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Abstract. In this paper we investigate the structure of (ﬁ), the
quaternion rings over Z/nZ. It is proved that these rings are isomor-

phic to (ﬁ) ifa=b= -1 (mod 4) or to (ﬁ) otherwise. We

a,b

Z/nZ
if n is odd and that all quaternion algebras defined over Z/nZ are iso-
morphic if and only if n Z 0 (mod 4).
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also prove that the ring is isomorphic to M2 (Z/nZ) if and only

1. Introduction

The origin of quaternions dates back to 1843, when Hamilton considered
a four-dimensional vector space over R with basis {1,4,j,k} and defined
an associative product given by the now classical rules i> = j2 = —1 and
ij = —ji = k. These “Hamilton quaternions” turned out to be the only as-
sociative division algebra over R with dimension >2. Later on, this idea was
extended to define quaternion algebras over arbitrary fields. Thus, if F is a
field and a,b € F\{0} we can define a unital, associative, four-dimensional
algebra over F just considering a basis {1,14,j,k} and the product given by
i? = a, j2 = b and ij = —ji = k. The structure of quaternion algebras
over fields of characteristic different from two is well-known. Indeed, such a
quaternion algebra is either a division ring or isomorphic to the matrix ring
Mo (F') [9, p. 19]. This is no longer true if F' is of characteristic 2, since quater-
nions over Z/27 are not a division ring but they form a commutative ring,
while My (Z/2Z) is not commutative. Nevertheless, some authors consider a
different product in the characteristic 2 case given by i° +i = a, j2 = b, and
ji = (i+1)j = k. The algebra defined by this product is isomorphic to the
corresponding matrix ring.
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Generalizations of the notion of quaternion algebra to other commu-
tative base rings R have been considered by Kanzaki [3], Hahn [2], Knus
[4], Gross and Lucianovic [1], Tuganbaev [12], and most recently by Voight
[13,14]. On the other hand, quaternions over finite rings have attracted sig-
nificant attention since they have applications in coding theory see [7,8,11].

In particular, we will define quaternion rings over commutative, associa-
tive, unital rings. Some authors consider a different definition in the case that
the element 2 is not invertible in the base ring R (for fields this corresponds
to the case of characteristic 2). However, following Tuganbaev, we make no
distinction between the case where 2 is invertible and the case where 2 is not
invertible in the base ring. Our definition is as follows

Definition 1. Let R be a commutative and associative ring with identity and
let H(R) denote the free R-module of rank 4 with basis {1, 4, j, k}. That is,
H(R) = {xo + x1i + x2j + x3k: xg, 21, 22,23 € R}.

Now, let a,b € R be units and define an associative multiplication in H(R)
according to the following rules:
)

1° =a,
j*=b,
ij = —ji=k.

Thus, we obtain an associative unital ring called a quaternion ring over R
which is denoted by (a—éb).

Remark. If a = b= —1, the corresponding quaternion ring in called the ring
of Hamilton quaternions over R and it is denoted by H(R).

Remark. Note that, over a field F' of characteristic not 2, quaternions form a
central simple algebra. This is no longer true if the field F' has characteristic
2. This is one of the reasons that lead some authors to consider a different
definition in the case of a field of characteristic 2.

Definition 2. Let z = xg + z11 + x2j + 23k € (aéb)

(i) The conjugate of z is Z = xg — x11 — T2j — x3k.
(i) The norm of z is n(z) = 2z = 22 — az? — b3 + abx?.
(iii) The trace of z is tr(z) = z + z = 2.

Note that n(z),tr(z) € R.

The correspondence between quaternion algebras over a field and qua-
dratic forms is a classic result, see for instance [6]. Roughly speaking, quater-
nion algebras over a field F' are the same as ternary quadratic forms over
F. Recently, this correspondence was extended by Voight [13] to quaternion
algebras over an arbitrary commutative and associative ring with identity.
Therefore, the structure of quaternion rings can be deduced from the theory
of quadratic forms. However, the proofs in this paper are elementary, in the
sense that we use only the simplest properties of congruences (except the
basic Taylor theorem in the proof of Lemma 1).
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It is easy to see that the known characterization for quaternion rings
over fields of characteristic different from two is no longer true in this gen-
eral setting. For instance, consider the ring of Hamilton quaternions over Z.
Clearly, the corresponding quaternion ring H(Z) is not a division ring. On
the other hand, we see that this ring is not isomorphic to the matrix ring
M (Z). To see this, let us consider z € H(Z) such that 22 = 0. Then n(z) = 0
and it follows that z = 0. Since this property (22 = 0 — z = 0) does not hold
in M (Z), these two rings are not isomorphic, as claimed.

The question naturally arises as to whether a quaternion ring over an
associative and commutative ring with identity R that is not a division ring
is isomorphic to the matrix ring My(R). In this paper we consider the case
R = Z/nZ. In particular we prove that, given n € N, there exist at most

two quaternion rings over Z/nZ up to isomorphism: H(Z/nZ) and ( Zl/,il)'

Moreover, we will see that H(Z/nZ) = (Zl/;:Z) >~ My(Z/nZ) if and only if n
is odd.

Note that if n = pi*,...,p,* is the prime factorization of n, then by the
Chinese remainder theorem we have that

Ln =7]Zp7 & --- L/ Zp,r. (1)

Decomposition (1) induces a natural isomorphism

(@) = (zia) oo (gig) - @

Consequently, it suffices to study the case when n is a prime-power.

This fact strongly determines the structure of the paper. In Sect. 5 we
focus on the case when n is a power of two, while Sect. 4 is devoted to the
odd prime-power case. Before them, Sect. 2 presents some auxiliary results

from elementary number theory that are useful in the sequel and in Sect. 3

we study Hamilton quaternions over Z/nZ and (Zl/’iz> due to the main role

that these particular cases will play in our classification.

2. Some Number-Theoretical Auxiliary Results

In this section we collect some results that will be useful in forthcoming
sections. They are mainly related to finding solutions to quadratic polynomial
congruences in two variables modulo a prime-power.

When we deal with polynomial congruences in one variable, Hensel’s
lemma plays a key role. The simplest form of Hensel’s lemma [10, p. 170]
states that, under certain regularity conditions, a solution of a polynomial
with integer coefficients modulo a prime number p can be lifted to a solu-
tion modulo p’ for j > 1. The following lemma generalizes this result to
polynomials in two variables.

Lemma 1. Let f(x1,x2) be a polynomial in two variables with integer coeffi-
cients. let p be a prime number, and let A = (a1,az2) € Z? be such that

f(a17a2) =0 mOdpj-
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If at least one of the partial derivatives % is nonzero at (ay,as) modulo p,

then there exist integers t1,ts such that
flaq +tip’, as thgpj) =0 modp'tt.

Proof. Let n be the degree of the polynomial f. Using Taylor’s theorem for
functions of two independent variables we get

. , ) )
flar +tip? a0 +tap’) = far,a2) + t1pji(a1,a2) + t2P]7f(a1,a2)
ory Oz

L (0% O
= (3p¥ 2 2ty top?!
+2! ( D 022 (a1, a2) + 2titap Dty (a1, a2)

.

52 1 0
+ 2 2Jf(a1,a2)> +- -] <trfpn'7f(alva2)

2b 2 oxh
N\ o1 (ne1)i, i O"

+ < )t? I 1)%217]%(01,02)
1 Oxox]

+~~~tgp"jékvf(a1,a2))
2

It is easy to check that each derivative 6z?i]:a;“" is divisible by r!(s —r)!. That
2 1

=rl(s — r)lg(z,y) for some polynomial g. Therefore,

()l = (7)ot = st

r) 0xy "xf

is

> Oy "y

It follows that modulo p/*! the Taylor expansion reduces to

) . s .0
flar +t1p? a2 + top’) = f(ay,a2) + tlpjif(ahaz) + t2p]*f(a1a az).(3)
o1 01

Finally, we observe that the assumption that at least one of the partial deriv-

atives gg is nonzero at (aj, az) modulo p imply that we can choose t; and
to satisfying tlpjg—zfl(al, as) + tQPj%(al,ag) = —f(a1,a2). This completes
the proof. 0

It is well-known that every element in a finite field can be expressed as
a sum of two squares. The following result is a slight variation of this fact
and the proof is almost identical. In particular, we use the fact that if A and
B are subsets of a finite group G where |A| + |B| > |G|, then G = AB.

Lemma 2. Let p be an odd prime and let a,b be integers such that ged(p, a) =
ged(p,b) = 1. Then, the equation

ar® +by* =a  (mod p)
has solutions for every a € 7Z.

Proof. Note that since p is prime it follows that Z, is a field. Using the well-
known fact that the multiplicative group of a finite field is cyclic it is easy to
check that there are % squares in Z,.

Now, denote by S the set (in fact it is a subgroup of the multiplicative
group) of squares in Z,. Since ged(p, a) = ged(p, b) = 1, the elements a and



Vol. 25 (2015)  On the Structure of Quaternion Rings Over Z/nZ 879

b are non-zero in the field Z,. Therefore, |S| = |aS| = |bS| = %1 Hence,
looking at the additive group of the field Z, we find that a5 +bS = Z,. This
completes the proof. O

We can combine the previous results in the following proposition.

Proposition 1. Let p be an odd prime number and let a,b,c € Z be coprime
to p. Then, the congruence

ar® +by®> = ¢ (mod p*)
has a solution for every s > 1.

Proof. Lemma 2 determines that there exists (a1, az2) a solution to the con-
gruences for s = 1. Moreover, since pfc either a; or as is coprime to p. Hence,
Lemma 1 applies. O

Unfortunately, when p = 2 we can never apply Lemma 2. Consequently
we can no longer provide a unified approach. The following results deal with
some congruences that we will need to solve (in fact we will just need to know
that they have a solution) in the sequel.

Proposition 2. Let a,b € Z be odd integers with a = b (mod 8). Then the
congruence

ar’ =b (mod 2°)
has a solution for every s > 1.

Proof. If 1 < s < 2 the result follows by direct inspection. Now, let us assume
that s > 3. Since a is odd, let « be the inverse of @ modulo 2°. We have that
aa = 1 (mod 8) and hence ba = 1 (mod 8). This means that ba = 8k + 1
and congruence az? = b (mod 2°) becomes x? = 8k +1 (mod 2°%). The result
follows because 8k + 1 is a quadratic residue modulo 2° if s > 3. O

Proposition 3. The congruence
522 +5y° =1 (mod 2%)
has a solution for every s > 1.

Proof. Given s > 1 let us denote by ay the inverse of 5 modulo 2°. The
original congruence is equivalent to 2% + y? = a, (mod 2°).

It can easily be seen that a1 = ag = 1, a3 = 5 and that, for every k > 1:
24k+2 4 1
Qg = Q441 = Q4k+3 = 5

4k+2
ity = Qupyo + 2572,

Now, we claim that every prime divisor of 2*%+2 4 1 is of the form
4h + 1: let p be a prime divisor of 2***2 1. Then 2**2 = —1 (mod p) and
the order of 2 in Z/pZ must be 8k + 4. This means that 8k + 4|p — 1 and
p=8k+4)l+1=4h+1 as claimed.

This implies that a4k, @4k+1 and aypyo are the sum of two squares
so a fortiori the congruence % + y?> = a;, (mod 2%) has a solution if s =

Ak, 4k + 1,4k + 2.
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We know that there exist A, B € Z such that A% + B? = ayy,2 and we
can assume, without loss of generality, that A is odd. Let a be the inverse of
A modulo 2413 Then:

(A4 21k +10)2 4 B2 — A% | B2 4 93k+2,2 4 ik+2
= A2 4 B2 4 22 =y, 4 202
= ayp+s (mod 24’“"’3).

Consequently, the congruence x? + y? = a, (mod 2°) has a solution if
s = 4k + 2 and the result follows. O

3. Hamilton Quaternions Over Z,, and < Z}iz)

It is well-known that the Hamiltonian quaternions over the real numbers form

an R-algebra isomorphic to a subalgebra of the matrix algebra My (C), where
the isomorphism is given by:
_ w) : 2, wE(C}.
z

H(R) := (‘E@K_l) o~

In the same way, it is easy to observe that (%
subalgebra of complex matrices. Namely:

- (5)o{(; 2)on wec)

These isomorphisms are also valid if we consider the quaternion rings
over an arbitrary commutative, associative, unital ring. We just have to re-
place C by the quotient ring R[i]/(i> + 1). In particular:

1 Ca )
H(R)::( 1’% )§{<3+§; a7++5iz):a,ﬂ,’y, 5€R},

. DR
um = (5) ={(525 11%) e ser).

These isomorphisms turn out to be a very useful tool from the compu-
tational point of view when we deal with quaternions over Z/nZ. Now, we
will have a close look at the rings H(Z/nZ) and L(Z/nZ). Recall that the
natural isomorphism (2) allows us to focus on the prime-power case.

|
—N
7N
|«
g

) is also isomorphic to a

3.1. The Odd Prime Power Case

Hamilton quaternions over the field Z/pZ have been studied in [5]. Indeed,
in [5] an isomorphism between the Hamilton quaternions H(Z/pZ) and the
matrix ring My (Z/pZ) for a given odd prime p is constructed. Here we gen-
eralize this result to Hamilton quaternions over Z/p°Z with p an odd prime
and s > 1.

Proposition 4. Let p be a odd prime number. Then,
H(Z/p°Z) = L(Z/p°Z) = M2(Z/p°Z)
for every s > 1.
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Proof. Due to Proposition 1 the congruence x% + 2> = —1 (mod p*) has a
solution for every s > 1. Let a,b € Z/p*Z such that a® + b* = —1 and define
an algebra homomorphism ¢: H(Z/p°Z) — My (Z/p*7Z) by:

o= (0 ) sa=(; L)

The system of linear equations associated to
. . X Y
d(zo + 210 + 225 + T3k) = (Z T)

always has a solution, namely:
x0o=(X+T)/2,
=Y -2)/2,
= (aT —aX —bY —bZ2)/2,
=T -bX +aY +aZ)/2.
Hence, ¢ is an isomorph1sm.

The case L(Z/p°Z) is completely analogous considering a,b € Z/p°Z
such that a? + b? = 1. In this case the isomorphism is given by:

o= (7 5). =5 L)

Corollary 1. Let n be a odd integer. Then,
H(Z/nZ) = 1L(Z/nZ) = Ms(Z/nZ).

3.2. The Power of Two Case

It is clear that H(Z/2Z) = 1L(Z/2Z). Now we will see that if s > 1, then
H(Z/2°7) % 1L(Z/2°Z). To do so we first focus on the case s = 2.

Lemma 3. H(Z/47Z) % L(Z/4AZ).

Proof. From Definition 2 (ii) we have that he norm in H(Z/4Z) is given by
n1(zo + 1 + x2j + 23k) = 22 + 2% + 23 + 23, while the norm in L(Z/47Z) is
given by na(zo + 210 + 22 + x3k) = 2% + 322 + 323 + 3. Since the quadratic
forms n; and ny have a different number of isotropic vectors, namely 32 for
n1 and 96 for no, the result follows. O

Proposition 5. If s > 1 then IL(Z/2°Z) % H(Z/2°Z).
Proof. Assume, on the contrary, that H(Z/2°Z) = 1L(Z/2°Z) with s > 1. This

isomorphism naturally induces an isomorphism
H(Z/2°7) /AH(Z./2°7) = 1L(Z/2°Z) JAL(Z./2°Z.).
Now, 4H(Z/2°7Z) and 41L(Z/2°7Z) are, respectively, the kernels of the surjective

homomorphisms
mod 4

H(z/2°Z) —— H(Z/4Z),

mod 4

L(Z/2°Z) =24, 1,(Z/47).
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Hence, it follows that H(Z/4Z) = 1.(Z/AZ) contradicting Lemma 3. O

To end this section we will see that both H(Z/2°Z) and L(Z/2°7Z) are
local rings, so that they cannot be isomorphic to My(Z/2°7). Recall that a
unital ring R is local if and only if 1 # 0 and for every r € R either r or 1 — 17
is a unit.

Proposition 6. If s > 1 then H(Z/2°Z) and 1L(Z/2°7) are local rings.

Proof. We will only focus on H(Z/2°Z), the other case being completely
analogous. Obviously 1 # 0, now assume that z € H(Z/2°Z) is not a unit.
This means that n(z) is not a unit in Z/2°Z; i.e., that n(z) is even. Now,
nl-—z2)=01-2(1-2=010-2)(1-2) =1+n(z)—tr(z). Since tr(z) is
even (recall Definition 2) it follows that n(1 — z) is odd; i.e., it is a unit in
Z,/2°7 and, consequently 1 — z is a unit. O

3.3. The General Case

We can summarize the previous work in the following theorem.

Theorem 1. Let n be an integer. Then:
(i) H(Z/nZ) 2 1L(Z/nZ) = My(Z/nZ), if n is odd.
(ii) H(Z/nZ) 2 1L(Z/nZ), if n =2 (mod 4).

(iil) H(Z/nZ) 2 L(Z/nZ), if n =0 (mod 4).

Hence, H(Z/nZ) is isomorphic to L(Z/nZ) if and only if n{4 and, in
addition, they are isomorphic to Ma(Z/nZ) only if n is odd. Note that (iii)
does not imply the existence of three non-isomorphic quaternion rings over
Z/nZ if 4|n, because if n is even My(Z/nZ) cannot be seen as a quaternion
ring. Theorem 5 below will establish the number of non-isomorphic quaterion
rings over Z/nZ for every n.

4. Quaternions Rings Over Z/nZ with n Odd

It is well-known that every quaternion algebra over a finite field IF, of char-
acteristic not two splits; i.e., it is isomorphic to the matrix ring of My (Fy).
This is a consequence of two classical theorems by Wedderburn: the structure
theorem on finite dimensional simple algebras over a field and Wedderburn’s
little theorem. The following theorem generalizes this result to quaternion al-
gebras over the ring of integers modulo an odd integer n. Again, the natural
isomorphism (2) allows us to consider only the prime-power case.

Theorem 2. Let p be an odd prime number and let s > 1. Then, all quater-
nion algebras defined over the ring of residual classes Z/p*Z are isomorphic.
Moreover, all quaternion algebras defined over Z/p*Z split; i.e., they are iso-
morphic to the matriz ring My(Z/p°7Z).

Proof. Let a,b be units in Z/p*Z. Due to Proposition 1 we can find u,v €
Z/p*Z such that b = u? — av? (mod p*®).
Now, let us consider the matrices

1 0 0 a u  —av
=0 1) a0 20 )
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Clearly we have that A? = al, B> = bl and AB = —BA.
Moreover, if «, 8,7,6 € Z/p*Z and we solve the linear system of equa-
tion associated to

$0[+1‘1A+5€23—|—1‘3AB = ((’;j §>

we get that the unique solution is given by:

a4+
To = 5
o = B+ g
2a
au—ou+ fuv— ayv
To —
2 2 ’
—pPu + ayu — aav + aév
I3 =
—2ab
Consequently, the set {I, A, B, AB} is a basis of My(Z/p°Z) and the result
follows. O

5. Quaternions Rings Over 7Z/nZ with n a Power of Two
The first result of this section shows that, in order to study the structure of

(%), we can restrict ourselves to the cases when {a,b} C {-1,1,3,5}.

Lemma 4. Let a,b,a’,V be odd integers such that a = o' (mod 8) and b =V’

(mod 8). Then,
a,b \ o [ dV
z/22) ~ \z/2z

Proof. Let a be a solution to the congruence a’z? = a (mod 2%) and let 3 be
a solution to the congruence b'y? = b (mod 2°) (they exist due to Proposition
2). Denote by a~! and 37! their inverses modulo 2°. Now, considering i =
a1t and j/ = 715 we have that i’ = a/, j'> = b’ and i’ = —j'i’. Since the

set {1,7',4',4'4'} is obviously a basis of (Z/QZZ) the result follows O

Proposition 7. Let a,b be odd integers. Then:
: a,b ~ —1,b ~
(1) (Z/QSZ) = (Z/;SZ> = (2/2 Z) @fab_ 1 (mod 8)
.. a,b ~ b ~

(ii) (2/252) = (Z/l2sz> = (Z/2 Z), if ab= —1 (mod 8).

Proof. 1t is enough to apply the previous lemma together with the well-known

fact that
—ab,a\ a,b ~ [ —abb
7)257.)  \Z/2Z) \ZJ2°Z )’

where the first isomorphism is induced by the permutation (i, %, j) and the
second by the permutation (i, k). O

This result leads to the following isomorphisms.
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(272 =
(z52) = (z52)
(zz) = (z72) = (273

The following series of propositions describe more isomorphisms.

Proposition 8. Let b € {—1,1,3,5}. Then,

(Z};S)Z> ~ 1L(2/2°Z).

Proof. Given b € {—1,1,3,5}, there exist integers 1), f such that —n?>+6% = b.
Let us consider matrices

(10 (0 i (ni 6
=00 =) =0 )

Clearly we have that A% = I, B2 = b] and AB = —BA.
Moreover, the linear system of equations associated to

Corollary 2.

4
A
N
~
’_‘l\')ﬂH
w | o
N

(320 210 = uasnian

has the following unique solution:

T =aq,
y =29,
—Bn—~0
. 2 —02
t_777+69
- n2_92'

Hence, the set {I, A, B, AB} is a basis of L(Z/2°7Z) and the result follows. [

Proposition 9.

(Z_/12;52> ~1(Z/2°7).

Proof. Let {1,4,j,k} and {1’47, j', K’} be the canonical basis of (Z_/églz) and

(ﬁ), respectively. Given (1, ) a solution to 522 + 5% = 1 (mod 2°) (it

exists due to Proposition 3), we can define a linear transformation ¢: (Z /2552)
—1,1 .
- (Z/QSZ) by:
o(1) =1, ¢(i")=1i, (') =nj+0k ¢k)=nk—0j.
It is easily seen that ¢ is in fact a well-defined algebra homomorphism,

and since the set {1,4,nj + 0k, nk — 05} is linearly independent, the proof is
complete. O
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Proposition 10.

<Z/12783Z) =~ H(Z/2°7Z).

Proof. Note that, due to Lemma 4 (ﬁ) ~ (ﬁ) . Hence we can proceed

in a similar way as in the previous proposition. U

All the previous results can be summarized in the following theorem.

Theorem 3.

(a,b )g H(Z/2°7), ifa=b=—1 (mod 4);
ZJ2°Z)  |1(Z/2°Z), otherwise.

6. Conclusions

In this short final section we present the main result of the paper, which
collects all our previous work. It describes the structure of quaternion rings
over Z/nZ.

Theorem 4. Let n be an integer and let a,b be such that ged(a,n) = ged(b, n)
= 1. The following hold:

(i) If n is odd, then

<ZC;,:Z) ~ My(Z/nZ).

(i) If n = 2°m with s > 0 and m odd, then

2/1‘2221), ifs=1ora=b=-1 (mod 4);
1

Mo (Z/mZ) x (Z/élsz)v otherwise.

(Z%bz> N Mo (Z/mZ) x (

We can restate the result in the following terms.

Theorem 5.

( a,b > N {H(Z/nZ), ifa=b=—1 (mod 4);

Z/nZ)  |L(Z/nZ), otherwise.

In conclusion, quaternion rings over Z/nZ split; i.e., are isomorphic to
the matrix ring My(Z/nZ) if and only if n is odd. If n = 2 (mod 4) there is
only one quaternion ring over Z/nZ up to isomorphism (which is not isomor-
phic to My(Z/nZ)) and, if 4|n there are exactly two classes of non-isomorphic
quaternion rings over Z/nZ [none of them isomorphic to Ms(Z/nZ)].
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