + κ2(t)

(
κ′(t)x+ ω′(t)

)
u′′′(ξ). (7)

In order to simplify the notation, for the remainder of this work we will convey that u =
u(ξ). Substituting the derivatives (4)–(7) into (1), we readily obtain the following nonlinear
ordinary differential equation:

∆(x, t)u′ + Θ(x, t)u′′ − Λ(x, t)u′′′ − F (u, t) = 0. (8)

where we have employed the notation

∆(x, t) =
[
κ′′(t)− c(t)κ′(t)

]
x+

[
ω′′(t)− c(t)κ′(t)

]
, (9)

Θ(x, t) =
[
κ′(t)x+ ω′(t)

]2 − a2(t)κ2(t)− 2κ(t)κ′(t)b(t), (10)

Λ(x, t) = κ2(t)
[
κ′(t)x+ ω′(t)

]
b(t). (11)

3 Aim of this work

In work, we will employ the trial equation method to obtain solutions of the ordinary
differential equation (8). We obtain some conditions to guarantee that the parameters
of the trial equation are constant real numbers. The results of our calculations will be
summarized in a proposition at the end of our work. We will also derive some traveling-
wave solutions of the damped wave equation (1) in exact form. To that end, we will make
use of some results reported in [1]. Various cases will be considered in terms of a complete
discriminant system for the polynomial resulting from the trial equation.
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Abstract

In this work, we introduce a spatially discrete model that generalizes the well-known
α-Fermi–Pasta–Ulam chain with damping. The system is perturbed at one end by a
harmonic disturbance irradiating at a frequency in the forbidden band-gap of the classi-
cal regime, and a nonlocal coupling between the oscillators is considered using discrete
Riesz fractional derivatives. We propose fully discrete expressions to approximate a
pseudo-energy functional of the system, and we use them to calculate the total en-
ergy of fractional chains over a relatively long period of time. As an application, we
provide evidence that the process of supratransmission is present in spatially discrete
Fermi–Pasta–Ulam lattices with Riesz fractional derivatives in space.

Key words: wave equation, fractional nonlinear chains, energy-preserving method,
explicit finite-difference scheme

1 Introduction

In this work, we investigate the following continuous form of the classical chain investigated
by Fermi, Pasta and Ulam in [1]:

∂2u

∂t2
(x, t) =

∂αu

∂|x|α
(x, t)

[
1 + ε

(
∂u

∂x
(x, t)

)p]
− γ ∂u

∂t
(x, t), ∀(x, t) ∈ Ω× [0,∞),

u(x, 0) = φ(x), ∀x ∈ Ω,
∂u

∂t
(x, 0) = ψ(x), ∀x ∈ Ω,

u(a, t) = f(t), ∀t ∈ [0,∞),
u(b, t) = g(t), ∀t ∈ [0,∞),

(1)
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where φ, ψ : [a, b] → R and f, g : [0,∞) → R are sufficiently smooth functions. In this
expression, we employ the Riesz fractional derivative of order α ∈ (1, 2), which is given by

∂αu

∂|x|α
=

−1

2 cos(πα2 )Γ(2− α)

d2

dx2

∫ ∞
−∞

u(ξ, t)

|x− ξ|α−1
dξ, ∀(x, t) ∈ Ω× [0,∞). (2)

Here Γ(z) represents the gamma function, for each z ∈ R \ {n : −n ∈ N or n = 0}.
In the absence of a physically meaningful formulation of the Euler–Lagrange formality for
fractional systems, we propose the following pseudo-Hamiltonian for the undamped scenario:

H(x, t) =
1

2

[(
∂u

∂t
(x, t)

)2

+ u(x, t)
∂αu

∂|x|α
(x, t)

]
+

ε

(p+ 2)(p+ 1)

(
∂u

∂x
(x, t)

)p+2

. (3)

Under these circumstances, a functional for the total energy of the system would be

E(t) =

∫ b

a
H(x, t)dx, ∀t ≥ 0. (4)

2 Discrete model

Motivated by the continuous space-fractional equation (1), we propose now a spatially
discrete fractional array that extends the original FPU chains. Recall that for each f : R→
R, each h > 0 and each α > −1 the fractional centered difference of order α of f at the
point x and step h is

∆α
hf(x) =

∞∑
k=−∞

gαk f(x− kh), ∀x ∈ R, (5)

where

gαk =
(−1)kΓ(α+ 1)

Γ(α2 − k + 1)Γ(α2 + k + 1)
, ∀k ∈ Z. (6)

In the case that 1 < α < 2 the fractional centered differences satisfy (see [3])

lim
h→0

−1

hα
∆α
hf(x) =

∂αf

∂|x|α
(x), ∀x ∈ R. (7)

In the present work, we let h = 1/c for the spatially discrete scenario. For simplifi-
cation purposes, we convey that ∆α

x = ∆α
1 . The Riesz space-fractional FPU chain under
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(a) (b)

Figure 1: (Color online). Graphs of the approximate solution of a system of N = 128
anharmonic oscillators governed by (8) versus node number n and time t for periods of
time (a) T = 500 and (b) T = 6000. The model parameters are α = 2, p = c = 1,
ε = 0.01 and γ = 0, with initial-boundary data ψ = f = g ≡ 0 and φ(n) = χ(n, 0) for each
n ∈ {0, 1, . . . , N}. The function χ is given by (12) with κ = 0.1. Computationally, we used
τ = 0.02.

consideration in this work is given by the system

d2un
dt2

(t) = cα∆α
xun(t) + δxV

′(δxun−1(t))− γ
dun
dt

(t), ∀n ∈ {0, 1, . . . , N},∀t ∈ [0,∞),
un(0) = φ(n), ∀n ∈ {0, 1, . . . , N},
dun
dt

(0) = ψ(n), ∀n ∈ {0, 1, . . . , N},
u0(t) = f(t), ∀t ∈ [0,∞),
uN (t) = g(t), ∀t ∈ [0,∞).

(8)
Obviously, in this case φ, ψ : {0, 1, . . . , N} → ∞. In the practice, we will consider a discrete
domain of the form {0, 1, . . . , N} for some N ∈ N, so

∆α
xun = − 1

hα

n∑
k=n−N

gαk un−k −
1

hα

N∑
k=0

gαn−kuk, (9)

for each n ∈ {1, . . . , N − 1}. Under these circumstances the pseudo-Hamiltonian and the
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pseudo-energy of the undamped system will be defined respectively as

Hn(t) =
1

2

[(
dun
dt

(t)

)2

+ cαun(t)∆α
xun(t)

]
+ V (δxun(t)), (10)

E(t) =

∞∑
n=1

Hn(t) +
cα

2
u0(t)∆

α
xu0(t) + V (δxu0(t)). (11)

3 Numerical results

Our last example is motivated by the Toda lattice used to describe the motion of particles in
one-dimensional nonlinear crystals [4]. Recall that the damped Toda lattice is described by
(8) with c = 0, ε = 1 and V (u) = e−u+u−1 for u ∈ R. This system has soliton/anti-soliton
solutions. In our simulations, we will use a superposition of those solutions of the form

χ(n, t) = 5 ln

{(
1 + exp [2(κ(n− 97) + t sinhκ)]

1 + exp [2(κ(n− 96) + t sinhκ)]

)(
1 + exp [2(κ(n− 32) + t sinhκ)]

1 + exp [2(κ(n− 33) + t sinhκ)]

)}
,

(12)
for each n ∈ {0, 1, . . . , N} and t ≥ 0, and κ ∈ R.

Consider N = 128 nodes satisfying (8) with ε = 0.01, γ = 0 and κ = 0.1, and let
φ(n) = χ(n, 0) for each n ∈ {0, 1, . . . , N}. The approximate solutions of this chain are
shown in Figure 1 for (a) T = 500 and (b) T = 6000. Again, the results are in agreement
with those reported in [2].
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Abstract

We consider an initial-boundary-value problem governed by a (1 + 1)-dimensional
hyperbolic partial differential equation with constant damping that generalizes many
nonlinear wave equations from mathematical physics. The model contemplates the
presence of a spatial Laplacian of fractional order which is defined in terms of Riesz
fractional derivatives, as well as the inclusion of a generic continuously differentiable
potential. It is known that the undamped regime has an energy functional that is
preserved throughout time under suitable boundary conditions. To approximate the
solutions of this model, we propose a finite-difference discretization of our model based
on fractional centered differences. Some discrete quantities are proposed here to estimate
the energy functionals, and we show that the numerical method is capable of conserving
the discrete energy under the same boundary conditions for which the continuous model
conserves it. The method is is both stable and convergent.

Key words: sine-Gordon equation, Riesz space-fractional equation, energy-preserving
method, stability and convergence analyses

1 Introduction

In this manuscript we let T > 0 and γ ∈ R, and suppose that a < b. Throughout we will
assume that α ∈ (1, 2) and Ω = (a, b) × (0, T ) ⊂ R2. We will employ Ω to represent the
closure of Ω in R2. Suppose that G : R→ R, that φ, ψ : [a, b]→ R and that f, g : [0, T ]→ R
are all continuously differentiable and satisfy the conditions φ(a) = f(0), φ(b) = g(0),
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ψ(a) = f ′(0) and ψ(b) = g′(0). Moreover, we will suppose that u : Ω → R is a sufficiently
smooth function that satisfies the initial-boundary-value problem

∂2u

∂t2
(x, t)− ∂αu

∂|x|α
(x, t) + γ

∂u

∂t
(x, t) +G′(u(x, t)) = 0, ∀(x, t) ∈ Ω,

such that


u(x, 0) = φ(x), ∀x ∈ (a, b),
∂u

∂t
(x, 0) = ψ(x), ∀x ∈ (a, b),

u(a, t) = f(t), ∀t ∈ (0, T ),
u(b, t) = g(t), ∀t ∈ (0, T ).

(1)

For convenience, we let u(x, t) = 0 for each x ∈ (R \ [a, b])× [0, T ] and define (see [1])

∂αu

∂|x|α
(x, t) =

−1

2 cos(πα2 )Γ(2− α)

d2

dx2

∫ ∞
−∞

u(ξ, t)

|x− ξ|α−1
dξ, ∀(x, t) ∈ Ω. (2)

2 Numerical method

Let h > 0 and τ be step-sizes in space and time, respectively, and assume N = T/τ
and M = (b − a)/h are positive integers. Consider uniform partitions of [a, b] and [0, T ],
respectively, given by xj = jh and tn = nτ . In this work vnj will represent a numerical
approximation to unj = u(xj , tn), for each 0 ≤ j ≤M and each 0 ≤ n ≤ N . Define

µtu
n
j =

un+1
j + unj

2
= u(xj , tn) +O(τ), (3)

µ
(1)
t unj =

un+1
j + un−1j

2
= u(xj , tn) +O(τ2), (4)

δtu
n
j =

un+1
j − unj

τ
=
∂u

∂t
(xj , tn) +O(τ), (5)

δ
(1)
t unj =

un+1
j − un−1j

2τ
=
∂u

∂t
(xj , tn) +O(τ2), (6)

δ
(2)
t unj =

un+1
j − 2unj + un−1j

τ2
=
∂2u

∂t2
(xj , tn) +O(τ2), (7)

for each 1 ≤ j ≤ K − 1 and 1 ≤ n ≤ N − 1. Obviously, the right-hand sides of (3)–(7)
denote the consistency properties of each of discrete operator. In addition, the following
operator estimates G′(u(xj , tn)) with an order of consistency equal to O(τ2):

δ
(1)
u,tG(unj ) =

G(un+1
j )−G(un−1j )

un+1
j − un−1j

, (8)
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Definition 1. For any function f : R → R, any h > 0 and any α > −1 we define the
fractional centered difference of order α of f at the point x as (see [2])

∆α
hf(x) =

∞∑
k=−∞

gαk f(x− kh), ∀x ∈ R, (9)

where

gαk =
(−1)kΓ(α+ 1)

Γ(α2 − k + 1)Γ(α2 + k + 1)
, ∀k ∈ Z. (10)

Note that the series in the right-hand side of (9) converges absolutely for any bounded
function f ∈ L1(R). It is easy to see that any function f ∈ C5(R) for which all of its
derivatives up to order five belong to L1(R), if 1 ≤ j ≤M − 1 and 1 ≤ n ≤ N − 1 then

∂αu

∂|x|α
(xj , tn) = − 1

hα

(xj−a)/h∑
k=(b−xj)/h

gαk u(xj − kh, tn) +O(h2) = δαhu
n
j +O(h2), (11)

where

δαhu
n
j = − 1

hα

M∑
k=0

gαj−ku
n
k . (12)

The finite-difference method to approximate the solution of (1) on Ω is given by

δ
(2)
t vnj − δαhvnj + γδ

(1)
t vnj + δ

(1)
v,tG(vnj ) = 0, ∀j ∈ {1, . . . ,M},∀n ∈ {1, . . . , N},

such that


v0j = φ(xj), ∀j ∈ {1, . . . ,M − 1},
δtv

0
j = ψ(xj), ∀j ∈ {1, . . . ,M − 1},

vn0 = f(tn), ∀n ∈ {1, . . . , N − 1},
vnM = g(tn), ∀n ∈ {1, . . . , N − 1}.

(13)

3 Energy invariants

In this section we would like to show that the finite-difference method (13) satisfies physical
properties similar to those satisfied by (1) (see [3], for instance). For that reason we will
suppose that the initial-boundary conditions satisfy the constraints{

f(t) = g(t) = 0, ∀t ∈ [0, T ],
φ(x) = ψ(x) = 0, for x = a, b.

(14)

Throughout this section, we will employ the spatial mesh

Rh =
{

(xj)
M−1
j=1 ∈ RM−1|xj = a+ jh for each 1 ≤ j ≤M − 1

}
. (15)
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Let Vh be the vector space of all real grid functions on Rh. For any u ∈ Vh and j ∈
{1, . . . ,M − 1} convey that uj = u(xj). Moreover, define respectively the inner product
〈·, ·〉 : Vh × Vh → R and the norm ‖ · ‖1 : Vh → R by

〈u, v〉 = h

M−1∑
j=1

ujvj , ‖u‖1 = h

M−1∑
j=1

|uj |, (16)

for any u, v ∈ Vh. The Euclidean norm induced by 〈·, ·〉 will be denoted by ‖ · ‖2.
In the following, we will represent the solutions of the finite-difference method (13) by

(vn)Nn=0, where we convey that vn = (vn1 , . . . , v
n
M−1) for each 0 ≤ n ≤ N . We will also need

the following real matrix of size (M − 2)× (M − 2):

A =


gα0 gα−1 · · · gα2−M
gα1 gα0 · · · gα3−M
...

...
. . .

...
gαM−2 gαM−3 · · · gα0

 . (17)

We will require the following lemma.

Lemma 2. There exists a unique linear positive operator Λα : Vh → Vh such that

〈−δαhu, v〉 = 〈Λαhu,Λαhv〉 , ∀u, v ∈ Vh. (18)

The next theorem establishes the existence of invariants for the discrete system (13).

Theorem 3. Let (vn)Nn=0 be solution of the system (13) under the conditions (14). Let

En =
1

2
‖δtvn‖22 +

1

2

〈
Λαvn,Λαvn+1

〉
+ ‖µtG(vn)‖1 , ∀n ∈ {1, . . . , N − 1}. (19)

Then for each 1 ≤ n ≤ N − 1 the following identity holds: δtE
n = −γ‖δ(1)t vn+1‖22. In

particular, the quantities En are invariants of (13) if γ = 0 and the conditions (14) hold.
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Abstract

In this work, we depart from the well-known one-dimensional Fisher’s equation from
population dynamics, and consider an extension of this model using Riesz fractional
derivatives in space. Positive and bounded initial-boundary data are imposed on a
closed and bounded domain, and a fully discrete form of this fractional initial-boundary-
value problem is provided next using fractional centered differences. The fully discrete
population model is implicit and linear, so a convenient vector representation is readily
derived. Under suitable conditions, the matrix representing the implicit problem is
an inverse-positive matrix. Using this fact, we establish that the discrete population
model is capable of preserving the positivity and the boundedness of the discrete initial-
boundary conditions. Moreover, the computational solubility of the discrete model is
tackled in the closing remarks.

Key words: discrete fractional Huxley’s equation, fractional centered differences,
discrete fractional population model, inverse-positive matrices, positivity preservation,
boundedness preservation

1 Introduction

Throughout we will assume that a, b ∈ R satisfy a < b, and that κ, λ, K and T are positive
numbers. Let φ : [a, b]→ R and ψ1, ψ2 : [0, T ]→ R be continuously differentiable functions
whose ranges are subsets of [0,K]. Assume additionally that the compatibility conditions
φ(a) = ψ1(0) and φ(b) = ψ2(0) are satisfied. Let 1 < α < 2 and define Ω = (a, b) × (0, T ).
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In this work, we will suppose that u : Ω→ R is a sufficiently smooth function that satisfies
the initial-boundary-value problem

∂u

∂t
(x, t)− κ ∂

αu

∂|x|α
(x, t) = λu(x, t)(1− u(x, t)/K),

such that


u(x, 0) = φ(x), ∀x ∈ (a, b),
u(a, t) = ψ1(t), ∀t ∈ (0, T ),
u(b, t) = ψ2(t), ∀t ∈ (0, T ),

(1)

for each (x, t) ∈ Ω.
For the sake of convenience, we will define u(x, t) = 0 for each x ∈ (−∞, a) ∪ (b,∞)

and each t ∈ [0, T ]. Using this convention, the space-fractional operator in (1) is the Riesz
fractional derivative of order α, which is given by

∂αu

∂|x|α
(x, t) =

−1

2 cos(πα2 )Γ(2− α)

d2

dx2

∫ ∞
−∞

u(ξ, t)

|x− ξ|α−1
dξ, (2)

for each (x, t) ∈ Ω. Here Γ is the gamma function, which is defined in R \ {n : −n ∈
N or n = 0} by

Γ(z) =

∫ ∞
0

sz−1e−sds. (3)

Note that the partial differential equation of (1) is actually a space-fractional extension of
the model from population dynamics investigated simultaneously and independently by R.
A. Fisher [2] and A. N. Kolmogorov, I. G. Petrovskii and N. Piskunov [3] in 1937.

2 Preliminary results

In this work we follow a fractional difference approach to approximate the solutions of (1),
and use fractional centered differences to approximate Riesz space-fractional derivatives.
For any function f : R→ R, any h > 0 and any α > −1, the fractional centered difference
of order α of f at the point x is defined as

∆α
hf(x) =

∞∑
k=−∞

gαk f(x− kh), ∀x ∈ R, (4)

where

gαk =
(−1)kΓ(α+ 1)

Γ(α2 − k + 1)Γ(α2 + k + 1)
, ∀k ∈ Z. (5)

In the case that 1 < α ≤ 2, the fractional centered differences satisfy (see [4])

lim
h→0

−1

hα
∆α
hf(x) =

∂αf

∂|x|α
(x), ∀x ∈ R. (6)
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Lemma 1 (See [1]). If 1 < α < 2 then the coefficients (gαk )∞k=−∞ satisfy:

(a) gα0 ≥ 0,

(b) gαk = gα−k < 0 for all k ≥ 1, and

(c)
∑∞

k=−∞ g
α
k = 0.

Lemma 2 (See [1]). Let f ∈ C5(R), and assume that all its derivatives up to order five
belong to L1(R). If 1 < α < 2 then

−
∆α
hf(x)

hα
=
∂αf(x)

∂|x|α
+O(h2). (7)

3 Numerical methodology

For the remainder of this work, we assume that M,N ∈ N and use partition norms h = (b−
a)/M and τ = T/N for the intervals [a, b] and [0, T ], respectively. For each j ∈ {0, 1, . . . ,M}
and each n ∈ {0, 1, . . . , N} we define

xj = a+ jh, (8)

tn = nτ, (9)

unj = u(xj , tn). (10)

Under these circumstances, note that

∂αu

∂|x|α
(xj , tn) = − 1

hα

j∑
k=j−M

gαk u
n
j−k +O(h2)

= − 1

hα

M∑
k=0

gαj−ku
n
k +O(h2),

(11)

for each j ∈ {1, . . . ,M − 1} and each n ∈ {1, . . . , N − 1}. In the following, we will consider
the discrete operators

δtu
n
j =

un+1
j − unj

τ
, (12)

∆α
hu

n
j = − 1

hα

M∑
k=0

gαj−ku
n
k . (13)
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Using this nomenclature, the fully discrete population model used in this work to ap-
proximate the solutions of (1) is given by the discrete system of equations

δtu
n
j − κ∆α

hu
n+1
j = λun+1

j (1− unj /K),

such that


u0j = φ(xj), ∀j ∈ {0, 1, . . . ,M},
un0 = f(a), ∀n ∈ {0, 1, . . . , N},
unM = g(b), ∀n ∈ {0, 1, . . . , N},

(14)

for each j ∈ {1, . . . ,M − 1} and n ∈ {1, . . . , N − 1}. In this work, we will derive various
analytical and numerical properties of (14).
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Abstract

In this paper a model for the spread of TB between wild herbivores and their preda-
tors is presented and analysed. The most important system parameters are identified:
vertical and horizontal disease transmission among the prey, the influence that intra-
specific competition between healthy and diseased prey has on the infected prey popula-
tion. Removal of diseased-prey may be the most effective strategy to free the ecosystem
from the disease.

Key words: herd behavior, disease transmission
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1 Introduction

Bovine Tuberculosis (TB) is a threat to wildlife health. The transmission of TB between
herd individuals occurs most frequently by aerosol, [4] and predators contract the disease
mostly by ingestion of tuberculoses tissues [16]. It directly impacts animal productivity and
fitness and can lead to an increase in the mortality rate.

Wild animals appear to be able to harbour mycobacteria for months to years. As in-
fection progresses, there is evidence that TB may decrease reproductive and other fitness
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parameters. However, it may not significantly affect them unless they experience other
stressors, such as drought or concurrent disease, suggesting that infected animals may re-
main in the population for prolonged periods [16, 17]. For instance, buffalo herds with a
higher prevalence of bovine TB had worse body condition in the dry season than those with
lower bovine TB prevalence. Consequently, affected buffalo might be more susceptible to
predation by lions, [7]. In addition the loss of these prey animals may influence the preda-
tors. A simulation over 50 years of the the impact of bovine TB on lions shows a scenario
suggesting a serious threat to the species survival, [17].

To study the impact of TB on wild animals, we present a predator-prey model involving
buffalos and lions, both subject to the disease, which is horizontally as well as vertically
transmitted. Because the wild buffalo congregates in huge herds, the border individuals are
usually captured. Mathematically, this can be modeled via a square root response function,
[1, 2, 25, 6]. Indeed since the total population of prey, say P , occupies a certain area A on
the ground, the number of the individuals who are found at the border is proportional to
the length of the perimeter of the patch A, which in turn is proportional to

√
P .

The paper is organized as follows. In the next section, we formulate the model, show
that trajectories are bounded and adimensionalize it. The feasibility and stability analysis
are in Section 3. Section 4 contains a study about the basic reproduction number R0 where
we focus the discussion on conditions for the eradication of the disease. Transcritical and
Hopf bifurcations are investigated in Section 5. Section 6 shows that the parameter m is
crucial for the feasibility and stability of points E1 and E2, respectively. The establishment
of the disease is directly related to the value of R0 at both points. To investigate the
behavior of model (4) in relation to the parameters, we first separate the simulations in two
specific cases. In the first case, E1 is stable and E2 is unstable, that is, m > a. The second
case is obtained when a/

√
3 < m < a, in which E1 is unstable and E2 is feasible. A final

discussion concludes the paper.

2 Model Formulation

We consider a model for species interactions, subject to a TB that can infect both the
buffalos and lions. Once infected, an animal remains infected for its life, so that the disease
is of type SI. Infected prey ̂I become weak and are left behind the herd. Let further ̂R
denote the susceptible prey population, ̂F and ̂W respectively the susceptible and infected
predators. The prey have a highly socialized “herd behavior”, in that they live together
wandering in search of pastures. They are generally followed in their wanderings by the
predators. If the hunt is successful for the predator, generally the prey individuals residing
on the boundary of herd are harmed. The model, accounting for all the possible population
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interactions described below, reads as follows:

d ̂R

dτ
= r̃ ̂R+ r̄ (1− α̂) ̂I − k ̂R

(

̂R+ ĝ̂I
)

− ̂λ ̂R̂I − ĉp̂
√

̂R̂W − â
√

̂R ̂F − ̂θ (1− p̂) ĉ
√

̂R̂W, (1)

d̂I

dτ
= r̄α̂̂I + ̂I

(

̂λ ̂R−̂b ̂F − µ̂− ̂ℓ̂W
)

+ ̂θ(1− p̂)ĉ
√

̂R̂W − k̂I(û ̂R+ q̂̂I),

d ̂F

dτ
= âê

√

̂R ̂F + (1− σ̂)̂bê̂I ̂F + (1− γ̂)̂W (ĉêp̂
√

̂R+ ̂ℓê̂I)− m̂ ̂F − ̂β ̂F̂W,

d̂W

dτ
= ̂W

(

γ̂ĉêp̂
√

̂R+ γ̂̂ℓê̂I − ν̂
)

+ σ̂̂bê̂I ̂F + ̂β ̂F̂W.

The first equation describes the dynamics of ̂R (susceptible prey). The term r̃ ̂R expresses
growth rate of ̂R due to their own reproduction and r̄(1− α̂)̂I is the fraction of ̂I that are

born healthy (vertical transmission). The term k ̂R
(

̂R+ ĝ̂I
)

is the mortality by intraspecific

competition between ̂R individuals among themselves and with ̂I individuals. The term
̂λ ̂R̂I represents the susceptible prey, that become infected (horizontal transmission). The

term ĉp̂
√

̂R̂W represents the prey individuals that are captured by infected predators and

â
√

̂R ̂F is the capture rate of ̂R by ̂F . Finally, ̂θ (1− p̂) ĉ
√

̂R̂W are the new infections by an

unsuccessful attack of infected predator ̂W on healthy prey ̂R, and then latter gets disease.
Note that, we have a fraction (1− ̂θ)(1− p̂) of healthy prey that are not captured, but do
not get the disease from predators.

The second equation describes the dynamics of ̂I (infected prey). The term r̄α̂̂I is the
fraction of the reproduction rate of ̂I that is born infected (possibility of vertical transmis-
sion), ̂λ ̂R̂I represents the susceptibles prey, that become infected (horizontal transmission),
̂b̂I ̂F is the predation of ̂I by ̂F , µ̂̂I is the mortality of ̂I (disease-related) and ̂ℓ̂ÎW is the

predation of ̂I by ̂W . Finally, ̂θ (1− p̂) ĉ
√

̂R̂W are the new infections by an unsuccessful at-

tack of infected predator ̂W on healthy prey ̂R, and then latter gets disease and k̂I(û ̂R+ q̂̂I)
is the mortality by intraspecific competition of ̂I among themselves and with ̂R. Note that,
in the model, infected prey do not benefit from the effects of herd behavior.

The third equation describes the dynamics of ̂F (susceptible predator). The term

âê
√

̂R ̂F expresses the increase of ̂F due to the consumption of ̂R on the boundary with
conversion factor 0 < ê < 1. The term (1 − σ̂)̂bê̂I ̂F represents the growth rate of ̂F due
to the consumption of ̂I, that is, predators that consume infected prey but do not become

infected. The term (1− γ̂)̂W (ĉêp̂
√

̂R) expresses the fraction of the reproduction rate of ̂W
that is born as a healthy predator due to the consumption ̂R on boundary. Besides that,
(1− γ̂)̂W (̂ℓê̂I) is the analogous term, but due to the consumption of infected prey ̂I. Now,

the term m̂ ̂F is the mortality of ̂F , ̂β ̂F̂W represents the predator who moves from one class
to another, that is, susceptibles become infected by contact with another infected predator
̂W (horizontal transmission).
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The fourth equation describes the dynamics of ̂W (infected predator). The term

γ̂ĉêp̂
√

̂R̂W represents the vertical transmission of ̂W in converting captured ̂R on bound-
ary in infected predators ̂W . The term γ̂̂ℓê̂ÎW is the vertical transmission of ̂W due to the
consumption of ̂I, ν̂̂W is the mortality of ̂W (disease-related) and σ̂̂bê̂I ̂F is the fraction
of healthy predators that gives birth to infected offspring by eating ̂I (vertical transmis-

sion). Finally, ̂β ̂F̂W represents the predator who moves from one class to another, that

is, susceptibles become infected by contact with another infected predator ̂W (horizontal
transmission). All parameters are non-negative and listed in Table 2.

2.1 Boundedness

Following closely [25], the system’s trajectories are confined within a compact set. For the

total environment population ϕ(τ) = ̂R(τ) + ̂I(τ) + ̂F (τ) +̂W (τ), summing equations (1),

dϕ(τ)

dt
=

(

r̃ ̂R+ r̄̂I
)

− k ̂R
(

̂R+ ĝ̂I
)

− k̂I
(

û ̂R+ q̂̂I
)

+(ê− 1)
(

ĉp̂
√

̂R̂W + â
√

̂R ̂F + ̂ℓ̂ÎW
)

−
(

µ̂̂I + m̂ ̂F + ν̂̂W
)

.
(2)

Using (ê− 1) ≤ 0 we can drop the term that contains it, to get

dϕ(τ)

dτ
≤ (r̃ ̂R+ r̄̂I)− k ̂R( ̂R+ ĝ̂I)− k̂I(û ̂R+ q̂̂I)− (µ̂̂I + m̂ ̂F + ν̂̂W )

LettingM be the maximum value of the parabola Φ( ̂R+̂I) = −kη2( ̂R+̂I)2+(η1+η2)( ̂R+̂I),
with η1 = max{r̃, r̄}, η2 = min{1, ĝ, û, q̂}, η3 = min{µ̂, m̂, ν̂}, we find the estimate

dϕ(t)

dt
+ η3ϕ(t) ≤ Φ( ̂R+ ̂I) ≤ M̄ =

(η1 + η3)
2

4η2K
,

from which we establish the boundedness result

ϕ(t) ≤ (ê)η3t
M

η3
+ ϕ(0)(ê)−η3t ≤ M

η3
+ ϕ(0) = M̄

Note also that from below, the coordinate hyperplanes cannot be crossed toward negative
values, although the system is not homogeneous. For instance, the first equation for ̂R = 0
gives ̂R′(τ) = r̄ (1− α̂) ̂I ≥ 0 because the parameters are nonnegative and 1− α̂ ≥ 0.

The model (1) can be nondimensionalized via R(t) = k
r̃
̂R(τ), I(t) = k

r̃
̂I(τ), F (t) =

k
er̃
̂F (τ), W (t) = k

er̃
̂W (τ), t = r̃τ , and

r =
r̄

r̃
, g = ĝ, λ =

̂λ

k
, c =

ĉê√
r̃k

, a =
âê√
r̃k

, b =
̂bê

k
, (3)

µ =
µ̂

r̃
, ℓ =

̂ℓê

k
, u = û, q = q̂, m =

m̂

r̃
,

̂βê

k
,
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Table 1: Parameters of model (1) and their biological meanings

Parameter Biological meaning

r̃ Specific growth rate of healthy prey ̂R

r̄ Specific growth rate of infected prey I (r̄ ≤ r̃)

α̂ Non-dimensional parameter that represents the fraction of prey ̂R
that born infected (vertical transmission)

1− α̂ Non-dimensional parameter that represents the fraction of prey ̂R
that born no infected

k
Mortality of healthy prey ̂R due intraspecific competition (k = r

K
)

K Carrying capacity of prey ̂R in absence of predator
ĝ Non-dimensional parameter that regulates competition among in-

fected prey ̂I with healthy prey ̂R
̂λ Infection rate in healty prey ̂R (horizontal transmission)
̂θ Probability that healthy prey ̂R, not captured by infected predator

̂W , becomes infected
p̂

Probability that represents the fraction of captured prey ̂R

1− p̂
Probability that represents the fraction of no captured prey ̂R

â Predation rate of healthy prey ̂R by healthy predator ̂F

ĉ Predation rate of healthy prey ̂R by infected predator ̂W
̂b Predation rate of infected prey ̂I by healthy predator ̂F

µ̂ Mortality rate of infected prey ̂I
̂ℓ Predation rate of infected prey ̂I by infected predator ̂W

û Non-dimensional parameter that regulates how infected prey ̂I com-
pete with healthy prey ̂R

q̂ Non-dimensional parameter that regulates how infected prey ̂I com-
pete with infected prey ̂I

ê Efficiency of the predator in converting captured prey into repro-
ductive success

σ̂ Non-dimensional parameter that regulates the infection rate in
predator ̂F (vertical transmission)

1− σ̂
Non-dimensional parameter that represents the fraction of no infec-
tion of ̂F in the vertical transmission for the case where there is
consumption of infected prey

m̂ Mortality rate of healthy predator ̂F
̂β Infection rate in healty predator ̂F (horizontal transmission)

γ̂ Probalility of vertical transmission in predator ̂F

1− γ̂ Non-dimensional parameter that describes the fraction that rate of
no infection in ̂F (no infected individual)

ν̂ Mortality rate of infected predator ̂W
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to get re-scaled system:

dX

dt
= f(X), X = (R, I, F,W )T , f = (f1, f2, f3, f4)

T , (4)

f1 = R+ r (1− α) I −R (R+ gI)− λRI − cp
√
RW − a

√
RF − θ (1− p) c

√
RW,

f2 = αI + I (λR− bF − µ− ℓW ) + θ(1− p)c
√
RW − I(uR+ qI),

f3 = a
√
RF + (1− σ)bIF + (1− γ)cp

√
RW −mF + (1− γ)ℓIW − βFW,

f4 = γcp
√
RW + γℓIW − νW + σbIF + βFW.

3 System’s equilibria

Model (4) has five equilibria. The origin E0, two disease-free equilibria, E1 = (1, 0, 0, 0), and
E2 = (R2, 0, F2, 0), the predator-free E3 = (R3, I3, 0, 0) and coexistence E4 = (R4, I4, F4,W4)
which is studied numerically. Their components are:

R2 =
m2

a2
, F2 =

m2

a2

(

1

m
− m

a2

)

, I3 =
α− µ

q
+

λ− u

q
R3 (5)

and R3 given by the roots of the quadratic equation

Φ(R3) = α2R
2
3 + α1R3 + α0 = 0 (6)

with

α2 =
(g + λ)(u− λ)− q

q
, α0 =

r(α− 1)(µ− α)

q
, α1 =

(1− α)r(λ− u) + (µ− α)(λ+ g) + q

q
.

3.1 Feasibility

Feasibility for E2 is ensured by

m ≤ a (7)

and in case of E3 the feasibility conditions are for I3 ≥ 0

α+ λR3 ≥ µ+ uR3 (8)

and for R3 ≥ 0 two positive roots exist if

∆ = α2
1 − 4α2α0 > 0, −α1α

−1
2 > 0, α0α

−1
2 > 0

while at least one positive root is ensured by

∆ = α2
1 − 4α2α0 > 0, α0α

−1
2 < 0.
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Figure 1: Nullclines in the plane R− I, considering F = W = 0. If λ+α > u+µ (λE1

1 > 1),
there is a unique feasible equilibrium point in the form (R3, I3, 0, 0). a) Parameter values:
α = 0.5, q = g = 0.1, r = 0.75 and u = µ = 0.25 we obtain p∗ = 0.5. b) Parameter values:
α = 0.5, q = g = 0.1, r = 0.75 and u = µ = 0.25 we obtain p∗ = 0.5.

A feasible equilibrium solution for system (4) with F = 0 and W = 0 is an intersection
in the first quadrant of the two curves:

f(R) =
(R− 1)R

(1− α)r − (g + λ)R
, h(R) =

(α− µ) + (λ− u)R

q
. (9)

Note that the function f(R) has an asymptote in R = p∗ = r(1−α)/(g+λ), thus there
are two cases: p∗ > 1 and p∗ < 1, which respectively give:

f(R) :







< 0 if 0 < R < p∗

> 0 if p∗ < R < 1
< 0 if 1 < R

f(R) :







< 0 if 0 < R < 1
> 0 if 1 < R < p∗

< 0 if p∗ < R
. (10)

Assume

λ+ α > µ+ u. (11)

It follows thay f(1) = 0 and f is unbounded around (p∗ − ǫ, p∗ + ǫ), ǫ > 0, since h(R) is
bounded in any closed interval in (0,∞) it follows that f(R) and h(R) must intersect at a
point in (p∗, 1) if p∗ < 1 or in the interval (1, p∗) if p∗ > 1. Since f(R) is convex in such
intervals and negative outside them, uniqueness of the intersection is assured. In Figure 1
we present a sketch with the two cases.

3.2 Local Stability Analysis

The Jacobian of the system (4) is given by
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J =











J11 −λR− gR+ (1− α)r −a
√
R −θ(1− p)c

√
R− cp

√
R

J21 J22 −bI θ(1− p)c
√
R− ℓI

J31 J32 J33 (1− γ)(ℓI + cp
√
R)− βF

cγpW

2
√
R

ℓγW + bσF βW + bσI cpγ
√
R+ γℓI + βF − ν











(12)

with

J11 = −λI − θ(1− p)cW

2
√
R

− cpW

2
√
R

− 2R− aF

2
√
R

− gI + 1, J21 = λI +
θ(1− p)cW

2
√
R

− uI,

J22 = λR− ℓW − 2qI − uR− bF + α− µ, J31 =
c(1− γ)pW

2
√
R

+
aF

2
√
R
,

J32 = (1− γ)ℓW + b(1− σ)F, J33 = −βW + a
√
R+ b(1− σ)I −m,

3.2.1 Stability Analysis of E0

The origin for this model presents a particular behavior. Although unstable in the Lyapunov
sense [19], it is still capable of attracting trajectories over a set of initial condition with
positive measure in R

4. The instability of the origin can be seen, by observing that any
trajectory starting in the line defined by I = F = W = 0 remains in it, since İ = Ḟ = Ẇ =
0. The equation for Ṙ on the line is simply Ṙ = R(1− R) which implies that the origin is
unstable, since any trajectory with initial condition 0 < ǫ = R0 < 1 moves away from the
origin.

This particular behavior of the origin is caused by the predation term which is propor-
tional to the square root of the healthy prey population. When R → 0, such term has a
higher order when compared to the reproduction term (R). In fact such proportionality to
the square root of R is adequate for “large” population, since the group defense effect is
negligible when the population is “small”. Also, in the present model we seek to analyze
the biological situations which are relevant to the analysis to the spread of the disease, that
is, the scenarios where at least one of the populations is present.

However, a particular phenomenon has been observed in similar models in these condi-
tions, [26, 11, 12, 3]. The right hand side of the system is not Lipschitz-continuous because
of the presence of the square root in every component, so that the uniqueness theorem does
not hold. In [26] this has been investigated, showing that trajectories lying in a narrow
stripe may well end up on the prey axis in finite time, and from there they move toward the
origin, with ecosytem collapse. This has been further investigated in [11, 12, 3], showing
that it entails a wealth of bifurcation phenomena. For a generalization to an arbitrary power
instead of the square root, see [5].
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At E1 the eigenvalues are easily found and given by λ1 = cpγ− ν, λ2 = a−m, λ3 = −1
and λ4 = λ+ α− µ− u. E1 is stable if and only if

cpγ < ν, a < m, λ+ α < µ+ u. (13)

For E2 the product of two quadratic equations is obtained. The first one has the Routh-

Hurwitz conditions tr(J
1
E2
) = (a2 − 3m2)(2a)−2 < 0, det(J

1
E2
) = (ma2 − m3)(2a)−

2

> 0,
the stability conditions

a√
3
< m < a. (14)

The second quadratic has more complicated Routh-Hurwitz conditions that provide the
second set of stability conditions

a4ν + a2m2u+ a4µ+ βm3 + bma2 > am2λ+ cmpγa3 + bm3 + βma2 + αa4 (15)

and

a5cγm3pλ+ a4βm3λ+ a6m2uν + a8µν + a6bmν + a2βm5u+ a5bcpm2θσ + a3bcm4θσ

+a3bcpm4γ + a7cmpαγ + a4βm3µ+ a22bβm4 + a6βmα > a6m2νλ+ a2βm5λ (16)

+a4bm3ν + a8αν + a5cpuγm3 + a3bcpm4θσ + a4βm3u+ a5bcm2θσ + a7cmpµγ

+a5bcpm2γ + a6βmµ+ βbm6 + a4βm3α+ a4βbm2.

At E3 again the characteristic equation factorizes into the product of two quadratic
equations, that have the Routh-Hurwitz conditions

tr(J
1
E3
) = (λR3 − λI3 − 2qI3 − gI3 − uR3 − 2R3 + α+ 1− µ < 0,

det(J
1
E3
) = −2λR3

2 + λR3 + 2qλI3
2 + 2gqI3

2 − 2rλI3 − gµI3 − 2uR3
2 + 4qR3I3 − 2qI3

−rukR3 − rαuI3 − ruI3 − 2µR3 − rλI3 + µλI3 − αλI3 − gαI3 − 2αr − µ+ α > 0,

from which the stability conditions follow

λI3 + 2qI3 + gI3 + uR3 + 2R3 + µ > λR3 + α+ 1, (17)

2λR3
2 + λR3 + 2qλI3

2 + 2gqI3
2 + 4qR3I3 + µλI3 + α

> 2rλI3 + gµI3 + 2uR3
2 + 2qI3 + rukR3 + rαuI3

+ruI3 + 2µR3 + rλI3 + αλI3 + gαI3 + 2αr + µ.

The second quadratic instead gives the Routh-Hurwitz conditions

tr(J
2
E3
) = cpγ

√

R3 + a
√

R3 − bσI3 + γℓI3 + bI3 − ν −m < 0,

det(J
2
E3
) = acpγR3 − bcpσ

√

R3I3 + bcγp
√

R3I3 + aγℓ
√

R3I3 − aν
√

R3

−cmpγ
√

R3 − bσℓI3
2 + bℓγI3

2 + bσνI3 − bνI3 −mℓγI3 +mν > 0,
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once again providing the stability conditions

bσI3 + ν +m > cpγ
√

R3 + a
√

R3 + γℓI3 + bI3 (18)

acpγR3 + bcγp
√

R3I + aγℓ
√

R3I3 + bℓγI3
2 + bσνI3 +mν

> bcpσ
√

R3 + aν
√

R3I3 + cmpγ
√

R3 + bσℓI3
2 + bνI3 +mℓγI3.

4 The basic reproduction number

Conditions for the eradication of the disease can be obtained from the basic reproduction
number R0, the spectral radius of the next generation matrix at each disease-free equilibrium 
[24]. Let FI , FW be the corresponding new infectious rates and VI , VW the analogous
flows, the dynamics of the infectious classes I and W can be written as:

dI

dt
= FI − VI = FI − (V −

I − V +
I ),

dW

dt
= FW − VW = (V −

W − V +
W ), (19)

where

FI = r̄αI + λRI + θ(1− p)c
√
RW, FW = beσIF + βFW + cepγ

√
RW + elγIW,

VI
− = bIF + µI + lIW + ukRI + qkI2, VI

+ = 0, VW
− = vW, VW

+ = 0.

Letting

F =





∂FI

∂I
∂FW

∂I

∂FI

∂W
∂FW

∂W



 =

(

α+ λR γℓW + bσF

θ(1− p)c
√
R pcγ

√
R+ ℓγI + βF

)

V =





∂VI

∂I
∂VW

∂I

∂VI

∂W
∂VW

∂W



 =

(

bF + µ+ ℓW + uR+ 2qI 0

ℓI ν

)

.

the next generation matrix is

G = FV −1 =









αν + λνR− ℓγIW − bℓσIF

ν(ℓW + uR+ 2qI + bF + µ)

ℓγW + bσF

ν

θ(1− p)cν
√
R− pcℓγI

√
R− ℓ2γI2 − βℓIF

ν(ℓW + uR+ 2qI + bF + µ)

βF + ℓγI + cpγ
√
R

ν









.

R0 is defined in each disease-free equilibrium as the spectral radius of G. For model (4) the
only feasible disease-free equilibria are E0, E1 and E2. Therefore, we proceed the analysis
of the disease-free equilibria.
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4.1 Stability analysis of disease-free equilibria

The methodology requires five conditions to be applied [24], one of them is that disease-free
equilbrium should be stable if the number of new cases are set to zero. Considering FI = 0
and FW = 0 in model (4) we obtain:

dR

dt
= rR+ r̄ (1− α) I − kR (R+ gI)− λRI − cp

√
RW

−a
√
RF − θ (1− p) c

√
RW,

dI

dt
= −bIF − µI − lIW − ukRI − qkI2,

dF

dt
= ae

√
RF + (1− σ)beIF + (1− γ)W (cep

√
R+ ℓeI)

−mF − βFW,
dW

dt
= −vW.

(20)

The Jacobian of the system (20) is given by

J =











J11 −λR− gR+ (1− α)r −a
√
R J14

−uI J22 −bI −ℓI
cp(1−γ)W+aF

2
√
R

J32 J33 J34

0 0 0 −v











(21)

with

J11 = −λI − θ(1− p)cW

2
√
R

− cpW

2
√
R

− gI − 2R− aF

2
√
R

+ 1,

J14 = −θ(1− p)c
√
R− cp

√
R, J22 = −bF − µ− ℓW − uR− 2qI,

J32 = (1− γ)ℓW + b(1− σ)F,

J33 = a
√
R+ (1− σ)bI −m− βW, J34 = (1− γ)(ℓI + cp

√
R)− βF,

4.1.1 Disease-free equilibrium E1

For this point the stability condition under FI = FW = 0 is

m > a. (22)

The eigenvalues of G in E1 are:

λE1

1 =
α+ λ

u+ µ
, λE1

2 =
cpγ

ν
. (23)
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Since λE1

1 and λE1

2 are both positive, the value of R0 in E1 is simply RE1

0 = max{λE1

1 , λE1

2 }.
Disease-induced instability occurs if R0 > 1.

If ν ≥ m, that is, the rate of mortality of infected predators is greater than non-infected
ones, then we can write:

ν ≥ m > a ≥ c ≥ cpγ,

because we consider a ≥ c (healthy predators are more efficient in hunting than infected
ones) and p, γ ≤ 1. Therefore, λE1

2 < 1 if E1 is stable in the absence of disease.

The condition for R0 < 1 coming from λE1

1 can be written as

α+ λ < u+ µ.

The left side of the inequality represents rates that are favorable to the permanence of the
disease, i.e, reproduction rate of infectious prey and generation of new infectious cases at the
equilibrium. In the right side of inequality are the factors that contribute to the eradication
of the disease, i.e, the mortality rates of infected prey and mortality due to competition
with healthy prey at the equilibrium. In this case stability in the absence of the disease
does not imply λE1

1 < 1. For instance, even if α = 0 it is sufficient to take λ > u + µ to
obtain R0 > 1.

4.1.2 Disease-free equilibrium E2

Considering FI = FW = 0, the viability condition for the equilibrium E2 is given by

m ≤ a (24)

and the stability conditions for it are

a√
3
< m < a. (25)

The matrix G in E2 is

G(E2) =











αa4 + λm2a2

um2a2 + bma2 − bm3 + µa4
σba2m− σbm3

νa4

(−cpma3 + cma3)θ

a2m2u+ µa4 − bm3 + bma2
cpmγa3 − βm3 + βma2

νa4











(26)

The formulas for eigenvalues of G(E2) do not provide any immediate insight on the
behavior of R0, but through numerical simulations we can state that both λE2

1 and λE2

2 can
have absolute values greater than one.
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5 Bifurcations

In this section we will use Sotomayor theorem [19, 18].

5.1 Transcritical bifurcation

Note that the general second order term of the Taylor expansion of f , recall (4), is given by

D2f(X,m)(U,U) = (D11, D21, D31, D41)
T , (27)

takingm as any bifurcation parameter and U = (ξ1, ξ2, ξ3, ξ4)
T being the vector of variations

in R, I, F and W , with

D11 =
θ(1− p)cWξ1

2 + cpWξ1
2 + aFξ1

2

4R
√
R

− 2ξ1
2 − 2gξ1ξ2 − 2λξ1ξ2

− a√
R
ξ1ξ3 −

cp√
R
ξ1ξ4 −

θ(1− p)c√
R

ξ1ξ4,

D21 = −θ(1− p)cW

4R
√
R

ξ1
2 + 2(λ− u)ξ1ξ2 − 2bξ2ξ3 − 2ℓξ2ξ4 − 2qξ2

2 +
θ(1− p)c√

R
ξ1ξ4,

D31 = −c(1− γ)pWξ1
2 − aFξ1

2

4R
√
R

+
a√
R
ξ1ξ3 +

c(1− γ)p√
R

ξ1lξ4

+ 2b(1− σ)ξ2ξ3 + 2(1− γ)ℓξ2ξ4 − 2βξ3ξ4,

D41 = − cpW

4R
√
R
ξ1

2 +
cpγ√
R
ξ1ξ4 + 2bσξ2ξ3 + 2γℓξ2ξ4 + 2βξ3ξ4.

5.1.1 Bifurcation between E1 and E2

Comparing the second inequality in (13) given by m > a for the equilibrium point E1

and, the inequality in (7) and the right inequality in (14) for equilibrium point E2, we find
that E2 becomes feasible and stable exactly when E1 becomes unstable. There is thus a
transcritical bifurcation for which E2 emanates from E1 when the bifurcation parameter m
crosses the critical value m† given by

m† = a. (28)

The simulation presented in Figure 2 (a) shows it explicitly for the chosen parameter
values m† = a = 1. We prove that there is a transcritical bifurcation between points E1

and E2, according to the following proposition
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Figure 2: a) Transcritical bifurcation between E1 and E2 for the parameter values λ = β =
ℓ = α = σ = γ = θ = q = c = p = r = g = b = 0.5, a = 1, u = µ = 0.75, ν = 2m . Initial
conditions R0 = I0 = F0 = W0 = 0.1. b) Transcritical bifurcation between E2 and E3. In
this case, we have same parameter value and initial conditions, except for m = 0.5.

Proposition 1 Assuming that α+λ < u+µ and cpγ < ν, when m passes through the
value m† = a, model (4) near the disease-free equilibrium E1 = (1, 0, 0, 0) has:

• no saddle-node bifurcation;

• a transcritical bifurcation;

• no pitchfork bifurcation.

Proof Since α + λ < u + µ, cpγ < ν and m > a, the equilibrium point E1 is stable.
The Jacobian matrix of model (4) evaluated at E1 with m† = a, is given by

JE1
(m†) =









−1 −λ− g + (1− α)r −a −θ(1− p)c− cp
0 λ− u− µ+ α 0 θ(1− p)c
0 0 0 c(1− γ)p
0 0 0 cpγ − ν









. (29)

In this case, we have one eigenvalue equal zero in (29), in which the corresponding eigen-
vector is V1 = ϕ1(1, 0,− 1

a
, 0)T , where ϕ1 is any nonzero real number.

Similarly, Z1 = ω1(0, 0, 1,−p(cγ − c)(ν − cγp)−1)T represents the eigenvector corre-
sponding to eigenvalue equal zero of (JE1

(m†))T , where ω1 is any nonzero real number.
Differentiating partially the right hand sides of the equations of system (4) with respect to
m† = a, we find

df

dm
= fm(E1, a) = (0, 0, 0, 0)T , (30)
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which gives ZT
1 fm(E1, a) = 0. Thus, according to Sotomayor’s theorem for local bifurcation,

model (4) has no saddle-node bifurcation near disease-free equilibrium at m† = a. Besides
that,

Dfm(E1, a) =









0 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0









(31)

then, ZT
1 [Dfm(E1, a).V1] = ϕ1ω1/a 6= 0. Now, considering E1, m

† = a and V1 in (27) we
get

D2f(E1, a).(V1, V1) = ϕ2
1 (−1, 0,−1, 0)T . (32)

Therefore,

ZT
1 [D

2f(E1, a).(V1, V1)] = −ω1ϕ
2
1 6= 0. (33)

According to Sotomayor’s theorem model (4) has a transcritical bifurcation at E1 with
parameter m† = a, while the pitchfork bifurcation cannot occur.

5.1.2 Bifurcation between E1 and E3

Comparing the third inequality in (13) for the equilibrium point E1 and, the inequality in
(11) for equilibrium point E3, we find that E3 becomes feasible exactly when E1 becomes
unstable. There is thus a transcritical bifurcation for which E3 emanates from E1 when the
bifurcation parameter α crosses the critical value α† given by

α† = u+ µ− λ (34)

The simulation presented in Figure 2 (b) shows it explicitly for the chosen parameter values
α† = u + µ − λ = 1. We prove that there is a transcritical bifurcation between points E1

and E3, according to the following proposition

Proposition 2 Assuming that α+ λ < u+ µ and cpγ < ν, when α passes through the
value α† = u+ µ− λ, model (4) near the disease-free equilibrium E1 has:

• no saddle-node bifurcation;

• a transcritical bifurcation;

• no pitchfork bifurcation.

Proof

Since α + λ < u + µ, cpγ < ν and m > a, the equilibrium point E1 is stable. The
Jacobian matrix of model (4) evaluated at E1, with α† = u+ µ− λ is
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JE1
(α†) =









−1 λ(r − 1) + r(1− u− µ)− g −a −θ(1− p)c− cp
0 0 0 θ(1− p)c
0 0 a−m c(1− γ)p
0 0 0 cpγ − ν









. (35)

in which has one eigenvalue equal zero and the corresponding eigenvector is V2 = ϕ2(1, (λ−
ru+r−rµ−g)−1, 0, 0)T . For JE1

(α†))T , the eingenvector is Z2 = ω2(0, 1, 0, ((cp−c)θ)(cγp−
ν)−1)T . We have ϕ2 and ω2 are any nonzero real number.

Differentiating partially the right hand sides of the equations of system (4) with respect
to α† = u+ µ− λ , we find

df

dα
= fα(E1, α

†) = (0, 0, 0, 0)T , (36)

which gives ZT
2 .fα(E1, α

†) = 0. Thus, according to Sotomayor’s theorem for local bifurca-
tion, model (4) has no saddle-node bifurcation near disease-free equilibrium at α† = u+µ−λ.

Moreover,

Dfα(E1, α
†) =









0 −r 0 0
0 1 0 0
0 0 0 0
0 0 0 0,









(37)

then, ZT
2 [Dfm(E1, α

†)V2] = ϕ2ω2(λ− ru+ r− rµ− g)−1 6= 0. Now, considering E1, α
† and

V2 in (27) we get with Λ = λ− ru+ r − rµ− g

D2f(E1, α
†).(V2, V2) = ϕ2

2

(−4λ− 2r + 2ru− 2rµ

Λ
,
2(λ− u)

Λ
− 2q

Λ2
, 0, 0

)T

. (38)

Therefore,

ZT
2 [D

2f(E1, α
†).(V2, V2)] =

2ω2ϕ
2
2(λ− u)(λ− ru+ r − rµ− g)

(λ− ru+ r − rµ− g)2
6= 0. (39)

So, according to Sotomayor’s theorem model (4) has a transcritical bifurcation at E1

with parameter α† = u+ µ− λ, while the pitchfork bifurcation cannot occur.

5.2 Hopf bifurcations

We now try to establish whether there are parameter combinations giving sustained popu-
lation oscillations. For E1 it is not the case, since the eigenvalues are all real.

At E2, see Figure 3, we have
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Figure 3: Hopf bifurcation for point E2 for parameter values λ = β = ℓ = α = σ = γ =
θ = q = c = p = r = g = b = 0.5, a = 1, u = µ = 0.75, ν = 1.157. Initial conditions
R0 = I0 = F0 = W0 = 0.1.
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Proposition 3 Assuming that conditions (15) and (16) hold, then model (4) undergoes
Hopf bifurcation around the equilibrium point E2 when parameter m crosses the critical
positive value m> = a/

√
3.

Proof For systems in four-dimensional spaces, for a Hopf bifurcation to occur, the
following conditions should be satisfied [10, 27, 18]:

• The characteristic equation at E2 has two real and negative eigenvalues and two com-
plex eigenvalues;

• τ1(m
>) = 0;

• ( d
dm

τ1(m))|m=m> ( The transversality condition).

The stability analysis of E2 showed that we obtain two real and negative eigenvalues
and another two given by:

Λ± = τ1 ±
√

P (m), τ1 = 3m2 − a2, P (m) = 9m4 + 8a2m3 − 6a2m2 − 8a4m+ a4.

Thus, since P (m) is continuous, and P (m>) = −16a5(3
√
3)−1 < 0, there is an interval

T = (m> − ǫ,m> + ǫ) around m> , such that, P (x) < 0 whenever x ∈ T and further
τ1(m

>) = 0. Finally, the transversality condition is satisfied because

d

dm
τ1(m

>) =
3

2a
√
3
6= 0.

At E4 we can only perform numerical simulations. We present two different bifurcation
scenarios. In the first, when parameter m crosses from above the critical value m⋆

1 ≈ 0.71462
there is a transcritical bifurcation between E4 losing feasibility and E2 becoming stable.
Then whenm⋆

2 ≈ 0.578 we find a Hopf bifurcation in E2. With a further decrease ofm a four-
dimensional limit cycle arises when m⋆

3 ≈ 0.56884, Figure 4. The second situation is simply
a Hopf bifurcation in E4 when m crosses from above the critical value of m⋆

4 ≈ 0.4626875,
Figure 5.

6 Numerical results

The analysis of model (4), shows that the parameter m is crucial for the feasibility and
stability of points E1 and E2, respectively. The establishment of the disease is directly
related to the value of R0 at both points. Thus, we conduct an exploration of the parameter
space with relation to those fundamental quantities. As it will be shown in this section, the
results of the majority of the simulations can be predicted simply by the analysis of m, RE1

0

and RE2

0 .
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Figure 4: a), b), c) and d) illustrate a transcritical bifurcation between E4 and E2 for
m⋆

1 ≈ 0.71462; Hopf bifurcation for E2 when m⋆
2 ≈ 0.578; Loss of stability of the two-

dimensional limit cycle and creation of a four-dimensional limit cycle when m⋆
3 ≈ 0.56884.

The parameter values are: λ = σ = θ = r = q = g = µ = 0.5, a = 1, α = 0.6, c = 0.8289,
β = 0.2056, γ = ℓ = 0.99, b = 0.5066, ν = 0.8, p = 0.7389 and u = 0.4 . Initial conditions
R0 = I0 = F0 = W0 = 0.1.
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Figure 5: Hopf bifurcation for point E4 for parameter values λ = σ = θ = r = q = g =
µ = 0.5, a = 1, α = 0.61, c = 0.8289, β = 0.9433, γ = ℓ = 0.99, b = 0.5066, ν = 0.6833,
p = 0.7389 and u = 0.4.
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6.1 Details about the numerical implementation

To investigate the behavior of model (4) in relation to the parameters, we first separate the
simulations in two specific cases. In the first case, E1 is stable and E2 is unstable, that
is, m > a. The second case, is obtained when a/

√
3 < m < a, in which E1 is unstable

and E2 is feasible. The reason for the adoption of such thresholds comes from the analysis
of the analogous predator-prey model without the presence of disease [5]. In our model a
transcritical bifurcation E1 and E2 is observed when m = a and Hopf bifurcation occurs
when m = a/

√
3 as we can see in subsection 5.

Given the high number of parameters (18), we opt for a random exploration of the
space. In Table 2 represent the distributions adopted for each parameter.

Table 2: Distribution for the parameters in simulations using Matlab. Here, we make a ran-
dom exploration of the space to each parameter. U(x, y) stands for an uniform distribution
between x and y.

Parameters Distribution

u, q, g 50% U(0.5, 1); 50% U(1, 2)
µ, β, λ 50% U(0.1, 1); 50% U(1, 10)
a, b 50% U(0.1, 1); 50% U(1, 2)
c U(0.1, a)
m > a (case 1) U(1.1a, (2− 1.1/

√
3)a)

a/
√
3 < m < a (case 2) U(1.1a/

√
3, 0.9a)

ν U(m, 3m)

ℓ U(0.1, b)
α, σ, γ, θ, p U(0.05, 0.95)
r U(0.05, 1)

When non-dimensional parameters cross the threshold 1, it usually means a transition
between two qualitatively distinct scenarios. For this reason, the random sampling is chosen
to be half of the time in each situation. For biological reasons, some parameters are linked.
For instance, the mortality of diseased predators (ν) is greater than or equal to the mortality
of healthy predators (m).

For the numerical simulation of the system of differential equations we use the Matlab
ode45 routine. For each random combination of parameters, a random initial condition
was chosen with the distributions: R0 ∼ U(0.2, 1), I0 ∼ U(0.2, 0.6), F0 ∼ U(0.05, 1.05)
and W0 ∼ U(0.05, 0.1) (U(x, y) stands for an uniform distribution between x and y). The
choice of initial conditions with smaller predator populations is made in order to avoid
trajectories that converge to the origin, in which the approximation of the predation term
by

√
R is not valid. Given the initial conditions, the system is simulated in the time interval
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It1 = [0, 200], if such interval is not enough to find an equilibrium, another try is attempted
with It2 = [0, 2000].

Also, for each combination of parameters the equilibrium points E1, E2, E3 and E4

are estimated. For E1 and E2 the analytical formulae of section (3) are used. For the
equilibrium point E3 the quadratic equation (6) is numerically solved using the routine
ROOTS of Matlab. In sequence, the equation for I3 (5) is employed to establish if there
was any feasible equilibrium solution E3.

For the equilibrium point E4 we do not have analytic formulae. Thus, we used the
routine FMINCON of Matlab, to minimize the sum of the squares of the derivatives subject
to the conditions: R4 > 2−8, I4 > 2−8, F4 > 2−8, e W4 > 2−8. Since the results of
the minimization process depend on the initial guess, 10 starting points are taken for each
parameter combination. The distributions of the initial guesses are taken as: Rg ∼ U(0, 1),
Ig ∼ U(0, 1), Fg ∼ U(0, 1) and Wg ∼ U(0, 1). Each time, if the routine obtained with success
a solution for the minimization problem, it is stored as a candidate for equilibrium point E4.
After the 10 executions of the routine FMINCON, redundant solutions are removed from
the list of equilibrium candidates. Two solutions x1, x2 ∈ R

4 are considered redundant if

‖x1 − x2‖
‖x1‖

< 0.01.

After obtaining the list of all equilibrium candidates (from E1 to E4), again all redundant
solutions are removed, using the same criterion. For the equilibrium points E1 and E2 the
values of λE1

1 , λE1

2 , λE2

1 and λE2

2 are computed. For points E3 and E4 (possibly multiple)
the stability (eigenvalues of the Jacobian) are computed numerically.

The remaining list of candidates is then used to be compared with the result of the
numerical simulation. The relative error between all the candidate solutions and the result of
the numerical simulation is calculated. If the smallest error between the simulated solution
and the candidate solutions is smaller than 0.001, then the simulation is classified as a
success and said to converge to the candidate solution closest to the simulated solution. In
figure 6 we present a scheme on how each simulation is conducted.

As we shall show, from the results of the numerical simulations, the majority of the
results of the simulations can be predicted only by analyzing the values of m (which is a
critical ecological parameter) and the values related to the spread of the epidemy: λE1

1 , λE1

2 ,
λE2

1 and λE2

2 . We divide the discussion according to the values of those variables.

6.2 Case 1: m > a

We ran 10,000 simulations with random parameters as in Table 2, in which m > a. Of
this total, 9870 (98.7%) were concluded with success in the sense defined in section 6.1 and
Figure 6. The results can be subdivided in two main cases, one when RE1

0 < 1 and the
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Figure 6: Scheme for a numerical simulation of the system. The equilibrium points, their
stability and a simulated solution is computed. If the numerical solution converges to any
of the computed candidate equilibrium points, the simulation is classified as a success.
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other when RE1

0 > 1.

6.2.1 RE1

0 < 1:

In 6155 (63,26% ) of the total 9870 successful simulations, RE1

0 < 1. Of those, in 6143
(99.81%) the system converged to E1 while in 12 (0.19%) cases it converged to E3. To un-
derstand these results, we analyzed also the feasibility and stability of the other equilibrium
points under these conditions.

We have shown that if m > a, E2 is unfeasible, therefore, besides E1, the system could
converge to E3 or E4. We map the behavior of those other two points in the simulations.
For each simulation, we classify three possible states for the points E3 and E4:

• State 1: There are no feasible points of this type of equilibrium.

• State 2: There is at least one feasible point of this type of equilibrium, but it is
unstable.

• State 3: There is at least a feasible and stable point of this type of equilibrium.

In table 3 we present the distribution of the results for points E3 and E4. It is easy to note
that, for the vast majority of the simulations, the only feasible and stable point is E1, in
agreement with the result that 99.81 % of the simulations with RE1

0 < 1 converged to E1.

Table 3: Distribution of states of points E3 and E4 when m > a and RE1

0 < 1. The rows
and columns represent the number of times the points E3 and E4, respectively, were in the
states 1, 2 or 3. State 1: No feasible points of this type are found in the simulation. State
2: there is at least one feasible point of this type, but it is unstable. State 3: There is at
least a feasible and stable point of this type.

E3

E4 1 2 3

1 5285 (85.87%) 652 (10.59%) 199 (3.23 %)
2 0 0 2 (0.03 %)
3 16 (0.26%) 1 (0.02%) 0

The results for point E3 can be summarized as follows: in 6136 (99.69%) we have two
unfeasible points, in two (0.02%) we have two feasible and unstable points and in 17 (0.28
%) we have two feasible points of which one is stable.

The behavior of E4 can be summarized as follows. The 6155 simulations with RE1

0 < 1
are distributed as follows: 5301 (86.13 %) no feasible points are found, 628 (10.2%) one
feasible and unstable point, 25 (0.41%) two feasible and unstable points, 130 (2.11%) one

c©CMMSE ISBN: 978-84-617-8694-7Page 1346 of  2288



Luciana Mafalda Elias de Assis, Raul Abreu de Assis, Ezio Venturino

feasible and stable point, 59 (0.96%) two feasible points with one stable and 12 (0.19%)
three feasible points with one stable. Thus, in the vast majority of the simulations, E4 is
either unfeasible or unstable. We may also observe that, since E4 is calculated numerically
it can be very close to other equilibria, but not enough to be eliminated as redundant from
the candidate list.

6.2.2 RE1

0 > 1:

In this particular case it is possible to show that there exists a unique feasible point E3 in
the form (R3, I3, 0, 0) (see section 3.2).

In 3715 (37.64%) of the total 9870 successful simulations, RE1

0 > 1. Of those, in 3567
(96.02%), the system converges to E3 and in 148 (3.98%) it converges to E4. In this case,
E1 is unstable, E2 is unfeasible and the equilibria for which the solution could converge are
only E3 or E4.

In Table 4 we present the distribution of the results for points E3 and E4, observing
that E3 can never be unfeasible in this case. It is easy to note that, for the vast majority of
the simulations, the only feasible and stable point is E3, in agreement with the result that
96.02 % of the simulations with RE1

0 > 1 converges to E3. The only cases in which we have
convergence for E4 is in when E3 is unstable.

Table 4: Distribution of states of points E3 and E4 when m > a and RE1

0 > 1.

E3

E4 1 2 3

2 0 0 148 (3.98%)
3 3050 (82.10%) 302 (8.13%) 215 (5.79%)

The results for point E3 can be summarized as follows: in 148 (3.98%) simulations we
have one feasible and unstable point and in the other 3567 (96.02%) we obtain one feasible
and stable point.

The behavior of E4 can be summarized as follows. Of the total 3715 simulations with
RE1

0 > 1 we have: 3050 (82.10%) no feasible point found, 282 (7.59 %) one feasible and
unstable point, 14 (0.38 %) two feasible and unstable points, 6 (0.16%) three feasible and
unstable points, 306 (8.24%) one feasible and stable point, 50 (1.35%) two feasible points
with one stable, 2 (0.05%) three feasible points with one stable, 3 (0.08 %) four feasible
points with one stable and 2 (0.05%) two stable and feasible points.

6.2.3 Sensitivity analysis

Since RE1

0 has a fundamental role in the determination of the behavior of the system, we
can discuss its sensibility in relation to the parameters. In the first place, it is worth to
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note that, as shown in section 4.1 in this case, λE1

2 < 1. Therefore, point E1 can only be
destabilized through λE1

1 . The explicit relation of equation (23) indicates that λE1

1 should
be sensible to parameters α and λ with a positive correlation and to parameters u and µ
with a negative correlation.

For each of the 9870 successful simulations, λE1

1 is computed. Using this collection of
values, we calculate the slope of the linear regression of λE1

1 with each of the parameters.
In table 5 we present the coefficients. As expected, the strongest correlations are those of
parameters α, λ, u and µ.

Table 5: Regression slopes of λE1

1 for each parameter.

Parameter α σ γ q u g
Slope 0.4576 0.0642 0.1734 -0.0188 -0.6930 -0.0080

Parameter p a c θ r m
Slope -0.0013 0.0899 0.0503 0.0202 0.0720 0.0643

Parameter λ β ν µ ℓ b
Slope 0.4156 0.0045 0.0283 -0.2584 -0.0103 -0.0153

6.3 Case 2: a/
√
3 < m < a

We ran 10,000 simulations with random parameters as in table 2, in which m < a. Of this
total, 9001 (90.1%) are successul in the sense defined in section 6.1 and Figure 6. In this
case, E1 is always unstable, the stability of E2 hinges on RE2

0 and the distribution of the
convergences is more complex than when m > a. Again, we discuss separately the two cases
RE2

0 < 1 and RE2

0 > 1.

6.3.1 RE2

0 < 1:

In 4598 (51,08% ) of the total 9001 successful simulations, RE2

0 < 1. Of those, in 4581
(99.63%) the system converges to E2, in 16 (0.35%) cases it converges to E3 and in 1
(0.02%) case it converges to E4. To understand these results, we analyze also the feasibility
and stability of the other equilibrium points under these conditions.

We have shown that if m < a, E1 is unstable, therefore, besides E2, the system could
converge to E3 or E4. Just as in the examples above, we map the behavior of those other
two points in the simulations. In table 6 we present the distribution of the results for points
E3 and E4. It is easy to note that, for the vast majority of the simulations, the only feasible
and stable point is E2, in agreement with the result that 99.63 % of the simulations with
RE2

0 < 1 converged to E2.
The results for point E3 can be summarized as follows. Of the total 4598 simulations

with RE2

0 < 1 we obtain: 4028 (87.60%) two unfeasible points, 544 (11.83%) one feasible
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Table 6: Distribution of states of points E3 and E4 when m < a and RE2

0 < 1.

E3

E4 1 2 3

1 3600 (78.29%) 273 (5.94%) 155 (3.37 %)
2 406 (8.83 %) 63 (1.37 %) 78 (1.70 %)
3 2 (0.04%) 20 (0.43%) 1 (0.02%)

and unstable point, 12 (0.26 %) one feasible and stable point, 3 (0.07%) two feasible and
unstable points and 11 (0.24% ) two feasible points with one stable.

The behavior of E4 can be summarized as follows. The 4598 simulations with RE2

0 < 1
are distributed in this form: 4008 (87.17 %) no feasible points are found, 346 (7.53%) one
feasible and unstable point, 9 (0.2%) two feasible and unstable points, 1 (0.02%) three
feasible and unstable points, 207 (4.5%) one feasible and stable point, 26 (0.57%) two
feasible points with one stable and 1 (0.02%) two feasible and stable points. Thus, in the
vast majority of the simulations, E4 is either unfeasible or unstable.

6.3.2 RE2

0 > 1:

In 4403 (48.92% ) of the total 9001 successful simulations, RE2

0 > 1. Of those, in 2255
(51.22%) the system converges to E4, in 2137 (48.54%) cases it converges to E3 and in 12
(0.25%) case it converges to E2. In the cases where the solution converge to E2, despite its
instability, were due to the fact that RE2

0 is close to one, so the numerical solution remains
quasi-stationary close to E2 for a long period of time, in that time the relative error between
E2 and the numerical solution is estimated and found to be smaller than 0.001. Below, we
present the analysis of the stability of the other equilibrium points in those simulations.

In table 7 we present the distribution of the results for points E3 and E4.

Table 7: Distribution of states of points E3 and E4 when m < a and RE2

0 > 1.

E3

E4 1 2 3

1 0 8 (0.18%) 1518 (34.48 %)
2 0 0 622 (14.13 %)
3 1483 (33.68%) 346 (7.86%) 426 (9.68%)

The results for point E3 can be summarized as follows. Of the total 4403 simulations
with RE2

0 > 1 we obtain: 1526 (34.66%) two unfeasible points, in 620 (14.08%) one feasible
and unstable point, 2248 (51.06%) one feasible and stable point, 2 (0.05%) two feasible and
unstable points and 7 (0.16% ) two feasible points with one stable.
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The behavior of E4 can be summarized as follows. The 4403 simulations with RE2

0 > 1
are distributed in this form: 1483 (33.68 %) no feasible points are found, 331 (7.52%) one
feasible and unstable point, 20 (0.45) two feasible and unstable points, 2 (0.05%) three
feasible and unstable points, 1 (0.02%) 5 feasible and unstable points, 2032 (46.15%) one
feasible and stable point, 493 (11.20%) two feasible points with one stable, 28 (0.64%) three
feasible points with one stable, 4 (0.09%) four feasible points with one stable, 1 (0.02%) five
feasible points with one stable, 4 (0.09%) two feasible and stable points, 3 (0.07%) three
feasible points with two stable ones and 1 (0.02%) four feasible points with two stable ones.

6.3.3 Sensitivity analysis

In this case, there is not a clear behavior of convergence dependent only on the value of
RE2

0 . In fact, it is possible to predict the vast majority of the results (see section 6.4) if we
analyze the three eigenvalues λE1

1 , λE2

1 and λE2

2 . Therefore, we present in Tables 8 and 9,
the analysis of sensitivity for λE2

1 , λE2

2 . The sensitivity results for λE1

1 are very similar to
the case were m > a (case 1).

Table 8: Regression slopes of λE2

1 for each parameter.

Parameter α σ γ q u g
Slope 0.4764 0.2535 -1.0134 0.1274 -0.1382 0.1062

Parameter p a c θ r m
Slope - 0.6685 -4.8558 -3.8989 -0.1514 0.0643 -6.1289

Parameter λ β ν µ ℓ b
Slope 0.0841 0.6735 -2.2916 -0.0819 0.0761 -0.0622

Table 9: Regression slopes of λE2

2 for each parameter.

Parameter α σ γ q u g
Slope 0.5313 0.0484 -0.0187 -0.0313 -0.3421 -0.0486

Parameter p a c θ r m
Slope -0.0726 0.2256 0.1760 0.0122 0.0105 0.3220

Parameter λ β ν µ ℓ b
Slope 0.2590 0.0036 0.1006 -0.1795 -0.2026 -0.2385

6.4 Behavior based on m, λE1

1 , λE2

1 and λE2

2

Based on the results of the simulations and the stability analysis of the equilibrium points
it is possible to suggest a prediction rule based on the values of λE1

1 , λE2

1 and λE2

2 . In Figure
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(7) we present the way in which the behavior of the system can be classified. We show
that, for the vast majority of the parameter space that was explored in this work, a simple
analysis of the values of m, λE1

1 , λE2

1 and λE2

2 is enough to predict the model’s behavior.
The scheme was successful in predicting the outcome of the numerical simulations in 96.35%
of the simulations.

Figure 7: Scheme for a numerical simulation of the system. The equilibrium points, their
stability and a simulated solution is computed. If the numerical solution converges to any
of the computed candidate equilibrium points, the simulation is classified as a success.

7 Conclusions

In this work we presented an model for the study of prey-predator dynamics with the pres-
ence of disease and herd behavior. The theoretical analysis and the numerical simulations
suggest that, in the majority of the parameter combinations studied, the behavior of the
model can be predicted by the analysis of just four fundamental quantities in the system
(m, λE1

1 , λE2

1 and λE2

2 ).

The first fundamental quantity is the natural mortality rate of predators, which is crucial
to define the survival of the predator species. Since the mortality of diseased predators is
supposed to be equal or higher than the the mortality of healthy ones, parameter m plays
a determinant role in the dynamics of the system.
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The second, third and fourth fundamental quantities are the values of R0 (basic repro-
duction number) calculated in the two disease-free equilibria of the system (E1 and E2):
RE1

0 and RE2

0 . Sensitivity analysis through linear regression between the parameters has
shown that the parameter with the strongest influence is RE1

0 .

Parameters α and λ are related to the vertical and horizontal transmission rates, re-
spectively, and have a positive correlation with RE1

0 . Parameters u (influence intra-specific
competition between healthy and diseased prey on the infected prey population) has a
negative effect on the spread of the disease. Therefore, it is clear that a species with the
behavior of marginalizing or being hostile to the diseased individuals reduces the chance of
permanence of an epidemics in the population.

The analysis of sensitivity for RE2

0 , involves two eigenvalues λE2

1 and λE2

2 . The strongest
positive correlation between the first one and the parameters occurs for parameters α and
β. Thus, again, vertical transmission in prey plays an important role in the maintenance of
the disease. Interestingly, the horizontal transmission in the predator population (β) plays a
more important role in the destabilization of the disease-free coexistence than the horizontal
transmission between prey (λ). Strong negative correlations were observed for parameters a
and m. For the sensitivity of λE2

2 , again, α displayed a strong positive correlation, followed
by parametersm and λ (horizontal transmission). Parameters u and b (mortality of diseased
predators ) displayed the strongest negative correlation.

Given the importance of parameters α, λ and u, our results suggest that the removal
of diseased-prey may be the most effective strategy to lead the system to a disease-free
equilibrium.
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Abstract

We study the local convergence of a Newton-like method of convergence order six
to approximate a locally unique solution of a nonlinear equation. Earlier studies show
convergence under hypotheses on the seventh derivative or even higher. The convergence
in this study is shown under hypotheses on the first derivative although only the first
derivative appears in these methods. Hence, the applicability of the method is expanded.

Key words: Newton-like method, local convergence, Stolarky means, Gini means,
efficiency index
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1 Introduction

In this study we are concerned with the problem of approximating a locally unique solution
ξ of equation

F (x) = 0, (1.1)

where F is a differentiable function defined on a convex subset D of S with values in S,
where S is R or C.

Many problems from Applied Sciences including engineering can be solved by means of
finding the solutions of equations in a form like (1.1) using Mathematical Modelling [4, 5].
For example, dynamic systems are mathematically modeled by difference or differential
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equations, and their solutions usually represent the states of the systems. Except in special
cases, the solutions of these equations can be found in closed form. This is the main reason
why the most commonly used solution methods are usually iterative. The convergence
analysis of iterative methods is usually divided into two categories: semilocal and local
convergence analysis. The semilocal convergence matter is, based on the information around
an initial point, to give criteria ensuring the convergence of iteration procedures. A very
important problem in the study of iterative procedures is the convergence domain. In general
the convergence domain is small. Therefore, it is important to enlarge the convergence
domain without additional hypothesis. Another important problem is to find more precise
error estimates on the distances ‖xn+1 − xn‖, ‖xn − ξ‖. These are with the study of the
dynamical behavior our objectives in this paper.

The most popular method for approximating a simple solution ξ of equation (1.1) is
undoubtedly Newton’s method defined for all n = 0, 1, 2, . . . by

xn+1 = xn −
F (xn)

F ′(xn)
, (1.2)

where x0 is an initial point. Newton’s method converges quadratically to ξ [4, 5] provided
that F ′ does not vanish in D and x0 is close enough to ξ. To obtain higher order of
convergence many third order methods have been proposed [1]– [6].

These methods look like

xn+1 = xn −
F (xn)

F ′(xn)
Γ (s(xn)), (1.3)

where

s = s(x) =
F ′
(
x− F (x)

F ′(x)

)
F ′(x)

and only differ in the choice of function Γ .
Recently the method defined for all n = 0, 1, 2, . . . by

xn+1 = xn −B(xn) F (xn)
F ′(xn)

, (1.4)

where

B(x0) = Γ (s(x0)) +
F
(
x0 − F (x0)

F ′(x0)
Γ (s(x0))

) [
F ′
(
x0 − F (x0)

F ′(x0)

)
+ F ′(x0)

]
F (x0)

[
3F ′

(
x0 − F (x0)

F ′(x0)

)
− F ′(x0)

]
was studied in [7]. The sixth order of convergence was shown under hypotheses reauhing
up to the seventh derivative of the function F. In terms of the computational cost, method
(1.4) require two function evaluations and two first derivative evaluations per iterations.
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Therefore, the efficiency index is 61/4 ≈ 1.56508 provided that evaluations of functions such
as exp, ln or mth root are negleited.

In the present study we first study the local convergence of method (1.4) using hypothe-
ses up to the first derivative of function F. We also provide the radius of the convergence
ball, computable error bounds on the distances involved and a uniqueness of the solution
result. Such results were not given in [7] or the earlier related studies [8], [9]. This way we
expand the applicability of method (1.4). It is convenient for us to simplify method (1.4)
and study the equivalent method defined for all n = 0, 1, 2, . . . by

yn = xn −
F (xn)

F ′(xn)
,

zn = xn −
F (xn)

F ′(xn)
Γ (s(xn)) ,

xn+1 = zn −
s(xn) + 1

3s(xn)− 1

F (zn)

F ′(xn)
,

(1.5)

where s(xn) is defined in method (1.3).

2 Main result

Let F : D ⊂ X → Y be a continuously Fréchet-differentiable operator, X,Y be Banach
spaces and D an open, convex subset of X. Consider (1.1) rewritten

yn = xn − F ′(xn)−1F (xn),
zn = xn − Γ(F ′(xn)−1(F ′(xn − F ′(xn)−1F (xn))F ′(xn)−1F (xn),
xn+1 = zn − (3s(xn)− I)−1(s(xn) + I)F ′(xn)−1F (zn),

(2.1)

where s(x) = F ′(x)−1F ′(x− F ′(x)−1F (x)) and Γ(·) : X → L(Y,X) is a linear operator.
Next, using the preceding notation we can show the local convergence result for method

(2.1).

Theorem 1 Let F: U(ξ,R0) ⊆ X → Y be Fréchet-differentiable. Suppose that there exist
ξ ∈ D, L0 > 0 such that for each x ∈ U(ξ,R0):

F (ξ) = 0 (2.2)

F ′ (ξ) 6= 0, (2.3)∥∥∥F ′(ξ)−1 (F ′ (x)− F ′ (ξ))
∥∥∥ 6 L0 ‖x− ξ‖ . (2.4)

Moreover, suppose that there exist L > 0, M ≥ 1 , {sn} and functions Γ(·) : X → L(Y,X),

A:
[
0, 1

L0

)
→
[
0, 1

M

)
continuous and non-decreasing such that for each x, y ∈ U(ξ, 1

L0
) ∩

U(ξ,R0) ∥∥∥F ′(ξ)−1 (F ′ (x)− F ′ (y))
∥∥∥ 6 L ‖x− y‖ , (2.5)
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∥∥∥F ′(ξ)−1F ′(x)
∥∥∥ 6M, (2.6)

and

|1− Γ (s(x))| 6 A(‖x− ξ‖)‖x− ξ‖. (2.7)

Then, sequence {xn} generated by method (1.5) for x0 ∈ U (ξ, r)\{ξ} remains in U (ξ, r) for
each n = 0, 1, 2, . . . and converges to ξ where r is defined in (2.1). Moreover, the following
estimates for each n = 0, 1, 2, . . .

‖yn − ξ‖ 6 g1 (‖xn − ξ‖) ‖xn − ξ‖ ≤ ‖xn − ξ‖ < r, (2.8)

‖zn − ξ‖ 6 g2 (‖xn − ξ‖) ‖xn − ξ‖ ≤ ‖xn − ξ‖ (2.9)∥∥∥(3F ′(yn)− F ′(xn))−1 (2F ′ (ξ))
∥∥∥ 6 1

1−g0(‖xn−ξ‖) (2.10)

and

‖xn+1 − ξ‖ 6 g3 (‖xn − ξ‖) ‖xn − ξ‖ ≤ ‖xn − ξ‖ , (2.11)

where

g1(t) =
Lt

2 (1− L0t)
, g2(t) =

Lt+ 2MA(t)

2 (1− L0t)
, h2(t) = g2(t)− 1

r1 =
2

2L0 + L
<

1

L0
g0(t) =

L0

2

(
3

2
Lt+ 1

)
th0(t) = g0(t)− 1

r0 =
4L0L

L0 +
√
L2
0 + 12L0L

g3(t) =

[
1 +

ML0 (1 + g1(t))

2(1− L0t)(1− g0(t))

]
g2(t) =

1

2(1− L0t)

[
1 +

ML0 (1 + g1(t)) t

2(1− L0t)(1− g0(t))

]
(Lt+ 2MA(t))

h3(t) = g3(t)− 1.

r = min {ri} , i = 0, 1, 2, 3.

and

R0 := sup{t ∈ [0, R) : U(ξ, t) ⊆ D}.

Furthermore for T ∈ [r, 2
L0

), the vector point ξ is the only solution of equation F (x) = 0 in

U (ξ,R0) ∩ U(ξ, T ).
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Abstract

The principle aim of this manuscript is to propose a scheme that can be applied
to any optimal iteration function of order eight or a family of eighth-order methods to
further develop new interesting optimal method/family of iterative methods of order
sixteen. The proposed scheme requires four evaluations of the involved function and
one evaluation of its first-order derivative, being optimally consistent with the conjec-
ture of Kung-Traub. In addition, theoretical and computational properties are fully
investigated along with a main theorem describing the order of convergence of the pro-
posed scheme. Moreover, the conjugacy maps and the strange fixed points of some
iterative methods are discussed, their basins of attractions are also given to show their
dynamical behavior around the simple roots. From the numerical experiments, we find
that our proposed schemes perform better than the existing ones when we checked the
performance of the proposed methods on a variety of nonlinear equations.

Key words: Efficient method, high order, nonlinear equations,
MSC 2000: 65D10, 65D99, 65G99, 90C30

1 Introduction

The conceptualization and construction of multi-point solution techniques have always
been a paramount importance in the field of numerical analysis that provide more accurate
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and efficient approximate solution ξ of nonlinear equation of the form

f(x) = 0, (1.1)

where f : D ⊆ R→ R is a nonlinear sufficiently differentiable function in an interval D. This
topic has attracted the attention of many researchers from the worldwide, when Traub [9]
initiated the qualitative as well as the quantitative analysis of iterative methods.

In the past, Ostrowski was the first mathematician who proposed an optimal fourth-
order multi-point method which requires only three functional evaluations. On the other
hand, Jarratt [3,4], in 1966 and King [6], in 1975, had also proposed various optimal fourth-
order multi-point methods. King further showed that Ostrowski’s method a particular case
of his proposed family.

Due to the advancement of digital computer, advanced computer arithmetics and sym-
bolic computation, with in the last two decade a large number of optimal eighth-order
methods have been proposed by various authors. Most of them are the extension of New-
ton’s method or Newton like method at the expense of additional functional evaluations or
increase the sub step of the original methods.

In recent years, some researchers like Guem and Kim [1, 2], Sharma et al. [8], Ullah
et al. [10], have also proposed optimal sixteen order extension of Newton’s method. Kung
and Traub [7], proposed two general classes of m-point iterative methods with optimal
convergence order of 2m−1 with first-order derivative and without derivative. Nowadays,
obtaining new four-step optimal methods of order sixteen not requiring the computation of
second derivative, is very important and interesting task from the computational point of
view because the efficiency indices of all the proposed methods is E = 5

√
16 ≈ 1.741, far

better than the classical Newton’s method E ≈ 1.414 and they converge very fast towards
the required root. Sharma et al. [8] and Ullah et al. [10], have proposed sixteen-order
modification of fourth-order King’s method. On the other hand, Guem and Kim [1,2] have
given sixteen-order modification of of a particular fourth and eight-order iterative methods.
However, Kung-Traub [7] also given two general classes of m-point iterative methods with
optimal convergence order of 2m1. But that is the modification of Newton’s method at every
step. According to our knowledge, no one given a general scheme which will be applicable on
any optimal eight-order methods to further extend sixteenth-order optimal method whose
first sub step should be Newton’s method.

In order to develop a new scheme, it is quite often to approximate functions. Sev-
eral types of approximations are available in the literature for e.g. Functional approach,
Sampling approach, Geometric approach, Weight function approach, Adomain approach,
Composition approach and Rational function approach. Every approach have some ad-
vantageous and disadvantageous because it’s dependent on the considered problem. The
choice of suitable approximation approach can save considerable amount of computation.
Rational function approach is one of the most important techniques in numerical analysis
for approximating the function or to find the next approximation.
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According to our knowledge, Jarratt and Nudds [5] were the first persons who used this
approach for developing new schemes with higher-order convergence. The rational function
operator have the property of being unitary. The reason behind this, we have to find the
same number of undermined constants in the same number of linear independent equations.
These linear independent equations can be formed with the help of tangency conditions. In
general, the number of tangency conditions are equal to number of undetermined constants.
Further, we will get an improved method with higher-order convergence as we increase the
number of undetermined constants in the rational function.

Therefore, we are interested to develop a scheme that can be applied on any eighth-
order optimal method/family of methods whose first sub -step should be Newton’s method
to get further optimal family of sixteen-order method instead of applying that approach
only on any particular iterative method. The derivation of the proposed scheme is based on
the concept of the rational approximations. The beauty of the proposed scheme is that it is
applicable to every optimal scheme of order eight whose first sub step should be Newton’s
method.

2 Development of sixteenth-order optimal scheme

We propose an optimal sixteenth-order family of iterative methods. Therefore, we consider
a eighth-order scheme in the following way

yn =xn −
f(xn)

f ′(xn)
,

zn =ψ4(xn, yn),

tn =φ8(xn, yn, zn).

(2.1)

For getting the next approximation xn+1 to a root, we consider the following rational
function

w(x) =
(x− xn) + α1

α2(x− xn)3 + α3(x− xn)2 + α4(x− xn) + α5
, (2.2)

where α1, α2, α3, α4 and α5 can be determined by imposing the following tangency
conditions

w(xn) = f(xn), w′(xn) = f ′(xn), w(yn) = f(yn), w(zn) = f(zn), w(tn) = f(tn). (2.3)

Now, we shall find the next approximation xn+1 by using the above rational function (2.2).
Further, let us assume that this function meets the x – axis at x = xn+1, we have

w(xn+1) = 0, (2.4)

which further yields
xn+1 = xn − α1. (2.5)
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It is straight forward to say that from the above equation (2.5), that if we get the value
of disposable parameter α1 then our main target is achieved. In order to achieve this, we
impose the first two tangency conditions defined in equation (2.3), to obtain

α1 = α5f(xn), α4 =
1− α5f

′(xn)

f(xn)
. (2.6)

From the last three tangency conditions, we get

f(yn)
[
f ′(xn)

(
f ′(xn)

(
2α5f

′(xn)− 1
)

+ α3f(xn)2
)
− α2f(xn)3

]
= f ′(xn)2f(xn)

(
α5f

′(xn)− 1
)
,

f(zn)

[
(1− α5f

′(xn))(zn − xn)

f(xn)
+ α2(zn − xn)3 + α3(xn − zn)2 + α5

]
= α5f(xn) + zn − xn,

f(tn)

[
(1− α5f

′(xn))(tn − xn)

f(xn)
+ α2(tn − xn)3 + α3(tn − xn)2 + α5

]
= α5f(xn) + tn − xn.

(2.7)
By eliminating α2 and α3 from the above equations, we obtain the following value of α5

α5 =
anbn

(
u1f(xn)2f(yn) + u2f

′(xn)f(tn)f(zn)
)

v1f(xn)3 + v2f ′(xn)f(tn)f(zn)
(2.8)

where
u1 = f(tn)

(
b2nf
′(xn)+bnf(xn)−cnf(zn)

)
+an

(
f(xn)−anf ′(xn)

)
f(zn), u2 = anbncnf

′(xn)
(
f(yn)−

f(xn)
)
+cnf(yn)f(xn)(an−bn), v1 = f(yn)

[
bnf(tn)

(
b2nf
′(xn) + bnf(xn)− cnf(zn)

)
+
(
a3nf

′(xn)+
cnanf(tn)−a2nf(xn)

)
f(zn)

]
, v2 = a2nb

2
ncnf

′(xn)2
(
2f(yn)−f(xn)

)
+anbncn(2an−cn)f ′(xn)f(yn)f(xn)+

cn
(
anbn − ancn − b2n

)
f(yn)f(xn)2, an = xn − zn, bn = tn − xn, cn = tn − zn.

Finally, we obtain the new optimal scheme of order sixteen by using the equation (2.8), we
yield

yn =xn −
f(xn)

f ′(xn)
,

zn =ψ4(xn, yn),

tn =φ8(xn, yn, zn),

xn+1 =xn − α5f(xn).

(2.9)

where α5 is previously defined in equation (2.8). The following theorem 1 demonstrates
that the order of convergence will reach at the optimal eighth-order without using any more
functional evaluations.

Theorem 1 Let f : R→ R has a simple zero ξ and is a sufficiently differentiable function
an interval containing ξ. Further, assume that φ4(xn, yn) and ψ8(xn, yn, zn) are any
optimal scheme of order four and eight-order, respectively. In addition, we also consider
that initial guess x = x0 is sufficiently close to ξ for the guaranteed convergence. Then, the
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iterative scheme defined by (2.9) has an optimal sixteenth-order convergence and satisfy the
following error equation

en+1 =c2
(
c42 − 3c3c

2
2 + 2c4c2 + c23 − c5

)
A0B0e

16
n +

[
c52(c1B0 + c0B1)− 4c62c0B0 + 16c3c

4
2c0B0

− c32{10c4c0B0 + 3c3(c1B0 + c0B1)}+ 2c22{(−7c23c0B0 + 3c5c0B0 + c4(c1B0 + c0B1)}
+ c2{c23(c1B0 + c0B1) + 8c4c3c0B0 − 2c6c0B0 − c5(c1B0 + c0B1)}+ 2c3(c

2
3 − c5)c0B0

]
e17

+O(e18n ),
(2.10)

where en = xn − ξ and cj = f (j)(ξ)
j!f ′(ξ) for j = 2, 3, . . . , 16.
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Abstract

In this work the problem of testing the equality of several covariance matrices is
addressed. Using an expansion of the ratio of two gamma functions, new approximations
for the distribution of the test statistic are derived. These approximations are obtained
using a new representation of the Fourier transform of the density function the logarithm
of the test statistic which is based on products of ratios of gamma functions. The
approximations developed are simple, precise and easy to implement.

Key words: asymptotic expansions, Fourier transforms, gamma function, generalized
Bernoulli polynomials, likelihood ratio test, mixtures, ratio of gamma functions

1 Introduction

The ratio of two gamma functions appears in different problems and applications of math-
ematics. In statistics, among other possible applications, we show that it is possible to
represent the Fourier transform of the density of the logarithm of the likelihood ratio test
statistic used to test the equality of several covariance matrices in the form of products of
ratios of gamma functions. Using an expansion for the ratio of two gamma functions given
in [10] it is possible obtain a representation for the product of ratios of gamma functions
which will enable us to derive simple and precise approximations for the distribution of
the likelihood ratio test statistic. A similar procedure was also used in related problems
in [3] and [7]. For other interesting results on the ratio of two gamma functions please see
[1, 4, 5, 9]. A simple illustration of the procedure used will be given in the next sections.
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2 Expansion for the ration of two gamma functions

In 1951, Tricomi and A. Erdélyi, obtained a representation, for the ratio of two gamma
functions, in terms of generalized Bernoulli polynomials, which is given by (see [6] and [10])

Γ(z + a)

Γ(z + b)
= za−b

M−1∑
k=0

(−1)kBa−b+1
k (a)(b− a)k

k!
z−k + za−bO(z−M ) (1)

with |arg(z+ a)| ≤ π− ε, ε > 0 and where By
n(x) are the generalized Bernoulli polynomials

which can be defined through the equality (see [6])

tyext

(et − 1)y
=

∞∑
k=0

tk

k!
By

k(x), |t| < 2π .

The expansion in (1) may be used to developed a representation for the product of ratios
of gamma functions which will enable the development of approximations for the likelihood
ratio test statistic used to test the equality of several covariance matrices. The procedure
is briefly illustrate in Section 3.

3 Asymptotic approximations for the likelihood ratio test
statistic

Let us assume we have q independent samples, N1, . . . , Nq, from q multivariate Normal pop-
ulations, Np

(
µ,Σ

)
. As it is referred in [2] the multivariate normal distribution assumption

can be extended to a more general assumption of elliptically contoured distributions. The
null hypothesis is

H0 : Σ1 = . . . = Σq .

The modified likelihood ratio test statistic is given by (see [8])

Λ =
NNp/2

q∏
k=1

n
nkp/2
k

q∏
k=1

|Ak|nk/2

|A|N/2
with N =

q∑
k=1

nk , nk = Nk − 1 , k = 1, . . . , q , (2)

and where Ak is the matrix of corrected sums of squares and products formed from the
k-th sample and A = A1 + . . . + Aq. For our purposes it is useful to consider the random
variable W = − log Λ, and it can be shown that its characteristic function can be written
in the following form

ΦW (t) =

p∏
j=1

q∏
k=1

nk∏
`=1

Γ (αjk` + βjk`) Γ
(
αjk` − it

2

)
Γ (αjk`) Γ

(
αjk` + βjk` − it

2

) (3)
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for some parameters αjk` and βjk`. If these parameters were all positive the expression in (3)
would correspond to the characteristic function of the sum of independent logbeta distribu-
tions, however these parameters are not all positive. Nevertheless, it is possible to observe
that the representation in (3) is based on products of ratios of gamma functions and thus,
using the expansion in (1), it is possible to obtain a new representation for the characteristic
function which is a mixture of gamma distributions with the same rate parameter. This
feature together with the well known matching moments technique, will enable the deriva-
tion of asymptotic approximations in the form of mixture gamma of distributions, all with
the same rate parameter, λ, with shape parameters rj and with weights πj , j = 1, . . . ,m,
that is

m∑
j=0

πj λ
rj

(
λ− it

2

)−rj

. (4)

The matching moments technique will be used to determine the parameters in (4). One
should note that in [2] the authors already developed very impressive and precise near-exact
distributions for the test statistic. However, in the unbalanced case, the approximations
obtained using the procedure described in this paper are much simpler and even more
precise.

4 Conclusion

The approximations obtained using procedure described in this paper are simple and of easy
computational implementation, since they are standard mixtures of gamma distributions
and, in addition, they are extremely precise. The main contribution of these results is
for the unbalanced case (the case where the samples may not have the same size) where is
possible to obtain a significant improvement of the results already available in the literature,
however even in the balanced case these approximations are very precise.
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Abstract

In this work we study a viscous Cahn-Hilliard equation from the point of view of Lie
symmetries in partial differential equations. A classification of Lie symmetries is found
applying the classical Lie method. These symmetries allow the obtaining of travelling
wave solutions. On the other hand, we analyze conservation laws using multipliers
method proposed by Anco and Bluman. Afterwards, it is possible to calculate potential
symmetries of the equation from the corresponding conserved systems.

Key words: nonlinear partial differential equation, Lie symmetries, Conservation
laws, travelling wave solutons, multipliers method

In [8] the authors investigated different singular limits of an initial–boundary value
problem of the viscous Cahn–Hilliard equation

νut = ∆(ϕ(u)− α∆u+ βut), (1)

where u is the solute concentration at point x, t is the time, ϕ(u) is a “homogeneous free
energy” and α/2 is the gradient energy coefficient describing the contribution of the diffuse
interface to the decomposition, βut is the viscous term and ν = 1− β.
If ν = 1 and β = 0, then the Cahn–Hilliard equation is

ut = ∆(ϕ(u)− α∆u). (2)

This equation was introduced to study phase separation in binary alloys glasses and poly-
mers and is a good approach to spinodal decomposition [7]. In [6], the authors obtained
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classical and nonclassical symmetries of the equation and reduced the equation to ordinary
differential equations.

In this paper we solve a group classification problem for equation (1), by studying those
diffusion coefficients f(u) which admit classical symmetries. Both the symmetry group and
the diffusion coefficients will be found through consistent applications of the Lie-group
formalism. We determine conservation laws of equation (1) by using the general multipliers
method for this equation.

1 Lie symmetries

Lie group analysis [1, 2, 3, 4, 5, 10] is the most powerful tool to find the general solution
of partial differential equations. We consider a one-parameter Lie group of infinitesimal
transformations in (x, t, u). The associated Lie algebra of infinitesimal symmetries is the
set of vector fields of the form

V = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t
+ φ(x, t, u)

∂

∂u
, (3)

where ξ(x, t, u), τ(x, t, u) and φ(x, t, u) are the infinitesimals. By requiring that this trans-
formation leaves invariant the set of solutions of (1) we obtain an overdetermined, linear
system of equations for the infinitesimals. This transformation leaves invariant the set of
solutions of (1). After solving the determining equations, we give the following classification:

• For f(u) arbitrary, the only symmetries admitted by equation (1) are the groups of
space and time translations, which are defined by the infinitesimal generators

V1 =
∂

∂x
, V2 =

∂

∂t
.

In this case, we obtain travelling wave reductions,

z = x− λt, u = h(z),

where h(z), after integrating once with respect to z, satisfies

αh′′′′ + λβ h′′′ − ϕh h
′′ − ϕhh

(
h′
)2 − λν h′ = 0. (4)

Equation (4) is invariant under translations, what allows us to reduce the order by
one.

• For β = 0, the only functional forms of f(u), with f(u) 6= const., for which equation
(1) has extra symmetries are f(u) = (au + b)n and f(u) = deau, where a, b, d, n are
constants, a 6= 0, d 6= 0. These symmetries were obtained in [6]. For equation (4)
it is possible to determine the form of the function f for which we can apply the
simplest equation method. This method enables us to obtain exact travelling wave
solutions for this class of nonlinear partial differential equations containing polynomial
nonlinearities.
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2 Conservation laws

We apply the direct method of the multipliers to set up the standard determining equations
for finding the conservation laws admitted by equation (1) [1, 2, 3, 4, 5]. We find all
multipliers by solving the determining equation

δ

δu

(
(νut −∆(ϕ(u) + α∆u− βut))Q

)
= 0. (5)

The nontrivial conservation laws are characterized by the multiplier Q satisfying

Ê[u] (Q(νut −∆(ϕ(u) + α∆u− βut))) = 0,

where

Ê[u] :=
∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

x

∂

∂uxx
+ . . . .

The conservation laws can be written

DtT +DxX = 0. (6)

Given a multiplier Q, we can obtain the conserved density using a standard method

T =

∫ 1

0
dQ uQ(x, t,Qu,Qux, Quxx, ...)

and the flux X by

X = −D−1x (Q(νut −∆(ϕ(u) + α∆u− βut))−
∂T

∂ux
(νut −∆(ϕ(u) + α∆u− βut)

+(νut −∆(ϕ(u) + α∆u− βut)Dx

(
∂T

∂uxx

)
+ . . . .

From conservation laws, by using the corresponding conserved (potential) systems we can
obtain potential symmetries of equation (1).
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Abstract

In this paper a three dimensional non linear ODE system is analysed. The model
describes the interaction between the orange tree and two different microorganisms
present on it: a pathogen fungus Guignardia citricarpa and a beneficial one Trichoderma
harzianum T1A. Five different equilibrium points are found plus the trivial one. The
feasibility conditions are needed only for the coexistence equilibrium. Their stability is
analysed, only the pathogen fungus-free point and the coexistence equilibrium point are
conditionally asymptotically stable while the remaining equilibrium points are unstable.

Key words: orange tree, Guignardia citricarpa, Trichoderma harzianum T1A, math-
ematical model

1 Introduction

We consider a mathematical model that describes the behaviour of a biological system
composed by an orange tree, a pathogen fungus, Guignardia citricarpa, and a beneficial one,
Trichoderma harzianum T1A. We assume that the orange tree is attacked by the pathogen
fungus, this attack can be less disastrous if there is a beneficial fungus that secretes proteins
related to the control of G. citricarpa. Furthermore we assume that the beneficial fungus
has a good influence on the reduction of damage of the tree due to the pathogen fungus,
[1].
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2 The model

Let us denote the various variables considered in the model by

• O: Orange tree fruits

• P : Pathogen fungus,G. citricarpa

• F : Beneficial fungus, T. harzianum T1A

the three populations of the mathematical model.

The model reads:

dO

dt
= rO

(
1− O

K

)
− h(F )OP, h(F ) =

1

q + F
(1)

dP

dt
= eh(F )OP − aPF

dF

dt
= baPF + sF

(
1− F

H

)
First equation: describes the evolution of the orange tree. It grows logistically with net

reproduction rate r and carrying capacity K, and is negatively affected by the pathogen
fungus, with a variable rate h(F ). We take h(F ) so that it is a decreasing function depending
on F , this meaning that the beneficial fungus helps to reduce the damage of the tree, O,
due to P . The more F there are on the tree the less will be the damage due to P . In fact
T. harzianum T1A secrets proteins related to the control of G. citricarpa.

Second equation: we describe the evolution of the pathogen fungus. P feed on the tree
parts, (e < 1), and are degraded by the good fungi, at rate a, in the sense that Trichoderma,
F , is able to produce extracellular enzymes able to degrade the cell wall of the pathogenic
fungi, P .

Third equation: the beneficial fungus gets food from degrading the bad fungi (b < 1)
and we assume that it has other food resources for which in their presence it can grow
logistically with net reproduction rate s and carrying capacity H also in the absence of the
bad fungi.

3 The qualitative analysis of the model

Solving the system
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rO

(
1− O

K

)
− OP

q + F
= 0

e
OP

q + F
− aPF = 0

baPF + sF

(
1− F

H

)
= 0

(2)

we get five different equilibrium points plus the trivial one:

• the trivial equilibrium point, E0 = (0, 0, 0), is always feasible

• the pathogen fungus-beneficial fungus-free point, i.e. the healthy fruit-only equilib-
rium E1 = (K, 0, 0) is always feasible

• the orange-beneficial fungus-free point E2 = (0, P, 0) is always feasible

• the orange-pathogen fungus-free point E3 = (0, 0, H) is always feasible

• the pathogen fungus-free point E4 = (K, 0, H) is always feasible

• the coexistence equilibrium point E∗ = (O∗, P ∗, F ∗) is feasible if O∗ > 0 and P ∗ > 0

To study the stability of the equilibrium points we compute the characteristic polyno-
mial evaluating each equilibrium point at the Jacobian of (1):

J =


r − 2rO

K
− P

q + F
− O

q + F

OP

(q + F )2
eP

q + F

eO

q + F
− aF − eOP

(q + F )2
− aP

0 baF baP + s− 2sF

H

 (3)

Proposition 1 The trivial equilibrium point, E0(0, 0, 0) as well as E1 = (K, 0, 0),
E2 = (0, P, 0) and E3 = (0, 0, H) are unconditionally unstable.

Proof. We evaluate E0, E1, E2 and E3 at the Jacobian matrix (3), and we get

• E0 is unstable, in fact the characteristic polynomial is

λ(λ− s)(λ− r) = 0

and has two positive eigenvalues λ1 = s and λ2 = r plus an eigenvalue equal to zero.
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• E1 is unstable, in fact the characteristic polynomial is

(λ− s)(λ+ r)

(
λ− Ke

q

)
= 0

and has two positive eigenvalues λ1 = s and λ2 = Keq−1 plus a negative eigenvalue
λ1 = −r.

• E2 is unstable, in fact the characteristic polynomial is

λ(λ− Pab− s)
(
λ+

qr − P
q

)
= 0

and has one positive eigenvalue λ1 = Pab + s, an eigenvalue equal to zero and one
with indefinite sign λ3 = (qr − P )q−1.

• E3 is unstable, in fact the characteristic polynomial is

(λ+ s)(λ− r)(λ+Ha) = 0

and has one positive eigenvalue λ1 = Pab + s, and two negative ones λ2 = −s and
λ3 = −Ha, respectively.

Proposition 2 The pathogen fungus-free point E4 = (K, 0, H) is stable if the condition

K <
aH(q +H)

e
(4)

holds.

Proof. The characteristic polynomial associated to E4 is

(λ+ r)(λ+ s)

(
λ+

aH(q +H)− eK
q +H

)
= 0,

thus we have two negative eigenvalues λ1 = −r and λ2 = −s. Requiring the negativity of

λ3 =
eK − aH(q +H)

q +H
,

we get condition (4).
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Proposition 3 There exists at least one feasible coexistence equilibrium E∗ = (O∗, P ∗, F ∗)
if the following conditions hold:

s−Hbar
s+ barq

<
H

F
< 1 (5)

and furthermore whenever it exists, it is stable if the Routh-Hurwitz conditions hold R3 > 0
and R1R2 > R3 where these quantities are defined below in (13).

Proof. To get O∗, P∗ and F∗ we solve the system
Krq +KrF − rqO − rFO −KP = 0

eO − aqF − aF 2 = 0

HbaP +Hs− sF = 0

(6)

From the third equation of (6) we get

P∗ =
sF∗ −Hs
Hba

(7)

and we substitute it in the first equation of (6) and we get

O∗ =
HKbarq +HKs+ F∗(HKbar −Ks)

Hba(rq + eF∗)
(8)

where F∗ is the real root of the third degree polynomial

Ψ(F ) := AF 3 +BF 2 + CF +D = 0, (9)

with

A = Ha2br > 0

B = 2Ha2bqr > 0

C = Ha2bq2r −HKaber +Kes

D = −(HKabeqr + sHKe) < 0. (10)

One can see that (9) has at least one positive root, in fact the limit for F → +∞ is +∞ and
Ψ(0) = D < 0 (i.e. (9) evaluated for F = 0). The continuity of this polynomial function
Ψ(F ) ensures the existence of a positive root, then.

Furthermore to study the stability of the coexistence equilibrium we compute the char-
acteristic polynomial associated at it evaluating E∗ at (3) we get

J =


−rO
K

− O

q + F

OP

(q + F )2
eP

q + F
0 − eOP

(q + F )2
− aP

0 baF −sF
H

 (11)
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thus
det(J − λ) = λ3 +R1λ

2 +R2λ+R3 = 0 (12)

with

R1 =
HrO +KsF

KH
> 0

R2 =
(q + F )2rsOF +KHbaeOPF +KHba2FP +KHeOP

KH(q + F )2
> 0

R3 =
HbaerO2PF +H(q + F )2ba2rOPF +KesOPF −HKbaeOP 2F

HK(q + F )2
(13)

As one can see the condition R1 > 0 is satisfied, while the positivity of R3 and R1R2 >
R3 must be requested for the stability of E∗.

4 Conclusions

A three dimensional mathematical model was introduced, that describes the evolution in
time of an orange tree, O, and two different fungi Guignardia citricarpa, P , and Trichoderma
harzianum T1A, F . Five equilibrium points are always feasible, while for the coexistence
equilibrium feasibility conditions needs to be required. Between six equilibrium points only
the pathogen fungus-free point and the coexistence equilibrium are conditionally asymptot-
ically stable and the remaining four are unstable.

The mathematical analysis is instrumental in defining strategies for the biological con-
trol of this infestant. In the future we plan to devise policies to possibly add the beneficial
fungus to orange cultures in order to fight the Guignardia citricarpa damages to these fruits
and reduce economic losses for the farmers.
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Abstract

We consider the problem of finding an appropriate preconditioner for the PCG
method in the solution of sequences of SPD linear systems. We investigate several
preconditioning strategies that incorporate partial approximated spectral information.
In our approach, a number of approximated eigenvectors are computed for a given co-
efficient matrix in the sequence of linear systems to be solved and used to obtain an
efficient preconditioner for the subsequents sytems in the sequence. We apply these
techniques to the efficient numerical solution of a branched transport model whose long
time solution for specific parameter settings is equivalent to the solution of the Monge-
Kantorovich equations of optimal transport [7]. Galerkin FEM discretization combined
with explicit Euler time stepping yield a linear system to be solved at each time step,
characterized by a large sparse very ill conditioned symmetric matrix A. Extreme cases
even prevent the convergence of PCG with standard preconditioners such as an IC (with
partial fill-in) factorization of A, which can not always be computed. We present nu-
merical evidence that the proposed techniques are efficient in reducing the condition
number of the preconditioned systems, thus decreasing the number of PCG iterations
and the CPU time.

Key words: linear systems solving, PCG method, preconditioning, optimal transport.

1 Introduction

Sequences of linear systems in which the coefficient matrix slightly change are very common
in many applications such as those requiring the discretization of a time-dependent PDE or
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the solution by Newton’s method of a nonlinear set of equations. We consider the iterative
solution of a sequence of large and sparse (and possibly ill-conditioned) SPD matrices by
the Preconditioned Conjugate Gradient (PCG) method. Finding a good preconditioner is
mandatory to assure convergence of iterative methods. In the solution of sequences of linear
systems like

Axi = bi

a number of paper have investigated the benefits of using spectral information from matrix
A to accelerate the iterative solution of such systems by deflation. Among the others
we mention [13, 9] and also [14]. Another approach consists in using the partial spectral
information to update a given preconditioner (such as an incomplete Cholesky factorization)
computed for matrix A. This approach has been described in several papers such as [5, 6,
10]. In all these papers the authors start with an initial preconditioner P0 and use an
approximation of a few eigenvectors of the preconditioned matrix to update P0 with a
low-rank matrix. Another characteristic shared by all these previous papers is that the
coefficient matrix of the linear systems to be solved remains unchanged throughout the
whole sequence. This allow the incremental refinement of the set of eigenvectors used to
update the low-rank correction matrix.

In a slightly different framework, i.e. acceleration of the linear systems within iterative
inner-outer eigensolvers, a number of updating strategies that incorporate partial spectral
information of A, have been proposed and discussed in [2, 12].

In this paper we consider sequences of linear systems in which the coefficient matrices
slightly vary from one system to another. We propose a preconditioning technique based on
the knowledge of a set of (roughly) approximated eigenvectors of the coefficient matrix (or
the preconditioned matrix) at a given linear system in the sequence. This information is
used to update a given initial preconditioner to produce an efficient preconditioner for the
subsequent systems in the sequence. We will test our approach to the efficient numerical
solution of a branched transport model whose long time solution for specific parameter set-
tings is equivalent to the solution of the Monge-Kantorovich equations of optimal transport
[7]. Galerkin FEM discretization combined with explicit Euler time stepping yield a linear
system to be solved at each time step, characterized by a large sparse very ill conditioned
symmetric matrix A. Extreme cases even prevent the convergence of PCG with standard
preconditioners such as an IC (with partial fill-in) factorization of A, which can not always
be computed.

We present numerical evidence that the proposed techniques are efficient in reducing
the condition number of the preconditioned systems, thus decreasing the number of PCG
iterations and the CPU time.

The remaining of the paper is organized as follows: Section 2 introduces the spectral
preconditioner and two different strategies to obtain an approximated set of eigenvectors
needed to form the low rank updating matrix. Section 3 describes the implementation details
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regarding the construction of the preconditioner. We also include in this section detailed
algorithms of the iterative solution phase by the PCG method for the two different spectral
information recovering techniques. Numerical results are shown in Section 4. Section 5
summarizes the main conclusions.

2 The spectral preconditioner

In this paper we consider sequences of linear systems of the form

Aixi = bi. (1)

For a given linear system in the sequence Ax = b, we study the acceleration of the PCG
solver provided by the following spectral preconditioner:

P = P0 + VpΛ
−1
p V T

p , (2)

where Vp = [v1, . . . , vp] and vj , j = 1, . . . , p are approximate eigenvectors either of P0A or of
A; Λp = diag(λ1, . . . , λp), and λj , j = 1, . . . , p are the corresponding smallest eigenvalues,
and P0 is a standard preconditioner computed for A. When Vp contains eigenvectors of
P0A, the effect of the low-rank correction is easily shown to be:

PAvj = (λj + 1)vj , j = 1, . . . ,m.

so that some of the eigenvalues of the new preconditioned matrix are incremented by 1 with
an obvious reduction of the condition number.

We propose two different ways to obtain the approximated eigenvectors needed to con-
struct the spectral preconditioner.

2.1 Approximating some of the smallest eigenpairs by DAGC

Following [2], we propose to approximate some of the leftmost eigenvectors of a given coeffi-
cient matrix A by performing some preliminary iterations of an eigenvalue solver. We chose
the Deflation-Accelerated Conjugate Gradient (DACG) eigensolver [1], which is based on
the preconditioned conjugate gradient (nonlinear) minimization of the Rayleigh Quotient

(RQ) q(x) =
xTAx

xTx
. The leftmost eigenpairs are computed sequentially, by minimizing

the RQ over a subspace orthogonal to the previously computed eigenvectors. This method,
which applies only to symmetric positive definite matrices, has been proven very efficient in
the solution of eigenproblems arising from discretization of PDEs in [4]. DACG also proved
very suited to parallel implementation as documented in [3] where an efficient parallel matrix
vector product has been employed.
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Convergence of DACG is strictly related to the relative separation between consecutive

eigenvalues, namely ξj =
λj

λj+1 − λj
. Also DACG takes advantage of preconditioning which

can be chosen to be the IC factorization.

Once a small number of leftmost eigenvectors has been computed and stored as columns
of Vp, different low-rank corrections of a given preconditioner P0 can be defined as e.g.
described in [12]. For example a BFGS-style preconditioner can be written as

P = Vp(V
T
p AVp)

−1V T
p +

(
I − Vp(V T

p AVp)
−1V T

p A
)
P0

(
I −AVp(V T

p AVp)
−1V T

p

)
≈ VpΛ

−1
p V T

p +
(
I − VpV T

p

)
P0

(
I − VpV T

p

)
(3)

In the previous paper, however, a simplified version of the BFGS preconditioner (3) has
been defined, which neglects the left and right projector on P0 and therefore takes the same
form as (2):

P = VpΛ
−1
p V T

p + P0.

In the above mentioned paper it is also shown that the preconditioned matrix PA has a
better spectral distribution than P0A.

2.2 Recovering spectral information by the Lanczos process

Another strategy to obtain a set of approximated eigenvectors is to recover them from the
Krylov subspace built by the linear solver. Denoting again by P0 a preconditioner for matrix
A, during the PCG method we save the first m preconditioned residuals as columns of a
matrix Wm:

Wm =

[
P0r0√
rT0 P0r0

,
P0r1√
rT1 P0r1

, . . . ,
P0rm−1√

rTm−1P0rm−1.

]
Matrix Wm thus satisfies: W T

mP
−1
0 Wm = Im, in view of the P0−orthogonality of the residu-

als generated by the PCG method. Moreover we form the Lanczos tridiagonal matrix using
the PCG coefficients αk, βk as

Tm =



1

α0
−
√
β1

α0

−
√
β1

α0

1

α1
+
β1

α0
−
√
β2

α1
. . .

−
√
βm−1

αm−2

−
√
βm−1

αm−2

1

αm−1
+
βm−1

αm−2
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Matrices Wm and Tm obey to the classical Lanczos relation i.e.: W T
mAWm = Tm. After

eigensolving Tm we obtain Tm = QΛmQ
T , where the diagonal coefficients of the diagonal

matrix Λm approximate the eigenvalues of P0A while the columns of Vp = WmQq (where
Qp contains the first p columns of Q) are approximations of the p leftmost eigenvectors of
P0A.

In fact we have, first, that V T
p AV = QTpW

T
mAWmQp = QTp TmQp = Λp ≡ diag(λ1, . . . , λp).

Then, by setting U = P
−1/2
0 Vp we obtain U and Λp satisfying

UTU = V T
p P

−1
0 Vp = Im (4)

Λp = V T
mAVm = UTP

1/2
0 AP

1/2
0 U (5)

which correspond to the Lanczos process applied to matrix P
1/2
0 AP

1/2
0 . Hence the columns

of U approximate the eigenvectors of P
1/2
0 AP

1/2
0 that is

P
1/2
0 AP

1/2
0 U ≈ UΛp ⇐⇒ P0AP

1/2
0 U ≈ P 1/2

0 UΛp ⇐⇒ P0AVp ≈ VpΛp,

so that the columns of Vp approximate the eigenvectors of P0A.

3 Implementation

The approximation of a number of the leftmost eigenpairs is a costly task which can not
be performed at each linear system solution. To reduce the cost of this operation we devise
different strategies depending on how we obtain the spectral information.

3.1 Eigenpairs of A obtained by DACG

The computation of a number of the leftmost eigenpairs by DACG is a preprocessing stage
that in principle should be executed before every system solving. However, in view of the
fact that the system matrices Ai do not change much during the simulation we propose to
evaluate selectively the eigenpairs, whenever the PCG solution of a generic linear system
Ajxj = bj takes more than a fixed number of iterations (ki ≥ itswitch). In this case, except
for the very first linear system, we use as the initial DACG eigenvector guess, the previously
computed eigenvectors.

Spectral PCG Algorithm: DACG variant

• input: itprec, itchol, p, τDACG.

• Set chol switch = true; switch = true;

• for i = 1 to n sys
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– if chol switch then
compute P0 = IC(Ai); set chol switch = false;

– if switch then

1. Compute the p leftmost eigenpairs by the DACG procedure with precondi-
tioner P0 and accuracy τDACG.

2. Form matrices Vp,Λp.

3. Solve the i−th linear system by PCG preconditioned by P0 + VpΛ
−1
p V T

p .

4. switch= false.

– if ki > itprec switch = true

– if ki > itchol chol switch = true

end for

3.2 Eigenpairs of P0A obtained by Lanczos-PCG

Computation of matrices Tm and Wm is carried out during the PCG process and hence
it needs no additional cost. The main computational burden due to this strategy is given
by the matrix-matrix product Vm = WmQp which is implemented via BLAS-3 subroutines,
with a consequent optimal use of memory accesses. Due to the slow convergence of the
Lanczos process to the smallest eigenvalues, and also for memory reasons, it is convenient
to recover a relatively small number of eigenpairs (independently of the size m of Vm which
should be taken sufficiently large). In the Lanczos process we use only the p = {10, 20}
smallest eigenvalues and corresponding eigenvectors thus obtaining a n × p matrix Vp and
a p× p diagonal matrix Λp.

Spectral PCG Algorithm: Lanczos variant

• input: itprec, itchol,mmax, p.

• Set chol switch = true; switch = true;

• for i = 1 to n sys

– if chol switch then
compute P0 = IC(Ai); set chol switch = false;

– if switch then

1. Solve the i−th linear system by the PCG method preconditioned by P0.

2. Construct the tridiagonal Lanczos matrix Tm, with m = min{mmax, ki}.
3. Extract from Tm and Wm the p smallest eigenpairs and form matrices Vp,Λp.

4. switch= false.
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– else

1. Solve the i−th linear system by PCG preconditioned by P0 + VpΛ
−1
p V T

p .

– if ki > itprec switch = true

– if ki > itchol chol switch = true

end for

4 Numerical results

In this section we illustrate the behaviour of the spectral preconditioner on a sequence
of linear systems arising in the discretization of the PDE modeling the optimal transport
(OT) problem. Starting from the PDE-version of the L1 Monge-Kantorovich OT problem
formulated by [7], Facca et al. in [8] have proposed a general formulation of a dynamical
system whose infinite-time solution is conjecture to be related to the OT and BT problems.
The model reads as: find (µ, u) such that:

−∇ · (µ(t, x)∇u(t, x)) = f(x) = f+(x)− f−(x) (6)

µ′(t, x) = |µ(t, x)∇u(t, x)|β − µ(t, x) (7)

µ(0, x) = µ0(x) > 0 (8)

where µ is the transport density, u is the transport potential, f is the zero-average forcing
function (f+ and f− being the initial and final mass configurations), and β > 0 is related
to the branching exponent. The model is completed by imposing homogeneous Neumann
boundary conditions to 6). Here, the gradient and divergence operators are computed with
respect to the spatial coordinate x, while µ′ indicates time differentiation.

Experimental evidence shows that for β > 1 the proposed formulation reaches and
equilibrium state that resembles solutions of the branched transport problem. In this case,
in fact, the transport density concentrates on sets that have a fractal nature, thus providing
a naturally network-forming model of optimal transportation.

Numerically, the problem is solved by a combination of Galerkin FEM and Euler time
stepping. Spatial discretization is obtained by employing two different triangulations Th and
Th/2, the second one obtained from the first by uniform refinement, we adopt a piecewise
constant (P0(Th)) representation of µh on Th and a linear (P1(Th/2)) representation of uh
on Th/2. Forward Euler time-stepping completes the numerical approach, which reads:

A[µk]uk = b (9)

µk+1 = (I + ∆tkB[uk])µk (10)

µ0 = Πhµ0 (11)
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where A is the classical Galerkin P1 stiffness matrix, vector µ collects the elemental values of
µh, u is the vector of nodal values of uh, B is the matrix defining the norm of the gradient of
uh, and Πh denotes the L2 projector on Th. Equilibrium is achieved by repeating the above
algorithm until (‖µk+1

h − µkh‖L2(Ω))/∆t
k‖µkh‖L2(Ω) < τ . We generally impose τ = 10−8.

At each time step of the method, a linear system involving the sparse symmetric and
positive definite system matrix A[µk] needs to be solved. PCG convergence becomes in-
creasingly difficult as time progresses as the condition number of the system matrix grows
indefinitely with β. In fact, the dynamics of the model is such that µh tends to zero in large
portions of Ω.

The test case addressed in this work is shown in Figure 1. The simulation considers
a mesh Th of 412417 nodes and nnz = 1647617 nonzero elements. The timestep ∆tk is
increased by a factor 1.05 at each time step starting from ∆t0 = 10−3 up to a maximum
value of ∆tk = 10−1. This leads to a sequence of 800 linear systems of type (1) to reach
equilibrium at the chosen tolerance τ .

As the boundary conditions imposed to the PDE (1)-(3) are only Neumann, the re-

sulting discretized system is singular, with kerAi = span{c} = span{
(
1, . . . , 1

)T }. However
following [11] we guarantee the consistency (and the PCG solution) of our linear systems

by also modifying the right hand side: b̃ = b− cT b

‖c‖2 c. Moreover, all the linear systems has

been symmetrically scaled with the diagonal of Ai in order to reduce the condition number.
. .

The code is written in Fortran 90. All the experiments were run on a 2 x Intel Xeon
CPU E5645 at 2.40GHz (six core) and with 4GB RAM for each core. Times are expressed
in seconds. The stopping criterion for the linear solver is independent of the preconditioner
used and it is based on the relative residual. The iterative procedure stops whenever∥∥∥Aix(k)

i − bi

∥∥∥
‖bi‖

< ε = 10−11. (12)

The initial preconditioner P0 is computed by setting the maximum number of nonzero
per row lfil= 30 and the drop tolerance τIC = 10−4. Using lower lfil and/or larger τIC
values prevented the existence of the IC factorization for all systems in the simulations. This
choice of parameters produced a rather dense L factor with a number of nonzero roughly 8
times that of the lower triangular part of A. Therefore computation of this preconditioner
for each linear system of the sequence was not effective. We decided to compute the IC
preconditioner for a given matrix Ai if i = 1 or the number of PCG iterations in the
previous linear system was above a fixed value, itchol. We used the previously computed IC
preconditioner, otherwise.

In the sequel we will report the number of eigenvectors p used to build the low rank
correction to the initial preconditioner, the way these eigenvectors have been approximated,
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by using the Lanczos method to recover them from the Krylov space built by the linear
solver (LAN) or explicitly approximated by the DACG eigensolver, the overall iteration
count of the PCG solver for the total number of linear systems to be solved, and timings
accounting for computation of the preconditioner (Tprec), of the approximated eigenvectors
(Teig), of the PCG solver (TPCG) and the total CPU time (Ttot).

We first perform a preliminary study on the sensitivity of the preconditioner efficiency
versus the accuracy of the eigencomputation. To this end we considered the first 200 linear
systems and use three different tolerances for the relative eigenresidual test: τDACG ∈
{0.1, 0.3, 0.5}. Other parameters were: itprec = 60, itchol = 60, p = 20. As a benchmark, we
also solved the first 200 systems by the PCG method preconditioned by an IC factorization
computed selectively (with itchol = 100).

τDACG ITER Teig Tprec TPCG Ttot
– 20646 0.00 187.9 1687.8 1875.7

0.1 9907 326.9 117.9 1002.1 1446.2
0.3 10006 198.5 117.2 1011.5 1327.8
0.5 10055 150.0 117.2 1017.7 1284.9

These results show that there is no need for high accuracy in the computation of the
eigenvectors. With a very low accuracy (τDACG = 0.5) the number of PCG iterations is
halved and the CPU time reduced of a factor 1.5 with respect to the fixed IC preconditioner
(first row in the previous Table).

We report in Table 1 the results of a complete simulation i.e. the cumulative number
of PCG iterations and CPU times in solving the 800 linear systems. In addition to the
previously described parameters we used as the maximum size of the Lanczos subspace
mmax = 80, which experimentally revealed the optimal value. We set τDACG = 0.5.

We notice from Table 1 that the proposed low-rank updated spectral preconditioner is
effective in both variants, providing an important reduction of the number of iterations as
well of the CPU time. On the average, our spectral preconditioners provide a halving of the
total CPU time and a 30% − 40% reduction of the number of iterations. Using p = 10 or
p = 20 eigenvectors produces only slight variations in the number of iterations/CPU time.
Hence, the choice p = 10 seems to be preferred in terms of memory storage.

Surprisingly, the DACG variant, though the eigenvector approximation is done outside
the PCG and hence is expected to be more costly, reveals as effective as the Lanczos variant.
This is mainly due to the fact that after an initial and costly assessing of the leftmost
eigenvectors, the subsequent computations are very cheap since the previously computed
eigenvectors are very good initial guesses for the next systems. However, we may expect
a different behavior of the two techniques in cases of higher variations of the matrices
involved. In this case, the DACG preprocessing time will increase as opposite to the Lanczos

c©CMMSE ISBN: 978-84-617-8694-7Page 1388 of  2288



Spectral Preconditioners for the efficient solution of sequences of linear systems

Prec. (p) s1 s2 ITER Teig Tprec TPCG Ttot
IC – – 64248 0.0 2841.2 5432.5 8273.7
IC 100 – 74511 0.0 447.4 6062.9 6510.3

LAN(10) – 60 41148 29.6 2814.2 3372.1 6215.9
LAN(10) 50 70 44765 30.9 1767.2 3746.4 5544.5
LAN(10) 60 60 44041 196.0 572.7 3606.9 4375.6
LAN(20) 60 60 41738 190.4 459.2 3775.8 4425.4
DACG(10) 60 60 45502 185.4 516.0 3811.6 4512.9
DACG(20) 60 60 42050 263.5 272.2 3922.0 4457.7

Table 1: Timings and total PCG iterations of the complete simulation for various combina-
tions of parameters. s1 = itchol, s2 = itswitch.

technique. Moreover, the Lanczos approach can be accelerated by employing a method
similar to that described in [14]. This aspect will be investigated in a future work.

5 Conclusions

We have proposed a class of spectral preconditioners to accelerate the PCG solution of a
sequence of linear systems arising from the discretization of a continuous branched transport
model, where Galerkin FEM discretization combined with explicit Euler time stepping yield
a linear system to be solved at each time step, characterized by a large sparse very ill
conditioned symmetric matrix A. Using the fact that the matrices involved display mild
variations at close simulation times, we have used eigeninformation obtained at a given
timestep, to accelerate the subsequent linear systems solution. Numerical results reveal
that the proposed spectral preconditioner are able to consistently reduce the number of
iterations and halve the CPU time with respect to keeping fixed the IC preconditioner.
Moreover, the CPU time required by the eigenanalysis is almost negligible as shown in
our experiments where it represents less than 5% of the overall CPU time when p = 10
approximated eigenvectors are computed.
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Figure 1: Spatial distribution of µ⇤ obtained with two different forcing terms.
On the left column f is a piecewise constant forcing term, where the black
rectangles indicates the supports of f+ (left) and f� (right). On the right
column f+ is the sum of 30 Dirac sources randomly distributed in the square
[0.1, 0.9] ⇥ [0.1, 0.9], and f� is the concentrated in the point (0.05, 0.05). The
powers � used in (1) are from top to bottom 1.0 (which corresponds to the MK
equations), 1.05, 1.4 and 3.0 3

Figure 1: Spatial distribution of µ∗ obtained with two different forcing terms. The left column

shows a piecewise unitary forcing function, where the black rectangles indicates the supports of f+

(left) and f− (right). In right column f+ is the sum of 30 Dirac sources randomly distributed in

the square [0.1, 0.9] × [0.1, 0.9], while f− is concentrated in P = (0.05, 0.05) and is the sum of the

30 Dirac sources. Different β are represented by rows, with values ranging from top to bottom from

β = 1.0, corresponds to the L1 case, 1.05, 1.4 and 3.0.
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Abstract

We study cyclic codes which include generalized Reed-Solomon codes as function
field codes. This geometric approach allows to construct longer codes and to get more
information on the parameters defining the codes.

Key words: Algebraic code, function field, cyclic code

1 Introduction

Function fields are used ubiquitously in algebraic coding theory for their flexibility in con-
structions and have produced excellent linear codes. Suitable families of function fields, for
example good towers of function fields, have been used to construct families of codes with
parameters bound better than the asymptotic bound.

Let q a power of a prime number p. It is well known, that there exists exactly one finite
field with q elements which is isomorphic to the splitting field of the polynomial xq−x over
the prime field Fp. Any other field F of characteristic p contains a copy of Fp. We denote
respectively by An(Fq) and Pn(Fq) the affine space and the projective space over Fq. Let
Fq[x1, x2, . . . , xn] be the algebra of polynomials in n variables over Fq.

The encoding of an information word into a k−dimensional subspace is usually known
as coding for errors and erasures in random network coding, [KK]. Namely, let V be an
N−dimensional vector space over Fq, a code for an operator channel with ambient space V
is simply a nonempty collection of subspaces of V . The collection of subspaces is a code for
error correcting errors that happen to data sent through an operator channel. The matrix
coding the information is parametrized by random variables a1, a2, . . . , an which constitute
the letters of an alphabet. Here the operator channel is an abstraction of the operator
encountered in random linear network coding, when neither transmitter nor receiver has
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knowledge of the channel transfer characteristics. The input and output alphabet for an
operator channel is the projective geometry. A good code is capable of correcting error
and erasures at the output of the operator channel. Thus in order to construct good codes
one need to choose a metric consistent with channel errors and search of a set of vectors
with given metric properties as a correcting code. The codes considered here are codes for
channels whose errors are consistent with the weighted Hamming metric (WHM).

Let C be a non-singular, projective, irreducible curve defined over Fq, as the vanishing
locus of a polynomial F ∈ Fq[x0, x1, x2]. We define the number N(q) of Fq−rational points
on the curve to be

N(q) = |{(x0, x1, x2) ∈ P2(Fq)|F (x0, x1, x2) = 0}|.

It is a polynomial in q with integer coefficients, whenever q is a prime power.

The number of points C(Fqr) on C over the extensions Fqr of Fq is encoded in an
exponential generating series, called the zeta function of C:

Z(C, t) = exp

( ∞∑
r=1

]C(Fqr)
tr

r

)
.

Garcia and Stichtenoth analyzed the asymptotic behavior of the number of rational
places and the genus in towers of function fields, [GS]. From Garcia-Stichtenoth’s second
tower one obtains codes over any field Fq where q is an even power of a prime, [GMMR].

One of the main problems in coding theory is to obtain non-trivial lower bounds of the
number N(Fi) of rational places of towers of function fields {Fi/Fq}∞i=1 such that Fi ( Fi+1.
Suitable families of function fields, for example good towers of function fields, have been
used to construct families of codes that beat the Gilbert-Varshamov bound. This paper
aims to explore this link for the study and construction of cyclic codes. For example good
codes are obtained for curves of genus 0, they are in fact extended generalised Reed-Solomon
codes.

2 Algebraic geometric codes

Let Fq be a finite field of q elements, where q is a power of a prime. We consider as an
alphabet a set P = {P1, . . . , PN} of N − Fq rational points lying on a smooth projective
curve C of genus g and degree d defined over the field Fq. Goppa in [Go], constructed
algebraic geometric linear codes from algebraic curves over finite fields with many rational
places.

Definition 2.1 AGC codes are constructed by evaluation of the global sections of a line
bundle or a vector bundle on the curve C. Namely, let F |Fq be the function field of the
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curve and D a divisor of F |Fq such that Supp G ∩ Supp D = ∅, then the geometric Goppa
code associated with the divisors D and G is defined by

C(D,G) = {(x(P1), . . . , x(Pn))|x ∈ L(G)} ⊆ Fqn .

Recall that Fqn |Fq is a cyclic Galois extension and by the Theorem of the primitive
element is finitely generated by unique element α ∈ Fq. In particular, each element in Fqn

can be written as a quotient of two polynomials in α with coefficients in Fq. In the sequel,
an [n, k]q−code C is a k−dimensional subspace of (Fq)

n.

2.1 Generalized Reed-Solomon codes as cyclic codes

Another important family of Goppa codes is obtained considering the rational normal curve
Cn defined over Fq:

Cn := {Fq(1, α, . . . , α
n) : α ∈ Fq ∪ {∞}}.

The Goppa codes of dimension n defined over Cn are constructed by evaluating non-zero
polynomials of degree less than n over a sequence α1, . . . , αn of n distinct elements in Fq, if
k ≤ n, then the map

ε : Fq[x]→ Fn
q , f 7→ (f(α1, . . . , αn)) (1)

is injective, since the existence of a non-zero polynomial of degree less than k vanishing on
all αi implies n < k by the fundamental theorem of algebra (a non-zero polynomial of degree
r with coefficients in a field can have at most r roots). These are just Reed-Solomon codes of
parameters [n, k, d] over a finite field Fq, with parity check polynomial h(x) =

∏q
i=1(x−αi),

integers which is a set of roots, that is, there is a polynomial h(x) =

where α is a primitive root of Fq such that αk+1 = α + 1. Any codeword (c0, c1, . . . , cn−1) 
can be expanded into a q-ary k vector with respect to the basis {1, α, . . . , αk−1}.

Construction of generalized Reed-Solomon codes over Fq only employ elements of Fq, 
hence their lengths are at most q + 1. In order to get longer codes, one can make use of

elements of an extension of Fq, for instance considering subfield subcodes of Reed-Solomon 
codes. In this way, one gets cyclic codes. Recall that a linear cyclic code is an ideal in the

ring Fq[x]/(xn − 1) generated by a polynomial g(x) with roots in the splitting field Fl
q of xn − 

1, where n| ql − 1. We shall identify the code with the set of its codewords.

Theorem 2.2 Given a set of integers {0, 1, . . . , n − 1} module n, ∏there is a set J of k
j∈J(x − αj), where

α is a generator of (Fp)
m for some prime number p and m is the least integer such that

n|pm − 1. The ideal h(x) generates in Fpm [x]/(xn − 1) is a cyclic linear code of parameters
(n, k, n− k + 1).

Another important family of cyclic codes is obtained considering the roots of the poly-
nomial xn−1 over its splitting field. These codes are of great importance in ADN-computing
and as they are linear codes, they can be described as function fields.
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Theorem 2.3 Cyclic codes are function field codes constructed over the curve Cn,m with
affine equation ym + xn = 1 defined over a finite field Fq of q elements, where q is a power
of a prime p and n,m are integer numbers greater or equal than 2.

Proof. Let us assume n is an integer even number, thus n = 2k · s, with s an integer odd
number. We recall that a linear cyclic code is an ideal in the ring Fq[x]/(xn−1) generated by
a polynomial g(x) with roots in the splitting field Fl

q of xn−1, where n| ql−1. If we consider

the factorisation of the polynomial xn− 1 over Fp[x], we get (xn/2− 1) (xn/2 + 1) = (xn/4−
1) (xn/4 + 1) (xn/2 + 1) = (xn/2

k − 1) (xn/2
k

+ 1) (xn/2
(k−1) − 1) (xn/2

(k−1)
+ 1) . . . (xn/2 + 1).

We see that the point P0 = (α, 0) ∈ P(F2
q) with αn/2 = p− 1 is an Fq2−rational place of the

affine curve ym = (xn/2+1). The other rational places are Pk = (β, 0) with βn/2
k

= p−1,...,
P2 = (β2, 0), P1 = (1, 0), P0 = (−1, 0) and the place P∞ = (0, α) at ∞.The cyclic code is
realized as the algebraic geometric code associated to the divisors D = P0 + P1 + . . .+ Pk,
G = µP∞ and the parameter µ satisfies the bound µ > 2g − 2, where g is the genus of
the curve Cn,m. Note that m is the least integer such that n| pm − 1. In particular α is a
generator of (Fp)

m.

If n is an integer odd number, by Theorem 2.2, we know there is a set of roots {αj}j∈J ,
such that α is a generator of (Fp)

m. Now we consider the points Pj = (αj , 0) with j ∈ J
and the point P at P∞ = (0, α) = ∞, and the cyclic code is realised as the function field
code associated to the divisors D =

∑
j∈J Pj and µP∞.
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[Go] Goppa, V. D., Codes on algebraic curves (Russian). Dokl. Akad. Nauk. SSSR 259, 1289-1290
(1981).

[KK] R. Kötter, F. R. Kschischang, Coding for Errors and Erasures in Random Network
Coding, IEEE Transactions on information Theory, Vol. 54, no. 8, 2008.

[NXL] H. Niederreiter, C. Xing, K. Y. Lam, A new construction of Algebraic-Geometry codes,
AAECC 9, 373-381 (1999).

[HNX] D. Hachenberger, H. Niederreiter, C. Xing, Function field codes AAECC (2008)
19:201-211.

[MWS] F.J. Mac Williams, N.J.A. Sloane, The Theory of Error-Correcting Codes, North Hol-
land.

c©CMMSE ISBN: 978-84-617-8694-7Page 1396 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

A specialized lazy learner
for time series forecasting
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Abstract

In a time series context the nearest neighbour algorithm looks for the historical
observations most similar to the latest observations of the time series. However, some
nearest neighbours can be misleading. In this paper we propose that, if prior information
about the structure of the time series is known, the search space of possible neighbours
can be narrowed so that some possibly misleading neighbours are avoided. This way a
more effective forecasting method can be obtained.

Key words: time series forecasting, lazy learners

1 Introduction

Time series forecasting has been traditionally done using statistical models, such as ARIMA
[1] or exponential smoothing [2]. However, the last decades have seen the widespread use
of computational intelligence techniques, such as artificial neural networks [3], to forecast
univariate time series.

Lazy learners [4], such as nearest neighbours, are one of the computational intelligence
techniques applied in time series forecasting. As the next section will explain in more
detail, a nearest neighbours algorithm tries to forecast the next future values of a time
series looking for past realizations that are similar to the last observations in the time
series. The subsequent observations of the past similar realizations are used to forecast the
time series.
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However, we think that in certain time series, some similar past realizations can be
misleading and, therefore, produce bad forecasts. To solve this problem, we propose to
narrow the search space of possible neighbours, excluding possibly misleading instances.

The remainder of this paper is structured as follows. Section 2 describes how the nearest
neighbour algorithm can be applied to predict the future values of a time series. Section 3
explains why to narrow the search space of neighbours could be effective. Section 4 describes
the experimental setup and how the meta parameters of the nearest neighbour algorithm
have been chosen. Section 5 shows the results of our experimentation and Section 6 draws
some conclusions.

2 Using nearest neighbours in time series forecasting

The nearest neighbour is a classical supervised algorithm in machine learning. Originally,
it was applied in classification tasks. Given an unlabeled example, we look for the most
similar labeled example, according to some features of the examples and using a distance
function to express similarity. The label of the most similar example is used to classify the
unlabeled example. The labeled examples can contain outliers and errors that can distort the
prediction, so instead of looking for the nearest neighbour normally the k nearest neighbours
are found and their majority class is used as prediction.

The nearest neighbours algorithm can be easily extended to a regression task. Instead
of having labeled examples, the examples contain a numeric target value and the target
value of the k nearest neighbours is combined—for example, it is averaged—to produce the
predicted value. In a time series forecasting scenario, the target value of an example is a
time series observation and the features describing the example are lagged values of the
observation. This way, the next value of a time series is predicted looking for examples in
the time series similar to the last observations—see Figure 1. Figure 1 shows an example
of one-step ahead forecasting using lags 1 to 4 as features and two nearest neighbours. The
last four values of the time series are the features of the example to be regressed on and the
two sets of consecutive white squares the 2 nearest neighbours, whose targets are the black
triangles. The mean of the two targets is the forecast—the asterisk.

The underlying reason to using nearest neighbours in a time series scenario is that a
time series contains repetitive patterns. Hence, given the last behaviour of a time series
we try to look for similar past behaviours in the hope that their subsequent values can be
similar to the future values of the time series.

3 Why to narrow the search space of neighbours

When we do not know too much about the structure of a time series, we simply select
the features—lagged values—of the future observation to be forecast and look for the most
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Figure 1: Example of 2 nearest neighbours for one-step-ahead forecasting.

similar examples in the time series. However, frequently we do know about the structure.
For example, in the data explained in more detail in the next section, we are going to
work with daily time series of cash money withdrawals at cash-machines. Apart from
other patterns, these series have a strong weekly seasonality. Concretely, the withdrawals
on weekends are very different from the withdrawals on workdays. Suppose now that we
have information until a certain Friday and we want to predict the withdrawals on the
following day, i.e., a Saturday. Let us also suppose that we are using the nearest neighbour
algorithm and we use as feature the first lagged value. That is, to predict a Saturday we
will find the day more similar to its previous day—a Friday. The most similar day found
could be any day, let us suppose that it is a Tuesday. So we are going to predict the
next Saturday withdrawals using the withdrawals on a Wednesday. This is not a desirable
situation, because the withdrawals on Saturdays have nothing to do with the withdrawals
on Wednesdays.

In our proposal, for this case we propose to narrow the search space looking only on
previous Fridays to produce a more sensible forecast. That is, the prediction on a Saturday
will be the average of several Saturdays whose previous Fridays are similar to the last Friday
in the time series.
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4 Experimental setup

In order to assess the effectiveness of our proposal we have used data from the NN5 time
series competition1. In this competition 111 time series of 2 years of daily cash money
withdrawals at various automatic teller machines (ATMs, or cash machines) at different
locations in England were used. The goal was to forecast the cash money demand for the
next 56 days ahead of every one of the 111 time series.

To assess forecast accuracy the symmetric mean absolute percentage error—SMAPE—
was used. Given a vector forecast f for the next 56 days of a time series and the vector y
of actual future values, the SMAPE is computed as follows:

SMAPE =
1

56

56∑
t=1

|yt − ft|
(|yt|+ |ft|)/2

100

The SMAPE obtained for every one of the 111 time series by a given method is averaged
to obtain a final SMAPE, which is used as the main forecast accuracy measure to compare
the different methods.

Figure 2 includes a time series from the NN5 competition. Although these series contain
multiple overlying seasonalities, in this work we are interested in experimenting with their
strong weekly seasonality pattern.

4.1 The lazy learner meta parameters

In order to apply the nearest neighbours algorithm several meta parameters have to be
chosen. Next, we describe our choices:

• As similarity function, i.e. to select how similar two examples are given their features,
the Euclidian distance has been used.

• As combination function, i.e. to combine the target values of the k nearest neighbours,
the arithmetic mean has been used.

• For k—the number of nearest neighbours—several values have been used to assess
how robust the proposed method is.

• The final parameter is the lagged observations that are used as feature vector to
compare the similarity among examples. We have used consecutive lags starting from
lag 1. Concretely, we have experimented with lags 1, 1 to 7 and 1 to 14. We have
chosen multiples of seven, because we are interested in the weekly seasonality.

1http://www.neural-forecasting-competition.com/NN5/
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Figure 2: Example of time series from the NN5 competition.

Finally, we have to explain how the multiple—in this case 56—step-ahead forecasts are
generated. When the forecast horizon is higher than 1 you have to chose among different
strategies to generate the multiple forecasts, being the most used ones the direct, recursive
and MIMO [5]. To date, there is no clear evidence that any strategy is superior than the
others. Given this situation, we have chosen the recursive or iterative strategy because
is quite straightforward. This strategy is used in the ARIMA and exponential smoothing
methodologies. The recursive strategy uses a one-step-ahead model iteratively to get all the
forecasts. That is, for forecasting horizon 1, the lagged observations of the time series are
used as autoregressive variables for the model. For forecasting horizon 2, lacking a historical
lagged one value to be used as autoregressive variable, the forecast for horizon 1 is used
instead.

5 Experimentation

The goal of our experimentation is to assess whether, knowing information about the struc-
ture of a time series, the use of a selected space of possible neighbours can improve the
forecast accuracy of the nearest neighbours algorithm. To that end, we have experimented
with forecasting the 111 time series of the NN5 competition. We try to take advantage of
our prior knowledge of the weekly seasonality pattern in the time series of this competition.
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The way in which we are going to use this knowledge is as follows: in order to forecast the
money withdrawals on one day, we take into account the day of the week to be forecast and
only use as possible nearest neighbours examples, those examples whose targets have the
same day of the week as the day being forecast.

In order to assess whether this strategy is effective we are going to execute the following
nearest neighbours instances to predict 56 days ahead of the 111 time series of the NN5
competition:

• Classical nearest neighbours algorithm with k ranging from 1 to 10 and autoregressive
lagged values at consecutive lags: 1, 1 to 7 and 1 to 14.

• Nearest neighbours algorithm with the same meta parameters, but using a selected
space of possible neighbours, so that only examples whose targets have the same day
of the week as the day of the value being forecasted are included.

Table 1: Global SMAPE of different algorithms over the 111 NN5 time series.
1 2 3 4 5 6 7 8 9 10

C - 1 49.04 42.52 40.27 39.36 39.04 38.30 38.98 39.20 38.77 39.00
SS - 1 32.87 27.66 26.32 25.27 24.60 24.51 24.18 24.09 24.14 24.13
C - 1:7 31.55 28.21 25.33 23.95 23.61 23.43 23.36 23.51 23.60 23.48
SS - 1:7 30.16 25.42 23.56 23.08 22.56 22.37 22.32 22.44 22.51 22.58
C - 1:14 32.19 26.63 24.77 23.97 23.39 23.06 22.99 22.81 22.71 22.76
SS - 1:14 31.28 25.33 24.02 23.04 22.93 22.46 22.35 22.15 22.12 22.15

The results of our experiment are shown in Table 1. The first row of this table indicates
the numbers of neighbours—i.e., the k meta parameter. The first column indicates whether
the algorithm uses the classical approach (C) or our proposal of a selected search space (SS).
After the hyphen the number of lags used as autoregressive variables is shown—for example,
C - 1:7 means the classical algorithm with lags from 1 to 7. For every combination of type of
algorithm, lags and k the table shows its forecast accuracy using the SMAPE measure over
the 111 time series from the NN5 competition. The computation of SMAPE was described
in the previous section. The most outstanding result is that for every combination of k and
lags, the new approach outperform the results of the classical algorithm. The improvement
in forecast accuracy is especially evident when only one lag is considered. This is a expected
result, as with only a lagged value is easier to find misleading neighbours.

6 Conclusions

In this paper we have proposed to reduce the search space of possible neighbours in a nearest
neighbours algorithm applied to time series forecasting when prior information about the
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structure of the time series is known. The goal is to look for only significant neighbours. Our
preliminary experimentation on the time series of the NN5 competition seems to indicate
that the proposal is quite effective.
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Abstract

This paper considers the problem of estimating a poverty measure, the Head Count
Index, using the auxiliary information available, which is incorporated into the estima-
tion procedure by calibration techniques. The proposed method does not directly use
the auxiliary information provided by auxiliary variables related to the variable of inte-
rest in the calibration process, but the auxiliary information, after a transformation, is
incorporated by calibration techniques applied to the distribution function of the study
variable. Monte Carlo experiments were carried out for simulated data and for real data
taken from the Spanish living conditions survey to explore the performance of the new
estimation methods of the Head Count Index.

Key words: Auxiliary information, calibration estimator, poverty index, survey sam-
pling

1 Introduction

The estimation of a proportion in finite populations is a interesting topic in many areas
such as medical and pharmaceutical statistics, marketing research, sociological studies and
has important applications in the field of economics. Indeed, the analysis of poverty and
social exclusion measures is a topic of increased interest to society. For governments is of
high interest the estimation of poverty, inequality and life condition indicators and many
social indicators related to the measurement of poverty are based upon binary variables or
require the use of proportions to obtain such indicators. Among these poverty measures, we
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can find the Head Count Index that is widely used by institutions to elaborate their reports
on poverty. The Head Count Index (HCI) can be calculated as the proportion of persons
(or households) with an equivalised disposable income below the 60% of the national me-
dian equivalised income. In the literature, numerous references discuss about the HCI and
related poverty indicators. For instance, some references are [11], [1], [14], [13] and [12].
The real HCI is unknown in practice, but it is estimated by using survey data, therefore
estimation methods for proportions are required, since the HCI can be expressed as a pro-
portion. Usually the method for estimating the HCI is by using direct estimators without
using auxiliary information, but official surveys on income and living conditions generally
contain additional variables related to the variable of interest and the efficient insertion of
the auxiliary information available would improve the precision of the estimations for the
proportion of a categorical variable of interest. These additional variables includes numeric
and binary attributes and the HCI can have stronger relationship with auxiliary quantitative
variables. In the presence of auxiliary information, there exist several procedures to obtain
more efficient estimators for the proportion of a categorical variable of interest, maybe some
of them ([17] and [8]) assume that the auxiliary information is given by binary variables and
consequently the auxiliary quantitative variables can not include at the estimation stage.
In the case that the auxiliary information available includes both categorical and numerical
attributes, we can use the logistic generalised regression estimator, proposed by [5] but has
the problem of estimating the parameter associated to the logistic model.
In this paper, we consider the problem of estimating the population proportion of a catego-
rical variable using the calibration framework. Calibration techniques were first employed
by [2] to estimate the total population, but this approach is also applicable to the estimation
of parameters more complex than the total population. [4], [15] and [16] use different ways
to implement the calibration approach in the estimation of the distribution function and
the quantiles. The use of calibration techniques in the estimation of population proportion
of a categorical variable is not new. In [8] the authors proposed estimation procedures
for a proportion and based on calibration framework but as we discussed previously, the
estimator obtained cannot be applied for the estimation of the HCI, since they assume that
the auxiliary information is exclusively given by binary variables. Another calibration al-
ternative when the auxiliary information includes both categorical and numerical attributes
is given in [7] where it was proposed a calibration estimator based on probit regression.
In this paper, we consider the incorporation of the auxiliary information with calibration
techniques applied to the distribution function of the study variable under simple random
sampling. The article is arranged as follows. In Section 2, the HCI and indirect estimation
methods are introduced. Section 3 gives a alternative calibration estimator for HCI based
on the estimation of the distribution function. In Section 4, we derive optimum estimators
in the sense of minimum variance when the sample is selected under simple random sam-
pling without replacement (SRSWR). Finally, in Section 5, simulation studies are carried
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out to analyze the performance of estimator proposed in this paper. Simulation studies are
based upon real survey data and simulated finite populations. The real data is obtained
from the Spanish living conditions survey. Section 5 gives some concluding remarks.

2 The Headcount Index and Indirect Estimation of popula-
tion proportion

Let U = {1, 2, . . . , N} be a finite population consisting of N different elements. Let s =
{1, 2, . . . , n} be the set of the units included in a sample, selected according to a specified
sampling design with inclusion probabilities πk and πkl assumed to be strictly positive. We
assume that y is the quantitative variable used to obtain the HCI and L is the poverty line
used to classify the population into poor and nonpoor, that is, an individual (or households)
is considered as poor if its income or expenditure y is less than the poverty line L. Thus,
the real Head Count Index can be defined as the population proportion of the attribute A
in the population U, HCI = PA =

∑
k∈U

Ak/N , where Ak = 1 if the unit k is classified as

poor (yk ≤ L) and Ak = 0 otherwise. The value Ak is only available for the sample units.
We assume that the poverty line L is established by the corresponding authority, i.e., L
is fixed at some official quantity. For instance, Eurostat fixes the relative poverty line in
the 60% of the median of the equivalised net income. To estimate PA, the usual design-
weighted Horvitz-Thompson estimator is P̂AHT =

∑
k∈s

dkAk/N , where dk = 1/πk. Now, we

assume the existence of a vector x = (x1, x2, . . . xP )
′

of auxiliary information, such that
for every population unit k the value xk = (x1k, x2k, . . . , xPk) is known. We also assume
that the variables included in the vector x can be either numeric or binary attributes of the
same type as the study attribute A. Most official surveys on income and living conditions
contain auxiliary variables related to the variable of interest, these auxiliary variables can
be quantitative variables or qualitative attributes.
The Horvitz-Thompson estimator P̂AH is an unbiased estimator for PA but does not use the
auxiliary information provided by the vector x. The incorporation of auxiliary information
in estimating the population proportion PA is not new and has been treated in many works.
If the auxiliary vector x only includes binary attributes, we can use the estimation methods
proposed by [17]. In the case that the vector x includes both categorical and numerical
attributes, we can use the logistic generalised regression estimator, proposed by [5]. This
estimator is given by:

P̂LGREG =
1

N

(∑
k∈U

plk +
∑
k∈s

Ak − plk
πk

)
(1)
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where plk = exp(xkβ̂)/(1 + exp(xkβ̂)) and β̂ is the BLUP estimator of the β parameter of
the logistic regression. [3] provided some codes to compute the LGREG estimator and a
Monte Carlo study to empirically investigate the accuracy of the confidence intervals when
HT and LGREG estimators are used.

One way of incorporating auxiliary information provided by x in the estimation of PA

is via replacing the weights dk of the estimators P̂AH by new weights ωk, using calibration
techniques. Following [2], to obtain a calibration estimator for the attribute A, we calculate
the weights ωk minimizing the chi-square distance

Φs =
∑
k∈s

(ωk − dk)2

dkqk
(2)

subject to a set of calibration constraints, where qk are known positive constants unrelated
to dk. Thus, if x only includes binary attributes, we can estimate PA through calibration
techniques proposed by [8]. Calibration techniques have also recently been used in the
estimation of PA when the vector of auxiliary variables x contains both binary and numerical
attributes. Thus, in [7], it was proposed a calibration estimator P̂CP based on probit
regression, where the calibrated weights ωk are obtained by minimizing (2) subject to the
following conditions:

1

N

∑
k∈s

ωkpk = P̄ =
1

N

∑
k∈U

pk; and
1

N

∑
k∈s

ωk = 1 (3)

with pk = P̂ [Ak = 1] = F (β̂′ · xk), where F is the normal-standard distribution function
and β̂ is the π-weighted likelihood estimator of the β parameter of the probit regression ([8]).

In the next section we consider the estimation of the population proportion by estima-
ting the distribution function FA(t) of the attribute of study A.

3 Calibration Estimation of population proportion by esti-
mating distribution function

In this section, we describe alternative calibration estimation methods for the problem of
estimating PA, based on auxiliary vector x that includes numeric and binary attributes.
This calibration methods define a new indirect estimator for PA through the estimation
of the distribution function FA(t) =

∑
k∈U

∆(t − Ak)/N of the attribute of study A, where

∆(t − Ak) = 1 if t ≥ Ak and ∆(t − Ak) = 0 otherwise. Since the aim is to estimate
the population proportion PA by estimating the distribution function, we will consider the
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complementary attribute Ā of the attribute A, this is Āk = 1 − Ak. Thus, if FĀ(t) is the
distribution function associated with the complementary attribute, it is clear that PA =
FĀ(0) and the estimate of the population proportion PA can be obtained by the methods
of estimating the distribution function. The usual estimator of distribution function is the
Horvitz-Thompson estimator given by

F̂ĀHT (t) =
1

N

∑
k∈s

dk∆(t− Āk) (4)

From (4) it is easy to see that P̂AH = F̂ĀHT (0). Thus, we will obtain new indirect estimators
of PA through calibration techniques applied to FĀ(t) at the point t = 0.
Recently, the calibration approach have been employed for the estimation of the distribution
function and quantiles in different ways ([4], [15] and [16]). Following [15], we consider the
definition of a pseudo-variable gk = β̂′xk for k = 1, 2, . . . , N with

β̂′ =

(∑
k∈s

dkqkxkx
′
k

)−1∑
k∈s

dkqkxkĀk,

where qk are known positive constants unrelated to dk. With the pseudo-variable g, we
consider the estimation of PA = FĀ(0) with the calibration estimator obtained with the
minimization of (2) subject to the following conditions:

1

N
=
∑
k∈s

ωk∆(tg − gk) = Fg(tg) (5)

with tg = (t1, . . . , tP )
′

is a vector chosen arbitrarily, where t1 < t2 < . . . < tP . Assuming

that the inverse of symmetric matrix T =
∑
k∈s

dkqk∆(tg−gk)∆(tg−gk)′ exists, the resulting

estimator ([15]) is given by

P̂AC = F̂ĀC(0) = P̂AHT +
(
Fg(tg)− F̂GHT (tg)

)′
· D̂ (6)

where D̂ = T−1 ·
∑
k∈s

dkqk∆(tg − gk)∆(0 − Āk) and F̂GHT (tg) is the Horvitz-Thompson

estimator of Fg(tg).

The asymptotic variance of F̂ĀC(0) ([15]) is given by:

AV (F̂ĀC(0)) =
1

N2

∑
k∈U

∑
l∈U

∆kl(dkEk)(dlEl) (7)

where D =

(∑
k∈U

qk∆(tg − gk)∆(tg − gk)′
)−1

·
(∑

k∈U
∆(tg − gk)∆(0 − Āk)

)
and

Ek = ∆(0− Āk)−∆(tg − gk) ·D.
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4 Determining optimal calibration estimators

The precision of F̂ĀC(0) changes with the selection of tg. In [6] and [9], the authors studied,
for a fixed P , the problem of selection the optimal vector tg under simple random sampling
and qk = 1 for all k ∈ U , that gives the best estimation of Fy(t) with the calibration es-

timator F̂yc(t) developed in [15], that is, the problem of determining an auxiliary vector
tg = (t1, . . . , tP )

′
, with t1 < t2 < . . . < tP that minimizes the variance of the estimator

F̂yc(t) given a point t for which we want to estimate Fy(t). Moreover, in [10], the problem
of the optimal dimension P of the auxiliary vector tP and the optimal vector of this di-
mension is studied for the calibrated estimator of [15]. Following [9], the minimization of
the asymptotic variance (7) under simple random sampling, is equivalent to minimizing the
following function:

G(t1, t2, . . . , tP ) = 2NPA · kP −
P∑

j=1

(kj − kj−1)2

(Fg(tj)− Fg(tj−1))
− k2

P (8)

where ki =
∑
k∈U

∆(0− Āk)∆(ti − gk) with i = 1, 2 . . . , P ; k0 = 0 and t0 is a value such that

Fg(t0) = 0.

If we consider the auxiliary vector tP = t1 (dimension P = 1), the value of t1 at which
the calibration estimator P̂AC is optimum ([6]) is given by topt = arg min

ak∈A0

G(ak), where

A0 = {gk : k ∈ U, Āk = 0} = {gk : Ak = 1} = {a1, a2, . . . , aM} with a1 < a2 < . . . < aM .
The optimal value of t1, (topt) depends on some unknown values, so we go to replace
the optimal vector topt by sample-based estimates. For it, we consider the following set
A0s = {gk : k ∈ s, Āk = 0} = {a1s , a2s , . . . , ams}, and the global minimum of the function
Ĝ(t1) (the usual estimation of G(t1)), is at one point of A0s ([6]). Thus, we can define a new
calibration estimator P̂AC1 based on the auxiliary point t̂opt that minimizes the function

Ĝ(t1). The asymptotic behaviour of the estimator P̂AC1 is the same as the estimator based
on optimum point topt ([6]). Thus the asymptotic variance of P̂AC1 is given by (7) with
tg = topt.

On the other hand, if the dimension of the auxiliary vector is P > 1, the global mini-
mum of the function G(tg) ([9]) is a vector tGP = (t1, t2, . . . , tP ), with t1 < t2 < . . . < tP
and ti ∈ A0 or ti ∈ B0 for i = 1, 2, . . . , P , where B0 = {b1, b2, . . . , bM} with bh = max

l∈Uh

{gl} for

h = 1, . . . ,M ; U1 = {l ∈ U : gl < a1} and Uh = {l ∈ U : ah−1 ≤ gl < ah}, h = 2, 3, . . . ,M .
It is clear that b1 < b2 < . . . < bM . Since the sets A0 and B0 are finite, finding the global
minimum is computationally simple. For some h in 1, 2, . . . ,M the corresponding point bh
may not exist, but in this case, the minimization problem is simpler than the current case
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([9]). Again, the optimal auxiliary vector tGP depends on some unknown values, therefore
we will replace the optimal vector with sample-based estimates. For it, we consider the
usual estimation of the function G denoted by Ĝ(tg), the sample-based set A0s and the set
B0s = {b1s , b2s , . . . , bms} with bhs = maxl∈Uhs

{gl} for h = 1, . . . ,m; U1s = {l ∈ s : gl < a1s}
and Uhs = {l ∈ s : a(h−1)s ≤ gl < ahs}, h = 2, 3, . . . ,m.

The potential points for the global minimum of Ĝ(tg) are t̂GP = (t̂1, t̂2, . . . , t̂P ) with t̂i ∈ A0s

or t̂i ∈ B0s ([9]). The calibration estimator P̂ACP based on t̂GP has the same asymptotic
behaviour that the estimator based on tGP and the asymptotic variance is given by (7)
with tg = tGP.

Following [10], the optimal dimension P of the auxiliary vector tg is 2M if b1 exists
and for all i = 1, . . . ,M − 1, bi+1 6= ai. The optimal vector in this case is tOPT =
(b1, a1, . . . , bM , aM ). If for some i1, i2, . . . iR ∈ {0, 1, . . . ,M − 1}; ai1 = bi1+1 with R ≤ M
and ih 6= ij if h 6= j the optimal dimension is P = 2M −R and the optimal auxiliary vector
tOP = (tO1, . . . , tO(2M−R)) is given by:

tOP = (b1, a1, b2, a2, . . . , bi1 , ai1 , ai1+1, bi1+2, . . . , bih , aih , aih+1, bih+2, . . . bM , aM ) (9)

The optimal auxiliary vector tOP depends on some unknown values, furthermore, although
the vector tOP be known, we could have incompatible restrictions in (5) when a sample s
is selected. Thus, similarly to the previous cases, we can define a new calibration estimator
P̂ACOPT based on t̂OP, a sample-based estimation.

The Horvitz-Thompson estimator P̂AHT , under SRSWOR, has the following shift in-
variance property P̂AHT = 1 − Q̂AHT , where Q̂AHT is the Horvitz-Thompson estimator
for QA = 1 − PA. Thus, P̂AHT has the same performance in the estimation of PA as the
performance of Q̂AHT in the estimation of QA. In general, this property is not satisfied
by the calibration estimators considered P̂AC1, P̂ACP and P̂ACOPT . It is easy to see that
this property is fulfilled by a calibration estimator if N =

∑
k∈U

ωk. A way to obtain this

condition consists in the incorporation of the value gmax = maxk∈U gk in the auxiliary op-
timum vectors. Thus, we can define a calibration estimator P̂AQ1 based on the auxiliary

vector (t̂opt, gmax), a calibration estimator P̂AQP based on (t̂GP , gmax) and a calibration

estimator P̂AQOPT based on (t̂OP , gmax). Nothing guarantees that we can use this vector
in the calibration constraints given by (5), when selecting a sample s, since we could have
incompatible restrictions. In this case, we consider the calibration constraints given by (5)
without gmax = maxk∈U gk.
It is easy to see that the incorporation of the value gmax in the calibration conditions (5)
does not produces a negative effect in the asymptotic variance. For it, from equation (8)
we have

G(t̂GP)−G((t̂GP , gmax) = (NPA − kP )2 − (NPA − kP )2

(1− Fg(tP ))
≤ 0
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Another way to incorporate shift in-variance property, consists in the minimization of the
function (8) when the auxiliary vector considered is (t1, gmax). Following [6] the optimal
auxiliary vector is tGMAX = (t1, gmax) where t1 ∈ A0 or t1 ∈ B0. Similarly to the previous
cases, we can define a new calibration estimator P̂ACMAX based on t̂GMAX, a sample-based
estimation.

5 Numerical Comparison

In this sections, we present the results of a Monte Carlo simulation study where we compare
the precision of the proposed calibration estimators: P̂AC1, P̂ACP , P̂ACOPT , P̂AQ1, P̂AQP ,

P̂AQOPT and P̂ACMAX with the Horvitz-Thompson estimator P̂AHT ; the multivariated ratio

estimator P̂AMratio (see [17]); calibration estimators PAR and the multivariate calibration
estimator P̂AWM (see [8]); the logistic generalised regression estimator P̂LGREG ([5] and
calibration estimator P̂CP based on probit regression (see [7]). The estimators P̂ACP and
P̂AQP are based on auxiliary vector with dimension P = 2. Our simulations are programmed
in R, with some new code developed to compute the estimators to be compared. The
performance of each proportion estimator was measured and compared in terms of relative
bias (rb) and relative efficiency (re). The simulated values of rb and re for a particular
proportion estimator T were computed as

rb = B−1
B∑
b=1

(T b − P )/P, re = MSE(P̂AHT )/MSE(T b)

where MSE(T b) = B−1
∑B

b=1(T b − P )2, MSE(P̂AHT ) = B−1
∑B

b=1(P̂ b
AHT − P )2, and T b

and P̂ b
AHT are the values of T and P̂AHT from the bth simulation, respectively.

To investigate the efficiency of the proposed estimators under a variety of situations, we
conside different stages. First, we will consider the estimation of a population proportion
in simulated populations and secondly we will use the proposed estimators in the estima-
tion of the Head Cont Index. For the estimation of population proportion, we consider
5 populations generated as a random sample of 10000 units from a Bernoulli distribution
with parameter P = 0.9, and the attributes of interest were thus achieved with the afore-
mentioned population proportion. Auxiliary attributes were also generated using the same
distribution, but a given proportion of values was randomly changed so that Cramers V
coefficient between the attribute of interest and the auxiliary attribute would range from
0.5 to 0.9. For each of the 5 populations, B = 10000 samples of sizes n =150, 250, 350 and
450 were selected, under simple random sampling, to compare the considered estimators in
terms of relative bias (RB) and relative efficiency (RE). Tables 1 give the values of RB and
RE in percentages for the binomial populations.
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Table 1: rb % and re % for several sample sizes of the estimators compared. srswor from the binomial populations.

RB% RE% RB% RE% RB% RE% RB% RE% RB% RE% RB% RE% RB% RE% RB% RE%

ρ = 0.5 ρ = 0.6
Estimator n = 150 n = 250 n = 350 n = 450 n = 150 n = 250 n = 350 n = 450

P̂AHT 0.014 100.00 -0.017 100.00 -0.003 100.00 -0.043 100.00 0.055 100 0.010 100 -0.016 100 -0.020 100

P̂AMratio 0.014 100.00 -0.017 100.00 -0.003 100.00 -0.043 100.00 0.055 100 0.010 100 -0.016 100 -0.020 100
PAR 0.031 109.21 -0.017 108.44 0.004 108.16 -0.037 109.90 0.040 109.78 -0.007 116.88 -0.009 117.98 -0.009 116.28

P̂AWM -0.002 112.48 -0.038 111.70 -0.008 112.08 -0.036 113.86 0.010 112.12 -0.035 127.92 -0.023 130.18 -0.020 126.98

P̂LGREG 0.006 113.63 -0.034 112.99 -0.006 113.47 -0.035 115.42 0.018 113.39 -0.030 131.35 -0.021 134.15 -0.018 130.46

P̂CP 0.002 113.29 -0.037 112.60 -0.007 113.13 -0.036 115.09 0.014 112.99 -0.037 130.66 -0.025 133.37 -0.021 129.62

P̂AC1 0.014 100.00 -0.017 100.00 -0.003 100.00 -0.043 100.00 0.055 100 0.010 100 -0.016 100 -0.020 100

P̂AQ1 0.014 100.00 -0.017 100.00 -0.003 100.00 -0.043 100.00 0.055 100 0.010 100 -0.016 100 -0.020 100

P̂ACP 0.025 114.14 -0.029 114.51 0.001 115.12 -0.031 117.52 0.038 115.27 -0.010 133.62 -0.010 136.87 -0.012 131.63

P̂AQP 0.025 114.14 -0.029 114.51 0.001 115.12 -0.031 117.52 0.038 115.27 -0.010 133.62 -0.010 136.87 -0.012 131.63

P̂ACOPT 0.040 115.21 -0.027 115.07 0.003 115.79 -0.029 118.14 0.046 115.85 -0.002 135.30 -0.007 138.81 -0.010 133.41

P̂AQOPT 0.040 115.21 -0.027 115.07 0.003 115.79 -0.029 118.14 0.046 115.85 -0.002 135.30 -0.007 138.81 -0.010 133.41

P̂ACMAX 0.025 114.14 -0.029 114.51 0.001 115.12 -0.031 117.52 0.038 115.27 -0.010 133.62 -0.010 136.87 -0.012 131.63

ρ = 0.7 ρ = 0.8

P̂AHT 0.015 100.00 0.013 100.00 0.008 100.00 0.006 100.00 0.004 100.00 -0.043 100.00 -0.007 100.00 -0.001 100.00

P̂AMratio 0.015 100.00 0.013 100.00 0.008 100.00 0.006 100.00 0.004 100.00 -0.043 100.00 -0.007 100.00 -0.001 100.00
PAR 0.011 127.74 -0.003 130.28 0.012 133.02 0.002 131.23 0.0157 165.15 -0.032 167.61 0.003 162.67 0.005 166.53

P̂AWM -0.13 140.46 -0.077 144.91 -0.029 148.35 -0.028 146.13 -0.145 187.40 -0.095 193.44 -0.048 189.55 -0.034 190.52

P̂LGREG -0.12 150.79 -0.070 156.15 -0.025 160.36 -0.025 158.11 -0.130 200.75 -0.081 209.88 -0.038 206.88 -0.028 208.68

P̂CP -0.15 148.42 -0.092 153.53 -0.038 157.63 -0.034 155.26 -0.160 197.77 -0.098 205.53 -0.050 202.48 -0.036 203.90

P̂AC1 0.015 100.00 0.013 100.00 0.008 100.00 0.006 100.00 0.004 100.00 -0.043 100.00 -0.007 100.00 -0.001 100.00

P̂AQ1 0.015 100.00 0.013 100.00 0.008 100.00 0.006 100.00 0.004 100.00 -0.043 100.00 -0.007 100.00 -0.001 100.00

P̂ACP -0.002 176.23 -0.004 181.61 0.014 184.02 0.001 181.07 -0.057 213.73 -0.020 225.64 0.005 223.49 -0.005 224.91

P̂AQP -0.002 176.23 -0.004 181.61 0.014 184.02 0.001 181.07 -0.057 213.73 -0.020 225.64 0.005 223.49 -0.005 224.91

P̂ACOPT 0.004 173.86 -0.006 179.09 0.014 181.82 0.001 179.94 0.002 218.32 -0.011 225.62 0.005 221.95 -0.004 223.73

P̂AQOPT 0.004 173.86 -0.006 179.09 0.014 181.82 0.001 179.94 0.002 218.32 -0.011 225.62 0.005 221.95 -0.004 223.73

P̂ACMAX -0.002 176.23 -0.004 181.61 0.014 184.02 0.001 181.07 -0.057 213.73 -0.020 225.64 0.005 223.49 -0.005 224.91

ρ = 0.9

P̂AHT -0.011 100.00 0.013 100.00 0.014 100.00 -0.002 100.00

P̂AMratio -0.011 100.00 0.013 100.00 0.014 100.00 -0.002 100.00
PAR -0.015 289.45 0.006 287.74 -0.001 286.77 -0.003 294.96

P̂AWM -0.181 331.63 -0.123 344.48 -0.080 345.35 -0.057 356.19

P̂LGREG -0.191 360.15 -0.127 377.50 -0.079 389.81 -0.053 400.60

P̂CP -0.209 349.52 -0.143 364.93 -0.091 372.18 -0.062 382.58

P̂AC1 -0.011 100.00 0.013 100.00 0.014 100.00 -0.002 100.00

P̂AQ1 -0.011 100.00 0.013 100.00 0.014 100.00 -0.002 100.00

P̂ACP -0.115 411.46 -0.050 437.04 -0.014 470.50 -0.006 469.58

P̂AQP -0.115 411.46 -0.050 437.04 -0.014 470.50 -0.006 469.58

P̂ACOPT -0.05 428.22 -0.020 445.22 -0.009 461.61 -0.006 463.43

P̂AQOPT -0.05 428.59 -0.020 445.22 -0.009 461.61 -0.006 463.43

P̂ACMAX -0.115 411.80 -0.050 437.04 -0.014 470.50 -0.006 469.58

The results derived from this simulation study gave values for RB within a reasonable
range. All the estimators considered produced absolute relative bias values of less than
0.5%. The estimators P̂AHT , P̂AMratio, P̂AC1 and P̂AQ1 has the same variance and have
a larger variance than the other estimators considered. With large Cramer’s V coefficient
(ρ) values, the proposed estimators P̂ACP , P̂AQP , P̂ACMAX , P̂ACOPT and P̂AQOPT produce
good results. It can also be seen that as ρ increases, all the estimators achieve greater
precision, which is particularly marked for very high correlations.
Of all the estimates that use auxiliary information, the calibration estimators P̂ACOPT and
P̂AQOPT has the highest degree of efficiency for small values of ρ while for the large values,

the estimators P̂ACP , P̂AQP and P̂ACMAX present a greater efficiency. In all cases, the

calibration estimators P̂ACP , P̂AQP , P̂ACMAX , P̂ACOPT and P̂AQOPT perform better than
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the estimators PAR, P̂AWM , P̂LGREG and P̂CP .
The sample size produces a clear effect on the behaviour of the estimators: as the sample
size increases, so does the efficiency of the estimators.

For the estimation of Head Count Index, we consider real data taken from the 2008
Spanish living conditions survey carried out by the Instituto Nacional de Estad́ıstica (INE)
of Spain. For our simulation study, we considered the survey data collected as a popula-
tion, from which samples are selected.The poverty threshold is calculated each year, using
the distribution of the equivalised net income for the previous year. Following the criteria
recommended by Eurostat, this threshold is set at 60% of the median of the equivalised net
income. We considered the variable “Returns and additional revenue from adjustments in
taxes” and the attribute “Home with own car” (1 for home with own car, 0 otherwise) as
the auxiliary variables. Again, B = 10000 samples of sizes n =500, 600, 700 and 800 were
selected, under simple random sampling, to compare the relative bias (RB) and relative
efficiency (RE) of the considered estimators. Table 2 give the values of RB and RE in
percentages for the real population.

Table 2: rb % and re % for several sample sizes of the estimators compared under srswor from the 2008 Spanish
living conditions survey population.

RB% RE% RB% RE% RB% RE% RB% RE%

Estimator n = 500 n = 600 n = 700 n = 800

P̂AHT -0.066 100.00 -0.333 100.00 -0.256 100.00 0.044 100.00

P̂AMratio -0.066 100.00 -0.333 100.00 -0.258 100.00 0.044 100.00
PAR -0.064 94.80 -0.363 90.14 -0.286 96.98 0.027 96.65

P̂AWM -0.184 104.88 -0.227 102.49 -0.306 102.10 0.017 102.03

P̂LGREG -0.151 105.04 -0.190 102.50 -0.276 103.01 0.037 102.73

P̂CP -0.155 104.96 -0.221 102.47 -0.274 102.71 0.042 102.57

P̂AC1 -0.199 99.08 -0.288 100.23 -0.342 99.53 -0.041 99.66

P̂AQ1 -0.107 99.199 -0.287 100.85 -0.273 99.68 0.027 99.68

P̂ACP -0.648 104.31 -0.337 112.15 -0.532 103.16 -0.053 102.95

P̂AQP -0.638 104.39 -0.380 112.90 -0.522 103.22 -0.053 103.04

P̂ACOPT -0.167 105.05 0.388 102.45 -0.157 103.06 0.057 102.55

P̂AQOPT 0.169 105.04 0.788 102.23 0.156 103.23 0.058 102.77

P̂ACMAX -0.238 105.70 -0.443 103.63 -0.238 104.32 0.050 103.60

In this population, the results are slightly different. The relative biases usually remain
negligible (less than 0.5 %) but the efficiency is different:

• The calibration estimator PAR, P̂AC1 and P̂AQ1 performs poorly and has worse effi-

ciency than the estimator P̂AHT .

• The remaining estimates are more efficient than the estimator P̂AHT but the gain in
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efficiency is not as great as in the previous example.

• The proposed calibration estimator P̂ACP , P̂AQP , P̂ACMAX , P̂ACOPT and P̂AQOPT

often work better than the other estimators. The estimator P̂ACMAX is the most
efficient for all sample sizes, except for the sample size n = 600 where the estimators
P̂ACP and P̂AQP present the best results.
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Abstract

The concept of geometric-arithmetic index was introduced in the chemical graph
theory recently, but it has shown to be useful. The aim of this paper is to obtain
new inequalities involving the geometric-arithmetic index GA1 and characterize graphs
extremal with respect to them. Our main results provide lower bounds on GA1(G)
involving just the minimum and the maximum degree of the graph G.

Key words: Geometric-arithmetic index, Graph invariant, Vertex-degree-based graph
invariant, Topological index.
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1 Introduction

A single number, representing a chemical structure in graph-theoretical terms via the molec-
ular graph, is called a topological descriptor and if it in addition correlates with a molecular
property it is called topological index, which is used to understand physicochemical prop-
erties of chemical compounds. Topological indices are interesting since they capture some
of the properties of a molecule in a single number.

The first geometric-arithmetic index GA1 was defined in [3] as

GA1 = GA1(G) =
∑

uv∈E(G)

√
dudv

1
2(du + dv)

where uv denotes the edge of the graph G connecting the vertices u and v, and du is the
degree of the vertex u.
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Herein, G = (V (G), E(G)) denotes a (nonoriented) finite simple (without multiple
edges and loops) nontrivial (E(G) 6= ∅) graph. The aim of this paper is to obtain lower
bounds on GA1(G) involving just the minimum and the maximum degree of the graph G
and characterize graphs extremal with respect to them.

2 Main results

Let us recall Lemma 2.2 and Corollary 2.3 in [2].

Lemma 2.1. Let f be the function f(t) = 2t
1+t2

on the interval [0,∞). Then f strictly
increases in [0, 1], strictly decreases in [1,∞), f(t) = 1 if and only if t = 1 and f(t) = f(t0)
if and only if either t = t0 or t = t−1

0 .

Corollary 2.2. Let g be the function g(x, y) =
2
√
xy

x+y with 0 < a ≤ x, y ≤ b. Then
2
√
ab

a+b ≤ g(x, y) ≤ 1. The equality in the lower bound is attained if and only if either x = a
and y = b, or x = b and y = a, and the equality in the upper bound is attained if and only
if x = y.

Let us denote by Kδ,∆ the complete bipartite graph with a partition K1, K2 with δ and
∆ vertices respectively.

Given integers 0 < δ ≤ ∆, let us define Gδ,∆ as the set of graphs G with minimum
degree δ, maximum degree ∆ and such that:

(1) G is isomorphic to the complete graph with ∆ + 1 vertices K∆+1, if δ = ∆,

(2) |V (G)| = ∆ + 1, there are ∆ vertices with degree δ, if δ < ∆ and ∆(δ + 1) is even,

(3) |V (G)| = ∆ + 1, there are ∆ − 1 vertices with degree δ and a vertex with degree
δ + 1, if δ < ∆− 1 and ∆(δ + 1) is odd,

(4) |V (G)| = ∆ + 1, there are ∆− 1 vertices with degree δ and two vertices with degree
∆, if δ = ∆− 1 and ∆ is odd (and thus ∆(δ + 1) is odd).

Proposition 2.3. For any integers 1 < δ ≤ ∆, we have

(1) if ∆
δ >

(
2 +
√

3
)2

, then GA1(Hδ,∆) > GA1(Kδ,∆),

(2) if ∆
δ <

(
2 +
√

3
)2

and ∆(δ + 1) is even, then GA1(Hδ,∆) < GA1(Kδ,∆).

It may be wondered if for any graph G with minimum degree δ and maximum degree
∆

GA1(G) ≥ min
{
GA1(Hδ,∆), GA1(Kδ,∆)

}
. (1)

The following example shows that the answer is negative.

Example 2.4. Let us suppose δ = 4 and ∆ = 56. Consider a graph G with 57 vertices,
two of them, a1, a2 with degree 56 and the rest, b1, . . . , b55 with degree 4. Let us assume
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the edges are as follows. There is an edge aibj for every i, j, an edge a1a2 and the vertices
b1, . . . , b55 induce a cycle of length 55.

Then, GA1(G) = 2·110
√

4·56
4+56 + 56 ≈ 110.8776.

However, GA1(H4,56) = 112
√

224
60 +84 ≈ 111.9377, and GA1(K4,56) = 448

√
224

60 ≈ 111.7508.

Nevertheless, we are able to find the critical lower bound in some cases:

Theorem 2.5. Let G be a graph with minimum degree δ > 0 and maximum degree ∆ ≥ 2.
If

2
√
δ∆

δ + ∆
≥ ∆(δ − 1)

∆(δ − 1) + 2
, (2)

then

GA1(G) ≥ 2∆
√
δ∆

δ + ∆
+

∆(δ − 1)

2
. (3)

Furthermore, if ∆(δ + 1) is odd,

2
√
δ∆

δ + ∆
≥ ∆(δ − 1)

∆(δ − 1) + 2
and

3
√
δ∆

δ + ∆
+ δ − 1

2
≥

2
√

(δ + 1)∆

δ + 1 + ∆
+

2δ
√
δ(δ + 1)

2δ + 1
, (4)

then

GA1(G) ≥ 2(∆− 1)
√
δ∆

δ + ∆
+

2
√

(δ + 1)∆

δ + 1 + ∆
+

2δ
√
δ(δ + 1)

2δ + 1
+

(∆− 2)(δ − 1)− 1

2
. (5)

If ∆ and δ verify (2), then the equality in (3) is attained if and only if ∆(δ+ 1) is even
and G ∈ Gδ,∆. If ∆ and δ verify (4) and ∆(δ+ 1) is odd, then the equality in (5) is attained
if and only if G ∈ Gδ,∆.

Corollary 2.6. Let G be a graph with minimum degree δ > 0 and maximum degree ∆ =
δ + h ≥ 2. If we have

(1) h = 0 or h = 1, for every ∆ ≥ 2,
(2) h = 2, for every ∆ ≥ 3,
(3) h = 3, for every ∆ ≥ 4,
(4) h = 4, for every ∆ ≥ 5,
(5) h = 5, for every ∆ ∈ {6, 7, 8},
(6) h = 6, for every ∆ ∈ {7, 8},
(7) h ≥ 7 and ∆ = h+ 1,

then

GA1(G) ≥
2∆
√

∆(∆− h)

2∆− h
+

∆(∆− h− 1)

2
.

Theorem 2.7. Let G be a graph with minimum degree 2 and maximum degree ∆ ≥ 28.
Then,

GA1(G) ≥ 2∆
2
√

2∆

∆ + 2
,

and the equality is attained if and only if G = K2,∆.
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1 IT4Innovations, VŠB - Technical University of Ostrava, Ostrava, Czech Republic

emails: tomas.martinovic@vsb.cz

Abstract

Recurrence plot analysis is well established method to analyse time series in numer-
ous areas of research. As the main result, the technique for computation of recurrence
plot of recurrence plots(RPoRPs) is outlined. RPoRPs is extension of RP. This method
significantly reduces spatial complexity of computation by computing RPoRPs directly
from the time series. Additionally, a way to store RPoRPs in optimal format for diag-
onal recurrence quantitative analysis is proposed.

Key words: RPoRPs, recurrence plot, algorithms, time series
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1 Introduction

Recurrence quantitaive analysis (RQA) is a well established method for nonlinear time series
analysis [5] [1]. RQA is the extension of a recurrence plot (RP), which is a visualisation tool
for the recurrences in the state-space. Recurrence plots are used in number of disciplines
such as medicine, engineering, economics and more, see e.g. [4], [8], [7] respectively.

Main advantages of RQA is its robustness to noise, possibility to study nonstationary
time series and numerous extensions of RP, which allow study of stochastic and linear
systems [2]. This paper is focused on computation of recurrence plot of recurrence plots
(RPoRPs) [3], which is approximation of RP for very long time series. Main advantage of
this technique is, that it computes RPoRPs directly from the time series and saves a lot of
space.
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2 Recurrence plot

Generally, recurrence plot is computed from the embedded time series. Embedding time
series to the phase space is common practice in the nonlinear dynamical systems analysis.
In case of observing one feature of multi dimensional dynamical system, embedding of this
observed time series should re-create phase space with same dynamics as the original system
see e.g. [9].

Let {x(t) ∈ R| t = 1, 2, . . . , n} be observed time series of length n. Then embedded
vector X(t) at time t, is defined as X(t) = [x(t), x(t + l), x(t + 2l), . . . , x(t + (m − 1)l)],
where t is observed time, l is delay time and m is embedding dimension.

First is computed the distance matrix of all the vectors X(t). The euclidean distance
matrix is computed as

D(t1, t2) = d(X(t1), X(t2)) =

√√√√m−1∑
k=0

(x(t1 + kl) + x(t2 + kl))2, (1)

for all the pairs X(t1), X(t2), where t1, t2 ∈ {1, 2, . . . , n− (m−1)l}. Recurrence plot is then
computed as

RP ε(i, j) =

{
1, D(i, j) < ε

0, otherwise,
(2)

for i, j ∈ {1, 2, . . . , n−(m−1)l}. This may be alternatively written as RP ε(i, j) = Θ(D(i, j)),
where Θ(·) is the Heaviside function.

3 Recurrence plot of recurrence plots

Recurrence plot of recurrence plots is a method to analyse long time series, for which it is
normally impossible to compute recurrence plots since the number of elements in recurrence
plot is exponential to the time series length. It was firstly proposed in Fukino[3]. RPoRPs
is based on the windowed RP analysis as can be found in [6].

First the windowed RPs are computed. The elements of windowed RP are given by

RP ε
t (i, j) = Θ(d(S(ts+ i), (S(ts+ j))), (3)

where t ∈ {1, 2, . . . , (t − (m − 1)l − w)/s} and i, j ∈ {1, 2, . . . , w}. Analysis of windowed
RPs is used to study local characteristics of the time series and to discover transitions in a
dynamical system.

RPoRPs is defined as the thresholded distance matrix of all the windowed RPs.

RPoRP (i, j) = Θ

√√√√ w∑
k,l=1

(RPi(k, l)−RPj(k, l))
2

 , (4)
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where i and j are RPoRPs element‘s indices. While windowed RPs are reflection of local
characteristics. RPoRPs describes global characteristics of the time series.

RP and RPoRPs were tested on the Tent map T defined by

T (x) = 1− |2x− 1|, x ∈ [0, 1]. (5)

The elements of time series are given by xt = T (xt−1), with the initial value x0 =
√

(2)/2.
Example of RP and RPoRPs of width 798 is shown in Figure 3 and Figure 3. 800 iterations
of tent map were used to compute RP and 80050 iterations were used to compute the
RPoRPs. The windowed RP used for the computation of RPoRPs had width of 400 and
shift width was 100.
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Figure 1: RP of tent map iterations
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Figure 2: RPoRP of tent map iterations

4 Recurrence quantitative analysis

Although recurrence plots are powerful tool for time series analysis. Depending solely on
the visual examination is often difficult. For long time series the visualisation of RPs is not
exact, because the resolution of RP is higher than the screen resolution. Another thing is
that, visual examination of RPs is not possible in automatic systems and therefore it is not
suitable for practical use in automated tools.

Because of this, the RQA was created. It is quantification of main informations in
the RPs. These can be divided into three categories: recurrence rate based, diagonal line
based and vertical line based. Diagonal line based measures are generally connected with
predictability of the system, while vertical line based measures are describing how long the
system is trapped in the same state.

For RQA, measures of main interest are determinism, diagonal line length and entropy.
Determinism is computed from the histogram of diagonal lines and is defined as

DET =

∑N
l=lmin

lP (l)∑N
i,j=1RP (i, j)

, (6)

where l is the length of diagonal lines and P (·) is the histogram of diagonal lines. Deter-
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minism is related to the predictability of the system, because deterministic process should
contain many long diagonal lines in the RP and few single recurrence points. On the other
hand, RP of noise, or random process should contain many single recurrence points with a
few short diagonals.

5 Computation

Simple calculation of distance matrix requires computing n2 distances for all pairs of n vec-
tors. Naturally this may be reduced to computing only the lower/upper triangle, n(n−1)/2
pairs, since the distance matrix is symmetric and the main diagonal is always zero. Despite
this reduction, the computational complexity grows exponentially. Equally grows memory
requirements for storage of such distance matrix. For example to store the lower triangle of
distance matrix for the time series of 100,000 observations would take approximately 372
GB. This means, it would be impossible to store it in RAM of most modern computers. This
would make computation excessively difficult and computationally and spatially complex.

This issue is partially solved by windowed RPs, since their length is much smaller and
therefore their memory requirements are acceptable. However to compute RPoRPs it is
necessary to compute a large number of distance matrices, which are later used to compute
RPoRPs.

However this is unnecessary, since the RPoRPs can be effectively computed from the
original time series. The formula for computing RPoRPs directly from the time series is
simple expansion of the equation (4)

dRPoRP (i, j) =

√√√√√2
w−1∑
a=0

w∑
b=a+1


√√√√m−1∑

n=0

α2
n −

√√√√m−1∑
n=0

β2n

, (7)

αn = x(ti+a + nl)− x(ti+b + nl), (8)

βn = x(tj+a + nl)− x(tj+b + nl), (9)

where x(t) is observation of time series x at time t, m is embedding dimension, l is time
delay and w is distance matrix window width.

To reduce cache misses it is important to compute elements of RPoRPs in diagonal
order. This allows to compute diagonal RQA measures by cycling through consecutive
elements of array containing RPoRPs, so the prefetching mechanism may easily predict
which elements will be used.

6 Conclusion

It was outlined how to compute RPoRPs directly from the time series by exploiting the
definition of RPoRPs. This method introduces much lower spatial complexity of computa-
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tion, significantly increasing performance and reducing cache misses when computing RQA.
This should open up new possibilities in RP analysis, allowing study of much longer time
series with multiple resolutions. Moreover, simulations of RP and RPoRPs were done on
experimental example based on the Tent map.
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Abstract

In this work we investigate convex Gaussian mixtures, namely an usually considered
statistical hypothesis in data analysis, the variance equality. Under variance equality hy-
pothesis it is possible to avoid a large number of parameters and to rewrite the mixture.
Moreover, approximations to simpler distributions can sometimes be achieved. These
approximations, namely to the Beta distribution, can be used to perform a variance
equality test.

Key words: Gaussian mixtures, variance equality.

1 Introduction

Let us define a convex Gaussian mixture of N subpopulations as a random variable with
density function

fX (x) =
N∑
j=1

wj
1√

2πσj
exp

{
−1

2

(
x− µj
σj

)2
}
, σj > 0, wj > 0,

N∑
j=1

wj = 1, (1)

where µi, σi and ωi denote the mean, the variance and the weight of subpopulation i.
This type of mixtures is often used in statistical data analysis, because convex gaussian

mixtures are very flexible. They can deal with multimodality, different shapes and always
have finite moments, which is a plus. In a remarkable work of 1894 [6], Pearson used a
two component Gaussian to fit biological data. This was, as far as we now, the first use of
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Gaussian mixtures in a real data situation, together with the presentation of several theo-
retical aspects. [1] and its followers used these mixtures when dealing with financial data,
usually with a small number of components. A recent application to image processing can
be found in [4]. Image deconvolution is also a prolific field of Gaussian mixture’s applica-
tions. A reference book for finite Gaussian (and non Gaussian) mixtures is [5], containing
many applications to several fields of knowledge together with theoretical background.

2 Cumulants, Moments and Simplifications

For a random variable (r.v.) X with density as stated in (1), moments can be retrieved
from the cumulant generation function,

ln[ϕX (−it)] = κ1,Xt+ κ2,X
t2

2!
+ κ3,X

t3

3!
+ κ4,X

t4

4!
+O

(
t5
)

(2)

with
κ1,X = µ′1,X κ2,X = µ(2,X) κ3,X = µ(3,X) κ4,X = µ(4,X) − 3µ2(2,X), (3)

where µ(k,X) is the centred k-moment, µ′k,X represents the raw k-moment and κk,X denotes
the k-cumulant of r.v. X.

One common assumption is to consider the same variance for all the components, that
is to consider σj = σ for j = 1, ..., N. When all the subpopulations have the same variance,
[2] showed that

X
d
= V + Y (4)

where V and Y are independent random variables, V ∼ N (0, σ) and Y is a discrete random
variable where P (Y = µj) = wj , for j = 1, ..., N.

Thus, using equations (3) and (4) when σj = σ for j = 1, . . . , N , the mixture cumulants
can be rewritten as a sum. Using cumulants properties,

κ1,X = κ1,Y κ2,X = κ2,Y + σ2 κ3,X = κ3,Y κ4,X = κ4,Y . (5)

The equality κ2,X = κ2,Y + σ2 is important, because the knowledge of κ2,Y = µ(2,Y ) or σ2

is enough to estimate all the other parameters by the moments method, and even to fit (in
some situations) an Y distribution.

3 Pearson System Approximation

Let β1,X (skewness) and β2,X (kurtosis) coefficients be defined as

β1,X =
µ(3,X)

µ
3/2
(2,X)

β2,X =
µ(4,X)

µ2(2,X)

. (6)

c©CMMSE ISBN: 978-84-617-8694-7Page 1428 of  2288



Felgueiras, Santos and Martins

Any unimodal mixture can be approximated by a Pearson system distribution [3]. The
selected distribution depends on β1,X and β2,X .

For unimodal gaussian mixtures where σj = σ for j = 1, ..., N , the Pearson type I (four
parameters beta) approach arises in multiple situations, namely when

µ(2,Y )

√
1.5β21,Y − β2,Y + 3

3
− µ(2,Y ) < σ2 <

1.5β21,Y µ(2,Y )

β2,Y − 3
− µ(2,Y ). (7)

However, in most situations it is impossible to decompose the mixture into a random
variable sum, since both µ(2,Y ) and σ2 are unknown. Therefore, the use of the above
equation in estimation issues or when testing variance equality is limited.

4 Gaussian Mixtures with Two Components

Since the general result stated in the previous section has limited usefulness, we will present
an approximation that works well for unimodal Gaussian mixtures with two components.
This approximation allows us to develop a variance equality test based on Beta distribution
fit. The test quality is ascertain using both simulation studies and real data applications.
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Abstract

The reinfection SIRI model describes the spreading of an epidemics in a population
of susceptible (S), infected (I), and recovered (R) individuals, where after an initial
infection the recovered individuals only have partial immunity against a possible re-
infection. Grassberger, Chaté and Rousseau considered similar models with partial
immunization, and observed transitions between phases of no-growth, annular growth
and compact growth (see [5]). The transition between no-growth and annular growth
corresponds to the transition between the disease-free equilibrium and the endemic equi-
librium and so it is well characterized. The characterization of the transition between
annular growth and compact growth is much more dubious because it not corresponds
to a sharp threshold. This is transition is known as the reinfection threshold. In this
work, we propose a new approach to characterize the reinfection threshold based on the
curvature of the infected individuals quantity.

Key words: Reinfection threshold, SIRI model

1 Introduction

In 2004, Gomes, White and Medley pointed out the attention to the epidemic models
with partial immunity with the discovery of the reinfection threshold [3]. Besides the well
known first infection threshold, between a disease free state and a non-trivial state with
strictly positive endemic equilibrium, they found a second threshold characterized by the
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ratio between the infection and reinfection rates. They called to this second threshold
the “reinfection threshold”. The existence of the reinfection threshold is an extremely
important discovery because partial immunity is a frequent feature of many pathogens, like
Neisseria meningitidis, Streptococcus pneumoniae, Mycobacterium tuberculosis (see [3, 8]).
But the concept of the reinfection threshold was not consensual and was under debate in
the following years (see [1, 4]) The main concern with this new concept was that the so
called reinfection threshold does not exhibit a sharp threshold behaviour and therefore it is
dubious that corresponds to a phase transition.

Some years before, Grassberger, Chaté and Rousseau considered a model for the spread-
ing of an agent in a medium whose susceptibility changes irreversibly at the first infection,
that shows transitions between phases of no growth below the direct percolation or dy-
namical percolation critical points which are joined by a phase transition line, and another
transition between annular growth and compact growth in two and higher spatial dimen-
sions (see [5, 6]). The model considered in their work has the possibility to model epidemics
with partial immunization, where after a first infection the recovered host only have partial
immunity against the pathogen or a genetically close mutant pathogen. Hence, the three
phases of growth are expected to be observed in epidemic models with partial immunity
and more than one phase transition should exist.

Here, we consider the basic reinfection SIRI epidemic model in a stochastic spatial
setup, and we analyze dynamics of the mean total numbers of susceptibles, infected and
recovered, in the mean field approximation. The deterministic models considered before by
Gomes, White and Medley [3] where the reinfection threshold was found are automatically
related with the mean field dynamics considered in this work. In the stochastic version of
the SIRI model considered here, we introduce a transition from recovered to susceptibles as
effect of temporary immunity with rate α. In the limit of vanishing α, we observe a sharp
threshold behaviour characterized by the parameter values of the reinfection threshold of
Gomes, White and Medley [3]. Indeed, for positive values of α the observed threshold is
not a sharp threshold.

In this work, we propose a new approach to characterize analytically the reinfection
threshold even for positive values of α. Our approach is based on the curvature of the
infected individuals quantity at stationarity.
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2 The reinfection SIRI model

For the basic reinfection SIRI epidemic model, we have the transitions identified by the
following reaction schemes (see [7, 8]))

S + I
β−→ I + I

I
γ−→ R

R+ I
β̃−→ I + I

R
α−→ S

where the transition rates are: the infection rate β as a transition from susceptible S to
infected I, the recovery rate γ from I into the recovered R class, the reinfection rate β̃ as
effect of only partial immunization of the recovered, and a transition rate α from recovered
R to susceptibles S as effect of temporary immunization. Since we consider the SIRI model
in a spatial setup , we have for the variables Si, Ii and Ri ∈ {0, 1} the constraint that an
individual i belongs to one of the three classes

Si + Ii +Ri = 1 .

Let J be the N ×N adjacency matrix that describes the neighbouring structure of the
N individuals of the population. The matrix J is symmetric, with zero diagonal elements,
and with the elements Ji,j ∈ {0, 1} defined such that: Ji,j = 1 if the individual i is a
neighbour of j, and Ji,j = 0 if the individual i is not a neighbour of j. The time evolution
of the probability of the state S1, I1, R1, S2, I2, R2, ..., RN occur at time t is stated by the
master equation, and can be used to obtain the dynamic equation for the expected values
of the state variables (see [8]).

Let 〈I〉(t) denotes the mean value of the total number of infected hosts at a given time
t

〈I〉(t) =

1∑
S1=0

1∑
I1=0

1∑
R1=0

...

1∑
RN=0

(
N∑
i=1

Ii

)
p(S1, I1, R1, ..., RN , t) .

Taking the time derivative of 〈I〉(t) and applying the master equation, that defines
d
dtp(S1, I1, R1, S2, ..., RN , t), we obtain after some calculations, the time evolution of 〈I〉(t).
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In terms of all variables S, I and R, we obtain the ODE system

d

dt
〈S〉 = α〈R〉 − β 〈SI〉1

d

dt
〈I〉 = β 〈SI〉1 − γ〈I〉+ β̃ 〈RI〉1

d

dt
〈R〉 = γ〈I〉 − α〈R〉 − β̃ 〈RI〉1

where e.g.

〈RI〉1(t) =

1∑
S1=0

...

1∑
RN=0

 N∑
i=1

N∑
j=1

(J1)ijRiIj

 · p(S1, ..., RN , t)
is the mean number of pairs of recovered next to infected. In the equation for the dynamics
of 〈RI〉1 also an expression 〈RI〉2 could show up. These are longer range correlations,
formally given by a power of two of the adjacency matrix J2 and then its elements (J2)ij =∑N

k=1 Jik · Jkj .

2.1 The mean field approximation

From now on we will only consider regular lattices where all sites has the same number of
neighbours, hence, for all i,

N∑
j=1

Jij = Qi = Q .

In mean field approximation we assume that the exact number of inhabited infected neigh-
bors is replaced by the average number of infected individuals in the full system, acting like
a mean field on the actually considered site

N∑
j=1

JijIj ≈
N∑
j=1

Jij
〈I〉
N

=
Q

N
〈I〉

Hence, we obtain

〈RI〉1(t) ≈
Q

N
〈R〉〈I〉 .

With similar approximations for the other pairs, we obtain closed ODE system for the
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expectation values of S, I and R:

d

dt
〈S〉 = α〈R〉 − β Q

N
〈S〉〈I〉

d

dt
〈I〉 = β

Q

N
〈S〉〈I〉 − γ〈I〉+ β̃

Q

N
〈R〉〈I〉

d

dt
〈R〉 = γ〈I〉 − α〈R〉 − β̃ Q

N
〈R〉〈I〉 .

2.2 Stationarity analysis

The previous ODE system can be studied in the scaled quantities, time changed to τ = t/γ
and consequently

ρ = βQ/γ , ε = α/γ

and the ratio of infectivities given by

σ = β̃/β .

Further, we consider densities of susceptibles, infected, and recovered s = 〈S〉/N, i =
〈I〉/N, r = 〈R〉/N = 1− s− i, and we obtain the two-dimensional ODE system:

d

dτ
s = ε(1− s− i)− ρsi

d

dτ
i = ρi(s+ σ(1− s− i))− i

The stationary solution is either the disease-free state

i∗1 = 0

or the endemic state

i∗2 = −r
2

+

√
r2

4
− q

with

r =
1

ρσ
(1− ρσ + ε) and q =

ε

ρ2σ
(1− ρ) .

The first infection threshold occurs when the stationary solutions i∗1 and i∗2 meet each
other, i.e. i∗1 = i∗2 = 0, at

ρ = 1 .
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When ε = 0, we obtain another change of regime at

ρ =
1

σ
.

This second change of regime was called the reinfection threshold by Gomes et al. [3], and
appears as a sharp threshold in the limit of ε decreasing to zero.

We observe that for large values of ε the behaviour of i∗ is dominated by the first
threshold behaviour around ρ = 1. In contrast, for small values of ε there is only the
qualitative behaviour left from the behaviour around the second threshold ρ = 1/σ. The
change between these two extremes is quite continuous, however, close to the reinfection
threshold ρ = 1/σ, the solutions for i∗ for small ε are a smoothened out version of that
threshold. It is in this smoothened transition that we propose a new definition for the
reinfection threshold. For positive values of ε = α/γ we propose a new approach to the
reinfection threshold based on the parameter values that maximize the curvature of the
stationary value of infecteds

argmax
ρ

K (i(ρ)),

where K defines the curvature of the endemic state. The curvature of a smooth curve mea-
sures how fast the curve is changing direction at a given point. For the endemic stationary
value of infecteds this maximum change is the closest behavior to a sharp threshold and
therefore is the best possible approach to the reinfection threshold.

3 Conclusions and future work

We considered the spatial stochastic reinfection SIRI model and we made a stationary anal-
ysis in the mean field approximation. Taking the limit of vanishing the endemic equilibrium,
we found the first infection threshold. In analogy with other spreading models, this first
threshold corresponds to the transition between no-growth and annular growth (see [5, 2]).
The second transition between annular growth and compact growth, called in an epidemic
context “the reinfection threshold”, was also found for the mean field dynamics. Since this
second transition was under discussion for a while, we propose in this work a new approach
to characterize the reinfection threshold. This approach will be used to make an analytical
characterization of the reinfection threshold for some parameters values where the reinfec-
tion threshold was questionable. The characterization of the phase transition lines can also
be made considering the pair approximation dynamics instead of the mean field dynamics
[7].
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Abstract

Several commercial enzyme immunoassays are available for screening glutumate de-
hydrogenase. In this work, a meta-analysis is performed using the results provided in 22
papers published since 2009. The sensitivity and specificity of the index tests is assessed
jointly using hierarchical summary receiver operatoring characteristic (HSROC) models
estimated under a Bayesian setting. Results show a specificity of the index tests lower
than what has been published in previous meta-analysis.
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1 Introduction

To the best of our knowledge, there are three meta-analysis published concerning the accu-
racy of the commercial EIA tests for GDH screening. The first one was published in 2011.
It was performed by Shetty et al. [22] based on 13 full papers. In 2016, two meta-analysis
were published almost simultaneously. Arimoto et al. [1] undertook a meta-analysis using
a large number of studies (42), some of them obtained from conference abstracts or posters.
However, despite being a recent review it uses tests no longer available in the market and
that perform worse than those that are actually available (according to their results). This
may have led to under estimate the sensitivity of the EIA tests. Crobach et al. work [5]
aimed to update the guidelines for C. difficile diagnostic published in 2009. They updated
their previous sample (and excluded tests that are not commercially available) resulting in
the use of 16 full papers. Our meta-analysis is based on 22 papers [2-4;6-21;23-25].
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Abstract

We study an incompressible viscous fluid flow through a pipe with rough wall. Start-
ing from the Stokes system, prescribing the pressure drop on pipe’s ends and assuming
the periodicity of the asperities, we find an effective boundary condition of the Navier
type on the rough wall and the corrector for the Darcy-Weisbach friction coefficient.
The results are justified by an error estimate. Asymptotic expansions, homogenization
and boundary layer techniques are used in the analysis.
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1 Introduction

Fluid flows in pipes are of interest in applications. They can be found in natural circum-
stances, for instance in circulation systems of humans, animals and plants, but also in water
supplies, irrigation and sewer water systems, etc. In engineering applications the pressure
drop caused by the friction of the viscous fluid against the pipe’s wall is computed from the
Darcy-Weisbach law, saying that it is proportional with the square of the velocity. In case
of smooth pipe and laminar flow the friction coefficient can be computed as fD = 32/Re.
Frequently for pipe flows we need to take into account the effects of rough boundaries.
Pipe’s walls are never perfectly smooth and some boundary roughness appears either due
to its fabrication or because of the demage or the sedimentation of material during it’s use.
Flows in rough domains in general represent a challenge for numerical simulations. The
subject of this article is the flow in a pipe that is corrugated (i.e. periodically wrinkled in
the longitudinal direction) . We use the Stokes model of the incompressible fluid flow ([1]).
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Important feature is the geometry of the pipe, in particular it’s roughness. In applications,
the pipe roughness amplitude could vary from 0.0015 mm for glass, drawn brass and copper
pipe material, 0.26 mm for cast iron, 0.18-0.6 mm for concrete, 0.12 mm for PVC, and 45
mm for corrugated metal.
We derive here the corrector to the usual friction coefficient, due to the rugosities of the
pipe. For derivation of the approximation and of the effective boundary condition we use
asymptotic analysis, homogenization and boundary layer techniques.

2 Geometry and equations

Let F : R → R be a smooth periodic function, with period 1. We define the fluid flow
domain and it’s wall as

Ωε = {(r, ϕ, z) ∈ R3 ; 0 ≤ ϕ < 2π , 0 < z < 1 , 0 ≤ r < 1 + ε F (z/ε) }
Γε = {(r, ϕ, z) ∈ R3 ; 0 ≤ ϕ < 2π , 0 < z < 1 , r = 1 + ε F (z/ε) } .

A stationary flow of an incompressible, viscous, Newtonian fluid with, small Reynolds num-
ber, can be fairly described by the Stokes system. Our system can thus be written as

−µ∆uε+∇pε = 0 , divuε = 0 in Ωε , uε = 0 on Γε , uε×n = 0 , pε = pz for z = 0, 1 .

Here uε denotes velocity, pε pressure and n stands for the outward normal.

3 Formal computation

After introducing the change of the variables ρ = r − ε F
(
z
ε

)
we define Uε(ρ, ϕ, z) =

uε(r, ϕ, z). Assuming that the pressure is linearpε = p0 + z δP , δP = p1 − p0 and that
the velocity has only the component along the pipe, i.e. uε = Uεzez, we arrive at

µ

{
1

ρ+ ε F

∂

∂ρ

(
(ρ+ εF )

∂Uεz
∂ρ

)
+
∂2Uεz
∂z2

− 2F ′
∂2Uεz
∂ρ∂z

+ (F ′)2∂
2Uεz
∂ρ2

− F ′′

ε

∂Uεz
∂ρ

}
= δP

∂Uεz
∂z
− F ′ ∂U

ε
z

∂ρ
= 0 . (1)

We look for an asymptotic expansion of the form Uεz = U0(ρ, z, z/ε)+ε U1(ρ, z, z/ε)+ · · · .
We get by direct computation that U0(ρ) = 1

4µ(ρ2 − 1) δP and U1 = F (ξ)∂U0
∂ρ + A .

The constant A is to be determined from the appropriate boundary condition, which will
be discussed in the next section.
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4 Boundary layer

In this section we construct an additional corrector, using the boundary layers techniques,
to fix the boundary condition on the wall of the pipe. The approximation

Uε(ρ, ξ) = (U0(ρ) + ε F (ξ)
∂U0

∂ρ
(ρ) + ε A)ez

cannot satisfy the boundary condition Uε(1, ξ) = 0 due to the term ε F (ξ)∂U0
∂ρ and we need

to add a boundary layer corrector. Thus we postulate an approximation of the form

Vε = U0(ρ)ez + ε F (ξ)
∂U0

∂ρ
(ρ)ez + ε B

∂U0

∂ρ
(1) + ε Aez , (2)

where B = B (τ, ξ) = Bτ (τ, ξ)er +Bξ(τ, ξ)ez , with ξ = z
ε , τ = 1−r

ε + F (ξ) . We also need
to add an additional term to the pressure approximation

pε = p0 + z δP + b(τ, ξ)
∂U0

∂ρ
(1) .

The couple (B, b) satisfies the following boundary layer problem

−µ
(

(1 + (F ′)2)
∂2Bτ
∂τ2

+
∂2Bτ
∂ξ2

+ F ′
∂2Bτ
∂ξ∂τ

+
∂

∂ξ

(
F ′
∂Bτ
∂τ

))
− ∂b

∂τ
= 0 , (3)

−µ
(

(1 + (F ′)2)
∂2Bξ
∂τ2

+
∂2Bξ
∂ξ2

+ F ′
∂2Bξ
∂ξ∂τ

+
∂

∂ξ

(
F ′
∂Bξ
∂τ

))
+
∂b

∂ξ
+ F ′

∂b

∂τ
= 0 ,

−∂Bτ
∂τ

+
∂Bξ
∂ξ

+ F ′
∂Bξ
∂τ

= 0 for τ > 0 , 0 < ξ < 1 , (4)

(Bτ (0, ξ), Bξ(0, ξ)) + (0, F (ξ)) = K = (Kτ ,Kξ) (5)

∇B(τ, ξ)→ 0 , b(τ, ξ)→ 0 for τ → +∞ , (B, b) is 1− periodic in ξ . (6)

The solution of the above boundary layer problem decays exponentially as τ → +∞ to some
constant. As b is determined up to a constant, it can be chosen in a way that it decays to 0.
As for the velocity B, due to the linearity of the equation, we can choose K in a way that
it decays to zero too. Indeed, denoting ω = {(τ, ξ) ∈ R2 , τ > 0 , 0 < ξ < 1 }, we have:

Theorem 1 The problem (3)-(6) has a unique solution B ∈ V = {w ∈ L2
loc(ω)2 , ∇w ∈

L2(ω)4} , b ∈ L2(ω)/R. Furthermore, the constant vector K can be chosen such that

|B(τ, ξ)| ≤ Ce−βτ , |b(τ, ξ)| ≤ Ce−βτ , (7)

for some C > 0 and β > 0. Finally Kτ = 0.

The approximation with the boundary layer corrector can be justified by an appropriate
error estimate (see [2])
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5 Darcy-Weisbach friction coefficient

In engineering applications the Darcy-Weisbach formula is used to compute the pressure
drop in the pipe, due to the friction against the wall. It s usually written in the form

δP = fD ρ
〈Vεz 〉2

4
,

where δP is the pressure drop, ρ is the fluid density, 〈Vεz 〉 is the mean velocity, and fD is
the friction coefficient. For smooth pipe, the Poiseuille formula gives fD = 32

Re , which is the
well-known expression for the friction coefficient in case of laminar flow. Here the Reynolds
number is defined as Re = ρV/µ. In case of rough pipe, a corrector due to the roughness is
needed. Since, up to the order ε, we have

〈Vεz 〉 =
1

|Ωε|

∫
Ωε

Vεz =
δP

µ

[
−1

8
+ ε

(
7

12
〈F 〉 − 1

2
Kξ

)]
,

where 〈F 〉 =
∫ 1

0 F (t) dt . Taking the Poiseuille velocity V = δP
8µ as the characteristic velocity

we get the Reynolds number Re = ρ V
µ and then

〈Vεz 〉 = −V
[
1 + ε

(
14

3
〈F 〉 − 4Kξ

)]
.

Since fD = 4 δP
ρ 〈Vε

z 〉2
neglecting the terms of order ε2 and smaller leads to

fD =
32

Re

[
1 − 4 ε

(
7

3
〈F 〉 − 2Kξ

)]
.
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Abstract

We consider the problem of efficiently solving Lyapunov and Sylvester equations
of medium and large scale, in the case where all the coefficients are quasiseparable,
i.e., they have off-diagonal blocks of low-rank. This comprises the case with banded
coefficients and right-hand side, recently studied in [6, 9].

We show that, under suitable assumptions, this structure is guaranteed to be numer-
ically present in the solution, and we provide explicit estimates of the numerical rank
of the off-diagonal blocks. Moreover, we describe an efficient method for approximating
the solution, which relies on the technology of hierarchical matrices.

A theoretical characterization of the quasiseparable structure in the solution is pre-
sented, and numerically experiments confirm the applicability and efficiency of our ap-
proach. We provide a MATLAB toolbox that allows easy replication of the experiments
and a ready-to-use interface for our solver.

Key words: Lyapunov equation, Sylvester equation, Quasiseparable structure

1 Introduction

Lyapunov and Sylvester equations, i.e., linear matrix equations of the form

AX +XAT = C, AX −XB = C,

respectively, appear in many different areas of mathematics, and are a recurrent problem in
numerical analysis. In many practical cases, such as the problems arising from control theory
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[1, 3], the right-handside (RHS) of the above equations is often low-rank, or numerically
low-rank, i.e., C ≈ uvT , with u, v tall and thin matrices.

In this case it is well-known that, if the coefficient matrices A and B satisfy certain
spectral properties, the solution X can be well-approximated by a low rank matrix [2]. This
has enabled the study of projection methods, based on several variants of Krylov subspaces
(such as classical, extended, and rational Krylov spaces).

However, recently there has been a growing interest in considering Sylvester and Lya-
punov equations arising from discretization of 2D PDEs [9]. On of the easiest and most
classical examples can be obtained by the discretization of the Laplacian operator, but this
approach can handle heat and convection-diffusion PDEs as well. In general, one can con-
sider problems arising from equations of the form Lu = f , where L is a linear differential
operator and u is defined on a rectangular domain.

In this framework the matrix C is nothing else that the discretization of the RHS of the
PDE on the chosen grid. When the function is well-approximated by a separable function,
i.e., f(x, y) ≈ f1(x)f2(y), or a linear combination of functions of this form, then the matrix
C has numerically low rank, and Krylov methods can be applied. However, this is not
always the case, and often the matrix C can have a more complicated structure.

We consider the situation where the RHS C is quasiseparable. Many interesting cases
fall under this framework, such as a diagonal or diagonal plus low rank matrix, as well as
banded matrices. These matrices can be full-rank in general, but they have a low rank
structure in their off-diagonal blocks. We investigate the preservation of this structure in
the solution X, and we propose a new method for the approximation of this structured
solution. For this approach to work, also the matrices A and B need to have the same
structure. This is not restrictive, since they are often banded, which is a particular case of
quasiseparable matrices.

Some previous attempts to exploit a similar structure (relying on the band of these
matrices), can be found in [6]. We show that our approach yields faster computation times
and better accuracy.

2 An approximation result

A key result in our analysis is that, under certain spectral conditions on the matrices A and
B similar to the ones needed for the results in the classical low-rank case, one can prove
that the solution X has a numerical quasiseparable structure, i.e., its off-diagonal blocks
have numerically low rank.

We provide numerical evidence of this fact as well as propose an argument to prove
that the structure must be present in the solution, relying on arguments from approxima-
tion theory inspired by the theory of Krylov and rational Krylov subspaces. These result
provide an extension of the approximation results in [4, 5] that prove the preservation of

c©CMMSE ISBN: 978-84-617-8694-7Page 1446 of  2288



Stefano Massei, Davide Palitta, Leonardo Robol

the quasiseparable structure in the solution of quadratic matrix equations, which can also
be described by means of integral formulas.

This opens the door to the treatment of large scale problems, where the size of X would
make its storage unfeasible otherwise. In fact, to store a quasiseparable matrix of order n
with a quasiseparable rank of k only O(nk) or O(nk log n) storage is needed, depending on
the chosen representation. It is clear that if k � n this enables the study of large scale
problems.

As a motivating example, consider the partial differential equation{
∂2u
∂x2 + ∂2u

∂y2
= log (ε+ |x− y|) , (x, y) ∈ Ω,

u(x, y) ≡ 0 (x, y) ∈ ∂Ω,

where Ω is some rectangular domain of the form [a, b] × [a, b] and ε is small. In this case
the RHS f(x, y) is large when x ≈ y, and can be well approximated by a separable function
elsewhere. In fact, the matrix C obtained sampling this function has full-rank, but a low
quasiseparable order.

The coefficient matrix A obtained discretizing the Laplacian is tridiagonal, and every
banded matrix is quasiseparable. Therefore, this problem is covered by our framework.

3 Approximating the solution

In order to approximate the solution X, which we have proved to be quasiseparable, we
need to develop a method that exploits the quasiseparable structure of A,B, and C.

We propose to consider the integral representation of the solution X, that is

X =

∫ ∞
0

e−tACe−tA
T
dt,

and we discuss numerical strategies to approximate the above integral formula effectively
using the available structure. This problem is linked with many different topics, such as the
efficient approximation of matrix functions whose argument is quasiseparable [8], and the
devise of efficient integration schemes for quasiseparable matrix valued functions.

We draw a connection with previous work of Hackbush et al. [7], and we discuss several
improvements to the available tools in the literature, and the state of the art procedures.

Numerical experiments confirm that our approach is faster than all the other available
(such as the one in [6]), and has a much higher accuracy. Moreover, our scheme does not
suffer when the conditioning of the problem increases.

The algorithm presented has been implemented in a MATLAB toolbox, called hm-toolobx,
that can be used to easily manipulate Hierarchical matrices. We provide some examples of
its use, and on the solution of Lyapunov equations.
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Abstract

Given matrices A and B such that B = f(A), where f(z) is a holomorphic function,
we analyze the relation between the singular values of the off-diagonal submatrices of
A and B. We provide a family of bounds which depend on the interplay between the
spectrum of the argument A and the singularities of the function. In particular, these
bounds guarantee the numerical preservation of quasiseparable structures under mild
hypotheses. We extend the Dunford-Cauchy integral formula to the case in which some
poles are contained inside the contour of integration. We use this tool together with the
technology of hierarchical matrices (H-matrices) for the effective computation of matrix
functions with quasiseparable arguments.

Key words: Matrix functions, Quasiseparable matrices, Hierarchical matrices

1 Introduction

Matrix functions are an evergreen topic in matrix algebra due to their wide use in applica-
tions. It is not hard to imagine why the interaction of structures with matrix functions is
an intriguing subject [11]. In fact, in many cases structured matrices arise and can be ex-
ploited for speeding up algorithms, reducing storage costs or allowing to execute otherwise
not feasible computations [4, 5]. The property we are interested in is the quasi-separability.
That is, we want to understand whether the submatrices of f(A) contained in the strict
upper triangular part or in the strict lower triangular part, called off-diagonal submatrices,
have a “small” numerical rank.

Studies concerning the numerical preservation of data-sparsity patterns were carried
out recently [1, 2, 3, 7]. Regarding the quasiseparable structure, in [8, 9, 10] Gavrilyuk,
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Hackbusch and Khoromskij addressed the issue of approximating some matrix functions
using the hierarchical format [6]. In these works the authors prove that, given a low rank
quasiseparable matrix A and a holomorphic function f(z), computing f(A) via a quadrature
formula applied to the contour integral definition, yields an approximation of the result with
a low quasiseparable rank. Representing A with a H-matrix and exploiting the structure
in the arithmetic operations provides an algorithm with almost linear complexity. The
feasibility of this approach is equivalent to the existence of a rational function r(z) = p(z)

q(z)

which well-approximates the holomorphic function f(z) on the spectrum of the argument
A. More precisely, since the quasiseparable rank is invariant under inversion and sub-
additive with respect to matrix addition and multiplication, if r(z) is a good approximation
of f(z) of low degree then the matrix r(A) is an accurate approximation of f(A) with
low quasiseparable rank. This argument explains the preservation of the quasiseparable
structure, but still needs a deeper analysis which involves the specific properties of the
function f(z) in order to provide effective bounds to the quasiseparable rank of the matrix
f(A).

In this work we deal with the analysis of the quasiseparable structure of matrix functions
by studying the interplay between the off-diagonal singular values of the matrices A and B
such that B = f(A). Our intent is to understand which parameters of the model come into
play in the numerical preservation of the structure and to extend the analysis to functions
with singularities.

2 Theoretical analysis

Because of the sub-additivity with respect to the matrix sum and to the matrix product of
the quasiseparable rank, it is straightforward that a polynomial of degree d evaluated in an
argument A of quasiseparable rank k provides a matrix of quasiseparable rank at most d ·k.
Using this observation it is possible to provide estimates on the numerical quasiseparable
rank of f(A) based on the polynomial approximation of the function f . More precisely, if
f is well approximated by a polynomial of low degree on the spectrum of A then f(A) has
off-diagonal blocks with fast decay in their singular values. So it is possible to obtain bounds
on the off-diagonal singular values exploiting classical results of polynomial approximation
in the complex plane like Bernstein theorem. In the case in which f has singularities close
to the spectrum of A these bounds do not provide useful information. We introduce new
technical tools that enable us to overcome the problem, getting meaningful bounds.

3 Exploiting the structure

In order to take advantage of the quasiseparable structure we need a representation that
enable us to perform the storage and the matrix operations cheaply. We rely on the frame-
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Operation Computational complexity

Matrix-vector multiplication O(km log(m))
Matrix-matrix addition O(k2m log(m))

Matrix-matrix multiplication O(k2m log(m)2)
Matrix-inversion O(k2m log(m)2)

Solve linear system O(k2m log(m)2)

work of Hierarchical representations originally introduced by Hackbusch [10] in the context
of integral and partial differential equations. It consists in a class of recursive block represen-
tations with structured sub-matrices that allows the treatment of a number of data-sparse
patterns. Here, we consider a particular member of this family — sometimes called Hier-
archical off-diagonal low-rank representation (HODLR) — which has a simple formulation
and an effective impact in handling quasiseparable matrices.

Figure 1: The behavior of the block partitioning in the HODLR-matrix representation.
The blocks filled with grey are low rank matrices represented in a compressed form, and
the diagonal blocks in the last step are stored as dense matrices.

The HODLR representation acts on a matrix by compressing many of its sub-blocks.
Therefore, it is natural to perform the arithmetic operations in a block-recursive fashion.
The basic steps of these procedures require arithmetic operations between low-rank matrices
or small size matrices. If the rank of the off-diagonal blocks is small compared to m, then the
algorithms performing the arithmetic operations have linear polylogarithmic complexities
[6][Chapter 6]. The latter are summarized in the table where it is assumed that the constant
k bounds the quasiseparable rank of all the matrices involved. Moreover, the operations are
performed adaptively with respect to the rank of the blocks. This means that the result of
an arithmetic operation will be an HODLR matrix with the same partitioning, where each
low rank block is a truncated reduced SVD of the corresponding block of the exact result.
This operation can be carried out with linear cost, assuming that the quasiseparable rank
stays negligible with respect to m.
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Abstract

Kantorovich method is formulated and justified for solving numerically an integral
equation arising from a problem in mathematical biology, using a sequence of orthogonal
finite rank projections. The convergence analysis and associated theorems are consid-
ered in this work. Numerical examples illustrate the theoretical results and show the
effectiveness of the method.
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1 Introduction

Let us consider the following integral equation of the second kind

x(s)

∫ 1

0
k(s− t)dt =

∫ 1

0
x(τ)k(τ − s)dτ + f(s), 0 ≤ s ≤ 1, (1)

where k(·, ·) is a Fredholm kernel, and where f is a known function.
Equation (1) reads as

x(s)−
∫ 1

0

x(τ)k(τ − s)dτ∫ 1
0 k(s− t)dt

= f(s), 0 ≤ s ≤ 1. (2)

Define the integral operator T :

Tx(s) :=

∫ 1

0

x(τ)k(τ − s)dτ∫ 1
0 k(s− t)dt

, 0 ≤ s ≤ 1.
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Set H := L2 [0, 1]. Suppose k ∈ L1 [0, 1], k > 0 almost everywhere. We recall that for each
f ∈ H, T is compact from H into itself, ( see [6]). Hence, the integral equation (1) has a
unique solution x ∈ H.

Let I denote the the identity operator on H. Eq. (2) can be rewritten in operator form
as follows:

(I − T )x = f.

The purpose of this work is to approximate x through the exact solution xn of the Kan-
torovich equation

(I − πnT )xn = f. (3)

2 Projection approximations using general grids

Let (sn,j)
n
j=0 be a grid on [0, 1] such that

0 < sn,0 < sn,1 < . . . < sn,n < 1.

Set
hn,i := sn,i − sn,i−1, i ∈ [[1, n ]], hn := (hn,1, hn,2, . . . , hn,n).

Let us consider (πn)n≥1, a sequence of bounded projections each one of finite rank, such
that

πnx :=

n∑
j=1

〈x, en,j〉 en,j ,

where

en,j :=
φn,j√
hn,j

, φn,j(s) :=

{
1 for s ∈]sn,j−1, sn,j [,
0 otherwise.

Let
Jn := {sn,j , j ∈ [[0, n ]]} .

Define the modulus of continuity of the function ψ ∈ H relative to hn as follows:

ω2(ψ, Jn) := sup
0≤δ≤hn

(∫ 1

0
|ψ(τ + δ)− ψ(τ)|2 dτ

) 1
2

.

All functions are extended by 0 outside [0, 1]. We recall that

ω2(ψ, Jn)→ 0 as n→∞ for all ψ ∈ H,

and that, for all ψ ∈ H (cf. [4]),

‖(I − πn)ψ‖ ≤ ω2(ψ, Jn). (4)
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3 Kantorovich method

We have

πnTx :=

n∑
j=1

〈Tx, en,j〉 en,j .

Applying T to both sides of equation (3), and performing the inner product with en,i to
both sides of this equation, we get

〈Txn, en,i〉 −
n−1∑
j=0

〈Txn, en,j〉 〈Ten,j , en,i〉 = 〈Tf, en,i〉 ,

or, equivalently,

(In −An)Xn = bn, (5)

where
Xn(j) := 〈Txn, en,i〉 ,

and

An(i, j) := 〈Ten,j , en,i〉 ,

bn(i) := 〈Tf, en,i〉 .

Hence

An(i, j) :=
1√

hn,jhn,i

∫ sj

sj−1

∫ si

si−1

k(τ − s)∫ 1
0 k(s− t)dt

dτds,

bn(i) :=
1√
hn,i

∫ si

si−1

∫ 1

0

f(τ)k(τ − s)∫ 1
0 k(s− t)dt

dτds.

4 Convergence analysis

For all x ∈ H,
lim
n→∞

‖πnTx− Tx‖ = 0,

and since T is compact,

lim
n→∞

‖ (πnT − T )T‖ = 0, lim
n→∞

‖ (πnT − T )πnT‖ = 0.
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Theorem 1 There exists a positive constant M , such that

‖xn − x‖ ≤M [ω2(x, Jn) + ω2(f, Jn)] .

Proof. In fact
πnx = πnTx+ πnf.

Since

x− πnx = x− xn + xn − πnx
= x− xn + (πnTxn + f)− (πnTx+ πnf)

= x− xn + πnT (xn − x) + (I − πn) f

= (I − πnT ) (x− xn) + (I − πn) f.

Hence
x− xn = (I − πnT )−1 [(I − πn)x− (I − πn) f ] ,

and since T is compact, the
M := sup

n≥N
‖I − πnT‖ ,

is finite. Using (4), we get the desired result.
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Abstract

In this study, the haptotaxis-only model for cancer cell invasion of tissue [1] is solved
by using the combination of Dual Reciprocity Boundary Element Method (DRBEM)
and the Finite Difference Method(FDM). The model consists of a system of reaction-
diffusion-taxis equations, describing the interactions between the cancer cells, the nor-
mal cells and the matrix degrading enzyme (MDE) which is produced by the cancer
cells.

The space derivatives coming from the Laplacian terms in the equations for MDE
concentration and cancer cell density are discretized by DRBEM using the fundamental
solution of Laplace equation and considering the rest of the terms as nonhomogenity.
The nonhomogenity for the equation describing the change in the cancer cell density
involves the first and second order space derivatives of the unknowns and their prod-
ucts and in order to handle this diffculty the finite difference method is made use of.
The resulting time dependent ordinary differential equations(ODEs) obtained after the
spatial discretization of the equations for the cancer cell density and for the concentra-
tion of the MDE and the ODE for the normal cell density are then solved by using a
combination of the forward and backward Euler methods.

Because of the nonlinear terms in the model, the numerical solution in two-space
dimensions has some difficulties and with the proposed method these diffculties are
overcome mainly by using DRBEM in space discretization which only needs to discretize
the boundary only and thus the method gives the solution with a lower computational
cost. The haptotactic behaviour and the effect of the reestablishment of the cells are
analysed by the numerical simulations and the results agree well with the expected
behaviour of the invasion.

Key words: DRBEM, FDM, Mathematical Modelling, Cancer Invasion
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1 Introduction

The crucial point of cancer is the metastasis, which is defined as the formation of a sec-
ondary tumour at a distant side of the body. Metastasis forms following the invasion of
the tissue where the tumour arises. This is followed by the penetration of the cancer cells
into adjacent tissues. Then the tumour cells migrate via blood or lymph system and form a
secondary tumour, i.e. the metastasis. Thus the turning point is the invasion step. Chemo-
taxis and haptotaxis are two mechanisms effecting the movement of cancer cells through
tissue network. Chemotaxis is the movement of the cancer cells in response to a chemoat-
tractant in the solution [1]. On the other hand the cells have to adhere to the extracellular
matrix (ECM) fibres in order to move and thus they start to migrate from a region of low
concentration of the present adhesive molecule on ECM to an area with higher concentra-
tion, which is called haptotaxis. The contact with the tissue stimulates the production of
the proteolytic enzyme called matrix degrading enzyme (MDE) which degrades the tissue
fibres and this let the cancer cells to migrate towards neighbouring blood vessels.

In the last decades, several models are proposed on invasion considering different factors,
such as the pH level of the environment [2, 3], role of heat shock proteins [4, 5] or matrix-
degrading enzymes [1].

Generally, the analytical solutions for the cancer invasion models are not available and
thus it is important to find accurate and efficient numerical solutions to these models. How-
ever, because of the nonlinearities arise in the most of the models it is not easy to solve these
models numerically, either. The models are usually solved by using finite difference method
[3, 6, 7, 8]. However, when one considers the two-dimensional regions more discretization
points are needed and the numerical solution becomes computationally expensive and sta-
bility problems may occur. To handle these problems a combined application of DRBEM
and FDM is applied recently for the acid mediated invasion model [9].

In this study, the combined application of DRBEM and FDM is applied to the haptotaxis-
only model [1]. The method is applied by using the fundamental solution of Laplace equation
considering the time derivative, the nonlinearities coming from the haptotaxis and prolifer-
ation terms; and the production, decay terms for the equation describing the temporal and
spatial evolution of cancer cell density; and MDE concentration, respectively. The hapto-
taxis term includes the first and second order space derivatives of the unknowns and their
products. For the discretization of these derivatives in the nonhomogenity the forward and
central differences are made use of. For the time discretization of the ODEs obtained after
the space discretization a combination of forward and backward Euler methods are used.
The proposed method is tested to see the effect of haptotaxis and proliferation of the cells
and the expected behaviour is obtained in each case with a small number of discretization
points.
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2 Model Problem

The nondimensionalized model problem [1] describing the interactions among the cancer
cell density, normal cell density and the concentration of the MDE is given by a system of
reaction diffusion equations

∂c

∂t
= ∇ · (Dc∇c)−∇ · (ξcc∇n) + µ1c(1− c− n) (1)

∂n

∂t
= −δnmn+ µ2n(1− c− n) (2)

∂m

∂t
= Dm∇2m+ µ3c− δmm (3)

where Dc, Dm denote the diffusion coefficients for the cancer cells and MDE, respectively;
ξc is the haptotaxis coefficient, µ1, µ2 are the production rates for the cancer and normal
cells, respectively. Moreover, δn denotes the normal cell degradation rate, µ3 and δm denote
the production and decay rates of the MDE, respectively. The first and the second terms
seen on the right hand side of Equation (1) describe the random motion and the haptotaxis;
respectively. The last terms in Equations (1) and (2) models proliferation of the cancer and
normal cells, respectively; using the logistic growth. The MDE degradation of normal cells
is modelled by the first term in Equation (2) where the last term in Equation (3) is for the
decay for the proteolytic enzymes MDE. The first and second terms in Equation (3) are
modelling the diffusion and the production of MDEs.

For the boundary conditions, it is assumed there is no flux of cancer cells and MDE
across the boundary of the problem domain and thus the Neumann type boundary condi-
tions are considered, i.e.,

∂c

∂ν
=
∂m

∂ν
= 0 (4)

on the boundary ∂Ω of the domain Ω ⊂ R2 , with ν denoting the outward unit normal to
∂Ω.

Finally, the problem is completed with the initial condiitons,

c(x, 0) = c0, n(x, 0) = n0, m(x, 0) = m0 (5)

where c0, n0, m0 are strictly positive functions which are consistent with the boundary
conditions.

3 Discretization of the Model

For the spatial discretization of the model, combined application of DRBEM and FDM is
used. For the spatial discretization of Equation (3) the DRBEM is used [10]. To this end,
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Equation (3) is weighted by the fundamental solution u∗ =
1

2π
ln

1

r
of Laplace equation

Dm

∫
Ω

O2mu∗dΩ =

∫
Ω

b1u
∗dΩ (6)

where the nonhomogenity b1 can be approximated by using radial basis functions fj(x, y)
as

b1

(
m, c,

∂m

∂t

)
=

∂m

∂t
− µ3c+ δmm ≈

N+L∑
j=1

αj(t)fj(x, y) (7)

resulting with a linear systems of equations

[F ] {α} = {b1} (8)

with N and L being the number of boundary and selected interior nodes, F is the (N +
L) × (N + L) matrix of distance functions fj related to other distance functions ûj(x, y)
through ∇2ûj = fj .

Application of Green’s second identity to both sides of equation (6) yields to

[H] {m} − [G]

{
∂m

∂ν

}
=
(

[H]
[
Û
]
− [G]

[
Q̂
])
{α} (9)

with the (N + L) × (N + L) matrices [G] and [H] containing the boundary integrals of
the fundamental solution and its normal derivative, respectively. Because of the non-flux
boundary conditions the second term on the left hand side of equation (9) vanishes and
back substitution of {α} gives

Dm [H] {m} = [C]

({
∂m

∂t

}
− µ3 {c}+ δm {m}

)
(10)

which is an ODE, that is going to be discretized by using a combination of backward and
forward Euler methods,[

(1 + ∆tδm) I −∆tH̄m

]
mk+1 = mk + ∆tµ3c

k (11)

which calculates the decay term implicitly and the production term explicitly. In Equation
(11) k is the time level, ∆t is the length of the time interval, i, j = 1, 2, · · ·N + L.

The ordinary differential equation (2) describing the time evolution of the normal cell
density is discretized by using a combination of backward and forward Euler Methods, which
discretizes the degradation term implicitly and the proliferation term explicitly; i.e.,
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nk+1
ij =

1

1 + ∆tδnm
k+1
ij

(
nkij + ∆tµ2n

k
ij

(
1− ckij − nkij

))
(12)

For the discretization of equation (1) , DRBEM is once again made use of with the
fundamental solution of Laplace equation:

Dc

∫
Ω

O2cu∗dΩ =

∫
Ω

b2u
∗dΩ (13)

where the nonhomogenity b2 can be approximated by using radial basis functions fj(x, y)
as

b2

(
m, c,

∂c

∂t

)
=

∂c

∂t
− ξc

[
∂c

∂x

∂n

∂x
+
∂c

∂y

∂n

∂y
+ c∇2n

]
− µ1c(1− c− n)

≈
N+L∑
j=1

βj(t)fj(x, y)
(14)

After the application of the Green’s second identity and using the boundary condition (4),
one has

[H̄c]c = [C]
[{

∂c
∂t

}
− µ1c(1− c− n) + ξc

([
∂F
∂x

]
[F ]−1 {d1}+

[
∂F
∂x

]
[F ]−1 {d2}+ c {d3}

)]
(15)

where [H̄c] = Dc[H] and {d1}, {d2} and {d3} contain the FDM discretizations of the

vectors
{
∂n
∂xc
}

,
{

∂n
∂y c
}

and
{
∇2n

}
vectors by using forward difference for the first order

derivatives and central difference for the second order derivatives included in the Laplacian
term. For the time discretization, as for the other equations in the model, a combination
of the forward and backward Euler methods is used by making use of the updated values
coming from Equations (11) and (12) are used. Finally the resulting discretized ODE can
be written as [

(1 + ∆td4) I −∆tH̄c

]
ck+1 = ck + ∆tµ1c

k(1− ck − nk+1) (16)

The solution is thus obtained iteratively using discretized equations ( (11), (12) and 16)
starting from the initial condition (5).

4 Numerical Results

For the numerical simulations the domain is considered to be the unit square. The number
of nodes are taken as 25 and 20 inside the region and on the boundary of the domain;
respectively. The time step is taken to be ∆t = 0.1. Initially it is assumed that the cancer
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cells penetrate a short distance while the space is occupied mainly by the normal cells and
since the MDEs are produced by the cancer cells its initial concentration is also assumed to
be proportional to the initial cancer cell density (Figure 1) . The boundary conditions are
the non-flux boundary conditions which are given by (4). The parameter ranges in [1] are
used and the following parameters are fixed in calculations:

Dc = 10−4, Dm = 10−2, δ = 10, µ3 = 0.075 δm = 0.15

In the sets of Figures 2-4 the time evolution of cancer and normal cell densities and
MDE concentration are shown. For the figures, except Figure 3, the haptotaxis coefficient
is taken as ξc = 0.002 and ξc = 0.01 is taken in Figure 3. The production rates for the
cancer and normal cells are taken as µ1 = 0.3 and µ2 = 0.5 in Figures 2, 3. In Figure 4 in
order to see the effect of bigger proliferation rate for cancer cells, the proliferation rate is
doubled, i.e. µ1 = 0.6 is taken.

In Figure 2 the general behaviour of the haptotaxis-only model (1)-(3) can be observed
that as time evolves the cancer cells use the MDEs they produce to migrate through the
region and invade more than 80 % of the region by t = 50. Moreover, the corresponding
decay is visible in the normal cell density in Figures 2(d)-2(f).

In the next set of figures (Figure 3), the effect of haptotaxis coefficient is tested. The
coefficient is increased by a factor of 5 in order to see the effect of haptotaxis on the
invasion.In these figures the haptotactic hills are observed showing that the cells construct
larger clusters at the leading edge of the tumour by the effect of increased haptotaxis.

In the last set of figures the effect of proliferation is analysed. One can observe that
with a higher proliferation rate, the cancer cells invade more, with a larger cluster.

5 Conclusion

In this study, a numerical method is proposed for the haptotaxis-only model (1)-(3).In
order to discretize the space derivatives in the model system, DRBEM is used with the
fundamental solution of Laplace equation. However, the nonhomogenity for the cancer
cell density contains the first and second order space derivatives and their products and to
overcome this difficulty FDM is used in combination with DRBEM. The method is tested in
a two dimensional region, which is not easy to handle numerically due to the nonlinearities.
By using the boundary-only nature of DRBEM the proposed method gives consistent results
with the expected behaviour of the model with a small number of discretization points.
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Figure 2: Behaviour of the system at different times
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Figure 3: Effect of haptotaxis
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Figure 4: Effect of higher proliferation rate for cancer cells
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Abstract

In this work a multi-step technique based on the Power method for accelerating the
parallel computation of PageRank is proposed. This new iterative scheme reduces the
computation of the PageRank vector by eliminating synchronization points at which
a process must wait for information from other processes. A hybrid MPI/OpenMP
parallel implementation of this technique has been developed. The performance of the
parallel model has been analyzed with realistic test data, showing that the multi-step
algorithms can significantly speed up the convergence time with respect to the parallel
Power algorithm.

Key words: PageRank, multi-step method, parallel algorithms, shared memory, dis-
tributed memory

1 Introduction

The PageRank algorithm, used by the Google search engine, is one of the most known and
influential algorithms for determining the relevance of Web pages [12]. The core of this
algorithm involves using the Power method to compute successive iterates that converge to
the principal eigenvector of the Markov chain representing the Web link graph. The algo-
rithm makes use of two key ideas: first, that links between Web pages provide information
about their importance, and second, that the relationship between importance and linking
is recursive. Given an ordered set of n Web pages, we can summarize the links between
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them by means of the adjacency matrix of the Web graph G = [gij ]
n
i,j=1, with elements

gij = 1 when there is a link from page j to page i, with i 6= j, and zero otherwise. From
this matrix we can construct a transition matrix P = [pij ]

n
i,j=1 as follows: pij =

gij
cj

if cj 6= 0

and 0 otherwise, where cj =
∑n

i=1 gij , 1 ≤ j ≤ n, represents the number of out-links from a
page j. For pages with a nonzero number of out-links, i.e., cj 6= 0 for all j, 1 ≤ j ≤ n, the
matrix P is column stochastic. Thus each element of this matrix has values between 0 and
1, and the sum of the components of each column is 1. In this case, the PageRank vector
can be obtained by solving Px = x. Since we are interested in a probability distribution,
the sum of the components of x is assumed to be one. Algorithm 1 shows the original Power
method [14] for the PageRank computation where e = (1, 1, . . . , 1)T . Note that we use the
L1 norm ‖x‖1 =

∑n
i=1 |xi|.

Algorithm 1: Power method.

Initialization x(0) = e
n , l = 0;

repeat

x(l+1) = Px(l);

δ = ‖x(l+1) − x(l)‖1;
l = l + 1;

until δ < ε;

When the matrix P ≥ 0 is irreducible (i.e., its graph is strongly connected) and stochas-
tic, its largest eigenvalue in magnitude is λmax = 1. Thus, Algorithm 1 converges to the
eigenvector corresponding to λmax = 1, and when normalized, it is the stationary probability
distribution over pages under a random walk on the Web.

However, the Web contains many pages without out-links, called dangling nodes. Dan-
gling pages present a problem for the mathematical PageRank formulation because in this
case the matrix P is non-stochastic and therefore Algorithm 1 can not be used. Moreover,
the matrix irreducibility is not satisfied for a Web graph. In order to overcome these diffi-
culties, Page and Brin [12] change the transition matrix P to a column stochastic matrix
P̄ = α(P +vdT )+(1−α)veT , where d ∈ <n is the dangling page indicator defined by di = 1
if and only if ci = 0 and the vector v ∈ <n is some probability distribution over pages. This
model means that the random surfer jumps from a dangling page according to a teleporta-
tion distribution v. Originally uniform teleportation v = e

n was used. Then, setting α such
that 0 < α < 1, Algorithm 1 can be reformulated using the matrix P̄ , obtaining Algorithm
2.

A key parameter in this model is the damping factor α that determines the weight
given to the Web link graph in the model. In the original formulation of PageRank [12],
the Power method was applied using α = 0.85. Notice that, a higher value of α (close
to 1) yields to a model that is mathematically closer to the actual link structure of the
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Algorithm 2: Power method for solving P̄ x = x.

Initialization x(0) = e
n , l = 0;

repeat

x(l+1) = αPx(l);

γ = ‖x(l)‖1 − ‖x(l+1)‖1;
x(l+1) = x(l+1) + γv;

δ = ‖x(l+1) − x(l)‖1;
l = l + 1;

until δ < ε;

Web but makes the computation more difficult [8] being that this parameter α controls the
asymptotic rate of convergence and as α → 1, the expected number of iterations required
for convergence increases dramatically [10]. Therefore, new approaches for accelerating the
PageRank computation are required.

In the last years, several techniques to accelerate the Power method have been developed
such as extrapolation methods [7], adaptive methods [6] or Arnoldi-type algorithms [5, 15,
16] and approaches based on linear system formulations [3, 4, 13]. Due to the large size
of the Web link graph, to deal with realistic problems, a promising way of accelerating
PageRank is the parallel processing, see e.g., [1, 3, 4] and the references cited therein.

In this paper a multi-step technique based on the Power method for accelerating the
parallel computation of PageRank is proposed. This technique aims to reduce the number
of power iterations by eliminating synchronization points at which a process must wait
for information from other processes. Section 2 describes this new iterative technique and
its formulation in order to assure the convergence. Section 3 reports the experimental
results showing the behavior of the designed algorithms for realistic test data on a current
Symmetric Multi-Processing (SMP) supercomputer. Finally, in Section 4 we give some
conclusions.

2 Multi-step Power Algorithm

Consider that P is partitioned into p row blocks of the form P =
[
P t
1 P

t
2 · · · P t

p

]t
, where

each Pi, 1 ≤ i ≤ p, is a matrix of order ni × n, with
∑p

i=1 ni = n. Analogously, we
consider the iterate vectors x(l) and v partitioned according to the block structure of P .
Obviously, the Power method for solving P̄ x = x can be executed in parallel. In this case
each process actualizes a block of the vector x(l+1) and a synchronization of all processes
is performed at each iteration in order to construct the global iterate vector x(l+1). Due
to this synchronization, we can use the formulation of Algorithm 2 because the property of
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preserving the L1 norm remains valid.

In order to reduce the work involved in this iterative algorithm we propose a parallel
multi-step Power (MSTEP) algorithm (Algorithm 3). In this algorithm each part of x(l+1)

is updated more than once (q > 1 times) without waiting for the other parts of x(l+1) to be
updated and therefore eliminating some synchronization points. In this case the condition of
preserving the L1 norm is not assured and therefore, Algorithm 2, in its current formulation,
can not be used for our purpose. For this reason, Algorithm 3 has been formulated such
that the condition on the L1 norm is not needed.

Algorithm 3: Parallel multi-step method for solving PageRank (MSTEP).

Initialization x(0) = e
n , v = e

n , q, l = 0;
for i = 1, 2, . . . , p, do in parallel

repeat

y(0) = x(l);
for k = 1, 2, . . . , q, do

y
(k)
i = αPiy

(k−1);

γ = αdT y(k−1) + (1− α)‖y(k−1)‖1;
(1)y

(k)
i = y

(k)
i + γvi;

y
(k)
j = y

(k−1)
j , j 6= i ;

end

x
(l+1)
i = y

(q)
i ;

Perform an all-gather operation to obtain x(l+1) = [x
(l+1)
1 , . . . , x

(l+1)
p ];

Compute ‖x(l+1)
i − x(l)i ‖1;

Perform a sum all-to-all reduction over ‖x(l+1)
i − x(l)i ‖1 to obtain

δ = ‖x(l+1) − x(l)‖1;
l = l + 1;

until δ < ε;

Compute ‖x(l)i ‖1;
Perform a sum all-to-all reduction over ‖x(l)i ‖1 to obtain ‖x(l)‖1;

Compute πi =
x
(l)
i

‖x(l)‖1
;

Perform a gather operation over πi to obtain π = x(l)

‖x(l)‖1
in a root process;

end

Note that a relaxation parameter β > 0 can be introduced in the MSTEP Algorithm

(that is, in Algorithm 3) and replace the computation of y
(k)
i in (1) with the equation
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y
(k)
i = β(y

(k)
i + γvi) + (1 − β)y

(k−1)
i . In this case we obtain a parallel relaxed multi-step

algorithm, that we have called RMST Algorithm. Clearly, with β = 1 equation (1) is
recovered.

3 Numerical experiments

In order to investigate and analyze the MSTEP and RMST algorithms described here,
we have used several datasets of different sizes, available from the Laboratory for Web
Algorithmics [9]; see Table 1. These transition matrices have been generated from a web-
crawl [2].

Graph n nnz Dgn (%) Dens M (GB)

uk-2002 18,520,486 298,113,762 14.91 16.01 1.32
it-2004 41,291,594 1,150,725,436 12.76 27.87 4.75

webbase-2001 118,142,155 1,019,903,190 23.41 8.63 5.12
uk-2006-10 93,436,772 3,130,910,405 13.52 33.50 12.71
uk-2007-05 105,896,555 3,738,733,648 12.23 35.31 15.11

Table 1: Graphs collection. n =number of nodes, nnz =number of arcs, Dgn=percentage of
dangling nodes, Dens=density (arcs/nodes), M=memory requirements using CSR′ format.

To compute PageRank for large domains there is no possible way to work with the
matrix in its full format because the memory requirements would be too high. Therefore,
to take advantage of the large number of zero elements, special schemes are required to
store sparse matrices. The main goal is to represent only the nonzero elements, and to
be able to perform the common matrix operations. The modified Compressed Sparse Row
(CSR′) format used for storing the sparse matrices [11] has involved a reduction of memory
requirements of about 63− 73% with respect to the original CSR format.

The algorithms described here have been implemented on an HPC cluster of 26 nodes
HP Proliant SL390s G7 connected through a network of low-latency QDR Infiniband-based.
Each node consists of two Intel XEON X5660 hexacore at up to 2.8 GHz and 12MB cache
per processor, with 48 GB of RAM. The operating system is CentOS Linux 5.6 for x86 64
bit. The parallel environment has been managed using a hybrid MPI/OpenMP model: each
process is assigned to a core as follows: let p be the number of physical cores used, p = s× c
indicates that s nodes of the parallel platform have been used and for each one of these
nodes, c cores have been considered. Therefore, we use a philosophy of distributed shared
memory (DSM) using p = s× c processes or threads. Particularly, if s = 1, the algorithms
are executed in shared memory (SM) using p = c cores on a single node. Conversely, if
c = 1, we are working on distributed memory (DM) using p = s nodes.
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Matrix Number of processes

uk-2002 2 4 8 16 32

MSTEP(2) 4.36 9.91 20.35 24.91 31.29
MSTEP(4) 7.82 10.87 26.75 34.28 46.10
RMST(2) 9.61 12.11 19.11 25.82 33.58
RMST(4) 8.11 11.59 26.51 34.89 46.39

it-2004 2 4 8 16 32

MSTEP(2) 2.81 8.62 11.88 20.32 28.54
MSTEP(4) 0.94 7.23 9.34 27.80 30.64
RMST(2) 5.55 11.91 15.11 23.29 26.20
RMST(4) 4.69 8.63 14.69 28.03 34.49

webbase-2001 2 4 8 16 32

MSTEP(2) 10.75 12.55 21.30 27.16 37.06
MSTEP(4) 8.84 17.22 25.27 38.78 50.89
RMST(2) 13.35 17.62 25.73 29.43 39.78
RMST(4) 8.84 16.94 29.48 39.19 53.08

uk-2006-10 2 4 8 16 32

MSTEP(2) 3.98 9.36 16.13 21.43 29.44
MSTEP(4) 0.02 9.32 15.35 23.35 35.67
RMST(2) 3.65 8.74 14.85 28.16 26.62
RMST(4) 0.61 7.60 16.07 32.47 35.89

uk-2007-05 2 4 8 16 32

MSTEP(2) 2.41 6.60 12.03 19.66 25.02
MSTEP(4) 2.61 4.51 13.59 21.04 27.39
RMST(2) 2.17 6.25 13.93 19.70 20.80
RMST(4) 1.93 4.31 12.96 20.79 26.41

Table 2: Percentage of time reduction of the parallel MSTEP and RMST algorithms with
respect to the parallel Power algorithm, β = 0.98, DM (p = 2(2 × 1), 4(4 × 1), 8(8 × 1)),
DSM (p = 16(4× 4), 32(8× 4)), ε = 10−6, α = 0.85.
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Matrix Number of processes

uk-2002 2 4 8 16 32

MSTEP(2) 4.97 12.85 24.09 25.99 34.43
MSTEP(4) 9.49 18.33 33.77 37.90 51.22
RMST(2) 27.98 32.07 36.64 42.66 48.83
RMST(4) 29.18 35.59 46.91 50.90 60.95

it-2004 2 4 8 16 32

MSTEP(2) 2.81 9.65 9.93 21.11 25.46
MSTEP(4) 5.56 12.92 16.70 35.63 45.59
RMST(2) 28.01 33.13 36.35 42.41 47.43
RMST(4) 27.74 32.66 37.53 48.33 53.05

webbase-2001 2 4 8 16 32

MSTEP(2) 3.36 13.13 20.92 27.82 38.10
MSTEP(4) 10.74 19.35 31.60 41.49 56.40
RMST(2) 36.01 40.16 44.54 50.38 57.47
RMST(4) 38.55 43.14 51.96 59.16 68.71

uk-2006-10 2 4 8 16 32

MSTEP(2) 4.05 6.07 13.11 16.06 26.53
MSTEP(4) 5.78 10.13 15.59 23.75 38.25
RMST(2) 17.30 19.28 23.19 27.50 35.86
RMST(4) 17.89 20.93 29.15 37.25 46.22

uk-2007-05 2 4 8 16 32

MSTEP(2) 3.65 7.39 12.68 21.06 24.81
MSTEP(4) 4.73 8.42 20.07 28.33 36.15
RMST(2) 14.74 18.17 22.63 30.38 37.57
RMST(4) 15.89 20.84 28.51 38.37 43.91

Table 3: Percentage of time reduction of the parallel MSTEP and RMST algorithms with
respect to the parallel Power algorithm, β = 0.98, DM (p = 2(2 × 1), 4(4 × 1), 8(8 × 1)),
DSM (p = 16(4× 4), 32(8× 4)), ε = 10−6, α = 0.99.
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Figure 1: Performance of parallel MSTEP and RMST algorithms, shared versus distributed
memory, ε = 10−6, β = 0.99, α = 0.99.

The most expensive operation of these algorithms is the matrix-vector product. This is
a perfectly parallel operation with several possible methods for partitioning both the matrix
and the vector. In the link matrices used to calculate PageRank, the number of nonzero
elements per row can differ immensely. In order to balance the calculations, a nonzero ele-
ments partitioning is used, where each node has to handle approximately the same amount
of nonzero elements. Generally, for the PageRank calculations, this distribution strategy
behaves better than row-wise distributions; see e.g. [1].

In the experiments reported here, we have used for the stopping criterion ε = 10−6,
and we have run our algorithms for several values of α and β. The notation MSTEP(q)
indicates that q steps are used in Algorithm 3. Similar notation is used for the RMST
method. The synchronization points in the MSTEP methods are reduced in relation to the
Power method as the number of steps q, in Algorithm 3, increases. However, applying a
certain number of q steps in this algorithm without waiting for the update of other parts
of the global iterate vector, is more computationally intense than applying one iteration
of the Power method. As long as this overhead is minimal, the proposed acceleration is
beneficial. Therefore, we must keep q small in Algorithm 3. Good choices of q, for this
algorithm and its relaxed counterpart, are between 2 and 4. Tables 2 and 3 illustrate the
gain obtained by these methods in relation to the parallel Power method varying the number
of processes on both distributed and distributed shared memory, and using several values
of α. Good choices of the relaxation parameter β, in the proposed RMST algorithms, are
between 0.98 and 0.99. In these tables we have chosen β = 0.98. As it can be seen, the
proposed algorithms can significantly speed up the convergence time relative to the parallel
Power method, more specially for values of α close to 1. In fact, for α = 0.99, the RMST
algorithms achieve a gain in relation to the parallel Power method between 15.89% and
38.55% using 2 processes, while using 32 processes, the achieved gain by means of these
algorithms was between 43.91% and 68.71%.
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Figure 2: Performance of parallel MSTEP and RMST algorithms, distributed shared mem-
ory, ε = 10−6, β = 0.99, α = 0.99.

ε = 10−3 ε = 10−5 ε = 10−7

POWER It. 145 531 964

In/Out It. gain 13.8% 12.8% 11.1%

In/Out time gain 15.8% 15.3% 13.7%

MSTEP It. gain 74.5% 74.7% 74.9%

MSTEP time gain 14.8% 17.03% 14.5%

RMST It. gain 77.8% 78.3% 77.8%

RMST time gain 23.72% 29.7% 24.0%

Table 4: Multistep versus In/Out methods, uk-2007-05, SM p = 8 (1× 8), α = 0.99.

Figures 1 and 2 compare the parallel algorithms treated herein in floating-point oper-
ations per second (Flops) for several configurations. We obtain an acceptable performance
using the 12 available cores of one node but not comparable with the performance obtained
using distributed memory.

However, to deal with larger problems, the strategies of parallelization require to use at
the same time the benefits of shared and distributed memory. Generally, the best parallel
results have been obtained for the RMST algorithms using from 1 to 4 cores in each node.
Table 4 compares, using several values of ε for the stopping criterion, the multi-step algo-
rithms treated here with the inner-outer methods proposed in [3]. As it can be seen, the
parallel RMST algorithms accelerate the PageRank computation more significantly than
these parallel inner-outer algorithms.
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4 Conclusions

In this paper a multi-step technique based on the Power method for accelerating the par-
allel computation of PageRank is proposed. This technique aims to reduce the number of
power iterations by eliminating synchronization points at which a process must wait for
information from other processes. The parallel implementation has been developed using
a mixed MPI/OpenMP model to exploit parallelism beyond a single level. In order to in-
vestigate and analyze the parallel MSTEP and RMST algorithms described here, we have
used several realistic large datasets. Taking into account the characteristics of the transition
matrices, a modified Compressed Sparse Row format has been used to store these sparse
matrices that has involved a reduction of memory requirements of about 63 − 73% with
respect to the popular CSR format. In order to balance the calculations among nodes, a
nonzero elements partitioning is used, where each node has to handle the same amount of
nonzero elements. The numerical experiments show that these new parallel algorithms can
considerably improve the convergence rate relative to the Power method.

Acknowledgements

This research was supported by the Spanish Ministry of Economy and Competitiveness
(MINECO) and the European Commission (FEDER funds) under Grant Number TIN2015-
66972-C5-4-R.

References

[1] J. Arnal, H. Migallón, V. Migallón, J. A. Palomino and J. Penadés, Par-
allel relaxed and extrapolated algorithms for computing PageRank, J. Supercomput. 70
(2014) 637–648.

[2] P. Boldi, B. Codenotti, M. Santini and S. Vigna, Ubicrawler: A scalable fully
distributed Web crawler, Softw. Pract. Expe. 34 (2004) 711–726.

[3] D. Gleich, A. Gray, C. Greif and T. Lau, An inner-outer iteration for computing
PageRank, SIAM J. Sci. Comput. 32(1) (2010) 349–371.

[4] D. Gleich, L. Zhukov and P. Berkhin, Fast parallel PageRank: A linear system
approach, Technical Report YRL-2004-038, Yahoo! Research Labs, 2004.

[5] G. H. Golub and C. Greif, An Arnoldi-type algorithm for computing PageRank,
BIT 46(4) (2006) 759–771.

c©CMMSE ISBN: 978-84-617-8694-7Page 1476 of  2288



H. Migallón, V. Migallón, J. A. Palomino and J. Penadés

[6] S. D. Kamvar, T. H. Haveliwala and G. H. Golub, Adaptive methods for the
computation of PageRank, Linear Algebra Appl. 386 (2004) 51–65.

[7] S. D. Kamvar, T. H. Haveliwala, C. D. Manning and G. H. Golub, Extrapola-
tion methods for accelerating PageRank computations, In: Proceedings of the Twelfth
International World Wide Web Conference, pp. 261–270. ACM Press, 2003.

[8] S. D. Kamvar, Numerical Algorithms for Personalized Search in Self-organizing In-
formation Networks, Princeton University Press, Princeton, New Jersey, 2010.

[9] Laboratory for Web Algorithmics, http://law.di.unimi.it, 2002.

[10] A. Langville and C. D. Meyer, Google’s Pagerank and Beyond: The Science of
Search Engine Rankings, Princeton University Press, Princeton, New Jersey, 2006.

[11] H. Migallón, V. Migallón, J. A. Palomino and J. Penadés, Parallelization
strategies for computing PageRank, In: Topping, B.H.V., Adam, J.M., Pallarés, F.J.,
Bru, R., Romero, M.L. (eds.) Proceedings of the Seventh International Conference
on Engineering Computational Technology, Paper 29. Civil-Comp Press, Stirlingshire,
United Kingdom, doi:10.4203/ccp.94.29, 2010.

[12] L. Page, S. Brin, R. Motwani and T. Winograd, The PageRank citation ranking:
Bringing order to the Web, Technical Report, Stanford Digital Library Technologies
Project, 1999.

[13] B. Y. Pua, T. Z. Huanga and C. Wena, A preconditioned and extrapolation-
accelerated GMRES method for PageRank, Appl. Math. Lett. 37 (2014) 95–100.

[14] J. H. Wilkinson, The algebraic eigenvalue problem, Oxford University Press, Oxford,
1998.

[15] G. Wu and Y. Wei, An Arnoldi-Extrapolation algorithm for computing PageRank, J.
Comput. Appl. Math. 234 (2010) 3196–3212.

[16] G. Wu and Y. Wei, A Power Arnoldi algorithm for computing PageRank, Numer.
Linear Algebra Appl. 14 (2007) 521–546.

c©CMMSE ISBN: 978-84-617-8694-7Page 1477 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Nash equilibria and negotiation with quadratic functions

P. Millán1, L. Orihuela1 and J.F. Carbonell-Márquez2
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Abstract

This paper extends some results on the existence, uniqueness, and stability of a
Nash equilibrium in a distributed, negotiated decision process with a class of quadratic
convex functions. Based on these results, it is derived the optimal decision of any given
player when all the others act as its opponents. Furthermore, the paper conjectures the
properties of the Nash equilibrium for the case with constrained decisions, provided the
existence of a unique, stable Nash equilibrium for the equivalent unconstrained problem.

Key words: Noncooperative Games, Optimal Control and Differential Games, Quadratic
Programming
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1 Introduction

Nowadays, it is becoming more and more frequent the shift from centralized to distributed
or agent-based decision making, which finds important applications such as energy man-
agement in electrical grids, robotic systems, or cloud computing. Typically, each of these
agents (also called players) has its local cost function and, therefore, the very definition of
optimal decisions gets blurred and is replaced by concepts like Pareto efficiency and Nash
equilibrium. On the one hand, a set of decisions is Pareto optimal when it is not possible
to make any player better off without making at least another one worse off. On the other
hand, a Nash equilibrium is a set of decisions that every player maintains if the decision
of the others do not change. It is known that in general Nash equilibriums are not-Pareto
efficient, but in negotiated competitive situations, Pareto optimals are commonly unstable,
see [1].
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This paper studies some interesting properties of a the distributed negotiation process
in the work [2], which introduced conditions for the existence, uniqueness, and stability of
a Nash equilibrium in a distributed, negotiated decision process with a class of quadratic
convex functions. First, it is derived the optimal decision of any player when the goal of
the rest of them consist of trying to harm it by maximizing its cost function. After that,
the paper conjectures, based on simulation results, the existence and location of a unique
Nash equilibrium for the case with constrained decisions, provided the existence of a unique,
stable Nash equilibrium for the equivalent unconstrained problem.

2 Problem description

Consider a game-theoretical scenario defined over a set of p players, i = 1, 2, . . . , p, con-
nected through a network described by an undirected graph G = (V,E), with vertexes
V = {1, 2, . . . , p} and edges E ⊆ V × V .

At each negotiation step k, each player makes its decision by minimizing an associated

quadratic cost function Ji(k) , xi(k)>Aixi(k) − 2xi(k)>
(
bi +

∑
j∈Ni

Cijxj(k − 1)
)

, where

∀i ∈ V , Ai ∈ Rqi×qi is a diagonal positive definite matrix, bi ∈ Rqi is a vector and Cij ∈
Rqi×qj are matrices of appropriate dimensions, Ni is the set comprised by those players
connected with player i, and xj(k − 1) are the decisions made and communicated by other
players at the previous negotiation step.

Definition 1. A Nash equilibrium is a situation in which no player changes its de-
cisions as long as the rest of the players keep the same decisions as well. It is defined

by a set of decisions x∗ ,
[
x∗1
> x∗2

> · · · x∗p
>
]>

such that x∗i = arg min
xi

xi
>Aixi −

2xi
>

bi +
∑
j∈Ni

Cijx
∗
j

 ,∀i.

Throughout this paper, if A is a matrix and b is a vector, then [A]ij is the element at
the i-th row and j-th column of matrix A, and [b]i is the i-th element of vector b.

3 The unconstrained case

This section studies the case with unconstrained decision variables. In this case, at every
negotiation step k, the decisions that minimize the cost Ji(k) can be found by determining

xi(k) such that ∂Ji(k)
∂xi(k)

= 0, since functions Ji(k) are convex with respect to xi(k).

Let us define A , diag{A1, A2, . . . , Ap}, C , [cij ], where Cij ≡ 0 if edge (i, j) /∈
E. It was stated in [2] that the game admits a unique Nash equilibrium x∗, given by
x∗ = (I − A−1C)−1A−1b iff det(I − A−1C) 6= 0 holds. The equilibrium x∗ is globally
asymptotically stable iff the eigenvalues of matrix A−1C belong to the unit circle.
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Let us move now to the particular situation in which agent i takes a decision assuming
that the rest of the players’ objective is Jj(k) = −Ji(k),∀j. This represents a competitive
situation in which agent i decides its options taking into account that the other players are
opponents pursuing to damage agent i. We study the max-min optimization problem, since
agent i takes a decision before the rest of the players.

Theorem 1 Consider the max-min problem in which agent i minimizes Ji and, later on,
the rest of agents maximize the same cost function. Then, if rank [Ci1 . . . Cip] ≤ qi holds, the
optimal decision for player i taking into account every possible decision of the other players
can be obtained as x∗i = arg min xi

>Aixi − 2xi
>bi subject to [Ci1 . . . Cip]

> xi. Otherwise,
the optimal decision is the trivial one, that is, x∗i = 0.

When rank [Ci1 . . . Cip] ≤ qi holds, agent i can choose its decision in such a way that
Ji is minimized for any decision of the other players.

Example 1 Consider a two-player game with A1 =

(
3 0
0 5

)
, b1 =

(
1
3

)
, C12 =

(
−5
2

)
.

Figure 1 illustrates the paraboloids for agent 1 at instant k for three decisions made by player
2 at k− 1. Since this example satisfies the condition in Theorem 1 (rank [C12] = 1,q1 = 2),
we see that there exists a region of the state-space (the intersection between the paraloboloids)
different to the origin that is a solution for the max-min problem. The minimum of the cost
is marked with a red dot. The reader can check that this minimum is lower that that obtained
with the trivial decision, in a green dot.

@x1D1

@x1D2

J1

@x1D1

@x1D2

J1

Figure 1: Paraboloids of J1 for different x2(k − 1) and its intersection.

4 The constrained case

Let us consider now the situation in which the decision variables are subjected to some
restrictions. In this case, each player must find its decision vector xi(k) by solving the op-
timization problem minxi(k) Ji, subject to [xi]l ≤ [xi(k)]l ≤ [xi]l , ∀l ∈ {1, 2 . . . , qi}, where
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Figure 2: Decisions of both players for the constrained and unconstrained cases.

xi,xi are two vectors containing the minimum and maximum bounds, respectively, for each
decision variable.

It was proved in [2] that the constrained negotiation will converge to the Nash equi-
librium for the unconstrained game provided that i) this Nash equilibrium belongs to the
feasible set, and ii) the system ỹ(k + 1) = A−1C ỹ(k) admits a quadratic Lyapunov fuction
(QLF) with associated matrix P . The next example studies, nonetheless, the situation in
which condition i) is not satisfied.

Example 2 Consider a two-player game with one variable to optimize. The cost functions
are described by A1 = 1, b1 = 2, C12 = 2; A2 = 3, b2 = 3, C21 = 1. Figure 2 shows two
negotiation for different feasible sets. Note that the negotiation converges to an equilibrium
although the Nash equilibrium for the unconstrained game is outside the feasible set.

Conjecture 1 There exists a unique Nash equilibrium for the constrained negotiation when
the equivalent unconstrained problem has a unique Nash equilibrium outside of the feasible
region. The Nash equilibrium belongs to the border of the feasible set, but it is not the point
with minimum P -norm, being P the associated Lyapunov matrix for the unconstrained game.
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Abstract

This work concerns to third order impulsive problems with the fully nonlinear equa-
tion

u′′′ (x) = f (x, u (x) , u′ (x) , u′′ (x))

for a.e. x ∈ [0, 1] \ {x1, ..., xm} where f : [0, 1]×R4 → R is a L1-Carathéodory function,
the periodic boundary conditions

u(i) (0) = u(i) (1) , i = 0, 1, 2,

and the impulsive effects given by the generalized functions

u(i)
(
x+

j

)
= Iij (u(xj), u′(xj), u′′(xj)) ,

with i = 0, 1, 2, xj ∈ (0, 1) , for j = 1, ..., m, such that 0 = x0 < x1 < ... < xm < xm+1 =
1, and Iij : R3 → R are continuous and nondecreasing functions in all variables.

2010 Mathematics Subject Classification: 34B37 ; 34B15 ; 92E20.

Keywords: Higher order boundary value problems, generalized impulsive conditions,
upper and lower solutions, fixed point theory.
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1 Introduction

This paper presents a nonlinear periodic third order impulsive problem composed by the
fully differential equation

u′′′ (x) = f
(
x, u (x) , u′ (x) , u′′ (x)

)
(1)

for a.e. x ∈ J\ {x1, ..., xm} with J := [0, 1] , where f : J × R3 → R is a L1-Carathéodory
function, the periodic boundary conditions

u(i) (0) = u(i) (1) , i = 0, 1, 2, (2)

and the impulsive effects given by some generalized function in the form

u(i)
(
x+

j

)
= Iij

(
u(xj), u′(xj), u′′(xj)

)
, (3)

where i = 0, 1, 2, xj ∈ (0, 1) , for j = 1, ..., m, such that 0 = x0 < x1 < ... < xm < xm+1 = 1
and Iij : R3 → R are continuous and nondecreasing functions in all variables.

Different types of third order boundary value problems (separated, periodic, multipoint,
with delays, integro-differential, functional,...) have been studied by many authors and
several methods, such as fixed point theory, topological and coincidence degree, lower and
upper solutions, cone theory,..., and can describe real phenomena in medicine, physics,
agriculture, biology, economics,...(see, for example, [2, 3, 4] and the references therein).

Impulsive problems are particularly well adapted to models where there are sudden
changes at some moments, and they have been the subject of growing interest ( see, for
instance, [5, 6] ). These jump situations may happen in many fields, such as, population
dynamics, control theory, chemistry, ...

To our best knowledge, it is the first time where third order periodic impulsive problems
are considered with the instantaneous changes, depending on the unknown function and its
first and second derivatives, given by generalized functions. In this way, problem (1)-(3)
covers cases where the jumps in each moment depend not only on the value of the function
on this instant, but also on the velocity and the convexity of the solution in the referred
moment.

The main tools rely on a perturbed and truncated auxiliary problem, on an iterative
technique, not necessarily monotone, as in [1], and lower and upper solutions method. We

c©CMMSE ISBN: 978-84-617-8694-7

Page 1483 of  2288



Feliz Minhós, Rui Carapinha

point out that, the nonlinear part must verify only a local monotone condition (see (11))
and no assumption on its periodicity or asymptotic growth is needed.

In Section 2 we describe the class of functions to be considered and an explicit expres-
sion for the solution of the associated linear problem. Section 3 contains the main result:
an existence and localization theorem, that is, with some qualitative information on the
solution. In Section 4 we present an example to illustrate the potentialities of the main
theorem.

2 Definitions and auxiliary results

In this section we present some notations, definitions and auxiliary results, to be used
forward.

For m ∈ N, let 0 = x0 < x1 < ... < xm < xm+1 = 1, D = {x1, ..., xm} and

u(x±j ) := lim
x→x±j

u(x).

Definition 1 Denote by PC (J) the set of functions u : J → R continuous on J \ D where
u

(
x+

j

)
and u

(
x−j

)
exist with u

(
x−j

)
= u (xj) , for k = 1, 2, ..., m.

For u ∈ PC (J), we define the norm by

‖u‖ = sup
x∈J

|u (x)| .

Consider PC l (J) , l = 1, 2, as the space of the real-valued functions u, such that
u(l) ∈ PC (J) , u(l)

(
x+

j

)
and u(l)

(
x−j

)
exist with u(l)

(
x−j

)
= u(l) (xj) , for l = 0, 1, 2 and

j = 1, 2, ...,m.
Therefore u ∈ PC2 (J) can be written as

u (x) =





u0 (x) if x ∈ [0, x1] ,
u1 (x) if x ∈ (x1, x2] ,

...
um (x) if x ∈ (xm, 1] ,

(4)
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where ui := ui|(xi,xi+1] with ui ∈ C2(xi, xi+1] for i = 0, 1, ..., m.
Denote, for n ∈ N,

PCn
D (J) =

{
u ∈ PCn (J) : u(n) ∈ AC(xi, xi+1], i = 0, 1, ..., m

}

and for each u ∈ PCn
D (J) we set the norm

‖u‖D = ‖u‖+
∥∥u′

∥∥ + · · ·+
∥∥∥u(n)

∥∥∥

Moreover for p ∈ L1(J) we consider the usual norm

‖p‖1 :=
∫

J
|p(t)| dt.

Throughout this paper the following hypothesis will be assumed :

(H1) f : [0, 1]× R3 → R is a L1-Carathéodory function, that is, f (x, ·, ·, ·) is a continuous
function for a. e. x ∈ J ;

f (·, y0, y1, y2) is measurable for (y0, y1, y2) ∈ R3; and for every M > 0 there is a
real-valued function ψM ∈ L1 ([0, 1]) such that

|f (x, y0, y1, y2)| ≤ ψM (x) , for a. e. x ∈ [0, 1]

and for every (y0, y1, y2) ∈ R3 with |yi| ≤ M , for i = 0, 1, 2;

(H2) the real valued functions Iij , for i = 0, 1, 2 and j = 1, ..., m are nondecreasing in all
variables.

Definition 2 A function u ∈ PC2
D (J) is a solution of (1)-(3) if it satisfies (1) almost

everywhere in J \ D, the periodic conditions (2) and the impulse conditions (3).

Next Lemma will give the unique solution for a linear Cauchy problem..

Lemma 3 et p : [0, 1] × R → R be a L1−Carathéodory function. Then for each interval
(xj , xj+1], j = 0, 1, ..., m, and aj , bj , cj ∈ R, the initial value problem composed by the
equation

u′′′ (x) = p (x) , for x ∈ (xj , xj+1] (5)
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and the conditions

u
(
x+

j

)
= aj , u′

(
x+

j

)
= bj , u′′

(
x+

j

)
= cj , (6)

has a unique solution uj ∈ C2(xj , xj+1], given by

uj(x) = aj + bj (x− xj) + cj
(x− xj)

2

2
+

x∫

xj

(x− r)2

2
p (r) dr. (7)

Therefore, u ∈ PC2
D (J) , given by (4), is the unique solution of

u′′′ (x) = p (x) , for a.e. x ∈ [0, 1], (8)

verifying (6), for each j = 0, 1, ..., m.

The solution u(x) given by (7) can be obtained by iterate integrations of (5).
Strict lower and upper solutions are defined by the following inequalities:

Definition 4 A function α ∈ PC3
D (J) is said to be a strict lower solution of the problem

(1)-(3) if:

(i) α′′′ (x) < f (x, α (x) , α′ (x) , α′′ (x)), for a.e. x ∈ (0, 1) .

(ii) α (0) ≤ α (1) , α′ (0) ≤ α′ (1) , α′′ (0) ≤ α′′ (1) ,

(iii) α
(
x+

j

)
≤ I0j (α(xj), α′(xj), α′′(xj)) ,

α′
(
x+

j

)
≤ I1j (α (xj) , α′ (xj) , α′′ (xj)) ,

α′′
(
x+

j

)
≤ I2j (α(xj), α′(xj), α′′(xj))

A function β ∈ PC3
D (J) is a strict upper solution of problem (1)-(3) if the reversed

inequalities hold.
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3 Existence and localization result

The main theorem provides not only the existence of a solution, but also gives some quali-
tative data about its behavior:

Theorem 5 Let α, β ∈ PC2
D(J) be, respectively, lower and upper solutions of (1)-(3) such

that
α′′ (x) ≤ β′′ (x) on J\ D (9)

and
α(i) (0) ≤ β(i) (0) , i = 0, 1. (10)

Assume that
f

(
x, α, α′, y2

) ≤ f(x, y0, y1, y2) ≤ f
(
x, β, β′, y2

)
, (11)

for fixed (x, y2) ∈ J × R, α(i) ≤ yi ≤ β(i), for i = 0, 1.

If conditions (H1) and (H2) hold, then the problem (1)-(3) has a solution u (x) ∈
PC2

D (J), such that

α(i) (x) ≤ u(i) (x) ≤ β(i) (x) , on J, for i = 0, 1, 2.

Remark 6 As one can notice by (10), the inequalities α(i) (x) ≤ β(i) (x) hold for i = 0, 1, 2,
and every x ∈ J.

Consider the following modified problem composed by the equation

u′′′ (x) = f
(
x, δ0 (x, u (x)) , δ1

(
x, u′ (x)

)
, δ2

(
x, u′′ (x)

))
, (12)

for x ∈ (0, 1) and x 6= xj where the continuous functions δi : R2 → R, for i = 0, 1, 2 are
given by

δi (x, yi) =





β(i) (x) , yi > β(i) (x)
yi , α(i) (x) ≤ yi ≤ β(i) (x)

α(i) (x) , yi < α(i) (x)
(13)

with the boundary conditions (2) and the impulse conditions (3).
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To prove the existence of solution for the problem (12),(2),(3) we apply an iterative
technique, not necessarily monotone. Let (un)n∈N be the sequence in PC2

D (J) defined as
follows

u0(x) = α(x), (14)

and for n = 1, 2, ... the problem composed by the equation

u′′′n (x) = f
(
x, δ0 (x, un−1 (x)) , δ1

(
x, u′n−1 (x)

)
, δ2

(
x, u′′n (x)

))
, (15)

for a.e. x ∈ [0, 1] , with the boundary conditions

un (0) = un−1 (1) , u′n (0) = u′n−1 (1) , u′′n (0) = u′′n−1 (1) , (16)

and the impulsive conditions, for j = 1, ...,m,

un

(
x+

j

)
= I0j

(
un−1 (xj) , u′n−1(xj), u′′n−1(xj)

)
,

u′n
(
x+

j

)
= I1j

(
δ0(xj , un−1 (xj)), u′n−1(xj), u′′n−1(xj)

)
, (17)

u′′n
(
x+

j

)
= I2j

(
δ0(xj , un−1 (xj)) , δ1

(
xj , u

′
n−1(xj)

)
, u′′n−1(xj)

)
,

Remark that the initial conditions (16) are a particular case of the initial conditions
(6). In fact

un (0) = un (x0) = un−1 (1) := a0,

u′n (0) = u′n (x0) = u′n−1 (1) := b0,

u′′n (0) = u′′n (x0) = u′′n−1 (1) := c0.

Therefore, by Lemma 3, the sequence (un)n∈N, is well defined.
Remark that the initial value problem (15)-(17) will become the periodic impulsive

problem (1)-(3), if the two following claims hold:

• Every solution un (x) of the problem (15)-(17) verifies

α(i) (x) ≤ u(i)
n (x) ≤ β(i) (x) , for i = 0, 1, 2,
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for all n ∈ N and every x ∈ J, which implies that

δi

(
x, u(i)

n (x)
)

= u(i)
n (x) , for i = 0, 1, 2, n ∈ N and every x ∈ J,

and, consequently, (15) become

u′′′n (x) = f
(
x, un−1 (x) , u′n−1 (x) , u′′n (x)

)
, for a.e. x ∈ [0, 1] .

• There is a subsequence of (un)n∈N , denoted by simplicity as (un) , uniformly conver-
gent to u ∈ PC2

D, solution of problem (1)-(3).

4 Example

Consider the third order fully differential equation

u′′′ (x) = eu(x) +
(
u′ (x)

)3 − 280 5
√

u′′ (x), (18)

with the periodic boundary conditions (2) and the impulsive functions

u

(
1
2

+
)

=
1
10

u

(
1
2

)
+

1
100

[
u′

(
1
2

)
+ u′′

(
1
2

)]
,

u′
(

1
2

+
)

=
1
10

[
u

(
1
2

)
+ u′

(
1
2

)
+ u′′

(
1
2

)]
, (19)

u′′
(

1
2

+
)

=
1
5

[
u

(
1
2

)
+ u′

(
1
2

)]
+

1
10

u′′
(

1
2

)
.

This problem is a particular case of (1)-(3) with

f (x, y0, y1, y2) = ey0 + (y1)
3 − 280 5

√
y2,

for all x ∈ [0, 1] \{
1
2

}
, m = 1, x1 = 1

2 and the nondecreasing functions Ii1, i = 0, 1, 2, are
given by

I01(a, b, c) =
1
10

a +
1

100
(b + c) , (20)

I11(a, b, c) =
1
10

(a + b + c) ,

I21(a, b, c) =
1
5

(a + b) +
1
10

c.

c©CMMSE ISBN: 978-84-617-8694-7

Page 1489 of  2288



Feliz Minhós, Rui Carapinha

The piecewise continuous α, β ∈ PC2
D (J) , with D =

{
1
2

}
, defined as

α (x) =
{ −x2 − 2x− 2 , x ∈ [

0, 1
2

]
−x2 − 1

4 , x ∈ (
1
2 , 1

]

and
β (x) =

{
x2 + 4x + 3 , x ∈ [

0, 1
2

]
x2 + x

2 + 1
4 , x ∈ (

1
2 , 1

] ,

are lower and upper solutions, respectively, for problem (18), (2), (19), assuming

α′ (x) =
{ −2x− 2 , x ∈ [

0, 1
2

]
−2x , x ∈ (

1
2 , 1

] , β′ (x) =
{

2x + 4 , x ∈ [
0, 1

2

]
2x , x ∈ (

1
2 , 1

] ,

and α′′ (x) = −2, β′′ (x) = 2, for x ∈ [0, 1] .
As f satisfies assumption (H1) and (11), the jump functions (20) verify (H2), then, by

Theorem 5 there is a periodic solution u (x) ∈ PC2
D (J) of problem (18), (2), (19), such that

α(i) (x) ≤ u(i) (x) ≤ β(i) (x) , for i = 0, 1, 2. (21)

Remark that this solution can not be a trivial periodic one, as constants do not verify
(18).
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[6] I. Rach̊unková, M. Tvrdý, Existence results for impulsive second-order periodic problems.
Nonlinear Anal. 59 (2004) 133–146

[7] J. Ren, S. Siegmund, Y. Chen, Positive periodic solutions for third-order nonlinear
differential equations, Electronic Journal of Differential Equations, Vol. 2011 (2011),
No. 66, pp. 1–19.

c©CMMSE ISBN: 978-84-617-8694-7

Page 1491 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Numerical Investigations of Synthetic Jet Actuators
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Abstract

Synthetic jet actuators (SJA) consist of a cavity with a mechanically moving di-
aphragm, whose actuation causes external fluid to enter and leave through a small
orifice resulting in a net jet able to transfer of kinetic energy and momentum to a fluid
medium without the addition of external flow. They are are expected to play a key role
in active flow control (the application that motivates the present study), cooling and
mixing.

This paper is focused on the interaction between the flow inside the actuator cavity
and the external flow. Solving the coupling between the internal and external flows adds
considerable complication and cost. It would be of interest to characterize the SJA outlet
velocity and implement it as a boundary condition. To investigate the accuracy of this
approach, an impinging jet configuration has been implemented with three different
models: cavity and moving surface, cavity and imposed velocity and imposed velocity
at the outlet. Time and phase averages of the external flows obtained with the different
implementations are compared, and the effect of three different models is discussed.

Key words: AFC, synthetic jets, computational fluid dynamics, impingement

1 Introduction

Synthetic Jet (or Zero Net Mass Flow) actuators [1–6] consist of a cavity with a mechanically
moving diaphragm (or piston). Its actuation changes the cavity volume periodically, causing
external fluid to enter and leave through a small slot.
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The expelled fluid creates a shear layer that rolls up forming vortices. Under certain
conditions [7,8], when the cavity volume increases again they are too far to be ingested back,
and therefore a train of vortices is created without the addition of mass flux. This property
allows the transfer of kinetic energy and momentum to a fluid medium without the need
of piping systems. This finds important applications in different areas such as active flow
control (AFC) [9, 10], heat transfer enhancement [11,12] and mixing enhancement [13,14].

The flow patterns resulting from the interaction of the currents entering and leaving the
cavity is very complex and have been the subject of many numerical and experimental stud-
ies. To mention just a few: [2] studied an incompressible laminar and turbulent Synthetic
Jet using a URANS model (Spalart-Allmaras), assuming it to be two-dimensional. [17] per-
formed a DNS three-dimensional periodic simulations of a synthetic jet previously analyzed
with PIV [18]. [11] performed an experimental investigation on two-dimensional impinging
synthetic jets and managed to successfully separate the effects of the Reynolds and Stokes
numbers.

The present work is focused on the interaction between the external flow and the SJA
internal flow. In the ingestion phase, vorticity, turbulent kinetic energy and passive scalars
(such as temperature or concentration of chemical species) enter again the cavity where
they interact with the internal flow before being expelled. These effects, together with the
moving membrane and the large size difference between the actuator and the external flow,
add considerable complication and cost to the simulation of the devices.

Different models have been used to model flows with a SJA. In decreasing order of
computational cost, they are:

• Model M1: the internal SJA flow is simulated and the movement of the membrane is
described in a realistic way [15,21,22].

• Model M2: the internal flow is simulated but the time derivative of the membrane
position respect to the bottom of the cavity is used as a velocity boundary condition
[17]. With this approach it is difficult to assign correct values for turbulent quantities
or passive scalars at the membrane during the expulsion cycle.

• Model M3: The cavity flow is not simulated and a SJA outlet velocity is imposed
[23,24]. Probably this is most used approach active flow control applications.

The goal of this paper is to compare the different SJA models, to assess up to which point
it is necessary to simulate the jet actuator cavity, and to analyze the effect of considering
or not a realistic membrane movement in the simulation. To do so, the discharge and
impingement of a SJA into a hot wall is studied.
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1.1 Governing numbers and phenomenology

For laminar flows, the incompressible Navier-Stokes equations are used to model the SJA
flow. In dimensionless form they are:

∂uj
∂xj

= 0, (1)

Sr
∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+

∂

∂xj

[
1

Re

(
∂ui
∂xj

+
∂uj
∂xi

)]
, (2)

Sr
∂T

∂t
+
∂(ujT )

∂xj
=

∂

∂xj

[
1

RePr

∂T

∂xj

]
. (3)

For the case of turbulent flows, even at the moderate Reynolds numbers, the computing
cost associated with the direct integration of Navier-Stokes equations (DNS) [33] is too high,
specially considering that (as will be seen) a large number of actuator cycles has to be solved
to reach a stationary state. Instead, a URANS approach is used, where the turbulent time
scales of the flow are filtered to obtain:

∂uj
∂xj

= 0, (4)

Sr
∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+

∂

∂xj

[
1

Re

(
∂ui
∂xj

+
∂uj
∂xi

)
− u′iu

′
j

]
, (5)

Sr
∂T

∂t
+
∂(ujT )

∂xj
=

∂

∂xj

[
1

RePr

∂T

∂xj
− u′jT

′
]

(6)

Where φ(t) = 1
∆t

∫ t+∆t
t φdt. The correlations u′iu

′
j and u′iT

′ can not be obtained from
the averaged flow and have to be modelled. In our case, the k−ω SST model has been used
to do so. For brevity, the reader is referred to [27] for a description of the model and to [28]
for the implementation details. In [20], numerical simulations of SJA with k − ω SST at
Re = 305 and Re = 508 are show to be in good agreement with experimental results.

Incompressible regime is assumed as the ratio of the Helmholtz frequency of the actuator
and the drive frequency is less than 0.5 [25, 26]. Richardson number has been assumed to
be low enough as to disregard the buoyancy effect.

Prandtl number is Pr = (ρνcp)/k, a value of 0.71 has been assumed. Reynolds number

is defined along the standard set by Smith and Glezer [6], Re = ρU0d
µ , where d is the orifice

diameter (or width, for rectangular actuators as in our case) and U0 a characteristic velocity
defined in terms of the stroke length L0 as U0 = L0f , with f being the drive frequency. The

stroke length is defined as L0 = 1
d

∫ τ/2
0

∫ d
0 u(x, 0, t)dx dt, where u(x, 0, t) is the instantaneous

velocity at the orifice and τ is the period. The stroke length times the orifice surface is the
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volume of fluid displaced during the expulsion part of the cycle. The Strouhal number Sr

is Sr = 2πfd
U0

= Sk2

Re . Alternatively [11,17], the Stokes number Sk =
√

ρ2πfd2

µ can be used to

characterize the flow instead of the Strouhal number.
An important parameter that defines the jet behaviour is its formation criteria [7, 8],

JFC =
1

SrU
=

ReU
Sk2

U

> K, (7)

which is based on a time and space averaged velocity U during on the expulsion stroke
(U = 2U0). If JFC is below K, the vortices expelled by the SJA are ingested back and the
jet is not formed. For the two-dimensional rectangular jets considered in the present work,
K can be approximated to 2 [7].

If a detailed description of the SJA membrane is included in the simulations, its position
is modeled as y(x, t) = −δ(x) cos (2πft), where δ(x) is a diaphragm shape function. A mean
amplitude can be defined as

A =
1

W

∫ W/2

−W/2
δ(x)dx, (8)

where W is the actuator cavity width. Under these circumstances, the characteristic
velocity U0 can be related to the mean amplitude and the drive frequency U0 = 2AfW/d,
thus forbidding the decoupling between f and U0. Also, under this definition, the jet
formation criteria becomes

JFC =
2

π

(
A

d

)(
W

d

)
, (9)

a pure geometrical parameter. High amplitudes and large jet cavity aspect ratios favour
the formation of jets, independently of the frequency. Changing the value of the drive
frequency enables increasing both Re and Sk in a way that the jet formation criteria remains
the same. Therefore, changing the excitation frequency not only changes the jet period but
also the velocity in which the jet is expelled.

2 Configuration studied

A rectangular actuator (Fig. 1) in a domain homogeneous in the z direction has been
considered. The medium is assumed to be wide enough (L = 60) as to not interfere with
the jet, but small H values of 5 and 10 have been imposed, in the range of the optimal
distances for cooling applications [29]. The actuator cavity width W has been chosen to
impose a jet formation criteria of JFC = 3 and a mean amplitude A/d = 0.2 (equations
8 and 9). The other dimensions of the SJA are based on Liu [31], with b/d = 0.3 and
B/d = 1.67. Two Reynolds numbers have been studied, Re = 50 and Re = 500.
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Non-slip boundary conditions are imposed at the top (y = H) and bottom (y = 0)
of the discharge cavity as well as at the actuator walls (y < 0 and y = ±d/2), except for
the active bottom wall later described. Free-flow boundary conditions have been prescribed
at all the vertical boundaries with y > 0. Respect to the energy equation, the cavity top
wall is hot (T = 1), the bottom wall cold (T = 0) and the lateral boundaries adiabatic
(dT/dt = 0) where the flow leaves the domain and cold where it enters. The SJA walls
(y < 0) are assumed to be at T = 0.

(a) Schematic view of the studied
configuration (not to scale).

(b) Detail of the actuator (not to scale).

Figure 1: Computational domain and actuator.

The SJA has been implemented in the aforementioned three different ways:

• M1, with a moving membrane of position y(x, t) = −δ(x) cos (2πft).

• M2, imposing velocity boundary conditions at the SJA bottom as v = 2πfδ(x) sin (2πft).
A cosine shape function has been used, δ(x) = δC cos

(
π x
W

)
, where as δC is a scaling

parameter that is set so A can have the desired value. Other membrane position
functions can be found in the literature [4, 16,21].

• M3, disregarding the SJA and imposing the velocity at the orifice exit as u(x, 0, t) =
2πfA sin (2πft)W/d and T = 0.

2.1 Solution procedure and grid convergence

The configuration is solved using the finite volume method by means of the software
Code Saturne. The PISO algorithm is selected to solve the pressure-velocity coupling. No
turbulence model is used to solve the low Reynolds numbers (Re = 50), while k−ω SST has
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been used for Re = 500. Each simulation is allowed to run from quiescent initial conditions
until a stationary state is reached. A large number of actuator cycles (≈ 200) is needed.
The solution obtained is then transferred to a finer mesh and used as initial condition. This
reduces the number of actuator cycles needed to reach again a stationary state to about
≈ 30. As an example of the grid convergence studies, Nusselt number distributions obtained
with three different meshes for Re = 50 and H = 10 are shown in Fig. 2.
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Figure 2: Left: Nusselt numbers obtained with the different meshes for Model 1, Re = 50
and H = 10, with 4348, 18424 and 41528 CV. Right: Maximum and minimum temperature
at the actuator neck for Re = 500, as a function of the SJA cycle.

3 Results and Discussion

3.1 Phase and time averaged flow

Fig. 3 shows a sequence of phase averaged velocity, temperature and turbulent kinetic energy
maps that are representative of the jet sequence once the stationary state has been reached.
Due to the motion of the membrane, during the forward stroke (second column), a pair of
vortices are generated in the actuator lips and expelled to the cavity. If the jet formation
criteria is high enough, when the suction stroke begins (third column) the vortices are too
far to be ingested back and therefore generate a nonzero momentum flux in the streamwise
direction. Also, another pair of vortices are created inside the cavity. During the ingestion
(fourth column), k and T from the external flow are admitted in the SJA cavity, where
they interact with the internal flow to be expelled back (first column). To illustrate the
interaction between the internal and the external flows, the evolution of the maximum and
minimum temperatures in the actuator neck is shown in Fig. 2 (right). The maximum
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temperature corresponds to the ingestion phase. As can be seen, after a few cycles the fluid
entering the SJA is quite hot and despite the cooling in the SJA cavity (where the walls are
assumed to be at T = 0), when it exits at a temperature T ≈ 0.18. This value, that has an
effect on the cooling efficiency, depends on the interaction between both flows can not be
imposed as a boundary condition without simulating the SJA chamber.

(a) Velocity (non-dimensionalized by U0).

(b) Temperature (non-dimensionalized by ∆T ).

(c) Turbulent kinetic energy (non-dimensionalized by U2
0 ).

Figure 3: Sequences of velocity, temperature and turbulent kinetic energy fields during a
representative cycle for Re = 500. From left to right φ = 0, φ = 90, φ = 180 and φ = 270.

If a time average is performed, instead of phase averages, the overall flow field can
be obtained, as can be seen in Fig. 4. For Re = 500, H = 10, a series of large vortices
emerge from the SJA strokes, that transport energy from the hot to the cold wall. At first
glance, the large central jet would suggest that a fluid is entering the domain; however,
close inspection of the streamlines reveals that the net mass flow is zero.

3.2 Effect of simulating the actuator cavity

The different models of the synthetic jet actuator have been compared by assessing the
difference in the vertical velocities at different distances from the actuator outlet and the
time averaged Nusselt number, for Re = 50 and H/d = 10. As can be seen in Fig. 5 (left),
as the distance from the actuator increases, the velocity profile becomes more uniform and
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Figure 4: Streamlines for Re = 500, H = 10 and M1.

the difference between the models is smaller. However, at the hot wall (H = 10), there is
a significant difference in the Nusselt number distribution (Fig. 5, right), specially between
M3 (that doesn’t solve for the cavity) and M1 and M2. To find out the reason of this
difference in the Nusselt values, despite the similar velocity profiles, vertical temperature
profiles at the maximum ingestion and expulsion phases have been represented in Fig. 6.
Model M3, that only solves the domain for y > 0 (where it imposes an arbitrary value of
T = 0), predicts a temperature too low near the hot wall, that overestimates the Nusselt
number. This difference would be smaller if at least the correct mean value of the outlet
temperature could be imposed in M3, but this value can not be obtained without solving
first the interaction between the SJA cavity and the external flow.
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Figure 5: Comparison of the three implementations of the SJA for Re = 50, H = 10.
Implementation 1: Solid line; 2: Dashed line; 3: Dotted line. Left: Vertical velocity
profiles at y = 0, 0.5, 1, 1.5, 2, 5, 8 (each shifted 2.5 up units to avoid superposition with the
previous). Right. Time averaged Nusselt numbers at the hot wall.
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Figure 6: Comparison of the three implementations of the SJA for Re = 50, H = 10. Im-
plementation 1: Solid line; 2: Dashed line; 3: Dotted line. Left: Phase averaged vertical
temperature profiles at the maximum expulsion. Right: Phase averaged vertical tempera-
ture profiles at the maximum ingestion.

4 Conclusions

A SJA impinging into a hot wall has been studied, considering three different models: Mov-
ing membrane (M1), velocity boundary conditions and cavity (M2) and boundary conditions
at the exit orifice (M3). Domains of two different vertical sizes (H = 5 and H = 10), and
two different Reynolds numbers (Re = 50 and Re = 500) have been studied.

The resulting flows are quite complex, and a large number of actuator cycles has to
be solved in order to reach a stationary state. All the implementations can solve the basic
features of the external flow created by the SJA. Moreover, as the distance from the actuator
outlet is increased, the velocity profiles predicted by the three implementations become very
similar.

However, when the Nusselt number and the temperature profiles predicted by the dif-
ferent models are analyzed, there are significant differences. The reason seems to be related
with the value of the temperature that has to be imposed at the SJA outlet in M3. Moreover,
it is quite possible that similar effects are found in other passive scalars such as concentra-
tion in mixing applications or turbulent kinetic energy. While it remains to be studied if
such differences are actually important for active flow control applications, M2 seems a good
compromise between accuracy and cost. Although many of the features of the internal SJA
flow can not be well predicted due to the simplified boundary conditions imposed at the
membrane in M2, the errors introduced by these assumptions will decrease in the external
flow.
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the project number FI-2016-3-0014 and the Spanish Ministry project (MEC) FIS2016-77849-
R.

References

[1] A. Glezer and M. Amitay, Synthetic Jets, Ann. Rev. Fluid Mechanics 503 (2002).

[2] L.D. Kral, J. F. Donovan, A.B. Cain and A.W. Cary, Numerical simulation
of synthetic Jet Actuators, AIAA Journal (1997).

[3] S.G. Mallinson, G. Hong and J.A. Reizes, Some characteristics of synthetic jets,
AIAA Paper (1999).

[4] S.G. Mallinson, C.Y. Kwok and J.A. Reizes, Numerical simulation of micro-
fabricated zero mass-flux jet actuators, Sensors and Actuators, A: Physical 3 (2003)
229–236.

[5] C.L. Rumsey, T.B. Gatski, W. L. Sellers III, V.N. Vasta and S.A. Viken,
Summary of the 2004 Computational Fluid Dynamics Validation Workshop on Syn-
thetic Jets, AIAA Journal 2 (2006) 194–207.

[6] B.L. Smith and A. Glezer, The formation and evolution of synthetic jets, Phys.
Fluids 9 (1998).

[7] R. Holman, Y. Utturkar, R. Mittal, B. L. Smith, and L.N. Cattafesta,
Formation Criterion for Synthetic Jets, AIAA Journal 10 (2005) 2110–2116.

[8] Y. Utturkar, R. Holman, R. Mittal, B. Carroll, M. Sheplak and L.N.
Cattafesta, A Jet Formation Criterion for Synthetic Jet Actuators, 41st Aerospace
Sciences Meeting & Exhibit (2003).

[9] Sheplak, M. and Cattafesta, L. N., Actuators for Active Flow Control, Ann. Rev.
of Fluid Mechanics 1 (2011) 247–272.

[10] A. Glezer, Some aspects of aerodynamic flow control using synthetic-jet actuation, P.
Trans. of the Royal Society A: Mathematical, Physical and Engineering Sciences 1940
(2011) 1476–1494.

[11] L. Silva-Llanca, A. Ortega, and I. Rose, Experimental convective heat transfer
in a geometrically large two-dimensional impinging synthetic jet, Intl. J. of Thermal
Sciences 90 (2015) 339–350.

c©CMMSE ISBN: 978-84-617-8694-7Page 1501 of  2288



A. MIRO, M. SORIA, I. RODRIGUEZ, J. C. CAJAS

[12] O. Ghaffari, S. A. Solovitz and M. Arik, An investigation into flow and heat
transfer for a slot impinging synthetic jet, Intl. J. of Heat and Mass Transfer 100
(2016) 634–645.

[13] H. Wang and S. Menon, Fuel-Air Mixing Enhancement by Synthetic Microjets,
AIAA Journal 12 (2001) 2308–2319.

[14] Y. Chen, S. Liang, K. Anug, A. Glezer and J. Jagoda, Enhanced Mixing in
a Simulated Combustor Using Synthetic Jet Actuators, 37th AIAA Aerospace Sciences
Meeting and Exhibit 17 (1999).

[15] C.Y. Lee and D.B. Goldstein, Two Dimensional Synthetic Jet Simulation, AIAA
Journal 3 (2002) 510–516.

[16] P. Mane, K. Mossi, A. Rostami, R. Bryant and N. Castro, Piezoelectric Ac-
tuators as Synthetic Jets: Cavity Dimension Effects, Journal of Intelligent Material
Systems and Structures 11 (2007) 1175–1190.

[17] R.B. Kotapati, R. Mittal and L.N. Cattafesta, Numerical study of a transi-
tional synthetic jet in quiescent external flow, J. of Fluid Mechanics 581 (2007) 287–321.

[18] C. Yao and F. J. Chent, Synthetic Jet Flow Field Database for CFD Validation, 2nd
AIAA Flow Control Conference (2004) 1–11.

[19] Q. Xia and S. Zhong, An experimental study on the behaviours of circular synthetic
jets at low Reynolds numbers, J. of Mechanical Engineering Science 11 (2012) 2686–
2700.

[20] L. Silva-Llanca and A. Ortega, Vortex dynamics and mechanisms of heat transfer
enhancement in synthetic jet impingement, Intl. J. of Thermal Sciences 112 (2017)
153–164.

[21] H. Xia and N. Qin, Dynamic Grid and Unsteady Boundary Conditions for Synthetic
Jet Flow, 43rd AIAA Aerospace Sciences Meeting and Exhibit (2005) 1–9.

[22] D.P. Rizzetta, M.R. Visbal and M. J. Stanek, Numerical Investigation of
Synthetic-Jet Flowfields, AIAA Journal 8 (1999).

[23] W. Zhang and R. Samtaney, A direct numerical simulation investigation of the
synthetic jet frequency effects on separation control of low-Re flow past an airfoil, Phys.
Fluids 27 (2015) 1–22.

c©CMMSE ISBN: 978-84-617-8694-7Page 1502 of  2288



NUM. INV. OF SYNTHETIC JET ACTUATORS

[24] J. P. D’Alencon and L. Silva-Llanca, Two-dimensional numerical analysis of a
low-re turbulent impinging synthetic jet, Proceedings of the 15th InterSociety Con-
ference on Thermal and Thermomechanical Phenomena in Electronic Systems (2016)
921–929.

[25] Q. Gallas, On the Modeling and Design of Zero-Net Mass Flux Actuators, University
of Florida, 2005.

[26] M.A. Feero, P. Lavoie and P.E. Sullivan, Influence of cavity shape on synthetic
jet performance, Sensors and Actuators, A: Physical 223 (2015) 1–10.

[27] F.R. Menter, Two-equation eddy-viscosity turbulence models for engineering appli-
cations, AIAA journal 8 (1994) 1598–1605.

[28] A. Keshmiri, J. Uribe and N. Shokri, Benchmarking of Three Different CFD Codes
in Simulating Natural, Forced, and Mixed Convection Flows, Numerical Heat Transfer,
Part A: Applications, 67 (2015) 1324–1351.

[29] A. Pavlova and M. Amitay, Electronic Cooling Using Synthetic Jet Impingement,
J. Heat Transfer 9 (2006).

[30] Valiorgue, P. and Persoons, T. and McGuinn, A. and Murray, D. B., Heat
transfer mechanisms in an impinging synthetic jet for a small jet-to-surface spacing,
Exp. Thermal and Fluid Science 4 (2009) 597–603.

[31] Y.H. Liu, S.Y. Tsai and C.C. Wang, Effect of driven frequency on flow and heat
transfer of an impinging synthetic air jet, Applied Thermal Engineering 75 (2015)
289–297.

[32] Hunt, J. C. R. and Wray, A. A. and Moin, P., Eddies, Streams, and Convergence
Zones in Turbulent Flows, Proceedings of the Summer Program, 1988.

[33] Soria M., et al., Direct numerical simulation of a three-dimensional natural-
convection flow in a differentially heated cavity of aspect ratio 4, Numerical Heat Trans-
fer, Part A Applications 45 (2004) 649–673.

c©CMMSE ISBN: 978-84-617-8694-7Page 1503 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Optimal approximate solution for optimization problems via
best proximity point theorem and variational principle in

generalized distance functions

Chirasak Mongkolkeha1

1 Department of Mathematics, Statistics, and Computer Science, Faculty of Liberal Arts
and Science, Kasetsart University, Kamphaeng-Saen Campus, Nakhonpathom 73140,

Thailand

emails: faascsm@ku.ac.th

Abstract

The aim of this talk is to approximate solution for solving minimization problems via
best proximity point theorems and variational principle in generalized distance functions
by giving an algorithm for determining such an is furnished. Also, we give a necessary
and sufficient conditions for finding the existence of best proximity point and minimal
elements with illustrative example of our main results.

Key words: Best proximity point, Generalized distance functions, Minimization prob-
lems, Minimal elements.
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1 Introduction

In 1989, Bakhtin [2] (see also Czerwik [3]) introduced the concept of a b-metric space and
proved some fixed point theorems for some contractive mappings in b-metric spaces which
are generalizations of Banach’s contraction principle in metric spaces.

Definition 1.1 Let X be a nonempty set and s ≥ 1 be a given real number. A functional
d : X ×X → [0,∞) is called a b-metric if, for all x, y, z ∈ X, the following conditions are
satisfied:

1. d(x, y) = 0 if and only if x = y;
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2. d(x, y) = d(y, x);

3. d(x, z) ≤ s[d(x, y) + d(y, z)].

A pair (X, d) is called a b-metric space with coefficient s. Since, every metric space is a
b-metric space with s = 1 and hence the class of b-metric spaces is larger than the class
of metric spaces. In 1996, Kada et al. [5] introduced some generalized metric which is
difference from b-metric space and called w-distance as follow:

Definition 1.2 Let (X, d) be a metric space. A function p : X ×X −→ [0,∞) is said to
be the w-distance on X if the following are satisfied:

1. p(x, z) ≤ p(x, y) + p(y, z) for all x, y, z ∈ X;

2. for any x ∈ X, p(x, ·) : X −→ [0,∞) is lower semi-continuous (i.e., if x ∈ X and
yn −→ y ∈ X, then p(x, y) ≤ lim infn−→∞ p(x, yn);

3. for any ε > 0, there exists δ > 0 such that p(z, x) ≤ δ and p(z, y) ≤ δ imply d(x, y) ≤ ε.

They also improved Caristi’s fixed point theorem, Ekeland’s variational principle and the
nonconvex minimization theorem of Takahashi [6]. Later, Shioji et al. [7] studied the
relationship between weakly contractive mappings and weakly Kannan mappings under the
conditions, the w-distance and the symmetric w-distance. In 2012, Imdad and Rouzkard
[8] proved some fixed point theorems in a complete metric space equipped with a partial
ordering via the w-distance.

Later, In 2014, Hussain et al. [4] introduced the concept of the wt-distance in generalized
b-metric spaces, which is a generalization of the w-distance.

Definition 1.3 Let (X, d) be a b-metric space with constant s ≥ 1. A function P : X ×
X −→ [0,∞) is called the wt-distance on X if the following are satisfied:

1. P (x, z) ≤ s(P (x, y) + P (y, z)) for all x, y, z ∈ X;

2. for any x ∈ X, P (x, ·) : X −→ [0,∞) is s-lower semi-continuous (i.e., if x ∈ X and
yn −→ y ∈ X, then P (x, y) ≤ lim infn−→∞ sP (x, yn);

3. for any ε > 0, there exists δ > 0 such that P (z, x) ≤ δ and P (z, y) ≤ δ imply
d(x, y) ≤ ε.

Recently, Abdou et al. [1] proved some common fixed point theorems in Menger prob-
abilistic metric type spaces by using the wt-distance.

In this talk, we prove the existence of best proximity point of some nonlinear mappings
in complete metric spaces via the w-distance and also give some examples to for support our
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results. Furthermore, we prove some Ekeland’s variational principle in wt-distance and also,
we give a necessary and sufficient conditions with an approximate algorithms for finding the
existence of minimal elements to establish enhanced Ekeland’s variational principle. Our
result improve, extend and generalize several results given by some authors in literatures.
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Abstract

In this work, we present some results on Nonlinear Programming that generalize
the classical theorems of the Lagrange multipliers, Kuhn–Tucker and Fritz John, and,
moreover, they are sharp, in the sense that the validity of each of them is equivalent
to the fact that a certain family of functions associated to the nonlinear problem un-
der consideration satisfies a weak convexity condition. These results are derived from
adequate versions of the Hahn–Banach theorem.

Key words: Hahn–Banach theorem, Nonlinear Optimization.
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1 Hahn–Banach, Mazur–Orlicz and Nonlinear Programming

The development of Convex Analysis has always been together with that of Optimization,
benefiting reciprocally. A remarkable example is the Hahn–Banach theorem and its ge-
ometric reformulations –the seminal versions of the theorems of the alternative such as
Gordan’s theorem or Farkas’ lemma, the convex separation theorem– which have definitely
become some of the most important tools in the study of problems on Linear and Nonlinear
Programming.

First, we make use of a generalization of the Hahn–Banach theorem, known as the
Mazur–Orlicz theorem, [8, 9, 14, 15, 17], which states that if C is a convex subset of a real
vector space in which a sublinear (subadditive and positively homogeneous) functional is
defined, then it is possible to find a linear functional less than it and in such a way that
their infimum on C coincide. As a consequence, we derive some existence results along the

c©CMMSE ISBN: 978-84-617-8694-7Page 1507 of  2288



RECENT CONVEX TOOLS FOR NONLINEAR PROGRAMMING

lines of the theorems of König of the maximum and the supremum [6, 7], which establish
the concept of optimal convexity for its validity: the infsup-convexity, a weak concept of
convexity that arose in minimax theory ([5, 13, 16]). Specifically, the more general result
states that given two nonempty sets X and Λ, f : X −→ R and (fλ)λ∈Λ a family of real
valued functions defined on X such that

x ∈ X ⇒ (fλ(x))λ∈Λ ∈ `∞(Λ),

then, the family (fλ − f)λ∈Λ is infsup-convex on X if, and only if, for each α ∈ R with

x ∈ X ⇒ f(x) + α ≤ sup
λ∈Λ

fλ(x),

there exists a bounded and linear functional Φ : `∞(Λ) −→ R such that

Φ ≤ sup
Λ

and
x ∈ X ⇒ f(x) + α ≤ Φ((fλ(x))λ∈Λ).

When applying the König-type results we establish general versions of the theorems of
the Lagrange multipliers, Fritz John and Kuhn–Tucker for an optimization problem with
an arbitrary number of constraints,

inf
x∈F

f(x),

with

F :=

{
x ∈ X : sup

λ∈Λ
fλ(x) ≤ 0, sup

ω∈Ω
|gω(x)| = 0

}
,

X being a nonempty set, Λ and Ω sets, f : X −→ R a given funtion and (fλ)λ∈Λ and
(gω)ω∈Ω families of real valued functions on X. Such results not only extend some known
statements [1, 2, 3, 4, 18], but also are sharp in terms of the infsup-convexity of certain
families of functions. Some particular cases have been established in [10, 11, 12].
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[10] P. Montiel López and M. Ruiz Galán, Nonlinear programming via König’s max-
imum theorem, J. Optim. Theory Appl. 170 (2016), 838–852.
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Abstract

In this work, we show that there exists a theory of functions with quaternionic values
and of two real variables, which is determined by a Cauchy-Riemann-type operator
with quaternionic variable coefficients and that is intimately related to the well-known
Mathieu functions. As a result, we introduce the Quaternionic Mathieu Functions
and explain their connections to the solutions of the Heat-Conduction equation in the
elliptical confocal coordinate system.

Key words: Quaternionic analysis, Heat-Conduction equation, elliptical confocal co-
ordinates, Mathieu functions, hyperholomorphic functions.

1 Introduction

The majority of functions used in technical and applied mathematics were originated as
the result of investigating practical problems. A relevant example is the Mathieu func-
tions, which are solutions to the ordinary differential equations arising in the separation
of the Helmholtz equation in two dimensions using elliptical confocal coordinates. These
functions were introduced by Émile Léonard Mathieu in 1868 in his “Mémoire sur le mou-
vement vibratoire d’une membrane de forme elliptique” in connection with the study of the
vibrational modes of a stretched membrane with an elliptic boundary [3]. Since that time
Mathieu functions have been widely used in many areas of classical and modern physics,
engineering and applied mathematics.
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Mathieu functions occur in two main categories of physical problems: on one hand,
in applications involving elliptical geometries, for example in the analysis of the vibrating
modes in elliptical membranes, the propagating modes in elliptical pipes and the oscillations
of water in a lake of elliptical shape. On the other hand, Mathieu functions may arise in
problems involving periodic motion, such as the trajectory of an electron in a periodic array
of atoms, the mechanics of the quantum pendulum, and the oscillations of floating vessels.
Recently, in the works of Sato [8, 9] it is mentioned the importance of computing the thermal
stresses resulting from the considerable temperature differences in solids bounded by ellipses.
In particular, in [8] it is shown that the resulting solution of the heat conduction problem of
a cylinder can be obtained in the form of an infinite Mathieu function series. Those papers
deal with the heat conduction problem of an infinite and a confocal elliptical cylinder in
which the effect of its surface resistance is included. In the above analysis the condition
is that the cylinder surface is keeping heated or cooled at a constant temperature. The
method of separation of variables is then applied to solving the Heat-Conduction equation
using the elliptical cylinder coordinate system and the corresponding boundary conditions
are accordingly satisfied by using the orthogonality of the Mathieu functions. Despite the
existence of many applications and classical properties such as identities, recursions and
asymptotics, Mathieu functions are barely mentioned in modern textbooks, and even older
texts that gave some account of Mathieu functions are now out-of-print. One reason for
the absence of theory of Mathieu functions in the existing literature compared to that for
other special functions is because the behavior of Mathieu functions is relatively rich and,
consequently, more difficult to understand. Another reason is probably the complicated and
various notations that exist in the literature.

A higher-dimensional extension of the Mathieu functions to the framework of Quater-
nionic Analysis was firstly considered in [2]. Analogues of the basic integral formulae of
complex analysis for this version of quaternionic function theory were established, which
turned out to be in the same relation with the Schrödinger operator with a special potential
as the usual holomorphic functions in one complex variable, or quaternionic hyperholomor-
phic functions, are with the corresponding Laplace operator. A major part of the present
work is concerned with exploring what analytical properties of the Quaternionic Mathieu
Functions (QMFs) arise from this extension. According to our current knowledge, central
questions regarding a proper definition of the QMFs and general properties such as orthogo-
nality relations and identities, and their connections to the solutions of the Heat-Conduction
equation in the elliptical coordinate system remain untouched so far. We honestly think that
the QMFs introduced in this paper give, through the factorization of the Heat-Conduction
operator, a finer structure of the classical Mathieu functions. This understanding may be
fruitful both to enrich the understanding of the properties of these functions in higher di-
mensions and as tools in such applications of quaternionic analysis in mathematical physics
and related fields.
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2 Heat-Conduction Equation in Elliptical Confocal Coordi-
nates

As the present problem considers no temperature change along the lenght of an infinite
hollow confocal elliptical cylinder, the heat-conduction equation within can be written in
rectangular coordinates (x, y) as(

∆− 1

κ

∂

∂t

)
[θ] :=

∂2θ

∂x2
+
∂2θ

∂y2
− 1

κ

∂θ

∂t
= 0, (1)

where θ(x, y, t) is the temperature, t the time and κ the thermal diffusivity given by κ =
K/(ρC) with thermal conductivity K, density ρ and specific heat C, which are assumed to be
constant. The problem of heat conduction under consideration can be rigorously analyzed
by introducing the elliptical confocal coordinates (ξ, η), which are related to the rectangular
coordinates by the relation

x+ iy = c cosh(ξ + iη) = c cosh ξ cos η + ic sinh ξ sin η,

where c denotes the semi-focal length, ξ is the radial coordinate which varies from zero along
the line of foci to ξ0 at the rings, and η is the angular coordinate which varies from 0 to 2π
in passing once round an ellipse. We note that c2 = a2 − b2 in which a = 2c cosh ξ0 and
b = 2c sinh ξ0 represent the semi-major and semi-minor axis length of a family of confocal
ellipses within the hollow cylinder bounded by the outer surface ξ = ξ0:

x2

c2 cosh2 ξ0

+
y2

c2 sinh2 ξ0

= 1. (2)

We note first that the heat-conduction operator

∆− 1

κ

∂

∂t

acts on the space of functions C2(R2) × C1(R+
0 ). In the present study, we consider its

restriction onto C2(Ωx,y)× C1(R+
0 ), where

Ωx,y := R2 \ {(x, y) ∈ R2 |x = 0 ∨ y = 0}.

Henceforth we consider a domain Ξ in a copy of R2 with the coordinates (ξ, η). Now, we
define a change of variables in the domain Ξ, i.e., there exists a mapping

ϕ : (ξ, η) ∈ Ξ 7→ ϕ(ξ, η) = (x = ϕ1(ξ, η), y = ϕ2(ξ, η)) ∈ Ωx,y,

such that ϕ ∈ C2(Ξ) makes a one-to-one correspondence between both domains. Now,
assume that ψ = (ψ1(x, y), ψ2(x, y)) is the inverse mapping, ψ : Ωx,y 7→ Ξ, i.e., so that
ϕ(ψ(x, y)) = (x, y) for any (x, y) ∈ Ωx,y and ψ(ϕ(ξ, η)) = (ξ, η) for any (ξ, η) ∈ Ξ.
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We introduce the operators of the change of variables:

Wϕ : u ∈ C2(Ωx,y) 7→ u ◦ ϕ =: ũ ∈ C2(Ξ),

Wψ = W−1
ϕ : ũ ∈ C2(Ξ) 7→ ũ ◦ ψ =: u ∈ C2(Ωx,y).

It is of interest to point that Wϕ is an isomorphism of C2(Ωx,y) onto C2(Ξ), whereas Wψ is
an isomorphism of C2(Ξ) onto C2(Ωx,y). Next, let A be an arbitrary linear operator acting

on C2(Ωx,y) and B be an arbitrary operator acting on C2(Ξ). We define the operators Ã

and B̃ as follows:

WϕAWψ =: Ã and WψBWϕ =: B̃.

Obviously, Ã acts on C2(Ξ) while B̃ acts on C2(Ωx,y).
Let L(C2(Ωx,y)) and L(C2(Ξ)) denote the algebras of all linear operators acting on the

respective function spaces. Hence the mapping

A ∈ L(C2(Ωx,y)) 7→WϕAWψ = Ã ∈ L(C2(Ξ))

is an isomorphism of algebras.
Taking A = ∆− 1

κ
∂
∂t , a direct observation shows that

WϕAWψ = Wϕ∆Wψ −
1

κ
Wϕ

∂

∂t
Wψ.

Furthermore, for any ũ ∈ C2(Ξ) we find that

Wϕ
∂

∂t
Wψ[ũ] = Wϕ

∂

∂t
[u] = Wϕ

[
∂

∂t
u

]
=

∂̃

∂t
u =

∂

∂t
ũ,

which leads to

Wϕ
∂

∂t
Wψ =

∂

∂t
I,

where I is the identity operator.
We call attention to the fact that

Wϕ∆Wψ = Wϕ

(
∂2

∂x2
+

∂2

∂y2

)
Wψ

= Wϕ
∂2

∂x2
Wψ +Wϕ

∂2

∂y2
Wψ.

We now finally apply all the above to the aforementioned elliptical confocal change of
variables:  ϕ1(ξ, η) = c cosh ξ cos η,

ϕ2(ξ, η) = c sinh ξ sin η.
(3)
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Straightforward computations show that

Wϕ

(
∆− 1

κ

∂

∂t

)
Wψ =

1

c2(cosh2 ξ − cos2 η)

[
Wξ,η −

c2(cosh2 ξ − cos2 η)

κ

∂

∂t

]
, (4)

where

Wξ,η :=
∂2

∂ξ2
+

∂2

∂η2
. (5)

Applying (4) to (1) leads to the equation

1

c2(cosh2 ξ − cos2 η)

[
Wξ,η[θ]−

c2(cosh2 ξ − cos2 η)

κ

∂θ

∂t

]
= 0, (6)

with θ = θ(ξ, η, t). Then (6) is the two-dimensional Heat-Conduction equation (1) expressed
in elliptical confocal coordinates.

The preceding conclusions are true if (3) is a one-to-one correspondence. Hence we
assume henceforth that the operator

Wξ,η −
c2(cosh2 ξ − cos2 η)

κ

∂

∂t

acts on C2(Ωξ,η)× C1(R+
0 ), where

Ωξ,η := (0, ξ0)× (0, 2π)
⋃
{(0, η) | η ∈ (0, π)} . (7)

Upon introducing the symbol θo as the constant temperature of the surrounding medium,
the boundary condition along the cylinder surface throughout heating (θ > θo) or coolling
(θ < θo) is

∂θ

%∂ξ
= −H

K
(θ − θo), at ξ = ξ0, (8)

in which H denotes the convective heat-transfer coefficient, and %2 := c2(cosh2 ξ − cos2 η).
The initial condition is

θ = θ0, at t = 0. (9)

In the present study we are interested in the analysis of Eq. (6) and of its solutions under
the conditions (8) and (9). Setting ϑ := θ − θo, Eqs. (6), (8) and (9) can be written as

1

c2(cosh2 ξ − cos2 η)

[
Wξ,η[ϑ]− c2(cosh2 ξ − cos2 η)

κ

∂ϑ

∂t

]
= 0, (10)

∂ϑ

%∂ξ
= −H

K
ϑ, at ξ = ξ0, (11)

ϑ = ϑ0, at t = 0. (12)
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As usual, we use the method of separation of variables to find a solution of the Heat-
Conduction equation (10). Let the desired form of the solution be

ϑ(ξ, η, t) = ζ(ξ, η)T (t),

where ζ is a function of ξ and η, and T is a function of t alone. Substituting this expression
into (10), leads to the following two separate equations for ζ(ξ, η) and T (t):

1

c2(cosh2 ξ − cos2 η)

[
Wξ,η[ζ] + 4q

(
cosh2 ξ − cos2 η

)
ζ
]

= 0, (13)

∂T

∂t
+ κα2T = 0, (14)

where α denotes the separation constant and q := α2c2

4 is a real (positive) parameter. A
direct observation shows that Eq. (14) has solution

T (t) = e−κα
2t.

Suppose now that

ζ(ξ, η) = ψ(ξ; q)φ(η; q)

is a solution of Eq. (13), where ψ is a function of ξ alone, and φ a function of η alone. We
obtain the two second-order ordinary differential equations with variable coefficients:

∂2φ

∂η2
+ (a− 2q cos 2η)φ = 0, (15)

∂2ψ

∂ξ2
− (a− 2q cosh 2ξ)ψ = 0, (16)

where a is the separation constant. A solution of (13) comprises the product of any two
functions which are solutions of (15) and (16), respectively, for the same values of a and q.
Since a may have any value, the number of solutions is unlimited.

Eqs. (15) and (16) are known as the ordinary and the modified Mathieu equations.
However, in applications involving elliptical confocal coordinates, Eqs. (15) and (16) are
better identified as the angular and radial Mathieu equations. Their solutions are, respec-
tively, the angular Mathieu functions and the radial Mathieu functions. As a matter of fact,
since a and q are arbitrary constants, one has two families of ordinary differential equations
parametrized by the same parameters a and q.

Remark 2.1 We shall remark that if in (15) we write ±iξ for η, then (15) is transformed
into (16), while the latter is transformed into (15) if ±iη is written for ξ.

c©CMMSE ISBN: 978-84-617-8694-7Page 1515 of  2288



J. Morais and K.I. Kou

Fig. 2: Diagram for membranal problem, from which the Mathieu functions originated [4].

Referring to Fig. 2, if we start at η = 0 and move counter-clockwise round a confocal
ellipse ξ = ξ1 < ξ0 the displacement ζ(ξ, η) at any instant alters continuously. It follows
that ζ is single-valued and periodic in the coordinate η. The period is π or 2π in η, so that

ζ(ξ, η) = ζ(ξ, η + π) or ζ(ξ, η) = ζ(ξ, η + 2π)

as the case may be. In [7] it is shown that the solutions of Eq. (15), having period π or 2π
consist entirely of cosine or sine terms, and not a combination of the two. Moreover, in [6]
it is shown that if one solution is even, the other must be odd. Thus two independent even
or two independent odd solutions cannot occur. We denote the even and the odd angular
Mathieu functions of order m by

φm(η; q) :=

 cem(η; q), m = 0, 1, 2, . . .

sem(η; q), m = 1, 2, 3, . . .
(17)

or a constant multiple thereof.
Since m may be any positive integer, there is an infinite number of solutions of type

cem(η, q) and sem(η, q); the parity and periodicity of cem and sem are exactly the same as
their trigonometric counterparts, namely, cem is an even function and sem an odd function
of η, and they have period π when m is even, or period 2π when m is odd.

3 Preliminaries

Let H be the set of real quaternions [5]. Each quaternion w is represented in the form

w := w0 + w1i + w2j + w3k.

The set {wi} is in R and {i, j,k} are the quaternionic imaginary units, which obey the usual
laws of multiplication

i2 = j2 = k2 = ijk = −1

and the usual component-wise defined addition.
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Similarly to the complex case the scalar and vector parts of w, Sc(w) and Vec(w), are
defined as the w0 and w1i + w2j + w3k terms, respectively. For a quaternionic number w
we consider its conjugate w defined by w := w0−Vec(w), and the norm |w| of w is defined
by

|w| = (ww)1/2 = (ww)1/2 =

(
3∑
i=0

w2
i

)1/2

.

In the sequel, let Ω be a domain in R2 (open and connected) bounded by Ωξ,η given as (7),
with a piecewise smooth boundary. We say that

f : Ω→ H, f(x, y) := [f(x, y)]0 + [f(x, y)]1i + [f(x, y)]2j + [f(x, y)]3k

is a quaternionic-valued function, where [f ]i (i = 0, 1, 2, 3) are real-valued functions defined
in Ω. We will focus on a special class of quaternionic-valued functions analogous to complex
holomorphic functions and connected with them via the following concept.

Definition 3.1 For a given q > 0, a function f ∈ C1(Ω,H) is called Dq-hyperholomorphic
if it is a solution of the differential equation Dq[f ] = 0 with variable and quaternionic
coefficients, where

Dq :=
2
√
q

c
+

1

c(cosh2 ξ − cos2 η)

[
(i sinh ξ cos η + j cosh ξ sin η)

∂

∂ξ

+ (j sinh ξ cos η − i cosh ξ sin η)
∂

∂η

]
. (18)

Analogously, for a solution of the equation Dq[f ] = 0 where

Dq :=
2
√
q

c
− 1

c(cosh2 ξ − cos2 η)

[
(i sinh(ξ) cos η + j cosh ξ sin η)

∂

∂ξ

+ (j sinh ξ cos η − i cosh ξ sin η)
∂

∂η

]
(19)

a reasonably natural name is Dq-anti-hyperholomorphic function.

For a given q > 0, it can be easily checked that the operators (18) and (19) factorize
the operator induced by Eq. (13):

Wξ,η + 4q(cosh2 ξ − cos2 η) =:W

in the sense that

DqDq = DqDq =
1

c2(cosh2 ξ − cos2 η)
W,

where Wξ,η is given by (5).
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The above means that Dq-hyperholomorphic functions play indeed the same role for the
W operator as the usual holomorphic functions in one complex variable, or quaternionic
hyperholomorphic functions, play for the corresponding Laplace operator [1]. At the same
time, there exists a deep difference since the operators (18) and (19) have variable and
non-constant coefficients, and it is well-known that function theories using such operators
are much more sophisticated.

Consider now the space of all square integrable quaternionic-valued functions on Ω such
that each component is in the usual L2(Ω) and define

L2(Ω,H) :=

{
f | f : Ω→ H, ‖f‖L2(Ω,H) :=

(∫
Ω
|f(x, y)|2dxdy

)1/2

<∞

}
.

It follows that the space L2(Ω,H) endowed with the right quaternionic inner product

< f ,g >L2(Ω,H):=

∫
Ω

f(x, y) g(x, y) dxdy (20)

is a H-linear Hilbert space under right multiplication by quaternion numbers.

4 The Quaternionic Mathieu Functions (QMFs)

4.1 Definition and properties of QMFs

We now show how to directly relate the solutions of Eqs. (15) and (16) with the above
established hyperholomorphic function theory. The strategy adopted is the following: we
start by considering a null-solution to the operator

1

c2(cosh2 ξ − cos2 η)

[
Wξ,η + 4q(cosh2 ξ − cos2 η)

]
where Wξ,η is given by (5).

We identify such a solution ζ(ξ, η) = ψ(ξ; q)φ(η; q) as of the form ζem(ξ, η; q) := Cem(ξ; q)cem(η; q), m = 0, 1, 2, . . .

ζom(ξ, η; q) := Sem(ξ; q)sem(η; q), m = 1, 2, . . .

where the corresponding values of q and m must be the same as those entering the angular
equation (15), as q and m together determine the separation constant a. For the sake of
simplicity, we denote by ζm any Mathieu function of the set

{ζem, ζom : m = 0, 1, 2, . . . }. (21)
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Definition 4.1 (QMFs) For a given q > 0, the family of pairs

{ ζm, ζm : m = 1, 2, . . . },

where we set

ζm :=
c

4
√
q
Dq[ζm] and ζm :=

c

4
√
q
Dq[ζm]

is called Quaternionic Mathieu Functions (QMFs).

Remark 4.1 A direct observation shows that

Dq[ζm] =
1

4
√
q

1

c(cosh2 ξ − cos2 η)

[
Wξ,η + 4q(cosh2 ξ − cos2 η)

]
[ζm] = 0,

and

Dq[ζm] =
1

4
√
q

1

c(cosh2 ξ − cos2 η)

[
Wξ,η + 4q(cosh2 ξ − cos2 η)

]
[ζm] = 0.

Hence each element of (21) can be decomposed into

ζem = ζem + ζem

(
resp., ζom = ζom + ζom

)
where ζem (resp. ζom) are Dq-hyperholomorphic functions, and ζem (resp. ζom) are Dq-anti-
hyperholomorphic functions.

Thus, we have the following result.

Lemma 4.1 For a given q > 0, the QMFs are of the following form:

ζm(ξ, η) =
1

2
ψ(ξ)φ(η)

+i
c

4
√
q

1

(cos2 η − cosh2 ξ)

[
sinh ξ cos η ψ′(ξ)φ(η)− cosh ξ sin η ψ(ξ)φ′(η)

]
+j

c

4
√
q

1

(cos2 η − cosh2 ξ)

[
cosh ξ sin η ψ′(ξ)φ(η) + sinh ξ cos η ψ(ξ)φ′(η)

]
and

ζm(ξ, η) =
1

2
ψ(ξ)φ(η)

−i
c

4
√
q

1

(cos2 η − cosh2 ξ)

[
sinh ξ cos η ψ′(ξ)φ(η)− cosh ξ sin η ψ(ξ)φ′(η)

]
−j

c

4
√
q

1

(cos2 η − cosh2 ξ)

[
cosh ξ sin η ψ′(ξ)φ(η) + sinh ξ cos η ψ(ξ)φ′(η)

]
where ψ(ξ) is a solution of Eq. (16) and φ(η) is a solution of Eq. (15).
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Referring to Fig. 2, at any point (0, η) and the corresponding point (0,−η) across
the line segment ξ = 0, we have continuity of displacement and gradient in crossing the
interfocal line orthogonally.

Theorem 4.1 (a) continuity of displacement, i.e. ζ(0, η) = ζ(0,−η);

(b) continuity of gradient, i.e.
∂

∂ξ
[ζ(ξ, η)]ξ→0 = − ∂

∂ξ
[ζ(ξ,−η)]ξ→0.

The orthogonality of the QWFs for the same q but different a over confocal ellipses with
respect to the quaternionic inner product (20) is given in the following.

Theorem 4.2 For a given q > 0, the set { ζem, ζom : m = 1, 2, . . . } is orthogonal over the
confocal ellipses (2) in the sense of the quaternionic inner product (20).

4.2 Traveling wave function in the confocal elliptical cylinder

The QMFs will now be used to define the total wave function produced in a medium of
arbitrary q under conditions (11) and (12). Since each QMF is linked to a specific charac-
teristic constant a, the complete in-medium function ϑ(ξ, η, t) is obtained by multiplying
each QMF by the appropriate t-dependent exponential for which the associated a values
cause them to satisfy the boundary conditions (11) and (12). Thus the total wave function
in the medium is

Definition 4.2 (Total Wave Function) For a given q > 0, the total wave function as-
sociated with the QMFs is defined by

ϑ(ξ, η, t) :=

∞∑
m=1

ζm(ξ, η)e−κα
2
mtβm (22)

for integral quaternionic constants βm.

The coefficients in (22) may be evaluated numerically using the orthogonality of the
underlying QMFs. Using the unknown constants βm, the initial condition (12) reads now
as follows:

ϑ0 =

∞∑
m=1

ζm(ξ, η)βm. (23)

Integrating, with respect to ξ from 0 to ξ0 and to η from 0 to 2π, both sides of the equation
obtained by multiplying from the left Eq. (23) by c2(cosh2 ξ−cos2 η)ζp(ξ, η), it follows that[∫ 2π

0

∫ ξ0

0
ζp(ξ, η)c2(cosh2 ξ − cos2 η)dξdη

]
ϑ0

=

∞∑
m=0

[∫ 2π

0

∫ ξ0

0
ζp(ξ, η)ζm(ξ, η)c2(cosh2 ξ − cos2 η)dξdη

]
βm, p = 1, 2, . . . .
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From Theorem 4.2, we readily have

βm = fm(ξ0)ϑ0, m = 1, 2, . . .

where

fm(ξ0) :=

∫ 2π

0

∫ ξ0

0
ζm(ξ, η)c2(cosh2 ξ − cos2 η)dξdη∫ 2π

0

∫ ξ0

0
|ζm(ξ, η)|2 c2(cosh2 ξ − cos2 η)dξdη

.

The authors are currently attempting to explore the properties of the function (22) and its
transition to circular membranes in more detail.
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Abstract

This paper presents a framework for the automatic identification of the composition
of small portions of music files. The task is performed by aligning the portion of audio
with the stored MIDI scores. The system provides a ranked list of the compositions
that best match the audio query, as well as their similarity measures and their aligned
MIDI files. Preliminary results show the precision and robustness of the proposal.

Key words: Audio-to-MIDI Alignment, Dynamic Time Warping, Audio Identifica-
tion

1 Introduction

Over the last years, a large amount of multimedia content has been placed on the Internet
and made accessible through streaming sites. Many of the available files include perfor-
mances of well-known classical music pieces, but the identity of the compositions is not
always annotated. In this scenario, it is of great interest to identify automatically the com-
position corresponding to a given audio excerpt. This task involves computing the similarity
between the audio input and every entry in a database of musical pieces, finally choosing
the entry with the highest similarity. Since two performances of the same composition may
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differ in tempo or interpretation, and usually the input audio is only a small portion of
the whole piece, the common way to compute this similarity is through audio alignment
techniques.

Audio alignment can be defined as the synchronization between two musical sequences
which may have differences in interpretation. Alignment tools have been widely used in other
related applications, such as cover song identification [1], query-by-tapping [2] or query-by-
humming [3]. Most of the recent works are focused on the alignment between a musical
score (such as MIDI or any other symbolic representation) and an audio excerpt [4, 5, 6].
Based on MIDI-to-audio alignment, a large number of approaches have been proposed to
identify a query of a music excerpt using a large database of music score representations
[7, 8, 9, 3]. In these cases, the alignment result is used as a criteria to measure how well
the content in a MIDI score matches an input audio segment, such that the audio can be
correctly identified if the correct composition is contained in the database. In the context
of classical music, it is possible to gather large collections of accurately transcribed MIDI
files, enabling to construct a reliable database for identification purposes.

To measure the similarity between the audio and the score, a set of features that
characterize the musical content is first extracted from the audio signal. Features proposed
by authors are often related to the target application, and a large variety of them can be
found, such as chroma vectors [8, 1, 10, 11], beat-tracking [12], decaying locally adaptive
normalized chroma onset (DLNCO) [5], peak structure distance (PSD) [13, 4] or measures
derived from analysis with Non-negative Matrix Factorization (NMF) [14].

The alignment is performed by finding the best match between the extracted feature
sequence and the score. Commonly, the process consists in filling a similarity matrix (or cost
matrix) of the form D(τ, t), containing distance values between discrete times τ in the MIDI
and discrete times t in the audio. The most common approach to find the correspondence
between both temporal axes is dynamic time warping (DTW) [11, 15, 16]. DTW uses
dynamic programming to find an alignment such that the sum of the distance between
aligned time instants is minimized. This output global distance is a natural measure of
similarity between two sequences, and can be used to decide the best matching in a corpora
of MIDI files. Consequently, for audio-to-MIDI matching applications, the performance of
the system heavily depends on the robustness of the alignment core, particularly on its
ability to compensate changes in tempo and interpretation.

In this paper we propose an audio-to-MIDI matching approach that identifies a music
excerpt query among a database of classical music MIDI scores. The alignment kernel is
based on our robust system proposed in [17, 18], employing a fast spectral factorization
algorithm and DTW. As a result, the system provides a ranked list of the compositions
that best match the audio query, as well as their similarity measures and their aligned
MIDI files.
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2 Proposed audio-to-MIDI matching system

The proposed framework for audio-to-MIDI matching is composed of two main modules.
The MIDI preprocessing module must be carried out beforehand for each MIDI file in the
database, with the aim of learning a set of parameters that adequately represent each score.
The matching module performs the alignment between the input audio excerpt and each
entry of the MIDI database, returning a confidence alignment measure.

2.1 MIDI Preprocessing Module

The aim of this module is to adequately represent the information given by a MIDI file to
be used for alignment purposes. This task is performed only once, when a new MIDI entry
is incorporated to the database, and not during the matching stage. The input MIDI score
can be represented by a binary matrix GT(n, τ), where τ is the time-frame index referenced
to the score (MIDI time) and n are the notes in MIDI scale. This matrix has dimensionality
N ×Lm, where N is the total number of notes in the composition and Lm is the number of
frames in MIDI time. If the score contains different instruments, N is obtained as the sum
of the different notes per instrument.

Each unique occurrence of individual or concurrent notes will be denoted here as a score
unit. K is the number of units in the score and will be most likely smaller than the number
of notes (K << N). In terms of score units, the score matrix GT(n, τ) can be decomposed
as follows

GT(n, τ) = Q(n, k)R(k, τ), (1)

where Q(n, k) is the binary notes-to-units matrix, k the index of each unique unit and
R(k, τ) represents the binary activation of each unit. Observe that Q(n, k) informs about
the notes belonging to each unit, whereas R(k, τ) retains the MIDI time activation per unit.

Since our alignment algorithm is based on spectral decomposition, the preprocessing
module learns in advance a single spectral pattern for each score unit. To this end, a
synthetic signal is first generated from the score using a MIDI synthesizer. Let us denote
the magnitude spectrogram of the synthetic signal as Y(f, τ), with f being the frequency
bin index. This signal is then decomposed according to the following model:

Y(f, τ) ≈ Ŷ(f, τ) = B(f, k)G(k, τ), (2)

where Ŷ(f, τ) is the estimated spectrogram, G(k, τ) matrix represents the gain of the
spectral pattern for unit k at frame τ , and B(f, k) matrix represents the spectral patterns
for all the units defined in the score. The parameters are estimated using NMF with β-
divergence and multiplicative update rules, where G(k, τ) is initialized to R(k, τ), and
B(f, k) to random positive numbers.

As a result of the preprocessing step, the system stores the matrices R(k, τ) and B(f, k)
for the MIDI file.
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2.2 MIDI-to-audio Alignment Module

To perform the alignment between the input signal and a certain MIDI, the first step is the
computation of a similarity measure between the audio and the different units defined by
the score. In our approach, this measure is given by the distortion between the frequency
transform of the input and the spectral patterns learned per unit.

Lets denote the frequency-domain input signal vector at time t as xt(f), and the k-th
unit spectral pattern as bk(f). Assuming a signal model in which only a single pattern can
be active at t, the gain gk,t that minimizes the β-divergence between the input frame and
pattern k is computed by [19]:

gk,t =

∑
f

xt(f)bk(f)(β−1)∑
f

bk(f)β
. (3)

Finally, the distortion matrix for each unit at each frame is defined by

Φ(k, t) = Dβ (xt(f)|gk,tbk(f)) , (4)

where Dβ(·) is the β-divergence function and β can take values in the range ∈ [0, 2].

As can be inferred, the distortion matrix Φ(k, t) provides us information about the
similitude of each k-th unit spectral pattern with the real signal spectrum at each frame t.
Using this information, we can directly compute the cost matrix between the MIDI time τ
and the time of the input signal t as

D(τ, t) = RT (τ, k)Φ(k, t), (5)

where superscript “T” stands for matrix transposition. This matrix has dimensions Tm×Tr,
where Tr is the number of frames of the input signal.

To perform the alignment, the optimum path across matrix D(τ, t) is obtained with
DTW. Essentially, DTW consists in filling recursively a warping matrix C as follows:

C(τ, t) = min



C(τ − 1, t− 1) +D(τ, t)
C(τ − 2, t− 1) + σ2,1D(τ, t)

...
C(τ − ατ , t− 1) + σατ ,1D(τ, t)
C(τ − 1, t− 2) + σ1,2D(τ, t)

...
C(τ − 1, t− αt) + σ1,αtD(τ, t)


(6)

where the step size at each dimension has a range from 1 to ατ and 1 to αt, respectively. ατ
and αt are the maximum step size at each dimension. Parameter σ controls the bias toward

c©CMMSE ISBN: 978-84-617-8694-7Page 1525 of  2288
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Figure 1: Block diagram of the proposed audio-to-MIDI matching engine.

diagonal steps as σx,y =
√
x2 + y2. C(τ, t) is the accumulated cost of the minimum-cost

path up to (τ, t), and C(τ, 1) = D(τ, 1) ∀τ .
Once the warping matrix has been filled, it is possible to find the minimum-cost path

w = w1, ..., wl, ..., wL, where each wl is an ordered pair (τl, tl) meaning that instant τl must
be aligned with tl. The path is obtained by tracing the recursion backwards from C(τL, Tr),
where τL = arg minτ C(τ, Tr). Since the audio query is usually a small fragment of the
whole composition, the first and last elements of the path can be at any point along the τ
axis. Globally, the path has to satisfy the following three conditions:

i Boundary condition: w1 = (τ, 1) and wL = (τ, Tr).

ii Monotonicity condition: τl+1 ≥ τl and tl+1 ≥ tl.

iii Step size condition: τl+1 ≤ τl + ατ and tl+1 ≤ tl + αt.

This approach has the advantage of being computationally simple, and can be applied to
perform audio-to-score matching over large datasets. For a certain score, the value C(τL, Tr)
can be considered as a confidence measure expressing the quality of the matching.

Figure 1 shows a block diagram of the system. In response to an audio query (typically, a
excerpt of a few seconds), the system computes the alignment confidence measure C(τL, Tr)
for each MIDI in the database, returning a list of results ordered according to this value.

In [20] the software ReMAS (Real-time Musical Accompaniment System) designed to
track the reproduction of a musical piece with the aim to match the score position into its
symbolic representation on a digital sheet was presented. ReMAS shows that it is possible

c©CMMSE ISBN: 978-84-617-8694-7Page 1526 of  2288



Audio-to-MIDI Alignment

to exploit efficiently several cores of an ARM R© processor, or a GPU accelerator, reducing
the processing time per frame in a few milliseconds in most of the cases. On the other
hand, [21] proposes a parallel online DTW solution based on a client–server architecture
implemented for multi-core architectures (86, 64 and ARM R©). Looking at Figure 1, the
blocks within the rectangle of dashed red lines have a high degree of similarity to ReMAS,
whilst the shape of dashed green lines does so with [21]. Thereby the framework proposed
in this work aims to adapt, extend and test the parallel heterogeneous algorithms of [21]
and [20] to the new problem.

3 EXPERIMENTS AND RESULTS

The MIDI database for our audio-to-MIDI matching system has been obtained from the
web www.piano-midi.de. It is composed of about 1123 minutes of score with 679986 played
notes in 336 files. It contains several classical music pieces by 23 classical composers.

The system has been evaluated with 63 real audio performances downloaded from the
Internet. For each audio file, six segments of 5, 10, 15, 20, 25 and 30 seconds with random
start times along the file were selected and entered as a query into the system. Table 1
shows the percentage of searches in which the correct composition is in the 1st position of
the list of results. As shown, for very short queries of only 5s, the correct composition is
detected as the best result for the 85, 7% of the audio files. This accuracy rises to 98,4%
for queries with a duration of 25s or longer.

Table 1: Accuracy measures (%)

5s 10s 15s 20s 25s 30s

85,7 93,6 95,2 96,8 98,4 98,4
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[1] J. Serrà, E. Gómez, P. Herrera, and X. Serra, “Chroma binary similarity and local
alignment applied to cover song identification,” IEEE Transactions on Audio, Speech
and Language Processing, vol. 16, pp. 1138–1151, 2008.

c©CMMSE ISBN: 978-84-617-8694-7Page 1527 of  2288
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Abstract

This contribution deals with an adaptation of the Poincaré–Lindstedt method for
the determination of periodic orbits in three–dimensional nonlinear differential systems.
We describe here a general symbolic algorithm to implement the method in a specific
symbolic system which works with modified Poisson series. The sufficient conditions to
make secular terms dissapear from the approximate series solution are given here.

Key words: Lotka–Volterra, periodic orbits, Poincaré–Lindstedt method, symbolic
computation.

1 Introduction

The Poincaré–Lindstedt technique is a classical perturbation method used to continue a
periodic orbit with respect to a small perturbation parameter, when fixing the amplitude (or
the energy) of the system. This method has been used extensively to the analysis of a wide
variety of systems in many branches of science: from galactic ([11], [12]) to atomic models
([9]), and covering also applications in population biology, ecology and mathematical biology
([1]). Nowadays, many researchers ([2], [4], [5], [6], [10] and [14] to cite some examples) make
use of this method to study dynamical systems.

However, the efforts devoted to the application of the Poincaré–Lindstedt technique
to systems of differential equations presenting a periodic orbit have not been so abundant.
In [13], an approximation to the periodic solutions of the general Lotka–Volterra prey–
predator system is obtained using the Poincaré–Lindstedt method. In [8], the method of
Poincaré–Lindstedt is adapted to compute periodic solutions in perturbed two–dimensional
systems. In particular, an approximate solution to a Lotka–Volterra model for two species
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is computed. The computation of periodic solutions in Lotka–Volterra systems is an open
problem where the Poincaré–Lindstedt method could play a key role in the computation of
periodic orbits and the understanding of the way the phase space is structured not only in
two species systems.

The aim of this paper is to present a general algorithm for implementing the standard
Poincaré–Lindstedt method to three–dimensional perturbed systems of differential equa-
tions of first order. This adaptation is successfully applied to compute periodic solutions
in Lotka–Volterra systems modeling a three–species food chain interaction. In the follow-
ing section, we describe how to adapt the standard method to three–dimensional systems
of the Lotka–Volterra type and give sufficient conditions to make secular terms dissapear
from the solution. This result is key to set the stage to adapt the perturbation method to
three–dimensional systems of differential equations.

2 Adaptation of the Poincaré–Lindstedt Method for Three–
Dimensional Systems

Let us consider the problem defined by the following nonlinear differential system of first
order,

ẋ+ α12y = ε f1(x, y, z) ,

ẏ − α21x+ α23z = ε f2(x, y, z) ,

ż − α32y = ε f3(x, y, z) , (1)

where 0 < ε � 1 is a small parameter and functions f1(x, y, z), f2(x, y, z) and f3(x, y, z)
can be arranged as follows,

f1(x, y, z) =
∑

0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f1,ν2,q−ν1,ν1−ν2 x
ν2yq−ν1zν1−ν2 ,

f2(x, y, z) =
∑

0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f2,ν2,q−ν1,ν1−ν2 x
ν2yq−ν1zν1−ν2 ,

f3(x, y, z) =
∑

0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f3,ν2,q−ν1,ν1−ν2 x
ν2yq−ν1zν1−ν2 . (2)

where f1,ν2,q−ν1,ν1−ν2 , f2,ν2,q−ν1,ν1−ν2 and f3,ν2,q−ν1,ν1−ν2 ∈ R for 0 ≤ q ≤ M , 0 ≤ ν1 ≤ q,
0 ≤ ν2 ≤ ν1 and M ∈ N.

If the unperturbed system (ε = 0) has periodic solutions and ε is a measure of the size
of the perturbing terms, then the trajectories for the full system will remain pretty close to
those of the non–perturbed system, for any finite period of time t0 < t < t0 + α (α > 0)
with an error not larger than O(α). In general, even a small perturbation is enough to
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destroy periodicity, that is, nonlinearity will finish with most of the periodic orbits of the
unperturbed system, but some of them may persist. The Poincaré–Lindstedt technique is
used to find those periodic solutions by expanding the solution of the system in the form

x(t) = x0(T ) + ε x1(T ) + ε2 x2(T ) + · · · ,
y(t) = y0(T ) + ε y1(T ) + ε2 y2(T ) + · · · ,
z(t) = z0(T ) + ε z1(T ) + ε2 z2(T ) + · · · , (3)

where xν = xν(T ), yν = yν(T ) and zν = zν(T ) are 2π–periodic in T , and T = ωt is the
stretched time variable, with

ω = 1 + εω1 + ε2ω2 + · · · , (4)

being ων real constants. Thus, the nonlinear period is 2π/ω.
To apply this technique, one has to start by rewriting (1) in terms of the new indepen-

dent variable T , to obtain

ωx′ + α12y = ε
∑

0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f1,ν2,q−ν1,ν1−ν2 x
ν2yq−ν1zν1−ν2 ,

ωy′ − α21x+ α23z = ε
∑

0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f2,ν2,q−ν1,ν1−ν2 x
ν2yq−ν1zν1−ν2 ,

ωz′ − α32y = ε
∑

0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f3,ν2,q−ν1,ν1−ν2 x
ν2yq−ν1zν1−ν2 .

(5)

Here, ˙ stands for d/dt and ′ for d/dT . If expansions (3) and (4) are substituted into (5),
and terms in equal powers of ε are collected, we get an equation for each order of the
approximation in the expansions (3). In order to simplify the expression of these equations,
let us introduce here the following notation: Sν denotes the ν–th order coefficient of the
expansion of S, so that

S = S0 + εS1 + ε2S2 + · · · .

For instance, if S = x2, then (x2)0 = x0x0, (x2)1 = 2x0x1, and in general, (x2)q =∑
0≤ν≤q xνxq−ν . This notation eases the way to express the formulae for the computa-

tion of the coefficients of the expansion of the solution at any order.
The solution to (1) is constructed from the order zero, which corresponds with the

unperturbed problem, and can be written as

ω0x
′
0 + α12y0 = 0 ,

ω0y
′
0 − α21x0 + α23z0 = 0 ,

ω0z
′
0 − α32y0 = 0 . (6)
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The first order system is given by

ω0x
′
1 + α12y1 =

∑
0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f1,ν2,q−ν1,ν1−ν2 x
ν2
0 y

q−ν1
0 zν1−ν20 − ω1x

′
0 ,

ω0y
′
1 − α21x1 + α23z1 =

∑
0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f2,ν2,q−ν1,ν1−ν2 x
ν2
0 y

q−ν1
0 zν1−ν20 − ω1y

′
0 ,

ω0z
′
1 − α32y1 =

∑
0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f3,ν2,q−ν1,ν1−ν2 x
ν2
0 y

q−ν1
0 zν1−ν20 − ω1z

′
0 .

(7)

The order Q of the expansion is obtained by solving the system

ω0x
′
Q + α12yQ =

∑
0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f1,ν2,q−ν1,ν1−ν2
[
xν2yq−ν1zν1−ν2

]
Q−1 −

−
∑

1≤ν≤Q−1
x′νωQ−ν − ωQx′0 ,

ω0y
′
Q − α21xQ + α23zQ =

∑
0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f2,ν2,q−ν1,ν1−ν2
[
xν2yq−ν1zν1−ν2

]
Q−1 −

−
∑

1≤ν≤Q−1
y′νωQ−ν − ωQy′0 ,

ω0z
′
Q − α32yQ =

∑
0≤q≤M

∑
0≤ν1≤q

∑
0≤ν2≤ν1

f3,ν2,q−ν1,ν1−ν2
[
xν2yq−ν1zν1−ν2

]
Q−1 −

−
∑

1≤ν≤Q−1
z′νωQ−ν − ωQz′0 . (8)

At each order p of the perturbation method, one has to calculate xp, yp, zp and ωp from
the equation above, but also x′p, y

′
p, z

′
p and the collection of products (xν1yν2zν3)p for

each ν1, ν2, ν3 ∈ Z such that 0 ≤ ν1, ν2, ν3 ≤ M , in order to compute the right–hand side
of equation (8) for the (p + 1)–th order of the perturbation method. At the p–th order
of the Poincaré–Lindstedt approximation, one first fits the value of ωp to assure that no
secular terms exist, expressing it as a function of some constants which depend on the initial
conditions of the problem. This is done by applying the proposition 1, given below. Once
ωp has been obtained, xp, yp and zp can be computed by solving the system (8).
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Proposition 1 The differential system

ω0x
′ + α12y = A cosT +B sinT +

∑
n>1

(An cosnT +Bn sinnT ) ,

ω0y
′ − α21x+ α23z = C cosT +D sinT +

∑
n>1

(Cn cosnT +Dn sinnT ) ,

ω0z
′ − α32y = E cosT + F sinT +

∑
n>1

(En cosnT + Fn sinnT ) ,

(9)

where
ω0 =

√
α12α21 + α23α32 ,

has no secular terms if

ω0C + α23F − α21B = 0 ,

ω0D − α23E + α21A = 0 .

Proof. Let us take, without loss of generality,

An = Bn = Cn = Dn = Dn = En = Fn = 0 ,

for any n > 1. The solution x(t) to (9) can be written as

x(t) =
1

ω2
0

(
α12ω0k3 −

α12α21 + 2α23α32

2ω0
B − α12

2
C − α12α23

2ω0
F

)
cosT +

+
1

ω2
0

(
α12α21

2ω0
A+

α12

2
D − α12α23

2ω0
E

)
T cosT −

− 1

ω2
0

(
α12ω0k2 + α12D −

α23α32

ω0
A− α12α23

ω0
E

)
sinT −

− 1

ω2
0

(
−α12α21

2ω0
B +

α12

2
C +

α12α23

2ω0
F

)
T sinT + k1 ,

where k1, k2 and k3 are integration contants depending on the initial conditions of the
problem. The condition to make the secular term T cosT dissapear is given by

α12

2
D − α12α23

2ω0
E +

α12α21

2ω0
A = 0 ,

that is,
ω0D − α23E + α21A = 0 .

In the same way, the condition to make the secular term T sinT dissapear is given by

α12

2
C − α12α21

2ω0
B +

α12α23

2ω0
F = 0 ,
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that is,

ω0C + α23F − α21B = 0 .

This procedure can be carried out also for y(t) and z(t), obtaining the same set of conditions.
�

3 Application to Lotka–Volterra Systems

In 1925, Lotka ([7]) proposed a differential equation model to describe the population dy-
namics of two interacting species, a predator and its prey. A species x(t) serves as food to
another species y(t), so that, in this sense, x(t) becomes transformed into y(t). The formu-
lation of Volterra was as follows: A species y(t) feeds on a species x(t), which, in turn feeds
on some source presented in such large excess that the mass of this source may be considered
constant during the period of time under consideration. Then, under this assumption, we
have that the rate of increase of x(t) per unit of time is equal to the difference between the
mass of newly formed of x(t) per unit of time and the mass of x(t) destroyed by y(t) per
unit of time. The Lotka–Volterra model for two species consists of the following differential
equations:

ẋ = x(r1 − a12x2) ,
ẏ = y(−r2 + a21x2) . (10)

Here, y(t) and x(t) represent, respectively, the predator population and the prey population
as functions of time. The parameters r1, r2, a12, a21 > 0 are interpreted as follows: r1
represents the natural growth rate of the prey in the absence of predators, a12 represents
the effect of predation on the prey, r2 is the natural death rate of the predator in the absence
of prey, and a21 the efficiency and propagation rate of the predator in the presence of prey.

In this section, in order to illustrate the effectiveness of the perturbation procedure, we
will focus our interest in a linear three species food chain where the lowest level prey, x is
preyed upon by a mid–level species, y who, in turn, is preyed upon by a top level predator
z. The equations of the system are

ẋ = x(r1 − a12y) ,

ẏ = y(−r2 + a21x− a23z) ,
ż = z(−r3 + a32y) . (11)

Here, r1, r2, r3 > 0 and a12, a21, a23, a32 > 0. The parameters r1, r2, a12 and a21 have the
same meaning as in the Lotka–Volterra equations for two species, a23 represents the effect
of predation on species y by species z, r3 the natural death rate of the predator z in the
absence of prey, and a32 stands for the efficiency and propagation rate of the predator z in
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the presence of prey. Since populations are non–negative, we will restrict our attention to
the non–negative octant Ω = {(x, y, z) : x ≥ 0 , y ≥ 0 , z ≥ 0} ⊂ R3, and the positive
octant Ω+ = {(x, y, z) : x > 0 , y > 0 , z > 0} ⊂ R3. Each coordinate plane is invariant
with respect to (11) (see for instance [3]).

Let us study now the equilibrium points of (11). This system has equilibrium points in
the interior of Ω+ if

r1 − a12y = 0 ,

−r2 + a21x− a23z = 0 ,

−r3 + a32y = 0 .

By solving these equations, we get that

y =
1

a12
r1 , r3a12 = r1a32 ,

and

x =
1

a21
r2 +

a23
a21

z .

Thus, it results straightforward to find that there is ray of equilibrium points of the form

Pλ

(
r2
a21

+
a23
a21

λ,
r1
a12

, λ

)
,

with λ ∈ R, in the case r3a12 = r1a32. The Jacobian matrix of the system in any of these
equilibrium points is given by

A(Pλ) =

 0 −a12(r2 + a23λ)/a21 0
a21r1/a12 0 −a23r1/a12

0 a32λ 0

 ,

with eigenvalues

λ1 = 0 ,

λ2 = +
1

a12

√
−a12r1 (a23a32λ+ r2a12 + a23a12λ) ,

λ3 = − 1

a12

√
−a12r1 (a23a32λ+ r2a12 + a23a12λ) .

As the three eigenvalues have zero real part, each such equilibrium point has a three–
dimensional center manifold, which does not help us determine the dynamics near these
fixed points. The numerical exploration of the solutions suggests that the system contains
invariant surfaces. In particular, it can be proved that the surfaces z = Kx−r3/r1 are
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invariant in Ω+. These surfaces are filled with periodic orbits enclosing the ray of quilibrium
points Pλ (see [3]).

In order to determine these periodic orbits, we perturb the system around the equili-
brium point (r2/a21 + λa23/a21, r1/a12, λ),

x(t) =
r2
a21

+
a23
a21

λ+ εX(t) ,

y(t) =
r1
a12

+ εY (t) ,

z(t) = λ+ εZ(t) ,

to obtain the perturbed system

Ẋ = −a12
a21

(r2 + a23λ)Y − ε a12XY ,

Ẏ = r1
a21
a12

X − r1
a23
a12

Z + ε (a21XY − a23Y Z) ,

Ż = a32λZ + ε a32Y Z .

The introduction of stretched time variable T = ωt gives

ωx′ = −a12
a21

(r2 + a23λ) y − ε a12xy ,

ωy′ = r1
a21
a12

x− r1
a23
a12

z + ε (a21xy − a23yz) ,

ωz′ = a32λy + ε a32yz , (12)

after recalling X = x, Y = y and Z = z for the sake of simplicity. In order to apply
the Poincaré–Lindstedt technique as described in section 2, we expand the solution of the
system and ω as expressed in equations (3) and (4),

x(T ) = x0(T ) + εx1(T ) + ε2x2(T ) + · · · ,
y(T ) = y0(T ) + εy1(T ) + ε2y2(T ) + · · ·
z(T ) = z0(T ) + εz1(T ) + ε2z2(T ) + · · ·

and
ω = ω0 + εω1 + ε2ω2 + · · ·

By substituting these expasions into equation (12), and collecting terms in equal powers of
ε, we get an equation for each order of the approximation. The order zero is given by

ω0x
′
0 = −a12

a21
(r2 + a23λ) y0 ,

ω0y
′
0 = r1

a21
a12

x0 − r1
a23
a12

z0 ,

ω0z
′
0 = a32λy0 . (13)
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The solution to (13) is

x0(T ) =
a23
a21

A+
(r2 + a23λ)a12

a21ω0
B cosT − (r2 + a23λ)a12

a21ω0
C sinT ,

y0(T ) = C cosT +B sinT ,

z0(T ) = A− a32λ

ω0
B cosT +

a32λ

ω0
C sinT , (14)

where A,B and C depend on the initial conditions of the solution. The derivatives of x0,
y0 and z0 are

x′0(T ) = −(r2 + a23λ)a12
a21ω0

C cosT − (r2 + a23λ)a12
a21ω0

B sinT ,

y′0(T ) = B cosT − C sinT ,

z′0(T ) =
a32λ

ω0
C cosT +

a32λ

ω0
B sinT . (15)

The first order system is given by

ω0x
′
1 +

a12
a21

(r2 + a23λ) y1 = −a12x0y0 − ω1x
′
0 ,

ω0y
′
1 − r1

a21
a12

x1 + r1
a23
a12

z1 = a21x0y0 − a23y0z0 − ω1y
′
0 ,

ω0z
′
1 − a32λy1 = a32y0z0 − ω1z

′
0 .

The substitution of equations (14) and (15) in the first order system yields

ω0x
′
1 +

a12
a21

(r2 + a23λ) y1 =

=
a12
a21ω0

C (ω1(r2 + a23λ)− ω0a23A)) cosT +

+
a12
a21ω0

B (ω1(r2 + a23λ)− ω0a23A)) sinT −

−a
2
12BC

a21ω0
(r2 + a23λ) cos 2T +

a212
2a21ω0

(
(C2 −B2)(r2 + a23λ)

)
sin 2T ,

ω0y
′
1 −

a21r1
a12

x1 +
a23r1
a12

z1 =

= −ω1B cosT + ω1C sinT +
BC

ω0
(a12(r2 + a23λ) + a23a32λ) cos 2T +

+
B2 − C2

2ω0
(a12r2 + (a12 + a32)a23λ) sin 2T ,

ω0z
′
1 − a32λy1 =

=
a32
ω0

C(Aω0 − ω1λ) cosT +
a32
ω0

B(Aω0 − ω1λ) sinT −

−a
2
32λ

ω0
BC cos 2T +

a232λ

2ω0
(C2 −B2) sin 2T . (16)
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The application of proposition 1 to the system (16) gives

ω1 = − r1a23A (a12 − a32)ω0

a12(ω2
0 + r1r2) + λr1a23(a12 + a32)

.

From the analysis of this example, it follows that the application of the Poincaré–Lindstedt
method involves working with expressions and procedures that should be automated to
avoid mistakes in the algebraic manipulation of those developments.

4 Computation of a periodic orbit in a three–dimensional
Lotka–Volterra model

Let us consider the system

ẋ = x(1− y) ,

ẏ = y(−2 + x− z) ,
ż = z(−1 + y) . (17)

The equilibrium points of the system are (2 + λ, 1, λ), λ ∈ R+. Let us take, for instance,
λ = 1/2, and the equilibrium point (5/2, 1, 1/2). Following the procedure employed in
section 3, equation (17) is transformed into

ωx′ = −5

2
y − εyz ,

ωy′ = x− z + ε(xy − yz) ,

ωz′ =
1

2
y + εyz . (18)

We compute ω0 from the unperturbed system (ε = 0), ω0 =
√

3. By substituting (3)
and (4) into equation (18), and collecting terms in equal powers of ε, we get an equation
for each order of the series solution. In Figure 1, we compare between the numerical
solution to equation (17) with initial conditions x(0) = 2.864670867, y(0) = 1.187254264,
z(0) = 0.669094392, obtained by using a fourth order Runge–Kutta method, and a fifth
order approximation to the solution computed through the Poincaré–Lindstedt method.

5 Conclusion

In this paper, a symbolic algorithm for a general application of the Poincaré–Lindstedt
method for the computation of periodic solutions in three–dimensional differential systems of
first order has been presented. We have adapted the standard method to three–dimensional
nonlinear systems, giving the sufficient conditions to avoid the occurrence of secular terms in
the perturbation series solution. The algorithm has been used to compute periodic solutions
in a three–dimensional Lotka–Volterra system modeling a chain food interaction.
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Figure 1: Comparison between the approximate solution to equation (17) with initial conditions
x(0) = 2.864670867, y(0) = 1.187254264, z(0) = 0.669094392, obtained by using a fourth or-
der Runge–Kutta method and a fifth order approximation to the solution computed through the
Poincaré–Lindstedt method.
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Abstract

Some procedures of approximation of three-dimensional data on a grid are summa-
rized. The first part proposes a generalization of a discrete periodic approximation
defined by Dunham Jackson. The functions used have the advantage of owning an
analytical explicit expression in terms of the samples (specific values) of the original
function or the data. In the second part we deal with a continuous approximation
function for the same problem, defined through an integral. Some results of the rate
of convergence and bounds of the approximation error are presented, with the single
hypothesis of continuity of the original function.

Key words: Trigonometric approximation, trigonometric interpolation, smoothing,
surface fitting

MSC 2000: 42A10 42A15 42A05 65D10 65D05

1 Introduction

In 1885 Weierstrass proved that every continuous function defined in a compact interval is
approximated by a polynomial with arbitrary precision. This fact motivated the scientists of
later generations and, specially, Dunham Jackson, American mathematician who published
his work in the first decades of the twentieth century. This author wrote several books ([7],
[9]) and numerous articles (see for instance [4], [5], [6], [8]) on polynomial and trigonometric
approximation of continuous and discontinuous functions. His writings led to transcendental
mathematical outcomes as for instance the inequalities named after him, which describe the
degree of approximation of a continuous function by means of polynomials (algebraic and
trigonometric). For instance, if

d∗n(f) = d(f,Pn)
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represents the uniform distance from f to the space of polynomials of degree (order) at
most n, the following inequalities hold ([2]).

Theorem 1.1. For all f continuous with period 2π (f ∈ C[−π, π]) which satisfy a Lipschitz
condition |f(x)− f(y)| ≤ λ|x− y|,

d∗n(f) ≤ πλ

2(n+ 1)
.

Theorem 1.2. For all f continuous with period 2π (f ∈ C[−π, π])

d∗n(f) ≤ ω
(

π

(n+ 1)

)
,

where ω(δ) is the modulus of continuity of f .

Hereafter we evoke the procedures used by Jackson for periodic functions, generalizing
the approximants in the two dimensional case. One of the formulae proposed is an explicit
model in terms of the data on a two-dimensional grid. Some error bounds are deduced
for more general exponents of the basic functions, and the convergence is proved with the
single hypothesis of continuity on a compact interval, unlike the standard trigonometric
interpolation.

2 Two-dimensional discrete approximant of Jackson type

In this Section we consider a trigonometric fitting mapping for functions or data defined
on a grid on the two-dimensional interval [−π, π] × [−π, π], assuming periodicity in both
variables. They are inspired (generalizing them) in approximations of Jackson, and they
are defined explicitly in terms of the data (function values). Due to this fact, we name them
discrete approximants, in order to distinguish them from other functions defined in later
Section.

Let us consider a set of three-dimensional data on a grid:

{(xi, yj , f(xi, yj)) : i = 1, 2, . . . ,m; j = 1, 2, . . . , n},

where xi+1 − xi = π/m, i = 1, 2, . . . , 2m− 1; yj+1 − yj = π/n, j = 1, 2, . . . , 2n− 1.

Let T 1 represent the unit circle and let us consider f ∈ C(T 1 × T 1) (continuous and
periodic with period 2π in both variables), and an exponent γ > 0 ([6]). The approximation
of f on a grid is defined by the expression:

Jmnγ(f)(x, y) = Kmnγ(x, y)

2m∑
i=1

2n∑
j=1

f(xi, yj)

∣∣∣∣∣ sin
(
1
2m(xi − x)

)
m sin

(
1
2(xi − x)

)∣∣∣∣∣
γ ∣∣∣∣∣ sin

(
1
2n(yj − y)

)
n sin

(
1
2(yj − y)

)∣∣∣∣∣
γ

,
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where

K−1mnγ(x, y) =
2m∑
i=1

2n∑
j=1

∣∣∣∣∣ sin
(
1
2m(xi − x)

)
m sin

(
1
2(xi − x)

)∣∣∣∣∣
γ ∣∣∣∣∣ sin

(
1
2n(yj − y)

)
n sin

(
1
2(yj − y)

)∣∣∣∣∣
γ

.

In the case γ = 4, one has

K−1mn4(x, y) =
2m∑
i=1

(
sin
(
1
2m(xi − x)

)
m sin

(
1
2(xi − x)

))4 2n∑
j=1

(
sin
(
1
2n(yj − y)

)
n sin

(
1
2(yj − y)

))4

= H−1m H−1n .

Hm (or Hn) is a constant such that ([6]) for all m:

1/2 ≤ Hm < 3/4.

Consequently, Kmn4 is a constant such that for all m, n :

1/4 ≤ Kmn4 < 9/16.

Jmn4(f) is a trigonometric polynomial of order at most 2(m− 1) in x and 2(n− 1) in y. If
γ is a multiple of 2, the function is a trigonometric rational.

-2

0

2

-2

0

2

0.0

0.5

1.0

Figure 1: Graph of the function f(x, y) =
√
| sin(x) cos(y)| in the square [−π, π]× [−π, π].

Lemma 2.1. For all m = 1, 2, . . .; γ > 0, and v ∈ R :∣∣∣∣sin (mv)

m sin(v)

∣∣∣∣γ ≤ 1.
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Theorem 2.2. For any continuous function f ∈ C(T 1 × T 1), γ > 2 and (x, y) ∈ T 1 × T 1,

|Jmnγ(f)(x, y)− f(x, y)| ≤ ω
( π

4m
+

π

4n

)
C ′(γ) ≤ ω

(
1

m
+

1

n

)
C(γ),

where C ′(γ), C(γ) do not depend on m,n.

Remark 2.3. If γ > 2, the rate of convergence of the error when the partition is indefinitely
refined is that of the modulus ω( 1

m + 1
n) (it does not depend on the exponent γ).

Remark 2.4. For any continuous function f ∈ C(T 1 × T 1) and γ > 2, the approximant
Jmnγ(f) converges uniformly to f as m and n tend to infinity.

Remark 2.5. The uniform convergence on the compact interval implies the convergence in
the p-norm for any 1 ≤ p <∞.

Remark 2.6. If f satisfies a Lipschitz condition of order q (0 < q ≤ 1), then there is a wider
range of convergence values: γ > 1 + q. The case γ = 2 is within this interval.

-2

0

2

-2

0

2

0.0

0.5

1.0

Figure 2: Graph of the discrete approximant of f(x, y) =
√
| sin(x) cos(y)| for m = 10, n = 10 and

γ = 5 in the square [−π, π]× [−π, π].

Let us denote by
‖Jmnγ‖

the norm of the operator Jmnγ with respect to the uniform (supremum) norm ‖ · ‖∞ in
C(T 1 × T 1).
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Theorem 2.7. For m,n ∈ N and γ > 2, ‖Jmnγ‖ = 1.

Remark 2.8. The operator Jmnγ is linear and bounded. It does not amplify the errors in

the z-values since let f, f̃ be the functions corresponding to data (xi, yj , zij) and (xi, yj , z̃ij).
Considering the linearity and the norm of the approximation operator:

‖Jmnγ(f)− Jmnγ(f̃)‖∞ ≤ ‖f − f̃‖∞.

3 Two dimensional continuous approximants of Jackson type

We consider here the approximant of a continuous and periodic function f ∈ C(2π). This
model was proposed by Jackson in the article ”On approximation by trigonometric sums
and polynomials” ([5]). We consider a more general case, where the exponent 4 appearing
in the paper is replaced by any positive exponent γ > 0:

Fmγ(f)(x) = hmγ

∫ π/2

−π/2
f(x+ 2u)

∣∣∣∣ sin(mu)

m sin(u)

∣∣∣∣γ du,
where

h−1mγ =

∫ π/2

−π/2

∣∣∣∣ sin(mu)

m sin(u)

∣∣∣∣γ du. (3.1)

If γ = 4, Fmγ(f) is a trigonometric polynomial of order at most 2(m − 1). In the general
case the kernels ∣∣∣∣ sin(mu)

m sin(u)

∣∣∣∣γ
have an ”order” of γ(m−1)/2 (although we admit here non-integer values of the exponent).
If γ = 2q, where q ∈ N, Fmγ(f) is a trigonometric polynomial or order at most q(m− 1).

Lemma 3.1. If p < −1 and γ > −(p+ 1) then

Kpγ =

∫ +∞

0
up| sin(u)|γdu ≤ 1

(p+ γ + 1)
− 1

(p+ 1)
.

If γ > 2,

i1mγ =

∫ π/2

0
u

∣∣∣∣ sin(mu)

m sin(u)

∣∣∣∣γ du ≤ 1

m2

(π
2

)γ (1

2
− 1

2− γ

)
,

and if γ > 1,

i0mγ =

∫ π/2

0

∣∣∣∣ sin(mu)

m sin(u)

∣∣∣∣γ du ≤ 1

m

(π
2

)γ (
1− 1

1− γ

)
.
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If γ > 0,

hmγ ≤
m

2
Cγ ,

where

C−1γ =

∫ π/2

0

(
sin(u)

u

)γ
du. (3.2)

Table 1: Approximation errors of function values for different choices of m,n and γ, using
the discrete model.

γ = 4 γ = 4.5 γ = 5

m = n = 5 | sin(π/3) cos(π/6)| 0.0781323 0.0700892 0.0637317
m = n = 10 | sin(π/3) cos(π/6)| 0.0214228 0.0213215 0.0226161

m = n = 5
√
| sin(π/3) cos(π/6)| 0.0572732 0.0507959 0.0458076

m = n = 10
√
| sin(π/3) cos(π/6)| 0.0150111 0.0143546 0.0147956

m = n = 5 | sin(π/3) cos(4π/9)| -0.124229 -0.120218 -0.117719
m = n = 10 | sin(π/3) cos(4π/9)| 0.000659161 0.0014973 0.00138685

m = n = 5
√
| sin(π/3) cos(4π/9)| -0.127787 -0.125574 -0.124311

m = n = 10
√
| sin(π/3) cos(4π/9)| 0.100651 0.100422 0.099083

Let us consider now a biperiodic function f ∈ C(Ix×Iy) or f ∈ C(T 1×T 1). Let p, q,m, n
such that

2(p− 1) ≤ m ≤ 2p, 2(q − 1) ≤ n ≤ 2q. (3.3)

Let us define the operator

Gpqγ(f)(x, y) = Hpqγ

∫ π/2

−π/2

∫ π/2

−π/2
f(x+ 2u, y + 2v)Gpqγ(u, v)dudv,

where

Gpqγ(u, v) =

∣∣∣∣ sin(pu) sin(qv)

p sin(u)q sin(v)

∣∣∣∣γ ,
and

H−1pqγ =

∫ π/2

−π/2

∫ π/2

−π/2
Gpqγ(u, v)dudv = h−1pγ h

−1
qγ ,

where h−1pγ , h
−1
qγ are defined by the expression (3.1).

Hereafter we present bounds for the uniform error committed in this two-dimensional
approximation. For it, we present the following Lemmas.
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Lemma 3.2. For p, q,m, n as in (3.3),

u ≥ 1

p
⇒ ω(u) ≤ 4puω

(
1

m

)
,

v ≥ 1

q
⇒ ω(v) ≤ 4qvω

(
1

n

)
.

Lemma 3.3. Let us consider the following integrals:

C0
pqγ =

∫ π/2

0

∫ π/2

0
Gpqγ(u, v)dudv,

C1u
pqγ =

∫ π/2

0

∫ π/2

0
uGpqγ(u, v)dudv,

C1v
pqγ =

∫ π/2

0

∫ π/2

0
vGpqγ(u, v)dudv.

Then, for γ > 2,
C0
pqγ = H−1pqγ/4,

pC1u
pqγHpqγ <

1

2

(π
2

)γ (1

2
− 1

2− γ

)
Cγ ,

qC1v
pqγHpqγ <

1

2

(π
2

)γ (1

2
− 1

2− γ

)
Cγ ,

where C−1γ is defined in (3.2).

Theorem 3.4. If γ > 2, f ∈ C(T 1 × T 1) and (x, y) ∈ T 1 × T 1, the two-dimensional
approximation satisfies the following inequality

|Gpqγ(f)(x, y)− f(x, y)| ≤ Kγω

(
1

m
+

1

n

)
,

where Kγ is a constant depending only on γ.

Remark 3.5. If γ > 2, the two-dimensional approximant Gpqγ(f) is convergent to f ∈
C(T 1 × T 1) as m,n tend to infinity. The rate of convergence is that of ω( 1

m + 1
n).

Remark 3.6. For functions satisfying a Lipschitz condition of order β, the range of conver-
gence values of γ is extended to γ > β + 1.

The statements about the norm of the operator (Theorem 2.7 and Remark 2.8) are
valid for Gpqγ as well.
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Abstract

When modelling extreme events there are a few primordial parameters among which
we refer to the extreme value index, denoted by ξ, and the extremal index, denoted by θ.
The extreme value index measures the right tail-weight of the underlying distribution
and the extremal index characterizes the degree of local dependence in the extremes of a
stationary sequence. Most of the semi-parametric estimators of these parameters present
the well known type of behaviour: nice asymptotic properties but a high variance for
small k, the number of upper order statistics used in the estimation, and an increasing
bias with k. Recently, computer intensive procedures have revealed to be highly fruitful
in extreme value parameter estimation. The role of computer intensive methodologies
and adaptive algorithms for an adequate estimation of the aforementioned parameters
are here revisited. Real data illustrations will also be provided.

Key words: extremal index, extreme value index, extreme value theory, resampling
procedures.

MSC 2000: AMS codes (optional)

1 Introduction and preliminaries

Extreme Value Theory (EVT) aims to study and to predict the occurrence of extreme or
even rare events, outside of the range of available data. These events are part of the real
world but environmental extreme or rare events may have a massive impact on everyday
life and may have catastrophic consequences for human activities.
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The classical assumption in EVT, is that we have a set of independent and identi-
cally distributed (i.i.d.) random variables (r.v.’s), X1, . . . , Xn, from an unknown cumu-
lative distribution function (c.d.f.) F and we are concerned with the limit behaviour of
Mn ≡ Xn:n = max(X1, . . . , Xn) as n → ∞. Whenever it is possible to linearly normalize
Mn so that we get a non-degenerate limit, as n → ∞, such a limit is of the type of the
extreme value (EV) d.f.,

EVξ(x) :=

{
exp[−(1 + ξx)−1/ξ], 1 + ξx > 0 if ξ 6= 0
exp[− exp(−x)], x ∈ R if ξ = 0.

(1)

We then say that F is in the domain of attraction for maxima of EVξ, denoting this by
F ∈ DM(EVξ). The parameter ξ is the extreme value index (EVI) and it measures essen-
tially the weight of the right tail function, F = 1−F . The estimation of ξ, in (1), is then of
primordial importance not only by itself but also because it is the basis for the estimation
of all other parameters of extreme events.

In most fields of applications, the independence assumption is not valid. Stationary
sequences are realistic for many real problems and dependence in stationary sequences can
assume several forms. Provided that a stationary sequence {Xn}n≥1 has limited long-range
dependence at extreme levels, the maxima of this sequence follow the same distributional
limit law as the associated independent sequence, {Yn}n≥1, but with other values for the
parameters of EV d.f., Leadbetter et al., (1983). Let us assume to be working with a
strictly stationary sequence of r.v.’s, {Xn}n≥1, with marginal d.f. F, under the long range
dependence condition D (Leadbetter et al., 1983) and the local dependence condition D”
(Leadbetter and Nandagopalan, 1989). The stationary sequence {Xn}n≥1 is said to have
an extremal index (EI) θ, 0 < θ ≤ 1, if for each τ > 0, we can find a sequence of levels
un = un(τ) such that, with {Yn}n≥1 the associated i.i.d. sequence (i.e. from the same F ),

P (Yn:n ≤ un) = Fn(un) −→
n→∞

e−τ and P (Xn:n ≤ un) −→
n→∞

e−θτ . (2)

Under the validity of those conditions the extremal index can also be defined as

θ =
1

limiting mean size of clusters
= lim

n→∞
P(X2 ≤ un|X1 > un) = lim

n→∞
P(X1 ≤ un|X2 > un), (3)

where un : F (un) = 1− τ/n+ o(1/n), as n→∞, with τ > 0, fixed.
D and D” are straightforwardly valid for iid data, and θ = 1.

2 EVI and EI estimation and computational procedures

Under a semi-parametric framework it is only necessary to assume that F ∈ DM(EVξ) and
the estimators of EVI are based on the k largest observations. Considering heavy-tailed
parents, the sample (X1, X2, · · ·Xn) and the associated sample of ascending order statistics
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(o.s.’s), (X1:n ≤ . . . ≤ Xn:n), the most famous classical EVI-estimator is the Hill estimator
(Hill, 1975), here denoted H(k) and given by

H(k) :=
1

k

k∑
i=1

{lnXn−i+1:n − lnXn−k:n}, k = 1, 2, . . . , n− 1. (4)

Consistency of (4) is achieved if Xn−k:n is an intermediate o.s., i.e., if k ≡ kn →
∞ and k/n→ 0, as n→∞, but that estimator presents a very high variance for small
values of k and a very high bias for large values of k. A simple class of second-order
minimum-variance reduced-bias (MVRB) EVI-estimators is the one in Caeiro et al. (2005).
This class, here denoted H(k), depends upon the estimation of second-order parameters
(β, ρ) and has the functional form:

H(k) := H(k)(1− β̂(n/k)ρ̂/(1− ρ̂)), (5)

with H(k) the Hill estimator in (4), and where (β̂, ρ̂) needs to be an adequate consistent
estimator of (β, ρ), as given, for example, in Gomes and Pestana (2007). Gomes et al.
(2013) considered to remove the non-null asymptotic bias through the use of the Generalized
Jackknife (GJ) methodology, Gray and Schucany (1972), by using an adequate pair of EVI-
estimators to build a reduced-bias affine combination of them. As an example, we can refer
to a class of GJ–EVI estimators, parameterised in a tuning parameter α ∈ (0, 1), defined as

H
GJ

(k) :=
H(k)− α2ρ̂H(bαkc)

1− α2ρ̂
, (6)

where bxc denotes, as usual, the integer part of x.
Concerning the θ parameter, the classical up-crossing, UC-estimator, Θ̂UC (Nandagopalan,

1990), is a naive estimator that comes directly as an empirical counterpart of (3),

Θ̂UC(un) :=

∑n−1
i=1 I (Xi ≤ un < Xi+1)∑n

i=1 I(Xi > un)
, (7)

for a suitable threshold un, where I(A) denotes, as usual, the indicator function of A. Con-
sistency of this estimator is obtained provided that the high level un is a normalized level,
i.e. if with τ ≡ τn fixed, the underlying d.f. F verifies F (un) = 1− τ/n+ o(1/n), n →
∞ and τ/n→ 0.

Gomes et al.(2008) considered the level un as a deterministic level u ∈ [Xn−k:n, Xn−k+1:n[
and derived a reduced-bias GJ estimator of order 2, based on the estimator Θ̂UC computed
at the three levels, k, bk/2c+ 1 and bk/4c+ 1, given by

Θ̂GJ
n := 5Θ̂UC(bk/2c+ 1)− 2(Θ̂UC(bk/4c+ 1) + Θ̂UC(k)). (8)

Adaptive choice of thresholds k or un, through the bootstrap methodology and also
through some heuristic computational procedures have been studied in several works, such
as Gomes et al. (2012) and Neves et al. (2015), to cite only a few.

Those procedures will be reviewed here.
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Abstract

We study some properties of GMRES for solving infinite dimensional linear equa-
tions involving compact operators. These problems are intrinsically ill-posed since a
compact operator does not admit a bounded inverse. We study the convergence and
the regularization properties with respect to the decay rate of the singular values of the
operator.

Key words: Linear ill-posed problem, Compact operator, Hilbert-Schmidt operator,
Arnoldi algorithm, GMRES
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1 Introduction

We consider linear equations of the type

Af = g, (1)

where f and g belong to a separable Hilbert space H, and A : H → H is a compact linear
operator. Even assuming that A is not of finite rank, the problem (1) is ill-posed since
a compact operator does not possess a bounded inverse. For this reason, after a suitable
discretization the arising algebraic linear system is generally solved in the least square sense
through some kind of regularization such as the popular Tikhonov method (see e.g. [4,
Chapter 5] for an overview) or by means of iterative methods that are known to be ’self-
regularizing’ such as the CG in the Hermitian case and the LSQR ([8]) or the CGLS in
the general nonhermitian one. The main drawback of the CGLS and the LSQR is that
they need to work with the operator adjoint A∗ that in some important applications is not
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known since A is only defined through its action. For this reason the Arnoldi based methods
such as the well-known GMRES have been recently employed in this field and they have
been shown to be a valid alternative to the transpose based method. In this sense, the first
attempt was presented in [2]. We also quote here [3] for a recent survey.

In this work, working in the continuous framework defined by (1), we give a theoret-
ical justification of some important features of the Arnoldi based methods, that are com-
monly considered true from experimentation in the finite dimensional setting. Denoting by
{σn}n∈N the sequence of the singular values of A (not of finite rank) arranged in decreasing
order of magnitude we demonstrate that if {σn}n∈N ∈ `2 (as it occurs in many practical
situations) then the GMRES converges to the exact solution of (1). The rate of convergence
is also put in relation with the extendibility of the Krylov subspaces that can be measured
in terms of the decay rate of the singular values.

2 Background

Let H be a separable Hilbert space (it admits a countable orthonormal basis {ϕn}n∈N),
with scalar product <,> and norm ‖·‖ defined as

‖x‖ = 〈x, x〉1/2 .

For any given p > 0, we denote by `p the set of the positive sequences {aj}j≥1 such that∑
j≥1

apj <∞.

LetA : H → H be a linear operator. Given g ∈ H, we denote byKm = span{g,Ag, . . . , Am−1g}
the Krylov subspaces generated by A and g. Setting N = supm(dimKm), the Arnoldi al-
gorithm computes an orthonormal basis {w1, ..., wm} of Km for each m ≤ N . In particular,
we have

w1 =
g

‖g‖
, wm+1 =

(I − Pm)Awm
‖(I − Pm)Awm‖

,

where Pm is the orthogonal projection onto Km. If, for some m, (I − Pm)Awm = 0, then
N = m and wN+1 = 0.

Now consider the sequence {fm}m≥1, fm ∈ Km, such that the corresponding residual
norm ‖Afm − g‖ is minimized over all the elements of Km, for 1 ≤ m ≤ N . As before,
if N < ∞, we have that AfN − g = 0, so that, fN is the solution of Af = g. Such a
sequence can be constructed with the well known GMRES algorithm (f0 = 0). It is also
well known that Afm− g ⊥ AKm, that is, QmAfm− g = 0 where Qm is the projection onto
Km orthogonal to AKm. The GMRES approximation is uniquely defined if the operator
QmA|Km : Km → Km is invertible for each m ≤ N , and this condition is ensured if A is not
of finite rank.
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Theorem 1 ([9, Th.1.9.3]) Let A : H → H be a compact linear operator. Then there
exists a decreasing sequence of positive real number {σn}n∈S (finite or countably infinite
and converging to 0) and two orthonormal sequences {ϕn}n∈S, {ψn}n∈S, such that

Ax =
∑

n∈S
σn 〈x, ϕn〉ψn, x ∈ H. (2)

The sequence {σn}n∈S is uniquely determined and consists of the eigenvalues of the pos-

itive self-adjoint operator (A∗A)1/2 (the singular values of A) counted according to their
multiplicities; {ϕn}n∈S is the corresponding sequence of eigenvectors.

Assuming that a compact linear operator is not of finite rank, for each g ∈ H, the
equation Af = g has a candidate solution f given by

f =
∑

n≥1

〈g, ψn〉
σn

ϕn.

Since ‖f‖2 =
∑

n≥1

∣∣∣ 〈g,ψn〉
σn

∣∣∣2 by Parseval identity, f ∈ H if and only if{
|〈g, ψn〉|
σn

}
n≥1
∈ `2. (3)

Assuming that {σn}n≥1 ∈ `p, p > 0, by the generalized Hölder inequality (see e.g. [6, §2.7])
we have that

{|〈g, ψn〉|}n≥1 ∈ ` 2p
2+p

. (4)

Since 2p
2+p < p, the condition (4) expresses what is commonly called Picard Condition, that

is, the coefficients |〈g, ψn〉| must decay faster than the singular values, [4, §1.2.3].

3 Convergence analysis

Definition 2 Let A : H → H be a bounded linear operator, and let {ϕn}n∈N be any or-
thonormal basis of H. If ∑

n∈N
‖Aϕn‖2 <∞ (5)

then A is a Hilbert-Schmidt operator. We denote by C2(H) this class.

Remark 3 ([9, Chapter 2]) Relation (5) ensures that a Hilbert-Schmidt operator is also
compact. Moreover, for each orthonormal basis {ϕn}n∈N∑

n∈N
‖Aϕn‖2 =

∑
j∈N

σ2j

c©CMMSE ISBN: 978-84-617-8694-7Page 1556 of  2288



GMRES CONVERGENCE FOR COMPACT OPERATOR EQUATIONS

Theorem 4 [7] Let A : H → H be a compact linear operator with a singular value expansion
(2) and let {fm}m≥1 be the sequence of GMRES approximations. If g satisfies the condition
(3) then ‖fm − f‖ → 0. Moreover, if A ∈ C2(H) then there exists a non negative sequence
{ai}i≥1 ∈ `2, such that

‖Afm − g‖ ≤
(∑

i>m
a2i

)1/2
. (6)

The connection between the residuals of FOM and GMRES, expressed by the famous
peak-plateau phenomenon (see e.g. [1]), ensures that the GMRES convergence implies the
FOM convergence. This means that the sequence of FOM approximations is bounded, that
is, we have ‖fm‖ ≤ M . As consequence, we have that the FOM residual (and hence the
GMRES one) is bounded by Mhm+1,m, where hm+1,m := 〈wm+1, Awm〉 = ‖(I − Pm)Awm‖.
Indeed, since the FOM approximation satisfies Pm (Afm − g) = 0, and Pmg = g, we have

‖Afm − g‖ = hm+1,m |〈fm, wm〉| ≤ hm+1,m ‖fm‖ . (7)

Definition 5 Let A : H → H be a compact operator and let p > 0. Then A is p-nuclear
and we write A ∈ Cp(H) if {σj}j∈N ∈ `p.

The above definition implies that Hilbert-Schmidt operators are 2-nuclear operators.
We can state the following.

Theorem 6 [7] Let A ∈ Cp(H) with p > 0. The following statements hold.

1. If p ≥ 1 then {hj+1,j}j∈N ∈ `p.

2. If {hj+1,j}j∈N is non increasing then {hj+1,j}j∈N ∈ `p.

3. If hj+2,j+1 ≤
(∏j

i=1 hi+1,i

)1/j
, j ≥ 1, then {hj+1,j}j∈N ∈ `p+ε for each ε > 0.

Theorem 7 [7] Let A ∈ Cp(H), p > 0. If the condition (3) is satisfied then for the GMRES
residual it holds

{‖Afm − g‖}m≥1 ∈ `p. (8)

Example 8 In Figure 1 we consider the plot of the sequences {‖Afm − g‖}m≥1, {hm+1,m}m≥1,
{σm}m≥1, for two test problems taken from [5], that is, BAART and I-LAPLACE, that are
linear systems arising from the discretization of Fredholm integral equations of the first kind.
In both cases the singular values decay exponentially so that {σm}m≥1 ∈ `p for each p > 0.
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Abstract

Heterogeneous systems composed by a CPU and a set of different hardware accelera-
tors are very compelling thanks to their excellent performance and energy consumption
features. One of the most important problems of those systems is the workload distribu-
tion among their devices. This paper describes an extension of the Maat library to allow
the co-execution of a data-parallel OpenCL kernel on a heterogeneous system composed
by a CPU and an Intel Xeon Phi. Maat provides an abstract view of the heteroge-
neous system as well as a set of load balancing algorithms to squeeze the performance
out of the node. Experimental results show that this approach always outperforms the
baseline with only a Xeon Phi. Furthermore, the load balancing algorithm has a huge
impact in the system performance, therefore, the right selection is essential.

Key words: Heterogeneous computing, co-execution CPU-Xeon Phi, load balancing,
OpenCL

1 Introduction

One of the most important challenges of high performance computing today is to reach
Exascale computers. Nowadays one of the most promising ways is the use of cluster-based
architectures with nodes that have great computing capacity. These nodes are based on
multi-core processors and include hardware accelerators, such as GPUs or Intel Xeon Phi.

Nonetheless these nodes introduce new challenges, because the use of accelerators turns
them heterogeneous. Hence, the software development to efficiently exploit all the available
resources has to take into account this heterogeneity. Therefore the use of a portable pro-
gramming language on heterogeneous platforms is mandatory. Open Computing Language
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(OpenCL) [1] is a framework for developing programs to be executed across heterogeneous
platforms such as many-core and multi-core architectures.

However, when using OpenCL, the programmer is responsible for explicitly selecting
and managing the devices as well as for partitioning the data among them. Therefore load
balancing becomes one of the most challenging problems, having a tremendous impact on
performance and programmability. The objective of load balancing algorithms is distribut-
ing the workload proportionally to the devices’ computational power. This problem is more
acute in heterogeneous systems with irregular applications.

This paper extends Maat [2] to allow the co-execution of massively data-parallel kernels
on heterogeneous systems composed by a multi-core CPU and an Intel Xeon Phi accelerator.
Maat is an OpenCL library that provides the programmer with a unified and abstract view
of the heterogeneous system that guarantees code portability. Furthermore, Maat provides a
set of load balancing algorithms that allow the programmer to choose the most appropriate
depending on the behaviour of the application at hand. In this paper a diverse set of
applications it is considered. They are grouped as regular, when every work unit represents
the same running time, and irregular, if different work units have different running times.
This decision is critical in order to achieve the best performance, with different applications,
as will be shown in section 5. Experimental results show speedups close to the maximum
achievable, reaching an efficiency of more than 97% and 86% for both regular and irregular
applications, respectively.

This topic has given rise to an interest in both understanding how to efficiently use this
kind of devices and making their programming easier. The work presented in [3] studies
the performance of the Xeon Phi through the use offload directive based approaches in a
single heterogeneous node. [4] also addresses the use of directives with Xeon Phi, but in this
case with a focus on dynamic load balancing. The authors of [5] also focus on improving
the performance of an application running on a Xeon Phi, buy they deem load balancing
unsuitable for the kind of computations of a Xeon Phi. As a result, they propose a load
imbalancing based optimisation technique. To the problem of cooperatively executing a
single task among the available devices, [6] proposes an analytical model to identify when
co-execution is worth it in terms of performance. Finally, [7] presents a dynamic load
balancing for the co-execution of a single data-parallel kernel. However, these two works do
not consider the Xeon Phi as their target device.

The remainder of the paper is structured as follows. Section 2 introduces some basic
concepts that are important to the article. Section 3 describes the main characteristics of
the three load balancing techniques which are studied. Section 4 explains the extensions
developed on Maat library. Next, in section 5 a performance evaluation of the three load
balancing algorithms with different benchmarks is developed. Finally, section 6 summarises
the main conclusions and future work.
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(a) Block diagram architecture. (b) Microarchitecture of a Xeon Phi’s Core.

Figure 1: Intel Xeon Phi Architecture.

2 Background

The Intel Xeon Phi Knights Corner is a coprocessor to speed-up parallel applications; there-
fore it requires at least one processor in the system [8]. It is a cache-coherent shared memory
many-core processor (SMP) based on the x86 architecture. The coprocessor is connected
via the PCI express bus to other devices and the host, and they are not hardware cache
coherent with other devices in the node. It consists of up to 61 cores connected by a high
performance on-die bidirectional ring interconnect and 8 memory controllers supporting 16
GB of GDDR5 channels at most, with up to 352 GB/s bandwidth. Figure 1(a) shows the
basic architecture of the MIC coprocessor.

The cores are in-order dual issue x86 processor 1.2 GHz cores, with 32 KB of data cache
and 32 KB of instruction cache, with 64-bit support and as it is shown in the figure 1(b),
it provides more interesting extensions:

• Four hardware threads on each core, resulting in up to 244 hardware threads available
on a single device. They are primarily used to hide memory latencies implicit in an
in-order microarchitecture. As such, it is much more important that applications use
these multiple hardware threads on Intel Xeon Phi than on Xeon processors.

• Each core has a 512-KB L2 cache locally with high speed access to all other L2 caches,
making a collective L2 cache size over 30 MB.

• Wide vectorization capability via 512-bit wide vector registers and functional units,
which can execute SIMD instructions, with 16 single precision or 8 double precision
operations simultaneously.
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The Xeon Phi runs Linux operating system. Every card has its own IP address. The
Xeon Phi supports many common tools for developing, debugging and executing parallel
applications. It supports the standard parallel programming models, such as MPI and
OpenMP.

3 Load balancing Algorithms

Since there is no load balancing strategy for data parallelism that can improve the execution
of all applications, in this paper we propose a set of load balancing algorithms. The basis of
these is that the load experienced by a computing device is only dependent on the amount
of data it must process.

3.1 Static algorithm

This algorithm works before the task is executed by dividing the data-set in as many
packages as devices are in the system. The division relies on knowing the computing power
of the devices in advance. Then the execution time of each device can be equalised by
proportionally dividing the data-set among the devices.

Considering a heterogeneous system with n devices. Each device i has computational
power Pi, which is defined as the amount of work that a device can complete per time
unit, including the communication overhead. These powers are parameters that must be
given to the algorithm and can be extracted by a simple profiled execution. Then, the total
computational power of the heterogeneous system is the sum of the individual powers of
the devices PH =

∑n
i=1 Pi.

The application will execute a kernel over W work-items, grouped in G work-groups of
fixed size Ls = W

G . Since the work-groups do not communicate among themselves, it makes
sense to distribute the workload taking the work-group as the atomic unit. Each device will
have an execution time of Ti. Then the execution time of the heterogeneous system will be
that of the last device to finish its work, or TH = maxni=1Ti.

The goal of the Static algorithm is to determine the number of work-groups to assign
each device, so that all the devices finish their work at the same time. This means finding a
tuple {α1, ...αn}, where αi is the number of work-groups assigned to the device i. For this
reason, the expression used by the algorithm is:

αi =

⌊
PiG∑n
i=1 Pi

⌋
If there is not an exact solution with integers then

∑n
i=1 αi < G. In this case, the

remaining work-groups are assigned to the most powerful device.
The beauty of the Static algorithm is that it minimises the number of synchronisation

points. This makes it perform well when facing regular loads with known computing powers
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Raúl Nozal, Borja Pérez and Jose Luis Bosque

that are stable throughout the data-set. However, it is not adaptable, so its performance
might not be as good with irregular loads.

3.2 Dynamic algorithm

Some applications do not present a constant load during their executions. To adapt to their
irregularities, the Dynamic algorithm divides the data-set in small packages of equal size.
The number of packages is well above the number of devices in the heterogeneous system.
During the execution of the kernel, a master thread in the host is in charge of assigning
packages to the different devices, including the CPU, following the next strategy:

1. The master splits the G work-groups in packages, each with the package size specified
by the programmer. This number must be a multiple of the work-group size. If the
number of work-items is not divisible by the package size, the last package will be
smaller.

2. The master launches one package on each device, including the host itself if it is
desired.

3. The master waits for the completion of any package.

4. When device i completes the execution of a package:

(a) The device returns the partial results corresponding to the processed package.

(b) The master stores the partial results.

(c) If there are outstanding packages, a new one is launched on device i.

(d) If all the devices are idle and there are no more packages, the master jumps to
step 5.

(e) The master returns to step 3.

5. The master ends when all the packages have been processed and the results have been
received.

This algorithm adapts to the irregular behaviour of some applications. However, each
completed package represents a synchronisation point between the device and the host,
where data is exchanged and a new package is launched. This overhead has a noticeable
impact on performance. The Dynamic algorithm takes the size of the packages as a param-
eter.
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3.3 HGuided algorithm

The previous strategies have their strong points and their weak spots. Although neither is
the best for every application, both give hints toward an optimal data-division algorithm.
The Heterogeneous Guided algorithm (HGuided) is an attempt to reduce the synchronisa-
tion points of the Dynamic while retaining most of its adaptiveness.

The same algorithm used in the Dynamic approach is applicable to the HGuided, ex-
cept for how the data-set is divided. The HGuided algorithm makes larger packages at the
beginning and reduces the size of the subsequent ones as the execution progresses. This
reduces the number of synchronisation points and the corresponding overhead, while re-
taining a small package granularity towards the end of the execution to allow all devices to
finish simultaneously.

Since it is an algorithm for heterogeneous systems the size of the packets is also depen-
dent on the computing power of the devices. For instance, the size of the package for device
i is calculated as follows:

packet sizeH =

⌊
GrPi

n
∑n

j=1 Pj

⌋
Where Gr is the number of pending work-groups and is updated with every package

launch. The HGuided takes the computing powers of the devices as parameters. It also
requires a minimum package size, which is a lower bound for the packet sizeH .

4 Design and Implementation

Maat is a library that acts as an OpenCL wrapper to simplify the programming of hetero-
geneous devices and squeeze the performance out of them. Maat is specially designed to
be used in large data-parallel applications and it provides the three load balancing algo-
rithms presented previously. While OpenCL forces the programmer to consider the devices
as individual entities, Maat defines an abstraction layer over all the accelerator devices in a
machine. It presents a single virtual device to operate with; hiding the underlying hardware
details. Thus, the library effectively divides a single task among all the real devices based
on the load balancing algorithm selected by the programmer.

This single virtual device is accessed through a super context. It is created by the pro-
grammer specifying the target devices. In contrast to OpenCL contexts, a super context can
hold devices from several different manufacturers. Maat offers a set of functions that re-
semble typical OpenCL calls, to manage the super context. The super context transparently
manages the data structures of all the target devices, like the command queues.

While in OpenCL the programmer will need to allocate many buffers to communicate
with the different target devices, Maat simplifies this task with the super buffer. When one
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of these is created through the super context, the latter transparently allocates the required
buffers on each target device. If the data will only flow from the host to the device, it is
considered an in super buffer. Otherwise it is considered an out super buffer.

The common reading and writing procedure in super buffers assumes that each work-
item will use the position indicated by its index. The copy is not performed until the kernel
is launched in the device. Such behaviour is necessary in Dynamic and HGuided algorithms
where there is no way of knowing in advance which device will compute what package of
data. The out super buffer creation function requires two extra parameters to be able to
automatically copy back the results from the device to the host: a pointer to where the
results should be stored in the host memory and the size of the result obtained by each
work-group. Therefore, the requirement of writing buffers based on the work-item index
denotes the type of applications supported. This may seem a strong requirement, but not
only common benchmarks but also many kernels widely used in the industry meet this
condition.

OpenCL encapsulates the code to be executed by a device, in a data structure called
kernel, which is bound to the device. Maat simplifies the kernel configuration and execution
process by using the idea of super kernel. When such an entity is created, the super context
transparently sets up a different kernel for each device. Similarly, parameter assignment
to the super kernel is forwarded to all the kernels in the super context. The super kernel
launch resembles that of a standard OpenCL kernel in that it receives exactly the same
global work size, local work size and global work offset it would receive if working with a
single device, achieving an easy portability of common OpenCL applications to Maat.

When a super kernel is enqueued, Maat transparently performs as many executions
of individual kernels as required by the selected load balancing algorithm. Each execution
will use the adequate OpenCL parameters to represent the correct package of work. The
on-demand launch of additional packages in the Dynamic and HGuided algorithms has been
implemented using OpenCL callbacks.

The callbacks have been adapted to perform non-blocking readings. Most of the logic
has been transferred to functions managed by an independent thread in the host because the
new Intel Xeon Phi’s OpenCL driver behaves different from the CPU’s regarding callbacks.
This increases the performance because it simplifies the callbacks and the synchronisations
are dead-lock free (host functions are triggered using pthread cond wait).

Finally, a final function that waits for the completion of every callback guarantees the
correctness of the non-blocking calls and improves the performance due to the maximum
interleaving of kernel execution with buffer management operations. This waiting call serves
as a common interface between the three load balancing algorithms to monitor every per-
formed callback, follow its event state and wait for its completion, simplifying the kernel
execution of the three algorithms.
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Application Type Problem size Local work size

Binomial Regular 8192000 samples, 255 steps 256

Gaussian Regular 13000× 13000 px, 101× 101 px filter 128

NBody Regular 1536000 bodies 128

Ray1 Irregular 12000× 12000 px, 3 lights in 10 objects 64

Ray2 Irregular 5000× 5000 px, 11 lights in 30 objects 64

Table 1: Parameters for each application.

5 Evaluation

5.1 Experimental Setup

The machine on which the experimentation was carried out has two processor chips and
one Intel Xeon Phi. The CPUs are Intel Sandy Bridge Xeon E5-2620, with six cores that
can run two threads each at 2.0 GHz. It has hardware support for 24 threads, 15 MB of L3
cache memory and 16 GB of DDR3 main memory. The CPUs are connected via QPI, which
allows OpenCL to detect them as a single device. Therefore, throughout the remainder of
this document, any reference to the CPU includes both Xeon E5-2620 processors.

The Intel Xeon Phi coprocessor is a Knights Corner 7120P which consists of up to 61
cores connected by a high performance on-die bidirectional ring interconnect and 8 memory
controllers supporting 16 GB of GDDR5 channels at most, with up to 352 GB/s bandwidth.
It is connected to the system using an independent PCI 2.0 slot.

5.2 Benchmarks and Metrics

Four benchmarks have been chosen for the experiments. While Binomial, Gaussian and
NBody are regular applications, Ray Tracing is irregular. The last one renders realistic
images by modelling different light rays with independent threads each one involving an
unpredictable amount of work depending on the number of times it bounces on the objects
of the scene. Two different scenes with different complexity (resolution, lights and objects),
referred as Ray1 and Ray2, have been considered for experimentation. As it will be seen
later, by changing the input data, the behaviour of the application varies wildly, due to the
irregular behaviour of the benchmark.

The parameters for each of the applications are shown in table 1. Each benchmark has
been run using a problem size big enough to justify its distribution among all the available
devices. Local work size has been set so the performance of the fastest device, namely the
Xeon Phi, is maximised. The reason for this is that almost no performance difference was
detected when varying local work size for the CPU.

The metric used to evaluate the performance of the algorithms is the total response time,
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including the input data and results communications. From that, the speedup is calculated
as the ratio between the execution time on the Phi and on the heterogeneous system. Due
to the heterogeneity of the system and the different behaviour of the benchmarks, the
maximum achievable speedups depend on each benchmark. These values were derived from
the response time Ti of each device:

Smax =
1

maxni=1{Ti}

n∑
i=1

Ti (1)

Additionally, the efficiency of the heterogeneous system has been computed as the
ratio between the maximum achievable speedup and the real observed speedup for each
benchmark. Eff = Sreal

Smax

The computational power needed for the Static and HGuided algorithms has been com-
puted for each benchmark as follows. First, the response times of the benchmark have been
measured in both the CPU and the Phi, including the time required to complete the kernel
execution, performing the data distribution, kernel launch overhead and result collection.
Then, considering the computational power of the CPU equal to 1, the computational power
of the Phi is calculated, as the ratio among the CPU time and the Phi time: PPhi = TCPU

TPhi
.

5.3 Experimental Results

This section presents the performance results achieved in the heterogeneous system with
different load balancing algorithms. The baseline to compare the results obtained with Maat
on the heterogeneous system is the total response time of the benchmarks in a scenario
with only one Xeon Phi. Therefore, the benefits presented in this section are due to the
co-execution of the benchmarks on the CPU and the Phi simultaneously.
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Figure 2: Speedups of the benchmarks with the three load balancing algorithms.
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To give an idea of performance of the load balancing algorithms, the figure 2 shows
the speedups reached by the Maat implementation of the benchmarks, compared with the
baseline. The theoretical maximum speedup that can be obtained with each benchmark is
shown as a horizontal line above the bars of each benchmark. The speedups reveal that, for
all benchmarks, there is at least one algorithm that gives excellent results. This indicates
that Maat can adapt to different kinds of loads obtaining outstanding performance. The
gap between the measured and the theoretical maximum values is a consequence of the
extra communication overhead.

Analysing the speedup measurements in detail, it can be seen that, Static and HGuided
deliver excellent results in Binomial and Gaussian. However, while Static excels, HGuided
decreases its performance with NBody due to the small ratio of computing time compared
with communication time. The Static algorithm yields speedups very close to the maximum
and it is the most consistent between the regular applications.

On the other hand, the analysis of the Ray Tracing, the irregular benchmark, shows
that the HGuided method obtains the best results, followed nearly by the Dynamic. This
method achieves a better load balance and reduces the communication overhead, because it
divides the workload between a smaller number of packets than in the Dynamic algorithm.

Finally, the load balancing efficiency gives an idea of how well a load is balanced. A
value of 100% represents that all the devices have been working all the time, thus achieving
the maximum obtainable speedup. As shown in figure 3 the regular applications reach at
least 97% of efficiency, while the irregular ones achieve an efficiency between 86% and 89%.

Coming up with a balanced work distribution is significantly harder for Ray due to
the resolution of the rendered image and the complexity of interaction between the input
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Figure 3: Balancing efficiency of the heterogeneous system.
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scene and the ray tracing algorithm. However, it should be noted that if the correct load
balancing algorithm is not used for each benchmark, the results can be quite bad. Thus we
can see efficiencies around 50% in some cases, which imply a very poor use of resources.

6 Conclusions and Future Work

This paper extends the Maat library to allow the co-execution of massively data-parallel
OpenCL kernels on heterogeneous systems composed by an Intel Xeon Phi coprocessor. A
set of load balancing algorithms has been implemented, in order to give the best performance
to both regular and irregular applications.

From the experimental results presented in this paper a set of conclusions can be re-
marked. The use of the whole heterogeneous system is always beneficial, from the perfor-
mance point of view, at least with one of the load balancing methods. A second conclusion
is that applications with different behaviour, regular or irregular ones, need different load
balancing algorithms to get the best performance on the heterogeneous system. With re-
spect to the algorithms, the Static approach is the most adequate for regular applications
as it minimises overheads, although the HGuided is even better in specific cases. In the
case of irregular applications the HGuided method excels and the use of Static is strongly
discouraged as it may result in poor performance due to imbalance. Lastly, the Dynamic
algorithm is a good all-around option when a priori information of the computing powers
of the system is not available, but at the cost of more modest speedups and efficiencies.

Future work includes the optimisation of some implementation issues to reduce the
synchronisation and communication overhead that are one of the most important challenges
to improve the performance of Maat. Moreover, a study about the energy efficiency of the
heterogeneous system will be developed.
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Abstract

Analysis of variance (ANOVA) is one of the most frequently used statistical analysis
in several research areas, namely in medical research. Despite its wide use, it has been
applied assuming that sample dimensions are known. In this work we aim to carry out
ANOVA like analysis of one-way fixed effects models, to situations where the samples
sizes may not be previously known. Assuming that the samples were generated by Pois-
son counting processes we obtain the unconditional distribution of the test statistic,
under the assumption that we have random sample sizes. The applicability of the pro-
posed approach is illustrated considering a real data example on cancer registries. The
results obtained suggested that false rejections may be avoid by applying our approach.

Key words: ANOVA, random sample sizes, fixed effects models, counting processes,
cancer registries.

MSC 2000: 62J12, 62J10, 62J99

1 Introduction

Analysis of variance (ANOVA) is one of the most frequently used statistical analysis in
practical applications. It is routinely used in several research areas, namely in medical
research. Despite its wide use, it has been applied assuming that sample dimensions are
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known. In this work we aim to carry out ANOVA like analysis of one-way fixed effects
models, to situations where the samples sizes may not be previously known. This often
occurs when there is a fixed time span for collecting the observations. An illustrative
example of this is the collection of observations during a fixed time period in a study
comparing, for example, several pathologies of patients arriving at a hospital, see e.g. [6, 7].

In these situations it is more appropriate, assuming there are m different levels, to con-
sider the sample sizes as realizations, n1, ..., nm, of independent random variables, N1, ..., Nm,
[4, 5, 6, 7, 8].

This new approach must be based on an adequate choice of the distribution ofN1, ..., Nm.
We assume that the numbers collected in non overlapping intervals are independent and
simultaneous arrivals are not to be expected. We are thus led to consider, possible non
homogeneous, Poisson counting processes. So for fixed collection periods our sample sizes
N1, ..., Nm will have Poisson distribution with parameters λ1, ..., λm. We put Ni ∼ P (λi),
i = 1, ...,m. Moreover n =

∑m
i=1 ni will be a realization of the random variable

N =

m∑
i=1

Ni

which, through independence of Ni, i = 1, ...,m,

N ∼ P (λ) ,

with λ =
∑m

i=1 λi. Furthermore the vector nnn = (n1, ..., nm)′ will be a realization of NNN =
(N1, ..., Nm)′.

We are interested in testing the hypothesis

H0 : µ1 = ... = µm,

which may be rewritten as
H0 : AAAµµµ = 000, (1)

where µµµ is the mean vector of the treatment means with components µ1, ..., µm, and AAA =
[IIIm−1|−111m−1], with IIIc the c× c identity matrix and 111c the vector with c components equal
to 1.

In the next section we present the test statistics and their conditional and unconditional
distributions, under the assumption that we have random sample sizes. In section 3 the
presented approach is illustrated through an application on real medical data, using cancer
registries. We conclude this work with some closing remarks.

2 Statistic and their distributions

When Ni = ni, i = 1, ...,m, we have the samples Yi,1, ..., Yi,ni , i = 1, ...,m, with aver-
ages Y i,•, i = 1, ...,m. Assuming that the observations are normal and independent with
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variance σ2, when Ni = ni, i = 1, ...,m, the vector of treatment means, YYY •, which has
components Y 1,•, ..., Y m,•, will be normal with mean vector µµµ and variance-covariance ma-
trix σ2D( 1

n1
, ..., 1

nm
), where D( 1

n1
, ..., 1

nm
) is the diagonal matrix with principal elements

1
n1
, ..., 1

nm
.

So, when Ni = ni, i = 1, ...,m, see for instance [2, 3], the sum of squares for testing
the hypothesis H0 : AAAµµµ = 0 will be

Snum = (AAAYYY •)
′
(
AAAD

(
1
n1
, ..., 1

nm

)
AAA′
)−1

(AAAYYY •), (2)

which corresponds to the product by σ2 of a noncentral chi-square with g = m− 1 degrees
of freedom and non-centrality parameter

δ(n) =
1

σ2
(AAAµµµ)′

(
AAAD

(
1

n1
, ...,

1

nm

)
AAA′
)−1

(AAAµµµ). (3)

We put Snum ∼ σ2χ2
g,δ(n).

The sum of the sums for the errors will be given by, see e.g [1] and [9],

S =
m∑
i=1

ni∑
k=1

(Yi,k − Y i,•)
2.

Moreover S will be the product by σ2 of a central chi-square with

g(n) = n−m

degrees of freedom, S ∼ σ2χ2
g(n), and will be conditionally independent from Snum.

Therefore, when N = n, the conditional distribution of

= =
Snum
S

will be a noncentral F distribution, which correspond to the distribution of the quotient of
independent chi-squares with g and g(n) degrees of freedom and non-centrality parameters
δ(n) and 0, denoted by F (.|g, g(n), δ(n)).

Given N = n, when H0 holds, δ(n) = 0 and the conditional distribution of = will be a
central F distribution with g and g(n) degrees of freedom, F (z|g, g(n)).

2.1 The unconditional distribution

For carrying out the inference we will assume that Ni ≥ n•i , i = 1, ...,m, which means that
we have a minimum dimension for each sample. In this case the global minimum dimension
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will be n• =
∑m

i=1 n
•
i . So, since we have m different treatments, denoting nnn• = (n•1, ..., n

•
m)′,

we consider

pnnn•(n) = pr(N = n|NNN ≥ nnn•) =

n−
∑m

i=2 n
•
i∑

n1=n•
1

...

n−(
∑`−1

i=1 ni+
∑m

i=`+1 n
•
i )∑

n`=n
•
`

...

n−
∑m−1

i=1 ni∑
nm=n−

∑m−1
i=1 ni

pr(NNN = nnn|NNN ≥ nnn•), ni = n•i , ..., i = 1, ...,m, (4)

where, through the independence of Ni, i = 1, ...,m,

pr(NNN = nnn|NNN ≥ nnn•) =

m∏
i=1

pr(Ni = ni|Ni ≥ n•i ) =

m∏
i=1

pr(Ni = ni)

pr(Ni ≥ n•i )

=
m∏
i=1

e−λi(λni
i /ni!)

1−
∑n•

i−1
ui=0 e

−λi(λuii /ui!)
=

m∏
i=1

λni
i

ni!(eλi −
∑n•

i−1
ui=0

λ
ui
i
ui!

)
, ni = n•i , . . . , i = 1, . . . ,m.

(5)

Thus the unconditional distribution of =, when H0 holds, will be given by, see e.g. [4]
and [7],

F (z) =
∞∑

n=n•

pr(N = n|NNN ≥ nnn•)F (z|g, g(n)) =
∞∑

n=n•

pnnn•(n)F (z|g, g(n)), (6)

considering pnnn•(n) as defined in (4).
When we known that N ≤ n, we may not consider in (6) the terms for n > n, and we

have F (z) bounded by

Fn(z) ≤ F (z) ≤ F
∗
n(z), (7)

where

Fn(z) =

n∑
n=n•

pr(N = n|NNN ≥ nnn•)F (z|g, g(n)) (8)

and

F
∗
n(z) = Fn(z) +

∞∑
n=n+1

pr(N = n|NNN ≥ nnn•). (9)

So n denote the upper bound needed to control the truncation error of the unconditional

distribution F (z).
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It is important to note that

∞∑
n=n+1

pr(N = n|NNN ≥ nnn•) = 1−
n∑

n=n•

pr(N = n|NNN ≥ nnn•). (10)

3 Application

In this section we evaluate our approach under a real data example. To construct this
experiment we resort to a dataset which was provided by the Brazilian National Cancer
Institute (INCA)1. The dataset gathers information regarding the age of patients with
cancer disease. The data considered is from 2010 and refers to the City of São Paulo,
Brazil.

In our model the factor considered is the Type of Cancer, with three levels: Soft tissues
of the thorax, Intestinal tract and Nasal cavity. Table 1 illustrates the number of patients
and the sample mean age for each type of cancer.

Table 1: Number of patients and sample means.

Type of Cancer Number of patients Sample means

Soft tissues of the thorax 18 49.50
Intestinal tract 22 61.7727
Nasal cavity 25 62.40

We will test the hypothesis

H0 : AAAµµµ = 0,

with
AAA =

[
1 0 −1
0 1 −1

]
.

The numerator of the = statistic is now given by

Snum = (AAAYYY •)
′ (AAAD ( 1

18 ,
1
22 ,

1
25

)
AAA′
)−1

(AAAYYY •) ,

which is, when H0 holds, the product by σ2 of a central chi-square with g = m − 1 = 2
degrees of freedom, Snum ∼ σ2χ2

2. So, we obtain(
AAAD

(
1

18
,

1

22
,

1

25

)
AAA′
)−1

=

[
13.0154 −6.0923
−6.0923 14.5538

]
e AAAyyy• =

[
−12.9000
−0.6273

]
,

1http://www2.inca.gov.br/wps/wcm/connect/inca/portal/home
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where yyy• has components y1,• = 49.50; y2,• = 61.7727; y3,• = 62.40. Therefore for the
numerator of the statistic we obtain

Snum = 2073.021.

The denominator of the statistic is, when N = n, the product by σ2 of a central
chi-square with g(n) = n− 3 degrees of freedom, S ∼ σ2χ2

n−3. In this case we obtain

S =
18∑
j=1

(y1,j − y1,•)2 +
22∑
j=1

(y2,j − y2,•)2 +
25∑
j=1

(y3,j − y3,•)2 = 26632.364.

So, the statistic’s value, =Obs, is given by

=Obs =
2073.021

26632.364
= 0.07784.

Given N = n, when H0 holds, the common conditional distribution of = is a central F
distribution with g = 2 and g(n) = 65−3 = 62 degrees of freedom, since n = 65, F (z|2, 62).

The quantiles of the conditional and unconditional distribution were performed using
R software. The quantiles, z1−α, of the conditional distribution are given in Table 2, which
are obtained considering zα = 2

62f1−α,2,62, where f1−α,2,62 corresponds to the 1−α quantile
of a central F distribution with 2 and 62 degrees of freedom. So we can conclude that using
the common approach we reject H0 for α = 0.1, since =Obs > z1−α, and we do not reject
for α = 0.05 and 0.01.

Table 2: The quantiles of the conditional distribution.

Values of α 0.1 0.05 0.01

z1−α 0.07711 0.10146 0.16016

To carry out the computation we are led to use our previous information assuming
that λi, i = 1, 2, 3 correspond to the average numbers of occurrences per year. So we
take λ1 = 18; λ2 = 22 and λ3 = 25, which means that N1 ∼ P (18), N2 ∼ P (22) and
N3 ∼ P (25). Let us also assume that we have at least 5 observations per level, which means
that n•i = 5, i = 1, 2, 3, n• =

∑3
i=1 ni = 15 and consequently nnn• = (5, 5, 5)′.

To compute the quantiles for the unconditional distribution we obtain the minimum
value n = 97 (considering in expression (8)) such that

∞∑
n=n+1

pr(N = n|NNN ≥ nnn•) = 1−
n∑

n=n•

pr(N = n|NNN ≥ nnn•) < 10−4. (11)
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Therefore, the infinite serie in (6) is truncated not considering the terms for n > 97. So,
when H0 holds, we have the distribution

Fn(z) =

97∑
n=15

pnnn•(n)F (z|2, n− 3)

=

97∑
n=15

n−10∑
n1=5

n−(n1+5)∑
n2=5

n−(n1+n2)∑
n3=n−(n1+n2)

pr(NNN = nnn|NNN ≥ nnn•)F (z|2, n− 3),

with

pr(NNN = nnn|NNN ≥ nnn•) =
3∏
i=1

λni
i /ni!

eλi −
∑4

ui=0
λ
ui
i
ui!

.

The quantiles, zt1−α, for the probability 1 − α, of this distribution are presented in
Table 3. Since =Obs < zt1−α, we can conclude that we do not reject H0 for the usual level
of significance. So these results lead us to take a contrary decision that we had taken using
the conditional approach, for α = 0.1.

Table 3: The quantiles of the unconditional distribution.

Values of α 0.1 0.05 0.01

zt1−α 0.07856 0.10341 0.16341

4 Closing remarks

In this paper we resorted to the Poisson distributions as the adequate choice for the distri-
butions of the sample sizes when such are unknown. We open room to a new field based on
the assumption that we have a minimum dimension for each sample considering one-way
ANOVA. Through the application presented we can confirm that the quantiles may exceed
those of the common ANOVA when random sample sizes are considered, giving relevance
to the unconditional approach in avoiding false rejections.
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Abstract

This study aims to compute accurate numerical solutions of ill-conditioned linear
systems. For this purpose, we have developed several preconditioning methods [2, 3].
We have shown that, using such preconditioning methods, the condition number of the
coefficient matrix can be reduced efficiently, and an accurate solution of the linear system
can be obtained. However, the computational cost for such preconditioning methods
is considerably larger than the standard numerical algorithm such as LU factorization,
since some matrix multiplication in higher-precision arithmetic is required. In this
study, we modify this point by exploiting the structure of the coefficient matrix, and
develop an accurate and efficient algorithm for solving ill-conditioned linear systems.
As a result, the computational cost for the preconditioning can significantly be reduced
with similar quality to the previous methods.

Key words: linear systems, preconditioning, accurate numerical algorithms
MSC 2000: 65F05, 65G50

1 Introduction

Let us consider solving a linear system

Ax = b, A ∈ Rn×n, b ∈ Rn (1)

using floating-point arithmetic. To solve (1) is one of the significant tasks in scientific
computing.

Let u denote the rounding error unit, e.g., u = 2−53 ≈ 10−16 for IEEE 754 binary64.
The purpose of this study is to develop efficient methods for solving (1) in ill-conditioned
cases such that

κ(A) ≳ u−1,
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where κ(A) denotes the condition number of A defined by κ(A) := ∥A∥ · ∥A−1∥.
When using ordinary floating-point arithmetic, such as IEEE 754 binary64 arithmetic,

the difficulty of the problem is as follows. Let x∗ be the exact solution of (1). Let x̂ be
a computed solution of (1) obtained by some backward stable algorithm in floating-point
arithmetic with the rounding error unit u. Then, as a rule of thumb (cf. e.g., [1]), x̂ satisfies

∥x̂− x∗∥
∥x∗∥

≈ p(n) · κ(A) · u,

where p(n) is a modestly growing function of n. From this, we can see that approximate
solutions may become inaccurate if κ(A) ≳ u−1.

To overcome the problem, we have the following two possibilities:

1. Preconditioning with higher-precision arithmetic

2. Multiple precision arithmetic (MP)

However, MP is significantly slower than ordinary floating-point arithmetic, and we prefer
to utilize ordinary floating-point arithmetic in terms of computational speed. Moreover,
for modestly well-conditioned problems, standard numerical algorithms often provide suf-
ficiently good results in ordinary floating-point arithmetic. In such cases, the use of MP
is not necessary. However, we do not know in advance how many digits suffice to achieve
desired result accuracy. Thus, we prefer some preconditioning method utilizing the results
obtained by a standard numerical algorithm in ordinary floating-point arithmetic. As a
standard numerical algorithm, we assume that LU factorization with partial pivoting is
used.

2 Preconditioning

We briefly review an approach of preconditioning methods. We choose some nonsingular
matrix M ∈ Rn×n such that

κ(MA) ≈ u · κ(A).

As a choice of M , we use an approximate inverse of an LU factor of A as in [2, 3].

For simplicity, we omit a permutation matrix according to the partial pivoting. Suppose
the Crout’s version of LU factorization of A is done in ordinary floating-point arithmetic
such that A ≈ LU . Then, heuristics suggest that κ(A) ≈ κ(L). By setting M := L−1, we
obtain

κ(L−1A) ≈ u · κ(A)

as shown in [4]. In practice, an approximate inverse XL of L is used instead of L−1. Here,
higher-precision arithmetic is necessary for computing XL · A. For example, we can use
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high-precision dot product algorithm Dot2 proposed in [5], which computes dot product
as if computed in twice the working precision. Major computational cost in O(n3) flops
required for the preconditioning is as follows:

• LU factorization A ≈ LU : 2
3n

3 flops

• Triangular matrix inversion XL ≈ L−1: 1
3n

3 flops

• Matrix multiplication XL ·A in twice the working precision: c ·n3 flops with relatively
large constant c such that 10 ≤ c ≤ 22.

Therefore, total computational cost for the preconditioning is considerably larger than LU
factorization. Thus, we aim to reduce the cost.

Detailed discussions and numerical results will be presented in the talk.
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Abstract

This paper is concerned with the analysis of the linear integral operators whose ker-
nels are a square integrable bivariate function over the square [ a, b ]

2
. The basic aim is

to use high dimensional modeling. Tridiagonal Kernel Enhanced Multivariance Prod-
ucts Representation (TKEMPR) has been a novel extension high dimensional modeling
representation (HDMR) which has been derived form of the Enhanced Multivariance
Products Representation (EMPR), proposed by Demiralp and his group.
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tation, (EMPR), Tridiagonal Kernel Enhanced Multivariance Products Representation,
(TKEMPR), Singular Value Decomposition, Decomposition Method
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1 Introduction

In this section, to make a strong background for TKEMPR, we will give the following main
lines and basic technicalities of EMPR method.

The Enhanced Multivariance Products Representation (EMPR) for a given N -variate
function f (x1, ..., xN ) is given by the finite expansion

f (x1, ..., xN ) = f0

N∏
i=1

si (xi) +

N∑
j=1

fj (xj)

N∏
i=1
i6=j

si (xi) +

N∑
j1,j2=1
j1<j2

fj1,j2 (xj1 , xj2)

N∏
i=1

i6=j1,j2

si (xi)

+

N∑
j1,j2,j3=1
j1<j2<j3

fj1,j2,j3 (xj1 , xj2 , xj3)

N∏
i=1

i6=j1,j2,j3

si (xi) + · · ·+ f1,2,...,N (x1, x2, ..., xN ) (1)
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where subindexed fs are respectively called constant, univariate, bivariate EMPR com-
ponents. The sis appearing in the formulation are univariate support functions[1, 2]. xj
stands for the j-th independent variable remaining in a closed interval on the real line
[ ai, bi ], i = 1, ..., N .

The main purpose of this representation is to determine the EMPR components. To
this end, one needs to impose certain conditions like Sobol’s vanishing integral conditions
involving support functions[3]. To determine these terms, the normalization conditions∫ bi

ai

dxiWi(xi) = 1,

∫ bi

ai

dxiWi(xi) (si(xi))
2 = 1; 1 ≤ i ≤ N (2)

and the vanishing–under–integration conditions∫ bi

ai

dxiWi (xi) si (xi) fi1...ik (xi1 , ..., xik) = 0, xi ∈ (xi1 , ..., xik), 1 ≤ i ≤ k ≤ N (3)

are assumed to hold. These conditions allow us to obtain the EMPR terms as the following
forms

f0 =

∫ b1

a1

dx1W1(x1)...

∫ bN

aN

dxNWN (xN )
N∏
j=1

sj(xj)f (x1, ..., xN ) (4)

fi(xi) =

∫ b1

a1

dx1W1(x1)...

∫ bi−1

ai−1

dxi−1Wi−1(xi−1)

∫ bi+1

ai+1

dxi+1Wi+1(xi+1)...

∫ bN

aN

dxNWN (xN )

×
N∏
j=1
j 6=i

sj(xj)f(x1, ..., xN )− sif0 (5)

fi1i2(xi1 , xi2) =

∫ b1

a1

dx1W1(x1)...

∫ bi1−1

ai1−1

dxi1−1Wi1−1(xi1−1)

∫ bi1+1

ai1+1

dxi1+1Wi1+1(xi1+1)...

×
∫ bi2−1

ai2−1

dxi2−1Wi2−1(xi2−1)

∫ bi2+1

ai2+1

dxi2+1Wi2+1(xi2+1)...

∫ bN

aN

dxNWN (xN )

×
N∏
j=1

j 6=i1,i2

sj(xj)f(x1, ..., xN )− si1(xi1)fi1(xi1)− si2(xi2)fi2(xi2)

−si1(xi1)si2(xi2)f0 (6)

EMPR is like most of its kind based on divide–and–conquer philosophy. For a given N–
variate function, there are 2N EMPR undetermined components at the right side of the
expansion. However in practise, the main purpose of this matter is not to evaluate all of
them to lower the computational cost. Then, EMPR turns into an approximation method.
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2 Tridiagonal Kernel Enhanced Multivariance Products
Represantation (TKEMPR)

In this work, we specifically focus on the case of bivariate functions which are assumed to
be square integrable over the interval [ a, b ]2. These bivariate functions can be taken into
the consideration as the kernel the univariate integral operators also.

By using bivariate EMPR, the kernel bivariate target function K(x, y) can be rewritten
with the following expansion

K(x, y) = K0u(x)v(y) +K1(x)v(y) + u(x)K2(y) +K1,2(x, y) (7)

where subindexed Ks are called constant, univariate, and bivariate EMPR components.
u(x) and v(y) are the given support functions.

Predefined normalization and vanishing conditions enable us to evaluate the EMPR
terms of the kernel K(x, y) uniquely as

K0 =

∫ b1

a1

dx

∫ b2

a2

dyu(x)v(y)W1(x)W2(y)K(x, y), (8)

K1(x) =

∫ b2

a2

dyv(y)W2(y)K(x, y)−K0u(x), (9)

K2(y) =

∫ b1

a1

dxu(x)W1(x)K(x, y)−K0v(y), (10)

and finally

K1,2(x, y) = K(x, y)−K0u(x)v(y)−K1(x)v(y)−K2(y)u(x). (11)

These four equations can also be rewritten in much more concise form by using the following
integral operators

K1(x) =
(
Îx − P̂u

)∫ b2

a2

dyv(y)W2(y)K(x, y), (12)

K2(y) =
(
Îy − P̂v

)∫ b1

a1

dxu(x)W1(x)K(x, y), (13)

K1,2(x, y) =
(
Îx − P̂u

)(
Îy − P̂v

)
K(x, y) (14)
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where Îx and Îy are unit operators in the spaces of univariate functions depending on x and

y respectively. P̂ and Q̂ are idempotent integral operators which project their operands
into the one dimensional space spanned by the related u(x) and v(y) functions respectively.
When we take x and y as the variable of interest, we can define these integral operators as
the following form

P̂uf(x) ≡ u(x)

∫ b1

a1

dξu(ξ)W1(ξ)f(ξ), P̂vg(y) ≡ v(y)

∫ b2

a2

dηv(η)W2(η)g(η) (15)

Herein, it is also possible to define the inner product through the integrals over the x and
y dependent functions separately under the related weight functions as

(f1, f2)x ≡
∫ b1

a1

dxf1(x)W1(x)f2(x), (g1, g2)y ≡
∫ b2

a2

dyg1(y)W2(y)g2(y) (16)

These definitions allow us to get the following inner product equalities as follows

(u,K1)x = 0, (v,K2)y = 0 (17)

(u,K1,2)x = 0, ∀y ∈ [ a2, b2 ] , (v,K1,2)y = 0, ∀x ∈ [ a1, b1 ] (18)

The operators
(
Îx − P̂

)
and

(
Îy − Q̂

)
project to the subspaces orthogonal to the axes

spanned by u(x) and v(y) functions respectively. To construct the recursive structure, we
can rewrite the initial support functions for the target bivariate function with u1 and v1
separately. Then, we can create new u2(x) and v2(y) generated support functions to use
them on bivariate K1,2 term which becomes as the target function to apply the recursive
EMPR method for the next step.

u1(x) ≡ u(x), u2(x) ≡ 1

β1
K1(x), β1 ≡ (K1,K1)

1
2 (19)

v1(y) ≡ v(y), v2(y) ≡ 1

γ1
K2(y), γ1 ≡ (K2,K2)

1
2 (20)

Then, by using the first recursion step, the target bivariate K(x, y) function can be given
as the following expansion

K(x, y) = α1u1(x)v1(y) + β1u2(x)v1(y) + γ1u1(x)v2(y) +K1,2(x, y) (21)

where α1 ≡ K0. The target and obtained bivariate functions can be redefined for recursion
as

K(1)(x, y) ≡ K(x, y), K(2)(x, y) ≡ K1,2(x, y) (22)
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Then, for the given bivariate K(1)(x, y) kernel function, recursive EMPR expansion for the
first step is

K(1)(x, y) = α1u1(x)v1(y) + β1u2(x)v1(y) + γ1u1(x)v2(y) +K(2)(x, y) (23)

where

α1 =

∫ b1

a1

dx

∫ b2

a2

dyu1(x)v1(y)W1(x)W2(y)K(1)(x, y), (24)

β1 ≡
(∫ b1

a1

dxK(1)
x (x)W1(x)

[
Îx − P̂u1

]
K(1)

x (x)

) 1
2

,

K(1)
x (x) ≡

∫ b2

a2

dyv1(y)W2(y)K(1)(x, y), (25)

and

γ1 ≡
(∫ b2

a2

dyK(1)
y (y)W2(y)

[
Îy − P̂v1

]
K(1)

y (y)

) 1
2

K(1)
y (y) ≡

∫ b1

a1

dxu1(x)W1(x)K(1)(x, y), (26)

The generated support functions which will be used for the next step can be written by
using integral operators as follows

u2(x) ≡ 1

β1

(
Îx − P̂u1

)
K(1)

x (x), v2(y) ≡ 1

γ1

(
Îy − P̂v1

)
K(1)

y (y) (27)

K(2)(x, y), the reminder bivariate term, which will be used as the new target function for
the next step can be given as the following concise form

K(2)(x, y) =
(
Îx − P̂u1

)(
Îy − P̂v1

)
K(1)(x, y) (28)

More generally, we can write this expansion for the jth step recursion

K(j)(x, y) = αjuj(x)vj(y) + βjuj+1(x)vj(y) + γjuj(x)vj+1(y) +K(j+1)(x, y). (29)

where

αj =

∫ b1

a1

dx

∫ b2

a2

dyuj(x)vj(y)W1(x)W2(y)K(j)(x, y), (30)

βj ≡
(∫ b1

a1

dxK(j)
x (x)W1(x)

[
Îx − P̂uj

]
K(j)

x (x)

) 1
2

, K(j)
x (x) ≡

∫ b2

a2

dyvj(y)W2(y)K(j)(x, y) (31)
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γj ≡
(∫ b2

a2

dyK(j)
y (y)W2(y)

[
Îy − P̂vj

]
K(j)

y (y)

) 1
2

, K(j)
y (y) ≡

∫ b1

a1

dxuj(x)W1(x)K(j)(x, y) (32)

uj+1(x) ≡ 1

βj

(
Îx − P̂uj

)
K(j)

x (x), vj+1(y) ≡ 1

γj

(
Îy − P̂vj

)
K(j)

y (y), (33)

The new target bivariate function given in (29) satisfies the following concise form

K(j+1)(x, y) =
(
Îx − P̂uj

)(
Îy − P̂vj

)
K(j)(x, y) (34)

The expansion given in (23) can be established by all these recursions and define

K(1)(x, y) =
n∑

j=1

(αjuj(x)vj(y) + βjuj+1(x)vj(y) + γjuj(x)vj+1(y))

+ K(n+1)(x, y) (35)

where

K(n+1)(x, y) =

[
n∏

i=1

(
Îx − P̂ui

)][ n∏
i=1

(
Îy − P̂vi

)]
K(1)(x, y)

=

(
Îx −

n∑
i=1

P̂ui

)(
Îy −

n∑
i=1

P̂vi

)
K(x, y). (36)

When n grows unboundedly, it becomes quite noticeable that K(n+1)(x, y) tends to vanish
because of the idempotency and mutual annihilating properties of the projection operators
over the u(x) and v(y) respectively. By this way, we have

K(x, y) =

∞∑
j=1

(αjuj(x)vj(y) + βjuj+1(x)vj(y) + γjuj(x)vj+1(y)) . (37)

which we call TKEMPR for the kernel function[4, 5]. This method also can be considered
as the concise matrix format like three matrix product representation as follows

K(x, y) = u(x)TΣv(y) (38)

whose kernel Σ is tridiagonal denumerable infinite square matrix and u(x) and v(y) are
denumerable infinite vectors. These vectors are composed of the elements ui(x) and vi(y)
respectively. Kernel matrix Σ has αs, βs and γs as the downward ordered elements of
the main diagonal, and, lower nearest neighbour of the main diagonal, and, upper nearest
neighbour of the main diagonal respectively [6, 7, 8].
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3 Continuous Singular Value Decomposition

The problem considered in this work is described as follows:

• For a given bivariate function which is also the kernel of the considered linear operator,
a concise three matrix factor product decomposition[9, 10, 11] has been constructed
by using recently developed decomposition, TKEMPR.

• The focused linear operator can be decomposed by using this square integrable kernel
function’s decomposition through Continuous Singular Value Decomposition.

• And as the final stage, we exhibit the main lines and relationships of these two de-
compositions.

For these reasons, let us now focus on the following linear operator decomposition

Îf(x) ≡
∫ b

a
dyK(x, y)f(y) (39)

where f(x) belongs to the linear vector space of univariate functions which are square
integrable over [a, b] and K(x, y) is the kernel function, assuming to be square integrable
over [a, b]2[13, 14]. For this work these functions are assumed to be real–valued to facilitate
the analysis.

In the symmetric kernel case, the integral operator Î given in (39) is self–adjoint.
Therefore, there is no need to define its adjoint. Also, the left and right eigenfunctions
are the same. In the nonsymmetric kernel we can focus on “Continouos Singular Value
Decomposition” to protect the real–valued case for eigenvalues[13, 14, 15]. These lead us
to write the following equations

Îv(x) = σu(x), Î †u(x) = σv(x) (40)

Herein, we assume that there is nonsymmetric kernel case. By using the general definiton
of adjoint operator, which can be found in scientific literature, we can get

Î †Îv(x) = σ2v(x), Î Î †u(x) = σ2u(x) (41)

Here we can use the following notation

ÎLv(x) =

∫ b

a
dyKL(x, y)σ2v(x), ÎRu(x) =

∫ b

a
dyKR(x, y)σ2u(x) (42)

such that

KL(x, y) ≡
∫ b

a
dηK(η, x)K(η, y), KR(x, y) ≡

∫ b

a
dηK(x, η)K(y, η) (43)
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The subscripts L and R symbolize the words “left” and ”right” respectively. It is obvious
that KL(x, y) and KR(x, y) are now symmetric kernels even if K(x, y) is assumed to be
nonsymmetric. And also, all σ2 values are non–negative. This means, σ values which can
be chosen as positive valued are defined as “Singular Values” of the operator Î and u(x)s
and v(y)s are called “the Left and Right Singular Functions” respectively. Then, the kernel
function can be decomposed as the following form

K(x, y) =
∞∑
i=1

σiui(x)vi(y) (44)

This expansion can also be given in the following concise form

K(x, y) = uT (x) Σ v(y) (45)

where u(x) and v(y) are denumerable infinite vectors whose elements are ui(x)s and vi(y)s
respectively while the denumerable infinite square matrix Σ is diagonal such that its main
diagonal elements are singular values.

It is possible to combine the above mentioned form with the linear operator decompo-
sition given in (39)

Îf(x) = uT (x) Σ

∫ b

a
dyv(y)f(y), Î †f(x) = vT (x) Σ

∫ b

a
dyu(y)f(y) (46)

Then we can write the following spectral counterparts as

Î †Îf(x) = vT (x) Σ2

∫ b

a
dyv(y)f(y) (47)

Î Î †f(x) = uT (x) Σ2

∫ b

a
dyu(y)f(y) (48)

where we have used the symmetry in Σ and it leads us to∫ b

a
dxu(x)u(x)T = I∞,

∫ b

a
dxv(x)v(x)T = I∞ (49)

where I∞ is the denumerable infinite identity matrix.
The basic aim of this work has been the decomposition of linear operator Î which

resulted with the iteratively structured eigenvalue problems. These problems can be taken
into consideration as matrix diagonalization problems and increase computational cost. It
is also possible to use TKEMPR procedures to decompose the linear operator as

Î =

∞∑
i=1

(
αiP̂i + βiT̂i+1,i + γiT̂i,i+1

)
(50)
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such that

P̂if(x) ≡
∫ b

a
dyui(x)vi(y)f(y), T̂i,j f(x) ≡

∫ b

a
dxui(x)vj(y)f(y), i, j = 1, 2, 3, ... (51)

Herein, the resulting operations do not only turn into tridiagonalization instead of diago-
nalization but also they are recursive instead of iterative procedures [16].

4 Numerical Implementations

Let us begin our numerical experiments by using the below mentioned kernel function

K(x, y) = e(x+y) + e(−x−y) (52)

which is a symmetric function over the interval [0, 1]. For convenience in calculations we
prefer to use symmetric function. But in the previous section we give the details of integral
operator decomposition for nonsymmetric kernel functions. Therefore, the function given
in (52) can be considered as being symmetrized function over the interval [0, 1]. The exact
solution of the spectral problem∫ 1

0
dyK(x, y)φ(y) = λφ(y) 0 ≤ x, y ≤ 1 (53)

can be given as

λ = 3.518549337, φ(x) = 0.507153053ex + 0.164328385e−x (54)

such that this eigenfunction is normalized over [0, 1]. These results are taken from[17]. By
keeping the greatest eigenvalue λ and corresponding normalized eigenfunction φ(x) given in
(54), we can focus on our decomposition method by using TKEMPR method. In the three
factor matrix product type representation of TKEMPR, the kernel matrix Σ is defined in
general form as

Σ =



α1 γ1 0 ... 0 ... ...

β1 α2 γ2 0
. . . ... ...

0 β2 α3
. . . 0

. . . ...
...

. . .
. . .

. . . γm−1 0 ...
0 ... 0 βm−1 αm 0 ...


(55)

where Σ is tridiagonal denumerable infinite square matrix. The implementation results will
be given by using table including αi values computing by TKEMPR steps.
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u1[x] = 1, u1[x] = aex, u1[x] = aex u1[x] = a(ex + e−x) u1[x] = aex + be−x

v1[y] = 1 v1[y] = be−y v1[y] = aey v1[y] = a(ey + e−y) v1[y] = aey + be−y

α1 3.35207 3.08616 3.50757 3.49140 3.51839
α2 0.27166 5.56393×10−11 0.119297 0.13546 0.10847
α3 0.00313 −2.38675×10−12 8.71743×10−11 −1.18143×10−15 −3.56266×10−16

In this table, a and b values are used for constant real valued coefficients which come
from normalization of the relevant support functions. When we analyzed the table, we
can suggest that in the first step of TKEMPR we obtain very close values to the greatest
eigenvalue. It is given in the last column of the table that, TKEMPR three factor product
decomposition method can develop a relationship between the methods solving eigenvalue
problem. It is also possible to show the efficiency of this method with the following figure
which includes the approximated function, shown with blue colour, obtained from 3×3 three
factor product TKEMPR decomposition and the exact kernel function, shown with yellow
colour. The norm value for this functions is 1.52656× 10−32 with the working precision 16.

Figure 1: A plot of the exact and approximate functions

5 Concluding Remarks

This work has been designed for the combined utilization of TKEMPR decomposition to-
gether with Continouos Singular Value Decomposition. The basic formulation and a confir-
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mative implementation. We have much more implementations, some of which will be given
during our conference presentation. Now we can use this formulation to test the quality of
TKEMPR results in our TKEMPR studies.
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Abstract

Although count data often exhibit overdispersion, there are also count datasets with
underdispersed behaviour. However, there are not many distributions that can account
for underdispersion. The most well-known distributions that handle both over- and
underdispersion are the Conway-Maxwell Poisson or CMP and the hyper Poisson or
HP , among others. These distributions are flexible but have serious computational
problems, since there are not explicit expressions for the normalizing constant nor the
moments, which have to be computed numerically or by solving link equations. In
this work we present a biparametric distribution for count data that can also cope
with over- and underdispersion, but does not have the computational limitations of the
aforementioned models. In fact, it is a particular case of the complex triparametric
Pearson (CTP ) distribution. Firstly, we show the main probabilistic properties of this
new distribution; secondly, we compare it with the CMP and the HP through their
probability mass function and finally, we include an application example that shows the
versatility of this new model.

Key words: count data, CTP distribution, overdispersion, underdispersion
MSC 2000: 60E05

1 Introduction

It is often found that data exhibit overdispersion. In this case the negative binomial (NB)
distribution is the preferred alternative model, although there are many other distributions
for this kind of data, such as the generalized Poisson (GP ), the univariate generalized Waring
(UGW ), the extended generalized Waring (EGW ), the zero-inflated (ZI) models and so
on (see, e.g. [3]). Underdispersion is also common, for instance, in counts obtained for rare
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events but there are not so many distributions that handle with it. The most well-known
are the weighted Poisson or WP [2], the CMP [8] and the HP [1], among others. These
distributions are flexible but have the disadvantage of the absence of explicit expressions
for the normalizing constant and the moments, so it is necessary to use approximations or
link equations for computing them, which may be a serious problem.

The CTP distribution developed by [5] is also a count data model that can cope with
over- and underdispersion and does have explicit expressions for its moments in terms of
the parameters. Nevertheless it has three parameters: a, b and γ. In order to compare
it with other biparametric models, in [4] the authors considered the particular case a = 0,
called the complex biparametric Pearson (CBP ) distribution. However, this model is always
overdispersed and so has been compared with the NB,ZIP and GP (see [6]). Now, we
develop another biparametric model that is also a particular case of the CTP but when
b = 0. It keeps the property that it can account for both over- and underdispersion and so
it competes with the CMP and HP .

Then the work is structured as follows. In Section 2 we introduce the new model and
study its main properties. In Section 3 a comparison among this model, the CMP and the
HP is carried out through the graphical representation of the pmf in function of the mean
and the variance. Finally, Section 4 includes an example that illustrates the versatility and
utility of this distribution.

2 The new distribution

The CTP distribution was developed by [5]. It is a triparametric discrete distribution of
infinite range generated by the Gaussian hypergeometric function with complex parameters,
so it belongs to the GHD family [3]. Specifically, its pmf has the expression:

f(x) = f0
(a+ ib)x(a− ib)x

(γ)x

1

x!
= f0

x∏
j=1

(a+ j − 1)2 + b2

(γ + j − 1)j
, x = 0, 1, . . . (1)

where i is the imaginary unit, a ∈ R, b ≥ 0 and γ > 0. (α)r = Γ(α + r)/Γ(α) is the
Pochhammer symbol and f0 the normalizing constant given by

Γ(γ − a− ib)Γ(γ − a+ ib)

Γ(γ)Γ(γ − 2a)
.

This distribution arises as a solution of the next difference equation:

G(x)fx+1 − L(x)fx = 0

where G and L are quadratic polynomials, G(x) = (γ + x)(x + 1) and L(x) = x2 + θ1x +
θ2, θ1, θ2 ∈ R, the latter with complex roots a± ib.
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One of the main properties of this distribution is that it can cope with over- and
underdispersion. In fact, it is underdispersed if a < −(µ + 1)/2, equidispersed if a =
−(µ + 1)/2 or overdispersed if a > −(µ + 1)/2. In particular, if a ≥ 0 the CTP is always
overdispersed.

In [4] the authors study the particular case a = 0 and they call it the complex bi-
parametric Pearson (CBP ) distribution. This model is always overdispersed and has been
compared with other biparametric models (see [6]).

On this occasion, we consider the case b = 0 in such a way that we obtain another bi-
parametric distribution which is a particular case of the CTP . We call this new model CBP
type II or CBPII with parameters a and γ. Actually, this model is generated by the Gaus-
sian hypergeometric function 2F1(a, a; γ; 1), so it has no complex parameters. Regarding
the polynomial L(r), we are considering the case of a double root a.

Taking (1) into account, its pmf has the expression

f(x) = f0
(a)2

x

(γ)x

1

x!
= f0

x∏
j=1

(a+ j − 1)2

(γ + j − 1)j
, x = 0, 1, . . . (2)

where a ∈ R, γ > 0 and f0 = Γ(γ−a)2

Γ(γ)Γ(γ−2a) . So (2) can be rewritten as

f(x) =
Γ(γ − a)2

Γ(γ − 2a)Γ(a)2

Γ(a+ x)2

Γ(γ + x)Γ(x+ 1)
, x = 0, 1, . . .

Let us observe that the CBPII has finite range when a ∈ Z since f(x) = 0, x > −a.

2.1 Properties

As the CBPII distribution is a particular case of the CTP , the former inherits most of its
properties:

1. There are explicit expressions for the mean and the variance in terms of the parameters
of the model, that is,

µ =
a2

γ − 2a− 1
, σ2 =

a2(γ − a− 1)2

(γ − 2a− 1)2(γ − 2a− 2)
= µ

µ+ γ − 1

γ − 2a− 2
.

To guarantee the existence of the mean and the variance it is clear that γ > 2a + 1
and γ > 2a+ 2, respectively.

2. If (a−1)2

γ−2a+1 ∈ Z, the distribution has two consecutive modes in this value and the
previous one. Otherwise, the distribution is unimodal with mode in the integer part
of that value. As a consequence, the pmf is J−shaped or bell-shaped. Moreover, it is
a right skewed distribution.
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3. It is underdispersed if a < −(µ+1)/2, equidispersed if a = −(µ+1)/2 or overdispersed
if a > −(µ+ 1)/2. Specifically, it can be shown that

(a) a necessary condition to be underdispersed is a < −0.5. If a ≤ −1, it is always

underdispersed, but if −1 < a < −0.5 it is underdispersed when γ > 3a2+4a−1
2a+1 .

(b) a necessary condition to be equidispersed is a < −0.5. If −1 < a < −0.5 it is

equidispersed when γ = 3a2+4a+1
2a+1 .

(c) a necessary condition to be overdispersed is a > −1. If a ≥ −1, it is always

overdispersed, but if −1 < a < −0.5 it is overdispersed when γ > 3a2+4a−1
2a+1 .

This property makes the CBPII distribution more versatile to model a dataset.

4. A sufficient condition to be infinitely divisible (i.d.) is that a > −0.5 and γ >
a2/(1 + 2a). So, if a < −0.5 the CBPII distribution is not i.d. As a consequence, if
the distribution is underdispersed it cannot be i.d.

5. It converges to the Poisson distribution when γ and a2 → ∞ with the same order of
convergence and to the normal distribution when γ and |a| have the same order of
convergence.

Let us observe that when a > 0 the CBPII(a, γ) is a UGW (a, a, γ−2a), so the proposed
model could be considered an underdispersed extension of a biparametric UGW .

3 Comparison with other distributions for count data

In order to find differences between the CBPII and the CMP and HP distributions, we
have compared their shapes, i.e., we have plotted their pmf for several values of the mean
and the variance. So, we have obtained the expressions of the parameters of each model in
terms of their mean and variance:

• for the CBPII(a, γ):

a =
µ2 ±

√
σ2µ [σ2 + µ (µ− 1)]

σ2 − µ
, γ =

a2

µ
+ 2a+ 1

so, there are two solutions for each parameter. However, it can be shown that only
one is possible for µ ≥ 1, which is the most usual case in count data.

• for the HP (γ, λ) with γ, λ > 0 and pmf given by

P (X = x) =
Γ(γ)

1F1(1; γ;λ)

λx

Γ(γ + x)
, x = 0, 1, . . . ,
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(c) µ = 3, σ2 = 9

Figure 1: Pmf of a CBPII , HP and CMP for several values of the mean and the variance
in an overdispersed scenario.

it is not possible to express the parameters in terms of µ and σ2. [7] use the following
link equations

µ = λ− (γ − 1)

[
1− 1

1F1(1; γ;λ)

]
σ2 = λ+ [λ− (γ − 1)]µ− µ2.

• for the CMP (λ, v) with λ > 0, v ≥ 0 and pmf

P (X = x) =
λx

(x!)v
1

Z(λ, v)
, x = 0, 1, . . . ,

where Z(λ, v) =
∞∑
j=0

λj

(j!)v , we use the following approximate formulas (more details in

[8])

µ ≈ λ1/v − v − 1

2v
, σ2 ≈

1

v
λ

1
v .

These aproximations are specially good for v ≤ 1 or λ > 10v.

The comparison between the pmfs of the CBPII and the CMP and HP is made in
Figures 1 and 2 for overdispersed and underdispersed scenarios, respectively. Firstly, it
is clear that the pmfs become J−shaped as the mean increases. It can be seen that the
differences are more evident as the overdispersion or the underdispersion is more severe.
Moreover, the CBPII has higher probability in the modal value of the variable than the
CMP and HP .
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Figure 2: Pmf of a CBPII , HP and CMP for several values of the mean and the variance
in an underdispersed scenario.
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Figure 3: Observed and expected frequencies for data about the number of syllables of a
Turkish poem.

4 Example

We consider data about the word length (in terms of number of syllables) in the turkish
poem Gidisat by Ercüment Behzat Lâv available in [9]. Following these authors, the count
for 1 is treated as a count for 0, and in general the count for y is treated as y− 1, as though
the data are generated by adding 1 to the distribution. These data exhibit underdispersion
with a variance-mean ratio of 0.7372. Table 1 contains the parameter estimates, their
standard errors (in parenthesis), observed and expected frequencies and the corresponding
Pearson χ2 test for the CMP , HP and CBPII models. Observed and expected frequencies
for each fit are represented in Figure 3. Although the CBPII and CMP fits are very similar
and really good, the former is slightly better and more accurate than the latter taking into
account the AIC, the expected frequencies and the p−value.
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Y Observed
Expected

CBPII CMP HP

1 64 61.2382 59.6867 257.0274
2 131 136.2322 141.8662 108.3037
3 122 121.6777 118.6984 24.4242
4 61 56.9254 53.9223 3.7603
5 13 15.2708 15.8818 0.4395
≥ 6 3 2.6557 3.9446 0.0449

â = −10.5302
(2.1537)

λ̂ = 2.3768
(0.2755)

λ̂ = 1.1514
(0.1040)

γ̂ = 49.8442
(24.3691)

v̂ = 1.5062
(0.1369)

γ̂ = 0.4852
(0.0987)

AIC 1158.309 1160.692 1164.391

χ2 − distance 1.0003 2.9140 1964.384
p− value 0.8012 0.4051 0

Table 1: Parameter estimates, standard errors (in parenthesis), observed and expected
frequencies, AIC and χ2 test for fits to data about the word length of a Turkish poem.
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[4] J. Rodŕıguez-Avi, A. Conde-Sánchez, A. and A. J. Sáez-Castillo, A new class
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1 Departamento de Matemática Aplicada y Estad́ıstica, Universidad Politcnica de
Cartagena

emails: portiz@navantia.es, jc.trillo@upct.es

Abstract

This paper is devoted to study the curvature of the Lagrange and PPH [1] recon-
struction operators. We also compare the curvatures obtained in order to know which
operator could be more suitable for some uses. Particularly we have considered the sim-
ilarity with smoothing splines definition in order to develop an algorithm that propose
nearly optimal weights in smoothing splines.
Key words: interpolation, curvature minimization, nonlinear, splines

MSC 2000: 41A05, 41A10, 65D17.

1 Introduction

Reconstruction operators are widely used in computer aided geometric design with inter-
esting applications. They can be connected with subdivision schemes and in turn with fast
algorithms for the generation of curves and surfaces.

Starting from a discrete set of data, the reconstruction operators aim at obtaining a
piecewise function p(x) which interpolates or approximates the data maintaining in many
cases certain desirable properties. In particular, smoothing splines (see [6], [14]) in a
given interval [a, b] are based on polynomial reconstruction pieces which are connected
with smooth joints at control knots and they minimize a functional of the type

J(p) :=

∫ b

a
p′′(x)2 dx+

∑
j

µj(p(xj)− fj)2, (1)
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which suppose a certain compromise, depending on the weights µj , between reducing the
term approximating the curvature and keeping close to the initial set of data (xj , fj).

PPH reconstruction (see [1], [10]) is by construction a nonlinear interpolatory technique
with several desirable properties. Among them, we would like to mention the following:
each polynomial piece is builded with a fixed centered stencil, it is fourth order accurate
on smooth convex regions, in the presence of singularities it reduces to second order but it
does not lose all accuracy as it occurs in the linear case, moreover the reconstruction is free
of Gibb’s effects.

In this work we study the term of curvature of the above functional for Lagrange
reconstruction and for PPH reconstruction given in [1] for the uniform case and in [13]
for the non uniform case. We compare this term for both reconstruction operators and
we deduce that PPH is an interesting candidate for minimization. On the other hand we
calculate the weights that locally minimize the functional for the PPH reconstruction, and
we use this result to relate this nonlinear reconstruction with splines theory, opening up
doors to research about new nearly optimal weights in smoothing splines.

2 Curvature study on uniform grids

Let us consider the set of values fj−1, fj , fj+1, fj+2 corresponding to subsequent abcisas
xj−1, xj , xj+1, xj+2 of a regular grid X of step h. The set of polynomials p(x) which pass
through the central points (xj , fj) and (xj+1, fj+1) can be written in terms of two free
variables A and B as follows,

p(x) :=
xj+1 − x

h
fj +

x− xj
h

fj+1

− 1

6
(x− xj)(xj+1 − x)

[
A(1 +

xj+1 − x
h

) +B(1 +
x− xj
h

)

]
. (2)

At the boundary points xj−1, xj+2 of the interval, the distance of each polynomial of
the set to the initial data is given by

p(xj−1)− fj−1 = h2(A− 2Dj),
p(xj+2)− fj+2 = h2(B − 2Dj+1).

(3)

where Dj and Dj+1 are the following divided differences

Dj = f [xj−1, xj , xj+1] =
fj−1 − 2fj + fj+1

2h2
,

Dj+1 = f [xj , xj+1, xj+2] =
fj − 2fj+1 + fj+2

2h2
, (4)

Introducing the second derivative of (2) in the curvature term in (1) we get

c©CMMSE ISBN: 978-84-617-8694-7Page 1605 of  2288



P.Ortiz, J.C. Trillo

C(p) =

∫ xj+1

xj

p′′(x)2 dx =
h

3
(A2 +AB +B2). (5)

For the sake of simplicity, from here in advance we particularize with the subscript L
or P the parameters A,B or the curvature C associated to Lagrange or PPH polynomial.

Let be PL(x) the Lagrange polynomial. It also interpolates the boundary points, i.e.
it is the polynomial of set (2) that verifies

p(xj−1) = fj−1,
p(xj+2) = fj+2.

(6)

These conditions and equations (3) give us the parameters A and B associated to
Lagrange polynomial,

AL = 2Dj ,
BL = 2Dj+1.

(7)

The curvature term (5) in this case will be

CL =
h

3
(D2

j +DjDj+1 +D2
j+1). (8)

When p(x) is the PPH polynomial (see [1] for more details) there are two possible cases
depending on the absolute values of the divided differences Dj , Dj+1.

Case 1. |Dj | ≤ |Dj+1|, i.e, the possible singularity is at [xj+1, xj+2],

p(xj−1) = fj−1,

p(xj+2) = f̃j+2.
(9)

where f̃j+2 and D̃ are given by

f̃j+2 = fj+2 − 4h2
(
Dj +Dj+1

2
− D̃

)
. (10)

D̃ =

{
2DjDj+1

Dj+Dj+1
if DjDj+1 > 0,

0 otherwise.
(11)

From conditions (9) and equations (9) result
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AP = 2Dj ,

BP = 4D̃ − 2Dj .
(12)

Therefore the coefficient BP and the curvature term CP will depend on the sign of the
product DjDj+1.

Case 1.1. DjDj+1 > 0.

BP =
2Dj(3Dj+1 −Dj)

Dj +Dj+1
(13)

CP =
4hD2

j (D2
j − 2DjDj+1 + 13D2

j+1)

3(Dj +Dj+1)2
. (14)

Comparing curvature terms associated to Lagrange interpolation (8) and to PPH re-
construction (14) we can see that

CL − CP =
4hDj+1(Dj+1 −Dj)

2(5Dj +Dj+1)

3(Dj +Dj+1)2
≥ 0. (15)

Case 1.2. DjDj+1 ≤ 0.

BP = −2Dj , (16)

CP =
4hD2

j

3
. (17)

And the difference CL − CP becomes

CL − CP =
4hDj+1(Dj +Dj+1)

3
≥ 0. (18)

Case 2. |Dj | > |Dj+1|, i.e, the possible singularity lies at [xj−1, xj ]

p(xj−1) = f̃j−1,
p(xj+2) = fj+2.

(19)

where [1]

f̃j−1 = fj−1 − 4h2
(
Dj +Dj+1

2
− D̃

)
. (20)

Working in a similar way as in case 1 we obtain

c©CMMSE ISBN: 978-84-617-8694-7Page 1607 of  2288



P.Ortiz, J.C. Trillo

AP = 4D̃ − 2Dj+1,
BP = 2Dj+1,

(21)

and depending on the sign of the product DjDj+1 results

Case 2.1. DjDj+1 > 0.

AP =
2Dj+1(3Dj−Dj+1)

Dj+Dj+1
, (22)

CP =
4hD2

j+1(13D2
j − 2DjDj+1 +D2

j+1)

3(Dj +Dj+1)2
. (23)

CL − CP =
4hDj(Dj −Dj+1)

2(Dj + 5Dj+1)

3(Dj +Dj+1)2
≥ 0. (24)

Case 2.2. DjDj+1 ≤ 0.

AP = −2Dj+1, (25)

CP =
4hD2

j+1

3
. (26)

CL − CP =
4hDj(Dj +Dj+1)

3
≥ 0. (27)

We have just seen that when data are in a regular grid the curvature term in equation
(1) associated to PPH reconstruction operator is smaller than the one associated to the
Lagrange operator. Let us remark that a similar study can be carried out with non uniform
grids. This result is the motivation and the central idea to carry out a nonlinear definition of
the weights in (1) which aims at improving the performance of smoothing splines according
to the initial data.
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2 Inst. of Mathematics and Informatics, Vilnius Univ., Akademijos str. 4, LT-08663,
Vilnius, Lithuania

emails: francisco.orts@ual.es, ernest.filatov@gmail.com, gloriaortega@ual.es,
olga.kurasova@mii.vu.lt, gmartin@ual.es

Abstract

The reduction of the dimensionality is of great interest in the context of big data
processing. Multidimensional scaling methods, or MDS, are techniques for dimension-
ality reduction, where data from a high-dimensional space are mapped into a lower-
dimensional space. They consume relevant computational resources and an intensive
research has been developed to accelerate them. In this work, several MDS methods
are revised and accelerated on modern MultiGPU clusters.

Key words: Dimensionality Reduction; Multidimensional Scaling; High Performance
Computing; GPU computing

1 Background

Real-world data, such as speech signals, images, biomedical, financial, telecommunication
and other data usually have a high dimensionality. Each data instance (point) is character-
ized by some features. The dimensionality of such data, as well as the amount of processed
data, is constantly increasing but the requirement of processing these data within a reason-
able time frame still remains an open problem. Recent development in graphics hardware
allows performing generic parallel computations on powerful hardware and provides an op-
portunity to solve many time-consuming problems.
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Multidimensional Scaling (MDS) is one of the most popular dimensionality reduction
method [1, 3]. MDS aims at finding points Y1, Y2, . . . , Ym in the low-dimensional space
Rs, s < n, such that the distances between them are as close as possible to the distances
between the original points X1, X2, . . . , Xm in the multidimensional space Rn. This is
achieved by minimizing the stress function

EMDS =
∑
i<j

(
d(Xi, Xj) − d(Yi, Yj)

)2
. (1)

Here d(·, ·) is the distance between two points in the corresponding space. MDS is widely-
used in different fields [6, 8, 9, 11].

Recently, power of GPU has been employed to speedup MDS algorithms. Fester et
al. [5] proposed a CUDA implementation of MDS algorithm based on the high throughput
multidimensional scaling (HiT-MDS). In [13], authors suggested a new efficient parallel
algorithm for MDS based on virtual particle dynamics (VPD-MDS) [4] and explored this
algorithm on GPU. In [7], the multi-level MDS Glimmer algorithm was developed for GPU,
by dividing the input data into hierarchical levels and executing the algorithm recursively.
The method is based on a stochastic approach [2]. Another CUDA-based technique to
get MDS approximation is CFMDS [11]. It implements both single-level and multi-level
approaches: if the data can fit the memory of the GPU entirely, a classical algorithm is
executed; otherwise, the input data are divided into smaller portions that fit the global
memory. In [10], authors proposed a correlation clustering framework which uses MDS
for layout and GPU-acceleration to speedup Visual feedback. In [12], the fast sampling-
based multidimensional scaling (SBMDS) on a multi-core GPU architecture was proposed
to improve content-based image retrieval (CBIR) systems. Although the research on this
field is being carried out actively, it remains relevant as the new GPU architecture and
heterogeneous platforms constantly appear that should be effectively exploited for solving
dimensionality reduction problems of different complexities.

2 MultiGPU implementation of MDS methods

In this work the main focus is the acceleration of MDS methods on modern GPU architec-
tures. According to this idea our contributions are:

1. Update the CUDA MDS versions on the modern GPUs. For example, MDS is domi-
nated by the reduction operations to compute the distances among data. On modern
GPU the reduction among the local data of different threads can be optimized by the
use of shuffled operations avoiding the use of the shared memory. These operations
are only available from the Kepler GPU architecture.

2. Explore what is the best GPU-threads organization according to the particular number
of data dimensions and items of every instance of the problem.
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3. Develop a parallel MDS version on MultiGPU clusters.

4. Provide multicore and GPU versions and define an approach to identify the best
option between both, according to the particular characteristics of every application
example.

Our proposal is evaluated on a set of test applications which are well-known as examples
where the MDS approaches are used.
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Abstract

This paper considers test matrices for numerical linear algebra. The proposed
method generates real symmetric or unsymmetric matrices whose singular values are
known exactly. This is useful for checking the accuracy of numerically computed results.
The computational cost of the proposed method is significantly less than that of matrix
multiplication, and the strategy can be straightforwardly extended to a real symmetric
matrix with exact eigenvalues.
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1 Introduction

This paper considers test matrices for numerical linear algebra. Test matrices have been
well summarised in the literature [1, Section 28]. Here we denote two orthogonal matrices
as U ∈ Rm×m and V ∈ Rn×n. A matrix Σ ∈ Rm×n is a diagonal matrix of singular values.
Then, test matrices are sometimes generated by the following singular value decomposition
form:

A := UΣV T . (1)

This can be used by ‘gallery’ functions with the ‘randsvd’ option in MATLAB [2]. Let
F be a set of floating-point numbers as defined by IEEE 754 [3]. If we use floating-point
numbers and floating-point arithmetic, there are problems when obtaining a matrix with
exact singular values based on (1).
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Problem 1 Although both U and V are orthogonal matrices, their elements may not be
representable by floating-point numbers (F 63 uij , vij ∈ R). One could obtain U and
V by QR decomposition from a non-singular matrix. However, the exact orthogonal
matrix is difficult to obtain due to accumulation of rounding errors.

Problem 2 Even if U , Σ and V are represented by floating-point numbers (U ∈ Fm×m,Σ ∈
Fm×n and V ∈ Fn×n), rounding errors may occur in the evaluation of matrix multi-
plications UΣV T . Then, the singular values of a computed result are not σii.

We propose a method that produces a matrix with exact singular values using a
Hadamard matrix. With the proposed method, the user inputs Σ to obtain diagonal matrix
Σ′ (≈ Σ), where σ′ii is the exact singular value of UΣ′V T ∈ Fm×n.

2 Floating-point Arithmetic and Hadamard Matrix

The function diag(x,m, n), x ∈ Fmin(m,n) generates an m-by-n diagonal matrix D with
dii = xi. fl(·) and fl4(·) indicate computed results obtained by floating-point arith-
metic with rounding to the nearest mode (roundTiesToEven) and a rounding upward mode
(roundTowardPositive), respectively. Assume that neither overflow nor underflow occurs in
fl(·). Here, let u and uS be a roundoff unit and the smallest positive number in F, e.g.,
u = 2−53 and uS = 2−1074 for binary64 in IEEE 754, respectively. A constant realmax is
the largest floating-point number in F. The function ufp(·), i.e. the unit in the first place,
is defined as follows

ufp(a) = 2blog2 |a|c (for a 6= 0), ufp(a) = 0 (for a = 0), a ∈ R.

Here, we introduce several lemmas used to prove the proposed method.

Lemma 1 (well-known). For a ∈ F, a ∈ 2u · ufp(a)Z holds.

Lemma 2 (well-known). For a ∈ R (uSZ 3 |a| ≤ realmax), k = 2w, w ∈ Z, if ukZ 3 |a| ≤
k, then a ∈ F.

Lemma 3 ([4]). For a, b ∈ F, a+ b = fl(a+ b) + δ, |δ| ≤ u · ufp(a+ b) is satisfied.

Lemma 4 ([4]). For a, b ∈ F (|a| ≥ |b|), c = fl(a+ b), fl(c− a) = c− a is satisfied.

A Hadamard matrix H is a matrix whose entries are either +1 or -1, such that HTH =
HHT = nI. For n = 2k, k ∈ N0, we can generate a 2n-by-2n Hadamard matrix as follows [5]:(

H H
H −H

)
, (2)
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where H = 1 for n = 1. Let H(n) be an n-by-n Hadamard matrix generated by (2). Note
that this matrix is symmetric. Assume that

√
mn ∈ N. A matrix A can be obtained by

A := H(m)ΣH(n)/
√
mn. All elements in H(m) and H(n) can be represented exactly using

floating-point numbers. No rounding error occurs in the division, because
√
mn is a power

of two. Therefore, Problem 1 (Section 1) is solved. We explain how to avoid rounding errors
in matrix multiplication in the following.

3 Proposed Method

Assume that a user gives a vector σ ∈ Fmin(m,n). We produce a vector σ′ (≈ σ) ∈ Fmin(m,n)

to satisfy fl(H(m)Σ′H(n)/
√
mn) = H(m)Σ′H(n)/

√
mn, where Σ′ = diag(σ′,m, n). Here,

let t ∈ F be the following:

t := 1.5ufp

(
fl4

(
2

n∑
i=1

σi

))
. (3)

We compute

σ′i = fl((t+ σi)− t) (4)

for all i. Then, no rounding error occurs in fl(H(m)Σ′H(n)). Therefore, the singular values
of fl(H(m)Σ′H(n)/

√
mn) are σ′i.

Theorem 1. H(m) and H(n) are generated by (2). Assume that 2 min(m,n)u ≤ 1 and
vector σ′ ∈ Fn is obtained by (4). Let Σ′ = diag(σ′,m, n). Then,

B :=

{
H(m)Σ′H(n) = fl(H(m)(Σ′H(n))) (m ≤ n)

H(m)Σ′H(n) = fl((H(m)Σ′)H(n)) (otherwise)

holds.

Proof. Here, we provide a proof for H(m)Σ′H(n) = fl(H(m)(Σ′H(n))) for m ≤ n, because
H(m)Σ′H(n) = fl((H(m)Σ′)H(n)) for m > n can be proved similarly. First, Σ′H(n) =
fl(Σ′H(n)) trivially holds. Then, bij becomes the following:

bij =
m∑
k=1

h
(m)
ik σ′kh

(n)
kj .

The definition of t in (3) yields ufp(t) ≤ ufp(t + σi) for all i. From Lemma 1, we obtain
the following:

σ′i ∈ 2u · ufp(t). (5)
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From Lemma 4 and 3, we obtain

σ′i = fl((t+ σi)− t) = fl(t+ σi)− t = σi + δi, |δi| ≤ u · ufp(t+ σi) ≤ 2u · ufp(t),

which derives the following:
|σ′i| ≤ σi + 2u · ufp(t). (6)

From the assumption for n, the definition of t in (3), (5) and (6), we obtain the following:

2u·ufp(t) 3
m∑
k=1

h
(m)
ik σ′kh

(n)
kj ≤

m∑
k=1

|σ′k| ≤
m∑
k=1

(σk+2u·ufp(t)) ≤ ufp(t)+2mu·ufp(t) ≤ 2ufp(t).

Therefore, from Lemma 2, H(m)Σ′H(n) = fl(H(m)(Σ′H(n))) holds.

Note that we do not need to compute full matrix multiplication for fl(H(m)(Σ′H(n)))
using recursive approaches. We assume that both m and n are powers of two. Otherwise,
the following matrix (

H O
O P

)
(7)

can be used rather than a Hadamard matrix and similar discussion is possible, where P ∈
F(n−ufp(n))×(n−ufp(n)) and O are a permutation matrix and the zero matrix, respectively.

Note that σi = σj ⇒ σ′i = σ′j holds, i.e., multiple singular values can be set. However,
if σi 6= σj but σi is very close to σj , then σ′i may be equal to σ′j . Therefore, the proposed
method fails to produce clustered singular values.
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Abstract

In this paper, we use the popular splitting strategy to design a fast iterative algo-
rithm for image restoration. We divide the algorithm into three steps via fast method,
called fast iterative shrinkage/thresholding algorithm with backtracking to reduce im-
age noise. we also give the convergence analysis for the proposed method. Numerical
results demonstrate the efficiency and viability of the proposed algorithm, applied to l1
regularization model and total-variation (TV) regularization model.
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1 Introduction

In the field of engineering, many application problems including image processing, com-
pressed sensing are aiming to recover underlying image or signal from a degraded version.
A degraded image or signal g can be modeled as

g = Ax+ b, (1)

where x ∈ Rn is the image or signal to be reconstructed, A is a m× n matrix that models
the measurement process, and b ∈ Rm is an additive noise. In linear inverse problem (1),
the goal is to recover image x when g and A are given. For different choices of A, recovering
x becomes different application problems. For instance, it becomes the deblurring problem
if A represents a blurring matrix; it becomes the inpainting problem if A represents a
projection of an image onto some known pixels domain. If A is the identity matrix, it
reduces to the denoising problem. But linear inverse problem (1) is usually ill-posed in
image processing. For instance, in image deblurring, linear inverse problem (1) is ill-posed
in the sense that the blurring matrix A is ill-conditioned and solution could be sensitive to
the additive noise. The linear inverse problem (1) has infinite number of solutions.

2 Preliminaries

Definition 2.1. [8] An operator P : Rn → Rn is called nonexpansive if, for any u, v ∈ Rn,
we have

‖P (u)− P (v)‖2 ≤ ‖u− v‖2. (2)

If there exist a number β ∈ (0, 1) and a nonexpansive operator T : Rn → Rn such
that P = (1 − β)I + βT is nonexpansive, then P is called β-averaged. In particular, when
β = 1/2, P is called a firmly nonexpansive operator.

Remark 2.2. [9] The firmly nonexpansive operator is defined as

‖P (u)− P (v)‖22 ≤ (P (u)− P (v))T (u− v). (3)

Lemma 2.3. [10] Let α be a positive number and R be a convex and semicontinuous
function. Suppose

x∗ = argminx‖u− x‖22 + αR(x) (4)

and define S : Rn → Rn such that x = S(u). Then S is firmly nonexpansive.

Lemma 2.4. [11] Let P1 and P2 be β1-averaged nonexpansive operators (β1, β2 ∈ (0, 1)),
respectively. Then P1P2 is the (β1 + β2 − β1β2)-averaged nonexpansive.

Theorem 2.5. [12] Let P : Rn → Rn be a β-averaged nonexpansive operator. If the set of
fixed points of P is nonempty, then for any u0, the sequence {uk}, where uk = P (uk−1) for
k = 1, 2, 3, . . . , converges to a fixed point in Rn.
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3 An iteration algorithm and the convergence analysis

3.1 A modified split fast iterative shrinkage/thresholding algorithm

In this section, we propose a modified split fast iterative shrinkage/thresholding algorithm
to solve (1). Our method is based on the decoupling model of deblurring and denoising
which is proposed in [6]. Then (1) could be rewritten as (an initial guess x0 is used)

x̂k = argminx‖Ax− g‖22 + α1‖x− xk−1‖22
x̃k = argminx‖x− x̂k‖22 + α2R1(x)

xk = argminx‖x− x̃k‖22 + α3R2(x),

(5)

where α1 is a positive parameters for deblurring, α2, α3 are the positive parameters for
denoising and for both R(x) = ‖x‖1 or R(x) = ‖x‖TV .

Theorem 3.1. Let ScSbSa : Rn → Rn. If the set of fixed points of ScSbSa is nonempty,
then algorithm (5) converges to a fixed point.

Proof. By applying Theorem 2.5, we have algorithm (5) converges to a fixed point.

Remark 3.2. When A is full rank, i.e., the smallest eigenvalue of ATA is larger than 0,
algorithm (5) converges to a unique fixed point for any initial vector x0.
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Abstract

The main contribution to the cohesive (binding) energy of a solid is the two-body part
containing all dimer interactions of the extended system. Using an extended Lennard-
Jones functional form,

∑
n>3 cnx

−n, for the description of the dimer interactions one
can find the following analytical expression for the two-body cohesive energy per atom
[1]:

Ecoh
ELJ =

1

2

∑
n>3

cnLnr
−n
s (1)

This formula has the beauty of being only dependent on the potential parameters, cn,
the next-nearest neighbor distance in the crystal, rs, and the so-called Lennard-Jones
Ingham coefficients, Ln. The availability of an analytical form also allow us to derive
analytical expression for other solid-state properties like pressure, bulk modulus and
even zero-point energy.

The Lennard-Jones coefficients are lattice sums which only depend on the under-
lying symmetry of the lattice and as thus, have to be calculated only once for ev-
ery lattice symmetry. Nevertheless, an accurate computation is difficult because these
three-dimensional lattice sums present very slowly converging series connected to the
well-known number-theoretical problem of finding the number of representations of a
sum of N squares. Fast-converging formulae can be found when the lattice sums can
be written in form of homogeneous quadratic equations ([2] and references therein).
While such formulae already exist for cubic lattices, the only know formula by Kane
and Goeppert-Mayer [3] is plagued by inhomogeneities.

Here, we will illustrate the origin of and connection between different cubic lattice
sums by visulazing the underlying 3D structures. For the hexagonal lattice we derive
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a new lattice formula only consisting of sums over homogeneous quadratic forms which
makes a fast and accurate evaluation accessible.

Key words: Lattice Sums, Cohesive Energy, Lennard-Jones Ingham Coefficients
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Abstract

Hyperspectral images are widely used in remote sensing applications due to their
wealth of information in the spectral domain, that allows for very detailed scene
classification. Clustering is one of the most used unsupervised techniques for the analysis
of these scenes. Popular clustering techniques such as K-means are computationally
expensive, particularly when applied to hyperspectral images characterized by their
large dimensionality. An efficient implementation of K-means is the so-called Yinyang
K-means, which outperforms K-means algorithms by clustering the centers in the initial
stage, and leveraging efficiently maintained lower and upper bounds between each point
and the cluster centers. In this work, we have adapted an efficient implementation of
this algorithm using graphics processing units (GPUs) for hyperspectral image analysis.
We have carried out a comparison of this technique with other existing implementations
with the aim of demonstrating its usefulness in hyperspectral imaging. Our obtained
results suggest that this technique is ideal for working with big hyperspectral data
repositories.

Key words: Hyperspectral imaging, k-means clustering, YinYang K-means, GPUs.

1 INTRODUCTION

Current Earth observation (EO) sensors acquire and produce high-dimensional data cubes
with hundreds of spectral channels and millions of pixels. For instance, NASA’s Jet
Propulsion Laboratory’s Airbone Visible/Infrared Imaging Spectrometer (AVIRIS) [1]
measures the solar reflected spectrum from 400nm to 2500nm at intervals of 10nm. The
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EO-1 Hyperion imaging spectrometer collects bands in the range of 400nm to 2500nm
too [2, 3]. The resulting hyperspectral datasets [4] provide information corresponding to
large observation areas on the surface of the Earth, using hundreds of contiguous spectral
bands. As a result, these instruments can produce three-dimensional data cubes with size
significantly larger than traditional images. These images can be exploited in many practical
applications, such as monitoring and management of the environment and agriculture, urban
and regional planning, detection of relevant geological zones (e.g. mineral detection) or
defense and intelligence issues (e.g. target detection or mine detection).

However, hyperspectral images present many challenges in terms of storage and
processing due to their large dimensionality. In addition, modern sensors are producing
an almost continuous stream of data [3]. For example, AVIRIS has a data collection rate
of 2.5 MB/s and Hyperion collects almost 71.9 GB/hour. On the other hand, most of the
satellite missions that will be soon in operation, such as the environmental mapping and
analysis program (EnMAP http://www.enmap.org/) present similar data collection ratios.
This creates the need for scalable and efficient processing techniques for hyperspectral data
in the context of different applications [3].

Many techniques (supervised and unsupervised) have been developed to address the
aforementioned challenges. One of the most widely used unsupervised methods is clustering,
which aims to organize the data so that pixels with similar spectral content are clustered
together in the same class [5]. In this case, there is no need for labeled samples which
are common in supervised techniques [6]. Although clustering offers an unsupervised
alternative that has been widely used in various fields, it is also a very challenging task
due to the large spectral variability and complex spatial structures present in hyperspectral
images. The most popular and widely used family of clustering algorithms is represented
by centroid-based clustering methods such as K-means [7].

K-means assumes that similar pixels always form clusters in feature space. By applying
this method to hyperspectral images we can obtain satisfactory results, but K-means is
hampered by its computational complexity. There are a handful of studies which aim
to address this issue, either adapting the algorithm to parallel processing structures such
as field-programmable gate array (FPGAs) [5, 8]or cloud computing architectures [9].
Other works aim at developing improved implementations such as K-means++ [10, 11],
the AFKMC2 [12], the K-means projective clustering [13] or the filtered K-means [7].
The Yinyang K-means [14] is a recent improvement of K-means. This method features a
space-conscious elastic design that adaptively uses the upper and lower bound based filters
while maintaining various space constraints. The upper and lower bound based filters are
continuously and carefully maintained, and provide an efficient evolvement and interplay
mechanism.

Our main goal in this paper is to adapt the Yinyang K-means to hyperspectral image
processing. The implementation that we have adopted is optimized for GPUs using
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NVIDIA Compute Device Unified Architecture (CUDA). To test the effectiveness of the
implementation, we have compared it with other existing k-means implementations and
made an exhaustive analysis of the pros and cons of all the implementations used.

The remainder of the paper is organized as follows. Section 2 will delve into the K-means
method and the improvements provided by the Yinyang K-means version, presenting its
theoretical foundations. Section 3 validates the Yinyang K-means algorithm by comparing
it with other implementations in terms of execution times. Finally, section 4 concludes with
some remarks and hints at plausible future research lines.

2 K-means method: an overview

2.1 The K-means clustering algorithm

K-means is one of the easiest unsupervised learning algorithms and most widely used method
to group data in a specified number of clusters. Suppose a set of n observations X =
(x1, x2, ..., xn), where each observation is xi ∈ Rd, i.e. xi = [xi1 , xi2 , ..., xid ] (where d is
the number of spectral channels). The goal is to group each observation into a number
of clusters k fixed a priori (k <= n). Iteratively, K-means calculates the centers of the k
groups, optimizing the error of each group as min

∑k
j=1

∑nk
i=1 ‖ x

j
i−cj , ‖2 where ‖ xji−Cj ‖2

is the euclidean distance between a data point xji of the cluster j (nk is the observations
within each cluster) and the cluster center cj , which if it is the point that minimizes the
equation also called centroid of cluster j.

K-means algorithm successfully performs the task of obtaining useful information from
the dataset, such as the best distance metric for the data [15]. However, the results can
vary greatly due to a small change in parameters and in the choice of the initial centers.
So, a proper initialization will result in a final best solution. In order to obtain a set of
good initial cluster centers, several methods have been proposed, as K-means++ [10, 11].
This algorithm obtains a set of k initial centers which are generally very close to the final
solution.

2.2 Yinyang K-means method

The main problem with the traditional K-means implementation is that it performs a lot of
redundant work when recalculating distances corresponding to samples which are not going
to change the cluster. With this in mind, Yinyang K-means optimizes two important points
in the K-means algorithm: the assignment steps and the update steps. In order to do that,
it implements two filters and a new center update method.

In the standard K-means, the assignment step computes the distances between every
point xi and every cluster center cj in order to find out the closest center to each point.
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The Yinyang K-means instead uses two filters to detect which distance calculations are
unnecessary and avoids computing them. These filters are based on the triangle inequality:

• Group filtering groups the k clusters into t groups G = g1, g2, ..., gt, where each gi ∈ G
is a set of the clusters and t must no be greater than k/10. t provides a design knob for
controlling the space overhead and redundant distance elimination. For each group,
it calculates:

1. Upper bound: for each point x in cluster j (j = j(x)) it sets the upper bound to
uj(x) = d(x, j(x)), i.e. the distance between x and cluster. The upper bound is
updated as uj′(x) = uj(x) + δ(j), where δ(j) is the distance of the cluster j.

2. Lower bound: for each point x in cluster j (j = j(x)) it sets the lower bound
lj(x, gi) as the shortest distance between x and all centers in gi excluding j(x).
The lower bound is updated as lj′(x, gi) = lj(x, gi)−maxc∈giδ(c), δ(c) = d(c, c′)
is the shift of cluster center due to the center update.

If the updated lower bound is major than the updated upper bound, lj′(x, gi) > uj′(x),
no reassignment is needed for point x and all the group-level comparisons can be
avoided.

• Local filtering is used for get the new centroid of a cluster, avoiding unnecessary
distance operations. A new center c′ ∈ g′i cannot be the closest center to a point x if
there is another center p′ 6= c′ such that d(x, p′) < lj(x, gi)− δ(c)

On the other hand, in the updating step, K-means computes the new center
for each cluster. In Yinyang K-means new centers are computed as c′ =
c·|V |−(

∑
y∈V−OV y)+

∑
y′∈V ′−OV y′

|V ′| where V ′ and V denote a cluster in the current and previous

iteration, OV is V ∩ V ′, c is the old center and c′ is the new center.

2.3 Parallel GPU Yinyang K-means

The parallel implementation of Yinyang K-means that we have adopted is available in a
library. It has been optimized for low memory consumption and use of a large number of
clusters, bearing in mind the limitations of the K-means algorithm related to the calculation
of the centroids that requires having all the data be available in the same place. In the
context of the CUDA-based GPU implementation, if the data occupies a large amount of
storage, it is impossible to store them in the memory of a single GPU, so it is necessary to
cut the samples into as many intervals as GPUs are available. As a result, in our adopted
implementation each GPU will work with its own interval, calculating the distances and the
local centroids, writing the local assignments and broadcasting its results to other GPUs.

The parameters used by our adopted implementation are the number of clusters, k, the
number of cluster groups (t), and the value for tolerance, which will be used by the algorithm

c©CMMSE ISBN: 978-84-617-8694-7Page 1628 of  2288



M. E. Paoletti, J. M. Haut, J. Plaza and A. Plaza

to stop its execution (if the number of reassignments drop below the tolerance value). The
parallel Yinyang K-means execution is initialized with random centroids (or it can also
be initialized by intelligently produced centroids such as those produced by K-means++)
and calculates the Euclidean distance (L2) to perform the centroid selection calculations as
d2(
−→x ,−→y ) = 2

√∑
i(xi − yi)2.

The output of the method is a vector of centroids and a vector with the cluster index
for each sample (numerical labels for each pixel).

3 Experiments and results

3.1 Experimental Configuration

In order to evaluate the performance of the adopted Yinyang K-means implementation,
we use a hardware environment composed by a 6th Generation Intel R© CoreTMi7-6700K
processor with 8M of Cache and up to 4.20GHz (4 cores/8 way multitask processing), 32GB
of DDR4 RAM with a serial speed of 2400MHz, a GPU NVIDIA GeForce GTX 1080 with
8GB GDDR5X of video memory and 10Gbps of memory frequency, a Toshiba DT01ACA
HDD with 7200RPM and 2TB of capacity, and an ASUS Z170 pro-gaming motherboard. On
the other hand, the software environment is composed by Ubuntu 16.04.4 x64 as operating
system, CUDA 8 and Python.

3.2 Hyperspectral data sets

In our experiments, we use four different hyperspectral images. The first one was collected by
AVIRIS [1] in 1992 over a set of agricultural fields with regular geometry and with a multiple
crops and irregular patches of forest in Northwestern Indiana. This scene, Indian Pines,
has 145x145 pixels with 224 spectral bands in the range from 400 to 2500nm, with 10nm
of spectral resolution, 20nm moderate spatial resolution and 16 bits radiometric resolution.
4 zero bands plus 20 bands with lower signal-to-noise ratio (SNR) have been removed,
retaining 200 spectral channels. Dataset has 16 ground-truth classes(Fig. 1).

Also, we use a larger version of the Indian Pines scene. This one has a much larger
size of 2678× 614 pixels. It was collected over the same area that small Indian Pines, but
spanning a much larger extent. It contains 220 spectral bands in the range from 400 to
2500 nm, with spectral resolution of 10 nm, moderate spatial resolution of 20 nm and 16
bits of radiometric resolution. The total number of classes is 58. (Fig. 4).

The third dataset was collected by AVIRIS over Salinas Valley, California (Fig. 3). The
area covered has 512 × 217 samples and the spatial resolution is 3.7 m per pixel. 204 out
of the 224 bands are kept after 20 water absorption bands are removed. Dataset has 16
land-cover classes.
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Figure 1: Ground-truth of
small Indian Pines scene.

Figure 2: Ground-truth of
University of Pavia.

Figure 3: Ground-truth of
Salinas scene.

Figure 4: Ground-truth of big Indian Pines scene.

The fourth hyperspectral dataset was collected by the Reflective Optics System Imaging
Spectrometer (ROSIS) sensor [16] during a flight campaign over Pavia, northern Italy. The
dataset covers an urban environment, with various solid structures, natural objects and
shadows (9 classes in total). The scene (see Fig. 2) contains 103 spectral bands of 610×340
pixels in the spectral range from 0.43 to 0.86µm, with spatial resolution of 1.3m/pixel.

3.3 Performance evaluation

In order to evaluate the performance of parallel Yinyang K-means, several experiments
have been executed. The first one is a comparison between the GPU version of Yinyang
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K-means and other iterative and parallel GPU implementations of the original (Lloyd)
K-means algorithm setting the maximum number of centroids to the number of classes.
The tolerance value was set to 0.001. To complete the experiment, we have tested two
initiations of centroids: 1) completely random and 2) K-means++ method. Each version
has been executed 10 times and the average times are reported for statistical significance.
The obtained results are reported in Table 1.

Initialization Lloyd Iterative Lloyd CUDA Yinyan CUDA

Small Indian Pines
Time Speed up Time Speed up Time Speed up

k-means++ 0.183 (0.015) 1 0.421 (0.062) 0.435 0.441 (0.066) 0.415
random 0.185 (0.007) 1 0.520 (0.050) 0.355 0.511 (0.056) 0.361

Pavia University
Time Speed up Time Speed up Time Speed up

k-means++ 0.238 (0.017) 1 0.839 (0.189) 0.283 0.837 (0.242) 0.284
random 0.223 (0.07) 1 0.998 (0.124) 0.223 1.088 (0.159) 0.205

Salinas
Time Speed up Time Speed up Time Speed up

k-means++ 0.726 (0.078) 1 2.436 (0.616) 0.298 2.083 (0.567) 0.348
random 0.715 (0.5) 1 1.978 (0.331) 0.361 2.231 (0.384) 0.320

Big Indian Pines
Time Speed up Time Speed up Time Speed up

k-means++ 38.584 (2.694) 1 46.167 (10.158) 0.836 40.085 (10.753) 0.963
random 37.217 (2.960) 1 69.518 (6.057) 0.535 56.321 (11.650) 0.661

Table 1: Average time executions (standard deviation) and speed-up for each
implementation of K-means initialized with random centroids and K-means++.

Figure 5: Small Indian Pines Yinyang K-means classification results: the confusion matrix
and the classification maps without background and with background.

For small Indian Pines image, the fastest K-mean implementation is the original Lloyd
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Figure 6: Pavia University Yinyang K-means classification results: the confusion matrix
and the classification maps without background and with background.

Figure 7: Salinas Yinyang K-means classification results: the confusion matrix and the
classification maps without background and with background.

iterative version with K-means++ initialization. It is 2.41 times faster than the Yinyang
cuda implementation with K-means++ initialization and 2.79 times faster than the same
algorithm with random initialization. This is due to the small size of the image (only
145 × 145 pixels in only 16 groups), which is not enough to get the most out of GPU
versions. In Fig. 5 we can see the classification results of Yinyang K-means. The confusion
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matrix is a typical mechanism to evaluate unsupervised clustering methods, where in our
representation warm colors indicate a high value and warm colors indicate a low value. The
two classification maps show the clustering result without and with background pixels. As
we can observe, the obtained result is reasonable for a K-means method, despite some noise
at the borders of the classes.

For Pavia University dataset, the fastest implementation is also the iterative version
and, among the two parallel GPU versions, the original LLoyd algorithm is faster than
Yinyang. In this case we have more data than Indian Pines, but still enough complexity
(only 9 centroids). In Fig. 6 we can observe the confusion matrix of the classification with
Yinyang, whose results are better than in the Small Indian Pines. The classification maps
reveal less noise at the borders.

For Salinas we have similar results: although we have a lot of data, the complexity is
not enough (only 16 centroids). So, the iterative version is still the fastest. But we can see
that Yinyang with K-means++ initialization is better than the original Lloyd algorithm
parallelized in GPU: the differences between GPU versions are already starting to appear.
In Fig. 7 we can see that the classification results with Yinyang are better than in the small
Indian Pines and Pavia University images. Specifically, border pixels are better identified.

Finally, for big Indian Pines the fastest implementation is the iterative Lloyd algorithm
(2678 × 614 with 58 centroids), but if we compare the two GPU versions, the YinYang is
faster than the parallel GPU Lloyd. Since the classification results are similar to the ones
already reported for the small Indian Pines image, we do not include these results for space
considerations.

In summary, our results indicate that YinYang K-means works better than the CUDA
version of Lloyd algorithm when more data needs to be processed, but higher complexity
appears to be needed in order to improve the iterative version. So, we repeated the first
experiment increasing the number of centroids to be calculated in a second experiment,
which compares the parallel GPU implementation of Yinyang K-means with the same
implementations of the original K-means algorithm, using a maximum number of centroids
set to one hundred times the number of classes in each scene (i.e. 1600, 900, 1600 and 5800
centroids, respectively). Again, this is intended to increase the analysis complexity. The
tolerance value is 0.001 in all cases. Again,we tested with random and K-means++ [10, 11]
initializations. The obtained results are reported in Table 2.

For small Indian Pines dataset the fastest implementation is the Yinyang K-means
with random initialization. It reaches a speed up of 7.071 over the iterative version. In
the first experiment, with 16 classes the execution times were 0.441 and 0.511, at this time
with 1600 centroids to calculate the execution times of Yinyang increase in just one second.
However for iterative version, it needed 0.183-0.185 seconds and now it needs 6 seconds
more. Also, for Pavia University scene Yinyang K-means is the fastest implementation,
with K-means++ initialization. With the same number of pixels and 900 centroids, Yinyang
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Initialization Iterative CUDA Yinyan CUDA

Small Indian Pines
Time Speed up Time Speed up Time Speed up

k-means++ 6.034 (0.310) 1 1.912 (0.134) 3.191 1.542 (0.024) 3.956
random 6.687 (0.245) 1 1.131 (0.050) 5.410 0.865 (0.025) 7.071

Pavia University
Time Speed up Time Speed up Time Speed up

k-means++ 14.124 (0.845) 1 4.166 (0.221) 3.350 2.884 (0.266) 4.839
random 12.941 (0.780) 1 3.526 (0.278) 4.119 2.573 (0.209) 5.644

Salinas
Time Speed up Time Speed up Time Speed up

k-means++ 40.308 (1.938) 1 13.230 (0.767) 3.077 5.879 (0.196) 6.926
random 37.507 (2.460) 1 13.630 (1.229) 3.155 5.602 (0.146) 7.678

Big Indian Pines
Time Speed up Time Speed up Time Speed up

k-means++ 2331.929 (233.417) 1 461.223 (11.586) 5.022 121.726 (1.909) 19.029
random 2022.694 (260.634) 1 463.165 (16.392) 5.132 113.459 (3.653) 20.952

Table 2: Average time executions (standard deviation) and speed-up for each
implementation of K-means initialized with random centroids and K-means++.

K-means needs only two more seconds. The iterative version needs 12 or 14 seconds more,
from the first experiment where it needed 0.23-0.22 seconds. For Salinas dataset we observe
the same behavior: with 1600 centroids to calculate, the fastest one is Yinyang in GPU
reaching a speedup of 7.678. For the big Indian Pines image, Yinyang K-means reaches
a significant speedup: a 20.95. These results show that, the more the complexity of the
analysis, the better the performance of the Yinyang GPU which is intended for big data
problems involving not only massive data repositories but also complex analysis scenarios.

4 Conclusions and Future Lines

In this paper, we have proved a recent variant of K-means, the Yinyang K-means algorithm,
to hyperspectral image analysis, in particular a parallel GPU implementation, which
has been shown to obtain good processing results in hyperspectral image analysis when
compared with other popular K-means implementations. Specifically, our experimental
results show the effectiveness of the parallel GPU implementation of Yinyang K-means
using four different hyperspectral scenes. The algorithm performs particularly effectively
when we need to process big data and calculate a large set of centroids. The method not
only improves as more data become available, but also with the increase of the complexity of
the clusterization. On the other hand, the ranking results are in line with those obtained by
any K-means algorithm. As future work, we are planning on using the Yinyang K-means in
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conjunction with other techniques for hyperspectral image classification (e.g. supervised and
semi-supervised techniques) with the aim of improving the obtained classification results.
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Abstract

Security threats affecting electronics communications in the current world make nec-
essary the encryption and authentication of every transaction. The increasing levels of
security required are leading to an overload of transactions servers due to cryptographic
tasks. In this paper a hardware-implemented co-processor for Elliptic Curve Cryptogra-
phy operations for accelerating secure services is presented. The proposed co-processor
can be implemented in last generations of FPGAs allowing to have in the same chip the
secure web/database server and the cryptographic co-processor.

Key words: High-Performance cryptographic servers, security, FPGAs, hardware-
software co-design.

1 Introduction

The number of electronic transactions is increasing every day in all aspects of daily life:
financial, on-line shopping, domotics, automotive, an so on. Security of these transactions
constitutes a challenge requiring more and more computing resources because of the num-
ber of devices connected, and the proliferation of cyber-criminals. In fact, the interchange
of information trough computing networks must be secured by means of public-key cryp-
tography combined with symmetric cryptosystems and secure hash functions. Some of the
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algorithms involved have high computing requirements, specially those related to public-key
cryptography. Moreover, every year attackers have available more powerful computing sys-
tems, making some of these algorithms obsolete and/or insecure like the recent case of SHA1
[1]. In this context, servers with heavy loads of secure electronics transactions require high
computing resources leading to high power consumption. Hardware accelerators [2, 3, 4]
can be a solution for freeing the server from cryptographic computations, but they must
be carefully designed for achieving an optimal trade-off between computation resources and
area requirements. In fact, a powerful Elliptic Curve cryptographic co-processor can per-
form scalar-point operations in a microseconds, but probably the CPU of the server can
not generate requests at those rates, thus maintaining the crypto-processor in idle state the
majority of the time. Consequently, it would be more efficient to use more compact crypto-
processors requiring less area, but implemented in smaller devices (and with less power
consumption). In the other hand, new generations of Field Programmable Devices, such as
Zynq from Xilinx [5] or Stratix 10 from Altera [6] include powerful microprocessors enabling
the possibility of having a complete software server together with hardware-implemented
co-processors in the same chip. Taking advantage of the co-design possibilities enabled
by these devices, in this paper, three different implementations of an ECC (Elliptic Curve
Cryptography) hardware co-processor co-existing with a CPU in the same Programmable
Device are presented and compared in terms of performance an area requirements.

2 Background

Secure Sockets Layer (SSL) and Transport Layer Security (TLS) [7, 8] are the standard
protocols widely used for exchanging securely information trough insecure channels such as
the Internet. Within the algorithms included in the cipher-suites [8] of these protocols, those
related to public-key exchange (RSA, ECDH) and authentication (RSA,DSA, ECDHA) are
the most resources consuming. Hardware implementation of these algorithms would free
the main server of being busy with heavy cryptographic operations and thus would allow
better attending and managing the queues of clients asking for transactions. Among the
algorithms dedicated to public-key exchange and authentication, those based on ECC are
the most suitable for being implemented in hardware [9]. Moreover, ECC presents some
other advantages with respect to RSA related to the key size [10, 11, 12, 13] (1024-bit RSA
is equivalent to 163-bit ECC), thus minimizing communications between the main CPU and
the cryptographic co-processor. Therefore, in this paper we propose using ECC defined over
binary fields for implementing hardware co-processors for helping servers to attend massive
secure transactions over computer networks.
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2.1 Elliptic Curve Cryptography

An elliptic curve E defined over a finite field GF (q) consists on a set of points P = (xp, yp)
where xp and yp are elements of GF (q) satisfying the Weirstrass equation [15], together
with the point at infinite, O. The curves are defined by means of two coefficients a ∈ GF (q)
and b ∈ GF (q), named the coefficients of E. IF q is a power of 2, must be b 6= 0 in GF (2m),
and the points P = (xp, yp) over E (except O), satisfy the equation:

yp
3 + xpyp = xp

3 + axp
2 + b (1)

If q = 2m, the field elements can be represented using polynomial bases, by choosing an
irreducible polynomial f(t). In this case, an element a of the field is represented using the
bit string:

a = (am−1...a2a1a0) (2)

corresponding to the polynomial

a(t) = am−1t
m−1 + ...a2t

2 + a1t + a0 (3)

where ai are elements of GF (2). One of the characteristics enabling the use of elliptic curves
in cryptography is the possibility of defining an internal operation into the curve, named
elliptic addition. Geometrically, the sum of two points P,Q is given by a point R = P + Q
with the property that P,Q, and −R lies on the same straight line. From the full elliptic
addition, the scalar product of a point P of the curve E and a natural n is defined as:

nP = P + .n. + P (4)

This operation, that is the additive equivalent to the exponentiation in multiplicative abelian
groups, constitutes the base of the cryptography using elliptic curves [10].

Given a curve E defined over a field GF (q), r a positive prime integer dividing the
number of points on E, #E, and a curve point G of order r (generator of a subgroup
of order r), an EC key pair can be defined. Specifically, taking s ∈ [1, r − 1] as an EC
private key, and W = sG as the associated EC public key, a public key cryptosystem for
interchanging a secret value can be established. In fact, if two communicants A and B
generate their corresponding EC key pairs (sA,WA), (sB,WB), party A can compute the
secret value P = sA ·WB using the public key of B. Then, B can recover the secret value
from the public key of A, making P = sB ·WA because:

P = sA ·WB = sA · sB ·G = sB · sA ·G = sB ·WA (5)

This is the basic principle for public key cryptography using EC, and the conditions to be
met by the parameters involved and the details of the different primitives can be found in
[10, 14, 15, 16].

c©CMMSE ISBN: 978-84-617-8694-7Page 1639 of  2288



Hardware implemented ECC co-processor

2.2 Selection of the cipher-suite and ECC curves

As SSL is considered obsolete and insecure [17], we have selected the following cipher-suites
defined in TLS 1.2 [8] and based in ECC[18]:

• TLS ECDH ECDSA WITH NULL SHA

• TLS ECDH ECDSA WITH RC4 128 SHA

• TLS ECDH ECDSA WITH 3DES EDE CBC SHA

• TLS ECDH ECDSA WITH AES 128 CBC SHA

• TLS ECDH ECDSA WITH AES 256 CBC SHA

• TLS ECDHE ECDSA WITH NULL SHA

• TLS ECDHE ECDSA WITH RC4 128 SHA

• TLS ECDHE ECDSA WITH 3DES EDE CBC SHA

• TLS ECDHE ECDSA WITH AES 128 CBC SHA

• TLS ECDHE ECDSA WITH AES 256 CBC SHA

When using these cipher-suites, public-key exchange is performed using ECDH (ECC
Diffie-Hellman) or ECDHE (Ephemeral ECDH) [19], and digital signature is performed
by means of ECDSA [20, 21]. In both cases, ECC scalar-point operations are required.
Statistically, the two most used curves in TLS 1.2 [19] are:

• secp256r1 (NIST P-256)

• sect233r1 (NIST B-233)

The first one is defined over a GF (p) field, while sect233r1 is defined over a binary field
(GF (2233)), thus being more affordable in terms of resources and performance for a hardware
implementation. Therefore, it will be the standard curve used in our design.

2.3 ECC domain parameters

As pointed out in previous subsection, the NIST B-233 [21] curve has been selected for the
hardware implementation of the ECC co-processor. Thus, the EC domain parameters will
be the following:

• m = 233
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• f = t233 + t74 + 1
(reduction polynomial for the field)

• a = 1

• b= 066 647EDE6C 332C7F8C 0923BB58 213B333B 20E9CE42 81FE115F 7D8F90AD

• r = 6901746346790563787434755862277025555839812737345013555379383634485463
(number of elements of the subgroup)

• h = 2 (cofactor)

• Gx= 0FA C9DFCBAC 8313BB21 39F1BB75 5FEF65BC 391F8B36 F8F8EB73 71FD558B

• Gy= 100 6A08A419 03350678 E58528BE BF8A0BEF F867A7CA 36716F7E 01F81052
(base point)

3 Co-processor design

The processor design depends on the algorithm used for computing the scalar-point op-
eration. Montgomery-Ladder algorithm [14], presents some advantages for hardware (and
software) implementations because it avoids inversion field operation in the main loop when
projective or mixed coordinates are used. In this case, inversion only is required for coordi-
nates conversion, and the recovering of the y coordinate (the algorithm operates only over
the x coordinate) [14].

If binary representation of scalar k is k = km−12
m−1 + ...k22

2 + k12 + k0, Algorithm 1
provides the scalar-point product kP in projective coordinates:

Algorithm 1 Montgomery ladder over projective coordinates

Require: k, P
Ensure: kP
1: P1 ← P and P2 ← 2P
2: for i = m− 2 downto 0 do
3: if ki = 0 then
4: P1 ← 2P1 and P2 ← P1 + P2

5: else
6: P1 ← P1 + P2 and P2 ← 2P1

7: end if
8: end for
9: return P1
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Operations required in Algorithm 1 are point addition and doubling. When using
projective coordinates [14], these operations results in field multiplications, additions and
squarings. Field addition and squarings are combinational operations, and inversion is only
required in coordinates conversion, resulting an execution time of [22]:

T ≈ 6×m× Tmul + 3× Tinv + 2× Tmul (6)

Therefore, the execution time mainly depends of Tmul, the time required for completing
the field-multiplication operation. In the next subsection, implementation of field-multiplier
is analyzed.

3.1 Field multiplication

As pointed out in equation (6), the design of the multiplier determines the total execu-
tion time of the ECC scalar-point operation. There are several options for field-multiplier
implementation, that can be grouped into two main sets:

• Combinational multipliers. These are multipliers based on Karatsuba-Ofman al-
gorithm [23], and allow completing the field multiplication in only one clock cycle. As
a drawback, these multipliers have high area requirements.

• Sequential multipliers. These are based on Digit Serial (DS) operations [22], with
lower area needs, but requiring more number of clock cycles for completing the oper-
ation.

Performance of DS multipliers is based on operating at high clock frequencies, but this
generates high power consumption. In the other hand, area requirements of Karatsuba-
Ofman (KOA) multipliers are immoderate. In this work, we propose a mixed solution by
means of introducing registers into an improvement of the KOA multiplier, named NOKOA
(Non-Overlapping KOA) multiplier [24]. KOA and NOKOA multipliers are defined recur-
sively: at step j the multiplier of 2j inputs is built using three 2j−1 inputs multipliers.
This structure allows saving area with respect to classical school multipliers, but generate
higher delays. In order to improve delay, in the first stages (low values of j), classical school
multipliers can be used, resulting the known as hybrid-KOA [25] (and hybrid-NOKOA)
multipliers. It is possible to improve area figures of NOKOA multipliers reusing one multi-
plier at the last stage by means of registering the partial results. In this way, NOKOA3C
multiplier is obtained allowing area savings around 50% with respect to NOKOA, at ex-
penses of requiring 3 clock cycles for completing multiplication. If this process is repeated
in the second stage of recursion, the NOKOA9C multiplier is obtained, requiring 9 clock
cycles, with a 75% of area reduction.

Table 1 shows the implementation results for DS (Digit-Serial) multipliers with 1-bit,
8-bit, 24-bit and 39-bit digits from [22, 26] and NOKOA, NOKOA3C, and NOKOA9C
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multipliers over the binary field GF (2233) on a Virtex-5 device (xc5vlx110-3ff1760). This
device has been selected for comparison purposes with DS multipliers proposed in [26], and
all implementations were performed by using ISE 14.2.

Results shown in Table 1 have been obtained at four different operating frequencies:
25MHz, 50MHz, 100MHz, and the maximum operating frequency supported by the de-
sign. As can be observed, multipliers based on NOKOA algorithm are, in general, more
efficient than DS multipliers. In fact, if we compare similar-size multipliers like DS g24
and NOKOA9C (although NOKOA9C has around 30% less area than DS g24), NOKOA9C
achieves the final result in less time than DS g24. Only when operating at the maxi-
mum operation frequency, DS g24 presents better results (27ns) than NOKOA9C (42ns).
However, if we take into account that dynamic power consumption is proportional to the
clock frequency, DS g24 requires more energy for completing the field multiplication than
NOKOA9C.

In the case of NOKOA3C and DS g39, (they have similar area), NOKOA3C always
presents better results. Regarding NOKOA, it presents the best results at expenses on
more area requirements. Therefore, the best trade-off taking into account area requirements,
performance and total time for completing the field operation, is shown by NOKOA3C.

3.2 Field inversion/division

Field inversion is the most costly operation in binary finite fields, and the different proposals
for their implementation are based on two mathematical results

1. Extended Euclides Algorithm (EEA). There exist efficient implementations like [27,
28], allowing the inversion in m clock cycles, or digit-serial implementations like [22],
reducing the number of clock cycles at expenses of a higher area requirements.

2. Little Fermat Theorem (LTF). The Little Fermat Theorem establishes that the mul-
tiplicative inverse in a finite field can be obtained from:

p−1 = p2
m−2 = (p2

m−1−1)2 (7)

and the standard [10] proposes an algorithm applying successive squarings, completing
the inversion in m clock cycles. Another possibility is the use of the Itoh-Tsujii
Algorithm (ITA) [29], optimizing the number of steps for the exponentiation calculus.
In [30], ITA implementations minimizing the number of clock cycles are presented.

As Montogomery ladder algorithm requires inversion only when converting coordinates (see
equation 6), we will use DS division with 1-bit digit size [22] for saving area resources.
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Table 1: Implementation results for different polynomial multipliers over GF (2233) on Virtex
5 devices

Design # LUTS #Max.freq #cycles Freq. Total
(MHz) (MHz) time

DS g1 [26] 714 561 233 25 9.32 us
DS g8 [26] 1413 448 30 25 1.20 us
DS g24 [26] 3291 366 10 25 0.40 us
DS g39 [26] 5167 340 6 25 0.24 us
NOKOA 11451 107 1 25 0.04 us
NOKOA3C 4891 214 3 25 0.12 us
NOKOA9C 2366 214 9 25 0.36 us

DS g1 [26] 714 561 233 50 4.66 us
DS g8 [26] 1413 448 30 50 0.60 us
DS g24 [26] 3291 366 10 50 0.20 us
DS g39 [26] 5167 340 6 50 0.12 us
NOKOA 11451 107 1 50 0.04 us
NOKOA3C 4891 214 3 50 0.06 us
NOKOA9C 2366 214 9 50 0.18 us

DS g1 [26] 714 561 233 100 2.33 us
DS g8 [26] 1413 448 30 100 0.30 us
DS g24 [26] 3291 366 10 100 0.10 us
DS g39 [26] 5167 340 6 100 0.06 us
NOKOA 11451 107 1 100 0.02 us
NOKOA3C 4891 214 3 100 0.03 us
NOKOA9C 2366 214 9 100 0.09 us

DS g1 [26] 714 561 233 561 415 ns
DS g8 [26] 1413 448 30 448 67 ns
DS g24 [26] 3291 366 10 366 27 ns
DS g39 [26] 5167 340 6 340 18 ns
NOKOA 11451 107 1 107 9 ns
NOKOA3C 4891 214 3 214 14 ns
NOKOA9C 2366 214 9 214 42 ns
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3.3 Design of the ECC scalar-point Unit

Using the blocks described in previous subsections for field operations, Figure 1 shows the
block diagram corresponding to the proposed ECC scalar-point unit.

Figure 1: ECC Scalar-point Unit for B-233 curve

Table 2 shows implementation results corresponding to the three proposed co-processors,
called ECC B-233 NOKOA, ECC B-233 NOKOA3C, and ECC B-233 NOKOA9C. They
have been implemented using Vivado 2016.4 over a Zynq [5] ZC102 device (Xc7z020clg484-
1), with a target operating frequency of 50MHz for a contained power consumption.

The target device has around 53200 LUTs, thus it is possible to implement several

Table 2: ECC B-233 implementation results using NOKOA, NOKOA3C and NOKOA9C
multipliers

Design # LUTS #cycles Freq. Total

(MHz) time

ECC B-233 NOKOA 16320 2813 50 56.26 us

ECC B-233 NOKOA3C 4891 5612 50 112.24 us

ECC B-233 NOKOA9C 2366 14013 50 280.26 us
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co-processors in the same device and take advantage or parallelism to achieve higher perfor-
mance, if required. The selection of the co-processor to use will depend on the performance
needed, the area available for implementing the co-processor (it could be necessary to in-
clude other hardware accelerators), and power consumption restrictions. Also, higher op-
erating frequencies can be used for improving performance at expenses of increasing power
consumption.

4 Conclusion

An ECC hardware-implemented co-processor has been presented. The co-processor has
been implemented over a Zynq device, which includes an ARM Cortex A9 micro-processor,
together with 53200 LUTs for hardware implementations. The designed co-processor, which
shows contained area requirements, fits into the device, thus allowing to implement a com-
plete high-performance cryptographic server together with web/database services into an
unique chip.
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Abstract

Indicators such as the arithmetic mean and the variance have a construction based
on the additive character of the real numbers field. Here we explore the analogues of
some measures of central tendency and dispersion of data, but in the context of the real
positive field, the base framework of the multiplicative (bigeometric) calculus.

Key words: statistics, geometric mean, bigeometric calculus

MSC 2000: 92B05

1 Introduction

In statistics the most known central tendency for a set of numerical data is the arithmetic
mean, as we know, is constructed by adding the products of these data by certain weights.
Therefore, such data is in a structure in which addition and multiplication operations exist
and also have certain minimum properties (eg, an ordered and complete field), so a minimal
context is necessary. In this work, we will use the fact that the real numbers set has, in its
interior, an isomorphic image of itselves to derive a series of statistical indicators. Mainly,
to asociate those with aritmethic origin with the geometric ones.

Let us begin by pointing out that: the arithmetic mean and the geometric mean

are isomorphic measures of central tendency. That is to say, these can be thought
like ways to measure the same, except that in equivalent contexts.

Indeed, the exponential function exp :]�1,+1[!]0,+1[ establishes an isomorphism
between the complete ordered field of the real numbers (<,+, · ) and its image the positive
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reales numbers (<+
, · , ⇤), where <+ =]0,1[ and ⇤ defines the operation a ⇤ b = a

ln(b), for
any a, b 2 <+. Regarding the implications (theoretical and application) associated with the
construction of the proportional calculation from the positive real field, see [1, 2, 3]. The
main intention of the present work is to introduce some basic elements that allow to pass
from an additive vision of the statistic to one of multiplicative type or, that we could also
call, of proportional type.

This small work is organized as follows: In section 2 the arithmetic and geometric mean
is linked. In section 3, the geometric version of a measure of data dispersion is constructed
from its arithmetic analogue. Finally, section 4 formalizes and generalizes a series of types
of averages (isomorphic to each other) within the real field.

2 Geometric mean

Notice that, given a, b 2 <+, obviously we have

a · b = exp {ln(a) + ln(b)} ,

and then p
a · b = exp

⇢
ln(a) + ln(b)

2

�

In other words, the isomorphism exp : (<,+, ·)! (<+
, ·,+) translates the mean (arithmetic)

M

A

with respect to the first operation (the addition) of the framework (<,+, · ), in the
mean (geometric) M

G

with respect to the first operation (multiplication) of the framework
(<+

, · , ⇤), by the identity:

M

G

(a, b) = exp{M
A

(ln(a), ln(b))}.

In a reverse reading, the function ln :]0,+1[!] �1,+1[, transposes the geometric
mean of (<+

, · , ⇤), in the arithmetic mean of (<,+, · ), by the formula:

M

A

(a, b) =
a+ b

2
= ln{

p
exp(a) · exp(b)} = ln{M

G

(ea, eb)}.

In spite of the equivalence of these measures, as the isomorphism is inward, that is,
towards the field of real positive, a part of the totality of the real numbers, there is also a
gain. This allows us to see the arithmetic mean and the geometric mean as measures based
on the first and second operation del campo respectively.

Moreover, since the weighted arithmetic average for a set of {x1, · · · , xn} of real numbers
and {↵1, · · · ,↵n

}, 0  ↵

i

 1, ↵1 + · · ·+ ↵

n

= 1, as weights is given by

M

⇤
A

({x
i

}, {↵
i

}) = ↵1x1 + · · ·+ ↵

n

x

n

,
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using isomorphism the corresponding weighted geometric mean for a set of positive real
number {y1, · · · , yn} is given by:

M

⇤
G

({y
i

}, {�
i

}) = exp(M⇤
A

({ln(y
i

)}, {ln(�
i

)})),

Expression that is equal to exp {ln(�1) ln(y1) + · · ·+ ln(�
n

) ln(y
n

)} and which can also be
written as

y

ln(�1)
1 · · · yln(�n)

n

.

Finally, we have

M

⇤
G

({y
i

}, {�
i

}) = (�1 ⇤ y1) · · · (�n ⇤ yn) = y

↵1
1 · · · y↵n

n

,

where the set of {�
i

}, ↵
i

= �

i

, are subject to the following conditions: 1  �

i

 e and
�1 · · ·�n = e.

3 Geometric dispersion

Recall that if {x1, · · · , xn} is a certain set of data, then the average arithmetic deviation
that the data moves away from a value y is given by the expression:

V

A

(y, {x
i

}) = 1

n

nX

i=1

|y � x

i

|.

The absolute value function | · | : < ! <+ allows us to convert the field (<,+, · ) in
a metric space. Note that, the isomorphic field (<+

, · , ⇤) is a relative metric space now
performed by the so-called relative value defined by [ · ] : <+ !]1,1[ with

[a] =

⇢
a if a  1,
a

�1 if a < 1.

The analogous geometric deviation V

G

(·, ·) should be given by:

V

G

(y, x
i

) = exp{V
A

(ln(y), {ln(x
i

)})}.

This is,

V

G

(y, {x
i

}) = exp

(
1

n

nX

i=1

| ln(y)� ln(x
i

)|
)

= exp
nX

i=1

���ln{(y/x
i

)1/n}
���,

since | ln(u)| = ln([u]), we have

V

G

(y, {x
i

}) = exp

(
nX

i=1

ln[(y/x
i

)1/n]

)
=

(
nY

i=1


y

x

i

�)1/n

.

With no further e↵ort we have reciprocally:

V

A

(y, {x
i

}) = ln{V
G

(ey, {exi})}.
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4 Generalization and formalism

Inductively we introduce the sequence:

e

k+1 = exp{e
k

}, with e0 = 0.

Notice that, for each k � 1, e
k

is the neutral element of the operation �
k

defined on
the interval I

k

=]e
k�1,1[ recursively by

a�
k+1 b = exp{ln(a)�

k

ln(b)},

where �0 is the usual sum.

With this operation the family of structures {(I
k

,�
k

,�
k+1)}k�1 is a sequence of ordered

and complete fields, therefore, all isomorphic to each other, i.e. isomorphic to (<,+, · ), by
means of the exponential function.

The interesting thing is that, as I

k

is a subset of <, k � 0, with e�1 = �1, all the
concepts derived by isomorphism in any of these fields have a reading in the basal field
(<,+, · ), which also, from now on we can denote by (I0,�0,�1).

Definition: The k-th average, k � 0, among the numbers x1, · · · , xn of I
k

, is defined by:

M

k

(x
i

) = (x1 �
k

· · ·�
k

x

n

) 
k+1 (ek+1 �k

· · ·�
k

e

k+1), (1)

where  
j

is the inverse operation of �
j

, which is also defined recursively by means of a 
k+1b

equals to exp{ln(a) 
k

ln(b)},  0 the usual subtraction.

Remark: Some examples to illustrate, using only two elements, are :

• M0(a, b) = (a�0 b) 1 (e1 �0 e1) = (a+ b)/(1 + 1) = M

A

(a, b).

• M1(a, b) = (a �1 b)  2 (e2 �1 e2) = (a · b)  2 (e · e). Then, continuing with the
calculations M1(a, b) = exp{ln(ab) 1 ln(e

2)}, which is equal to exp{ln(ab)/2}, this is,
a (ab)1/2, i.e., M

G

(a, b).

Theorem: Given a set {x
i

} ⇢ I

k+1, some k � 0, then

• M

k+1({xi})) = exp(M
k

({ln(x)})), and

• M

k+1({xi})) M

k

({x
i

}).

c�CMMSE ISBN: 978-84-617-8694-7

Page 1652 of  2288
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[2] Córdova-Lepe, F., & Pinto, M. From quotient operation toward a proportional

calculus. In Mathematics Research Perspectives. Editors: Michael C. Leung (2012)
253-266.
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Abstract

This paper studies the stabilization of second-order switched linear systems with
state-dependent switching noise. Based on the method of stabilization known for this
kind of switched systems without noise, we define some regions in the plane where
the noise can be produced and the stabilization is also assured. Moreover, we give a
procedure for determining completely these regions. Finally, in order to illustrate the
results, several numerical examples are presented.

Key words: switched systems, switching noise, robust stabilization, time-delay, Lya-
punov function

1 Introduction

A switched system is a kind of hybrid system that consists of several subsystems and a
switching law determining at any time instant which subsystem is active. In recent years,
the study of switched systems has received growing attention in Control Theory and its
applications ([8], [9], [14]). They have been studied from several points of view such as the
controllability ([17]), reachability ([14], [18], or stability ([15], [10]).

The problem of stability has been studied from several viewpoints ([8], [10]). One of
these viewpoints is the problem of constructing a switching law that makes the switched
system asymptotically stable. It is important to note that in this problem the only control
action is the switching law. In the literature, there are several two approaches to stabiliza-
tion for switched systems. In papers such as [7], [16] or [4] Lyapunov theory is employed
to construct switching laws for a class of switched systems totally composed of unstable
subsystems.
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Another approach to this problem is based on detailed analysis of the vector field. For
second-order systems, some necessary and sufficient conditions for stability/stabilizability
have been obtained in [12] and [19] through analysis on the structure of the vector field.
In [19] the problem of stabilizing two second-order linear systems is solved; i.e., a method
to define switching laws that decide when a switched system is stabilizable is given. Also,
recently, Cong [3] characterises the stability of these switched linear systems by classifying
the switching laws into only two types.

A common assumption in the above results is that the detection of the switching signal
is instant. However, in many real switched systems, the switchings cannot be instant, i.e.,
the changing of the switching law cannot be detected instantly, but only after a time period.
For this reason, it is important to study the situation when switching noise is produced.

Based on the method of stabilization in [19] where the switchings are produced in
rays, we define some regions in the plane where the switchings can be produced and the
stabilization is also assured. With these results, we study the problem of stabilization with
state-dependent switching noise. Related to this problem, in [5] and [6] the authors present
definitions and results of these stochastic systems.

The remainder of this paper is organized as follows. In Section 2 some definitions and
some results are included. In Section 3 we present the results that assure the regions of
stability. In Section 4 we present the main result of this work. Several numerical examples
are given in Section 4 in order to illustrate the results. Finally, the conclusions are provided
in Section 5.

2 Preliminaries

Consider a switched linear system

ẋ(t) = Aσ(t)x(t), (1)

where Ai is a 2× 2 matrix, for i = 1, 2, x ∈ R2, and σ : [0,∞) −→ {1, 2} is a piecewise con-
stant function called switching law. Such a function σ has a finite number of discontinuities,
which we call switching times, on every bounded time interval and takes a constant value
on every interval between two consecutive switching times. The role of σ is to indicate the
active subsystem at each time instant t.

Before presenting the method of stabilization we need this definition:

Definition 1 Let r1 and r2 be two rays starting from the origin. The set given by

{x ∈ R2 : x = µz1 + (1− µ)z2, z1 ∈ r1, z2 ∈ r2, 0 ≤ µ ≤ 1}

will be called the cone delimited by r1 and r2 and denoted by C(0, r1, r2).
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In [19] the stabilizing switching law is given in the following form:

σ(t) = δ(x(t)) (2)

where δ : R2 → {1, 2}. Moreover, the switchings are produced in two rays r1 and r2, i.e.,
when the trajectory intersects these rays, we switch. These rays are always given by the
equation det(A1x,A2x) = 0.

By the results in [19] and [3], in [13] only two kinds of switching laws are used to study
the stabilization: type I or type II. Under switching laws of type I, the solution rotates
around the origin clockwise or counterclockwise direction (spinning switching in [3]). On
the contrary, under switching laws of type II, the trajectories of each subsystem are of
opposite directions, thus, the solution remains in a cone (chattering switching in [3]).

The switching laws of type I are defined as follows:

- σ(t) = 1 (resp. σ(t) = 2) when x(t) ∈ {x ∈ R2 : det(A1x,A2x) > 0} and each
subsystem at x(t) is of the clockwise (resp. counterclockwise) direction.

- σ(t) = 2 (resp. σ(t) = 1) when x(t) ∈ {x ∈ R2 : det(A1x,A2x) < 0} and each
subsystem at x(t) is of the clockwise (resp. counterclockwise) direction.

For switching laws of type II, we need to suppose that there exists a cone where the
subsystems are of opposite directions and the set {x ∈ R2 : det(A1x,A2x) > 0} or {x ∈ R2 :
det(A1x,A2x) < 0} is contained in this cone. Hence, if S1 is a cone where A1 is of clockwise
(resp. counterclockwise) direction, A2 is of counterclockwise (resp. clockwise) direction and
{x ∈ R2 : det(A1x,A2x) > 0} (resp. {x ∈ R2 : det(A1x,A2x) < 0}) is contained in this set,
the switchings under a switching law of type II are produced when the solution intersects
the rays det(A1x,A2x) = 0.

In both cases (type I or II), the switchings are produced in rays. The problem of this
is that the stabilization is not assured if the switchings are not produced in these rays. In
[13], the problem of time-delay in detection of switching law is studied. From this study it
is deduced the following result:

Theorem 1 [13] Let A1 and A2 be two unstable 2 × 2 matrices. Suppose that for the
switched system (1) the switching laws of type I (resp. II) are stabilizing. Then there exists
T0 ∈ (0, T ) such that the switched system under the switching law of type I (resp. II) and
with time-delay equal to T is

- stable if T ∈ [0, T0).

- non stable if T ∈ (T0, T ].
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From the proof of this result, it is deduced that for time-delay T0, a periodic solution is
obtained. Moreover, we obtain two rays, denoted by s1 and s2, where the switchings for
this time-delay are produced.

Under this notation, we prove in the following section that when the switchings from
A1 to A2 are produced in C(0, r1, s1) and the switchings from A2 to A1 are produced in
C(0, r2, s2), the switched system remains stable.

In order to prove this, we need to introduce a concept studied in [11]. This concept will
be employed in the next section.

Definition 2 [11] A function HA : R2 → R+ is a generalized first integral of ẋ = Ax if
HA(x) is not constant on any open subset of R2, HA(x(t)) is piecewise constant along the
trajectories of ẋ = Ax, and attains a finite set of values for all t ∈ [0, T ] (T finite).

For a system ẋ = Ax with A a 2×2 real matrix, a generalized first integral is constructed
in [11] by considering two cases. In the first, the eigenvalue of A are complex and in the
second, they are real.

The relation between the system ẋ = Ax and its generalized first integral is the following
H(x(t)) = H(x(0)) along the trajectories of ẋ = Ax, i.e., x(t) coincides with the contour
HA(x(t)) = HA(x0) if x is the solution of ẋ = Ax with x(0) = x0 (see [11] for more details).

Therefore, when H is differentiable, dH(x(t))
dt = ∇H(x(t))Ax(t) = 0.

3 Existence of the regions of stabilization

In this section we present the results under which the existence of the regions of stabilization 
is assured.

Theorem 2 Let A1 and A2 be two unstable 2 × 2 matrices. Suppose that for the switched 
system (1) the switching laws of type I (resp. II) are stabilizing. Then there exists two cones 
C1 and C2 such that the switched system is stable under a switching law σ if we switch from 
A1 to A2 when x(t) ∈ C1 and we switch from A2 to A1 when x(t) ∈ C2.

PROOF. Firstly, we suppose that the switching law of type I is stabilizing and the solution 
under this switching law rotates around the origin in clockwise direction. Under the nota-tion 
in the previous section, we define C1 = C(0, r1, s1) and C2 = C(0, r2, s2) (see Figure 1).

Now, if σ is a switching law under which the switchings from A1 to A2 are produced in C1 
and the switchings from A2 to A1 are produced in C2, we have to prove that the switched 
system for σ is stable. In order to do that, we define a Lyapunov function for this system.
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Figure 1: The cones C1 = C(0, r1, s1) and C2 = C(0, r2, s2) and the periodic solution for T0.
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Figure 2: The level curves of V defined for a system with switching law of type I.

The Lyapunov function is defined as follows:

V (x) =

{
H1(x) if xTPx ≤ 0
kH2(x) if xTPx < 0

where Hi is the first integral of Ai for i = 1, 2, P is the matrix that defines the quadratic 
form given by s1 and s2, and k is a positive constant defined in order to V be continuous (see 
Figure 2 V tipoI).

It is easy to prove that V (x) ≥ 0 for any x ∈ R2 and, from definition, V is continuous. 
However, V is non differentiable at x with xT P x = 0. For this reason, in order to prove the
stability, we use the upper right Dini derivative for V , that is,

D+V (x(t)) = lim sup
τ→0+

V (x(t+ τ))− V (x(t))

τ
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Figure 3: The cones C2 = C(0, s1, r1) and C1 = C(0, r2, s2) and the periodic solution for T0.

It is proved (see [1] or [2] for more details) that if x is the solution of (1) under the switching
law σ and D+V (x(t)) ≤ 0 for each t ≥ 0, the system is stable.

Therefore, we only have to prove that D+V (x(t)) ≤ 0 for each t ≥ 0. Let consider
several cases for x(t). If x(t) ∈ C(0, s1, r2) ∪ r2, then, by the definition of σ, the solution
of the system is given by A1. Therefore, as x(t)TPx(t) > 0, D+V (x(t)) = ∇V (x(t))ẋ(t) =
∇H1(x(t))A1x(t) = 0 by the definition of H1. Analogously, it is proved that if x(t) ∈
C(0, s2, r1) ∪ r1, then, D+V (x(t)) = 0.

If x(t) ∈ C(0, r2, s2), then, by the definition of σ, the solution of the system can be
given by A1 or A2. If the system is given by A1, as x(t)TPx(t) > 0, D+V (x(t)) =
∇V (x(t))ẋ(t) = ∇H1(x(t))A1x(t) = 0. If, on the contrary, the system is given by A2,
as x(t)TPx(t) > 0, D+V (x(t)) = ∇V (x(t))ẋ(t) = ∇H1(x(t))A2x(t). But, we know that,
in this region, det(A1x(t), A2x(t)) > 0, thus, D+V (x(t)) = ∇H1(x(t))A2x(t) < 0. Now, if
x(t) ∈ C(0, r1, s1), it can be proved that D+V (x(t)) < 0.

If x(t) ∈ s2, by the definition of σ, the solution of the system is given by A2 and,
D+V (x(t)) = ∇H2(x(t))A2x(t) = 0. Similarly, if x(t) ∈ s1, it is proved that D+V (x(t)) =
∇H1(x(t))A1x(t) = 0. And the result is proved for switching laws of type I.

Now, we suppose that the switching law of type II is stabilizing. And we define C2 =
C(0, s1, r1) and C1 = C(0, r2, s2) (see Figure 3). In this case, given a swiching law σ such
that the switchings from A1 to A2 are produced in C1 and the switchings from A2 to A1

are produced in C2, we have to prove that (1) under this switching law is stable.

Again, we define a function V and we show that is a Lyapunov function for this system.

V (x) =


H1(x) if x ∈ C(0, r1, r2)
kH2(x) if x ∈ C(0, s1, r1) ∪ r1
lH2(x) if x ∈ C(0, r2, s2) ∪ r2
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Figure 4: The level curves of V defined for a system with switching law of type II.

where Hi is the first integral of Ai for i = 1, 2 and k and l are positive constants defined in
order to V be continuous.

It is important to note that V , in this case, is only defined in the region C(0, s1, s2) but,
by definition of σ, the solution of the system is contained in this region. (see Figure 4).

Moreover, in this case, V is differentiable because at x ∈ r1 or x ∈ r2, A1x and A2x are
parallel. Thus, we can consider the derivative of V (x(t)). If we prove that is non positive,
we obtain that the system is stable.

If x(t) ∈ C(0, r1, r2) ∪ r1 ∪ r2, then, by the definition of σ, the solution of the sys-

tem can be given by A1 or A2. If the system is given by A1,
dV (x(t))

dt = ∇V (x(t))ẋ(t) =

∇H1(x(t))A1x(t) = 0. If, on the contrary, the system is given byA2,
dV (x(t))

dt = ∇V (x(t))ẋ(t) =

∇H1(x(t))A2x(t). But, we know that, in this region, det(A1x(t), A2x(t)) > 0, thus, dV (x(t))
dt <

0.
If x(t) ∈ C(0, s1, r1), then, by the definition of σ, the solution of the system can be given

by A1 or A2. If the system is given by A2,
dV (x(t))

dt = ∇V (x(t))ẋ(t) = ∇H2(x(t))A2x(t) = 0.

If, on the contrary, the system is given by A1,
dV (x(t))

dt = ∇V (x(t))ẋ(t) = ∇H2(x(t))A1x(t).

But, we know that, in this region, det(A1x(t), A2x(t)) > 0, thus, dV (x(t))
dt < 0. Analogously,

we can prove that if x(t) ∈ C(0, r2, s2), then dV (x(t))
dt ≤ 0.

4 Stabilization with state-dependent switching noise

Now, we consider a stochastic switched linear system

ẋ(t) = Aσ(x(t))x(t), (3)
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Figure 5: Stable solution and periodic solution for Example 1

where Ai is a 2 × 2 matrix, for i = 1, 2, x ∈ R2, and now {σ(x(t)); t ≥ 0} is a stochastic
process taking values in {1, 2}. This stochastic process determines the switchings between
the subsystems by the intensity function h.

By using the results in the previous section, we obtain the following result:

Theorem 3 Let A1 and A2 be two unstable 2× 2 matrices. Suppose that for the switched
system (1) the switching laws of type I (resp. II) are stabilizing. Then there exists ε > 0
and a intensity function h : [−ε, ε]→ (0,∞) such that the switched system (3) is stable with
probability 1.

5 Numerical examples

Now, in order to illustrate these results, three numerical examples are presented.

Example 1 Consider a switched linear system given by (1) where the matrices are the
following:

A1 =

(
−2 52
−8 6

)
A2 =

(
11 10
−50 −9

)
By applying the method in [19], we obtain that the switching law of type I is stabilizing

and the solution rotates around the origin in clockwise direction (see Figure 5).

Moreover, applying Theorem 1, a periodic solution is obtained and two rays s1 and s2
(see Figure 5). Finally, by Theorem 3, we have that if we switch in the cones C1 and C2,
the solution is stable .
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Figure 6: Stable solution for initial condition x0 = (1,−0.5) and cones where the switchings
are produced for Example 1
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Figure 7: Stable solution and periodic solution for Example 2

Example 2 Consider a switched linear system given by (1) where the matrices are the
following:

A1 =

(
1 13
−2 3

)
A2 =

(
−1 −2
10 3

)
By applying the method in [19], we obtain that the switching law of type II is stabilizing

and the solution remains in a region where the trajectory of A1 is of clockwise direction and
the trajectory of A2 is of counterclockwise direction (see Figure 7).

Moreover, applying Theorem 1, a periodic solution is obtained and two rays s1 and s2
(see Figure 7). Finally, by Theorem 3, we have that if we switch in the cones C1 and C2,
the solution is stable (see Figure 8).
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Figure 8: Stable solution for initial condition x0 = (1,−0.5) and cones where the switchings
are produced.

6 Conclusions

In this work the stabilization of second-order switched linear system with state-dependent
switching noise has been studied. Based on the method of stabilization of [19] and [3], we
have presented a result that assures the existence of regions of stabilization where although
the switchings are produced and the system is also stability. A method of finding these
regions have been given.

By using these regions, we have presented a result that assures the stability when the
switchings are given by a stochastic process.

As future work, it can be studied more regions where the switchings can be produced.
The objective can be obtain necessary and sufficient conditions for stabilization.
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Abstract

Curved monitors are getting more and more popular nowadays, due to the immersive
sensation they provide to users in front of planar monitors. The display in curved
monitors are cylindrical surfaces with significant curvatures, which must be taken into
account for a correct projection of the rendered scene.

In this paper, we propose new equations for non-linear image projection over cylin-
drical surfaces (adapted to the geometry of the curved monitor displays) instead of the
planar projection. These equations enable the implementation of a Fish Tank Virtual
Reality system based on curved monitors. In each frame, and once the position of
the observer eyes has been detected, this system computes the correct stereographic
projection of the scene, in order to achieve a realistic representation with a high de-
gree of immersion. This Fish Tank Virtual Reality system including curved monitors
significantly improves the user immersive sensation.

Key words: FishTank VR, Curved Monitors, Non-Planar Projections, View-Dependent
Stereoscopy

1 Introduction

Fish Tank Virtual Reality (FTVR) systems render the stereoscopic image of a 3D scene on
a monitor by using a perspective projection coupled to the position of the observer eyes [1].
These systems were proposed for the first time to explore the effect that would have in the
user experience the tracking of the user head in the exploring of 3D virtual environments
[2]. In that work, the system was composed of three main elements: a pair of stereoscopic
glasses, a high-frequency planar monitor, and a mechanical device for the head tracking.
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Stereoscopic glasses provide different images to left and right eyes, significantly im-
proving the depth perception and the immersive sensation. Typically, there are two kind
of glasses, passive, or active ones. The former ones can be based on either color filters
(anaglyph glasses) or polarization filters (polarized glasses). The latter ones use switching
shutters (LC shutter glasses) [4]. The technology behind these devices has become stable,
and it has hardly evolved in the last five years. However, the technology for the head
tracking has significantly changed since its original proposal, allowing the replacement of
the mechanical devices by a simple web camera [3]. This improvement has reduced costs
and has made the process much more comfortable for the user. Finally, computer monitors
technology has suffered an incredible evolution, changing even their geometry and appearing
curved instead of planar monitors. However, in spite of this evolution the current imple-
mentation of existing FTVR systems still use a planar monitor as physical displays. As a
consequence, the graphical software still produces a planar perspective projection.

In this paper, we propose a Fish Tank Virtual Reality system for curved monitors. This
system uses a non-linear projection over cylindrical surfaces (adapted to the geometry of the
curved monitor) instead of the typical planar projection. In each frame, and once the posi-
tion of the observer eyes has been detected, this system computes the correct stereographic
projection of the scene, in order to achieve a realistic representation. This system enables
the use of curved monitors in FTVR systems, increasing the user immersive sensation.

The rest of the paper is organized as follows: Section 2 introduces some preliminary
concepts about FTVR systems required for understanding the rest of the paper. Section 3
describes the non-planar projection carried out on curved monitors. Next, section 4 shows
the results obtained with the proposed implementation. Finally, section 5 shows some
concluding remarks.

2 Background

Curved monitors are becoming increasingly popular because they yield a better user expe-
rience than planar monitors, even though the experienced improvement depends on then
monitor width, the shape of the monitor curve, and the distance to the user eyes. Unlike the
case of curved TVs, this distance is usually small. One of the reasons for the extended use
of curved monitors is the fact that they improve the user immersion. They slightly curve
the image forward, yielding a wider field of view for the same width, as shown in figure 1.

Other reason for the increasing use of curved monitors is the superior image quality.
On one hand, curved monitors focus the light coming from the monitor directly to the user
eyes, increasing the light contrast in a factor ranging between 1.5x and 1.8x in regard to
the one achieved with a planar monitor. On other hand, curved monitors yield a more
uniform image quality between the central and peripheral pixels. This is due to the fact
that current technologies like IPS or OLED require that the user view is as perpendicular
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Figure 1: A curved monitor yields a wider field of view than a planar monitor of the same
width.

as possible to the display surface. In the case of a large monitor with a user located close
to the monitor surface (a common situation), the peripheral pixels are not display with a
high quality because there is a small angle between the user view and the surface. However,
in a curved monitor ideally all the pixels are located at the same distance and forming the
same angle with the user view, as illustrated in figure 2.

A monitor in a FTVR system acts as a window through which the user can explore the
virtual world. The graphics pipeline used for rendering the scene should project the scene
on the display geometry of the monitor in order to produce credible effects. Traditionally,
planar monitors have been used, so the graphics software and hardware (rasterization al-
gorithms and the graphic pipeline in graphic cards) are optimized for planar projections.
When a curved monitor is used, a non-planar projection adjusted to the display geometry
must be used to map the 3D virtual scene on the final viewport. This task cannot be
directly carried out with the current graphic hardware, and it may imply a high difficulty,
specially if an asymmetric view frustum is used (the projection center is not located on
the perpendicular line passing through the center of the projection plane, but on any other
point, and changing in function of the relative position of the user in regard to the monitor).

Traditionally, there have been two different kinds of non-planar projections: image-
based or geometry-based rendering methods [5]. Image-based implementations carry out

c©CMMSE ISBN: 978-84-617-8694-7Page 1667 of  2288



Enabling FishTank VR Systems with Curved Monitors

Figure 2: The apparent size and vision angle is the same for both central and peripheral
pixels in the case of a curved monitor.

two steps: first, they render the 3D scene onto a texture using planar projections, and
the second step renders the final view by applying the texture with the desired non-planar
projection equations. The main potential weaknesses of this method are the appearance of
sampling artifacts and the incompatibility with the antialiasing filtering hardware [8]. In
its turn, the geometry-based rendering methods can be split into two groups: the first one
splits the viewport into several narrow, rectangular slices, and then it uses planar perspective
projections on each of them [6, 7]. These implementations usually yield a good performance
with a reduced number of slices, but the performance decreases with the number of slices.
Also, an additional drawback is the difficulty for implementing this method on current
graphic architectures. The second group of geometry-based rendering methods directly
compute the equation of the non-planar projection on mesh vertices, and they render the
final image using the usual linear rasterization method implemented in the graphic pipeline.
This method is conceptually simple and it can be easily implemented in the vertex shader
(thus it could work even in early programmable GPUs), and even using instructions of the
old non-programmable graphic libraries [9]. However, the main drawback of this approach is
that the vertices are transformed using non-linear equations, but the inner fragments of the
primitives are linearly interpolated using the rasterization process of the graphic pipeline.
This problem becomes specially serious when coarse geometry is rendered, although it can
be reduced by splitting the primitives through the use of geometry shaders [5] or tessellation
shaders[10].

Currently, the implementations of non-planar projections described in the literature are
restricted to the particular case where the view volume corresponds to a symmetric view
frustum (that is, the line connecting the Center of Projection (COP) with the center of the
display is perpendicular to the display surface, as shown on the left part if figure 3). Also,
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in the case of spheric or cylindric projections the COP is located always at the center of
the sphere or cylinder. This limitation represents an additional problem if the user is not
located exactly at that position or when stereo is used (since each user eye must be the
COP, the surface of the sphere/cylinder is different for each eye, the physical display cannot
be the projection surface for both eyes simultaneously), because the projection rendered on
the display provides the user with a wrong perspective from his/her point of view. Precisely,
this is the typical situation in a FTVR system, since in these systems the display is located
on a fixed position, the user can freely move, and the projection must be adapted on each
moment to the position of the user eyes (once they have been detected through any tracking
system). This is the problem motivating this work, which is aimed to develop a non-planar
projection suitable for the use of curved monitors in FTVR systems.

Figure 3: Planar and non-planar projection with symmetric view frustum (left), and asym-
metric view frustum (right).

3 A Rendering Method for Asymmetric view frustum Ren-
dered on Curved Displays

This method assumes a FTVR using a curved monitor as the physical display where the
scene included in the view volume is projected. Since each eye COP is located at the position
of the user eyes, and the user head can be located at any relative position in regard to the
monitor (located at a fixed position), the view frustum corresponding to each eye must be
necessarily asymmetric.

The geometry of curved monitor displays corresponds to a cylinder portion, and there-
fore the projection must be cylindrical. Figure 4 shows a scheme of the starting situation. In
this figure, R y θmax are physical parameters of the curved monitor, representing the display
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curvature and the maximum angle obtained from the center of the cylinder, respectively.
The center of that cylinder is taken as the origin of the world coordinates system.

Figure 4: Cylindrical projection scheme

Figure 4 shows a case where the COP is not located at the coordinates origin, but on
a different position (Ox, Oy). Following the straight line connecting the position (x, z) of
any point of an scene object to the COP, this point is projected onto the cylinder surface
point (xp, zp), which in polar coordinates corresponds to (R, θp). The transformation from
Cartesian to polar coordinates is carried out using the following equations:

(xp, zp) = (R sin θp, R cos θp) (1)

In order to obtain the projection of a given point, we compute the intersection point of
the straight line passing through points (x, z) and (Ox, Oz), whose slope is m = (x−Ox)/(z−
Oz), and the circumference of the cylinder x2p + z2p = R2. Combining these equations, we
obtain the following equation:

z2p(1 +m2) + zp(2mOx − 2m2Oz) + (m2O2
z +O2

x − 2mOzOx −R2) = 0 (2)

Equation 2 is a second order equation. While the COP is located inside the cylinder
(the usual situation) this equation has two solutions: one of them corresponds to the first
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intersection of the straight with the circumference (the point we are looking for) and the
other one corresponds to the intersection point behind the COP. However, the latter point
can be ignored because it will not be visible from this point of view. If we call a = 1 +m2,
b = 2mOx − 2m2Oz y c = m2O2

z + O2
x − 2mOzOx − R2, since a is a positive value, the

coordinates of the searched intersection point are obtained from the following equations:

zp =
−b+

√
b2 − 4ac

2a
(3)

xp = m(zp −Oz) +Ox (4)

However, these equations are incomplete, since we have not considered the height com-
ponent y, which is the main cylinder axis. Taking as origin the center of the display, the
component yp is obtained in a similar way of that of xp, from the straight line connecting
points (y, z) and (Oy, Oz), and whose slope is m′ = (y −Oy)/(z −Oz):

yp = m′(zp −Oz) +Oy (5)

3.1 Implementation

We propose a geometry-based solution which applies the cylindrical projection equations
directly to the position of the mesh vertices. The transformations are applied in the ver-
tex shader, and they transform all the vertices included within the view volume to ver-
tices included within the typical canonical clipping volume: a cube whose edges length
is 2 coordinate units, centered at the coordinates origin, whose points have coordinates
xc, yc, zc ∈ [−1, 1]. The primitives which are totally or partially included within the cube
follow from that point the usual stages of the graphic pipeline.

The starting view volume, which corresponds to an asymmetric view frustum, is trun-
cated on both the top and bottom part by two cylindrical surfaces of radio Rfar y Rnear

centered on the coordinates origin. Since the near surface corresponds to the surface of the
curve monitor, it should be taken Rnear = R, being R the curvature radius of the curved
monitor. Rfar can be taken as any value greater than Rnear. The other two parameters
defining the display geometry are the angle θmax shown in figure 4 and the monitor dis-
play height h. Starting from these parameters, we transform this non-linear volume into a
regular volume (a cube) by using these equations:

xc =
θp
θmax

(6)

yc =
2yp
h

(7)

zc =
2
√
x2 + z2

Rfar −Rnear
−
Rfar +Rnear

Rfar −Rnear
(8)
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Where θp is the angular component of the intersection point polar coordinates, which
is obtained from coordinate xp by applying the inverse transformation of equation 1. yp is
the value obtained from equation 5, and x and z are the coordinates of the vertex included
in the view volume for which the transformation is done.

As commented above, a drawback of this approach is that it only transforms in a
non-linear way the vertices, but not the inner fragments of the triangles corresponding to
these vertices (which are linearly interpolated using the rasterization process of the graphic
pipeline). This problem can be visually perceptible in the edges of a relatively large triangle
(a triangle including a significant number of pixels once projected on the display) as the
fact that the sides appear as straight lines instead of appearing as curve lines, as id could
be expected in a cylindrical projection. In order to minimize this problem, we include
tessellation shaders in the graphic pipeline. These shaders take as input primitives each of
the triangles included in the view volume, using the vertices coming from the output of the
vertex shader as input control points. By applying the the viewport transformation on the
triangles we obtain their coordinates in the window space (in pixels), and we can determine
the apparent size of each triangle in the display, as well as decide if it should be split it
into more triangles. When triangles are subdivided, the same transformations made in the
vertex shader (equations 6, 7 and 8) are applied to each of the new generated vertices in
the tessellation shaders.

4 Results

In this section, we analyze the results obtained when the proposed transformations are
applied, compared to the results obtained with the linear projection transformations. We
have implemented a FTVR based on a personal computer with an Intel Core i7-4790 pro-
cessor, 12 GB memory and an NVIDIA GeForce GTX 650 GPU; a Logitech C170 webcam
for the tracking of user head and eyes; some pairs of anaglyph 3D glasses for obtaining an
stereoscopic vision; one planar and one curved monitor, both with a 21 inch display, for
comparing the obtained results. Both display dimensions are 67 cm. wide and 28 cm. high.

The rendered scene for performance evaluation purposes is a quite simple scene, com-
posed of a matrix of 5x3x3 cubes, with a 2D wood texture of 512x512 pixels mapped on
every cube face. The number of vertices in the cubes is variable, and we have changed it in
order to study how it affects to system performance.

Figures 5 and 6 show the visual effects obtained with both kinds of projections: planar
(left figures) and cylindrical (right figures). The first figure shows a scene using symmetric
view frustum, while the second one shows the same scene using asymmetric view frustum,
that is, changing the position of the user head (the COP has been moved 25 cm. right and
10 cm. up with respect to the monitor center).

Both figures show significant differences between the shape of the pictures on the left
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Figure 5: Scene rendered using symmetric view frustum with linear (left) and cylindrical
(right) projections.

Figure 6: Scene rendered using asymmetric view frustum with linear (left) and cylindrical
(right) projections.

and the right sides. Moreover, the right picture in figure 6 shows how the proposed transfor-
mation allow the correct rendering on a curved monitor even when the user is not located
at the COP. These results show that the proposed transformations efficiently adapt the
rendered image to the curved monitor geometry, achieving a more realistic effect regardless
of the head user position.

Next, figure 7 corresponds to the same scene, but in this case using anaglyph images
for achieving stereoscopic 3D effect. That is, this figure shows the same scene ready to be
seen by users wearing anaglyph glasses. Nevertheless, since the image is ready for curved
monitors, the reader can experience the result achieved on a curved monitor by printing the
image on a paper and curving the paper. By moving the head right and up with respect
to the line running through the center of the image, the reader will obtain the correct view
of the image. Again, this figure shows that the proposed transformation provides the user
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with realistic effects in the case of 3D images.

Figure 7: Stereoscopic rendering (red-cyan anaglyph) of the same scene using asymmetric
view frustum with cylindrical projection.

On other hand, we have evaluated the quantitative effects of the proposed transforma-
tions. Table 1 shows comparative results, in terms of the frames per second rate achieved
by the FTVR system, when both the proposed transformations and the typical planar pro-
jection transformations are applied. We have considered different number of vertices over
which the transformations are applied, ranging from a few thousands to 400 million vertices.

Num. of Vertices
6.5K 25K 100K 400K 1.5M 6.5M 25M 100M 400M

Linear Proj. 1430 1425 1420 1417 625 187 51 12.9 3.3
Cylind. Proj. 1427 1423 1420 1415 620 186 50 12.8 3.2

Table 1: Frames per second rendered as a function of the number of vertices in the scene.

Table 1 shows that the use of the proposed transformation does not significantly affect
the system performance, since the frames per second achieved with both transformations
are very similar even when the number of the triangles in the scene is huge (even bigger
than the number of rendered pixels). These results prove that the proposed transformations
do not add any overhead to the graphic system.
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5 Conclusions

In this paper, we have proposed new transformations that enable the implementation of
a FishTank VR system by using curved monitors instead of the planar ones, in order to
increase the user immersive sensation. We have reformulated the projection equations in the
literature not only to adapt them to the cylindrical geometry of curved monitor displays, but
also to take into account the used head location at every moment, which may be not centered
in regard to the position of the monitor. Also, we have implemented the new equations in
the vertex and the tessellation shaders, using cylindrical projections with asymmetric view
frustum. We have evaluated that implementation in a FTVR system with a curved monitor.
The performance evaluation results show that the user perceives a correct perspective of the
rendered scene at every moment, regardless of his/her head relative position to the monitor.
Also, the quantitative results show that the proposed equations have no significant effects on
the graphic system performance, achieving the same frame rates than when using the linear
equations in the literature. These results prove that the proposed transformations enable
the use of curved monitors in FTVR systems, improving the user immersive sensation.
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Abstract

In this paper, we introduce the notion of (βM , ψ, ξ) fuzzy contractive mappings and
investigate the existence of fuzzy fixed points for such mappings. We also give illustrative
example to show that our result is more general than the results in literatures.
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1 Introduction

Fuzzy concepts play the one importance role in real world problems which were used to
modeled mathematically for the purpose of automation, like regulation, production control
and many others. The study of fuzzy concepts for contractive mappings was instigated
by Heilpern [2]. He introduced fuzzy contractive mappings and proved the existence of
fuzzy fixed point theorem which is a generalization of Nadler’s [3]. Afterward, there are
mathematicians generalized and proved a fuzzy fixed point theorems for fuzzy contractive
mappings in metric spaces and other spaces (see [4–12]).

The notion of β∗–admissible for multivalued mapping was introduced by Asl et al. [13].
Mohammadi et al. [14] introduced the concept of β-admissible for multivalued mappings
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which is different from the notion of β∗–admissible. In 2014, Phiangsungnoen et al. [10]
introduced the notion of βM admissible for fuzzy mappings in the sense of Mohammadi et
al. [14]. In the same year, Ali et al. [16]introduced and proved the notion of (β, ψ, ξ)-
contractive multivalued mappings to generalized and extended the notion of contractive
mappings to closed valued multifunctions via β∗–admissible.

In this paper, by using the notion of βM admissible of Phiangsungnoen et al. [10]. We
introduce the concept of (βM , ψ, ξ) fuzzy contractive mappings and investigate the existence
of fuzzy fixed points for such mappings. We also give illustrative example to show that our
result is more general than the results in literatures.

2 Preliminaries

In this section, we recall some basic definitions and preliminaries that will be needed in this
paper.

Let X be a space of points with generic elements of X denoted by x and I = [0, 1]. A
fuzzy subset of X is characterized by a membership function such that each element in X
is associated with a real number in the interval I.

Let (X, d) be a metric space and A be a fuzzy set in X. If X is endowed with topology,
for α ∈ [0, 1], the α-level set of A, denoted by [A]α, is defined as [A]α = {x : A(x) ≥ α},
where α ∈ (0, 1] and for α = 0 we have [A]0 = {x : A(x) > 0}, where B denotes the closure
of the non-fuzzy set B.

Let X be a nonempty set. For x ∈ X, we write {x} the characteristic function of the
ordinary subset {x} of X. For α ∈ (0, 1], the fuzzy point xα of X is the fuzzy set of X given
by

xα(y) =

{
α ; x = y

0 ; x 6= y .

In the sequel, I = [0, 1], (X, d) and IX denote the metric space and the collection of all
fuzzy subsets of X. For A,B ∈ IX , a fuzzy set A is said to be more accurate than a fuzzy
set B (denoted by A ⊂ B) if and only if Ax ≤ Bx for each x in X, where A(x) and B(x)
denote the membership function of A and B, respectively. For x ∈ X, S ⊂ X, A,B ∈ IX
and α ∈ [0, 1], we define d(x, S) = inf{d(x, a); a ∈ S},

pα(x,A) = inf{d(x, a); a ∈ [A]α},

pα(A,B) = inf{d(a, b); a ∈ [A]α, b ∈ [B]α},

p(A,B) = sup
α
pα(A,B),
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Dα(A,B) = H
(
[A]α, [B]α

)
= max

{
sup
a∈[A]α

d(a, [B]α), sup
b∈[B]α

d(b, [A]α)
}
,

d∞(A,B) = sup
α
Dα(A,B).

and

Wα(X) = {C ∈ IX : [C]α is nonempty and compact }.

It is easy to see that H is the Hausdorff metric on Wα(X) induced by the metric d.

Definition 2.1 ([4]) Let (X, d) be a metric space. Q : X → IX and α ∈ [0, 1]. A fuzzy
point xα in X is called fuzzy fixed point of Q if xα ⊂ Qx. If {x} ⊂ Qx, then x is called
fixed point of Q.

Lemma 2.2 ([2]) Let (X, d) be a metric space, x ∈ X and A ∈ IX . For α ∈ [0, 1], if
pα(x,A) = 0 and [A]α is closed subset of X, then xα ⊂ A.

Definition 2.3 ([13]) Let X be a nonempty set, Q : X → 2X , where 2X is a collection
of nonempty subsets of X and β : X × X → [0,∞). We say that Q is β∗-admissible if
for x, y ∈ X with β(x, y) ≥ 1we haveβ∗(Qx,Qy) ≥ 1, where β∗(Qx,Qy) := inf{β(a, b) : a ∈
Qx and b ∈ Qy}.

Definition 2.4 ([14]) Let X be a nonempty set, Q : X → 2X , where 2X is a collection of
nonempty subsets of X and β : X ×X → [0,∞). We say that Q is β-admissible whenever
for each x ∈ X and y ∈ Qx with β(x, y) ≥ 1, we have β(y, z) ≥ 1 for all z ∈ Qy.

Remark 2.5 If Q is β∗-admissible mapping, then Q is also β-admissible mapping.

Definition 2.6 ([10]) Let (X, d) be a metric space, β : X × X → [0,∞), α ∈ [0, 1] and
Q : X →Wα(X). A mapping Q is said to be βM -admissible if for each x ∈ X and y ∈ [Qx]α,
with β(x, y) ≥ 1, we have β(y, z) ≥ 1 for all z ∈ [Qy]α.

In this results we let Ψ be the family of nondecreasing ψ : [0,∞) → [0,∞) such that∑∞
n=1 ψ

n(t) < ∞ for each t > 0 and ψ is continuous function. It easy to see that for
ψ ∈ Ψ, ψ(t) < t for all t > 0 and ψ(0) = 0. Moreover, we let Ξ be the family of functions
ξ : [0,∞) → [0,∞) such that ξ is continuous, nondecreasing on [0,∞), ξ(0) = 0 and
ξ(t) > 0 for all t ∈ (0,∞) and ξ is subadditive function. The example of ξ function showed
in Example 2.1 [16].

Lemma 2.7 Let (X, d) is a metric space and let ξ ∈ Ξ. Then (X, ξ ◦ d) is a metric space.

c©CMMSE ISBN: 978-84-617-8694-7Page 1679 of  2288



Fuzzy fixed point theorems for (βM , ψ, ξ) fuzzy contractive mappings

3 Fuzzy fixed point theorems for (βM , ψ, ξ) fuzzy contractive
mappings

Theorem 3.1 Let (X, d) be a complete metric space, α ∈ [0, 1] and Q be fuzzy mapping
from X to Wα(X). Suppose that there exist ψ ∈ Ψ, ξ ∈ Ξ and β : X × X → [0,∞) such
that

β(x, y) ≥ 1⇒ ξ(Dα(Qx,Qy)) ≤ ψ(ξ(J(x, y) + lK(x, y))), (3.1)

for all x, y ∈ X, where l ≥ 0 and

J(x, y) = max
{
d(x, y), pα(x,Qx), pα(y,Qy),

pα(x,Qy) + pα(y,Qx)

2

}
,

K(x, y) = min
{
pα(x,Qx), pα(y,Qy), pα(x,Qy), pα(y,Qx)

}
.

If the following condition holds :

(i) Q is βM -admissible,

(ii) there exist x0 ∈ X and x1 ∈ [Qx0]α such that β(x0, x1) ≥ 1,

(iii) if {xn} is sequence in X such that β(xn, xn+1) ≥ 1 and xn → x as n → ∞, then
β(xn, x) ≥ 1,

then there exists x ∈ X such that xα is a fuzzy fixed point of Q.

Proof 1 By hypothesis, there exist x0 ∈ X and x1 ∈ [Qx0]α in condition (ii), we get
β(x0, x1) ≥ 1. If x0 = x1, then we have nothing to prove. Let x0 6= x1. If x1 ∈ [Qx1]α, then
x1 is fuzzy fixed point of Q. Let x1 /∈ [Qx1]α. Since [Qx1]α is nonempty compact subset of
X, there exists x2 ∈ [Qx1]α, such that

0 < ξ(d(x1, x2)) = ξ(pα(x1, Qx1)) ≤ ξ(Dα(Qx0, Qx1)). (3.2)

From (3.2) and the fact that β(x0, x1) ≥ 1, we have

0 < ξ(d(x1, x2)) ≤ ξ(Dα(Qx0, Qx1))

≤ ψ(ξ(J(x0, x1) + lK(x0, x1))) (3.3)

where

J(x0, x1) = max
{
d(x0, x1), pα(x0, Qx0), pα(x1, Qx1),

pα(x0, Qx1) + pα(x1, Qx0)

2

}
= max

{
d(x0, x1), pα(x1, Qx1)

}
,
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and

K(x0, x1) = min
{
pα(x0, Qx0), pα(x1, Qx1), pα(x0, Qx1), pα(x1, Qx0)

}
= min

{
pα(x0, x1), pα(x1, x2), pα(x0, x2), 0

}
.

Assume that max{d(x0, x1), pα(x1, Qx1)} = pα(x1, Qx1). Then from equation (3.3), we
have

0 < ξ(d(x1, x2)) ≤ ξ(Dα(Qx0, Qx1))

≤ ψ(ξ(J(x0, x1) + lK(x0, x1)))

≤ ψ(ξ(max{d(x0, x1), pα(x1, Qx1)}+ 0))

= ψ(ξ(pα(x1, Qx1)))

≤ ψ(ξ(d(x1, x2))) < ξ(d(x1, x2))

which is a contradiction. Hence, max{d(x0, x1), pα(x1, Qx1)} = d(x0, x1). Then from equa-
tion (3.3), we have

0 < ξ(d(x1, x2)) ≤ ξ(Dα(Qx0, Qx1)) ≤ ψ(ξ(d(x0, x1))).

By the same argument, for x2 ∈ X, we have [Qx2]α is a nonempty compact subset of
X and then there exists x3 ∈ [Qx2]α such that

ξ(d(x2, x3)) = ξ(pα(x2, Qx2)) ≤ ξ(Dα(Qx1, Qx2)). (3.4)

For x0 ∈ X and x1 ∈ [Qx0]α with β(x0, x1) ≥ 1, by definition of βM -admissible, we get

β(x1, x2) ≥ 1. (3.5)

From (3.1), (3.4) and (3.5), we have

ξ(d(x2, x3)) ≤ ξ(Dα(Qx1, Qx2))

≤ ψ(ξ(J(x1, x2) + lK(x1, x2))) (3.6)

where

J(x1, x2) = max
{
d(x1, x2), pα(x1, Qx1), pα(x2, Qx2),

pα(x1, Qx2) + pα(x2, Qx1)

2

}
= max{d(x1, x2), pα(x2, Qx2)},

and

K(x1, x2) = min
{
pα(x1, Qx1), pα(x2, Qx2), pα(x1, Qx2), pα(x2, Qx1)

}
= min

{
pα(x1, x2), pα(x2, x3), pα(x1, x3), 0

}
.

c©CMMSE ISBN: 978-84-617-8694-7Page 1681 of  2288



Fuzzy fixed point theorems for (βM , ψ, ξ) fuzzy contractive mappings

Assume that max{d(x1, x2), pα(x2, Qx2)} = pα(x2, Qx2). Then from equation (3.6), we
have

0 < ξ(d(x2, x3)) ≤ ξ(Dα(Qx1, Qx2))

≤ ψ(ξ(J(x1, x2) + lK(x1, x2)))

≤ ψ(ξ(max{d(x1, x2), pα(x2, Qx2)}+ 0))

= ψ(ξ(pα(x2, Qx2)))

≤ ψ(ξ(d(x2, x3))) < ξ(d(x2, x3))

which is a contradiction. Hence, max{d(x1, x2), pα(x2, Qx2)} = d(x1, x2). Then from equa-
tion (3.6), we have

0 < ξ(d(x2, x3)) ≤ ξ(Dα(Qx1, Qx2)) ≤ ψ(ξ(d(x1, x2))) = ψ2(ξ(d(x0, x1))).

By induction, we can construct a sequence {xn} in X such that, for each n ∈ N, xn ∈
[Qxn−1]α with β(xn−1, xn) ≥ 1 and

0 < ξ(d(xn, xn+1)) ≤ ξ(Dα(Qxn−1, Qxn)) ≤ ψ(ξ(J(xn−1, xn) + lK(xn−1, xn)))

where

J(xn−1, xn) = max
{
d(xn−1, xn), pα(xn−1, Qxn−1), pα(xn, Qxn),

pα(xn−1, Qxn) + pα(xn, Qxn−1)

2

}
= max{d(xn−1, xn), pα(xn, xn+1)},

and

K(xn−1, xn) = min
{
pα(xn−1, Qxn−1), pα(xn, Qxn), pα(xn−1, Qxn), pα(xn, Qxn−1)

}
= min

{
pα(xn−1, xn), pα(xn, xn+1), pα(xn−1, xn+1), 0

}
.

Hence

ξ(d(xn, xn+1)) ≤ ψ(ξ(max{d(xn−1, xn), pα(xn, xn+1)})) (3.7)

for all n ∈ N. If there exists n∗ ∈ N which pα(xn∗ , Qxn∗) = 0, then from Lemma 2.2,
we have (xn∗)α ⊂ Qxn∗, that is (xn∗)α is a fuzzy fixed point of Q. Therefore, we suppose
that for each n ∈ N, pα(xn, Qxn) > 0 and thus d(xn−1, xn) > 0 for all n ∈ N. So, if
d(xn, xn+1) > d(xn−1, xn) for some n ∈ N, then from (3.7) and ψ(t) < t for t ∈ (0,∞), we
have

ξ(d(xn, xn+1)) ≤ ψ(ξ(d(xn, xn+1))) < ξ(d(xn, xn+1))
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which is a contradiction to our assumption. Therefore, we have

ξ(d(xn, xn+1)) ≤ ψ
(
ξ(d(xn−1, xn))

)
≤ ψ

(
ψ
(
ξ(d(xn−2, xn−1))

))
...

≤ ψn
(
ξ(d(x0, x1))

)
. (3.8)

Next, we will show that {xn} is a Cauchy sequence in X. Since function ψ is belong to Ψ,
there exist ∇ > 0 and positive integer g = g(∇) such that∑

n≥h
ψn(ξ(d(x0, x1))) < ∇.

Let m > n > g. Using the triangular inequality, previous relation and (3.8), we have

ξ(d(xn, xm)) ≤
m−1∑
i=n

ξ(d(xi, xi+1)) ≤
m−1∑
i=n

ψi(ξ(d(x0, x1))) ≤
∑
n≥g

ψn(ξ(d(x0, x1))) < ∇.

This implies that lim
n,m→∞

d(xm, xn) = 0. Hence {xn} is a Cauchy sequence in (X, d). By

completeness of (X, d), there exists z ∈ X such that xn → z as n→∞. Next, we claim that
pα(z,Qz) = 0 for each α ∈ [0, 1]. If not there exixts α† ∈ [0, 1] such that pα†(z,Qz) > 0.
By condition (iii), we have β(xn, x) ≥ 1 for all n ∈ N. Now we have

ξ(pα†(z, Tz)) ≤ ξ(d(z, xn+1) + pα(xn+1, Qz))

≤ ξ(d(z, xn+1)) + ξ(Dα(Qxn+1, Qz))

≤ ξ(d(z, xn+1)) + ψ
(
ξ
(
J(z, xn) + lK(z, xn)

))
where

J(z, xn) = max
{
d(z, xn), pα†(z,Qz), pα†(xn, Qxn),

pα†(z,Qxn) + pα†(xn, Qz)

2

}
= max

{
d(z, xn), pα†(z,Qz), pα†(xn, xn+1),

pα†(z, xn+1) + pα†(xn, Qz)

2

}
and

K(z, xn) = min
{
pα†(z,Qz), pα†(xn, Qxn), pα†(z,Qxn), pα†(xn, Qz)

}
= min

{
pα†(z,Qz), pα†(xn, xn+1), pα†(z, xn+1), pα†(xn, Qz)

}
Taking limit as n→∞ gives that

ξα†(z,Qz)) ≤ ψ
(
ξ(pα†(z,Qz))

)
< ξα†(z,Qz)),

which is a contradiction. Therefore, we have ξ(pα†(z,Qz)) that means pα(z,Qz) = 0 for
each α ∈ [0, 1]. By Lemma 2.2, we get xα ⊂ Qx. This complete the proof.
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�

Next, we give some examples to support the validity of our result.

Example 3.2 Let X = [0, 1] and d : X×X → [0,∞) as d(x, y) = |x−y| for all x, y ∈ X.
Define a mapping Q : X → IX as follows:

(Qx)(t) =



2

5
, 0 ≤ t ≤

x

6
,

0 ,
x

6
< t ≤

x+ 1

6
,

1

4
,
x+ 1

6
< t ≤ 1.

Let α =
2

5
. We observe that

[Qx]α = [Qx] 2
5

=
[
0,
x

6

]
for all x ∈ X. Therefore, Q is fuzzy mapping from X to Wα(X).

Define β : X ×X → [0,∞) by

β(x, y) =


1 , x = y,

1

|x− y|
, x 6= y.

Then it is easy to check that Q is an βM -admissible. For each x, y ∈ X, we get

ξ(Dα(Qx,Qy)) = ξ
(
H([Qx]α, [Qy]α)

)
= ξ(

1

6
|x− y|)

= ξ(
1

6
d(x, y))

<
1

2
ξ(d(x, y))

≤ ψ(ξ(J(x, y) + lK(x, y))),

where ψ(t) =
t

2
and ξ(t) =

√
t for all t > 0 and l ≥ 0. It is easy to see that conditions (ii)

and (iii) in Theorem 3.1 hold. Therefore all conditions of Theorem 3.1 hold. Thus Q has
an α-fuzzy fixed point x ∈ X, that is, a point x = 0.

�
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By using Remark 2.5, we get the following result.

Theorem 3.3 Let (X, d) be a complete metric space, α ∈ [0, 1] and Q be fuzzy mapping
from X to Wα(X). Suppose that there exist ψ ∈ Ψ, ξ ∈ Ξ and β : X × X → [0,∞) such
that

β(x, y) ≥ 1⇒ ξ(Dα(Qx,Qy)) ≤ ψ(ξ(J(x, y) + lK(x, y))), (3.9)

for all x, y ∈ X, where l ≥ 0 and

J(x, y) = max
{
d(x, y), pα(x,Qx), pα(y,Qy),

pα(x,Qy) + pα(y,Qx)

2

}
,

K(x, y) = min
{
pα(x,Qx), pα(y,Qy), pα(x,Qy), pα(y,Qx)

}
.

If the following condition holds :

(i) Q is βM -admissible,

(ii) there exist x0 ∈ X and x1 ∈ [Qx0]α such that β(x0, x1) ≥ 1,

(iii) if {xn} is sequence in X such that β(xn, xn+1) ≥ 1 and xn → x as n → ∞, then
β(xn, x) ≥ 1,

then there exists x ∈ X such that xα is a fuzzy fixed point of Q.

In Theorems 3.1 and 3.3, we taking ξ(t) = t then we have the following corollary.

Corollary 3.4 Let (X, d) be a complete metric space, α ∈ [0, 1] and Q be fuzzy mapping
from X to Wα(X). Suppose that there exist ψ ∈ Ψ and β : X ×X → [0,∞) such that

β(x, y) ≥ 1⇒ Dα(Qx,Qy) ≤ ψ(J(x, y) + lK(x, y)), (3.10)

for all x, y ∈ X, where l ≥ 0 and

J(x, y) = max
{
d(x, y), pα(x,Qx), pα(y,Qy),

pα(x,Qy) + pα(y,Qx)

2

}
,

K(x, y) = min
{
pα(x,Qx), pα(y,Qy), pα(x,Qy), pα(y,Qx)

}
.

If the following condition holds :

(i) Q is βM -admissible,

(ii) there exist x0 ∈ X and x1 ∈ [Qx0]α such that β(x0, x1) ≥ 1,

(iii) if {xn} is sequence in X such that β(xn, xn+1) ≥ 1 and xn → x as n → ∞, then
β(xn, x) ≥ 1,
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then there exists x ∈ X such that xα is a fuzzy fixed point of Q.

Corollary 3.5 ([10]) Let (X, d) be a complete metric space, α ∈ [0, 1] and Q be fuzzy
mapping from X to Wα(X). Suppose that there exist ψ ∈ Ψ and β : X ×X → [0,∞) such
that

β(x, y)Dα(Qx,Qy) ≤ ψ(J(x, y)) + lK(x, y), (3.11)

for all x, y ∈ X, where l ≥ 0 and

J(x, y) = max
{
d(x, y), pα(x,Qx), pα(y,Qy),

pα(x,Qy) + pα(y,Qx)

2

}
,

K(x, y) = min
{
pα(x,Qx), pα(y,Qy), pα(x,Qy), pα(y,Qx)

}
.

If the following condition holds :

(i) Q is βM -admissible,

(ii) there exist x0 ∈ X and x1 ∈ [Qx0]α such that β(x0, x1) ≥ 1,

(iii) if {xn} is sequence in X such that β(xn, xn+1) ≥ 1 and xn → x as n → ∞, then
β(xn, x) ≥ 1,

then there exists x ∈ X such that xα is a fuzzy fixed point of Q.

In corollary 3.4, we taking ψ(t) = kt where k ∈ (0, 1) then we have the following
corollary.

Corollary 3.6 Let (X, d) be a complete metric space, α ∈ [0, 1] and Q be fuzzy mapping
from X to Wα(X). Suppose that there exist k ∈ (0, 1) and β : X ×X → [0,∞) such that

β(x, y) ≥ 1⇒ Dα(Qx,Qy) ≤ kJ(x, y) + lK(x, y)), (3.12)

for all x, y ∈ X, where l ≥ 0 and

J(x, y) = max
{
d(x, y), pα(x,Qx), pα(y,Qy),

pα(x,Qy) + pα(y,Qx)

2

}
,

K(x, y) = min
{
pα(x,Qx), pα(y,Qy), pα(x,Qy), pα(y,Qx)

}
.

If the following condition holds :

(i) Q is βM -admissible,

(ii) there exist x0 ∈ X and x1 ∈ [Qx0]α such that β(x0, x1) ≥ 1,

c©CMMSE ISBN: 978-84-617-8694-7Page 1686 of  2288



S. Phiangsungnoen

(iii) if {xn} is sequence in X such that β(xn, xn+1) ≥ 1 and xn → x as n → ∞, then
β(xn, x) ≥ 1,

then there exists x ∈ X such that xα is a fuzzy fixed point of Q.

If we set β(x, y) = 1 for all x, y ∈ X in Corollary 3.4, we get the following result.

Corollary 3.7 Let (X, d) be a complete metric space, α ∈ [0, 1] and T be fuzzy mapping
from X to Wα(X). Suppose that there exist ψ ∈ Ψ such that

Dα(Qx,Qy) ≤ ψ(J(x, y) + lK(x, y)), (3.13)

for all x, y ∈ X, where l ≥ 0 and

J(x, y) = max
{
d(x, y), pα(x,Qx), pα(y,Qy),

pα(x,Qy) + pα(y,Qx)

2

}
,

K(x, y) = min
{
pα(x,Qx), pα(y,Qy), pα(x,Qy), pα(y,Qx)

}
.

Then there exists x ∈ X such that xα is a fuzzy fixed point of T .

If ψ(t) = θt where θ ∈ (0, 1), l = 0 and β(x, y) = 1 for all x, y ∈ X in Corollary 3.4, ,
then we have the following Corollary.

Corollary 3.8 Let (X, d) be a complete metric linear space, α ∈ [0, 1] and T be fuzzy
mapping from X to Wα(X) such that

Dα(Qx,Qy) ≤ kmax
{
d(x, y), pα(x,Qx), pα(y,Qy),

pα(x,Qy) + pα(y,Qx)

2

}
(3.14)

for all x, y ∈ X, where k ∈ (0, 1). Then there exists x ∈ X such that xα is a fuzzy fixed
point of Q.
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Abstract

Based on the classical epidemiological SIR model, we propose a similar model to
analyze the spreading of a false rumor in an homogeneous mixing population. The
individuals of the population can be ignorants to a certain rumor, or they can either
believe or unbelieve on the rumor, depending on the level of the knowledge about the
rumor achieved. Hence, an individual can decide to search for real information, or not,
in order to be informed and believe, or not, on the rumor. This search for information
can have costs but can also be very advantageous to the individual. Hence, we introduce
the expected learning payoff of an individual to find the his/her best learning strategy.

Key words: Rumor, SIR model, Nash

1 Introduction

The first mathematical model for rumor spreading was proposed by Daley and Kendall in
1964 (see [1]), and became known as the D-K model. In this model, the population is divided
in three groups: ignorants - people who are ignorant to the rumor; spreaders - people who
are actively spreading the rumor; stiflers - people who have heard the rumor, but are no
longer interested in spreading it. Even before Daley and Kendall’s work, Goffman and Newill
(see [3]) published a paper generalizing the epidemics theory, with a clear analogy between
the spreading of an infectious disease and the transmission of ideas. Since then, several
authors developed the rumor spreading models, with new transitions capable of describing
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different issues in the spreading process (see [2, 8, 10]). The analogy between epidemics and
rumors states that: people can be infective, those who are host to the infectious material,
as believers and spreaders of a certain rumor; people can be susceptible, those who can be
infective given a contact with infectious material, as ignorants, those who can be believers
given a contact with the rumor provided by a believer; and people can be removals, those
who have been removed by death, immunization, hospitalization, etc., as stiflers, those who
do not spread the rumor any more.

A rumor is defined as an information disseminated with neither a official confirmation
nor an official refutation, but, typically, it has a negative impact on the society (see [10]). A
rumor can appear in one of many forms: it can be a scientific result that as been published
in a certain paper; it can be the idea that some food has cancer-causing compounds; it can
be the idea that a bank is near the bankruptcy; etc.. Since the rumors have the power
to provoke high changes in population behaviors, sometimes causing even panic for society,
there are always some risks associated with them, especially when they are false. Nowadays,
with the social media and all the technologies of information, a rumor can easily spread
and reach larges scales of individuals. Hence, the study about how a rumor spreads, done
to prevent or minimize its negative effects, is an extremely important task.

In this work, we study the spread of false rumors using a mathematical model based
on the classical SIR epidemic model. Instead of being suscepitbles, infecteds or removed,
in our model the individuals can be either ignorants, believers or unbelievers to a certain
rumor. The ignorants are those who have not heard the rumor yet, while the believers
are the individuals that already heard, believe and spread the rumor. The unbelievers
are the individuals that do not believe on the rumor by one of the following two reasons:
they believed before but no longer believe by absence of proofs; or, they are well informed
and they do not believe on a false rumor because they know the reality. Obviously, the
unbeliever individuals do not spread the rumor.

Depending on the belief on the rumor, people can have different attitudes. Individuals
that believe on false rumors can easily take some wrong decisions, with possible negative
consequences. Hence, being informed is a necessary condition to do not believe on false
rumors and avoid wrong decisions. On the other hand, the access to information might
have significant costs and sometimes not being informed is the best solution. Facing the
benefits of being informed against the costs of accessing the information, we will make a
game theoretical analysis (see [5]) about the individuals’ decisions regarding the search, or
not, for real information. We introduce the individual learning payoff, that can be used to
compute the most profitable strategies.

c©CMMSE ISBN: 978-84-617-8694-7Page 1690 of  2288



A game theoretical analysis in a rumor spreading model

2 The spreading model

Based on the classical SIR epidemiological model, we purpose a similar model to describe
the spread of a rumor in a homogeneous population.

In the classical SIR epidemiological model, proposed originally by Kermack and McK-
endrik in 1927 (see [6]), the population is assumed to be divided in three distinct compart-
ments: S - the susceptible individuals; I - the infecteds; and R - the individuals that have
recovered from infection and are now immune. The reaction schemes for transitions of the
SIR system are given by

S + I
β−→ I + I

I
γ−→ R

S, I,R
µ−→ S

where: β is the mean infection rate; γ is the mean recovery rate and so 1/γ is the mean
infectious period; and µ is the mean birth and death rate, hence 1/µ is the mean life
expectancy at birth. The reaction schemes of the SIR model result in the following ODE
system

dS

dt
= µ− βSI − µS

dI

dt
= βSI − µI − γI

dR

dt
= γI − µR .

In the following years, several authors used the SIR model to develop more complex epidemic
models, in which temporary and/or partial immune protection were considered (see [4, 9]).
The introduction of a vaccination transition from susceptible to recovered

S
ν−→ R

was also explored (see [4]). Besides the epidemiology, the SIR epidemic model has been used
to describe the evolution of several phenomena in many other fields, like informatics and
sociology. Based on the SIR model, we propose a rumor spreading model where individuals
can be either Ignorant, Believers or Unbelievers on a certain rumor. This model will be
designated by IBU model. A direct analogy between the SIR model and the IBU model can
be done by taking the following identifications on the state variables:

• S - Susceptibles are the I - Ignorants;

• I - Infecteds are the B - Believers on the rumor;
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• R - Recovered are the U - Unbelievers on the rumor.

We will make the following assumptions about the IBU rumor spreading model: (i) all
individuals are distributed homogeneously in the population and have the same possibilities
to access information, hence they all make decisions under the same conditions; (ii) the
believer individuals are the active spreaders, i.e. they are the individuals that transmit the
rumor to the ignorants; (iii) once a believer stops believing on the rumor and becomes an
unbeliever, he/she will also stops transmitting the rumor. Hence, the unbelievers are not
active spreaders. Similarly to the vaccination in the SIR epidemic model, the IBU model
comprises a learning transition that puts the ignorants automatically unbelievers, because
an individual becomes informed about the reality after learning and do not believe on false
rumors.

To find the learning strategies that are more likely to be adopted by an ignorant indi-
vidual we will define the Nash equilibria strategies (see [5, 7]). We start by assuming that:
P is the probability that an individual will choose to be informed, i.e. it is the individual’s
learning strategy; and p is the proportion of individuals who will choose to learn. With this
notation, P ∗ is a population Nash learning strategy if

∆P ∗→Q = E(Q,P ∗)− E(P ∗, P ∗) ≤ 0 , for every strategy Q ∈ [0, 1],

where E(P, p) denotes the learning expected payoff of an individual that learns with prob-
ability P . Hence, if P ∗ is a population Nash learning strategy then no single individual has
the incentive to deviate his/her learning strategy from P ∗ to any other strategy Q 6= P ∗.

The learning expected payoff will be studied depending on the benefits and the costs
of learning but also depending on the cost of believing on a false rumor. Maximizing the
learning expected payoff, we will characterize the most profitable learning strategies.

3 Conclusions and future work

Based on the SIR epidemic model, we propose a rumor spreading model to describe the
spread of false rumors. In this model, individuals can be either ignorants, believers or un-
believers on the rumor. Depending on the costs of believing on false rumors, and depending
on the benefits and costs of being informed, we introduce the individual learning expected
payoff. This expected payoff can now be used to compute the Nash learning strategies that
are more likely to be adopted. Future work can also include the characterization of the
evolutionary stable learning strategies in the IBU rumor spreading model or, possibly, in
models where the rumor do not need to be false.
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Abstract

Two-dimensional wave equation in anisotropic media, on a rectangular domain with
initial conditions and periodic boundary conditions, is considered. The space discretiza-
tion is done with second and forth order finite differences on a uniform grid, paying at-
tention to the mixed derivative of the equation. For the time integration of the system
of ordinary differential equations obtained, a fourth order exponential splitting method,
which is a geometric integrator, is proposed. The stability condition for time step and
space step ratio is deduced. Numerical experiments comparing the discrete energy of
the semi-discrete problem with the energy of the continuous problem are showed. Ex-
periments displaying the good behavior in the long time integration and the efficiency
of the numerical solution are too provided.

Key words: Anisotropic, Mixed derivative term, Energy, Finite differences, Splitting
method
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1 Introduction

We study the two dimensional time-dependent anisotropic and dispersive wave equation

∂ttu = α11∂xxu+ 2α12∂xyu+ α22∂yyu− s2u, (1)

in a rectangular domain R = [a, b]× [c, d], for the unknown u(x, y, t), with initial-boundary
conditions. We asume that the coefficients of the anisotropic wave equation (1) αij and s2

are constant and

α11 > 0, α22 > 0, α11α22 − α2
12 > 0, (2)
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so that in the steady state the equation is elliptic.

We impose periodic boundary conditions,

u(a, y, t) = u(b, y, t), y ∈ [c, d], (3)

∂xu(a, y, t) = ∂xu(b, y, t), y ∈ [c, d], (4)

u(x, c, t) = u(x, d, t), x ∈ [a, b], (5)

∂yu(x, c, t) = ∂yu(x, d, t), x ∈ [a, b]. (6)

In addition, we consider the initial conditions,

u(x, y, 0) = u0(x, y), ∂tu(x, y, 0) = v0(x, y), (7)

which satisfy periodic boundary conditions in R.

2 Energy of the continuous problem

An energy,

E(t) =
1

2

∫∫
R

((∂tu(x, y, t))2 + α11(∂xu(x, y, t))2 + 2α12∂xu(x, y, t)∂yu(x, y, t)

+ α22(∂yu(x, y, t))2 + s2u(x, y, t)2)dxdy,

can be introduced. The energy E(t) is constant with time

E(t) = E(0) =
1

2

∫∫
R

(v0(x, y)2 + α11(∂xu0(x, y))2 + 2α12∂xu0(x, y)∂yu0(x, y)

+α22(∂yu0(x, y))2 + s2u0(x, y)2)dxdy,
(8)

and, in this way, we can compute the energy of the problem calculating the initial energy
through the initial conditions.

3 Spatial discretization

We start approximating the spatial derivatives in (1) by using finite differences. For the
sake of simplicity, we consider the same size step in both directions x and y, that is, for

a value of N , h =
b− a
N

and M =
d− c
h

. Let xj = a + (j − 1)h, j = 1, . . . , N + 1, and

yl = c+ (l− 1)h, l = 1, . . . ,M + 1, be the nodes of the spatial discretization. This produces
a uniform grid in the computational domain and a matrix of unknowns ujl(t) = u(xj , yl, t).
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3.1 Second order spatial discretization

Second order spatial derivatives in the direction x and in the direction y are approximated
by second order central finite differences

∂xx ujl ≈
uj−1,l − 2ujl + uj+1,l

h2
,

∂yy ujl ≈
uj,l−1 − 2ujl + uj,l+1

h2
,

in stencil form

1

h2

 0 0 0
1 −2 1
0 0 0

 ,
1

h2

 0 1 0
0 −2 0
0 1 0

 ,

respectively.
For second order mixed derivatives we consider second order approximation with stencil

forms

1

2h2

 −1 1 0
1 −2 1
0 1 −1

 ,
1

2h2

 0 −1 1
−1 2 −1

1 −1 0

 . (9)

The first stencil form should be used in the case α12 > 0, whereas the second is suitable
when α12 < 0. Taking this into account, here mixed derivative is approximated as follows

if α12 > 0,

2∂xy ujl ≈
uj−1,l + uj+1,l − 2ujl + uj,l−1 + uj,l+1 − uj−1,l+1 − uj+1,l−1

h2
,

if α12 < 0,

2∂xy ujl ≈
−uj−1,l − uj+1,l + 2ujl − uj,l−1 − uj,l+1 + uj−1,l−1 + uj+1,l+1

h2
.

Let it be uj the approximations to the unknowns (u(xj , y1), . . . , u(xj , yM+1))
T , for fixed

xj . Denoting uh = [uT1 , . . . ,u
T
N+1]

T , we achieve the second order in time ODEs system

d 2uh
dt2

= Auh, (10)

where the matrix of the problem is

A =
1

h2
B − s2I, (11)

I is the identity matrix of dimension (N+1)(M+1) and matrix B comes from second order
spatial derivatives approximation.
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Lemma 1. The eigenvalues of matrix B, for the coefficients αij meeting (2), satisfy

σ(B) ⊂ [−4(α11 + α22)− 8|α12|, 0].

Lemma 2. The matrix

A =
1

h2
B − s2I

is symmetric negative definite.

Theorem 3. The discrete energy

Eh(t)(u,v) =
h2

2
(vTv − uTAu), (12)

is conserved for (uh, duh/dt), being uh the solution of (10).

3.2 Fourth order spatial discretization

Computational cost becomes especially important when the number of equations in the
system increases. In order to approach equation (1) with periodic boundary conditions (3)-
(6) and initial conditions (7), with higher accuracy, we consider fourth order approximation
of the spatial derivatives.

Second order spatial derivatives in the direction x and in the direction y are approxi-
mated by fourth order central finite differences

∂xx ujl ≈
1

h2
(− 1

12
uj−2,l +

4

3
uj−1,l −

5

2
ujl +

4

3
uj+1,l −

1

12
uj+2,l),

∂yy ujl ≈
1

h2
(− 1

12
uj,l−2 +

4

3
uj,l−1 −

5

2
ujl +

4

3
uj,l+1 −

1

12
uj,l+2),

in stencil form

1

12h2


0 0 0 0 0
0 0 0 0 0
−1 16 −30 16 −1

0 0 0 0 0
0 0 0 0 0

 ,
1

12h2


0 0 −1 0 0
0 0 16 0 0
0 0 −30 0 0
0 0 16 0 0
0 0 −1 0 0

 ,

respectively.
Mixed derivative are approximated by the following fourth order finite differences

∂xy ujl ≈
1

144h2
(uj−2,l−2 − 8uj−2,l−1 + 8uj−2,l+1 − uj−2,l+2

−8uj−1,l−2 + 64uj−1,l−1 − 64uj−1,l+1 + 8uj−1,l+2

8uj+1,l−2 − 64uj+1,l−1 + 64uj+1,l+1 − 8uj+1,l+2

−uj+2,l−2 + 8uj+2,l−1 − 8uj+2,l+1 + uj+2,l+2),

c©CMMSE ISBN: 978-84-617-8694-7Page 1698 of  2288



A. M. PORTILLO

in stencil form

1

144h2


−1 8 0 −8 1

8 −64 0 64 −8
0 0 0 0 0
−8 64 0 −64 8

1 −8 0 8 −1

 .

4 Time discretization

We rewrite problem (10) as a first order system, naming vh = [
d

dt
uT1 , . . . ,

d

dt
uTN+1]

T ,

d

dt

[
uh
vh

]
=

[
0 I
A 0

] [
uh
vh

]
, (13)

where I is the identity matrix of dimension (N + 1)(M + 1). We notice system (13) is a
Hamiltonian problem.

4.1 Exponential splitting method

Denoting k the time step, we propose to approximate the exact solution of (13),[
u(t+ k)
v(t+ k)

]
= exp

(
k

[
0 I
A 0

])[
u(t)
v(t)

]
, t ≥ 0,

by using an exponential splitting method as time integrator. We split the matrix of the
problem (13) in two parts[

0 I
A 0

]
=

[
0 I
0 0

]
+

[
0 0
A 0

]
= M1 +M2.

The intermediate problems

d

dt

[
uh
vh

]
= Mi

[
uh
vh

]
, i = 1, 2,

can be solved exactly using that M2
i = 0 for i = 1, 2 and,

exp(kM1) =

[
I kI
0 I

]
, exp(kM2) =

[
I 0
kA I

]
.

Then, the flows of these intermediate problems applied to [u,v]T are

ψ
[1]
k : exp(kM1)

[
u
v

]
=

[
u + kv

v

]
,

ψ
[2]
k : exp(kM2)

[
u
v

]
=

[
u

v + kAu

]
.
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To advance a step of size k in time, once we have solved exactly each intermediate step, it
is necessary combining these solutions to obtain an approximation of the solution of (13).
To do this, first we use the symmetric second order Strang splitting S [2]

S [2]k = ψ
[1]
k/2 ◦ ψ

[2]
k ◦ ψ

[1]
k/2, (14)

and then, by composition of S [2], we consider the fourth order integrator S [4] [8, 9]

S [4]k = S [2]αk ◦ S
[2]
βk ◦ S

[2]
αk, with α =

1

2− 21/3
, β = 1− 2α. (15)

The advantage of composing exact solutions in this way is that geometric properties of
the true flow are preserved. Symplectic time integrators [4, 7] not only provides better
qualitative properties of the numerical solution, but also better accuracy when a long time
computation is made.

It is possible to save some computational cost writing (15) as

S [4]k = ψ
[1]
αk/2 ◦ ψ

[2]
αk ◦ ψ

[1]
αk/2 ◦ ψ

[1]
βk/2 ◦ ψ

[2]
βk ◦ ψ

[1]
βk/2 ◦ ψ

[1]
αk/2 ◦ ψ

[2]
αk ◦ ψ

[1]
αk/2,

= ψ
[1]
αk/2 ◦ ψ

[2]
αk ◦ ψ

[1]
(α+β)k/2 ◦ ψ

[2]
βk ◦ ψ

[1]
(α+β)k/2 ◦ ψ

[2]
αk ◦ ψ

[1]
αk/2. (16)

This splitting method is explicit and it is easy to implement. However, it is not uncondi-
tionally stable and the stability has to be studied.

Theorem 4. The value of ω∗ in the stability interval of (16) is

ω∗ =

√
−1 +

√
1 + 1152γ

48γ
, γ =

6 + 5 · 21/3 + 4 · 22/3

36
.

Since the eigenvalues of k(−A)1/2 = k
h(−B+ s2h2I)1/2 must be in the stability interval,

we obtain the stability condition

k

h

√
4(α11 + α22) + 8|α12|+ s2h2 <

√
−1 +

√
1 + 1152γ

48γ
.

This will be reached, for sh small enough, when

k

h
<

0.9711√
4(α11 + α22) + 8|α12|

. (17)
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5 Numerical experiments

In this Section we consider the problem described in Section 1 with initial conditions

u0(x, y) =


(x+ 0.2)3(0.2− x)3(y + 0.2)3(0.2− y)3

(0.2)12
, −0.2 < x, y < 0.2,

0, otherwise,

and v0(x, y) = 0, with compact support contained in the computational domain [−1/4, 1/4]×
[−1/4, 1/4]. The polynomial in u0 is chosen so that u0 ∈ C1([−1/4, 1/4]× [−1/4, 1/4]).

We set the dispersion coefficient s2 = 1. For the numerical experiments we have selected
three cases of coefficients αij from [3]. Table 1 displays these coefficients with the same
notation used in [3]. We have numerically computed the eigenvalues of the corresponding

Run α11 α22 α12

1.2 0.875 0.625 -0.217
2.2 0.160 0.940 0.225
2.4 0.472 0.628 0.443

Table 1: The three cases of αij considered.

matrix B for Section 3.2, for the αij considered, and we can conclude that they are non
positive real numbers.

Table 2 displays the ratio of stability between the time step and the space step. It can

Run Second order FD Fourth order FD

1.2 0.3491 0.3434
2.2 0.3900 0.4009
2.4 0.3445 0.3974

Table 2: Ratio of stability.

be seen in Table 2 that the stability condition for the splitting method is acceptable.
Now, we are going to compare the continuous energy (8) for the test problem with the

discrete energy

Eh(t)(u,v) =
h2

2
(vTv − uTAu),

of the semi-discrete problems. We denote by Eh,2(t) the discrete energy where matrix
A is the matrix obtained when second order finite differences are used, and Eh,4(t) the
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Figure 1: Energy error for the second order finite differences and the fourth-order finite
differences for run 2.4.

discrete energy where matrix A is the matrix obtained when fourth order finite differences
are considered. Energy error for the second order finite differences and the fourth-order
finite differences for run 2.4 are shown in Figure 1. It can be appreciated the second and
fourth order of the discretization of Subsections 3.1 and 3.2, respectively.

Finally, in the following experiments we compare the behavior of the splitting scheme
and the fourth-order four-stage Runge-Kutta method when fourth order finite differences
introduced in Section 3.2 and the energy norm Eh,4(t) are considered. We measure the
relative energy error |Eh,4(t) − Eh,4(0)|/|Eh,4(0)|. We set N = M = 200 and k = 10−3.
Figure 2 displays relative energy error for the exponential splitting integrator and the fourth-
order four-stage Runge-Kutta method, for times from 0 to 100, for run 1.2 and run 2.2. The
splitting method maintains the same size error throughout the interval of time [0, 100]. This
agrees with the fact that scheme (16) is a geometric integrator. Whereas for the Runge-
Kutta method the size of the error grows when the time increases.

Lastly, we study the efficiency of the splitting scheme by comparing with the fourth-
order four-stage Runge-Kutta method measuring the computational cost in terms of CPU
time. For the exponential splitting integrator, if the last step in the composition (16) of

S [4]k for one step and the first one in S [4]k for the next step are joined together, that is,

ψ
[1]
αk/2 ◦ ψ

[1]
αk/2 = ψ

[1]
αk, only three times of step 1 are needed for each step in time. A similar

analysis of the efficiency of the algorithms to the one done in [1] can be done here. Then,
regarding the products required, for the Runge-Kutta method and the splitting method,
the relation is four to three. It can be seen in Figure 3 that the splitting method is better
than the Runge-Kutta method. For the same error the computational cost is smaller.
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Figure 2: Relative energy error for the exponential splitting integrator and the fourth-order
four-stage Runge-Kutta method, for run 1.2 and run 2.2.
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Figure 3: Relative energy error at T = 100 versus CPU time for the exponential splitting
integrator and the fourth-order four-stage Runge-Kutta method for run 2.2, for N = 100
and N = 200.

c©CMMSE ISBN: 978-84-617-8694-7Page 1703 of  2288



ANISOTROPIC WAVE EQUATIONS

The numerical experiments confirm the good behavior in the long time integration and
the efficiency of the splitting method considered.
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Abstract

The paper deals with the description of the mathematical model of photosynthesis
process in two interacting (peripheral and shaded) leaves. The bioenergetic phenomena
is described by six equations for surfaces, thicknesses and levels of substrates of photo-
synthesis contents in two types of leaves. The well-posedness of the problem and the
uniqueness of its solution are proved.
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1 Introduction

A mathematical model of photosynthesis shows the relationships between the variables
which influence the dynamics of photosynthesis taking place in green leaves. A general
mathematical model of photosynthetic processes is presented in the work [4]. In paper
[3] dedicated to the mathematical modelling of photosynthesis another model has been
presented by the authors. It takes into account the positioning of a leaf in the conditions
of full light access (in the peripheral part of the tree crown) and of a leaf shaded inside the
tree crown. A completely shaded leaf can function in the tree crown on condition it is self-
sufficient, i.e. capable of nourishing its tissues with photosynthetic products. Such a leaf, in
case of higher light intensity and increasing day length in relation to night length, may also
effectively provide the produced biomass for other plant tissues which do not participate in
the process of photosynthesis (e.g. tissues of the root system or stem) [1, 8, 11, 12].

c©CMMSE ISBN: 978-84-617-8694-7Page 1705 of  2288



On photosynthesis process with the interaction between two leaves

The process of photosynthesis also depends on the accessibility of water and mineral
salts dissolved in it. In some papers authors put a considerable emphasis on bioenergetic
processes working out mathematical models of plant bioenergetics (see [2, 5, 6, 7, 9, 10] and
the references therein).

The mathematical model of photosynthesis presented in this work takes into consider-
ation both the water balance differential model of a plant and the dissolved mineral salts
which get to the tissues assimilating carbon dioxide together with water, being used in
the course and for regulation of metabolic processes as well as for building the anatomical
structures of the plant, i.e. its biomass.

Conduction of water and mineral salts to particular leaves in the tree crown is dependent
on the local light conditions and on the positioning of a leaf in the topography of the tree
crown, as well as on the distance between the leaf and the root system, which is connected
with the water and energy balance of plant. The empiric data used in this paper come from
the doctors dissertation [11] (in Polish language).

2 Variables of model

There are six basic variables in our model:

• x1(t) the surface of a peripheral leaf;

• x2(t) the surface of a shaded leaf;

• y1(t) the thickness of a peripheral leaf;

• y2(t) the thickness of a shaded leaf;

• z1(t) the mineral salt (substrates of photosynthesis) content in a peripheral leaf;

• z2(t) the mineral salt (substrates of photosynthesis) content in a shaded leaf.

Let ϕ be the degree of leaf insolation. It is clear that ϕ is a time function and is positive
only at day time. Let A(τ) denotes any increasing function for small arguments and which
equals zero for τ > τ0 where τ0 is the leaf insolation sufficient for photosynthesis process.
The function A describes the influence of the leaf growth on the photosynthesis process.

3 Model assumptions

First of all, surface growth is assumed to be caused by photosynthesis which depends on
the insolated leaf surface, volume of photosynthetic substrates and degree of insolation. It
is believed here that in case of poor insolation the leaf builds up its surface and thick-
ness, whilst in case of high insolation it only builds up its thickness (palisade and spongy
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mesophylls). The decrease in surface caused by respiration is directly proportional to the
biomass. Hence, the equation for x1 will be the following

x′1(t) = A(ϕ(t))x1(t)z1(t)− ax1(t)y1(t) (1)

where coefficient a is a certain constant characterized by growth due to respiration. For the
leaf shaded by the peripheral one the equation will look similar apart from the degree of
insolation which will be lower due to the fact that part of the light will be shaded by the
peripheral leaf. Therefore, the equation will be the following

x′2(t) = A(ϕ(t)− λx1(t))x2(t)z2(t)− ax2(t)y2(t) (2)

where λ is the coefficient of solar exposure reduction. It is obvious that the biomass will
be directly proportional to the product of surface and thickness. Its growth will be directly
proportional to insolation, surface and mineral salt content. Similarly, as in the case of
surface, this growth is caused by respiration. Therefore, it can be put down as follows

(x1y1)
′(t) = ϕ(t)x1(t)z1(t)− bx1(t)y1(t)

where the coefficient b describes the slowdown of the biomass caused by the respiration
process. It should be noted, however, that leaf biomass cannot increase unlimitedly, which
could be observed in equation (3). Therefore, its right part should be multiplied by the
expression J(y(t)) where J(τ) equals 1 for arguments τ < C and 0 for τ > C + η. Here
η is sufficient small and C is the highest possible leaf thickness. We assume that J is
differentiable on its domain. The equation in this case is the following

(x1y1)
′(t) = (ϕ(t)x1(t)z1(t)− bx1(t)y1(t))J(y1(t))

After applying Leibniz rule and making some transformations, and after inserting equa-
tion (1), the following equation can be obtained

y′1(t) = (ϕ(t)z1(t)− by1(t)) J(y1(t))−A(ϕ(t))y1(t)z1(t) + ay21(t). (3)

The equation for y2 is analogical to the above, but we replace ϕ(t) with ϕ(t)− λx1(t)

y′2(t) =
(
(ϕ(t)− λx1(t))+z2(t)− by2(t)

)
J(y2(t))−A(ϕ(t)− λx1(t))y2(t)z2(t) + ay22(t). (4)

What is left to be done is to put down equations for variables z1 and z2. For this purpose
it should be noted that due to the fact that mineral salts are drawn by the same capillary,
their total intake per time unit is a constant value. Let v1 and v2 denote, respectively,
the intensity of mineral salt inflow to the peripheral and shaded leaves. It follows that the
total consumption of mineral salt per unit time is constant value Q. Thus, the following
assumption can be made

v1 + v2 = Q.
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Moreover, the rate of v1 and v2 is directly proportional to particular biomasses and distances
between the leaf and the root. In addition, the shaded leaf, being closer to the root, has a
better access to the source of mineral salts. The following relationship can be observed:

v1 = k
x1(t)y1(t)

x2(t)y2(t)
v2. (5)

The constant k > 1 denotes the coefficient characterizing access to mineral salts. Denoting

x1(t)y1(t)

x2(t)y2(t)
= w(t)

we obtain

v1(t) =
Qkw(t)

1 + kw(t)
, (6)

v2(t) =
Q

1 + kw(t)
. (7)

To define the derivative of z1 and z2, the intensity of photosynthesis should be subtracted
from v1 and v2. Thus, the following set of equations can be obtained:

z′1(t) =
Qkw(t)

1 + kw(t)
− γA(ϕ(t))x1(t)z1(t),

z′2(t) =
Q

1 + kw(t)
− γA(ϕ(t)− λx1(t))x2(t)z2(t) (8)

where γ is transformation coefficient expressing the consumption of mineral salt. Finally,
we get the following system of the equations

x′1(t) = A(ϕ(t))x1(t)z1(t)− ax1(t)y1(t)
y′1(t) = (ϕ(t)z1(t)− by1(t)) J(x1(t)y1(t))−A(ϕ(t))y1(t)z1(t) + ay21(t)

z′1(t) = Qkw(t)
1+kw(t) − γA(ϕ(t))x1(t)z1(t)

x′2(t) = A(ϕ(t)− λx1(t))x1(t)z2(t)− ax2(t)y2(t)
y′2(t) = ((ϕ(t)− λx1(t))+z2(t)− by2(t)) J(x2(t)y2(t))

− A(ϕ(t)− λx1(t))y2(t)z2(t) + ay22(t)

z′2(t) = Q
1+kw(t) − γA(ϕ(t)− λx1(t))x2(t)z2(t).

(9)

4 Existence and uniqueness of the solutions

Let us consider system (9) with the initial conditions

x1(0) = x01, y1(0) = y01, z1(0) = z01 , x2(0) = x02, y2(0) = y02, z2(0) = z02 . (10)
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Theorem 1. Let x0i , y
0
i , z

0
i > 0 for i = 1, 2 and y01, y

0
2 6 M for some positive M . Assume

that

i) A(τ) is an increasing function for small arguments and which equals zero for τ > τ0
where τ0 > 0 is fixed;

ii) ϕ is positive bounded and Lipschitz function;

iii) J : [0, T ] → [0, 1] is a differentiable function such that J(τ) equals 1 for arguments
τ < C and 0 for τ > C + η, where η, C > 0 are fixed.

Then system of differential equations (9) with initial conditions (10) has exactly one non-
negative solution on the interval [0, T ].

The assumptions of the theorem have justifiable biological interpretation. The proof of
the theorem is based on the a priori estimations and the Banach fixed point theorem. But
to avoid the necessity of the extension of the solution we use Bielecki’s idea. In this section
we will also attempt the discussion about the stability of the solution.

5 Computer simulation and comparison with empirical re-
sults

The authors have used the MAPLE 15 program to solve the system (9)–(10). The choice
of coefficients is quite general because even within the same plant there are cells with very
different functions among which there are cells whose mass is sometimes 50 000 times high-
end than that of other cells. The graphs presented below (Figs. (1) and (2)) illustrate
the solution and the most interesting result, that the peripheral leaf builds first of all its
thickness and the shaded one its area. Obtained theoretical results confirm empirical results
of measurement of a tree Fagus silvatica L. (Figs. (3) and (4)) growing in the south of Poland
[11].
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Figure 1: Comparison of area of peripheral
and shaded leaf

Figure 2: Comparison of thickness of periph-
eral and shaded leaf

Figure 3: Cast of crown of researched
tree with localization of measuring position
( ) - height from surface of ground (m)

Figure 4: Empirical results in respect of zon-
ing researched crown
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Abstract

Active Flow Control is implemented over NACA 2412 airfoil using Steady Suction
and Steady Blowing techniques. The pre-stall angle of attack (AOA) 120 is studied
at a high Reynolds number (Rechord) of 3.1*106 for two-dimensional, incompressible
and steady flow conditions. A wide range of parametric value set is considered for Slot
location (ls), Velocity magnitude ratio (Uj/U0), slot width (w) and angle of perturba-
tion (β) using both steady suction and steady blowing independently. The numerical
modeling is done using the corresponding solver in OpenFOAM, an open source CFD
framework. The turbulence modeling is done using Reynolds Averaged Navier Stokes
(RANS) equations, specifically k-kl-ω model implementation in OpenFOAM. The im-
pact of the parametric set on aerodynamic coefficients, lift (Cl) and drag( Cd), and flow
separation is illustrated. Along with, the relevant boundary layer physics are explained.

Key words: Steady Suction, Steady Blowing, Aerodynamic Performance, Boundary
layer analysis, High Reynolds number

1 Introduction

Flow Control provides a means for drag reduction, lift enhancement and/or noise reduction
of aircraft operating at off-design flight conditions. Control Techniques may be classified as
passive, active and reactive[5]. Passive control has been implemented successfully in trans-
portation vehicles, however its counterproductive effects in its non-essential flight conditions
has become a topic of interest for research community. To this objective, Active Flow Con-
trol (AFC) is a conceptually proven technology for enhancing aerodynamic performance of
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both bluff and streamlined (at high AoA) bodies. It has become a rapidly evolving field in
fluid dynamics for the past few decades[1, 4, 15] .

A common implementation of AFC consists in injecting/subtracting fluid in/from the
nearwall region through small holes. The jets can be steady or time dependent classifying
the type of actuation accordingly. Steady suction and steady blowing have been shown to
provide lift augmentation (and drag reduction) in the presence of adverse pressure gradients
by supressing or at least retarding flow separation([3, 2]). The effect of increasing Reynolds
number is studied experimentally with steady suction being observed slightly more effective
with increasing Reynolds number[6]. A 2D finite volume code is utilized to study the slat
noise reduction using steady suction at high Reynolds number and is proven to be effective
in this objective[8].

The impact of steady blowing in effective prevention of stall is studied at low Reynolds
number with varying blowing ratios and free stream turbulence[10, 11]. Also, the dynamic
stall control using strong steady blowing has resulted in increased lift coefficient, reduced
hysteresis and aversion of stall[14]. Steady blowing is also implemented at the rear end
of generic car models to observe an overall drag reduction but with larger massflow rates
[9, 13]. It is already proven that oscillatory blowing and periodic blowing & suction provide
in controlling flow separation or aerodynamic performance enhancement[7, 12]. However,
due to its experimentation for different physical fluid flow conditions, there is a necessity for
intensive parametric analysis of both steady suction and blowing and their boundary layer
manipulation dynamics to better understand the possibility of their future consideration for
engineering applications. To achieve this objective, high Reynolds number flow is chosen
and analysed computationally using RANS turbulence model with assumed 2D fluid flow in
order to lower the computational time requirement for the wider parametric set considered.

The section 2 is used to describe the numerical model. This is followed by the results
obtained from the parametric analysis of slot location, width, perturbation angle and ac-
tuation velocity ratio for steady suction, and similarly for steady blowing without varying
slot width. The final section is used to present the conclusions obtained.

2 Numerical Model

The two dimensional Navier Stokes (NS) Equations for incompressible, viscous, turbulent
and steady flow is resolved using RANS Turbulence Modeling. Specifically, k-kl-Ω turubu-
lence model is used. A finite volume method (FVM) based open-source solver, simpleFoam,
within the OpenFOAM solvers framework is used. The gradient, divergence and laplacian
terms in the NS equations are spatially discretized using standard finite volume discretisa-
tion of Gaussian integration with hybrid first/second order limiting scheme, limitedLinear,
from cell centres to face centres.

The Semi-Implicit Method for Pressure-Linked Equations (SIMPLE) algorithm is used
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for resolving pressure-velocity coupled equations. Hence, the post processed aerodynamic
coefficients and analyzed flow physics is an average state of the fully transient flow at
the very high Reynolds number considered. Pressure (p) equation is solved by Geometric
Algebraic Multi Grid (GAMG) solver with 2 pressure corrections while Smooth Solver is
used for Velocity field (U), Turbulent kinetic energy (kt), Laminar kinetic energy (kl) and
Specific disspation rate (Ω ) with Gauss Seidel smoother for both solvers. Final residuals of
order 10−6 for pressure and 10−8 for U, kt, kt and Ω were consistently obtained throughout
the simulations.

A parabolic computational domain is considered with the outlet placed at 24 C from
trailing edge and inlet at 13 C upstream of airfoil leading edge with periodic boundary
conditions in spanwise direction. The Reynolds number chosen is 3.1 *106 for NACA 2412
airfoil at an angle of attack 120. The inlet boundary velocity condition is fixed (46 m/s) with
a Neumann boundary condition at outlet. For pressure, Neumann boundary condititions
are defined at both inlet and outlet . The airfoil pressure and suction surface is defined as
no slip walls. The initial values of kt and Ω are computed at Inlet by considering a turbulent
intensity of 0.06% and viscosity ratio of (µt/µ) 0.01. And kl is defined zero at all boundaries
with Neumann condition at outlet. The mesh independence is primarily checked by using
y+ < 1, with three different values 0.33, 0.24 and 0.16, and concluding that y+ = 0.24 with
respect to computational time, as the lift and drag coefficients are close to experimental
data for all three values. Active Flow Control, both steady suction and steady blowing, is
implemented with a numerical boundary condition with an uniform flat profile constant in
time.

3 Results

3.1 SteadySuction

3.1.1 Variation of Velocity ratio and Slot location

The skin friction coefficient for the baseline flow is plotted in Figure 3(b). It can be observed
that the turbulent separation is occurring at around 0.815C. The slot location is varied only
in the upstream by using this position as reference. The velocity magnitude of suction
expressed in terms of ratio with free stream velocity (Uj/U0) is varied for five values i.e.,
0.2, 0.3, 0.5, 0.7 and 0.9 at four different slot locations 0.4C, 0.5C, 0.6C and 0.7C. The
slot width and perturbation angle are maintained constant with values of 0.15%C and 900

respectively. The lift coefficient (Cl) and drag coefficient (Cd) location are plotted in Figure
2(a) and 2(b) respectively.

From Figure 2(a), there is a clear increase in lift coefficient with suction velocity and
interestingly even with very low value of Uj/U0 of 0.2, the lift obtained is higher than
baseline case. For an overview, with the ratios of 0.2, 0.5 and 0.9 at the slot location of
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0.6 C, the lift is enhanced by 5%, 7.2% and 8.9% respectively. The Pressure Coefficient
(Cp) is plotted in Figure 3(a) which illustrates this trend in lift coefficient. With increasing
velocity ratio, the pressure at suction side is decreased both upstream and downstream of
the slot location followed by an increase near trailing edge even compared with baseline
case. Similarly, an increase in pressure at the pressure side of airfoil can be observed with
an increasing suction velocity. The interesting trend in Cp is seen just before the slot where
the pressure distribution has a high impact with the flow suction. But immediately after
the slot there is a slight increase in pressure with increasing velocity ratio of suction, which
could be due to the presence of the reverse flow or vortex. However, the impact of suction
is regained farther downstream of slot with higher suction rate reducing the pressure over
airfoil’s upper side.

(a) (b)

Figure 1: (a) Lift Coefficient (b) Drag Coefficient for varying velocity ratios and slot loca-
tions

The drag coefficient(Cd) has increased with increasing velocity ratio except from 0.2 to
0.3 as illustrated in Figure 2(b) although most of the ratios and slot locations contributed
for a decrease when compared to the baseline case. Numerically, a drag decrease of 8.1%, 8%
and 4.3% is obtained for the ratios of 0.2, 0.5 and 0.9 respectively at slot location of 0.4C.
The skin friction coefficient plotted in Figure 3(b) shows higher value of Cf with increasing
suction velocity after the actuated position specifically. Also the increasing separation delay
with suction velocity ratio can be seen from Cf plot where the Cf value tends to zero closer
to the trailing edge locations with increasing velocity ratio. In terms of slot location, suction
placed farther away to the natural separation point, significantly reduced drag as compared
to a closer location, whereas a critical location at 0.6C is observed for Cl which increased
the lift to maximum followed by a decrease nearer and farther to the natural separation.
This trend is also seen in Figure 2(a).
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(a) (b)

Figure 2: (a) Cp and (b) Cf for varying velocity ratios

3.1.2 Variation of Slot width

The width of the slot is varied for four parameters i.e., 0.075%C, 0.15%C, 0.31%C and
0.46%C at a constant Uj/U0 and perturbation angle of 0.9 and 900 respectively. There is a
clear increase in the Cl with increasing slot width as shown in Figure 4(a). The impact of
slot location is low as compared to the slot width here. A drastic decrease in suction side
pressure with higher slot widths was observed in the Cp. Also the Cf did show an increase
in separation delay position with higher slot widths, and in the case of the slot located at
0.46%C, it is observed that there is an almost complete attachment of the boundary layer.
Hence the very low flow separation is also a reason for higher lift increments.

However, the drag coefficient (Cd) in Figure 4(b) has also increased significantly by
increasing the slot width. This is due to the increasing skin friction after the flow suction.
The larger delayed separation is contributing to the higher Cf which probably is due the
increase in the viscous component of the drag. The adverse effect here is the drag being
even higher than the baseline case in most of the parametric set. The higher slot widths
mean higher flow suction rates which applies to large suction velocity ratios (Uj/U0 ) too.
Hence, from both the velocity and slot width variation, it is observed that optimal flow
suction rate is necessary in order to obtain higher lift to drag ratios.

3.1.3 Variation of Angle of Suction

The variation of angle of suction (β) has shown the trends in lift and drag coefficients as
shown in the Figure 5 (a) and (b). The tangent to the location of variation on the suction
side of airfoil is considered as a reference for zero degrees. The increasing values are in
the clockwise rotation for this reference. The values of β are varied in the range of 300 to
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(a) (b)

Figure 3: (a) Cl and (b) Cd with varying slot width and slot locations

1500. It is observed that 900 provided higher lift with a decreasing trend from it by either
increasing or decreasing the angle of suction. Interestingly, there is a symmetry in the lift
coefficient values at angles higher or lower magnitude by an equal magnitude, for example
the pairs of 600 & 1200 and 300 & 1500. The parameter that is similar in these pairs is
the vertical component of velocity that signifies the flow suction rate. As observed in the
varation of velocity ratio and slot width, the impact of flow suction rate is very clear in
the Figure 5 (a). The pressure coefficients also have shown similar trends supporting these
conclusions with reduced pressure over the suction side. The drag is increased by increasing
the angle of suction from 300 to 1200 followed by a decrease from 1200 to 1500 which is likely
to be associated with the varying horizontal component of the suction velocity combined
with the viscous drag associated with flow attachment.

3.2 Steady Blowing

3.2.1 Variation of Slot location

With the same baseline case as reference, steady blowing is implemented by varying the slot
location (ls), velocity ratio (Uj/U0) and blowing angle (β) and the trends in lift and drag
are observed. The reliability on the values of the drag is low due to the highly transient
nature of the flow after blowing location which resulted in a difference of 30% between the
mean and the extremes values of Cd. However the Cl is not so significantly varying due
to its higher magnitude and is considerably reliable. It has to be noted that the angle
considered is in the counter clockwise direction with reference to the tangent to the airfoil
at considered specific location.

By varying the slot location(ls) from 60%C, 65%C, 70%C, 75%C and 80%C, the lift is
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(a) (b)

Figure 4: (a) Cl (b) Cd for varying Angles of suction and slot locations

increased when the slot location is closer to the natural point of separation (81%C) with
reference to upstream position and it decreases as the slot is moved towards the leading
edge(Figure 6(a)and 6(b)). It can also be observed that the increase in Cl is 1.55% as
compared to the steady suction (8.9%) with similar magnitudes of velocity ratios (0.9 for
suction and 1 for blowing). The slot width considered is 0.15%C and the angle is 300

(a) (b)

Figure 5: (a) Separation position (b) Cl for varying slot locations
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3.2.2 Variation of Velocity ratio

Similary, by increasing the velocity ratio from 0.5 to 2, it can be observed from Figure 7
that the Cl is increased with Uj/U0. To achieve performances in lift similar to suction,
approximately twice the magnitudes of Uj/U0 are necessary. It should also be noted that
for lower blowing ratios, there is decrease in lift as compared to baseline case which suggests
the dependency on the higher velocity magnitudes. The trend in slot location dependency
can be observed here.

Figure 6: Cl for varying velocity ratios at different slot locations

3.2.3 Variation of Blowing Angle

The steady blowing is observed to be very sensitive to the blowing angle and any increase
to the angle higher than 450 resulted in the divergence of numerical simulations. Hence the
trends are presented from 00 (tangential) to 450. From Figure 8, it can be observed that 300

is the best value for blowing within the limited parametric set considered and an increase
or decrease to this angle resulted in the reduction of Cl. For locations farther than 60%C
from the leading edge, there is a continuous decrease with increasing angle. However, from
the magnitudes of the Cl observed, these locations are of little interest.

4 Conclusions

The baseline flow is computed using RANS turbulence modeling,k-kl-ω model, for ReC
= 3.1 *106 at pre-stall angle of attack 120. The flow is assumed to be 2D, steady and
incompressible due to the sheer interest in the wide range of parametric set. A detailed
parametric analysis is performed for Slot location (ls), Velocity magnitude ratio (Uj/U0),
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Figure 7: Cl for varying steady blowing angles at different slot locations

slot width (w) and angle of perturbation (β) using both steady suction and steady blowing
independently. For steady suction, a critical slot location (60%C) is observed with natural
separation of baseline flow occuring at 81%C with a decrease in aerodynamic performance
with slots closer to leading and trailing edges, upstream to natural separation. An increasing
velocity ratio Uj/U0 resulted in increasing Cl and Cd. Similar trend is observed by varying
slot width. However, suction angle of 900 is the best for suction. The dependency on
net flow suction rate is explained using the observed trends, a higher rate implies better
aerodynamic performance.

The similar parametric analysis is performed for steady blowing. The slot location
closer to the natural separation point provided higher lift with a decreasing trend when the
slot is moved towards the leading edge. Also, Cl increased with increasing velocity ratios.
For a similar increase in Cl as compared to steady suction, the magnitudes of velocity ratio
have to approximately twice for blowing as compared to suction. Also, the lower velocity
ratios are detrimental to aerodynamic performance with respect to baseline case. With the
limited parametric set considered for blowing angle, 300 is optimal with higher Cl and a
decreasing trend is observed by either increasing or decreasing the angle.
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Abstract

Virtual screening techniques provide predictions about drug bioactivity and toxicity
and their activity in novel diseases. To achieve this aim, it is needed to incorporate
descriptors to obtain specific information about the compounds according to the source
database. In particular, we focus on the shape similarity descriptor. Recently, a new
strategy for molecular shape comparison was proposed. It is an evolutionary optimiza-
tion algorithm based on subpopulations which needs big population sizes to explore the
search space deeply and then obtain good solutions. This translates directly into larger
computational times and larger resource requirements. In view of this situation, in this
work, the optimization algorithm has been parallelized. A computational study to an-
alyze the new parallel method in terms of efficiency and effectiveness has been carried
out. The use of several processors, and hence more computational resources, allows us
to accelerate the molecular shape comparison procedure.

Key words: ligand based virtual screening, parallel computing, evolutionary algorithm

1 Introduction

Virtual Screening (VS) techniques allow us providing predictions about which chemical
compounds might interact with a given protein target in some specified way and thus
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achieving the desired biological function. VS techniques are mainly divided into Ligand
Based Virtual Screening (LBVS) and Structure Based Virtual Screening (SBVS).

SBVS methods require detailed structural information about the target protein and
cannot be applied in situations where this data is not available. Unfortunately, this issue is
very common, for instance, in the case of membrane proteins such as GPCRs (G protein-
coupled receptor), which are of the highest pharmacological relevance. In such cases, one
can recur to LBVS methods, where only information about known ligands (actives and
inactives, agonists and antagonists, etc) is exploited in order to predict new bioactive com-
pounds against selected protein targets. LBVS methods will, therefore, consider all existing
available information (structural, physico-chemical parameters, binding affinities, etc) about
known active and inactive compounds, and this information will be referred to as molecular
descriptors. There exist a large number of molecular descriptors or potentials used to com-
pare molecules, as for example Electrostatic similarity, Atomic property fields, Aromatic
potential, Desolvation potential, etc. In this work, we will focus on Shape similarity.

Molecular shape is a very important issue in computer-aided drug design. Several
methods for comparing molecular shapes have been designed and numerous applications for
virtual screening, scaffold hopping, and shape-feature based molecular alignment have been
presented. However, due to new drug discovery paradigms, such as network pharmacology
or system pharmacology, faster and more effective techniques for lead identification and
optimization are required. Recently, an evolutionary algorithm, called Optipharm, has
been proposed to this aim. It is a population-based algorithm which applies randomized
operators over a population of candidate solutions to generate new points in the search
domain. To be able to explore the search space deeply and then obtain good solutions, such
an algorithm requires big population sizes. This translates into larger computational times.
However, the sequential optimization method has been implemented with parallelism in
mind, and hence, high performance computing can be easily incorporated to accelerate it.
In this work, a master-slave strategy has been considered. The parallel version of Optipharm
will be named Paral-Optipharm throughout this paper.

The rest of the paper is organized as follows. Section 2 shows how to measure the
shape similarity between two molecules, which in turn is the objective function of both
the sequential and parallel algorithms, Section 3 briefly describes the fundamentals of the
parallel version. Finally, Section 4 shows some preliminary results and future works.

2 The problem: Shape Similarity

The shape of a molecule is an important concept in computer-aided drug design. That is
supported by the importance of bindings have between ligands and receptor: if a set of
different ligands bind to the same site receptor, it is possible that all of them possess a
similar shape similarity [3]. Different models and applications have been developed in that
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regard with the aim to get more accurate and efficient solutions.

Among the existing models, two of them have had more acceptance: Hard-Sphere
method and Gaussian method. The first one is based on considering each atom as an
sphere. The main problem with this method is its implementation, since although the
analytical expression for the volume and its derivatives are known [1, 7], the formulas for
the intersection of multiple spheres are not trivial. For this reason, the Gaussian method
proposed by Good and Richards has been used more widely. Now each atom is represented
by a gaussian function [2, 3]. In the original expression is recommended the inclusion of six
terms, although in the practice, the first term is enough to get a good precision [6].

However, the Gaussian model does not consider the properties of the molecules to be
evaluated. To include this information, Yan et al. add a weight factor to each atom in
the evaluated molecules [8]. This consideration was based on the fact that not all the
substances have the same density, and this point affects the overlap values and hence, the
shape similarity scope.

In [8], the shape density of a molecule is expressed as a linear combination of weighted
atomic Gaussian functions as:

G(r) =
∑
i

wigi(r) =
∑
i

wipe
−( 3pπ

1/2

4φ3
i

)(r−ri)2
(1)

Therefore, the overlap volume of two molecules is given by:

V g
AB =

∑
i∈A,j∈B

wiwjv
g
ij (2)

Because of the different size of the molecules, the value obtained in the previous ex-
pression is not comparable with a different couple of molecules. To solve that and get a
normalized value, Tanimoto metric has been used:

SAB =
VAB

VAA + VBB − VAB
(3)

3 Paral-Optipharm: a parallel algorithm for molecular shape
comparison

An evolutionary algorithm called Optipharm has been recently proposed to predict the shape
similarity between two molecules. Such an algorithm inherits some ideas and fundamentals
from UEGO [5]. In Algorithm 1, its main structure is depicted. Optipharm, as UEGO,
works with a population of independent candidate solutions (species). This means that a
single species can create a new offspring and evolve to the local or global optima without
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Algorithm 1 Algorithm Optipharm

1 Init species list
2 Optimize species(n1)
3 FOR i = 2 to L
4 Determine Ri, newi, ni

5 Create species(newi) # budget per species = newi/length(species listi)

6 Select species(Ri)
7 Optimize species(ni) # budget per species = ni/max spec num

participation of the remaining ones. Therefore, there exists an intrinsic parallelism that can
be exploited by dividing the species among the available processing elements.

This work explores and evaluates a master-slave strategy applied to Optipharm, which
leads to a parallel version named Paral-Optipharm. A master-slave technique is a “global
parallel model”, i.e. the management of the population is global and all the individuals in
the population are considered when selection or creation procedures are carried out. Two
kinds of processing elements can be distinguished, the master and the slaves. The master
processor sees into making global decisions and delivering information among the slaves,
which execute different tasks in a concurrent way.

In our particular master-slave (MS) model, the master processor executes Optipharm
sequentially. The parallelism comes from the simultaneous evaluation of the candidate
solutions in the Create species function, and from the concurrent execution of the Op-
timize species procedure. Therefore, new creation and optimization procedures have been
designed to cope with the parallel model. These new procedures, called Create species paral
and Optimize species paral, are described now:

• Create species paral: At each level i, the master obtains a new offspring of candidate
solutions. The evaluation of the objective function is carried out in a parallel way. To
this aim, the master processor divides the list of candidate solutions by the number
of processors P and delivers the resulting sublists among all the processing elements
(including itself). Each processing element receives a species sublist from the master
processor and evaluate it.

The master processor does not receive information from the slaves until it has finished
its work (first synchronization point). When it does, it passes to a reception state,
where it picks up the evaluated sublists sent by the slaves. Once the master has
received all the information from the slaves, it updates the candidate solutions list.

Following with the general structure of Optipharm, a selection procedure is carried
out. This procedure is accomplished by the master, while the slaves stay idle (second
synchronization point). If the list length is larger than the maximum allowed, then
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Figure 1: Master-slave strategy: delivering species for optimization.

the best candidate solutions in terms of the objective function, are selected.

• Optimize species paral: To perform the optimization process, the master divides the
species list among all the processors (again including itself). In this case, each slave
executes the Optimize species procedure to every species in its sublist, i.e. a local
optimization process is applied (see Figure 1). When the master finishes its work,
it begins to receive the new species sublists from the slaves (third synchronization
point).

Note that the synchronization points are imposed because the master is managing the whole
species list.

4 Preliminary results and conclusions

In this work, a parallel global evolutionary algorithm for shape comparison between molecules
has been presented. In particular, a master-slave method has been proposed. The perfor-
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mance of the parallel method has been tested by using the well-known Directory of Useful
Decoys (DUD) database [4]. It contains 40 different targets. Each target has associated a
number of ligands and decoys. Decoys are molecules physically similar to the ligands but
topologically distinct. In total, DUD is made up by 3961 ligands and 124413 decoys.

Results have shown that the efficiency of the parallel method highly depends on the
two input molecules to be compared, i.e. the particular properties of the molecules may
affect the speedup of the parallel strategy. Even so, the results are promising, and in some
cases, efficiencies close or equal to the ideal one have been obtained.

As a future work, we will test the parallel method with different databases and develop
other parallel versions based on different paradigms.
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Abstract

The study of MIMO systems with large number of antennas and high-order constel-
lations is currently generating considerable interest since provides significantly higher
espectral efficiency. Unfortunately, increased complexity of the signal detection stage is
the price to pay for large MIMO systems. The Subspace Marginalization with Interfer-
ence Suppression (SUMIS) detector exhibits good performance with reduced complex-
ity and its design allows massively parallel algorithmic implementations. This paper
presents practical parallel approaches of the SUMIS detector for large MIMO systems:
using multicore processors. Parallel approaches have been evaluated and compared in
terms of performance and complexity with other detectors for different system param-
eters. Results show how these parallel versions allow to accelerate dramatically the
detection, especially if very large systems and high order modulations are considered.

1 Introduction

Multiple-Input Multiple-Output (MIMO) systems provide significant capacity improvement
using multiple antennas at both sides of digital communication systems. This capacity
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increases with the minimum number of transmit and receive antennas [1]. This technology
has become essential for wireless communications and has been incorporated into many
communication wireless standards like IEEE 802.11n/ac (Wi-Fi)[2], wiMAX (4G)[3] and
Long Term Evolution (4G)[4].

An emerging research area are so-called Large MIMO systems, often referred to as
massive MIMO systems. It can be defined as those systems that use very large number of
antennas, e.g., one hundred ore more [5], in contrast to conventional MIMO systems, which
employ up to ten antennas. The price to pay is increased complexity and energy consump-
tion at both ends. Particularly the MIMO detection problem is generally computationally
very expensive to deal with. Thus, an adequate balance between efficiency and complexity
is critical, especially in large MIMO systems [6] and large sizes constellation.

The optimal detector, which solves the MIMO detection problem optimally, computes
the log-likelihood ratios (LLRs) values exactly and holds prohibitively high computational
complexity, which grows with the size of the signal constellation and the number of antennas.
In the above context, several detectors and exhibit different trade-offs between complexity
and performance have been recently proposed. “Single Tree Search” (STS) [7] and “Re-
peated Tree Search” (RTS) [8] algorithms are the most common detectors which achieve the
max-log approximation exactly. Both algorithms are based on the “Sphere Decoder” (SD)
method and their computational complexity varies depending on the channel and noise real-
ization. Sub-optimal max-log algorithms reduce the complexity at the expense of a certain
performance loss. Examples of such detectors are: “Soft Fixed Sphere Decoder” (SFSD)
[9], “List Sphere Decoder” (LSD) [10] or “Soft Output k-Best” [11], among others. On the
other hand, “Partial Marginalization” (PM) [12] and SUMIS [13] algorithms represent an
intermediate approach between the optimal detector and its max-log approximation. The
SUMIS algorithm offers a good trade-off between exact and approximate computation of
the LLR values and a given complexity. Even so, SUMIS detector can be the bottleneck
for the overall system performance if large number of antennas or high order constellations
are used. A reduction of the SUMIS detector complexity based on Box Optimization was
presented in [14] but at the expense of a slight performance degradation.

This paper aims to reduce the computational cost of the SUMIS method, not only
from a theoretical point of view, but through its scalable and versatile implementation for
efficient processing thereof e.g. multicore processors. This allows to guarantee the SUMIS
detection performance in large MIMO systems with higher throughput.

2 Background

2.1 System Model

Let us consider a complex-valued MIMO system model, using nT transmit and nR receive
antennas with nT ≤ nR. At the transmitter, the information bits are encoded, interleaved
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and then mapped to symbols. Each symbol sj is taken independently from the M -ary
constellation Ω. The symbol contains k = log2(M) encoded and interleaved bits. The
corresponding bits are denoted by sj,b, where the indices refer to the bth bit associated with
the jth symbol. At each signaling period, the relation between the transmitted symbol
vector, sc ∈ CnT , and the associated received vector, yc ∈ CnR , can be expressed as

yc = Hcsc + vc, (1)

where Hc ∈ CnR×nT denotes a fading channel matrix with independent elements hj,i ∼
N (0, 1) and it is assumed to be perfectly known by the receiver. Vector vc ∼ N (0, No

2 I)
denotes an additive Gaussian noise (AWGN). Since separable complex-value constellation
can be considered (quadrature amplitude modulation (M-QAM)), we can easily transform
the (nR×nT )-dimensional complex equation (1) into an equivalent (2nR×2nT )-dimensional
real-valued representation as described in [15]:[

<(yc)
=(yc)

]
=

[
<(Hc) −=(Hc)
=(Hc) <(Hc)

] [
<(sc)
=(sc)

]
+

[
<(vc)
=(vc)

]
(2)

where <(·) and =(·) denote the real and imaginary part of (·), respectively. Thereby, the
real model can be described as y = Hs + v.

Let
√
M -PAM with PM = {−

√
M+1, · · · ,−1, 1, · · · ,

√
M−1} be the real-valued repre-

sentation of a M-QAM constellation where Ω = {a+bj : a, b ∈ PM}. As is explained in [13],
this model offers some advantages for the SUMIS algorithm. For this reason, throughout
the rest of this paper we assume the real-valued model represented in (2).

At the receiver, the demodulator computes soft information in form of LLR values for
each of the encoded and interleaved bit sj,b. This soft information expresses how likely is
the hypothesis that the sj,b bit was equal to 1 or 0. Assuming equal a priori probabilities
and using Bayes’ theorem, it can be expressed as

Lj,b = log

∑
sεχ1

j,b
exp(− 1

N0
‖y −Hs‖2)∑

sεχ0
j,b

exp(− 1
N0
‖y −Hs‖2)

, (3)

where χuj,b denotes the set of possible transmitted vectors for which sj,b bit is equal to u. The
computational complexity of (3) grows exponentially with nT and polynomially with M .
Thus, the exact MIMO detection scheme becomes prohibitive. The most common approach
to cope with this limitation is the max-log approximation [10] where

Lj,b ≈ min
sεχ0

j,b

1

No
‖y −Hs‖2 − min

sεχ1
j,b

1

No
‖y −Hs‖2. (4)

However, the max-log approximation does not lead to a complexity reduction by itself.
Eq (4) requires the computation of the same metrics than (3). Nonetheless, it can be
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exploited to design low-complexity algorithms [7]–[11]. In other works, some authors propose
an alternative to max-log approximation [16]–[13] and consider a new approach to the
problem of computing (3). The basic idea is to define the following partitioning model,
which is based in (1),

y = Hs + n = [H H̃] [sT s̃T ]T + v = Hs + H̃s̃ + v (5)

where H ∈ CnR×ns , H̃ ∈ CnR×(nT−ns), s ∈ Ωns and s̃ ∈ ΩnT−ns for fixed ns ∈ 1, · · · , nT .

The partitioned model carries intrinsically an optimal permutation of the columns of H
that determines H and H̃. It is important to note that this optimal permutation is difficult
to find out and depends on the selected detection method.

2.2 SUMIS algorithm review

SUMIS [13] algorithm is composed by two main stages and employs the partitioning model
(5). This partition uses a permutation based on HTH as it is explained in [13]. In Stage I,
a first approximation to the LLRs values are computed and then, in Stage II, new refined
LLRs values are calculated using these approximate values.

Here we give a brief revision of SUMIS algorithm [13]. It is important to note that in
[13] referring to a symbol is equivalent to a bit, which is not the case here.
Stage I: The algorithm begins with the partitioned model (5) denoting the new model as

y = Hs + e (6)

where e = H̃s̃ + v is a Gaussian stochastic vector e ∼ N (0,Q) with Q = H̃H̃T + No
2 I. We

compute the approximate λj,b LLR using the next operator ‖x‖2Q ,xTQ−1x, as

λj,b = log

∑
sεχ0

j,b
exp(−1

2‖y −Hs‖2Q)∑
sεχ1

j,b
exp(−1

2‖y −Hs‖2Q)
. (7)

Stage I is performed for all bits b = 1, · · · , k in all symbols j = 1, · · · , nT .
Stage II: In the second stage, the LLR values are computed again over a new model. In
this context, the interfering vector s̃ is suppressed in (6) and the purified model is given by

y′ , y − H̃E{s̃|y} ≈ Hs + n′, (8)

where E{s̃|y} is the conditional expected value of vector s̃, and n′ v N (0,Q′) with Q′ ,
H̃Υ̃H̃T + No

2 I. Υ̃ is the conditional covariance matrix of s̃ and can be computed by

Υ̃ = E{diag(s̃)2|y} − E{diag(s̃)|y}2 (9)
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where diag(∇) gives a diagonal matrix with the elements of ∇ vector on its diagonal. Hence,
the refined LLR values can be computed as

Lj,b ≈ log

∑
sεχ0

j,b
exp(−1

2‖y
′ −Hs‖2Q′)∑

sεχ1
j,b

exp(−1
2‖y′ −Hs‖2Q′)

. (10)

Note that the processing per bit can be performed in parallel. This allows for massively
parallel algorithmic implementations such as those presented in this paper.

3 Proposed Parallelization

The use of the last generation of High Performance Computing (HPC) systems such as
multi-core CPUs has become attractive for the efficient implementation of parallel sig-
nal processing algorithms with high computational requirements, such as high throughput
MIMO detectors [17] or fast LDPC. The implementation of advanced algorithms able to
use both architectures is crucial in MIMO research, since it allows to fully exploit the
capabilities of the modern machine architectures and to reduce the response time of com-
putationally expensive problems. The programming challenge involves the developers to
know in depth different programming languages and the features of the architecture. In
this sense, high performance libraries become valuable tools for specialists of a particular
field, since they ease the development of scientific codes. The SUMIS algorithm computes
the λj,b and Lj,b values using (7) and (10) respectively, where the number of terms in the
two summations over s is Mns . This implies that SUMIS algorithm has to compute the
terms exp(−1

2‖y−Hs‖2Q), a number of times Mns to get the total λj,b or Lj,b values in each
stage. That is why almost the 98% of the total time of the detector is consumed in these
two steps. Therefore, the parallelization is focused in reduce the computational cost of (7)
and (10).

For the multicore implementation we are using the Intel Math Kernel Library (MKL)
[18], which is composed of several optimized math routines including BLAS, LAPACK,
ScaLAPACK, sparse solvers, fast Fourier transforms, etc, and is optimized specifically for
Intel processors.

4 Results

Using Monte Carlo simulations we evaluate the performance of SUMIS and the algorithms
chosen for comparison in terms of Bit Error Rate and Mutual Information. The trans-
mitted symbols are assumed to be independent and uniformly distributed. The transmit-
ted bits are encoded using a 1/2 LDPC code of codeword size 648 bits, which is avail-
able from http://www.csl.cornell.edu/vstuder/software ldpc.html and implements a LD-
CPC code from the IEEE 802.11n wireless LAN standard. There is no iteration between
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the detector and the decoder and the sum-product algorithm option has been chosen as the
decoding option. A machine with two multicore Intel processors has been employed. Each
multicore is an Intel Xeon CPU E5-2697 at 2.70 GHz with 12 cores per CPU. We measure
the execution time of the detection, with different number of antennas and constellation
sizes to evaluate the SUMIS efficiency of the proposed parallel prototypes.

It is interesting to note how parallel versions allow to boost the performance of the
system with a speed comparable to a low-complexity linear detector such as MMSE.

Thus, we can detect signals with a similar and even higher throughput than the MMSE
detector with much better BER.

5 Conclusion

In this paper, we have proposed and analyzed parallel SUMIS Soft Detector implementa-
tions. We have also studied its performance in terms of BER performance, mutual infor-
mation, complexity and speedup. These measures have been compared with those of the
state-of-art soft-output detectors such as FPFSD and MMSE detectors. Furthermore, the
experiments have been realized considering very large MIMO systems reaching up to 200
transmitter/receiver antennas and up to 1024-QAM constellations. This comparison shows
the robust behavior of the SUMIS algorithm. This detector behaves much more efficiently
than the other detectors in terms of BER, achieving up to 5 dB improvement in SNR
compared to FPFSD.
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Résumé

In this work, an Alternating Direction Implicit method (ADI) for solving monodo-
main model that describes the propagation of the electrical potential in cardiac tissue
is presented. The proposed numerical algorithm is of second order in space and time
and allows the use of large grids for accurate simulation of the cardiac electrical wave
fronts. Two-dimensional numerical results are presented illustrating the advantages of
the proposed method in terms of computational time and memory consumption.

Key words: Alternating Direction Implicit Method, Monodomain Model, Aliev-Panfilov
Model.

1 Introduction

The bidomain model and its simplified version, the monodomain model, are considered
the most used mathematical equations for simulating the cardiac electrical activity. The
numerical solution of these models is a computationally challenging problem and is known
that they require high space and time resolutions (see Clayton et al. [5]).

Many methods have been developed in the literature to decrease the computational cost
of the simulations. Different approaches were implemented for time discretization, including
semi-implicit methods (see Keener and Bogar [8], Franzone and Pavarino [10], and Bourgault
and Ethier [9]), fully implicit methods (see Ying et al. [19], Dal et al. [7], and Belhamadia
[2]), and operator splitting methods (see Schroll et al. [16], Spiteri and Ziaratgahi [17], and
Sundnes et al. [18]). A variety of numerical methods were also used for space discretization
using both uniform meshes (see Franzone et al. [11] and Scacchi [15]) and adapted meshes
(see Whiteley [20], Cherry et al. [6], Belhamadia et al. [3, 4] and the references therein).
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In this work, we suggest implementing the Alternating Direction Implicit Method (ADI) 
for solving the Aliev-Panfilov monodomain model. The proposed method is based on the 
original work of Peaceman and Rachford   where the ADI method was proposed for the first 
time as a type of finite difference method for solving two dimensional parabolic and elliptic 
Partial differential equation. The ADI algorithm presented in this work is of se-cond order in 
space and time and has the advantage to use large grids for accurate and efficient simulation 
while reducing the computational time and the memory consumption. A comparison between 
the suggested scheme and the second order Crank-Nicolson-Adams-Bashforth semi-implicit 
scheme (CNAB) proposed in [9] is performed showing the accuracy of the suggested method.

This paper is organized as follows. Next section is devoted to the monodomain mo-
del, section 2 describes the ADI method and CNAB method, and section 3 presents two-
dimensional numerical quantitative results.

2 Aliev-Panfilov Monodomain Model

A simplification of the so-called bidomain model, by assuming equal anisotropy, is the 
monodomain model. This model describes the cardiac electrical activity and has the form :


∂V

∂t
−∇ · (D∇V ) = Iion(V,Wn)

∂Wn

∂t
= g(V,Wn)

(1)

Where V is the transmembrane potential and Wn is a set of cell-level variables such as
ion concentrations and gating variables. In this work, we will use the Aliev-Panfilov ionic
model [1] that contains only one gating variable but it still reproduces realistic shape of the
cardiac action potential. This ionic model consists of the following nonlinear equations :

Iion(V,W ) = kV (V − α)(1− V )− VW, (2)

g(V,W ) =

(
ε+

µ1

µ2 + V

)
(−W − kV (V − α− 1)) . (3)

All the parameters including the time t are dimensionless and will be determined in
the numerical simulation section. The boundary conditions considered are homogeneous
Neumann boundary conditions.

3 Numerical Method

In this work, we will consider an alternating direction implicit method (ADI) to solve
the Aliev-Panfilov monodomain model. We limit our work to the two dimensional case. The
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ADI method is a type of finite difference method and thus the continuous space domain
should be discretized into a mesh with a finite number of grid points. To ensure the second
order in space, we use the second-order central difference operators δ2

x and δ2
y for the second

derivatives with respect to x and y respectively :

(δ2
xV

n)i,j =
V n
i+1,j − 2V n

i,j + V n
i−1,j

(∆x)2
, (δ2

yV
n)i,j =

V n
i,j+1 − 2V n

i,j + V n
i,j−1

(∆y)2
. (4)

To ensure the second order in time the following time-dependent algorithm will be used :

Step 1 : on the interval [tn, tn+ 1
2
]

We first get the solutions (V n+ 1
2 ,Wn+ 1

2 ) at the mid time tn+ 1
2
, based on the following

equations :
V n+ 1

2 − V n

∆t
2

= Dδ2
xV

n+ 1
2 +Dδ2

yV
n +

3

2
Iion(V n,Wn)− 1

2
Iion(V n−1,Wn−1)

Wn+ 1
2 −Wn

∆t
2

=
3

2
g(V n,Wn)− 1

2
g(V n−1,Wn−1)

(5)

This steps applies an implicit update in the x-direction and explicit update in the y-
direction on the time interval [tn, tn+ 1

2
].

Step 2 : on the interval [tn+ 1
2
, tn+1]

The final solutions (V n+1,Wn+1) at the time step tn+1 is then calculated using the
following equations :

V n+1 − V n+ 1
2

∆t
2

= Dδ2
xV

n+ 1
2 +Dδ2

yV
n+1 +

3

2
Iion(V n,Wn)− 1

2
Iion(V n−1,Wn−1)

Wn+1 −Wn+ 1
2

∆t
2

=
3

2
g(V n,Wn)− 1

2
g(V n−1,Wn−1)

(6)
In this step, the method applies an implicit update in the y-direction and explicit update
in the x-direction on the time interval [tn+ 1

2
, tn+1].

The above algorithm is of second order is space and time (see Rammal [14]) and is based
on the work of Peaceman and Rachford [13]. Since the monodomain model is combined
with homegenous homogenous boundary conditions, and in order to keep the second-order
accuracy, the central-difference approximation will be used to discretize these boundary
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conditions. This implies the introduction of the virtual points by expanding the region with
∆x to the left and right and with ∆y to the bottom and top, and for more details the reader
is referred to [14].

To verify the efficiency of the above-mentioned ADI method, a comparison with the se-
cond order Crank-Nicolson-Adams-Bashforth semi-implicit scheme (CNAB) will be presen-
ted. The CNAB method was proposed in [9] as an impressive scheme compared to different
type of first, second, and third other schemes and this is why it was chosen for this study.
The algorithm for CNAB method for solving the Aliev-Panfilov monodomain model takes
the form :

V n+1 − V n

∆t
=

1

2
(Dδ2

xV
n+1 +Dδ2

yV
n+1) +

1

2
(Dδ2

xV
n +Dδ2

yV
n)

+
3

2
Iion(V n,Wn)− 1

2
Iion(V n−1,Wn−1)

Wn+1 −Wn

∆t
=

3

2
g(V n,Wn)− 1

2
g(V n−1,Wn−1)

(7)

This method is of second order in space and time and for more details the reader is refereed
to [9].

4 Numerical Results

This section is devoted to a quantitative comparison of the solutions obtained with ADI
and CNAB methods. The computational domain is [0, 100]× [0, 100]. The initial transmem-
brane potential V and the recovery variable W are given by :

V (x, t) =


1 if

√
(x− 50)2 + (y − 50)2 < 10

0 if
√

(x− 50)2 + (y − 50)2 ≥ 10,
and W (x, t) = 0.

In the numerical simulations, the following physical parameters are used :

parameter k α ε µ1 µ2 D

value 8 0.15 0.002 0.2 0.3 1

The time evolution of the transmembrane potential is presented in Figure 1. As can be
seen, the wave is initiated as a circular wave in the center of the computational domain and

c©CMMSE ISBN: 978-84-608-6082-2Page 1740 of  2288



Z. Rammal and Y. Belhamadia

it propagates in a similar manner till it reaches the boundaries, an expected behaviour of
this model.

Now, to illustrate the efficiency of the ADI scheme applied to the Aliev-Panfilov mo-
nodomain model, a comparison with CNAB scheme is presented in terms of memory and
run time. Both methods are tested using the same number of time iterations to obtain the
same numerical solution, are executed using MATLAB, and are run using the same com-
puter with Intel(R) Core(TM) i7 − 4790 CPU processor, and 8.00 GB installed memory
functioning with a 64-bit operating system.

First, figure 2 shows a memory consumption required for both the CNAB and ADI
methods. As can be seen in this figure, the memory consumption of the CNAB increases
dramatically. However, the ADI keeps running even with large grids, and while doing so, the
memory consumption remains considerably low compared to what is consumed by CNAB
method.

Second, figure 3 shows the computational time required for both the CNAB and ADI
methods. As can be seen, the time required to run CNAB with 400 space steps is close to
that needed by the ADI to run with 1200 space steps. The rapid results provided by the
ADI is a powerful advantage for simulating a model that aims to capture the behaviour of
a sharp cardiac electrical wave.

5 Conclusion

A numerical algorithm based on the alternation direction implicit method for solving
the Aliev-Panfilov monodomain model was presented. The efficiency of the this algorithm
was provided though demonstrating the difference in the run-time and memory requirements
between this method and Crank-Nicolson-Adams-Bashforth method. The numerical simu-
lations has shown that the ADI algorithm not only speeds up the run-time but also reduces
memory usage over the standard numerical methods used for solving the electrocardiology
models.
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a) t = 10 b) t = 20

c) t = 30 d) t = 40

e) t = 50 f) t = 60

Figure 1 – Evolution of transmembrane potential over time for the 2D Aliev-Panfilov
monodomain model.
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Figure 2 – Memory Consumption of the ADI and CNAB Methods

Figure 3 – Run Time of the ADI and CNAB Methods
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Abstract

In this work we study the zero forcing problem and some variants of it attending to
the connectivity of the subgraph generated by the zero forcing set. A set Z of vertices
of a graph G is a zero forcing set of G if iteratively adding to Z vertices from V (G)\Z
that are the unique neighbor in V (G)\Z of some vertex in Z, results in the entire vertex
set V (G) of G. The zero forcing number Z(G) of G is the minimum cardinality of a
zero forcing set of G.
This study is restricted to maximal outerplanar graphs. We establish tight combinatorial
bounds for zero forcing, total zero forcing and connected zero forcing for any n-vertex
maximal outerplanar graph.

Key words: zero forcing, maximal outerplanar graphs
MSC 2000: AMS codes 05C69, 05C85

1 Introduction

Given a graph G = (V,E) a zero forcing set is a set Z ⊆ V such that every proper subset
Z̄ ⊆ V with Z̄ ⊆ Z contains a vertex that has exactly one neighbour in V \Z̄. Equivalently,
the Zero Forcing process is a discrete-time process in which we have a set of vertices of a
graph G that is initially colored black, while the remaining vertices are colored white. At
each time step, the color change rule is applied. Once a vertex has been changed to black,
it remains black forever. The process terminates if all of the vertices are colored black in
finite time. Otherwise, if there are some white vertices that are unable to be colored in
finite time, then we may artificially halt the process. The zero forcing number Z(G) of G
is the minimum cardinality of a zero forcing set of G.
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The zero forcing problem was introduced in [2] as an upper bound for the maximum nullity
of real symmetric matrices whose nonzero pattern of off-diagonal entries is described by a
given graph, and independently by mathematical physicists studying control of quantum
systems. Furthermore, it is related with the power domination concept, which was first
studied by Haynes et al. [3] for monitoring electric power systems. The relationship be-
tween both was stablished in [4].

Results on the zero forcing number for trees and unicyclic graphs were stablished in [5].
Also, Davila et al. studied this problem for graphs with a given girth in [6]. They proved
that Z(G) ≥ δ + (δ − 2)(δ − 3) where G is a graph with a given girth g ≥ 3 and minimum
degree δ ≥ 2. Moreover, results on the connected and total zero forcing were shown in [7]
and [8] respectively.

The domination problem in outerplanar graphs has received special attention in recent
years [1]. A graph is outerplanar if it has a crossing-free embedding in the plane such that
all vertices are on the boundary of its outer face (the unbounded face). An outerplanar
graph is maximal if it is not possible to add an edge such that the resulting graph is still
outerplanar. A maximal outerplanar graph embedded in the plane corresponds to a trian-
gulation of a polygon.

In this study we establish tight combinatorial bounds for the zero forcing number and the
following zero forcing variants: connected and total. Our results are restricted to maximal
outerplanar graphs.

2 Connected and Total Zero Forcing in MOPs

Let G be a graph of order n and Z a zero forcing set of G. By imposing different connectiv-
ity conditions to the subgraph generated by Z, G[Z], we have some variants on zero forcing.
In this work we will study the following ones: connected zero forcing, if G[Z] is connected;
total zero forcing, if G[Z] does not contain isolated vertices. We denote the connected and
total forcing number by ZC(G) and ZT (G) respectively.

A triangle face T is a separator triangle of G, maximal outerplanar graph, if it has no
edges in the outer face. The number of separator triangles of G is denoted by t. A MOP is
serpentine if t = 0. We denote with G∆ to the subgraph formed by the separator triangles
of G.

The dual tree of G (weak dual) is denoted by H. We describe as serpentine leaf to the
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set of triangles corresponding to the only path in H that connects a leaf of H with a vertex
u with degree(u) > 2. We denote the number of serpentine leafs by h, and the number of
serpentine leafs with fan structure, called fan leafs, by hF such as hF ≤ h. In addition, we
denoted by c to the number of minimum paths in H between vertices with degree 3.

3 Results

According to the previous definitions we establish the following theorems.

Theorem 1. If G is a serpentine graph, then

Z(G) = ZT (G) = ZC(G) = 2

Theorem 2. If G is a maximal outerplanar graph with t = 1 and hF ≥ 0, then

1. If hF ≥ 2, Z(G) = ZT (G) = 3

2. If hF = 1, Z(G) = 3 and ZT (G) = 4

3. If hF = 0, Z(G) = ZT (G) = 4

In addition, the zero forcing set of minimum cardinality is explicitly obtained for each
maximal outerplanar graph.

Theorem 3. If G is a maximal outerplanar graph with h serpentine leafs and hF fan leafs,
whose G∆ is connected, then

Z(G) ≤ ZT (G) ≤ 2dh2 e
with equality if and only if hF = 0.

In the extended version of this work, we explain how the zero forcing set of minimum
cardinality is obtained when hF = 0.

Now, take into account the above theorems, we may establish an upper bound on the
zero forcing number and the total zero forcing number for any maximal outerplanar graph.

Theorem 4. If G is a maximal outerplanar graph with h serpentine leafs and c serpentine
paths, then

Z(G) ≤ ZT (G) ≤ 2dh+c
2 e

and these bounds are tight when G∆ is connected.

As future work we are working on an algorithm to find the minimum zero forcing set for
any maximal outerplanar graph. New theorems and results will be presented in an extended
version of this work.
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Abstract

This work considers a generalized family of Rosenau-RLW equations depending on
an arbitrary function f(u). This family of equations is interesting from the point of
view of shallow water waves theory, because particular equations in the family have
been shown to model wave interactions that are not possible to be described with the
Korteweg-de Vries equation. We will present a complete classification of conservation
laws for this dispersive wave equation and we will apply Lie symmetry analysis to the
equation in order to find exact solutions.

Key words: Nonlinear partial differential equation, Lie symmetries, Conservation
laws

1 Introduction

The Rosenau equation [8, 9], given by

ut ± (u+ u2)x + uxxxxt = 0, (1)

is a fifth-order dispersive wave equation that provides a good model for a two-sided wave
propagation, nonlinear wave-wave and wave-wall interactions. Some of these interactions
cannot be described by the Korteweg-de Vries (KdV) equation ut − αuux + uxxx = 0.

Another well-known third-order dispersive wave equation that improves the KdV equa-
tion for long waves is the Benjamin-Bona-Mahony or regularized long-wave (RLW) equation,
given by

ut + (u+ u2)x − uxxt = 0. (2)
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Recently, a viscous Rosenau equation, given by

ut + aux + ε(u4)x − buxx − cuxxt − duxxxxt = 0, (3)

with a, ε, b, c and d arbitrary constants, has been considered and its solitary wave solution
has been studied numerically [7].

In this paper, we consider a more general family of Rosenau-RLW equations, that
includes equations (1), (2) and (3), given by

∆ ≡ ut + aux + (f(u))x − buxx − cuxxt − duxxxxt = 0, (4)

for u(t, x) where the nonlinear advective term depends on an arbitrary function f(u) and
a, b, c and d are arbitrary constants. Since particular equations in the family (4) have been
shown to describe some interactions that cannot be explained with the KdV equation, we
are interested in finding exact solutions that model this kind of behaviour.

Local conservation laws are continuity equations that provide physical conserved quan-
tities for all solutions. In addition, they can be used to check the accuracy of numerical
methods. We will carry out a complete classification of local conservation laws for the
Rosenau-RLW equation (4) by using a general method based on multipliers [1, 2, 3, 4, 5].

Symmetry methods applied to partial differential equations lead to reductions and ex-
act invariant solutions. In particular, invariant solutions can be used to study analytical
properties such as asymptotic behaviour and blow-up behavior and to check the accuracy
of numerical integrators. A point symmetry classification of equation (4) is presented in
terms of the function f(u). The required theory can be found in [5, 6].

2 Conservation Laws

A local conservation law for the generalized Rosenau-RLW equation (4) is a space-time
divergence expression

DtT +DxX = 0 (5)

holding for all solutions u(t, x) of equation (4), where the conserved density T and the
flux X are functions of t, x, u and its derivatives. If a conserved density is a total x-
derivative, T = DxΨ, when it is restricted to the solution space, then the conservation law
(5) holds trivially, with the flux being a total t-derivative, X = −DtΨ, when it is restricted
to the solution space. Such conservation laws are called locally trivial, and any conservation
laws that differ by a locally trivial conservation law are called locally equivalent. The set
of all admitted conservation laws forms a vector space, in which the set of locally trivial
conservation laws is a subspace.

All nontrivial local conservation laws can be obtained by the multiplier method [6, 3, 4,
1]. A function Q of t, x u, and derivatives of u is a multiplier for a local conservation law iff
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the product of Q and the equation (4) is a total divergence with respect to t and x. All mul-
tipliers can be determined by the condition that a function h(t, x, u, ux, ut, uxx, utx, utt, . . .)
is such a divergence iff Eu(h) = 0 holds identically, where Eu denotes the Euler operator. It
is straightforward to show that multipliers are related to conserved densities by Q = Eu(T ).
As a consequence, all locally equivalent conservation laws have the same multiplier, and
hence there is a one-to-one correspondence between multipliers and conserved densities (up
to local equivalence). This result holds more generally for any evolution equation [6, 3, 4, 1].

For dispersive nonlinear evolution equations, conservation laws of physical importance
come from low-order multipliers [1]. For the Rosenau-RLW equation (4), the dependence
of low-order multipliers Q in terms of u and derivatives of u is given by those variables that
can be differentiated to obtain a leading derivative of equation (4). This yields

Q(t, x, u, ut, ux, uxt, uxx, uxxt, uxxx, uxxxt, uxxxx) (6)

as the general form for a low-order multiplier. All low-order multipliers (6) can be found by
solving the determining equation Eu((ut + aux + (f(u))x − buxx − cuxxt − duxxxxt)Q) = 0,
yielding an overdetermined system in Q, f and the parameters a, b, c, d.

The complete classification of low-order multiplier and corresponding densities and
fluxes will be presented in the talk.

3 Lie symmetries

A point symmetry of the generalized Rosenau-RLW equation (4) is a one-parameter Lie
group of transformations on (t, x, u) generated by a vector field of the form

X = τ(t, x, u)∂t + ξ(t, x, u)∂x + η(t, x, u)∂u, (7)

whose prolongation leaves invariant equation (4).
The condition for a vector field (7) to generate a point symmetry of equation (4) is

given by
pr(5)X(∆) = 0 when ∆ = 0, (8)

where pr(5)X is the fifth prolongation of the vector field (7). The equation (8) splits with
respect to the x and t derivatives of u giving an overdetermined linear system of equations
for the infinitesimals ξ(t, x, u), τ(t, x, u), η(t, x, u), f and the parameters a, b, c, d. Solving
this system we obtain:

Theorem 1 Group Classification Theorem:
The Lie point symmetry group of the generalized Rosenau-RLW equation (4) with f(u)

an arbitrary function, is determined by the generators

X1 = ∂t, X2 = ∂x. (9)
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If f(u) = α(β − u)n − a, the symmetry group is determined by generators X1 and X2 and

X3 = t∂t +
1

n
(β − u)∂u. (10)
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Abstract

The aim of this paper is to obtain new inequalities involving the first general Zagreb
index, and characterize graphs which are extremal with respect to them. We also obtain
inequalities involving the forgotten and second general Zagreb indices.
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1 Introduction

A topological index is defined as a single number that represents a chemical structure
in graph-theoretical terms, and that correlates with a molecular property; it is used to
understand physicochemical properties of chemical compounds. Topological indices are
interesting since they capture some of the properties of a molecule in a single number.

Although only about 1000 benzenoid hydrocarbons are known, the number of possible
benzenoid hydrocarbons is huge. For instance, the number of possible benzenoid hydro-
carbons with 35 benzene rings is 5851000265625801806530 [32]. Therefore, the modeling
of their physico-chemical properties is very important in order to predict properties of cur-
rently unknown species.
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Hundreds of topological indices have been introduced and studied, starting with the
seminal work by Wiener [33] in which he used the sum of all shortest-path distances of a
(molecular) graph for modeling physical properties of alkanes.

Topological indices based on end-vertex degrees of edges have been used over 40 years.
Among them, several indices are recognized to be useful tools in chemical researches. Prob-
ably, the best known of such descriptors is the Randić connectivity index (R) [22]. There
are more than thousand papers and a couple of books dealing with this index (see, e.g.,
[11], [14], [27], [28] and the references therein). During many years, scientists were trying
to improve the predictive power of the Randić index. This led to the introduction of a large
number of new topological descriptors resembling the original Randić index.

The reason for introducing a new index is to gain prediction of some property of
molecules somewhat better than obtained by already presented indices. Therefore, a test
study of predictive power of a new index must be done.

Two of the main successors of the Randić index are the first and second Zagreb indices,
denoted by M1 and M2, respectively, and introduced by Gutman et al. in 1972 (see [12]).
They are defined as

M1(G) =
∑

u∈V (G)

d2u, M2(G) =
∑

uv∈E(G)

dudv,

where uv denotes the edge of the graph G connecting the vertices u and v, and du is the
degree of the vertex u.

In the same paper, where Zagreb indices were introduced, the forgotten topological index
(or F-index ) is defined as

F (G) =
∑

u∈V (G)

d3u.

Both the forgotten topological index and the first Zagreb index were employed in the formu-
las for total π-electron energy in [12], as a measure of branching extent of the carbon-atom
skeleton of the underlying molecule. However, this index never got attention except re-
cently, when Furtula et al. in [9] established some basic properties of the F-index and
showed that its predictive ability is almost similar to that of first Zagreb index and for
the entropy and acetic factor, both of them yield correlation coefficients greater than 0.95.
Besides, [9] pointed out the importance of the F-index: it can be used to obtain a high
accuracy of the prediction of logarithm of the octanol-water partition coefficient (see also
[1]). Recently, this index has been studied for different graph operations [6]. The coindex
version of the forgotten index is also introduced in [7]. The extremal trees with respect to
the F-index have been investigated in [1]. Furthermore, [5] and [26] contain more lower and
upper bounds for the forgotten index.

Miličević and Nikolić defined in [18] the first and second variable Zagreb indices as

αM1(G) =
∑

u∈V (G)

d2αu ,
αM2(G) =

∑
uv∈E(G)

(dudv)
α,
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with α ∈ R. In [16] and [4] the first and second general Zagreb indices are introduced as

Mα
1 (G) =

∑
u∈V (G)

dαu , Mα
2 (G) =

∑
uv∈E(G)

(dudv)
α,

respectively. It is clear that these indices are equivalent to the previous ones, since αM1(G) =
M2α

1 (G) and αM2(G) = Mα
2 (G). We prefer to use Mα

1 (G) instead of αM1(G) since the
inequalities obtained in this paper become simpler with it.

Note that M1
1 is 2m, M2

1 is the first Zagreb index M1, M
−1
1 is the inverse index ID(G)

[8], M3
1 is the forgotten index F (G), etc.; also, M

−1/2
2 is the usual Randić index, M1

2 is
the second Zagreb index M2, M

−1
2 is the modified Zagreb index [20], etc. Note that it is

interesting to study Mα
1 for α 6= 0, 1, and Mα

2 for α 6= 0, since if G has n vertices and m
vertices, then M0

1 (G) = n, M1
1 (G) = 2m and M0

2 (G) = m.
The concept of the variable molecular descriptors was proposed as a new way of charac-

terizing heteroatoms in molecules (see [23], [24]), but also to assess the structural differences
(e.g., the relative role of carbon atoms of acyclic and cyclic parts in alkylcycloalkanes [25]).
The idea behind the variable molecular descriptors is that the variables are determined
during the regression so that the standard error of estimate for a studied property is as
small as possible. The second variable Zagreb index is used in the structure-boiling point
modeling of benzenoid hydrocarbons [21]. Various properties and relations of these indices
are discussed in several papers (see, e.g., [3], [15], [17], [30], [34], [35]).

The aim of this paper is to obtain new inequalities involving the first general Zagreb
index, and characterize graphs which are extremal with respect to them. We also obtain
inequalities involving the forgotten and second general Zagreb indices.

Throughout this paper, G = (V (G), E(G)) denotes a (non-oriented) finite simple (with-
out multiple edges and loops) nontrivial (E(G) 6= ∅) graph.

2 Some bounds for Mα
1

We start with some bounds for Mα
1 involving different parameters.

Theorem 2.1. Let G be a nontrivial graph with m edges, maximum degree ∆ and minimum
degree δ, and α ∈ R. Then

2∆α−1m ≤Mα
1 (G) ≤ 2δα−1m, if α < 1,

2δα−1m ≤Mα
1 (G) ≤ 2∆α−1m, if α ≥ 1,

and the equality holds in each inequality for some α 6= 1 if and only if G is regular.

Theorem 2.2. Let G be a nontrivial graph with n vertices and m edges, and α ∈ R. Then

Mα
1 (G) ≥ 2mα+ n(1− α), if α ≤ 0 or α ≥ 1,

Mα
1 (G) ≤ 2mα+ n(1− α), if 0 < α < 1.
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The equality holds in the inequality for some α 6= 0, 1 if and only if G is a union of pairwise
disjoint edges.

Next, we have inequalities relating two indices Mα
1 and Mβ

1 .

Theorem 2.3. Let G be a nontrivial graph with n vertices, maximum degree ∆ and mini-
mum degree δ, and α, β ∈ R. Then

Mα
1 (G) ≤ δα−βMβ

1 (G), if α ≤ β,
Mα

1 (G) ≤ ∆α−βMβ
1 (G), if α ≥ β,

Mα
1 (G) ≥ ∆α+βn2

Mβ
1 (G)

, if α ≤ −β,

Mα
1 (G) ≥ δα+βn2

Mβ
1 (G)

, if α ≥ −β.

The equality is attained in the lower bound with (α, β) 6= (0, 0) if and only if G is regular;
if α = β = 0, then the lower bound is attained for every graph. The equality holds in the
upper bound for some α 6= β if and only if G is regular; if α = β, then the upper bound is
attained for every graph.

Proposition 2.4. Let G be a nontrivial graph with n vertices, s > 0 and α ∈ R. Then

2sn ≤ s2Mα
1 (G) + M−α1 (G),

Theorem 2.5. Let G be a nontrivial graph with n vertices, α ∈ R and β > 0. Then

nβ+1 ≤M−αβ1 (G)Mα
1 (G)β,

and the equality is attained for some values α 6= 0 and β if and only if G is regular.

The following result appears in [31].

Lemma 2.6. If α ≥ 1 is an integer and 0 ≤ x1, . . . , xn ≤ n− 1, then( n∑
j=1

xαj

)1/α
≤ (n− 1)1−1/α

n∑
j=1

x
1/α
j .

We have a generalization of this lemma which is interesting by itself.

Lemma 2.7. Consider real numbers 0 < β ≤ 1 ≤ α, ∆ > 0 and 0 ≤ x1, . . . , xn ≤ ∆. Then( n∑
j=1

xαj

)1/α
≤ ∆1−β

n∑
j=1

xβj .
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This lemma allows to prove the following result.

Proposition 2.8. Let G be a nontrivial graph with maximum degree ∆, and consider real
numbers 0 < β ≤ 1 ≤ α. Then

Mα
1 (G)1/α ≤ ∆1−βMβ

1 (G).

Theorem 2.9. Let G be a nontrivial graph with n vertices, maximum degree ∆ and mini-
mum degree δ, and α ∈ R. Then

2(∆δ)α/2

∆α + δα

√
nM2α

1 (G) ≤Mα
1 (G) ≤

√
nM2α

1 (G) .

The lower bound is attained for every value of α if G is regular. The upper bound is attained
for some α 6= 0 if and only if G is regular.

Proposition 2.10. Let G be a nontrivial graph with n edges, maximum degree ∆ and
minimum degree δ, and α ∈ R. Then

Mα
1 (G) + (∆δ)αM−α1 (G) ≤ n(∆α + δα),

and the equality holds for some α 6= 0 if and only if du ∈ {∆, δ} for every u ∈ V (G).

Theorem 2.11. Let G be a nontrivial graph with n vertices, and α, β ∈ R with α > 0.
Then

n+ αMβ
1 (G) ≤

(
Mαβ

1 (G)1/α + n1/α
)α
, if α ≥ 1,

n+ αMβ
1 (G) ≥

(
Mαβ

1 (G)1/α + n1/α
)α
, if 0 < α < 1.

Theorem 2.12. Let G be a nontrivial graph with n vertices, and α, β ∈ R with β > 0.
Then

Mα+β
1 (G) ≥ 1

n
Mα

1 (G)Mβ
1 (G), if α ≥ 0,

Mα+β
1 (G) ≤ 1

n
Mα

1 (G)Mβ
1 (G), if α ≤ 0,

and the equality holds in the inequality for some α 6= 0 if and only if G is regular.

Since M1
1 (G) = 2m, Theorem 2.12 has the following consequence.

Corollary 2.13. Let G be a nontrivial graph with n vertices and m edges, and α ∈ R.
Then

Mα+1
1 (G) ≥ 2m

n
Mα

1 (G), if α ≥ 0,

Mα+1
1 (G) ≤ 2m

n
Mα

1 (G), if α ≤ 0,

and the equality holds in the inequality for some α 6= 0 if and only if G is regular.
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3 Inequalities for Mα
1 involving other topological indices

The previous results for the first general Zagreb index hold, in particular, for the forgotten
index. Next, we obtain particular bounds for the forgotten index.

Theorem 3.1. Let G be a nontrivial graph with maximum degree ∆ and minimum degree
δ. Then

4M2
2 (G)

∆2
− 2M2(G) ≤ F (G) ≤ 4M2

2 (G)

δ2
− 2M2(G),

and each inequality is attained if and only if G is regular.

We also have some inequalities relating the first and second general Zagreb indices.

Theorem 3.2. Let G be a nontrivial graph with maximum degree ∆ and minimum degree
δ, and α ∈ R. Then

2∆1−αMα−1
2 (G) ≤Mα

1 (G) ≤ 2δ1−αMα−1
2 (G), if α ≥ 1,

2δ1−αMα−1
2 (G) ≤Mα

1 (G) ≤ 2∆1−αMα−1
2 (G), if α ≤ 1,

and the equality holds in each inequality for some α 6= 1 if and only if G is regular.

The modified Narumi-Katayama index

NK∗(G) =
∏

u∈V (G)

dduu =
∏

uv∈E(G)

dudv

is introduced in [10], inspired in the Narumi-Katayama index defined in [19]. Finally, we
present an inequality relating the modified Narumi-Katayama and the first general Zagreb
indices.

Theorem 3.3. Let G be a nontrivial graph with m edges, and α ∈ R. Then

Mα
1 (G) ≥ 2mNK∗(G)(α−1)/(2m),

and the equality holds for some α 6= 1 if and only if G is regular.
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parameters of a graph, MATCH Commun. Math. Comput. Chem. 54 (2005) 403–416.
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Abstract

We present in this paper a new Large Eddy Simulation (LES) model obtained fil-
tering the Navier-Stokes equations, where the viscosity has been substituted by a non
linear function of the strain rate tensor. This model is a generalization of the model
introduced in [8]. Here we show some numerical results, comparing them with those of
[2] and [4].

Key words: Large Eddy Simulation, nonlinear viscosity
MSC 2000: 35Q35, 35Q30, 76F65, 76D05

1 Introduction

Large Eddy Simulation (LES) models are widely used to simulate turbulent flows (see [1]
for example). Usually, these models are presented as “averaged” or “filtered” versions of
Navier–Stokes equations because one of the possible ways to derive them is to apply a filter
operator to the Navier-Stokes equations, obtaining a new equation governing the behavior
of the filtered velocity.

In [8] a new LES model was deduced by applying a filter, not to the Navier-Stokes equa-
tions, but to these generalized Navier–Stokes equations with a nonlinear effective viscosity

ρ0

(
∂u

∂t
+ (∇u)u

)
= ρ0f +∇ ·T, (1)

∇ · u = 0, (2)

where u is the velocity field, f is the acceleration due to external forces and the stress tensor
T is given by

T = −pI + 2µe(|D|)D, D =
1

2

(
∇u +∇uT

)
, (3)
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where p is the pressure and the effective viscosity µe, depending on the norm of the strain
rate tensor D, was chosen as

µe(|D|) = µ0
(
1 + λ2|D|2

)1/2
, λ > 0 (4)

The parameter λ was considered constant in [8].

In this previous work, we applied to the following Gaussian filter equations (1)-(2):

f̄(t,x) =

∫ ∞
−∞

∫
R3

G(s− t,y − x)f(s,y) dy ds (5)

with

G(s,y) =
γ
1/2
T γ

3/2
L

16π2η4
exp

(
−γT s

2 + γL|y|2

4η2

)
(6)

where η > 0 is a small parameter related to the size of the filter, and γT > 0, γL > 0 are
parameters related to the shape of the filter.

The model thus obtained is as follows:

∂ū

∂t
+ (∇ū) ū +

1

ρ0
∇p̄ = f̄ +∇ · (S− τ) ,

∇ · ū = 0, (7)

where τ (the so called subgrid-scale stress tensor) is given by

τij = uiuj − ūiūj (8)

= 2

[
1

γT

∂ūi
∂t

∂ūj
∂t

+
1

γL
∇ūi · ∇ūj

]
η2 +O(η4), (9)

and S is given by

Sij =
2

ρ0

(
µe(|D|)D

)
ij

(10)

= 2ν
[(

1 + λ2K1

)1/2
+ λ2

(
1 + λ2K1

)−1/2
K2η

2

− λ4

4

(
1 + λ2K1

)−3/2
K3η

2
]
D̄ij

+ 2νλ2
(
1 + λ2K1

)−1/2
K̂ijη

2 +O(η4)
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The notation introduced is:

ν = µ0/ρ0, K1 = |D̄|2, (11)

K2 =

3∑
m,n=1

[
1

γT

(
∂D̄mn

∂t

)(
∂D̄mn

∂t

)
+

1

γL
∇D̄mn · ∇D̄mn

]
, (12)

K3 =
1

γT

(
∂K1

∂t

)2

+
1

γL
∇K1 · ∇K1, (13)

K̂ij =
1

γT

∂K1

∂t

∂D̄ij

∂t
+

1

γL
∇K1 · ∇D̄ij . (14)

So, a nonlinear viscosity was introduced in (4) as part of the model itself rather than using
it as a procedure to close the subgrid-scale stress tensor in (8), where we have used the
Clark approximation instead (see [3] and [9]).

This new model thus obtained reminds us of the dynamic procedure of Germano (see
[6]).

2 New model when lambda is not constant

We are interested in investigating what happens when λ in (4) is allowed to depend on the
time and spatial variables (λ = λ(t,x)). If we now apply the filter (5)-(6) to equations
(1)-(2), but with non-constant λ, we obtain again (7)-(9) but now S is given by

Sij = 2ν
[
(1 +K1)

1/2 + (1 +K1)
−1/2K2η

2 − 1

4
(1 +K1)

−3/2K3η
2

+ 2λ̄ (1 +K1)
−1/2K4η

2
]
D̄ij

+ 2ν (1 +K1)
−1/2 K̂ijη

2 +O(η4) (15)

where the notation used is:

ν = µ0/ρ0, K1 = λ̄2|D̄|2, (16)

K2 =

3∑
m,n=1

[
1

γT

(
∂(λ̄D̄mn)

∂t

)(
∂(λ̄D̄mn)

∂t

)
+

1

γL
∇(λ̄D̄mn) · ∇(λ̄D̄mn)

]
, (17)

K3 =
1

γT

(
∂K1

∂t

)2

+
1

γL
∇K1 · ∇K1, (18)

K4 =
3∑

m,n=1

[
1

γT

∂λ̄

∂t

∂D̄mn

∂t
+

1

γL
∇λ̄ · ∇D̄mn

]
D̄mn, (19)

K̂ij =
1

γT

∂K1

∂t

∂D̄ij

∂t
+

1

γL
∇K1 · ∇D̄ij . (20)
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3 Numerical results

With the aim of comparing the model proposed in [8] with the model we have just proposed,
we have solved first equations (1)-(4) with constant and variable λ, and then we have
compared the results obtained with Armaly et al. experimental measures (see [2]) and the
numerical results presented by Chacón and Lewandowski with different turbulence models
(see [4]) for the backward facing step test case. This test is widely used for turbulence
validation, we want to examine the ability of our models to accurately compute the steady
turbulent 2D backward step flow. The test consists in prescribing an inflow at a certain
distance from the step, then the flow suddenly encounters the expansion of a wall, causing
a flow separation, a large vortex is formed behind the step front. Armaly et. al. used to
conduct their study a channel that had a height of 1.01 cm downstream the step and whose
inlet was 0.52 cm (h) in height. The definition of the Reynolds number which they used is
given by

Re =
4hVmax

3ν
(21)

where Vmax is the maximum inlet velocity (the incoming flow is parabolic) and ν is the
kinematic viscosity. Predictions of this flow, in a geometry equivalent to the case used
for the experiments, were obtained by numerically solving the models proposed employing
FreeFem++ (see [5]). The step length considered has been l = 4h and the length of the
computational domain 20 times the step height, in the same way as in [4].

When a variable λ is chosen, it is constant (λc) in the inner part of the domain and it
goes linearly to zero at the boundaries (with limit layer thickness 10−3).

Several numerical simulations have been performed for different values of λ (considered
both constant and a function of x) and different values of the Reynolds number. All the
results have been obtained with a mesh width h/20 and a time step 0.01. The test stop for
the time-stepping procedure has been set to

‖un+1
1 − un1‖∞
‖un+1

1 ‖∞
< 10−5 (22)

Re Xr/h Xr/h Xr/h Xr/h
measured [2] computed [4] constant λ λ = 0

100 3 2.76− 2.86 3.02 2.83

500 10 9.18− 10.61 10.09 9.23

5000 6.7 7.29− 7.9 6.51 14.85

6000 7 7.58− 8.29 7.02 14.89

10000 8 8.02− 8.85 7.96 –

Table 1: Reattachment points (Xr/h) for different Reynolds numbers
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In table 1 we present the computed (or measured) length of the main vortex formed.
This length has been calculated by Xr/h where Xr is the reattachment length.

We can conclude that our models are able to compute the 2D backward step flow,
reobtaining the reattachment lengths measured by Armaly et al. as accurately as Chacón
and Lewandowski’s models do for different Reynolds numbers (corresponding to laminar
and turbulent regimes). When we consider non-constant λ we achieve similar results for the
main vortex and the predictions of the secondary vortex are generally improved.

IsoValue
-0.0150093
0.165879
0.346767
0.527656
0.708544
0.889433
1.07032
1.25121
1.4321
1.61299

u1 

Figure 1: u1 component of the velocity for Re = 10000, λ = 0.1

Figures 1 and 2 show the first component of the velocity map provided by the model
considering in the first place constant and then non-constant λ, with Re = 10000. For this
Reynolds number, with λ = 0 the scheme does not converge for the mesh width chosen.

The numerical simulations of the ‘filtered’ models are still ongoing, but we expect very
similar results to the ones presented in [7] and [8].
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IsoValue
-0.0351664
0.134797
0.30476
0.474723
0.644687
0.81465
0.984613
1.15458
1.32454
1.4945

u1 

Figure 2: u1 component of the velocity for Re = 10000, non-constant λ, λc = 0.2
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and theoretical investigation of backward-facing step flow, J. Fluid Mech. 127 (1983),
473–496.

[3] D. Carati, F. S. Winckelmans, H. Jeanmart, On the modelling of the subgrid-
scale and filtered-scale stress tensors in large-eddy simulation, J. Fluid Mech. 441
(2001), 119–138.

[4] T. Chacón and R. Lewandowski, Mathematical and Numerical Foundations of
Turbulence Models and Applications, Birkhäuser, New York, 2014.
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Abstract

In this paper a video summarization technique based on the analysis of a video
time series is presented. Time series is a relevant research field with a great number
of different applications. Furthermore, the representation of such series and the extrac-
tion of information from them can be made using different techniques like for example
fuzzy logic [1]. In this proposal, the information composing such time series is obtained
from the H264/AVC [2] compressed domain. H264/AVC is a video coding standard to
compress and decompress a video stream that balances a high visual quality with an
efficient file size. It combines a transformation of pixel values into a frequency-domain
representation [3], typically used to encode still images, with motion compensation tech-
niques specific of video compression techniques. This motion compensation information
is stored in the motion vectors. More concretely, the field of motion vectors in a frame
can be considered as the sparse and imprecise approximation of the optical flow field.
So, we consider the encoding process using motion compensation and estimation a mo-
tion segmentation process allowing to obtain information about the motion patterns of
the different elements or objects in the scene [4].

In order to generate summaries identifying global patterns of motion in video we
propose the use of statistical measures obtained directly from the values of the motion
vectors in every frame of the video. So, we establish a correspondence between every
frame in the video and a class where such class is characterized by the statistical cor-
relation between several motion vectors organized by groups, where the organization of
groups is derived from the spatial position in the picture or frame of the motion vec-
tors. Then, as the frame is divided into several areas or groups of motion vectors more
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than one correlation measure is needed and a combination of such measures allows the
definitions of some frames as the class representative models. Working in compressed
domain and using basic statistical measures drives to the generation of video summaries
in an efficient way [5, 6, 7].

In our proposal, the first step is to obtain from an unique video a set of class
representative models

Classes = {(f, Ci), f ∈ CRM} (1)

where CRM is the set of frames considered as class representative models in the video
and Ci represents the class identified in the frame f .

After that another video is taken as input and a summary is generated and it is a
represented as a set of frames associated with a class previously identified and repre-
sented in Classes. A frame is associated with a class if the correlation with such class
is greater than or equal to 0.9.

Summary = {(f, Ci), f ∈ F} (2)

where Ci represents the class associated to the frame f and F is the total set of frames
of the video. An example is shown in Table 1.

Table 1: Summary obtained from a video.
Initialframe Finalframe Ci

1 37 1
38 38 2
39 103 1
104 105 2
106 107 3
109 110 2
111 131 3
132 133 2
134 174 3
175 182 2
183 283 3
284 291 2
292 330 1
331 463 4

Finally, the experimentation of this paper is driven to the comparison of the motion
patterns of several videos captured from different vehicles driving the same distance
in the same road. Summaries can be compared in order to identify different ranges of
velocities or trajectories for each one of the vehicles with respect to the original video.
From the experimentation results it can be concluded that classes are mainly associated
to traffic events, like the presence of another cars in the scene, and to concrete variations
in the road geometry where the different classes are associated to bends, left or right,
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or to situations where the vehicle is moving in a straight line. For instance, Figure 1
shows different classes corresponding to these situations described above.

Figure 1: Frames corresponding with class representative models
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Abstract

The realm of HPC systems lies in sharing computational resources efficiently. Their
challenge is to turn massively large data into valuable information and meaningful
knowledge. To accomplish this, I/O subsystems have to provide scalable bandwidth
and capacity in order to deliver on the increasing demand for their requests. Emerging
technologies, new programming paradigms and virtualized environments need novel
ways to offer optimised solutions to support heavy data flows in storage services.

In this paper, we propose a distributed storage layer on computer nodes that
can be used as a robust data storage service to handle intensive I/O operations.
Preliminary experiments show that our platform outperforms other distributed data
storage solutions.

Key words: Data storage, high performance computing, supercomputers, communi-
cation networks, file systems

1 Introduction

HPC centres are service providers, where multiple specialized computational resources
provide different services. Some of these resources are designed to run simulations and
generate data. Others provide post-processing or analysis of the generated data, while some
are responsible for visualization of the raw or reduced data. The common denominator in
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all of these scenarios is data. Data must be shared among these systems in an efficient
manner.

I/O is mainly used in scientific applications to store output from simulations for later
analysis, for implementing algorithms that process more data that can fit in system memory
and must page data to and from disk and for checkpointing to save the state of application
in case of system failure.

Modern distributed storage systems employ techniques that can help improve
application performance, alleviate I/O bandwidth bottleneck, mask failures, and ensure
data availability.

It is needed to develop both the theoretical and practical aspects of building efficient and
scalable distributed storage that will scale and be tolerant of the inevitable node failures and
service partitioning that come with multiple nodes. Raicu et al. [10] proposes a distributed
storage architecture that will make exascale computing more tractable, touching virtually
all disciplines in high-end computing and fueling scientific discovery. Chen et al.[1] proposes
a Parallel, Reliable and Scalable Storage Software Infrastructure (PASSI) to support the
design and prototyping of next-generation active storage environment.

Some tools have been created to modeling large-scale HPC I/O workload. Snyder et
al.[12] have defined a novel workload abstraction layer that may be used by diverse tools to
regenerate and analyze I/O workloads. They implemented three workload generators based
on distinct representations of I/O workloads: I/O traces, synthetic I/O kernels, and I/O
characterizations. They used a simulation model of an HPC storage system to analyse and
compare each IOWA workload generation technique in detail, and they used an I/O replay
engine to evaluate large-scale workloads on a production HPC storage system.

Ghoshal et al.[7] present their results in benchmarking the I/O performance over
different cloud and HPC platforms to identify the major bottlenecks in existing
infrastructure.

Multiple failure are inevitable in large storage systems, and designers must consider to
avoid lost of data. The core technology for protecting data from failures is erasure coding,
which has a rich 50+ year history stemming communication systems, and as such, can be
confusing to the storage systems community. Plank [9] presents a primer on erasure coding
as it applies to storage systems, and summarizes some interesting research on erasure coding.

In our paper, we provide a short background of a high performance data storage system
in Section 2. We show a design overview in Section 3. We present some preliminary results
in Section 4 and we conclude the paper in Section 5.

2 Background

A high performance data storage system is composed of several basic elements: different
communication layers, storage units, data manipulation algorithms and control software.
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All these elements are continually evolving to push the limits of existing technology. There
are several aspects to managing a distributed high-performance storage system:

• Try to take full advantage of all resources: CPUs, storage and networks with a fast
asynchronous client/server communication layer.

• Define a reliable system to manage resources: There are several software solutions:
etcd[5], Consul[8], Zookeeper.

• Support different topologies: create storage volumes composed of several units and
group them according to their performance: i.e: SSD for fast storage and HDD for
slow operations.

• Redundancy management: To define how many units are needed to use for storage.

• Dynamic storage management: The less used files go to slow units.

• Use erasure codes to optimise integrity.

3 Design Overview

A distributed high-performance storage system requires to control resources in a efficient
way and demands low latencies and high data bandwidth. Thus this complex system have
to be decomposed into small services that solve different requirements. On a previous
publication, we have shown a metadata system applied to HPC [11] and how to improve
data sharing on Infiniband Networks [4].

The proposed model, AbFS3 L3 (AbFS3 Low Level Layer), is not a generic filesystem
but rather a flexible platform to store any kind of data, defining a low level layer for a
unified data storage (ie. object storage, files or blocks).

The main subsystem are:

• Resource management and service discovery system: It detects all available resources
and changes in configuration. It supervises that all components are properly working.
It is based on etcd [5].

• Fast data transfer system: It is a fluent data transport which adapts to different
conditions (real and virtualized networks).

• Data balancing and redistribution: It is responsible for deciding how to distribute
data among servers, replace data into new locations and recover accidental.

• Data storage API: It is the service that clients can access and provides cache and
block control to accelerate interoperability.
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Clients has a reduced configuration in order to achieve a coherent image and they
”learn” new configuration profiles as they demand resources and, therefore, they need not
be notified of general changes.

Clients can request operations to any server who will resolve the queries, and the server
can ”suggest” any other server to improve response times.

Administrator can select multiple configuration options to define redundancy, restric-
tions, migration policies or strict working conditions to support no single point of failure
(NSPOF).

4 Results

The system has been tested in a cluster with 16 server nodes equipped with: Dual 2.27GHz
Intel(R) Xeon(R) E5520 CPUs, 16GB RAM memory, 1TB Local Disk and OS CentOS 6.6.
Our scenario has 4 servers and 10 clients. These nodes have two Broadcom Corporation
NetXtreme II BCM5716 Gigabit Ethernet interfaces and a IBA7220 InfiniBand HCA.

We have compare our system with other implementations based on distributed
filesytems, such as GlusterFS[3] and Ceph[2] with two different networks: Infiniband and
Gigabit Ethernet.

(a) with Gigabit Network (b) with Infiniband Network

Figure 1: Read bandwidth obtained

We show the throughput with a variety of block sizes ranging from 4 KB to 16 MB.
Figure 1(a) shows read bandwidth obtained from a Gigagit Network and Figure 1(b) from a
Infiniband and, Figure 2(a) shows write bandwidth using Gigabit Network and Figure 2(b)
using Infiniband.
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(a) with Gigabit Network (b) with Infiniband Network

Figure 2: Write bandwidth obtained

Both figures show that our proposed system outperform Ceph and GlusterFS in all
conditions: reads, writes, with diverse block sizes and different networks.

5 Conclusions and future work

In this paper we have presented a flexible platform for data storage in HPC systems. This
system can be used as a robust low level interface to store and retrieve data efficiently.
Preliminary experiments show that our platform outperforms other distributed data storage
solutions. As future work, we want to combine this platform with an optimised metadata
support and a virtual filesytem layer to perform fast I/O based on file operations.
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Abstract

Cloud computing era has posed important challenges in the energy and operational
costs of data centers and, therefore, efforts to efficiently manage these computing infras-
tructures are essential. In this work, the power consumption of medium-scale Virtual-
ized Data Centers operated by a multi-service IT provider is analysed. After modelling
and profiling the workload, some experimental studies have been conducted to improve
power savings through Virtual Machines allocation and migration. Our preliminary
results are competitive compared to those obtained using commercial systems.

Key words: Data Center, Resource Management, Virtual Machine Migration, En-
ergy efficiency

1 Introduction

Information and Communications Technology (ICT) has played a key role in the trans-
formation of modern society by consistently delivering innovative products and services,
increasing productivity and supporting economic growth. Nevertheless, ICT environmental
impact is far from negligible as data centers alone are responsible for over 1% of the world’s
electricity consumption, and 14% of its carbon footprint [1]. Moreover, data center-related
power consumptions continue to grow, and are estimated to increase by 53% between 2013
and 2020 according to [2]. Given so, substantial efforts have been done by the leading ICT
service providers to maximise the energy efficiency of large-scale data centers in the pursuit
of reducing power consumptions and operating costs. However, large-scale infrastructures
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only represent 5% of the data centers’ energy use, with the remaining 95% used by the far
less efficient small and medium-scale ones [2]. As a result of this, efforts focused in improv-
ing the efficiency of multi-purpose small and medium-scale infrastructures with common
workload patterns may yield greater overall power savings.

Virtualized Data Centers (VDC) are the cornerstone of most Infrastructure as a Service
(IaaS) providers. In a VDC, applications are wrapped within Virtual Machines (VMs)
representing their execution environment. VMs are then mapped to Physical Machines
(PMs) by optimising a set of predefined objectives such as service quality, operating costs,
reliability, network load, etc. Hence, energy optimisation techniques in these environments
must tackle one or more layers of the VDC stack: Application, Virtual Machine and Physical
Machine [3, 4, 5].

With regard to VMs, the problem of finding the best mapping of VMs onto the PMs is
well-known and already has been extensively studied in the literature. Essentially, sched-
ulers implementing the mapping algorithms are composed of two modules: allocation and
migration. The allocation module performs the initial VM placement, while the migration
module consolidates the VM load onto the minimum possible number of PMs. Recently,
some authors stated that whenever the cluster workload is well-defined and exhibits a rel-
atively low variability, migration can be also be addressed as a VM reallocation within
decision intervals of several minutes.

In this work, the power consumption of medium-scale Virtualized Data Centers operated
by a multi-service IT provider is analysed in order to build a representative environment to
assess the results attained with a set of VM migration algorithms. In a full paper a Genetic
Fuzzy Rule-Based System implementing the migration mechanism will be presented to im-
prove the energy savings achieved with state-of-the-art commercial virtualization software.

2 Reference Data Center setup

ASAC Comunicaciones1, an IT company established in 1996 offering a portfolio private-
cloud services, was chosen as real-world case study to assess the performance of the pro-
posed algorithms. Such provider was selected given that its mid-size TIER III-certified2

data centers make an excellent representation of the vast amount of medium-scale service
providers operating under reasonable quality standards, but with great room to improve
power savings.

Figure 1 depicts briefly ASAC data centers architecture. Basically, computing resources
are grouped in VDCs, which are then organised in clusters, each one comprised of multiple
PMs hosting the VMs. The number of VDCs, clusters and PMs/VMs per cluster depends

1http://www.asac.as
2These certifications are granted by the Uptime institute according to the availability and redundancy of

its physical infrastructure. Further information can be found on its website https://uptimeinstitute.com
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Figure 1: ASAC Data Center 1 architecture.

heavily on the applications deployed and their resource requirements (CPU, memory, net-
work throughput, etc.), with an overall VMs/cluster ratio ranging from 9 to 1500 deployed
over between 2 and 12 PMs. ASAC VDCs are built using VMware vSphere as the vir-
tualization platform3. In particular, the experimental testbed consists of a single cluster
with 12 PMs, each one with 32 physical cores, hosting a total of 200 VMs with 2-4 vCPUs.
As for the workload, it was determined according to the trace logs of the last six months,
providing quantitative and accurate data on resource consumptions regarding CPU and
memory usage, network traffic, Input/Output Operations Per Second (IOPS), etc. After
careful analysis of the recorded workload, two patterns were found:

1. Stationary Workload, featuring slight fluctuations in resource consumption but
which does not change substantially over time. In our study three levels were defined:
1) LowCharge load following a uniform distribution with VMs using less than 40%
of resources requested at startup, 2) MedCharge load, same as the former though
rising VMs’ occupancy threshold from 40% to 65%, and 3) HighCharge load with the
occupancy threshold between VMs 65% and 100%.

2. Dynamic Workload, where VMs’ occupancy evolves overtime with a certain daily
seasonality.

3 Experimental results

Given the productive nature of ASAC data centers, experimentations were done using the
well-known CloudSim framework [6, 7]. This framework was customized in order to suit the
evolving nature of the workload described in the preceding section by implementing temporal
series of cloudlets (the minimum unit of VM load), as well as including two additional VM

3https://www.vmware.com//products/vsphere.html
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Figure 2: Results obtained with Dynamic Workload and both algorithms.

(a) (b)

Figure 3: Results obtained with (a) VMware Distributed Power Management and (b) Hybrid
migration algorithm under three different scenarios of Stationary Workload.

allocation algorithms used as benchmark. The first one, called VMware Distributed Power
Management within the figures, is a modified version of the median absolute deviation-based
migration algorithm used by VMware’s Distributed Power Management module, extending
it to comply with predetermined occupancy intervals. In particular, the minimum and max-
imum occupancy thresholds used in the experiment were set at 40% and 80%, respectively.
Migration rules were based on the CPU’s utilization rate.

The second algorithm uses a weighted function with multiple criteria to adjust the
migrations. This algorithm, called Hybrid Migration Algorithm (HMA), uses the same set
of predefined thresholds as those used in the previous one. Preliminary results are depicted
in Figures 2 and 3, and show that VM migrations with the proposed HMA attain greater
energy savings by achieving a higher degree of consolidation without impact on service
quality.
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4 Future Work

Given that initial results show substantial room for improvements over commercial vir-
tualization solutions in mid-size data centers, in the full paper a set of state-of-the-art
solutions will be compared against our reactive decision-making mechanism presented in
[8, 9]. This mechanism consists of a utility function implemented by means of a Genetic
Fuzzy Ruled-Based System (GFRBS), elicited from workload records to optimise a weighed
fitness involving multiple criteria such as service quality, energy savings, hardware reliabil-
ity, etc. This utility function will be used to assess the value (utility) of every possible VM
migration to a different PM, and also including the possibility of rejecting any migration.

In the same way, a proactive migration and allocation mechanism based on the one
described in [10] for High Performance Computing clusters will be adapted, since actual
workloads suggest that load in these infrastructures are rather predictable.

Finally, given the amount of service-related concerns regarding data centers operation,
learning algorithms based on many-objective optimization techniques will be leveraged to
cope with the growing dimensionality of Pareto fronts.
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Abstract

The aim of this work is to introduce a new class of generalized metric spaces (called
RS-spaces) that unify and extend, at the same time, Branciari’s generalized metric
spaces and Jleli and Samet’s generalized metric spaces. In order to show its great
applicability, we present some fixed point theorems in the setting of RS-spaces that
extend well-known results in this line of research.

Key words: Generalized metric space, Branciari metric space, Fixed point, Contrac-
tive mapping
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1 Introduction

Fixed point theory is currently one of the most active branches of nonlinear analysis. In
the last years, there have been introduced many fixed point results in the setting of natural
extensions of metric spaces: quasimetric-spaces [1], Mustafa and Sims’ generalized metric
spaces [2], Czerwik’s b-metric spaces [3], Hitzler and Seda’s dislocated metric spaces [4],
Nakano’s modular spaces [5], Musielak and Orlicz’s spaces [6], Bakhtin b-metric spaces [1],
etc.
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Very recently, two very general families of generalized metric spaces have attracted the
attention of researchers. On the one hand, Branciari’s generalized metric spaces were in-
troduced in [7] in order to show some fixed point theorems. Although these spaces have
metrically non-intuitive properties, these drawbacks have not been a limitation for develop-
ing fixed point theory in this environment (see [9, 10, 11, 12, 13]). On the other hand, Jleli
and Samet [14] introduced a kind of generalized metric spaces which are not endowed with
a proper triangle inequality: it was replaced by a weaker condition involving convergent
sequences.

At a first sight, Branciari’s spaces and Jleli and Samet’s spaces seem to be incompatible:
for instance, in the second kind of spaces, the limit of a convergent sequence is unique, and
two points can be placed having infinite distance between them.

In this work, we introduce a new class of spaces, that we call RS-spaces, that are natural
extensions of both Branciari’s spaces and Jleli and Samet’s spaces. We also show some fixed
point results.

2 Preliminaries

Henceforth, N = {0, 1, 2, . . .} stands for the set of all non-negative integer numbers, and let
N∗ = N�{0}. From now on, X will denote a nonempty set and T : X → X will be a
self-mapping.

Given a point x0 ∈ X, the Picard sequence of T based on x0 is the sequence {xn}n≥0
given by xn+1 = Txn for all n ∈ N. In particular, xn = Tnx0 for all n ∈ N, where Tn

denotes the nth-iterates of T (we assume that T 0 denotes the identity mapping on X). A
Picard sequence satisfies xn+m = Tmxn = Tnxm for all n,m ∈ N. The orbit of x0 by T is
the set OT (x0) = {Tnx0 : n ∈ N }.

A binary relation on X is a nonempty subset S of the Cartesian product X ×X. For
simplicity, we denote xSy if (x, y) ∈ S. We say that x and y are S-comparable if xSy or
ySx. A binary relation S on X is reflexive if xSx for all x ∈ X; it is transitive if xSz for all
x, y, z ∈ X such that xSy and ySz; and it is antisymmetric if xSy and ySx imply x = y.
Given a non-empty subset A of X, we will say that S is transitive on A if

x, y, z ∈ A, xSy, ySz ⇒ xSz.

A sequence {xn} ⊆ X is S-nondecreasing if xnSxn+1 for all n ∈ N.
A preorder (or a quasiorder) is a reflexive, transitive binary relation and a partial order

is an antisymmetric preorder.
An extended comparison function (or, simply, a comparison function) is a function

φ : [0,∞]→ [0,∞] such that

(P1) φ is nondecreasing;
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(P2) for all t ∈ (0,∞), lim
n→∞

φn (t) = 0.

Let Fcom be the family of all (extended) comparison functions.

2.1 Branciari N-generalized metric spaces

The following notion was introduced by Branciari in [7].

Definition 1 (Branciari [7]) Given N ∈ N∗, a Branciari N -generalized metric space (for
short, a BN -space) is a pair (X, d), where X is a non-empty set and d : X ×X → [0,∞) is
a function such that the following properties hold:

(B1) d (x, y) = 0 if, and only if, x = y.

(B2) d (y, x) = d (x, y).

(B3) d (x, y) ≤ d (x, u1) + d (u1, u2) + d (u2, u3) + . . . + d (uN−1, uN ) + d (uN , y) for any
x, u1, u2, . . . , uN , y ∈ X such that x, u1, u2, . . . , uN , y are all different.

If N = 2, then (X, d) is a Branciari generalized metric space (for short, a B-space).

A B1-space is a metric space. However, if N ≥ 2, it was proved that BN -spaces can
satisfy some properties that are not metrically desirable (see [8, 9]). For instance, in a
BN -space,

• there may exist convergent sequences that are not Cauchy sequences;

• there may exist convergent sequences with two different limits;

• the metric d : X ×X → [0,∞) may not be a continuous function;

• there may exist open balls centered in different points that are never disjoint although
their radius are arbitrarily small.

Surprisingly, in [11], Suzuki et al. proved that, for N ≥ 2, only B3-spaces have a
compatible symmetric topology.

2.2 Jleli and Samet’s generalized metric spaces

Henceforth, let D : X ×X → [0,∞] be a given mapping. For every x ∈ X, define the set

C(D, X, x) =
{
{xn} ⊆ X : lim

n→∞
D(xn, x) = 0

}
. (1)

Generalized metric and generalized metric space are defined as follows.
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Definition 2 (Jleli and Samet [14], Definition 2.1) Let X be a nonempty set and let D :
X ×X → [0,∞] be a function which satisfies:

(D1) D(x, y) = 0 implies x = y;

(D2) D(x, y) = D(y, x) for all x, y ∈ X;

(D3) there exists C > 0 such that

if x, y ∈ X and {xn} ∈ C(D, X, x), then D(x, y) ≤ C lim sup
n→∞

D(xn, y). (2)

Then D is called a generalized metric and the pair (X,D) is called a generalized metric
space (in the sense of Jleli and Samet; for short, a JS-space).

Jleli and Samet presented in [14] a large list of abstract metric spaces that can be seen
as particular cases of JS-spaces: metric spaces, b-metric spaces, Hitzler-Seda metric spaces
and modular spaces with the Fatou property. Given a JS-space (X,D) and a point x ∈ X,
a sequence {xn} ⊆ X is said to be:

• D-convergent to x if {xn} ∈ C(D, X, x) (in such a case, we will write {xn}
D→ x);

• D-Cauchy if limn,m→∞ D(xn, xm) = 0.

A JS-space (X,D) is complete if every D-Cauchy sequence in X is D-convergent.

Definition 3 (Branciari [7]) A rectangular metric on X is a mapping d : X ×X → [0,∞)
satisfying the following properties:

(RM1) d(x, y) = 0 if, and only if, x = y;

(RM2) d(x, y) = d(y, x) for all x, y ∈ X;

(RM3) d(x, y) ≤ d(x, u) + d (u, v) + d(v, y) for all x, y ∈ X and all distinct points u, v ∈
X�{x, y}.

In such a case, (X, d) is called a rectangular metric space (in short RM-space).
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3 RS-generalized metric spaces

In this section we present the class of generalized metric spaces in which we are interested
and we show that well-known abstract metric spaces belong to this new class.

Definition 4 (Roldán López de Hierro and Shahzad [16]) An RS-generalized met-
ric space (for short, an RS-space) is a pair (X,D) where X is a non-empty set and
D : X ×X → [0,∞] is a function such that the following properties are fulfilled:

(D1) If D(x, y) = 0 then x = y;

(D2) D(x, y) = D(y, x) for all x, y ∈ X;

(D′3) there exists C > 0 such that if x, y ∈ X are two points and {xn} is a D-Cauchy infinite

sequence in X such that {xn}
D→ x then

D(x, y) ≤ C lim sup
n→∞

D(xn, y). (3)

If X is endowed with a binary relation S, then an RS-space is a triple (X,D,S) satis-
fying (D1), (D2) and (D′3) assuming that the sequence {xn} in (D′3) is S-nondecreasing.

Let us show that the class of RS-spaces contains some important subclasses.

Lemma 5 Every JS-space is an RS-space.

Corollary 6 Every b-dislocated metric is a JS-space and so it is an RS-space.

Lemma 7 Every BN -space is an RS-space (where D = d and C = 1).

4 Ćirić type fixed point theorems in the context of
RS-generalized metric spaces

This section is dedicated to introduce, in the setting of RS-spaces, the main results of this
manuscript inspired by the Ćirić type contractivity condition presented in [15].

Theorem 8 (Roldán López de Hierro and Shahzad [16]) Let (X,D,S) be an S-non-
decreasing-complete RS-space with respect to a preorder S and let T : X → X be an S-
nondecreasing self-mapping. Let x0 ∈ X be a point such that x0STx0 and δn0 (D, T, x0) <∞
for some n0 ∈ N. Suppose that there exists φ ∈ Fcom such that

D (Tx, Ty) ≤ φ (max {D (x, y) , D (x, Tx) , D (y, Ty) , D (x, Ty) , D (y, Tx) }) (4)

for all x, y ∈ OT (x0).

Additionally, assume that
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(a) T is S-nondecreasing-continuous.

Then the Picard sequence {xn}n∈N of T based on x0 D-converges to a fixed point ω of
T . Furthermore, D (ω, ω) = 0 and

D (xn, ω) ≤ C φn−n0 (δn0 (D, T, x0)) for all n ∈ N such that n ≥ n0,

where C = CX,D is the (lowest) constant for which (X,D) satisfies property (D′3).
In addition to this, if condition (4) holds for all x, y ∈ X such that xSy, and ω′ is

another fixed point of T such that ωSω′, D (ω, ω′) <∞ and D (ω′, ω′) <∞, then ω = ω′.
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A.F. Roldán López de Hierro, N. Shahzad

[9] Z. Kadelburg, S. Radenović, Fixed point results in generalized metric spaces with-
out Hausdorff property, Math. Sci. 125 (2014) 1–8.

[10] W.A. Kirk, N. Shahzad, Generalized metrics and Caristi’s theorem, Fixed Point
Theory Appl. 2013, Article ID 2013:129, 9 pages (2013)

[11] T. Suzuki, B. Alamri, M. Kikkawa, Only 3-generalized metric spaces have a com-
patible symmetric topology, Open Math. 13 (2015) 510–517.

[12] T. Suzuki, B. Alamri, M. Kikkawa, Edelsteins fixed point theorem in generalized
metric spaces, J. Nonlinear Convex Anal. 16 (11) (2015) 2301–2309.

[13] E. Karapınar, D. O’Regan, A.F. Roldán López de Hierro, N. Shahzad, Fixed
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Abstract

Ordering fuzzy subsets is important in decision-making, data analysis and socioe-
conomic systems. Since fuzzy numbers do not always yield a totally ordered set as
real numbers do, an importan issue in operational fuzzy set theory is how to compare
fuzzy numbers. In this paper we describe an approach to ranking fuzzy numbers with
compact support using a finite image of them. The method is compared with other
techniques by numerical examples. Finally we consider a real application to ranking
consumer products.

Key words: Fuzzy number, Finite fuzzy number, Ranking

1 Introduction

In many applications, ranking of fuzzy numbers is an important tool in decision processes.
It is well-known that fuzzy numbers do not form a natural linear order, like real numbers.
Many approaches have been developed different methods for ranking fuzzy numbers [1, 4,
6, 13, 18, 21]. A commonly used technique is to construct maps to transform fuzzy numbers
into real number so called defuzzification, for example considering the central gravity, the
median or area measurements. Each defuzzification method provides a correspondence from
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the set of all fuzzy numbers into the set of the real number. These real numbers are then
compared to obtain a ranking. Some approaches produce different rankings for the same
data. Then the results of the methods proposed in the literature are often conflict and there
is yet no method that can always give a satisfactory solution to every situation.

In this paper we describe an approach to ranking fuzzy numbers with compact support
using a finite image of them. In [16], Roldán et al. did a complete study of the image of a
FN. In their manuscript, they considered FNs A whose image (or range) A (R) is a coun-
table (or finite) subset of I, and they called them finite or discrete FNs. This kind of FNs
is interesting since, in many cases, the usual computation of FNs is only referred to certain
data (a finite approximation of a FN) and, in practice, most of examples of fuzzy structures
(probabilistic metric spaces, fuzzy metric spaces in several senses and intuitionistic fuzzy
metric spaces) are constructed using these classes of FNs. Among other properties, they
succeeded in proving that such family of FNs is closed under the usual operations between
FNs, that is, if A and B are discrete FNs, them A+ B, A− B, A · B and A/B (if this last
FN is well defined) also are discrete FNs.

2 Preliminaries

Let R denote the set of all real numbers and R = [−∞,∞] the extended real line (for
simplicity, +∞ will be denoted as ∞). Henceforth, x0 ∈ R will be a real number.

Let f : X → Y be a mapping. We say that f is a finite (respectively, countable)
mapping if its image Im f is a finite (respectively, countable) subset of Y . We point out
that we will use the term countable admitting the possibility that Im f is finite.

A fuzzy set on R is a map A : R→ [0, 1]. A fuzzy number on R (hereinafter, FN ) is a
fuzzy set A on R that verifies the following properties:

(1) Normality: there exists a real number x0 ∈ R such that A (x0) = 1.

(2) For all α ∈ ]0, 1], the set A[α] = {x ∈ R : A(x) ≥ α} is a closed subinterval of R.

The set A[α] is known as the α-level set (or α-cut) of A. The kernel of a FN A is kerA = A[1]

and its support is the closure supp(A) = {x ∈ R : A(x) > 0}. Let F be the family of all
FNs.

From now on, we will denote by FFN (respectively, by CFN) the family of all FNs
whose image is finite (respectively, countable).

Regarding FNs, we refer the reader to Klir and Yuan [11], Dubois and Prade [7], Mizu-
moto and Tanaka [12], Wu and Ma [17], and Buckley and Jowers [2]. Clearly, R can be
embedded in F : if r ∈ R then r̂ ∈ F satisfies r̂(x) = 1 if x = r and r̂(x) = 0 if x 6= r. A
triangular FN A = (a/b/c) is defined by three real numbers a < b < c where the graph
of A is a triangle with base on the interval [a, c ] and vertex at x = b. Trapezoidal FNs
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A = (a/b/c/d), where a < b < c < d, are similarly defined (see [2, 10, 11]). Any FN A can
be extended to R defining A (±∞) = 0. Hence we only consider FNs on R.

Let A ∈ F be a FN. Notice that A is completely determined by its level sets (see [7]).
For every α ∈ ]0, 1] let A[α] = [a(α), a(α)] (this interval is open on one side if a(α) = −∞
or a(α) =∞), so we may consider mappings a, a : ]0, 1]→ R which determine the extremes
of each level set (for simplicity, we will write aα = a(α) and aα = a(α) for all α ∈ ]0, 1]). If
0 < α ≤ β ≤ 1 and x0 ∈ kerA, then A[β] ⊆ A[α], so aα ≤ aβ ≤ x0 ≤ aβ ≤ aα. In particular,
aα ≤ a1 ≤ x0 ≤ a1 ≤ aα, a(]0, 1]) ⊆ [−∞, a1] ⊆ [−∞, x0] and a(]0, 1]) ⊆ [a1,∞] ⊆ [x0,∞].

3 Finite fuzzy numbers

In this section we define FNs whose image is finite. In general, given two nonempty sets X
and Y , we will say that a function f : X → Y is finite if the image of f is a finite subset of
Y . The following notion is a key piece of the current study.

A FN A is finite if its image, A (R), is a finite subset of I. If Λ is a finite subset of I,
we will denote by FΛ the family of all finite FNs A ∈ F such that A (R) ⊆ Λ.

An equivalent way to represent finite FNs by using a real number (that can be in-
terpreted as its center) and a finite set of nonnegative real numbers (that we will call its
spreads) is as follows.

Given n ∈ N, {αi}ni=0 ⊂ I verifying 0 = α0 < α1 < α2 < . . . < αn−1 < αn = 1, Ac ∈ R
and Am, A`,1, A`,2, . . . , A`,n−1, Ar,1, Ar,2, . . . , Ar,n−1 ∈ [0,∞), there exists a unique finite FN
A such that

aα =


Ac −Am, if αn−1 < α ≤ 1,
Ac −Am −A`,n−1 −A`,n−2 − . . .−A`,i+1, if αi < α ≤ αi+1

(for some i ∈ {1, 2, . . . , n− 2}),
Ac −Am −A`,n−1 −A`,n−2 − . . .−A`,1, if 0 ≤ α ≤ α1;

(1)

aα =


Ac +Am, if αn−1 < α ≤ 1,
Ac +Am +Ar,n−1 +Ar,n−2 + . . .+Ar,i+1, if αi < α ≤ αi+1

(for some i ∈ {1, 2, . . . , n− 2}),
Ac +Am +Ar,n−1 +Ar,n−2 + . . .+Ar,1, if 0 ≤ α ≤ α1.

(2)

The FN A is the unique finite FN whose center is Ac, whose central spread is Am, whose
left spreads are {A`,i}n−1

i=1 , whose right spreads are {Ar,i}n−1
i=1 and whose image is included

in {αi}ni=0.

Then, a finite FN can be equivalently determined in the way

A = FN

(
{αi}ni=0 , A

c, Am,
{
A`,i

}n−1

i=1
,
{
Ar,i

}n−1

i=1

)
,
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which has the advantage that all spreads are nonnegative, that is,

Ac ∈ R but Am, A`,i, Ar,i ≥ 0.

If we set

Λ = {α0 = 0, α1, . . . , αn−1, αn = 1} ⊂ I,

then we will use the notation

A = FFNΛ

(
Ac, Am,

{
A`,i

}n−1

i=1
,
{
Ar,i

}n−1

i=1

)
(3)

to describe any FN F in FΛ, where Ac is its center, and Am,
{
A`,i

}n−1

i=1
and

{
Ar,i

}n−1

i=1
are

its (nonnegative) spreads.

4 Ranking FNs with compact support

It is well-known that there is a lack of universally acceptable total ordering between FNs.
However, ranking of FNs is a useful tool to deal with decision-making problems. Therefore,
many orderings have been proposed by several authors. Next, we show a novel method
for ordering FNs using countable FNs. This method has similar properties to a specificity
[19, 9].

Let Λ = {αi}i∈I be a countable (or finite) and strictly increasing sequence of real
numbers such that 0 ≤ α0 < α1 < . . . < αi < . . . ≤ 1. Given any FN A with compact
support, we may consider the FN AΛ given, for all x ∈ R, by:

AΛ(x) =


1, if x ∈ A[1],

αi, if x ∈ A[αi]�A[αi+1] (i ≥ 0),

0, otherwise.

Then AΛ is a countable (or finite) FN, has compact support, its image is in {αi}i∈I ∪ {1}
and AΛ

[αi]
= A[αi] for all i ∈ I. Let SΛ(A) be the area of the histogram given by the plot of

AΛ, i.e.,

SΛ(A) = `A1 +
∑

i≥1αi(`
A
αi
− `Aαi+1

) for all A ∈ F with compact support,

where `Aαi
= aαi − aαi

is the length of the corresponding αi-cut A[αi] = [aαi
, aαi ]. Notice

that SΛ(A) can be interpreted as a Choquet integral [3, 5] corresponding to the Euclidean
measure. As∑

i≥1
αi(`

A
αi
− `Aαi+1

) ≤
∑
i≥1

[
`Aαi
− `Aαi+1

]
= `Aα1

− lim
i
`Aαi
≤ `Aα1

≤ length(supp(A)) <∞,
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then the real number SΛ(A) is well-defined. This function allows us to induce an ordering
(depending on Λ) on the set of all FNs with compact support given by

A ≺Λ B if, and only if, SΛ(A) < SΛ(B); A ∼Λ B if, and only if, SΛ(A) = SΛ(B).

We will write A 4Λ B if A ≺Λ B or A ∼Λ B. Some basic properties of the previous ordering
are as follows.

• If A 4Λ B then A+ C 4Λ B + C for all C.

• If A 4Λ B then rA 4Λ rB for all r ≥ 0.

• If A[α] = B[α] for all α ∈ Λ, then A ∼Λ B.

• If A ≤ B (that is, A(x) ≤ B(x) for all x ∈ R), then A 4Λ B for all Λ.

• If A ≤ B and A ∼Λ B, then A[α] = B[α] for all α ∈ Λ.

• A ∼Λ AΛ.

Although A 7→ SΛ(A) does not define a measure of specificity (see [19, 9, 8, 20]), SΛ(A)
can be seen as a measure of the imprecision associated to a FN because the property of
the fourth bullet recalls one of its main characteristic: the specificity measure of a normal
fuzzy set decreases when the membership degree of its elements increases. Therefore, the
above process can be interpreted as a specificity-type method. Most authors use triangular
or trapezoidal FNs in order to describe their ordering methods. In that cases, the following
properties may be useful.

• If n ∈ N and Λn = {0, 1/n, 2/n, . . . , (n− 1)/n, 1} then

SΛn(A) =
n− 1

n
S(A) +

`A1
n

for all trapezoidal FN A,

where S(A) denotes the area under A and `A1 = `(kerA) is the length of its kernel.

• If A and B are trapezoidal FNs such that supp(A) ⊆ supp(B), ker(A) ⊆ ker(B) and
A ∼Λ B for some Λ ⊂ [0, 1] with, at least, three points, then A = B.

5 Numerical examples

In [13], the authors proposed a method for ranking FNs using areas. In this work, they
showed several examples and compared their results with the methods used by other authors.
We illustrated our decision rule using the FNs considered in [13, Example 4].

A1 = (1/2/5) (triangular), A2(x) =


[1− (x− 2)2]1/2, if 1 ≤ x ≤ 2,

[1− (x− 2)2 /4]1/2, if 2 ≤ x ≤ 4,
0, otherwise.
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Obviously, our ordering process depends on Λ. If Λ = {0, 0.1, 0.2, 1}, then SΛ(A1) = 0.68
and SΛ(A2) = 0.592435, so A2 ≺Λ A1. If n ∈ N and Λn = {0, 1/n, 2/n, . . . , (n − 1)/n, 1},
then:

SΛn(A1) =
2(n− 1)

n
, SΛn(A2) =

3

n2

n−1∑
k=1

[
k
(√

n2 − k2 −
√
n2 − (k + 1)2

)]
,

so A1 ≺Λn A2 for all n ∈ N, n ≥ 2.
In [1], Abbasbandy and Asady proposed a modification of the distance based approach

(called the sign distance that depends on a real number p ≥ 1) in order to overcome the
shortcomings of previous techniques for ranking FNs. In their work, they did a complete
comparison between their methodology and previous processes (Yager [18], Chen [4], Chu
and Tsao [6], Yao and Wu [21] among others) using five subsets of triangular or trapezoidal
FNs. Next, we use some of these subsets so as to compare their methodology with our
technique.

The FNs A = (0.3/0.5/0.7), B = (0.3/0.5/0.8/0.9) and C = (0.3/0.5/0.9) were consid-
ered in [1] (Example 1, Set 3) and in [13] (Example 5, Set 3), producing the results showed
in Table 1.

FNs Yager Chen Chu-Tsao Yao-Wu
Abbas.-
Asady
p = 1

Abbas.-
Asady
p = 2

Nejad-
Mashinchi

Method
with Λ4

A 0.5 0.375 0.25 0.5 1 0.7257 0.0714 0.15

B 0.55 0.425 0.31526 0.625 1.25 0.9416 0.1387 0.4125

C 0.625 0.55 0.27475 0.55 1.1 0.8165 0.1044 0.225

Result A ≺ B ≺ C A ≺ B ≺ C A ≺ C ≺ B A ≺ C ≺ B A ≺ C ≺ B A ≺ C ≺ B A ≺ C ≺ B A ≺ C ≺ B

Table 1: Comparison between fuzzy rankings, where A = (0.3/0.5/0.7), B =
(0.3/0.5/0.8/0.9) and C = (0.3/0.5/0.9).

We emphasize that our results are reasonable and they do not coincide with other
previous techniques.

Notice that ranking methods that verify the property in the fourth bullet could also be
interpreted as a measure of the imprecision associated to a FN rather than an evaluation of
its location. Thus, when there is no imprecision, this order does not permit us to distinguish
between crisp FNs. In this sense, we point out that this method is in agreement with fuzzy
set inclusion, but not with the ordering of real numbers. Comparing with the previous fuzzy
rankings, this property could yield to a different ordering, as in the following example.

The FNs A = (0/0.4/0.7/0.8), B = (0.2/0.5/0.9) and C = (0.1/0.6/0.8) were also
considered in [1] (Example 1, Set 4) and in [13] (Example 5, Set 4), producing the results
showed in Table 2.
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FNs Yager Chen Chu-Tsao Yao-Wu
Abbas.-
Asady
p = 1

Abbas.-
Asady
p = 2

Nejad-
Mashinchi

Method
with Λ4

A 0.45 0.52 0.24402 0.475 0.95 0.7853 0.2488 0.4875

B 0.525 0.57 0.26243 0.525 1.05 0.7958 0.3631 0.2625

C 0.55 0.625 0.2619 0.525 1.05 0.8386 0.3348 0.2625

Result A ≺ B ≺ C A ≺ B ≺ C A ≺ C ≺ B A ≺ B ∼ C A ≺ B ∼ C A ≺ B ≺ C A ≺ C ≺ B B ∼ C ≺ A

Table 2: Comparison between fuzzy rankings, where A = (0/0.4/0.7/0.8), B = (0.2/0.5/0.9)
and C = (0.1/0.6/0.8).
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Abstract

In this work, we consider a generalized fourth order nonlinear wave equation from
the point of view of the theory of symmetry reductions in partial differential equations.

Key words: Symmetry reductions, partial differential equations

1 Introduction

The description of physical, biological and other process is frequently given by nonlinear
partial differential equations (PDEs) and their solutions play an important role in the
understanding of these process. A large number of publications has been done in this area
and many methods have been derived for finding analytical solutions for integrable nonlinear
PDEs. Recently the nonlinear wave equation

ut + αunux − δ(umux)x + uxx + σuxxx + uxxxx = 0 (1)

has been considered in [5], where the author has derived exact solutions for equation (1) by
using Painlevé property. The machinery of Lie group theory provides the systematic method
to search for special group-invariant solutions. For PDEs with two independent variables,
as is equation (2), a single group reduction transforms the PDE into ODEs, which are
generally easier to solve than the original PDE. Most of the required theory and description
of the method can be found in [6, 1, 2] and many recent papers using this method have
been published in [3, 7, 4].
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The aim of this work is to consider the following generalization of Eq. (1)

ut + uxx + cuxxx + uxxxx + f(u)ux − g′(u)u2x − g(u)uxx = 0. (2)

We apply Lie classical method to equation (2) in order to obtain exact solution, as well as,
to derive conservation laws for these equations by using the multipliers method. We also
will apply the multiplier method to the reduced ODEs in order to reduce the order directly.

2 Classical symmetries and reductions

Lie classical method is based on the determination of the symmetry group of a differential
equation, i.e., the largest group of transformations acting on dependent and independent
variables of the equation so that maps solutions of the equation into other solutions.
In order to apply Lie classical method to equation (2) we consider the one-parameter Lie
group of infinitesimal transformations in (x, t, u), where ε is the group parameter. The
symmetry group of equation (2) will be given by the set of vector fields of the form

v = ξ(x, t, u)∂x + τ(x, t, u)∂t + η(x, t, u)∂u. (3)

Equation (2) admits a Lie point symmetry provided that

pr(4)v(∆) = 0 when ∆ = 0,

where ∆ = ut + uxx + cuxxx + uxxxx + f(u)ux + g′(u)u2x − g(u)uxx and pr(4)v is the fourth
prolongation of the vector field (3), we obtain a set of determining equations for the in-
finitesimals ξ(x, t, u), τ(x, t, u) and η(x, t, u). By solving the determining system we obtain
the following results:

Case 1. The point symmetries admitted by equation 2 in the general case are generated
by

v1 = ∂x, v2 = ∂t. (4)

Case 2. For f(u) = − ln(f1 + u)

f0
+ f2 and g(u) = g0, with f0, f1, f2 and g0 arbitrary

constants, besides v1 and v2 we obtain a new generator:

v3 = t∂x − f0(f1 + u)∂u. (5)

Case 3. For f(u) = f0 + f1(−g1 + u)
3g0
2 , g(u) = (g1− u)g0g2 + 1 and c = 0, with f0, f1, f2,

g0, g1 and g2 arbitrary constants, besides v1 and v2 we obtain a new generator:

v4 =

(
t+

x

3f0

)
∂x +

4t

3f0
∂t +

2(g1 − u)

f0 g0
∂u. (6)
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Case 4. For f(u) = f0u+ f1, g(u) = g0 and c = 0, with f0, f1, and g0 arbitrary constants,
besides v1 and v2 we obtain a new generator:

v5 = t∂x +
1

f0
∂u. (7)

The corresponding generators of the optimal system of subalgebras for each case respectively
are:

〈λv1 + v2〉, 〈λv1 + v2, βv2 + v3〉, 〈λv1 + v2, v4〉, 〈λv1 + v2, βv2 + v5〉

where λ, β ∈ R are arbitrary. In the following, reductions of Eq. (2) to ODE’s are obtained
using the generators of the optimal system.
Reduction 1: For case 1 and by using the generator λv1 + v2 we obtain the similarity
variable and similarity solution

z = x− λt, u = h(z) (8)

and the ODE1

hz z z z + c hz z z − g hz z + hz z − gh (hz)
2 + f hz − λhz = 0. (9)

Reduction 2: For case 2, by using the generator βv2 +v3 and setting f0 = 1, f1 = f2 = 0,
we obtain the similarity variable and similarity solution

z = βx− t2

2 , u = h(z)e
−t
β (10)

and the ODE2

−β5 hz z z z − β4 c hz z z +
(
β3 g0 − β3

)
hz z + β2 log(h)hz + h = 0. (11)

Reduction 3: For case 3, by using the generator v4 and setting f0 = g0 = 1, g1 = 0, we
obtain the similarity variable and similarity solution

z = xt
−1
4 − t

3
4 , u =

h(z)√
t

(12)

and the ODE3

−4hzzzz − 4 g2 hhzz − 4 g2 h
2
z + z hz − 4 f1 h

3
2 hz + 2h = 0. (13)

Reduction 4: For case 4 and by using the generator βv2 + v5, we obtain the similarity
variable and similarity solution

z = βx− t2

2
, u =

t

βf0
− h(z) (14)

and the ODE4

−β4 hz z z z + β2 g0 hz z − β2 hz z + β f0 hhz − β f1 hz +
1

β f0
= 0. (15)
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3 Conclusions

In this work, we have obtained Lie symmetries of the fourth order nonlinear wave equation
(2). We have derived the optimal system of one-dimensional subalgebras of the invariant
equation and we have obtained reductions to ODE’s. All the low order conservation laws
will be achived by using the multiplier method. Moreover, we will search for exact solutions.
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Jesús Rosado1 and Juan Moreno-Garcia2

1 Universidad de Castilla-La Mancha, EII de Toledo, Departamento de Matemáticas
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Abstract

Particle Swarm Optimization (PSO) algorithms have been shown to be highly effi-
cient in finding patterns which appear repeatedly in a temporal series. A key component
in these algorithms is the notion of distance used to compare sequences inside the se-
ries. In this paper we study the behavior of a variant of the usual PSO algorithm, where
stronger interaction between the agents of the swarm is taken into account, when we
use some naive distances.

Key words: Time Series, Pattern Recognition, Particle Swarm Optimization.
MSC 2000: 62-04, 62M10

1 Introduction

Time series appear naturally in any situation where data can be collected. The analysis
has been long used in economy, biology, physics, medicine, industry, sociology, etc. as a
mean to understand all sort of phenomena from measurements taken at different times.
A particularly important application of this analysis consists in making predictions about
the evolution of the object of study. A key tool to do so, relays in the identification of
patterns that repeat themselves through the series, which is, in itself, a relevant structural
information about the data [10, 11]. By interpreting as a time series any sequence, despite
being obtained in a different context, such as imaging, we can apply tools developed for
time series analysis to an even broader scope [8].
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In the literature we may find many different approaches to this subject. Typically, the
proposed algorithms are restricted to the comparison of same-length intervals in the series,
albeit we can find some references where this restriction does not apply [15, 17, 18, 20]. In
the last decade, algorithms based on what is known as Particle Swarm Optimization (PSO)
[2, 3] have become popular due to their high performance and applicability to very different
contexts [15, 11, 5, 13].

The idea behind the particle swarm optimization algorithms is to compare simultane-
ously different pairs of subsequences within the time series, chosen randomly. These pairs
are considered to be the position of an agent in the swarm. A measure of how good a given
position -in the ambient space of our agents- is given. Then each agent checks how good its
current position is and moves to a new one, taking into account the best positions found, by
itself and all any of the other individuals in the swarm, to choose which direction it should
follow.

The goal of this paper is, in the one hand, to review the structure of PSO algorithms
and how it can be interpreted in the context of pattern recognition, as well as summarizing
some recent related works. In the other hand, we want to stress the importance of choosing
an adequate notion of distance to compare subsequences of the time series.

Section 2 is dedicated to the formulation of the problem. We will also briefly review
the common structure of PSO algorithms in this context, as well as discussing some of
the considerations that should be taken into account. Next, in section 3 we propose some
modification to the usual algorithm based on general swarming algorithms [9, 12, 4], in order
to accelerate the convergence, and study different options to compare pairs of subsequences
in the temporal series. This paper is intended as a preliminary work to establish the
starting ground upon which we can build; hence we will limit ourselves to consider a few
naive notions of distance, to exemplify how much, even in this cases, the performance of the
PSO algorithm is dependent on what it means to be close for two subsequences of series.
We present the results of our simulations and compare the performance achieved with each
distance in Section 4.

2 A particle swarm optimization algorithms for pattern recog-
nition

As we said in the introduction the basic idea of a PSO algorithm is to generate a swarm of
agents that move in an appropriate space so that each of them can evaluate the adequacy of
the position it occupies according to a fitness measure and explore its surroundings to find
the position where the optimal is achieved. To do so, it is useful to let the agents remember
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the position that yielded the best outcome of this measure. With this idea in mind, an agent
can be thought of as a data structure ai={xi, vi, cvi, bvi, bvxi}, where xi represents the
current position of the agent, vi the velocity with which it is moving, i. e. the rule according
to which it will choose a new position to explore, cvi the value of the fitness measure in its
current position, bvi the best value it has found and bxi is the position corresponding to
that best value. We should also think of the swarm as an entity of itself, consisting of the
collection of all agents, to which we will associate the best value and position encountered
by any agent, gbv and gbx.

Using this framework, all PSO algorithms share a common core consisting in a double
loop such as the one described by Algorithm 1, where, following with the analogy with the
laws of movement, we shall call acceleration to the rate of variation of the velocity of the
agents.

Algorithm 1 Core of the PSO algorithm.

1: while “optimal is improving” do
2: for ALL agents IN swarm do
3: dvi ← Acceleration(agent, Swarm)
4: end for
5: for ALL agents IN swarm do
6: xi ← ← xi) + dt· vi
7: vi ← vi + dt· dvi
8: cvi ← OptMeasure(xi)
9: if cvi < bvi then

10: bvi ← cvi
11: bxi ← xi
12: if gbv > bvi then
13: gbv ← bvi
14: gbx← bxi
15: end if
16: end if
17: end for
18: end while

In order to use it for our purpose, we need an appropriate notion of position and
velocity. Since our aim is to compare subsequences of a time series, it is natural to identify
the position of an agent with these subsequences. Following the ideas in [15] we will define
the position to be a 4-tuple, xi=[x0i ,l

0
i ,x

1
i ,l

1
i ], where the first and third elements denote the

start of the subsequences to compare and the second and fourth, their respective lengths.
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An easy way to codify this, is to identify x0i and x1i with indices within the series and, if
we assume that the time series is evenly distributed, l0i and l1i with the number of indices
that constitute each subsequence. Thus, we can think of an agent moving in a subset N4.
This approach implies strict restrictions in some (potentially all) of steps 3, 4 and 5 of the
PSO algorithm. Namely, since x must be an unsigned integer, some adjustments are in
order: we may force dt and v, and hence dv, to also be integers or we can correct the final
value of x at each step to meet the requirements. Additional checks are necessary to ensure
that the indices remain within meaningful boundaries: x0i and x1i must be smaller than the
size of the time series. In [15] it is also required that x1i+l1i is smaller than the the size of
the time series, so that the whole subsequence referenced is included in the reference time
series, and that x0i+l0i<x1i , to avoid overlap between the subsequences and thus, the trivial
solution where one of the subsequences is contained in the other. We will start by following
the same considerations, in order to compare with their results. Nevertheless, our aim is
to achieve this behavior trough the acceleration, rather than verifying in each step that all
conditions are satisfied.

Finally, we want to point out that the terminating condition for the main loop has been
stated in such an ambiguous way deliberately. In general, one may consider that when there
is no improvement in the global best value the loop should come to conclusion. Against
this, can be argued that even if there is no change in the global optimal position for a few
iterations, while there exist some agent whose position is improving, it could happen that
eventually it gets to a better position than the best already found. It is also possible to
defend the thesis that even if there is no improvement in any of the agents, it can be due
to the randomness of the exploration. In any case, a compromise between these postures
must be achieved, and the analysis of the particular optimality function and ambient space
for the agents is of great importance in this task.

3 Variations in the Acceleration and Optimality functions

As we have seen in the previous section, one of the key steps of the PSO algorithm is the
computation of the optimality function, since it is there where the general algorithm is fitted
to solve a specific problem. Nevertheless, the way in which the information acquired with
this computation is used to dictate the movement of the agents may also affect the perfor-
mance of the PSO. In this section we will address this two aspects of the implementation
of the PSO algorithm.

3.1 Movement of the agents in the swarm

In a usual PSO algorithm, the change in velocity is computed as a linear combination of
the current velocity, the direction to the best position encountered by the agent and the
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direction to the best position found by the swarm:

vn+1
i =Avni + B(xni -bvxi) + C(xni -gvx)

and then, the position updated as

xn+1
i =xni +v−in+1.

This formulation is reminiscent of the phenomenon it want to mimic, albeit it is not
uncommon that the values of the weights are chosen either randomly, or ad hoc. Also, the
independence of the step-size and the rate of change carries the potential for instability of
the algorithm [6]. While this is not necessarily a problem, since PSO algorithms are usually
intended to randomly explore the ambient space where the agents live, this approach may
be missing some of the good features of swarm behavior, it could benefit from.

In Algorithm 1 we already propose a slight variation to the standard PSO algorithm
so that it is more in accordance with the formulation of swarming models, maintaining the
second order formulation of the movement [1, 7, 19]. The inclusion of the coefficient dt
allows us to regulate how much the rate of change in position and velocity will affect the
current values, and thus avoid jumping over a minimum of the optimality function. Also, we
change the velocity through the computation of an acceleration, where the desired directions
will be taken into account. This will provide us a more general framework where different
interaction rules between the agents can be included, as well as some self-propulsion term
which shall help as deal with the restrictions on the positions of the particle mentioned
in the previous section. Furthermore, this will help us to properly balance the weight of
all the desired effects on the rate of change of the velocity. We will define the acceleration as

dvn+1
i = ωIINTERACTION+ωSPSELF PROPULSION+ωPB(x

n
i -bvxi) + ωgb(x

n
i -gbx),

with ωI + ωSPωPBωGB = 1. Strictly speaking, the two last terms should be included
in the SELF PROPULSION and the INTERACTION terms respectively, but we keep them a
part due to their relevance. The SELF PROPULSION term represents the preferred velocity
of the agent, in absence of the rest of the swarm, and can be used to provide the agent with
a natural desire to remain within the boundaries dictated by the series and avoid positions
corresponding to overlapping subsequences. In this first approach, though, we will overlook
this effect and set ωSP to zero. With respect to the INTERACTION term, we will limit
ourselves to a basic attraction effect, nudging the agents to converge in the same position.
While this can be counterproductive, as it may lead to concentration in a local minimum
of the optimality function, it also facilitates a thorough exploration of the whole ambient
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space of the agents if they are suitably spread during the initialization.

Algorithm 2 Interaction rule based solely in attraction.

dvi ←
1

SWARM SIZE

∑
i6=j

(xj − xi)|xi − xj |α

3.2 Distances between time series subsequences

In the context of pattern recognition between the subsequences of time series, it is natural
to adopt the distance between subsequences as a measure of how good the position of an
agent is. However, although intuitively the concept of distance is very clear, when it comes
to a precise definition, there are many notions of distance that can be used [16]. The choice
of one over the other, may imply also a different way of understanding the agents and will
yield drastically different results. At this moment, the reference distance to evaluate the
efficiency of new measures is the Dynamic Time Warping (see [14]). Our objective at this
stage is not to provide a similarity measure that outperforms the currently available ones,
but rather to explore how the choice of a distance affects not only the performance of the
algorithm, in terms of speed, but also the behavior of the agents themselves, favoring the
exploration of different regions.

With this idea in mind we propose two simple similarity functions. The first one is
defined in the setting given in Section 2:

Algorithm 3 Direct comparison similarity function.

1: function DCDistance(AGENT, TS) . TS is the time series that we want to study
2: seq1 =TS([x0,x0+l0])
3: seq2 =TS([x1,x0+l1])
4: D=l1-l0 . Assuming l1 >l0

5: for k ← 0 To D do

6: difk =

√√√√ 1

l0

l0−1∑
l=0

(seq1(l)− seq2(k + l))2

7: end for
8: return min

k
{difk}

9: end function

This measure is a direct extension of the usual euclidean distance for vectors. We allow
to compare sequences of different lengths by comparing the smaller one with each of the
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subsequences of the same length in the larger one, without penalizing the proportion of
the larger one that we are not able to compare. To compensate the different sizes of the
sequences that every agent is comparing, we divide the sum of squared differences by the
amount of terms in that sum.

We propose a second measure, which requires a small modification in the way we under-
stand the agents, or rather, the space where they will move. An agent will still be defined
by its position, velocity, current value, best value and best position, but we will understand
the position as a subset of R4. From now on, x0, x1 shall denote any time between the first
and the last time stamp of the series and l0, l1 will be the lengths of time intervals starting
at x0, x1 respectively. By disengaging the agents from the actual points in the series we
gain freedom of movement, at the price of needing to locate the right points in the series to
evaluate the optimality of each position.

Algorithm 4 Interpolation similarity function.

1: function IDistance(AGENT, TS)
2: L← l1/l0

3: seq1x = Time-stamps of the series such that [x0,x0+l0]⊆ [seq1x(0), seq1x(end)],
shifted to the origin.

4: seq2x = Time-stamps of the series such that [x1,x1+l1]⊆ [seq2x(0), seq2x(end)],
shifted to the origin and scaled by L.

5: seq1v = original values of the series corresponding to seq1x.
6: seq2v = original values of the series corresponding to seq2x scaled by L.
7: dif ← 0.
8: for i← 1 To LENGTH(seq1x) do . We assume that seq1x is shorter than seq2x
9: p← seq1x(i)

10: v ← INTERPOLATE(pa, pb)
11: . pa and pb being the pairs (xi2p, vi2p), (xi2n, vi2n), where i2p and i2n is the

index of the elements in seq2x such that xi2p < p < xi2n.
12: dif ← dif + |seq1v(i)− v|
13: end for

14: return
dif

LENGTH(seq1x)
15: end function
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4 Results

In order to study the behavior of the method that we present in this work, we have imple-
mented an program using the Python language, which allows the use of different objective
functions. In this first version, we have used as objective function the distances DCDis-
tance and IDistance detailed in Section 3.2.

IDistance is more directly inspired by [15]. We also encounter the overlapping issues
that are mentioned there. Due to the lack of space, we omit a detailed description of the
tests that we have tried and present directly the results that we have obtained together
with the conclusions:

1. The algorithm always converges.

2. As we could expect, when one of the subsequences is contained in the other, the results
of the PSO algorithm is better, since we are comparing a subsequence with a portion
of itself.

3. Whenever the intersection of the two subsequences is not empty, the agents find that
the optimal position lies in the direction that increases the overlapping. The smaller
subsequence is absorved by the larger one. Some authors advise against allowing this
to happen (see for instance [15]). As we mentioned in the introduction, to enforce this
restriction a control must be kept through all the execution of the code, since, if the
subsequences are close enough, an overlapping may happen, even if initially there are
no intersections.

4. Occasionally, the agents show a static behavior. By this we mean that the position
of the agent only changes very slightly, i. e., the subsequences that it is comparing
remain the same. This happens when the random initialization generates an agent in
a position corresponding to big overlapping.

5. When the agents are instantiated in positions corresponding to far enough subse-
quences, the PSO algorithm terminates before reaching and acceptable optimal. We
want to point out that this happens because there has been no improvement in the
best value of any of the agents, which indicates that this distance should not be used
as a measure of optimality.

As an example of test, we present the results obtained with a swarm of five agents. We
have generated the agents with random positions. Four of them correspond to subsequences
which do not overlap, while the fifth shows a strong overlapping.
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Table 1: Test of the PSO algorithm with DCDistance.

Iter P1 P2 P3 P4 P5

0
xb1 [489, 199, 966, 119] [689, 83, 918, 190] [860, 182, 445, 135] [200, 118, 78, 154] [342, 217, 963, 96]
bv1 100.3341 49.9639 60.3542 0.5226 77.5270

5
xb5 [484, 195, 954, 119] [689, 83, 918, 190] [853, 179, 441, 135] [200, 118, 78, 154] [338, 213, 951, 96]
bv 94.1980 49.9639 59.9998 0.5226 70.1617

10
xb10 [472, 190, 922, 119] [689, 83, 918, 190] [837, 175, 431, 135] [200, 118, 78, 154] [331, 208, 919, 96]
bv10 75.7245 49.9639 59.6598 0.5226 49.0530

15
xb15 [458, 186, 883, 119] [689, 83, 918, 190] [837, 175, 431, 135] [200, 118, 78, 154] [327, 206, 902, 96]
bv15 53.2119 49.9639 59.6595 0.5226 39.16991

This results in a fast convergence of the algorithm, needing just fifteen iterations. Table
1 shows the results. We show an iteration in every five. In each iteration we will expose the
best positions and best values obtained by each agent. This table allows us to study the
path of descent to the optimal position followed by the agents.

Next, focus on the results obtained with the second distance function studied.

1. This function does not strengthen the preference of the agents for positions corre-
sponding to overlapping between subsequences. This is a consequence of comparing
the subsequences as a whole.

2. In the same line as the previous remark, it is rare to find an overlapping, and when
one occur, the position does not benefit from it through this distance.

3. The battery of tests is insufficient to assert the good performance of the PSO algorithm
using this distance as the objective function. Nevertheless, we have usully obtained
an optimal value close to 0.5, which is encouraging.

As with the distance DCDistance, we want to present a test done using IDistance
as the objective function. We describe the results in the following table, which is structured
in the same way as Table 1:

We show an iteration in every seven. The test converges in fifty-seven iterations. We
want to stress that, contrary to what happen using DCDistance as objective function, even
if the starting position is bad, all agents will explore the ambient space, and find a path to
a position comparable with the best position of the swarm.
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Table 2: Test of the PSO algorithm with IDistance.

Iter P1 P2 P3 P4 P5

0
xb0 [752, 193, 195, 121] [493, 77, 140, 59] [301, 224, 812, 130] [718, 93, 585, 73] [414, 187, 98, 131]
bv0 7.9779 0.6635 7.2596 9.8150 0.6703

7
xb7 [752, 193, 195, 121] [488, 76, 135, 58] [301, 224, 812, 130] [709, 92, 572, 72] [414, 181, 98, 125]
bv7 7.9779 0.6604 7.2595 8.2968 0.6231

14
xb14 [718, 179, 181, 109] [481, 76, 128, 58] [301, 224, 812, 130] [688, 92, 538, 72] [414, 179, 98, 123]
bv14 7.9165 0.5473 7.2596 5.5782 0.6130

21
xb21 [686, 171, 170, 102] [479, 76, 126, 58] [318, 198, 676, 109] [658, 92, 487, 72] [414, 167, 98, 111]
bv21 7.3441 0.5118 5.8909 3.8156 0.5864

28
xb28 [645, 157, 156, 95] [479, 76, 126, 58] [336, 182, 585, 102] [658, 92, 487, 72] [414, 159, 98, 107]
bv28 5.9943 0.5118 3.3099 3.81565 0.5260

35
xb35 [597, 143, 142, 88] [460, 76, 107, 58] [359, 161, 475, 95] [579, 92, 347, 72] [414, 159, 98, 107]
bv35 3.7798 0.4515 0.5862 3.0046 0.5260

42
xb42 [542, 123, 131, 81] [453, 78, 106, 58] [371, 152, 424, 90] [531, 92, 265, 72] [428, 127, 101, 81]
bv42 2.3167 0.4241 0.3987 1.1148 0.46137

49
xb49 [480, 109, 128, 74] [448, 83, 111, 58] [371, 152, 424, 90] [476, 92, 188, 72] [431, 111, 116, 65]
bv49 0.7149 0.4133 0.3987 0.5776 0.4536

57
xb57 [417, 95, 128, 67] [442, 86, 117, 58] [371, 152, 424, 90] [428, 92, 122, 72] [431, 103, 128, 60]
bv57 0.4280 0.4077 0.3987 0.4174 0.4004

5 Conclusions

We have modified the usual PSO algorithm to allow a larger interaction between the agents
and applied it to the study of patterns within time series. We have considered two (naive)
similarity functions and confirmed how strongly the behavior of the agents depends on
how the distance between subsequences is understood. The distance DCDistance presents
serious issues concerning convergence; it shows a strong tendency to select as optimal the
trivial solutions where there is a strong overlapping between subsequences. The distance
IDistance shows promising results. From the tests done, the evident trivial optimal states
have a negligibly small basin of attraction.

Acknowledgements

Supported by the project TIN2015-64776-C3-3-R of the Science and Innovation Ministry of
Spain, co-funded by the European Regional Development Fund (ERDF).

References

[1] I. Aoki, A simulation study on the schooling mechanism in fish.

c©CMMSE ISBN: 978-84-617-8694-7Page 1814 of  2288



J. Moreno-Garcia and J. Rosado

Bull. Japanese Society of Scienti

c Fisheries, 48(8), (1982) 1081-1088.

[2] A. Banks, J. Vincent, and C. Anyakoha, A review of particle swarm optimization.
Part I: background and development. Nat. Comput. 6(4), (2007) 467484.

[3] J. Barrera, and C. Coello-Coello, A reviewof particle swarm optimization meth-
ods used for multimodal optimization. C.P. Lim, L.C. Jain, S. Dehuri (Eds.), Innovations
in Swarm Intelligence, Studies in Computational Intelligence, (2009) 248.
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Abstract

In this paper, a statistical procedure for automatically generating textual reports
from thermal comfort data is proposed. These reports provide design engineers with
useful information to keep adequate comfort level conditions for occupants in buildings.
In order to show and explore the possibilities of this procedure, we have implemented a
software prototype called YADY for Thermal Comfort.

Key words: Summarization of data, Thermal Comfort Data, Textual Reports, Sta-
tistical Procedure, Software Application

1 Introduction
Thermal comfort in buildings has become a main research topic in recent years, since it
allows designers to maintain adequate comfort level conditions through passive measures,
hence reducing energy consumption [3, 7]. To this end, designers usually employ software
applications to simulate a building model in order to obtain comfort predictions. However,
the amount of data generated by such applications is extremely large and its correct in-
terpretation becomes a complex task [1, 4]. In addition, the data generated by simulation
software is used to identify certain behavioral patterns and to predict future trends.
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In this paper, a method to overcome these difficulties on interpreting comfort simulation
results is proposed. The use of linguistic data summaries has been identified as a possible
solution, which can provide HVAC (heating, ventilation, and air conditioning) design en-
gineers with a better and easier understanding of the results obtained. For example, data
summaries have been employed for automatically generating advice for saving energy at
home [2].

In particular, an automatic generation of textual reports as a translation of the data
provided by the simulation software is implemented in order to provide design engineers
with knowledge about particular situations that occur in the building in a particular time
span (i.e. annually, monthly, daily, and other personalized time spans). Below, examples of
the reports generated are shown:
• Annual Report: “During this year (8760 hours), the building was in a comfort

situation with a ratio of 60%; 10% of the time, the building was in a discomfort
situation (180 hours over comfort temperatures and 240 under comfort temperatures).
The rest of the time (30%), it was in a slightly cold situation during 430 hours and
in a slightly warm situation during 608 hours. The months with the highest ratio
of comfort situations were December, January, February and March with an average
of 80%; the months with the lowest ratio of comfort situations were June, July and
August with an average of 50%. In the rest of the months, the average of comfort
situations, was 60%”.

• Monthly Report: “In January, the number of comfort situations detected had an
acceptable ratio of 75%. There were slightly cold situations covering 20 hours and
slightly hot situations for 30 hours. The best days were the 16th, 18th, 19th and 20th,
with a ratio of 90% in acceptable conditions. The worst days were the 1st, 2nd and
3rd, with a 60% ratio of discomfort situations. Cold conditions are usually produced
between 2am and 9am, with an outdoor average temperature of 6◦C. Warm conditions
are usually produced between 3pm and 7pm, with an average outdoor temperature of
32◦C”.

• Daily Report: “For the day 07/07, comfort conditions were detected with a 75%
ratio; there were cold situations over 2 hours and a little bit of warm for 1 hour.
Discomfort situations were usually detected between 2am and 9am, with an average
exterior temperature of 6◦C”.
• Personalized Report: “In January, comfort conditions were maintained with a

ratio of 75%. Some cold situations were detected covering 20 hours, while a few warm
situations were detected covering a total of 30 hours”.

A statistical procedure for the linguistic summarization of thermal comfort data is here
proposed. The report, which is conveyed in a linguistic style, can be easily included as a
narrative component in other applications with the same objective. The structure of the
paper is as follows. In Section 2, the procedure to automatically generate linguistic reports
from thermal comfort data is presented. Section 4 gives details about the implementation
and experimentation. Finally, in Section 5 conclusions and future lines of work are drawn
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from the present study.

2 Procedure for automatically generating linguistic reports
from thermal comfort data

The proposed procedure aims to determine which is the comfort situation of the building
(cold, sightly cold, comfort, sightly warm, or warm)in a particular period of time (annually,
monthly, daily). To this end, the adaptive thermal comfort model defined in the standard
EN 15251 [5] is employed, where a set of variables is used in order to infer a particular
situation. These variables are called comfort metrics, and are the following:

• Daily Average Temperature (DAT)

• Weighted Average Temperature (WAT)

• Operative Temperature (OP EN)

• Upper Limit of Category I (Upper L1)

• Lower Limit of Category I (Lower L1)

• Upper Limit of Category III (Upper L3)

• Lower Limit of Category III (Lower L3).)

The procedure starts reading the data exported by the simulation tools or importing
the data from an intermediate file (XLS) (see Table 1). The input variables are: Date-Hour,
Indoor Operative Temperature, and Outdoor Air Temperature.

Table 1: Input data exported, table T
Id Date-Hour Indoor Operative Temperature Outdoor Air Temperature
1 01/01/2002 1:00 23,97483 13,35
2 01/01/2002 2:00 23,34624 12,2
3 01/01/2002 3:00 22,8341 11,4
. . . . . . . . . . . .
8760 31/12/2002 24.00 24,84875 13,8

After that, Algorithms 1, 2, 3 and 4 (see Appendix) have been designed and implemented
in order to compute the values for each comfort metric based on EN 15251 (see Table in
Figure 1).

c©CMMSE ISBN: 978-84-617-8694-7Page 1819 of  2288



Automatic generation of textual reports from thermal comfort data

Figure 1: Data generated by means of the comfort model and the computation of a particular
comfort situation based on the categories proposed in the model EN 15251

The table shown in Figure 1 contains the values for each comfort metric. A new database
containing only two attributes is then created: Ri = {date, current situation of comfort }.
Each row has the form: Ri : Di{cold | slightly cold | comfort | slightly warm | warm},
where only one value can appear in each row, that is, the symbol “|” is acting as the
conjunction “or”. The reduced database has the following form:

R 1 : D 1 [cold | slightly cold | comfort | slightly warm | warm]
R 2 : D 2 [cold | slightly cold | comfort | slightly warm | warm]
...
R N : D N [cold | slightly cold | comfort | slightly warm | warm]

However, the ratio of comfort, discomfort and borderline (slightly cold and warm)
situations have to be computed and arranged by day, month and year. From the existing
database, the total number of cold, slightly cold, comfort, slightly warm and warm situations
can be computed by counting the frequency of occurrence in each Ri. Therefore, the ratio is
obtained as the summation of the number of a particular figure over the total number of sit-
uations detected, which are defined as follows: RATIO COLD, RATIO SIGHTLY COLD,
RATIO COMFORT, RATIO SIGHTLY WARM, and RATIO WARM. These ratios repre-
sent the percentage for each situation during a given year.

Now, as each Di has the form ”day-month-year” a sub database that represents either
a year, a month or a day can be generated. For example, given ”Di = d −m − y”, a sub
database for ”m− y”, that is, for a particular month can also be generated:

R1: [m-y] [cold | slightly cold | comfort | slightly warm | warm]
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R2: [m-y] [cold | slightly cold | comfort | slightly warm | warm]
...
Rk: [m-y] [cold | slightly cold | comfort | slightly warm | warm]

In this case, the ratio of comfort, discomfort and borderline (slightly cold and warm)
situations are computed for a particular month (m). In the same way, the ratio can also
be obtained as the summation of the number of a particular time span over the number
total of situations that were detected in a month. These ratios represent the percentage for
each situation during a particular month. Additionally, the linguistic report is also able to
convey information about an important matter: the best and the worst months during a
given year.

3 Reports Template

In this research, four types of reports are generated, namely annual, monthly, daily and
personalized. Only first one will be hereby explained in detail, since the rest them are
analogously created.

The Annual Report Template is based on the pattern explained in the introduction.
This report template has been created in order to provide designers with the most relevant
details about the comfort and discomfort situations during a particular year. The process of
automatically creating an annual report requires a link to the annual report template that
contains the ratio of comfort situations (RATIO COMFORT ), the ratio of discomfort
situations (RATIO COLD + RATIO WARM), and the ratio of both slightly cold and
slightly warm situations (RATIO SIGHTLY COLD + RATIO SIGHTLY WARM).

Additionally, the number of hours where the temperature was above the comfort tem-
perature (O), the number of hours where the temperature was below the comfort temper-
ature (U), the number of hours where the temperature was slightly cold (SC) and slightly
warm (SW), and the best Mi and worst Mj months should be linked by the report template
module. Hence, the report template is defined as follows:

During the year [Ye], the building was in a [COMFORT | DISCOMFORT]* situations with a
ratio of [X] per-cent, only [Y] per-cent of the time it was in a [COMFORT | DISCOMFORT]**
situations ([O] hours over the comfort temperature, [M] hours under the comfort temperatures ).
The rest of the time it was in a [SLIGHTLY WARM | SLIGHTLY COLD]* during [SC | SW]* and
[SLIGHTLY WARM | SLIGHTLY COLD]* during [SC | SW]* hours. The rest of the ratios were
the following: [ Ratio Cold; Ratio Sightly Cold; Ratio Sightly Warm; Ratio Warm ]. The best month
was Mi with a comfort ratio of [B]. The worst month was Mj with a discomfort ratio of [W]

Note that, X1= [a—b] * X2= [a—b] ** means that if X1=a then X2=b, and if X1=b
then X2=a. The annual report template could also be restricted to query about a particular
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season: “During the [winter | spring | autumn | summer], the situation of the building was
[cold | slightly cold | comfort | slightly warm | warm]”.

Figure 2: Automatically data generated annual Linguistic report

4 Implementation and Experimentation

YADY (”Your actions define you”) is a new technology whose objective is to get automated
behavior recognition from the actions performed by entities interacting in a dynamic en-
vironment. This environment is usually modeled by physical parameters, which can be
captured by using sensors, electronic devices, biometric tools and so on. This kind of envi-
ronment is modified by its entities. Well-established metrics can be used to measure these
changes. Next, a relationship can be established between these different entities by using
linguistic terms. Linguistic terms allow us to express these numerical metrics and relation-
ships in words. This automated behaviour recognition can be applied to many systems,
depending on the application-context. As a first approach, YADY technology has been
applied to improve players’ experience in computer games (Rubio-Manzano and Trivino
2016).

In this paper, this technology has been adapted and applied to automatically generate
linguistic descriptions in the scientific field of thermal comfort. The behavior of a building
with regards to the thermal comfort can be inferred by analyzing the data captured by the
simulation tool. The procedure presented in the previous sections has been implemented in
the application “YADY Thermal Comfort Tool”, which can be downloaded using the URL:
http://youractionsdefineyou.com/yady_tc/. This software tool has been implemented
by using the Java programming language.

As a result, the experiment generates three reports, one for each type. From an input
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file, the user can generate all desired reports for a particular period of time, just by indicating
the granularity: year, month or day.

The user interface for annual reports allows users to visualize an automatically generated
report for a particular year. On the right side of the screen, users can see if discomfort
situations occurred, and also click on it for more details about this phenomenon (Figure 2).
This interface works in an analogous way for monthly and daily reports.

5 Conclusions and future work

In this study, a procedure for automatically generating textual reports from thermal comfort
data has been presented. A software application based on this procedure, which is able to
generate building’s comfort use reports from comfort metrics, has been developed. This
new resource provides designers with useful information regarding adaptive thermal comfort
assessment.

This work is a first approximation towards a broader approach, and much work remains
to be done in this direction. The proposed model is simple and effective in showing all the
potential of natural language as a feedback mechanism for building designers.

Research on how this procedure could be implemented by using Linguistic Description
of Complex Phenomena could represent an interesting future line of work. Therefore, a
comparison between crisp and fuzzy paradigms is an important challenges for us.

Appendix: Algorithmms

Algorithm 1: Algorithm for the creation of the database for comfort situations
1 begin
2 To create a List L of elements (Date-Hour,Indoor-Operative-Temperature,Outdoor-Air-Temperature,

DAT,WAT,OP EN,Upper L1,Lower L1,Upper L3,Lower L3) by reading the input file
3 To compute Daily Average Temperature(L)
4 To compute Weighted Average(L);
5 To compute Operative Temperature EN C1 C3(L);
6 To create T 2 by using L
7 To remove T and L
8 return T 2
9 end

Algorithm 2: Algorithm for computing Daily Average Temperature (DAT)
1 begin
2 foreach element i of L do
3 L[i].DAT = L[i].DAT/24.0;
4 end
5 end
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Algorithm 3: Algorithm for computing the Weighted Average Temperature (WAT)
1 begin
2 cont=0;
3 foreach element i of L do
4 if cont==23 then
5 cont=0;
6 if i-168 > 0 then
7 L[i].WAT=L[i-24].DAT;
8 L[i].WAT+=(L[i-48].DAT)*0.8;
9 L[i].WAT+=(L[i-72].DAT)*0.6;

10 L[i].WAT+=(L[i-96].DAT)*0.5;
11 L[i].WAT+=(L[i-120].DAT)*0.3;
12 L[i].WAT+=(L[i-144].DAT)*0.6;
13 L[i].WAT+=(L[i-168].DAT)*0.2;
14 L[i].WAT= L[i].WAT/3.8;
15 end
16 end
17 Else ++cont;
18 end
19 value=0;
20 foreach element i of L do
21 if L[i].WAT > 0.0 then
22 for j to 24 do
23 if i+j < size(L) then
24 L[i+j].WAT=L[i].WAT;
25 end
26 i+=23;
27 end
28 end
29 end
30 end

Algorithm 4: Algorithm for Computing Operative Temperature, Upper-Lower Limit
Category I, Upper-Lower Category III based on EN (OT EN)
1 begin
2 foreach element i of L do
3 L[i].OT EN=(0.33*L[i].WAT)+18.8;
4 L[i].Upper Limit 3=L[i].OT EN+4.0;
5 L[i].Lower Limit 3=L[i].OT EN-4.0;
6 L[i].Upper Limit 1=L[i].OT EN+2.0;
7 L[i].Lower Limit 1=L[i].OT EN-2.0;
8 end
9 end
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Abstract

Surveys usually include sensitive topics as such as gambling, alcoholism, sexual be-
havior, domestic violence which characteristics are difficult to estimate using standard
survey techniques because of the tendency of respondents to hold information in such
settings. On the other hand, multiple frame surveys are becoming a widely used method
to decrease bias due to undercoverage of the target population. In this work, we con-
sider statistical techniques for handling sensitive data coming from a multiple frame
survey using complex sampling designs. Our aim is to estimate the mean of undesirable
behaviors when data are obtained by using a randomized response technique. Some es-
timators are constructed and their properties theoretically investigated. We also derive
variance estimators.

Key words: complex surveys, randomized response techniques, multiple frames, cali-
bration.

MSC 2000: AMS 62D05

1 Introduction

In socioeconomic or biomedical studies, very often the researcher has to gather information
relating to highly sensitive issues. In these situations, posing direct questions to the respon-
dents may procure untruthful responses or even refuse to respond because of social stigma or
fear about threat of disclosure.. Such systematic response errors lead to social-desirability
bias in estimates of the sensitive behaviors of interest, underestimating socially undesirable
activities.

To overcome these problems, methods such as the randomized response (RR) technique
(RRT) may be used to collect more reliable data, protect respondent’s confidentiality and
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avoid unacceptable rate of nonresponse. In the RRT, respondents use a randomization
device to generate a probabilistic relationship between their answers and the true values
of the sensitive characteristic. The RRT has been applied in surveys covering a variety of
sensitive topics like racism, drug use, abortion, delinquency or AIDS.

The RRT was originated by Warner (1965) who proposed a data collection procedure
that allows researchers to obtain sensitive information while guaranteeing privacy to re-
spondents. Warner’s study generated a rapidly-expanding body of research literature on
alternative techniques for eliciting suitable RR schemes in order to estimate proportions,
means or totals. A good review of different RR procedures is given in Chaudhuri and
Christofides (2013) and Chaudhuri et al. (2016).

Traditionally, surveys have been carried out using three main methods of data collection:
face-to-face interviews, mail surveys and telephone interviews. Over the last 20 years,
the picture has changed sharply. Telephone surveys have become a popular mode of data
collection, especially following the creation and development of computer-assisted telephone
interviewing (CATI) systems. However, telephone surveys also present some drawbacks with
regard to coverage, due to the absence of a telephone in some households and the generalized
use of mobile phones, which are sometimes replacing fixed (land) lines entirely. The potential
for coverage error as a result of the exponential growth of the cell phone-only population has
led to the development of dual-frame surveys. Surveys where data are collected from three
sampling frames are also used in practice. The popularity of multiple frame surveys has
increased among scientific community along last years and now they are widely used both
in statistical agencies and in private organizations. In the near future, importance of three
frame surveys is expected to grow with the use of the internet for data collection (Lohr,
2010). Indeed, it is very likely that dual frame surveys consisting of a cell and a landline
frame evolve to three frame surveys incorporating a third frame of web users. However, there
are very few studies that address the problem of estimating sensitive behaviors from two
frames. Recently Rueda et al. (2015) proposed some dual frame estimators for proportions
and mean when the data are obtained by using the RRT. The aim of this paper, thus, is
to propose new estimation techniques for sensitive parameters when data come from more
than two frames.

2 Some generalities of estimation in multiple frames

We will employ the notation used in Mecatti (2007). Let U be a finite population composed
of N units labeled from 1 to N , U = {1, ..., k, ..., N} and let A1, . . . , Aq, . . . , AQ be a
collection of Q ≥ 2 overlapping frames of sizes N1, . . . , Nq, . . . , NQ, all of them can be
incomplete but it is assumed that overall they cover the entire target population U . With
Q frames, there are 2Q − 1 possible distinct domains. Let the index sets K be the subsets
of the range of the frame index q = 1, . . . , Q. For every index set K ⊆ {1, . . . , q, . . . , Q} a
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domain is defined as the set DK = (∩q∈KAq)
⋂

(∩q /∈KAcq), where c denotes the complement
of a set (that is, DK is the subset of units that are covered by all the frames Aq, q ∈ K,
and by these frames only). Let y be a sensitive variable to study which cannot be observed
directly. The objective is to estimate the population mean of y that is

Y =
1

N

∑
k∈U

yk, (1)

where yk is the value of the sensitive character for the k-th unit. This mean can be rewritten
as follows

Y =
1

N

Q∑
q=1

∑
k∈Aq

yk
mk

, (2)

where mk indicates the multiplicity of the k-th unit, i.e. the number of frames the unit k
is included. Multiplicities mk are needed in (2) to weight values yk, otherwise, those units
belonging to more than one frame would count more than once in the overall sum.

Let sq be a sample drawn from frame Aq under a particular sampling design, indepen-
dently for q = 1, . . . , Q and let πk(q) and πkl(q) be the first and second order inclusion
probabilities under this sampling design, respectively. Let dk(q) = 1/πk(q) be the sampling
weight for units in frame q. Moreover, let nq be the size of sample sq and s = ∪qsq.

Lohr and Rao (2006) formulated the multiple frame extension of some of the estimators
originally proposed for the dual frame case, as the one proposed by Hartley (1962, 1974)
or by Fuller and Burmeister (1972). Although the optimal version of these estimators
is asymptotically efficient, it is not internally consistent since a different set of weights
is used for each response variable. Moreover, it is often unstable in small or moderate
samples with more than two frames because the optimal estimated parameters involved in
the computation of the estimators are functions of large estimated covariances matrices.
Lohr and Rao (2006) also followed the so called single frame approach used by Kalton and
Anderson (1986) to proposed a single frame estimator in a multiple frame context. This
estimator is in the form:

ˆ̄Y KA =
1

N

∑
k∈s

ykd
KA
k (3)

with dKAk = π̄−1
k , where π̄k =

∑
q′3k πk(q

′) where q′ 3 k denotes the sum for the frames
containing to the unit k. To compute this estimator it is necessary to know not only the
number of frames each unit belongs to, but also the specific frames the unit is included in.
This can be an important drawback particularly if misclassification issues are present.

Lohr and Rao (2006) also proposed the following pseudo-maximum likelihood estimator
for the multiple frame context:

ˆ̄Y PML =
1

N

∑
k∈s

ykd
PML
k (q), (4)
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where the weights dPML
k can be defined as

dPML
k (q) = dk(q)f(q)

∑
K:q∈K

N̂Kδk(K)∑
j∈K f(j)N̂K(j)

with f(q) = 1
deffz(q)

nq

Nq
, being deffz(q) the design effect for variable z in the q-th frame.

Values N̂K(q) can be computed as N̂K(q) =
∑

k∈sq dk(q)δk(K), with δk(K) the indicator
variable for domain K that takes the value 1 whether unit k belongs to domain K and
0 otherwise. The estimated domain sizes N̂K are the solution of a system of non linear
equations. The pseudo maximum likelihood is consistent and usually works well in practical
situations but it is complex to compute for a general sampling design, since numerical
procedures are required to obtain the values N̂K .

Mecatti (2007) also considered a single frame approach and proposed the following
estimator

ˆ̄YM =
1

N

∑
k∈s

ykd
M
k , (5)

with dMk = dk/mk. The previous estimator, often called single frame multiplicity estimator,
only requires the knowledge of the multiplicity of each unit, no matter which these frames
are. This estimator can be adjusted using a raking ratio approach to get a single frame
raking ratio multiplicity estimator where a new set of weights, resulting from an iterative
procedure, is used.

Singh and Mecatti (2011) proposed a composite multiplicity estimator, which general-
izes the single frame multiplicity estimator. This estimator can be written as

ˆ̄Y CM =
1

N

∑
k∈s

ykd
CM
k (6)

where

dCMk =
λkdk + (1− λk)dKAk

mk

with

λk =

∑
q′3k(1− π̄k/πk(q′))πk(q′)(1− πk(q′))∑

q′3k(1−
π̄2
k

πk(q′)2 −
2π̄k
πk(q′))πk(q′)(1− πk(q′))

.

Usually, additional information about auxiliary variables is available in surveys. Rao
and Wu (2010) followed a single frame multiplicity based approach to extend the pseudo
empirical likelihood estimator for the mean of a variable to the multiple frame setting.
Calibration is also a well-known technique to deal with auxiliary information in estimation.
Ranalli et al. (2016) proposed different calibration estimators for the dual frame case,
which can be easily extended to the multiple frame context. Rueda et al. (2017) proposed
model-assisted estimators for population proportions in multiple frames.
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3 Randomized response techniques for multiple frames

We assume that the variable under study y cannot be observed directly and that in each
frame it is possible to use a different RR procedure to collect data on it. In order to
consider a wide variety of RR devices, we consider the unified approach given by Arnab
(1996) according to the individuals in the sample sq use a generic RR model denoted by
RRq. For each k ∈ sq the RRq induces a random variable Zqk so that the revised randomized
response Rqk is an unbiased estimation of yqk, the real value of the sensitive variable for the
k-th unit in sq. We consider RRq, with q = 1, ...Q, to be independent randomized devices
such that the respective revised randomized responses Rqk satisfy the conditions (see Arnab,
2004) ER(Rqk) = yk, VR(Rqk) = σ2

qk, CR(Rqk, Rqj) = 0, where ER, VR and CR denote the
expectation, variance and covariance operators with respect to the RR mechanism.

Using the idea of Mecatti (2007) we propose the multiplicity estimator

ˆ̄Y RM =
1

N

Q∑
q=1

∑
k∈sq

Rqkd
M
k (q), (7)

with dMk (q) = dk(q)/mk.

4 Properties of the proposed estimator

In this section we describe the main properties of the proposed estimator.

Theorem 1. The multiplicity estimator ˆ̄Y RM is an unbiased estimator of the population
mean Y

Proof.
Let Ed and Vd denote the expectation and variance operators for any sampling design

d. Hence, we have:

E( ˆ̄Y RM ) =
1

N
EdER

 Q∑
q=1

∑
k∈sq

Rqkd
M
k (q)

 =

1

N
Ed

 Q∑
q=1

∑
k∈sq

ER(Rqk)d
M
k (q)

 =
1

N
Ed

 Q∑
q=1

∑
k∈sq

yqkd
M
k (q)

 =

1

N

Q∑
q=1

Ed

∑
k∈sq

yqkd
M
k (q)

 =
1

N

 Q∑
q=1

∑
k∈Aq

yqk

 = Y

Then, ˆ̄Y RM is an unbiased estimator of the population mean.
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Theorem 2.

The variance of ˆ̄Y RM is given by

V ( ˆ̄Y RM ) =
1

N2

 Q∑
q=1

∑
k∈Aq

σ2
qkd

M
k (q) +

Q∑
q=1

∑
k∈Aq

∑
j∈Aq

ykyj(d
M
k (q)dMj (q)πkj(q)− 1)

 . (8)

Proof. By using the properties of the Horvitz-Thompson estimator (Särndal et al.
1992), we have:

V ( ˆ̄Y RM ) = EdVR( ˆ̄Y RM ) + VdER( ˆ̄Y RM ) =

1

N2

Ed
 Q∑
q=1

∑
k∈sq

VR(Rqk)(d
M
k (q))2

+ Vd

 Q∑
q=1

∑
k∈sq

ER(Rqk)d
M
k (q)

 =

1

N2

 Q∑
q=1

∑
k∈Aq

VR(Rqk)(d
M
k (q))2πk(q) +

Q∑
q=1

∑
k∈Aq

∑
j∈Aq

ykyj(d
M
k (q)dMj (q)πkj(q)− 1)

 =

1

N2

 Q∑
q=1

∑
k∈Aq

σ2
qkd

M
k (q) +

Q∑
q=1

∑
k∈Aq

∑
j∈Aq

ykyj(d
M
k (q)dMj (q)πkj(q)− 1)

 .

Hence the proof.

The variance of the estimator is composed of two terms which are common to all of
the RR models. The second addendum depends on the sampling designs dq and the yk
values in each frame. It denotes the variance of the Horvitz-Thompson estimator computed
on the true values of y. The first term depends on the sampling designs and also on the
randomization mechanism used in each frame. It represents the cost to pay, in terms of
efficiency, to increase respondents’ confidentiality.

In the formulation of the proposed estimators it is assumed that the population size
N is known and Horvitz-Thompson estimator is used as baseline. Alternatively, one can
consider Hájek-type estimators substituting N with N̂ , an unbiased design-based estimator
of N . This is a special case of ratio estimator, and it can be more efficient than Horvitz-
Thompson type estimators because the sample size in overlapping domains is not fixed. The
estimators are thus approximately unbiased under certain conditions on the weights (see
Lohr, 2009).
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5 Variance estimation

Let σ̂2
qk be an unbiased estimator of σ2

qk. Hence, it can be proved that an analytical unbiased

estimator of V ( ˆ̄Y RM ) is given by:

V̂ ( ˆ̄Y RM ) =
1

N2

 Q∑
q=1

∑
k∈sq

σ̂2
qkd

M
k (q) +

Q∑
q=1

∑
k∈sq

∑
j∈sq

RkRjd
M
k (q)dMj (q)

(
1− πk(q)πj(q)

πkj(q)

) .

To define the estimator V̂ ( ˆ̄Y RM ) we need πkj(q) for all units in each frame. In some
common sampling designs (as cluster sampling with probability proportional to size) these
probabilities are unknown or can be equal to 0 for some sampling units i, j. A simple
alternative is the use of with replacement variance estimators (see Särndal et al.(1992),
p. 99) or replicated sampling methods (see Wolter (2007) for a detailed description of
these techniques in finite population sampling). Quenouille (1949) introduced the jackknife
method to estimate the bias of an estimator by deleting one datum each time from the
original data set and recalculating the estimator based on the rest of the data. In survey
sampling it is usual to use jackknife techniques due to their simplicity and because they are
implemented in general purpose software packages, such as R.

The last terms in (8),

1

N2

Q∑
q=1

∑
k∈Aq

∑
j∈Aq

ykyj(d
M
k (q)dMj (q)πkj(q)− 1) = VHT

is a Horvitz-Thompson variance estimator with weights dMk (q). If we consider a non-
stratified design, the jackknife estimator for VHT may be given by

vJ(V̂ ( ˆ̄Y RM )) =

Q∑
q=1

nq − 1

nq

∑
i∈sq

( ˆ̄Y RM (i)(q)− ȲRM (q))2, (9)

where ˆ̄Y RM (i)(q) is the value taken by estimator ˆ̄Y RM after eliminating unit i from sq and

ȲRM (q) is the average of ˆ̄Y RM (i)(q) values.
It is known that the jackknife variance estimator is asymptotically design unbiased for

the variance of Horvitz-Thompson estimator (Wolter, 2007). So for the large sample size n

we have E(vJ(V̂ ( ˆ̄Y RM ))) = VHT . Thus the adapted jackknife estimator

vJ(V̂ ( ˆ̄Y RM ))∗ =

Q∑
q=1

nq − 1

nq

∑
i∈sq

( ˆ̄Y RM (i)(q)− ȲRM (q))2 +
1

N2

 Q∑
q=1

∑
k∈Aq

σ̂2
qkd

M
k (q)


is an unbiased estimator for the variance of the proposed estimator.
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6 Estimation with auxiliary information

Usually, population level information about auxiliary variables is available in surveys. Let
xq = (xq1, xq2, . . . , xqpq)′ be a set of pq auxiliary variables observed in the q-th frame, so that
the vector xqk = (xq1k, xq2k, . . . , xqpqk)

′ includes the values taken by the variables xq on the
k-th unit in frame Aq. That is, we consider the case of complete auxiliary information. In
addition, we consider the more general case in which auxiliary variables may differ in each
frame, i.e. xq 6= xr, for q, r = 1, . . . , Q, q 6= r. For the sample selected from frame Aq, the
values of the variables {yk,xqk} are observed.

Calibration (Deville and Särndal, 1992) is also a well-known technique to deal with
auxiliary information in estimation. Some works link RR models and calibration techniques
together (Tracy and Singh (1999); Diana and Perri (2012)).

Ranalli et al. (2016) proposed different calibration estimators for the dual frame case.
Using this idea we define a calibration estimator for randomized response to the multiple
frame context. A calibration estimator in the case of several sampling frames can be defined
as

ˆ̄Y CAL =
1

N

Q∑
q=1

∑
k∈sq

dCALk (q)Rk, (10)

where dCALk (q) are such that they minimize
∑Q

q=1

∑
k∈sq G

(
dCALk (q), dMk (q)

)
, where G(·, ·)

is a particular distance function, subject to

Q∑
q=1

∑
k∈sq

dCALk (q)δk(Aq) = Nq, q = 1, ..., Q

Q∑
q=1

∑
k∈sq

dCALk (q)xqkδk(Aq) = txq, q = 1, ..., Q,

where δk(Aq) is the indicator variable that takes value 1 if unit k is in frame q and zero
otherwise, and txq are the population totals of xq.

The proposed model calibration estimator eliminates overestimation issues by several
means. We consider dMk (q) as the starting weights for the calibration and using the indicator
variables δk(Aq), the calibration constraints ensure adjustment of the multiplicity issues by
benchmarking all information on units from frame Aq included in the sample, irrespective
of the frame they were originally selected from. Therefore, again, multiplicity is accounted
for automatically by the constraints. The properties of this estimator can be derived from
the properties of the calibrated estimators in multiple frames (see Ranalli et al. (2016))
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7 Conclusions

In this paper, we present a new procedure aimed at determining a population sensitive mean
by using a randomized response model when data are obtained from several frames. We
introduce a way of combining estimates from the different frames. In practice, a different
sampling procedure might feasibly be applied for each frame, or even no randomization at all
(i.e., direct response) for a particular frame. The use of RR techniques has advantages but
also drawbacks (the variance of estimates is increased by the randomization and individual
response patterns cannot be interpreted directly, due to the observation of randomized
responses, nor can individuals or groups of individuals be compared). Nevertheless, by
making combined use of RR and direct answering in the sample, information that is both
more valid and more reliable can be obtained.
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Abstract

Nowadays, Deep Learning is one of the most popular techniques which is used in
several fields like handwriting text recognition. This paper presents the first steps for our
propose for a handwritten text recognition system. Our system is based in Convolutional
Neural Networks and it is trained using an on-demand scheme to recognize the existing
characters from the IAM dataset. We show that using these training samples, it is not
necessary segment or normalize the input images. Average accuracy recognition results
were 85.5% for characters and 35.1% for words, respectively. The accuracy distribution
depends on the lengths of the sequences. Moreover, in more than 48.8% of wrongly
predicted numbers there was only one or two character errors.

Key words: Deep Learning, Handwriting Recognition, Convolutional Neural Net-
work.

1 Introduction

”Aoccdrnig to a rscheearch at Cmabrigde Uinervtisy, it deosn’t mttaer in waht oredr the
ltteers in a wrod are, the olny iprmoetnt tihng is taht the frist and lsat ltteer be at the
rghit pclae. The rset can be a toatl mses and you can sitll raed it wouthit porbelm. Tihs is
bcuseae the huamn mnid deos not raed ervey lteter by istlef, but the wrod as a wlohe.” Or
rather, ”According to a researcher (sic) at Cambridge University, it doesn’t matter in what
order the letters in a word are, the only important thing is that the first and last letter be
at the right place. The rest can be a total mess and you can still read it without problem.
This is because the human mind does not read every letter by itself but the word as a
whole”. Although this sentence have been circulated on the Internet since 2003, there are a
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few studies that support this idea (or at least a part of it) ([13], [14]). The goal of this paper
is to build the first steps of a handwriting recognition system which reads one word as a
whole and recognizes it. In this system, the order of the letters are not relevant at all as the
previous sentence stated. That means that, differently from most of the handwritten text
recognition systems, we will not sequence the input images into their component characters
using a sliding window. The first step of or recognition system is identifying the different
characters being part of a word, and this task is in what we focus our paper.

We will work with handwriting text images. This can be done with the off-line approach
or with the on-line approach, where in the last case the system uses dynamic information
captured while someone is writing. These two approaches are the main ones for the au-
tomatic handwriting recognition process [12]. On the other hand, reading the word as a
whole corresponds to the holistic approach, while in the segmented-based approach isolated
characters are extracted to perform their classification ([18], [9]).

The segmentation phase has been one of the most important stages in the recognition
systems. Many techniques aim to predict isolated characters and concatenate them, instead
of predicting the whole words. A good segmentation reduces the recognition errors, so that
many authors have focused their research in it [9]. Most recent techniques handle the whole
word without segmentation [2], but sequence modeling with a sliding window is necessary
in this case. Moreover, it is a frequent practice to normalize the text images to reduce their
variability in order to achieve better recognition results.

Despite of the fact that there are many improvements in these recognition systems
(especially with the appearence of Deep Learning techniques), there are still several problems
to be solved. The possible high length-variability of text words in senteces, and the image
noise presence must also be taken into account. In particular, this length variability in words
may difficult the character segmentation task, and the presence of noise can cause that the
system wrongly isolates some characters. Other approaches are non segmented-based, but
instead, these use a sliding window to sequence the characters. Other non segmented-based
systems, as [4], [5] and [6], use different techniques like Hidden Markov Models (HMM),
Neural Netwoks(NN), Hybrid NN/HMM and Convolutional Networks (CNN) as classifiers.
Moreover, to our knowledege, there are not techniques which handle the image as a whole
without performing segmentation or using sliding windows.

The presence of high text variability and of noise can be reduced by using normalization
techniques such as skew correction, baseline extraction, slant normalization, size normal-
ization and contour smoothing [1]. In our system, instead of normalizing the images, we
apply some types of random transformations to increase the sample size as in [16]. With
this method we generate a “more realistic and almost infinite sample”.

On one hand, for the above referred normalization-based methods, after that step a
segmentation algorithm is applied in order to get isolated characters. One of the most
used ones to extract the word characters consists on splitting the words into connected
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Figure 1: Examples IAM normalization

components which are classified as characters [9]. On the other hand, as our method does
neither need from normalization nor segmentation, the text and noise variability conditions
will be higher and this makes it more difficult the recognition task itself as it happens in
many practical situations.

In this paper, we describe the first steps of a new deep learning approach for handwritten
word recognition. Our method does not need from any normalization and segmentation or
sliding windows stages, and it has been successfully tested on IAM dataset. The proposed
system learns from an on-demand basis for generating infinite samples from IAM database,
instead of using a standard fixed-length database.

The paper is organized as follows. Section 2 describes the generation of our experimental
training examples from IAM dataset. Section 3 outlines the system architecture for the
considered problem. Our experimental results are presented and explained in Section 4.
Finally, the last Section summarizes the conclusions of this work.

2 Handwritten character database

We use IAM database to train and test our system [10]. This dataset is formed by 115,320
images, from which 97,704 are used of training and 17,616 are of tests, respectively. All of
these samples are black and white images, centered and non size-normalized. For training
and testing our system, we normalized the size of the images to 28×280 pixels. The relative
position between characters is important to differentiate them. For example, the characters
”l” and ”e” sometimes just differ in their height. For that reason, we have extracted the
upper and lower baselines of each word, and centered and reescaled them in order to fit to the
new normalized baseline. Figure 1 shows some examples of IAM normalized images. Finally,
the infinite sample was the result of moving and transforming the normalized images.
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Figure 2: Example of the image transformations: (a) original image, (b) affine transfor-
mation to the right, (c) affine transformation to the left, (d), (e) and (f) respective trans-
foramtions with increase of 15% of the heigth, width, and both, (g) dilated image, and (h)
eroded one.

2.1 Transformations applied to images

In order to add more variability and get an infinite sample, some transformations are ap-
plied to the generated images. The generator can choose whether or not the following
transformations are applied (see Figure 2):

1. Affine transformation to the right or to the left in order to rotate the image.

2. Increase the scale of the digfits by width or by height.

3. Morphological erosion.

4. Morphological dilation.

5. Translate the position of letters.

At the end of these transformations, a random background (with pixels between 240-255
graylevel values) is added to the image in order to avoid the noise which is produced when
a transformation is applied. Note that it is possible to use more than one transformation in
the same generated sequence. By the other hand, in the Move transformation, the sequence
will be displaced to the right randomdly or using a fixed scalar.

3 Architecture proposal

The proposed model is based on the VGG architecture [17], and its goal is to predict
the existing characters in an text image. This architecture is composed by stacks of
convolutional layers which are followed by dense layers. The convolutional layers ex-
tract the letters features while the dense layers summarize that information to identify
which characters are present in the image. Note that, as the convolution functions are
invariant to rotations and translations, the positions and frequencies of the letters are
not important at all. On the other hand, the target of that model is a binary vector

c©CMMSE ISBN: 978-84-617-8694-7Page 1840 of  2288



Victoria Ruiz, Jorge Sueiras, Angel Sanchez, Jose F. Velez

Figure 3: CNN Model Architecture.

y ∈M26 where y = (y0, · · · y25) /yi = 1 if class i is in the image. Uppercase and lowercase
letters have been considered as representing the same label or class. Figure 3 shows the
general model architecture of our system.

As it is shown, this architecture is composed by three blocks of convolutional layers
stacked. In each stack, the kernel sizes are increased and the layers are followed by a sub-
sampling (in particular, max-pooling). The last two layers are dense ones. In the first dense
layer, a dropout of 60% was used as regularization method [15]. All the convolutions layers
have a stride of 3 × 3 (which is equivalent to have a stride of 5 × 5 due to there are two
consecutive convolution layers) and zero-padding. Also, all the neurons use ReLU [7] as
activation function.

As pointed out before, we have used the real words from the IAM database to train our
model. Real words are more challenging to train than isolated characters due to, in most
times, there is not space between letters and some characters are deformed. Next section
explains the results obtained by this recognition system.

4 Experiments

For training our model we used a Stochastic Gradient Descent (SGD) as optimizator. This
type of optimizator works with batches of training examples, by decreasing the computation
cost with a fast convervenge [3]. Moreover, we use a learning rate of 0.1. On the other hand,
the model was trained during 500 epochs.

To measure the model goodness, we define the Character Accuracy Rate (CAR) and the
Sequence Accuracy Rate (SAR), which measure how many correct predicted letters there
are in all the tested words, and how many tested words have all their letters well predicted
respectively:

CAR =
No of correct test characters

Total Number of test characters
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CAR SAR

IAM examples 85.5% 35.1%

Table 1: Summary of recognition results of our system for isolated letters (CAR column)
and variable-length numbers (SAR column)

Figure 4: Accuracy rate for proposed model vs perfect model

SAR =
No test sequence where all their characters are correct

Total Number of test sequence

We tested these measures with 1000 test examples. As it is shown on Table 1, we have
achieved an 85.5% of CAR and a 35.1% of SAR, respectively:

Figure 4 shows the accuracy rate by percentils of our model and compares it with the
perfect model, i.e. when all the examples are well predicted). This graph have been built by
sorting the predictions by their confidence. Note that these confidences have been calculated
by summing the probabilties of each predicted letters. It is noticed that, if the 10% of the
predictions with highest confidence is chosen, all of the tested examples are well predicted.

Figure 5 (a) shows the sequences length distribution for the correct predicted sequences.
It’s observed that there are more accuracy in words with lenght 2 or 3. Note that these
lengths are the most frequent ones in the lengths distribution, as it is shown in Figure 5
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Figure 5: Recognition results: (a)frequency of well classified IAM test sequences by their
number length and (b) frequency of IAM test words by their number length

(b).

Finally, we have also studied how much the system predicted wrongly by using the edit
distribution [8] and the correct sequences’ length distributions. Figure 6 shows that 35.1%
of the tested words have 0 errors, 31.7% have 1 or 2 errors, and 33.2% have more than 2
errors. That means that the 48.8% of the wrong predictions have 1 or 2 errors.

5 Conclusions

This paper described the first stages of a new automatic system for handwriting recognition.
This system aims to predict words as a whole without using neither segmentation nor sliding
windows. This paper mainly focused on the task of identifying the existing letters in the
handwritten word images. Our system was trained with an on-demand scheme using IAM
database. As a result, we achieved a 85.5% in Character Accuracy Rate and 35.1% of
Sequence Accuracy Rate. Moroever, the accuracy is higher in real words of length between
2 or 3. Finally, the 48.8% of the wrong predictions only have 1 or 2 errors. In the future,
we will improve this model in order to predict complete handwritten words, and not just
their component letters.
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Figure 6: Frequency of tested numbers by their edit distance for IAM test words
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Abstract

In this short paper we show a deep learning architecture for recognizing the handwrit-
ten numbers which are presented to it, as an off-line scanned continuous digit sequence.
The presented architecture is composed by a Convolutional Neural Network, a Long
Short-Term Memory and a Multilayer Perceptron. The inputs to this system consist in
digit sequences that have been previously generated using the MNIST database. This
paper also describes the data augmentation performed for training the proposed ar-
chitecture. The obtained results, which are combined with the features extracted by
another Convolutional Neural Network, could be used to predict the numbers presented
to the system.

Key words: Deep Learning, Handwriting Recognition, Convolutional Neural Net-
work, Long Short-Term Memory.

1 Introduction

Off-line continuous handwritten recognition continues being an open research area. There
are no commercial or free system which allows handwritten recognition with comparable
accuracy to a human being. However, recent deep learning approaches are making important
progresses for this task[1][3].

In the literature, we can see that there are two classical ways to recognize a word [4].
The first one consists in splitting the word in their component characters. This means that
some type of segmentation process is needed. The method does not need from a dictionary,
and so it can predict words that the system has not seen before. The second way consists
in learning each word as a whole. In this case, the system usually needs to be trained with
many examples of each possible word. Our group is working with an intermediate approach.
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Figure 1: Proposed architecture for number recognition.

We recognize each word as a whole, but we do not need one example word of each type.
That is because our recognition method is based in some features such as the components
characters and the number of characters in the word. However, unlike segmentation-based
systems, our proposal does not need to know exactly where a character ends and when it
begins the next one.

In this short paper we present a part of our word recognition system, which is able
ti determine the number of characters contained in a word. This part is based in a deep
learning architecture that combines a Convolutional Neural Network (CNN), a Long Short
Term Memory Network (LSTM) and a Multilayer Perceptron (MLP).

2 Architecture proposal

Our proposal consists in a CNN followed by a LSTM network and a MLP (see Figure 1).
The CNN is devoted to extract the features that characterize a given digit sequence. The
LSTM, whose input is the output of the last convolutional layer in the CNN, is targeted to
obtain the length of the digit sequence. Finally, after the LSTM, it appears a fully-connected
MLP with 10 output units corresponding to each possible digit.
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Number of errors
0 1 2

Number of cases 868 131 1

Percentage(%) 86.8 15 0.1

Table 1: Results obtained when the system predicts the length of the test digit sequences.

3 Experiments

This network is trained in two stages. In a first stage, the CNN is trained to predict the
digits presented at its input. In this first stage, a MLP was concatenated to the CNN. When
this network was trained, then the MLP layers were removed, and the LSTM was disposed
after the CNN. Finally, a MLP was placed after the LSTM. When this architecture was
completed, it was trained as a whole.

The network was trained using the MNIST handwritten digit database [2]. At each
training step, a random digit sequence was generated from the training set. In addition
skew and dilate transformations were applied to thos sequence in order to increase its
variability.

To test our system, random digit sequences were generated from the test set. Table 1
(a) shows that the length of each sequence is predicted correctly in the 86.8% of the cases,
and the error is only of one unit in the rest of the cases.

4 Conclusions

In this paper a deep learning model for length digit sequence estimation has been proposed.
As future work, we propose to train this model with handwritten continuous text. Then, it
will be used to decide the number of time steps of a recurrent model, trained to recognize
a continuous handwritten word.
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Abstract

This paper is devoted to prove the existence of one or multiple solutions for a family
of nonlinear fourth order boundary value problems.

We use several fixed point theorems, previously developed by the authors, to prove
the existence of solutions of some simply supported beam problems.

To finish the work, a particular case is studied and the existence of multiple solutions
is proved for two different particular nonlinear functions.

Key words: Green’s functions, fixed point theorems, nonlinear boundary value prob-
lems
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1 Introduction

The aim of this paper is to ensure the existence of one or multiple positive solutions for the
fourth order problem:{

T4[M ]u(t) = f(t, u(t)) , t ∈ I ≡ [a, b] ,

u(a) = u′′(a) = u(b) = u′′(b) = 0 ,
(1)

where T4[M ]u(t) = u(4)(t) + p1(t)u
(3)(t) + p2(t)u

′′(t) +M u(t), p1 ∈ C3(I) and p2 ∈ C2(I).
The simply supported beam problem (1) has been widely developed in the literature.

For instance, in [2, 6, 7, 8], it is studied the existence of unique constant sign solutions of
the following linear problem{

u(4)(t) + c(t)u(t) = f(t) , t ∈ [0, 1] ,

u(0) = u′′(0) = u(1) = u′′(1) = 0 ,
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where c, f ∈ C([0, 1]).
In [5], there are proved some results which ensure the existence of one or multiple

solutions for a nth-order nonlinear differential equation coupled with the so-called (k, n−k)
boundary conditions, which are defined by:

u(a) = u′(a) = · · · = u(k−1)(a) = 0 , u(b) = u′(b) = · · · = u(n−k−1)(b) = 0 .

This existence of solution needs as hypothesis that the related Green’s function, gM (t, s),
satisfies the following suitable property:

(Pg1) There exist Φ, k1 and k2 continuous functions on I such that Φ(s) > 0 for all s ∈ (a, b),
0 < k1(t) 6 k2(t) for all t ∈ (a, b) and

Φ(s) k1(t) 6 gM (t, s) 6 Φ(s) k2(t) , ∀(t, s) ∈ I × I .

From the constant sign Green’s function characterization related to the operator T4[M ],
previously defined, in the set

X =
{
u ∈ C4(I) | u(a) = u′′(a) = u(b) = u′′(b)

}
, (2)

obtained in [4] by means of spectral theory, it can be characterized the parameter set for
which the related Green’s function of T4[M ] in X verifies either the property (Pg1) or the
analogous for the negative case:

(Ng1) There exist Φ, k1 and k2 continuous functions on I such that Φ(s) > 0 for all s ∈ (a, b),
0 > k1(t) > k2(t) for all t ∈ (a, b) and

Φ(s) k1(t) > gM (t, s) > Φ(s) k2(t) , ∀(t, s) ∈ I × I .

Remark 1.1. It is clear that if the Green’s function related to problem (1) satisfies the
property (Ng1), then the related Green’s function to problem{

T4[M ]u(t) + f(t, u(t)) = 0 , t ∈ I ≡ [a, b] ,

u(a) = u′′(a) = u(b) = u′′(b) = 0 ,

satisfies the property (Pg1), just by taking k̃1(t) = −k2(t) and k̃2(t) = −k1(t).
Thus, in order to obtain the existence results from the ones proved in [5], we need to

impose conditions on −f(t, u) instead of f(t, u).

In a preliminary section we transform our problem into a fixed point problem. Then,
we show the results collected in [5] which ensure the existence of one or multiple fixed points
under suitable hypotheses. To finish this section, it is characterized the parameter set for
which the related function of problem (1) satisfies either the property (Pg1) or (Ng1).

In the main section of this paper, it is proved the existence of solution for a particular
simply supported beam problem by applying the previous results.
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2 Fixed point formulation and preliminary results

First, let us denote gM (t, s), as the related Green’s function of problem (1).
It is well-known that the solutions of (1) are determined by the fixed points of the

following integral operator:

L[M ]u(t) =

∫ b

a
gM (t, s) f(s, u(s)) ds . (3)

Let us consider the Banach space B = C(I) coupled with the norm:

‖u‖∞ = max
t∈I
|u(t)| .

Let us assume that gM (t, s) satisfies the property (Pg1). Consider the subinterval
I1 = [a1, b1] ⊂ I, such that k1(t) > 0 for all t ∈ I1 and we denote:

K1 = ‖k1‖∞ , K2 = ‖k2‖∞ and m1 = min
t∈I1

k1(t) . (4)

In the sequel, we enunciate the results, collected in [5], where some sufficient conditions
to ensure the existence of one or multiple fixed points of L are shown.

Let us consider the following conditions on f :

(H1) ∃ p > 0 such that f(t, u) 6
p

K2

∫ b
a Φ(s) ds

, ∀ t ∈ I , ∀u ∈ [0, p] .

(H2) ∃ q > 0 such that f(t, u) >
K2 u

K1

∫ b1
a1
k1(s)Φ(s) ds

, ∀ t ∈ I1 , ∀u ∈
[
m1
K2

q, q
]
.

Then, we have the following result.

Theorem 2.1. Suppose that there exist two positive numbers p 6= q such that condition
(H1) is satisfied with respect to p and condition (H2) is satisfied with respect to q. Then,
provided that the integral kernel gM satisfies (Pg1), operator L, defined in (3), has a fixed
point, u ∈ B, such that ‖u‖∞ lies between p and q.

Now, for the existence of at least two fixed points, we have the next theorem.

Theorem 2.2. Suppose that there exist positive numbers p, q and r such that 0 < p < q < r,
and assume that function f satisfies the following conditions:

(i) f(t, u) >
u

m1

∫ b1
a1
Φ(s) ds

∀ t ∈ I1 and u ∈
[
r, K2

m1
r
]
, being the inequality strict at u = r,

(ii) f(t, u) 6
q

K2

∫ b
a Φ(s) ds

∀ t ∈ I and u ∈
[
0, K2

m1
q
]
, being the inequality strict at u = q,
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(iii) f(t, u) >
K2 u

K1

∫ b1
a1
k1(s)Φ(s) ds

for all t ∈ I1 and u ∈
[
m1

K2
p, p

]
.

Then, if gM satisfies (Pg1), the operator L has at least two fixed points, u1 and u2, such
that p < ‖u1‖∞ , maxt∈I1 u1(t) < q < maxt∈I1 u2(t) , mint∈I1 u2(t) < r .

Finally, we have the next result which ensures the existence of, at least, three fixed
points.

Theorem 2.3. Let p, q and r be positive numbers satisfying 0 < p < q <
K2

m1
q 6 r .

Assume, moreover, that the function f satisfies the following conditions:

(a) f(t, u) 6
r

K2

∫ b
a Φ(s) ds

for all t ∈ I and u ∈ [0, r],

(b) f(t, u) <
p

K2

∫ b
a Φ(s) ds

for all t ∈ I and u ∈ [0, p],

(c) f(t, u) >
u

m1

∫ b1
a1
Φ(s) ds

∀ t ∈ I1 and u ∈
[
q, K2

m1
q
]
, being the inequality strict for u = q.

Then, if gM satisfies (Pg1), the operator L has at least three fixed points u1, u2, u3
such that ‖ui‖∞ 6 r for i = 1, 2, 3 and maxt∈I1 u1(t) < p < mint∈I1 u2(t) , maxt∈I1 u2(t) <
q < mint∈I1 u3(t) .

Now, following the characterization of the constant sign Green’s function for problem
(1), given in [4], we obtain a characterization of the parameter set where gM satisfies either
the condition (Pg1) or (Ng1).

First, we need to introduce a concept about the maximum number of zeros for the
related second order linear differential equation:

u′′(t) + p1(t)u
′(t) + p2(t)u(t) = 0 , t ∈ I , (5)

collected in [3].

Definition 2.4. The second order linear differential equation (5) is said to be disconjugate
on I if every non trivial solution has, at most, a simple zero on I.

Remark 2.5. The second order equation u′′(t) = 0 , is disconjugate on every real interval,
I.

Now, we have the following result.

Theorem 2.6. If the second order linear differential equation (5) is disconjugate on I, then
the following properties are fulfilled:

c©CMMSE ISBN: 978-84-617-8694-7Page 1853 of  2288



Lorena Saavedra

• gM (t, s), the related Green’s function of problem (1), satisfies condition (Pg1) if, and
only if, M ∈ (−λ1,−λ2], where

– λ1 > 0 is the least positive eigenvalue of T4[0] in X.

– λ2 < 0 is the maximum between:

∗ λ′2 < 0, the biggest negative eigenvalue of T4[0] in

X1 = {u ∈ C4(I) | u(a) = u(b) = u′(b) = u′′(b) = 0} .

∗ λ′′2 < 0, the biggest negative eigenvalue of T4[0] in

X3 = {u ∈ C4(I) | u(a) = u′(a) = u′′(a) = u(b) = 0} .

• gM (t, s) satisfies condition (Ng1) if, and only if, M ∈ [−λ3,−λ1), where:

– λ3 > 0 is the minimum between:

∗ λ′3 > 0, the least positive eigenvalue of T4[0] in

U1 = {u ∈ C4(I) | u(a) = u′′(a) = u(b) = u′(b) = 0} .

∗ λ′′3 > 0, the least positive eigenvalue of T4[0] in

U2 = {u ∈ C4(I) | u(a) = u′(a) = u(b) = u′′(b) = 0} .

Proof. From the proof of [4, Theorem 6.1], the following inequalities are fulfilled for M ∈
(−λ1,−λ2].

(+∞ >) gM (t, s) > 0 , ∀ (t, s) ∈ (a, b)× (a, b) ,

(+∞ >)
∂gM (t, s)

∂t |t=a
> 0 , ∀ s ∈ (a, b) ,

(+∞ >)
∂gM (t, s)

∂s |s=a
> 0 , ∀ t ∈ (a, b) ,

(−∞ <)
∂gM (t, s)

∂t |t=b
< 0 , ∀ s ∈ (a, b) ,

(−∞ <)
∂gM (t, s)

∂s |s=b
< 0 , ∀ t ∈ (a, b) .

Consider
Φ(s) = s (1− s) > 0 , ∀ s ∈ (a, b) , (6)

and we have that

u(t, s) =
gM (t, s)

Φ(s)
> 0 , ∀ (t, s) ∈ (a, b)× (a, b) .
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Moreover, we obtain the following real limits:

lim
s→a+

gM (t, s)

Φ(s)
=

∂gM (t,s)
∂s |s=a

b− a
> 0 , ∀ t ∈ (a, b) ,

lim
s→b−

gM (t, s)

Φ(s)
=

∂gM (t,s)
∂s |s=b

−(b− a)
> 0 , ∀ t ∈ (a, b) .

So, we define ũ(t, s), as the continuous extension of u(t, s) to (a, b)× I, and taking

k1(t) := min
s∈I

ũ(t, s) > 0 , ∀ t ∈ (a, b) ,

k2(t) := max
s∈I

ũ(t, s) > 0 , ∀ t ∈ (a, b) ,
(7)

clearly, property (Pg1) is fulfilled by gM if M ∈ (−λ1,−λ2].
On the other hand, from the proof of [4, Theorem 6.1], it is deduced that if M ∈

[−λ3,−λ1), then:

(−∞ <) gM (t, s) < 0 , ∀ (t, s) ∈ (a, b)× (a, b) ,

(−∞ <)
∂gM (t, s)

∂t |t=a
< 0 , ∀ s ∈ (a, b) ,

(−∞ <)
∂gM (t, s)

∂s |s=a
< 0 , ∀ t ∈ (a, b) ,

(+∞ >)
∂gM (t, s)

∂t |t=b
> 0 , ∀ s ∈ (a, b) ,

(+∞ >)
∂gM (t, s)

∂s |s=b
> 0 , ∀ t ∈ (a, b) .

Thus, proceeding as in the positive case, we obtain that (Ng1) is fulfilled by taking Φ(s)
defined in (6) and

k1(t) := max
s∈I

ũ(t, s) < 0 , ∀ t ∈ (a, b) ,

k2(t) := min
s∈I

ũ(t, s) < 0 , ∀ t ∈ (a, b) ,

Finally, in [4, Theorem 6.1], it is proved that if M /∈ [−λ3,−λ2], then gM (t, s) oscillates
on the square I × I. Thus, neither property (Pg1) or (Ng1) can be fulfilled.

Remark 2.7. Realize that from Theorems 2.1, 2.2 and 2.3, we prove the existence of
non-negative solutions for problem (1), under the hypothesis that gM (t, s) satisfies property
(Pg1).

Proceeding analogously, by imposing property (Ng1) on gM (t, s) instead of (Pg1), we
can prove the existence of non-positive solutions for problem (1) by repeating the arguments
done in [5], with the same assumptions on f , choosing m1 = −maxt∈I1 k1(t) and K1, K2

as in (4).
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3 Existence results for particular simply supported beam
problems

From Remark 2.5, Theorem 2.6 can be applied to the fourth order operator

T 0
4 [M ]u(t) = u(4)(t) +M u(t) , t ∈ I . (8)

Let us choose I = [0, 1], and, in [4], there are obtained the different eigenvalues of

operator T 0
4 [0] = d4

dt4
.

• λ1 = π4 is the least positive eigenvalue of T 0
4 [0] in X.

• λ2 = −m4
1 u −5.554, wherem1 is the least positive solution of tan

(
m√

2

)
= tanh

(
m√

2

)
,

is the biggest negative eigenvalue of T 0
4 [0] in X1 and X3.

• λ3 = m4
2 u 3.9274, with m2 the least positive solution of tan(m) = tanh(m) , is the

least positive eigenvalue of T 0
4 [0] in U1 and U2.

So, if we denote g0M (t, s) as the related Green’s function of problem (1), where T4[M ] =
T 0
4 [M ], from Theorem 2.6, we can conclude:

• g0M (t, s) satisfies property (Pg1) if, and only if, M belongs to the interval (−π4, 5.554].

• g0M (t, s) satisfies property (Ng1) if, and only if, M is in the interval [−3.927,−π4).

Remark 3.1. For M ∈ (−λ1,−λ2] u (−π4, 5.554], since the property (Pg1) is fulfilled
by the related Greens function, we are able to obtain the continuous functions k1 and k2
associated to the problem{

u(4)(t) +M u(t) = f(t, u(t)) , t ∈ [0, 1] ,

u(0) = u′′(0) = u(1) = u′′(1) = 0 .

The construction of these functions is described on the proof of Theorem 2.6. The
difficulty remains in the expression of the related Green’s function.

Sometimes, it is really difficult to find the exact functions k1 and k2 as they are defined
in (7). However, we can consider some approximations, `1 and `2, such that `1(t) 6 k1(t)
and `2(t) > k2(t) , ∀ t ∈ [0, 1] .

Clearly, the bounds obtained with `1 and `2 are still valid for Theorems 2.1, 2.2 and
2.3.

Remark 3.2. Once that property (Pg1) is proved, as a consequence of Theorem 2.1 the
existence of at least one positive solution for problem (1), with T4[M ] = T 0

4 [M ], can be proved
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if f is either sub-linear

(
limu→0+

f(t, u)

u
= +∞ and limu→+∞

f(t, u)

u
= 0

)
or super-linear(

limu→0+
f(t, u)

u
= 0 and limu→+∞

f(t, u)

u
= +∞

)
without obtaining k1 and k2.

Remark 3.3. Using Remarks 1.1 and 2.7, from property (Ng1) similar conclusions than
those in the previous remarks can be obtained for M ∈ [−λ3,−λ1) u [−3.9274,−π4) .

In the sequel we will obtain the different bounds and results for the particular case
when M = 0.

That is, we want to prove the existence of one or multiple positive solutions of the
problem: {

u(4)(t) = f(t, u(t)) , t ∈ [0, 1] ,

u(0) = u′′(0) = u(1) = u′′(1) = 0 .
(9)

Φ is given in (6). Now, let us obtain the correspondent k1 and k2.
We have to calculate the related Green’s function. By means of the Mathematica

program developed in [1], we obtain:

g00(t, s) =


1
6 s (1− t)

(
(2− t) t− s2

)
, 0 6 s 6 t 6 1 ,

1
6 t (1− s)

(
(2− s) s− t2

)
, 0 < t < s 6 1 .

Thus, clearly, for this case

ũ(t, s) =


1
6 ·

1−t
1−s

(
(2− t) t− s2

)
, 0 6 s 6 t < 1 , t 6= 0

1
6 ·

t
s

(
(2− s) s− t2

)
, 0 < t < s 6 1 .

So, we have

∂ũ(t, s)

∂s
=


1−t
6 ·

(s−t) (s+t−2)
(1−s)2 , 0 6 s 6 t < 1 , t 6= 0

t
6 ·

(t−s) (t+s)
s2

, 0 < t < s 6 1 .

Hence, for s ∈ [0, t], ũ(t, s) is non-decreasing as a function of s and, for s ∈ [t, 1], ũ(t, s)
is non-increasing as a function of s.

Therefore, we obtain k2(t) = ũ(t, t) =
t (1− t)

6
, for every t ∈ [0, 1] and, we have,

k1(t) = min{ũ(t, 0), ũ(t, 1)} = min

{
1

6
t (1− t) (2− t), 1

6
t (1− t2)

}
, or, which is the same,

k1(t) =


1
6 t (1− t2) , 0 6 t 6 1

2 ,

1
6 t (1− t) (2− t) , 1

2 < t 6 1 .
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Directly, we obtain

K1 = ‖k1‖∞ = k1

(
1

2

)
=

1

16
and K2 = ‖k2‖∞ = k2

(
1

2

)
=

1

12
.

Moreover, since k1 is a symmetric function with respect to t =
1

2
, we can choose

I1 = [a1, b1] =

[
1

2
− c, 1

2
+ c

]
, c ∈

(
0,

1

2

)
.

Clearly, m1 = k1
(
1
2 − c

)
= 1

48

(
1− 4c2

)
(3− 2c) .

Now, let us obtain the bounds which appear in Theorems 2.1, 2.2 and 2.3, for the
different values of c ∈

(
0, 12
)
.

Φ is defined in (6), so∫ 1

0
Φ(s) ds =

1

6
,

∫ 1
2
+c

1
2
−c

Φ(s) ds =
1

6
c
(
3− 4 c2

)
,

and, ∫ 1
2
+c

1
2
−c

k1(s)Φ(s) ds =
c (45− 15 c− 120 c2 + 60 c3 + 144 c4 − 80 c5)

1444
.

Thus, we obtain:
p

K2

∫ 1
0 Φ(s) ds

= 72 p , (10)

K2 u

K1

∫ 1
2
+c

1
2
−c k1(s)Φ(s) ds

=
1083u

c (45− 15 c− 120 c2 + 60 c3 + 144 c4 − 80 c5)
, (11)

u

m1

∫ 1
2
+c

1
2
−c Φ(s) ds

=
288u

c (3− 4 c2) (3− 2 c) (1− 4 c2)
. (12)

Studying the behavior of (11) and (12) for c ∈
(
0, 12
)
, it can be easily seen that (11) is

decreasing with c and (12) attains its minimum on the interval
[
1
5 ,

3
10

]
.

We want to make this bounds the least possible, but we cannot minimize them together.
We choose c = 3

10 , then I1 =
[
1
5 ,

4
5

]
and we obtain the bounds (11) and (12) for this particular

case:

K2 u

K1

∫ 4
5
1
5

k1(s)Φ(s) ds
=

1600000u

8073
, (13)

u

m1

∫ 4
5
1
5

Φ(s) ds
=

15625u

66
. (14)

Thus, we can rewrite (H1) and (H2) for this case as follows.
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(H1) ∃ p > 0 such that f(t, u) 6 72 p , ∀ t ∈ [0, 1] , ∀u ∈ [0, p] .

(H2) ∃ q > 0 such that f(t, u) >
1600000u

8073
, ∀ t ∈

[
1
5 ,

4
5

]
, ∀u ∈

[
48
125 q, q

]
.

Using (10), (13) and (14), we rewrite Theorem 2.2 for this case.

Theorem 3.4. Suppose that there exist positive numbers p, q and r such that 0 < p < q < r,
and assume that function f satisfies the following conditions:

(i) f(t, u) >
15625u

66
∀ t ∈

[
1
5 ,

4
5

]
and u ∈

[
r, 12548 r

]
, being the inequality strict at u = r,

(ii) f(t, u) 6 72 q ∀ t ∈ [0, 1] and u ∈
[
0, 12548 q

]
, being the inequality strict at u = q,

(iii) f(t, u) >
1600000u

8073
∀ t ∈

[
1
5 ,

4
5

]
and u ∈

[
48
125 p, p

]
.

Then, the problem (9) has at least two positive solution, u1 and u2, such that

p < ‖u1‖∞ , max
t∈I1

u1(t) < q < max
t∈I1

u2(t) , min
t∈I1

u2(t) < r .

Now, consider the following continuous function

f(t, u) =



11390625

512
t (1− t)u , u ∈

[
0, 8

225

]
,

t (1− t)
u2

, u ∈
(

8
225 , 4

)
,

t (1− t)
(

56607479

15250000
u3 − 3621925531

244000000
u2
)
, u > 4 .

(15)

Let us choose p =
5

54
, q = 3 and r =

111

5
. So, we have:

(i) For u 6 r, f(t, u) >
5 f
(
1
5 ,

111
5

)
u

111
=

9149203310439u

38125000000
>

15625u

66
for all t ∈

[
1

5
,
4

5

]
,

(ii)

f(t, u) 6 max

{
max
t∈[0,1]

f

(
t,

8

225

)
, max
t∈[0,1]

f

(
t,

125

16

)}
= max

{
50625

256
, 216

}
= 216 = 3 · 72 ,

for all t ∈ [0, 1] and u ∈
[
0,

125

16

]
, being the inequality strict for u < 125

16 . In particular,

for u = 3.
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(iii) f(t, u) =
t (1− t)
u3

u >
4

25
· 157464

125
u >

1600000u

8073
for all t ∈

[
1

5
,
4

5

]
and u ∈

[
8

225
,

5

54

]
.

So, we can ensure the existence of at least two positive solutions for problem (9) with
f defined in (15).

Finally, we have the next result which warrants the existence of three solutions by using
(10) and (14).

Theorem 3.5. Let p, q and r be positive numbers satisfying the relation:

0 < p < q <
125

48
q 6 r .

Assume, moreover, that the function f satisfies the following conditions:

(a) f(t, u) 6 72 r for all t ∈ [0, 1] and u ∈ [0, r],

(b) f(t, u) < 72 p for all t ∈ [0, 1] and u ∈ [0, p],

(c) f(t, u) >
15625u

66
∀ t ∈

[
1
5 ,

4
5

]
and u ∈

[
q, 12548 q

]
, being the inequality strict for u = q.

Then, the problem (9) has at least three solutions, u1, u2, u3 such that ‖ui‖∞ 6 r for
i = 1, 2, 3 and

max
t∈I1

u1(t) < p < max
t∈I1

u2(t) , min
t∈I1

u2(t) < q < min
t∈I1

u3(t) .

Consider the continuous function:

f(t, u) =


1400 t (1− t)u2, u > 7

2 ,

17150 t (1− t) , u > 7
2 .

(16)

Let us choose r = 60, p = 1
5 and q = 5

4 , we have:

(a) f(t, u) 6
17150

4
< 60 · 72 for all t ∈ [0, 1] and u ∈ [0, 60],

(b) f(t, u) 6
1400

4
· 1

52
= 14 < 72 · 1

5
for all t ∈ [0, 1] and u ∈

[
0, 15
]
,

(c) f(t, u) >
1400 · 4

52
· 5

4
u = 280u >

15625u

66
for all t ∈

[
1

5
,
4

5

]
and u ∈

[
5

4
,
625

192

]
.

Thus, by using the previous result, we conclude that problem (9) has at least three
solutions for f defined in (16).
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Abstract

The second order boundary value problem with the Dirichlet boundary conditions
is essentially resonant if it has k-resonant solution.

Key words: resonant boundary value problem
MSC 2000: 34B15

1 Introduction

The second order boundary value problem (BVP in short)

x′′ + p(t)x′ + q(t)x = ϕ(t, x, x′), (1)

x(a) = A, x(b) = B, (2)

where all coefficients and functions are continuous and the right side ϕ is bounded (in
modulus) is solvable if the homogeneous problem

x′′ + p(t)x′ + q(t)x = 0, (3)

x(a) = 0, x(b) = 0 (4)

has only the trivial solution ([1]). If ϕ is not bounded various approaches and techniques
can be used to reduce the problem to the quasi-linear form with bounded right hand side.

In case the homogeneous problem (3), (4) has a nontrivial solution the problem (1),
(2) is called resonant. Resonant problems may have no solutions even for the simple case
ϕ = ϕ(t). The Fredholm alternative provides criteria for solvability in this case.

In this note we wish to emphasize that formally resonant problems mostly are not
essentially resonant.
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2 Definitions

To make this idea more precise we will move to the final statement in several easy steps.
First, let us distinguish between linear expressions of the form (l2x)(t) := x′′ + p(t)x′ +

q(t)x. We will say that the type of (l2x)(t) is k if a solution x(t) of the respective Cauchy
problem

x′′ + p(t)x′ + q(t)x = 0, x(a) = 0, x′(a) = 1 (5)

has exactly k zeros in the interval (a, b) and x(b) 6= 0.

If x(b) = 0 we will call the linear expression (l2x)(t) by (k +1)-resonant (the x(t) in (5)
has k internal zeros and additional zero at t = b).

In a similar way we classify possible solutions of the problem (1), (2). We will say
that a solution ξ(t) of the problem (1), (2) is of type n if the respective linear differential
expression

y′′ + p(t)y′ + y(t)x− ϕx(t, ξ(t), ξ′(t))y − ϕx′(t, ξ(t), ξ′(t))y′ (6)

is of type n. The latter means that a solution of the Cauchy problem

y′′ + p(t)y′ + y(t)x = ϕx(t, ξ(t), ξ′(t))y + ϕx′(t, ξ(t), ξ′(t))y′, (7)

y(a) = 0, y′(a) = 1 (8)

has exactly n zeros in (a, b) and y(b) 6= 0. If y(b) = 0 we will say that ξ(t) is (n+1)-resonant
solution.

We wish to show that essentially resonant BVP is a problem that has i-resonant solution
for some i.

All other “resonant” problems can be reduced to a quasi-linear form (1), (2) with a
bounded right side.

Remark. It was shown in [2] that a quasi-linear problem in the form (1), (2) with linear
part (in the left hand side) of the type k has a solution x(t) that is either of type k, or
k-resonant, or (k + 1)-resonant.

3 Observations

Proposition 3.1 Suppose a resonant problem (1), (2), where ϕ is continuous in all argu-
ments and continuously differentiable with respect to x and x′, has a solution ξ(t) of type n.
Then the problem (1), (2) can be reformulated in a quasi-linear form

x′′ + P (t)x′ + Q(t)x = ϕ̃(t, x, x′), x(a) = A, x(b) = B, (9)

where the linear part (L2x)(t) := x′′ + P (t)x′ + Q(t)x is of type n.
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Proof. Consider x′′ + p(t)x′ + q(t)x = ϕ(t, x, x′) and ξ′′(t) + p(t)ξ′(t) + q(t)ξ(t) =
ϕ(t, ξ(t), ξ′(t)), where ξ(t) is a solution of type n of the problem (1), (2). Then

(x− ξ)′′ + p(t)(x− ξ)′ +q(t)(x− ξ(t)) = ϕ(t, x, x′)− ϕ(t, ξ, ξ′)
= ϕx(t, ξ, ξ′)(x− ξ) + ϕx′(t, ξ, ξ′)(x− ξ)′ + r(t, x, x′) (10)

or
x′′ + p(t)x +q(t)x− ϕxx− ϕx′x

′

= ξ′′ + p(t)ξ′ + q(t)x− ϕxξ − ϕx′ξ
′ + r(t, x, x′) (11)

or, finally,
(L2x)(t) = h(t) + r̃(t, x, x′),

where
(L2x)(t) = x′′ + (p(t)− ϕx′(t, ξ, ξ′))x′ + (q(t)− ϕx(t, ξ, ξ′))x,
h(t) = ξ′′(t) + (p(t)− ϕx′(t, ξ, ξ′))ξ′(t) + (q(t)− ϕx(t, ξ, ξ′))ξ(t),
r̃(t, x, x′) is C1 smooth bounded function that coincides with r(t, x, x′) in some vicinity of
(t, ξ(t), ξ′(t), t ∈ [a, b].

The linear differential expression (L2x)(t) is of type n since a solution ξ(t) is supposed
to be of type n. ¤

We are in a position now to make more precise the “vague” term essentially resonant
BVP used earlier.

If the second order BVP cannot be reduced to a quasi-linear form around each of its
solutions (if any) then we will say that this problem is essentially resonant.

4 Conclusions

We arrived therefore at the following result.

Theorem 4.1 The problem (1), (2) is essentially resonant if for some k it has a k-resonant
solution. Otherwise either it has no solutions or it can be reduced to a quasi-linear problem
around any of existing solutions.
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Abstract

Formulation for P and SV wave propagation through viscoelastic media, described by
the Kelvin–Voigt model, using the generalized finite difference method is proposed. The
stability of the proposed scheme is analyzed and a criterion to guarantee the stability
is obtained. The star dispersion for both P and SV waves and group velocity are also
analyzed.

A numerical example of a wave traveling on a bidimensional half-plane, initiated
perpendicular to its free surface, is developed and solved. The obtained results are
compared with its analytical solution.

Key words: Generalized finite difference method, Wave propagation, Viscoelasticity
MSC 2000: 65M06, 65M12

1 Introduction

Finite differences methods are numerical methods widely used for solving wave propagation
problems. Traditionally, these methods are based on a mesh (discretization of the domain),
but in the past decades meshless methods have been developed.
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Generalized finite differences method (GFDM) is one of these finite differences methods that
do not require a base mesh. It is based on moving least squares. The method approximates
the value of the unkown function at a series of points within the domain (usually refered to
as nodes). The derivatives of the function are linearized using a Taylor expansion, at each of
these points. And therefore the problem is reduced to solving a linear system of equations.
The current formulation of the method was presented by Liska and Orkisz[1] in 1998 and
Benito et al. [2] provided in 2001, explicit formulae for the resolution of the problem.

The application of GFDM to wave propagation problems was introduced by Ureña et. al.
[3]. They studied the star dispersion and stability for different type of waves [4] traveling
through elastic domains. They also analyzed the simulation of absorbing boundary condi-
tions, and obtained schemes for them, using perfectly matched layers (PML) [5].

The present paper proposes a formulation for including viscoelastic materials described by
the Kelvin–Voigt model as the media through which the wave travels, considering the en-
ergy attenuation of the wave.

A scheme for GFDM is proposed and its stability is analyzed. A criterion to guarantee the
stability is obtained. The star dispersion for both P and SV waves and group velocity are
also analyzed.

Finally, a numerical example is proposed and solved. A wave is applied on the free surface
of a bidimensional half-plane, perpendicular to its free surface. The obtained results are
compared to its analytical solution.

2 Linear viscoelastic material

Certain materials behave in such a way that cannot be considered purely elastic or purely
viscuous, but exhibit an intermediate behavior between both. In these viscoelastic materials
the strains depend on time even without external forces applied. Stresses (represented by
the tensor σij) depend not only on strains but also on the velocity of deformation. Different
models can be used to represent these relationships; in this article the Kelvin-Voigt model
is used, which can be expressed for a bidimensional media as:
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σxx = λ

(
∂u

∂x
+
∂w

∂z

)
+ λtr

∂

∂t

(
∂u

∂x
+
∂w

∂z

)
+ 2µ

∂u

∂x
+ 2µtr

∂

∂t

∂u

∂x

σzz = λ

(
∂u

∂x
+
∂w

∂z

)
+ λtr

∂

∂t

(
∂u

∂x
+
∂w

∂z

)
+ 2µ

∂w

∂z
+ 2µtr

∂

∂t

∂w

∂z

σxz = µ

(
∂u

∂z
+
∂w

∂x

)
+ µtr

∂

∂t

(
∂u

∂z
+
∂w

∂x

) (1)

Where tr is the relaxation time, λ the first Lamé parameter and µ the shear modulus.

λ =
Eν

(1 + ν)(1− 2ν)
, µ = G =

E

2(1 + ν)
, tr =

η

E
(2)

With ν as the Poisson ratio, E the elasticity modulus and η is the viscosity of the material.

3 Equations of motion

The general equations of motion of P-SV waves through a bidimensional (x-z plane) domain
Ω ⊂ R2 can be expressed, in absence of body forces, as:

ρ
∂2U

∂t2
=
∂σxx
∂x

+
∂σxz
∂z

ρ
∂2W

∂t2
=
∂σzx
∂x

+
∂σzz
∂z

(3)

with the appropriate boundary conditions for each case.

U and W represent the displacements in two orthogonal directions and ρ is the densitiy of
the medium.

By using the Lamé expressions to include the Kelvin-Voigt viscoelastic model into Eq.(3)
the following expression in displacements is obtained.

Utt = α2Uxx + β2Uzz + (α2 − β2)Wxz + tr

(
α2Uxx + β2Uzz+

+(α2 − β2)Wxz

)
t

Wtt = α2Wzz + β2Wxx + (α2 − β2)Uxz + tr

(
α2Wzz + β2Wxx+

+(α2 − β2)Uxz

)
t

(4)
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where α and β are the velocities of the P and SV waves respectively:
α =

√
λ+ 2µ

ρ

β =

√
µ

ρ

(5)

4 Generalized finite differences method

4.1 Generalized finite differences scheme

The application of GFDM to media with elastic materials is completely developed in [6].
The methodology is breifly summarized hereafter.

A cloud of nodes is set within the domain Ω. In order to approximate the derivatives of the
displacements by explicit linear expressions, a star is formed at each of these node. The star
is made up by the node itself (center node) and a series of sourrounding nodes. The selec-
tion criteria for the nodes that form the star has already been studied by J.J. Benito et al. [2]

Let us consider a discretization D of the domain Ω, the inner node (x0, tn) ∈ D and the
function ψ twice differentiable. Denoting the number of nodes of a star by N and the
coefficients both the central node and the other nodes by m0ij and mkij , respectively, where
i, j ∈ {x, z} and k ∈ {1, ...N}, the linearization of each partial derivative is given by

ψn0,ij = −m0ijψ
n
0 +

N∑
k=1

mkijψ
n
k (6)

The temporal approximations are given by the following classical finite differences for first
and second order, respectively

ψn0,t =
3ψn0 − 4ψn−1

0 + ψn−2
0

24t
(7)

ψn0,tt =
ψn−1

0 − 2ψn0 + ψn+1
0

4t2
(8)

Substituting (6), (7) and (8) in (4) and arranging terms, the scheme for P-SV waves in
viscoelastic media is obtained

un+1
0 =

2∑
k=0

[
A−ku0 u

n−k
0 +A−kw0

wn−k0 +
N∑
j=1

(
A−kuj u

n−k
j +A−kwj

wn−kj

)]
wn+1

0 =
2∑

k=0

[
B−kw0

wn−k0 +B−ku0 u
n−k
0 +

N∑
j=1

(
B−kwj

wn−kj +B−kuj u
n−k
j

)] (9)
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where the coefficients are

A0
u0 = 2− (4t2 + 1.5tr4t)(α2m0xx + β2m0zz)

A−1
u0 = −1 + 2tr4t(α2m0xx + β2m0zz)

A−2
u0 = −0.5tr4t(α2m0xx + β2m0zz)

A0
w0

= B0
u0 = −(4t2 + 1.5tr4t)(α2 + β2)m0xz

A−1
w0

= B−1
u0 = 2tr4t(α2 + β2)m0xz

A−2
w0

= B−2
u0 = −0.5tr4t(α2 + β2)m0xz

A0
uj = (4t2 + 1.5tr4t)(α2mjxx + β2mjzz)

A−1
uj = −2tr4t(α2mjxx + β2mjzz)

A−2
uj = 0.5tr4t(α2mjxx + β2mjzz)

A0
wj

= B0
uj = (4t2 + 1.5tr4t)(α2 + β2)mjxz

A−1
wj

= B−1
uj = −2tr4t(α2 + β2)mjxz

A−2
wj

= B−2
uj = 0.5tr4t(α2 + β2)mjxz

B0
w0

= 2− (4t2 + 1.5tr4t)(α2m0zz + β2m0xx)

B−1
w0

= −1 + 2tr4t(α2m0zz + β2m0xx)

B−2
w0

= −0.5tr4t(α2m0zz + β2m0xx)

B0
wj

= (4t2 + 1.5tr4t)(α2mjzz + β2mjxx)

B−1
wj

= −2tr4t(α2mjzz + β2mjxx)

B−2
wj

= 0.5tr4t(α2mjzz + β2mjxx)

(10)

4.2 Stability

We apply the Von Neumann method in the following harmonic waves{
u = a exp(i(ωt− kTx))

w = b exp(i(ωt− kTx))
(11)

where a and b are amplitudes, ω the angular frequency, k = (kx, kz) the wavenumber vector
and x = (x, z) ∈ D. For each star and time and denoting ξ = exp(iω4t),

un0 = aξn exp(−ikTx0)

unj = aξn exp(−ikTxj)
wn0 = bξn exp(−ikTx0)

wnj = bξn exp(−ikTxj)

(12)
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We substitute (12) in (9), we denote hj = xj − x0 and we take into account that m0xx =∑N
j=1mjxx, m0zz =

∑N
j=1mjzz and m0xz =

∑N
j=1mjxz. Then dividing by ξn exp(−ikTx0)

and arranging terms, the following is obtained
aΓ = bΦ⇒ a

b = Φ
Γ

⇒ ΓΓ̄ = Φ2

bΓ̄ = aΦ⇒ a
b = Γ̄

Φ

(13)

where 

Γ = ξ −
2∑

k=0

ξ−k
(
A−ku0 +

N∑
j=1

A−kuj exp(−ikThj)
)

Γ̄ = ξ −
2∑

k=0

ξ−k
(
B−kw0

+
N∑
j=1

B−kwj
exp(−ikThj)

)
Φ =

2∑
k=0

ξ−k
N∑
j=1

A−kwj
(−1 + exp(−ikThj))

(14)

The following notations are considered

P =
N∑
j=1

(α2mjxx + β2mjzz)(1− exp(−ikThj))

Q =
N∑
j=1

(α2mjzz + β2mjxx)(1− exp(−ikThj))

R =
N∑
j=1

(α2 − β2)mjxz(1− exp(−ikThj))

χ =
24t
tr
· −ξ

3 + 2ξ2 − ξ
pξ2 − 4ξ + 1

(15)

where p = 3 + 24ttr .

Operating, the following second order equation in χ is obtained

ΓΓ̄ = Φ2 ⇒ (χ−4t2P )(χ−4t2Q) = (4t2R)2 ⇒
⇒ χ2 −4t2(P +Q)χ+4t4(PQ−R2) = 0

(16)

and the solution is

χ =
4t2

2

(
P +Q+

√
(P −Q)2 + 4R2

)
(17)

Denoting Υ = P +Q+
√

(P −Q)2 + 4R2
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χ =
4t2

2
Υ (18)

Taking into account that |ξ| ≤ 1 and using conservative criteria, a stability criterion is
achieved

4t ≤ −2tr + 2

√
t2r +

2

(α2 + β2)[(m0xx +m0zz) +
√

(m0xx +m0zz)2 + 4m2
0xz]

(19)

4.3 Star dispersion for P and SV waves

From (18) and calling Θ = tr4t
4 Υ, the following equation is obtained

ξ3 + (pΘ− 2)ξ2 + (1− 4Θ)ξ + Θ = 0 (20)

Denoting 
40 = (pΘ− 2)2 + 12Θ− 3

41 = 2(pΘ− 2)3 + 36pΘ2 − (9p+ 45)Θ + 18

42 =
3

√
41 +

√
42

1 − 443
0

2

(21)

the solution of (20) is

ξk = −1

3

(
pΘ− 2 + ζk42 +

40

ζk42

)
(22)

being ζ = −1
2 +

√
3

2 i and k ∈ {0, 1, 2}.

As ξ = exp(iω4t), isolating ωk we obtain ωk = Arg(ξk)
4t and therefore

ωGFD = min
k∈{0,1,2}

|ωk − ω| =
Arg(ξ)

4t
(23)

This way, the velocity ratios for both waves are
αGFD
α

=
λPArg(ξ)

2πα4t
βGFD
β

=
λSVArg(ξ)

2πβ4t

(24)

where λP and λSV are the wavelengths of P and SV waves, respectively.
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4.4 Star dispersion for group velocity

First of all, we consider the following derivatives

Pk = i
N∑
j=1

(α2mjxx + β2mjzz) exp(−ikThj)hj

Qk = i
N∑
j=1

(α2mjzz + β2mjxx) exp(−ikThj)hj

Rk = i
N∑
j=1

(α2 − β2)mjxz exp(−ikThj)hj

Υk = Pk +Qk +
(P −Q)(Pk −Qk) + 4RRk√

(P −Q)2 + 4R2

Θk =
tr4t

4
Υk

40,k = (2p2Θ− 4p+ 12)Θk

41,k = [6p(pΘ− 2)2 + 72pΘ− 9p− 45]Θk

42,k =
1

6
3

√(
2

41 +
√
42

1 − 443
0

)2(
41,k +

4141,k − 64040,k√
42

1 − 443
0

)

ξk = −1

3

(
Θ+ζ

k42,k +
40,kζ

k42 −40ζ
k42,k

ζ2k42
2

)
= Re(ξk) + iIm(ξk)

(25)

where the value of k in the last case is the same that the value chosen in (23).

The group velocity is vg = ∇kω =
Im(ξk)Re(ξ)− Im(ξ)Re(ξk)

4t

5 Numerical example

The previously developed scheme is applied to a numerical example.

The domain is the z > 0 subspace with a boundary condition at y = 0 defined as a free
surface with a normal wave applied, moving through the x direction with a velocity v:{

σxz(z = 0) = 0
σzz(z = 0) = −p0 · exp(iC(x− v · t)) (26)

The previous boundary condition only uses the real part of the expresion, as the stress
(σzz) is a real quantity. The real part of all quantities should be taken to obtain physically
meaningful results.
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The problem is solved and its analytical solution is obtained in [7].

A cloud of 19076 nodes is generated for a 5.00 m x 1.50 m domain and the GFDM is ap-
plied to solve the problem for this particular case. The maximum distance between nodes
is 0.0283 m. The criterion for the selection of star nodes is the quadrant criterion (see [2]).

Hysteretic damping is considered, assuming that the product ω ·tr is constant, and therefore
the hysteretic damping ratio is h = ωtr/2, being ω = C · v the frequency of the loading.

By using a null Poisson’s ratio all the material properties can be expressed as a function of
β and the results can therefore be normalized.

Applying the stability criterion, the maximum time step can be obtained: ∆tmax = 6.67 ·
10−5. A time step of ∆t = 4.20 · 10−5 < ∆tmax is used, for 5000 calculation steps.

Figure 1 represents movement amplitud versus velocity. Dimensionless variables have been
used, showing the ratio of the dynamic amplitude to the static amplitude (for v = 0) and
the ratio of the velocity of the wave v to the velocity of the shear waves β. Different curves
have been obtained for different damping ratios. Dashed lines show the results obtained
using the GFDM and continuous lines are used to represent the analyitical solution.

As it can be seen, the obtained results using GFDM match very accurately the analytical
solution. The maximum deviation from the analytical solution is obtained for h = 0.3 and
its value is |1− wGFDM/wAnalytical| = 4.5%.

6 Conclusions

Formulation for P and SV wave propagation through viscoelastic media, described by the
Kelvin–Voigt model, using the generalized finite difference method has been proposed.

The stability of the scheme is analyzed, obtaining a criterion valid to guarantee this stability.

Also, the star dispersion for both P and SV waves and group velocity are analyzed, and
expressions for the dispersions are obtained.

A numerical example has been developed and compared with its analytical solution, show-
ing the validity of the presented method and its application.
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Abstract

This paper presents an efficient parallel implementation of the Active-Set Newton
Algorithm (ASNA) for overcomplete non-negative representations of audio, which per-
formance has been proved in previous works against other state of the art methods.
The implementation presented in the paper has been developed in C, using parallel
programming techniques to obtain a better performance in multicore architectures than
the original MATLAB implementation.

Key words: non-negative matrix factorization, Newton algorithm, convex optimiza-
tion, sparse representation, multicore, parallel computing

1 Introduction

The Active-Set Newton Algorithm (ASNA) presented in [1, 2] is an algorithm designed to
minimize the Kullback-Leibler divergence for non-negative decomposition, which have been
widely used in audio processing, for example on source separation [3], automatic music
transcription [4], and sound event detection [5]. The KL divergence between vectors x and
x́ is defined as

KL(x||x́) =
∑
i

d(xi, x́i)

where function d corresponds to

d(p, q) =


p log(p/q)− p + q) p > 0 and q > 0

q p = 0

∞ p > 0 and q = 0
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Observation vector is modelled as x ≈ v = Bw subject to (w,B, x, v) ≥ 0 where x ∈ <f

is the original observation, v ∈ <f is the approximation obtained form the decomposition,
w ∈ <n are the the non-negative weights and B ∈ <f×n is the precomputed dictionary,
which contains n atoms.

In the original paper [1], ASNA algorithm showed its advantages against some state
of the art algorithms like the expectation-maximization update rules [6] and the projected
gradient algorithm [7, pp. 267-268] for the overcomplete case. Due to this, we decided
to improve the existing MATLAB implementation in order to obtain an efficient parallel
version suitable for shared memory multicore machines.

The structure of the paper is as follows. In Section 2 ASNA algorithm and its existing
implementation is explained. In Section 3 the developed implementations are presented.
Then, Section 4 shows some preliminary results and a brief comparison between implemen-
tations. Finally, in Section 5 the results and the ongoing work are discussed.

2 ASNA algorithm

The main principle of the ASNA algorithm is that it estimates and updates a set of ”active”
atoms that have non-zero weights. The active set is initialized with a single atom which
alone gives the smallest divergence. Then, it finds the most promising atom not in the
active set by identifying the atom whose weight derivative is the smallest, and adds it to
the active set. The weights of the atoms in the active set are estimated using the Newton
method where the step size is chosen to ensure non-negativity of the weights. Atoms whose
weights become zero or negative are removed from the active set. The algorithm iterates
until a convergence criterion is achieved or a maximum number of iterations given by the
user are reached. A detailed view of the algorithm can is found in [1, Sec. III].

The existing implementation programmed in MATLAB, that can be found in [8], uses
a more general model than the one shown in the original algorithm [1, pp. 5]. The extended
model can work with multiple observations at time, becoming X ≈ V = WB subject to
(W,B,X, V ) ≥ 0 where the rows of X,V ∈ <o×f are the observations and the rows of
W ∈ <o×n are the non-negative weights of each corresponding observation. Note that the
model is transposed. That model gets some advantages from the fact of computing multiple
observations at a time.

A brief pseudocode of that implementation can be found in Algorithm 1. In that
implementation the weights in the active set are represented by the nonzero elements in a
sparse weight matrix WA and the active atoms in the dictionary are represented by SA.
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Algorithm 1 Original ASNA implementation algorithm

Require: X ∈ <o×f B ∈ <n×f .
1: return W ∈ <o×n

2: Normalize each dictionary atom to unity norm
3: Pre compute operations for the gradient computations

(some matrix operations in the gradient computation only depend on the entry data
and can be precomputed for speed)

4: Initialize active set for each observation
(Active atoms have values in WA and not active are 0)

5: for i = 1 to maximunnumberofiterations do
6: Find active atoms
7: Compute V = WASA

8: R = X/V (element wise)
9: if i mod 2 = 0 then

10: Compute gradient w.r.t all weights
11: if i mod 10 = 0 then
12: Check convergence for non converged observations
13: Remove converged observations from the computations
14: if all observation have converged then
15: Scale back W and exit
16: end if
17: end if
18: Mark as 0 the gradient of the already active weights
19: Add the atom with the minimum gradient of each observation

to the active set, adding a small number to WA

20: end if
21: Compute R2 = X/V 2 (element wise)
22: Find the indexes of the active atoms
23: Compute sparse product Rcov = RST

24: for each observation not converged t do
25: Find the active atoms of t
26: if all gradients computed then
27: Get grad from the already computed gradients
28: else
29: Compute gradients w.r.t active atoms of t (grad)
30: end if
31: Compute Hessian GG
32: Solve GG× searchDir = grad
33: Compute step size
34: Update weights in WA. If a weight becomes negative is removed.
35: end for
36: end for
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3 Proposed algorithms

The first step was to improve the existing MATLAB implementation, then we implemented
a parallel version of the algorithm in C programming language using HPC mathematical
libraries. Finally, we implemented a parallel version of the algorithm using threading with
OPENMP. In order to save space, the full algorithm for each proposed implementation is
not written in the paper and only the most important changes will be explained. The source
code of all proposed implementations can be found in [9].

3.1 Improved MATLAB implementation

The improved MATLAB implementation has some modifications that affect positively to
the performance of the algorithm.

The first change was transposing the problem, most of the operations in the original
implementation were made row-wise while MATLAB uses a column-wise memory arrange-
ment. Transposing the problem allows the algorithm to do its operations column-wise tak-
ing advantage of MATLAB’s memory arrangement. The second modification was changing
some conditionals that were checking the existence of a variable containing all gradients to
boolean variables, what caused a surprising improve in the performance. Then the sparse
product function in line 23 was reworked to use both matrices in column-wise order and the
system of equations solving in line 32 was solved directly using the Cholesky decomposition
instead of using the default MATLAB solver. Finally, some minor tweaks and structural
changes were done to improve performance and code readability.

3.2 C implementation

The authors chose the C programming language because it is much more efficient than
MATLAB and has a better performance, despite being more difficult for the developer.
The C implementation uses the Intel Math Kernel Library (MKL) which implements the
BLAS and LAPACK computational interfaces in a very efficient way for Intel architectures.

The implementation is based on the improved MATLAB implementation and uses all
improvements explained in Section 3.1. In this implementation the weight matrix is stored
in memory as a full matrix, and the atoms in the active set are controlled by a double linked
list of “atoms” for each observation. Each “atom” contains a link to the adjacent active
atoms and the index of that atom in the full matrix in memory. Using this strategy the
algorithm still can compute the sparse products in lines 7 and 23 without the need of finding
the active atoms each time (lines 6 and 22), reducing the computation time needed for the
sparse products. When removing active atoms in line 34 the atom should be removed from
the atom list of observation t.

The second main improvement is that the sparse product on line 23, the computation of
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R2 (line 21), the computation of the gradient (line 29) and the computation of the Hessian
(line 31) have been mixed in a single computation. All these operations use the same data,
so mixing the computations in the proper way diminishes the number of memory accesses
and operations.

Finally, the system of linear equations in line 32 has been solved by mean of the LA-
PACK functions DPOTRF and DPOTRS. The first function computes the Cholesky fac-
torization of a symmetric and positive definite matrix, while the second function uses the
factor computed by DPOTRF to solve a triangular system of linear equations. Note that
the function DPOTRF is threaded inside the MKL library, that means that in a multicore
architecture it will benefit from the multiple cores increasing the algorithm performance.
This function is one of the most costly parts of the algorithm, and this is why we do not
call sequential to the non-parallel implementation.

3.3 Parallel C implementation

The parallel implementation of the ASNA algorithm takes advantage of the data inde-
pendence between all the observations. Due to this, all observations can be processed in
parallel. For the parallel implementation we used the OpenMP pragma“parallel for” for
all loops which iterate along the observations. These loops correspond to lines 4, 7, 18, 19
and 24 . The schedule chosen is dynamic because during the iterative progression of the
algorithm the already converged observations are removed from the computations, so the
thread that tries to compute an already converged observation will skip it. The dynamic
scheduling improves the performance for unbalanced load situations like that.

As said in Section 3.2 the DPOTRF functions is already threaded inside the library,
but in the parallel version is going to be called sequentially for each observation. That fact
will impact the speedup between both versions.

4 Experimental results

The experimental environment consists of a multicore machine with two Intel Xeon E5-
2697 V2 (2,7GHz) with 12 physical cores each and 128 GB RAM. By the software side, the
machine has MATLAB R2015b and the Intel parallel studio 2017 (contains icc v17.0.1 and
MKL v2017) installed. All the test were executed using the 24 cores available.

In all proposed versions the KL divergence value obtained is the same, and equal to the
KL divergence obtained by the original MATLAB implementation. Due to this, we are not
going to evaluate the KL divergence value in this paper.

To keep the same structure of the experiments as in the original ASNA paper [1], all
implementations were tested with three different dictionary sizes (100, 1000 and 10000)
until convergence was achieved. Table 1 shows the execution times of all versions for all
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three dictionary sizes and 130 observations at a time. The times had been obtained by
averaging 100 different executions.

Dictionary size

ASNA algorithm implementation 100 1000 10000

Original MATLAB implementation 1,99 6,23 22,92

Improved MATLAB implementation 1,03 3,93 13,80

C implementation 0,34 1,64 5,96

Parallel C implementation 0,03 0,32 1,75

Table 1: Execution time of each ASNA implementation for different dictionary sizes com-
puting 130 observations (seconds).

5 Discussion

The experimental results show a big improvement in the performance of the algorithms
by using the proposed versions. Furthermore, with the parallel version, we can compute
the whole model for the biggest dictionary analysed in less time than the needed using
the smallest dictionary in the original ASNA version. If only one observation needs to
be computed, due to the internal parallelism of the MKL library , the algorithm will still
benefit from the multicore architecture.

Non-negative sparse representations have recently been used in many audio processing
problems. However, their use in practical applications has been so far limited because
of their high computational complexity. In paper we show that that the computational
complexity of state-of-the-art ASNA algorithm, which itself is significantly faster than the
established EM algorithm, can be reduced by more than 10 times. This makes the algorithm
appealing for real-time applications such as speech enhancement.

In future works deeper tests will be done using bigger dictionaries. Furthermore, due
to the trivial parallelism of the multiple observations model a GPU version of the algorithm
can be implemented to speed up the process even more.
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Abstract

The accuracy of a binary classification test based on a quantitative variable is usually
measured by the total or the partial area under the receiver operating characteristic
(ROC) curve. However, in practice a single cut-off point is used and, therefore, only
the accuracy at that specific point is needed. Two different ways of determining the
optimal cut-off point are the maximization of the Youden’s index and the minimization
of the distance between this point and the ideal point, which corresponds to the absence
of misclassification. In this work a simulation study is performed in order to compare
these measures and highlight the advantages and disadvantages of each procedure.

Key words: Cut-off point, ROC curve, Sensitivity, Specificity, Youden’s index.
MSC 2000: 62P10

1 Introduction

A diagnostic test is performed to achieve a binary classification (e.g. healthy versus infected)
based on the observed value of a quantitative variable. Thus, if this observed value exceeds a
given threshold (the cut-off point), the individual is classified as infected (a positive result).
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Otherwise, he is classified as healthy (a negative result). Unfortunately, almost all tests
may result in misclassification: the occurrence of false negatives and false positive results.
The usual applied measures to evaluate the classification accuracy are the specificity ϕe ,
which corresponds to the probability of getting a negative result from a healthy individual,
and the sensitivity ϕs that is defined as the probability of getting a positive result from
an infected individual. Hence, these probabilities depend on the value considered for the
cut-off point. Furthermore, when applying the same classification test those measures are
inversely correlated, since increasing one of them implies a decrease in the other.

2 The receiver operating characteristic (ROC) curve

The receiver operating characteristic (ROC) curve allows to observe the value of the sensi-
tivity and the specificity when the cut-off point ranges from one end, in which all individuals
are classified as infected, to the other extreme where all individuals are classified as healthy
(i.e., at every possible cut-off point). Thus, the ROC curve represents the set of points with
coordinates (1 − ϕe , ϕs). This curve enables the visualization of the optimal cut-off point
in a test, the evaluation of the test’s accuracy, as well as the comparison of different tests’
performances [3, 4, 9, 16].

The area under the ROC curve (AUC) is usually applied to measure the accuracy of
the binary classification method [3, 4, 9, 10, 16, 18]. Nevertheless, usually only a specific
cut-off point is used, instead of all its possible values. Therefore, methodologies based in
the partial area under the ROC curve (pAUC) were also developed to measure the test’s
accuracy [1, 7, 8, 15]. Hence, in order to only use the values of interest, those measures
use the area under the ROC curve over a range of high specificity (or sensitivity) values to
assess the diagnostic accuracy [5].

In the context of compound tests, in [13, 14] was proposed the use of the probability
φ, which verifies ϕs = ϕe = φ for some cut-off point, to measure the test’s performance. In
the use of count distributions, this value may not exist, therefore, the distance between ϕs

and ϕe shall be minimized and φ = ϕs+ϕe
2 . In fact, this measure can be seen as the use of a

specific point on the ROC curve, the result of its intersection with the straight line ϕs = ϕe .

3 The optimal cut-off point

The choice of the optimal cut-off point is a decision that depends on several factors, such as
the severity of the infection, the risk of not diagnosing the infection, the side effects of the
treatment, among others. Hence, it may be important to decide between having a larger
sensitivity or a larger specificity.

Nevertheless, considering the absence of clinical factors that led to the choice of one of
these measures over the other, the optimal cut-off point can be set by the optimization of
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some criterion. Hence, it can be the value that maximizes the Youden’s index ϕe + ϕs − 1
[2, 6, 12, 17], which also corresponds to the maximization of the sum ϕe + ϕs , or the value
that minimizes the distance to the perfect test

√
(ϕe − 1)2 + (ϕs − 1)2 (minimum distance)

[6, 11]. This last procedure will provide the point on the ROC curve that is the closest to
the ideal case (0, 1).

In fact, in the application of each test, the focus is the evaluation of the accuracy for a
single cut-off point, which shall be the best one for our purposes. Thus, it is indeed critical
to realize if a greater value in the previously mentioned accuracy’s measures guarantee
that the test will generate a better performance at the specific cut-off point used in the
application of the diagnostic test.

4 An accuracy comparison by simulation

A simulation study was performed using the R software in order to compare the differences
between the area and the partial area under the ROC curve as well as the index φ. Moreover,
those results were compared with the obtained accuracy in the application of a specific cut-
off point, namely when this point is determined by the maximum Youden’s index or by
the minimum distance to the ideal case. For the test design, different distributions for the
characterization of the infected and healthy individuals were considered in the simulations,
both discrete and continuous, as well as diverse sample sizes. The main goal is to assess
the association between those accuracy measures and, therefore, to assess whether those
measures are able to evaluate the same criterion of accuracy. Moreover, the advantages and
disadvantages of each measure will be highlighted.
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Abstract

In this work, a new tool, based on The Convergence Plane and other graphical and
complex tools, that allows to study real and complex dynamics of iterative methods
is presented. This tool can be used, inter alia, to find the elements of a family that
have good convergence properties and discard the bad ones or to see how the basins of
attraction change along the elements of the family. The uses and results obtained will
be commented to show the applicability of the tool.

Key words: Mathematics, e-learning, tool
MSC 2000: 65D10, 65D99, 65G99, 90C30

1 Introduction

In this work we are concerned with the problem of teaching advanced mathematics. The
study of iterative methods for solving nonlinear equations is generally complicated for stu-
dents. To give rise to the behavior of the iterates of a method starting on different initial
points we will study the dynamical behavior of an iterative method. The dynamical pro-
perties related to an iterative method applied to polynomials give important information
about its stability and reliability. Most of one-point iterative methods applied to polyno-
mials generate a rational function. Consequently, we will focus our attention on studying
rational functions. One of the main interests in this work is the study of the parameter
spaces associated to families of iterative methods, which allows us to distinguish between
the good and bad methods of the family in terms of its numerical properties.
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2 Basic dynamical concepts
Firstly, we present some dynamical concepts of complex dynamics (see [1, 2, 3, 4, 5, 6, 7]
and the references therein for more information). One of the most common problems in
Mathematics is solving a nonlinear equation f(z) = 0, with f : C → C. The solutions of
theses equations cannot be solved in a direct way, except in very special cases. That is why
most of the methods for solving these equations are iterative. From now on we define a
rational function R : Ĉ→ Ĉ, where Ĉ is the Riemann sphere. Notice that R(z) = P (z)

Q(z) where
P (z), Q(z) are polynomials with complex coefficients without common factors. Moreover,
the degree of a rational function R(z) is defined as the highest degree of P (z), Q(z).

We will analyze the phase plane of the map R by classifying the starting points from
the asymptotic behavior of their orbits.

Definition 1 The orbit of a point z0 ∈ Ĉ is defined as

O(z0) = {z0, R (z0) , R2 (z0) , ..., Rn (z0) , ...}.

In the dynamical study of rational functions, one of the most commonly found problems
is to study the behavior of the orbits of a point z0 ∈ Ĉ. If the orbit converges to some value
it will be a fixed point of the rational function R(z).

Definition 2 A point z0 ∈ Ĉ, is called a fixed point of R(z) if it verifies that R(z) = z.

There exist different types of fixed points depending on its associated multiplier µ =
|R′(z0)|.

Definition 3 Taking the associated multiplier into account a fixed point z0 is called:

• superattractor if |R′(z0)| = 0

• attractor if |R′(z0)| < 1

• repulsor if |R′(z0)| > 1

• parabolic if |R′(z0)| = 1.

The study of ∞ as a fixed point is a little bit different.

Definition 4 ∞ is a fixed point of a rational function R(z) if and only if z = 0 is a fixed
point of the function:

F : z → 1
R(1

z )
.

Moreover, if ∞ is a fixed point of R(z), the associated multiplier of it is µ = F ′(0)
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Consequently,∞ can be attractor or even superattractor. The fixed points of a rational
function are special cases of periodic points which are defined as follows.

Definition 5 A point z0 ∈ Ĉ, is called a periodic point of period p, if Rp(z0) = z0 and
Rn(z0) 6= z0 for each n < p.

Notice that the orbit associated to a periodic point z0 of period n has only n different
terms.

Definition 6 The orbit associated to a periodic point of period n is called an n-cycle.

The multiplier associated to an n-cycle is the same for every point of the cycle

|(Rn)′(z0)| = · · · = |(Rn)′(zn)| = |R′(z0)||R′(z1)| · · · |R′(zn)|.

As the fixed points the cycles can be classified by means of the value of the multiplier
as

• superattractor if |R′(z0)| = 0

• attractor if |R′(z0)| < 1

• repulsor if |R′(z0)| > 1

• and parabolic if |R′(z0)| = 1.

Due to the form of the method, some fixed points can be different to the roots of the
polynomial. These points are called strange fixed points.

Another important concept in the study of iterative methods is the notion of basin of
attraction.

Definition 7 The basin of attraction of an attracting fixed point α is defined as:

A (α) = {z0 ∈ Ĉ : Rn (z0)→α, n→∞}.

On the other hand, it is also important the notion of critical point defined as follows.

Definition 8 Let be R(z) a rational function of degree d. A point w ∈ Ĉ for which the
cardinality of R−1(w) is lower than d, is called critical value of R(z). A point z ∈ R−1(w)
which is a root of R(z)− w of multiplicity greater than 1, is called a critical point of R(z).
Moreover, ∞ is a critical point of R(z) if 0 is a critical point of F (z). The multiplicity of
∞ as critical point of R(z) is the same as the multiplicity of 0 as critical point of F (z).

Remark 1 A point z is a critical point of a holomorphic function p(z) if p′(z) = 0.
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3 Graphical tool
Using all the preceding results we have developed a new tool in which we study the dynamical
behavior of different iterative methods applied to polynomials:

• The authors need to introduce the degree of the polynomial, the coefficients and the
definition of the iterative method the want to study.

• The program, using connections with the programs MATLAB and MATHEMATICA,
gives the polynomial roots, the fixed points and its behavior and the critical points.

• Moreover, the program draws the basins of attraction in a region (which must be
introduced previously by the author), as appears in Figure 1.

• On the other hand, in case of studying a family of methods or a family of polynomials,
the program also draws the parameter planes.

• Even more, the program gives the possibility to study real and complex dynamics.

p(z) = z3 − 1 p(z) = z4 − 1

Figure 1: Dynamical planes for Newton’s method applied to different polynomials.
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Abstract

The purpose of this paper is a generalized strong variant of the Borwein-Preiss vari-
ational principle (see in [11]) for which a strong minimality holds in case the divergent
series of positive numbers underlying a complete metric space, a generalized distance
and a special class of perturbation by following an ideal of Kruger, et al. [9]. Further-
more, our main result extends and strengthens the strong Ekeland and Borwein - Preiss
variational principles on a complete metric space in Georgive [6] and Li and Shi [10],
respectively.

Key words: Banach spaces complete metric spaces Borwein-Preiss variational prin-
ciple strong minimizers

1 Introduction

The Ekeland variational principle (for short, EVP) was discovered by Ekeland in 1974 [4].
There were many generalized and equivalent forms of the Ekeland’s variational principle in
[7, 16, 5, 12, 13, 17, 14]. One of the generalized Ekeland’s variational principles is “the
Borwein-Preiss variational principle” which was introduced by Borwein and Preiss in 1987
[1]. This principle is an important tool in finite dimensional nonsmooth analysis.

A counterpart of the principle subsequently found by Deville, Godefroy and Zizler in
1993 [3] but their result gives no information about the location of the strong minimizer, and
offers no way to identify explicitly a perturbation g in [3]. Later, Li and Shi [10] extended
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the Borwein-Preiss variational principle in case the divergent series of positive numbers to a
complete metric space, and gave a simpler proof of Theorem 2.5. Very recently, Kruger et al.
[9] refine and slightly strengthen the metric space version of the Borwein-Preiss variational
principle due to Li and Shi. Moreover, they also clarify the assumptions and conclusions of
[10] and [2] and streamline the proofs.

On the other hand, Loewen and Wang [11] constructed in the Banach space setting
a special class of perturbations subsuming those used in Theorem 2.5, established strong
minimality in the analogue of (1), and gave its applications. Their result is called “a strong
variant of the Borwein-Preiss variational principle”.

The purpose of this paper is a generalized strong variant of the Borwein-Preiss vari-
ational principle (see in [11]) for which a strong minimality holds in case the divergent
series of positive numbers underlying a complete metric spacee, a generalized distance and
a special class of perturbation by following an ideal of Kruger, et al. [9]. Furthermore, our
main result extends and strengthens the strong Ekeland and Borwein - Preiss variational
principles on a complete metric space in Georgive [6] and Li and Shi [10], respectively.

2 Preliminaries

We note that X is a complete metric space, E is a Banach space, N is the set of
numbers, and R is the set of reals.
Definition 2.1 A function ω : X ×X → [0,∞) is called a w-distance on X if the following
are satisfied:

1.) ω(x, z) ≤ ω(x, y) + ω(y, z) for any x, y, z ∈ X;
2.) for any x ∈ X, ω(x, ·) : X → [0,∞) is lower semicontinuous;
3.) for any ε > 0, there exists δ > 0 such that ω(z, x) ≤ δ and ω(z, y) ≤ δ

imply d(x, y) ≤ ε.
Definition 2.2 [15] Let f : X → R ∪ {+∞}.

a.) A point x̄ ∈ X is said to be a strict minimizer of f if f(x̄) < f(x) for each
x ∈ X,x 6= x̄.

b.) A point x̄ ∈ X is said to be a strong minimizer of f if f(x̄) = infx∈X f(x)
and each minimizing sequence for f is convergent to x̄.

It is clear that each strong minimizer of f is also a strict minimizer. But the converse
is false. For example, the point x̄ = 0 is a strict but not a strong minimizer of the function
f(x) := x2ex on R; notice that each sequence {xn} tending to +∞ as n→∞ is a minimizing
sequence for f . Recall that diam(A) := sup{ω(x, y)|x, y ∈ A} denotes the diameter of the
set A ⊂ X.

Remark 2.3 [15] For ε > 0 let

Σε(f) := {x ∈ X|f(x) < inf
X
f + ε}.
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The functional f has a strong minimizer on X if and only if

inf{diam(Σε(f))|ε > 0} = 0.

Theorem 2.4 Let X be a nonempty complete metric space and ω : X × X → [0,∞) be
a w-distance on X and ω(x, x) = 0 for all x ∈ X. Let Cn be a decreasing sequence of
nonempty closed sets with sup{ω(x, y)|x, y ∈ Cn} → 0. Then the intersection of the Cn
contains exactly one point:

∞⋂
n=1

Cn = {x}

for some x ∈ X.
Proof For each k, let xk ∈ Ck. Since sup{ω(x, y)|x, y ∈ Cn} → 0 the sequence {xk} is
Cauchy sequence. Since X is complete and {xk} is a Cauchy, then we have xk → x for some
x ∈ X. For any n, the subsequence {xn+k} = {x,xn+2, . . .} → x. Since {Cn} is decreasing,
this subsequence is inside the closed set Cn, so x ∈ Cn. Therefore x ∈

⋂∞
n=1Cn. If

x, y ∈
⋂∞
n=1Cn, then ω(x, y) ≤ sup{ω(x, y)|x, y ∈ Cn}. Since sup{ω(x, y)|x, y ∈ Cn} → 0,

we get ω(x, y) = 0. Thus x = y. Hence
⋂∞
n=1Cn = {x}

Theorem 2.5 [1] Let E be a Banach space and f : E → R ∪ {+∞} be a lower semicon-
tinuous function bounded from below. Given ε > 0, λ > 0, p ≥ 1, and z ∈ X satisfying

f(z) ≤ inf
x∈E

f(x) + ε.

Then, there exist a sequence µn > 0, with
∑∞

n=1 µn = 1, and a point v ∈ E, expressible as
the (norm-) limit of some sequence {vn}, such that

f(x) +
ε

λ
4p(x) > f(v) +

ε

λ
4p(v) ∀x ∈ E \ {v}, (1)

where 4p(x) :=
∑∞

n=1 µn‖x − vn‖p. Moreover, ‖x0 − v‖ ≤ λ and f(v) ≤ ε + infx∈E f(x).
When E is a smooth space and p > 1, the perturbation function involved in (1) of the above
theorem is smooth.
Remark 2.6 When p = 1, Theorem 2 essentially recaptures The Ekeland variational prin-
ciple since 41(x)−41(v) ≤ ‖x− v‖.

Theorem 2.7 [A strong variant of the Borwein-Preiss variational principle][11] Let E be a
Banach space, a function f : E → R∪ {+∞} be a lower semicontinuous, ε > 0, and x0 ∈ E
be such that

f(x0) < inf
x∈E

f(x) + ε.

Assume that {µn}∞i=0 ∈ (0, 1) is a decreasing sequence with
∑
µn < +∞, and ρ : E →

[0,+∞) is a continuous function satisfying

ρ(0) = 0, and η := sup{‖x‖ : ρ̄(x) < 1} < +∞. (2)
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Then, there exist a sequence {vn} in E and a function ρ∞ such that limi→∞ vn = v ∈ X
satisfies

(i) ρ̄(x0 − v) < 1,
(ii) f(v) + ερ∞(v) ≤ f(x0), and
(iii) v is a strong minimizer of f + ερ∞.

3 A generalized strong Borwein-Preiss variational principle
in a complete metric space

Now, we introduce a perturbation by shifting and scaling a given continuous function
ρ : ω(X ×X)→ [0,+∞) on which satisfies for every x ∈ X, and λ > 0

ρ(ω(x, x)) = 0 and η := sup
(x,v)∈(X×X)

{ω(x, v) : ρ(ω(x, v)) < λ} < +∞, (3)

and set

ρ∞(x, {vi}) :=

∞∑
i=0

µi(i+ 1)ρ(ω(x, vi)) (4)

where for scalars µi ∈ (0, 2) and {vi}∞i=0 ⊂ X.
The following theorem is a generalized strong Borwein-Preiss variational principle in

case the series
∑∞

i=0 µi is diverges underlying a complete metric space, generalized distance
and special class of perturbation.

Theorem 3.1 Let (X, d) be a complete metric space, ω be a w-distance with ω(x, x) = 0
such that t · ω(X ×X) ⊆ ω(X ×X) for all t ∈ N, a function f : X → R∪ {+∞} be a lower
semicontinuous, x̄ ∈ X, and ε > 0 be such that

f(x̄) < inf
x∈X

f(x) + ε.

Suppose that ρ : ω(X ×X) → [0,+∞) is a continuous function define as in (3). Then for
any λ > 0 and decreasing sequence {µi}∞i=0 in (0, 2), there exist a sequence {vi} in X and
a function ρ∞ of the form (4) such that limi→∞ vi := v ∈ X satisfies

(i) ρ(ω(x̄, v)) < λ/µ0, (i+ 1)ρ(ω(v, vi)) < λ/2iµ0 (i = 1, 2, . . .);
(ii) the series

∑∞
i=0 µi(i+ 1)ρ(ω(v, vi)) is convergent and

f(v) + ερ∞(v, {vi}) ≤ f(x̄), (5)

and v is a strong minimizer of f + ερ∞ on X.
In particular case, if there exists N ∈ N such that µi = 0 for all
i ≥ N , then

f(v) + ε

N−1∑
i=0

µi(i+ 1)ρ(ω(v, vi)) ≤ f(x̄), (6)
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and v is a strong minimizer of f + ερN−1 on X.

Proof Define sequences {vi}∞i=0, {fi}∞i=0, {Si}∞i=0, and {µi}∞i=0 is decreasing sequence, in-
ductively starting with v0 = x̄, f0 = f, and f1(x) := f0(x) + ε(µ0 + 1)ρ(ω(x, v0)). By our
assumption, we have f0(v0) < infx∈X f0(x) + ε. Note that infX f1 ≤ f1(v0) = f0(v0). If
infX f1 = f1(v0) = f0(v0), we let v1 := v0. If infX f1 < f1(v0), it follows by the definition
of the infimum that there exists v1 ∈ X such that

f1(v1) < inf
X
f1 +

λ(µ1 + 1
2)

22(µ0 + 1)
(f0(v0)− inf

X
f1)

=
λ(µ1 + 1

2)

22(µ0 + 1)
f0(v0) + (1−

λ(µ1 + 1
2)

22(µ0 + 1)
) inf
X
f1

< f0(v0).

Set

S0 := {x ∈ X|f1(x) ≤ f1(v1) +
λ(µ0 + 1)ε

21(µ0 + 1)
}. (7)

Obviously, v1 ∈ S0. Since the function f1 is lower semicontinuous, we get S0 is closed. Thus,
by induction, we have

inf
X
fi+1 ≤ fi+1(vi) = fi(vi), (8)

and

fi+1(x) := fi(x) + εµ̄i(i+ 1)ρ(ω(x, vi)),∀x ∈ X, (9)

where µ̄i := µi + 1
i+1 for any i = 0, 1, 2, . . .. Therefore, vi+1 can be chosen satisfying

fi+1(vi+1) ≤ λµ̄i+1

2i+2µ̄0
fi(vi) + (1− λµ̄i+1

2i+2µ̄0
) inf
X
fi+1 ≤ fi(vi), (10)

and

Si := {x ∈ X|fi+1(x) ≤ fi+1(vi+1) +
λµ̄iε

2i+1µ̄0
}. (11)

Since fi+1 is lower semicontinuous, the set Si is closed. Moreover, Si is nonempty as
vi+1 ∈ Si. Since µ̄i+1 is a strictly decreasing sequence, fi+1 ≥ fi, it follows by (10) that

fi+1(vi+1)− inf
X
fi+1 ≤

λµ̄i+1

2i+2µ̄0
(fi(vi)− inf

X
fi+1) ≤ fi(vi)− inf

X
fi. (12)

We have Si ⊆ Si−1 for all i = 1, 2, . . .. In fact, if x ∈ Si, then we note by (10) that

fi(x) ≤ fi+1(x) ≤ fi+1(vi+1) +
λµ̄iε

2i+1µ̄0
≤ fi(vi) +

λµ̄i−1ε

2i+1µ̄0
(13)

c©CMMSE ISBN: 978-84-617-8694-7Page 1896 of  2288



A generalized strong Borwein-Preiss variational principle in a complete metric space

and therefore x ∈ Si−1. We will show that diam(Si) → 0 as i → ∞. Since fi−1 ≤ fi, it
follows by (10) (with i replaced by i− 1) that

fi(vi)− inf
X
fi ≤

λµ̄i
2i+1µ̄0

(fi−1(vi−1)− inf
X
fi)

≤ λµ̄i
2i+1µ̄0

(fi−1(vi−1)− inf
X
fi−1) <

λµ̄iε

2i+1µ̄0
. (14)

The last < follows from (12) and f0(v0)− infX f0 = f(x̄)− infX f < ε. Now, let x ∈ Si. By
the definitions of Si and fi+1, we obtain

µ̄iε(i+ 1)ρ(ω(x, vi)) ≤ fi+1(vi+1)− fi(x) +
λµ̄iε

2i+1µ̄0

≤ fi+1(vi+1)− inf
X
fi +

λµ̄iε

2i+1µ̄0
. (15)

By (15) with fi+1(vi+1) ≤ fi(vi) and (14), it can conclude that

(i+ 1)ρ(ω(x, vi)) <
λ

2iµ̄0
< λ, ∀i = 0, 1, 2, . . . (16)

The hypothesis (3) therefore implies

(i+ 1)ω(x, vi) ≤ η ⇒ ω(x, vi) ≤
η

i+ 1
(17)

and so diam(Si) ≤ 2η
i+1 → 0 as i → ∞. By theorem 2, we note that

⋂∞
i=0 Si contains

exactly one point, say v. For each i, we have vi+1 ∈ Si and v ∈ Si. Hence ω(vi+1, v) → 0
as i → ∞. Moreover, by setting x = v in (16), we have ρ(ω(x̄, v)) < λ

µ̄0
when i = 0 and

(i+ 1)ρ(ω(v, vi)) <
λ

2iµ̄0
for every i = 1, 2, . . .. Therefore (i) holds.

We now define

S̃i := {x ∈ X|fi+1(x) ≤ fi+1(vi+1)} ∀i = 0, 1, 2, . . . . (18)

(ii) Since fi+1 ≥ fi and fi+1(vi+1) ≤ fi(vi), we have S̃i ⊆ S̃i−1. Moreover, we note
that each S̃i is a nonempty closed subset of Si. By theorem 2, we have

⋂∞
i=0 S̃i = {v}. This

together with fi+1(vi+1) ≤ fi(vi) implies

fn(v) ≤ fn(vn) ≤ fi(vi) ≤ f0(v0) = f(x̄), ∀n > i. (19)

From (9), we have

fn(x) = f(x) + ε

n−1∑
j=0

µ̄j(j + 1)ρ(ω(x, vj)), x ∈ X. (20)
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According to (19) and (20), we get

n∑
j=0

µj(j + 1)ρ(ω(v, vj)) <
n−1∑
j=0

µ̄j(j + 1)ρ(ω(v, vj))

=
fn(v)− f(v)

ε

≤ f(x̄)− f(v)

ε
, (21)

for every n ∈ N. This implies that
∑∞

j=0 µj(j+1)ρ(ω(v, vj)) is convergent. By the definition
of ρ∞ and (20), we conclude that

f(v) + ερ∞(v, {vj}) = lim
n→∞

fn(v) ≤ fi(vi) ≤ f(x̄). (22)

Hence, the condition (5) holds. Let f̃ := f + ερ∞.
We are going to show that Σ ελµ̄i

2i+1µ̄0

(f̃) ⊆ Si for each i. Suppose that x ∈ Σ ελµ̄i
2i+1µ̄0

(f̃).

From (20) and (22), we have

fi+1(x) ≤ f̃(x) ≤ f̃(v) +
ελµ̄i

2i+1µ̄0
≤ fi+1(vi+1) +

ελµ̄i
2i+1µ̄0

. (23)

This implies that x ∈ Si and therefore Σ ελµ̄i
2i+1µ̄0

)
(f̃) ⊆ Si for each i. Moreover, it follows from

diam(Si)→ 0 as i→ 0 and Σ ελµ̄i
2i+1µ̄0

(f̃) ⊆ Si that

lim
i→∞

diam(Σ ελµ̄i
2i+1µ̄0

(f̃)) = 0 (24)

Since the sequence µ̄i is strictly decreasing, it follows that the sequence of the closed sets
Σ ελµ̄i

2i+1µ̄0

(f̃) is strictly decreasing. Hence, by the Cantor’s intersection theorem,
⋂∞
i=0 Σ ελµ̄i

2i+1µ̄0

(f̃) =

{v}. Moreover, it follows from remark 2 that v is a strong minimizer of f̃ . Therefore, we
can conclude that (ii) is true. In particular case, if there exists N ∈ N such that µi = 0 for
all i ≥ N , then

f(v) + ε

N−1∑
i=0

µi(i+ 1)ρ(ω(v, vi)) ≤ f(x̄), (25)

and v is a strong minimizer of f + ερN−1 on X.
When reduced to Banach spaces, it extends and strengthens the strong variant of

Borwein-Preiss variational principle on Banach spaces in Loewen and Wang (Theorem 2.7).
Corollary 3.2 Let E be a Banach space, a function f : E → R ∪ {+∞} be a lower
semicontinuous, ε > 0, and x̄ ∈ E be such that

f(x̄) < inf
x∈E

f(x) + ε.
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Assume that for any λ > 0, {µi}∞i=0 ∈ (0, 2) is a decreasing sequence, and ρ̄ : E → [0,+∞)
is a continuous function satisfying

ρ̄(0) = 0, and η := sup{‖x‖ : ρ̄(x) < λ} < +∞. (26)

Then, there exist a sequence {vi} in E and a function ρ∞ such that limi→∞ vi := v ∈ X
satisfies

(i) ρ̄(x̄− v) < λ/µ0, (i+ 1)ρ̄(v − vi) < λ/2iµ0 (i = 1, 2, . . .);
(ii) the series

∑∞
i=0 µiρ̄((i+ 1)v − vi) is convergent and

f(v) + ερ∞(v) ≤ f(x̄), (27)

and v is a strong minimizer of f + ερ∞ on E.
In particular case, if there exists N ∈ IN such that µi = 0 for all
i ≥ N , then

f(v) + ε
N−1∑
i=0

µiρ̄((i+ 1)v − vi) ≤ f(x̄), (28)

and v is a strong minimizer of f + ερN−1 on E.
Proof Setting

ρ(ω(x, y)) := ρ̄(x− y), and η := sup
(x,v)∈X×X

{ω(x, v) | ρ(ω(x, v)) < λ} (29)

for any x, y ∈ E. Note that

sup
(x,v)∈X×X

{ω(x, v) | ρ(ω(x, v)) < λ} = sup
(x,−v)∈X×X

{‖x− v‖ | ‖x− v‖ < λ}

= sup
u∈X
{‖u‖ | ρ̄(u) < λ}

= η < +∞.

Then, by Theorem 3.1, we conclude that (i) and (ii) hold.
Next, we give an example for illustrating our main result (Theorem 3.1).

Example 3.4 Let X = (−∞,−1] ∪ [1,+∞) and f : X → R+ be a lower semicontinuous
function defined by

f(a) := a2, ∀a ∈ X. (30)

Let ε = 1
2 , λ = 1, and x̄ ∈ X. Assume that ρ : ω(X×X)→ [0,+∞) is a continuous function

defined by
ρ(ω(b, c)) := ω(b, c) =|| b | −c | forall b, c ∈ X. (31)

By Theorem 3, for any decreasing sequence {µi}∞i=0 in (0, 2), there exists a sequence

{vi}∞i=0 ∈ X which vi =
√
x̄2 − 1

2 + λ
2iµ0(i+1)2 converges to some v =

√
x̄2 − 1

2 in X such

that

ρ(ω(x̄, v)) = ω(x̄,

√
x̄2 − 1

2
) =|| x̄ | −

√
x̄2 − 1

2
|< 1. (32)
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Suppose that µi = 1
i+1 for any i = 0, 1, 2, . . ., we have

(i+ 1)ρ(ω(v, vi)) = ω(v, vi) = (i+ 1) | − 1

2i(i+ 1)2
|< 1

2i
. (33)

Next, we consider

f(v) + ερ∞(v, {vi}) = (

√
x̄2 − 1

2
)2 + ε

∞∑
i=0

1

(i+ 1)
(i+ 1)ρ(ω(v, vi))

≤ x̄2 − 1

2
+

1

2
= f(x̄).

Let f̃ := f + ερ∞. For every x̄ ∈ X, we get

f(v) + ερ∞(v, {vi}) ≤ f(x̄) + ερ∞(x̄, {vi}). (34)

Thus infX f̃ = f̃(v). From (34), we obtain that for any x ∈ X with x 6= v,

f(v) < f(x) + ε[ρ∞(x, {vi})− ρ∞(v, {vi})]

= f(x) + ε
∞∑
i=0

µi(i+ 1)(ω(x, vi)− ω(v, vi))

= f(x) + ε

∞∑
i=0

µi(i+ 1)(|| x | −vi | − || v | −vi |)

≤ f(x) + ε

∞∑
i=0

µi(i+ 1) || x | −v |

= f(x) + ε
∞∑
i=0

µi(i+ 1)ω(x, v). (35)

Since limi→∞ f̃(vi) = f(v) and inequality (35), it follows that f̃(vi) converges to f̃(v) as
i → ∞. By Theorem 3, we have vi → v as i → ∞. Hence, we can conclude that a point v
is a strong minimizer of f̃ . In particular case, if there exists N ∈ N such that µi = 0 for all
i ≥ N , then

f(v) + ε
N−1∑
i=0

µi(i+ 1)ρ(ω(v, vi)) = (

√
x̄2 − 1

2
)2 + ε

N−1∑
i=0

1

(i+ 1)
(i+ 1)ρ(ω(v, vi))

≤ x̄2 − 1

2
+

1

2
= f(x̄).

and v is a strong minimizer of f + ερN−1 on X.
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Remark 3.5 In the result of Theorem 3.1, it can cover the Borwein-Preiss smooth ε−variational
principle in [10] by setting

p ≥ 1, ε :=
ε

λp
, µi :=

1

2i+1(i+ 1)
and ρ(ω(a, b)) := ω(a, b)p (36)

with ω(x, x) = 0.
The next corollary gives some direct consequences of the result of Theorem 3.1 when

there exists N ∈ N such that µ̄i = 0 for any i ≥ N
Corollary 3.6 Suppose all the assumptions of Theorem 3.1 and (36) are satisfied. Then
there exist v and {vi}∞i=0 are a point and a sequence guaranteed by Theorem 3.1 such that

f(v) +
ε

λp
⊕p (v) ≤ f(x̄) (37)

and
f(v) +

ε

λp
⊕p (v) < f(x) +

ε

λp
⊕p (x), ∀x ∈ X \ {v}, (38)

where ⊕p(x) =
∑N−1

i=0
1

2i+1ω(x, vi)
p and ω(x, x) = 0.

Remark 3.7 Applying the result of Theorem 3.1 by setting

ε :=
ε

λ
, ρ(ω(a, b)) := ω(a, b), and µi :=

1

2i+1(i+ 1)
. (39)

Looking at the result of Theorem 3.1 (If v is a strong minimizer of f + ερ∞ on X, then v
is a strict minimizer of f + ερ∞ on X), we get that for every x 6= v

f(v) < f(x) + ε[ρ∞(x, {vi})− ρ∞(v, {vi})]

= f(x) +
ε

λ

∞∑
i=0

1

2i+1
(ω(x, vi)− ω(v, vi))

≤ f(x) +
ε

λ
(| x− vi | − | v − vi |)

≤ f(x) +
ε

λ
(| x− v |)

= f(x) +
ε

λ
ω(x, v). (40)

For any sequence vi satisfying limi→∞(f(vi) + ε
λω(v, vi)) = f(v) and inequality (40), it

implies that f(vi) + ερ∞(vi, {vi}) → f(v) + ερ∞(v, {vi}) as i → ∞. By Theorem 3.1, we
have vi → v as i→∞. Therefore, v is a strong minimizer for f + ε

λω(·, v).
We can establish a corollary which extends and strengthens a result of Georgiev in a

complete metric space [6].
Corollary 3.8 Let (X, d) be a complete metric space, f : X → R ∪ {+∞} be a lower
semicontinuous bounded below, ε > 0, and z ∈ X. Suppose that

f(z) < inf
x̄∈X

f(x̄) + ε.

c©CMMSE ISBN: 978-84-617-8694-7Page 1901 of  2288



Thidaporn Seangwattana and Somyot Plubtieng

Then for every λ > 0, there exists v ∈ Bλ(z) is a strong minimizer for the function x 7→
f(x) + ε

λω(x, v).
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Abstract

Polyhedron representation is widely used in the field of static analysis by abstract
interpretation, to express the invariant of program. These invariants are used to verify
the safety of programs. The used of the polyhedron invariant makes the analysis very
expressiveness but also very time consuming. The idea is to find a good trade off
between the expressiveness and the time execution. For that, we propose in this article
an optimisation method to over-approximate the polyhedron invariant by minimizing
the loss of precision.

Key words: Optimisation problem, Polyhedral representation, Static Analysis.

1 Introduction

Static analysis aims at automatically analysing computer program behaviours, without
actually executing programs. As a representative example, the numerical safety of a program
can be verified by computing the set of values that the variables of the program can reach
during its execution, taking into account all possible program inputs. The set is known as
the invariant of the program. The goal is to be able to declare at the end of the analysis
that nothing bad, caused by the numerical variables, will happen, like for example
No division by zero or also No overflow.

Abstract interpretation is a widely-used and efficient approach in static analysis. The
main advantage of this approach lies in the fact that it allows designing sound static anal-
yser based on the notion of abstract domains. The latter can be seen as a mathematical
representation of the program behaviours, which must be easily manipulated and stored in
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computer memory. Once the type of the abstract domains is fixed, a sequence of (abstract)
semantics is used to interprete the program. The semantics must be chosen in accordance
with the abstract domains in order to easily manipulate them. The program behaviour,
i.e., the set of values that all the program variables can possibly reach, can then be over-
approximated by the least fixed-point of the monotone map on the abstract domain defined
by the (abstract) semantics of the program [5, 3]. Using Tarski’s theorem [15], this fixed-
point can be computed as the limit of the iterates of the monotone map starting from the
least element.

Unfortunately, due to the over-approximation, an affirmative answer to the numerical
safety is not always possible because the over-approximation can possibly add some false
alarms. Therefore, in the case where the static analysis returns bugs, it is impossible to
know if these bugs are false alarms or not. So, the analysis answer will be We don’t know.
The important point to note here is that the quality of the analysis depends on the quality
of the chosen abstract domain. However, the quality of an abstract domain is defined by
two parameters: the amount of approximation added to the corresponding concrete element
and the efficiency of its operators (the semantics). In other words, this quality is controlled
by both the complexity and accuracy of the computation.

A common example of abstract domain is a polyhedral over-approximation of the set of
values that program variables can take. For example, the abstract domain of a one-variable
(x) program can be an interval [minx,maxx] where minx (maxx) is the minimal (maximal)
value that the variable x can take, though not all the values in [minx,maxx] are reached
in the program. More generally, polyhedron abstract domain [4] is defined by a conjunction
of linear constraints of the form

m⋂
i=1

{x ∈ Rn : 〈ai, x〉 6 bi}, (1)

where 〈·, ·〉 denotes the standard inner product, x ∈ Rn represents the n variables of the
program and {a1, · · · , am} ⊂ Rn and {b1, · · · , bm} fully define the abstract domain.

On one hand, the polyhedral abstract domain returns invariants which express a large
set of properties. On the other hand, this expressiveness makes the analysis more complex
and expensive: it has worst-case exponential space and time complexity. A lot of efforts
have been made to find a good trade-off between expressiveness and efficiency. In [2], a
fast version of the polyhedral abstract domain is defined, to decrease the complexity of the
analysis. A decomposed version of the polyhedron in used instead of the complete one.
To reduce the expressiveness of the analysis new domains have been developed, which allow
to express only a certain kind of linear relations between variables. These domains are known
as the weakly relational abstract domains [8, 10, 12, 7, 14]: for example, the octagon abstract
domain [10] encodes relations of the form ±x± y 6 c for c ∈ R. In [14], authors define an
abstract domain based on supporting functions. The corresponding analysis uses templates,
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which represent a set of directions uniformly distributed on the unit sphere. More precisely,
the vectors {ai} in (1) are chosen from the unit sphere and the scalars {bi} are determined
by the analysis. Indeed, the analysis in [14] computes the templates abstraction of the
least fixed point obtained using the polyhedral analysis, which means that the accuracy
of this analysis depends strongly on the chosen templates. The authors in [13] propose a
novel technique to define a relevant template using the principal components analysis. They
combine this technique with the abstract domain defined in [14] to improve its accuracy.
To be efficient, the cardinality of the obtained template should be as big as possible. The
bottleneck is that the number of constraints m can be so large that the computation and
analysis of the resulting polyhedron (1) can be very expensive. Moreover, the number of the
linear constraints increases during the analysis, while a minimal representation should be
maintained to perform the analysis. For that, the redundancy of each constraint is checked
by solving a linear programming problem, which makes the analysis very time consuming.
In [9], authors present method to decrease the complexity of the redundancies elimination
process by reducing the number of LP problem solved. For that, the method of raytracing
is used.

In this paper, we propose a method to reduce the number of linear constraints used
to describe the polyhedron while trying to minimize the loss of accuracy. More precisely,
given a polyhedral invariant in the form of (1), we want to find {i1, · · · , ik} ⊂ {1, · · · ,m}
to over-approximate the polyhedral invariant (1) as follows:

m⋂
i=1

{x ∈ Rn : 〈ai, x〉 6 bi} '
k⋂

j=1

{x ∈ Rn : 〈aij , x〉 6 bij}. (2)

Here k is a number smaller than m. In principle it should be chosen in accordance with 
the memory limit. The idea is to delete those constraints which constribute the least to the 
computation of the polyhedron. For this purpose, we randomly generate witness points on 
the boundary of the polyhedron and define distance functions between the witness points

and the halfspaces {x ∈ Rn : 〈ai, x〉 6 bi}. We then formulate a k-median problem, where k 
is the number of inequalities that we want to maintain, and solve the k-median problem by 
Jain and Vazirani’s approximation algorithm. The output of the optimization algorithm is 
directly related to k halfspaces, the intersection of which is the overapproximation of the 
original polyhedron. Afterwards, this method is used as a substitution method of the 
redundancies elimination process in the case of static analysis by abstract interpretation, 
to increase its efficiency.
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2 Polyhedron over-approximation

2.1 Problem formulation

Let {a1, . . . , am} ⊂ Rn, {b1, . . . , bm} ⊂ R and P ⊂ Rn be the polyhedron defined as the
intersection of m halfspaces:

P :=

m⋂
i=1

{x ∈ Rn : 〈ai, x〉 6 bi} , (3)

where 〈·, ·〉 denotes the standard inner product in Euclidean space. We assume throughout
the paper that P is bounded and has nonempty interior. In addition, we assume that
‖ai‖ :=

√
〈ai, ai〉 = 1 for all i ∈ [m]. Fix some k ∈ [m] := {1, · · · ,m}. Let S ⊂ [m] be a

subset of cardinality k. Associated with S we define a new polyhedron Q(S):

Q(S) :=
⋂
i∈S
{x ∈ Rn : 〈ai, x〉 6 bi} , (4)

obtained by removing all the linear constraints not in S. Then Q(S) gives an overapprox-
imation of P , defined as the intersection of k halfspaces. We give a simple illustration in
Figure 2.1. The polytope Q(S) shown in Figure 1(b) is obtained by removing the three
dashed faces of the polygon P given in Figure 1(a).

(a) Polygon P (b) Polygon Q(S) (c) Polygon Q(S)

Figure 1: Example

The approximation error can be measured through the volume difference between Q(S)
and P . More precisely, let vol(A) denote the volume of a polyhedron A, then the volume
difference between Q(S) and P is given by vol(Q(S))−vol(P ). In the example of Figure 2.1,
the volume difference between the polygon Q(S) and P is the volume of the region filled in
green in Figure 1(c). Given two subsets S1 and S2 of cardinality k, Q(S1) is preferrable to
Q(S2) if vol(Q(S1)) 6 vol(Q(S2)). The “best” approximation of P is then the polyhedron
with minimum volume associated with a subset with cardinality k. In other words, we need
to solve the following combinatorial optimization problem:

min
S⊂[m]
|S|=k

vol(Q(S))− vol(P ). (5)
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Although the solution of optimization problem (5) returns the best overapproximation
in terms of minimum volume difference, we will not attempt to solve it directly. In fact,
even the volume computation is known to be a #-complete problem [6]. Instead, we will
formulate in the following a discrete approximation of (5), which can be solved to some
extent by polynomial-time algorithms.

2.2 Distance functions

For each j ∈ [m] we define the hyperplane

Hj := {x ∈ Rn : 〈aj , x〉 = bj} .

The boundary of P is the set of points in P which intersect with at least one hyperplane,
i.e.,

bd(P ) =
m⋃
i=1

(
P
⋂
Hi

)
.

For any x ∈ bd(P ) and j ∈ [m], define the projection operator:

Πj(x) := arg min{‖x− y‖ : y ∈ Hj}.

That is, Πj(x) is the point on the hyperplane Hj which is closest to x. Now we define the
projective distance of x to the hyperplane Hj as follows:

pj(x) := ‖x−Πj(x)‖.

It is easy to check that:

pj(x) = bj − 〈aj , x〉, j ∈ [m], x ∈ bd(P ).

The relative interior of bd(P ) is the set of points in P which intersects with exactly one
hyperplane, i.e.,

ri(bd(P )) =
m⋃
i=1

P⋂Hi\

⋃
j 6=i

Hj

 .

Therefore, for x ∈ ri(bd(P )), there is a unique index i ∈ [m] such that x ∈ Hi. For any
j ∈ [m], we then define the inverse projection operator as follows:

Π−1j (x) := {y ∈ Hj : Πi(y) = x}.

That is, Π−1j (x) is the point in Hj whose projection onto the hyperplane Hi is x. For any
x ∈ ri(bd(P )) and j ∈ [m], we define the inverse projective distance δj(x) as follows.

δj(x) := ‖x−Π−1j (x)‖.
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It can be checked that:

δj(x) :=
bj − 〈aj , x〉

max (〈ai, aj〉, 0)
, j ∈ [m], x ∈ ri(bd(P )) ∩Hi. (6)

Since ‖ai‖ = 1 for any i ∈ [m], we clearly have

δj(x) > pj(x) > 0, ∀x ∈ ri(bd(P )), j ∈ [m]. (7)

In Figure 2.2 we give an illustration of the projective distance p·(·) and the inverse projective
distance δ·(·). Note that the blue point in Figure 2(a) is the projection of the red point
onto the hyperplane which contains the blue point. The red point in Figure 2(b) is the
projection of the blue point onto the hyperplane which contains the red point.

•
•

(a) blue=Πj(red)

••
(b) blue=Π−1

j (red)

Figure 2: Illustration of projection and inverse projection operators.

2.3 Volume difference approximation

The normal cone to P at x ∈ P can be written as [11, Theorem 6.14]:

NP (x) =

{
m∑
i=1

yiai : yi > 0, yi(〈ai, x〉 − bi) = 0, ∀i ∈ [m]

}
. (8)

As an illustration, the normal cone of the polygon P in Figure 1(a) is the region filled with
blue lines in Figure 3(a). Now define

O(S) = Q(S)\

 ⋃
x∈Fn−2(P )

{x+NP (x)}

 ,

where Fn−2(P ) denotes the set of faces with dimension n − 2. We give in Figure 3(c) an
illustration of O(S).

Proposition 1. We have

vol(O(S)\P ) =

∫
ri(bd(P ))

min
j∈S

δj(x)dx (9)
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(a) N(P ) (b) Q(S) (c) O(S)

Figure 3: Illustration of the normal cones and O(S).

Remark 1. The integration in (9) can be decomposed into the sum of integrations over faces
of P , each of which is reduced to a standard integration on a compact domain in Rn−1.

The proof of Proposition 1 is omitted due to the page limit. We propose to approximate
problem (5) as follows:

min
S⊂[m]
|S|=k

∫
bd(P )

min
j∈S

d(j, x)dx (10)

where the integral d(j, x) can be replaced by the projective distance pj(x) or the inverse
projective distance δj(x). Note that by (7), we have:∫

bd(P )
min
j∈S

pj(x)dx 6
∫
ri(bd(P ))

min
j∈S

δj(x)dx 6 vol(Q(S)\P ). (11)

2.4 Integration approximation

To obtain an approximation of the integration in (10), we propose to generate a discrete set
X of “representative” points and approximate as follows:∑

x∈X
min
j∈[m]

dj(x) '
∫
bd(P )

min
j∈[m]

dj(x) (12)

A natural choice of X appears to be a subset of points uniformly distributed over bd(P ).
For this purpose, we apply the running shake and bake algorithm introduced in [1].

2.5 k-median problem

Let X be a discrete subset of P and d(·, ·) : [m] × Rn → R+ be a distance function. We
propose to solve the following discrete approximation problem of (5).

min
S⊂[m]
|S|=k

∑
x∈X

min
j∈S

d(j, x). (13)
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In view of the previous discussion, we know that if X approximates the uniform distri-

bution over bd(P ) and d(·, ·) is either the projection distance p·(·) or the inverse projection 
distance δ·(·), then (13) provides an approximation of the original problem (5).

We recognize in (13) the k-median problem. Indeed, here we identify the discrete set 
X as cities and the hyperplanes H1, · · · , Hm as facilities and the distance between a city x ∈ 
X and a facility Hj is d(j, x). We then apply the algorithm of Jain and Vazirani , designed for 
approximately solving k-median problems in polynomial time.

3 Numerical Experiments

To show the efficiency of our optimisation method, we use it in the field of static analysis 
by abstract interpretation to improve the analysis process. Especially, when the analysis is 
performed using the polyhedra abstract domain, this is known as the polyhedral analysis. 
Our optimisation method is applied to decrease the complexity of the polyhedral analysis, 
by over-approximating the obtained polyhedron fixed-point.

We include the optimisation method in our static analyser, then we apply it to analyse 
several programs. The used programs contain a number of stable linear systems and digital 
filters, known to be hard to analyse using the polyhedral analysis. The experimentations 
are done on 2.4GHZ Intel Core2 Duo laptop, with 8Gb of RAM. To show the quality of 
the obtained over-approximation, we used Matlab 1 to compute the volume of the obtained 
polyhedra. The results are summarised in Table 1. Table 1 shows the volume of the initial 
polyhedron, it is the polyhedron obtained using the polyhedral analysis. The volume of the 
over-approximated polyhedron is given using two metrics the projective distance and the 
inverse projective one. It is the polyhedron obtained using the polyhedral analysis mixed 
with the optimisation method. Note that, N represents the number of constraints of the

initial polyhedron. And K 6 N is the number of constraints of the over-approximated 
polyhedron. We have also that |V | is the number of programs variables, we use its to show 
the scalability of our method. The results of Table 1 show that the optimisation method, 
in the most of cases, does not add a big amount of over-approximation. To illustrate the 
precision of our analysis, we display on Figure 4 and Figure 5 the result given in Table 1 
for, respectively, the example filter2 and Harmonic oscillator. Note that, figures are 
given in dimension 2. The results of the polyhedral analysis, given by the red polyhedra, 
and the one obtained using the polyhedral analysis with the optimisation method, is given 
by the blue polyhedra. Note that, the red polyhedra are contained into the blue polyhedra, 
this shows the quality of the invariant we compute.

1https://mathworks.com/products/matlab.html
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double input ( ) {
double u = 1 0 . 0 ;
double l = 0 . 0 ;
return ( rand ( )/RAND MAX)∗ ( u−l )+ l ;

}

void main ( ) {
double xn , yn , ynm1 , ynm2 ;
xn=xnm1=xnm2=yn=ynm1=ynm2=0;
int i =0;
while ( i <4000) {

yn=xn+0.5∗ynm1−0.45∗ynm2 ;
ynm2=ynm1 ; ynm1=yn ;
xn = input ( ) ;

}}

Figure 4: (Left)The body of the program called Filter2.(right top) The red polyhedron is
the post fixed point obtained using polyhedral analysis and the blue polyhedron is the one
obtained using the optimisation method with the projective distance. (right bottom) The
red polyhedron is the post fixed point obtained using polyhedral analysis and the green
polyhedron is the one obtained using the optimisation method with the inverse projective
distance.
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double input ( ) {
double u = 1 . 0 ;
double l = 0 . 0 ;
return ( rand ( )/RAND MAX)∗ ( u−l )+ l ;

}

void main ( ) {
double x , xn , y , yn ;
xn=input ( ) ;
yn=input ( ) ;
x=y=0;
int i =0;
while ( i <10000){

x = 0.95 ∗xn + 0.09975 ∗ yn ;
y = −0.1 ∗ xn + 0.95 ∗ yn ;
xn = x ;
yn = y ;

}}

Figure 5: (Left)The body of the program called Harmonic oscillator.(right top) The red
polyhedron is the post fixed point obtained using polyhedral analysis and the blue polyhe-
dron is the one obtained using the optimisation method with the projective distance.(right
bottom) The red polyhedron is the post fixed point obtained using polyhedral analysis and
the blue polyhedron is the one obtained using the optimisation method with the inverse
projective distance.
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Table 1: Table of volumes of the obtained polyhedra.

Program The initial polyhedron The over-approximated polyhedron

Name |V | N volume K Inverse Projective Projective

filter2 4 332 35.91 221 39.03 36.62
Linear quadratic gaussian 7 398 628.14 265 851.149 685.78
Observer based controller 10 500 10796.84 333 11389.06 14710.72
Butterworth low pass filter 9 542 3293.69 361 4434.05 4286.32
Dampened oscillator 4 332 31.78066 221 36.6896 41.74
Harmonic oscillator 6 332 243.07 221 272.71 300.58
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Abstract

A universal method for generating continuous random variables (rv’s) with un-
bounded range and infinite-valued discrete rv’s is presented.The validity of the method
is proved . It is shown in some detail how the method can be implemented for generat-
ing unimodal continuous rv’s. Theorem that enables one estimate the efficiency of the
unimodal version of the presented method is formulated.

Key words: random veriable generation,ziggurat algorithm, unimodal distribution

1 Introduction

A new efficient method named acceptance tail (AT) for generating rv’s is presented in the
paper. Different versions of the AT method have been developed: a discrete version, a mul-
tivariate continuous version, a multimodal univariate continuous version and the univariate
unimodal continuous version which will be called the UMAT method in further discussion.
The development of these versions shows that the AT method like the ”classical” accep-
tance rejection (AR) method extends to all types of rv’s except multivariate rv’s of high
order. In Section 2 the general AT method is presented. In Section 3 which is the most
important part of the paper the UMAT method is described in some detail. For the case
where the probability density function (pdf) is monotonically decreaing or is a symmetric
unimodal function, a very efficient in terms of generation time ziggurat algorithm has been
developed by Marsaglia and Tsang (see [1,2]), and became the standard generator for Gaus-
sian rv’s in many platforms. However the ziggurat algorithm has not been implemented for
distributions other than Gaussian and exponential, primarily due to complicated and time-
expensive setup and the fact that is does not extend to nonmonotonic and nonsymmetric
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distributions. In section 3 of the paper it is shown how the presented UMAT method over-
comes these drawbacks of the ziggurat algorithm while retaining its main advantage which
is high computational speed.

2 DESCRIPTION OF THE GENERAL AT METHOD

In order to describe the general AT method we introduce the following notations. Let X
designate the ”target” rv . Let the term: ”density region” denote in the case where X is
a continuous rv the region under the graph of the pdf f(x) of X , and the union of vertical
intervals which extend from (xi; 0) to (xi; p(xi)), xi ∈ R, i = 1,∞ in the case where X is a
discrete rv. Here p(x) designates the probability mass function of X. Let H designate in the
case where X is a continuous rv a bounded part of R such that the integral

∫
H f(x)dx = 1−δ

is very close to one , and in the discrete case a finite subset of R such that the sum∑
i:xi∈H

p(xi)

is very close to one. Let T designate the complement of R with respect to H. Let C designate
the ”head” of the density region which is the part of the density region over H, and let D
designate the ”tail” of the density region which is the part of the density region over T. Let
V(A) designate the volume of a domain A in the case where A ⊂ Rk, k ≥ 2, square of A in
the case where A ⊂ R2, and the total length of the ”vertical” intervals included in A in the
case where A is a union of ”vertical” intervals.

The AT method is based on covering C by a set of m instrumental units Li, 1 ≤ i ≤ m
which are ”vertical” intervals with common length 1/n in the discrete case, rectangles with
common area 1/n in the univariate continuous case or hyperrectangles with common volume
1/n in the multivariate case, n ≥ m. An algorithm for defining the instrumental units is a
part of any specific version of the AT method. Besides defining the set of instrumental units,
an algorithm for generating the ”tail” rv G needs to be chosen at the preliminary stage of
AT. The pdf g(x) of G is defined by the formula: g(x) = f(x)/δ, x ∈ T in the case where
X is continuous, and the pmf g(x) of G is defined by the formula : g(xi) = p(xi)/δ, xi ∈ T
for the case where X is discrete. Note that the efficiency of the algorithm for generating
G does not affect significantly the efficiency of the AT method since the probability that
the generation of G will be required in order to obtain a generated value of X is very low
as shown below. In order to define the set of instrumental units respective tables need to
be initialized at the setup stage of the AT method. Provided that such tables have been
initialized and the algorithm for generating G chosen, the generation of X looks as follows.

1. Select randomly an integer i in the range 1 : n (thus one of the covering elements Li
is chosen).
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2. If i ≤ m, generate a point P = (P1;P2) uniformly distributed in Li; otherwise go to
step 4.

3. If P belongs to the density region of X, set X = P1.

4. Generate G and set X = G.

Obviously, by the presented method a point P is chosen from the density region of X and
P1 accepted as a generated value of X. (At step 4 a point P is selected from D by the AR
method, and P1 is accepted as a generated value of X). Thus in order to prove the validity
of the AT method it is enough to show that for any domain A which belongs to the density
region of X the probability P(A) that the selected by the AT method point P belongs to A
equals V(A). In order ro prove the assertion, let’s first consider the case where

A ⊂ L̂i = Li
⋂
C, 1 ≤ i ≤ m

for some i, 1 ≤ i ≤ m. In this case we have

P (A) = P (Bi) ∗ P (A|Bi) = (1/n) ∗ (V (A)/(1/n)) = V (A),

where the event Bi is selecting the integer i at step 1. Now let’s consider the case where A ⊂
D. In this case in order to show that P (A) = V (A) it is enough to show that the probability
P (D) that step 4 will be executed in generating a sampled value of X by the AT method
equals V (D) = q. Obviously, P(D) can be expressed as the sum (n −m)/n +

∑m
1 Pi(D),

where the first term is the probability that an integer larger than m will be chosen at step
1, and Pi(D) is the probability that a given integer i less or equal to m will be chosen at
step 1 and the point P generated at step 2 will not belong to L̂i. The probability Pi(D)
equals (1/n) ∗ ((1/n − V (L̂i))/(1/n)) = 1/n − V (L̂i). It follows that the sum

∑m
1 Pi(D)

equals
∑m

1 ( 1
n −V (L̂i)) = m

n −
∑m

1 V (L̂i) = m
n −V (C) = m

n − (1−q), therefore P(A)=P(D).
Q. E. D.

3 THE UNIVARIATE UNIMODAL VERSION OF THE AT
METHOD

Let’s consider the case where the pdf f(x) of the ”target” rv X is monotonically decreasing
with mode M = 0. n horizontal rectangular layers Li, 1 ≤ i ≤ n with common area 1/n need
to be obtained according to the procedure described below, a layer i extends from 0 to xi
horizontally and from yi to yi−1 vertically, x0 = 0, y0 = f(0), x1−1 ≤ xi, yi < yi−1, 1 ≤ i ≤ n.
The obtained instrumental units define H as H = {x : 0 ≤ x ≤ xn}.

At the setup stage of the UMAT method 2 tables: {xi}ni=1, {yi}ni=1 have to be generated.
Let G designate the ”tail” rv with pdf g(x) = f(x)/δ, x > xn. Then the generation stage of
the UMAT method looks as follows.
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1. Select randomly an integer i in the range 1 : n.

2. Generate U0 uniformly distributed in (0, 1) and calculate s = U0 ∗ xi.

3. If s < xi, set X = s.

4. Generate U1 uniformly distributed in (0, 1) independently of U0.

5. If U1 < (f(s)− yi)/(yi−1 − yi), set X = s;

6. generate G and set X = G.

The initialization of the tables required by the UMAT method looks as follows. First
the values of xi , yi i = 1, 2, ... are calculated recursively utilizing the equalities:

(f(x)− yi−1) · xi =
1

n
, yi = f(xi), x0 = 0, y0 = f(0). (1)

The consecutive values of xi are calculated until the point xi∗ , for which the condition
S(i∗) =

∑i∗

j=1(xj − xj−1) · f(xj−1) > 1 is satisfied, is obtained. Since S(i∗ − 1) < 1 and
S(i∗) > 1, the following inequality holds: xi∗−1 < d = (n− i∗ + 1)/(n · f(xi∗−1)) < xi∗ . We
set xi = d, i∗ ≤ i ≤ n, and we set yi = f(xi), 1 ≤ i < i∗, yi = f(xi∗−1/(n−i∗+1)·(n−i), i∗ ≤
i ≤ n.

Note that the generation of the tables requires calculating a root of the equation (1)
less than n times. Ziggurat method requires the calculation of the common area A of the
layers utilizing an iteration method (such as the bisection method), and at each iteration
the equation f(x) = yi, where yi = yi−1 + A/xi−1 has to be solved for each i, 1 < i ≤ n, i.
e. n − 1 times, from which follows that the setup time required by the UMAT method is
many times shorter than the setup time of the ziggurat. The main advantage of the UMAT
method is its computational speed which follows from the fact that the probability P ∗(n)
that only the first 3 steps of the algorithm will be executed in order to obtain a generated
value of the ”target” rv X is close to one for sufficiently large n. In order to estimate
P ∗(n) we introduce the following notation. Let Ei, 1 ≤ i ≤ i∗ designate the rectangular
part of Li bounded on the left by the line x = xi , and let S(A) designate the area of
an arbitrary region A in R2. Then P ∗(n) can be calculated via the following formula:
P ∗(n) = 1 − S(U i

∗
2 Ei) − 1/n. The following theorem proves that P ∗(n) tends to one as n

tends to infinity and enables one to estimate the rate of convegence.

Theorem 1

If the derivative of f(x) is bounded : | f ′(x) |≤ M,x > 0, then for any δ > 0 and any
n which satisfies the inequality

2.5 + ln(
√
Mn · xδ)

n
< δ
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the following inequalities hold: xn > xδ and S(U i
∗

1 Ei) < 2δ. Here xδ desinates the point on
the x-axis for which the equality

∫∞
xδ
f(x)dx = δ is satisfied.

Utilizing the theorem, the proof of which will be presented in the full version of the pa-
per, we have shown that for gamma distributions and many other widely used distributions
the rate of convergence of P ∗(n) to one with growth of n is very high, therefore the UMAT
method can be implemented very successfully in sampling from these distributions.
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Abstract

The incorporation of hydrogen into transport systems means not only the incorporation of ve-
hicles with new technologies, but the creation of a new infrastructure that encompasses production,
storage, transport and distribution, spearheaded by the refueling hydrogen stations. For this reason,
it is almost essential to develop a methodology for selection and optimized sizing of the logistics
associated with hydrogen systems. Given this situation, this study has focused on the need to create
a methodology that will help to solve the dimensioning of the hydrogen refueling facilities and the
logistics involved.

Key words: Hydrogen, Logistics, Fueling station, Sizing methodology, Optimization

1 Introduction

Transportation is an activity derived from other activities taking place in a given geographical area, a
country, a region, a city or a neighborhood [9]. Its most evident manifestation is the urban traffic, that is
to say, the people and vehicles circulation by the public spaces of the city. Starting from this definition,
a series of determinants are presented as responsible for the evolution that has led to the urban transport
to the point of transition in which it is at present. On the one hand, transport has to adapt to the available
resources and the topology of cities, but also to a series of problems that are the result of uncontrolled
growth; congestion, pollution and limitation of available resources makes inevitably the need for new
alternative transport systems [1].

The incorporation of hydrogen into transport systems means not only the incorporation of vehicles
with new technologies, but the creation of a new infrastructure that encompasses production, storage,
transport and distribution, spearheaded by the refueling hydrogen stations. The extent to which emission
reduction will occur depends on the mix of technologies that make up the hydrogen supply chain [2, 10,
13]. For this reason, it is almost essential to develop a methodology for selection and optimized sizing of
the logistics associated with hydrogen systems at two levels. On the one hand, it is necessary to develop
a model that could define the characteristics of hydrogen stations automatically and also in a simple
and agile way. On the other hand, it is required a complete simulation model that has as objective the
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detailed sizing of the hydrogen stations according to their particularities, and whose functional bases are
embodied in this study.

Given this opportunity, the present work presents a methodology that tries to give solution to the
sizing of the hydrogen refueling facilities and the logistics involved.

2 Hydrogen refueling facilities

There are different types of hydrogen stations from the point of view of hydrogen supply, taking into
account both technical and economic viability of this product. In the future, the location of the hydrogen
stations will influence in the technical solution adopted for the supply: hydrogen stations located in
remote locations, large stations in rural areas, hydrogen stations located in the environs of the cities or
hydrogen stations located in main roads.

3 Methodology

The methodology proposed in this work is formed by:

• A model that defines the characteristics of hydrogen-type stations from an input data and that has
been denominated Pattern of Use.

• A calculation model that allows the complete sizing of a hydrogen station depending on the par-
ticularities of each case.

3.1 Pattern of Use

The Pattern of Use is a model that defines the basic characteristics of a hydrogen-type station from
basic input data: the type and the number of vehicles that are expected to be use by the facility. The
characteristics it defines are: the number of dispensers required, the daily supply flow, the type of supply
and the approximate cost of the infrastructure. In this way, it is obtained a pre-design of the installation
that will be used as the first level of the calculation model object of the present study.

After analysing the documentation on the most representative projects and experiences on the sub-
ject, there was no shared trend in the structure and technologies of the hydrogen refueling facilities used
in these projects [3–8,11]. In addition, as the vast majority are demonstration projects, these stations are
highly oversized, consequently, modelling by means of direct assignment of the type of hydrogen station
according to the experience was not advisable.

As a consequence of this previous analysis, a formulation to make the model has been used in order
to determine the number of dispensers, the delivery flow, limited by the number of dispensers and an
approximate cost, in a generic way.

The objective is to provide a hydrogen station pre-sizing and an approximate cost, as close to reality
as possible, starting from a single initial data, which are the vehicles (buses and passenger cars) that are
expected to use the facilities on a daily basis.

As a prerequisite to perform the calculations, it is needed to know:

• The average capacity of hydrogen deposits with which the vehicles count.

• The different models, both electrolyzers and reformers.

• The estimated time that the hydrogen production equipment can remain in operation.
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• The characteristics of the hydrogen delivery process of the dispenser. It is especially important the
rate at which hydrogen is supplied.

• The hours in which the station remains operational.

• The time it takes to perform the refueling (Trefueling) of a vehicle and which is calculated by the
following formulas:

Trefueling(min) = Tapproximation(min)+Tpreparation(min)+Texit(min)+Tsupply(min) (1)

Tsupply(min) = Tunitary(min/(kgH2)) ∗ Tank Capacity(kgH2) (2)

The starting data to be taken into account in the model are as follows: Propulsion; Number of
vehicles; Number of dispensers; Refueling capacity; Type of supplying; In situ supply amount; Exterior
supply amount; Storage capacity; Costs.

3.2 Calculation Model

The calculation model will allow to determine what should be the main characteristics that a hydrogen
supply station has to face, depending on the needs to cover and the external conditions that surround
it. The purpose of the calculation model is to achieve a criterion that allows the sizing and the correct
placing of a hydrogen supply station, taking into account economic, technical and environmental aspects.

The global process of development of the calculation model is divided into four phases, each of them
subdivided into several activities: Analysis of requirements and specifications of the calculation model;
Design of the calculation model; Validation of the calculation model; Feedback of the calculation model.

To facilitate the compression of the operation of this model, Figure 1 shows the general scheme
of the calculation model, which helps to understand the mechanism used to decide the configuration of
the hydrogen station infrastructure. This modeling allows to know the environment and particularities
in which the new infrastructure will be located, and will help to determine the size, characteristics and
location of hydrogen refueling stations network that minimizes the cost functions and maximizes those
of operation and functionality.

Firstly, it is necessary to determine the number of hydrogen stations which is needed to satisfy the
total hydrogen demand.

The SimulationA process takes place if there is no hydrogen station with in situ production or
hydrogen production plant near the hydrogen station. In this case, it is simulated that only one production
plant will supply the n hydrogen stations, that is, it will take care of the production of all the demand, a
result obtained in the process of calculating the number of hydrogen stations. The case of SimulationB ,
it is studied when there is a hydrogen station plant with in situ production or a production plant near the
hydrogen station, but which is not able to supply all the new demand (the total demand calculated in the
process of calculating the number of hydrogen stations) plus the previous demand.

Finally, once the simulation process has been completed and the best result has been selected accord-
ing to the objectives, the last process, called location and adjustment is started. This process is the most
complex, since it is necessary to consider a greater number of parameters considering all the alternatives
that take place in the previous processes.

In this process, it is firstly determined the location of the in situ production hydrogen stations, and
afterwards the distribution ones.

c©CMMSE ISBN: 978-84-617-8694-7Page 1923 of  2288



METHODOLOGY OF HYDROGEN SYSTEMS LOGISTICS

Figure 1: General scheme of a calculation model.

Figure 2: Location and adjustment

4 Conclusions

This study has focused on the need to create a methodology that will help to solve the dimensioning of the
hydrogen refueling facilities and the logistics involved. The purpose of the realization of an optimized
design of a new distribution infrastructure is to determine the size, characteristics and location of the
network of hydrogen refueling stations that minimizes cost functions and maximizes those of operability
and functionality.

An essential requirement previous to the determination of the optimum the optimum dimension of
the hydrogen refueling stations is the daily hydrogen demand, which will have to be met. This future
demand can be determined from demand forecasts of the fleet of public or private vehicles that will use
hydrogen in a specific time horizon and the study and design of routes to be followed by vehicles.

When designing the methodology, the point at which it has placed special emphasis, due to its high
sensitivity in both the technical and economic aspects, is the type of hydrogen supply to the station. The
type of supply depends on four basic variables: cost, demand, location of facilities and security of supply.
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Abstract

In this paper, we investigate the q-Bernstein bases functions with their generating func-
tions. We give many properties of these functions. We also give recurrence relations and
derivative formulas for these functions. Moreover, we give some comments and observations
on the q-Bernstein basis functions and the Bernstein basis functions. Finally, we simulate
the results by their plots of these functions

Key words: q-Bernstein bases, Generating functions, q-exponential functions, Combi-
natorial sums.
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1 Introduction

The q-calculus related to the q-Bernstein basis functions have many applications in many
various different areas. Especially, the Bernstein basis functions are of important role in order
to construct the Bézier type curves and their usage are very common in the car design and other
relates industrial design and Computer Aided Geometric Design (CAGD). For more detailed
information about the properties and their application of the Bernstein basis functions, the
reader can consult the following references ([1]-[14]).

Let x ∈ [0, 1]. The classical Bernstein basis functions are given by

Bn
k (x) =

(
n

k

)
xk(1− x)n−k, k = 0, . . . , n. (1.1)

The q-Bernstein basis functions are defined by

Bn
k (x; q) =

[n
k

]
q
xk

n−k−1∏
j=0

(1− qjx), k = 0, . . . , n (1.2)

where x ∈ [0, 1].

Some q-calculus notations are given as follows:
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Let
[
n
k

]
q

denote the q-binomial coefficient defined by

[n
k

]
q

=
[n]q!

[k]q![n− k]q!
, (1.3)

k = 0, . . . , n, and q 6= 1,

[k]q! = [1]q[2]q · · · [k]q, (1.4)

[0]q! := 1,

and for k ∈ Z+, [k]q stands for the q-integer given by

[k]q = 1 + q + · · ·+ qk−1 =

{
1−qk
1−q , q 6= 1,

k, q = 1.
(1.5)

Relations between [k]q and [k]1/q are given as follows:

[k]q = qk−1[k]1/q (1.6)

and

[k]q! = q(k2)[k]1/q!. (1.7)

In [3], the q-exponential function Eq(x) is defined as follows

Eq(x) =
∞∑
n=0

xn

[n]q!
. (1.8)

In the work of Goldman et al. [8], we observe that if one uses the ratio test in this series
for Eq(x) converges and therefore Eq(x) is well defined for all

|x| < 1

|1− q|

if |q| < 1, and for all x ∈ C if |q| > 1 or q = 1. Therefore for any fixed value of q > 0, there is
an interval in which the series for Eq(x) converges.

By using the q-exponential function Eq(x), the generating functions for the q-Bernstein
basis functions is given by [8]:

Gk(x, t; q) =
∞∑
n=k

Bn
k (x; q)

tn

[n]q!
, (1.9)

where

Eq(xt)Gk(x, t; q) =
(xt)k

[k]q!
Eq(t).

The q-Bernstein operator is given as follows (cf. [10]; and also see [9]):

Bn+1,q (f) (x) =
n+1∑
k=0

[
n + 1

k

]
q

∆kf0x
k (1.10)
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where

fi = f

(
[i]q

[n + 1]q

)
,∆0fi = fi,∆

k+1fi = ∆kfi+1 − qk∆kfi,

∆kfi =
k∑

j=0

(−1)j q
j(j−1)

2

[
k

j

]
q

f

(
[i + k − j]q

[n + 1]q

)
,

and also

Bn,q (f) (x) =
n∑

i=0

f

(
[i]q
[n]q

)
Bn

i (x; q). (1.11)

It is time to give some basic information about the q-calculus.

In [1], [8], the discrete q-derivative of a function f(x) is given as follows: for q 6= 1

Dq,xf(x) =
f(qx)− f(x)

(q − 1)x
.

Observe that when f ′(x) exists,

f ′(x) = lim
q→1

Dq,xf(x).

The q-integral of a function f(x) is given as follows (cf. [1], [8]):∫ t

0
f(x) dqx = t(1− q)

∞∑
j=0

f(tqj)qj , (1.12)

provided that the infinite sum converges.

From the above definitions, one can easily get the following formulas:∫ t

0
xn dqx =

tn+1

[n + 1]q
, (1.13)

and ∫ t

0
xn d1/qx =

tn+1

[n + 1]1/q
=

qntn+1

[n + 1]q
. (1.14)

In order to give our results, we need the following Theorems:

Theorem 1.1 (cf. [8]).
n∑

k=j

[
k

j

]
q

Bn
k (x; q) =

[
n

j

]
q

xj . (1.15)

Theorem 1.2 (cf. [8], [7]). If |q| < 1, and k = n then∫ 1

0
Bn

k (x; q) dqx =
1

[n + 1]q

and if |q| < 1, and k = 0, . . . , n− 1 then∫ 1

0
Bn

k (x; q) dqx =
qk+1

[n + 1]q
. (1.16)

Theorem 1.3 (cf. [8]). If |q| > 1 and k = 0, . . . , n, then∫ 1

0
Bn

k (x; q) d1/qx =
qk

[n + 1]q
. (1.17)
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2 Main Results

In this section, by using q-calculus methods and q-Bernstein basis functions, we derive some
combinatorial sums.

By applying q-integral to both side of the equation (1.15) from 0 to 1 and combining with
(1.13) and (1.16), we arrive at the following theorem:

Theorem 2.1. Let k = 0, 1, . . . , n− 1. Then, we have

n∑
k=j

[
k

j

]
q

qk+1 =

[
n

j

]
q

[n + 1]q
[j + 1]q

. (2.1)

Remark 2.2. If q → 1, the equation (2.1) reduce to

n∑
k=j

(
k

j

)
=

(
n

j

)
n + 1

j + 1

which is given by the author in [12, Theorem 5.5].

Since
[n + 1]q = [n + 1]q [n]q!,

equation (2.1) reduces to the following identity:

Corollary 2.3. Let k = 0, 1, . . . , n− 1. Then, we have

n∑
k=j

[
k

j

]
q

qk+1 =

[
n + 1

j + 1

]
q

. (2.2)

By applying q-integral to both side of the equation (1.15) from 0 to 1 and combining with
(1.14) and (1.17), we arrive at the following theorem:

Theorem 2.4. Let k = 0, 1, . . . , n− 1. Then, we have

n∑
k=j

[
k

j

]
q

qk = qj
[
n

j

]
q

[n + 1]q
[j + 1]q

. (2.3)

Remark 2.5. If q → 1, the equation (2.3) reduce to the equation (2.2).

Similarly, we have the following identity:

Corollary 2.6. Let k = 0, 1, . . . , n− 1. Then, we have

n∑
k=j

[
k

j

]
q

qk = qj
[
n + 1

j + 1

]
q

. (2.4)

By applying q-integral to both side of the equations (1.10) and (1.11) from 0 to 1 respec-
tively, and combining with (1.14) and (1.17) we arrive at the following lemmas:
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Lemma 2.7. ∫ 1

0
Bn+1,q (f) (x) d1/qx =

n+1∑
k=0

[
n + 1

k

]
q

∆kf0
qk

[k + 1]q
. (2.5)

Lemma 2.8. ∫ 1

0
Bn+1,q (f) (x) d1/qx =

n+1∑
i=0

f

(
[i]q

[n + 1]q

)
qk

[n + 2]q
. (2.6)

Combining (2.5) with (2.6)’ we get the following theorem:

Theorem 2.9.

n+1∑
k=0

[
n + 1

k

]
q

∆kf0
qk

[k + 1]q
=

n+1∑
i=0

f

(
[i]q

[n + 1]q

)
qk

[n + 2]q
. (2.7)

3 Remarks and Observations

By combining (1.2), (1.8) and (1.9), one may obtain not only some fundamental properties of
the generating functions for the q-Bernstein basis functions and their functional equations, but
also recurrence relations and derivative formulas for these functions. Moreover, one also may
give some comments and observations on the q-Bernstein basis functions and the Bernstein
basis functions. And also, one may simulate the results by their plots of these functions.
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Abstract

n this short note, we study the article of Xin et al. [J. Nonlinear Sci. Appl., (9)
2016] and unexpectedly notice that the common fixed point result of this article do not
produce any new result in literature. In fact the main results of this article coincide
with some consequences of previous published results.
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1 Introduction

In 2014, Ma et al. [4] introduced the concept of C∗-algebra-valued metric space and pre-
sented some fixed point results for mappings satisfying contractive or expansive conditions
in this space. Many researchers have already done their research in this structure but sur-
prisingly Kadelburg and Radenović [1] and Alsulami et al. [5] observed that the all these
results in this structure can be directly deduced as consequences of different fixed point
results in standard metric and other related structures of metric counterpart. Recently, Xin
et al. [7] presented common fixed point results on C∗-algebra-valued metric spaces. They
established the following result.

Theorem 1.1 Let (X,A, d) be a complete C∗-algebra-valued metric space. Suppose that
two mappings T, S : X → X satisfy

d(Tx, Sy) � a∗d(x, y)a

for any x, y ∈ X and a ∈ A with ||a|| < 1. Then T and S have a unique common fixed point
in X.

In this article we show that actually the mapping T is identical with S i.e. Tx = Sx for all
x ∈ X. Hence the Theorem 1.1 coincides with the result of Ma et al. [4]. Also, the authors
of [7] proved the following theorem as a corollary.

Theorem 1.2 Let (X,A, d) be a complete C∗-algebra-valued metric space. Suppose that
the mapping T : X → X satisfies

d(Tmx, Tny) � a∗d(x, y)a

for any x, y ∈ X; a ∈ A with ||a|| < 1 and m,n are any positive integers. Then T has a
unique fixed point in X.

In next section, we show that every point x ∈ X, Tnx is a fixed point of T whenever m > n.
In 2007, Huang and Zhang [6] introduced the concept of cone metric spaces. Later on,

Radenović and Kadelburg [2] showed that every cone metric space (X, d) with a normal
solid cone and normal constant K = 1 is identical with standard metric space. Hence,
the common fixed point results in cone metric spaces presented by Abbas and Jungck [3]
also hold if we consider the underlying space as standard metric space. Here, we consider
the common fixed point results of Abbas and Jungck [3] in the context of standard metric
spaces.

Theorem 1.3 Let (X, d) be a standard metric space. Suppose that the mappings T, S :
X → X satisfy either of the following conditions:
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(C1) d(Tx, Ty) ≤ kd(Sx, Sy),

(C2) d(Tx, Ty) ≤ k[d(Tx, Sx) + d(Ty, Sy)],

(C3) d(Tx, Ty) ≤ k[d(Tx, Sy) + d(Ty, Sx)]

for any x, y ∈ X and k ∈ [0, 1) for (C1) contraction and k ∈ [0, 12) for rest of the con-
tractions. If R(T ) ⊂ R(S) and R(S) is complete in X, then S and T have unique point of
coincidence in X. Also, if S and T are weakly compatible, then there exists a unique common
fixed point of S and T in X.

2 Main result

In this section, we show that the results presented by Xin et al. [7] do not produce any new
idea in literature.

Theorem 2.1 Let (X,A, d) be a C∗-algebra-valued metric space. Suppose that two map-
pings T, S : X → X satisfy

d(Tx, Sy) � a∗d(x, y)a

for any x, y ∈ X and a ∈ A with ||a|| < 1. Then Tx = Sx for all x ∈ X.

Proof. Let x ∈ X. Then from the hypothesis of the theorem we have

d(Tx, Sx) � a∗d(x, x)a ⇒ d(Tx, Sx) � θ.

Thus we have that for all x ∈ X, Tx = Sx. Hence, S and T are identical.

Remark 2.2 From the above theorem we observe that Theorem 1.1 does not give anything
new and it coincides with the fixed point result in C∗-algebra-valued metric space [4, p.4,
Theorem 2.1]. On the other hand Kadelburg and Radenović [1] and Alsulami et al. [5]
independently proved that fixed point results in this space are the direct consequences of
metric fixed point results. Hence this result contributes nothing new.

Theorem 2.3 Let (X,A, d) be a complete C∗-algebra-valued metric space. Suppose that
the mapping T : X → X satisfies

d(Tmx, Tny) � a∗d(x, y)a

for any x, y ∈ X; a ∈ A with ||a|| < 1 and m,n are any positive integers. Then every point
x ∈ X, Tnx is a fixed point of T whenever m > n.
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Proof. As previous case, for all x ∈ X and for m > n, we obtain

d(Tmx, Tnx) � a∗d(x, x)a ⇒ d(Tmx, Tnx) � θ
⇒ Tmx = Tnx

⇒ Tm−n(Tnx) = Tnx,

which implies that Tnx is fixed point of T for every x ∈ X and for all n ∈ N.

Next, we pick up the following result from [7].

Theorem 2.4 Let (X,A, d) be a complete C∗-algebra-valued metric space. Suppose that
two mappings T, S : X → X satisfy

d(Tx, Ty) � a∗d(Sx, Sy)a

for any x, y ∈ X and a ∈ A with ||a|| < 1. If R(T ) ⊂ R(S) and R(S) is complete in X, then
S and T have unique point of coincidence in X. Also, if S and T are weakly compatible,
then there exists a unique common fixed point of S and T in X.

Now, we prove the following result.

Theorem 2.5 Theorem 2.4 is equivalent with Theorem 1.3.
Proof. In Theorem 2.4, if we consider A = R, absotule value as norm and a∗ = a for
involution then we obtain

d(Tx, Ty) ≤ a2d(Sx, Sy)

for all x, y ∈ X and a2 ∈ [0, 1). Then clearly the contraction principle of the Theorem 2.4
coincides with the contraction (C1) in Theorem 1.3.

On the other hand, we consider the hypotheses of Theorem 2.4. Then by choosing
d̃(x, y) = ||d(x, y)||, obviously, one can get

d̃(Tx, Ty) = ||d(Tx, Ty)|| ≤ ||a∗d(Sx, Sy)a|| ≤ ||a||2d̃(x, y)

where ||a||2 ∈ [0, 1). Hence by Theorem 1.3 with (C1) contraction principle, S and T have
unique coincidence point. Also, if the mappings are weakly compatible then they have unique
common fixed point in X.

Remark 2.6 In a similar fashion, one can see that the Theorem 2.9 and Theorem 2.10
in Xin et al. [7] are equivalent to Theorem 1.3 with (C2) and (C3) contraction principles
respectively.
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Abstract

We derive stochastic versions of epidemiological models with severe and asymp-
tomatic infection, which have previously been described as differential equation systems,
and fit data output of these models with simpler SIR type models to obtain numerically
effective infection rates from likelihoods. The results can be compared with the pre-
viously stated simpler analytical arguments for the relation between effective infection
rate in the SIR models and more complex parameter combinations in the SHAR models
via comparing stationary states. The tool box can be extended to be used to perform
numerically Bayesian model comparison via the Bayes factor, as described in previous
simpler epidemiological models, like the linear infection model or the Poisson model, in
which all steps towards the Bayes factor could be performed analytically. The role of
asymptomatic infection contributing to the force of infections is of special interest e.g.
in the dengue fever epidemiology, as well for primary infections, which is often mild or
asymptomatic, as well as for secondary infections, where the majority of hospitalizations
occur but also not always leading to severe disease.

Key words: asymptomatic versus severe infection, stochastic processes, numerical

likelihood functions, Bayes factor, dengue fever
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1 Introduction

In many diseases the infection is not always severe or even symptomatic. Hence the num-
ber of notified cases can differ from the number of infectious individuals. Then one of the
key questions is in how far asymptomatic infected are infectious to susceptibles. We de-
rive stochastic versions of epidemiological models with severe and asymptomatic infection,
which have previously been described as differential equation systems [1]. Here we derive
stochastic versions of such processes and fit data output of these models with simpler SIR
type models to obtain numerically effective infection rates. The results can be compared
with the previously stated simpler analytical arguments for the relation between effective
infection rate in the SIR models and more complex parameter combinations in the SHAR
models [1]. Namely, the relation between effective infection rate in the SIR system and the
parameters of the SHAR model is confirmed by numerically evaluating the likelihoods of
initial infection rate of the SHAR model and the effective infection rate of the SIR system,
even outside stationarity of the respective processes, from which the analytical results were
obtained in [1].

The tool box can be extended to be used to perform numerically Bayesian model com-
parison via the Bayes factor. We described this in previous simpler epidemiological models,
in which all steps towards the Bayes factor could be performed analytically [2]. Similar
approaches as we use here for the numerical calulation of likelihoods and Bayes factors
have been used e.g. in [3, 4]. In our case study it turns out that the SHAR model, from
which the toy data were generated, appears to be not much more likely than the effective
SIR model in terms of Bayes factors. For alternative approaches of model selection, based
on the Kolmogorov-Smirnov test, see e.g. [5]. However, such approaches are not as easily
generalizable as the Bayes factor, where simply probabilities are given to models based on
data.

The present study of such initial models is well applicable to the situation of dengue fever
infections in which severity of disease is associated with antibody dependent enhancement
(ADE) since a long time [6, 7]. And recently field studies tried to clarify the question if
asymptomatically infected are equally infectious as severe cases with their high viral load [8].
These authors come to the conclusion that asymptomatically infected can infect as much
mosquitoes as severely infected, and there is the expectation that due to their mobility,
asymptomatically infected might even contribute more to the force of infection than severe
cases. However, the best notification data of dengue infections from Thailand use only severe
cases being hospitalized [9], which means that in relatively simple models which already can
describe the empirical data well we would expect an ”masked” effective infection rate as
suitable rather than a ”bare” infection rate, however this might be defined. Many present
models of dengue fever have so complicated structures that any systematic analysis in terms
of Bayes factors would most likely prefer the simpler models due to the limited number of
empirical data. However, such effective models are the best tools for realistic predictions
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of future disease levels [10], and even more in analysis of control measures like vaccination
and its impact [11, 12, 13]. In the present study we concentrate on rather simplified models
like the SHAR and SIR model without any serotype interactions, which would be needed to
describe the empirical data more accurately [14, 15, 16]. Since such multi-strain models show
not only oscillations into stationary states, and eventually stabilized by noise as we observe
here in our simple models, but chaotic attractors, we will leave the study of such models with
the present techniques for future research. For chaotic systems up to now mostly random
walks toward the likelihood maximum are in technical reach, see [17] including further
references. Hence future studies on such complex systems with mutli-strain interaction
have to be performed.

2 The SHAR model

The SHAR model with severe infection or hospitalized cases H and mild or asymptomatic
cases A in an otherwise SIR-type epidemiological model, see [18] for more information on
the notations and standart analysis techniques, is given by

d

dt
S = αR− β

N
S(A+ φH)

d

dt
H = η

β

N
S(A+ φH)− γH (1)

d

dt
A = (1− η)

β

N
S(A+ φH)− γA

d

dt
R = γ(A+H)− αR

and R = N−S−A−H. Here η is the ratio of infection leading to severe disease cases and φ
is the change of infectivity of severe cases versus the ”natural” infectivity via asymptomatic
cases.

The role of asymptomatic infection becomes more recognized recently, since many
pathogens appear as only accidentally pathogenic, see e.g. [18, 19] initially for bacterial
meningitis [20, 21, 22], with fluctuations similar to crossing a vaccination threshold [23].
Similarly, in dengue fever the virus is completely asymptomatic in its animal reservoir,
monkeys, and only turns occasionally pathogenic in humans, mostly in secondary infec-
tions. The SHAR model is an oversimplified model for dengue fever in the sense that higher
viral load due to antibody dependent enhancement, ADE [6, 7], or lower infectivity due
to hospitalization gives a φ different from unity, and the majority of primary infections is
asymptomatic or mild (sub-clinical) with ratio (1−η), but here we do not consider primary
versus secondary infection nor any further serotype interaction as done in [14, 16].
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2.1 The stochastic SHAR model

We now want to generate ”toy data” via a stochastic version of the SHAR model via
the Gillespie algorithm, see [18] including further references, with transitions given by the
following reaction scheme

S +A
ηβ−→ H +A

”
(1−η)β−→ A+A

S +H
φηβ−→ H +H (2)

”
φ(1−η)β−→ A+H

H
γ−→ R

A
γ−→ R

R
α−→ S

giving the master equation for the dynamics of the probabilities

d

dt
p(S,H,A, t) = η

β

N
(S + 1)A p(S + 1, H − 1, A, t)

+(1− η)
β

N
(S + 1)(A− 1) p(S + 1, H,A− 1, t)

+η
b

N
(S + 1)φ(H − 1) p(S + 1, H − 1, A, t)

+(1− η)
β

N
(S + 1)φH p(S + 1, H,A− 1, t) (3)

+γ(A+ 1) p(S,H,A+ 1, t)

+γ(H + 1)p(S,H + 1, A, t)

+α(N − (S − 1)−H −A) p(S − 1, H,A, t)

−
(

β

N
S(A+ φH) + γ(A+H) + α(N − S −H −A)

)

p(S,H,A, t) .

The master equation can be written in a generic form using densities x1 := S/N , x2 := H/N
and x3 := A/N instead of the total numbers of individuals in the population classes S, H
and A, hence state vector x := (x1, x2, x3)

tr, as

d

dt
p(x, t) =

n
∑

j=1

(

Nwj(x+∆xj) · p(x+∆xj , t) −Nwj(x) · p(x, t)
)

(4)
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with n = 5 different transitions and small deviation from state x as ∆xj :=
1
N

· rj . For the
SHAR model we have explicitly the following transitions wj(x) and its vectors rj given by

w1(x) = ηβx1(x3 + φx2) , r1 = (1,−1, 0)tr

w2(x) = (1− η)βx1(x3 + φx2) , r2 = (1, 0,−1)tr

w3(x) = γx2 , r3 = (0, 1, 0)tr

w4(x) = γx3 , r4 = (0, 0, 1)tr

w5(x) = α(1− x1 − x2 − x3) , r5 = (−1, 0, 0)tr .

(5)

With these wj(x) and rj specified we also can express the mean field ODE system and
in Kramers-Moyal approximation of the master equation to a Fokker-Planck equation a
stochastic differential equation system, as will be shown below. From the SHAR model
given as master equation we can now simulate realizations of the stochastic process via the
Gillespie algorithm, and in this way obtain a ”toy data set”

D := (H1, H2, ..., Hn
d
) (6)

of nd data points of hospital cases Hν at times tν . On this data set we can then test
statistical methods to fit parameters of various models including model comparison in a
Bayesian framework. We will now try to describe the output of the SHAR model D via an
effective simpler model, the SIR model with new infection rate β̃.

3 The effective SIR model

An effective SIR model tries to explain the observed number of infected via a simple infec-
tion class I without any further distinction into more complex classes like asymtomatically
infected, severe cases or any other possible mechanisms like primary or secondary infection
etc. The SIR model is given by

d

dt
S = αR− β̃

N
SI

d

dt
I =

β̃

N
SI − γI (7)

d

dt
R = γI − αR

with an initially unknown infection rate β̃ and to be determined either from data as we will
do below, or as was done in [1], by assuming that the effective SIR system has the same
stationary state value I∗ as a more complex model, here the SHAR model with observed
severe infected H∗.

c©CMMSE ISBN: 978-84-617-8694-7Page 1941 of  2288



Bayesian model selection: From SHAR to SIR

3.1 Effective infection rate

In [1] we obtained for the effective infection rate β̃ as a function of the parameters of the
more complex model, the SHAR model, the expression

β̃ =
γ

1− η
(

1− 1
1+(φ−1)η · γ

β

) (8)

from assuming the condition that the stationary state I∗ of the effective SIR model is the
same as the stationary state value of the observed severe cases H∗ in the SHAR model,
hence I∗(β̃) = H∗(β, η, φ). It turned out that also outside stationarity the deterministic
simulations of the SHAR model and the effective SIR model with the above determined
effective infection rate β̃ agree quite well, when using otherwise the same parameters and
initial conditions, as far as the SIR system has corresponding parameters in the SHAR
model, see Fig. 1.
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Figure 1: Comparison between deterministic SHAR model and SIR model, also outside the

stationary state. a) The trajectory of the severe diseased cases H(t) of the SHAR model

oscillating into the stationary state H∗ after a transient. b) In comparison also the number

of infected I(t) from the SIR model with still β̃ = β, in comparison to H(t) from the

SHAR model. c) Now we use the effective infection rate in the effective SIR model, hence

β̃ = β̃(α, β, γ, η) from I∗ = H∗, Eq. (8).

Parameters for the initial study of the deterministic matching are given as follows: For
the SHAR model we use N = 1000, γ = 1, β = 3 · γ, α = 0.1, η = 3/4, and for the moment
φ = 1. Initial conditions are S0 = 200, A0 = 30, H0 = η

1−ηA0, a relation which holds in

stationarity H∗ = η
1−ηA

∗, and R0 = N − S0 − A0 − H0. For the SIR system we use the

same parameters if not otherwise stated, hence initially β̃ = β, see Fig. 1 b), and as initial
conditions S0,SIR = (β/β̃)S0,SHAR, I0 = H0 and R0 = N − S0 − I0. In Fig. 1 c) we use the
analytically calculated effective infection rate Eq. (8), which turns with the present η = 3/4
etc. out to be β̃ = 2 ·γ. In Fig. 2 b) we also change the intial condition in the SHAR model
to A0 = 100 to observe the effect of initial conditions far away from the equilibrium, and
still I(t) is quite well comparable with H(t) outside the condition I∗ = H∗.
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Figure 2: The comparison of deterministic SHAR and SIR models for varying initial

conditions. a) A0 = 30 and b) A0 = 100 and N = 2000. Even transients far out of

equilibrium of the SHAR model are matched quite well via the transient of the effective SIR

model, though the effective parameters are determined only by the stationary state condition

I∗ = H∗.

Next we look at the master equation formulation of the SHAR model to simulate toy
data. For a comparison of the stochastic version as compared to the deterministic see Fig. 3.
The stochastic fluctuations of the SHAR model itself go well beyond the differences between
the SHAR model and the effective SIR in their deterministic versions. In the present study
we want to determin the effective infection rate β̃ by comparing stochastic simulations of
the effective SIR model with the data D obtained from a stochastic simulation of the SHAR
model. For this we vary values of β̃ and count the number of simulations being close to
the data, and the β̃ value with maximal number of simulations close to the data is the
best estimator of β̃ for this data set. Therefore, we now need the stochastic version of the
effective SIR model, and best a version which is quick in simulation time, since we need
many simulations with varying β̃ values.
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Figure 3: Stochastic realization via the Gillespie algorithm from the master equation of the

SHAR model in comparison with the deterministic mean field system.
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3.2 Stochastic versions of the effective SIR model

The master equation for the effective SIR model is given by the reaction scheme

S + I
β̃−→ I + I

I
γ−→ R (9)

R
α−→ S

and explicitly for the dynamics of the probabilities

d

dt
p(S, I, t) =

β̃

N
(S + 1)(I − 1) p(S + 1, I − 1, t)

+γ(I + 1)p(S, I + 1, t)

+α(N − (S − 1)− I) p(S − 1, I, t) (10)

−
(

β̃

N
SI + γI + α(N − S − I)

)

p(S, I, t) .

For the master equation in densities x1 := S/N and x2 := I/N we have now transitions
wj(x) and its vectors rj given by

w1(x) = β̃x1x2 , r1 = (1,−1)tr

w2(x) = γx2 , r2 = (0, 1)tr

w3(x) = α(1− x1 − x2) , r3 = (−1, 0)tr .

(11)

We could use now simulations of the master equation directly to measure the effective
infection rate β̃, but for large population sizes N the simulations become very slow. So we
will use the Kramers-Moyal expansion to obtain a Fokker-Planck equation as approximation
of the master equation, for which the corresponding stochastic differential equation system
can be simulated much faster.

3.3 Fokker-Planck approximation of the effective SIR model

From the master equation in densities, Eq. (4), now for the SIR system, we use Taylor’s
expansion

wj(x+∆xj) · p(x+∆xj , t) =
∞
∑

ν=0

1

ν!

(

∆xj · ∇x

)ν

wj(x) p(x, t) (12)

c©CMMSE ISBN: 978-84-617-8694-7Page 1944 of  2288



Nico Stollenwerk, Raquel Filipe, Lúıs Mateus et al.

giving to second order in 1/N a Fokker-Planck equation

∂

∂t
p(x, t) = −∇x





n
∑

j=1

(−rj · wj(x)) p(x, t)



 (13)

+
σ2

2

n
∑

j=1

(rj · ∇x)
2wj(x) p(x, t)

with

∇x =

(

∂
∂x1

∂
∂x2

)

= ∂x (14)

or in different notation

∂

∂t
p(x, t) = −∂x

(

f(x) p(x, t)
)

+
σ2

2

→

∂x

(

G2(x) p(x, t)
) ←

∂x (15)

using simply a quadratic form
→

∂x (G2(x) p(x, t))
←

∂x here with

→

∂x (G2 p)
←

∂x=

(

∂

∂x1
,

∂

∂x2

)

·
(

g11 g12
g21 g22

)2

p(x, t) ·









←
∂

∂x1

←
∂

∂x2









(16)

and

f(x) =

n
∑

j=1

f
j
(x) =

n
∑

j=1

(−rj · wj(x)) (17)

G2(x) =
n
∑

j=1

G2
j (x) =

n
∑

j=1

rj · rtrj wj(x) .

The Fokker-Planck equation gives a stochastic differential equation system with σ =
1/
√
N and in the XY Z case the two dimensional Gaussian normal noise vector ε(t) =

(εx1
(t), εx2

(t))tr as

d

dt
x = f(x) + σG(x) · ε(t) (18)

and using matrix square root from eigenvalue-eigenvector decomposition G2(x) = TΛT−1 as
G(x) = T

√
ΛT tr to be numerically implemented easily, and much faster than the Gillespie

algorithm for the master equation.
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Figure 4: Stochastic realizations via the Gillespie algorithm from the master equation (pink)

and from the stochastic differential equation system (red), of the SIR model in comparison

with the deterministic mean field system. Shown are two different stochastic realizations,

but otherwise same parameters and initial conditions.

Now we can vary β̃ and compare in an η-ball method [24, 10] the simulations of the
SIR model with the data vector D, which gives the likelihood p(D|β̃). The η as a radius of
a vicinity around the data vector D should not be confused with one of the parameters in
the SHAR model, which is also named η, a confusion easily avoided by the very different
contexts in which they appear. In case of doubt, we will call ηSHAR the model parameter
of the SHAR model, and η1 the η-ball radius around the data, used to evaluate simulations
from model M1, and η2 from model M2.

4 Data and analysis, results and conclusions

From the SHAR model we now generate data sets, like given in Fig. 5, hoping that the data
already contain so much information about the system to find back parameters with not too
large variance. Especially, we take a transient behaviour and a long period in stationarity
covered by the time interval of the data. The data are taken by the slow Gillespie algorithm.

Then we compare simulations of the SHAR model, see Fig. 6 a), with the data, where
now the simulations are performed with the much faster stochastic differential equations
obtained by the Fokker-Planck approximation of the master equation with its slow Gillespie
algorithm for simulations. We finde accurately the best estimate to be where expected, at
β1 = 3 · γ, and values like β1 = 2 · γ or β1 = 4 · γ have already quite lower likelihood, this
in spite of using different algorithms for data generation and model fitting.

The next result is, when fitting the effective SIR model to the data generated from the
SHAR model, again using the stochastic differential equation approach, we obtain a best
estimate from the maximum of the likelihood for the effective infection rate β2 = β̃ = 2 · γ,
in good agreement with out analytical result, Eq. (8). This is a non-trivial result, since
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Figure 5: Data taken from the SHAR model with different sampling times, reflecting

different knowledge about the fluctuations in the system. a) Sampling time is one unit, here

in units of recovery times since we set γ = 1, in b) sampling time are two units.

we obtained the analytic expression via comparing stationary states I∗ = H∗ only, but
now obtain the same relation from simulated data outside stationarity with a long and
oscillating transient and continued stochastically stabilized oscillations in stationarity. Also
remarkable is that for β2 = β̃ the value of 3 · γ, which is the one used in the SHAR model,
can be statistically excluded.

Finally, we investigate the Bayes factor k = p(M1|D)/p(M2|D) for a data set D gener-
ated from M1, the SHAR model. Fo more details on the Bayes factor and analytic results
in simple cases see [2]. A Bayes factor of k = 1 would indicate equal probability of both
models M1, the SHAR model, and M2, the effective SIR model, whereas k >> 1 would give
much higher probability of model M1 over model M2, that the data could lead us to reject
model M2 statistically. In our case, considering the Bayes factor as

k =

∫ ∫

p(M1, β1, ηSHAR|D) dβ1dηSHAR

/
∫

p(M2, β2|D) dβ2 (19)

due to the fact that we have to estimate in the SHAR model M1 not only β1 but also ηSHAR

while in the SIR model M2 we only need β2 to estimate (neglecting for the moment all other
possible insecurities) first results, still in low numerical resolution, give a Bayes factor of
k = 127/81 = 1.57 for 360 runs of each of the models and distance to data η = 450, hence
the two models have about equal probability to describe the toy data set Fig. 5 a). But
future studies have to be performed to investigate this point in more detail, including the
question of ensembles of realizations and their Bayes factors, hence the fluctuations of the
Bayes factor, as could be performed in the simpler analytically treatable case study [2].
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Figure 6: Likelihood measurement for a) model M1 and b) model M2. For model M1 the

best estimate is around β1 = 3 as to be expected, since we set in generating the toy data set

β = 3γ and γ = 1. For model M2 we obtain a best estimate around β2 = 2, which agrees

well with the analytically obtained effective β̃ = 2γ, when using η = 3/4 in generating the

toy data set.

Further applications could be in ecology on Rosenzweig-MacArthur type models [25], and
there on the Hudson Bay company data for hares and lynx furs, due to expected limit cycles
rather than chaotic attractors as in dengue fever cases and its data from e.g. Thailand.
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Abstract

Mining companies face several uncertainties when they develop a mining project.
There are many factors which provide randomness, such as the risk of political instabil-
ity and the market fluctuations. These uncertainties will be reflected in the stock price
of the commodity to be obtained, for example. In fact, variations of the price can be
translated into the mine close down because it is no more profitable or just the opposite,
the mining project can turn into a very profitable business. Other uncertain factors,
such as the size of the resource inside the mine that can be extracted or the ore-grade
of the mineral, also influence the value of the mining project and the probability of
completing the extraction project.

In order to pose suitable mathematical models to obtain the value of the mining
project, the probability of completing the extraction project and the expected life time,
in [4] a methodology starting from Feynman-Kac theorem is followed. This methodology
relates a expression of the problem solution in terms of expectations and the equivalent
PDE formulation. Also the stochastic dynamics of the driving stochastic factors have to
be chosen. For the commodity price we assume a geometric Brownian motion, while for
the remaining resource we consider a constant extraction rate. In this way, the value of
the mine with the option to close down is the solution of a complementarity problem as-
sociated to a PDE. When the ore-grade is assumed to be constant, the spatial variables
of the PDE (which correspond to the considered stochastic factors) are the commodity
price and the resource size. Therefore, the pricing problem involves a free boundary
that represents the optimal abandonment boundary, which is part of the solution of the
PDE problem. Moreover, the probability of project completion and the expected life-
time are the respective solutions of additional final-boundary value problems associated
to the same differential operator that governs the mine value, although with different
final and boundary conditions. We note that the resulting differential operator is highly
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degenerated, as only the second order derivative with respect to the commodity price
is not zero. In [4], the authors propose a first order characteristics method for time dis-
cretization combined with finite differences in space. For the complementarity problem,
the propose a projected relaxation method. Also we note that some of the boundary
conditions are not clear and properly justified.

In the present work, we propose a more rigorous statement of the appropriate bound-
ary conditions. First, we follow the classical theory in [6] to determine the boundaries
where boundary conditions are required. Secondly, in order to pose appropriate Dirich-
let boundary conditions on some of these boundaries we apply some ideas already used
in [2] for companies valuation models.

Next, taking into account the convection-dominating terms of the PDEs governing
the mathematical models, we propose a higher order characteristics Crank-Nicholson
method to discretize the time derivative jointly with the first order spatial derivative
(i.e. the material derivative). For the spatial discretization related to the price and the
remaining resource variables, we propose the use of piecewise quadratic Lagrange finite
elements, so that the resulting fully discretization method falls into the framework of
the so called Lagrange-Galerkin methods [1]. Additionally, in order to deal with the
nonlinearity associated to the complementarity problem governing the mine pricing, the
augmented Lagrangian active set method proposed from [5] is used. This set of numer-
ical technique has been already successfully used in other problems related to pricing
of pension plans and financial derivatives, such as in [3, 7, 8].

Finally, some numerical results will be shown in order to illustrate the performance
of the proposed boundary conditions and numerical methods. More precisely, first
an academic test with analytical solution illustrates the performance of the method.
Secondly, a real mine example allows to obtain the expected behaviour for the mine
value, the probability of completing the problem and the expected lifetime.

Key words: resources valuation problems, investment under uncertainty, complemen-
tarity problems, characteristics methods, finite elements, augmented Lagrangian active
set methods
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Abstract

The NACA 2412 profile was numerically studied via employing 2D-DNS and imple-
menting Active Flow Control (AFC), the Reynolds number considered was 6757, being
the angle of attack of 8◦. Initially, the basic flow without implementing AFC was con-
sidered, the point in which the boundary layer separates as well as the y+ value along
the profile length were evaluated. A single groove location, just before the separation
point, was considered, periodic forcing was employed to both modify the location of the
separation point and change the separation area where vortices are present. This was
undertaken resulting in a reduction of the drag coefficient while increasing the lift. Via
studying a set of frequencies and amplitudes linked with the AFC periodic actuation,
it was obtained the optimum set of parameters to minimize the drag while maximizing
the lift.

Key words: Active Flow Control, AFC, Periodic forcing, NACA 2412, Lift and Drag
coefficients, DNS.

1 Introduction

Active Flow Control (AFC) is quite a recent technology used to modify fluid performance
around bluff bodies. The essential idea behind AFC is to interact with the boundary
layer in order to promote or delay flow separation, via doing so the downstream vortex
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shedding amplitude and frequency can be modified and therefore lift and drag coefficients
can be consequently affected. There are several ways to implement AFC in a bluff body,
via using plasma actuators, via employing steady suction, steady blowing, periodic forcing
and implementing zero net mass flow actuaors (ZNMFA) or using fluidic actuators (FA).
Plasma actuation appears at the moment to have some difficulties in sufficiently interacting
with the incoming flow [1, 2], then it is simply ionizing the lower parts of the boundary
layer and therefore produces a narrow influence on the overal flow performance. Steady
suction/blowing, are clearly giving the required energy to the boundary layer to generate
a drastic modification of it, these two technologies can be clearly implemented in the vast
majority of bluff bodies, obtaining drastic effects on vortex shedding, such effect deeply
depends on the parameter defined as velocity ratio [3, 4, 5]. Probably, the only drawback of
steady blowing/suction is the energy required to perform the required boundary layer delay,
quite often relatively high velocity ratios are required and therefore the energy required for
the AFC implementation is higher than the saved one when considering its beneficial effects.
The technology which appears to be more efficient in overcoming such drawback is the use of
periodic forcing. Periodic forcing interacts directly with the natural flow instabilities, such
as the Kelvin-Helmholtz instability, shear layer flapping and ring-shaped wake structures [6].
Thus, employing a relatively small amount of energy, can dramatically affect the boundary
layer. Nevertheless, in order to be able to interact efficiently with the natural shear layer
instabilities, it is important to locate the groove, in which fluid is sucked in or blown out,
precisely. Compared with the location of the groove whenever steady sucking is employed,
which is used to modify the boundary layer separation point being located whether upstream
or downstream and even at some distance of it [7], the use of periodic forcing as well as
steady blowing, require a groove location near the separation point. To obtain optimum
efficiency, the groove needs to be located just upstream of the boundary layer separation
point whenever no AFC is employed. These main guide lines were followed in the present
research. In what follows the numerical procedure followed for the numerical simulation
will be outlined.

2 Numerical Model and boundary conditions

In any numerical simulation, the first step to be accomplished is to check the validity of the
mesh employed. To do so, performing a grid independence test is always a good procedure,
comparing the results obtained with experimental ones or previous researchers simulations,
falls as well into the standard procedure, for the present case, the simulation will be vali-
dated via checking the y+ parameter. Whenever the maximum value of this parameter is
smaller than one, it can be concluded that there are enough cells inside the laminar sub
boundary layer, and therefore, the shear stresses nearby the walls are meant to be properly
simulated. Three different meshes were evaluated in the present simulation, when a mesh
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with 93686 cells was employed, the maximum y+ was 1, whenever the mesh was refined to
107166 cells the value of maximum y+ decreased to 0.666, and when using 120646 cells, the
maximum y+ value decreased to 0.333. Although not presented in this paper, the dynamic
lift coefficient was plotted for the three meshes employed and it was observed, that the
results obtained when using the two most refined meshes were much closer than the dy-
namic result obtained when using the coarse mesh. Notice that via performing the previous
comparison, in reality the authors make sure that the Strouhal number obtained from the
simulation is also properly determined. As a conclusion of this preliminary study it was
decided to use the mesh with 107166 cells to perform the rest of the simulations.

Regarding the boundary conditions used in the simulations, table 1 summarizes them.
The fluid used for the simulation was air at standard conditions, its density was of ρ =
1.225kg/m3, being its absolute viscosity of µ = 1.48 ∗ 10−5m2/s, the chord of the profile
was 1 m, the angle of attack and Reynolds number were kept constant, its values were
respectively of α = 8◦ and Re = 6757, fluid was considered as incompressible.

Table 1: Boundary conditions applied for the URANS simulation model. No-slip condition
applied on the wing surface and constant velocity condition on the inlet boundary. Front
and back planes are empty due to two-dimensional setup.

Boundaries Parameter Boundary conditions Value

Inlet
Velocity Dirichlet U∞ = 0.1m/s

Pressure Neumann ∂p
∂n = 0

Outlet
Velocity Neumann ∂u

∂n = 0
Pressure Dirichlet p=0 Pa

Profile surface
Velocity Dirichlet u=0

Pressure Neumann ∂p
∂n = 0

Front and Back
Velocity – –
Pressure – –

In what follows, initially the basic flow without implementing AFC will be considered,
the next step will be to evaluate the wing profile performance whenever AFC is considered.
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3 Results

3.1 Baseline case

In order to obtain the location where the boundary layer separates from the body, the wall
shear stress for the baseline flow was determined and presented in figure 1. The separation
point is defined as the point where the wall shear stress becomes zero, from figure 1 it can
be observed that the laminar bubble separation is occurring at around 0.15 % chord. But
figure 1 presents another two points where shear stresses suddenly drop, these points are
located at about 60% and 81% of the chord. During the simulation it was noticed an small
fluctuation of these minimum stress locations, the fluctuation was due to the boundary layer
motion triggered by the flapping mechanism and vortex shedding. In reality, after the first
separation point an elongated vortex, which turns at clockwise direction, appears, this first
elongated vortex is called the laminar separation bubble, the location at which this initial
vortex ends, and a second much smaller counterclockwise vortex begins, is where the shear
stresses reach the second minimum. As presented in figure 2, this second vortex triggers a
third one which begins at the third minimum stress point and ends at the end on the chord.
This third vortex is also an elongated one and turns clockwise. It must be clarified that
the shape, location and even the number of vortices appearing onto the wing profile, keep
changing versus time which indicates the existence of vortex shedding. Vortex shedding
is mostly linked with the appearance and separation of the second and third vortices, the
laminar separation bubble, although fluctuates, is not being shed downstream.

Figure 1: Wall shear stress vs. chord length of baseline case. The different colors show
pressure and suction side of the wing as well as the location where flow control will be
applied. Global minimum at 15 % of the chord represents flow separation point.

Among the information to be extracted from the baseline case, the vortex shedding
frequency is particularly relevant, to obtain such frequency the fast fourier transform was
applied to the temporal lift and drag coefficents, the result is presented in figure 3. It is
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Figure 2: Main vortices appearing onto the wing surface shown in a velocity vector plot.
Direction of rotation is shown by white arrows.

noticed that regardless of the coefficient chosen, the main frequency, which is the vortex
shedding frequency, remains constant at 0.11 Hz. Accordng to previous studies [8, 9], among
others, the frequency to be used whem employing periodic forcing to effectively interact with
the unsteady shear layer, shall be around the natural vortex shedding frequency. A second
parameter to be defined is the groove location, also based on previous studies [8, 9], it was
found that whenever periodic forcing is employed, the most appropriate location for the
groove is slightly upstream of the separation point, for the present simulation, the groove
was located 1% of the chord (1 cm) upstream of the separation point. The groove width
was as well 1% of the chord and the flow was injected perpendicular to the solid boundary.

3.2 Periodic forcing, frequency modification

In this section the effect of modifying the periodic forcing frequency will be explored. Five
different non-dimensional frequencies were evaluated, F+ 0.1; 0.5; 1; 5 and 10, F+ = 1
characterizes the natural vortex shedding frequency obtained from the baseline case. The
momentum coefficient was maintained constant and equal to Cµ = 1 ∗ 10−3 for all these
cases. The angle of attack α = 8◦ was maintained constant as well during the entire study.
In order to properly quantify the wing profile performance, temporal averaged lift and drag
coefficients were recorded for each case and compared with the homologous obtained in
the baseline case. A parameter defined as variation of performance, which compares the lift
and drag coefficients increments versus the lift and drag coefficients obtained in the baseline
case, see equation 1, was also employed to accurately determine the Active Flow Control
advantages.
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Figure 3: Fast Fourier Transformation (FFT) of lift coefficient CL and drag coefficient CD
temporal signals. Main frequency at 0.11 Hz indicated by a significant peak of the green
and blue curve.

Ψ =
∆CL
CD

CL0
CD0

(1)

CL0 and CD0 represent the temporal averaged lift and drag coefficients from the baseline
case.

Table 2 presents the lift and drag coefficients variation versus the respective baseline
case values, the variation of the performance parameter, defined in equation 1 is also intro-
duced. From this table it can clearly be seen that whenever the periodic forcing frequency
is the same as the natural vortex shedding one, the wing performance is optimal, having
the maximum lift and minimum drag, these results clearly agree with many of the for-
mer researchers undertaken, see for example [9, 10]. It is also interesting to observe, that
regardless of the frequency used, a drag decrease is generated, although such decrease is
particularly relevant at periodic forcing frequencies equal to the vortex shedding one or even
half of it.

3.3 Periodic forcing, amplitude modification

Once obtained the most appropriate frequency to be employed, the next step was to evaluate
the effect of the periodic forcing amplitude. For these new runs, the forcing frequency was
maintained constant and equal to the vortex shedding one, five different forcing amplitudes
were considered, which once non-dimensionalized in the form of the momentum coefficient,
gave the following values Cµ = 1 ∗ 10−4; 5 ∗ 10−4; 1 ∗ 10−3; 5 ∗ 10−3; 1 ∗ 10−2. The results
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Table 2: Variation of wing parameters when modifying periodic forcing frequency resp.
non-dimensional frequency. Relative change in performance, lift and drag compared to the
values of baseline simulation.

Cµ = 1 ∗ 10−3 Ψ ∆CL
CL0

∆CD
CD0

F+ = 0.1 16.8% 8.3% -2.4%

F+ = 0.5 57.4% 12.2% -26.2%

F+ = 1 80.3% 12.8% -35.2%

F+ = 5 -2.5% -9.8% -5.8%

F+ = 10 -0.8% -1.9% -0.6%

obtained from this second set of simulations are presented in table 3, where the same
comparison paramenters used in table 2 were evaluated. When looking at table 3, it is very
interesting to realize that all momentum coefficients used, generate a very high decrease on
the drag coefficient, the maximum increase in lift it is obtained when using the minimum
momentum coefficient, it is also interesting to notice that once a certain forcing amplitude
was overcome, the lift coefficient drops to negative values and keeps decreasing as the forcing
amplitude increases, this particular effect is very likely to be caused due to boundary layer
tripping, the periodic forcing amplitude is higher than the boundary layer thickness at the
injection point, therefore the energy associated to the pulsating flow is released outside the
boundary layer, promoting stall.

Table 3: Variation of wing parameters when modifying periodic forcing velocity amplitude
resp. momentum coefficient. Relative change in performance, lift and drag compared to the
values of baseline simulation.

F+ = 1.0 Ψ ∆CL
CL0

∆CD
CD0

Cµ = 1 ∗ 10−4 66.9% 24.4% -22.9%

Cµ = 5 ∗ 10−4 73% 12% -33%

Cµ = 1 ∗ 10−3 80.3% 12.8% -35.2%

Cµ = 5 ∗ 10−3 61.8% -2.5% -37.5%

Cµ = 1 ∗ 10−2 50.8% -11.9% -39.9%
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3.4 Combining frequency and amplitude

In the present subsection, the combination of all results obtained from the previous cases
will be introduced. In tables 4, 5 and 6, the values of the wing performance parameter
Ψ, the lift gain ∆CL

CL0
and the drag gain ∆CD

CD0
, will be respectively presented as a function

of all the non dimensional frequencies and momentum coefficients evaluated. From these
tables it is observed that the optimum wing performance increase Ψ = 80.3% it is obtained
for the following set of conditions F+ = 1 and Cµ = 1 ∗ 10−3, lift and drag increase are
respectively of 12.8% and −35.2%. Observing table 6, it is realized that the conditions
required to obtain minimum drag are F+ = 1 and Cµ = 1 ∗ 10−2, if on the other hand, lift
is to be maximized, according to table 5, the optimum set of parameters are F+ = 1 and
Cµ = 1 ∗ 10−4. The conclusion is that employing a frequency matching the natural vortex
shedding one, deeply affects the downstream flow performance, the variation of the forcing
amplitude will generate weather a maximum lift, for small amplitudes, or a minimum drag,
for big amplitudes, or even an optimum wing performance parameter, obtained for medium
amplitudes. Whenever the periodic forcing frequency is half the vortex shedding one, there
still appear interesting increases in lift and decreases in drag, therefore good performance
parameters are to be found. The rest of the frequencies employed have a much smaller effect
on the flow performance.

Table 4: Variation of wing performance when modifying non dimensional frequency and
momentum coefficient. Maxima in performance increase arise when F+ = 1. A significant
drop can be seen when F+ > 1.

Ψ Cµ = 1 ∗ 10−4 Cµ = 5 ∗ 10−4 Cµ = 1 ∗ 10−3 Cµ = 5 ∗ 10−3 Cµ = 1 ∗ 10−2

F+ = 0.1 -6.6% 4% 16.8% 28.4% 26.7%

F+ = 0.5 14.7% 28.1% 57.4% 68.5% 64.2%

F+ = 1.0 66.9% 73% 80.3% 61.8% 50.8%

F+ = 5.0 0.9% -0.7% -2.5% 1.4% 6.2%

F+ = 10.0 0% -0.1% -0.8% -4% -5.1%

In order to visualize the advantages obtained when employing periodic forcing and using
the optimum set of parameters, figure 4 compares the velocity distribution and pressure
field around the NACA profile for the baseline case and for the optimum forcing conditions
previously set. Clearly a drastic reduction of the number of vortices and its dimension is to
be spotted whenever AFC is employed, notice as well that the pressure onto the upper side
of the profile suffers an interesting reduction when periodic forcing is used.
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Table 5: Variation of lift coefficient when modifying non dimensional frequency and mo-
mentum coefficient.

∆CL
CL0

Cµ = 1 ∗ 10−4 Cµ = 5 ∗ 10−4 Cµ = 1 ∗ 10−3 Cµ = 5 ∗ 10−3 Cµ = 1 ∗ 10−2

F+ = 0.1 -21.8% -5.4% 8.3% 12.5% 7.1%

F+ = 0.5 17.3% 5.9% 12.2% 7.6% 5.5%

F+ = 1.0 24.4% 12% 12.8% -2.5% -11.9%

F+ = 5.0 -0.7% -4.8% -9.8% -18.4% -19.9%

F+ = 10.0 -2.7% -2.1% -1.9% -10.3% -14.6%

Table 6: Variation of drag coefficient when modifying non-dimensional frequency and mo-
mentum coefficient.

∆CD
CD0

Cµ = 1 ∗ 10−4 Cµ = 5 ∗ 10−4 Cµ = 1 ∗ 10−3 Cµ = 5 ∗ 10−3 Cµ = 1 ∗ 10−2

F+ = 0.1 -9.3% -4.2% -2.4% -3.6% -5%

F+ = 0.5 5% -15.3% -26.2% -33.9% -33.7%

F+ = 1.0 -22.9% -33% -35.2% -37.5% -39.9%

F+ = 5.0 0.2% -3% -5.8% -17.4% -22%

F+ = 10.0 -0.4% -0.2% -0.6% -5.4% -9%

4 Conclusions

A 2D-DNS simulation over the NACA 2412 profile at Re=6757 and for an angle of attack
of 8◦ was undertaken. A baseline case was performed to obtain the natural vortex shedding
flow, especially the natural vortex shedding frequency. The baseline case results were com-
pared with the ones obtained when applying Active Flow Control and via periodic forcing.
A set of five different frequencies and amplitudes were evaluated obtaining the optimum
conditions required to maximize lift, minimize drag and to maximize the wing performance
parameter. The optimum conditions were obtained whenever the forcing frequency was of
the same order as the natural vortex shedding frequency. When maintaining the optimum
forcing frequency and modifying the forcing amplitude, maximum lift, or minimum drag
or maximum wing performance parameter could be obtained. Whenever the pulsating fre-
quency employed was 50% of the natural one, the wing performance, lift increase and drag
decrease were also quite relevant.

c©CMMSE ISBN: 978-84-617-8694-7Page 1962 of  2288



NACA 2412 performance modification via AFC.

Figure 4: Velocity and pressure fields around the wing profile under study, comparison
between the baseline case, figures a) and c), and the optimum periodic forcing case F+ = 1;
Cµ = 1 ∗ 10−3, figures b) and d)
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Abstract

This work focuses on the construction of various Padé approximants to conicality
based Probabilistic Evolution Theory (PREVTH) solutions. PREVTH has been devel-
oped for conicality based explicit ODE(s) in Demiralp group studies in the last decade.
Two classical particles system interacting via central forces has been taken as the tar-
gets. Paper is in conceptual level. Confirmative implementations will be given during
the presentations in the conference.

Key words: PREVTH, Padé approximants, Two particle systems.

1 Introduction

A two particle system in Classical Mechanics has totally twelve unknown temporal function
such that the positions of two particles in three dimensional physical Cartesian space can
be described by totally six unknown temporally varying functions while the velocities of
those two particles are also described by six temporally varying unknown functions. The
motion’s instances are defined by a single scalar independent variable, t, which is called
“time”. The equations of motion for this system is defined through equations amongst
the partial derivative of a system function describing the total energy of the system. This
function depends on position and momentum unknowns of the particles and does not change
its explicit time dependence as long as the system is not under any external influence. The
resulting equations are first order ODEs on the unknowns positions and momenta hence
they are composed of twelve ODEs. Even though this may be considered quite complicated

c©CMMSE ISBN: 978-84-617-8694-7Page 1965 of  2288
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the mass center positions and their relevant momentum unknowns (totally six unknowns)
can be separated out as long as the other unknowns are organized as relative coordinates
(the coordinates of one particle relative to the other). The equations of mass center describe
the motion of a free particle under no external influence and they can be solved analytically.
We do not intend to give those solutions and their interpretation.

Now by considering the following differences between positions as new relative position
unknowns and by defining the following distance function to facilitate the analysis of relative
motion

xj(t) ≡ qj(t)− qj+3(t), j = 1, 2, 3; r(t) ≡
√
x1(t)2 + x2(t)2 + x3(t)2 (1)

we can construct the following equations of relative motion

dxj(t)

dt
=

1

µ
πj(t),

dπj(t)

dt
= −V ′ (r(t)) xj(t)

r(t)
, j = 1, 2, 3 (2)

where 1/µ = 1/m1 + 1/m2 and the relative positions and momenta are denoted by indexed
x(t) and π(t)s respectively. The Hamiltonian of the system characterized by relative motion
can be given as follows

H (π(t), r(t)) =
1

2µ

(
π1(t)

2 + π2(t)
2 + π3(t)

2
)

+ V (r(t)) (3)

where V stands for the potential function of the considered system.
If the initial position and momentum vectors accompanying to (2) are linearly dependent

then it is possible to prove that the solution vectors of (2) remain linearly dependent at
every instant of the motion. In other words, the motion happens to limited on a straight
line during the whole evolution including the initial moment. We do not intend to give
further details for this case.

Abovementioned situation is a quite limited case. However, there is a more general issue
dictating us that the system’s motion happens to stay in the plane where the initial position
and momentum vectors reside at the all time instances of the evolution. For this case we
need to assume that the initial position and momentum vectors are linearly independent.
We do not also intend to give further details of this issue since curios readers can get
information even from some undergarduate textbooks.

Above analysis implies that the two particle system’s motion can be described in the
plane where the initial position and momentum vectors reside. This means there will be
just four unknowns and four ODEs with appropriate initial conditions. We can write these
planar equations of motions as follows

dx̃1
dt

(t) =
1

µ
π̃1(t), x̃1(0) = x0,1,

dπ̃1
dt

(t) = −V
′ (r(t))

r(t)
x̃1(t), π̃1(0) = π0,1

dx̃2
dt

(t) =
1

µ
π̃2(t), x̃2(0) = x0,2,

dπ̃2
dt

(t) = −V
′ (r(t))

r(t)
x̃1(t), π̃2(0) = π0,2 (4)
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r(t) =
√
x̃1(t)2 + x̃2(t)2 (5)

The sole dependence of the potential on a single distance function reminds us to use
the circular (polar) coordinates. We can write

x̃1(t) = r(t) cosϑ(t), x̃2(t) = r(t) sinϑ(t) (6)

r(t) =
√
x̃1(t)2 + x̃2(t)2, ϑ(t) = arctan

(
x̃2(t)

x̃1(t)

)
(7)

er(t) ≡
∇r(t)
‖∇r(t)‖

=

[
cosϑ(t)
sinϑ(t)

]
, eϑ(t) ≡ ∇ϑ(t)

‖∇ϑ(t)‖
=

[
− sinϑ(t)
cosϑ(t)

]
(8)

The new defined unit vectors vary in time so they have non-vanishing temporal derivatives.
We can write,

der(t)

dt
= ϑ′(t)eϑ(t),

deϑ(t)

dt
= −ϑ′(t)er(t) (9)

The angular momentum square can be written as follows,

‖x̃(t) × π̃(t)‖2 = µ
(

1 + tanϑ(t)2
)
r(t)2 cosϑ(t)2ϑ′(t) = µr(t)2ϑ′(t) (10)

pϑ(t) ≡ µr(t)2ϑ′(t) ≡ µc1 (11)

where we have used the angular momentum conservation law.
We do not intend to get into the further details of angular momentum issue. However,

we can use the angular momentum conservation law here in construction of the equations
of motion in circular motion. Now we can write all the equations of unknowns as follows.

r′(t) =
pr(t)

µ
, r(0) = r0 (12)

p′r(t) = µr(t)ϑ′(t)2 − V ′(r(t)), pr(0) = pr,0 (13)

ϑ′(t) =
c1
r(t)2

, ϑ(0) = ϑ0 (14)

p′ϑ = 0, pϑ(0) = µc1 (15)
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Radial momentum and angular momentum give us the below equations.

r′(t) =
pr(t)

µ
, r(0) = r0 (16)

p′r(t) =
µc21
r(t)3

− V ′(r(t)), pr(0) = pr,0 (17)

ϑ′(t) =
c1
r(t)2

, ϑ(0) = ϑ0 (18)

p′ϑ = 0, pϑ(0) = µc1 (19)

We need to solve these equations. To do so we take certain elimination steps and get

dr

dt
= ±

√
2

µ

√
E − µc21

2

1

r2
− V (r) (20)

This can be solved by using certain well known approaches as long as the structure of the
potential permits us. We do not intend to give further details since they are well known for
someones having sufficiently strong background.

On the other hand, instead of the solution of this equation one can seek a relation
between the polar coordinate evolutions. We can give the result without repeating the
derivation stages of the trajectory as follows

1

r(ϑ)
=

(
1

r0
− ν

µc21

)
cos (ϑ− ϑ0)−

pr,0
µc1

sin (ϑ− ϑ0) +
ν

µc21
(21)

where the function V (r) has been specified as the potential function of a system interacted
via a central force. Hence we have used the equality V (r) = −ν/r where ν is the product of
the system particles’ masses and univariate gravitational constant (ν ≡ gm1m2). All entities
having a zero in their indices correspond to an initial value. c1 is the constant specifying
angular momentum conservation while µ stands for the previously defined reduced mass of
the two particles system.

This formula can be put into more amenable form by defining

c ≡ ν

µc21
, 1− µc21

νr0
≡ ε cosφ,

c1pr,0
ν
≡ ε sinφ (22)

and writing

ε =

√(
1− µc21

νr0

)2

+
c21p

2
r,0

ν2
, φ = tan−1

(
c1pr,0r0
νr0 − µc21

)
(23)
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By using these definitions, we can rewrite circular motion trajectory in a more simple
(compact) form as follows.

1

r (ϑ)
= c [ 1− ε cos (ϑ− ϑ0 − φ) ] (24)

In this formula ε is expected to be positive without exceeding 1. This means that the
following inequalities hold

ε ≤ 1 =⇒ ε2 ≤ 1 =⇒
(

1− µc21
νr0

)2

+
c21p

2
r,0

ν2
≤ 1 =⇒ µ2c21

ν2r20
−

(
2µ

νr0
−
p2r,0
ν2

)
≤ 0 (25)

−

√
2−

r0p2r,0
µν

≤ c1 ≤

√
2−

r0p2r,0
µν

=⇒ −

√
2µ2 −

µr0p2r,0
ν

≤ pϑ,0 ≤

√
2µ2 −

µr0p2r,0
ν

(26)

We find this level of recalling information sufficient for this moment.

2 Constructing Probabilistic Evolution Theory Equations
(PREVTH)

Now we take the following two ODEs as the target of PREVTH

r′(t) =
pr(t)

µ
, r(0) = r0

p′r(t) =
p2ϑ,0
µ

1

r(t)3
− ν

r(t)2
, pr(0) = pr,0 (27)

Even though PREVTH expects conicality (second degree multinomiality) at the right hand
side of target ODEs [8], these ODEs do not have such type of right hand sides. However it
is possible to use space extension [5–7] herein.

u1(t) ≡
1

r(t)
, u2(t) ≡

1

r(t)2
, u3(t) ≡

pr(t)

r(t)
, u4(t) ≡ pr(t)2 (28)

These new unknowns are added to two original ODEs one by one. First we add u1(t) as a
new unknown temporal function. This addition realized by starting with the differentiation
of both sides of first equation in (28) this gives an ODE whose right hand side contains the
first derivative of previously existing unknown function r(t). This derivative can be replaced
by its equivalent in the previously existing ODE for r(t). This replacement enables us to
get a right hand side depending on r(t), pr(t), u1(t). However conicality still has not been
obtained and urges us to define the new additional unknown u2(t). Then u2(t) can be
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similarly added to the obtained three ODEs for r(t), pr(t), u1(t). The right hand sides of
the obtained four ODEs for r(t), pr(t), u1(t), u2(t) still do not have conicality. This urges
us to continue in the same way for adding u3(t) and finally u4(t). At that addition (space
extension) we arrive at

r′(t) = 1
µpr(t), r(0) = r0

p′r(t) =
p2ϑ,0

µ u1(t)u2(t)− νu2(t), pr(0) = pr,0
u′1(t) = − 1

µu2(t)pr(t), u1(0) = 1
r0

u′2(t) = − 2
µu2(t)u3(t), u2(0) = 1

r20
u′3(t) = − 1

µu2(t)u4(t) + 1
µp

2
ϑ,0u2(t)

2 + νu1(t)u2(t), u3(0) =
pr,0
r0

u′4(t) =
2p2ϑ,0

µ u2(t)u3(t)− 2νu1(t)u3(t), u4(0) = p2r

(29)

which are in conical structure and appropriate for the application of PREVTH [9]. We can
now rewrite these equations in the following concise form

.
x(t) = F0 + F1x(t) + F2x(t)⊗2 (30)

where
x(t) = [ r(t) pr(t) u1(t) u2(t) u3(t) u4(t) ]T (31)

For our two particle system F0 = 06 and F1 is composed of two outer products from six
dimensional Cartesian space standard unit vectors while F2 is a rectangular matrix of 6×36
type. We do not intend to present the structure of F2 explicitly since we do not find it
necessary.

3 Constancy Adding Space Extension (CASE)

The conical structure obtained in the previous section is not the ultimate form on which
PREVTH is applied. The desired form is again conical but the constant vector is desired to
be vanished while the desired form of linear term coefficient is proportional to the identity
matrix whose number of rows and columns is identical to the element number of the system
vector. These desired forms can be produced by using very specific Constancy Adding Space
Extension (CASE) which adds just a constant function as a new unknown. We can write
the following equalities

xaug(t) ≡
[
x(t)T a

]T
, xaug(t)

⊗2 = P−1
[
x⊗2

T
axT axT a2

]T
(32)

where the unitary matrix P stands for an appropriate permutation matrix of 49×49. These
equalities are desired to take us to the following ODEs with specific conicality

ẋaug(t) = βxaug+Faugx
⊗2
aug = βxaug+G

[
x⊗2

T
axT axT a2

]T
, G ≡ FaugP

−1 (33)
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where β stands for a scalar which is arbitrary at this moment while augmented rectangular
matrices, Faug, and G, denote 7 × 49 type. G’s blocks in the partitioning in accordance
with the Kronecker square of the augmented system vector, x⊗2 should have the following
equivalents to get harmony with the CASE

G1,1 ≡ F2, βI6 + aG1,2 + aG1,3 = F1, G1,4 =
1

a2
F0

G2,1 = G2,2 = G2,3 = 0, G2,4 =
β

a
(34)

4 Kronecker Power Series Solution via Probabilistic Evolu-
tion Theory (PREVTH)

The first part of (33) can be solved by the following Kronecker power series

xaug(t) = eβt
∞∑
j=0

uj

j!
Tja

⊗(j+1) (35)

where Tj stands for the jth Telescope Matrix which is defined as the product of some
Monocular Matrices in the following equalities

Tj ≡
∏
k=1

Mk, Mk ≡
k−1∑
`=0

I⊗`7 ⊗ F⊗ I⊗(k−1−`) (36)

In the above Kronecker power solution the initial vector has been symbolized by a. That
Kronecker power solution can be reexpressed as follows

xaug(t) = eβt
∞∑
j=0

uj

j!
vj (a) , vj (a) ≡ Tja

⊗j (37)

where the vectors, vj (a)s, satisfy the following recursion as we have recently proven.

vj (a) =

j−1∑
k=0

(
j − 1

k

)
bFaug,vkevj−k−1, j = 1, 2, 3, ...; v0 (a) = a (38)

where we have used the squarification and SquTelMat concepts which are defined through
the following equalities

F ≡
[
F(1) ... F(n+1),

]
, bF, ξke =

n+1∑
i=1

(
eTi ξk

)
F(i) (39)
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where a linear combination of the square blocks is formed using the vector elements as
coefficients. Now, truncations from (37) may be used in order to approximate the solution
of the initial value problem.

After the Constancy Adding Space Extension (CASE) application we have told above,
we obtain the non-zero elements of Faug as follows

Faug =
1

2
e1e

T
28 +

1

2
e1e

T
46 −

1

2
e2e

T
18 −

1

2
e2e

T
24 − e3e

T
20 − e3e

T
38 +

1

2
e4e

T
10 +

1

2
e4e

T
16

−e4eT18 − e4e
T
24 − 2e5e

T
19 + e5e

T
20 − 2e5e

T
31 + e5e

T
38 + e6e

T
17 −

1

2
e6e

T
19

−e6eT20 − e6e
T
31 (40)

5 Padé Approximants of PREVTH Solution Components

The main purpose of this paper is to construct Certain Padé approximants to the PREVTH
solutions mentioned in the previous section. There are various alternatives to construct Padé
approximants: (i) Each element of PREVTH solution vector can be individually approxi-
mated by certain Padé approximants; (ii) The norm of the PREVTH vector solution can
be Padé approximated as a whole approximations; (iii) The inner product of the PREVTH
solution vector with another given (mostly constant) vector can also Padé approximated.
The examples can be populated as desired.

We do not give any detail for the Padé approximant construction since it is a quite well-
known issue. Beyond that we do not intend to give any symbolical or numerical results even
though we have results of many implementation for confirmative purposes. This is because
of the time and paper size limitations. We are going to realize a sufficiently comprehensive
implementative during the presentation. However, we can now say that the results are very
parallel to what we have expected in the convergence properties.

6 Concluding Remarks

As we can see from the last equation, after applying PREVTH, we have 6 ODEs which
have at most second degree multinomials on the right hand side and these are all solvable.
In this work, we have shown that the structure of the two particles celestial mechanical
systems allow us to apply Probabilistic Evolution Theory(PREVTH). We are going to give
more plots and implementation during our presentation in the conference. In the main
part sections of this paper we have taken β as zero. This is because the norm suppression
produces zero value for β. The other important point is the existence of just a single position
variable (radial variable) at then. This facilitates the analysis pretty much.
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Abstract

The aim of this paper is to verify the positive definiteness for real symmetric ma-
trices. An excellent method for generating computer-assisted proofs of the positive
definiteness was proposed by Rump. In this paper, we propose verification methods
using computed Cholesky factors and their approximate inverse matrices. Positive def-
initeness can be verified for a wide range of problems by the proposed method.

Key words: computer-assisted proof, positive definiteness, numerical liner algebra
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1 Introduction and Preceding Study

The aim of this paper is to verify the positive definiteness for real symmetric matrices. A
verification method has already been proposed by Rump [2]. The Rump’s method is quick
and but can fail to verify positive definiteness when the condition number of the given
matrix is high. Herein, we propose verification methods for positive definiteness that work
large scale or ill-conditioned matrices.

Here, we introduce the notation used in this paper and briefly review Rump’s method [2].
Let F be the set of floating-point numbers as defined by the IEEE Std. 754 [1]. fl(·), f l5(·)
and fl4(·) indicate that all operations inside the parentheses are evaluated using floating-
point arithmetic with rounding to the nearest, rounding downward and upward mode, re-
spectively. For simplicity, we assume that neither overflow nor underflow occurs in fl(·)
because underflow can be handled by adding a constant to the arguments presented in this
paper. Let u be the unit roundoff, e.g. u = 2−53 for binary64 in the IEEE standard. For
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x, y ∈ Rn, the notation |x| is defined |x| = (|x1|, |x2|, . . . , |xn|)T and x < y means xi < yi
for all i. This notation can be extended to matrices in a straightforward manner.

Let ρ̄ = fl4(
∑n

j=1 γj+1ajj), γn = nu/(1− nu), nu < 1 and B = fl5(A− ρ̄I), where I
is the identity matrix. Rump showed that if Cholesky decomposition for the matrix B can
be successfully computed using numerical computation, the matrix A is positive definite.
We call this method T0.

2 The Proposed Method

In this section, we first introduce lemmas concerning residuals, eigenvalues and norms.

Lemma 1 (Theorem 4.4 in [3]) Let A = AT ∈ Fn×n and assume that Cholesky decom-
position has been successfully completed using numerical computation. Then

R̂T R̂−A = ∆A, |∆A| ≤ (n+ 1)u|R̂|T |R̂|, (1)

is satisfied, where R̂ ∈ Fn×n is a factor computed by Cholesky decomposition.

Lemma 2 (Corollary 8.1.6 in [4]) If A and A+E are n-by-n symmetric matrices, then

|λk(A+ E)− λk(A)| ≤ ||E||2

for 1 ≤ k ≤ n, where λk(A) denotes the kth eigenvalue of the matrix A.

Lemma 3 (Lemma 2.3.3 in [4]) If F ∈ Rn×n and ||F || < 1, then I + F is nonsingular
and

||(I − F )−1|| ≤ 1

1− ||F ||
.

Next, we propose a theorem that places a lower bound on the minimum eigenvalue.

Theorem 4 Let A = AT and introduce R̂ and X̂ ∈ Rn×n. Set ∆X := X̂R̂ − I ∈ Rn×n. If
there exist matrices R̂ and X̂ such that ||∆X||2 < 1, then

λmin(A) ≥ (1− ||∆X||2)2

||X̂X̂T ||2
− ||∆A||2 where ∆A = R̂T R̂−A. (2)

Proof. From Lemma 2, we obtain

λmin(A) ≥ λmin(R̂T R̂)− ||∆A||2 = ||(R̂T R̂)−1||−12 − ||∆A||2. (3)

From the assumption ||∆X||2 < 1 and Lemma 3, R̂ and I + ∆X are nonsingular and we
obtain

R̂−1R̂−T = (I + ∆X)−1X̂X̂T (I + (∆X)T )−1.
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From this and Lemma 3, we can derive

||(R̂T R̂)−1||2 ≤
||X̂X̂T ||2

(1− ||∆X||2)2
. (4)

We obtain (2) by substituting (4) into (3). �

We set R̂ and X̂ to be the computed Cholesky factors and an approximate inverse
matrix of R̂, respectively. The computational cost of calculating R̂ and X̂ is 1

3n
3 + O(n2)

flops.
We will prove λmin(A) > 0 by computing the upper bounds for ||X̂X̂T ||2 and ||∆A||2 in

Theorem 4. First, we propose a fast method (T1). If S = ST ∈ Rn×n, then ||S||2 ≤ ||S||∞.
The norm ||S||∞ can be computed as follows:

||S||∞ = || |S|e ||∞, e = (1, 1, . . . 1)T ∈ Fn. (5)

We can obtain upper bounds for ||X̂X̂T ||2 and ||∆A||2 as follows:

||X̂X̂T ||2 ≤ fl4(|| |X̂|(|X̂T |e)||∞), ||∆A||2 ≤ fl4((n+ 1)u|| |R̂T |(|R̂|e)||∞). (6)

The total cost of proving λmin(A) > 0 is thus 2
3n

3 +O(n2) flops.
Next, we introduce methods that use the enclosure property of matrix multiplication.

Upper bounds for ||X̂X̂T ||2 and ||∆A||2 can be obtained as follows:

||X̂X̂T ||2 ≤ ||max(|fl5(X̂X̂T )|, |fl4(X̂X̂T )|)||∞, (7)

||∆A||2 ≤ ||max(|fl5(R̂T R̂−A)|, |fl4(R̂T R̂−A)|)||∞. (8)

The computational cost of calculating X̂X̂T and R̂T R̂ is 1
4n

3 +O(n2) flops, because X̂ and

R̂ are triangular matrices, and X̂X̂T and R̂T R̂ are symmetric. The computational cost of
(7) and (8) is 1

2n
3 +O(n2) flops. We now define methods T2, T3 and T4:

• T2: (7) and (6) are used as upper bounds for ||X̂T X̂||∞ and ||∆A||∞.

• T3: (6) and (8) are used as upper bounds for ||X̂T X̂||∞ and ||∆A||∞.

• T4: (7) and (8) are used as upper bounds for ||X̂T X̂||∞ and ||∆A||∞.

The norm ||∆X||2 can be bounded as follows:

|∆X| ≤ nu|X̂||R̂|, ||∆X||2 ≤
√
||∆X||1||∆X||∞.

This computational cost of this is O(n2) flops using (5).
Table 1 shows the computational cost for these norms using each method. The cost

of Cholesky decomposition is normalised to one in the Ratio column, in other words, the
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Table 1: The computational cost of calculating ||X̂X̂T ||∞ and ||∆A||∞ (flops)

Method ||X̂X̂T ||∞ ||∆A||∞ Ratio
T1 O(n2) O(n2) 2
T2 n3/2 +O(n2) O(n2) 3.5
T3 O(n2) n3/2 +O(n2) 3.5
T4 n3/2 +O(n2) n3/2 +O(n2) 5

cost of T0 is defined to be one. Next, we check that positive definiteness is guaranteed for
more ill-conditioned matrices using our methods. Let A = AT ∈ Fn×n. The matrix A was
generated in MATLAB by A = gallery(‘randsvd′, n,−c, 3, n, n, 1), where c is the expected
condition number of A. Table 2 shows the maximum condition number c for each method.
The methods could verify the positive definiteness up to these condition numbers. These
numerical results indicate that our methods can cover more ill-conditioned matrices.

Table 2: The maximum condition numbers for which each method can verify the positive
definiteness of matrices of size n

n T0 T1 T2 T3 T4

5000 5.01e+07 7.94e+07 1.99e+09 3.98e+10 7.94e+11
10000 5.01e+06 7.94e+06 3.16e+08 1.00e+10 3.16e+11
20000 3.98e+05 7.94e+05 5.01e+07 2.51e+09 1.00e+11
30000 3.98e+04 2.51e+05 1.99e+07 7.94e+08 6.30e+10

The application of the proposed method to validate the solutions of linear systems will
be shown in the presentation.
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Abstract

Inversion of infinite invertible unreduced Hessenberg matrices has been studied in
[1], with applications to infinite invertible unreduced tridiagonal matrices. The case of
infinite invertible reduced Hessenberg matrices and infinite reduced tridiagonal matrices,
when the number of zeros on the subdiagonal is finite or infinite, is now studied for a
complete landscape of inversion of such matrices. Reduced Hessenberg matrices are
regarded finally as bounded linear operators

Key words: Hessenberg matrix, tridiagonal matrix, inverse matrix, reduced matrix.

1 Introduction

A characterization of the finite nonsingular unreduced Hessenberg matrices is related with
the distinguished rank structure of their inverse matrix [2, 3, 4]. The inverses of such
matrices are rank one perturbation, UV +T, of triangular matrices. The inverses of real or
complex infinite Hessenberg matrices have a similar structure and the method for inverting
infinite Hessenberg matrices is based on the structure properties. In particular, classical
inverses of general tridiagonal matrices can be generated through recurrence relations.

Some background about inversion of infinite matrices and their applications can be
found in the literature; see e.g. [5, 6] and the references given there. Hessenberg matrices
appears in signal processing, time series, birth-dead processes and orthogonal polynomial
as matrix representation of the multiplication by z operator. They arise in numerical linear
algebra, as a result of the application of Givens or Householder orthogonal transformations
for a general matrix, when solving the eigenvalue problem.
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In this paper we present the inversion of infinite invertible reduced Hessenberg matrices
and the inversion of infinite invertible reduced tridiagonal, as particular case, when the
number of zeros in subdiagonal is finite or infinite. Finally, reduced Hessenberg matrices
are regarded as bounded linear operator in a Hilbert space.

The material is organized as follow. In Section 1, we recall some basic result about
inverses of finite Hessenberg matrices and infinite unreduced Hessenberg matrices and
tridiagonal matrices. In Section 2 we study the inversion of infinite reduced Hessenberg
matrices when the number of zeros in subdiagonal is finite and infinite. Section 3 contains
a short remark regarding the inversion of bounded linear operators. Some illustrative
examples are also given.

1.1 Unreduced Hessenberg matrices of finite order

We recall some lemmas related with finite upper Hessenberg matrices and tridiagonal
matrices. A matrix H = (hij)

n
i,j=1 is upper Hessenberg if its elements hij satisfy hij = 0

for i ≥ j + 2. We also recall that an order n Hessenberg matrix H is an unreduced upper
Hessenberg matrix if it has nonzero subdiagonal entries, hi+1,i 6= 0, i = 1, 2, ..., n− 1. Next
lemma is well-known, [1, 2, 3].

Lemma 1. A nonsingular matrix H = (hij)
n
i,j=1 is unreduced upper Hessenberg if and

only if its inverse matrix has the structure B = UV + T , being U a column matrix with
nonzero n-th component, V is a row matrix with nonzero 1-st component. T is strictly upper
triangular having null entries on its main diagonal and nonzero entries on the superdiagonal,
ti,i+1 = 1

hi+1,i
6= 0, 1 ≤ i ≤ n− 1.

Some numerical methods for inverting finite Hessenberg matrices and tridiagonal
matrices are available, see e.g. [2, 7, 8, 9] and references given there.

1.2 Reduced Hessenberg matrices of finite order

If we have a nonsingular upper Hessenberg matrix having a zero entry on the subdiagonal,
we can decompose the matrix in blocks and using the Schur complement. For a nonsingular
reduced Hessenberg matrix H with hk+1,k = 0, we consider

H =

(
H11 H12

0 H22

)
and B =

(
B11 B12

0 B22

)
,

where B11 = H−111 , B22 = H−122 and B12 = −B11H12B22. The matrix B is the inverse of H
and both matrices have the same block upper triangular structure.

If matrix H is a nonsingular upper Hessenberg matrix having a finite number of zero
entries on the subdiagonal, we can to proceed in the same way.
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1.3 Inverses of infinite unreduced Hessenberg matrices

Given a real or complex infinite-dimensional matrix A = (aij), the matrix B = (bij) is a
classical inverse of A if both matrices A and B satisfy AB = BA = I, with I the identity
matrix. The matrix A may have (or may not have) classical inverse. Alternatively, A may
have two classical inverses, and then infinitely many classical inverses; see e.g. [1, 6, 10].

An infinite matrix H = (hij) is an upper Hessenberg matrix if hij = 0 for i ≥ j+ 2. An
infinite Hessenberg matrix H is an unreduced upper Hessenberg matrix if its subdiagonal
entries are nonzero, hi+1,i 6= 0, and i = 1, 2, ...

Conditions for an infinite invertible matrix H be an unreduced Hessenberg matrix are
given in Corollary 1 of [1], that we recall below as Lemma 2, and applications to unreduced
tridiagonal matrices. The submatrix Hn is the left principal one of order n. The submatrix

H
(i)
n−i is the right principal one of order n− i, which begins in the i+ 1-th row and column

and finishes in the n-th row and column.

Lemma 2. Let H = (hij) be an infinite invertible matrix and assume that the limits

lim
n

|H(i)
n−i|
|Hn|

= ξi,

for i ≥ 1 are finite and nonzero. Then H is an unreduced upper Hessenberg matrix if
and only if its classical inverse matrix B = (bij) has the form B = UV + T, where U =
(u1, u2, ...)

T is a column vector with nonzero components, V = (v1, v2, ...) is a row vector
with nonzero first component, and T is strictly upper triangular, having zeros on its main
diagonal, and nonzero entries ti,i+1 = h−1i+1,i, i ≥ 1, on its superdiagonal.

2 Inverses of infinite reduced Hessenberg matrices

2.1 Infinite reduced Hessenberg matrices with a finite number of zeros
in the subdiagonal

When an infinite reduced Hessenberg matrix H has at least a null entry on its subdiagonal,
we can evaluate its classical inverse in a similar way as the known method of the Schur
complement for a matrix of finite order.

Proposition 1. Let H be an infinite invertible upper Hessenberg matrix with only a zero
entry on its subdiagonal. Then, its classical inverse matrix can be calculate using a block
matrix procedure. If H is

H =

(
H11 H12

0 H22

)
,
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a classical inverse matrix is

B =

(
H−111 −H−111 H12H

−1
22

0 H−122

)
,

where H11 is a finite nonsingular unreduced upper Hessenberg matrix, H22 is an infinite
invertible unreduced upper Hessenberg matrix. There are infinitely many classical inverses
of H.

Proof. As H11 is a finite matrix and H12 has a finite number of rows, products satisfy the
associative property and products HB and BH give obviously I.

The case of finitely many zeros on the subdiagonal follows from the previous Proposition.

Proposition 2. Let H be an infinite invertible upper Hessenberg matrix with a finite number
of zero entries on the subdiagonal. Then its classical inverse matrices can be obtained using
a block matrix procedure in a similar way as Proposition 1.

Proof. We consider the block matrix

H =

(
H11 H12

0 H22

)
,

where all zero entries in the subdiagonal are in H11. The inverse of the finite matrix H11

is given in Subsection 1.2. Then H22 is an unreduced Hessenberg matrix and the inverse of
matrix H is given by the formula of Proposition 1.

Obviously, H has infinitely many classical inverses because H22 is an unreduced infinite
Hessenberg matrix and, by Proposition 1, has infinitely many classical inverses.

Example 1. The next matrix H has zero entries in h23 = h54 = h76 and nonzero in all
other entries on its subdiagonal. Its inverse matrix is B :

H=



1 0
1 1

1 0
0 1

1 0
0 1

H14

1 0
1 1

1 0
0 1

H24

1 0
1 1

H34

H44


, B=



1 0
−1 1

B12 B13 B14

1 0
−1 1

B23 B24

1 0
−1 1

B34

B44


,
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where B44 = H−144 and

B12 = −H−111 H12H
−1
22 = −

(
1 0
−1 1

)(
1 0
0 1

)(
1 0
−1 1

)
=

(
−1 0
2 −1

)
,

B23 = −H−122 H23H
−1
33 = −

(
1 0
−1 1

)(
1 0
0 1

)(
1 0
−1 1

)
=

(
−1 0
2 1

)
,

B13 = −H−111 (H13 −H12H
−1
22 H23)H

−1
33 ,

B34 = −H−133 H34H
−1
44 ,

B24 = −H−122 (H24 −H23H
−1
33 H34)H

−1
44 ,

B14 = −H−111 (H14 −H13H
−1
33 H34 −H12H

−1
22 [H24 −H23H

−1
33 H34])H

−1
44 .

Different blocks can be obtained in each block-column from diagonal to top. A general
formula for Bij is shown in next theorem. We observe that H44 is unreduced and then it
has not a unique inverse matrix.

The case of infinitely many zeros on the subdiagonal of H is a little different and is
studied in next subsection.

2.2 Inverses of infinite Hessenberg matrices with an infinite number of
zeros in the subdiagonal

Theorem 1. A reduced invertible upper Hessenberg matrix H = (hij) with infinitely many
zeros on its subdiagonal can be decomposed in infinite nonsingular blocks and the inverse
matrix B = (bij) has the same block structure in a similar way to the finite case. The
classical inverse matrix is unique. Different blocks of B can be obtained by the next
recurrence relations

Bii = H−1ii

Bij = −H−1ii (Hi,i+1Bi+1,j +Hi,i+2Bi+2,j + · · ·+HijBjj), i < j.

Proof. Matrices H and B can be decomposed in an infinite number of finite blocks in the
form

H =


H11 H12 H13 H14 · · ·

H22 H23 H24 · · ·
H33 H34 · · ·

H44 · · ·
. . .

, B =


B11 B12 B13 B14 · · ·

B22 B23 B24 · · ·
B33 B34 · · ·

B44 · · ·
. . .

.

If we multiply the block-row i-th of H by the block-column i-th of B, or vice versa, we have
HiiBii = BiiHii = I. Then, Bii = H−1ii . If we multiply the i-th block-row of H by the j-th
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block-column of B, with i < j, we obtain

HiiBij +Hi,i+1Bi+1,j + · · ·+Hi,jBjj = 0,

then, we have

Bij = −H−1ii (Hi,i+1Bi+1,j +Hi,i+2Bi+2,j + · · ·+HijBjj).

If we multiply the i-th block-row of H by the j-th block-column of B, with i > j, we obtain
obviously 0. In a similar way if we multiply block-rows of B by block-columns of H. Each
block-column, Bij , is evaluated from the blocks placed under it.

In the case that matrix H has not two nonzero consecutive entries in subdiagonal, that
is, di · di+1 = 0,∀i, the inverse matrix is also an upper Hessenberg matrix. We have a
necessary and sufficient condition for the inverse of an invertible upper Hessenberg let be
also an upper Hessenberg matrix. In a similar way we have the condition for an infinite
invertible tridiagonal matrix let be also a tridiagonal matrix. There are the next theorem
and the next corollary.

Theorem 2. A necessary and sufficient condition for that the infinite invertible upper
Hessenberg matrix H = (hij) has a classical inverse matrix that be also an upper Hessenberg
matrix, is that verify hi+1,i · hi+2,i+1 = 0 for all i = 1, 2, ... In this case, the classic inverse
matrix is unique.

Proof. Necessary condition: If an infinite matrix H has nonzero entries on its subdiagonal,
it is an unreduced matrix, and then, if it is invertible, its classical inverse matrix B = (bij)
has the form B = UV + T, as we have shown in Lemma 2. Hence, its classical inverse
matrix is a full matrix.

If an infinite matrix H has a zero entry in [n+ 1, n], we consider matrix H divided in
blocks as

H =

(
H11 H12

0 H22

)
,

where H11 is an n×n finite invertible matrix and H22 is an infinite invertible matrix. Entries
of H−111 are given by expression (7) of [11], that is

(H−1)ij =
(−1)i+j

(∏i
k=2 hk,k−1

)(
detHj−1 detH

(i)
n−i − detH

(i)
j−i−1 detH11

)
(∏j

k=2 hk,k−1

)
detH11

,

and in the case i ≥ j, by expression (8) of [11], we have

(H−1)ij = (−1)i+j

(∏i−j−1
k=0 hi−k,i−k−1

)
detHj−1 detH

(i)
n−i

detH11
,
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where determinants of Hj−1, H
(i)
n−i and H11 are nonzero because matrix H is invertible.

Then, as H−111 is an upper Hessenberg matrix, for i > j + 1, we have (H−111 )ij = 0, that is∏i−j−1
k=0 hi−k,i−k−1 = 0. In particular, for i = j+2 we have hi,i−1hi−1,i−2 = 0, ∀i = 1, 2, ..., n.

We can repeat the argument if matrix H22 plays the rol of matrix H.

Sufficient condition: We need to prove that entries [i, j] in the inverse matrix H−111 ,
with i > j + 1, are zero. If infinite matrix H has a zero entry in [n+ 1, n], we consider the
previous division in blocks for H, and the entries of H−111 are given by expression (8) of [11],
and then, finite matrix H11 has the entry [i, j], with i > j+ 1, given by previous expression
and (H−111 )ij = 0 because one entry hi−k,i−k−1 is zero. This is valid for all entries below the
subdiagonal of H−1.

Unicity follows because all the blocks are of finite order.

Theorem 2 can be applied, in a similar way, to infinite invertible lower Hessenberg
matrices.

Corollary 1. A necessary and sufficient condition for the infinite invertible tridiagonal
matrix T = {ai, bi, ci} has a classical inverse matrix that be also a tridiagonal matrix, is
that verify ai · ai+1 = 0 and ci · ci+1 = 0 for all i = 1, 2, ... This classic inverse matrix is
unique.

Proof. Tridiagonal matrix T is upper and lower Hessenberg matrix, then with condition in
the establishment the inverse matrix T−1, by Theorem 2, is both upper and lower Hessenberg
matrix and thus T−1 is also tridiagonal.

Example 2. Matrix H1 is an infinite reduced upper Hessenberg matrix and it is invertible.
Matrix H2 is an infinite reduced invertible tridiagonal matrix

H1 =



0 0 1
1 0 0
0 1 0

0 0 1
1 0 0
0 1 0

. . .


, H2 =



0 1
1 0

0 1
1 0

0 1
1 0

. . .


,

an inverse of H2 is itself.
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Example 3. Tridiagonal matrix H3 does not verify the conditions of Corollary 1, it is also
a Hessenberg matrix with conditions of Theorem 2:

H3 =



0 1
1 0 1

0 1
1 0 1

0 1
1 0

. . .


.

This matrix is invertible because as lower Hessenberg has nonzero entries in superdiagonal.
That is, an unreduced Hessenberg matrix. Its unique classical inverse matrix is

B3 =



0 1
1 0 1

0 1
1 0 1

0 1
1 0 1

0
. . .

. . .
. . .



−1

=



0 1 0 −1 0 1 0 · · ·
1 0 0 0 0 0 0 · · ·

0 0 1 0 −1 0 · · ·
1 0 0 0 0 · · ·

0 0 1 0 · · ·
1 0 0 · · ·

0 0
. . .

. . .
. . .


·

Example 4. Matrix H4 is a tridiagonal matrix and it verifies the conditions of Corollary
1. Then, its unique classical inverse matrix is B4 :

H−14 =



1 0
1
3 1

0 1 0
1
3 1

0 1 0
1
3 1

. . .



−1

= B4 =



1 0
−1
3 1

1 0
−1
3 1

1 0
−1
3 1

. . .


.
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Example 5. Matrix H5 is an upper Hessenberg matrix and it verifies the conditions of
Theorem 2. The unique classical inverse matrix is B5 :

H−15 =



1 1 0 1 0 1 0 · · ·
1 1 0 1 0 1 0 1 · · ·

0 1 1 0 1 0 · · ·
1 1 0 1 0 1 · · ·

0 1 1 0 · · ·
1 1 0 1 · · ·

0 1 · · ·
1 1 · · ·

. . .



−1

= B5 =



1 1 0 1 0 1 0 · · ·
−1 1 −2 1 −4 1 −8 1 · · ·

1 1 0 1 0 · · ·
−1 1 −2 1 −4 1 · · ·

1 1 0 · · ·
−1 1 −2 1 · · ·

1 · · ·
−1 1 · · ·

. . .


.

Example 6. Matrix H6 is a Hessenberg matrix with conditions of Theorem 2. The unique
classical inverse matrix is

H−16 =



1 1
4 0 1

16 0 1
64 0 · · ·

a 1 0 1
4 0 1

16 0 1
64 · · ·

0 1 1
4 0 1

16 0 · · ·
a 1 0 1

4 0 1
16 · · ·

0 1 1
4 0 · · ·

a 1 0 1
4 · · ·

0 1 · · ·
a 1 · · ·

. . .



−1

=



1 −1
4 0

−a 1 a
2

−1
4

−a
16

0 1 −1
4 0

−a 1 a
2

−1
4

−a
16

0 1 −1
4 0

−a 1 a
2

−1
4

. . .

0 1
. . .

−a 1
. . .

. . .
. . .


.

3 Reduced Hessenberg matrices related with bounded linear
operators

In some cases, Hessenberg matrices can be regarded as bounded linear operators on `2. We
recall here some basic features of the matrix representation of invertible linear operators.
A bounded operator T between Hilbert spaces, for example from `2 to itself, is invertible if
there exists an operator T−1, obviously bounded, such that T−1Tx = x and TT−1y = y for
every x, y ∈ `2. The operator T−1 is called the inverse operator of T, and it is unique. A
useful method for inverting bounded linear operators is the (iterative) power series method
given by next lemma; see e.g. Theorem 8.2 from [5].
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Lemma 3. Let H be a matrix representation of a bounded operator on `2 that satisfies
||A|| < 1, where A = I −H. Then H is invertible, and its inverse H−1,

H−1 =
∞∑
j=0

Aj = I +A+A2 +A3 + · · · ,

is a matrix representation of its inverse operator defined on `2.

Example 7. The infinite Hessenberg matrix H6 from Example 6 satisfies H6 = I−A, where
A is the matrix

A =



0 −1
4 0 −1

16 0 −1
64 0 · · ·

−a 0 0 −1
4 0 −1

16 0 −1
64 · · ·

0 0 −1
4 0 −1

16 0 · · ·
−a 0 0 −1

4 0 −1
16 · · ·

0 0 −1
4 0 · · ·

−a 0 0 −1
4 · · ·

0 0 · · ·
−a 0 · · ·

...
. . .


.

If |a| < 2
3 , then is ||A|| < 1. Hence H6, as a matrix representation of a bounded linear

operator in `2, is invertible. The matrix B6 from Example 6 is a matrix representation of
its inverse operator.

The infinite Hessenberg matrix H5 from Example 5 satisfies also H5 = I −A, where A
is the matrix

A =



0 0 −1 0 −1 0 −1 0 · · ·
−1 0 0 −1 0 −1 0 −1 · · ·

0 0 0 −1 0 −1 0 · · ·
−1 0 0 −1 0 −1 · · ·

0 0 0 −1 0 · · ·
−1 0 0 −1 · · ·

0 0 0 · · ·
−1 0 · · ·

. . .


.

In this case, H5 is not a bounded linear operator in `2. The matrix B5 from Example 5 is the
unique classical inverse matrix of H5, but is not the representation of a bounded operator.
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The infinite tridiagonal matrix H4 from Example 4 satisfies also H4 = I −A, where A
is the matrix

A =



0 0
−1
3 0

0 0
−1
3 0

0 0
−1
3 0

. . .


,

with norm ||A|| < 1. Hence H4, as a matrix representation of a bounded linear operator in
`2, is invertible. The matrix B4 from Example 4 is a matrix representation of its inverse
operator.

Recall that a matrix H can have infinitely many classical inverses. Nevertheless, if H
is a matrix representation of an invertible bounded operator, it has a unique inverse. Such
an inverse is also a matrix representation of its inverse bounded linear operator, as those
given in Example 7.

Some reduced tridiagonal matrices with specific invertible blocks can be inverted by
blocks, as we shown in next example.

Example 8. If we take 0 < a, b < 1, matrix T1 verifies ||I−T1|| < 1 and T1 is an invertible
bounded operator with

T−11 =


1 b
a 1

1 b

a 1
. . .

. . .
. . .



−1

=



1
1−ab

−b
1−ab

−a
1−ab

1
1−ab

1
1−ab

−b
1−ab

−a
1−ab

1
1−ab

. . .

. . .
. . .

.

The same happens with matrix T2 if 0 < a, b < 1
2 · The inverse operator is

T−12 =



1 0
a 1 b

1 0
a 1 b

1
. . .

. . .
. . .



−1

=



1 0
−a 1 −b

1 0
−a 1 −b

1
. . .

. . .
. . .


.
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Bogotá-Colombia

2 Department of Mathematics, University of Castilla-La Mancha

emails: dytrejosa@udistrital.edu.co, jose.valverde@uclm.es

Abstract

In this work, we compare continuous and discrete models for the propagation of
bovine Babesiosis disease among bovine and ticks populations. From our continuous-
time model based on ordinary differential equations, we derive its discretization both
ways: by direct formulation of the model and by using the forward Euler scheme. We
show that the reproductive parameter R0 plays an important role in the existence and
stability of the equilibrium points for the different versions. Finally, we conclude from
some numerical simulations that the dynamics do not change when varying the value
of the step size till a threshold value corresponding to the Euler discretization.

Key words: Bovine Babesiosis, continuous-time model, discrete-time model, for-
ward Euler Scheme, Local and global stability.

1 Extended abstract

The bovine Babesiosis is a parasitic zoonotic disease transmitted by ticks and is produced
by protozoan as Babesia bovis and Babesia bigemina. The bovine Babesiosis cause great
economic losses to cattle farmers in tropical and subtropical climates around the world.

The first mathematical continuous deterministic model known for the spread of bovine
Babesiosis was proposed by Aranda et al. [1] and consists of five ordinary differential equa-
tions. In 2014, Friedman and Yakubu [5] included the factor of dispersion for the bovine
population and ticks converting the model in [1] into a system of partial differential equa-
tions and introducing a parameter P, a proliferation index, which plays the same role as
the basic reproduction number, R0, in our work [1]. Carvalho et al. [4] incorporated the
memory effect in the model. They changed normal derivative by the Caputo derivative.
Also in this sense, Zafar et al. [10] study a fractional-order scheme version of our model.
Other works take into account factors such as the juvenile stage of the cattle population
[9] or the effects of seasonal changes [3]. On the other hand, in [8], the authors use a
computational multistage algorithm modified for approximating solutions of the model in
[1] in a sequence of (time) intervals.

c©CMMSE ISBN: 978-84-617-8694-7

Page 1990 of  2288



Continuous and discrete time models for the bovine Bebesiosis disease

For our purposes, we assume an homogeneous-mixing for the disease dynamics. That
is, all the populations have same rates of disease-causing contacts. The bovine population
NB(t) is split into three subpopulations, namely, susceptible S̄B(t); infected ĪB(t); and
controlled C̄B(t), i.e., treated against Babesiosis. Ticks population, NT (t), is only divided
into two subpopulations susceptible S̄T (t) and infected ĪT (t). The susceptible cattle may
become infected due to ticks bites infected by the parasite at a rate βB and susceptible
ticks may become infected after a blood meal on infected bovine at a rate βT . Parameters
λB and αB are the fractions of infected bovines which are controlled and of controlled
bovines which return to be susceptible to parasite, respectively. We consider, in the tick
population, vertical transmission of bovine Babesiosis with probability 1 − p. The birth
and death rates are considered equal in each population, being denoted by µB for the
bovine population and µT for the tick population.

Under the above assumptions, we obtained the continuous model described by the
following system of first order equations [1]:



S̄B(t) = µB(S̄B(t) + C̄B(t)) + αBC̄B(t)− µBS̄B(t)− βBS̄B(t)
ĪT (t)

NT (t)
,

ĪB(t) = µB ĪB + βBS̄B(t)
ĪT (t)

NT (t)
− µB ĪB − λB ĪB(t),

C̄B(t) = λB ĪB(t)− (µB + αB) C̄B(t),

S̄T (t) = µT (S̄T + pĪT )− βT S̄T (t)
ĪB(t)

NB(t)
− µT S̄T (t),

ĪT (t) = βT S̄T (t)
ĪB(t)

NB(t)
+ (1− p)µT ĪT (t)− µT ĪT (t),

(1)

For simplicity, we considered the bovine and tick populations as constants, i.e., N ′B(t) =
0 and N ′T (t) = 0. Also, we introduced the following proportions

SB(t) =
S̄B(t)

NB(t)
, IB(t) =

ĪB(t)

NB(t)
, CB(t) =

C̄B(t)

NB(t)
, ST (t) =

S̄T (t)

NT (t)
, IT (t) =

ĪT (t)

NT (t)
,

and equalities CB(t) = 1−SB(t)− IB(t) and ST (t) = 1− IT (t). The model (1) is reduced
to a normalized system with three differential equations of first order:

S′B(t) = (µB + αB) (1− SB(t)− IB(t))− βBIT (t)SB(t)

I ′B(t) = βBSB(t)IT (t)− λBIB(t),

I ′T (t) = βT (1− IT (t)) IB(t)− µT pIT (t).

(2)

Here, all the parameters involved are considered non-negative.

For our direct discrete-time epidemic model [2], we assume that the population in the
(t + 1) − th generation is a function of the t − th generation with t ∈ N. With similar
procedures as above, we directly obtain the following system of difference equations:

SB(t+ 1) = SB(t) + (µB + αB) (1− SB(t)− IB(t))− βBIT (t)SB(t)

IB(t+ 1) = IB(t) + βBSB(t)IT (t)− λBIB(t),

IT (t+ 1) = IT (t) + βT (1− IT (t)) IB(t)− µT pIT (t).

(3)

On the other hand, using discretization schemes, we obtain a more complex discrete model.
In particular, we use the forward Euler scheme (see [6] and [7]).

c©CMMSE ISBN: 978-84-617-8694-7

Page 1991 of  2288



Deccy Y. Trejos and Jose C. Valverde

Specifically, we choose a time step size h > 0, for any t ≥ 0. Taking into account the
above assumptions, we get the system:

SB(t+ 1) = [1− h (µB + αB + βBIT (t))]SB(t) + h (µB + αB) (1− IB(t))

IB(t+ 1) = [1− hλB] IB(t) + hβBSB(t)IT (t),

IT (t+ 1) = [1− h (µT p+ βT IB(t))] IT (t) + hβT IB(t),

(4)

for all initial conditions SB(t0) > 0, IB(t0) > 0 and IT (t0) > 0 satisfying SB(t0)+IB(t0) =
1 and IT (t0) > 0 with t0 ∈ N.

We assume as the state space of systems (3) and (4) the set

Ω =
{

(SB, IB, It) ∈ R3
+ : 0 ≤ SB + IB ≤ 1, 0 ≤ IT ≤ 1

}
which is a positive invariant set.

If the step size h = 1 in the model (4), we obtain the model (3) above. The model
(3) is epidemiologically meaningful if, and only if, the parameters involved in modeling
verifies the following constraints

1− (µB + αB) ≥ 0, 1− βB ≥ 0, 1− λB ≥ 0, 1− βT ≥ 0, 1− µT p ≥ 0.

These constraints are fundamental in order to prove results similar to the continuous sys-
tem (2).

The mathematical results related to model (4) are similar to models (2) and (3) for
0 < h ≤ 1, i.e, the equilibrium points existence and stability depend only on the threshold
parameter:

R0 =
βBβT
λBµT p

.

When R0 < 1, the system has also the two equilibria, disease-free equilibrium asymp-
totically stable in Ω and endemic equilibrium unstable, being the last one in the outside
of Ω. If the parameter value R0 = 1 the system undergoes a transcritical bifurcation.

Nevertheless, when h > 1, exists a theshold value, h∗, such that the disease-free
equilibrium is asymptotically stable into Ω, for h < h∗, where

h∗ =min

{
1

βB
,

1

βT
,

1

λB
,

1

µB + αB
,

1

µT p

}
.

If h > h∗, the desease-free equilibrium is unstable.

Besides, we are able to confirm the absence of contradictions between the different
versions. These results have been validated by numerical simulations.
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Abstract

The generalised finite differences method allows the use of irregular clouds of nodes.
The optimal values of the key parameters of the method vary depending on how
the nodes in the cloud are distributed and this may be specially complicated in 3D.
Therefore, we establish two criteria to allow the automation of the selection process
of the key parameters. These criteria depends on two discrete functions, one of them
penalises distances and the other penalises imbalances.

We propose an improved and more versatile h-adaptive method that allows adding,
moving and removing nodes. In order to decide on which nodes to act we use an
indicator of the error a posteriori. This h-adaptive method gives more accuracy results
than those presented for the generalised finite differences method so far and, in addition,
using fewer nodes.

Key words: Meshless method, Generalised finite differences, Adaptive method
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1 Introduction

The generalised finite differences method, from here onwards GFDM, is a meshless method
that allows, unlike the classical finite differences method, to solve partial differential equations
over domains where a regular grid is not possible.

An overview of advances in h-adaptive methods with the GFDM so far may be as follows.
In [1] an error indicator is defined and compared to the error proposed by Orkisz in [2] with
similar results but lower computational cost. Moreover, in [3], a quality index for the error
indicator is used in order to analyse its efficiency. Also in [1] two parameters associated
with the adaptive process arise, a limit for the distance to which a new node can be placed
(dpa) and a threshold of the error to be reached. Both parameters should be reduced little
by little in several steps. In [4] the GFDM and the EFG method are compared, obtaining
better results in the first one. In [4] it is also showed a case where a strategic irregularity
provides results almost as accuracy as those provided by a finer discretisation. The GFDM
and classical finite differences are compared in [5], obtained better results in the first one.
Moreover, it is proposed an adaptive method based on adding a node in the barycentre of
the triangles with higher area formed in each star. In [6] an index of irregularity of a cloud
of nodes is defined. The quadtree method is applied in cloud of nodes with sharp variations
of gradient in [7].

In this paper, we make the following contributions. Firstly, we define two penalty
functions based on distances and imbalances in each star and, in this way, we establish two
criteria to choose the number of nodes, the criterion of selection and the potential weighting
function. This is specially important in 3D. Secondly, all adaptive methods analysed in
previous works have been put together in an improved method with new functionalities
such as the ability of moving and removing nodes. Our aim is to reach error reductions as
low as possible with the fewest number of nodes and for that reason the quadtree method
is not included in this paper.

2 Theoretical background

Given a domain D ⊂ Rn, n = 2, 3, the aim is to solve a problem defined by the second order
linear partial differential equation

L2
(
U(x)

)
= f(x) ∀x ∈ Ω = int(D) (1)

with boundary condition

L1
(
U(x)

)
= g(x) ∀x ∈ Γ = fr(D) (2)

where x ∈ D, U is the unknown function and f and g are continuous functions.

c©CMMSE ISBN: 978-84-617-8694-7Page 1995 of  2288



M. Ureña et al.

In order to solve the problem, a discretisation M of the domain is considered and for
each star in the discretisation, it is defined the function given by the sum of the weighted
quadratics errors in Taylor series for terms over third order

B(Du) =
N∑
i=1

(
u0 − ui + εTi Du

)2

w2
i (3)

where N is the number of nodes of the star, wi = w(x0,xi) is the weighting function
and u0 = u(x0) and ui = u(xi) are the approximations of U0 = U(x0) and Ui = U(xi),
respectively. In both 2D and 3D, the vectors Du and εi are

Du =



(
∂u0
∂x

∂u0
∂y

∂2u0
∂x2

∂2u0
∂x∂y

∂2u0
∂y2

)T
(
∂u0
∂x

∂u0
∂y

∂u0
∂z

∂2u0
∂x2

∂2u0
∂y2

∂2u0
∂z2

∂2u0
∂x∂y

∂2u0
∂x∂z

∂2u0
∂y∂z

)T (4)

εi =


(
hi ki

h2i
2

hiki
k2i
2

)T
(
hi ki li

h2i
2

k2i
2

l2i
2

hiki hili kili

)T (5)

In order to minimise the error, this function is minimised and the following system is
obtained

ADu = b (6)

where

A =
N∑
i=1

w2
i εiε

T
i (7)

b =

N∑
i=1

w2
i (ui − u0)εi (8)

Solving for Du, the approximated values of the partial derivatives are obtained and, substituting
these values in the original equation (1), the equation of the star is attained

−λ0u0 +

N∑
i=1

λiui = f (9)

The numerical values in each inner node are obtained solving the linear system of equations
formed by all equations of the star. For more details about this, see [8] and [9].
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2.1 Criteria for selecting the key parameters of the stars

Definition 1 (Radius of the star) The radius of a star is defined as the average distance
between the central node and the rest of the nodes of the star and is denoted by sr.

Definition 2 (Distance penalty function of a star) The distance penalty function of
a star, fd : Ω −→ [0, 1], is defined as the numbers of nodes outside the interval [sr −
2σsr, sr+ 2σsr] divided by the number of nodes of the star, being σsr the standard deviation
of the distances between the central node and the rest of the nodes.

Given a star with N nodes, the number of nodes by octant (quadrant) is the integer part
of N/8 (N/4) and it is denoted by NO.

Definition 3 (Imbalance penalty function of a star) The imbalance penalty function
of a star, fb : Ω −→ [0, 1], is defined as the sum of the number of missing or extra nodes by
octant (quadrant) divided by the maximum possible penalty in the star.

The maximum possible penalty is N + 6NO in 3D and N + 2NO in 2D.

The index of irregularity of a cloud of nodes (IIC) defined in [6] gives an insight of how
irregular the cloud is but it does not provide information about the choice of the number
of nodes, the criterion of selection and the exponent of the potential weighting function.
Although we know that the optimal parameters are 18 nodes with the distance criterion and
24 nodes with the octant criterion and, with regard to the weighting function, the potential
function give better results than exponential ones, we want to know which the best choice
is in each case and, for this purpose, we apply the following empirical criteria, as it will be
seen in the examples in section 3.2.

If a cloud of nodes has some star whose balance penalty function is greater than 0.5,
then 24-stars formed by the octant criterion are chosen. Otherwise, 18-stars formed by the
distance criterion are chosen.

If a cloud of nodes has more than 25% of its stars with positive values of the distance
penalty function, then low exponents in the potential weighting functions are chosen. Otherwise,
higher exponents may be chosen.

Although the penalty functions will be used in 2D and 3D, these criteria are established
only for 3D cases because that is where they really are needed.

2.2 H-adaptive method

Two algorithms are distinguished in the h-adaptive method, one that allows the addition of
nodes and another that allows movement and elimination. In both algorithms, a node will
be processed if the estimation of the error in that node is above a given value. The errors
are calculated with the indicator obtained in [1].
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Addition algorithm. In 2D case, we use the algorithm defined in [5] that adds in each
selected node a new node in the barycentre of the triangles with higher area. In 3D case and
for each star, the algorithm adds nodes halfway between the selected node and the central
node. To do this, the algorithm handles two options, the first one selects the farthest node
and adds a single node and the second one selects the nodes whose distance is greater than
the radius of the star and adds the corresponding nodes. In all cases, a new node is added
if the distance with the rest of the nodes is less than α ·dpa, α ∈ (0, 1]. dpa is the minimum
distance between whatever two nodes in the cloud.

Movement algorithm. The next algorithm will be implemented jointly with the previous
and may be applied in any domain. For each star E(x0) = {x0; x1,x2, ...,xN}, we will
consider the connections between the central node and the other nodes of the star as vectors
whose starting point is the central node. The algorithm modifies the position of the central
node of the star. The new position of the central node will be determined by the ending point
of the resultant vector obtained by adding the N vectors, each of which will be weighted
by the estimation of the error (ei) on that node, namely, the linear combination

−→u0 = ϕE(e1)
−→u1 + ϕE(e2)

−→u2 + ...+ ϕE(eN )−→uN (10)

where −→u0 =
−−→
x0x0 with x0 the new position of the central node, −→ui = −−→x0xi,∀i = 1, ..., N and

ϕE the weighting function for the star E defined in terms of the estimation of the error is
as follows

ϕE(ei) =
1

κ+ei

SE
(11)

where κ > 0 is a constant to avoid problems with null values such as in Dirichlet boundary
and

SE =
N∑
i=1

1

κ+ ei
(12)

In order to implement the algorithm, the following constraints are taken into account:
C1. If the distance between the new position of the central node and the old one is

greater than µ · dmm, with 0 < µ < 1 and dmm the minimum distance between the central
node and the other nodes of the star, then the new position of the central node is in the
direction of the resultant vector but at distance of µ · dmm.

C2. If the distance from the new position of the central node to any node of the
discretisation is less than α · dpa the node is removed.

This movement algorithm helps to reduce the global error because of the reduction of
the estimation of the error in the node itself as a consequence of improving the distribution
of the nodes and because it produces a node repulsion effect in areas with close nodes and
large values of the error, making spaces which can be occupied by new nodes in the adding
step. In addition, it may be that, due to specific errors in the initial configuration of the
cloud, the initial dpa distance is smaller than expected and then it is possible to establish a
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distance dpa higher than the one obtained automatically in order to remove the nodes with
the highest estimation of the error.

It is important to notice that both addition and movement algorithm must be used with
stars formed by the octant criterion since the cloud of nodes will become more irregular
in each step. For this reason, and whenever the committed error when using stars formed
by the distance criterion is less than the committed error when using stars formed by the
octant criterion, we show that error using the distance criterion in the examples and verify
that the adaptive method reduces it.

In summary, we have three algorithms, one in 2D and two in 3D, to add nodes (addition
algorithm), an algorithm to move nodes (movement algorithm) and an adaptive method that
brings them together.

3 Numerical results

The error is evaluated using the following global error formula:

Global Error (%) =
1

|emax|

√√√√√√
NI∑
i=1

e2i

NI
× 100 (13)

where emax is the maximum value of the error indicator and NI is the number of inner
nodes.

In order to compare the addition algorithm and the adaptive method, four partial
differential equations are solved in four irregular clouds of nodes. The movement algorithm
will be implemented alternately with the addition algorithm. Moreover, in both algorithms,
a node will be processed if the estimation of the error in that node is above the average of
the estimation of the error in the whole cloud plus twice standard deviation. In all cases the
values for the different parameters are α = 0.5, µ = 2/3 and κ = max(e1, . . . , eN ), being ei,
i = 1, . . . , N , the estimation of the error in each node of the star.

In 3D cases it is difficult to visualize the distribution of nodes but, despite this, we show
both the initial and final clouds of nodes so that the difference can be appreciated.

3.1 Comparison between the addition algorithm and the adaptive method

Example 1. We consider the following equation over an arbitrary irregular domain contained
in D = [0, 3]× [0, 2]

∂2U

∂x2
+
∂2U

∂y2
= 0 (14)

with Dirichlet boundary conditions and exact solution

U(x, y, z) = ln(x2 + y2) (15)
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where 8-stars formed with the quadrant criterion and weighting function w(x0,xi) = ‖xi −
x0‖−4 have been used in each node.

Eight steps have been taken with the addition algorithm (barycentre method) and eight
steps have been taken with the adaptive method. The error value is improved by adaptive
method even using less nodes than the addition algorithm, as can be seen in table 1. Fig.
1 shows the initial cloud (55 nodes) and the final cloud (120 nodes) when adaptive method
has been applied.
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0
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2

0

0.4

0.8

1.2
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Figure 1: Cloud of nodes, initial (55 nodes) and final (120 nodes), applying the adaptive
method in example 1

Table 1: Initial and final errors and number of nodes

Example 1 Initial error (nodes) Final error (nodes)

Addition algorithm 6.16 · 10−1% (55) 3.58 · 10−2% (138)
Adaptive method 6.16 · 10−1% (55) 3.29 · 10−2% (120)

Example 2. We consider the following equation over an arbitrary irregular domain
contained in D = [0, 1]3

∂2U

∂x2
+
∂2U

∂y2
+
∂2U

∂z2
=

20

x2 + y2 + z2
(16)

with Dirichlet boundary conditions and exact solution

U(x, y, z) = 10 ln(x2 + y2 + z2) (17)

where 24-stars formed with the octant criterion and weighting function w(x0,xi) = ‖xi −
x0‖−6 have been used in each node.

Three steps have been taken with the second option of the addition algorithm and two
steps have been taken with the adaptive method. The estimation of the initial error using
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a star with 18 nodes formed by the distance criterion is 7, 37 · 10−2% and this value is
improved by the adaptive method as can be seen in table 2. Fig. 2 shows the initial cloud
(216 nodes) and the final cloud (250 nodes) when the adaptive method has been applied.

Figure 2: Cloud of nodes, initial (216 nodes) and final (250 nodes), applying the adaptive
method in example 2. Legend: ? boundary node, 4 inner node initial position, ◦ inner
node final position, ⊗ removed node.

Table 2: Initial and final errors and number of nodes

Example 2 Initial error (nodes) Final error (nodes)

Addition algorithm 1, 30 · 10−1% (216) 2, 76 · 10−2% (263)
Adaptive method 1, 30 · 10−1% (216) 2, 54 · 10−2% (250)

Example 3. We consider the following equation over an arbitrary irregular domain
contained in D = [0, 1]3

∂2U

∂x2
+
∂2U

∂y2
+
∂2U

∂z2
= 0 (18)

with Dirichlet boundary conditions and exact solution

U(x, y, z) = ex sin y + ey sin z + ez sinx (19)

where 24-stars formed with the octant criterion and weighting function w(x0,xi) = ‖xi −
x0‖−4 have been used in each node.

A single step has been taken with both algorithms. Fig. 3 shows the initial cloud of
nodes (136 nodes) and the final one (137 nodes) obtained when the adaptive method has
been applied. How the error decreases with the first option of the addition algorithm and
with the adaptive method can be seen in table 3.
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Figure 3: Clouds of nodes, initial (136 nodes) and final (137 nodes), applying the adaptive
method in example 3. Legend: ? boundary node, 4 inner node initial position, ◦ inner
node final position, ⊗ removed node.

Table 3: Initial and final errors and number of nodes

Example 3 Initial error (nodes) Final error (nodes)

Addition algorithm 7, 47 · 10−3% (136) 7, 11 · 10−3% (138)
Adaptive method 7, 47 · 10−3% (136) 4, 39 · 10−3% (137)

Example 4. We consider the following equation over an arbitrary irregular domain,
in particular, the sphere with centre the origin and radius 0.7.

∂2U

∂x2
+
∂2U

∂y2
+ 2

∂2U

∂z2
= 0 (20)

with Dirichlet boundary conditions and exact solution

U(x, y, z) = ez sinx cos y (21)

where 24-stars formed with the octant criterion and weighting function w(x0,xi) = ‖xi −
x0‖−4 have been used in each node.

Three steps have been taken with the first option of the addition algorithm and two
steps have been taken with the adaptive method. Fig. 4 shows the initial cloud of nodes (575
nodes) and the final one (582 nodes) obtained when the adaptive method has been applied.
Table 4 shows how the error decreases when the addition algorithm and the adaptive method
are applied.
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Figure 4: Clouds of nodes, initial (575 nodes) and final (582 nodes), applying the adaptive
method in example 4. Legend: (? boundary node, 4 inner node initial position, ◦ inner
node final position, ⊗ removed node.)

Table 4: Initial and final errors and number of nodes

Example 4 Initial error (nodes) Final error (nodes)

Addition algorithm 2, 60 · 10−2% (575) 2, 41 · 10−2% (584)
Adaptive method 2, 60 · 10−2% (575) 1, 94 · 10−2% (582)

3.2 Selection of the key parameters of the stars in 3D

In order to check the most favourable choice of the parameters of the stars (number of nodes,
criterion of selection and exponent of the weighting function), we use the 3D examples from
the previous section. The best choice for the parameters has the error in bold in Tables
6 and 7 and it is in accordance with the established criteria in this paper as it is showed
in Table 5. In Table 6 we vary the number of nodes and the criterion of selection using
the optimal exponent, according with the distance penalty criterion, in each case. In Table
7 we vary the exponent of the weighting function using the optimal number of nodes and
selection criterion, according with the imbalance penalty criterion, in each case.

Table 5: Criteria for selecting the key parameters of the stars

Penalty Example 2 Example 3 Example 4

Imbalance 0 7 0
Distance 6 19 174
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Table 6: Errors depending on the number of nodes and the criterion of selection (DC =
Distance criterion and OC = Octant criterion)

Error Example 2 Example 3 Example 4

18 and DC 7.37 · 10−2 4.29 · 10−1 2.16 · 10−2

24 and OC 1.30 · 10−1 7.47 · 10−3 2.60 · 10−2

Table 7: Errors depending on the exponent of the weighting function

Error Example 2 Example 3 Example 4

Exponent 4 1.20 · 10−1 8.34 · 10−3 2.16 · 10−2

Exponent 6 7.37 · 10−2 7.47 · 10−3 2.50 · 10−2

4 Conclusions

Two penalty functions for the stars are defined, one of them for the distances and the other
one for the imbalance. As consequence, two criteria are established. These criteria allow
an automatic selection of the key parameters of the method in 3D. Several examples have
showed the appropriate behaviour of these criteria. The minimum distance dpa has been
redefined in order to give more insight when the addition algorithm is applied.

An improved h-adaptive method with more functionalities has been introduced. This
method, apart from adding nodes, has the ability of moving and removing them. A
comparison between the addition algorithms and the improved h-adaptive method has been
performed. The best results has been obtained with the last one, which highlights the
importance of moving and removing nodes and their application together to addition. With
regard to the two options that we have handled in the addition algorithm in 3D, the first
one works best when the error is distributed in larger regions while the second option works
best when the error is more concentrated, as in the studied cases.

Both the automatic selection of the key parameters of the method and the h-adaptive
method are very important in 3D where it is very difficult to work with irregular clouds of
nodes that are very useful in many problems.

To conclude, we must point out that the clouds of nodes used in the cases presented
in this paper have been made to extreme irregular situations and, although this kind of
irregularity does not make sense in real cases, we have used it to apply the method under
very adverse conditions.
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Abstract

We study a nonlinear fractional boundary value problem with nonlocal boundary
conditions. An associated Green’s function is constructed as a series of functions by
the perturbation approach. Criteria for the existence and uniqueness of solutions are
obtained based on it.
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1 Introduction

In this paper, we study the boundary value problem (BVP) consisting of the fractional
differential equation

−Dα
0+u+ a(t)u = w(t)f(u, s), 0 < t < 1, n− 1 < α < n, n ∈ N, n ≥ 3, (1)

and the nonlocal boundary condition (BC)

u(k)(0) = 0, k = 0, 1, . . . , n− 1, u(1) =

∫ 1

0
u(s)dA(s), (2)

where the following assumptions are satisfied:

(i) a ∈ C[0, 1], w ∈ L[0, 1] with w(t) 6≡ 0 a.e. on [0, 1], and f ∈ C(R× [0, 1],R).

(ii) A : [0, 1] → R is a function of bounded variation and
∫ 1
0 u(s)dA(s) denotes the

Riemann-Stieltjes integral of u with respect to A.
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(iii) Dα
0+h is the α-th Riemann-Liouville fractional derivative of h for h : [0, 1]→ R defined

by

Dα
0+h(t) =

1

Γ(l − α)

dl

dtl

∫ t

0
(t− s)l−α−1h(s)ds, l = bαc+ 1,

provided the right-hand side exists with Γ the Gamma function.

Remark 1.1 It is easy to see that the Riemann-Stieltjes integral in BC (2)

u(1) =

∫ 1

0
u(s)dA(s)

covers the multi-point and integral BCs as special cases.

Fractional differential equations have extensive applications in various fields of sci-
ence and engineering. Many phenomena in viscoelasticity, electrochemistry, control theory,
porous media, electromagnetism, and other fields, can be modeled by fractional differential
equations. We refer to the reader [10,13] and references therein for some applications.

The existence of solutions is an essential problem for BVPs of fractional differential
equations. It has been studied by many authors, see [2–9, 11, 14] and references therein.
Due to certain special properties of fractional calculus, critical point theory can only be
applied to study equations involving both the left and right Riemann-Liouville fractional
derivatives; see for example [1]. To the best of our knowledge, if only the left (or right)
Riemann-Liouville fractional derivatives are involved, the only feasible approach to study
the existence of solutions of a BVP is to convert the problem to an integral equation and
use various techniques to find the fixed points.

The special case of BVP (1), (2) with a(t) ≡ 0 on [0, 1] has been studied by Zhang and
Han [16] and Tan, Cheng, and Zhang [12]. Henderson and Luca [8] further studied a system
of coupled nonlocal fractional BVPs. But the general case of BVP (1), (2) with a 6≡ 0 has
not been considered in the literature. It is notable that due to the unusual feature of the
fractional calculus, even for a linear fractional BVP, it is not easy to find the solution when
the equation contains multiple terms involving u or its derivative. For instance, to the best
of our knowledge, there is no results on the solutions of the BVP involving the equation

−Dα
0+u+ a(t)u = h(t),

and the BC (2).
In this paper, we first utilize the perturbation approach developed in [4–7] to derive the

Green’s function for the BVP involving the equation

−Dα
0+u+ a(t)u = 0, (3)

and BC (2) and then study the nonlinear BVP (1), (2) by the fixed point theory.
This paper is organized as follows: After this introduction, our main results are stated

in Section 2. All the proofs are given in Section 3.
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2 Main results

We first consider the Green’s function for BVP (3), (2). The following notations are needed.
Let Λ ∈ R and G0 ∈ C([0, 1]× [0, 1],R) be defined by

Λ =

∫ 1

0
tα−1dA(t)

and

G0(t, s) =


[t(1− s)]α−1 − (t− s)α−1

Γ(α)
, 0 ≤ s ≤ t ≤ 1,

[t(1− s)]α−1

Γ(α)
, 0 ≤ t ≤ s ≤ 1.

Then define GA : [0, 1]→ R by

GA(s) =

∫ 1

0
G0(t, s)dA(t).

Throughout this paper, we assume

(H1) 0 ≤ Λ < 1 and GA(s) ≥ 0 on [0, 1].

Define

H0(t, s) =
tα−1

1− Λ
GA(s) +G0(t, s) (4)

and

H0 =
maxs∈[0,1] |GA(s)|

1− Λ
+

1

Γ(α− 1)
. (5)

Remark 2.1 It is known that H0 ∈ C([0, 1] × [0, 1],R) is the Green’s function for BVP
(3), (2) with a ≡ 0 and H0(t, s) ≥ 0 on [0, 1]× [0, 1] when (H1) holds; the reader is referred
to [12,16] for more properties of H0.

Let H : [0, 1]× [0, 1]→ R be defined by

H(t, s) =
∞∑
n=0

(−1)nHn(t, s) (6)

with H0 defined above and Hn : [0, 1]× [0, 1]→ R, n = 1, 2, . . . , defined by

Hn(t, s) =

∫ 1

0
a(τ)H0(t, τ)Hn−1(τ, s)dτ, n ≥ 1.

We also need the following assumption:
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(H2) a := maxt∈[0,1] |a(t)| < H
−1
0 with H0 defined by (5).

Then we have the following result.

Theorem 2.1 Assume (H1) and (H2) hold. Then H defined by (6) as a series of functions
is uniformly convergent for (t, s) ∈ [0, 1]×[0, 1] and continuous on [0, 1]×[0, 1]. Furthermore,
H is the Green’s function for BVP (3), (2) with

|H(t, s)| ≤ H0

1− aH0

on [0, 1]× [0, 1], where H0 is defined by (5).

With Theorem 2.1, we are ready to study the nonlinear BVP (1), (2). Let

U = max
t∈[0,1]

∫ 1

0
|H(t, s)w(s)|ds, (7)

where H is defined by (6). For any u ∈ C[0, 1], define ‖u‖ = maxt∈[0,1] |u(t)|.

Theorem 2.2 Assume (H1) and (H2) hold. If there exist M > 0 and κ ∈ [0, U−1) such
that

max
(x,t)∈[−M,M ]×[0,1]

|f(x, t)| ≤M/U, (8)

and for any x1, x2 with |xi| ≤M , i = 1, 2,

|f(x1, t)− f(x2, t)| ≤ κ|x1 − x2|, t ∈ [0, 1], (9)

then

(a) BVP (1), (2) has a unique solution u ∈ C[0, 1] with ‖u‖ ≤M .

(b) For any u0 ∈ C[0, 1] with ‖u0‖ ≤M , the sequence {un} defined by

un+1 =

∫ 1

0
H(t, s)w(s)f(un(s), s)ds, n = 0, 1, 2, . . . ,

satisfies ‖un − u‖ → 0 as n→ 0.

The following result on the existence of solutions is obtained when a weaker condition
than Theorem 2.2 is used.

Theorem 2.3 Assume (H1) and (H2) hold. If there exist M > 0 and κ ∈ [0, U−1) such
that (8) holds, then BVP (1), (2) has at least one solution u ∈ C[0, 1] with ‖u‖ ≤M .
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3 Proofs

The following lemma on the spectral theory in Banach spaces will be used to prove Theorem
2.1. See [15, page 795, items 57b and 57d] for the detail.

Lemma 3.1 Let X be a Banach space, A : X → X a linear operator with the operator
norm ‖A‖ and the spectral radius r(A) of A. Then

(a) r(A) ≤ ‖A‖;

(b) if r(A) < 1, then (I − A)−1 exists and (I − A)−1 =
∞∑
n=0

An, where I stands for the

identity operator.

The following lemma is used to estimate the bounds of the Green’s function H; see [12,
Lemma 2.4] for details.

Lemma 3.2 Assume (H1) holds. Then for any (t, s) ∈ [0, 1]× [0, 1],

0 ≤ tα−1GA(s)

1− Λ
≤ H0(t, s) ≤ H0t

α−1, (10)

where H0 and H0 are defined by (4) and (5).

In the sequel, we let X = C[0, 1] be the Banach space with the standard maximum
norm.

Proof of Theorem 2.1. The proof is in the same spirit of the proofs of Theorem 2.1 and
Lemma 3.3 in [5] using Lemmas 3.1, 3.2, and the fact∣∣∣∣∫ 1

0
a(τ)H0(t, τ)dτ

∣∣∣∣ ≤∫ 1

0
aH0t

α−1dτ ≤ aH0 < 1.

We omit the details. �

Proof of Theorem 2.2. For any u ∈ X, define T : X → X by

(Tu)(t) =

∫ 1

0
H(t, s)w(s)f(u(s), s)ds, (11)

where H is defined by (6). It is easy to see that T is completely continuous and u is a fixed
point of T if and only if u is a solution of BVP (1), (2).
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Let K = {u ∈ X | ‖u‖ ≤M}. For any u ∈ K and t ∈ [0, 1],

|(Tu)(t)| = |
∫ 1

0
H(t, s)w(s)f(u(s), s)ds| ≤

∫ 1

0
|H(t, s)w(s)||f(u(s), s)|ds.

By (7) and (8),

|(Tu)(t)| ≤
∫ 1

0
|H(t, s)w(s)|M

U
ds = M.

Therefore ‖Tu‖ ≤M , i.e. TK ⊂ K.
For any u1 and u2 ∈ K and t ∈ [0, 1],

|(Tu1)(t)− (Tu2)(t)| =|
∫ 1

0
H(t, s)w(s) [f(u1(s), s)ds− f(u2(s), s)] ds|

≤
∫ 1

0
|H(t, s)w(s)||f(u1(s), s)− f(u2(s), s)|ds.

By (9),

|(Tu1)(t)− (Tu2)(t)| ≤
∫ 1

0
|H(t, s)w(s)|κ|u1(s)− u2(s)|ds

≤Uκ‖u1 − u2‖ < ‖u1 − u2‖.

Hence ‖Tu1 − Tu2‖ < ‖u1 − u2‖. Then parts (a) and (b) follow from the Banach Fixed
Point Theorem. �

Theorem 2.3 is proved by Schauder’s fixed point theorem. We omit the details.
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Abstract

Flow and heat transfer in periodic structures are often encountered in many natural
and industrial situations. In this work, the periodic features of fully developed peri-
odic thermal flows have been implemented in the lattice Boltzmann method (LBM) for
flow and heat transfer simulations. The unique particular dynamics in LBM is utilized
and two numerical approaches, namely the distribution modification (DM) approach
and the source term (ST) approach, are proposed. These methods can work with peri-
odic thermal flows under either constant wall temperature (CWT) or surface heat flux
(SHF) boundary conditions. Several example simulations are conducted, including flows
through flat and wavy channels and flows through a square array with circular cylin-
ders. Results are compared to analytical solutions, previous studies, and our own LBM
calculations using different simulation techniques; and good agreement has been ob-
served. These simple however representative simulations demonstrate the accuracy and
usefulness of our proposed LBM methods for future thermal periodic flow simulations.

Key words: Lattice Boltzmann Method, Heat Transfer, Mass Transfer, Periodic
Flow, Boundary Condition

1 Introduction

Periodic structures are often encountered in heat exchangers and other heat transfer sys-
tems, such as wavy or grooved pipes, fin-pin cold plates, and cross-flow heat exchangers
[9, 10]. When fluid property changes neglected, identical flow field and similar temperature
distributions can be observed in consecutive periodic modules after some distance from the
entrance. The flow is then called fully developed in both flow and thermal fields [13, 6].
Numerous studies have been conducted on this topic; among them, existing simulations
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mainly used traditional numerical techniques such as the finite-difference and finite-volume
methods [13, 11, 15, 6, 1, 2].

Over the past two decades, the lattice Boltzmann method (LBM) has experienced sig-
nificant development. In addition to various flow systems, LBM has also been successfully
adopted to study other processes and phenomena, such as heat and mass transfer and elec-
tric and magnetic fields [7, 16, 19]. Unlike other traditional numerical schemes such as
the finite-element, finite-difference, and finite-volume methods, where the governing equa-
tions of macroscopic properties are discretized mathematically, LBM works with a set of
density distributions at each lattice node, and the evolution of these density distributions fol-
lows a simple collision-propagation process consecutively. Interestingly, macroscopic equa-
tions (such as the continuity and momentum equations for fluid dynamics, the convection-
diffusion equation for heat and mass transfer, and the Poisson equation for electric fields)
can be correctly recovered from the density distribution dynamics via mathematical analy-
sis [7, 16]. Studies and applications have shown that LBM has some advantages over other
methods in simulating multiphase flows, incorporating complex boundary geometries and
moving boundaries, and implementing for parallel computation. Moreover, the particulate
nature of LBM density distributions provides great convenience for applying periodic and
symmetric (also including the free-slip boundary condition in fluid flows and the adiabatic
boundary condition in heat transfer) boundary conditions along a lattice grid line, by simply
recycling or reflecting the density distributions that cross the domain boundaries [16, 19].
Both periodic and symmetric boundary treatments have been frequently used in LBM flow
simulations; however, this technical merit has not been recognized for LBM simulations of
heat transfer processes in periodic flows yet.

In this paper, we extend the pressure periodic boundary method by Zhang and Kwok
[20] to fully developed periodic thermal flows with constant wall temperature (CWT) or
surface heat flux (SHF) boundaries. The similarity features of temperature field in periodic
modules in such systems are first discussed; and then the double distribution LBM method
for heat transfer is briefly outlined for readers′ convenience. Two different numerical ap-
proaches, the distribution modification (DM) and the source term (ST) approaches, are
developed to incorporate these similarity features in LBM simulations. At last, several vali-
dation and demonstration simulations are performed to illustrate the correctness, accuracy,
and usefulness of our proposed methods in LBM simulations of periodic thermal flows.

2 Theory and Methods

In this section we first describe in detail the periodic features of flow and temperature in
fully developed periodic flows for both the CWT and SHF conditions, and then provide an
outline of the LBM algorithm we use in this study. Such information is well documented in
the literature; and we re-present these materials here for the completeness of this paper and
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for the convenience of the following discussions of our new periodic boundary treatments.

2.1 Fully Developed Periodic Thermal Flows

The flow and temperature fields are governed by the following continuity (Eq. 1), momen-
tum (Eq. 2), and energy (Eq. 3) equations:

∂ρ
∂t + ρ∇ · u = 0 , (1)

∂u
∂t +∇ · (uu) = −∇P

ρ + ν∇2u , (2)
∂T
∂t + u · ∇T = α∇2T , (3)

where u is the flow velocity, P is the pressure, T is the temperature, ρ is the fluid density,
ν is the kinematic fluid viscosity, α is the fluid thermal diffusivity, and t is time. Here
we have neglected the viscous dissipation term in the energy equation as in typically heat
transfer research. When the flow is fully developed along the periodic passage, the velocity
u becomes identical at locations of the same relative position in each periodic module (we
will call them image locations hereafter); however, the pressure decreases for a certain
amount over a module [13, 15]. Patankar et al. [13] then split the fluid pressure P into two
components P (x, y) = −∆PL

L x + P̃ (x, y), and the momentum equation Eq. (2) is rewritten
to

∂u
∂t

+∇ · (uu) = −∇P̃

ρ
+ ν∇2u +

∆PL

ρL
. (4)

Now the flow system can be solved with an appropriate numerical method under a perfect
periodic boundary condition across a module.

As for the temperature field, the periodic features depend on the boundary conditions
imposed on the walls. For fully developed periodic thermal flows to be established, the
solid surfaces must have a uniform, constant wall temperature (CWT) Tw, or they can have
specified surface heat flux (SHF). For the latter situation, the heat flux could be uniform
or varying over the surface within one module, but it must have the same distribution for
all units. For the CWT systems, usually we first shift the temperature field by the wall
temperature Tw to a reduced temperature θ = T − Tw, and the energy equation Eq. (3)
becomes

∂θ

∂t
+ u · ∇θ = α∇2θ ; (5)

with the wall boundary condition for θ as θ(Ω) = 0 (here Ω denotes the wall surface). The
periodic relationship for θ among modules is expressed as

θ(x±mL, y) = e−λL(±mL)θ(x, y) , (6)

c©CMMSE ISBN: 978-84-617-8694-7

Page 2015 of  2288



LBM for Periodic Thermal Flows

where λL is the decaying rate that describes the overall temperature variation in the
streamwise direction [15]. Stalio and Piller [15] then introduced a normalized tempera-
ture θ̄ = θ/e−λLx; and the energy equation for θ̄ becomes

∂θ̄

∂t
+ u · ∇θ̄ = α∇2θ̄ + (αλ2

L + λLux)θ̄ − 2αλL
∂θ̄

∂x
(7)

with an exact periodic boundary condition. In Eq. (7), ux represents the x component of
the flow velocity vector u. The decaying rate λL can be determined from the energy balance
as

λL = − ln
[
1− α

∫

Ω

(
∂θ

∂n

)
ds

/ ∫

in

(
uxθ + α

∂θ

∂x

)

in

dy

]
/L . (8)

Compared to the calculation method in Ref. [15], our method does not require volumetric
integration over the entire simulation domain, which could be computational expensive
especially in three-dimensional simulations.

For SHF systems, the periodic relationship for temperature is given as

T (x±mL, y) = T (x, y)±m∆TL ; (9)

Here ∆TL is the temperature change over a periodic unit and it is constant along the flow.
Accordingly, Patankar et al. [13] defined a reduced temperature T̃ (x, y) = T (x, y) − ∆TL

L x

to achieve a perfect periodic boundary condition for T̃ . The energy equation should be
rewritten correspondingly to

∂T̃

∂t
+ u · ∇T̃ = α∇2T̃ − ux∆TL

L
. (10)

The temperature change ∆TL can be relatively easily found from the energy conservation
principle:

∆TL =

∫
Ω qds

ρc
∫
in ux,indy

, (11)

i.e., the temperature change equals the total thermal energy addition via the surface divided
by the product of flow rate and volumetric heat capacity (ρc). Here q is the local heat flux
entering the fluid domain via the boundary walls.

2.2 Double Distribution Thermal LBM Model

Next we describe the double-distribution lattice Bhatnagar-Gross-Krook (LBGK) model for
thermal flows [8], although other LBM models are available in the literature [16, 7]. Here
two sets of density distribution functions are employed: one as fi for the fluid dynamics
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and one as hi for the thermal convection-diffusion equation. The collision step for these
distributions can be expressed mathematically as

f∗i (x, t) = fi(x, t)− 1
τf

[fi(x, t)− feq
i (x, t)] + δfi , (12)

h∗i (x, t) = hi(x, t)− 1
τh

[hi(x, t)− heq
i (x, t)] + δhi . (13)

The relaxation parameters τf and τh are related to the respective transport coefficients and
the additional terms δfi and δhi are used to recover the correct macroscopic equations.
The fluid density ρ, equilibrium velocity ueq, and energy scalar A (could be the regular
temperature T or its modified counterparts like T̃ , θ, or θ̄, depending on which energy
equation to solve by distributions hi) can be obtained from the density distributions fi and
hi as

ρ =
∑

i

fi , ueq =
∑

i

fici/
∑

i

fi , A =
∑

i

hi , (14)

where ci is the i-th lattice velocity. The equilibrium distributions feq
i and heq

i can then be
calculated from these properties as [7, 4, 5]

feq
i = ωiρ

[
1 +

ci · u
c2
s

+
(ci · u)2

2c4
s

− u2

2c2
s

]
, heq

i = Afeq
i /ρ . (15)

The parameter ωi is called the lattice weight factor and cs is the lattice sound speed.
After the collision, the post-collision distributions f∗i and h∗i will then move to the nearest
neighboring lattice node at velocity ci over a time step δt:

fi(x + ciδt, t + δt) = f∗i (x, t) ;hi(x + ciδt, t + δt) = h∗i (x, t) . (16)

Appropriate mathematical analysis like the Chapman-Enskog expansion can be performed
to the above distribution dynamics, and the following macroscopic equations can be derived
[7, 16]:

∂ρ
∂t + ρ∇ · u = 0 , (17)

∂u
∂t +∇ · (uu) = −∇P

ρ + ν∇2u + F , (18)
∂A
∂t + u · ∇A = α∇2A + S . (19)

The fluid properties u, P , ν, and α are related to the LBM parameters by

u = ueq +
Fδt

2ρ
, P = c2

sρ , ν = c2
s

(
τf − 1

2

)
δt , α = c2

s

(
τh − 1

2

)
δt . (20)

The additional terms δfi and δhi in Eqs. (12) and (13) are related, respectively, to the
forcing term F and source term S in the resulting macroscopic equations Eqs. (18) and
(19) as

δfi =
ωiF · ciδt

c2
i

, δhi = ωiS . (21)
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These δfi and δhi terms can be conveniently adjusted according to the forcing or source
terms in the macroscopic equations to be solved. In our next validation and demonstration
simulation examples, we use the simple D2Q9 (2D and b = 9) square lattice structure, for
which the nine lattice velocities are

c0 =
(

0
0

)
, c1−4 =

[
cos(i− 1)π/2
sin(i− 1)π/2

]
δx

δt
, c5−8 =

√
2

[
cos(2i− 9)π/4
sin(2i− 9)π/4

]
δx

δt
. (22)

The lattice weight factors are ω0 = 4/9, ω1−4 = 1/9, and ω5−8 = 1/36; and the lattice
sound speed cs = 1/

√
3δx/δt. δx is the lattice grid resolution.

2.3 Simulating Periodic Thermal Flows with LBM

2.3.1 For Flow Field

Under a given pressure drop ∆PL per periodic module, it is convenient to use the re-
duced pressure P̃ , and the LBM equations for fi given in Section 2.2 can then be used
F = (∆PL/ρL, 0)T . The classical periodic boundary condition [19] can then be applied
at the periodic boundaries, meaning density distributions leaving the domain outlet will
re-enter the domain at the inlet, or vice versa. This method has been widely used in LBM
simulations, although more dedicate treatments are available to impose the pressure drop
directly for some particular situations like multiphase or multicomponent flows [20]. To sim-
ulate a periodic flow with a specific flow rate, the pressure drop ∆PL can be dynamically
adjusted according to the simultaneous flow rate till the desirable value is established.

2.3.2 For Thermal Field: The Source Term (ST) Approach

Similarly, by tuning the source term δhi according to Eq. (21), the LBM algorithm for hi

in Sect. 2.2 can be used to solve Eq. (7) for CWT systems

δhi = ωi

[
(αλ2

L + λLux)θ̄ − 2αλL
∂θ̄

∂x

]
(23)

for energy scalar A = θ̄; or to solve Eq. (10) for SHF cases with

δhi = −ωiux∆TL/L (24)

for energy scalar A = T̃ . The temperature change ∆TL for SHF cases can be readily
calculated from the total heat flux over surface via Eq. (11); however, for CWT systems,
the decaying rate λL is unknown before the simulation. In our practice, we start with an
initial guess and run the simulation for some time (2000 time steps in our simulations) with
that initial value. After that, a new λL value is calculated via Eq. (8) every certain time
steps (we use 20 time steps), till the simulation becomes steady in flow and temperature
fields. The differential term ∂θ̄/∂x in Eq. (7) can be estimated by a finite difference
approximation.
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Figure 1: Schematic illustrations of the modified periodic boundary treatment for thermal
field.

2.3.3 For Thermal Field: The Distribution Modification (DM) Approach

Another way to incorporate the periodic features of the temperature field described in
Sect. 2.1 is to modify those density distributions hi that cross the module inlet or outlet
boundaries, as done in Ref. [20] for pressure periodic boundary conditions. We consider the
CWT situation the periodic system shown in Fig. 1 with the first column of lattice nodes
at xin (dark gray squares) and the last column at xout (light gray circles). Also displayed
there are the outlet nodes of the upstream module at x−out = xin − δx = xout − L (black
circles) and the inlet nodes of the downstream module at x+

in = xin+L = xout+δx as (white
squares); although these nodes are actually not involved in the LBM calculation. To avoid
the extra source term in Eq. (7), we will use LBM to solve the energy equation Eq. (5) for
θ. Now let us take the post-collision distribution h∗1(xout) at xout (Arrow 1 in Fig. 1a) as an
example. In the propagation step, h∗1(xout) is supposed to move to the next node in velocity
c1 = (1, 0)T , and becomes the incoming distribution at the inlet node of the downstream
module x+

in (Arrow 2 in Fig. 1b). However, now it is out of our simulation domain and
therefore cannot participate in the LBM calculation anymore. On the other side, we need
the incoming distribution h1(xin) at the domain inlet xin (Arrow 3 in Fig. 1b), but it is not
available since the nodes at the x−out are not in the simulation domain either. Based on the
periodic relationship of temperature given in Eq. (6) and θ =

∑
i hi (Eq. 14 with A = θ),

it is reasonable to assume the proportionality in θ can be extended to each distribution hi,
and therefore one has

h1(xin, t + δt) = eλLLh1(x+
in, t + δt) = eλLLh∗1(xout, t) . (25)

This analysis can be applied to other lattice distributions that cross the periodic bound-
aries during the propagation step, and a modified periodic boundary treatment for these
distributions can be established as (for the D2Q9 lattice model used here)

hi(xin, yin, t + δt) = eλLLh∗i (xout, yout, t) , yin = yout + ci,yδt, i = 1, 5, 8 ; (26)
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hi(xout, yout, t + δt) = e−λLLh∗i (xin, yin, t) , yout = yin + ci,yδt, i = 3, 6, 7 . (27)

Here ci,y is the y−component of the lattice velocity ci.
This distribution modification (DM) approach is also applicable to the SFH cases. Here

we work with the original energy equation Eq. (3) and re-write the periodic relationship
for the regular temperature T Eq. (9) to define a proportional factor β as

β =
T (x+

in)
T (xin)

= 1 +
∆TL

T (xin)
; (28)

and, following the above discussion, the modified periodic boundary condition for hi in SHF
systems is

hi(xin, yin, t + δt) = β−1h∗i (xout, yout, t) , yin = yout + ci,yδt, i = 1, 5, 8 ; (29)
hi(xout, yout, t + δt) = βh∗i (xin, yin, t) , yout = yin + ci,yδt, i = 3, 6, 7 . (30)

Note these modified periodic treatments revert back to the classical periodic boundary con-
dition in LBM when the proportional factor e−λL or β is set to 1.
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Figure 2: The simulated temperature field (a) and transverse profiles (b) for flow through
the flat channel with CWT condition on the channel surfaces. In (b) the symbols are our
LBM results and the underlying curves are from the analytical solution by Brown [3].

3 Validation and Demonstration Simulations

3.1 Heat Transfer of Laminar Flow through 2D Flat Channel

The fully developed flow in a uniform pipe or channel can be considered as an extreme
example of periodic flows, for which the periodic module can be selected as a segment of
the channel of any length. Here our simulation domain is a 2D rectangle of length L = 200
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Figure 3: The simulated flow (a and a′) and temperature (b and b′) fields and transvers
profiles of the streamwise velocity (c and c′) and temperature (d and d′) at two locations
x = 0 and x = L/2 for the flows through a wavy channel with Reynolds number Re = 25
(a-d) and Re = 100 (a′-d′).

and height H = 50 (Both L and H, as well as other LBM parameters to be given in this
section, are all non-dimensional values). The midpoint boundary method recently developed
by Zhang and co-workers [18, 4, 5] is implemented at the solid-fluid boundaries for both
flow and thermal LBM calculations for all simulations in this paper. The Reynolds number
Re = U0H/ν is 40 (U0 is the mean flow velocity) and the Prandlt number Pr = ν/α is
0.7. The CWT situation is considered here and wall temperature Tw is set as 0; thus the
regular temperature T and the reduced temperature θ are the same. During the simulation,
the mean flow temperature at the domain inlet T0 = Tm(x = 0) is maintained at 1. This
is the so-called Graetz problem, and the analytical solution can be expressed in series [3].
Fig. 2 shows the comparison between our LBM results using the DM periodic boundary
method and those from Brown′s analytical solution [3] for the temperature field. No visible
discrepancy can be observed. According to the analytical solution [3], the Nusselt number
along the channel is constant at 3.7704; while our LBM yields an indeed constant value of
3.7757. The relative difference is only 0.14%, and we attribute it to the second-order finite
difference approximation we use to evaluate the temperature gradient on surfaces.

3.2 Heat Transfer of Laminar Flow through 2D Wavy Channel

The flow and heat transfer through wavy channels have been extensively investigated for its
practical applications [15, 17, 11, 2, 14]. As in the flat channel simulation, we have Tw=0,
T0=1, and Pr=0.7; and the DM method is used to incorporate the boundary periodicity.
Two values, Re = 25 and 100, are tested in our simulations. Fig. 3 collects our LBM results
of these two calculations, including the flow streamlines, the isotherms, and the spanwise
profiles of streamwise velocity ux and temperature T at the maximum and minimum width
locations. The streamline and isotherm patterns are very similar to those reported in
previous studies [2, 14]; however, a direct comparison is difficult due to the lack of original
data for those publications. At Re = 100, a pair of circulation vortex have developed in the
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Figure 4: Result comparison of the simulations for the thermal flows around cylinder using
the DM or ST approaches for the CWT (a and b) and SHF (a′ and b′) wall conditions. In
the temperature fields (a and a′), the color patches are from the DM approach, and the
isotherm lines are from the ST approach. The temperature profiles at x/L = 0 and 3/8
(indicated by labels) are displayed in (b) and (b′), with the symbols from the DM approach
and curves from the ST approach.

wide section, and the separation and reattachment locations are similar to those in Ref. [2].

3.3 Heat Transfer in Flow through Square Cylinder Array

The last system we simulate represents the heat transfer process associated to laminar
flow through a square array of circular cylinders, which resembles the interior configuration
of a cross-flow tube heat exchanger [9, 10]. The periodic module here is a square with
L = H = 160, and the cylinder has a diameter of D = 40 and its center locates at
(3L/8, L/2). The flow direction is from the left to the right in the x-direction, and the regular
periodic boundary condition is applied along the top and bottom edges. The Reynolds
number Re = U0H/ν = 2.4 and the Prandlt number Pr = 1. Four individual simulations
are conducted: CWT+DM (the same one-module simulation above), CWT+ST, SHF+DM,
and SHF+ST. To impose a desirable temperature gradient on the surface, the Neumann
boundary method developed by Oulaid and Zhang [12] is employed. With the inlet mean
temperature T0 = 1 and wall temperature Tw = 0, the CWT case represents a cooling
process. On the other hand, for SHF case, we use a uniform surface flux with ∂T/∂n = −0.01
for the cylinder surface and it therefore is a heating process. Results from these simulations,
including the temperature field in the domain and two representative transverse temperature
profiles, are collected in Fig. 4. Figs. 4 a and a′ clearly show the cooling or heating effect
from the cylinder on the fluid. It is interesting to see that, in Fig. 4a′ for the SHF boundary
situation, the temperature increases near the outlet. This is understandable since the outlet
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is close to the heating source (the cylinder) in the next module, and for this diffusion-
dominant system (Peclet number Pe = RePr = 2.4), the heating flux from the cylinder
can reach a relatively long distance even against the flow direction. As for the results
from the DM or ST approaches for both CWT and SHF boundary conditions, one can see
again excellent agreement exists in Fig. 4, and no apparent difference can be spotted. The
decaying rate λL value is 3.88554×10−3 from the DM approach, and 3.88533×10−3 from the
ST approach. Such a nearly perfect match indicates that both the DM and ST approaches
can produce reliable results for simulating developed periodic thermal flows.

4 Summary and Concluding Remarks

We have examined the periodic relationships in flow and temperature fields for fully devel-
oped periodic thermal flows with CWT and SHF boundary conditions, and proposed two
LBM implementations (the ST and DM approaches) for such flow situations. The methods
have then been tested thoroughly in several simulations by comparing our LBM results to
those from analytical solutions, previous publications, and our own LBM simulations using
different numerical techniques. The good performance suggests that our methods could be
useful for future LBM thermal simulations.

For the two numerical schemes to implement the periodic features of temperature in
LBM, the ST approach has been typically used in traditional CFD studies, and certainly
can also be adopted in LBM. On the other hand, the DM approach is unique for LBM with
some computational advantages. In the DM method, extra calculations are only required
for the thermal distributions crossing the periodic inlet/outlet boundaries; but in the ST
method, an extra term has to be calculated for all distributions and at all lattice nodes.
Furthermore, for systems with CWT boundaries, the ST approach also needs to calculate
the streamwise derivative of temperature (∂θ̄/∂x in Eq. 7), and this could further increase
the computational demand. The method in Eq. (8) to calculate the decaying rate λL does
not requires a volumetric integration of temperature over the entire computational domain,
and thus it could also be useful for improving the computational efficiency of LBM as well
as other CFD methods.
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Abstract

With each breath, the human body breathes in air but also particles, bacteria and
viruses. Particles penetrating into the system are trapped on a layer of mucus and
propelled by tiny hairlike structure, cilia, that line the airways. In this paper, we
calculate the average velocity of mucus residing above the cilia, which is mainly expelled
by the cilia movement. For slow flow problem, we apply Stokes equation to find the
mucus velocity where the bottom boundary condition of fluid velocity is obtained from
the porous layer in which the fluid flows by the movement of cilia. A mixed finite element
method is used to find the average mucus velocity in a three-dimensional domain. The
numerical result is compared with that calculated by D. J. Smith et al. [Bull. Math.
Biol., 69: 289-327, 2007] (38.3 µm/s) with a good agreement.

Key words: Mixed finite element method, Stokes equations, Cilia, Lung, Mucus,
Three-dimensional domain

1 Introduction

Fluid transport is one of the most important phenomena in many biological problems. One
example of the fluid transport problems is the transport of mucus in the human respiratory
system. In pulmonary pathways, the epithelium surface is coated by a layer of mucus, which
is considered to be either a highly viscous or viscoelastic fluid. The mucous layer traps,
transports, or sometimes chemically disarms undesirable chemical or biological agents and
natural debris, and so to avoid contamination or infection, mucus must be continuously
expelled from the pulmonary pathway. Such an expelling force consists of two mecha-
nisms: the coupling between liquid and airflow (e.g. breathing/coughing) and the force
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from metachronal waves generated by the coherent beating of cilia - small hairlike struc-
tures. The primary transport mechanism responsible for the removal of mucus and cellular
debris from the lungs is the second mechanism, the so-called muco-ciliary clearance. Due
to the increasing patients with lung disease having problems with the transport of mucus
in airways, researchers in biological fields are interested to find the mucus velocity in the
bronchus and bronchioles. In this work, we focus on the primary mechanism and calculate
the mucus velocity due to the movement of cilia.

Studying about mucus had been presented in various aspects in literatures. For ex-
ample, Cees P van der Schans [10] experimentally studied mucus transport in airways. He
concluded that the muco-ciliary transport was mostly at the peripheral airways and airflow
transport was at the central airways. For airways disease, airflow transport was an impor-
tant alternative to muco-ciliary clearance. The laboratory observations of Matsui et al. [8]
indicated that the PCL and the mucous layers seemed to move in unison, while with the
removal of the mucous layer, fluid transport in the PCL layer alone was drastically reduced.
Hironori [6] provided that the average velocity above the cilia tips was a parabolic profile
with the maximum velocity at the tips of cilia. H. Matsui et al. [7] studied on the patho-
genesis of cystic fibrosis (CF) airways infection and suggested a treatment method by using
salt and water instead of the modulation of ionic composition. The mucus velocities for
normal and CF cases were also provided. The mucus velocity for normals was 26± 5µm/s
and that for CF was 1.2± 0.2µm/s for 24 hr after addition of 50 µl of phosphate-buffered
saline (PBS) containing tracers. The mucus velocity depended on the tracers and time. For
different tracers and time, the mucus velocity values were various. S. K. Lai [4] reviewed
the macro- and microrheology of human mucus and provided that for macroscale mucus
behaved as a non-Newtonian fluid what it acted as a low viscosity liquid at the nanoscale.

Figure 1 shows the muco-ciliary system consisting of three layers. The middle layer, in
which the cilia beat, is known as the periciliary layer (PCL) where the fluid in this layer is
called PCL fluid, and the upper layer consists of mucus. Mucus is secreted by goblet cells in
the lower layer that are interspersed among the ciliated cells to trap particles getting into
the body. To model the slow flow problem, we employ Stokes equation coupling with the
incompressible flow equation to calculate the mucus velocity using a mixed finite element
method.

Literatures mathematically calculated the mucus velocity by using various models and
methods. For instant, W. Hofmann and B. Asgharian [3] used the asymmetric multiple-path
models of the bronchial tree to calculated the mucociliary clearance velocities in bronchial
airway generations. They found that in human tracheal the mucus velocity was 5.5 mm/min
and decreased in roughly exponential expression with increasing airway generation number.
W. L. Lee et al. [5] simulated the muco-ciliary trannsport process using the projection
method combined with the immersed boundary method (IBM) to describe the ciliary beating
patterns. The mean mucus velocity is plotted with the viscosity of the mucus, the number
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Epithelial cell nucleus 

Mucus layer

Goblet cell

Basement membrane

Dust Particles

Periciliary Layer (PCL)

Figure 1: Schematic illustration the muco-ciliary system consisting of threee layers: epithe-
lial layer, PCL and mucus layer.

of cilia, the depth of periciliary layer and the cilia beat frequency. D. J. Smith et al. [9]
presented a new mathematical model, deriving from Navier-Stokes momentum equations,
of the mucus transport in airways by cilia. They calculated the mean mucus speed, which is
38.3 µm/s. However, the literatures study only the case that the solid phases in PCL have
no movement. In this article, we find the mucus velocity from the self-propelled of cilia in
PCL. That is the boundary condition at the bottom of our numerical domain, mucus layer,
is obtained from the PCL in which the PCL fluid is calculated from movement of cilia as
provided in [2].

To calculate the numerical results, we employ the Stokes equations derived in [2] which
will be briefly rewritten in Section 1 including the discretization of the model using a mixed
finite element method written in [1] which will be rewritten here. In Section 3 we provide
the boundary conditions obtained from [2] for coding where the numerical validation and
results are presented in Section 4. The conclusion is drawn in Section 5.

2 Stokes Model and Its Discretization

In this section, we provide Stokes equation with the incompressible continuity equation and
also its discretization using a mixed finite element method. The system of equation which
is derived in [2] is as follows.

∇p− µ∆v = ρg (1)
∇ · v = 0, (2)
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where v is the velocity of the liquid phase; µ is the dynamic viscosity; p is pressure; g is
gravity and ρ is fluid density.

Next, we transfer the Stokes model into discrete counterparts for making them suitable
for numerical implementation. Although the model discretization has been provided in [1],
they form an important part of our study. Then we briefly rewrite them here. Let Ω be our
computational domain, Th be a triangulation of domain Ω and

Vh = {v ∈ H1(Ω) : v|K is quadratic, ∀K ∈ Th} (3)
Hh = {q ∈ L2

0(Ω) : q|K is linear,∀K ∈ Th}, (4)

be finite-dimensional subspaces of the Sobolev spaces H1(Ω) and L2
0(Ω), respectively, where

L2
0(Ω) = {q ∈ L2(Ω) :

∫
Ω
qdΩ = 0}. (5)

By using a mixed finite element method provided in [1], the system of equations (1) - (2)
can be written in the matrix form as

B̃ 0 0 −Q̃T
1

0 B̃ 0 −Q̃T
2

0 0 B̃ −Q̃T
3

−Q̃1 −Q̃2 −Q̃2 0




V1
V2
V3
P

 =


B̃1
B̃2
B̃3
0

 , (6)

where the approximate solutions (vi, p) ∈ Vh ×Hh are

vi(x) =
M∑

m=1
ψm(x)vm

i = ΨT Vi, (7)

p(x) =
L∑

l=1
φl(x)pl = ΦT P. (8)

where Vi and P are vectors of the velocities and pressure, respectively; ψm and φl are basis
functions; Ψ and Φ are their vector forms and the integers M and L are determined by the
interpolation function and

B̃ = (µ/εl)(K̃jj), K̃ij =
∫

Ωe

∂Ψ
∂xi

∂ΨT

∂xj
dΩe, Q̃i =

∫
Ωe

Φ∂ΨT

∂xi
dΩe, (9)

B̃i =
(
−
∫

Γe
ΨΦTnidΓe

)
P + µ

εl

(∫
Γe

Ψ∂ΨT

∂xj
njdΓe

)
Vi, i = 1, 2, 3. (10)

The notation Ωe indicates the element domain such that Ω =
⋃
e

Ωe and the repeated index

j is the summation over j, j = 1, 2, 3.
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3 Boundary conditions

In this section, we provide boundary conditions used to model the problem. First, we inspect
the condition at the bottom of domain Ω. Since in this work we assume that the mucus flow
depends on the cilia movement, we then begin by considering the PCL layer where the PCL
fluid is moved by the ciliary beating provided in [2]. Therefore, the velocity of the PCL fluid
at the tip of cilia becomes our boundary condition at the bottom of our numerical domain.
Because K. Chamsri and L. Schreyer [2] assume that the cilia are an array of cylinders and
the cilia move by making angles θ with the horizontal plane, to calculate the mucus velocity,
they provide the average velocity over all angles at the top of PCL domain. Figure 2 shows
the the boundary condition of the mean velocity at the bottom of our domain. The top one
is the first component of the velocity and the middle and the bottom ones are the second
and third components, respectively.

By employing the boundary conditions from [2], we now have the boundary condition
at the bottom of our numerical domain. For other boundary conditions, they are written
with the system of equations as follows.

∇p− µ∆v = ρg in Ω (11)
∇ · v = 0, in Ω (12)
v is employed from [2] at the bottom of Ω (13)
v and p are periodic on the left and right sides. (14)

4 Numerical Validation and Results

The numerical solutions of the model and boundary conditions provided in Section 1 and 3,
respectively, are presented in this section. By using the model discretization of Taylor-Hood
type written in Section 1, for the case of average velocity of PCL at the tip of cilia or the
bottom of mucus layer, the velocity of mucus presented in Figure 3 with 15,468 number of
degree of freedom with CPU time about 1 month. The average mucous velocity is 31.67
µm/s. The result can be verified by comparing it with Matsui et al. [8] and Smith et al.[9].
Matsui et al. [8] experimentally shows a mean mucus transport of 39.8 ± 4.2µm/s and
Smith et al. [9] presents a mean mucus velocity of 38.3 µm/s. The discrepancy between
the solutions may be from the different assumptions and techniques used in the works. For
instant, Smith et al. [9] considered the mucus layer and mucus-PCL interface as linear
viscoelastic and completely flat, respectively by using a new mathematical model while
Matsui et al. [8] assumed that the PCL is nearly stationary with human tracheobronchial
cell cultures. Comparing our solution with them, it shows a reasonable agreement with our
predicted value.
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Figure 2: Boundary condition of the velocity at the bottom of our numerical domain in case
of average velocity of PCL over all angles.

5 Conclusion

We calculate mucus velocity due to the movement of cilia consisting in the PCL. For the
slow flow problem, we use Stokes equation on the domain of mucus layer. The boundary
condition at the bottom of our numerical domain is employed from the velocity of PCL fluid
at the top of PCL provided in [2]. The velocity is obtained from averaging the velocity of
the PCL fluid over angles θ that cilia make with the horizontal plan. At the sides of our
cube domain, periodic boundary conditions are applied and a mixed finite element method
is exploited to determine the velocity profile. The average result over the z axis of the
domain are compared with Matsui et al. [8] and Smith et al.[9]. The result is in good
agreement.
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Figure 3: Mucus velocity when the bottom boundary condition is the average velocity of
PCL
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Abstract

In the paper, we are concerned with the existence criteria of the solution to a class
of Riemann-Liouville fractional Hamiltonian system. The variational structure of this
Hamiltonian system is demonstrated by using the Hamiltonian action and the Legendre
transform. As an applications, some new results on the existence of at least one periodic
solution are obtained by means of the dual last action principle. The distinction of this
paper from others is that the variational methods and the critical point theory are used
to study the fractional Hamiltonian systems.

Key words: Fractional Hamiltonian systems, periodic solutions, variational struc-
ture, the dual last action principle.
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1 Introduction

Fractional calculus finds its wide applications in many different fields, such as mathemati-
cal modeling of control theory, fluid flow, bioengineering, biochemistry, electrical networks,
astronomy, viscoelasticity and other fields of science, see [1, 4] and references therein. There-
fore, the theory of fractional differential equation is an area intensively developed during
the last decades [3, 5]. The study techniques employed frequently are fixed point theory
(including the Banach contraction mapping principle and the Schaefer fixed point theorem
[7, 8, 15]), topological degree theory (coincidence degree theory [6]), comparison method
(including upper and lower solutions and monotone iterative method [2, 9]), and so on. It
should be noted that the study techniques employed in this paper are quite from the above.
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The results, which have been obtained in this paper about the existence and multiplicity of
solutions to nonlinear fractional differential equation, are derived by using the variational
methods and the critical point theory.

Critical point theory has been proved to be very effective tools in determining the
existence of solution to integer order Hamiltonian systems, please refer to [16]. The idea
behind it is that finding solutions to a given Hamiltonian systems (boundary value problem)
is equal to looking for critical points of a suitable energy functional defined on an appropriate
function space. But till now, there are few results obtained on the solution to fractional
Hamiltonian systems (boundary value problem), by the critical point theory[10–12], since
it is often difficult to establish a suitable space and variational functional of fractional
Hamiltonian systems.

In [10], Jiao and Zhou have studied the following fractional boundary value problem{
tD

α
T (0D

α
t u(t)) = ∇F (t, u(t)) , t ∈ [0, T ],

u(0) = u(T ) = 0,
(1)

where tD
α
T and 0D

α
t are respectively the right and left Riemann-Liouville fractional deriva-

tive of order 0 < α ≤ 1, F : [0, T ]×RN → R is a given function satisfying some assumptions
and ∇F (t, u(t)) is gradient of F at u. The authors have proved the existence of solutions
to boundary value problem (1) by means of critical point theory.

Motivated by the results[10–12], we make study on the existence criteria for the following
fractional Hamiltonian system{

0D
α
t (0D

α
t u(t)) +∇F (t, u(t)) = 0, a.e. t ∈ [0, T ],

u(0) = u(T ) = 0,
(2)

where 0 < α ≤ 1, T > 0, F : (t, u) → F (t, u) measurable in t for every u ∈ RN and
continuously differentiable and convex in u for a.e. t ∈ [0, T ], ∇F (t, u) is gradient of F
at u, and 0D

α
t is the left Riemann-Liouville fractional derivative of order 0 < α ≤ 1. The

variational structure of Hamiltonian systems mentioned above is obtained by using the
Hamiltonian action and the Legendre transform. As an applications, the existence of at
least one periodic solution is demonstrated by using the dual last action principle. The
distinction of this paper from others is that the variational methods and the critical point
theory are used to study the fractional Hamiltonian systems.

Moreover, consider the following second-order Hamiltonian systems{
u′′(t) +∇F (t, u(t)) = 0, t ∈ [0, T ],

u(0) = u(T ) = 0.
(3)

Here it is obvious that the problem on the existence of solution for the system (3) is closely
related to the Hamiltonian systems (2), and if the choice of α = 1, system (2) leads to the
system (3).
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2 Preliminary

In this section, in order to apply critical point theory to the study of the existence
of solutions to the fractional Hamiltonian systems (2), we list some basic definitions and
Lemmas which are to be used in the proof of our main results. Some basic definitions and
properties of fractional calculus which are used in this paper, please refer to [10, 13, 14].

Let us recall respectively the spaces R, Lp, Lp[0, t], and the norms are defined separately
by

‖ x ‖∞= max
t∈[0,T ]

| x(t) |, ‖ x ‖Lp=
(∫ T

0 | x(t) |p ds
)1/p

and

‖ x ‖Lp[0,t]=
(∫ t

0 | x(t) |p ds
)1/p

,

where t ∈ [0, T ] and 1 < p <∞.

Definition 1. [10] Let 0 < α ≤ 1 and 1 < p < ∞, the fractional derivative space Eα,p0 is
defined by the closure of C∞0 ([0, T ],RN ) with respect to norm

‖ x ‖α,p=
(∫ T

0 | x(t) |p dt+
∫ T

0 | 0D
α
t x(t) |p dt

)1/p
for any x ∈ Eα,p0 ,

where C∞0 ([0, T ],RN ) denotes the set of all functions x ∈ C∞
(
([0, T ],RN

)
with x(0) =

x(T ) = 0

We shall denote by Γ0

(
(RN

)
the set of all convex lower semi-continuous(l.s.c.) functions

F : RN → [−∞,+∞], whose effective domain D(F ) = {x ∈ RN : F (x) < +∞} is non-
empty.

Definition 2. [14] Let H : [0, T ]×R2N → R, (t, u)→ H(t, u) be a smooth Hamiltonian such

that for each t ∈ [0, T ], H(t, ·) ∈ Γ0(RN ) is strictly convex and H(t,u)
|u| → +∞ if | u |→ +∞.

The Fenchal (or Legendre) transform is defined by H∗(t, v) = sup
u∈R2N

(v, u)−H(t, u), or

H∗(t, v) = (v, u)−H(t, u), (4)

v = ∇H(t, u), u = ∇H∗(t, v),

Finally, we present some Lemmas which are used to prove our main results.

Lemma 1. [10, Proposition 3.1] Let 0 < α ≤ 1 and 1 < p < ∞, then the fractional
derivative space Eα,p0 is a reflexive and separable Banach space.

Lemma 2. [14, Proposition 2.4] If F ∈ Γ0(RN ) is strictly convex and such that F (u)/ |
u |→ +∞ if | u |→ ∞, then F ∗ ∈ C1(RN ,R).
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Lemma 3. [10, Proposition 3.2] Let 0 < α ≤ 1 and 1 < p < ∞. For all x ∈ Eα,p0 , if
1− α ≥ 1/p or α > 1/p, we have

‖ x ‖LP≤ Tα

Γ(α+1) ‖0 D
α
t x ‖LP . (5)

If α > 1/p and 1
p + 1

q = 1, then

‖ x ‖∞≤ Tα−1/p

Γ(α)((α−1)q+1)1/q
‖0 Dα

t x ‖LP . (6)

According to (5), we can consider Eα,p0 with respect to the norm

‖ x ‖α,p=‖0 Dα
t x ‖Lp=

(∫ T
0 |0 D

α
t x |p dt

)1/p
(7)

in the following analysis.

Lemma 4. [10, Proposition 3.4] Let 0 < α ≤ 1 and 1 < p <∞. Assume that α > 1/p and
the sequence uk converges weakly to u in Eα,p0 i.e. uk ⇀ u, then uk → u in C([0, T ],RN ),
i.e. ‖ u− uk ‖∞= 0 as k →∞.

Lemma 5. [14, Theorem 1.1] If ϕ is w.l.s.c. on a reflexive Banach space X and has a
bounded minimizing sequence, then ϕ has a minimum on X.

3 Variational structure

In this section, the variational structure of the fractional Hamiltonian systems (2) is
derived by means of the Hamiltonian action and the Legendre transform, which enables us
to convert the existence of solutions to fractional Hamiltonian systems (2) into finding the
critical points of a corresponding functional.

Let the space X be defined by

X =
{
v =

(
v1, v2

)
: v1 ∈ Eα,q0

(
0, T ;RN

)
, v2 ∈ Eα,p0

(
0, T ;RN

)}
,

and the norm is equipped with ‖ v ‖=‖ v1 ‖α,q + ‖ v2 ‖α,p . It follows from Lemma 1 that
X is a reflexive Banach space.

Assume that Ẽα,p0 = {x ∈ Eα,p0 :
∫ T

0 x(s)ds = 0}, then

X̃ =
{
v =

(
v1, v2

)
: v1 ∈ Ẽα,q0

(
0, T ;RN

)
, v2 ∈ Ẽα,p0

(
0, T ;RN

)}
.

Let (Eα,p0 )∗ be standed by the conjugate space of Eα,p0 , there is

X∗ =
{
v =

(
v1, v2

)
: v1 ∈ (Eα,q0 )∗, v2 ∈ (Eα,p0 )∗

}
,
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and we easily know that X∗ is the conjugate space of X.
Moreover, let the space Y be defined by

Y =
{
u =

(
u1, u2

)
: u1 ∈ Eα,p0

(
(0, T ;RN

)
, u2 ∈ Eα,q0

(
(0, T ;RN

)}
,

Let h ∈ L1(0, T ;RN ), the mean value is defined by h̄ = 1
T

∫ t
0 h(t)dt. We denote by

J =

(
0N IN
−IN 0N

)
the symplectic matrix, then (Ju, v) = −(u, Jv) for all u, v ∈ R2N .

Let x = u1, 0D
α
t x = λu2, then, the fractional Hamiltonian systems (2) reduces to

0D
α
t u1 + λu2 = 0 and ui(0) = ui(T ) = 0, i = 1, 2,

that is, the fractional Hamiltonian systems (2) is equivalent to the following non-autonomous
fractional Hamiltonian systems{

J0D
α
t u+∇H(t, u) = 0,

u(0) = u(T ) = 0,
(8)

where 0D
α
t u =

(
0D

α
t u1

0D
α
t u2

)
,∇H(t, u) =

(
1
λ∇F (t, u1)
−λu2

)
. Therefore, the Hamiltonian action

ψ can be written

ψ(u) = −
∫ T

0

[
1
2(J0D

α
t u(t), u(t)) +H(t, u(t))

]
dt. (9)

Setting 0D
α
t v = −J0D

α
t u, so that

u = Jv − c. (10)

According to (8) and (11), we have 0D
α
t v = ∇H(t, u), if the Legendre transform H∗(t, .) of

H(t, .) existence, then
u = ∇H∗ (t,0D

α
t v) . (11)

Hence, in terms of (10), the Hamiltonian equations (11) reduces to Jv−∇H∗ (t,0D
α
t v) = c.

In the following, we prove that the Legendre transform H∗(t, .) of H(t, .) existence. It
follow from (9) and (11) that

ψ(u) = −
∫ T

0

[
1
2(J0D

α
t u(t), u(t)) +H(t, u(t))

]
dt =

∫ T
0

[
1
2(0D

α
t v(t), u(t))−H(t, u(t))

]
dt

=
∫ T

0

[
−1

2(0D
α
t v(t), u(t)) + (0D

α
t v(t), u(t))−H(t, u(t))

]
dt

=
∫ T

0

[
1
2(J0D

α
t u(t), u(t)) + (0D

α
t v(t), u(t))−H(t, u(t))

]
dt.

Formula (4) suggests replacing (0D
α
t v, u)−H(t, u) by H∗(t,0D

α
t v). The dual action is thus

defined on a suitable space of T -periodic functions by

χ(v) =
∫ T

0

[
1
2(0D

α
t v(t), v(t)) +H∗(t,0D

α
t v(t))

]
dt,

where v =
(
v1, v2

)
, v1, v2 ∈ RN . In Section 4, we shall see that χ can be bounded below

under reasonable assumptions upon H. So it suffices to find critical points of χ restricted
to the space X̃.
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Lemma 6. Assume that H : [0, T ]×R2N → R, (t, u)→ H(t, u) be measurable in t for each
u ∈ R2N and strictly convex and continuously differentiable in u for almost every t ∈ [0, T ].
If there exists q ∈ [1,∞], λ > 0, δ > 0, β, γ ∈ Lp(0, T ;R+) with 1

p + 1
q = 1, such that for all

u ∈ R2N and a.e. t ∈ [0, T ], one has

δ(| u |q /q)− β(t) ≤ H(t, u) ≤ λ(| u |q /q) + γ(t). (12)

Then the dual action χ is a continuously differentiable on X̃ and, if v ∈ X̃ is a critical point
of χ, the function u defined by u(t) = ∇H∗(t,0Dα

t v(t)) satisfies fractional Hamiltonian
systems (8).

Proof. It follows from Lemma 2 that H∗(t, u) is continuously differentiable in u for
a.e. t ∈ [0, T ]. By assumption (12), for all u ∈ R2N and a.e. t ∈ [0, T ], we obtain

λ−p/q(| v |p /p)− γ(t) ≤ H∗(t, v) ≤ δ−p/q(| v |p /p) + β(t). (13)

Proposition 2.2 in [14] implies that

| ∇H∗(t, v) |≤ [(q/δ)(| v |) + β(t) + γ(t) + 1]p−1 ≤ c1 | v |p−1 +c2(β(t) + γ(t) + 1)p−1,

for some positive constants c1 and c2.
Let us note that (β+γ+1)p−1 ∈ Lq since (β+γ+1) ∈ Lp. By (13) and (14), the function

L defined by L(t, x, y) = (1/2)(Jy, x) + H∗(t, y) satisfies the assumptions of Theorem 3.1
in [10]. Therefore, the dual action χ is continuously differentiable on X, and, hence, on X̃.

Finally, if v ∈ X̃ is a critical point of χ, Theorem 3.1 in [10] implies that, for all h ∈ X̃,
one has

0 =
∫ T

0

[
1
2(J0D

α
t v(t), h(t)) + (∇H∗(t,0Dα

t v(t))− 1
2Jv(t),0D

α
t h(t))

]
dt. (14)

It is then easy to verify the preceding relation for all h ∈ X, and hence for all h ∈ C∞T . By
(14), we have

∇H∗(t,0Dα
t v(t))− 1

2Jv(t) =
∫ t

0
1
2J0D

α
t v(s)ds+ c, a.e. on [0, T ],

i.e., Jv(t) = ∇H∗(t,0Dα
t v(t)) + c̃, a.e. on [0, T ]. Setting u(t) = H∗(t,0D

α
t v(t)) = Jv(t)− c̃,

we obtain u ∈ X, 0D
α
t u = J0D

α
t v and by duality 0D

α
t v(t) = ∇H(t, u(t)), therefore 0D

α
t u =

J0D
α
t v = J∇H(t, u(t)), a.e. on [0, T ]. Moreover, u(0) = u(T ) since u ∈ X. The proof is

complete.

Lemma 7. For every v ∈ X, there is∫ T
0 (J0D

α
t v(t), v(t)) dt ≥ − Tα

Γ(α+1)

∫ T
0 |0 D

α
t v(t) |2 dt.
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Proof. Let us write v = ṽ + v̄, where v̄ = 1
T

∫ T
0 v(s)ds, then by Cauchy-Schwarz

inequality and Lemma 3, we obtain∫ T
0 (J0D

α
t v(t), v(t)) dt =

∫ T
0 (J0D

α
t v(t), ṽ(t)) dt ≥ −

(∫ T
0 | J0D

α
t v(t) |2 dt

)1/2 (∫ T
0 | ṽ(t) |2

)1/2

≥ − Tα

Γ(α+1)

(∫ T
0 | J0D

α
t v(t) |2 dt

)1/2 (∫ T
0 |0 D

α
t v(t) |2

)1/2

= − Tα

Γ(α+1)

∫ T
0 |0 D

α
t v(t) |2 dt.

4 The existence of weak solutions

In this section, the existence theorem of at least one periodic solution to the fractional
Hamiltonian systems (2) is proved.

Theorem 1. Assume that the following conditions are satisfied
(A1) there exists l ∈ L4(0, T ;RN ) such that H(t, u) ≥ (l(t), u) for all u ∈ R2N and a.e.

t ∈ [0, T ];
(A2) there exists λ ∈ [0, 2π/T ], and γ ∈ L2(0, T ;RN ), such that for every y ∈ R2N and

a.e. t ∈ [0, T ] one has H(t, u) ≤ λ
2 | u |

2 +γ(t);

(A3)
∫ T

0 H(t, u)dt→ +∞ as | u |→ ∞, u ∈ R2N .
Then the fractional Hamiltonian system (8) has at least one solution u ∈ Y such

that v(t) = −J
[
u(t)− 1

T

∫ T
0 u(s)ds

]
minimizes the dual actian χ : X → [−∞,+∞], v →∫ T

0

[
1
2(J0D

α
t v(t), v(t)) +H∗(t,0D

α
t v(t))

]
dt, that is to say, the fractional Hamiltonian system

(2) has at least one solution x ∈ Eα,p0 .

Proof. We divide the proof into three steps.
Step 1. A perturbed problem is established and existence of a solution of it is proved.
Let ε0 > 0 be such that

0 < ε0 + λ <
Γ(α+ 1)

Tα
(15)

and let

Hε : [0, T ]× R2N → R, (t, u)→ ε | u |2

2
+H(t, u)

where 0 < ε < ε0. Since the function F (t, x) is measurable on t for every x ∈ RN and
continuously differentiable and convex in x for a.e. t ∈ [0, T ], then H(t, u) is measurable
on t for all u ∈ R2N and continuously differentiable and convex in u for a.e. t ∈ [0, T ]. By
the defined of Hε, we know that Hε(t, ·) is strictly convex and continuously differentiable
for a.e. t ∈ [0, T ] and Hε(·, u) is measurable on [0, T ] for every u ∈ R2N . From (A1) and
(A2), we have

− | l(u) || u | +ε | u |2

2
≤ Hε(t, u) ≤ (λ+ ε0)

| u |2

2
+ γ(t),
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therefore
ε | u |2

4
− | l(t) |

2

2
≤ Hε(t, u) ≤ (λ+ ε0)

| u |2

2
+ γ(t), (16)

So, by Lemma 6, the perturbed dual action

χε(v) =

∫ T

0

[
1

2
(J0D

α
t v(t), v(t)) +H∗ε (t,0D

α
t v(t))

]
dt

is continuously differentiable on X̃ and if vε ∈ X̃ is a critical point of χε, the function uε
defined by

uε(t) = ∇H∗ε (t,0D
α
t v(t))

is a solution of {
J0D

α
t u(t) + εu(t) +∇H(t, u) = 0,

u(0) = u(T ),
(17)

and the relation J0D
α
t vε =0 D

α
t uε holds.

By (16) and Propositions 2.2 in [14], we have

H∗ε (t,0D
α
t v(t)) ≥ 1

2

(
1

λ+ ε0

)
|0 Dα

t v(t) |2 −γ(t),

which together with Lemma 7 implies that

χε(v) ≥ 1

2

(
1

λ+ ε0
− Γ(α+ 1)

Tα

)∫ T

0
|0 Dα

t v(t) |2 dt−
∫ T

0
γ(t)dt

= δ0 ‖0 Dα
t v(t) ‖2L2 −γ0, (18)

where δ0 = 1
2

(
1

λ+ε0
− Γ(α+1)

Tα

)
> 0 by (15) and γ0 =

∫ T
0 γ(t)dt.

Let {vk} be a minimizing sequence for χε. It follows from (18)that {‖0 Dα
t vk(t) ‖L2} is

bounded, then Lemma 3 implies that {vk} is bounded in X̃. Now we show χε is weak-
ly lower semi-continuous (w.l.s.c.) on X̃. From the continuity of Hε and the defini-

tion of H∗ε , it follows that χε,1(v) =
∫ T

0 H∗ε (t,0D
α
t v(t))dt is w.l.s.c. on X̃ and χε,2(v) =

1
2

∫ T
0 (J0D

α
t v(t), v(t))dt is w.l.s.c. on X̃. Thus χε = χε,1(v) + χε,2(v) is w.l.s.c. on X̃ and by

Lemma 5, has a minimum at some point vε ∈ X̃.
Step 2. A posteriori estimates on uε
By assumption (A1), (A2) and Proposition 2.2, we have

| ∇H(t, u) |≤ 2(λ+ 1)
[
| u | + |l(t)|

2

2 + γ(t)
]

+ 1+ | u | .

It is then easy to verify that the function H̄ : R2N → R, u →
∫ T

0 H(t, u)dt is continuously
differentiable. By assumption (A3), H̄ has a minimum at some point u ∈ R2N for which∫ T

0 ∇H(t, ū)dt = 0, so that the problem

0D
α
t v(t) = ∇H(t, ū) (19)
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has a unique solution η ∈ X̃ such that
∫ T

0 η(s)ds = 0. By (19), H∗(t,0D
α
t η(t)) = (0D

α
t η(t), ū)−

H(t, ū) so that H∗(·,0Dα
t η(·)) ∈ L1(0, T ;R). From the inequality H(t, u) ≤ Hε(t, u) we de-

duce H∗ε (t, v) ≤ H∗(t, v) and from (18), we obtain

δ0 ‖0 Dα
t v(t) ‖2L2 −γ0 ≤ χε(vε) ≤ χε(η)

≤
∫ T

0

[
1
2(J0D

α
t η(t), η(t)) +H∗ε (t,0D

α
t η(t))

]
dt = c1 <∞.

Therefore ‖0 Dα
t vε ‖L2≤ c2. According to J0D

α
t vε =0 Dα

t uε, we have ‖0 Dα
t ũε ‖L2=‖0

Dα
t uε ‖L2≤ c2, where ũε = uε − ūε, ūε = 1

T

∫ T
0 uε(t)dt. Lemma 3 implies that ‖ ũε ‖≤ c3.

The convexity of H(t, ·) and (17) reduce to

H
(
t, ūε(t)2

)
= H

(
t, uε(t)2 − ũε(t)

2

)
≤ 1

2H(t, uε(t)) + 1
2H(t,−ũε(t))

≤ 1
2(∇H(t, uε(t)), uε(t)) + 1

2H(t, 0) + λ
4 | ũε(t) |

2 +γ(t)
2

≤ 1
2(−J0D

α
t uε(t), uε(t))− ε

2 | uε(t) |
2 +λ

4 | ũε(t) |
2 +γ(t)

2 .

Using Lemma 7, we obtain∫ T
0 H(t, ūε(t))dt ≤ −1

2

∫ T
0 (J0D

α
t uε(t), uε(t)) + λ

4 ‖ ũε(t) ‖
2
L2 +γ0

≤ Tα

2Γ(α+1) ‖0 D
α
t ũε(t) ‖2L2 +λ

4 ‖ ũε(t) ‖
2
L2 +γ0

≤ Tα

2Γ(α+1)c
2
2 + λ

4 c
2
3 + γ0 = c4.

By assumption (A3), | ūε |≤ c5, we have ‖ uε ‖≤‖ ũε ‖ + ‖ ūε ‖≤ c3 +
√
Tc5 = c6.

Step 3. Existence of a solution for the original problem.
From ‖ uε ‖≤ c6, there exists a sequence {εn} tending to 0 in [0, ε0] and some u ∈ Y

such that uεn converge weakly to u in Y . Moreover, as 0D
α
t vε = −J0D

α
t uε, we have vε(t) =

−J(uε(t)− ūε). so that vεn converges weakly to

v(t) = −J(u− ū). (20)

By Proposition 1.2 in [14], uεn (resp. vεn) converges uniformly to u (resp. v) on [0, T ]. From
(17) in integrated form

Juεn(t)− Juεn(0) +
∫ T

0 [εnuεn(s) +∇H(s, uεn(s))] ds = 0,

it follows that

Ju(t)− Ju(0) +

∫ T

0
∇H(s, u(s))ds = 0,

therefore u ∈ Y is a solution of (8).
Finally, we will show that v = (v1, v2) minimizes the dual action χ. since

H∗ε (t, v) ≤ H∗(t, v) for all h ∈ X,
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we have
χεn(vεn) ≤ χε(h) ≤ χ(h).

Now by the definition H∗(t, ·) and duality between uεn and 0D
α
t vεn , we obtain

χεn(vεn) =
∫ T

0

[
1
2(J0D

α
t vεn(t), vεn(t)) + (uεn ,0D

α
t vεn(t))−Hεn(t, uεn(t))

]
dt

=
∫ T

0

[
1
2(J0D

α
t vεn(t), vεn(t)) + (uεn ,0D

α
t vεn(t))−H(t, uεn(t))− εn

2 | uεn(t) |2
]
dt.

It follows from (8) and (20) that

0D
α
t v(t) = ∇H(t, u(t)) a.e. on [0, T ]. (21)

Letting t→∞ in (21), we have, by (21)

lim
n→∞

χεn(vεn) =
∫ T

0

[
1
2(J0D

α
t v(t), v(t)) + (u(t),0D

α
t v(t))−H(t, u(t))

]
dt

=
∫ T

0

[
1
2(J0D

α
t v(t), v(t)) +H∗(t,0D

α
t v(t))

]
dt = χ(v).

Thus χ(v) ≤ χ(h) for all h ∈ X. The proof is completed.
When H(t, ·) is strictly convex, we deduce from Theorem 1 that there exists a necessary

and sufficient condition for the solvability of the fractional Hamiltonian systems (2)

Corollary 1. Assume that H(t, ·) is strictly convex for a.e. t ∈ [0, T ] and satisfies the
conditions (A1) and (A2) of Theorem 1. Then the following conditions are equivalent.

(A4) Problem (8) is solvable, i.e. problem (2) is solvable.

(A5) There exists x̄ ∈ R2N such that
∫ T

0 ∇H(t, x̄)dt = 0.

(A6)
∫ T

0 H(t, x)dt→ +∞ when | x |→ ∞.
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Abstract

In this work, we concern to develop a new with memory method for solving nonlin-
ear equations. To this end, we use three functional evaluation per iteration. In addition,
our method is constructed by the information of Hermite’s interpolation. It has conver-
gence order 5.5. Some numerical examples are included to show the efficiency and its
applicability.

Key words: With memory method, Hermit’s interpolation, efficiency, accuracy, con-
vergence order.

1 Introduction

There are so many problems in science and technology that lead to nonlinear of equations.
Solving these equation is based on iterative methods. However, such methods should satisfy
some standards, Kung and Traub [2], and Ostrowski [1] proposed two criteria for this
purpose: optimality and efficiency.
Kung and Traub established that any two-step without memory method is optimal and
uses three functional evaluations having convergence order four. Also, efficiency index is
defined by E(p, n) = p1/n, where p and n are convergence order and functional evaluations,
respectively. Therefore any two- step without memory method has the same efficiency index
E(4, 3) = 41/3 ' 1.587 [2]. Following Traub’s idea of introducing with memory methods,
many researcher [2] constructed many with memory methods [3]. Most of these methods are
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free derivative [4], [5] and [6]. To the best of our knowledge, construction of with memory
method in which they use derivative, are few.

It is well-known that iterative method for solving nonlinear equation is divided into two
general categories with and without memory. There has been many attempts to construct
optimal without memory methods of both kinds them [6]. Traub in his book shows that
it is possible to increase the convergence order of Steffensen type method without any new
functional evaluation. His idea has been followed by many authors. On the other hand,
there are few methods of such kind [7] that use derivatives. Hence, in this work we focus on
developing new kind of such methods, say, a new with memory method based on Hermite’s
interpolation.
The rest of this work is organised as follows: In Section 2, we design an optimal without
memory method. Then we attempt to derive two kinds of with memory methods. In Section
3, some numerical examples are presented. Section 4 concludes this work.

2 The method and analysis of convergence

Consider the following two-step methodyn = xn − f(xn)
f ′(xn)

,

xn+1 = yn − f(yn)
f ′(yn)

, n = 0, 1, 2, . . . .
(2.1)

when x0 is given. This method is not optimal. We approximate f ′(yn) in the second
step by Hermite’s interpolation.
Let

P (t) = f(yn) + (t− yn)f [yn, xn] + (t− yn)(t− xn)f [yn, xn, xn]

where

f [xn, xn] = f ′(xn), f [xn, yn] =
f(xn)− f(yn)

xn − yn
and

f [yn, xn, xn] =
f [yn, xn]− f [xn, xn]

yn − xn
.

Therefore,
p′(t) = f [yn, xn] + (2t− yn − xn)f [yn, xn, xn],

Hence
f ′(yn) ' p′(yn) = f [yn, xn] + (yn − xn)f [yn, xn, xn]
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Consequently,
yn = xn −

f(xn)

f ′(xn)
,

xn+1 = yn −
f(yn)

f [yn, xn] + (yn − xn)f [yn, xn, xn]
, n = 0, 1, 2, . . . .

(2.2)

This method is optimal and has convergence order four.

Theorem 2.1. Method (2.2) has convergence order four if x0 is close enough to the sough
zero. It’s error equation is en+1 = (c22 − c2c3)e4n + o(e5n)

Now, we modify Method (2.2) to as follows:
yn = xn −

f(xn)

f ′(xn) + αnf(xn)
,

xn+1 = yn −
f(yn)

f [yn, xn] + (yn − xn)f [yn, xn, xn]
, n = 0, 1, 2, . . . .

(2.3)

Theorem 2.2. The error equation of method (2.3)is given by en+1 = (αn + c2)(c2(αn +
c2)− c3)e4n + o(e5n)

To derive a with memory method, we use suppose αn+ cn = 0, or αn = −c2 = − f ′′(α)
2f ′(α) .

Since α is unknown,we use f ′′(α) ' p′′(yn) = 2f [yn, xn, yn] and f ′(α) ' p′(yn).

If in each iteration, we use the following accelerator αn = − p′′(yn)

2p(yn)
, then we have

Theorem 2.3. If αn = − p′′(yn)

2p(yn)
, then convergence order of method (2.3) is 5.

It is still possible to increase the convergence order. Consider the following modification
of (2.3)
yn = xn −

f(xn)

f ′(xn) + αnf(xn)
,

xn+1 = yn −
f(yn)

f [e, ey] + (ey − e)f [ey, e, e] + βn(ey − e)2
, n = 0, 1, 2, . . . .

(2.4)

We have the following error equation
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Theorem 2.4. The error equation of method (2.4) is given by

en+1 =
1

f ′(α)
(c2 + αn)

(
βn + f ′(α)c2(αn + c2)− f ′(α)c3

)
e4n + o(e5n)

If α+ c2 = 0, then we can set βn =
f ′′′(α)

6
.

Here if is still possible to approximate the accelerator βn by the interpolatory

N3(t, yn, yn−1, xn−1, xn−1),

where

N3(t) =f(yn) + (yn − t)f [yn, xn]

+(t− yn)(t− xn)f [yn, xn−1, xn−1]

+(t− yn)(t− xn−1)f [yn, xn−1, xn−1, yn−1]

Hence,

Theorem 2.5. If αn = − p′′(yn)

2p′(yn)
and βn =

N ′′′3 (yn)

6
, then method (2.4) has convergence

order 5.5.

Methods (2.3), (2.4) are called with memory method since they use information from
the current and the previous iterations. To the best our knowledge, method (2.4) is the first
method of its kind. Indeed previous works have increased the convergence order at most to
five.

3 Numerical results and comparisons

In this section, the family of with memory methods
yn = xn −

f(xn)

λnf(xn) + f ′(xn)
,

xk+1 = yn −
f(yn)

2λnf(xn) + f ′(xn)

(
1 + 2

f(yn)

f(xn
+ τ(

f(yn)

f(xn)
)2
)
,

(3.1)


yn = xn −

f(xn)

λnf(xn) + f ′(xn)
,

xn+1 = yn −
f(yn)

2λnf(xn) + f ′(xn)

(f(xn) + (2 + β)f(yn)

f(xn) + βf(yn)

) (3.2)
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methods |x1 − α| |x2 − α| |x3 − α| rc
Method (3.1) 0.5505(-1) 0.7972(-5) 01081(-24) 4.99

Method (3.2) 0.5505(-1) 07972(-5) 0.4138(-24) 4.99

Our Method(2.3) 0.8524(-1) 0.8780(-4) 0.1952(-19) 5.0

Our Method(2.4) 0.9195(-1) 0.5435(-4) 0.3306(-23) 5.5

Table 1: f(x) =
1

t4
− t2 − 1

t
+ 1, x0 = 1, α = 2, λ = −0.01

where λn = −c2 = − f
′′(α)

2f ′(α)
These tables include the values of the computational order of convergence rc calculated

by the formula [3]

rc =
log |f(xn)/f(xn−1)|

log |f(xn−1)/f(xn−2)|
. (3.3)

Table 1 shows that the Method (2.4) competes the previous methods. In additional its
efficiency index is better than the previous works. In other words, it has efficiency index
5.5

1
3 ' 1.76 greater than 5

1
3 ' 1.70.

4 Conclusion

In this work, we developed a new kind of with memory methods for solving nonlinear
equations. To this end, based on Hermite’s interpolation, two special kinds, of the methods
were derived. One of them increases the convergence order from 4 to 5, and the other one
from 4 to 5.5. The latter kind has not been studied yet in the literature and can compete
with every current with memory in its class. This method is under developing for general
case.

Acknowledgements

This work has been partially supported by Islamic Azad University- Hamedan Branch.

c©CMMSE ISBN: 978-84-617-8694-7Page 2048 of  2288



New method with memory based on Hermite’s interpolation

References

[1] A.M. Ostrowski, Solution of equations and systems of equations, , Prentice-Hall,
Englewood Cliffs, NJ, USA, 1964.

[2] J.F. Traub, Iterative Methods for the Solution of Equations, Prentice Hall, New York,
1964.

[3] Petkovic, M.S., Neta, B., Multipoint Methods for Solving Nonlinear Equations,
Elsevier, Amsterdam-Boston- Heidelberg, 2013.

[4] Cordero, A., Lotfi, T., Bakhtiari, P., Torregrosa J., An efficient two para-
metric family with memory for nonlinear equations,Numer Algor, DOI 10.1007/s
(2014) 11075-014-9846-8.

[5] Cordero, A., Lotfi, T., Torregrosa, J.R., Assari, P., Mahdiani, K., Some
new bi-accelerator two-point methods for solving nonlinear equations, Comp. Appl.
Math, DOI 10.1007/s (2014) 40314-014-0192-1.

[6] Lotfi, T., Soleymani, G., Ghorbanzadeh, M., Assari, P., On the construction
of some tri-parametric iterative methods with memory, Numer Algor, DOI 10.1007/s
(2015) 11075-015-9976-7.

[7] Wang, X., Zhang, T., A new family of Newton-type iterative methods with and with-
out memory for solving nonlinear equations, Calcolo, DOI 10.1007/s (2014) 10092-
012-0072-2.

c©CMMSE ISBN: 978-84-617-8694-7Page 2049 of  2288



Proceedings of the 17th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2017
4–8 July, 2017.

Optimal Iterative Methods for Finding Multiple Roots of
Nonlinear Equations using Free Parameters

Fiza Zafar1, Alicia Cordero2, Quratulain1 and Juan R. Torregrosa2

1 Centre for Advanced Studies in Pure and Applied Mathematics, Bahauddin Zakariya
University, Pakistan
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Abstract

In this paper, we propose a family of optimal eighth order convergent iterative
methods for multiple roots with known multiplicity with the introduction of two free
parameters and three univariate weight functions. Also numerical experiments have
been applied to a number of test equations for a special scheme from this family that
satisfies the conditions given in this paper.
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1 Introduction

Newton’s method for multiple roots is quadratically convergent for every root. It determines
simple or multiple zeros of a non-linear equation. If the given function has only a simple
zero, then Newton’s method converges quadratically to the exact solution. In past, it was
very difficult to construct a higher-order optimal multi-point scheme for multiple zeros of
the given function with multiplicity m ≥ 1. Nowadays, with the digital computer, advanced
computer arithmetics, software and symbolic computation, the construction of higher-order
optimal multi-point methods has become easier. Many researchers presented optimal fourth-
order iterative methods for multiple zeroes like Li et al. [7] in 2009, Sharma and Sharma
[9] in 2010, Sharifi et al.[8] in 2012, Liu and Zhou [6] and Zhou et al.[12] in 2013, Thukral
[11] in 2014, Hueso et al.[5] in 2015 and Behl et al. [1] in 2016. In recent years, at most
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sixth-order convergence method has been given for finding multiple zeros that can be found
in the available literature. There are only three multi-point iterative schemes with sixth-
order convergence for multiple zeros. First one was proposed by Thukral [11] and other two
were presented by Geum et al.[3]. In 2013, Thukral [10] presented a multi-point iterative
method with sixth-order convergence, which is given by

yn = xn −m
f(xn)

f ′(xn)
, (1)

zn = xn −m
f(xn)

f ′(xn)

3∑
i=1

(
f(yn)

f(xn)

) i
m

, (2)

xn+1 = zn −m
f(xn)

f ′(xn)

(
f(zn)

f(xn)

) 1
m

[
3∑

i=1

(
f(yn)

f(xn)

) i
m

]2
. (3)

In 2015, Geum et al.[3], have given the following two-point sixth-order iterative scheme:

yn = xn −m
f(xn)

f ′(xn)
,m > 1, (4)

xn+1 = xn −Q(pn, sn)
f(xn)

f ′(xn)
, (5)

where pn = m

√
f(yn)
f(xn)

, sn = m−1

√
f ′(yn)
f ′(xn)

and Q : C2 → C is holomorphic function in the

neighborhood of origin (0,0). In 2016, Geum et al. [4], have again proposed a three-point
iterative scheme with sixth-order convergence for multiple zeros. The proposed scheme was
based on weight functions, which can be seen in the following expression:

yn = xn −m
f(xn)

f ′(xn)
,m > 1, (6)

wn = xn −mG(pn)
f(xn)

f ′(xn)
, (7)

xn+1 = xn −mK(pn, tn)
f(xn)

f ′(xn)
, (8)

where pn = m

√
f(yn)
f(xn)

, tn = m

√
f(wn)
f(xn)

and G : C → C is analytic in a neighborhood of 0 and

K : C2 → C is holomorphic in the neighborhood of (0,0). All of the above three schemes
(1)-(6) require four function evaluations in order to produce sixth-order convergence. The
iterative method (4) has one drawback that it does not work for simple zeros (i.e. for m = 1).
Moreover, there does not exist any optimal scheme greater than fourth-order convergence.
So, we propose an optimal eighth-order convergent iterative method for multiple root of a
nonlinear equation. The main reason of this proposed method is to present a new higher-
order optimal scheme for finding simple as well as multiple zeros of nonlinear equations.
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The rest of the paper is organized as follows: In Section 2, we propose a new family
of optimal eighth-order iterative methods to find multiple roots of nonlinear equation and
discuss its convergence analysis, defining an special case whose performance will be checked
in Section 4, in comparison with some existing sixth-order ones. Concluding remarks are
given in Section 5.

2 Construction of the Scheme

This section is devoted to the construction and convergence analysis of this proposed scheme
with the main theorem. So, we propose a new eighth-order scheme for a known multiplicity
m ≥ 1 of the desired multiple zero as follows

yn = xn −m
f(xn)

f ′(xn)
,

zn = xn −munH(un)
f(xn)

f ′(xn)
, (9)

xn+1 = xn − unvn(A2 +A3un)P (vn)G(wn)
f(xn)

f ′(xn)
,

where A2, A3 ∈ R are three free parameters and the weight functions H : C→ C, P : C→
C, /G : C→ C are analytic function in the neighborhood of 0 with

un =

(
f(yn)

f(xn)

) 1
m

, vn =

(
f(zn)

f(yn)

) 1
m

, wn =

(
f(zn)

f(xn)

) 1
m

,

are the variables of the weight functions. It is worthy to note that we will obtain well
known King’s family of fourth-order iterative methods for m = 1 with the help of first
two substeps. In the next Theorem 1, we demonstrate that the order of convergence of the
proposed scheme will reach at optimal eight without using additional functional evaluations.

Theorem 1 Let us consider x = α(say) be a multiple zero with a multiplicity m ≥ 1 of
the involved function f . In addition we assume that f : C → C be an analytic function in
the region enclosing a multiple zero α. The proposed scheme defined by (9) has an optimal
eighth-order convergence, when it satisfies the following expressions:

A2 = 1, A3 = 2A2,

H0 = H(0) = 1, H1 = H ′(0) = 2, H2 = H ′′(0) = −2, H3 = H ′′′(0) = 36,

P0 = P (0) = P ′(0), G0 = G(0) =
m

P0A2
, G1 = G′(0) =

2m

P0A2
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and the error equation is given as:

en+1 =
1

48m7P0
c1c

2
1(11 +m)− 2mc2)((14(59 + 12m+m2)P0 − 3 (11 +m)2 P2)c

4
1

−12m(4(7 +m)P0 − (11 +m))c21c2 + 12m2 (2P0 − P2) c
2
2 + 24m2P0c1c3)e

8
n

+O(e9n).

Now, we define an special case of our proposed scheme that will be used in the numerical
section. Let us describe the following polynomial weight function directly from the proposed
Theorem 1:

H(u) = 6u3 − u2 + 2u+ 1, P (v) = v + 1, G(w) =
2mw

A2P0
+

m

A2P0
(10)

for

un =

(
f(yn)

f(xn)

) 1
m

, vn =

(
f(zn)

f(yn)

) 1
m

, wn =

(
f(zn)

f(xn)

) 1
m

.

Thus, the corresponding optimal eighth-order iterative scheme is given by

yn = xn −m
f(xn)

f ′(xn)
, (11)

zn = yn −mu(6u3 − u2 + 2u+ 1)
f(xn)

f ′(xn)
, (12)

xn+1 = zn −muv(1 + 2u)(v + 1)(2w + 1)
f(xn)

f ′(xn)
. (13)

In what follows, it will be denoted by M1.

3 Numerical experiments

This section is devoted to demonstrate the efficiency, effectiveness and convergence behavior
of the presented schemes. In this regard, we consider the proposed scheme M1 and choose
four test problems for comparison given in the Examples 1-4. Now, we want to compare our
methods with other existing methods of same domain on the basis of error per iteration and
computational order of convergence COC. We have chosen sixth-order iterative methods
for the comparison which is the highest-order till date for multiple zeros. Therefore, we
compare the proposed methods with the family of two-point sixth-order methods, which
were presented by Geum et al. in [4], out of them we consider (4) and (6) denoted by GM1
and GM2 respectively for Q(pn, sn) = m(1 + 2(m − 1)(pn − sn) − 4pnsn + s2n), G(pn) =
1 + pn + 2p2n, and K (pn, tn) = 1 + pn + 2p2n + (1 + 2pn)tn.

We did our calculations with several number of significant digits (minimum 1000 sig-
nificant digits) to minimize the round off error. We calculate the values of all the constants
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f1(x), x0 = −0.92,m = 4

|xn − α| |x1 − α| |x2 − α| |x3 − α| pn
GM1 2.595063462(-8) 8.177972395(-47) 8.009985192(-278) 5.999999996

GM2 7.630978643(-8) 1.380544256(-43) 4.840288751(-258) 5.999999989

M1 5.980551468(-10) 2.106002934(-74) 4.979673785(-590) 7.999999999

Table 1: Numerical results on f1(x)

and functional residuals up to several number of significant digits but due to the limitations,
we display the value of errors per iterations and absolute residual errors in the function up
to 9 decimal digits with exponent power in Tables 1–4.

Also we calculate the computational order of convergence,

pn ≈
log |(xk+1 − α)/(xk − α)|
log |(xk − α)/(xk−1 − α)|

,

due to Weerakoon and Fernando, in order to check the theoretical order of convergence.

Example 1 Let us consider the following standard nonlinear test function from Geum et
al. [3]

f1(x) = [cos(
πx

2
) + e1−x

2 − x− 2]4. (14)

The above function has a multiple zero at α = −1 of multiplicity 4 with initial guess −0.92,
which has been used to test the methods. The obtained results have been presented in Table
1, where theoretical order of convergence is reached and the higher order of convergence is
observed in better precision of the results per iteration.

In order to check if this initial estimation is representative enough to show the perfor-
mance of these methods, we present in Figure 4 the dynamical plane corresponding to each
one of the methods applied on f1(x) with a mesh of 401× 401 complex initial estimations.
When the method is used with one of these initial guesses and it converges to one of the
zeros of the nonlinear function in less than 80 iterations, it is plotted in the color assigned
to the root. If it has not converged in 80 iterations, then this point is plotted in black. The
programs used to make this figure appears in [2].

It is observed that the behavior is good in all the methods. The order makes the
differences in two senses: the convergence, if exists, is quicker in M1 but, as it is usual, the
set of convergent initial estimations decreases as the order increases.

Example 2 We assume another standard test problem.

f2(x) = [cos(
πx

2
) + x2 − π]5. (15)
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(a) M1 (b) GM1 (c) GM2

Figure 1: Dynamical planes for all the methods on f1(x)

f2(x), x0 = 2.5,m = 5

|xn − α| |x1 − α| |x2 − α| |x3 − α| pn
GM1 0.522076246(-3) 8.422456030(-21) 1.488718830(-121) 5.999931812

GM2 0.111114189(-2) 2.533864417(-18) 3.588609342(-106) 5.999791032

M1 0.152779335(-3) 9.699141216(-31) 2.563327723(-240) 7.999972458

Table 2: Numerical results on f2(x)

The above function has a multiple zero at α = 2.034724... of multiplicity 5 with initial guess
2.5. Numerical tests on f2(x) appear in Table 2, showing a very good performance and the
basins of attraction of the roots appear in Figure 2.

(a) M1 (b) GM1 (c) GM2

Figure 2: Dynamical planes for all the methods on f2(x)
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f3(x), x0 = 3.0,m = 2

|xn − α| |x1 − α| |x2 − α| |x3 − α| pn
GM1 0.11849404(-5) 2.622019043(-37) 3.078026493(-221) 5.999999981

GM2 0.527453465(-5) 1.152582669(-32) 1.254891624(-192) 5.999999755

M1 1.401040040(-7) 1.304527036(-55) 7.370106153(-440) 7.999999992

Table 3: Numerical results on f3(x)

Example 3 We assume another test problem involving exponential function as:

f3(x) = (ex + x− 20)2. (16)

The above function has a multiple zero at α = 2.842438... of multiplicity 2 with initial guess
3.0.

In this case, the differences observed in the numerical tests correspond again to the opti-
mality of the proposed method M1, meanwhile the basins of attraction are very good in all
cases.

(a) M1 (b) GM1 (c) GM2

Figure 3: Dynamical planes for all the methods on f3(x)

Example 4 We assume another standard test problem involving trigonometric function as:

f4(x) = (cos(x)− x)3. (17)

The above function has a multiple zero at α = 0.73908513... of multiplicity 3 with initial
guess 1.0.

The numerical and dynamical behavior show good performance in all cases, both in
Table 4 and in Figure 4.
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f4(x), x0 = 1.0,m = 3

|xn − α| |x1 − α| |x2 − α| |x3 − α| pn
GM1 0.114347263(-5) 2.264182681(-38) 1.364669639(-228) 5.999999938

GM2 0.255308875(-5) 6.835881397(-36) 2.518668789(-213) 5.999999834

M1 4.905393922(-8) 4.062521585(-61) 8.990216944(-486) 7.999999997

Table 4: Numerical results on f4(x)

(a) M1 (b) GM1 (c) GM2

Figure 4: Dynamical planes for all the methods on f4(x)

4 Conclusion

We have proposed an optimal eighth-order family of iterative methods for solving nonlinear
equations for multiple roots with known multiplicity. The family of methods include two free
parameters and three weight functions involving function-to-function ratio. The methods
involve only one derivative evaluation. Moreover, numeric and graphical tests show that
the proposed method has good performance as compared with other similar methods.
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Abstract

This paper proposes a robust residual-based a posteriori error estimator for a weak
Galerkin finite element method for the Stokes equations in two and three dimensions.
The estimator consists of two terms. The first term characterizes the difference between
the L2-projection of the velocity approximation on the element interfaces and the cor-
responding numerical trace, and the second term is related to the jump of the velocity
approximation between the adjacent elements. We show that the estimator is reliable
and efficient through two estimates of global upper and global lower bounds, up to two
data oscillation terms caused by the source term and the nonhomogeneous Dirichlet
boundary condition. The estimator is also robust in the sense that the constant factors
in the upper and lower bounds are independent of the viscosity coefficient. Numerical
results are provided to verify the theoretical results.

Key words: the Stokes equations, weak Galerkin method, a posteriori error estima-
tor.

1 Introduction

Let Ω ⊂ Rd (d = 2, 3) be a bounded polygonal or polyhedral domain. We consider the
following Stokes problem: find the velocity u and the pressure p such that

−ν∆u +∇p = f , in Ω,

∇ · u = 0, in Ω,

u = g, on ∂Ω.

(1.1)
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where ν > 0 denotes the viscosity coefficient, f ∈ [L2(Ω)]d is the body force, and g satisfies
the compatibility condition

∫
∂Ω g · n = 0, with n being the unit outward vector normal to

the boundary ∂Ω.

The development of reliable and efficient a posteriori error estimators for finite element
discretizations of the Stokes problem has become an active research area over the last several
decades (see, e.g. [17, 1, 2, 18, 8, 4, 13, 10, 3, 15, 9, 11, 7], and the references therein). In [17],
two a posteriori error estimators were presented for the mini-element based on the residual
of the finite element solution and on the solution of local problems. Some related results
can be found in [1, 2]. A posteriori error estimators were analyzed for non-conforming finite
element approximations in [18, 8, 9], for discontinuous Galerkin methods in [13, 15], and
for dual mixed finite element methods in [10, 3]. In [11] a unified framework for a posteriori
error estimation for the Stokes problem was developed based on H1-conforming velocity
reconstruction and H(div)-conforming, locally conservative flux (stress) reconstruction. We
also refer to [4, 7] for a posteriori error analysis for quasi-Newtonian fluid flows.

In [20] a weak Galerkin(WG) finite element method was presented for the Stokes equa-
tions (1.1) in the primary velocity-pressure formulation. The method uses Pk/Pk−1 (k ≥ 1)
discontinuous finite element combination for the velocity and pressure, with the velocity
element being enhanced by polynomials of degree k−1 on the interface of the finite element
partition. The usual gradient and divergence operators are implemented as distributions in
properly-defined spaces. Optimal-order error estimates were established for the correspond-
ing numerical approximation in various norms. We refer to [5, 21] for another two classes of
WG methods for (1.1) and to [22] for a divergence-free WG method for the quasi-Newtonian
Stokes flows. We note that in [6] the first a posteriori error analysis of WG methods was
carried out for diffusion equations, where the residual type a posteriori error estimator is a
combination of the standard conforming Galerkin finite elements and mixed finite elements.

In this paper, we develop a residual type a posteriori error estimator for the WG method
in [20] for the Stokes problem (1.1) in two and three dimensions. The a posteriori error
estimator for the velocity error plus the pressure error consists of two terms. The first
term characterizes the difference between the L2-projection of the velocity approximation
on the element interfaces and the corresponding numerical trace, and the second term is
related to the jump of the velocity approximation between the adjacent elements. We
show that the estimator is reliable and efficient with two estimates of global upper and
global lower bounds, up to two data oscillation terms caused by the source term and the
nonhomogeneous Dirichlet boundary condition. We note that the a posteriori estimation
is robust with respect to the viscosity coefficient. The main tool of our analysis is the
Helmholtz decomposition for tensor fields.

The rest of the paper is organized as follows. Section 2 introduces notations and the
WG scheme of [20]. Section 3 describes the a posteriori error estimator and proves its
reliability and efficiency. Finally, Section 4 gives some numerical experiments.
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Abstract

Given a graph G and positive integers b and w, the black-and-white coloring problem
asks about the existence of a partial vertex-coloring of G, with b vertices colored black
and w white, such that there is no edge between a black and a white vertex. This
problem is known to be NP-complete in general. We provide here a polynomial time
approximation algorithm for the optimization version of the problem.

Key words: black-and-white coloring problem, BWC problem, approximation algo-
rithm.

1 Introduction

The Black-and-White Coloring (BWC) problem is defined as follows. Given an undirected
graph G and positive integers b, w, determine whether there exists a partial coloring of
G such that b vertices are colored black and w vertices white (with all other vertices left
uncolored), such that no black vertex and white vertex are adjacent. Such a partial coloring,
if exists, is a Black-and-White Coloring (BWC) of the graph.

One application of the BWC problem comes from the chemical industry. A set of b
samples of a product B and w samples of a product W has to be stored in n ≥ x + y
different available places. For security reasons, due to the chemical nature of the samples
and the configuration of the storing places, there are certain pairs of places that cannot
contain two different types of products. The question is whether it is possible to store all
samples by respecting these restrictions. By constructing a graph G that has a vertex for
each storing place and an edge between each two places that are not allowed to contain two
different types of products, this problem reduces to the BWC problem.

Another application is solved explicitly in [1]: Items of two data types, D1 and D2, are
stored in a 2-dimensional table. A person would like to retrieve data of type D1 or of type
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D2, but not of both. When retrieving data, we would like to allow a one-unit error in each
of the table’s indexes. In case of an error, we do not want a person trying to retrieve an
element of type D1 to extract an element of type D2. An additional goal is to populate the
elements of type D1 in a way that will maximize the number of places left in the table for
the elements of type D2.

The problem was originated by Berge, who raised the following instance [4].

Problem 1.1 Given positive integers n and b ≤ n2, place b black and w white queens on
an n× n chessboard, so that no black queen and white queen attack each other, and with w
as large as possible.

The BWC problem has two natural corresponding optimization problems:

1. Given a graph G and a positive integer b, color b of the vertices black, so that there will
remain as many vertices as possible which are non-adjacent to any of the b vertices.
These latter vertices are to be colored white, and the resulting coloring is optimal. All
other vertices are to be left uncolored.

2. Given a graph G and a positive integer b, color b of the vertices black, while all other
vertices are to be colored white, in a way that there will be as few as possible edges
connecting black and white vertices. In this optimization version, we should make the
BWC as legal as possible, meaning, we would like to reduce the number of “erroneous”
edges, i.e., edges connecting black and white vertices.

The BWC problem has been introduced in general, and proved to be NP -complete, by
Hansen et al. [4]. In the same paper, an O(n3) algorithm for trees was given. In [2], an
O(n2 lg3 n) algorithm for trees was given. Kobler et al. [5] gave a polynomial algorithm
for partial k-trees with a fixed k. In [7], there is an algorithm for chordal graphs, which is
O(χn3) time, where χ is the chromatic number of the graph.

Yahalom [6] investigated an analogous problem to that suggested by Berge, using rooks
instead of queens, and gave a sub-linear algorithm to this problem. For special cases, in
which the ratio between the sides of the board is an integer or close to an integer, she derived
an explicit formula for the optimal solution. In [1], we investigated an analogous problem,
using kings instead of queens, and provided explicit optimal solutions for the toroidal and
the non-toroidal versions.

In [3] we examined several heuristic algorithms, in particular tabu search, for solving
the problem in general.

The BWC problem admits a generalization for any number of colors. An anticoloring of
a graph is a partial vertex coloring with two or more colors, in which no two adjacent vertices
have distinct colors. In the general anticoloring problem, we are given an undirected graph G
and positive integers b1, . . . , bk, and have to determine whether there exists an anticoloring
of G such that bj vertices are colored in color j, j = 1, . . . , k. We call such an anticoloring
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a (b1, . . . , bk)-anticoloring. Yahalom [6] noticed that it is easy to rewrite the anticoloring
problem as an integer linear programming problem.

In this paper we focus on the second optimization version of the problem and present
a polynomial-time approximation algorithm for it.

2 Results

Consider the following optimization version of the BWC problem,

Problem 2.1 Given a graph G and a positive integer b, color b of the vertices black, while
the rest of the vertices are to be colored white, in such a way that the number of “correct”
edges, i.e, edges connecting vertices colored with the same color, is maximal.

Note that, since all vertices are colored black or white, in case G is connected, there
should be at least one “erroneous” edge.

Obviously, since the number of edges |E| is given, the problem of finding a coloring
with maximal correct edges is equivalent to the problem of finding a coloring with minimal
erroneous edges. Thus, Problem 2.1 is equivalent to the definition we presented in Section 1.

Consider the following

Algorithm 2.1 Given a graph G = (V,E) and an integer b ≤ |V |, choose randomly b
vertices to be colored black. All other vertices are to be colored white.

We will show

Theorem 2.2 Algorithm 2.1 is a polynomial 1
2 -approximation algorithm for Problem 2.1.

Proof:
Obviously, the algorithm has a polynomial time. Now, since the graph G contains n vertices,
the probability for a vertex to be colored black is b

n . The probability for an edge to connect
a black and a white vertices is

2 · b
n
· (1− b

n
) =

2b(n− b)
n2

.

A simple calculation shows that this function gets a maximum value where b = n
2 . In this

case, the maximum value is 1
2 . Therefore, the probability for an edge to connect a black and

a white vertex (i.e., erroneous edge) is at most 1
2 . Surely, the probability for the opposite

case, in which an edge is to be correct, is at least 1
2 . Therefore, the expected number of

correct edges is at least |E|2 . The optimal solution contains at most |E| correct edges. Thus,
Algorithm 2.1 gives a 1

2 -approximation for Problem 2.1.
Note that this happens in the worst case. In most cases, where b < |V | or b > |V |,

the expected number of correct edges would be much greater than |E|
2 , and therefore the

approximation ratio would be much better.
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3 Future work

We plan to find a better approximation algorithm for the problem, or prove that in the
worst case there is no such. We also plan to find an algorithm for the online version of the
problem, in which the graph is not given in advance, and we should color each vertex before
the next one arrives.
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Abstract 

Gas transportation via long pipelines is considered. 

Distributed parameter modelling with series and shunt 

energy dissipation and gas stream capacitance and 

inductance is incorporated. Hybrid analysis methods, 

wherein both the distributed and the lumped, concentrated 

elements of the pipeline system are included in the overall 

model, are advocated. An illustrative application study is 

outlined validating thereby the algebraic procedures 

employed. 
 

Key words: gas, pipeline, transient, modelling, response 

 

i. Introduction 

The transportation of gas over long distances by pipelines will be considered in this 

contribution. This method of supply is a relatively safe, reliable and cost- effective 

form of conveying natural gas which is universally employed.  

Constructing and the installation of gas pipelines is an expensive, labour intensive 

and politically sensitive operation. These networks often span remote regions, cross 

national boundaries and ecologically protected areas resulting in delicate, 

protracted negotiations.  

Beyond this the running cost associated with gas pipelines is substantial. Owing to 

the frictional energy dissipation arising from the internal pipeline roughness, welds, 

joints, bends and discontinuities, there is a continuous reduction in the gas stream 

pressure an hence, volume gas steam flow rate. To counter this effect, centrifugal 

or axial flow compressors are installed at strategic locations along the pipeline 

restoring thereby the pressure loss and gas volume flow rate. 
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Due to the length of gas pipelines and the proportional pressure loss, the 

compressors employed operate continuously. Consequently, the running cost, 

maintenance and refit charges associated with this requirement, are substantial.  

This problem is exacerbated by the remote locations, monitoring and operation of 

the compressor drive systems and gas coolers. These active devices must also 

respond to varying load demands with the requirement for constant delivery 

pressure and supply rates. 

 As with all continuously operated systems, any operational economy is translated 

into significant savings owing to the accumulating reduction in running, 

maintenance and delivery costs. However, to assess the energy efficiency of the 

system modelling procedures have to be derive enabling the dynamic system 

response to be investigated. 

 The classical theory for spatially dispersed pipeline systems results in irrational, 

multivariable, input- output models which are incomplete in the Laplace transform 

variable, see for example [1], [2]. Theoretically, it is possible to obtain the 

predicted, system responses from these models. However, the procedures involved 

do not provide simple, usable results which can be incorporated into design, 

analysis or optimisation investigations.  

Finite element techniques may be used to assess the pipeline dynamics. With this 

procedure, large matrix models arise from the modelling procedure attracting 

thereby computational errors. Considerable speculation surrounding the computed 

pipeline performance may also be encountered in that the number and composition 

of the elements employed is unspecified.  

In view of this, the focus of this contribution will be on deriving a pipeline 

modelling method which includes all of the salient features of classical analysis 

whilst avoiding the above complications. 

 

ii. Long Pipeline Modelling Methods 
In the transportation of gases via long pipeline and compressor networks, 

geographical dispersion is a significant feature. Owing to this, obtaining estimates 

for the volume flow of gas using conventional, lumped parameter theory is 

inappropriate.  

It may be considered that using multiple lumping, with the application of finite 

element techniques, would be sufficient. However, this is not so, since the dynamics 

of spatially dispersed systems comprise a combination of travelling, stationary and 

reflected pressure and flow waveforms. Hence, there is no equivalent lumped, 

cascaded model counterpart since travelling and reflected transient components 

cannot materialise in lumped representations, in that all spatial dispersion effects 

are absent, from these models.  

In any case when considering pipelines of 1-10 km in length, the matrix models, 

derived from fe methods, would be dimensionally very large [3]. Consequently, in 
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addition to the analytical disadvantages cited above, numerical computational 

errors which would further contaminate the results would be encountered [4].  

 

Alternatively, with the employment of hybrid, distributed- lumped modelling an 

accurate modelling method is available [5], [6]. This procedure allows pipeline 

elements which are clearly distributed, to be modelled using distributed parameter 

methods. Otherwise, relatively pointwise components and sub - assemblies such as 

valves, compressors, bends and restrictions may be represented using lumped 

analysis methods without too much loss of accuracy. This allows engineering 

judgment to be exercised in selecting the appropriate modelling method, for each 

system element.  

Importantly, the many boundary conditions and complexity arising from the use of 

distributed parameter methods universally are avoided with this approach, whilst 

including simple lumped parameter models for components which form the 

pipeline connecting elements and series- parallel branches.  

Following the modelling of the individual elements of pipelines, distributed- 

lumped analysis allows the construction of an overall hybrid, matrix representation 

for the system. The final model provides a general, component identifiable, 

accurate, impedance- admittance realisation enabling dynamic simulation, analysis 

and regulator design.  

 

iii. Series and Parallel Representations 
Elements comprising an overall pipeline system may be assembled in series, 

parallel or in series parallel form where in each case, the steady state volume flow 

would be inversely proportional to the pipeline input impedance. 

In the analysis herein, lumped parameter components are represented by simple 

frictional flow resistances 1, 2 3,  etc.R R R  However, there is no need to adhere to this 

configuration. Any analogous two port network representation could be employed 

to model the lumped parameter units. 

For the connecting elements, where there is energy storage, modelling using two 

port network analogues which contain inductance and capacitance elements, as 

shown in [7], could be employed. 

 

iv. Distributed Parameter Modelling  
Although the flow of gas, in pipeline systems is usually turbulent, three dimensional 

and non-linear, there are compelling reasons for the formulation of simple, usable 

models for perturbed flow changes, relative to given steady state conditions. 

Essentially, this type of model would enable the analysis of complex, inter 

connected applications to be analysed. This ideally would be via general solutions 

for the spatially distributed, pressure - flow relationships following input or 

disturbance changes. Moreover, simulation studies could be easily accommodated 
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using this form of representation with the advantage that regulator design exercises 

could now be embarked upon using existing theoretical techniques and algorithms. 

  

In fact pioneering work, as detailed in [8], [9] and [10], showed that theoretically 

derived, first order, perturbed, acoustic, one dimensional approximations for the 

Navier-Stokes equations were available. These modelling restrictions included zero 

bulk modulus and radiant heat transfer effects. A continuous, homogenous medium 

was also assumed with no radial or axial heat transfer effects. 

 Further work within this framework was undertaken in [11] where a general 

discrete, distributed-lumped parameter representation, for linear systems was 

presented. Low temperature application studies using this approach were proposed 

in [12] where all of these representations related to the perturbed, pressure variation 

dynamics, relative to steady state, equilibrium conditions. 

 Extending this work, this contribution focuses on the distributed parameter system 

model shown in [1] and [2], where ,  ,   and j j j jL C r g are the pipeline system 

equivalent, distributed inductance, capacitance and series (longitudinal) and shunt 

(radial) flow resistance and conductance, per metre length of pipeline, respectively. 

The governing equations for this type of element, for the jth pipeline section are: 

   , ,
j j

j j j

p q
t x L r q t x

x t

 
  

 
               (4.1) 

and 

   , ,
j j

j j j

q p
t x C g p t x

x t

 
  

 
              (4.2) 

Following Laplace transformation, with zero initial conditions, equations 4.1 and 

4.2 yield the solution, for the jth distributed parameter model of a system of m 

elements, of: 
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where:  2 1,  0,1, 1,  

(  Number of distributed parameter elements),
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j j j js l s l

j j j j j j

j j j j j

j k k m

m

s L s r C s g w s e e

s L s r C s g

 

   



      
 

    
 

    

Consequently, even with all of the constraints mentioned earlier the input-output 

relationship for a typical distributed parameter, gas pipeline network model is 

multivariable, irrational and is incomplete in the Laplace variable s. This difficulty 

effectively masks any correspondence between the actual system performance and 
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the governing equations so that extracting information from this representation is 

markedly impaired, see for example [13].  

 

In this regard, of interest here, is the nature of the series impedance and shunt 

admittance of the infinitesimal airway element, shown in [1]. The series impedance 

frictional drag ,jr for example, represents the effect of the gas flow on the pressure 

gradient arising from shear action, at the pipeline wall, boundary layer. Contrasting 

this, the shunt ,jg admittance or conductance arises from compressibility effects, 

as shown in [14] where the frictional drag arises from varying gas path compliance, 

owing to cross-flow turbulence and molecular friction. 

In pipeline systems, the flow impedance is principally due the entrance/ exit losses 

and to the  and ,j jr g  distributed pipeline frictional resistance effects where:  

     
1

j

j

r
g

                      (4.4) 

In dimensionally “long” pipelines both the series jr and the shunt jg frictional 

factors, contribute to the overall pressure drop and diminishing volume flow 

characteristics. The analysis herein also confirms that the inclusion of both these 

dissipation mechanism is mandatory. Moreover, the per unit length energy storage 

parameters, as shown in [15] and [16], for a circular pipeline, diameter 2 ja  are the 

gas path capacitance and inductance of: 
2

j
j

g j

a
C

R


  

                (4.5) 

and 

 2
1 ,j

j

L
a 

 respectively, where:                  (4.6) 

j jL C                (4.7) 

for engineering applications. In view of the inequalities of equation 4.4 and 4.7 

rationality may be recovered by equating:  

 

 

2

1

2

1

1
1 1

1

L

jk
j jk

L

j j
jk

k

T sC s L s

g rs





    
        

    

            (4.8) 

It should be noted that for the jth section, with an appropriate choice of  and jk jkT 

the approximation of equation 4.8, with s i , is accurate at: 

  low frequencies      ,  high frequencies    j j j jr L g C    

and at  2 1l  intermediate frequencies 
*  where: 

*j j

j j

r g

L C
   Then since: 

Page 2072 of  2288



1
2

( ) 1 1 ,
j j

j j j

j j

L s C s
s r g

r g

   
        

                 

(4.9) 

equation 4.9 becomes, following the substitution shown in equation 4.8: 
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where:    j j jr g   

Equally, since: 
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j j

j

j j

L s r
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            (4.11) 

then equation 4.11, with the substitution of equation 4.8, continuing with L=2 for 

illustration purposes, is: 
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1 2

1 1
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1 1
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         (4.12) 

The remaining important function of equation 4.2 is ( )jw s . Since; 

   2 ( ) 2 ( )
( ) 1 1j j j jl s l s

jw s e e
 

             (4.13) 

then with ( )j s from equation 4.10: 

   2 ( ) 2 ( )
( ) 1 1j j j j j j j jl r g s l r g s

jw s e e
 

              (4.14) 

Consequently, upon substituting for equation 4.14: 

   
1

( ) 2 ( )2 2( ) 1 2 1j j j j j j j jl r g s l r g s

jw s e e
 

    (4.15) 

where in equation 4.15: 
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          (4.16) 

given by: j j ja s b              (4.17) 

where from equation 4.17, expanding ( )s for high frequencies gives: 

   1 2 1 2  and 1
j

j j j j j j

j

C
a T T b

g
 

 
      
  

 

It is evident from equations 4.13, through to equation 4.17, that the distributed 

parameter model is now in an attractive form. The functions comprising equation 

4.3 are free from origin branch point problems with each component 

 
1

2 2( ),  ( ) and ( ) 1j j js w s w s   being single valued and complete, in the Laplace 

variable s with simple steady state values of: 
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Although values for the equivalent of the energy storage via the distributed 

capacitance and inductance per unit length in gas pipelines can be obtained with 

accuracy, from equations 4.5 and 4.6, the distributed, per unit length, series and 

shunt resistance values are more difficult to ascertain. From the theory of fluid 

dynamics the pressure drop due to friction is inversely proportioned to the Reynolds 

number, Re 2500, for a given gas flow velocity, gas density, ducting length and 

cross sectional area. For higher Reynolds numbers the empirical law of Blasius 

could be used to obtain estimates of frictional flow coefficients, as discussed in 

[17]. These estimates and those obtained from Moody diagrams [18] however, are 

based on steady flow conditions, in ducting of constant cross sectional area. 

Consequently, as in all engineering system problems, the frictional coefficient 

values are known with least confidence. Empirically based results, derived from 

direct measurement may be used if the system exists. Otherwise, upper and lower 

bounded values for  and j jr g may be employed, with the system response 

characteristics reflecting these estimates. 

 

v. An Overall Pipeline System Model 
An overall model structure must now be derived enabling the assembly of the 

system matrix. For purposes of illustration, if a distributed- lumped configuration 

is assumed, then an appropriate system matrix can be constructed by adding 

consecutive distributed or lumped system descriptions and in so doing, eliminate 

all intermediate variables.  

In this case the system model for a total of m distributed-lumped, interconnected 

sections for the system equation:  

   1 1 2( ),0,0 0 ( ) ( ), ( ), , ( )
T

mP s s Q s Q s Q s             (5.1) 
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can be easily constructed. This impedance matrix is in respect of the distributed-

lumped-distributed-lumped-system topology with 1,11 1,22( ),  g s g  etc., being the 

diagonal elements of the termination matrix of equation A2.1. However, there is no 
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restriction on assembling alternative matrix descriptions for distributed-distributed-

distributed realizations, for example, when modelling a series of purely distributed 

parameter pipeline elements, of varying dimensions.  

As equation 5.1 shows, ( )s  is a skew, symmetric tri-diagonal matrix enabling 

simple recursive procedures to be employed in the computational of the 

determinant, as shown in [21]. 

 

vi. Single Pipeline and Compressor 

In this application a model representing a single, long pipeline and a compressor 

will be considered.  

From the theory of section 5, the system equation 5.1 is relevant, since there is only 

a single distributed parameter section and a single termination, lumped resistance 

element. Hence: 
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2 2

1 1

1
2 22 2

( )w( ) ( ) w ( ) 1( ) ( )

( ) ( )
( ) w ( ) 1 ( )w( )

s s s sP s Q s

P s Q s
s s s s

 

 

 
     

    
                                              

(6.1)

 
where in equation 6.1, the termination relationship between the transformed 

pressure change 
2 ( )P s and the transformed airflow change 

2 ( )Q s  is simply: 

2 2( ) ( )P s RQ s  

Consequently, following inversion equation 6.1 becomes:  
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          (6.2)  

If the compressor unit is assumed to be relatively lumped, in comparison to the 

pipeline, comprising rotors and bearings, see for example [22] then:  

 1

( )
( )

( ) 1
f

f

k U s
P s

s



 

where:  is the gain and  isf fk  the fan time constant and U(s) is the applied voltage 

for the electrical drive. For this particular application, the parameters are: 
o

5 o

  Pipeline raduis 0.5m,  Absolute Gas Tempreture  313K ,  Gas density

 Exit resistance  1.0 Nsec m ,  Characteristic gas constant  287 J kg K

 Pipeline length  1000, 5000 and 10,000 m,

g

c

a

R R

l

     

   

  





2 3

-4 5 -4 5

 Compressor time constant  5.0 sec

 Compressor gain 10 kg sec m v,  Adiabatic index  1.31

 Shunt conductance per meter  10  m Nsec,  Series resistance per meter  0.6 10 Nsec m

ck

g r
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From equations 4.5 and 4.6 the gas capacitance and inductance per meter length of 

pipeline are: 
2 -4 2 2 2 0.643 10  m and: 1 1.2835 m , respectively.gC a R L a           

From equations 4.10 and 4.12, and 4.11, respectively: 

  4 1 2

1 2

1 1
0.7745,  0.7745 10 and ( )

1 1

T s T s
r g rg s

s s
   

 

    
        

   
 

Also equation 4.8 requires that for a single pipeline section where for illustration 

purposes, l = 2 and the section subscripts j have been dropped: 

 

 

2

21

2

1 2

4

111

1 11

where here:   2.1392 10  sec  and  0.0643 sec

L sT sT s r
Cs ss

g

L r C g

 
 

  

  

          (6.3) 

From the Bode diagram shown in figure 3, where the frequency response curves 

for: 

      

  
1 2

1 2

1 1
1 1  and 

1 1

T i T iCL i i
r g i i

 
 

   

 
 

 
 

are shown in full and dotted lines, respectively, for the series resistance of: 
4 50.6 10 Nsec mr   with a shunt admittance of -4 510  m Nsec.g   

The break frequencies selected for the Bode characteristics for 

    1 2

1 1 1 1,  ,  , ,
T TL r C g 1 2

1 1and
 

are presented in Table 1, below: 

 

 
Table 1, Break frequencies -4 5( 10  m Nsec)g   

It is evident, from figure 1, that the approximations has the mid-range frequency 

intersection and exact low and high frequency correspondence, as stated earlier.  

If now, as in equation 4.16,  
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s s

s s g


 

   
  

   

              (6.4) 

is evaluated for the values in Table 1, then ( ) and ( ),w s s  in equation 6.1, are fully 

defined and outputs may now be computed from this equation, where: 
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( ) ( ) ( )( )

Q s s w s R

s w s R sP s



 




                 

(6.5) 

 
 

1
2 2

2

1

( ) 1( )

( ) ( )( )

w sQ s

w s R sP s 





             (7.5) 
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Alternatively, commensurate with the pipeline system topology, shown in figure 2, 

equations 7.4 and 7.5 may be written as: 
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and 

 
 

 

1 2
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2

1

( ) ( ) 1( )

( ) ( ) ( )
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             (7.7) 

The block diagram for the representation given by equations 7.6 and 7.7 is as shown 

in figure 2, which is in series form and whereas equations 7.4 and 7.5 provide the 

parallel equivalent realisation, for this system model. 
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To simplify the simulation process it would be prudent to construct sub-system, 

blocks for ˆ( ) and ( ).w s w s  Since, from equation 4.17: 

( )s as b    

where the low frequency approximation is:  

   
21 1 2  and 1,

C
a T T b

g
                              (7.8) 

so that: 
  
  

2

2

1
( )

1

l as b
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e
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e





 

 





              (7.9) 

Following a step input change on the w(s) sub-system, it is easy to show that: 

 2
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1 2
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so that the output following any arbitrary finite input change would be stable since: 

0b   

From the geometry of the approximation given by equation 4.8, evidently: 

   1 2 1 2 ,  so that, 0T T a      

resulting in the finite time delay 
2l ae 

Also, for ˆ ( ),  in delay form is:w s  
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e
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            (7.10) 
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then following a unit step change on this sub-system: 

 
( )

1

ˆ ( ) 1 nl as b

n

w s
e

s s




 



  and this produces a stable output response since again: 

 b > 0 and a > 0 gives a finite time delay  and attenuation .nl a nl be e    

In this case, in accordance with Table 1, when: 4 50.6 10  Nsec/mr    

then following division the low frequency approximation from equation 7.8 is: 
1666.6 1 1.5 1

( ) 1 1648.9  and ( )
20 1 0.166 1

s s
s s s

s s
  

   
     

   

 

As the pipeline length varies, the characteristic impedance ( ),s the exit resistance 

R and the compressor model remain invariant. Consequently, only ˆ( ) and ( )w s w s

need to be adjusted, in the simulation model, to obtain the gas flow characteristics 

for any length of pipeline with the same diameter and per unit length resistance 

values. In this regard, substituting for ( )s in the equations for ˆ( ) and ( )w s w s are given 

by equations 7.9 and 7.10. 

Hence for the 1,000 m pipeline: 
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77.0627 77.0627

1 0.8555 1.8508
ˆ( ) ,  ( )

1 0.8555 1 0.8555

s s
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e e
w s w s

e e

 

 


 

 

 for the 5,000 m pipeline: 

  
   

385.3 192.5794

385.3 385.3

1 0.4609 1.3578
ˆ( ) ,  ( )
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s s

s s

e e
w s w s

e e

 

 


 

 

 and for the 10,000 m pipeline: 
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1 0.2125 0.9218
ˆ( ) ,  ( )

1 0.2125 1 0.2125

s s

s s

e e
w s w s

e e

 

 


 

 

 

The distributed – lumped parameter block representation for the series 

configuration including the compressor unit, given by: 1( )
,

( ) 1

c

c

kP s

v s s




is shown in figure 

1. Following unit step changes on the compressor motor voltage input, the changes 

in the volume flow at 
1 2( ) and ( )Q t Q t are shown in figure 3 in dotted and bold lines, 

respectively. This figure is initially for a 1000 m long, 1.0 m diameter, distributed 

parameter pipeline model, with 4 5 4 50.6 10 Nsec/m  and 10 m / Nsec,r g    with the 

remaining parameters given earlier. Upon increasing the pipeline length to 5000 m 

and then 10,000 m the responses, following a 1% change in the compressor motor 

voltage, are as shown in this figure again with dotted and bold traces for the inlet 

and exit volume flow transients, respectively. 

vii. Conclusion 

In this contribution, the theory for modelling long pipelines was presented. It was 

shown that accurate, unambiguous, simple models could be easily constructed for 

pipeline – compressor configurations with the model-simulation block diagram 
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requiring with more than 4 basic sub-system models, for the compressor, 

 
1

2 2( ), ( ) 1  and ( )w s w s s for the complete system representation. 

 
The distributed parameter theory involved was also uncomplicated with the 

incorporation of the continuous series and shunt resistances and the gas stream 

capacitance and inductance, energy storage effects. Consequently, the perturbed 

transient volume flow responses following any input variation are ready available, 

from the theoretical development and simulation process, established herein. 

The transient response representations for pipelines up to 10km were obtained from 

the application study. Owing to the generality of the theory pipelines with physical 

features could be accommodated. 
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Abstract 
The aluminium extrusion process is influenced by several 
parameters, such as the length and temperature of the billet, the 
extrusion speed, the extrusion ratio, the profiles temperature,. 
These parameters determine the quality of the product as well as 
the amount of scrap produced. In the bibliographic research, it 
was evident a strong relationship of dependency between the 
different variables being studied. This article’s goal is to 
propose a set of improvements to reduce the percentage of scrap 
during the aluminium extrusion process and, consequently to 
increase the productivity and quality of the product 
commercialised by the company ADLA, S.A.  
Thus, through this study, it is intended to obtain extrusion 
indicators that allow reduce the scrap percentage. So that in the 
future it is possible to settle which extrusion variables allow 
better results.  
In a first stage, it is presented a brief introduction to the theme, 
the variables that influence the process are identified and the 
guidelines for the data collection are defined. After that, 
ANOVA and other statistical techniques are used to find out in 
which way the variables influence the scrap production. 
 
 
Key words: Extrusion, Aluminium, Quality tools, Optimization, 
ANOVA  
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1. Introduction 
According to Saha (2000), extrusion is a plastic deformation process in which a 
block of metal (billet) is forced to flow by compression through the die opening of 
a smaller cross-sectional area, as represented in Figure 1.   
 

 
FIGURE 1 – Extrusion Process (Source: to Saha (2000)) 

 
The extrusion technology allows to produce varied geometry components, which 
can to be later applied in several areas (Shyamu et al, 2015, and Sreenivasulu and 
SrinivasaRao, 2016). This industrial process is used since the XIX century, but 
the high use of extrusion technique occurred in World War II, when different 
extruded aluminium profiles were used to produce aeronautical components 
(ABAL, 2007). Throughout the time, aluminium alloys have been widely studied 
and developed. Nowadays, the extruded aluminium profiles can be found in 
different markets such as construction, transports, motor sports, industry and 
structures, due to their excellent mechanical properties.  
For the most demanding applications on the market is important 
predicting/controlling the properties of aluminum, if possible before, during and 
after extrusion. It allows collecting data, in order to improve the extrusion 
process, both in terms of optimization of equipment and inherent variables. 
In order to face strong competition in all sectors and markets, it is necessary to 
move towards optimizing manufacturing processes, increasing competitiveness, 
reducing waste and maximizing profits. Thus, a key procedure is increasingly to 
attend the process quality improvement.  
The main goal of this article is to obtain indicators that will allow us to optimise 
the fundamental parameters during the aluminium extrusion process, focus on the 
reducing of the scrap. Changing the experimental variables and checking the 
consequently response, is possible to understand their nature and the relationship 
between the variables. Our purpose is to produce improved products at the future 
in ADLA Aluminium Extrusion, SA company.  
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According to Bajimaya et. al. (2007) the properties of the extruded aluminium 
shapes are affected greatly by the way in which the metal flows during extrusion. 
Since, the metal flow is influenced by several factors, such as: temperature of 
billet, temperature of container, extrusion pressure, velocity of extrusion, size of 
billet (length and diameter) and extrusion ratio. 
The length and temperature of the billet, the extrusion speed, the extrusion ratio 
and the profiles temperature are the variables process to have into account, in this 
study, because they are the actual available parameters in ADLA. 
The application of statistical techniques to deal with the available variables are 
also an objective, in order to analyse their significance in the process.  
 

2. Investigation hypothesis 
In order to reach the proposed objective, a number of studies to examine the 

extrusion process and the variables that can influence it were carried out. In this 
section some research hypotheses has been formulated. 
 

2.1. Billet length  
     Productivity can be define as the maximum amount of material, in good 
conditions, that can be produce per unit of time. Several studies have reported the 
importance of the billet length in the amount of scrap produced in the aluminium 
extrusion industry (Hajeeh, 2013; Tabucanon and Treewannakul, 1987).  
Thus, the first hypothesis under investigation in this study is: 

 
H1: The level of scrap produced is related to the length of the billet 

2.2. Billet temperature 
Several authors describe billet temperature as the key parameter in the 

aluminium extrusion industry, for example Flitta and Sheppard (2005) and 
Bajimaya, Park and Wang (2007). The temperature rise during extrusion depends 
on many parameters. Flitta and Sheppard (2005) affirms that the flow stress is 
reduced if the temperature is increased and deformation is therefore, easier, but at 
the same time, the maximum extrusion speed is reduced because localized 
temperature can lead to incipient melting temperature. Ab Rahim, Lajis and 
Ariffin (2015) affirms that the temperature of the billet is one of the variables to 
be taken into account during the extrusion process because it influences the 
quality of the extruded product and, therefore, it is connected to the amount of 
defective material. Given the below hypothesis (H2) is: 
 

H2: The level of scrap produced is related to the temperature of the billet 
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2.3. Extrusion speed 
The extrusion speed is a very important variable, because higher speed generates 
higher deformation/tension imposed into the billet inside the container. 
Consequently, increase the energy of the system, which will be converted to heat 
energy (Saha, 2000).  
For a given profile extrusion, the speed of the press is considered to be one of the 
critical parameters. According to several authors, it is a variable that plays an 
important role, with respect to the surface quality of the profile and the 
productivity in the extrusion (Zhang et. al., 2012 and Flitta, 2004). According to 
Zhu, Couper and Dahle (2012) the extrusion temperature increases with 
increasing press speed, which directly influences the mechanical properties of the 
profile, as well as the surface quality of the product. However, the extrusion speed 
is limited by the appearance of tears on the surface of the extruded profile, which 
leads to an increase of non-conforming product (Arif et. al., 2002, and Li et. al., 
2013). Thus, hypothesis 3 is: 
 

H3: The level of scrap produced is related to the extrusion speed. 

2.4. Extrusion ratio  
The extrusion ratio (ER) of a profile is the clear indication of the amount of 

mechanical work that will occur during the extrusion of a given profile (Saha, 
2000). This factor allows to calculate the effective deformation in the extrusion 
process (Extrusion Deformation = ln (ER)). It is expected that ER affects the flow 
stress of the metal and, consequently, also affects the maximum extrusion 
pressure (Karabay, Zeren and Yilmaz, 2003). It was not clear, in the literature, 
how the extrusion ratio influences the scrap production. However, according to 
some authors (Saha, 2000, and Karabay, Zeren and Yilmaz, 2003) it is well 
known that the increase in ER increases the maximum extrusion pressure. 

Given the experience in ADLA, S.A. when the ER increased, the mechanical 
properties of the extruded profile are affected. The tensile strength increases as 
well as the hardness of the material increases, however a decrease in the 
percentage of elongation is observed. There is also an increase in the speed of the 
profile when the extrusion ratio is high, keeping the press speed constant during 
the extrusion process. Authors such as Abdul-Jawwad and Bashir (2011) indicate 
that ER directly influences the output temperature of the profile. If high 
temperatures influence the surface quality of the profile and its mechanical 
properties, we can consider that it has a relation with the levels of scrap produced. 
Thus, the 4 hypothesis is: 
 

H4: The level of scrap produced is related to the extrusion ratio 
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2.5. Profile exit temperature 
One of the main interests in the aluminium extrusion industry is to know the 
profile exit temperature, especially in alloys that are heat treated (6xxx series 
alloys). Such interest is due to the fact that the temperature of the profile at the 
exit of the press mouth influences in large part the obtaining of several 
characteristics and properties that determine the quality of the product, as the 
superficial quality of the product, hardness, resistance to traction and stretching 
(Abdul-Jawwad and Bashir, 2011). 
The exit temperature is affected by several factors, namely the initial temperature 
of the billet, the extrusion speed, the heat generated during the extrusion due to 
the friction between the billet and the container (Flitta and Sheppard, 2005; 
Abdul-Jawwad and Bashir, 2011; Saha, 1998; and Farjad Bastani, Aukrust and 
Brandal, 2011). With regard to Saha (2000) the product quality is affected by the 
exit profile temperature, because influences the heat treatment processes and 
dimensional stability, causing defects during extrusion. These defects occur, 
according to Arif (2002), due to the fact that the high exit profile temperature 
leads to tears and a "somewhat shaky" appearance during extrusion of the profile. 
In this way is predicted that the exit temperature of the profile influences the 
percentage of scrap produced. Then, hypothesis 5 is: 
 

H5: The level of scrap produced is related to the profile exit temperature. 
 

3. Results and Discussion 
The experiments were carried out in an industrial extrusion press, having a 
maximal force of 25 MN and maximal ram speed of 20mm/s. Billet´s dimeter was 
Ø203,20 mm and was cuted behind the furnace. 
These experiments were performed using five types of dies, with different 
dimensions and geometry (randomly chosen). During extrusion process several 
parameters were measured:  

- billet length –  LBilet,  
- billet temperature – TBilet,  
- extrusion speed –  N,  
- extrusion ratio –  ER,  
- profile exit temperature –  TExit. 

 
In order to verify the relationship between the extrusion process parameters 
similar to (Almeida, Correia and Costa, 2016) (considered as independent 
variables) and the percentage of scrap produced – %Scrap (dependent variable), a 
correlation matrix was calculated through the SPSS software.  
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From the obtained results, in Table 1, it was concluded that the variables N and 
TExit do not have a significant correlation with %Scrap. TBilete show a significant 
and positive correlation with the variable %Scrap, then we can consider that the 
billet temperature could be an explanatory element of a scrap increment during 
the aluminium extrusion process. On the other hand, the variables ER and LBilet 
has a significant and negative correlation with the %Scrap, then the billet length 
and extrusion ratio could be explanatories parameters of a scrap decrement during 
the aluminium extrusion process. 
 

Table 1 – Pearson Correlations  

   LBilet TBilet N ER TExit 

%Scrap Pearson Correlation -0.398** 0.686** 0.096 -0.665** 0.043 

 Sig. (2-tailed) 0.004 0.000 0.505 0.000 0.765 

 n 50 50 50 50 50 

*. Correlation is significant at the 0.05 level (2-tailed). 
**. Correlation is significant at the 0.01 level (2-tailed). 

 
According to this results we can consider verified the first, the second and the 
fourth investigation hypothesis, i.e., the level of scrap produced in this extrusion 
aluminium industrial process is related to the length of the billet, the temperature 
of the billet and the extrusion ratio. 
 
In order to study if the relationships of the parameters under analysis affects the 
percentage of scrap, considering together, a multivariate linear regression model 
was tested in agreement with the hypothesis formulated. Then the dependent 
variable is the percentage of scrap and the extrusion parameters are the 
independent variables. In order to exclude non-significant parameters, the 
stepwise method is considered. The multivariate linear regression model summary 
is presented in Table 2. 
 

Table 2 – Multivariate Linear Regression Model Summary 

Model R R Square Adjusted R Square Std. Error of the Estimate 

4 0.844d 0.712 0.686 5.08573 
d Predictors: (Constant), TBilet, ER, LBilet, N 

 
The model has an Adjusted R Square 0.686, then approximately 68.6%. From this 
way we can say that the four independent variables explain 68,6% of the variance 
occurred on the dependent variable % Scrap. 
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The significance value of the ANOVA test is approximately zero, Table 3, then 
the estimated linear multivariate model is highly significant, i.e., the variables 
have a significant effect on the variation of the dependent variable (%Scrap). 

 

Table 3 – Multivariate Linear Regression ANOVA test 

 
Model Sum of Squares df Mean Square F Sig. 

4 Regression 2870.702 4 717.676 27.747 0.000e 
 Residual 1163.908 45 25.865   

 Total 4034.610 49    
e Predictors: (Constant), TBilet, ER, LBilet, N 

 
Table 4 – Coeficientes  

Model  
 

4 

Unstandardized 
Coefficients 

Standardized 
Coefficients 

t Sig. Collinearity 
Statistics 

B Std. Error Beta     

(Constant) -21.722 34.831  -0.624 0.536   

TBilet 0.166 0.071 0.259 2.346 0.023 0.526 1.903 

ER -0.131 0.024 -0.638 -5.383 0.000 0.456 2.193 

LBilet -0.022 0.006 -0.332 -3.843 0.000 0.860 1.162 

N -1.049 0.413 -0.238 -2.542 0.015 0.733 1.364 
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 Finally, optimizing the extrusion process through better knowledge/control of the 
variables allows obtaining productivity gains, minimize the amount of waste and 
fundamentally improve the quality of the product. This is what we intend to 
achieve in the development of this work. 
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Abstract 

Southern Spain is a region with its economy mostly based 
in the agriculture sector. New techniques for optimizing 
crops and post harvest processes are on the cutting-edge 
research lines. Andalusia (south of spain) is advancing fast 
in greenhouse technologies, seed optimization, harvest and 
post-harvest procedures. The industry must, in addition, 
optimize their expenses during the post-harvest process to 
avoid food loss and to be able to compute expenses to the 
producers that do not fit standards. This paper develops an 
embedded technology to analyse post-harvest products in 
order to compute potential food losses.  
 
Key words: post-harvest, food loss, embedded system, 
parallel image analysis, homography. 
MSC2000:  

1. Introduction 

Andalusia (southern Spain) is an eminently agricultural region. Southern 

Spain’s industry has to be efficient both in terms of production and 
economy. Harvest and post-harvest are, therefore, highly optimized 
processes. The costs associated with post-harvest depend on how the 
product comes from the field. The state in which it arrives must be 
attributed to the costs of the producers. 
 
Processing companies have complex, synchronized product lines and the fact 
that a product line has to be pre-processed causes the line to slow down, 
affecting the whole process of processing, packaging and distribution.  
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Figure 1. Distribution lines in a processing company (part of the production 
pipeline). 

 
In [1] there is an interesting definition of what is a post-harvest system, and 
it is defined as a system that should be thought of as encompassing the 
delivery of a crop from the time and place of harvest to the time and place 
of consumption. Paying attention and efforts in reducing the food loss, 
obtaining the maximum efficiency and return in all the steps involved. This 
implies being able to calculate costs and risks in every element of the 
system.  
 
The key term system denotes a dynamic, complex aggregate of logically 
interconnected functions or operations within a particular sphere of activity. 
The term chain or pipeline highlights the functional succession of various 
operations but tends to ignore their complex interaction. Figure 1 describes 
precisely how complex these systems can be. Distribution lines in Figure 1 
are carefully scheduled according to the predicted production of the next 
day. The production is related to a certain producer. A producer has a risk 
associated. This paper will develop a mean to add more information to the 
risk of the producer whose product is on the distribution line.  
 
In considering the system or the agro-food chain as a whole, harvesting can 
be seen as the hinge, or as a ridge between the pre-harvest slope, 
corresponding to production activity and the post-harvest slope, extending 
from harvesting to consumption. These ideas are illustrated in Figure 2, 
which give Bourne's graphic representation of the food pipeline. It should be 
noted that the producer is directly related to the pre-processing stage.  
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Figure 2. Steps involved in the food pipeline. 

 
The post-harvest system encompasses a sequence of activities and operations 
that can be divided into two groups: 
 
technical activities: harvesting, field drying, threshing, cleaning, additional 
drying, storage, processing; 
economic activities: transporting, marketing, quality control, nutrition, 
extension, information and communication, administration and 
management. 
 
Post-harvest losses 
 
Losses are a measurable reduction in foodstuffs and may affect either 
quantity or quality. They arise from the fact that freshly harvested 
agricultural produce is a living thing that breathes and undergoes changes 
during post-harvest handling. Loss should not be confused with damage, 
which is the visible sign of deterioration, for example, chewed grain and can 
only be partial. Damage restricts the use of a product, whereas loss makes 
its use impossible. 
 
The first distinction in agro-food losses is that between quantity and 
quality. Quantitative loss is a loss in terms of physical substance, meaning a 
reduction in weight and volume and can be assessed and measured. 
Qualitative loss, however, is concerned particularly with the food and 
reproductive value of products and requires a different kind of evaluation. 
Damage is a clear deterioration in the product, e.g. broken or pitted grain, 
which affects more its quality than its quantity and can in the long-term 
result in a definite loss. Both damage and loss should be quantified in terms 
of weight and cost. 
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2. Materials and methods. 

 
To deal with the food loss problems and to be able to calculate risks 
associated with each producer, it would be ideal to compute the damages or 
dirt that the fruit has when entering the line. This is an important point as 
if the product need pre-processing (such as cleaning) the production lines 
are slowed down. As this is the most worrying issue it is not the only 
problem that appears, also human intervention is planned to prepare the 
fruit.  
The proposed solution is based in the analysis of a stream or sequence of 
images as captured from the CCD cameras incorporated in embedded 
devices. These embedded devices characterized by low powered processors, 
limited memory and connectivity are installed (as Figure 3 shows) in the 
head of production lines. A traditional issue regarding this approach is 
facing the computational concerns raised when processing the set of images. 
To this end advanced computational methods are needed.  
When referring to set of images we have implemented and optimized 
efficient homography based analysis. As each tomato advances in the line it 
is rolled along its side. Cameras capture the computed unrolled surface and 
processes the damages or dirt on each piece. This is later sent to the cost 
system to advance risks in the production lines associated with each 
producer. The technique implemented to analyze the surface of each tomato 
is the image stitching - homography. In brief, an homography assume a 
camera takes two photographs--a and b of a set of points Pi. The camera's 
position is the same for the two photographs, but the orientation is 
different--in photograph b it has been rotated with the rotation matrix R. 
The image coordinates of the points Pi in the photographs will be related to 
each other with the affine transformation represented by a 3 by 3 

homography matrix  

 
 

 

Figure 3. Production line transformation 
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If this matrix can be established, any point in a can be transformed 
to b and vice versa. That means that one of the photographs can be 
extended to contain everything that is seen by any of the cameras. More 
photographs can be added, and the extended photograph will grow to a 
bigger and more complete panorama image. 
 
Image stitching has been solved in different ways and is widely commented 
in the literature [2]. The process of combining different images to one is 
used, for example to combine images taken by satellites for navigation, to 
generate panoramic views from impressive landscapes and huge objects [3], 
etc. Automatic image stitching can be automated through direct or feature-
based methods. Direct methods use all image data and minimize the pixel-
to-pixel dissimilarities. Feature-based methods match image features, which 
enables the automatic detection of the correlation of images with 
overlapping parts. In [4] we also find an interesting definition: image 
stitching is the task of combining images with overlapping parts to one big 
image. In [5] authors alert that this technique needs a sequence of complex 
computation steps, especially the execution on a mobile device can take long 
and consume a lot of energy. In this paper, contrary to the study exposed in 
[4] we have used techniques of advanced computation methods in order to 
accelerate the computational phase and to reduce the impact of the analysis 
on the energy consumption.  
 
This procedure was applied to a set of views taken from a tomato. The 
results of the analysis throw a percentage of affected surface.  
 

 

 

 

Figure 4. Image stitching and computation of the images. 
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In Figure 4 different stages of the processing of the homography are shown. 
These stages are applied to get the percentage of the fruit with damages or 
dirt. 
 

3. Implementation  

This section is devoted to describe the implementation of the solution in an 
Android based device. We have chosen this sort of device as a sample of a 
embedded device that could be installed in the production lines.  

To do this, let's first explain how the analysis is performed by explaining 
each step in the first approach, the generic algorithm. And a posteriori, we 
will see the variants of this generic algorithm applying parallelism to be able 
to improve its performance. In this case, 2 improvements have been made. 
The first, an improvement using Java threads (Android AsyncTasks); and 
the second is to use a kernel using the renderscript enhanced computing 
module for Android. These methods will be explained in detail later. 

The stages involved in the analysis of the surface have been used in order to 
obtain features from the set of images; so that the percentage of damaged 
surface can be computed. Steps are processed sequentially. 
 

      

 
 
The algorithm has four elemental stages:  

• Pre-processing: the space color is moved to HSV to make it light-
bright independent.  

• Segmentation: helps in identifying where the interesting areas are 

(dirt, damages,…). A threshold is added to the processing stage to 
select a subsect of HSV values that are of interest for the analysis. 
The parameters involved are H (hue) and S (saturation).  

Page 2096 of  2288



• Analysis: in the areas of interest detected in the previous stage, 
points of interest are calculated (points in surface where dirt is 
concentrated).  

• Results:  pixels that fall into the segmented and analyzed areas are 
computed in relation with the total surface and the ratio of damage 
is calculated as  

 
 
 

4. Results 

Image Analyzed image % dirt  Lineal 
(ms) 

Threaded  
(ms) 

RS 
(ms) 

  

42,78 9789 7784 5376 

  

41,68 11976 8734 5526 

  

40,74 10905 8803 5317 

  

42,75 11224 8373 5348 

  

53,65 10194 8794 5252 
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The lineal version processes all the stages image after image. The threaded 
version uses Android AsyncTasks to concurrently compute the analysis 
steps in each image that is added to the set of the images.  
 
The RS or RenderScript version was implemented using the C99 standard. 
RenderScript is a computation module operating at native level that allows 
to parallelize operations on the pixels of images. RS allows to use CPU and 
GPU as well as associate light computational operations on pixels instead of 
on images. In RS each pixel is not a process or a thread, operations on 
pixels are grouped in computational units to be processed concurrently.  
 
As it can be seen, the RS version shows to be faster than the threaded 
version. As new data is added to the homography buffer, new computation 
is associated with the RS kernels and new operations are concurrently 
started. The fine grain that is achieve shows to perform better than the 
threaded version.   
 

5. Conclusions 

Production lines, in agricultural processing companies, are very sensible to 
the conditions of the products that each producer is serving. In order to 
calculate and to predict the risk of each producer to the production line, 
tools to measure and instrument these conditions are advised. We have 
proposed an algorithm to compute the conditions of the product (tomato in 
this case) that enters in the production lines.  

The study that is realized is based on image analysis. Three versions of the 
algorithm were tested (with single images and with homography based 
images). The lineal version (which was not parallelized), the threaded based 
version which was based in assigning a thread to a new image that was 
added by the device and the renderscript based which uses a model where 
operations per pixel are grouped obtaining a fine grain and better results.  
 
We can conclude that it is possible to conduct these tests using conventional 
embedded devices and commercial operating systems like Android. Also, a 
method to assign costs and risks to each producer can be developed as 
measures on the quality and damages of the product are possible and fast. 

References 

 
[1] U.N. FAO (2017, may 11) Post-harvest system and food losses. 

Retrieved from 
http://www.fao.org/docrep/004/ac301e/AC301e03.htm 

[2] M. BROWN & D.G. LOWE (2007). Automatic panoramic image 
stitching using invariant features. International Journal of 

ComputerVision, 74(1),  59–73. 

Page 2098 of  2288



[3] R. SZELISKI. Computer vision: Algorithms and applications. Texts 
in computer science. Springer, London and New York. 

[4] Q. WANG, F. REIMEIER, & K. WOLTER. Efficient Image 
Stitching through Mobile Offloading. Electronic Notes in Theoretical 
Computer Science, 327, 30, 125-146. 

[5] C. HERBON, K. TONNIES, & B. STOCK. Adaptive planar and 
rotational image stitching for mobile devices. In Roger Zimmermann, 

editor, the 5th ACM Multimedia Systems Conference, 213–223. 

Page 2099 of  2288



 
The importance of robotics in early childhood education: 

first step of an intervention proposal using BeeBots 

Arís, N.1, Orcos, L.1,3, and Magreñán, Á.A2 

1Facultad de Educación. Universidad Internacional de La Rioja  
2 Escuela superior de Ingeniería y Tecnología. Universidad 

Internacional de la Rioja 
3Facultad de Educación. Universidad Nacional de Educación a 

distancia  
 

emails: nuria.aris@unir.net lara.orcos@unir.net, 
lorcos1@alumno.uned.es, alberto.magrenan@unir.net,  

 
Abstract 

Robotics has established itself as one of the emerging 
technologies that allow us to contribute an innovative and highly 
meaningful methodology in all stages of education. But its 
implementation in Early Childhood Education has a strong 
potential even in its incipient phase. In the first place it allows 
the formation of the first spatial and temporal concepts in a 
playful, interactive and constructive way. At the same time, 
another potential of Robotics in the first educational experiences 
is that it enhances learning according to the different types of 
intelligence. 
 
This study, which has an introductory character and seeks an 
approximation to Robotics and its application in Early 
Childhood Education has been developed with a group of 
children of 3 years, where Robotics is implemented for the first 
time with the aim of establishing the impact in learning the first 
spatial concepts. With this, we intend to have the starting point, 
to be able to complete, in a future, the evolution of these 
students to the learning through Robotics in a longitudinal way. 
Key words: Educational Robotics, Multiple Intelligences, Early 
Childhood Education, Meaningful Learning 
 

1. Introduction 
The globalized world in which we live requires that from early ages the children 
to be immersed in the advances of the Information and Communication 
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Technologies (ICT) since they are undoubtedly Digital Natives. These tools allow 
the creation of new spaces in the classrooms to be able to approach new learning 
processes allowing a more meaningful knowledge acquisition as long as there is a 
balance between the knowledge to be transferred, the methodologies used for it 
and the way in which technological are applied.  
 
There is no doubt that as teachers we have to stand out that the challenges our 
students need require languages and dynamics designed for them in order to 
introduce critical and reflexive thinking and to enhance meaningful learning and; 
ultimately, to teach them based on the needs with which they will have to face in 
the future. 
 
The stage of Early Childhood Education is ideal given the great cerebral plasticity 
of children in this period. All the learning that the child is acquiring being them of 
a cognitive, physical, motor or communicative character evolve in an integrated 
way. The child establishes the foundation of his identity, his emotions and the 
way of deciphering the reality in which he is interacting. By age 3, children are 
able to associate different situations with their own experiences and at the same 
time relate them with the emotion they can provoke. They are aware of the 
existence of different mental states and they have also internalized the rules of 
behaviour typical of their socio-cultural environment, [1]. In short, they are able 
to understand and attribute meaning to a given situation, all this based on previous 
knowledge, expectations and curiosity of their evolutionary moment. Moreover, 
an aspect to keep in mind in reference to the above statement is emotional 
education. Backett explains that school learning should be added to the purely 
cognitive learning emotional education in children, since both elements contribute 
to an integral development of the personality. 
 
In relation to the insertion of ICT, the TPCK (Technological Pedagogical Content 
Knowledge) model proposed by Mishra and Koehler [5] establishes a clear 
connection between Content, Pedagogy and Technology allowing the integration 
of technology in three Theoretical, Pedagogical and Methodological levels. A 
special emphasis should be placed on the fact that what is important in technology 
is not to use it, but to know how to use it. 
 
In the case of Early Childhood Education, free school trends are now being 
widely expanded, as they allow us to stage the methodologies that are key for 
educational systems to evolve towards open models [6]. In this sense, ICT 
represents a great opportunity to work towards these more open horizons [3]. 
Roig-Vila studies the role that ICT plays in the key aspects of Early Childhood 
Education. In his study, he notes that ICT represent a great opportunity to enhance 
aspects such as personal initiative, as they are consultation resources and through 
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which methodologies can be worked based on the needs of the students. 
Moreover, they also help students to create their own identity by making them 
inquiring about those aspects that appeal to them. This is very important to work 
the contents not only in a globalizing way, but also specifying in each of the daily 
situations that can arise. He also comments that ICTs can be a great help in 
promoting language development in these short ages due to the use of images, 
videos, etc. Robotics increases students' interest and participation in STEM 
subjects (Science, Technology, Engineering and Mathematics) and the fact of 
learning to program at an early age has a positive influence on improving 
decision-making and solving problems skills and therefore personal autonomy 
based on the constructivist approach in which the student is the centre of learning 
[4]. 
 
In Early Childhood Education, there are few publications on educational robotics 
and computational thinking, and especially in which the integration between the 
learning process and the use of robotics can be clearly seen, [2]. However, it is a 
fact that Robotics is increasingly introduced in the classrooms demonstrating that 
it fosters aspects as necessary as creativity, autonomy, learning based on trial 
error, and most importantly, the fact of developing the ability of being able to 
identify possible solutions using certain algorithms that can be transferred to 
different problems. In Childhood Education the most commercialized and used 
robots are the Bee-Bot® and Blue-Bot® and its use is mainly based on 
empowering students in the process of solving a series of challenges through a 
sequence of actions ordered through computational programming to foster 
logical-mathematical intelligence. 
 
There are several aspects related with the fact that the introduction of educational 
robotics can be positive in this educational level, in addition to logical-
mathematical intelligence. One of them is the improvement of spatial intelligence, 
since it promotes the development of space-time perception, having to order 
actions to sequence events and to get the robot to move in a desired direction. In 
addition, the collaborative work that implies the use of this tool is also positive to 
enhance respect, tolerance, socialization, interest, motivation and self-esteem 
because students see how the robot is managing to do the missions that they have 
programmed themselves. A meaningful learning based on trial-error is earned 
which takes the starting point in their motivation.   
 

2. Methodology  
 

The methodology will include two clearly differentiated and complementary 
parts. We will start with a study based on qualitative methodology which will be 
completed with quantitative cross-cut methodology. First we are oriented to the 
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understanding process to describe and to interpret what Robotics is and its 
application in the environment of the Early Childhood Education. The technique 
for the collection of information consists of a deep bibliographical revision that 
intents to understand the dimensions of the study object and its didactic 
application. 

Secondly, data will be collected on the response of students to their participation 
in the session in which Robotics has been used. The technique for collecting 
information will be based on an evaluative questionnaire with 15 items with a 
response in the form of a liker scale with values in 1-5. With this, we will be able 
to objectively establish the learning and / or improvement obtained in the 
students, as a first diagnosis, in order to have a starting point for future 
longitudinal monitoring. 

3. Experience Description 
 

From a didactic application point of view, we will describe this experience of 
learning mathematics in Early Childhood Education with a Robotic educational 
resource. Two main learning objectives can be achieved: a) To promote the 
approximation and the initial learning of mathematical aspects such as 
sequencing, laterality and spatial notion: front, back, side and side, etc.; b) To 
develop multiple intelligences through the skills of teamwork, respect, curiosity 
and creativity. The resource used are the BeeBots which are an educational 
resource to work on computational thinking and favour the directional language, 
turns, laterality and basic spatial concepts by directing the movement of bees. 
They allow beginning to teach control, directional language and programming to 
children from the age of 3. 
 
The experience is located at Escola Edumar in Barcelona, endowed with a Special 
Education Support Unit (SESU) and in which students with a great diversity of 
learning levels are enrolled. The first step is always based on the teacher's 
description of the situation to be solved. For example the first problem is to get 
the Robot to advance in a straight line, stop at the end and turn the head 90º to the 
right, 90º to the left and put it back straight. Students should take into account 
three basic aspects: a) Each time a button is pressed, Bee-Bot's eyes blink and a 
sound confirms the instruction; b) The Robot always go forward or backwards 15 
cm and turn on itself 90 °. The sequence is done step by step, marking each action 
with light and sound. It has a memory of 40 movements; c) The X button erases 
the memory to start a new sequence, otherwise it will repeat the old sequence and 
then the new instructions. 
 
Taking this information into account, the different groups of 3-year-old children 
perform the 3 phases of the project: a) They analyse the possible alternatives of 
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programming the robot through the technique of manipulation; b) they choose the 
solution they thought to be more appropriate; c) they implement it. All this 
generates great motivation and involvement in the children as they participate 
orally, manipulatively, playfully, etc. The teaching work in these activities is none 
other than to help the students to reflect, anticipate, rehearse and test and then 
rethink about the results obtained. 
 

4. Conclusions  
 

The development of the first stage of this study leads us to conclude that the true 
digital literacy must be consolidated from the earliest stages of life. This study is 
based only on a first experience as a starting point and we intend to follow the 
evolution of these students after the use of the tool. 
 
On the other hand, it is necessary to highlight the lack of studies on the 
application of Robotics focused on the stage of Early Childhood Education and 
for this reason it is very useful to provide objective data about it. Teachers are 
very motivated by the potential of Robotics. 
 
Classroom implementation of robotics-based technologies is an opportunity to 
innovate in the didactic applicability and the educational approach from a global 
point of view, due to the fact that it contemplates the didactic, methodological, 
and curricular dimensions. 
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Abstract 

Can we solve the electronic wave equations when there is no coordinate 
system?  
 
The question arises from the wish to treat certain polyhedral carbon 
molecules, fullerenes and fulleroids[1,2], as two-dimensional closed 
surfaces. This would allow us to solve for their electronic structure on their 
intrinsic surface manifolds, which can be derived directly from the bond 
structure. The wave equation restricted to the (non-Euclidean) surface could 
then be solved without reference to any three-dimensional geometry of the 
molecule, and hence without the need for quantum chemical geometry 
optimization.  
 
The resulting 2D system can potentially be solved several orders of 
magnitude faster than the full wave equation. But because it is a non-trivial 
task to find global coordinate systems for such curved surfaces, we must 
devise methods that can do without. 
 
In this talk, I describe the mathematical challenges this poses, and my work 
in progress on solutions to overcome them. 
 
Keywords: Fullerenes, electronic structure, discrete manifolds, non-
Euclidean geometry 
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Abstract 

Changes in topology descriptors of one-pentagon carbon 
nanocones are investigated using both, direct F and dual graph 
FD representations. Topological compactness and topological 
roundness - described by Wiener index W and topological 
efficiency ρ index respectively - dominate the growth of such a 
structure. Various chemical implications are forecasted on the 
basis of our purely topological model. 
 
Key words: carbon nanocones, topological compactness, 
topological roundness 
MSC2000: AMS Codes (none) 
 

1. Introduction 

Variations of the topological features of carbon nanocones with one pentagon at 
the apex (1-P  NANOCONE) are investigated using both direct F and dual graph FD 
representations. In this work we derived the asymptotic values for two important 
topological indices, the Wiener number W and the topological efficiency ρ index, 
improving previous numerical studies [1]. The two invariants are distance-based 
topological descriptors that, by taking into account the long-range structure of the 
graphs, describe important structural characteristics of the underlying nano-
system, i.e. its topological compactness (W) and topological roundness (ρ).  
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Both indices drive the growth of such a structure when successive circles f of 
carbon atoms are added to it (f≥ 0,1,2…, f =0 corresponding to the isolated 
pentagon case). When the 1-P  NANOCONE  is represented in the direct space (the N 
nodes of the graph correspond to the N carbon atoms of the chemical structure), 
the graph invariants follow the asymptotic curves reported in the box below. 
 

 
 
Other 1-P  NANOCONE  invariants have been derived in F and FD. 
 

2. Some Results 

Present topological modelling is rich of original results on the chemical features 
of the nanocones, that are really very hard to achieve just by employing ab-initio 
investigations.  

 
 
 
 
 
 
 
 
 
 
 
 

First of all, our topo-simulations show that the position of the most stable 
hexagonal face varies as a function of the nanocone size f, influencing in such a 
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way the stability of the whole structure (see the yellow path in the figure above). 
This migration follows a sequence of peculiar “jumps” in correspondence of 
specific f values. 
 
Moreover, for certain numbers of hexagons (magic sizes), the conic cage results 
topologically more stable than graphenic fragments having similar number of 
atoms. Topological features make then 1-P NANOCONE suitable for generating 
fullerene-like structures whose presence in carbon black graphene sheets or in 
activated carbon has many experimental implications. The importance of 
fullerene-like structures also involves the interstellar carbon dust, playing in such 
a way a crucial role in catalyzing the formation of molecular hydrogen and other 
low-temperature chemical reactions. 
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Abstract 

In this paper, we propose and evaluate a method for molecular activity 

prediction. The proposal is based on the construction of ensembles of 

classifiers applying a supervised projection of the input space using 

Nonparametric Discriminant Analysis. 

Testing these ensembles of classifiers for the in silico prediction of Ames 

mutagenicity, we have demonstrated the better behavior of our proposal with 

respect to classical methods. 

 

Key words: QSAR, Ensembles of Classifiers, Mutagenicity prediction. 

 

1 Introduction 

The discovery and design of new drugs uses in vitro methods, in which laboratory 

experiments are performed to discover the activity of ligands with a target protein 

molecule. This approach is extremely expensive in terms of time and money when 

applied to determining activity on a large number of molecules. 

Moreover, it is necessary for a drug that reaches market to possess perfect 
ADMET properties (absorption, distribution, metabolism, excretion, toxicity). The 

toxicology of drugs is a crucial research field in preclinical studies, constituting one 

of the leading causes of attrition in all stages of drug design.  

Today, companies involved in the development of drugs lend a special interest 

in in silico prediction of toxicity to reduce time and production costs. In particular, 
there is great interest in the study of the mutagenic effects due to its close 

relationship with carcinogenicity. The most typical assay for mutagenicity is a 
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short-term bacterial reverse mutation assay proposed by Ames [1] that detects a 

large number of compounds that can induce genetic damage and frameshift 

mutations. 

Quantitative studies of the structure-activity relationship (QSAR) using machine 
learning techniques is a useful in silico prediction method. QSAR is basically used 

to study biological activities with various properties associated with structures, 

which is useful in explaining how the structural features of a molecule influence 

biological activities.  

Several studies have shown that it is not possible to apply a unique matching 
learning algorithm for QSAR applications [2]. On the contrary, in many cases, the 

use of combined prediction models is necessary to increase the applicability model 

beyond what is achievable with a single algorithm. 

In the last decades, several algorithms have been used to construct QSAR 
models. For instance, in [3-6], the use of support vector machines (SVM) was 

proposed; in [7-10], models were based on decision trees, and in [11-13], the 

models were based on artificial neural networks.  

Other authors [14, 15] proposed a combination of classifiers using an ensemble 

of different independent classifiers including support vector machines, decision 
trees, k-nearest neighbor (k-NN) and naive Bayes.  

Ensemble methods are useful tools for modeling complex relationships between 

independent and dependent variables [16]. These methods are designed to 

overcome problems with single predictors and avoid over-fitting the training data 

[17]. Ensembles based on random subspaces of descriptors by averaging k-NN or 
SVM models have been constructed [18]. Though difficult to interpret, ensembles 

models can cope with highly nonlinear and difficult problems where simpler 

methods suffer from high bias due to their limited power. 

Thus, in [2], different ensembles of decision trees such as boosting [19], bagging 

[20], and random forests [21] were compared with respect to standard classification 
methods. The authors concluded that a Random Forest (RF) model consistently 

improved classification accuracy with respect to a single tree over several QSAR 

applications.  

The goal of this work is to extend a method to construct ensembles of classifiers 

[22] to the prediction of Ames mutagenicity. Our proposal is based on the use of 
Nonparametric Discriminant Analysis (NDA) as a linear supervised projection 

method used for constructing ensembles, comparing different classification 

methods such as C4.5, k-NN and SVM. 

Also, we have devoted special attention to the chemical data used by the tested 

methods. Although QSAR statistical models have an acceptable predictive 
capacity, it is also necessary to pay attention to other necessary steps such as 

calculation of the molecular descriptors representing the essential information of a 

molecule in terms of their physicochemical properties such as constitutional, 
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electronic, geometric, hydrophobic, quantum, lipophilicity, solubility, and 

structural topology. 

Several algorithms and software applications can be used to encode the chemical 

information in molecular descriptors, which will be used as independent variables 
to construct QSAR models [23-28]. In this work, we use the RDKit toolkit [28] that 

provides a wide range of molecular types of descriptors, including constitutional, 

topological, hybrid and van der Waals surface area. 

The paper is organized as follows: Section 2 describes the characteristics of the 

benchmark dataset, and the method for constructing ensembles of classifiers; 
Sections 3 and 4 study the classification performance when applying ensembles 

with respect to standard methods and discusses the results; finally, Section 5 

provides the conclusions of our work.   

2 Materials and Methods  

2.1 Data set and molecular representation 

In order to obtain a technically feasible prediction model for mutagenicity, in [3], a 

clearly defined reference benchmark was proposed. This Ames mutagenicity 

benchmark dataset was derived from information contained in CCRIS [29], Helma 

et al. [30], Kazius et al. [31], Feng et al. [32] and Judson et al. [33].  

The final dataset contains 6512 compounds as canonical smiles molecular 
representation with the corresponding Ames test results and references; this 

benchmark can be downloaded from [34]. The class’s distribution behaves as 

follows: 3503 molecules correspond to the positive class and 3009 to the negative. 

The predictive accuracy for the algorithms proposed in this paper was tested 

using the 177 descriptors generated by the RDKit toolkit software. The RDKit user 
manual contains a complete list of the descriptors and the corresponding 

bibliographic references [28].  

2.2 Constructing ensembles of classifiers 

In a previous work [22] the construction of ensembles projecting the input variables 

in a way that facilitated the accurate classification of misclassified instances 
without damaging the overall performance of the ensemble was proposed. This 

projection was implemented using the hidden layer of a multilayer perceptron [35]. 

That approach incorporated the advantages of boosting without its main 

drawbacks. The construction of the projection only accounted for instances that 
have been misclassified by a previous classifier, which permitted the new classifier 

to focus on difficult instances. However, as this classifier received a uniform 

distribution of the training instances, the sensitivity to noise and the effect of small 

datasets were greatly reduced. This method uses the whole input space reduced 

diversity and made the projection difficult to obtain, especially in the case of many 
inputs and few misclassified instances. To avoid this effect, a new method was 
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developed [36] in which the supervised projection uses random disjoint subspaces 

instead of all inputs and the neural network projection is substituted by a NDA 

linear supervised projection. 

 

 

Figure 1: Algorithm for constructing the ensemble of classifiers using subspace 

linear/non-linear supervised projections 

 

Figure 1 shows the proposed algorithm. At step t, the projection considers only 

the subset of instances S'⊂ S misclassified by the classifier added at step t-1. To 

train the classifier at step t, the input space is divided into several random disjoint 

subspaces. The instances in S' are used to obtain a supervised projection that 

focuses on misclassified instances. The original training set is subsequently 
projected using these transformations, and the next classifier is trained on these 

projected spaces using a uniform distribution of the instances. The projection is 

always performed using as inputs the original variables. 
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From the point of view of supervised projection algorithms, subspace projection 

has several advantages compared to projecting the whole input space. The 

algorithm is faster and more stable, as many inputs with few instances usually yield 

to ill-posed problems. 
Our proposal is based on the use of Nonparametric Discriminant Analysis 

(NDA) as the linear supervised projection method. NDA is an alternative to the 

Linear Discriminant Analysis (LDA), which eliminates its two major problems: a) 

the Gaussian assumption over the class distribution in the dataset, b) limitation in 

dimension of the subspaces by the number of classes [37]. 
NDA can be formulated for the multiclass case as follows: 
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where p is a control parameter between zero and infinity, 𝑛𝑖 is the number of 

instances in class i, 𝑝𝑖 is the a priori probability of class i, 𝑑 (𝑥𝑙
(𝑖)
, 𝑥kNN
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“local k-NN mean”.  

3 Experimental setup 

The experiments were conducted using a 10-fold cross-validation set-up [38]. The 

reported testing parameters are the average of the 10 experiments. 

To evaluate the performance of the algorithms, we use accuracy (ACC) [39] 

considered as the number of successful hits compared to the total number of ratings. 

In the experimental results, we also included the values of sensitivity (Sn) defined 
as the fraction of positive patterns that are correctly classified and specificity (Sp) 

as the fraction of negative patterns that are correctly classified.  

To the measurement of the balanced performance of a learning algorithm 

between these two classes, we use the G-Mean metric [40] as the square root of the 
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product of sensitivity and specificity. This measure tries to maximize accuracy in 

order to balance both classes at the same time.  

Finally, to compare different classifiers, we use the area under the ROC curve 

(AUC) [41]. AUC has an important statistical property since it is equivalent to the 
probability that the classifier will rank a randomly chosen positive instance higher 

than a randomly chosen negative instance. In addition, AUC can be considered 

equivalent to the Wilcoxon test of ranks [42]. 

4 Experimental results 

The ensembles were constructed applying the methodology described in section 2, 
using three different base classifiers (C4.5, k-NN, SVM). The ensembles were 

labeled according to the base classifier used, such as NDA-C4.5, NDA-kNN, and 

NDA-SVM.  

All classifiers were tested for the prediction of Ames mutagenicity using the 

benchmark described in section 2. The 117 RDKit descriptors were used as 
independent variables. Moreover, the results were compared with those obtained 

by applying the classical methods. 
     

Table 1: Experimental results 

Method 
 Classical methods  Ensemble methods 
 Sp Sn ACC GM AUC  Sp Sn ACC GM AUC 

C4.5  0.763 0.770 0.766 0.764 0.766  0.820 0.813 0.820 0.820 0.860 

k-NN  0.784 0.773 0.779 0.778 0.834  0.823 0.773 0.800 0.800 0.864 

SVM  0.770 0.824 0.795 0.796 0.865  0.832 0.810 0.820 0.814 0.873 

             

Table 1 shows the results for the standard methods C4.5, k-NN and SVM. The 

proportion of correctly classified instances is between 76.6% and 79.5%; the better 

performance was obtained when k-NN classifier was used. To better investigate the 

prediction ability of classifiers, Table 1 shows the values of sensitivity (Sn), 

specificity (Sp), G-mean (GM), and the area under the ROC curve (AUC). 
Regardless of the applied method, more than 76.3% of the negative patterns were 

correctly classified; for the case of positive patterns this value is greater than 77.0%.  

As Table 1 shows the expected proportion of positives ranked before a uniformly 

drawn random negative (AUC) gets its maximum value (0.865) using the SVM 

classifier.  
Table 1 also shows the results for the new ensembles proposed in this paper. The 

accuracy value obtained by the ensemble classifiers is between 2.7% to 7% higher 

than the standard classifiers (2.7% for k-NN, 3.14% for SVM and 7% for C4.5). In 

addition, the specificity is improved from 0.763 to 0.820 for C4.5, from 0.784 to 

0.823 for k-NN and from 0.770 to 0.832 for SVM.   
The G-Mean values obtained by the ensembles are around 2.83% to 7.33% 

higher than the standards k-NN and C4.5, respectively. A smaller increase (2.26%) 
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was obtained for SVM in this metric. The results for the AUC values showed an 

improvement in performance when the ensembles were used. This behavior is more 

marked for the ensemble based on C4.5 where an increase of the 12.2% was 

obtained. 
  

   
(a) (b) (c) 

Figure 2: ROC curves for the different models using: (a) SVM, (b) C4.5 and (c) k-

NN as base classifiers. 
 

Figure 2 shows the ROC curves for the classifiers. In all cases, the ensembles 

show better behavior than the standard methods. By setting an interesting area in a 

range of false positives between 0.2 to 0.4 (x-axis in the graphs), the ROC curves 
show good performance when SVM-NDA ensemble was used. The performance 

increases over the base classifier are significantly higher in this range for NDA-

SVM (Fig. 2.a) and NDA-C4.5 (Fig. 2.b) with respect to the NDA-kNN (Fig. 2.c). 

According to these results, we concluded that the proposed ensemble is more 

accurate than the single classifier that makes them up. 

5 Conclusions 

This work evaluates new models for the prediction of mutagenicity using ensembles 

of classifiers constructed by applying a projection of the input variables using 

Nonparametric Discriminant Analysis. 

The experimental results supported the advantage of the proposal compared to 

the application of classical methods. The greatest general improvement in the 
performance of the algorithm was obtained when using C4.5 and k-NN as base 

classifiers.  

We can conclude that according to the results, the use of molecular descriptors 

yields good results for both the standard methods and the ensembles proposed in 

this paper. 
In future work, we plan to extend the methods used here to evaluate the use of 

other linear and non-linear projections in order to further improve the accuracy in 

predicting QSAR methods. 
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Abstract 

In this paper the 3D trajectory planning of the end-effector of a 
rotating extensible manipulator arm is described using projective 
geometry and polar piecewise interpolants. Perspective 
projections of the 3D via points located of the northern 
hemisphere are seen from the manipulator base location which 
represents the centre of rotation of the extensible manipulator. 
Due to the geometry of the manipulator arm, polar zenithal 
gnomic projections are associated with the spherical coordinates 
named the radial distance related to the manipulator length along 
the polar and azimuthal angles.  
Possible trajectories of the end effector are generated using a 
geometric transformation applied to the polar piecewise 
interpolants that approximate the gnomic projective trajectory of 
the 3D via points. Smoothness of the polygonal trajectory is 
obtained through the use of piecewise interpolants with 
continuous derivatives between the 3D via points/nodes. The 
novel approach generate fast trajectory interpolation of 3D via 
points, minimise execution time and allows easy calculation of 
kinematics variables. To verify the proposed approach and to 
validate the model, numerical simulations are conducted for two 
different configurations. In this context the reachable workspace 
(working volume) of the extensible manipulator is examined 
with respect to the base location and the end effector path. 
 
Key words: Trajectory planning, Mechanisms, Robots, 
Interpolation 
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1. Introduction 
Trajectory planning and control of robotic arms and manipulators represents 
critical key elements in industry especially when reduced production costs and 
improved productivity are a must [1, 2]. The ability to control the motion along a 
desired trajectory is imperative especially when minimal execution time [3, 4] and 
is considered. Moreover, optimal trajectory planning [5] require smoot trajectory 
generation (velocity, acceleration [11] and/or jerk) which can be achieved by the 
means of adequate interpolants.  

Shape approximation methods and algorithms based on piecewise interpolating 
functions and splines [6, 7] are adequate tools in preserving positivity, 
monotonicity and convexity and generating smooth motion through continuous 
piecewise smooth functions [12] in order to reduce the induced vibrations and 
minimise resonant frequencies excitation. Since algebraic-trigonometric Hermite 
polynomials are easy to use in generating smooth and continuous motion while 
preserving the continuity [10], kinematic variables and joint-space trajectories can 
be efficiently calculated along a specified joints path. A path-planning associated 
methodology for a set of nodal points with kinematical requirements is presented 
in [9]. Quick 3D trajectory planning using cylindrical coordinates associated with 
the end-effector trajectory of motion is discussed in [15], an analytical approach 
for path planning interpolation for any industrial robot is considered in [8], and 
the general theory for actual kinematics and dynamics is presented in [17].  

In this paper the 3D trajectory of the end-effector of a rotating extensible 
manipulator is generated by the use of perspective zenithal gnomic projections of 
the 3D via points and polar piecewise interpolants. The approach generate fast 
trajectory interpolation and continuous motion while minimise execution time. 
The proposed approach is verified by numerical simulations conducted for two 
different configurations. In this context the reachable workspace (working 
volume) of the extensible manipulator is examined with respect to the base 
location and the end effector path. 
 

2. Mathematical Modelling  
Manipulator Model 
The rotating extensible manipulator arm is composed of a rotating z-Guide, a 
slider joint (Rigid Guide) and a sliding link as shown in Fig. 1. The z-guide of the 
manipulator can rotate at O - in the fixed Cartesian reference frame Oxyz – about 
the vertical axis Oz. The z-guide is connected with the slider joint guide by a rigid 
rod rG which is rigidly attached to it. The slider joint can rotate relative to the z-
guide about the rigid rod rG.. The sliding link which is interconnected with the 
slider joint can slide in and out of the slider (Rigid Guide). The height (length) of 
the z-guide is lZ, the length of the sliding joint/guide is lG and the length of the 
sliding link id lSL. The 3D coordinates of the end effector trajectory can be 
expressed using spherical coordinates (or cylindrical) coordinates by 
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The end effector of the manipulator arm should move to the via-points 

 set by the user (Fig.1).  

 
Figure 1. Rotating extensible manipulator model. 

 
 
To interpolate between the data one can consider first the perspective projections 
of the via-points ),,( iiii rP ϕθ - viewed from the manipulator base location which 
represents the centre of projection - to a plane N perpendicular to the axis Oz and 
located at the distance { }

iNiiMax rr ,0max ==  from the origin O (tangent to the sphere 
of radius Maxr centred in origin) as shown in Fig. 2. Due to the geometry of the 
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that is the intersection of the lines 'iOP  (passing by O and ) with the 
plane N. The associated radii ( )ii POdR ',=  of the points ),,(' Maxiii rYXP  - located 
in the projective plane N – are calculated using 
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Two projections iP' and 1' +iP  of the 3D via points iP  and 1+iP  on the projective 
plane N are shown in Fig. 2 with the spherical coordinates named the radial 
distance related to the manipulator length along the polar and azimuthal angles.  

 
 

Figure 2. Perspective projections 'iP of the via-points iP , and associated 
piecewise interpolation 

 
To interpolate between the perspective projections 'iP of the via-points ii NiP ,0, = , 
located on the projective plane N, one can consider the 
angles πθθθθθθ 2... 01210 +=<<<<< − ik NN , and the associated radii iR . For each 

ii NiP ,0, =
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interval [ ] 1,01, −=+ iNiii θθ  and associated radii iR  and 1+iR  of two consecutive 
projections iP' and 1' +iP , a piecewise polar interpolant that approximate the 
trajectory on the projective plane (Fig. 2) can be expressed as a Hermite-type 
function [13, 14] defined by 
 

( ) ( )ki
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k

i
kcR θθθ −=∑
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where q is the order of the polynomial to be used (order 3 was used here), 
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the end effector are calculated using the geometric transformation below 
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The trajectory height ( )θzz =  for a step size Si is approximated by 
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Existence of a Solution (End-Effector Trajectory) 
Since the geometric path of the manipulator [7, 11] is generated using the via-
points the end effector, manipulator base location and arm length, the trajectory 
can exist only inside the working envelope [16] defined by 
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where represents interpolating points along the pricewise curve 

defined by the via-points and ,  and 

.  

 

1. Results 
Two numerical examples are presented to illustrate trajectory generation 
including the existence of solutions for the extensible manipulator. The associated 
manipulator dimensions are: z-guide length lz=0.5⋅10-1 m, slider length lG = 
7.5⋅10-1 m, sliding link length lSL = 7.5⋅10-1 m. The z-guide is rotating with an 
angular velocity 1=ω rad/s about the z-guide. The radial distance related to the 
manipulator length, and the polar and azimuthal angles of the manipulator via-
points for the two chosen numerical examples are shown in Table 1 and Table 2. 
 

Table 1. Via-points for the 1st configuration of the manipulator (lengths in decimetres) 

 

Table 2. Via-points for the 2nd configuration of the manipulator (lengths in decimetres) 

The 3D end effector trajectory for the two manipulator configurations (Table 1 
and Table 2) is shown in Fig. 3.a and Fig. 3.b. The projection of each trajectory 
on the projective plane shown in Fig. 3.a and Fig. 3.b using a blue colour – 
representing the radial trajectory of the end-effector in the projective plane – have 
been obtained using polar interpolation curves expressed as a Hermite-type 
functions. The red arrows pointing toward the via-points represents the radial 
distance related to the manipulator length in the spherical coordinates system.  

ii NkP
k

,1, =

iP 1+iP 1,1,
1

−=∀= niPP ii

1,1,1 −=∀= + niPP ii iN

Variable 
Name Value 

i 1 2 3 4 5 6 7 8 9 10=1 
iθ  20 45 85 125 165 215 260 305 345 360+20 
ir  13.0 7.2 10.6 15.6 15.8 14.9 12.0 12.5 11.4 13.0 
iϕ  32 34 41 50 35 47 48 29 52 32 

Variable 
Name Value 

i 1 2 3 4 5 6 7 8=1 
iθ  20 60 130 150 225 280 335 360+20 
ir  12.8 7.8 11.4 14.2 14.8 12.0 10.0 12.8 
iϕ  39 51 38 39 28 65 37 39 
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(a)                                                                

 
                                                                 (b)          

Figure 3. Generated trajectory using gnomic projection and polar interpolation (a) 
manipulator arm goes outside the working envelope (b) end effector can reach all the via-points. 

Page 2127 of  2288



Possible trajectories of the end effector are generated using geometric 
transformations applied to the polar piecewise interpolants that approximate the 
gnomic projective trajectory of the 3D via points using the red interpolating 
curves shown in Fig. 3.a and Fig. 3.b. It can also be seen that the manipulator arm 
goes outside the working envelope/workspace [16], that is, the end effector of the 
manipulator arm cannot reach all the via-points in Table 1 along the planned 
trajectory shown in Fig. 3.a. However, for the 2nd simulation presented in Table 2, 
the end effector can reach all the via-points shown in Fig. 3.b. 

2. Conclusions 
In this paper the modelling and 3D trajectory planning of an extensible rotating 

manipulator end effector is presented.  Polar zenithal gnomic perspective 
projections of the 3D via points and polar piecewise interpolants expressed as 
polar Hermite polynomials are considered for the end effector trajectory 
generations. Smoothness of the polygonal trajectory is obtained through the use of 
piecewise interpolants with continuous derivatives between the 3D via 
points/nodes. The existence of a solution in relation with the base of the 
manipulator arm is also addressed. Two numerical examples related to two 
different manipulator configurations are presented to illustrate trajectory planning 
and verify the proposed approach. 
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Abstract 
In 1983, Michael proposed acceptance regions for Normal 
Probability Plots to detect non-normality in a set of 
observations. In these acceptance regions, Michael used the 
plotting position proposed by Hazen in 1930. In this work we 
have studied the influence of plotting positions on the 
acceptance regions in a Normal Q-Q Plot to determinate if 
another plotting position is better than the used by Michael.   
 
Key words: acceptance regions, plotting position, Normal Q-Q 
Plot, goodness-of-fit, graphical techniques 
 

1. Introduction 
Normal Q-Q Plots are used as graphical techniques of goodness-of-fit. 
Confidence bands are included in a normal probability plot to detect non-
normality in a set of observations with the advantage that the conclusion is not 
influenced by the subjectivity of the observer.  
 
In 1983, Michael [1] proposed acceptance regions for Probability Plots using the 
Hazen’s plotting position (1930) [2]. In this contribution we have studied the 
influence of the choice of plotting positions on the acceptance regions in a 
Normal Q-Q Plot to determinate if another plotting position is better than the 
definition proposed by Hazen.  
 
 
 

Page 2130 of  2288

mailto:mdestudi@ujaen.es
mailto:socasti@ujaen.es
mailto:elozano@ujaen.es


2. Acceptance regions of Michael in a Normal Q-Q Plot  
In 1983, Michael proposed the acceptance regions for a Normal Q-Q Plot.  
 
Given a set of ordered observations, (1) ( ), , nx x… , the steps to construct a Normal 
Q-Q Plot with acceptance regions of Michael are as follows: 
 

1. Obtain a Normal Q-Q Plot from the observations. 
2. Calculate maximum-likelihood estimators for the mean and standard 

deviation of observations ( ˆ ˆ and ,μ σ  respectively). 
3. Get the value of dsp, given a fixed level of significance α and the number 

of observations n, in the table of critical values of the statistic Dsp of 
Michael. The value of the test statistic is calculated in the following way: 

max , 1,...,sp i ii
D r s i n= − =

 
            where 

( )2 arcsin ,i ir p =  
 π

 

0.5  is the plotting position proposed by Hazen,i
ip

n
−

=  

( ) ( ) ˆ2 arcsin ,  
ˆ

i
i i i

x
s u u

−  = = Φ       

µ

π σ
 

            and Ф is the distribution function of the standard normal. 
4. Represent acceptance regions in the Normal Q-Q Plot defined by the 

following expression: 
( )( )( )1 2 1/2ˆ ˆ sin arcsin 0.5 spy x d−  = + Φ Φ ± µ σ π

 
5. Reject the hypothesis of normality if some observation falls outside the 

acceptance regions. 

3. Other definitions of plotting positions  
In the literature there are several definitions of plotting position formula for use 
on Normal Q-Q Plots. 
 
In this contribution, we are going to specify briefly nine formulae for plotting 
positions. 
 
The first definition what we’re going to study it was proposed by Hazen in 1930: 

 

ni
n

ipi ,,15.0
=

−
=  
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In 1939, Weibull [3] proposed the definition: 

ni
n

ipi ,,1
1

=
+

=  

 
The third formula was introduced by Benard and Bos-Levenbach [4] in 1953 with 
the following expression: 

ni
n
ipi ,,1

4.0
3.0

=
+
−

=  

 
The plotting position formula more commonly use was proposed by Blom [5] in 
1958: 

ni
n
ipi ,,1

25.0
375.0

=
+
−

=  

 
Tukey [6], in 1962 introduced the following definition for plotting position: 

ni
n
ipi ,,1

)3/1(
)3/1(

=
+
−

=  

 
Gringorten [7] in 1963 proposed: 

0.44 1, ,
0.12i

ip i n
n
−

= =
+

  

 
In 1978, Cunnane [8] proposed the following definition: 

0.4 1, ,
0.2i

ip i n
n
−

= =
+

  

 
Yu and Huang (2001) [9] introduced the expression: 

0.326 1, ,
0.348i

ip i n
n
−

= =
+

  

 
Finally, Lozano-Aguilera et al. (2014) [10] proposed a plotting position as the 
median of the ith order statistic from a beta distribution Beta(i, n-i+1). 

4. Simulation Study  
In this section we have developed a simulation study to examine the power of the 
acceptance regions proposed by Michael using the previously specified 
definitions of plotting positions. 
 
The power of a statistical test is the probability that the test will reject the null 
hypothesis when the null hypothesis is false, i.e. the probability of not committing 
a type II error, or making a false-negative decision. The power is calculated by 
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fixing the probability of the type I error, i.e. the significance level, α. We have 
fixed the significance level at 5%. 
 
For this study, 10000 samples of size n=10(10)100 were generated from 19 
alternative distributions. Here, we will only have to include tables concerning 
Chi-square(10) and Normal distribution. 
 

Table 1: Empirical power (in %) of Michael’s acceptance regions to detect non-
normality in a Chi-square(10) distribution for different definitions of plotting 

positions at significance level 5%. 
n 10 20 30 40 50 60 70 80 90 100 

Hazen 8.63 18.25 28.23 39.69 49.99 60.57 67.86 75.94 80.94 86.80 
Weibull 11.97 20.33 23.35 31.56 36.60 44.38 50.39 59.91 65.19 73.16 

BBL 6.73 14.71 21.97 31.55 40.43 50.71 57.87 67.69 72.53 80.60 
Blom 6.75 15.12 23.54 33.71 43.08 54.30 61.00 70.69 75.40 82.77 
Tukey 7.01 15.00 22.76 32.33 41.51 52.23 59.43 68.95 73.67 81.57 
Gring. 7.93 16.71 25.70 36.55 46.39 57.26 64.25 73.31 78.13 84.94 
Cun. 7.53 15.92 24.35 34.85 44.21 55.33 62.24 71.78 76.45 83.68 
YH 6.93 14.90 22.50 32.09 41.29 51.93 59.07 68.67 73.38 81.34 

Lozano 6.89 14.77 22.03 31.47 40.57 51.06 58.19 67.94 72.77 80.83 
 
 

Table 2: Empirical % of rejections under the null hypothesis of normality. 
n 10 20 30 40 50 60 70 80 90 100 

Hazen 5.16 4.56 4.79 5.21 4.94 5.13 4.93 5.36 4.66 5.49 
Weibull 6.65 5.69 4.28 4.88 4.05 3.89 3.44 3.83 2.93 3.50 

BBL 4.38 3.78 3.56 4.01 3.46 3.67 3.27 3.86 2.79 3.68 
Blom 4.55 3.84 3.74 4.20 3.59 3.90 3.59 4.06 3.03 3.87 
Tukey 4.47 3.74 3.65 4.10 3.55 3.84 3.39 4.06 2.92 3.77 
Gring. 4.78 4.03 4.21 4.67 4.31 4.46 4.25 4.78 3.83 4.72 
Cun. 4.68 3.85 3.88 4.43 3.94 4.15 3.86 4.39 3.55 4.35 
YH 4.48 3.76 3.63 4.04 3.48 3.80 3.38 4.02 2.87 3.76 

Lozano 4.45 3.73 3.57 4.00 3.40 3.68 3.28 3.91 2.78 3.66 
 
In Table 1 we can observe that from n=30, the better power of the acceptance 
regions of Michael is reached using Hazen's plotting position. Similarly, Table 2 
shows that in almost all sample sizes, with Hazen’s plotting position will achieve 
results closer to the desired value (5%) than with the rest of definitions. 
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Abstract 

ITU-T Video Coding Expert Group (VCEG) and ISO/IEC 
Moving Picture Expert Group (MPEG) are studying the 
potential need for standardization of the future video coding 
technology with a compression capability that significantly 
exceeds that of the current High Efficiency Video Coding 
(HEVC) standard, including its current extensions. Both groups 
are working together on this exploration activity in a 
collaboration effort known as Joint Video Exploration Team 
(JVET) to evaluate compression technology designs proposed 
by their experts in this area. This paper describes the coding 
features that are under coordinated test model study by the 
JVET, and presents a rate-distortion/complexity analysis to 
study their real capabilities. Experimental results show that the 
new model achieves 25% bitrate reduction, but at a cost of 
extremely high computational complexity (11×) with respect to 
HEVC. 
 
Key words: HEVC, JEM, Evaluation, Computational Cost 
 

1. Introduction 

High Efficiency Video Coding (HEVC) [1] was developed in 2013 by the Joint 
Collaborative Team on Video Coding (JCT-VC) to replace H.264/Advanced 
Video Coding (AVC) standard [2], which is the most used video coding standard 
and has dominated digital video services in the domestic and professional markets 
for over ten years. In terms of rate-distortion (RD) performance, HEVC roughly 
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doubles the compression performance of H.264/AVC, but at a cost of extremely 
high computational and storage complexities during encoding [3].  
 
The amount of daily data generated in our current interconnected society is 
astounding. An important amount of this data is transmitted using different video 
formats. According to the latest Zettabyte Cisco report [4], in 2015, 70% of all IP 
traffic, both business and consumer, was IP video traffic. Moreover, the trend 
predicts that this ratio will keep increasing with the market penetration of novel 
services such as video-on-demand, internet video to TV, virtual reality, 360-
degree video or internet-based video surveillance, and existing services such as 
cloud storage and video streaming services. Moreover, the report also details how 
all this information will, most likely, be consumed through portable devices, with 
limited computation and bandwidth capabilities. It is expected that smartphone 
traffic will double the traffic originated by computers by 2020. Along with the 
increase in the amount of video information exchanged on the Internet, and the 
bandwidth and computational limitations of portable devices, there is an 
increasing demand for higher bit rates, higher video resolutions and better video 
quality. 
 
This issue results in the need of a new generation of video coding techniques to 
increase the quality and compression rates of previous standards. Since the release 
of HEVC, ITU-T Video Coding Expert Group (VCEG) and ISO/IEC Moving 
Picture Expert Group (MPEG) have been studying the potential need for the 
standardization of future video coding technologies with a compression capability 
that significantly exceeds that of the current HEVC standard. To better coordinate 
this study, VCEG and MPEG created the Joint Video Exploration Team (JVET) 
as a collaboration framework. The scope of the JVET activity includes the 
consideration of a variety of video sources and applications. For example, sources 
include camera-view content, screen content, consumer generated content, virtual 
reality/360-degree content, and high dynamic range content, while example 
applications include broadcasting (with live or pre-authored content), real-time 
video conferencing, video chat, on-demand viewing, storage-based media replay, 
and surveillance with fixed or moving cameras [5][6]. 
 

These new efforts of standardization and compression enhancements are being 
explored and implemented by the JVET in a software test model known under the 
name of Joint Exploration Test Model (JEM) [7]. JEM represents the software 
model which is being used as a starting point for the next generation of video 
coding standards following HEVC. 
 
As it has been the case for all past ITU-T and ISO/IEC video coding standards, in 
HEVC and JEM only the bitstream structure, syntax, constraints and mapping for 
the generation of decoded pictures are standardized. Consequently, every decoder 
conforming to the standard will produce the same output for a given standard 
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conformant bitstream. This limitation provides encoder developers with 
maximum freedom to optimize their implementations and explore new techniques 
to improve the standard. Moreover, to assist the industry community in learning 

how to use the standard, the standardization effort not only includes the 
development of a text specification document, but also the reference software 
source code of the encoder and decoder standard implementation. This reference 
software is usually used as research tool to improve the standard and explore new 
techniques. For the development of the rate-distortion/complexity analysis 
detailed in this paper, the reference software for JEM version 3.0 will be used as 
base encoder. This paper focuses on a comparative evaluation of the 
quality/computational cost of the HEVC and JEM codecs using objective 
measures of assessment to analyse their real capabilities. The comparison was 
performed using the JVET Common Test Conditions presented in [8]. 
 
The remainder of this paper is organized as follows. Section 2 includes some 
technical background of the HEVC standard. Section 3 presents the algorithm 
description of JEM under study, followed by the experimental results in Section 4. 
Finally, Section 5 concludes the paper. 

2. High Efficiency Video Coding (HEVC) Standard  

HEVC can be considered an evolution of the current H.264/AVC, since it 
maintains the same block-based hybrid approach used in all previous video 
compression standards. In addition, new tools have been introduced in HEVC that 
increase its coding efficiency compared with H.264/AVC [9]. 
 
One of the most important changes affects the picture partitioning [10]. HEVC 
defines a new flexible Coding Tree Unit (CTU) structure which is a replacement 
of the Macroblocks (MBs), 16×16 pixel blocks, used in the previous standards. 
With the aim of achieving an optimal adaptation to the content details, CTUs can 
vary from a size of 64×64 pixels, to something much smaller, as it can be 
subsequently partitioned into four square sub-blocks of half resolution, named 
Coding Units (CUs), with a minimum allowable size of 8×8 pixels. Therefore, a 
CTU can be further partitioned into four depth levels, from d=0 for 64×64 CU to 
d=3 for 8×8 CUs, having 4d CUs in each depth level. Thus, a CU in depth level d 
can be denoted as CUd,k (k=0,1,.., 4d-1), and the four sub-CUs pending on CUd,k 

are denoted as CUd+1,4k+i (i=0,1,.., 3). In a CTU of 64×64, it can be observed that 

the maximum number of available CUs is 




3

0

4
d

d

d

.      

 
HEVC increases even more the flexibility of the CTU by defining two tree 
structures containing new unit types: Prediction Units (PUs), and Transform 
Units (TUs). For intra-picture prediction, a PU uses the same 2N×2N size as for 
the CUd,k to which it belongs, allowing it to be split into four N×N PUs only for 
CUs at the minimum depth level. Therefore, the PU size can range from 64×64 to 
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4×4 pixels. For inter-picture prediction, several non-square rectangular block 
shapes are available in addition to the square ones, providing a total of eight 
different PU sizes (2N×2N, 2N×N, N×2N, N×N, 2N×nU, 2N×nD, nL×2N, 
nR×2N). The prediction residue obtained in each of the PUs is transformed using 
various TU sizes from 32×32 to 4×4. In Figure 1, an example of the partitioning is 
shown, depicting how a CTU is structured in a hierarchical tree where each CU 
branch ends in a leaf (CUd,k) that is the root for the prediction and transform trees. 
Figure 2 shows the partitioning of CTU into CUs (white), PUs (green) and TUs 
(black) applied to the Basketball Pass sequence. 
 

 
 

Figure 1. Partitioning of CTU into CUs, PUs and TUs 
 

 
 

Figure 2. Partitioning of CTU into CUs (white), PUs (green) and TUs (black) 
applied to Basketball Pass sequence 

 

It should be noted that a CTU can be split into 85 different CUs (




3

0

4
d

d

d

), which can 
be split into 1702 PUs, and each of these PUs has to be evaluated for all intra or 
inter prediction modes available, and each of the obtained residual blocks can be 
transformed into up to three TU sizes. HEVC checks most of the PUs (inter and 
intra modes) to decide whether it should split a CU or not by choosing the best 
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RD case. Furthermore, in the case of inter prediction, for each of these PU 
partitions a motion estimation algorithm is called. This wide range of possibilities 
makes HEVC much more computationally expensive than its predecessor, 
H.264/AVC. HEVC introduces changes in other modules too, such as intra 
prediction (where a total of 35 different coding modes can be selected), new 
image filters or new transform sizes [9], among others. 
 
The above analysis evidences the need to reduce the Rate-Distortion Optimization 
(RDO) complexity for the HEVC intra/inter prediction, to make real-time HEVC 
video codecs with the best possible performance. With the aim of reducing this 
huge RDO complexity, several suboptimal fast HEVC video codecs have been 
developed by the industry using a reduced set of prediction modes that are 
previously selected as candidates, in a low complexity evaluation process. 

3. Algorithm Description of Joint Exploration Test Model 

This section describes the coding features that are under coordinated study by the 
JVET. They have been included in the JEM test model as potential enhanced 
video coding technology beyond the capabilities of HEVC.  
 
JEM is being developed on top of HEVC test model (HM version 16.6) [11]. The 
basic encoding and decoding flowchart of HEVC is kept unchanged in JEM. 
However, the design elements of the most important modules, including the 
modules of block structure, intra and inter prediction, residue transform, loop 
filter and entropy coding, have been modified, introducing new tools. The 
following new coding features are included in JEM [7]: 

 Block structure 
-  Quadtree plus binary tree (QTBT) block structure 

 Intra prediction improvements 
-  65 intra prediction directions 
-  4-tap interpolation filter for intra prediction 
-  Boundary filter applied to other directions in addition to horizontal/vertical 
-  Cross-component linear model (CCLM) prediction 
-  Position dependent intra prediction combination (PDPC) 
-  Adaptive reference sample smoothing 

 Inter prediction improvements 
-  Sub-PU level motion vector prediction  
-  Locally adaptive motion vector resolution (AMVR) 
-  1/16 pel motion vector storage accuracy 
-  Overlapped block motion compensation (OBMC) 
-  Local illumination compensation (LIC)  
-  Affine motion prediction 
-  Pattern matched motion vector derivation  
-  Bi-directional optical flow (BIO)  

 Transform 
-  Explicit multiple core transform 
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-  Mode dependent non-separable secondary transforms 
-  Signal dependent transform (SDT)  

 Adaptive loop filter (ALF)  

 Enhanced CABAC design  
-  Context model selection for transform coefficient levels 
-  Multi-hypothesis probability estimation 
-  Initialization for context models 

All the methods listed above have been integrated into the main software branch 
of JEM [12], and in particular, in the software implementation of JEM 3.0. 
 
3.1. Block Structure 
 
In JEM, some additional concepts are included to this picture partitioning stage 
compared to HEVC. JEM incorporates a QuadTree plus Binary Tree (QTBT) 
structure for blocks. By the use of this structure, the separation in CU, PU and TU 
is no longer needed. This gives more flexibility for CU partition shapes to better 
match the local characteristics of the video sequence. Therefore, in JEM, through 
QTBT, CUs, TUs and PUs have the same block size. In QTBT, CUs can have 
either square or rectangle shapes like PUs in HEVC. Each CTU (up to 256×256 
pixels) is first partitioned by a quadtree structure in squared CUs. Then, leaf 
nodes can be further partitioned by a binary tree structure. By the use of this tree, 
each CU can be split in horizontal and vertical CUs, defining the final structure of 
the CTU and, in consequence, its specific subdivision in CUs. An example of a 
CTU block structure in JEM is depicted in Figure 3. We may see how the binary 
tree determines the type of CU splitting. A value of 1 on the binary structure of 
the QTBT determines a symmetric vertical split for a CU, while a 0 value 
specifies a horizontal split. For the quadtree splitting, there is no need to indicate 
the splitting type since a block is always split horizontally and vertically into 4 
sub-blocks with an equal size. 

The following parameters are defined to have efficient signalling of a QTBT: 

 CTUSize: the root node size of a quadtree, same concept as in HEVC. 

 MinQTSize: the minimum allowed quadtree leaf node size. 

 MaxBTSize: the maximum allowed binary tree root node size. 

 MaxBTDepth: the maximum allowed binary tree depth. 

 MinBTSize: the minimum allowed binary tree leaf node size. 

In one example of the QTBT partitioning structure, the CTU size is set as 
128×128 pixels (for the luma, and in the case of YUV420 subsampling format 
64×64 pixels for the chroma), the MinQTSize is set to 16×16, the MaxBTSize is 
set to 64×64, the MinBTSize (for both width and height) is set to 4, and the 
MaxBTDepth is set to 4. The quadtree partitioning is applied to the CTU first to 
generate quadtree leaf nodes. The quadtree leaf nodes may have a size from 
16×16 (i.e. the MinQTSize) to 128×128 (i.e. the CTUSize). If the leaf quadtree 
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node is 128×128, it will not be further split by the binary tree since the size 
exceeds the MaxBTSize (i.e. 64×64). Otherwise, the leaf quadtree node could be 
further partitioned by the binary tree. In this way, the quadtree leaf node is also 
the root node for the binary tree with a binary tree depth of 0. When the binary 
tree depth reaches MaxBTDepth (i.e. 4), it implies no further splitting. When the 
width of the binary tree node equals to MinBTSize (i.e. 4), it implies no further 
horizontal splitting. Similarly, when the height of the binary tree node equals to 
MinBTSize, it implies no further vertical splitting. The leaf nodes of the binary 
tree correspond to CUs that are further processed by the prediction and transform 
modules without any further partitioning. 

 

1

1

0

1

0

0

 

Figure 3: Illustration of a QTBT structure [7] 
 

 
3.2. Intra and Inter prediction improvements 
 
For intra prediction, to capture finer edge directions presented in natural videos, 
the directional intra modes are extended from 33, as defined in HEVC, to 65. The 
new directional modes are depicted as red dotted arrows in Figure 4. The Planar 
and DC modes remain the same. These denser directional intra prediction modes 
apply for all block sizes and both luma and chroma intra predictions. To 
accommodate the increased number of directional Intra modes, an Intra mode 
coding method with 6 Most Probable Modes (MPMs) is used. Two major 
technical aspects are involved: 1) the derivation of 6 MPMs, and 2) entropy 
coding of 6 MPMs and non-MPM modes. 

 
Regarding inter prediction, with QTBT, each CU can have at most one set of 
motion information for each prediction direction. Two sub-CU level motion 
vector prediction methods are studied by splitting a large CU into sub-CUs and 
deriving motion information for all the sub-CUs of the large CU. Advanced 
Temporal Motion Vector Prediction (ATMVP) method allows each CU to fetch 
multiple sets of motion information from multiple blocks smaller than the current 
CU in the collocated reference picture. In the Spatial-Temporal Motion Vector 
Prediction (STMVP) method, motion vectors of the sub-CUs are derived 
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recursively by using the temporal motion vector predictor and spatial 
neighbouring motion vector. As in HEVC, JEM defines the merge mode to copy 
the motion information from neighbour blocks. In HEVC, motion vector accuracy 
is one-quarter pel (one-eighth in the case of chroma components for YUV420 
video). In JEM, the accuracy for the internal motion vector storage and the merge 
candidate increases to one-sixteenth pel. The highest motion vector accuracy 
(1/16 pel) is used in motion compensation inter prediction for the CU coded with 
Skip/Merge mode 

0: Planar
1: DC

 

Figure 4: Proposed 67 intra prediction modes [7] 
 
3.3. Other improvements 
 
In JEM, in addition to the Discrete Cosine Transform (DCT)-II and the 4×4 
Discrete Sine Transform (DST)-VII which have been employed in HEVC for 
transform coding, an Adaptive Multiple Transform (AMT) scheme has been 
chosen to encode the inter and intra residual CUs. It uses different transforms 
from the DCT and DST families than the ones that are used in HEVC. The newly 
introduced transform matrices are DST-VII, DCT-VIII, DST-I and DCT-V. 
 
In JEM, an Adaptive Loop Filter (ALF) with block based filter adaption is 
applied. For the luma component, according to the direction and activity of local 
textures, one among 25 filters is selected for each 2×2 block. ALF aims to reduce 
visible artifacts such as ringing and blurring by reducing the mean absolute error 
between the original image and the reconstructed image. 
 
In HEVC, the entropy coder used is Context-based Adaptive Binary Arithmetic 
Coding (CABAC). JEM uses an enhanced version of CABAC with a modified 
context modelling for transform coefficients, a multihypothesis probability 
estimation with context-dependent updating speed, and an adaptive initialization 
of models. 
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4. Rate-Distortion/Complexity Analysis 

4.1. Encoding Parameters 
 
This section aims to evaluate the rate-distortion/complexity capabilities of JEM 
version 3.0 with respect to HEVC. Our experiments rely on the default 
configuration of HM 16.6, which is used as an anchor for the obtained results. For 
a fair comparison, the experiments are conducted with a single-threaded 
implementation of the encoders. The hardware platform used in the experiments is 
composed of an Intel® Xeon® E5-2630L v3 CPU running at 1.80 GHz and 16 
GB of main memory. To ensure a common framework for the simulations, the 
experiments were conducted under the Common Test Conditions and Software 
Reference Configurations recommended by the JVET [8] for the All-Intra (AI), 
Low-Delay (LD) and Random-Access (RA) mode configurations. That 
recommendation specifies the use of four Quantization Parameter (QPs) (22, 27, 
32 and 37) and a set of 24 test sequences classified in six classes, A1, A2, A, B, C 
and D, which cover a wide range of resolutions from the largest (4096×2160 
pixels) to the smallest (416×240 pixels), and frame rates from 100 fps to 24 fps. 
All the sequences use YUV420 chroma subsampling and a bit-depth of 10 (A1, 
A2 and A classes) and 8 bits (B to D classes). 
 
4.2. Metrics 
 
The rate-distortion/complexity analysis was evaluated in terms of Encoder Time 
Ratio (ETR) and R-D performance. The ETR measure was computed following 
the Equation (1). Regarding the R-D performance, the Bjøntegaard Delta Rate 
(BD-Rate) metric defined by ITU [14] is used. The BD-Rate provides the average 
difference between the R-D curves measured as a percentage of bit rate that is 
necessary to increase or decrease to achieve the same Peak Signal to Noise Ratio  
(PSNR) quality in both curves. In our simulation, a negative BD-Rate means the 
encoded bit rate using the JEM codec under study is lower than the bit rate 
obtained with HM, thus it is denoted as the gain in terms of bit rate saving.  

)(.

)(.
__

HMTimeEnc

JEMTimeEnc
RatioTimeEncoder    (1) 

4.3. Simulation Results 
 
Table 1 shows the performance progress of JEM compared with the HM 16.6 
reference software for the RA configuration in terms of BD-rate gain and ETR. It 
can be observed that JEM codec obtains up to 26% bitrate reduction while 
increasing the computational complexity by around 11×. The performance of JEM 
3.0 compared to the HM reference software is also summarized in terms of 
encoder time in Table 2 for the AI, LP-P, LD-B and RA mode configurations. A 
significant increase of computational complexity can be observed for the AI 
configuration (up to 60×).  
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Table 1: Comparison of different versions of JEM with HM 16.6 [13] 

JEM version 
Random Access (RA) 

BD-Rate ETR 

JEM 1 -20.84 % 5.35 

JEM 2 -22.93 % 5.32 

JEM 3 -26.62 % 11.32 

Table 2: JEM3.0 compared to HEVC coding performance summary with different 
configurations [13] 

Test configuration 
BD-rate ETR 

Y U V Enc.  Dec.  

All Intra -18% -21% -21% 60 2 

Random Access -26% -30% -29% 11 10 

Low Delay-B -21% -25% -26% 7 7 

Low Delay-P -24% -28% -29% 6 4 

 
Figure 5 shows the profiling results of JEM 3.0 obtained for the RA 
configuration. These timing values have been extracted from the average of all the 
tested sequences and the four QP values. As can be seen, more than 70% of the 
encoding time is devoted to the Inter prediction, becoming the most 
computationally expensive operation in the encoder, whereas 23% of the total 
execution time corresponds to the Intra prediction. The remaining encoder 
modules (labelled as “Others”), including transform, quantization, entropy coding, 
and in-loop filtering represents only around 6% of the total encoding time. The 
complexity of the Inter module can be justified by the large amount of repetitive 
operations that the encoder has to perform on the same picture samples but with 
different block partitions. Finally, Table 3 shows in detail the JEM profiling 
results obtained for the RA configuration for all the tested sequences and for 
different stages of the encoder. It can be observed that the new features of 
“Merge” operation in JEM represent an expensive operation in the encoder. 

5. Conclusions 

This paper presents the coding features that are under coordinated test model 
study by the JVET, and presents a rate-distortion/complexity analysis. 
Experimental results show that the new model (JEM 3.0) achieves 25% bitrate 
reduction, but at a cost of an extremely high computational complexity (11×) with 
respect to HEVC. Future versions of the model should consider encoder 
complexity as one of the criteria when evaluating the new tools to be included, 
encouraging further encoder complexity reduction. Moreover, different 
techniques to accelerate the encoder should be proposed before the new standard 
is ready to be used in real applications. These techniques might make use of CPU 
and/or GPU parallelism, as well as other soft computing algorithms. 
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Figure 5: Distribution of encoding time (RA configuration) 

 
 

Table 3: Profiling results for RA configuration (JEM 3.0) 
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Class Sequence 

A1 

Tango 1.61 5.23 4.89 2.17 3.02 0.32 11.62 21.13 2.17 0.26 18.76 22.68 6.16 

Drums100 1.33 3.89 4.00 0.77 2.23 0.26 12.37 16.71 1.62 0.56 27.45 22.72 6.11 

CampfireParty 1.32 4.00 5.57 1.94 2.26 0.29 5.98 35.35 5.27 0.09 12.10 20.04 5.79 

ToddlerFountain 1.36 2.09 4.22 0.56 1.17 0.20 5.52 41.44 4.33 0.05 17.19 17.17 4.72 

A2 

CatRobot 1.15 4.60 4.30 1.50 2.70 0.30 13.46 16.19 1.57 1.12 23.72 23.01 6.40 

TrafficFlow 0.55 4.57 2.95 0.65 2.64 0.21 14.92 23.42 1.04 0.92 25.28 16.65 6.21 

DaylightRoad 1.18 4.39 4.26 1.48 2.56 0.29 12.17 20.03 1.77 1.05 22.78 21.96 6.08 

Rollercoaster 1.75 6.10 5.83 2.68 3.46 0.36 11.73 16.26 1.85 1.11 17.83 24.84 6.21 

A 

Traffic 0.55 3.85 3.31 0.69 2.23 0.24 12.59 21.75 0.78 0.46 26.77 21.23 5.58 

PeopleOnStreet 1.43 2.88 4.48 0.81 1.62 0.28 9.02 24.25 1.86 0.33 24.43 22.94 5.69 

Nebuta 0.60 2.79 2.85 0.50 1.60 0.19 8.53 23.22 2.25 3.49 24.97 22.56 6.47 

SteamLocomotive 1.54 5.62 4.63 2.33 3.23 0.31 11.56 22.71 2.14 0.20 17.96 21.83 5.96 

B 

Kimono 1.17 3.93 4.00 1.07 2.27 0.27 11.98 19.22 1.49 0.41 25.21 23.23 5.77 

ParkScene 0.80 3.68 3.70 0.96 2.14 0.27 11.96 22.38 1.14 0.31 25.35 21.59 5.73 

Cactus 1.10 4.53 4.76 1.68 2.60 0.31 10.67 21.45 1.82 1.01 20.18 23.85 6.09 

BasketballDrive 1.43 4.08 5.04 1.62 2.32 0.31 9.64 25.43 2.58 0.51 18.53 22.44 6.08 

BQTerrace 0.75 4.95 4.57 1.58 2.85 0.34 13.22 13.80 0.70 0.33 25.63 24.22 7.07 

C 

BasketballDrill 1.37 5.16 6.23 2.40 2.89 0.41 9.44 19.58 1.97 0.38 16.40 27.32 6.48 

BQMall 1.22 5.00 5.77 2.29 2.85 0.40 10.69 16.44 1.38 0.40 18.98 28.08 6.51 

PartyScene 0.92 3.86 4.98 1.57 2.18 0.36 10.02 18.74 1.36 0.79 21.52 27.46 6.25 

RaceHorsesC 1.60 4.36 6.44 2.27 2.45 0.43 7.83 23.49 2.27 0.59 15.45 26.16 6.66 

D 

BasketballPass 1.51 4.40 6.75 2.37 2.46 0.45 8.05 21.80 2.44 0.27 15.53 27.07 6.91 

BQSquare 0.59 4.05 4.72 1.35 2.36 0.37 12.95 12.39 0.36 0.88 26.36 26.28 7.37 

BlowingBubbles 0.87 4.39 5.59 2.14 2.52 0.42 10.10 15.66 0.92 0.60 19.92 30.02 6.89 

RaceHorses 1.55 4.40 6.90 2.50 2.48 0.49 7.99 20.35 1.92 0.54 15.52 28.27 7.10 

Class A1 1.40 3.80 4.67 1.36 2.17 0.27 8.87 28.66 3.35 0.24 18.87 20.65 5.70 
Class A2 1.16 4.92 4.33 1.58 2.84 0.29 13.07 18.97 1.56 1.05 22.40 21.61 6.22 
Class A 1.03 3.78 3.81 1.08 2.17 0.26 10.43 22.98 1.76 1.12 23.53 22.14 5.92 
Class B 1.05 4.23 4.41 1.38 2.43 0.30 11.49 20.45 1.54 0.51 22.98 23.06 6.15 
Class C 1.28 4.59 5.86 2.13 2.59 0.40 9.50 19.56 1.74 0.54 18.09 27.26 6.47 
Class D 1.13 4.31 5.99 2.09 2.45 0.43 9.77 17.55 1.41 0.57 19.33 27.91 7.06 

AVERAGE 1.17 4.27 4.83 1.59 2.44 0.32 10.56 21.32 1.88 0.66 20.95 23.74 6.25 

 

Page 2145 of  2288



Acknowledgements 

This work was jointly supported by the Spanish Ministry of Economy and 
Competitiveness and the European Commission (FEDER funds) under the project 
TIN2015-66972-C5-2-R, and by the Spanish Ministry of Education, Culture and Sports 
under the grant FPU13/04601. 

References 

[1] ISO/IEC AND ITU-T, High Efficiency Video Coding (HEVC). ITU-T 
Recommendation H.265 and ISO/IEC 23008-2 (version 3), April 2015. 

[2] ISO/IEC AND ITU-T, Advanced Video Coding for Generic Audiovisual 
Services, ITU-T Recommendation H.264 and ISO/IEC 14496-10 (AVC), 
February 2012. 

[3] J.-R. OHM, G. J. SULLIVAN, H. SCHWARZ, T. K. TAN, AND T. WIEGAND, 
Comparison of the Coding Efficiency of Video Coding Standards - 
Including High Efficiency Video Coding (HEVC), IEEE Trans. Circuits 
Syst. Video Technol., vol. 22, no. 12, pp. 1669–1684, Dec. 2012. 

[4] Cisco Visual Networking Index (VNI) and VNI Service Adoption. Global 
Forecast Update, 2015–2020. June 2016. 

[5] Requirements for a Future Video Coding Standard v4. ISO/IEC WG11 
MPEG, 115th Meeting, Geneva, June 2016, Doc. N16359. 

[6] Requirements for Future Video Coding (H.FVC). Annex Q6.B of report 
of Q6/16 and TD 8R1/WP3, ITU-T SG 16, Geneva, 16-27 January 2017. 

[7] J. CHEN, E. ALSHINA, G. J. SULLIVAN, J.-R. OHM, AND J. BOYCE. 
Algorithm Description of Joint Exploration Test Model 3 (JEM 3), JVET-
C1001, 3rd Meeting, Geneva, June 2016. 

[8] K. SUEHRING, AND X. LI. JVET Common Test Conditions and Software 
Reference Configurations. JVET-B1010, 2nd Meeting, San Diego, 
February 2016. 

[9] G. J. SULLIVAN, J. R. OHM, W. J. HAN, AND T. WIEGAND, Overview of the 
High Efficiency Video Coding (HEVC) Standard, IEEE Trans. Circuits 
Syst. Video Technol., vol. 22, no. 12, pp. 1649-1668, December 2012. 

[10] I.-K. KIM, J. MIN, T. LEE, W.-J. HAN, AND J.-H. PARK, Block Partitioning 
Structure in the HEVC Standard, IEEE Trans. Circuits Syst. Video 
Technol., vol. 22, no. 12, pp. 1697-1706, December 2012. 

[11] Joint Collaborative Team on Video Coding Reference Software, ver. HM 
16.6. [Online]. Available: https://hevc.hhi.fraunhofer.de/ 
svn/svn_HEVCSoftware/ 

[12] JEM reference software, https://jvet.hhi.fraunhofer.de/svn 
/svn_HMJEMSoftware/. 

[13]  M. KARCZEWICZ, AND E. ALSHINA. JVET AHG Report: Tool Evaluation 
(AHG1), JVET-D1001, 4th Meeting, Chengdu, October 2016. 

[14] G. BJØNTEGAARD, Improvements of the BD-PSNR Model, ITU-T SG16 
Q6 Document VCEG-AI11, 35th VCEG Meeting, July 2008. 

Page 2146 of  2288

https://hevc.hhi.fraunhofer.de/%20svn/svn_HEVCSoftware/
https://hevc.hhi.fraunhofer.de/%20svn/svn_HEVCSoftware/
https://jvet.hhi.fraunhofer.de/svn%20/svn_HMJEMSoftware/
https://jvet.hhi.fraunhofer.de/svn%20/svn_HMJEMSoftware/


 

Texture orientation detection over parallel architectures: 
a qualitative overview 

 

Elena Georgiana Paraschiv1, Damián Ruiz-Coll2,    
Maria Pantoja3 and Gerardo Fernández-Escribano1 

1 Computer System Department, Instituto de Investigación en 
Informática de Albacete, University of Castilla-La Mancha, Spain. 

2 Signal Theory and Communications Department,  
University of Rey Juan Carlos, Spain. 

3 Computer Science & Software Engineering Department,  
California Polytechnic State University, USA. 

 
emails: elenag.paraschiv@uclm.es, damian.ruiz.coll@gmail.com, 

mpanto01@calpoly.edu, gerardo.fernandez@uclm.es 
 

Abstract 

In this paper, we propose a high parallel implementation model 
of an optimized version of the Mean Directional Variance 
algorithm using Sliding Window (MDV-SW). On the one hand, 
our approach allows to speed-up the HEVC (High Efficiency 
Video Coding) Intra-prediction in two different ways: first, 
reducing the total number of operations (Intra modes tested) by 
exploiting the directional locality of the image and, second, 
exploiting the parallelization opportunities to reduce the time 
needed for processing a block (operations involved). On the 
other hand, we can obtain the same perceptual information 
(texture orientation) from a raw video file as from a file obtained 
by decoding a HEVC stream.  Therefore, we have focused on 
the real-time applications with an improved parallel version of 
the MDV-SW algorithm, covering most of the 33 angular 
directions proposed in the HEVC standard. The experimental 
results show that our improved version of the original MDV-SW 
algorithm and its parallel version can achieve a high 
computational complexity reduction without perceptive quality 
losses.  
 
Key words: HEVC, Intra-prediction, parallel programming, 
OpenMP, CUDA 
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1.   Introduction 

High Efficiency Video Coding (HEVC) [1] is a new video coding standard 
approved by the Joint Collaborative Team Video Coding (JCT-VC) working 
group, from ITU (International Telecommunication Union) and ISO (International 
Organization for Standardization) international organizations. It is called to 
replace the H.264/AVC standard [2] for high resolution formats beyond High 
Definition (HD), such as the emerging Ultra High Definition format (UHD), 
known as 4K. 
 
The high HEVC efficiency is reached through the high flexibility to adapt the 
three new units called Coded Units (CU), Prediction Units (PU) and Transform 
units (TU) to the local image features. Those units can adopt a wide range of 
block sizes from 4x4 to 64x64. The high computational complexity of HEVC is 
due to fact that the encoder must select the optimal size of the different units and 
also the optimal Intra-prediction mode. This process is implemented by the Rate 
Distortion Optimization (RDO) stage, which carries out an exhaustive evaluation 
of all available combinations of unit sizes and prediction modes, demanding a 
high computational burden.  
 
HEVC has proved to be the state-of-the-art video coding solution for a wide range 
of applications, services, bit rates and formats, from the very low resolution to 
beyond 4K, but with an extremely high computational cost. For example, the high 
HEVC Intra-prediction performance is achieved by using of the brute force in the 
computation of the optimal angular predictor. However, that mass computing 
approach demands a huge amount of computation resources. 
 
In this paper, we propose a parallel version of the MDV-SW algorithm to speed-
up the HEVC Intra-prediction in two different ways: first, reducing the number of 
operations of the optimal gradient detection by exploiting the directional locality 
of the image and, second, using different parallel schemes to reduce the time 
needed for processing a block, trying different compilers and programming 
languages to fully exploit this. Hence, the MDV-SW algorithm is improved from 
[3]: 
 

1. By increasing the number of texture orientations from 12 to 24 rational 
slopes, which improves performance and reduces the quality loss detected 
in the previous version. We use the Mean Directional Variance (MDV) to 
measure the local directionality of the image. 

2. By designing a novel parallel implementation for the computation of the 
Mean Directional Variance. 

 
Our approach can be used not only for HEVC encoding scenarios but also with 
low-power resources cameras where the video information is only available in 
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raw format. The explanation of the algorithm, the simulations and the 
performance evaluation was done with 8x8 pixels blocks.     
 
The rest of this paper is organized as follows. Section 2 and 3 briefly introduces 
the scheme of the HEVC Intra-prediction, as well as the improved version of the 
MDV-SW algorithm, respectively. Section 4 presents the details of our parallel 
approach using OpenMP and CUDA schemes. Finally, Section 5 will show the 
experimental results. Conclusions are detailed in Section 6. 
  

2.   High Efficiency Video Coding 

The HEVC standard use the well-known architecture of hybrid encoding model, 
where the spatial decorrelation is carried out by the Intra-prediction and the 
temporal decorrelation by the Inter-prediction based on the Motion Estimation 
and Motion Compensation (ME-MC) scheme. The residual generated by both 
predictions are transformed to frequential domain with the popular DCT (Discrete 
Cosine Transform). 
 
HEVC has expanded the 9 Intra-prediction modes of H.264/AVC to 35 modes, 
covering an extremely high number of angular orientations. These modes include 
33 directional modes and two non-angular modes (DC and Planar). The 33 
angular modes can be classified into two categories: the first is the Integer 
Position Modes (IPM) composed by five modes, whose orientations match with 
the exact location of the reference pixels, and the second category, named 
Fractional Position Modes (FPM), includes the rest of the modes whose 
orientation is between two reference samples. Therefore, the predictor needs to be 
computed by the interpolation of the two nearest samples, increasing the 
computational cost of the process [3]. 
 
Intra-prediction follows the TUs partition tree and therefore prediction modes are 
applied to 4×4, 8×8, 16×16 and 32×32 size blocks. This makes the calculation of 
Intra-prediction stage very computationally intensive, because all of them have to 
be computed in order to estimate the best one between the full ranges of block 
size. These operations do not present any dependency among block sizes, for 
example 4x4 and 8x8 blocks can be calculated at the same time, but most 
encoders still compute the Intra-prediction using a sequential code, as the HM 
reference model do. The combination of data independence and computational 
complexity makes Intra-prediction a perfect candidate for parallelization 
techniques. In this article, we implemented parallelism at the block level and we 
evaluated the implementation on different parallel architectures to determine 
which one can achieve the highest Intra-prediction performance that means the 
minimum distortion with the minimum bit rate. 
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The Intra-prediction are built by using as reference samples the neighboring 
pixels of the left and top blocks, and these predictors have to be built in both the 
encoder and the decoder. However, the decoder has only the decoded pixels of the 
neighbor blocks that have been quantizated, and consequently their values can be 
far away from the original ones, depending of the quantization step used. This is 
the reason why the encoder is forced to use also as reference pixels the decoded 
pixels of the neighbor blocks, which prevents to build the predictors of one block 
without having been previously encoded and decoded its neighboring blocks. 
 

3.   The MDV-SW algorithm 

Continuing with the work presented in [3], this work has a double aim: to improve 
the MDV-SW algorithm performance by doubling the number of angular 
prediction modes (covered in this section), and to exploit the scalability property 
of MDV-SW algorithm, which favors the implementation in parallel architectures.  
 
It was proved in [3] that, when HEVC reference model is compared to the MDV-
SW algorithm, the computational complexity is reduced around 30% on average, 
with a rate penalty of only 0.4%. This is achieved by detecting the dominant 
texture orientation of a block with a low complexity, which allows the selection of 
a reduced number of angular modes as candidates for the RDO stage. 
 
In MDV-SW, the texture or gradient orientation of a block is given by the lowest 
mean directional variance along certain spatial directions (or co-lines) with 

rational slopes r = rx/ry, where rx and ry are integer positions of lattice Λ ∈ ℤ2, 
which is free of any pixel interpolation processing. Each pair of rational slopes  

(r1 and r2, for example) is considered to form a sublattice Λ ⸦ ℤ2, which allows 
the computation of the pixels belonging to the co-lines with slope r1 and r2. That is 
to say, pixels (x,y) of a co-line can be obtained from the lineal combination of r1 
and r2, eq. (1):  

 
(1) 

where sk = [skx, sky]T k = 0, 1, …, det(MΛ) – 1 is a shifting vector of the 
sublattice Λ, which can be represented by the generator matrix MΛ = [r1, r2], as is 
described in [3]. 
 
As can be seen in Table I, the number of rational slopes used in this paper is 24, 
which is twice the number of directions proposed in [3], so we are increasing a 
50% the angular accuracy of the algorithm. Figure 1 depicts the 33 angular Intra-
prediction modes defined in HEVC (orange solid lines), as well as the 24 rational 
slopes proposed in this work (dashed blue lines for the ones used in [3], and 
dashed green lines for the new ones). 
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Table I. Rational slopes used for the texture orientation 

 

Initial rational 
slopes [REF] 

r0 r1 r2 r3 r4 r5 r6 r7 r8 r9 r10 r11 
-1/1 -1/2 -1/4 0 1/4 1/2 1/1 2/1 4/1  -4/1 -2/1 

New rational 
slopes 

r12 r13 r14 r15 r16 r17 r18 r19 r20 r21 r22 r23 
-3/4 -2/3 -1/3 1/3 2/3 3/4 4/3 3/2 3/1 -3/1 -3/2 -4/3 

 
By using 24 directions instead of 12, the texture orientation detection is 
significantly improved, since it achieves a gradient direction closer to the real 
dominant texture orientation of the block under evaluation. As seen in Figure 1, 
most of the rational slopes are either overlapping the Intra-prediction angular 
modes or they are placed next to them. Therefore, the MDV-SW algorithm is 
improved and it can be considered as good a predictor of the optimal Intra-
prediction mode as HEVC. 
 

  
Figure 1. The 33 angular Intra-prediction modes of HEVC (solid orange lines), rational 

slopes used in [3] (dashed blue lines), and rational slopes added to the previous ones (dashed 
green lines) 
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In this paper, we use a block size of 8x8 pixel, which means that the MDV-SW 
algorithm uses 9x9 blocks, as depicted in Figure 2, where the pixels of the left-
column and top-row are the reference pixels from adjacent blocks that have 
already been coded and decoded. In [3] it was revealed that the use of the original 
pixel, that means, the non-distorted pixels by the quantization stage, causes a poor 
orientation detection accuracy. 
 
For each rational slope, there is a set of co-lines, as it can be seen in Table II, 
which are used to compute the directional variance by applying eq. (2), where 
pj(ri,n) are pixels belonging to the co-line CL(ri,n), and N is the number of pixels 
of the n co-line with slope ri: 
 

 

(2) 

 
The directional variance values obtained in eq. (2) are then used in eq. (3), which 
computes the mean directional variance for each set of co-lines with the same 
rational slope.  

 

(3) 

 
The result obtained when the MDV-SW algorithm is used can be seen in Figure 3, 
which shows the dominant direction of the blocks selected in the synthetic image 
analyzed.  
 
 

 

Figure 2. Example of co-lines with slope r19 in a 9x9 pixel block 
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Table II. Co-lines of a 9x9 block 

Rational slopes Number of pixel of each co-line (N) 
Number of  
co-lines (L) 

r0, r6 2,3,4,5,6,7,8,9,8,7,6,5,4,3,2 15 
r1, r5, r7, r11 2,2,3,3,4,4,5,4,5,4,5,4,5,4,5,4,4,3,3,2,2 21 
r2, r4, r8, r10 2,2,2,2,3,2,2,2,3,2,2,2,3,2,2,2,3,2,2,2,3,2,2,2,3,2,2,2,3,2,2,2,2 33 

r3, r9 9,9,9,9,9,9,9,9,9 9 
r12, r17, r18, r23 2,2,2,2,2,2,2,2,2,3,2,2,2,3,2,2,2,3,2,2,2,2,2,2,2,2,2 27 
r13, r16, r19, r22 2,2,2,2,2,3,2,3,3,3,3,3,3,3,3,3,3,3,3,3,2,3,2,2,2,2,2 27 
r14, r15, r20, r21 2,2,2,3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,2,2,2 27 

 

 

Figure 3. Texture orientation of a synthetic image  

 

4.  Parallel implementation 

In this section, we are going to detail how the MDV-SW algorithm is 
implemented to be executed over different parallel architectures. 
 
Block level parallelism 
 
For every block of size NxN in the frame, we need to calculate 24 different 
gradient directions. So, the algorithm can be summarized as detailed in Figure 4. 

 

   forEach direction[1-24]  
  //The number of diagonals for each direction varies with the angle 
  //The next forEach example is for the rational slopes r1, r5, r7 and r11 
     forEach diagonal[1-21] 
        //calculate diagonal lines 
  find all pixels that belong to the diagonal (Figure 2) 
  add all the pixels inside the diagonal ->diagN 
  calculate the mean for the pixels in the diagonal mean->diagN/npixels 
  calculate the standard deviation of pixels in the diagonal (Equation 1) 
      //average per gradient direction 
      average[direction]=sum[diagonals]/num_diagonals (Equation 2) 
   //calculate the minimum of the 21 directions 
   IntraPred[BlockN]= min(average[direction]) 
 

Figure 4. Pseudocode 
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The MDV-SW direction mode for the entire block is therefore the direction that 
gives the minimal average. For a fixed 8x8 block size, this results in an average of 
24x24=576 gradient direction calculations (24.5 is a mean value, because not all 
the rational slopes have the same number of diagonals). Since we have four 
different block sizes (4x4, 8x8, 16x16 and 32x32) in total, if we assume that the 
average number of diagonals is 24 for all of them, we will need 4 x 576 = 2304 
gradient directions calculation (this is an estimated value, as the number of 
diagonals depend on the size of the blocks); the directions do not present any 
dependency among each other and can be calculated in parallel. In addition, we 
are decoding HD video where every frame contains 14399 blocks of size 8x8 and 
there are 30 frames per second in video, which means that for a 1 minute of 
encoded video we need to calculate the Intra-prediction for around 30 million 
blocks. Any improvement in execution time of the encoder is clearly hugely 
beneficial. 
 
We chose to assign one thread per gradient line calculation which results in 
24x24, 576 threads for an 8x8 blocks and a total of 2304 threads to calculate all 
blocks sizes. Every thread performs around 17 operations (multiplications and 
additions); this will lead to low computations done per thread. Part of the article 
purpose was to determine if the use of a multicore architecture, like Intel’s Xeon 
[4], would be better than a many-core architecture, like the Nvidia GPUs [5]. We 
decided to use OpenMP [6] to program a multicore Intel's Xeon E5 architecture, 
using a standard open source compiler like gcc [7], and also an Intel’s proprietary 
compiler, the Intel Parallel Studio icc [8]. We also used two different compilers to 
evaluate the many-core architecture: Nvidia's nvcc compiler, which requires the 
algorithm to be implemented using the low-level programming language/API 
called CUDA C [9], and the OpenACC [10] compiler, which is not proprietary, 
supports multiple GPU platforms and is pragma based high-level programming 
language. In the next section, we explain the different implementations over these 
architectures. 
 
CPU multicore acceleration using OpenMP 
 
Intel’s Xeon E5 family is a multicore CPU architecture with 12 cores and 
HyperThreading, allowing a maximum of 24 threads of simultaneous execution. 
Intel’s recommend the use of their proprietary C compiler, icc, to optimize the 
hardware specifically for fully exploiting vectorization and data alignment. The 
primary advantages of the Xeon CPUs are their multi-socket capabilities, higher 
core counts, larger cache memory, and support for ECC memory. A Xeon Phi co-
processor, or co-processors, can be used alongside an existing Intel Xeon 
processor to provide increased/improved computing power. The architecture also 
allows the use of common parallel programming languages OpenMP.  
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Since most multicore architectures commercially available have around 4-12 
cores per thread, it does not make any sense to run 504 threads on them because it 
will only slow the execution time. So, we decided to run 24 threads and let the 
compiler choose dynamically (by using the pragma schedule) how many 
operations we want to perform per thread. The main areas accelerated by 
OpenMP pragmas are: 
 
1. #pragma omp task, to calculate the different blocks directions 
2. #pragma omp, for on the one outside loop in Figure C. 
a.1 Using gcc compiler 
Compiler command and flags: gcc -g -Wall -03 sourcefilename -fopenmp 
a.2 Using icc compiler 
Compiler command and flags: icc -g -Wall -03 -vec-report=3 -align 
sourcefile –qopenmp 

 
GPU Many-core implementation using CUDA C and OpenACC 
  
Nvidia GPUs is a many-core architecture used in modern computers as a 
coprocessor to specifically accelerate graphics (video and image). Programming 
for these heterogeneous computer systems has been an area of research for many 
years to accelerate scientific computations. Since the threads used by these 
architectures are mostly hardware managed, the creation of the thread is basically 
free and their parallelism model is based on the assumption that you can run 
hundreds of thousands of threads in parallel. The performing improvements 
provided by this architecture on many different scientific computations resulted in 
the development of several low-level APIs (CUDA, OPENCL, etc.). 
Programming these APIs can take time and usually requires some level of 
expertise to implement them. To solve this problem, recent approaches employ 
directive-based high-level programming like OpenACC. OpenACC is a pragma 
directive based programming language designed to allow easy development for a 
variety of hardware accelerators, including GPUs from different vendors, 
multicore architectures and FPGAs. The goal of the OpenACC compiler is to 
improve the execution time of existing code written in Fortran, C or C++, by 
adding different pragma directives to the code that will allow it to run on the 
available accelerator. OpenACC allows programmers to quickly develop new 
architectures without the need to understand much of the hardware or the need to 
learn new vendor specific programming languages. However, since the compiler 
will take most of the decisions, the performance speed is usually lower than the 
one that can be by using from hardware specific programming languages and 
compilers. OpenACC support is provided by a number of vendors and is defined 
by an open standard. 
 
Since we can run “many” threads in a GPU, initially we chose to calculate a 
diagonal per thread. However, each line is at maximum nine additions (r3 and r9), 
so the work done per thread was very low and we decided to perform two 
diagonals from same direction per thread. 
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CUDA C 
 
Each CUDA block calculates one direction. This way, we can copy the block into 
shared memory reducing the global memory bandwidth bottleneck. Each thread 
inside the CUDA block calculates two of the diagonals. We cannot optimize for 
divergence, since each direction requires different pixels in the block and the 
calculations are slightly different - each thread performs two line and lines differ 
in size. The average of the standard deviations is performed as a reduction to 
avoid atomic adds and obtain maximum thread parallelism. 
 
Compiler command and flags: nvcc -arch=sm_55 sourcefile.cu 
 
 
OpenACC 
 
The implementation in OpenACC is based on the C implementation and mainly 
consists in substituting the OpenMP pragmas described in a.1 by openACC 
pragmas. The for loops in the Intra-prediction are perfect to be accelerated by 
OpenACC directives, !$acc for or !$acc kernels. We added !$acc data specific 
pragmas to specifically express if used data should be copy on the GPU and 
remain there; this way we improve the communication bottleneck. 
 
Compiler command and flags: pgcc -acc -ta:nvidia:managed -Minfo=accel  
sourcefile.c 
 
Analysing the compiler output we can notice that the number of threads created 
by the GPU is below 400, which confirms that is beneficial to perform more than 
one diagonal calculation per thread. 
 

5.  Simulation results 

If we compare the timings presented in Figure 5 for a block size of 8x8, the 
CUDA implementation is clearly the best one. We expect the CUDA 
implementation to perform even better if the video encoded is 4K instead of HD; 
and even more if instead of doing block level parallelism we do parallelism at the 
Image Level calculating all blocks Intra directions at the same time. 
 
We find also very interesting the developing time taken to implement each 
solution. The summary of the lines of codes written for each implementation are 
presented in Table III. The solution using CUDA is the most complex one to 
develop. The solution in OpenACC just took around 1 hour to develop, since the 
code was based in a C implementation. We do expect to have a performance 
overhead when going from a low-level API to a high-level pragma based API, but 
the results are competitive and if development time or lack of a GPU 
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programming experts is a constrain it is a very viable option for scientists to try 
use GPU with OpenACC. 

 
The multicore implementation also shows very good improvements over the 
sequential implementation, which means that even if accelerators like GPUs are 
not available, video encoding can easily be speed up without much rewriting of 
code, just by adding very common pragmas directives. 
 
Table III. Lines of code needed to program for the specific compiler/ Programming language 
 

Compiler + Library Number of lines of code added 

C (original code) 1000 

C + OpenMP 4 extra line more than the original code 

C + OpenACC 2 extra lines more than original code 

CUDA 
Complete rewrite of original code 1000. 

Uses Shared memory and reduction 
  

 
 

6.  Conclusions 

In this paper, we have presented an improved and parallel version of the MDV-
SW algorithm, which is based on the dominant gradient detection. The 
experimental results proved that, even if the MDV-SW algorithm is not 
implemented within the HEVC reference software, it can be easily implemented 
to process raw video files over parallel architectures and obtain the texture 
orientation. Our approach obtained a very significant computational complexity 
reduction with no quality losses from a perceptual point-of-view. The MDV-SW 

Figure 5. Execution times with parallel implementation, using an 8x8 block size 
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algorithm could also be used in a HEVC encoder scenario, since it reduces the 
number of Intra-prediction modes to be tested by a HEVC encoder. 
 
Block level parallelism achieves a significant improvement over sequential 
execution. We did evaluate different architectures and programming paradigms to 
provide the optimal solution for different situations. Therefore, it will allow us to 
develop hardware/software systems to implement the MDV-SW algorithm 
focused in low-power and consumption devices. 
 
We leave for future work how to solve the dependencies between prediction 
blocks in order to make the parallel implementation at Image Level possible.  
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Abstract  

In this paper we introduce a method for efficient augmentation 
of networked systems provided that the pinning controllability 
of the final network is improved. The problem is how to connect 
a sub-network to an already existing network such that the 
controllability is maximised. We consider the eigenratio of the 
augmented Laplacian matrix as a pinning controllability metric, 
and use graph perturbation theory to approximate influence of 
edge addition on the eigenratio. The resulting metric can be 
efficiently used to find the links connecting two disjoint 
networks. We also provide numerical simulations on synthetic 
networks and show that the proposed method is more effective 
than heuristics such as connecting nodes with high degrees or 
betweenness centrality values.  
 
Key words: complex networks, pinning controllability, network 
augmentation, scale-free networks, small-world networks 
 

1.     Introduction 

Many natural and man-made systems can be modelled as networks where a 
number of individual entities, known as agents, nodes or vertices, are coupled 
through connecting links. Real networks have been shown to share some common 
structural properties such as community structure, densification, power-law 
degree distribution and small-world property [1]. There is overwhelming interest 
to study various dynamical phenomena on complex networks. Examples include 
synchronisation [2], consensus [3], information propagation [4] and cascaded 
failures [5]. Synchronisation is the most well-known collective behaviour studied 
in networked systems, where a number of individual dynamical systems 
coordinate their motion through a connection graph. It has been shown that 
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structure of the connection graph has a major role in determining its 
synchronisation properties [6].  

In some applications one needs to control dynamics of a networked system to a 
specific set point. Although dynamical networks can synchronise without 
presence of an external input, one can speed up the synchronisation by controlling 
some of the nodes. This is referred to as pinning control (or pinning 
synchronisation) in the literature, where external input is fed into (often) small 
fraction of nodes, known as driver nodes, to direct the dynamics of the whole 
network into a reference state [7, 8]. A number of approaches have been proposed 
to measure pinning controllability of networked systems. Eigenratio of the 
augmented Laplacian matrix of the connection graph in as effective metric 
measuring pinning controllability of networks [8-10]. This method is based on the 
assumption of having the same dynamics for the reference state and individual 
nodes.  

Engineering network structure to have optimal levels of pinning controllability is 
important in many applications for which the connections graph is required to 
have high controllability. A number of methods have been proposed to improve 
pinning controllability of networks. For example, one can employ link weighting 
[11] or efficient rewirings [12] to enhance the pinning controllability. Another 
important issue in this field is to determine the best drivers. Controlling a node 
involves significant cost, and one is often required to achieve the control task with 
minimum number of drivers, or the best drivers if their number is fixed. The 
pinning control with best drivers has been modelled as an optimisation problem 
and evolutionary optimisation methods have been used to solve the problem to 
obtain the list of best drivers [9, 13]. Moradi Amani et al. proposed a simple 
metric based on the eigenvectors of the Laplacian matrix to find the most 
influential nodes for pinning control [14]. 

In this paper, we propose an approach for effective augmentation of complex 
networks under improved pinning controllability conditions. Network 
augmentation is a phenomenon with significant engineering applications [15]. For 
example, when a new suburb is added to the energy grid, the question is how to 
create the connections between the two networks provided that a certain utility 
function is maximised. Here we consider the case when a new sub-network is 
added to an already existing networked with known driver nodes. The question is 
how to create inter-network links between these two networks such that high level 
of pinning controllability is obtained in the final network.                

 

2.     Pinning Controllability of Complex Dynamical Networked 
Systems 

Here we consider coupled identical dynamical systems where all individual nodes 
follow the same dynamics. Let’s consider a network with N nodes, all having the 
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same dynamics. When there is no pinning control, the dynamics of the motion of 
coupled systems reads 
 

( )
1

( )    ;    1,2,...,
N

i
i ij i j

j

d
F a H i N

dt
σ

=
= + − =∑

x
x x x ,         (1) 

  
where  are d-dimensional state vectors,  defines the (uniforms)  
dynamics of each node, σ is a coupling strength and H is a projection matrix 
indicating from which dimensions the individual dynamical systems are coupled 
to one another. A = (aij) is the adjacency matrix determining the connection graph; 
aij = aji =1 when there is a link between nodes i and j, and aij = aji =0 otherwise. 
We suppose that there are no self-loops in the network, i.e., aii = 0. One can 
rewrite the above equation as  
 

1

( )    ;    1,2,...,
N

i
i ij j

j

d
F l H i N

dt
σ

=

= − =∑
x

x x ,                      (2) 

 
where L = (lij) is Laplacian matrix of the connection graph;  lij = – aij for i ≠ j, and 
lii = ki, where ki is degree of node i, which is calculated by summing all 
connections pointing to this node. 
In pinning control (or synchronisation), often small fraction of nodes are 
considered as drivers to which the external control input is fed. The final aim of 
pinning control is to force the individual dynamical units to follow a reference 
state. Let’s suppose that the reference state s(t) has the same dynamics as the 
individual dynamical nodes 

 

( ) ( )( )=
d t

F t
dt

s
s  .                                                         (3) 

 

If the difference between the trajectories of the individual unites and the above 
reference state goes to zero as time goes to infinity, one can argue that global 
pinning synchronisation is obtained. To achieve this, one needs to apply the 
following control input to driver i 

 

( )i i i iu kσβ= −x s  .                                                     (4) 

 

where ki is the feedback control gain, and βi indicates the driver nodes such that βi 
= 1, if node i is a driver node, and βi = 0 otherwise. Therefore, equations of 
motion of the controlled networked system read 
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( )
1

( )    ;    1,2,...,
N

i
i ij j i i i

j

d
F l H k i N

dt
σ σβ

=

= − − − =∑
x

x x s x  ,       (5) 

 

An important problem in designing pinning control strategy is to determine the 
parameters that guarantee stability of the synchronised solution x1(t) = x2(t) = … 
= xN(t) = s(t). A number of approaches have been proposed to obtain sufficient or 
necessary conditions for the stability of synchronised solution in pinning control. 
The approach based on master stability function is a prime choice in this field [8, 
12, 13, 16], which is based on studying linear stability of variational equations. It 
leads to a criterion for linear stability of the synchronised solution, i.e., a 
necessary stability condition. This solution is based on the eigen-decomposition 
of the augmented Laplacian matrix, defined as 

  

111 1 1 12

21 11 1 2 2

1 2

                   

                  
        

                                  

                              

N

N
a

N N NN N N

ll k l

l l k l
L

l l l k

β
β

β

+ 
 + =

 + 

…

…

⋮ ⋮ … ⋮

…

.          (6) 

 

The augmented Laplacian matrix is indeed the original Laplacian matrix (for the 
case without any pinning control input) with added diagonal terms associated with 
the pinning control. It has been shown that the eigenvalues of the augmented 
Laplacian matrix are non-zero and positive as 0 < λ1 ≤ λ2 ≤ … ≤ λN for connected 
networks. The eigenratio R = λN / λ1 is considered as a metric measuring the 
pinning controllability such that the smaller the eigenratio R is, the better the 
pinning controllability is. Indeed this metric is based on the interpretation that 
“network N1 is more controllable than network N2, if for a larger range of 
coupling parameter σ it is possible to control N1 as compared to N2” [12]. An 
interesting thing about the eigenratio is that is depends solely on the structure of 
the connection graph and is independent of dynamics of individual dynamical 
systems.   

 

3.     Effective Network Augmentation under Optimal Controllability 
Condition 

Our problem here is how to efficiently augment networks improving their pinning 
controllability. We assume that there is an existing network with fixed topology 
and predetermined driver nodes; let’s denote this network by NA. We then 
consider a new sub-network, denoted by NB, which is required to be connected to 
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NA. There will be I inter-network connections to be made between the two 
networks. The problem is to find the tipping nodes from NA and NB such as that 
creating I inter-network links between them results in high levels of pinning 
controllability as measured by the eigenratio of the augmented Laplacian of the 
whole network. Here we use graph perturbation theory [12, 17] in order to find an 
approximate solution to this problem, and show that it is more effective than 
heuristics such as connecting high-degree nodes from both sides.  

Let’s denote the eigenvalues and eigenvectors of the augmented Laplacian LA by 
λi and ui, respectively. Let’s suppose that adding an edge results in the changes in 
LA, λ and u as ∆ LA, ∆λ and ∆u, respectively. Considering the basic definition of 
eigen-decomposition problem and some simple operations, one obtains 

      ,      1, 2,...,
T
i i

i T
i i

L
i Nλ ∆

∆ = =
u u

u u
.               (7) 

The pinning controllability index depends on λ1 and λN. If a link is created 
between two non-connected nodes i and j, it is simple to show that the change in 
these eigenvalues due to this link addition can be approximated as  

 
2

1 1 1

2

( )

( )

i j

N Ni Nj

λ

λ

∆ ≈ −


∆ ≈ −

u u

u u
,                                           (8) 

 

where u1i and uNi are the i-th entry of the eigenvectors corresponding to λ2 and λN, 
respectively. Using equation (8) and assuming ∆λ1 << λ1, the change in the 
eigenratio R by adding a link between nodes i and j can be approximated as  

   
2 2

1 1 1

2
1

( ) ( )Ni Nj N i jR
λ λ

λ
− − −

∆ ≈
u u u u

.           (9) 

 

The above equation is the key equation to use here. One can first create a random 
link between networks NA and NB to make them a connected network, provided 
that networks NA and NB are connected networks themselves. Then, one should 
make an eigen-decomposition and obtain the above value for any inter-network 
links. Finally, the top-I values are selected and inter-networks are created based 
on them. Note that one has to remove the link initially created between the two 
networks.   
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4.     Numerical Simulations 

In order to show the effectiveness of the proposed method, we include numerical 
simulations on synthetic networks. As network structures for both networks NA 
and NB, we considered scale-free networks constructed as follow. First, an all-to-
all connected network with m nodes is considered. Then, at each step a new node 
is added to the network and creates m connections. The probability that an old 
node is connected to the newly added node is proportional to its degree; the higher 
the degree of an old node is, the higher the probability of being connected to the 
new node. The networks evolved using this algorithm will have scale-free degree 
distribution, meaning that many nodes will have small degrees, while a few nodes 
will have large degree values. Furthermore, the average degree of the network 
will be almost 2m.      

We construct the existing network NA with size N = 1000 and m = 5. The network 
NB that is augmented in the existing network is considered with different size and 
average degree. I = 10 inter-network connections are created. We compare the 
performance of the proposed method with heuristic approaches including 
connecting the nodes with the highest degree or betweenness centrality from each 
side. Figures 1 and 2 shows the results, where outperformance of the proposed 
method is clear. Note that as the eigenratio R get lower values, the pinning 
controllability is better.    

 

5.     Conclusions 

Control and synchronisation of complex networks has many potential applications 
in science and engineering. In this paper we considered the problem of network 
augmentation subject to maximising pinning controllability of the final network. 
A new sub-network with a specific structure is connected to an existing network 
with fixed topology and driver nodes. The problem is to find nodes from these 
two networks to create a number of inter-network connections. We used the 
eigenratio of the augmented Laplacian matrix, the largest eigenvalue divided by 
the smallest one, as a metric measuring pinning controllability of networks. 
Networks with lower eigenratio have better pinning controllability. We proposed 
a method based on graph perturbation theory and introduced a metric to find the 
best inter-network links. Our numerical simulations on synthetic networks showed 
that our proposed method outperforms heuristic methods including connecting the 
nodes with the highest degree or betweenness centrality from each side. 
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Figure1: The eigenratio R as a function of average degree (m/2) of network NB. 
The size of network NB is set to 200. I = 10 inter-networks are created based on 
the proposed method (black line), by connecting high degree nodes from each 
side (dashed black line), or by connecting those with high betweenness centrality 
(cyan line). Data show mean values with errorbars corresponding to the standard 
deviation over 50 realizations.    

 
Figure 2: The eigenratio R as a function of size of network NB. We fix m = 5. 
Other designations are as Figure 1. 
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Abstract 

The aim of optimization methods consists in searching for an 
optimal value for a specific function within a constrained or 
unconstrained domain. These methods are useful for a wide 
range of scientific and engineering applications. Recently, a new 
optimization method called Jaya has generated a growing 
interest due to its simplicity and efficiency. In this paper, a 
parallel version of Jaya is developed and implemented for  
manycore platforms. The performance of the parallel 
implementation is compared with that of the sequential version 
of the algorithm when optimizing a function benchmark. The 
results indicate that the parallel Jaya algorithm achieves a 
significant speed-up for each of the functions, up to 190x.  
 
Key words: Jaya, optimization, parallelism, GPU, CUDA 

 

1. Introduction  
Optimization methods are devoted to find an optimal value for a given function, 
generally a minimum. Each function to be optimized has its specific domain, 
behaviour and number of variables involved. Indeed, some of these functions 
have local minima, so the find of the absolute optimum can become very difficult.  

Optimization methods can be mainly divided into deterministic and heuristic 
approaches. Deterministic approaches take advantage of the analytical properties 
of the function (see [1]). When coping with non-convex or large-scale 
optimization problems, determining the global optimum may become a very 
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complex task. In this case, heuristic methods should be used since they are usually 
more flexible and efficient than deterministic ones, and the computational time 
required to find the optimum can be highly reduced.  

Heuristic optimization methods are classified into Evolutionary Algorithms (EA) 
and Swarm Intelligence (SI) algorithms. Among the EA methods, it is worthwhile 
mentioning Genetic Algorithm (GA), Differential Evolution (DE), Evolutionary 
Strategy, and some others. Among the SI methods (see [2]), it is worthwhile 
mentioning Particle Swarm Optimization (PSO), Artificial Bee Colony (ABC), 
and some others. Other methods based on nature phenomena have been 
developed, such as Harmony Search (HS), Biogeography-Based Optimization 
(BBO), and some others (see [3, 4]). The success of most of the mentioned 
algorithms is greatly conditioned by their specific parameters. The proper tuning 
of these parameters is a crucial factor for an efficient find of the global optimum.  

Recently, two optimization methods have been proposed, namely TLBO 
(Teacher-Learner Based Optimization) [5] and Jaya [6]. Both optimizations 
algorithms have the advantage of not needing specific parameter tuning. They 
only require general parameters such as the number of iterations and the 
population dimension. Although they are very similar, TLBO uses two phases 
each one of iterations, whereas Jaya only performs one phase each one of the 
iterations. The Jaya algorithm has generated a growing interest in many scientific 
and engineering areas due to its simplicity and efficiency, see for example [7-15]. 

Optimization algorithms have been usually implemented on computer systems 
following a traditional, sequential approach. However, most of these algorithms 
are feasible to be decomposed into independent tasks and executed in parallel. In 
the last years, the performance of parallel hardware architectures has greatly 
increased, while their cost has been highly reduced. Nevertheless, parallelizing an 
algorithm is not a simple task since it requires a reformulation and adequacy to 
the specific architecture to be used. Among these architectures, it is worthwhile 
mentioning the multiprocessors and the manycore Graphics Processing Units 
(GPU). GPUs are originally dedicated to graphics processing but, since they have 
become massively parallel resources, they are suitable to be applied to other high 
performance processing tasks. Some research works can be found in the literature 
which demonstrate the advantages of executing parallel implementations of 
optimization algorithms on multiprocessors (see for example [16-20]) and on 
manycore GPUs (see for example [21-26]).  

2. The Jaya Algorithm  
As mentioned earlier the Jaya algorithm has the advantage of not requiring 
specific tuning parameter: only population size (number of different individuals) 
and generations (number of iterations) should be configured. This algorithm is 
based on the fact that the optimal solution for a given problem can be obtained 
moving towards the best partial solution and, at the same time, avoiding the worst 
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solution. Compared with other optimization methods such as GA, ABC, DDE, 
PSO, and TLBO, Jaya obtained better results in terms of best, mean, and worst 
values of different unconstrained benchmark functions [27]. 

The description of the Jaya algorithm is as follows. Let f(x) be the objective 
function to be minimized (or maximized). At any iteration i, assume that there are 
n design variables (i.e. j = 1, 2,… , n) and p candidate solutions (i.e. population 
size, k = 1, 2, …, p). The best candidate obtains the best value of f(x) (i.e. f(x)best) 
in the whole candidate solutions, and the worst candidate obtains the worst value 
of f(x) (i.e. f(x)worst) in the whole candidate solutions. If Xj,k,i is the value of the jth 
variable for the kth candidate during the ith iteration, then this value is modified 
by means of the following equation: 

X'j,k,i = Xj,k,i + r1,j,i (Xj,best,i   │Xj,k,i│)  r2,j,i (Xj,worst,i  │Xj,k,i│) (1) 

where Xj,best,i is the value of the variable j for the best candidate, and Xj,worst,i is the 
value of the variable j for the worst candidate.  

In Equation (1) X'j,k,i is the updated value of Xj,k,i, and r1,j,i and r2,j,i are two random 
numbers in the range [0, 1], for the jth variable computed in the ith iteration. The 
term r1,j,i (Xj,best,i  │Xj,k,i│) indicates the tendency of the algorithm to move closer 
to the best solution, whereas the term  r2,j,i (Xj,worst,i  │Xj,k,i│) indicates the 
tendency of the algorithm to avoid the worst solution. Obviously, the new 
candidate (X'j,k,i) is accepted only if it gives a better function evaluation. All the 
accepted function values at the end of each one of the iterations are maintained, so 
these values become the input to the next iteration. 

3. Parallelization of Jaya  
The Jaya algorithm has inherent parallel features which can be exploited. On the 
one hand, each candidate solution (individual k = 1, 2,…, p in the algorithm) into 
the population can independently perform the function evaluation. Moreover, 
each design variable (j = 1, 2,… , n in the algorithm) can update its value, taking 
into account the current best and worst values. 

On the other hand, the Jaya algorithm performs some independent executions 
(Runs) of the algorithm, in our proposal we try to execute all these executions 
simultaneously. Considering all the computed solutions, the statistical data about 
the results (best, worst and mean solution, and also standard deviation) are the 
algorithm output.  

Our parallel Jaya algorithm was designed using CUDA 7.5. Two different Nvidia 
Maxwell GPUs were used to evaluate the parallel performance respect to the 
sequential implementation, evaluated on two general purpose Intel processors. 
The GPUs used were the Nvidia GTX950 (768 CUDA cores, 1.025 GHz, 2 GB 
memory) and the GTX970 (1,664 CUDA cores, 1.05 GHz, 4 GB memory). Intel 
processors used were the i7-4790 (4 cores, 3.6 GHz) and the i7-6700 (4 cores, 3.4 
GHz). 
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Both GPUs used are Maxwell Nvidia GPUs, which therefore are composed by 
Maxwell Streaming Multiprocessors (SMM), each one with 128 CUDA cores. 
Regarding the Jaya algorithm, at each iteration the updated whole population have 
to be shared for all threads involved in the computing, thus, in order to obtain 
good parallel behaviour, the population data should be stored in the shared 
memory. Given that the shared memory is owned by each SMM, each 
independent execution of the algorithm is mapped on one SMM, thus the number 
of thread blocks in the grid of the kernel launched is equal to the desired number 
of independent executions (Runs). On the other hand, the number of threads per 
block in the grid were configured in a 2D array, being the row size equal to the 
population size and the column size is equal to the number of design variables, 
which depends on the function to be optimized. The shared memory is used to 
store: the whole population, the partial values of the function evaluation, the new 
candidates, and other data as for example the indices of the current best and worst 
solution. Each thread performs the updating of one design variable and computes 
the part of the function evaluation corresponding to the assigned design variable. 
Only one thread have to perform the reduction process of computing the final 
value of the global function evaluation for each specific individual. Note that the 
partial values of the function evaluation have to be stored in the shared memory, 
increasing the shared memory requirements, to be able to efficiently carry out the 
last reduction process. Figure 1 depicts the parallel computing of the partial 
values of the function evaluation for whole population respect to each thread 
block, where P is the population size and N is the number of the design variables 
of the function to be optimized. N that the value of P is assigned as tuning 
parameter while the value of N cannot be modified since it is inherent to the 
chosen function.   

Worthy to note that the shared memory performance and the available amount is a 
key to obtain good speed-ups. On the one hand the shared memory performance 
allows share efficiently the data involved in the computing, and on the other hand 
the amount of shared allows to increase the population size.  

4. Experimentation 
The comparison between the sequential and the parallel implementations of the 
algorithm was made taking into account 30 unconstrained functions frequently 
used as a well-known benchmark in several works about optimization. First, the 
Rosenbrock function was chosen so as to provide a complete set of statistical 
results. This function is usually defined with 30 design variables.  
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Figure 1. Data computing distribution for one independent run (block). 

 
The number of iterations was fixed to 30,000. Two parameters were modified so 
as to evaluate the speed-up when compared with the sequential implementation 
and the error in the function optimization: number of Runs (which value sets the 
number of thread blocks) was varied in the set of values {2, 4, 8, 16, 32, 64, 128, 
256}; with regard to population size (number of individuals), its value was varied 
within the set {8, 16, 32}. Figure 2 shows the speed-up achieved when comparing 
the parallel implementation on the Nvidia GTX970 GPU with the sequential 
execution on the Intel i7-4790 processor. The X-axis corresponds to the number 
of independent executions (Runs), whereas each bar from left to right within a 
specific value of Runs corresponds to a population size of 8, 16, and 32 
individuals respectively. Obviously, when the value of Runs is lower than the 
number of MSS (13 for the Nvidia GTX970) the GPU cannot be fully occupied 
obtaining low speed-up values. It can be observed that a maximum speed-up 
higher than 50x was obtained with 64 Runs and a population size of 8. In this 
case, the error was in the order of 10−3 for both the sequential and the parallel 
implementations. Worthy to note that the parallel performance improves as the 
population size decreases, this is due to the reduction processes become more 
significant respect to the total computational cost. Obviously the optimal 
population size depends on the computational cost of the function evaluation to be 
optimized. 

Second, the full set of unconstrained functions was also optimized by means of 
the sequential and the parallel version of the Jaya algorithm. Speed-up was 
calculated by following the same criteria as with the Rosenbrock function with 
regard of fixed number of iterations, number of independent executions, and 
population size. Remark that, depending on the function to be optimized, the 
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value of Runs were increased up to 1024, whereas in other cases this parameter 
had to be decreased to 128 or even 64 due to the features of the GTX950 GPU. 
Figure 3 shows the maximum speed-up obtained when optimizing the whole 
benchmark functions. It can be observed that, in some cases, the speed-up is 
higher than 100x. Indeed, in case of F05 (the Matyas function), the speed-up is 
near 190x with a population size of 64 and 1024 Runs. Table 1 shows the value of 
Runs and the population size related to the maximum speed-up obtained for each 
one of the benchmark functions.  
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Figure 2. Speed-up obtained for the Rosenbrock function with different 
independent executions (Runs) and population sizes. 

5. Conclusions  
In this work, a parallelization of Jaya, a recent optimization algorithm, is 
proposed. The algorithm is implemented in a manycore GPU platform using 
CUDA, and its performance is compared with that of a conventional sequential 
version of the algorithm implemented in general purpose processors. Results 
obtained using two different GPUs are tested by means of a benchmark of 30 
unconstrained functions. The results of the experimentation demonstrate that the 
parallel implementation of Jaya on GPUs provides a significant speed-up when 
compared with the sequential execution. In the best case, the speed-up rises to 
190x, being the mean speed-up for the 30 benchmark functions equal to 53x, 
whereas the median is 41x. 
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Figure 3. Maximum speed-up for the 30 benchmark functions. 
 
 

Function Name of function Popul. Runs Function Name of function Popul. Runs 
F01 Sphere 8 256 F16 Booth 256 256 
F02 Sum of squares 16 128 F17 Michalewicz_2 64 256 
F03 Beale 64 128 F18 Michalewicz_5 128 64 
F04 Easom 64 512 F19 Bohachevsky_2 64 256 
F05 Matyas 64 1024 F20 Bohachevsky_3 64 512 
F06 Colville 32 128 F21 Goldstein-Price 64 128 
F07 Trid_6 32 512 F22 Perm 32 512 
F08 Trid_10 8 512 F23 Hartmann_3 64 64 
F09 Zakharov 32 64 F24 Ackley 8 128 
F10 Schweffel_1.2 16 32 F25 Penalized_2 8 128 
F11 Rosenbrock 8 64 F26 Langerman_2 64 512 
F12 Dixon-Price 8 256 F27 Langerman_5 32 256 
F13 Foxholes 64 256 F28 Langermann_10 32 128 
F14 Branin 128 256 F29 Fletcher-Powell_5 32 128 
F15 Bohachevsky_1 128 512 F30 Fletcher-Powell_1 16 256 

 
Table 1. Population size and Runs at the maximum speed-up for the 30 

benchmark functions. 
 

 
As future work, new benchmark functions should be analysed so as to obtain 
additional performance results of the parallel Jaya algorithm, paying special 
attention to constrained functions. Furthermore, other optimization algorithms 
should be parallelized and implemented on manycore platforms and compared to 
the Jaya algorithm. 

Page 2174 of  2288



GPU IMPLEMENTATION OF THE JAYA OPTIMIZATION ALGORITHM 
 

 

6. References 

[1] M.-H. LIN, J.-F. TSAI AND C.-S. YU, A Review of Deterministic 
Optimization Methods in Engineering and Management. Mathematical 
Problems in Engineering, vol. 2012 (2012). 

[2] E. BONABEAU, M. DORIGO AND G. THERAULAZ, Swarm Intelligence: 
From Natural to Artificial Systems, Oxford University Press, NY, 1999. 

[3] R.V. RAO AND V. PATEL, An elitist teaching-learning-based optimization 
algorithm for solving complex constrained optimization problems. 
International Journal of Industrial Engineering Computations, 3 (2012) 
535–560. 

[4] R.V. RAO AND V. PATEL, Comparative performance of an elitist teaching-
learning-based optimization algorithm for solving unconstrained 
optimization problems. International Journal of Industrial Engineering 
Computations, 4 (2013) 29–50. 

[5] R.V. RAO, V.J. SAVSANI AND D.P. VAKHARIA, Teaching–learning-based 
optimization: A novel method for constrained mechanical design 
optimization problems. Computer-Aided Design, 43 (2011), 303–315. 

[6] R.V. RAO, Jaya: A simple and new optimization algorithm for solving 
constrained and unconstrained optimization problems. International 
Journal of Industrial Engineering Computations, vol. 7 (2016) 19–34. 

[7] S.P. SINGH, T.PRAKASH, V. SINGH AND M.G. BABU, Analytic hierarchy 
process based automatic generation control of multi-area interconnected 
power system using Jaya algorithm. Engineering Applications of 
Artificial Intelligence, vol. 60 (2017) 35–44. 

[8] K. GAO, A. SADOLLAH, Y. ZHANG, R. SU AND K.G.J. LI, Discrete Jaya 
algorithm for flexible job shop scheduling problem with new job insertion, 
International Conference on Control, Automation, Robotics & Vision 
(ICARCV). IEEE (2016) 1–5. 

[9] H. SHAYEGHI, H. SHAYANFAR, S. ASEFI AND A. YOUNESI, Optimal tuning 
and comparison of different power system stabilizers using different 
performance indices via Jaya algorithm. Proceedings of the International 
Conference on Scientific Computing (CSC). The Steering Committee of 
The World Congress in Computer Science, Computer Engineering and 
Applied Computing (WorldComp) (2016) 34. 

[10] K. GAO, Y. ZHANG, A. SADOLLAH AND R. SU, Jaya algorithm for solving 
urban traffic signal control problem, International Conference on Control, 
Automation, Robotics & Vision (ICARCV). IEEE (2016) 1–6. 

[11] R. AZIZIPANAH-ABARGHOOEE, M.MALEKPOUR, M. ZARE AND V. TERZIJA, 
A new inertia emulator and fuzzy-based lfc to support inertial and 
governor responses using Jaya algorithm. Power and Energy Society 
General Meeting (PESGM) IEEE (2016) 1–5. 

Page 2175 of  2288



GPU IMPLEMENTATION OF THE JAYA OPTIMIZATION ALGORITHM 
 

[12]  K. ABHISHEK, V.R. KUMAR, S. DATTA AND S.S. MAHAPATRA, Application 
of Jaya algorithm for the optimization of machining performance 
characteristics during the turning of cfrp (epoxy) composites: comparison 
with TLBO, GA, and ICA. Engineering with Computers (2016) 1–19. 

[13] M. BHOYE, M. PANDYA, S. VALVI, I. N. TRIVEDI, P. JANGIR AND S.A. 
PARMAR, An emission constraint economic load dispatch problem 
solution with microgrid using Jaya algorithm. International Conference 
on Energy Efficient Technologies for Sustainability (ICEETS), 2016. 
IEEE (2016) 497–502. 

[14] I.N. TRIVEDI, S.N. PUROHIT, P. JANGIR AND M.T. BHOYE, Environment 
dispatch of distributed energy resources in a microgrid using Jaya 
algorithm. 2016 2nd International Conference on Advances in Electrical, 
Electronics, Information, Communication and Bio-Informatics (AEEICB). 
IEEE (2016) 224–228. 

[15] S. MISHRA AND P.K. RAY, Power quality improvement using photovoltaic 
fed dstatcom based on Jaya optimization. IEEE Transactions on 
Sustainable Energy, vol. 7, no. 4 (2016) 1672–1680. 

[16] A. J. UMBARKAR, N. M. ROTHE AND A.S. SATHE, OpenMP Teaching-
Learning Based Optimization Algorithm over Multi-Core System. 
International Journal of Intelligent Systems and Applications, vol. 7 
(2015) 57-65. 

[17] A.J. UMBARKAR, M.S. JOSHI AND P.D. SHETH, OpenMP Dual Population 
Genetic Algorithm for Solving Constrained Optimization Problems. 
International Journal of Information Engineering and Electronic Business, 
vol. 1 (2015) 59-65. 

[18] R. BANOS, J. ORTEGA AND C. GIL, Comparing multicore implementations 
of evolutionary meta-heuristics for transportation problems. Annals of 
Multicore and GPU Programming, vol. 1, no.1 (2014). 

[19] R. BANOS, J. ORTEGA AND C. GIL, Hybrid MPI/OpenMP Parallel 
Evolutionary Algorithms for Vehicle Routing Problems. Applications of 
Evolutionary Computation: 17th European Conference, EvoApplications 
2014, Granada, Spain (2014) 

[20] P. DELISLE, M. KRAJECKI, M. GRAVEL AND C. GAGNÉ, Parallel 
implementation of an ant colony optimization metaheuristic with 
OpenMP. Proceedings of the 3rd European Workshop on OpenMP 
(EWOMP’01), Barcelona, Spain (2001). 

[21] Y. TAN AND K. DING, A Survey on GPU-Based Implementation of Swarm 
Intelligence Algorithms, IEEE Transactions on Cybernetics, vol. 46, no. 9 
(2016), 2028-2041. 

[22] G.-H. LUO, S.-K. HUANG, Y.-S. CHANG, S.-M. YUAN, A parallel Bees 
Algorithm implementation on GPU, Journal of Systems Architecture 60 
(2014) 271–279. 

Page 2176 of  2288



GPU IMPLEMENTATION OF THE JAYA OPTIMIZATION ALGORITHM 
 

[23] A. DELÉVACQ, P. DELISLE, M. GRAVEL AND M. KRAJECKI, Parallel Ant 
Colony Optimization on Graphics Processing Units, Journal of Parallel 
and Distributed Computing, 73 (2013) 52–61. 

[24] L. MUSSI, F. DAOLIO AND S. CAGNONI, Evaluation of parallel particle 
swarm optimization algorithms within the CUDA architecture, 
Information Sciences, 181 (2011) 4642–4657. 

[25] L.P. VERONESE AND R.A. KROHLING, Differential Evolution Algorithm on 
the GPU with C-CUDA, 2010 IEEE Congress on Evolutionary 
Computation –CEC (2010) 1-7. 

[26] Y. ZHOU AND Y. TAN, GPU-based Parallel Particle Swarm Optimization, 
2009 IEEE Congress on Evolutionary Computation - CEC 2009 (2009) 
1493-1500. 

[27] R.V. RAO AND G.G. WAGHMARE, A new optimization algorithm for 
solving complex constrained design optimization problems. Engineering 
optimization, vol. 49, no. 1 (2017) 60–83. 

 

Page 2177 of  2288



 

Helical Gold Nanorod and Chiral Gold Nanocage 
Structures 

 

Xiaojing Liu 1 and Ian Hamilton2 

1 Department of Chemistry, Wilfrid Laurier University, Waterloo, ON, 
Canada N2L 3C5 

 
 

emails: xxliu@wlu.ca, ihamilton@wlu.ca 
 

Abstract 

We present intrinsically chiral gold Au9n+6 structures consist of 
an Au9n tube which is capped with Au3 units at each end. The 
intrinsic chirality of these structures results from the helicity of 
the gold strands which form the tube and not because an 
individual Au atom is a chiral center. The symmetry of these 
structures is C3 and substructures of gold hexagons with a gold 
atom in the middle are particularly prominent. 
 
Key words: gold nanostructures, relativistic density functional 
theory 
 

Introduction 

Gold nanoparticles have received a great deal of attention due to their size-related 
properties which can differ significantly from those of  bulk gold. Thus, whereas 
bulk gold is inert, it was shown that gold nanoparticles are effective catalysts for 
the oxidation of carbon monoxide and a number of other chemical reactions.  
 
For gold clusters, compact, tube, and cage structures have all been shown to be 
stable. Cage structures are of particular interest because it may be possible to 
encapsulate (and stabilize) species inside the cage.  
 
There are a number of instances in which chirality is induced in a gold cluster by 
chiral ligands or a chiral arrangement of achiral ligands and this chirality may be 
retained if the ligands are subsequently removed. However, there are only a few 
instances in which a bare gold cluster is intrinsically chiral.  
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Results  

We have established the stability of helical gold nanorods with 24, 32, and 40 
gold atoms.[1] These structures have a core comprised of a linear strand of 3, 4, 
and 5 gold atoms and a shell comprised of seven helical strands of 3, 4, and 5 gold 
atoms. We have studied the IR spectra of these species and also the corresponding 
vibrational circular dichroism (VCD) spectra. A detailed examination of the VCD 
spectra with adsorbed CClHDT allowed us to establish helical gold nanorods as 
chiral recognition nanostructures.[2] Starting from the helical gold nanorods, 
removing the central linear strand, increasing the number of helical strands, and 
capping the resulting helical gold nanotube at each end, we obtain a series of 
chiral gold nanocage structures. These gold nanorod and nanocage structures, 
which exhibit unique electronic and magnetic properties, have potential use in 
chiral catalysis and as components in nanostructured devices. 
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Abstract 
A new SEIRS epidemic model with nonlinear incidence rate and 
nonpermanent immunity is presented in the present paper. 
Initially, a stability analysis is performed and we proceed to the 
determination of the necessary and sufficient conditions for the 
occurence of Hopf bifurcation of codimension 1 or higher. The 
fact that the incidence rate per infective individual is given by a 
nonlinear function, product of rational powers of two state 
variables leads to a more realistic modeling of the physical 
problem itself. A stability analysis is performed and the features 
of Hopf bifurcation are investigated. Both the corresponding 
critical regions in the parameter space and their stability 
characteristics are presented. Furthermore, by using algorithms 
based on a new symbolic form as regards the restriction of an n -
dimensional nonlinear parametric system to the center manifold 
and the normal forms of the corresponding Hopf bifurcation, as 
well, the associated bifurcation diagram is derived. Also, various 
emerged limit cycles, as well as a homoclinic point-to-point 
(P2P) connecting orbit are numerically obtained by appropriate 
implemented methods. 
 
Keywords: Epidemic models; Hopf bifurcations; Limit cycle, 
Homoclinic P2P connection 
 

1.	 	 Introduction	

In this paper we present a new epidemic SEIRS model with nonlinear incidence 
rate and nonpermanent immunity. We deal with the stability analysis and we 
proceed to the determination of the necessary and sufficient conditions for the 
occurrence of Hopf bifurcation of codimension 1 and 2. The problem is governed 
by the following 4D differential dynamical system: 
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where  denote the number of susceptible, exposed (incubating), 
infective, recovered individuals and the total population, respectively, while 

 stand for the system parameters and  is the incidence rate 
per infective individual. Regarding their physical meaning,  denotes the birth 
rate, d  denotes the physical death rate, 

, , , ,S E I R N

, , ,ε σ α γ, ,r d ( , )h S I
r

  denotes the rate of loss of immunity,   
denotes the rate of incubation,   is the additional death rate due to the epidemic, 
and  is the recovery rate. By setting 

 1 1( , ) /m s m sh S I βS I N     (1.2) 
with , ,m s  positive constants ( ), and normalizing with respect to the total 
population , which is considered constant, taking into account the latter of 
(1.1), the above system is reduced to a 3D one, namely 
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N
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x r ε r ε x εw εy axy βx y

w r σ w awy βx y

y σw r γ α y ay

       

    

    







  (1.3) 

where / ,  / ,  /  x S N w E N y I N    and 1x w y z    . The analysis is multi-
parametric, meaning that the parameter space of the system is structured by three 
varying parameters. In Section 2 a stability analysis of the system is performed, 
where the active parameters are determined and various graphical representations 
are obtained concerning the critical (with respect to Hopf bifurcations) values of 
the varying parameters, as well as the critical, noncritical and stability regions in 
the parameter space considered. Via effective algorithms based on a new proper 
symbolic form regarding the center manifold (see [4]), and carried out using the 
symbolic computation software Mathematica, the corresponding bifurcation 
portraits are plotted throughout the regions of the parameter space under 
consideration. Using a custom multiple shooting method, as well as a modified 
orthogonal collocation method on finite elements, limit cycles corresponding to 
the cases resulted from the analysis and a homoclinic P2P connecting orbit are 
presented together with the associated technical details. 

2.	 	 Stability	analysis	–	Hopf	bifurcation		

The final reduced system (1.3) possesses two types of equilibria; a disease-free 

one, namely 
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  0Σ 1,0,0   (1.4) 

and an endemic one of the form 0 0 0
1Σ ( , , )x y z  with 0 0y   obtained after some 

tedious algebraic manipulations, as 
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where . We focus on the 

endemic equilibrium 
0 1 2 3 1 2 4 1,  ,  ,  ,  κ r ε κ r ε σ κ r γ α κ κ κ κ κ κ          


2

0 0 0
1Σ , ,x y w 0 0 0, , with x y w  given in (1.5) - (1.7), since it 

corresponds to persistence of the disease. 
Regarding the local stability of , taking into account Eqns. 1Σ (1.5), (1.6) 

and (1.7), the Jacobian matrix evaluated at  becomes 1Σ
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The associated characteristic equation is 
 3 2

2 1 0 0λ B λ B λ B      (1.10) 
By considering the well-known Routh-Hurwitz necessary and sufficient stability 
conditions, namely 
  (1.11) 0 1 1 2 00, 0, 0,B B B B B   
related to the equilibrium , we conclude with the formulas 1
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where  are polynomials with respect to 

. By solving the equation 

0( ; , , , , , , ), 0,1,3, 0,1,2ij ijP f y γ r α ε σ m s i j 

3 0B


0y  (resulting from (1.10) for i  ) with respect 

to (after substitution of the right-hand side of 0y (1.5) for 0x , we evaluate the real 
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roots of a 9th degree polynomial numerically), we further evaluate 0x  and  by 
substituting the obtained root of 

0w

3B  into (1.5) and (1.7), respectively. Then, taking 

into account that , we arrive at  by means of 2κ α 0 0w 

1,

(1.7) in the case where 

. Thus if 00 1y 

0  (1.13) 0 00x y 0
0 10 1, 1, 0,w B B    

then 0 0 0( , , )x y w  represent the critical values 0 0 0( , , )cr cr crx y w . Then, by solving (1.6) 
with respect to β  and considering ( ,  varying parameters of the problem we 
obtain the critical value 
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provided that , where x y  the aforementioned critical equilibrium of 
the system (1.1). Thus a critical surface ( , )cr crβ β γ σ  is generated in the 

parameter space ( , , (we have , )γ σ β 0 0
cr cry y ( , )   and due to (1.5) we also have 

0 0 ( , ,cr crx x 0 (cry , ))    , with , ,r , ,m s   fixed), defined over the area of the 
parameter plane ( , , where the critical values of )γ σ β  are obtained via (1.13) and 
(1.14); we call this area critical region. Moreover, by evaluating the appropriate 
derivatives with respect to the active parameters ( , ,   ), according to Liu 
criterion [5], the transversality condition holds. Hence, a Hopf bifurcation occurs 
at the critical equilibrium. Graphical representations of crβ (evaluated by using 
(1.14)) versus  (for different values of  , with , , , ,r m s   fixed) and versus ( 
for different values of 

s
, with , , , ,mr     fixed) are presented in Figures 1a, 1b 

and 1c, respectively, while critical regions are obtained in the parameter plane 
 for fixed values of ( , )γ σ , ,r , s,m   in Figures 2a and 2b. 

              (a)                                                               (b) 
Fig.1 The critical value, , as a function of the parameters: (a)   for cr

s(green), (b)  for 0.5  and 0.01  (magenta), 0.25  0.75(magenta),  
(red). 0.06  0.12(blue),   0.1(green), 7 

We note that variation of the values of fixed parameters does not affect the 
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number of critical values as regards β . Thus in any case, the expression (1.13), 
under restrictions (1.14), yields zero or at most one critical value ( 0 1 ). 
Additionally, we note that an increase in 

crβ 
s  or  gives rise to an expansion of the 

zero region, namely the area of the parameter plane  where no critical values 
of 

m
( , )γ σ

β  exist. Furthermore, the status of the equilibrium points corresponding to the 
values of β  in the range , is shown in Figures 3a and 3b. More precisely, 

after the right-hand side of 

(0,1)

(1.5) has been substituted for 0x , by using standard 
numerical computation routines, Eqn. (1.6) is solved with respect to  for any 
given value of 

0y

β  and fixed values for the other parameters. 
 
                              
 
 
 
 
 
 
 
 

     (a)                                                               (b) 
Fig.2 Critical regions (magenta – one critical value for  ) and zero regions (black – no 

critical value for  ), for  and (a) , (b) 
. 

4 410 , 10 , 10 , 0.5     3r m 1.2s 
1.6s 

Then 0x  and  can be obtained by means of 0w (1.5) and (1.7), respectively, 
and finally the coefficients , 0,1,iB i 2  of the characteristic equation (1.10) are 
determined. Thus, concerning the critical pairs (the points of the critical 
region), we focus on the slope of the real part of the complex conjugate 
eigenvalues of the Jacobian as a function of 

( , )γ σ

β , inside an interval 

1 2d d 1), d 2( , ,cr cr d 0    (where a pair of complex eigenvalues exist), in order 
to determine the direction and stability of the occurring codimension 1 Hopf 
bifurcation. As regards the zero regions (no crβ ), one investigates the existence of 
equilibrium points, as well as their stability, as β  varies within the range . 
As a result, we conclude that regardless of the parameter values, the real part of 
the complex eigenvalues transverses the 

(0,1)

β - axis (at crβ ) with negative slope, all 
over the critical surface (for β  lying into the aforementioned “complex” interval, 
the sign of the real eigenvalue is always negative). Moreover, we encounter an 
unstable endemic equilibrium depending on β  in the zero regions, for this active 
parameter lying inside an interval ( ,1), ( , , , ,r , , ) 0m s        (we have no 
equilibria at (0, ) ), with   notably sensitive to  - variation, in the sense that as 
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  increases,   shifts rapidly towards unity, shrinking the (unstable) 
“equilibrium” β - interval. By increasing s  or m , a “ - equilibrium” region is 
emerged inside the zero region (there exist no equilibria in the whole range 

), getting larger as these two rational exponents (especially 

0

(0,1) s ) increase. 

 

 

 

 

 

(a)                                                              (b) 

Fig.3 Stability features regarding the critical (green) and the zero (black and red) regions. 
Green denotes the negative slope of the real part of the complex eigenvalues versus β , 

around crβ , red indicates the existence of unstable endemic equilibria for ( ,1)β δ  and 
black outlines the pairs ( , )   for which no endemic equilibria arise in the whole range 

 for (0,1) β . The parameters are defined as:  and 
(a) , (b) . 

4 4 ,  3 0.5r m 10 , 10 10   ,
1.2s  s 1 .6

3.  Continuation of limit cycles via multiple shooting - Point-to-
point homoclinic orbit 

The stable limit cycles emerging from the supercritical Hopf bifurcation of 
the endemic equilibrium  are numerically continued with respect to the 

fundamental period with one active parameter, the transmission coefficient 
1

 , via 
a custom multiple shooting algorithm with an integral phase condition. For the 
numerical continuation of the limit cycles of interest the original system is 
transformed to:  

  ,upu T f α   (3.1) 

by use of the time scaling , which maps the independent variable [0  to 

, so that the period appears explicitly as a system parameter. Then, the time 
variable lies in [0  and this interval is subdivided into a total number of  
mesh points and consider a number of initial conditions, 

/ pτ t T , ]pT

N 
[0,1]

,1] 1

,  1 ,..,is ,2i N  along an 
initial approximation of the limit cycle of interest. The problem to be solved 
numerically is: 
    , ,  , ,  n

p iu T f u a u t u   ,i s α s

]

   (3.2) 

where t t  for  within [0 . Last, a phase condition is needed 1,2,..,i  N ,11t i   i

in order to fix the time-shift. An integral phase condition has been used: 
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1

0
ˆ ˆ 0u t u t u t dt        (3.3) 

where  û   represents an initial guess for the solution, typically obtained from the 
previous continuation step. As soon as the active parameter remains practically 
unchanged and the step of continuation greatly increases, a good enough initial 
approximation of the homoclinic orbit has become available. Now, consider the 
parameterized differential system of interest. Assuming that this system possesses 
one hyperbolic equilibrium, z . we call a solution , for ( )z t t    , of the 

system at  a homoclinic connecting orbit (to this equilibrium) if the limit: 0aa

  lim
t

z z 
 t   (3.4) 

exists. As long as f  is continuous z  is a stationary point, so: 

  0, 0f z a    (3.5) 
Regarding the numerical computation of a homoclinic orbit, the infinite time 
horizon  is truncated to a finite one of the form [ ,( , ) ]T T  , so that the 
system is transformed to: 
  2 ,u Tf u α   (3.6) 
accompanied by the integral phase condition (3.3). 

In order to determine the number of parameters, p , for which the connecting 
orbits are isolated and structurally stable phenomena in the system and the orbits 
of the system appear in a generic manner, we assume that (2.16) possesses the 
stationary point of interest, z . These stationary points are in fact two invariant 

sets of the system, , n pM M 
    , respectively and the orbit 

 ( ( ), ( )) :  γ z t µ t t   where ( , ) n pq z μ    is the connecting orbit pair with: 

  ( ) ( , ), 0z g z f z μ    (3.7) 

is called a connecting orbit from M   to M   if: 

   , 0dist z t M   as t  (3.8) 
If ( )M μ  have stable manifolds ( )sM x   and unstable manifolds ( )uM x   and the 
dimensions of these manifolds are ,  c s cn n n n u    

cn n

, respectively, so that 
. For the steady case, however, c sn n   un n  0c   , so , 

since 
u sn n n  

( )M μ  is a hyperbolic equilibrium  x μ  of (3.7) and  M μ  is also a 

hyperbolic equilibrium ( )x μ  of (3.7). We expect the orbit γ  to be an isolated 
connecting orbit if [8]: 
         u sz t z t z tT M T M T γ span z t      for all t  (3.9) 

for the tangent spaces at . Furthermore, the connecting orbit is persistent in  z t

parametricp   systems as long as the intersection is transversal, that is if 

    
n p

u sz t z tT M T M 
     (3.10) 

holds. So, based on (3.9), (3.10) we get: 
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 1u up m m      (3.11) 
 Since the orbit sought is a homoclinic point-to-point one, then , 
so according to 

u um m 
(3.11) , so 1p  β  has been chosen as the active parameter. The 

numerically continued cycles are presented in the following Figure: 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.1 Numerically continued limit cycles emerging from a supercritical Hopf 
bifurcation 

4. High order accurate boundary conditions 
An appropriate combination of multiple scales approximation method and 

that of successive approximations leads to a technique for the determination of 
high order accurate boundary conditions for the numerical location of homoclinic 
P2P orbits. Both the widely used techniques of projection boundary conditions 
and the method of eigenvectors are first order accurate thus requiring quite good 
initial data for the successful computation of the orbits of interest and this is 
becoming harder and harder to achieve as the number of state variables together 
with the number of active parameters increases. A quick description of the 
technique follows. Consider the dynamical differential system (3.7) and let this 
system possess a number of fixed points, from which 0 0 0

1 1 2( , ,.., )nE z z z  is the fixed 
point of interest (i.e. the one associated with the homoclinic P2P orbit). Then 1E  
is translated to  via the transformation: (0,0,..,0)O

   (3.12) 0 ,  nξ z z z  

and  the coordinates of 0z 1E , that is  0 0 0 0
1 2, ,..,

T

nz z z z , so that the initial 

differential system becomes: 
   1, ,  ,  nξ f ξ a ξ a      (3.13) 

and assuming the solution of interest can be approximated up to the order of 
interest in positive integer powers of a small amplitude orbital parameter, , as: ε

   (3.14)    
1

k
i

i
i

ξ t ε φ t
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where  is the desired order of approximation (Deprit and Henrard, 1965) we 
insert  of 

k

ξ t  (3.13) in the translated system due to (3.12), that is in (3.14) and we 

equate the terms of the same order, thus getting k  first order differential systems, 
one for each order of approximation. Then, further assuming the fixed point of 
interest is hyperbolic (i.e. no eigenvalue associated with it is trivial), we set the 
initial conditions of the first order approximation corresponding to the eigenspace 
of interest equal to zero. Thus, the first order systems of the desired order of 
approximation (scale order) are extracted. Let us describe the definition and 
application of high order B.C.’s. Assuming the solutions of the dynamical 
differential system of interest can be approximated by: 

   (3.15)    
max

, ,
1

j
j

i j i j
j

x t ε x t



where  are the state variables (i.e. ,  1,2,3ix i  1 2 3( ) ( ),  ( ) ( ),  ( ) ( )x t x t x t w t x t y t   ), 

 denotes the orbital parameter and ε maxj  is the maximal scale order (i.e. power of 
) or equivalently the highest order of approximation. Then, by substituting the 

expressions of 
ε

(3.15) into (1.1) and equating the terms of the same order, we get 
the respective linear systems of ordinary differential equations (ODEs for short). 
Thus, the state variables axes of (1.1) are translated by setting: 
 Δ *,  1,2,3i i ix x x i     (3.16) 
where  are the values of the equilibrium of interest, so that the new 
equilibrium point of the translated system now becomes  and the right-
hand sides of 

*,  1,2,3ix i 
(0,0,0)O

(1.1) are generally expanded in a Taylor series and terms up to the 
fourth order are kept, so that 4th order accurate boundary conditions are extracted. 
Thus, the linearized systems of each order of approximation for the determination 
of both the outgoing and the incoming solution vector can be obtained. By 
successively solving the linearized systems of ordinary differential equations and 
choosing the appropriate initial conditions for each solution, the boundary 
conditions up to the desired order become available by use of (3.15). Regarding 
the approximation of the outgoing (incoming) solution vector, the solution of the 
corresponding system is obtained for every order of approximation and the 
integration constants corresponding to the eigenvalues [or the eigenvalues with 
negative (positive) real part more generally] are set equal to zero. Then, the total 
approximation up to the order of interest is of the form: 
          2 3 4

,1 ,2 ,3 ,4Δ Δ Δ Δ Δi i i i ix t ε x t ε x t ε x t ε x t      (3.17) 
The solutions of the linearized systems of successive (order) approximations for 
the outgoing solution vector (i.e. associated with the unstable manifold of the 
equilibrium, to which the orbit under consideration is homoclinic) are presented: 
k order approximation for outgoing (unstable) solution vector: 
  , , 1

uk tk
i k xi kx t q c e     (3.18) 

for , 1, 2,3i  1,2,3,4k  , where  denotes the integration constant corresponding 
to the locally asymptotically unstable solution mode (i.e. the positive eigenvalue 

1c
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of the Jacobian matrix linearized around the equilibrium of interest) in (3.18) and 
, ,xi wi yiq q q , for  are parameters associated with the numerical values of the 

chosen system parameters. The systems are solved sequentially and all the rest 
integration constants (i.e. except for 1 ) are set equal to zero. The effectiveness of 
the higher order approximations is presented in Figure 4.2 

1,2,3i 

c

 

 

 

 

 

 

 

 

 
Fig. 4.2 Effectiveness of high order boundary conditions 

Thus, the high order B.C.’s for the computation of the homoclinic orbit are ( See 
(3.6) ): 

    2 2

1 , 1 , 2, (
out inN w j j j w j j jc x c x x0 x 1)g s s            (3.19) 

for , where 2,3  1 1 0 0[ ( , ( 0; ), ( 0; )] , ,
TT1,j  1 10; )s x s 0w s y s x w y        and 

 for are some weighting (scaling) coefficients (all of which have been 

set equal to 1 in the present case). By employing the aforementioned high order 
boundary conditions a faster, more efficient computation of the homoclinic orbit 
of interest is possible. 

, ,  m=1w xjmc ,2

The transversality of the homoclinic orbit can be verified by use of the 
Mel’nikov integral. If that integral is not equal to zero, then the homoclinic orbit 
is transversal, meaning that the stable and the unstable manifold associated with 
the equilibrium point of the homoclinic orbit intersect transversally. So, consider 
the extended system: 
   1,  ,  ,  0nz f z a a α   , z     (3.20) 

and the extended vector of phase variables is ( , 1)T nz   . Also, let (3.20) 
possess a P2P homoclinic orbit for ca a  denoted H  around the saddle 
equilibrium , where  represents a one-parameter family (curve) of 

saddle equilibria. This curve has an unstable manifold W  and a stable manifold 

c

u

0 ( )cz a 0 ( )z a

sW . For a specific value of the system parameter , the corresponding slices of 
these manifolds coincide with the unstable and stable (respectively) manifolds of 

a
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the saddle . Consider the linearization of 0 ( )z a

c

(3.20) around the homoclinic orbit 
 at ( )hz t   : 

      , ,z h c a h cf z t a f z t a    ,  0    (3.21) 

Then  (and every scalar multiple of it) is the unique solution to the 
variational equation around. The adjoint variational equation around 

(hz )t

cH  is: 

   ,  T nA t        (3.22) 

where ( ) (f ( ), )z h cz t  and it has a unique bounded solution denoted by A t 
t


( )t ( )   . Thus, the nondegeneracy (or regularity) of the homoclinic orbit is 

equivalent to the transversality of the intersection of  and uW sW  along in the 
extended -dimensional phase space of (3.20) and it translates to the condition 1n 

     ( ) , , 0a c a h cM a t f z t a dt



    (3.23) 

which is the Mel’nikov integral. If a scalar function, ( )M a , measuring the 
displacement of the invariant manifolds is defined, then: 
       2

a c cM a M a a a O a     (3.24) 

 
 

 

 

 

 
Fig.4.3 Bifurcation portrait of the supercritical Hopf bifurcation for 

. Positive sign (blue region) of the first 

Lyapunov coefficient at the critical surface 

4 4 310 , 10 , 0.5, 1.2m     , 10r   s

( , )cr crβ β γ σ , in the parameter plane 

 ,  cr(no   in the gray region ). 

5. Bifurcation Results-Discussion 
After setting  regarding the values of 4 4 310 , 10 , 10 , 0.5, 1.2r m       s

the fixed parameters, by following the procedure developed in [4] (briefly 
discussed in Section 3 of the present paper), we arrive at the bifurcation portrait of 
the system with respect to the 1  equilibrium path, presented in Fig.4.3. 
Regarding the sign of the Lyapunov coefficient, it remains strictly negative on the 
whole critical surface ( ,cr cr )β β γ σ . Thus stable limit cycles are generated 
through supercritical Hopf bifurcations, arising for  taking values in the 
critical region and 

( , )γ σ

( , )crβ β γ σ (the real part of the complex conjugate eigenvalues 
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is a decreasing function of   around crβ - see Section 2). Since the critical 
Lyapunov coefficient 1  never becomes zero, the system undergoes solely a 
codimension 1 Hopf bifurcation, for any critical triplet of the active parameters. 

l

                                (a)                                                                      (b) 
Fig.5 (a,b) Stable cycle generated by supercritical Hopf bifurcation in xy ( ), plane 
and in 3 ( ), respectively, for: 

SI
D SEI

4 4 3( , , , , , , , ) (10 10 , 0.5,1.2 042, 0.5, 0.328525)r m s      , ,10   , 0. ( 0.338525cr 

6, 0.023535)

), 
determined by a custom orthogonal collocation on finite elements algorithm. Unstable 
endemic equilibrium (red marker): ( . 
Period:  days.  

0 0, , 0.073948, 0.00198x w
410.572533T 

0 ) (y 

The fact that the limit cycles bifurcated are stable means that the phenomenon is 
persistent, that is the flows in a nearby neighbourhood of the limit cycle are 
attracted by the cycle itself, leading to the corresponding disequilibrium 
fluctuations defined by the periodic trajectory, as expected in a considerable 
number of epidemics. The bifurcation results are verified by the computation and 
presentation of one cycle for specific values of the parameters by use of a custom 
algorithm of orthogonal collocation on finite elements, shown in Figures 5 (a, b) 
and a family of limit cycles obtained for different values of the epidemic-induced 
parameter  , shown in Figures 6 (a, b), where the corresponding cr  and the 
period  of the periodic orbits increase with T  . The stability of the obtained 
cycles is additionally verified by numerical computation of the respective 
Floquet-multipliers and exponents. For the first limit cycle presented in Figures 5, 
the Floquet-multipliers, i , with i,  =1,2,3e i  i T  (1 / ) ln( )i T  

}

 the respective 
exponents and T  the fundamental period of the cycle, computed are: 

i  and i , respectively. Also, we note 
that the same cycles are generated by the variable-step, variable-order Adams-
Bashforth-Moulton predictor-corrector method of orders 1 to 12, which is the 
standard integrated Matlab routine used to solve non-stiff ODEs, noted as 
“ode113” in the graphs illustrated in Figures 5 and 6. 

170{1, 1 1 } 0.8 2,1. 410 ,{0, 4.7   0.095
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Regarding the significance of the introduction of the additional epidemic-
induced death rate, , and the corresponding new nonlinear temrs involved in all 
equations of 

a
(1.3), as shown in Figures 6, it has an important effect on the 

numeric value of the fundamental period of the bifurcating cycles, which would 
have been overseen, otherwise. The introduction of “ ” could also contribute in 
estimating the additional resources needed, based on the changes in the duration 
of critical phases and stages during an epidemic cycle and the maximum number 
of infected individuals (i.e. estimating the additional cost and health resources 
needed), thus making it possible to manage and control the epidemics more 
effectively, efficiently and with a better allocation of available resources. 

a

                   
                 (a)                             (b)                                                          

Fig.6 (a,b) Stable cycles generated by supercritical Hopf bifurcation in xy ( ), plane 
and in 3 ( ), respectively, for: 

SI
D SEI

4 3( , , , , , , ) (10 ,10 , 0.5,1.2, 0.0548, 0.24, 0.46825)r m s      , , located 
by a custom orthogonal collocation on finite elements algorithm. 

5 3[5 10 ,10 ]   

min 0.51825cr  ( ). Periods: 55 10   min 410.414990T   days ( ), 55 10  

max 441.550487T   days ( 310  ).  

                   Fig. 7 Point-to-Point homoclinic orbit 
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Moreover, a homoclinic orbit presented in Figure 7 has been located starting 
from the continuation of limit cycles emerging from a Hopf bifurcation. This 
connecting orbit is homoclinic to a saddle endemic equilibrium located close to 
the disease-free equilibrium . The significance of such an orbit is that it acts as 
a separatrix, as it splits the phase space in regions of qualitatively different 
motions; the region of oscillatory motions and the region of non-oscillatory ones. 
We further note that variation of the fixed parameters changes the shape and the 
size of the critical and zero regions, without affecting the qualitative profile of the 
results. In particular, increase in the rational exponents involved in the incidence 
rate, especially in that concerning the infective, results in a shrinkage of the 
critical region, while the zero region, as well as the non-equilibrium area inside 
that region (as regards the endemic one), expands towards lower values of the 
recovery rate. Last, the algorithm of orthogonal collocation on finite elements 
with Legendre orthogonal polynomials is proved excellent in the fast and precise 
numerical computation of the bifurcated limit cycles.                     

0Σ
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Abstract 

The digital transforms are intensive in multiplication and 
accumulation operations which have a high computational cost. 
Advances in computer arithmetic and digital technologies allow 
simplifying the processing of complex algorithms when they are 
implemented in modern circuits. New computation techniques 
can be explored to provide efficient operational methods for 
implementing algorithms that avoid much of the complex and 
costly mathematical operations. This work aims to design a 
high-performance paradigm for computing some common 
digital transforms. The proposed architecture has been 
implemented in a reconfigurable platform to evaluate their 
performance when compared to other methods. The transform 
used as example in this work is the Discrete Cosine Transform. 
The results show that the proposal offers high performance 
results comparable or better than best-known methods. 
 
Key words: Digital Transform Implementation, Computational 
Techniques Design, Computer Arithmetic 
MSC2000: 65Yxx 
 

1. Introduction 

The new capacities in circuit manufacture provided by VLSI and ULSI high-
density integration methods, open up new possibilities in the design of digital 
transform operators. Regular circuit modelling allows compact structures and 
provide efficiency advantages over other methods which require complex control 
stages. Therefore, in this work, better calculation techniques are proposed to 
leverage the new technology advances. The main idea consists in designing a 
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direct calculation of the arithmetic expressions by means stored logic to facilitate 
and simplify its implementation in signal processors. 
 
This approach could lay the basis of designing a processor core for a set of 
transforms. Among the wide range of signal transforms, the digital image 
transforms are widely used in many consumer applications. These operations have 
an image matrix as input to produce a result in time and/or frequency for analysis. 
The separable transforms adopt a simpler formulation that reduces complexity and 
allows the calculation of this matrix separately for rows and columns. For 
example, belong to this group are the known Fast Fourier Transform (FFT), 
Discrete Cosine Transform (DCT), Discrete Sine Transform (DST) or Discrete 
Hartley Transform (DHT). Their general expression is shown in (1). 

 

 

(1) 

 

where, g(x, u) is the kernel of the transform and u ∈ 0..N-1. 

2. Problem Definition 

The efficient calculation of the transforms is made using the separability property. 
That is, the 2-D transform is organized in two consecutive 1-D transforms. This 
section describes the mathematical expressions from which the calculation 
method is proposed and defines de computation problem.  
 
In this work, the DCT is used as example to describe how the method works due 
to several reasons: (a) this transform has a simple mathematical formulation but 
needs significant amount of computing resources; (b) it is intensely studied and a 
huge volume of proposals exists to compare with them; and (c) it is being part of 
the most common functions required by new multimedia applications [1,2]. 
 

 
(2) 

 
where the kernel of the transform and C(u) are: 
 

 
 
Other mentioned transforms have similar computing needs. 
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3. Proposed Computing Architecture 

The methodology uses the basic mathematical formulation of the transform 
described by (2). According to this expression, the calculation of each F(u) 
contains several multiplications and additions. The set of constants are depending 
of the kernel g(x, u) of the transform. 
 
The key design features of the proposed architecture are two: (a) how 
multiplication and addition operations required for each F(u) are composed, and 
(b) how the constants Cuj are including in the processing of each multiplication. 
With regard to the first issue, (a), the standard method of calculating each 
multiplication operation consists of the well-known following stages [3]: partial 
product generation, partial product reduction and final addition. The proposed 
idea consists in computing the eight multiplications and seven additions of each 
F(u) in a combined way, so that, the partial product reductions are integrated with 
the additions required in each calculation. This approach allows to accelerate a 
variety of arithmetic operators where additions and multiplications are present. 
Thus, it should improve overall computation of the transform, where former 
operations are very frequent, instead of performing complicated designs for 
reducing the complexity. Regarding the constants involved (b), the proposed 
design avoids reiterated calculations by the direct generation of only non-zero 
digits of each constant. To improve the generation of partial products, we use 
signed-digit format to represent those constants and so minimize the number of 
nonzero digits while keeping the error within the p bits length. The next figure 
depicts the overall scheme of the transform calculation and the detailed generation 
of each F(u). 
 

p-1 0
F(u)

partial product
reduction tree

final addition

f(1) · C1u

generator
circuit

f(2) · C2u

generator
circuit

f(8) · C3u

generator
circuit

...

f(8)
m-1 0 xor

sgn ext. Sgn ctrlsgn ext.

m+n
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Fig. 1. Overall block diagram with direct partial product generation detail for n=8 
 
This proposal doesn’t have to compute symmetries neither decomposition 
operations for transform calculation to reduce the processing delay because all 
addition and multiplication operations involved in each F(u) are considered in an 
integrated way. 
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4. Evaluation the Performance of the Architecture 

The proposal has been evaluated in term of area, delay and power consumption. A 
normalized balance in equality terms by using homogeneous costs of the 
components of the architecture is conducted to compare with other designs or 
proposals [4, 5]. The calculated delays correspond to the critical path of the 
designs, and they are set by the delay of the slowest path through the circuits. 
 
The results of the estimations and simulations shown demonstrate that the 
proposal described in this research significantly reduces the execution time of 
other designs. Additionally, our proposal, allows a more regular structure when 
calculating all components of the transform in a uniform way. It therefore allows 
implementation of segmented or pipelined processing strategies that could reduce 
combined computation. 

5. Conclusions 

The architecture provides a compact structure for performing operations that does 
not require ROMs to perform multiplications. The study focus on Discrete Cosine 
Transform as example of the architecture for being very useful in design of 
embedded devices for multimedia applications. This approach doesn’t need to 
insert precompute stages to reduce the operations involved. It has proven that a 
simple approach can provide good performance results. 
 
In comparison to the existing designs, the approach offers some advantages that 
can be explored for high-speed calculators. We have shown that VLSI 
implementation through FPGA synthesis can easily meet challenging 
requirements for high performance applications. 
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Abstract 

Vehicle congestion is a problem that overwhelms the big cities. A slow segment is 
the part of a trajectory (i.e., a subtrajectory) where a vehicle (e.g., a taxi) is 
considered to have a slow movement according to an established speed limit. In 
this work, we propose an algorithm that identifies slow segments from the 
historical data of trajectories of moving objects (e.g., vehicles) and based on a 
formal definition of congestion that we also propose in this work.  

. 
 
Key words: congestion, trajectories, slow segments 
 
 

1. Introduction 

 
Vehicle congestion [1] is a problem that overwhelms the big cities. The negative 
impacts of congestion include more time for commuting (to work) and for the 
delivery of goods and services, more fuel consumption, more air pollution, more 
mortality (diseases associated with pollution), and loss of money for individuals 
and companies.  
 
For example, in 2015 in Belgium the average time spent by people in traffic jams 
was 44 hours, and according to Martin Powell [2], a Siemens mobility expert, 1% 
of Europe's GDP is wasted in traffic jams, i.e., around 300 million euros.  
 
The reduction of congestion is part of the strategic vision of the development of a 
city, which articulates mobility, competitiveness, human and urban growth with 
the sustainability of the city and its quality of life. The reduction of congestion 
requires multidisciplinary efforts and appropriate policies and measures. 
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A first step in solving the problem of congestion is to determine when a region is 
congested. A second step is to identify where (regions) and when recurrent 
congestion occurs. For example, a segment of a road where there is always 
congestion on business days between 7 am and 8 am. In this work, we propose an 
algorithm that identifies these segments (for space limitations it is not presented 
here but in the full paper) from the historical data of trajectories of moving objects 
(e.g., vehicles) and based on a formal definition of congestion that we propose in 
this work. 
 

2. A Simple example 

 
Suppose we have the annual history of the daily trajectories [3] followed by 
vehicles in a city. Each trajectory is made up of a set of coordinate points 
(latitude, longitude, and time). For simplicity, the region of analysis will be 
rectangular. 
 
From each trajectory we will extract its slow segments. A slow segment is the part 
of a trajectory (i.e., a subtrajectory) where the vehicle is considered to have a slow 
movement according to an established speed limit (defined by the analysts). For 
instance, a segment of a trajectory between 7 am and 7:08 am during which the 
vehicle maintained a speed below 10 km/h. The slow segment must also be 
maximum in duration, so in the previous example, the speed of the vehicle must 
be greater than or equal to 10 km/h immediately before 7am or immediately after 
7:08 am. 
 
On the other hand, in order to analyze the congestion, the region of interest is 
segmented into squares (a square tesselation) with side length l (the analyst 
defines this value). For the identification of periods of congestion, time is also 
segmented. For temporal segmentation, the day is divided into n time segments 
each of size dt (the analyst defines this value), e.g., dt = 15 minutes. The 
representation of the region of interest squared in a specific time segment is called 
a scenario. Thus, for a squared region, there are n scenarios in one day. 
In each scenario, the slow segments are identified. Note that a slow 
segment can be spread across multiple scenarios. For example, a slow 
segment of a trajectory between 7:12am and 7:43am is included in two 
scenarios (one from (7:00am to 7:15am] and the other from 7:15 am to 
7:30am]). In Figure 1 we show a scenario and the slow segments in one of 
its squares (the square is zoomed). 
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Figure 1. Scenario and square with slow segments of three trajectories. 

 
After having identified the slow segments in a scenario, we can calculate the 
congestion in a square. This measure is a number between 0 and 1 and 
corresponds to the ratio between the total distance of slow segments in the square 
over the total distance of the trajectory in the square, where 0 means no 
congestion and 1 is the maximum congestion. 
 
For example, consider the square of a scenario shown in Figure 2. We show in 
brackets the slow segments (with their corresponding distance) of two trajectories 
that pass through this square. There, trajectory 1 had a slow segment whose 
distance was 5 and trajectory 2 had a slow segment whose distance was 4. 
Therefore, the congestion of this square is (5 + 4) / ((8 + 5 + 10) + (10 + 4 + 8)) = 
0.2. 

Conventions 
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Figure 2. Square with segments of two trajectories.  
 
After obtaining the congestion of each square, we analyze in each scenario how 
congestion is spread across the squares. For example, we can analyze congestion 
between two adjacent squares, i.e., those having one side or one point (for the 
case of diagonal squares) in common, during all temporal segments of the same 
day or every morning of the same weekday (e.g., every Monday morning or every 
Saturday morning) for a year. 
 
Definition: Congestion in a square of a scenario: Let a square R[v, w] of a 

scenario E associated with a region R of order p Х q (i.e., p Х q squares), 0 < v  

p, 0 < w  q, SL = {sl1, sl2, …, slp}  the set of all the slow segments of all 
trajectories that passed through R[v, w] and SM = {sm1, sm2, …, smk} the set of all 
segments (whether it be slow or not) of all trajectories that passed through R[v, 
w].The congestion of R[v, w] is:  
(∑ lenght(sli), i = 1,…,p) / (∑ lenght(smi), i = 1, …, k). 
Where the length() function calculates the total distance of a segment (whether it 
be slow or not). 
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Abstract 

 
The purpose of this work is to develop a methodology based on 
the use of holographic tools to learn Biology and Geology 
contents related with cellular division. The work is thought to be 
carried out in the 4th course of high school education with two 
groups of students, one them will work in a traditional way and 
the other with the use of this methodology. To test is there is a 
significant difference between the results obtained by the two 
groups after having answered a questionnaire related to cell 
division concepts, a mean comparison test is going to be carried 
out. Moreover, it also intended to assess the level of motivation 
of student when using the methodology to evaluate its use and 
improvement in the future. 
 
 
Keywords: Meaningful learning, Cellular division, Holographic 
tool, High School level 
 

1. Introduction 
 
The importance of science in society requires that teaching methods used in 
classrooms encourage meaningful learning based on competency achievement. 
The STEM (Science, Technology, Engineering and Mathematics) pedagogical 
methodology in the classroom is crucial as it aims to approach interdisciplinary 
learning based on project resolution.  
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In science learning, a high number of researches have been carried out to learn 
about difficulties in students [3, 4] as they negatively affect the acquisition of 
meaningful learning. In the case of cellular biology, the concepts of 
photosynthesis, respiration, genetics and cell division are the ones that present the 
most difficulties.  
 
A study based on a methodology to favour the conceptual change of students, 
concludes that it is necessary to use three-dimensional models and referents as 
close as possible to the student to enhance their meaningful learning [6]. In this 
context, the potential of the hologram in training programs is undeniable 
especially in the sciences. The hologram was invented in 1947 by Dennis Gabor, 
who won the Nobel Prize for Physics in 1971. There have been advances in the 
holographic projection in the visual improvement of the technique "Ghost Pepper" 
that was applied in the mid-nineteenth century.  
 
The prisms are also based on the same "Ghost Pepper" technique, with the 
difference that only a reflective surface is placed on top of a monitor or screen so 
that the image is seen on the surface. A study establishes a pedagogical 
foundation of how the hologram is a teaching medium considering that it is 
supported by the principles of general pedagogy [10]. The student has the feeling 
that this object is present and feels more predisposed towards learning. There are 
three factors that allow us to argue this fact: a) The possibility of such observation 
facilitates mental representation and the formation of concepts, laws, etc.; b) It 
allows to obtain the representations based on the relations between the form and 
the content; c) It strengthens the students relationships as they originate 
conceptual relations of an individual character and also those of the whole in the 
class group. Likewise, their motivational potential is projected in the possibility of 
generating learning contexts among equals that encourage the creation of a shared 
work environment [9]. 
 
Balogh et al. made a project in which they used different optical modules that sent 
light to a holographic display to show a hologram without the need for additional 
use of lenses [2]. Agócs et al. collaborator of the previous one, used diverse 
optical modules besides mirrors to obtain certain interactivity [1]. Jones et al. 
developed a device composed of a field light visualizer that allows human 
eyesight of binocular type to be able to see an image formed in 360 degrees, this 
is possible thanks to a high-speed projector, which transmits images to a mirror 
with holographic diffuser and electronic circuitry to decode digital video signals, 
this shows as a result a projection of the object that can be observed without the 
need to wear special lenses and also avoid the restriction of seeing yourself only 
from a reference point [7]. A study carried out with 400 teachers on the 
effectiveness of holograms in education. The results showed that teachers 
consider this technique potentially effective in achieving meaningful learning [5]. 
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It is worth noting that the research works that refer to the use of holograms for 
educational purposes, derived from the collections of Serra et al. [10], are based 
on analogic or transmission holograms which are in static plates and are not in 
motion. It deals with interactive holographic applications through posterior 
projection or mobile prisms whose objective is to create interactive contents for 
people of both commercial and institutional applications. Another study 
comments about how the proper implementation of holograms in classrooms 
makes students see themselves submerged in a striking environment that makes 
them to concentrate and build their own learning from their own previous 
experiences [8]. 
 

 
2. Objectives 

 
The general objective of the present work is to design a holographic technological 
tool that contributes to the meaningful learning of the students of 4th year of High 
School Education and to evaluate the degree of satisfaction of the same ones after 
the use of the tool. 
 
 

3. Methodology   
 
This study is thought to be carried out with two groups, control and experimental, 
in the 4th year of High School Education in the subject Biology and Geology. 
Firstly it will be required that students answer a pre-test to know their previous 
concepts and them a post-test to assess if there are significant differences between 
the results obtained after the application or not of the tool. Finally, a questionnaire 
related to the use of the tool to assess the degree of satisfaction was answered. For 
the work with the experimental group, after having answered the pre-test, the 
students have to build the holographic pyramidal prisms with polyethylene music 
and plastic CD cases and to make videos, both for mitosis and meiosis, taken from 
Youtube® and edited with the Camtasia® Video Editor. For the analysis of post-
test results, a comparison of means in independent groups will be carried out so as 
to test if there are significant differences between them.  
 

4. Conclusions 
 
A methodology has been stablish for the understanding process of cell division 
concepts using a hologram due to the fat that this tool if thought to be better for 
science learning than the typical videos and animations is because it increases the 
degree of motivation of the students when working with it. The next step is the 
apply it on the classroom, firstly as a pilot study and then with a greater sample, 
so as to verify whether the assumptions have been achieved or not. Moreover, it is 
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also though to make an improvement of this tool to work with interactive 
holograms through the phenomena "Ghost Pepper" and "Rear Projection" in 
which semitransparent sheets are used to work the contents through an interface 
of interaction using a motion sensor as Kinect. 
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Abstract 
We assessed the impact of quantile energy price movements on 
the quantiles of clean energy stock price returns using a 
multivariate vine-copula dependence setup. For the period 2009-
2016, our evidence shows that oil and electricity prices were 
major contributors to the dynamics of clean energy stock returns 
in the USA and the EU, respectively, whereas coal prices played 
a minor role in shaping clean energy stock price returns. 
Furthermore, we found evidence of a symmetric energy price 
impact, so extreme upward or downward energy price 
movements had a similar impact on clean energy stock returns. 
This evidence has potential implications for risk management 
decision making by energy investors and for policy maker 
decision making regarding support for clean energy deployment. 
 
Key words: Energy prices; clean energy stock price returns; 
copulas 
 

1. Introduction 
The dynamics of energy prices is one of the main energy-related risk factors that 
can impact on the financial performance of clean energy investments projects, 
rendering the substitution of exhaustible for sustainable energy resources more or 
less viable on economic grounds (see, e.g., Kumar et al., 2012; Reboredo, 2015). 
Therefore, identifying how the dynamics of different energy prices impacts on the 
value of renewable energy companies is of particular interest to investors who 
need to assess the sensitivity of their renewable energy investments to energy 
prices, in particular, when energy prices are especially low or high. Policy makers 
are also interested in how fluctuations in energy prices shape renewable energy 
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stock prices as market forces driving energy prices may provide investors with 
market-based incentives to invest in the green energy industry, so public 
investment efforts could be optimally managed. 
 
We modelled the impact of energy prices on new energy stock prices by 
considering the impact of different energy prices on renewable energy stock 
prices in a multivariate setup, in which dependence between different energy 
prices and renewable stock prices was measured, while taking into account direct 
and indirect price transmission channels. Specifically, we characterized the 
multivariate dependence structure between oil, gas, coal and electricity energy 
prices and clean energy stock prices using vine-copula models (Joe, 1996), which 
characterize high-dimensional joint distributions using a hierarchical structure 
comprised of a set of bivariate copulas that capture dependence between two 
variables. This empirical approach offers modelling flexibility, as marginal 
models and multivariate dependence structures are modelled independently; in 
particular, it enables the conditional quantile dependence between renewable 
energy price changes on energy prices — and vice versa — to be assessed, 
considering both direct and indirect channels of influence. Furthermore, this 
conditional dependence information can be used to compute the contribution of 
each energy price change to clean energy stock price movements. 
 
Our empirical analysis characterized the multivariate dependence structure 
between clean energy stock price indices and oil, gas, coal and electricity prices in 
the EU and the USA for the period January 2009-September 2016. Our results 
indicate that the multivariate dependence structure is given by a C-vine 
hierarchical structure, in which electricity and oil prices play a central role in 
determining conditional dependence in the EU and USA, respectively. 
Dependence was mostly time-varying and the analysis of the quantile impact of 
different energy prices revealed that movements in energy prices played an 
important role in renewable energy price dynamics, in particular, in extreme 
downward or upward energy price fluctuations in the EU and the USA. 
Furthermore, our evidence also indicates that oil prices were the main contributor 
to new energy stock price movements in the USA, with coal prices playing a 
minor role. Gas prices played a minor role in shaping renewable energy stock 
prices in the EU and a more significant role in the USA. Finally, our empirical 
evidence reveals that the impact of energy prices on renewable energy prices was 
symmetric, so extreme upward or downward energy price movements had a 
similar impact on stock prices. 
 

2. Methods 

Let to , tg , tc  and te  be the (log) change in oil, gas, coal and electricity 

prices, respectively, and let tr  be the (log) change in the renewable energy stock 
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price. The impact of fluctuating energy prices (for oil, say) of a size given by its 
β -quantile on the α -quantile of the stock price return distribution for renewable 
energy prices, given the prices of the other energies, can be measured as: 
 t t tr |o o

t t t t t, ,t ,tP(r q | o q , g ,c ,e )α β β≤ ≤ = α , (1) 

where t tr |o
, ,tqα β  is the conditional α -quantile for renewable energy returns at time t 

and where to
,tqβ  is the unconditional β -quantile for oil prices, which can be 

obtained from the inverse of their distribution functions F as: 
 t t

ot
t t t t t, t

r |o
, ,t r |o q , g ,c ,eq F ( )1

β

−
α β ≤

= α , (2) 

 t
t

o
o,tq F ( )1−

β = β . (3) 
We can thus measure the impact of oil price fluctuations of different sizes on 
renewable energy stock prices under different market circumstances, as given by 
the stock price quantiles. We can also assess the contribution of oil price 
movements to renewable energy prices at the α -quantile by considering the 
difference between the conditional and unconditional values: 
 t t t

t

r |o r
o ,t, ,tq qαα βγ = − . (4) 

where t
t

r
,t rq F ( )1−

α = α  is the unconditional α -quantile for the return distribution. 
Note that when 

to 0γ = , oil price fluctuations have a negligible impact on stock 
returns, and when 

to ( )0 0γ < >  oil price movements move stock returns in the 
same (opposite) direction. 
 

Similarly, we can consider the quantile impact arising from other energy 
price fluctuations, namely, tg , tc  and te , and compute 

tgγ , 
tcγ  and 

teγ . As the 
sum of γ s is not equal to 1, we can normalize the contribution of energy price 
fluctuations to stock returns as: 

 t

t

t t t t

o
o

o g c e

ˆ
γ

γ =
γ + γ + γ + γ

. (5) 

 
Eq. (1) can now be expressed in terms of the copula function as: 

 ( ) ( )( )t t t
t t t t t t t t t t t t t

r |o o
r ,o |g ,c ,e r |g ,c ,e o |g ,c ,e, ,t ,tC F q ,F q

2α β β = αβ . (6) 

where 
t t t t tr ,o |g ,c ,eC (·), the conditional bivariate copula between oil and renewable 

energy returns, can be obtained by partially deriving the copula function in Eq. 
(7). Next, given the values for α  and β  and given that ( )t

t t t t

o
o |g ,c ,e ,tF q

2 β = β , we can 

solve from the copula specification in Eq. (9) to obtain ( )t t
t t t t

r |o
r |g ,c ,e , ,tF qα β . We obtain 

t tr |o
, ,tqα β  by inverting the conditional distribution function of tr , which can be 
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obtained from the conditional copula. This procedure is also applied to the other 
energy prices in order to obtain their conditional quantiles. 
 
We characterized multivariate dependence using a vine-copula, which factorizes 
multivariate copula density in terms of a successive mixing of 5(5-1)/2 bivariate 
linking copulas with a hierarchical structure (see Joe, 1997; Bedford and Cooke, 
2001, 2002; Kurowicka and Cooke, 2006; Aas et al., 2009). Specifically, we 
considered the C-vine, D-vine and R-vine copulas given by: 
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where f(·) denotes the density function. Marginal models in Eq. (6) are given by 
an average ARMA (p,q) with TGARCH components. 
 

3. Results 
We used daily data for energy prices for the USA and the EU, expressed in USD 
and EUR, respectively, for the period 2 January 2009-1 September 2016. The data 
were sourced from Bloomberg as follows: (a) for crude oil, the WTI and Brent 
benchmark prices for the USA and the EU, respectively; (b) for gas, natural gas 
futures (NYMEX) for the USA and the UK natural gas futures for the EU; (c) for 
coal, the Nymex Clearport Central Appalachian Coal Futures for the USA and the 
ARA (Argus/McCloskey) for Europe; and (d) for electricity, the NYMEX PJM 
Electricity futures for the USA and the Phelix index for the EU. Finally, for 
renewable energy prices, we used the ECO Clean Energy Index (ECO) for the 
USA and the European Renewable Energy Index (ERIX) for the EU. 
 
Figures 1 and 2 depict the estimated multivariate dependence structures for the 
EU and the USA, respectively. In both cases, the best fit was offered by the C-
vine copula structure. Electricity prices played a pivotal role in the EU, whereas 
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oil prices were central in the USA. Our estimates also show that the Student-t 
copula was the best fitting bivariate copula in most cases, indicating that 
symmetric dependence characterized multivariate dependence between energy 
price movements and clean energy stock returns. 
 
Figure 1. Vine-copula structure for EU. 

First Tree Second Tree 

 
 

Third Tree Fourth Tree 
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Figure 2. Vine-copula structure for the USA. 

First Tree Second Tree 

  
Third Tree Fourth Tree 

 
 

Tables 1 and 2 present empirical evidence for the contribution of energy prices to 
clean energy stock returns at different quantiles. This quantitative evidence 
confirms that: (a) the contribution of energy prices is symmetric and (b) the main 
contributor in the EU is electricity, whereas in the USA this role is played by oil. 
 

Table 1. Contribution of energy prices to changes in the ECO index. 
Quantile   WTI Gas Coal Electricity 

5% Mean 0.58 0.14 0.13 0.14 

 SD. (0.17) (0.06) (0.06) (0.06) 

25% Mean 0.44 0.18 0.19 0.19 

 SD (0.21) (0.08) (0.08) (0.07) 

75% Mean 0.41 0.20 0.20 0.20 

 SD (0.21) (0.08) (0.08) (0.07) 

95% Mean 0.56 0.15 0.14 0.15 

 SD (0.17) (0.06) (0.06) (0.06) 
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Table 2. Contribution of energy prices to changes in the ERIX index. 
Quantile   Electricity BRENT Coal Gas 

5% Mean 0.59 0.12 0.18 0.11 

 SD. (0.14) (0.06) (0.11) (0.09) 

25% Mean 0.48 0.20 0.17) 0.15 

 SD (0.13) (0.10) (0.11) (0.09) 

75% Mean 0.47 0.22 0.16 0.15 

 SD (0.12) (0.11) (0.11) (0.09) 

95% Mean 0.58 0.13 0.18 0.11 

 SD (0.13) (0.06) (0.11) (0.09) 
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Abstract 
 

1. Background 
 
Two models are commonly used in the estimation of hospital production function: 
the Cobb-Douglas and the transcendental logarithmic (Translog model). Using 
these models for estimation and prediction, the functional shape of continuous 
inputs is “forced” to follow a linear parametric form, which frequently does not fit 
the data closely. The relative lack of flexibility of parametric models has led to 
the development of non-parametric regression techniques based on the broad 
family of generalized additive models (GAMs). 
 
This paper studies the use of Additive Models (AMs) to calculate hospitals 
production functions. The results of this new approach are compared with the 
Cobb-Douglas and the Translog models. 
 

2. Data description 
 
The variables we use consist of inputs to hospital production in the form of capital 
and labour, and outputs from production. 
 
We have chosen the output of Inpatient care measured as number of admissions 
standardized by means of complexity, obtaining homogeneous units of production 
(UPHs),calculated by multiplying the number of admissions by the complexity 
(weight) obtained from the Diagnostic Related Groups (DRGs). 
 
Following Ferrier and Valmanis hospital inputs are measured as follows: in terms 
of capital we use the average number of beds (Beds) in each hospital.  
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Labour inputs are measured by the number of consultant full-time equivalents 
(FTEs) employed in each hospital. 
 
Workload statistics were collected by hospital, as panel data, from the Regional 
Ministry’s Information System, for the period 2010-2016. Hospitals have been 
classified within three clusters by Reyes following their size: Cluster 1 (small; < 
200 beds), Cluster 2 (medium; 200 − 650 beds), and Cluster 3 (large; > 650 
bedts). 
 

3. The statistical models 
 
The Cobb-Douglas production function proposed by Charles W. Cobb and Paul 
H. Douglas takes the following form for our model: 
 

( ) ( ) )1.(lnlnln
1

1
4210 εαββββ +++++= ∑

−

=
h

nH

h
h HospitalYearBedsFTEsUPHs  

 
A standard procedure for introducing the possibility of technical change is to 
include a time trend (Year). This captures observed changes in the technology. 
 
An alternative to the Cobb-Douglas production function is the translog production 
function. The form of translog production function used is as follows: 
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The flexible model considered was the following AM including a Beds-by-FTEs 
interaction: 
 

( ) ( ) ( ) )5(,ln,lnlnlnln
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where f1 and f2 are unknown smooth functions of the number of beds (log scale) 
and the number of physicians (log scale) respectively, and f3 is a unknown 
smooth function representing the possible interaction between the number of beds 
and the number of physicians (both in log scale). 
 
It should be noted that the categorical covariate ‘Hospital’ was also included in 
the previous models. In these models, nH denotes the number of hospitals (in our 
study 10), and Hospitalh is a dummy variable taking the value 1 for the hth 
hospital and 0 otherwise. 
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With regard to the estimation of the model, penalized thin plate splines were used 
to represent the smooth functions f1, f2 and f3, and the optimal smoothing 
parameters were estimated via Restricted (or Residual) Maximum Likelihood 
(REML). 
 
All the statistical analysis was performed using R software, version 2.9.1. AMs 
were fitted using mgcv package. 
 

4. Results 
 
In this section, we describe the results of each estimated model, for the Regional 
Health Service hospitals as an overall and every hospital Cluster. We evaluated 
the models based on the AIC (Akaike Information Criterion) and the economic 
interpretation for an output change due to changes in input factors. 
 
First of all, the models have been estimated for the Regional Health Service 
hospitals as an overall. Related to goodness of fit for the models, both the R2 and 
the AIC indicate that the AM provides a better fit in comparison with the two 
classic models, CD and Translog. 
 
Following the results for Cluster 1, AM regression model is the only one able to 
detect a significant interaction between Beds and FTEs inputs (p = 0.041). Paying 
attention to AIC (CD = 1073.084, Translog = 1072.302, AM = 875.337) and R2 
values (CD = 63.41, Translog = 63.54, AM = 78.50) we could observe a higher 
explanation power from the AM rather than for classic ones. 
 
Paying attention to the results for Cluster 2, the effect of interaction between input 
factors is captured by models translog and flexible one (p < 0.003). Even more, 
the AM model, unlike the classic ones, is able to show that changes in production 
technology, captured by time trends, would affect the output (p = 0.022). The 
significant hospital effect for the three models (p < 0.001, in all cases) seems to 
reflect some variability related to the size of the hospitals included in Cluster 2. 
As in the previous results, not only the AIC estimates but also the R2 (CD=77.68, 
Translog=78.32, AM=85.30) seem to show the advantage of AM behind the 
classic ones. 
 
The estimation results for Cluster 3 show significant effects of Beds for the three 
models (p < 0.001) while at the same time there are not any significant effects 
related to FTEs, hospital and technical change (Years) variables for the CD and 
Translog, but the AM detects effect for the FTEs (p = 0.037). However, there is a 
significant interaction between Capital and Labour factors for the AM (p = 0.022) 
whereas there is not for the Translog (p =0.772). The goodness-of-fit of the AM 
measured by the R2 (CD=78.01, Translog=77.96, AM=86.50) as well as the AIC 
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(CD=775.441, Translog=777.311, AM=619.218) have been more satisfactory for 
the AM compared with Cobb-Douglas and Translog. 
 
Graphical output of the results for the AMs, for the overall sample and for each 
hospital cluster separately, are depicted in Figure 1. 
 

5. Discussion and Conclusions 
 
The decision to measure production of hospitals by the AM made an attempt to 
improve flexibility for the functional form. The model proposed is certainly a 
simplified version of the complete econometric model specification (some other 
variables, in fact, can affect the analyzed phenomenon) but, also at this 
preliminary stage, the obtained results are really closed to the desirable 
hypotheses. 
 
A selected set of simple indicators of production has been analyzed. These 
indicators have been compared across different hospital typologies. This 
comparative analysis gives important insights to the different variations among 
hospitals. 
 
As reported in Figure 1, while medium size and small basic-care hospitals are 
almost homogenous in terms of bed productivity, large size hospitals presents a 
more complex bed productivity trend. Among hospital typologies, the AM 
presents a large variability for consultants’ productivity. The interpretation of 
these results is surely an interesting instrument for decision makers in order to 
analyze the productive conditions of each hospital and the health care sector as an 
overall. Moreover, AMs may also be applied to check the classical models 
performance. 
 
Results in this study suggest that AM is a promising technique for the research 
and application areas on health economics. Moreover, results allow to 
characterize the domains in which our approach may be effective like those 
related to demand, costs and utility functions in health care. 
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Figure 1 
 Productivity growth Global, Cluster 1, Cluster 2, Cluster 3, Flexible model. Variables (UPHs, 

FTEs, Beds) are expressed in Logarithm scale 
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1. Extended Abstract 
The origin of this work is a conversation with a politician of Extremadura region 
(Spain) about the railway network related to the region and its possible 
improvements. We found that there was a lack of simple tools that could help in 
showing different alternatives in a railway network with two different track 
gauges. 
 
Two of the authors developed some years ago a complex piece of software 
(denoted RutasOptiRed) for the Spanish Railway Foundation. It evaluated best 
routes, precise timings, CO2 emissions and costs for the different pieces of rolling 
stock of Renfe (Spanish Railways operator) running on Adif (Spanish 
infrastructure administrator) railway network [1,2,3]. The Spanish case is 
complex. The network has tracks of two gauges (standard: 1,435 mm; and Iberian, 
a broad gauge: 1,668 mm) and some double-gauge sections (with three rails). 
There are gauge changeovers installed at some stations, connecting both 
networks. Moreover, five completely different signalling systems are used in the 
network (ASFA, ASFA Digital, LZB, EBICAB, ETCS). Finally, some classes of 
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the rolling stock are dual gauge and one of them is hybrid. The performances (top 
speed, acceleration) of the pieces of flexible rolling stock depend on how they are 
working. Therefore, the problem is not trivial at all.  
 
RutasOptiRed required complete details of all sections in the railway network as 
well as of all the different pieces of rolling stock. Each edge of the graph had a list 
of characteristics associated (like gauge, maximum speed, etc.). The existence of 
dual gauge sections (without a gauge changeover at their endpoints), as on the 
Madrid-Canfranc route, required of the development of a complex adaptation of 
Dijkstra algorithm [4]. 
 
That piece of software was used to study alternatives to the connection Madrid-
Badajoz [5]. Soon after, the proposed connection, partially using the Seville high-
sped line, was adopted by Renfe (without installing a gauge changeover, but with 
a guaranteed transfer), and is now still available.  
 
It was also used to study the different alternatives to access Galicia with the 
opening of some parts of the new NW high-speed line and the possibilities of the 
new hybrid trains (Class 730) [6]. The present route is the one considered optimal 
by RutasOptiRed.  
 
The key idea in the new approach presented here is to consider a single graph 
without gauge details associated to its edges. This way a standard Dijkstra 
algorithm can be used. Let us detail it afterwards.  
 
Let S be the set of stations. Three undirected graphs are considered as input: 
 

- G1: graph corresponding to the Iberian gauge railway network (the vertices 
are the stations and the sections of the network are the edges) 

- G2: graph corresponding to the standard gauge railway network 
- G3: graph corresponding to the dual gauge railway network. 

 
If a station can be reached by trains of the two gauges (either through normal 
tracks or double gauge tracks), it will be described by two vertices. For instance, 
we shall have a vertex Zaragozai and another vertex Zaragozas (standing for 
Iberian / standard, respectively). Let Si and Ss be the sets of stations with both 
Iberian and standard gauges. Let Ci ⊆ Si and Cs ⊆ Ss be the sets of stations where 
a gauge changeover is installed. 
 
Step 1: Two new undirected graphs are considered, each one corresponding to the 
accessibility in each gauge: 
 

- G1
* = G1∣Si ∪ G3∣Si (corresponding to the sections of the network that can 

be traversed by an Iberian gauge train) 
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- G2
* = G2∣Ss ∪ G3∣Ss (corresponding to the sections of the network that can 

be traversed by a standard gauge train) 
 
where Gx∣Sy represents exchanging in graph Gx the name of all vertices, v, such 
that vy ∈	Sy , by vy.  
 
Step 2: The two previous graphs are merged and the connectivity between the two 
graphs is given by the gauge changeovers positioning (Figure 1): 
 

G* = G1
* ∪ G2

* ∪ {{vi ,vs} : vi ∈ Ci, vs ∈ Cs } 
 

Observe that the elements of the last set in the formula above are of the form 
{Zaragozai , Zaragozas}. 
 

 
Figure 1: Graph G* representing the global accessibility.  

 
This way, only the real or theoretical timings have to be assigned to each edge of 
G*. Edges correspond to sections of railway line or to gauge changeovers, and 
endpoint to endpoint timings can be easily computed. Let us note that the purpose 
of this new piece of software is far simpler than that of RutasOptiRed, although 
the approach for merging the subnetworks of different gauges is much simpler.  
 
The new package is implemented in Maple, using its graphs package, and will be 
exemplified by analysing the Madrid–Badajoz and Badajoz–Lisbon routes, based 
on present and historically available lines [7,8]. 
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Abstract 

This paper presents an approach for the linguistic description of 
time series based related to human behaviour based on Fuzzy 
Deformable Prototypes. The main purpose is to create a 
complex behaviour model that allows to offer recommendations 
regarding the current situation and predictions. It is also 
presented a case of study based on data captured by a time-
tracking tool.  
 
Key words: Fuzzy Deformable Prototypes, Time Tracking Logs 

1. Introduction 

Nowadays, there is a proliferation of tools, devices and applications that allow to 
capture data of people activity, but, merely offer the possibility of its 
visualization. The integration of the available information and its subsequent 
analysis using intelligent algorithms would give the possibility of offering 
personalized services to the user. The main problem to be addressed when trying 
to analyse these data sources lies in the inherent inaccuracy in the recording 
process. With the aim of handling data of these characteristics, Fuzzy Logic [1] 
offers mechanisms that allow to introduce expert knowledge and formalize the 
uncertainty that exists on the subject. For this purpose, our proposal is based on 
the use of fuzzy logic techniques such as Fuzzy Deformable Prototypes [2] that 
allow not only the description of the phenomena but inferences to be made about 
the presented situations.  
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2. Linguistic description of human behaviours using fuzzy 
deformable prototypes 

The use of “ideal descriptions” for human behaviours has several shortcomings. 
Ideal descriptions prototypically describe a fact, but in fact only approximate the 
ideal to a degree. Common description sentences show uncertainty or vagueness 
associated to the fulfilment of this ideal. Then, in the context of description, a fact 
or a set of facts is associated with a paradigm so that the paradigm interprets the 
behaviour. Thus, it is possible to describe the behaviour according to this 
interpretation. To generalize, many of the descriptions depend on the way the 
most similar paradigm or prototype for the circumstances of the problem is found. 
 
Fuzzy Deformable Prototypes (from now on FDPs) can provide an adequate 
formal framework for working with this idea. FDPs come from the confluence of 
two approaches to the concept of prototype: the “deformable prototype” of 
Bremermann [3] (“a real element is classified according to the minimum energies 
required for physically deforming the closest prototype”) and the fuzzy 
prototypes of Zadeh [4] (“a fuzzy prototype is a reunion of good, bad and 
borderline elements of a category”). The definition of FDPs inherits some 
features of Zadeh's fuzzy prototype approach but includes some extensions to 
manage the complexity of real-world problems. For example, in FDPs there are 
many prototypes of a behaviour depending on its relevant features. This work 
uses the concept of fuzzy deformable prototypes (FDPs) in order to model 
different phenomena related to human behaviour.  
 
The principle to obtain a fuzzy deformable prototype of a population of elements 
(for example, time segments) is to stratify it by grouping them sharing the same 
membership degree. For each level of stratification, the fuzzy prototype is 
obtained using an iterative process of clustering. During the iterative process, an 
object maximally summarized from each level of clustering is obtained which can 
be viewed as a fuzzy prototype. Where the number of prototypes for a behaviour 
is given, it may be meaningful to compute the collective properties of the 
prototypes and consider them as the reference for the corresponding descriptions 
and recommendations. 
 
In addition, each fuzzy prototype can also be represented as fuzzy sets. It means 
that it is possible to calculate a membership degree between an element and the 
fuzzy set. The use of FDP’s allows to evaluate new situations from these patterns, 
to deform [4] the most similar prototypes to this new behaviour and describe it 
using a combination of prototypes with the membership degrees as coefficients. 
As as result of this process, we can obtain some sentences to describe the 
behaviour with different degrees of typicality. For example, we can use the 
prototypical way to describe the situation, or show some uncertainty or vagueness 
or show higher and lower relationships with the prototypical behaviour. 
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3. Case of Study: Personal Time Logs 

Nowadays, tracking time is a relevant topic because it is directly related to 
efficiency and productivity. For this purpose, it is important to find a way to 
realistically and practically analyse the use of time.  
 
Following the theory of prototypes of Zadeh [2], the concept of a time segment 
with respect to its productivity can include a set of prototypes, which represent the 
good, low or medium compatibility of the instances with the concept.  
 
The first step of our analytics process to discover these prototypes is to calculate 
the behavioural features from the data provided by Time Tracking Tool. For this 
purpose, we analyse all relevant historic records and perform the aggregations that 
feature definition demands—for example, aggregating the amount of interruptions 
this user spent during that time segment. 
 
Then, the following step is detecting the relationships between the different time 
segments and thus to obtain the fuzzy deformable prototypes based definition of 
them. With this aim, first a clustering process is performed based on the features 
previously defined. Subsequently, aggregation functions are applied on each type 
of time segments to calculate the features values that will define each of the 
prototypes. Finally, each of these prototypes is represented using fuzzy numbers. 
 
From these definitions, we try to simulate the capacity of interpretation of the 
situation, that is, to find the model of evolution of productivity more adapted to 
the real circumstances. To this end, the user is first asked the real value of the 
factors that a priori determine the progression of a time segment. Their 
combination will give a degree of compatibility with prototypes, those prototypes 
with a degree of non-zero compatibility will be modified to give rise to the 
characterization of the time segment by a combination whose coefficients are the 
degrees of compatibility previously obtained. 
 
Specifically, the system describes the situation based on the level of stress of the 
user. To do this, it calculates the current stress state of the user by dividing for 
each prototype the stress curve [5] in five stages: start, up, top, down, end. 
Identifying within the prototype the phase in which the user is, through a finite 
state machine, can be generated the linguistic description of the situation and 
therefore recommendations from it. In addition, the linguistic description is 
enriched by the characteristics of the use of time (“maker”, “manager”, 
“mixture”). The description provided to  the current time segment would be valid 
if there are no influence of local factors. In this case, it is mandatory to modify 
any description or recommendation. 
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4. Conclusions and Future Work 

Continuous analysis of time series captured from human activity allows us to 
describe changes in the people behaviour and offer recommendations. Fuzzy 
Deformable Prototypes of time segments show the different behavioural 
possibilities. Subsequently, each time segment type goes through a “deformation 
process” until a prototype match is achieved. The better we can describe the “time 
segment” during any window time, the easier it becomes to offer specific 
recommendations and predictions.  
 
It would be interesting in future work to devise a version of the analysis in which 
reinforcement learning could play an important role. For example, the user's 
opinion about the descriptions and recommendations provided by the system can 
be fed back the application with this knowledge. 
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A model has orthogonal block structure if it has variance-
covariance matrix that is a linear combination of known 

pairwise orthogonal orthogonal projection matrices that add to 

the identity matrix. When the orthogonal projection matrix on 
the space spanned by the mean vector commutes with the 
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ON A SUFFICIENT CONDITION FOR COBS 

 

1. Introduction 

Linear mixed models are a powerful tool for analysing experimental data from 

several areas, such as agriculture, biology, medicine or industry. In the framework 

of the design of experiments in agricultural trials, in 1965, a special class of linear 

mixed models as emerged, called models with orthogonal block structure, OBS, 

based on the structure of the variance-covariance matrix [6,7].  Later on, in order 

to obtain optimal estimation for variance components of blocks and contrasts of 

treatments, using the algebraic structure of OBS, arose a particular case of these 

models, those of models with commutative orthogonal block structure, COBS [4].   

2.   Models with commutative orthogonal block structure 

Let us consider a mixed model 

𝒀 =∑𝑿𝑖𝜷𝑖

𝑤

𝑖=0

 

where 𝜷0 is fixed and 𝜷1 ,  …  ,  𝜷𝑤   are independent random vectors with null 

mean vectors, variance-covariance matrices 𝜎1
2𝑰𝑐1 …  𝜎𝑤

2𝑰𝑐𝑤  , where 𝑐𝑖 =

𝑟𝑎𝑛𝑘(𝑿𝒊), 𝑖 = 1, … , 𝑤 and null cross-covariance matrices. 

 𝒀 has mean vector   

𝝁 = 𝑿0𝜷0 

and variance-covariance matrix  

𝑽(𝜽) =∑𝜎𝑖
2𝑴𝑖

𝑤

𝑖=1

 

where 𝑴𝑖 = 𝑿𝑖𝑿𝑖
𝑇, 𝑖 = 1,… , 𝑤. 

Since the space spanned by the mean vector is 𝛺 = 𝑅(𝑿0), the orthogonal 

projection matrix, OPM, on 𝛺,  is 𝑻 = 𝑿0(𝑿0
𝑇𝑿0)

+𝑿0
𝑇 = 𝑿0𝑿0

+ , where + 

indicates Moore–Penrose inverse. 

When the matrices 𝑴1, … ,𝑴𝑤   commute, they generate a commutative Jordan 

algebra of symmetric matrices, CJAS,A. This is a linear space constituted by 

symmetric matrices that commute and containing the squares of their matrices [5]. 

The CJAS, A, as one unique basis, called the principal basis,𝑄, that is constituted 

by known pairwise orthogonal orthogonal projection matrices, POOPM, [8] thus 

the matrices 𝑴𝑖, 𝑖 = 1, … ,𝑤 are linear combinations  of the matrices of the CJAS 

principal basis 
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𝑴𝑖 =∑𝑏𝑖,𝑗𝑸𝑗

𝑚

𝑗=1

 

With 𝛾𝑗 = ∑ 𝑏𝑖,𝑗  𝜎𝑖
2𝑤

𝑖=1 ,  𝑗 = 1,… ,𝑚, the canonical variance components, the 

variance-covariance matrix of 𝒀 will take the form   

𝑽 =∑𝛾𝑗 𝑸𝑗

𝑚

𝑗=1

 

Since ∑ 𝑴𝑗
𝑤
𝑖=1 ∈ A is invertible, A is a complete CJAS and  ∑ 𝑸𝑗

𝑚
𝑗=1 = 𝑰𝑛. 

 So 

𝒀 =∑𝑿𝑖𝜷𝑖

𝑤

𝑖=0

 

is a model with orthogonal block structure, OBS. These models, introduced in 

[6,7], have been intensively studied and play a central part in the theory of 

randomized block designs, see, e.g., [1,2]. 

An important class of OBS, models with commutative orthogonal block structure, 

COBS, arises when 𝑇, the OPM on the space spanned by the mean vector, 

commutes with the POOPM 𝑸𝑗, 𝑗 = 1, … ,𝑚. [4]. So 𝑻 and 𝑽 commute and the 

least square estimators, LSE, for estimable vectors, will give BLUE (best linear 

unbiased estimators) whatever the variance components [10]. 

Assuming the rows of 𝑿0 to correspond to the sets of levels of the fixed effects 

factors, the mean values of the observations will be determined by those sets.  

Let us consider that there will be �̇� sets of the levels associated to 𝑟1,  … ,  𝑟�̇�, 

contiguous rows of 𝑿0. If the components of 𝜷0 , 𝛽0,1,  … ,𝛽0,�̇� , are the 

corresponding mean values, we can reorder the observations to have the block 

diagonal matrix 

𝑿0 = 𝐷(10,1, … , 10,�̇�)  

So the orthogonal projection matrix on  , the space spanned by the mean vector, is 

given by 

𝑻 = 𝐷 (
1

𝑟1
𝐽𝑟1 , … ,

1

𝑟�̇�
𝐽𝑟�̇�)  

Page 2229 of  2288



ON A SUFFICIENT CONDITION FOR COBS 

 

where 𝐽𝑟 = 1𝑟  1𝑟
𝑇
 

The fundamental partition of 𝒀 will be constituted by the sub-vectors 𝒀1,  … ,  𝒀�̇�, 

corresponding to the �̇� sets of the levels of the fixed effects factors [3]. Then the 

variance covariance matrix can be defined by 

𝑽 = [

𝑽1,1 … 𝑽1,�̇�
⋮ ⋮

𝑽�̇�,1 … 𝑽�̇�,�̇�

] 

with 𝑽𝑙,𝑙  the variance-covariance matrix of 𝒀𝑙, 𝑙 = 1, … , �̇� , and 𝑽𝑙,ℎ  the cross-

covariance matrix of 𝒀𝑙   and 𝒀ℎ, 𝑙 ≠ ℎ. 

 

Since 

𝑇𝑉 =

[
 
 
 
1

𝑟1
𝐽𝑟1𝑽1,1 …

1

𝑟1
𝐽𝑟1𝑽1,�̇�

⋮ ⋮
1

𝑟�̇�
𝐽𝑟�̇�𝑽�̇�,1 …

1

𝑟�̇�
𝐽𝑟�̇�𝑽�̇�,�̇�]

 
 
 

  and  𝑉𝑇 =

[
 
 
 𝑽1,1 

1

𝑟1
𝐽𝑟1 … 𝑽1,�̇�  

1

𝑟1
𝐽𝑟1

⋮ ⋮

𝑽�̇�,1
1

𝑟�̇�
𝐽𝑟�̇� … 𝑽�̇�,�̇�  

1

𝑟�̇�
𝐽𝑟�̇�]
 
 
 

  

the matrices 𝑇 and 𝑉 commute if and only if 

{
 
 

 
 
1

𝑟1
𝐽𝑟1𝑽1,1 = 𝑽1,1 

1

𝑟1
𝐽𝑟1 …

1

𝑟1
𝐽𝑟1𝑽1,�̇� = 𝑽1,�̇� 

1

𝑟1
𝐽𝑟1

⋮ ⋮
1

𝑟�̇�
𝐽𝑟�̇�𝑽�̇�,1 = 𝑽�̇�,1

1

𝑟�̇�
𝐽𝑟�̇� …

1

𝑟�̇�
𝐽𝑟�̇�𝑽�̇�,�̇� = 𝑽�̇�,�̇� 

1

𝑟�̇�
𝐽𝑟�̇�

 

 

Which occurs when the matrices 𝑽𝑙,ℎ , 𝑙 = 1,… , �̇�, h= 1,… , �̇� are B-matrices, see, 

e.g. [9], this is, when 

1

�̇�
∑𝑽𝑙,ℎ 

�̇�

𝑙=1

=
1

�̇�
∑𝑽𝑙,ℎ 

�̇�

ℎ=1

=
1

�̇��̇�
 ∑∑𝑽𝑙,ℎ 

�̇�

ℎ=1

�̇�

𝑙=1

 

 

With  

𝑉 = 𝐷(𝜎1
2 𝐼𝑟1 , … , 𝜎�̇�

2 𝐼𝑟�̇�) 

matrices 𝑇 and 𝑉 commute. 

With this commutativity condition 𝒀 will be a model with commutative 

orthogonal block structure (COBS) and, according to the version of the Gauss-

Markov theorem in [10], the LSE for estimable vectors will be BLUE. 
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Abstract 

Graphene is a material with many potential applications. For example, we 
can introduce nano-holes into graphene membranes for the design of 
efficient molecular sieves. Our research group has recently succeeded to 
efficiently separate He-3 from He-4 by quantum tunneling.  
 
Graphene can also be wrapped around a sphere to form fullerene structures. 
12 pentagons have to be however introduced to satisfy Euler’s polyhedral 
formula [1,2]. Graphene can also be modified to graphyne by vertex 
insertions. From this one obtains new fullerene structures called gaudienes. 
Such structures can be explained using topology and graph theory which 
form the basis of our general-purpose computer program Fullerene that 
creates accurate 3D structures for any fullerene isomer. It also creates dual 
structures corresponding to a triangulation of a sphere. Such a dual structure 
has recently been found experimentally in Lai-Shang Wang’s group at 
Brown University, and consists of 16 gold atoms on a sphere. These unique 
triangulations of a sphere related to fullerene duals have exactly 12 vertices 
of degree five. The icosahedral hollow gold cages previously postulated are 
related to halma transforms of C20. This dual mapping also relates the 
(chiral) gold nanowires observed to the (chiral) carbon nanotubes. In fact, 
the Mackay icosahedra well known in gold cluster chemistry are related to 
the dual halma transforms of the smallest possible fullerene C20. 
 
Keywords: Fullerenes, Fulleroids, Golden Duals 
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Abstract 

This paper explores the efficacy of a population-based approach 
such as genetic algorithms in the field of feature selection, 
although these algorithms were created as an alternative to 
optimization methods like EVOP or simplex. A framework 
called Correlation-based Feature Selection guided by a Genetic 
Search algorithm (CFS-GeSe) was introduced. The results are 
promising especially for C4.5 classifier, bearing in mind the 
accuracy and Roc measures. 
 
Key words: supervised machine learning, feature selection, 
genetic algorithms, data mining, dimensionality reduction.  
 
 

1. Introduction 

A possible taxonomy of classifiers could distinguish between different kinds of 
algorithms [1]. The most well-known methods fall into the category of decision 
trees, rule-based classifiers and black-box methods. Some pros and cons 
characterise every type of approach. Nowadays the available information is 
continuously making some progress and every second more data to be processed 
increases. We speak of attribute [2] or feature as the description of some existing 
measure in the universe that takes values in a certain domain. On the other hand, 
we talk about domain as the set of values of the same type. That features are taken 
from the data mining. The data mining [3] contains a lot of data that are treated to 
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be converted in knowledge. This knowledge is taken when the features are treated 
with or without the genetic algorithms.  

Therefore, machine learning-techniques and data mining were developed 
to discover knowledge and recognize patterns from these data. What is more 
feature selection is almost a mandatory task in most of application domains in 
order to minimize redundancy and maximize relevance to the target, as the data 
collected is usually associated with a high level of noise. 

 

2. Feature selection and genetic algorithms 

Feature selection could be defined as the way to get the most relevant attributes, 
deleting those who are redundant or not relevant, for to obtain the most optimal 
result. When feature selection is applied, we get less data, greater accuracy, 
simpler results and less attributes; for this reason, the efficiency is increased and 
the accuracy and the understanding of the results [4].  

The only way to guarantee the optimal selection of this final subset is to do 
an exhaustive search of all the possible subsets. However, this could take a long 
time as for N features the number of possible subsets is 2N. The purpose of feature 
selection is to select a subset of the most relevant features out of the larger set, 
maximizing the classification performance. In other words, those features which 
are highly correlated with the class [5]. 

Genetic algorithms are based on natural evolution, identifying the attribute 
as chromosome, and the parts of the attribute as genes.  This evolution is based on 
the idea that the chromosomes with "good structures" survive more likely. 

There are several ways to obtain these attributes to make the selection 
(randomly, by tournament, according to their evaluation,...), but the genetic 
algorithms [6] make it favouring the best while allowing the diversity. This 
diversity is obtained by giving all the genes a probability of being chosen, so that 
although the best is favoured, one with less probability can be part of the gene that 
allows us to obtain the most optimal result. The methods used [7] in genetic 
algorithms are based on mutations or crossings of genes through which the best 
attributes are obtained. While permutations are crosses based in cycles, crossings 
exchange chromosome segments. 

The most commonly used technique in feature selection is the stepwise 
approach [8], which can run forward or backward. In the forward version, the 
variables are selected and added to the model one at time, until no improvement 
in the results is obtained. In the backward version, the first model to be computed 
is the one with all the variables; the variables are then selected and removed one 
at time. A mix of these two approaches is also used, in which each addition of a 
variable by the forward selection is followed by a backward elimination. The 
stepwise techniques have two main disadvantages: first, each choice heavily 
affects the following choices; and second, the final result is expressed by a single 
combination, and then no choice is given to the user. 
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Genetic algorithms, in their favour, always allow the exploration of the 
whole experimental space: due to the occurrence of the mutations, each possible 
combination can occur at any moment. The result obtained with genetic 
algorithms is a whole population of solutions: the user can then choose the one he 
prefers, taking into account at the same time the response and the variables are 
used. From this it is also evident that a relevant feature of genetic algorithm is the 
ability to detect several local maxima. 

In short, data mining contains those data that which we can do a feature 
selection without genetic algorithms, but of course, the use to this type of 
algorithms give us the better features with a minimal time. 

Our proposal considers a genetic search (GS) in conjunction with an 
attribute evaluator based on correlation known as CFS (Correlation-based Feature 
Selection). In a first step CFS [9] is applied to get the assessment of the features 
according to a correlation measure; after that a genetic search algorithm guides 
the search following a metaheuristic approach. The framework has been called 
CFS-GeSe that stands for Correlation-based Feature Selection guided by a 
Genetic Search algorithm. 

 

3. Experimentation 

Table 1 summarises the main parameters of the CFS-GeSe framework along with 
their numerical values. It is very outstanding to stress that a preliminary 
experimental design was carried and after that we chose the values described due 
to a good performance; cross validation procedure using the train set to create 
preliminary train and preliminary test sets. It is straightforward that these values 
may not be the optimal ones but were the result of a previous experimentation. 
 

Parameter Value
Population size 200
Number of generations 20
Probability of crossover 0.6
Probability of mutation 0.033

Table 1: Parameter values for CFS guided by a Genetic Search algorithm (CFS-GeSe). 

Table 2 represents the data set used throughout the experimentation. They 
come mostly from binary and multi-class supervised machine learning real-world 
problems available in the public repository from the University of California at 
Irvine (UCI). We have also included the number of selected features for the 
proposal coined as CFS-GeSe with the training set. Last row shows the 
dimensionality reduction on average over the original data sets. 
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Data set #Samples #Train #Test #Features #Classes #Selected(CFS-GeSe) 

Hepatitis 155 117 38 19 2 10 
Ionosphere 351 263 88 33 2 12 
Labor 57 43 14 29 2 9 
Promoter 106 80 26 58 2 20 
Waveform 5000 3750 1250 40 3 12 

Average 1133.80 850.60 283.20 35.80 2.20 12.60 

Dim. Reduction  64.80 

Table 2: Summary of the test-bed and features selected for CFS-GeSe proposal. 

 
Concerning the classifiers, C4.5 and BayesNet were applied to every 

problem a) with the original data set and b) also after the data preparation over the 
train set took place and the list of selected attributes were projected onto the initial 
sets to get the reduced train and test subsets, respectively. As evaluation measures 
we have included in the forthcoming tables Accuracy and Roc in the test set. 

Table 3 reports the test results obtained with C4.5 classification algorithm. 
By rows, we have represented a concrete result in boldface meaning that the 
current proposal overcame the situation will all the features. If no value is in bold, 
no improvements happened and the single advantage of the new proposal for this 
problem is that a reduction in the number of features took place, arising therefore 
a trade-off between the computational time and the performance. From the point 
of view of accuracy, CFS-GeSe gets better results in two out of the five problems 
tested. Moving to Roc measure, three data sets take advantage of the new 
proposal. In both cases, the averages are also higher which accompanied to the 
improvements in individual results indicate that CFS-GeSe is very appropriate for 
C4.5 algorithm.  
 

Data set Accuracy Roc

Original CFS-GeSe Original CFS-GeSe

Hepatitis 84.21 84.21 0.7760 0.8890
Ionosphere 92.05 92.05 0.8970 0.8920
Labor 85.71 85.71 0.8000 0.8000
Promoter 69.23 76.92 0.5860 0.6570
Waveform 74.80 76.00 0.8050 0.8500

Average 81.20 82.98 0.7728 0.8176

Table 3: Test results with C4.5 classifier. 

 
Table 4 shows the accuracy and Roc results via the BayesNet supervised 

machine learning approach. We have followed the same conventions aforesaid for 
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the Table 3. Now, sometimes punctual enhancements happen. In other cases worst 
results are obtained which is enough to be very careful with the application of 
CFS-GeSe in combination with BayesNet. These experiments encourage to test 
with different feature selection approaches or even measures or kinds of searches 
to guide the exploration and exploitation with the findings of the first stage of the 
feature selection procedure.  
 

Data set Accuracy Roc

Original CFS-GeSe Original CFS-GeSe

Hepatitis 94.73 94.73 0.9740 0.9740
Ionosphere 92.05 92.05 0.9520 0.9680
Labor 85.71 85.71 0.9560 0.8670
Promoter 76.92 80.76 0.9020 0.8820
Waveform 78.08 77.84 0.9330 0.9310

Average 85.50 86.22 0.9434 0.9244

Table 4: Test results with BayesNet classifier. 

 

4. Conclusions 

This paper introduced CFS-GeSe which is a Correlation based Feature 
Selection guided by a Genetic Search algorithm. Experiments revealed that CFS-
GeSe is very suitable for C4.5 classifier letting to get better test results with 
Accuracy and Roc measures. On the other hand, for BayesNet is not very clear 
that the combination with CFS-GeSe is a handy symbiosis and other ways of 
feature selection should be explored or even to analyse the measures, if any, that 
could be convenient to this very powerful supervised machine learning algorithm. 
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Abstract 

In this work,we develop a new two-step method given by Ren et al.(2009).It 

includes three parameters.We approximate these parameters and increase the 

convergence order  from 4 to 8. convergence analysis along with numerical 

illustrations are provided to justify and accomplish theoretical and practical 

aspects of the proposed methods. 

 

Key words: Nonlinear equation, Newton’s interpolatory polynomial, adaptive with memory 

method,R-order convergence,self accelerating parameter. 

 

 

1.     Introduction 

         Finding the root of a nonlinear equations or systems is an interesting task in numerical 

analysis and applied mathematics, which has attracted so much attention recently. In the last 

years, iterative techniques have been applied in many diverse fields as economics, engineering, 

physics, dynamical models,and so on.Newton’s method is the most well-known method for 

solving nonlinear equations[1].However,the existence of first derivative is compulsory for the 

convergence of Newton’s method, which bounds its applications in practice. To overcome on 

this difficulty,Steffensen replaced the first derivative of the function in the Newton’s iterate by 

forward finite difference approximation[2].Both the methods possess the quadratic convergence 

and the same efficiency but second one is derivative free. Multipoint iterative methods for 

solving nonlinear equations are of great practical importance since they overcome theoretical 

limits of one-point methods concerning the convergence order and computational efficiency [2-

11]. In the case of multipoint without memory methods,this requirement is closely connected 

with results of Kung and Traub [3],who conjectured that the order of convergence of any 

multipoint method without memory, consuming n + 1 function evaluations per iteration, cannot 

exceed the bound 2
n
.Multipoint methodswith this property are usually called optimal order.The 

recent past,researchers have focused on optimizy the existing non-optimal iterative methods 

without any additional evaluation of functions and derivatives.Let mk represent the r+1 quantities 

xk, t1(xk), t2(xk), ..., tr(xk) and define an iterative process by xk+1 = F(mk; mk−1, mk−2, ..., 

Page 2240 of  2288

mailto:vali_torkashvand@yahoo.com
mailto:lotfitaher@yahoo.com


Proceedings of the 17th International Conference 
on Computational and Mathematical Methods 
in Science and Engineering, CMMSE 2017 
4-8 July, 2017 

 

mk−r).Following Traub’s terminology [4], F is called a multipoint iterative function with 

memory. To compare iterative methods theoretically, Ostrowski [5] introduced the idea of 

efficiency index and given by d
1/n

, where d is the order of convergence and  n is the number  of  

function evaluations per iteration. In this paper we present an improvement of the existing with 

memory family Ren et al [6], constructed by introducing two more iterative parameters which 

are calculated with help of Newton’s interpolatory polynomial of different degrees. In Section 2, 

a family of two-point methods without memory with improved order of convergence from 4 to 8 

without adding more evaluations is presented.The comparisons of absolute errors and 

computational efficiencies are given in Section 3 to illustrate convergence behavior.Finally,we 

give the concluding remarks. 

 2.      New modified three- parametric methods 

In this section, we deal with modifying two-point without memory method by Ren et al [6].Its 

error equation has three accelerator elements.Ren et al method has the iterative expression 

 

 

To transform (2.1) in a method with memory, with three accelerators, we consider the 

following modification of (2.1) [11]. 

 

 

where  are arbitrary parameters.In what follows, we present the error equation of 

(2.2).  

Theorem 2.1 Let  be an open interval, our times continuously differentiable and 

let  be a simple zero of f. If the initial point x0 is sufficiently close to , then the method 

defined by (2.2) converges to α with order four. Moreover, the error equation is 

 

where   

It must be noted that schemes (2.1) and (2.2) are still methods without memory.In the next 

section, we discuss how they can be transformed in methods with memory with higher order of 

convergence without increasing the number of functional evaluations per step. 

Page 2241 of  2288



Proceedings of the 17th International Conference 
on Computational and Mathematical Methods 
in Science and Engineering, CMMSE 2017 
4-8 July, 2017 

 

3.      The development of a new method with memory 

This section concerns with extracting a new method with memory from (2.2) by using three self-

accelerating parameters. Theorem 2.1 states that modified method (2.2) has convergence order 

four if  Now, we pose some questions: Is it possible to 

increase the convergence order of this method? If so, how can it be done and what is the new 

convergence order? For answering these questions, we look at the error equation (2.2). 

It can be seen that if we set , then at 

least the coefficient of  disappears. However, we do not know ,and consequently,  , 

 and  cannot be data comuted. On the other hand, we can approximate  using 

available data design of methods with memory consists on the calculation of the parameters 

as the iteration proceeds by the formulas

   are approximations 

to , respectively. To this end, the following approximates are applied 

 

where  

are Newton’s interpolating polynomials of  third ,fourth and fivth degree, set through four,five 

and six best available approximations (nodes)  

 respectively. It should be noted that if one uses lower 

Newton’s interpolation, lower accelerators are obtained. Replacing the fixed parameters 

 in the iterative formula (2.1) by varying  calculated by (3.1), we propose 

the following new method with memory, denoted by NM7,
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Here, we concerns the second question regarding convergence order of the method with memory 

(3.2). We need the next  technical  result (see[4]). 

Lemma 3.1 If  

 then the estimates                 

 

hold, where  are some asymptotic constants. The following result determines the 

convergence order of the two-point iterative method with memory (3.2). 

Theorem 3.2 If an initial estimation x0 is close enough to a simple root  of  

and   must be uniformly bounded above, being f a real sufficiently differentiable 

function, then the R-order of convergence of the two-point method with memory (3.2) is 

arbitrary close to . 

Theorem 3.3 If an initial estimation x0 is close enough to a simple root  of  and 

 must be uniformly bounded above, being f a real sufficiently differentiable 

function, then the R-order of convergence of the two-point method adaptive with memory (3.2) 

is arbitrary close to  (NM8). 

4.        Numerical Examples and Conclusion 

The errors |xk − α| of approximations to the sought zeros, produced by the different  methods at 

the first three iterations, are given in Tables 1, 2  where m(−n) stands for m × 10
−n

. These tables 

also include, for each test function, the initial estimation values and the last value of the 

computational order of convergence coc [9] computed by the expression 

(if it is stable)                           .                                       (4.1)  

The software Mathematica 9, with 2000 arbitrary precision arithmetics, has been used in our 

computations.Several iterative methods with and without memery, for comparing with our 

proposed methods, have been chosen as comes next

 

Derivative-free Zheng et al two-step order 4 

(ZM)[7].                            

 Derivative-free Petkovic et al two-step with memory with order  (PM)[8]. 
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 Derivative-free Lotfi et al two-step with memory order 6 (LM)[10]. 

 

 

Derivative-free Cordero et al two-step with memory order 7 (CM)[11]. 

 

 

 

 

00.200.8)82(189.0)10(186.0)1(433.0)3.3(8

96.153.7)10(186.0)1(433.0)1(000.1)2.3(7

913.100.7)8(200.0)1(431.0)1(000.10),5.4(

587.100.4)13(259.0)3(163.0)1(494.01),1.2(

646.146.4)9(364.0)5(114.0)1(559.0)3.4(

817.100.6)63(267.0)10(197.0)1(177.0)4.4(

587.100.4)34(430.0)8(305.0)2(879.0)3.4(

321

NM

NM

CM

RM

PM

LM

ZM

EIcocxxxMethods
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00.200.8)206(439.0)25(434.0)3(846.0)3.3(8

961.154.7)25(434.0)3(846.0)0(200.0)2.3(7

913.100.7)22(368.0)3(704.0)0(200.00),5.4(

582.196.3)33(205.0)8(460.0)1(116.01),1.2(

644.144.4)74(877.0)15(166.0)2(134.0)3.4(

817.100.6)10(478.0)1(236.0)0(261.0)4.4(

549.172.3)56(162.0)13(164.0)3(957.0)2.4(

321

NM

NM

CM

RM

PM

LM

ZM

EIcocxxxMethods

 

In Tables 1–2 we have examined some methods with different kinds of convergence order. It is 

observed that these methods support their theoretical aspects.The last columns of  Tables show 

computational efficiency index defined by IE = COC 
1/ 3 

. It is asymptotically 2. In other words, 

our three parametric with memory method (3.3), shows a behavior as optimal n-point without 

memory methods.Therefore, we can conclude the following: 

We have developed a new  three parametric with memory method which has efficiency index 2. 

However, such task is only of theoretical importance, since developing methods with efficiency 

index more than 2 is impossible.Moreover,our developed method (3.3) does not need any 

derivatives and can be used even for non-smooth functions. Studying basins  of attraction of the 

methods in this work may be considered for future research. 
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Abstract 

The problem of high-intensive laser pulse influence on 
semiconductor with nonlinear absorption is considered. The 
conservative finite-difference scheme efficiency for complicated 
nonlinear processes computation is proposed. Computer 
simulation results are presented. 
 
Key words: conservative finite-difference scheme, optical 
bistability, femtosecond pulse 
 

1. Introduction 

We consider a 2D problem of femtosecond laser pulse interaction with 
semiconductor under the condition of field optical bistability (OB) occurrence. 
This is very promising phenomenon for the creation and developing of all-optical 
data processing. In the case of OB existence, the hysteresis dependence of 
semiconductor characteristics on laser pulse intensity and also kink structure of a 
high absorption appears. Existence of this phenomena is based on the laser 
radiation non-linear absorption of a semiconductor. 

The laser pulse interaction with a semiconductor is described by the set of 
nonlinear partial differential equations. The laser pulse propagation in a 
semiconductor is described by a nonlinear Schrödinger equation with respect to 
the envelope (complex amplitude) of wave pocket. We developed a conservative 
finite-difference scheme (FDS) for this problem. It is a nonlinear one, so to realize 
it we proposed an original two-step iteration process. The FDS is also 
conservative one on the each of iterations. Сomputer simulation results confirmed 

Page 2247 of  2288

mailto:vatro@cs.msu.ru
mailto:mloginova@cs.msu.ru
mailto:egorenkov-v-a@mail.ru


that the FDS possesses an asymptotic stability property. This property is very 
important because we should provide calculation during long time interval. One 
of the features of proposed approach for the nonlinear FDS realization is an 
opportunity of its generalizing for multidimensional problem.  
 

2. Problem Statement and FDS 

 
 
 
 
 
 
 
 
 
 
The process of laser pulse interaction with a semiconductor is described by the 
following set of 2D dimensionless differential equations concerning 
semiconductor characteristics - free electron concenration n(x,y,t), ionized donors 
concentration N(x,y,t), electric field potential ( , , )x y t  [1, 2] and complex 

amplitude A(x,y,t): 
2 2
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This homogenous BC correspond to both the electric current absence through 
semiconductor faces and external electric field absence. Below the following 
functions are introduced: generation G and recombination R of free electrons  

2
2 0

0( , , , ) ( , , ), ( , )
R

nN n
G n N A q A n N R n N  




  . 

 
SEMICONDUCTOR 

LASER PULSE 

x 

y 

0 

Page 2248 of  2288



Absorption coefficient ( , , )n N   could be approximated by different ways, in 

our paper we consider its folowing approximation:  
(1 )( , , ) (1 ) n

n n N N e       . 

It should be stressed, that we take into account the diffraction phenomena to 
describe the laser pulse reflection from the inhomogeneities induced by laser 
radiation in semiconductor. This is a very important feature of such problem 
statement and it has not been described in literature earlier.  
    The law of charge preservation takes place for this problem, therefore the FDS 
conservatism consists in validity of this invariant difference analog.  
    To solve the differential initial-boundary problem numerically we approximate 
it by the set of finite-difference equations. We use uniform space and time grids in 
rectangular domain and standard notations of the first and the second difference 
derivatives for this purpose. As a result, we propose the following FDS in the 
inner nodes of the grids: 

ˆˆ( ),xx yy n N         
ˆ

ˆ ˆ0.5 0.5 ,
N N

G G R R
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    . 

This FDS has the second order of approximation on time and space coordinates in 
inner grid nodes. BC for electric field potential and free electron concentration 
are approximated with the first order because of the scheme conservative 
property requirement.  

To solve the obtained system of 2D nonlinear difference equations we use 
two-stage iteration process [3]. We constructed it in such a way, that the FDS 
becomes a conservative one on each of iterations. It is an important feature of our 
approach. Such approach allows to avoid disadvantages which arise from split-
step method using, because this method accumulates computing mistakes at 
calculating non-stationary problem on a big time interval and, therefore, 
asymptotic stability property violation takes place. 
 

3. Computer simulation results 
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                                                                     (a) 

 

                                                                     (b) 

Figure 1: Distribution of square root from laser pulse intensity 
2

A  at time 

moment t=3 (a), 6 (b) for computation with parameters 00.1, 0.25a   , 

0 04, 0.01, 3, 2.553q n     
510x yD D   ,

510x y    ,

5 1
10 , , 5

4
Ax AyD D 



   . 

In Fig.1 an example of the laser pulse interaction with a high absorption 
domain in semiconductor is shown in two time moments. First time moment 
(Fig.1a) corresponds to laser pulse transmission the semiconductor face. We see a 
reflected pulse formation. In the second time moment (Fig.1b) a motion of 
reflected sub-pulse occures. 
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Abstract

The symmetric and symplectic conditions and exponential fitting conditions for mod-
ified Runge-Kutta methods are presented. Two new exponentially fitted symmetric and
symplectic diagonally implicit Runge-Kutta (EFSSDIRK) methods of respective second
order and fourth order are derived. Implementation on the Kepler problem shows the
high effectiveness and competence of the new methods compared to three four order
DIRK methods in the recent literature.
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1 Introduction

In this paper, we focus on the effective integration of the initial value problem of the first
order differential system in the form

ẏ = f(t, y), y(x0) = y0, (1)

which arise in sciences such as celestial mechanics, astrophysics, chemistry biology and
engineering. In many applications, the problem (1) takes the form of a Hamiltonian system,
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that is the function f(t, y) = J−1∇H(p, q) with J =

(
0 Id
−Id 0

)
, where H = H(p, q) =

H(p1, . . . , pd, q1, . . . , qd) is the Hamiltonian energy. A special class of numerical integrators,
called symplectic integrators, have been proved to be very effective for Hamiltonian systems
due to the preservation of the symplectic structure of the solution.

2 Exponentially fitted symmetric and symplectic diagonally
implicit Runge-Kutta methods

Suppose the solution to the problem (1) is oscillatory with frequency ω, we consider the
modified implicitly diagonal Runge-Kutta methods of the form

Yi = ηiyn + h
i∑

j=1
aijf(xn + cjh, Yj), i = 1, . . . , s,

yn+1 = yn + h
s∑
i=1

bif(xn + cih, Yi),

(2)

where h is the stepsize, ηi, bi, aij , ci, 1 ≤ j ≤ i ≤ s are assumed to be even functions of
z = iωh (i2 = −1). It is usually assumed that lim

z→0
ηi(z) = 1 so that as z → 0, the scheme

(2) reduces to a traditional Runge-Kutta method.

According the Tsitouras et al. [6], the local truncation error of the modified RK method
(2) can be expressed as

LTE =
∑
τ∈T

hρ(τ)

ρ(τ)!
(γ(τ)b(z)TΦ(τ)−1)α(τ)F(τ)(y0)+

∑
τ∈T̃

hρ(τ)

ρ(τ)!
(γ(τ)b(z)T Φ̃(τ)−1)α(τ)F̃(τ)(y0),

(3)
where T (T̃ ) is the set of (modified) rooted trees, F(τ)(y0) (F̃(τ)(y0) ) is the elementary
differential of f associated to τ ∈ T (T̃ ) at y0, γ(τ) is the density of the tree τ , α(τ) is the
number of monotonic labellings of τ and Φ(τ) (Φ̃(τ)) is the elementary weight coefficient
which depends on A(z) and η(z).

The modified Runge-Kutta method of the form (2) has order p if for any sufficiently
smooth problem (1), under the assumption that y(x0) = y0, the local truncation error of
the solution satisfies

LTE = y(x0 + h)− y0 = O(hp+1) as h→ 0. (4)
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For example, the conditions for the method (2) to be of order four are listed as follows:

ηi = 1 +O(z2),
∑
i
bi = 1 +O(z4),

∑
i
biηi = 1 +O(z4),∑

i,j
biaijηj = 1

2 +O(z3),
∑
i,j
biηiaij = 1

2 +O(z3),
∑
i,j
biaij = 1

2 +O(z3),∑
i,j,k

biaijajk = 1
6 +O(z2),

∑
i,j
bic

2
i = 1

3 +O(z2),
∑
i,j
bic

3
i = 1

4 +O(z),∑
i,j
biaijc

2
j = 1

12 +O(z),
∑
i,j,k

biciaijajk = 1
8 +O(z),

∑
i,j,k,l

biaijajkakl = 1
24 +O(z).

(5)

The method (2) is symmetric if

ci = 1− cs+1−i, ηi = ηs+1−i, bi(z) = bs+1−i(z), i = 1, . . . , s,
aij = ηi(z)bj(z), 1 ≤ j < i ≤ s,
aii + as+1−i,s+1−i = ηi(z)bi(z), i = 1, . . . , s.

(6)

The method (2) is symplectic if its coefficients satisfy the following conditions

aij = ηibj for 1 ≤ j < i ≤ s, aii =
1

2
ηibi for 1 ≤ i ≤ s. i, j = 1, . . . , s. (7)

The method (2) is exponentially fitted if its internal stages and the update are exact
for the functions {exp(±ωx)} leading to:

i∑
j=1

aij sinh(ciz) = cos(ciz)−ηi
z ,

i∑
j=1

aij cosh(ciz) = sin(ci(z)z)
z , i = 1, . . . , s,

s∑
i=1

bi sinh(ciz) = cos(z)−1
z ,

s∑
i=1

bi cosh(ciz) = sin(z)
z .

(8)

A 2-stage symmetric and symplectic exponentially fitted DIRK method of order two is
given by

c1 = 1/4, c2 = 3/4, η1 = 1
cosh(c1z)

, η2 = η1, a11 = tanh(c1z)
z , a21 = 2a11,

a22 = sin(c2z)−2 sinh(c1z)
z cosh(c2z)

, b1 = cosh((c2−1)z)−cosh(c2z)
z sinh((c1−c2)z) , b2 = b1.

(9)

The method is denoted as EFSSDIRK2.

A 3-stage symmetric and symplectic exponentially fitted DIRK method of order four is

c©CMMSE ISBN: 978-84-608-6082-2Page 2254 of  2288



EFSSDIRK methods

obtained as follows

c1 =
(
1
3 + 21/3

6 + 22/3

12

)
− 1

864

(
1 + 22/3 + 24/3

)
z2 − 1

414720

(
23 · 21/3 − 22 · 22/3 − 36

)
z4 + . . . ,

c2 = 1/2, c3 = 1− c1, η1 = 1
cosh((1−c3)z) , η3 = η1

η2 =
4(3c23−3c3+1)−cosh( z

2
(1−2c3))

4(3c23−3c3+1) cosh( z
2)+z sinh( z

2
(1−2c3))−cosh(z−c3z)

,

a11 = a33 = 1
2η3b3, a21 = η2b3, a22 = 1

2η2b2, a31 = 2a11, a32 = η3b2.

b1 =
−2z sinh( z

2
(1−2c3))+cosh((1−c3)z)−cosh(3z)

z(8c33 sinh((c3−
1
2)z)+2 sinh( z

2
(1−2c3))(cosh( z

2
(1−2c3))+4(c3−1)3))

,

b2 =
4 sinh( z

2
(1−2c3))(z cosh( z

2
(1−2c3))−4(3c23−3c3+1) sinh( z

2))
z(8c33 sinh((c3−

1
2)z)+2 sinh( z

2
(1−2c3))(cosh( z

2
(1−2c3))+4(c3−1)3))

,

b3(z) = b1(z).
(10)

The method is denoted as EFSSDIRK4. As z → 0, the method reduces to a classical
four-stage DIRK proposed by Sans-Serna and Abia [5] and Feng and Qin [3], which is
denoted as SSDIRK4.

3 Numerical experiments on the Kepler problem

To examine the numerical effectiveness of the newly constructed SSEFDIRK4, we apply it
to the Kepler problem

p′1 = − q1√
(q21+q

2
2)

3
, p′2 = − q2√

(q21+q
2
2)

3
, q′1 = p1, q′2 = p2, . (11)

The Hamiltonian of this problem is given by H(p1, p2, q1, q2) = 1
2(p21 + p22)−

(
q21 + q22

)−1/2
.

For initial values q1(0) = 1, p1(0) = 0, q2(0) = 0, p2(0) = 1, the exact solution of (11) is
q1(x) = cos(x), q2(x) = sin(x).

Four highly efficient DIRK methods of order four are selected from the literature for
comparison listed as follows: DIRK4A (Alexander [1]), DIRK4C (Cash [2]), SSDIRK4SA
(Sanz-Serna and Abia [5]) and TFSDIRK4K (Kalogiratou [4]).

The effectiveness of the previous methods will be compared in terms of accuracy and
efficiency. We test the accuracy of the methods in the terms (P,Q), where P represents
the decimal logarithm of the maximum global error log10(MGE) and Q represents the
computational effort required by each method which is measured by the decimal logarithm
of the number of function evaluationslog10(NFE) . We also check the efficiency in terms of
R = MGE×NFE.

We take the fitting frequency as ω = 1 and integrate the problem on the interval
[0, 100π] with different stepsizes h = π

16 ,
π
32 ,

π
64 ,

π
128 . The numerical results are presented in

Table 1 and Table 2 .
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Table 1: Maximum global error vs number of function evaluations
(P,Q) π

16
π
32

π
64

π
128

EFSSDIRK2 (−11.84, 4.57) (−11.41, 4.74) (−11.68, 4.95) (−11.66, 5.19)
EFSSDIRK4 (−8.00, 4.96) (−10.62, 5.09) (−11.41, 5.25) (−11.77, 5.45)

DIRK4N (0.34, 4.85) (0.22, 4.97) (−1.24, 5.11) (−2.76, 5.25)
SSDIRK4SA (−0.35, 4.78) (−1.61, 4.90) (−2.83, 5.06) (−4.03, 5.22)
TFSDIRK4K (−6.42, 4.76) (−5.67, 4.87) (−6.46, 5.04) (−6.08, 5.19)

Table 2: Comparison of computational efficiency
R π

16
π
32

π
64

π
128

EFSSDIRK2 5.26E − 8 2.12E − 7 1.87E − 7 3.33E − 7
EFSSDIRK4 9.04E − 4 2.96E − 6 6.99E − 7 4.82E − 7

DIRK4N 1.51E − 0 1.55E − 0 7.37E − 2 3.15E − 3
SSDIRK4SA 2.69E − 0 1.97E − 1 1.72E − 2 1.55E − 3
TFSDIRK4K 2.17E − 2 1.56E − 1 3.75E − 2 1.26E − 1

From Tables 1 and 1 we can see that the new methods EFSSDIRK2 and EFSSDIRK3s4
outperform the other methods we choose for comparison when applied to the Kepler prob-
lem. Among all the five methods, the second order EFSSDIRK2 is the most accurate and
most efficient although the other methods are fourth order.
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Abstract

Multidimensional adapted Runge-Kutta-Nyström (MARKN) methods with opti-
mized phase properties for multi-frequency oscillatory systems are obtained in this
paper. The new methods are of order five. We analyze the stability and the phase
properties of the higher order methods. Numerical results are carried out to show
the efficiency of our new methods for the numerical integration of the multi-frequency
oscillatory systems.
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1 Introduction

In this paper we are concerned with the numerical integration of the system of the form{
y′′(t) +My(t) = f(y(t)), t ∈ [t0, tend],

y(t0) = y0, y′(t0) = y′0,
(1)

in which M ∈ Rm×m is a symmetric positive semi-definite matrix (stiffness matrix) and
f : Rm → Rm, y0 ∈ Rm, y′0 ∈ Rm. We will consider the construction of multidimensional
ARKN methods with optimized phase properties for the numerical integration of multi-
frequency oscillatory systems.
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2 Multidimensional ARKN methods

For any matrix M ∈ Rm×m, we introduce the following matrix-valued functions [1]:

φj(M) :=
∞∑
k=0

(−1)kMk

(2k + j)!
, j = 0, 1, 2, . . . . (2)

For the numerical integration of problem (1), a multidimensional ARKN method has the
form 

Yi = yn + hciy
′
n + h2

s∑
j=1

āij
(
f(Yj)−MYj

)
, i = 1, · · · , s,

yn+1 = φ0(V )yn + hφ1(V )y′n + h2
s∑

i=1
b̄i(V )f(Yi),

y′n+1 = φ0(V )y′n − hMφ1(V )yn + h
s∑

i=1
bi(V )f(Yi),

(3)

in which the weight functions bi(V ) ∈ Rm×m and b̄i(V ) ∈ Rm×m, i = 1, · · · , s in the final
stages are functions of V with V = h2M and the scheme (3) can be expressed in the Butcher
tableau as

c1 ā11 . . . ā1s

c Ā
...

...
. . .

...

b̄T (V )
= cs ās1 · · · āss

b̄T (V ) b̄1(V ) · · · b̄s(V )

b1(V ) . . . bs(V )

or equivalently by the quadruple (c, Ā, b̄(V ), b(V )) . The order conditions for the multidi-
mensional ARKN method are given by Wu et. al in [2].

The stability of ARKN methods can be analyzed by the test equation of the form (see
[3])

y′′(t) + ω2y(t) = −εy(t), (4)

with ω2 + ε > 0. Applying the ARKN methods to the test problem (4) yields(
yn+1

hy′n+1

)
= M(V, z)

(
yn
hy′n

)
,

where

M(V, z) =

(
φ0(V )− zb̄T (V )N−1e φ1(v)− zb̄T (V )N−1c
−V φ1(V )− zbT (V )N−1e φ0(V )− zbT (V )N−1c

)
,

with N = I + (V + z)Ā, e = (1, 1, · · · , 1)T and I the identity matrix.
For the numerical integration of oscillatory problems, it is very important to consider

the phase properties of ARKN methods. So, we refer to the following definition.
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Definition 2.1 The quantities [1, 3, 4, 5]

φ(H) = H − arccos

(
tr(M)

2
√

det(M)

)
, d(H) = 1−

√
det(M),

are called the dispersion error and the dissipation error, respectively, where H =
√
V + z .

Therefore, an ARKN method is said to be dispersive of order q and dissipative of order p if

φ(H) = O(Hq+1), d(H) = O(Hp+1).

If φ(H) = 0 and d(H) = 0, then the method is said to be zero dispersive and zero dissipative.

3 Construction of new multidimensional ARKN methods

We consider the fourth-stage explicit multidimensional ARKN methods which are expressed
by the following Butcher-tableau:

c Ā

b̄T (V )

bT (V )

=

0 0 0 0 0
c2 ā21 0 0 0
c3 ā31 ā31 0 0
c4 ā41 ā42 ā43 0

b̄1(V ) b̄2(V ) b̄3(V ) b̄4(V )

b1(V ) b2(V ) bs(V ) b4(V )

With the choice of Āe = c2

2 and we solve the order condition equations up to order five and
obtain

b̄1(V ) = b̄1(c2, c3, c4, V ), b̄2(V ) = b̄2(c2, c3, c4, V ), b̄3(V ) = b̄2(c2, c3, c4, V ),

b̄4(V ) = b̄2(c2, c3, c4, V ), b1(V ) = b1(c2, c3, c4, V ), b2(V ) = b2(c2, c3, c4, V ),

b3(V ) = b3(c2, c3, c4, V ), b4(V ) = b4(c2, c3, c4, V ), ā31 =
c23
2 − a32, ā41 =

c24
2 − a42 − a43,

ā43 = (c4(5c2 − 2)(c2 − c4)(c3 − c4))/(10c3(c3(4c3 − 3) + c22(6c3 − 4) + c2(3− 6c23))),

ā32 = (c2 − c3)c3(5c4 − 4)/(10c2(3− 4c4 + c2(6c4 − 4))),

ā42 = (−2a43c
2
3(c3(4c3 − 3) + c22(6c3 − 4) + c2(3− 6c3)) + (c2 − c4)c4((c2 − c3)c3(c3 − c4)

+2a32c2(3− 4c2 − 4c4 + 6c2c4)))/(2c2(c2 − c3)c3(3− 4c3 + c2(6c3 − 4))),

c3 = (12− 15c2 − 15c4 + 20c2c4)/(15− 20c2 − 20c4 + 30c2c4).
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As an example, choosing c2 = 3
10 , we give the dispersion and the dissipation of the methods

φ(H) = −
ε
(
45(164− 433c4 + 280c24)ε+ (4752− 15643c4 + 11830c24)ω

2
)
H7

2016000((11c4 − 9)
(
ε+ ω2)2

) +O(H9),

d(H) = −
ε
(
(96− 254c4 + 165c24)ε+ (69− 221c4 + 165c24)ω

2
)
H6

14400
(
(11c4 − 9)(ε+ ω2)2

) +O(H8).

Assuming that ω � ε, we select the free parameter c4 so that the dispersion or the dissipation
are optimized.

Case(a): Firstly, we choose the free parameter so that the error constant of the disper-
sion is minimal in the sense that this constant is of order O(ε), obtaining c4 = (15643 +√

19838809)/23660. We denote this method as ARKN4S5I.

Case(b): Secondly, we choose the free parameter so that the error constant of the
dissipation is minimal and we obtain c4 = (221 +

√
3301)/330. We denote this method as

ARKN4S5II.

4 Numerical experiments

In this section, we will compare the numerical performance of the new methods with some
existing codes proposed in the scientific literature. The criterion used in the numerical com-
parisons is the decimal logarithm of the maximum global error (LOG10 (ERROR)) versus
the computational effort measured by the number of function evaluations (NUMBER OF
FUNCTION EVALUATIONS) required by each method. We select two multidimensional
multi-frequency oscillatory systems as test problems and the methods for comparison are
listed below:

• ARKN3S4F: the three-stage ARKN method of order four with minimal error constant
of dispersion error given in [3].

• ARKN3S4W: the three-stage ARKN method of order four with minimal error constant
of dissipation error given in [1].

• W1ERKN3s3, W2ERKN3s3: the two three-stage multidimensional ERKN methods
derived in [5].

• SSMERKN3S4: the three-stage symplectic and symmetric Multidimensional ERKN
given in [6].

• ARKN4S5W: the four-stage multidimensional ARKN method given in [1].
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Figure 1: Efficiency curves in Problem 1 and Problem 2

• ARKN4S5I, ARKN4S5II: the two four-stage multidimensional ARKN methods de-
rived in this paper.

Problem 1. We consider the equation governing the motion of an artificial satellite [7]

~u′′ +
~
2
~u = −1

4

∂(V |~u|2)
∂~u

,

with ~ =
K2

r0
− 1

2
|u̇0|2 − V0, where ~ is the total energy of the elliptic motion, V is the

perturbing potential of the earth. The initial conditions are considered on an elliptic equa-
torial orbit with e = 0.1, K2 = 3.98601× 105, r = 6.8× 103, ϑ = 3.0× 10, % = 3.844× 105,
λ = 4.90266× 103. The problem is solved on the interval [0, 100] and the numerical results
are reported in Fig. 1 (on the left).

Problem 2. Consider the initial-boundary value problem of the nonlinear wave equa-
tion 

∂2u

∂t2
− ∂2u

∂x2
= u5 − u3 − 1

2
u, 0 < x < 1, t > 0,

u(0, t) = 0, u(1, t) = 0, u(x, 0) =
x(1− x)

100
, ut(x, 0) = 0.

The method of lines is a technique for solving partial differential equation (PDEs). By using
second order symmetric differences, the problem is converted to the initial value problem
of an oscillatory system of the form

Ü +MU = F (U),

U(0) =

(
x1(1− x1)

100
, · · · , xN−1(1− xN−1)

100

)T

, U ′(0) = 0,
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in which U(t) = (u1(t), · · · , uN−1(t))T , ui(t) ≈ u(xi, t), xi = i∆x, i = 1, · · · , N − 1,∆x =
1/N ,

M =
1

∆x2


2 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 2

 ,

F (U) =

(
u51 − u31 −

1

2
u1, · · · , u5N−1 − u3N−1 −

1

2
uN−1

)T

.

In this test, we choose N = 20. The system is integrated on the interval [0,100] and the
numerical results are reported in Fig. 1 (on the right).
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Abstract

An adapted explicit four-step method for the numerical integration of perturbed os-
cillators is obtained by refining the classical method of power series. The local truncation
error, phase properties and linear stability of the new method are analyzed. Numerical
experiments are reported to show the accuracy and efficiency of the new method when
it is compared with some high-quality methods recently proposed in the literature.

Keywords: Variation-of-constant formula; adapted method; perturbed oscillator; effi-
ciency

1 Introduction

We are concerned the numerical integration of perturbed oscillators which are second-
order initial value problems of the form

y′′ + w2y = g(t, y), y(t0) = y0, y′(t0) = y′0, (1)

where the magnitude of the perturbing force satisfies ‖g(t, y)‖ ≤ ‖y‖. This type of prob-
lems arise in different scientific areas such as celestial mechanics, nuclear physics, quantum
chemistry, electronics, and so on. In this talk, we investigate the construction of an adapted
explicit four-step method adapted to the numerical integration of perturbed oscillators.
The new derived method has simple structure, has algebraic order six, and can integrate
the harmonic oscillator without truncation error.
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2 Construction of an adapted explicit four-step method

The variation-of-constant formula for (1) reads

y(tn + h) = y(tn) cos(v) + hy′(tn)
sin(v)

v
+ h2

∫ 1

0
ĝ(tn + hz)

sin(v(1− z))
v

dz, (2)

where v = wh and ĝ(t) = g(t, y(t)). Suppose that ĝ(t) is smooth enough we can write

ĝ(tn + hz) =

∞∑
j=0

h
j
ĝ(j)(tn)

zj

j!
. (3)

Substituting the equation in (2), the exact solution of (1) can be expressed in terms of the
φ-functions

y(tn + h) = y(tn)φ0(v) + hy′(tn)φ1(v) +

∞∑
j=0

hj+2ĝ(j)(tn)φj+2(v). (4)

where

φ0(v) = cos(v), φ1(v) =
sin(v)

v
, φj+2(v) =

∫ 1

0

sin(v(1− z))
v

zj

j!
dx, j > 0.

For interesting properties of the φ-functions, the reader is referred to You et al. [12] and
Gonzlez et al. [5] .

Keeping in mind that φj(v) is an even function [10], we substitute the step size h with
2h and −2h respectively in (4) and get

y(tn + 2h) = y(tn)φ0(2v) + 2hy′(tn)φ1(2v) +
∞∑
j=0

(2h)j+2ĝ(j)(tn)φj+2(2v),

y(tn − 2h) = y(tn)φ0(2v)− 2hy′(tn)φ1(2v) +
∞∑
j=0

(−2h)j+2ĝ(j)(tn)φj+2(2v).
(5)

Adding the two equations in (5), we obtain

y(tn + 2h) + y(tn − 2h) = 2y(tn)φ0(2v) + 2

∞∑
j=0

(2h)2j+2ĝ(2j)(tn)φ2j+2(2v). (6)

The derivatives ĝ(2)(tn), ĝ(4)(tn) in (6) can be approximated by the finite difference formulae

ĝ(2)(tn) =
−ĝ(tn − 2h) + 16ĝ(tn − h) + 16ĝ(tn + h)− ĝ(tn + 2h)− 30ĝ(tn)

12h2
+O(h4),

ĝ(4)(tn) =
ĝ(tn − 2h)− 4ĝ(tn − h)− 4ĝ(h+ tn) + ĝ(2h+ tn) + 6ĝ(tn)

h4
+O(h2).
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Thus we have the following express

y (tn + 2h) + y (tn − 2h)− 2y(tn)φ0(2v)

= h2
((

128φ6(2v)− 8
3φ4(2v)

)
(ĝ(tn − h) + ĝ(tn + h))

+
(
128
3 φ4(2v)− 512φ6(2v)

)
(ĝ(tn − 2h) + ĝ(tn + 2h))

+ (768φ6(2v) + 8φ2(2v)− 80φ4(2v)) ĝ(tn)) +O(h8).

(7)

Based on the equation (7), we propose a symmetric four-step sixth-order method for the
perturbed oscillator (1) in the following form

yn+2 + a1yn + yn−2 = h2 (b1 (gn+2 + gn−2) + b2 (gn+1 + gn−1) + b3gn) (8)

where

a1 = −2φ0(2v), b1 = 128φ6(2v)− 8
3φ4(2v),

b2 = 128
3 φ4(2v)− 512φ6(2v), b3 = 768φ6(2v) + 8φ2(2v)− 80φ4(2v).

For small values of |v| the above formulae are subjected to heavy cancellations, then
the following Taylor series expansions should be used:

a1 = −2 + 4v2 − 4v4

3
+

8v6

45
− 4v8

315
+

8v10

14175
− 8v12

467775
+ · · · ,

b1 =
1

15
+

2v2

945
− v4

2025
+

2v6

66825
− 134v8

127702575
+

16v10

638512875
+ · · · ,

b2 =
16

15
− 176v2

945
+

208v4

14175
− 64v6

93555
+

544v8

25540515
− 304v10

638512875
+ · · · ,

b3 =
26

15
− 304v2

315
+

706v4

4725
− 592v6

51975
+

892v8

1702701
− 3448v10

212837625
+ · · · .

It is observed that when v → 0, this adapted method reduces to the classical Störmer-Cowell
implicit four-step method [6].

The scheme (8) is implicit. At each step a nonlinear algebraic system must be solved by,
for example, the Newton-Raphson iteration in order to find yn+2 so that the computational
cost is expensive. As a recipe, we use a explicit symmetric four-step Störmer-Cowell method
[6] as a predictor for an approximation of yn+2 and then correct the result with (8). Thus
an adapted explicit four-step method is obtained in the following form

ȳn+2 = h2
(

7

6
(gn+1 − w2yn+1)−

1

3
(gn − w2yn) +

7

6
(gn−1 − w2yn−1)

)
,

yn+2 + a1yn + yn−2 = h2 (b1 (ḡn+2 + gn−2) + b2 (gn+1 + gn−1) + b3gn) ,

(9)

where ḡn+2 = g(tn+2, ȳn+2). The algebraic order of the adapted explicit four-step method
(9) is of sixth and the principal term of the local truncation error is given by

LTE =
1

37800
h8
(
y(6)

(
189gy − 80w2

)
− 80y(8)

)
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The new explicit method defined by (9) is denoted as AFS. It is observable that the adapted
explicit method is capable of integrating exactly the harmonic oscillator. i.e. the equation(1)
with g(t, y) = 0).

3 Numerical illustrations

In order to show the accuracy and efficiency of the new adapted method derived above,
two model problems are considered. Five two-step or four-step methods are selected from
the literature for comparison. The efficiency is measured by the decimal logarithm of the
maximum global error (Log10|ERR|) vesus the computational effort measured by the number
of function evaluations (NEF) required by each method. The methods used in the numerical
comparison are listed as follows:

• FS: Classical explicit four-step method with the free parameter c1 = −1/10 based on
[1].

• SFS: Explicit four-step method with the phase-lag and its first and second derivatives
vanished developed in [8].

• SFSH: Explicit hybrid four-step method with the phase-lag and its first, second and
third derivatives vanished developed in [9].

• TS: Classical explicit two-step method proposed in [2].

• ATS: Adapted explicit two-step method developed in [10].

• AFS: The new adapted explicit four-step method (9) derived in this paper.

Problem 1. We consider “almost” periodic problem

y′′(x) + 169y(x) = (480− 160i)e3ix, y(0) = 4 + i, y′(0) = −23 + 22i,

or equivalently by

u′′(x) + 169u(x) = 480 cos(3x) + 160 sin(3x),

v′′(x) + 169v(x) = 480 sin(3x)− 160 cos(3x),

u(0) = 4, u′(0) = −23, v(0) = 1, u′(0) = 22.

The analytic solution is
y(x) = u(x) + iv(x),

with

u(x) = 3 cos(3x) + cos(13) + sin(3x)− 2 sin(13x),

u(x) = − cos(3x) + 2 cos(13) + 3 sin(3x) + sin(13x).
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Figure 1: Efficiency comparison

In our test we choose w = 13, and the equation has been integrated in the interval [0, 100].

Problem 2. A linear test problem was studied by Franco [3]

y′′ + w2y = (w2 − 4t2) cos(t2)− 2 sin(t2), y(0) = 1, y′(0) = w,

the analytic solution is given by

y(t) = sin(wt) + cos(t2).

In our test we choose the integration interval [0, 5], and the parameter (also is the estimated
frequency) w = 50.

Figure 1 depicts the efficiency curves for the above two problems. We see that the new
adapted method AFS outperforms the other five methods.

4 Conclusions

In this paper, an adapted explicit hybrid four-step method based on the algorithm of
Scheifele which is derived by refining the classical Taylor expansion. The good property of
Scheifele’s based methods is that they can integrate exactly unperturbed oscillator, we give
the principal local truncation error (PLTE) of the new adapted method which also confirms
this fact. The analysis of phase-lag and linear stability property is made and discussed.
The numerical experiments show that the new adapted method is much more accurate and
efficient than some well-known methods proposed in the scientific literature. Finally, we
should note that the new adapted method depend on the fitted frequency, a good estimate
of the dominant frequency is needed for the adapted method to be applied effectively. For
the choice of the fitting frequency, the reader is referred to the papers [11, 7].
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Abstract

Optimized explicit two-derivative Runge-Kutta (TDRK) method with increased
phase-lag and dissipation order for the numerical integration of the Schrödinger equa-
tion is constructed in this paper. The methods is of order five with increased order of
phase and dissipation. Numerical results are reported to show the efficiency of the new
method.
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1 Introduction

In this paper, we are concerned with the numerical integration of the Schrödinger equation
of the form

y′′(x) =
(
V (x)− E

)
y(x), (1)

where the real number E is the energy and the function V (x) is the effective potential
satisfying V (x) → 0 as x → ∞. Regarding the oscillatory feature of the problem (1),
researchers have proposed many numerical methods with frequency-dependent coefficients
by some techniques such as trigonometrical/exponential fitting.

In [1], Kosti et al. constructed optimized constant coefficients Runge-Kutta method
with increased phase-lag order for the numerical integration of the Schrödinger equation.

In this paper we construct an optimized explicit TDRK method with optimized phase-
lag and dissipation for the numerical integration of Schrödinger equation based on the
TDRK methods in [2].
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2 Basic Theory

2.1 Two-derivative Runge-Kutta methods

For the numerical integration of (1), we consider the following explicit TDRK methods in
[2] of the form,

Y1 = yn,

Yk = yn + ckhf(xn, yn) + h2
k−1∑
j=1

akjg(xn + cjh, Yj), k = 2, . . . , s,

yn+1 = yn + hf(xn, yn) + h2
s∑

k=1

bkg(xn + ckh, Yk),

(2)

in which g(x, y) := y′′(x) = ∂
∂xf(x, y)+ ∂

∂yf(x, y) ·f(x, y). The method (2) can be expressed
briefly by the Butcher tableau

c A

bT
=

0
c2 a21
...

...
. . .

cs as1 . . . ass−1

b1
. . .

bs−1 bs

or simply by (c, A, b). As the scheme (2) indicates, at each step, this special explicit TDRK
method involves only one evaluation of the function f and s evaluations of the function g.
The order conditions for the general-purpose TDRK method (2) are given in Chan et. al
in [2].

2.2 Phase-lag property of the TDRK methods

For the purpose of phase analysis, we consider the following test equation

y′ = iωy, i2 = −1, (3)

in which ω > 0 is the frequency of the problem. Applying the TDRK method (2) to (3)
yields

yn+1 = M(ν)yn, ν = ωh, (4)

where M(ν) is called the stability function.

Definition 2.1 (see [3]) For the TDRK method (2) with stability function M(ν), the quan-
tities

PL(ν) = ν − arg(M(ν)), DIS(ν) = 1− |M(ν)| (5)
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are called phase-lag and dissipation. If

P L(ν) = cφνq+1 + O(νq+3), DIS(ν) = cdνp+1 + O(νp+3),

the method is said to have phase-lag order q and dissipation order p, respectively.

Denoting M(ν) = U(ν) + iV (ν) with U(ν), V (ν) the real and imaginary parts of M(ν), 
we have

U(ν) = 1− ν2bT (I + ν2A)−1e, V (ν) = ν
(
1− ν2bT (I + ν2A)−1c

)
.

The phase-lag and the dissipation become

PL(ν) = ν − arctan

(
V (ν)

U(ν)

)
, DIS(ν) = 1−

√
V 2(ν) + U2(ν) (6)

Theorem 2.1 ([4]) For the TDRK method given by (2), we have the following formula for
the direct calculation of the phase-lag order p and the phase-lag constant cφ

tan(ν)− V (ν)

U(ν)
) = cφν

p+1.

3 Construction of the new method

In this section, we shall give a new kind of TDRK method with increased phase-lag order
and dissipation order. We consider the four stages explicit TDRK method which is simplify
denoted by the Butcher tableau

0
c2 a21
c3 a31 a32
c4 a41 a42 a43

b1 b2 b3 b4

(7)

Together with the simplified assumptions Ae = c2/2. Applying this method to the test
equation (3), we have

yn+1 = (U(ν) + iV (ν))yn, ν = ωh, (8)

in which
U(ν) = 1− ν2s1 + ν4s2 − ν6s3 + ν8s4,

V (ν) = ν − ν3u1 + ν5u2 − ν7u3,
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with sk = bT .Ak−1.e(k = 1, 2, 3, 4), uj = bT .Aj−1.c(j = 1, 2, 3). We have the following Taylor
series

V (ν)
U(ν) = φ3ν

3 + φ5ν
5 + φ7ν

7 + φ9ν
9 + φ11ν

11 + · · · ,

DIS(ν) = d2ν
2 + d4ν

4 + d6ν
6 + d8ν

8 + · · · ,
(9)

in which

φ3 = (u1 − s1), φ5 = −s21 + s2 + s1u1 + u2,

φ7 = −s21(s1 + u1)− s3 − s2u1 − s1(u2 − 2s2) + u3,

φ9 = s21(3s2 − u2 + u1s1 − s21) + s2(u2 − s2) + s4 + s3u1 + s1(u3 − 2s3 − 2s2u1),

φ11 = s31(4s2 − u2 + s1u1 − s21) + 2s2s3 + s2u1 − s4u1 − s3u2 − s2u3

+s1(2s2u2 + 2(s4s3u1)− 3s22) + s21(u3 − 3s3 − 3s2u1),

d2 = (2s1 − 1)/2, d4 = (1− 4s1 − 8s2 + 8u1)/8,

d6 = (8(s2 − s1 − u1 + 2s3 + 2s1u1 − 2u2)− 1 + 6s1)/16,

d8 = (16(3u1 − s2(3 + 8u1))− 40s1 − 64(s31 + s3 + 3s1u1 + s1u
2
1 + u2)

+32(3u21 + 3s21) + 128(s21u1 − s4 + s1s2 − s1u2 + u1u2 + u3)− 5)/128.

We solve the fifth order equations and get

a32 = (2a43c3(3− 5(c2 + c3 − 2c2c3)) + 2a42c2(3− 5(c3 − c2(2c3 − 1)))

+c4(c2−4)(c4 − c3))(c2 − c3)c3/(2c2(c2 − c4)c4(3− 5c4 + 5c2(2c4 − 1))),

b4 =
3− 5c3 + 5c2(2c3 − 1)

60c4(c4 − c2)(c4 − c3)
, b3 =

−3 + 5c4 + c2(5− 10c4)

60(c2 − c3)c3(c3 − c4)
, a21 = c22/2,

b2 =
3− 5c4 + 5c3(2c4 − 1)

60c2(c2 − c3)(c2 − c4)
, b1 =

1

2
− b2 − b3 − b4,

a31 = c23/2− a32, a41 = c24/2− a42 − a43.

There are five parameters in the new five order TDRK method, the choice of the free
paremeters is very essential for the oscillatory systems. We select optimized parameters so
that the dispersion and the dissipation are minimal.

c©CMMSE ISBN: 978-84-617-8694-7Page 2273 of  2288



FUNCTION EVALUATIONS ×107

0 0.5 1 1.5 2 2.5 3

LO
G

10
(E

R
R

)

-7

-6

-5

-4

-3

-2

-1

0

1
WOODS-SAXON POTENTIAL WITH E = 989.701916

TDRK5A
TDRK5B
TDRK6
RK5

CPU SECONDS
0 50 100 150 200 250

LO
G

10
(E

R
R

)

-7

-6

-5

-4

-3

-2

-1

0

1
WOODS-SAXON POTENTIAL WITH E = 989.701916

TDRK5A
TDRK5B
TDRK6
RK5

Figure 1: Efficiency curves for E = 989.701916

Case(I): Selecting the parameters such that the dispersion to be order twelve. Solving
φ7 = 17

315 , φ9 = 62
2835 , φ11 = 1382

155925 yields c2 = 1
7 and

a43 =
127(c3 − c4)c4(7c4 − 1)

198c3(16− 137c3 + 175c23)
,

a42 =
7c4(7c4 − 1)(6336 + 88011c23 + 18802c4 − c3(73054 + 18711c4))

25146(7c3 − 1)(25c3 − 16)
.

(10)

The proposed TDRK method with free parameter c3, c4. We try to get an optimal method
minimizing the error constant

C(6) =
(
(τ

(6)
1 )2 + (τ

(6)
2 )2 + (τ

(6)
3 )2

)1/2
(11)

in which τ
(6)
i are the error constants of a five-order TDRK method. We minimize the errr

constant (11) and obtain c3 = 101
254 , c4 = 62

81 . The method is of phase-lag order twelve and
dissipation order five. We denote this method as TDRK5-12-5 and the method is list as

0
1
7

1
98

101
254

14443
16387064

320271
4096766

62
81

827410679635
8178059102301

316504531259
36679809637053

678470997055292
3704660773342353

6187
125240

1611071
9594540

1040578564
5193194265

272629233
3312227240

(12)

4 Numerical Illustrations

In this section, we shall examine the numerical performance of the new method. The
methods we choose for comparison are as follows:
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• TDRK5A: the optimized sixth order TDRK method derived in this paper. .

• TDRK6: the sixth order TDRK method with c4 = 1 given in [2].

• TDRK5B: the fifth order TDRK method derived in [5].

• RK5: the optimized fifth order RK method derived by Kosti in [1].

We consider the numerical integration of the Schrödinger equation (1) with the well-known
Woods-Saxon potential of the form in [3]

V (x) = c0z
(
1− a(1− z)

)
,

where z =
(

exp
(
a(x− b) + 1

))−1
, c0 = −50, a = 5/3, b = 7. We solve the problem on the

interval [0, 15].

In the numerical experiments, we consider the so-called resonant-state problem E > 0,
that is to find the energies (or resonances) E ∈ [0, 1000] for which the phase shift is equal
to π

2 . The boundary conditions for this problem are

y(0) = 0 and y(x) = cos(
√
Ex) for large x.

In Fig. 1, we plot the logarithm of error |Eanalytical − Ecalculated| (LOG(ERR)) versus the
computational effort by the number of function evaluations (FUNCTION EVALUATIONS)
and the cpu times (CPU SECONDS) required by each methods for Eanalytical = 989.701916.
In view of Fig.1, we observe that the new method TDRKA shows more advantage over the
selected methods.
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A family of modified two-derivative Runge-Kutta (MTDRK) methods for the inte-
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1 Introduction

In this paper we are focused on the numerical integration of one-dimensional Schrödinger
equation of the form

y′′(x) =
(
W (x)− E

)
y(x), (1)

where the real number E is the energy and the function W (x) is the effective potential
satisfying W (x)→ 0 as x→∞. Two boundary conditions are associated with this equation:
one is y(0) = 0 and the other imposed at large x is determined by physical considerations.
The form of this second boundary condition depends crucially on the sign of the energy E.

Inspired by the ideas of Van de Vyver [1, 2], the purpose of this paper is to construct
practical optimized modified TDRK methods for the numerical integration of the radial
Schrödinger equation (1).
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2 Modified TDRK methods and order conditions

We begin with consideration of an initial value problem of systems of first-order differential
equations in the form

y′(x) = f(x, y), y(x0) = y0, (2)

whose solution has an oscillatory character, where y ∈ Rd, f : R × Rd → Rd is a smooth
function. Regarding the oscillatory property of the solution of the problem (2), we consider
the following special form of explicit modified TDRK method [3]

Y1 = yn,

Yi = yn + cihf(xn, yn) + h2
i−1∑
j=1

aijg(xn + cjh, Yj), i = 2, · · · , s,

yn+1 = yn + hβ(ν)f(xn, yn) + h2
s∑
i=1

bi(ν)g(xn + cih, Yi),

(3)

where ci, aij (1 ≤ j < i ≤ s) are real constants, β(ν) and bi(ν) (1 ≤ i ≤ s) are real even
functions of ν = hω with ω an estimate of the principal frequency of the problem.

The scheme (3) can also be expressed compactly by the Butcher tableau

c A

β(ν) bT (ν)
=

0
c2 a21
...

...
. . .

cs as1 · · · ass−1

β(ν) b1(ν)
· · ·

bs−1(ν) bs(ν)

or simply by (c, A, β(ν), b(ν)). We assume that as β(ν) → 1 as ω → 0 so that when
ω → 0 the modified RK method (3) reduces to a traditional two-derivative RK method
with constant coefficients (see [3]).

3 Construction of new modified TDRK methods

Our aim is to determine the b-values and β-value in the scheme (3). Following the approach
in [1, 2], we apply the method to the linear scalar equation

y′ = iωy, y(x0) = y0, ω ∈ R+, i2 = −1 (4)

and obtain the recursive relation
y1 = R(ν)y0, (5)

where
R(ν) = 1 + iνβ(ν) + b(ν)T (Is + ν2A)−1(e+ iνc)
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is called the stability function. For the explicit scheme (3)

R(ν) = U(ν) + iV (ν)

where

U(ν) = 1 + b(ν)T (Is − ν2A+ ν4A2 − . . .+ (−1)s−1ν2(s−1)As−1)e,

V (ν) = νβ(ν) + νb(ν)T (Is − ν2A+ ν4A2 − . . .+ (−1)s−1ν2(s−1)As−1)c.
(6)

In the sequel we consider a three-stage explicit modified TDRK given by

c2 =
3

10
, a21 =

9

200
, c3 =

3

4
, a31 = 0, a42 =

9

32
.

For this method,

R(ν) = 1 +

6∑
j=1

rj(iν)j , (7)

where

r1 = β(ν), r2 =
∑
i

bi, r3 =
∑
i

bici, r4 =
∑
i,j

biaij , r5 = b3a32c2, r6 = b3a32a21.

Then the fitting condition becomes

U(ν) = 1− r2ν2 + r4ν
4 − r6ν6 = cos(ν), V (ν) = r1ν − r3ν3 + r5ν

5 = sin(ν). (8)

We choose the values A and c from the modified TDRK (3) and we get two linear
equations in four unknowns bi(ν), i = 1, 2, 3 and β(ν). For the determination of these
unknown parameters, we consider two different choices.

3.1 The first optimized modified TDRK method

Together with the order conditions

b1(ν) + b2(ν) + b3(ν) =
1

2
, b2(ν)c2 + b3(ν)c3 =

1

6
, (9)

we solve equations (8) and derive the following solution

β(ν) = 10ν3−60ν(1−cos(ν))+sin(ν)(9ν2−120)
9ν3−120ν ,

b1(ν) = 6400−3200ν2+200ν4−3ν6−6400 cos(ν)
54ν6−720ν4 ,

b2(ν) = 5(1600ν2−3200(1−cos(ν))−200ν4+9ν6)
27ν4(3ν2−40) ,

b3(ν) = 160(40−20ν2+ν4−40 cos(ν))
27ν4(3ν2−40) .
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It is easy to check that

β(ν) = 1− ν6

100800 +O(ν8), b(ν)T c2 = 1
12 −

ν2

3600 +O(ν4),

b(ν)T c3 = 1
20 −

7ν2

24000 +O(ν4), b(ν)TAc = 1
120 −

ν2

14400 +O(ν4).

Therefore the new method is of order five and we denote this method as MTDRK5I.

3.2 The second optimized modified TDRK method

Another approach is to consider two linear equations of the form (4) with frequencies ω = ω1

and ω = ω2, respectively. Then substituting ν = ν1 = ω1h and ν = ν2 = ω2h in the
equations (8), we obtain a system of four linear equations in the four parameters bi(ν),
i = 1, 2, 3 and β(ν). The solutions bi, i = 1, 2, 3 and β contain two parameters ν1 and ν2.
Taking the limits ν1 → ν and ν2 → ν, we get

β(ν) = 40ν−80ν cos(ν)+3ν3 cos(ν)+120 sin(ν)−23ν2 sin(ν)
80ν ,

b3(ν) = 4(40+(3ν2−40) cos(ν)−23ν sin(ν))
27ν4

,

b2(ν) = 40(9ν2−40)+cos(ν)(1600−660ν2+27ν4)+(1100ν−207ν3) sin(ν)
108ν4

,

b1(ν) = (40(3200− 480ν2 + 27ν4) + (52800ν2 − 128000− 4680ν4 + 81ν6) cos(ν)

−ν(97600− 20400ν2 + 621ν4))/(14400ν4).

Again it is easy to check that

β(ν) = 1 + 13ν6

50400 +O(ν8), b(ν)T e = 1
2 −

ν4

720 +O(ν6),

b(ν)T c = 1
6 + ν4

3150 +O(ν6), b(ν)T c2 = 1
12 −

ν2

1800 +O(ν4),

b(ν)T c3 = 1
20 −

7ν2

12000 +O(ν4), b(ν)TAc = 1
120 −

ν2

7200 +O(ν4).

Therefore the new method is of order five and we denote this method as MTDRK5II.

4 Numerical results

In this section, we test the numerical performance of the new fifth-order modified TDRK
methods in the integration of the radial Schrödinger equation with the Woods-Saxon po-
tential. The methods we choose for comparison are as follows:

• EFTDRK4I: optimized TDRK method with order four derived by Fang et al. in [5]

• EFTDRK4II: optimized TDRK method with order four derived by Fang et al. in [5]

• RK5V: optimized RK method with order five derived by Van de Vyver in [6]
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Figure 1: Efficiency curves for E = 989.701916

• RK5S: phase fitted RK method with order five presented by Simos in [7]

• RK5EXP2S: the exponentially fitted fifth order RK method with exponential order
two presented by Simos in [4].

• TDRK5: the classical TDRK with order five in [3].

• MTDRK5I: modified optimized two-derivative fifth order RK method derived in Sec-
tion 3.1.

• MTDRK5II: modified optimized two-derivative fifth order RK method derived in Sec-
tion 3.2.

We consider the numerical integration of the Schrödinger equation (1) with the well-known
Woods-Saxon potential

V (x) = c0z
(
1− a(1− z)

)
,

where z =
(

exp
(
a(x − b) + 1

))−1
, c0 = −50, a = 5/3, b = 7. The problem is solved on

the interval [0, 15]. In the numerical experiments, we consider the so-called resonant-state
problem E > 0, that is, to find the energies (or resonances) E ∈ [0, 1000] for which the
phase shift is equal to π

2 . The boundary conditions for this problem are

y(0) = 0 and y(x) = cos(
√
Ex) for large x.

We follow the lines of [6, 8] and choose the fitted frequency

ω =

{√
50 + E, x ∈ [0, 6.5],
√
E, x ∈ [6.5, 15].
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The numerical results Ecalculated are compared with the analytical solution Eanalytical of
the Woods-Saxon potential, rounded to six decimal places. In Fig. 1, we plot the error
log10 |Eanalytical − Ecalculated| versus the computational effort measured by the number of
function evaluations (FUNCTION EVALUATIONS) and the CPU time (CPU SECONDS)
required by each method for Eanalytical=989.701916.
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Abstract

A family of trigonometrically-fitted multi-derivative linear methods involving several
derivatives for the numerical integration of the Schrödinger equation are obtained in
this paper. Numerical results are reported to show the efficiency and robustness of
the new method IV specially adapted to the integration of the radial time-independent
Schrödinger equation for large energies.
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1 Introduction

In this paper, we are interested in the numerical integration of one-dimensional Schrödinger
equation of the form

y′′(x) =
(
W (x)− E

)
y(x), x ∈ [x0, X], (1)

where E is a real number representing the energy, the function W (x) represents the potential
with the property W (x) → 0 as x → ∞. In [1], by using trigonometric fitting, Wang
derived a trigonometrically fitted Obrechkoff one-step method which is more accuracy and
effective than the original method for the numerical solution of one-dimensional Schrödinger
equation. This new method differs from the original Obrechkoff one-step method only in
one simple coefficient. In this paper, we present a family of trigonometrically fitted one-step
methods with multi-derivative of higher algebraic order than method in [1]. The numerical
tests are carried out to show the efficiency of our new methods.
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2 Multi-derivative linear methods with variable coefficients

Now we consider the one-step four-derivative linear methods of the Obrechkoff type in the
form

y(x+ h)− y(x) = hc0
(
y′(x+ h) + y′(x)

)
+ h2c1

(
y′′(x+ h)− y′′(x)

)
+h3c2

(
y(3)(x+ h) + y(3)(x)

)
+ h4c3

(
y(4)(x+ h) + y(4)(x)

)
.

(2)

If we choose {c0, c1, c2, c3} = {12 , −
3
28 ,

1
84 , −

1
1680},we can derive Obrechkoff one step

method of order seven which can be found in [2].In this section we will apply trigonometical
fitting to the original one step method to construct more accuracy and efficient one step
methods for the numerical solution of one-dimensional Schrodinger equation.

2.1 First new method

If we require the method (2) to integrate exactly the function exp(iωx) (i2 = −1), then we
obtain

cos (
ν

2
)(ν3c2 − νc0) + sin (

ν

2
)(1 + c1ν

2 − c3ν4) = 0, ν = ωh. (3)

With the choice c1 = − 3

28
c2 =

1

84
and c3 = − 1

1680
, solving the equation (3) yields

c0 =
ν2

84
+

(
1

ν
− 3

28
ν2 +

1

1680
ν3
)

tan(
ν

2
). (4)

We denote this method as method I. Its local truncation error is

LTE = − h9

25401600

(
y(9)(x)− ω8y′(x)

)
+O(h10).

2.2 Second new method

Now we set free the two coefficients {c0, c1} and require that the method (2) to integrate
exactly the functions

{exp (iωx), x exp (iωx)}, (5)

leading to the following system of equations cos (
ν

2
)(ν3c2 − νc0) + sin (

ν

2
)(1 + c1ν

2 − c3ν4) = 0,

cos (ν)(1− c0 + (c1 + 3c2)ν
2 − c3ν4) + sin (ν)((c0 + 2c1)ν − (c2 + 4c3)ν

3) = −3c2ν
2 + c0.

(6)
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Substitutingc2 =
1

84
and c3 = − 1

1680
in (6) ,the following result emerges

c0 =
1680 + 9ν4 − (1680− ν4) cos(ν)− 10ν3 sin(ν)

840ν(ν + sin(ν))
,

c1 = −1680ν + 40ν3 + ν5 + 40ν3 cos(ν)− (1680− 3ν4) sin(ν)

1680ν2(ν + sin(ν))
.

(7)

We denote this method as method II. Its local truncation error is

LTE = − 1

25401600

(
y(9)(x) + 3ω8y′(x) + 4ω6y(3)(x)

)
h9 +O(h10).

2.3 Third new method

We free the three coefficients {c0, c1, c2} and keep the rest of c3, then we demand the one-step
method (2) to integrate exactly the functions

{exp (iωx), x exp (iωx), x2 exp (iωx)}.

We obtain the following equations

cos (
ν

2
)(ν3c2 − νc0) + sin (

ν

2
)(1 + c1ν

2 − c3ν4) = 0,

cos (ν)(1− c0 + (c1 + 3c2)ν
2 − c3ν4) + 3c2ν

2 − c0

+ sin (ν)((c0 + 2c1)ν − (c2 + 4c3)ν
3) = 0,

cos (ν)(1− 2c0 − 2c1 + (c1 + 6c2 + 12c3)ν
2 − c3ν4) + 2c1 − 12c3ν

2

+ sin (ν)((c0 + 4c+6c2)ν − (c2 + 8c3)ν
3) = 0.

(8)

Solving (8), we have

c0 =
(−5040− 3360ν2 − ν4 + 2ν6) cos (

ν

2
) + (5040 + ν4) cos (

3ν

2
) + ν(16800ν − 2ν5) sin (

ν

2
)

3360ν(ν cos (
ν

2
)− (1− ν2 + cos (ν)) sin (

ν

2
))

,

c1 = −
(−5040ν + 5ν5) cos (

ν

2
) + (1680 + ν4)(3 + ν2 + 3 cos (ν)) sin (

ν

2
)

1680ν2(ν cos (
ν

2
)− (1− ν2 + cos (ν)) sin (

ν

2
))

,

c2 =
(1680− 3360ν2 + 3ν4 + 2ν6) cos (

ν

2
)− (1680 + 3ν4)(cos (

3ν

2
)− 2ν sin (

ν

2
))

3360ν3(ν cos (
ν

2
)− (1− ν2 + cos (ν)) sin (

ν

2
))

.
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We denote this method as method III. Its local truncation error is

LTE = − 1

25401600
(y(9)(x)− 8ω6y(3)(x)− 6ω4y(5)(x)− 3ω8y′(x))h9 +O(h10).

2.4 Fourth new method

Let {c0, c1, c2, c3} are variable coefficients. We try to find the values of {c0, c1, c2, c3} in such
way that the one-step method (2) integrate exactly the functions

{exp (iωx), x exp (iωx), x2 exp (iωx), x3 exp (iωx)}.

We obtain the following equations

cos (
ν

2
)(ν3c2 − νc0) + sin (

ν

2
)(1 + c1ν

2 − c3ν4) = 0,

cos (ν)(1− c0 + (c1 + 3c2)ν
2 − c3ν4) + sin (ν)((c0 + 2c1)ν − (c2 + 4c3)ν

3) + 3c2ν
2 − c0 = 0,

cos (x)(1− 2c0 − 2c1 + (c1 + 6c2 + 12c3)ν
2 − c3ν4) + sin (ν)((c0 + 4c+6c2)ν − (c2 + 8c3)ν

3)

+2c1 − 12c3ν
2 = 0,

cos (ν)(1− 3c0 − 6c1 − 6c2 + (c1 + 9c2 + 36c3)ν
2 − c3ν4) + sin (ν)((c0 + 6c1 + 18c2 + 24c3)ν

−(c2 + 12c3)ν
3)− 6c2 = 0.

(9)

Solving (9), we have

c0 =
8(ν(3 + 2ν2) + cos (ν)(−3ν + ν3 − 3 sin (ν)) + (3− 6ν2) sin (ν))

ν(3− 6ν2 + 2ν4 − 12ν2 cos (ν)− 3 cos (2ν) + 12ν sin (ν)− 4ν3 sin (ν))
,

c1 = − 2(−9 + 18ν2 + 2ν4 + 24ν2 cos (ν) + 9 cos (2ν)− 24ν sin (ν))

ν2(3− 6ν2 + 2ν4 − 12ν2 cos (ν)− 3 cos (2ν) + 12ν sin (ν)− 4ν3 sin (ν))
,

c2 =
8(−3ν + 2ν3 − 3 sin ν + cos (ν)(3ν + ν3 + 3 sin (ν)))

ν3(3− 6ν2 + 2ν4 − 12ν2 cos (ν)− 3 cos (2ν) + 12ν sin (ν)− 4ν3 sin (ν))
,

c3 =
−3 + 6ν2 − 2ν4 − 12ν2 cos (ν) + 3 cos (2ν) + 12ν sin (ν)− 4ν3 sin (ν)

ν4(3− 6ν2 + 2ν4 − 12ν2 cos (ν)− 3 cos (2ν) + 12ν sin (ν)− 4ν3 sin (ν))
.

We denote this method as method IV. Its local truncation error is

LTE = − 1

25401600
(y(9)(x) + 4ω2y(7)(x) + 6ω4y(5)(x) + 4ω6y(3)(x) + ω8y′(x))h9 +O(h10).
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2.5 Formula for the first derivative

Because the Schrödinger equation (1) is linear, so all the high derivative y(m) at x can be 
expressed explicitly in terms of y(x) and y′(x) such as

y′′(x) = f(x)y(x), y(3)(x) = f ′(x)y(x) + f(x)y′(x),

y(4)(x) =
(
f ′′(x) + f2(x)

)
y(x) + 2f ′(x)y′(x), . . .

It is not sufficient for the problem (1) to have only formula (2). Therefore, we consider
the following formula, which is obtain by differentiating (2) to x

y′(x+ h)− y′(x) = hc0
(
y′′(x+ h) + y′′(x)

)
+ h2c1

(
y(3)(x+ h)− y(3)(x)

)
+h3c2

(
y(4)(x+ h) + y(4)(x)) + h4c3(y

(5)(x+ h)− y(5)(x)
)
,

(10)

where c0, c1, c2 and c3 are derived in this paper. Therefore, with the same ideas as in [1],
we can compute the Schrödinger equation by combining (2) with (10).

3 Numerical experiment

In this section we carry out some numerical experiments to illustrate the performance of
the new methods constructed in Section 2. We consider the numerical integration of the
one-dimensional Schrödinger equation (1) with the Woods-Saxon potential

W (x) = c0z
(
1− a(1− z)

)
(11)

where z = (exp(a(x− b) + 1))−1, c0 = −50, a = 5/3, b = 7.

For the test potential we shall consider the resonance problem consists in finding those
eigenvalues (or energies) E in the range 1 ≤ E ≤ 1000, at which the phase shift is equal π/2
with the domain 0 ≤ x ≤ 15, and the initial phase is δ(E) = −π/2. Basing on Quantum
Mechanics [3], when x → ∞, v(x) → 0, the wave function has the following asymptotic
expression

y(x)→ A cos
(√
Ex+ δ(E)

)
. (12)

In this test we choose ω =
√
|W (x)− E| and the exact eigenvalues are Es8 = 53.588872, Es9 =

163.215341, Es10 = 341.495874, Es11 = 989.701916.

In Figs. 1, we plot the decimal logarithm of the absolute error in 106 units versus the
step-size with four eigenvalues among four methods I, II, III, IV.

From Figs.1, we can see that method IV are more superior to methods I , II and III.
Among all the methods I, II, III and IV, method IV is the most efficient.
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Figure 1: Efficiency curves for Es8 = 53.588872 and Es9 = 163.215341.
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