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1 Introduction
This paper deals with power sums of the form
Sp(k) ;= 1" 42" 43" .. 4 |,

where m, k € N := {1,2,3,...}. Power sums were first studied in detail by Jakob
Bernoulli (1654-1705), leading him to develop the Bernoulli numbers, as they are
known today. In fact, if we denote by B; and B;(x) the ith Bernoulli number and
Bernoulli polynomial, then (see e.g. [1])

Buii(m+1) — By
S (m) = 2 — L 1)

In particular, much work has been done regarding divisibility properties of power
sums [6,10,11].
The general Diophantine equation

Sm(x) = y"

was considered by Schéffer [15] in 1956. In particular he proved that this equation
has infinitely many solutions in positive integers x and y if and only if (m,n) €
{(1,2), (3,2), (3,4), (5,2)}. Moreover, for m > 1 and n > 2 he conjectured that if
the equation has finitely many solutions, then the only nontrivial solution (i.e., with
(x,y) # (1, 1)) is given by the case (m,n,x,y) = (2, 2,24, 70). Jacobson, Pintér
and Walsh [8] verified the conjecture for » = 2 and even m < 58. Bennett, Gy6ry and
Pintér [2] have proved it for m < 11 and arbitrary n.

Also related to power sums we mention the Erdés—Moser equation, which is the
Diophantine equation

Sm(k) = (k + D™, 2

In a 1950 letter to Moser, Erdés conjectured that solutions to this equation do not
exist, except for the trivial solution 1' +-2! = 3! Three years later, Moser [13] proved
the conjecture for odd k or m < 10106. Since then, much work on the Erd6s—Moser
equation has been done, but it has not even been proved that there are only finitely
many solutions. For surveys of work on this and related problems, see [3,12] and [7,
Section D7].

Recently, Sondow and MacMillan studied modular versions of the Erd6s—Moser
Eq. (2), in particular, the congruences

Sm(k) = (k+1)"  (mod k) 3

and
Suk) = (k+1)™ (mod k).

Among other results, they proved the following. (Here and throughout the paper, p
denotes a prime.)
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Theorem 1 (Sondow and MacMillan [18]) The congruence (3) holds if and only if
p | k implies m = 0 (mod p — 1) and % + 1 = 0 (mod p). In that case, k is
square-free, and if n is odd, then k = 1 or 2.

In the present paper we are interested in power sums of the form S, (m). Observe
that if we put m = k in Eq. (3) we obtain S,,(m) = 1 (mod m) where, obviously, 1
divides m. This observation leads to the main goal of this paper, namely, the study of
the congruence

Sn(m)=n (mod m), withn | m. 4)

In particular we prove that if (4) holds, then the quotient Q := m/n satisfies the
congruence

Zg+150 (mod Q).
plo

There are nine known positive integers that satisfy this congruence: Q =1, 2, 6,
42,1806,47058, 2214502422, 52495396602, 8490421583559688410706771261086.
We show that for each of these values of Q, the set of solutions n to

Son(Qn) =n (mod QOn)

has positive asymptotic density strictly less than 1, except for Q = 52495396602
when the set of solutions is empty.

For instance, for Q = 1 (i.e., if m = n), the set of solutions to the congruence
Sp(n) = n = 0 (mod n) is precisely the set of odd positive integers (as proved in
[6]), whose asymptotic density is 1/2. For Q = 2 (i.e., if m = 2n), the set of solu-
tions to S7,(2n) = n (mod 2n) is {1,2,4,5,7,8,11,13, 14, 16, 17, 19, 22, 23, 25,
26, 28, ...} (see [16, Sequence A229303]).

It is interesting to observe that Bernoulli’s formula (1) would allow us to restate
our results in terms of Bernoulli numbers. Nevertheless, we will not do so.

2 The congruence S,,(m) =1 (mod m)
Let us define a set G in the following way:
G={meN:§,(m)=1 (mod m)}.
The main goal of this section is to characterize the set G. In particular, we will see

that it consists of just five elements.
We first prove two lemmas.

Lemma 1 Let P be a non-empty set of primes p such that

(i) p — 1is square-free, and
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(ii) If q is a prime divisor of p — 1, then q € P.
Then P is one of the sets {2}, {2, 3}, {2, 3,7}, or {2, 3,7, 43}.

Proof Since P is non-empty, condition (ii) implies that 2 € P.
If there exists an odd prime p € P, then we can define a finite sequence of primes
recursively by

S1 =P,
s; = max{primeq : g | sj—1 — 1}.

This sequence is contained in P and, since it is strictly decreasing, there exists j
such that s; = 2. Then s;_1 = 2h + 1 and since 2 is the biggest prime dividing
sj—1 — 1, condition (i) implies # = 1 and hence s; | = 3. If 3 < p, then in the same
way we get that s;_» = 3/ + 1 with [ = 1 or 2, but since s;_5 is prime, [ = 2 and
sj—o =T71.1f 7T < p, then one step further leads us to s;_3 = 43.

Now, if 43 < p, then s;_4 = 43t + 1 with t+ < 43. But the only primes in
{43t + 1 :t < 43} are 173, 431, 947, 1033, 1291, 1549, 1721, and 173, 1033, 1549,
1721 do not satisfy condition (i), while 431, 947, 1291 do not satisfy condition (ii).
Thus, none of them belongs to P, a contradiction. Hence 43 = p. Therefore, in all
cases the sequence {s;} has at most three elements and the only possible values for
s1 = p are 3, 7, 43. This proves the lemma. O

Remark 1 Notethat2,3,7, and 43 are precisely the primes in [ 16, Sequence A227007].

Lemma 2 Let N be a set of positive integers v such that

(i) v is square-free, and
(ii) If p is a prime divisor of v, then p — 1 divides v.

Then N C {1, 2, 6,42, 1806}.

Proof Let us define the set
S := {prime p : p | v for somev € N},

If S # @, consider p € S. By condition (ii) we have that p — 1 | v for some
v € . By condition (i) v is square-free and since p — 1 divides v, then p — 1 itself is
square-free. Moreover, if ¢ | p — 1 is prime, then also ¢ | v. Hence, we have just seen
that S satisfies both conditions in Lemma 1 so we conclude that S C {2, 3, 7, 43}.

Since the elements of A/ are square-free and satisfy condition (ii), it is enough to
proceed by direct inspection to observe that the only possible elements of N are 1, 2,
6, 42, 1806, as claimed. O

In [5] the set 2, 6, 42, 1806 was characterized as the only square-free solutions to
G(n) = ¢(n), where ¢(n) is Euler’s totient function and G (n) stands for the number
of groups (up to isomorphism) of order n. In [9] it is proved that n = 1806 is the only
value for which the denominator of B,, equals n. In [4] and [17, Proposition 2] several
different characterizations of the set 1, 2, 6, 42, 1806 were given. Here, we present
one more in terms of divisibility properties of power sums.
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Proposition 1 The set G consists of five elements, namely,
G =1{1,2,6,42, 1806}.

Proof Letm € &, so that S;,(m) = 1 (mod m). By Theorem 1, this implies that m
is square-free and that p — 1 divides m for every prime factor p of m. Consequently,
Lemma 2 applies to obtain that & C 1, 2, 6, 42, 1806. The proof is complete since
equality can be verified computationally. O

Remark 2 The result in Proposition 1 was stated without proof by Max Alekseyev in
[16, Sequence A014117] after the first draft of the present paper was written.

We recall that an integer n > 2 is called a primary pseudoperfect number if it
satisfies the equation

Z%-l—l:n.

The only known primary pseudoperfect numbers are [3]: 2, 6, 42, 1806, 47058,
2214502422, 52495396602, 8490421583559688410706771261086.

Itis not known whether there are infinitely many. We have just seen that the elements
of G are 1 and the four primary pseudoperfect numbers 2, 6,42, 1806. In the following
section a family of positive integers closely related to primary pseudoperfect numbers
will play a key role.

3 The congruences Sg,(Qn) =n (mod Qn)
For every O € N let us define the set
Mo :={neN:Sp,(On)=n (mod QOn)}.

The main goal of this section is to study the family of sets 1p. We will make use
of the following lemma [6] several times.

Lemma 3 Letd, k, m, and t be positive integers.
(i) If d divides k, then

S (k) = gSm(d) (mod d).

(ii) Let p' be an odd prime power. Then

—p'=! (mod p"), if p—11|m;

0 (mod p'’), otherwise.

Sm(pt) = {
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426 J. M. Grau et al.

(iii) We have

2= (mod 2"), ift=1,0rt > landm > 1 iseven;
Sn2)=1-1 (mod?2), ift>1landm = 1;
0 (mod?2), ift>1landm > lisodd.

The first step in our study is to see that Q is square-free whenever 9o # 0.
Proposition 2 If I is non-empty, then Q is square-free.

Proof Fixn € Mgp. As lissquare-free, we may assume that Q > 1.Given p | Q,let p*
(s > 1) be the greatest power of p dividing Q. Let p” (r > 0) be the greatest power of p
dividing n. Since n € Mg, we have Sp,(Qn) = n (mod Qn), and hence Sp,(Qn) =
n (mod p"*%).Since s > 1and p"*! { n, we get Sp,(Qn) # 0 (mod p"**). Hence,
as Lemma 3 (i) gives S, (Qn) = %SQn (p"*) (mod p"™), we get Son(p %) #
0 (mod p"*%).Now Lemma 3 (i) and (iii) yield Sg, (p" %) = £p" ™~ (mod p’*+*),

where the sign depends on the parity of p. Thus, + p%’fs P’ =pn (mod p'**), and
in either case, since % is coprime to p and the greatest power of p dividing n is p”,
we getthatr +s — 1 = r, so thats = 1 as claimed. O

Before we present our main theorem we need to prove the following easy lemma.

Lemma 4 Let Q and n be positive integers such that n is even and n € Ng. Then Q
is also even.

Proof Assume on the contrary that 2" (r > 0) is the greatest power of 2 dividing n
and that Q is odd. Then n € 91p and Lemma 3 (i) imply that Sp,(2") = 0 (mod 2").
But that contradicts Lemma 3 (iii). O

We are now in a position to characterize the pairs (Q, n) such thatn € Ng. In what
follows we denote the set of primes dividing an integer k by

P(k) := {prime p : p | k}.

Theorem 2 Let Q and n be positive integers. Thenn € Ny if and only if the following
conditions both hold.

(i) If p € P(Q), then p — 1 | Qn and % +1=0 (mod p).

(ii) If p € P(n) but p ¢ P(Q), then p — 11 On.

Proof Assume that n € 919, so that Sp,(Qn) = n (mod Qn). Then Proposition 2
implies that Q is square-free. Hence, we can put

0= [T » [T »r)=do

pPEP(QNP(n) PEP(Q\P ()
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and

n= H p’r H p’r | = nns.

pePMNP(Q) pePM\P(Q)

Observe that d = ged(Q, n) and Qn = (dn)nyQ’, and that dny, ny, and Q’ are
pairwise coprime. Consequently, Sp,(Qn) = n (mod Qn) holds if and only if the
following three congruences all hold:

(@) Son(Qn) =n (mod ny),
(b) Sn(Qn) =n (mod Q’),
(c) Son(Qn) =n (mod dny).

Let us analyze each case separately. (Note that by Lemma 4 the prime 2 cannot
appear in the decomposition of n;.)

(@) Spn(Qn) = n (mod ny) if and only if Sp,(QOn) = 0 (mod n3). This happens
if and only if S, (Qn) = 0 (mod p°r) for every p € P(n) \ P(Q). By Lemma
3 (i), this happens if and only if Sg,(p*?) = 0 (mod p°7). Now, in [6, Prop. 3]
it is proved that, for odd m, Sx(m) = 0 (mod m) if and only if ¢ — 1 does not
divide k for every g prime divisor of m. Consequently, the previous congruence
holds if and only if p — 1 does not divide QOn.

(b) Applying Lemma 3 (i) we get that Sp,(Qn) = n (mod Q') if and only if
dSpn(Q) =1 (mod Q'), ie., if and only if dSp,(Q’) = 1 (mod p) for every
p € P(Q) \ P(n). This is equivalent to d%SQn(p) = 1 (mod p) which, by

Lemma 3 (ii), holds if and only if p — 1 divides On and % +1=0 (mod p).
(c) Applying Lemma 3 (i) again and reasoning as in the previous cases, we get that
Son(Qn) = n (mod dny) if and only if %sQn( prthy = pr (mod prt1) for
every p € P(Q) NP(n). Hence, Sg,(p'»*!) £ 0 (mod p’»*!) and it is enough
to apply Lemma 3 (ii) or (iii).
To prove the converse, first observe that condition (i) implies that Q is square-free.
Hence, we have the same decomposition Qn = (dnj)ny Q' again. Now, since the
implications in the points (a), (b) and (c) were “if and only if”, the result follows. O

In the previous section we proved that 1 € g ifand onlyif Q € {1, 2, 6, 42, 1806}
and hence Q = 1 or is a primary pseudoperfect number. We now introduce the
following definition.

Definition 1 An integer n > 1 is a weak primary pseudoperfect number if it satisfies
the congruence
n
Z—+1 =0 (mod n).

pln

In [18, Corollary 5] it was proved that the congruence S,,(k) = 1 (mod k) holds if
and only if k is a weak primary pseudoperfect number and lem{p — 1 : prime p | k}
divides m.
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Note that primary pseudoperfect numbers are trivially weak primary pseudoperfect
numbers. Moreover, since the sum of the reciprocals of the first 58 primes is smaller
than 2, it follows that, if it exists, a weak primary pseudoperfect number greater than
1 which is not a primary pseudoperfect number must have at least 58 different prime
factors, and so must be greater than 10119,

Theorem 2 implies that the values of Q such that 91y # () are weak primary
pseudoperfect numbers.

Corollary 1 If g # @, then Q is a weak primary pseudoperfect number.

Proof Since Mg # ¥, Theorem 2 (i) yields % 4+ 1 = 0 (mod p) for every prime
p | O.Hence Q is square-free and

Z%HEH(%H)EO (mod 0)

plO plo
and the result follows. O

As we already pointed out, the only known weak primary pseudoperfect numbers
>1 are the primary pseudoperfect numbers. Only eight of them are known. Hence, the
only known possible values of Q # 1 that could make 9y # @ are 2, 6, 42, 1806,
47058, 2214502422, 52495396602 and 8490421583559688410706771261086. We
know from Sect. 2 that 1 € Ny ifandonly if Q € {1, 2, 6, 42, 1806} so, in these cases
Mo # ¥ and obviously 1 = min . In the following proposition, we determine the
minimal element of 91y when it exists, i.e., when 91p # 0.

Proposition 3 Given a weak primary pseudoperfect number Q, define the integer

ng = lem {gcd(pfl’Q) tpl Q} L ifO#FL )
1, ifo=1.
Then Mg = W if and only if ¢ — 1 | Ong for some prime q | ng. Moreover, if
Mo # O, then ng | n for every n € N and, in particular, ng = min Np.

Proof Clearly p — 1 | Ong for every prime p | Q. Moreover, Theorem 2 (i) implies
thatif n € 9p, then ng | n. Applying Theorem 2 (ii) completes the proof. O

With this proposition we can analyze the four remaining values of Q for which 919
could be non-empty.

Proposition 4 (i) If Q € 47058, 2214502422, 849042158355968841070677126
1086, then N is non-empty.
(ii) The set MNs2495396602 is empty.

Proof (1) Using Proposition 3, since 47058 =2 x 3 x 11 x 23 x 31, itcanbe
computed that

N47058 = lcm(l, 1, 5, l, 5) = 5.
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In the same way we get that n2145024220 = 5 and

18490421583559688410706771261086 = 5 x 100788283 x 78595501069
= 39607528021345872635.

To conclude it is enough to apply Proposition 3.

(i1) Firstofall, note that Q = 52495396602 = 2 x 3 x 11 x 17 x 101 x 149 x 31009.
By definition, both 5 = S-3553195306602 ANd 8 = oq(i6.52a05306600) divide
152495396602 Hence, 5 | 152495396602 and 4 | 52495396602 x 152495396602, SO
that the second part of Proposition 3 implies that 9152495396602 = @ as claimed.

]

It is quite surprising that the set 52495396602 1S empty. This fact implies that the
converse of Corollary 1 is false. Hence we only know eight values of Q for which
Mo # V. The following result summarizes this information.

Proposition 5 The only known values of Q for which Mg # W are 1,2, 6, 42, 1806,
47058, 2214502422, and 8490421583559688410706771261086.

Next section deals with the asymptotic density of these sets.

4 About the asymptotic density of 91

In this section we focus on the known cases when 91y is non-empty. In particular we
are interested in studying their asymptotic density, 6 (91p), which we show exists. For
instance, the case Q = 1 was studied in [6, Theorem 1], where it was proved that 1;
is the set of odd positive numbers and hence has asymptotic density 1/2.

Here, we study the cases when Q is a weak primary pseudoperfect number and the
previous fact will appear as a particular case. Since the elements of 91y are always
multiples of ng, a description of the complement ngN \ 91p will be useful. Recall
that p denotes a prime number.

Proposition 6 Let Q be a weak primary pseudoperfect number such that Ng # .
Then

noN\ 9p = | Wa(Q),

d|o
where the sets Wy (Q) are given by
ng p—1 (p—1D
Wd(Q):=[Kp3QpT :pt 0, d|p—1, D=ged (nQ, %), Ke N].

Proof Letn € N such that n & 91g. Then, due to Theorem 2 (ii), there exists a prime
p 1 O suchthat p | nand p — 1 | On. This implies that On = Ap(p — 1) for some
A € N. Hence, if we put d = gcd(Q, p — 1) we have that n = B@, where

@ Springer



430 J. M. Grau et al.

B = dA/Q is an integer because p 1 Q. Finally, since we want n to be a multiple of
ng it follows that B = K I%Q as claimed. O

Whenng = 1, then D = 1 and Proposition 6 can be particularized in the following
way.
Corollary 2 Let Q € {1, 2, 6,42, 1806}. Then
N\ Mg = |J Wa(0),
d|1Q

where

Wa(Q) =

[Kp(p—_l):pJ(Q,cﬂp—], KeN

d

In the cases when ngp = 5, i.e,, when QO = 47058 or 2214502422, we can
also give a somewhat simpler version of Proposition 5. Note that, in these cases,

gcd (nQ plp= 1)) = ged(ng, p(p — 1) = 1 or 5 because 51 Q.

Corollary 3 Let Q € {47058, 2214502422}. Then

SN\ = (WP ulwP).
d|o d|Q

where the sets W;)(Q) are given by

-1
%:pTQ»Slp(p—l),dlp—l,KGN],

w?(0) = [SK@ :

chl)(Q):[K
p1Q, 5tp(p—1,d|p—1, KGNI.

The remaining value, O = 8490421583559688410706771261086, does not admit
such a simple decomposition because in this case ng is not prime. In any case, we are
in a position to conclude the paper by giving bounds for the asymptotic density of Mg
for the known non-empty cases. But first we introduce a technical lemma.

Lemma 5 Let A := {ai}ren and {ci}ren be two sequences of positive integers, and
for k € N define the arithmetic progression

Br:={ar + (s — Dy : s € N}

If >0, ck_l is convergent and A has zero asymptotic density, then \Jpo.| Br has
an asymptotic density.

Proof Let us denote B, := U,finH By and ¥ (n, N) := card([0, N] N B,). Then

®¥(n, N) < card([0, N]NA) + N Z —
k=n+1 k
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From this, we get

O, N) card([0, N]1N A) >

<limsup —— + — = —.

S(Bn) = lim sup N
Ck

Now, for every n, the set | Jj;_, Bx has an asymptotic density 8,, and we have

B < @(U Bk) < S(U Bk) = S(U B U Bn) < 6 +3(By)
k=1 k=1 k=1

o0

<5+ > L ©)

o
k=n-+1 k

Now, the sequence §, is non-decreasing, bounded (by 1) and, hence, convergent.
Moreover, since > ;- | c,?l is convergent we have that 32 | c,?l converges o zero
as n — oo. Taking these facts into account, if we take limits in (6) we obtain that

oo o
(@)
k=1 k=1

and hence J;2; Bk has an asymptotic density, as claimed. O

Remark 3 Note that Lemma 5 implies that if a set S is the union of arithmetic pro-
gressions of the form {n ¢ : n € N} such that the series Z}fi] c,?l converges, then S
has an asymptotic density.

Proposition 7 For every weak primary pseudoperfect number Q, the set Mg has an
asymptotic density §(Ng). Moreover, §(Ny) is strictly smaller than 1/ng.

Proof If Mg = ¢, the result is clear from definition (5).
On the other hand, if Mg # @, then Proposition 6 shows that ngN \ 91y is the
union of arithmetic progressions with difference

ng p(p—1)
ged(ng, p(p—1/d) d

@(Q, d, p) =

)

where p is a prime not dividing Q and d is a divisor of Q such thatd | p — 1.
Taking into account that the series > » ﬁ is convergent, it is clear that

1
—— <0
Z 9(0Q.d, p)
p prime
d|Q

Consequently, by Remark 3, it follows from Lemma 5 (with 4 = {0}) thatn g N\91p
has an asymptotic density and, hence, so does 91p. Moreover, since 91g C ngN, it
follows that §(91p) < 1/ng as claimed. m|
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432 J. M. Grau et al.

Proposition 7 not only shows that, for every weak primary pseudoperfect number
0, the set 1 has an asymptotic density, but also gives an upper bound for §(91p).
The following result shows that §(0g) > 0if Mg # B.

Theorem 3 For every weak primary pseudoperfect number Q such that Ny is non-
empty, the asymptotic density of M is strictly positive.

Proof Fix a weak primary pseudoperfect number Q such that 1y # . By Proposition
3, if we consider

ng = minMNg,

then it follows that ng divides every element in Ng.
Let y be a positive integer and consider the set

My :={ngm: prime p |m = p < y}.

We want to study the asymptotic behavior of [0, N] N M, NIy when N — oo.
First, we observe that

card([0, NN M) = L(p(y) +o(1)) as N — oo, @)
Ong

where p(y) := Hpsy(l — 1/p). Moreover, [14, Formula 3.25] states that if y > 285,
then

0> (1 : )
> — .
Py logy 210g2y

Hence, if we choose y > 285 and taking into account that e=” > 0.56 we obtain
that

p(y) > @®)

logy’

Now, assume that y > Q and let N > npm € M, is such that npm & Ngp. If
this is the case, condition (ii) in Theorem 2 must fail (because condition (i) trivially
holds due to the form of ngm). This means that, if prime p | m, then p — 1| Qngm
(because the primes dividing m are greater than y > Q). If we put p — 1 = dt with
d | Ong and ¢ | m, then m is divisible both by ¢ and dt + 1, and therefore by their
product (because they are coprime) and ¢t > y/d. For fixed d and ¢, the number of
m < N/Qng divisible by #(dt + 1) is

|G = 7
Ongpt(dt +1) _dQth2

and we want to sum all of them overd | Ong and t > y/d.
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If we keep d fixed and sum over all ¢ > y/d and we further assume that y > 20ng
(and hence, y/d > 2) we get that

X 2N
Z dOnot? = Onop’
t>y/d Q Y Q

Consequently, if T denotes the number-of-divisors function, then

5 N _21(Qno)N.

dQth2 - Ongy ©

d|Qng
t>y/d

Now, if we take y > max {285, 20n}, putting together (7), (8) and (9) we obtain
that, if N — oo,

card([0, N]N M, NNg) > 1 ( 0.5  2z(Qng)

= Ong \logy )N(l—i—o(l)). (10)

Finally, since log y grows more slowly than y, we can choose y > max{285, 20ng}
such that the main term in (10) is positive. This means that the asymptotic density of
Mg (which exists due to Proposition 7) is positive, as claimed. O

Observe that Proposition 7 and Theorem 3 give upper and lower bounds for the
asymptotic density of 9o when 91p is non-empty. The remaining results are devoted
to giving tighter bounds.

Proposition 8 We have the inequalities

0.0560465 < §(Ma7058) < 0.0800567,
0.0070565 < 8(Ma1as502422) < 0.0800567.

Proof For Q € {47058, 2214502422} Corollary 3 implies that

SN\ = | J Ui,p(Q).

dQ
p prime
where
SK@:KeN}, ifpt o, 5tp(p—1,d|p—1;
Usp(Q)i= TIKEZED s K eN), i pr 0. 5Ip(p—1. d|p—1;

@, otherwise.
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If p; denotes the ith prime number, we have that

S| U Uap (@) | < 8GN\ Ng) < 8(| Uap(0) + D 8WUap (). (11)

i<50 i<50 i>50
d|0 d|o d10

Computing the primitive elements of the union of Uy p, (Q) fori < 50 we obtain
the set

Ss0 := {10, 35, 235, 285, 335, 695, 2985, 3775, 5135, 8515, 8555, 8755, 17015,
18145, 22005, 28355, 41255, 69305, 79655, 128255}

and consequently

U thapi(@) = |J (Kt : K €N},
i<50 teSsg
o

Now, using Mathematica, the inclusion-exclusion principle leads to

48357225625417447595522734010896225250266313

8 Uy p, = .
igo a.pi(Q) 403167008827681283131141033075588326251331565
d|o

Using now >°, ﬁ = 0.7731566690497 . .. and § Uy, ; (Q)) < ﬁ and
doing some computations, we can also obtain an upper bound for >";~50 8 (Uy, p; (Q))
d|Q

which, together with (11), leads to the desired bounds. O

Proposition 9 We also have the inequalities

0.583874 < §(My) < 0.584604,
0.70405 < §(Me) < 0.707659,
0.78215 < §(M42) < 0.79399,
0.7747 < §(M1306) < 0.812570.

Proof For every Q € {2, 6,42, 1806}, using Corollary 2 we have that

N\Ng= J Uasp(Q),

d|Q
pprime
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Table 1 Known weak primary pseudoperfect numbers Q if 9y # ¢

o min 9 Bounds for §(MNp)

1 1 172,172

2 1 0.583874, 0.584604
6 1 0.70405, 0.707659
42 1 0.78215, 0.79399
1806 1 0.7747, 0.812570
47058 5 0.0560465, 0.080057
2214502422 5 0.0070565, 0.080057
8490421583559688410706771261086 39607528021345872635 1.2 x 1073310730

where

{K”(”T_l): KeN}, ifpto.dlp—1;

Ua,p(Q) = .
, otherwise.

Then, the required computations are similar to those in the previous proof and can

be performed with Mathematica using again the inclusion-exclusion principle. O

In the case of Qg := 8490421583559688410706771261086 it does not seem fea-
sible to apply the ideas and techniques from Proposition 8, because the computations
would require an unaffordable amount of time. Nevertheless, we can improve the
bounds 0 < §(g,) < 1. Namely, this density by Proposition 7 is less than 1/ng,,
yielding §(Dg,) < 1073, and taking y = Qong, in the proof of Theorem 3 gives
§(MNg,) > 1.2 x 10733 from (10). To provide tighter bounds remains a possibility.

The following table summarizes the main results about the known values of Q for
which 91¢ is non-empty (Table 1).

Observe that we have

1/2=586"1) <8(M) < 8Me) <5(Na) < 1.
However, we do not know whether the relation § (0142) < §(D11806) holds.

In fact, §(91p) is not increasing with Q since, for instance, §(947058) and
8(Ma214502422) are each less than §(91). On the other hand, if we observe that

np=mny ="ng="n4 =ni806 = 1 and n47058 = N2214502422 = 3,

we can end the paper with the following prediction.

Conjecture 1 If Q and Q' are weak primary pseudoperfect numbers such that N
and N are non-empty and ng < ng, then §(Np) > §(MNg).
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