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1. Introduction

This work is embedded in the line of research entitled “Optimization of
hydrothermal systems”. In a previous paper [1] we considered the possi-
bility of substituting a problem with m thermal plants and n hydroplants
(Hy-Ty) by an equivalent problem (H,-T;) with a single thermal power
station: the equivalent thermal plant. In said paper we calculated the
equivalent minimizer in the case where the cost functions are second-order
polynomials. We proved that the equivalent minimizer is a second-order
polynomial with piece-wise constant coefficients; moreover, it belongs to
the class C*.

In this paper we shall present two fundamental contributions: first, new
theoretical results relative to the equivalent thermal plant and, second, an
algorithm for the approximate calculus for a general model. We assume
throughout the paper the following definitions.

Let F; : D C R — R (i = 1,...,m) be the cost functions of the
thermal power stations.

We assume that V¢ € D =Dy +---+ D, CR, 3(&4,...,&,,) € TI D
i=1

m m
the unique minimum of ) Fj(z;) with the condition ) x; =¢&.

Definition 1.1. Letlﬁs1 call the i-th distribution fZIIIiCtiOIl, the function
U,:Dy+---+ D,, — D,; defined by ¥;(§) =¢, ,Vi=1,...,m.

Definition 1.2. We will denote as the equivalent minimizer of {F;}}",
the function ¥ : Dy + --- + D,;, — R defined by

¥(§) = min ZE(I’)

m
with the constraint > z; =&
i=1
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2. New Theoretical Developments

In this paper we continue the theoretical studies of the equivalent ther-
mal plant. First we prove, under certain assumptions, the existence and
uniqueness of the equivalent minimizer W.

Theorem 2.1. Let {F;}/~, C C'0,00) be a set of functions such
that F is strictly increasing (i = 1,...,m), with F{(0) < F{ ,(0), and

let the function F : [0,00)™ — R be F(x1,...,%m) := Y. Fi(x;). Let
i=1

m
Co ={(z1,...,2m) ER™ | 2; >0 A > z; = a}.
i=1
Then, there exists a unique set {¥;}." | such that:

(1) (¥1(a),...,Un(a)) is the minimum of F over Cq, Ya > 0.
(2) It holds that

(T1(a), ..., Upn(a) € Cp = a>(ZF;flop7gl)(o)

" -1
= (ZF{IOF,’,L> (a) >0
i=1

being

m -1
¥y (a) = (Z F o F,:.> (a)

(3) (U1(a),...,Un(a) ¢ Cq = for certain i € {1,...,m — 1}
\I/z(a) = \IjiJrl(a) =..= \Ilm(a) =0

In the previous theorem we also obtain the distribution functions ¥;. Now
we define the equivalent thermal plant piece-wisely, taking into account the
restriction of power positivity.

Theorem 2.2. Let {F;}",, F, and C, be defined as in Theorem 2.1.
Then there exists {31} C R (with 8,11 = 00) and { W}, C C[0, )
such that for every a > 0, the minimum of F over C, attains at
(T1(a),...,¥(a)), being

k k+1
0 =) (F; o F)(0) < ) (F/ " o F{11)(0) = bkt

i=1 i=1
-1

J
Uy (a) = (Zl Fi~lo Fzé) (a) if 6p <05 <a<djm
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Also, we shall prove that, for a general model, the equivalent thermal plant
belongs to the class C*.

Theorem 2.3. Let {F;};~, C C[0,00) be a set of functions defined as
in Theorem 2.1. Then the function

W(a) = 3" Fi(Wi(a)) = min Fv)
k=1

belongs to the class C' and ¥'(0) = FJ(0).
To conclude this section, we analyse the situation that arises when the
thermal plants are constrained to restrictions of the type

m
Co:={(z1,.-,2m) € R™|Ppnin < x; < Prax A le =a}
i=1
3. An Algorithm of Aproximation

We have developed a new algorithm for the approximate calculus of
the thermal equivalent of m thermal power plants whose cost functional is
general (non-quadratic). The outline is the following:

i) We linearly approximate the derivative of the cost function of each
thermal plant, F}(z), ¢ = 1,...,m in the power generation interval of each
plant. This approximation may be done as finely as one wishes by simply
increasing the number of splines in said interval. The integration of these
functions leads us to the piece-wise defined functions \T/i(x), i=1,...m
that approximate the cost function of each thermal plant considered

\Il(m) _ ik +@k$ + 2 i 0 <2 < Sjpr1; k=1,...,0—1
' Qi + Byx +yya® if T 2> 0y

ii) We next demonstrate that each function ¥;(z) can be considered as the
minimizing equivalent of [ fictitious thermal plants, whose cost functions,
denoted by {Fj;(z), Fia(x),-- -, Fy(z)}, are second-order polynomials

Ek(m> = QL +5ka +7ikm2; k= 17 7[

The aforementioned coefficients, deduced from those obtained in [1], are
given by

Bix = 2Vir0ik + Bik

. Vik
Yir = Yis Vik = Zk71 k=21
1=k (Z L )

=1 Yij
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Bfk _ zk: /B?J'

l
D iy = Qi — =
=1 Y =1 Vv

where (8;%, 8ir11) is the domain of ¥;(z).
iii) Finally, we construct the equivalent minimizer of all the functions
obtained
{Fijti=1,....m
G=1,..,1
We finally show, using an example, that the developed algorithm offers
very good approximate results in comparison with prior methods, such as
for instance [2].
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