DOI 10.1007/s11253-016-1189-2
Ukrainian Mathematical Journal, Vol. 67, No. 11, April, 2016 (Ukrainian Original Vol. 67, No. 11, November, 2015)

VARIATIONS ON GIUGA NUMBERS AND GIUGA’S CONGRUENCE
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A k-strong Giuga number is a composite integer such that Z L j"77 = —1 (mod n). We con-
j=

n=l g(n-1) _

sider the congruence ijl J

—1 (mod n) for each k € N (thus extending Giuga’s ideas

for k = 1). In particular, it is proved that a pair (n, k) with composite n satisfies this congruence if and
only if n is a Giuga number and A(n) | k(n — 1). In passing, we establish some new characterizations
of Giuga numbers and study some properties of the numbers n satisfying A(n) | k(n — 1).

1. Preliminaries

As the starting point of the present paper, we use the following definition:

Definition 1.
(i) A Giuga number is a composite integer n such that p | (n/p — 1) for every p, prime divisor of n.

(ii) A strong Giuga number is a composite integer n such that p(p—1) | (n/p—1) for every p, prime divisor

of n.
Strong Giuga numbers are counterexamples to Giuga’s conjecture [8], i.e., they are composite integers such
that
n—1
Zj”_l =—-1 (mod n). (1)
j=1

There are several equivalent ways to define Giuga numbers [1, 5, 8, 10]. In particular, we focus on the fol-
lowing characterization of Giuga numbers [5, p. 41], which, in a certain sense, is an analog of the characterization
given in (1) for strong Giuga numbers.

Proposition 1. Ler n be an integer. Then n is a Giuga number if and only if
n—1
Zj¢(”) =—-1 (mod n),
j=1

where ¢ is Euler’s totient function.

Clearly, strong Giuga numbers are also Giuga numbers and, in fact, by using the so-called Korselt’s crite-
rion [14], we can show that the following assertion is true:
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Proposition 2. An integer n is a strong Giuga number if and only if it is both a Giuga number and a
Carmichael number.

Much work has been done regarding these numbers [1, 3, 10, 13, 16, 17] and several generalizations and/or
variations are possible [6, 9]. In the present paper, some new characterizations of Giuga numbers are established.
These characterizations lead to a generalization of both strong Giuga numbers and Carmichael numbers.

2. New Characterizations of Giuga Numbers

This section is devoted to the description of a family of characterizations of Giuga numbers that includes
Proposition 1. The following lemma is our main tool:

Lemma 1. For any natural numbers A, B and N,

N-1 N-1

Jj=1 J=1

Proof. We set

N =2t ... pl

with p; distinct odd primes and choose 7 € {1,...,s}. Thus, we get
N-1 N pi-1
j=1 P i3
N—-1 N Py -1
jBWN) = - Z jBe) (mod pl).
j=1 Py 53
Further, since both AN(N), Bo(N) > r;, we find
p;i—1
S WSS AW S ™) =g 0 (mod pf),
J=1 1<j<p;*—1 1<j<p;'—1
(pij)=1 pil

1
P =y g T P =60 +0 (mod pf).
j=1

1<j<p;i-1 1<j<p;i-1
(pirg)=1 pilj

Consequently,

N-1 N-1
GFANN) = Z §B¢N) (mod p;') forevery i=1,...,s.
=1 j=1
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