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ON POWER SUMS OF MATRICES OVER A FINITE
COMMUTATIVE RING

P. FORTUNY, J.M. GRAU, A.M. OLLER-MARCEN, AND LF. RUA

ABSTRACT. In this paper we deal with the problem of computing the sum of
the k-th powers of all the elements of the matrix ring My(R) with d > 1 and
R a finite commutative ring. We completely solve the problem in the case
R = Z/nZ and give some results that compute the value of this sum if R is
an arbitrary finite commutative ring R for many values of k& and d. Finally,
based on computational evidence and using some technical results proved in
the paper we conjecture that the sum of the k-th powers of all the elements
of the matrix ring My(R) is always 0 unless d = 2, card(R) = 2 (mod 4),
1< k=-1,0,1 (mod 6) and the only element e € R\ {0} such that 2e = 0 is
idempotent, in which case the sum is diag(e, e).

1. INTRODUCTION

For a ring R we denote by M;(R) the ring of d x d matrices over R. Now, given
an integer k > 1 we define the sum

SLUR) = Z MF.

MeMg(R)

This paper deals with the computation of S{(R) in the case when R is finite and
commutative.

When d = 1, the problem of computing S} (R) is completely solved only for some
particular families of finite commutative rings. If R is a finite field F,, the value of
SHF,) is well-known. If R = Z/nZ the study of S}(Z/nZ) dates back to 1840 [9]
and has been completed in various works [2 Bl [7]. Finally, the case R = Z/nZl]i]
has been recently solved in [3]. For those rings, we have the following result.

Theorem 1. Let k > 1 be an integer.
i) Finite fields:

0, otherwise.

Sli (Fq) = {
it) Integers modulo n:

- Z E, if kis even or k=1 orn#0 (mod 4);
Si(Z/nZ) = plnp—1/k P
0, otherwise.

1
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iti) Gaussian integers modulo n:

%(14—1'), if k> 114s odd and n =2 (mod 4);
1 N 2
S(Z/nZli]) = § _ Z n—2, otherwise.
p
pEP(k,n)

where
P(k,n) := {primep:p||n,p* —1|k,p=3 (mod 4)}
and p || n means that p | n, but p* { n.

On the other hand, if d > 1 the problem has been only solved when R is a finite
field [I]. In particular, the following result holds.

Theorem 2. Let k,d > 1 be integers. Then SL(F,) = 0 unless ¢ = 2 = d and
1 <k=-1,0,1 (mod 6) in which case SL(F,) = I>.

In this paper we deal with the computation of S¢(R) with d > 1 and R a finite
commutative ring. In particular Section [ is devoted to completely determine the
value of S¢(R) in the case R = Z/nZ (that we usually write as Z,). In Section
we give some technical results regarding sums of non-commutative monomials
over Z/nZ which will be used in Section @l to compute Sg(R) for an arbitrary finite
commutative ring R in many cases. Finally, we close the paper in Section B with
the following conjecture based on strong computational evidence

Conjecture 1. Let d > 1 and let R be a finite commutative ring. Then SZ(R) = 0
unless the following conditions hold:

(1) d=2,

(2) card(R) =2 (mod 4) and 1 < k=—-1,0,1 (mod 6),

(3) The unique element e € R\ {0} such that 2e = 0 is idempotent.

Moreover, in this case
e 0
SL{R) = (o e) :

2. POWER SUMS OF MATRICES OVER Z,,

In what follows we will consider integers n,d > 1. For the sake of simplicity,
M will denote the set of integer matrices with entries in the range {0,...,n —1}.
Furthermore, for an integer k > 1, let Sf'(n) = 3,217« M*. Our main goal in this

section will be to compute the value of SZ(n) modulo n. This is exactly the sum
SHZ/nZ).

We start with the prime case. If n = p is a prime, we have the following result
[1, Corollary 3.2]

Proposition 1. Let p be a prime. Then, S¢(p) =0 (mod p) unless d =p = 2.
Thus, the case n = 2 must be studied separately. In fact, we have
Proposition 2.

$2(2) = 02 (mod?2), ifk=1ork=2,3,4 (mod 6);
I (mod?2), ifl<k=0,1,5 (mod6).
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Proof. For every M € M2 it holds that M? = M® (mod 2). As a consequence
S2(2) = S7.6(2) (mod 2) for every k > 1. Thus, the result follows just computing
S2(2) for 1 <k <T. O

Now, we turn to the prime power case. The following lemma is straightforward

Lemma 1. Let p be a prime. Then, any element M in MgSH can be uniquely
written in the form A+ p*B, where A € MgS,B € Mg.

Using this lemma we can prove the following useful result.
Proposition 3. Let p be a prime. Then, S{(p**!) = pszg(ps) (mod p*t1).

Proof. By the previous lemma we have

(1) Sttt = >, M= > > (A+p'B*

d d d
MeM?, AeMd, BeM{
Using the non-commutative version of the binomial theorem we have that

k
(A+p*B)k = AF 4 p* Z AFtBAYL (mod psth).

t=1

Thus, combining this with () we obtain

SN a4 +Zk: oAty Y B AT

BeMg \ AeMd, t=1 Ae Mg, BeMg

Si(p*th)

k
=pT St + > >0 AR (pSi(p) AT

t=1 AeMgs
2
=p? S{(p*) (mod p**)

because S{(p) = 0 (mod p) by Propositions [l and 2] (depending on whether p is
odd or not). O

Remark. Note that Proposition Bl implies that if S¢(p*) = 0 (mod p*), then also
Si(p**) =0 (mod p**).

As a consequence we get the following result which extends Proposition [I1

Corollary 1. S¢(p*) =0 (mod p*) unlessd=p=2 and s = 1.

Proof. If p = d = 2, then Proposition [ implies that S2(4) = 2452(2) = 0 (mod 4),
so the previous remark leads to S7(2°) = 0 (mod 2°), for every s > 1. On the
other hand, if d or p is odd, then we know by Proposition 1 that S{(p) =0 (mod p).
Again, the remark gives us S¢(p®) = 0, by induction for all s > 1. O

In order to study the general case the following lemma will be useful. It is an
analogue of [6, Lemma 3 1)]

n

d2
Lemma 2. If m | n, then S(n) = (—) Sd(m) (mod m).
m
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Proof. Given a matrix M € M2, let M = (mi,j) with 1 <4,5 <d. Then,

Sii(n)

Pore 2w

MeMg 0<m;,;<n—1

m
Ogmi’]‘ Smfl

Now, we can prove the main result of this section.

Theorem 3. The following congruence modulo n holds:

2

n ) — —_
Si(n) = —- I, ifd=2,n=2 (mod4)andl1<k=0,1,5
02, otherwise.

Proof. Let n = 2°p]* ---p;* be the prime power decomposition of n.
If 1 <4 <t, we have by Lemma [2l and Corollary [1 that

d2
n - -
st = () St =0 (mod ),

K2

On the other hand, using again Lemma [2] we have that

Sd(n) = (;)d S42%)  (mod 29).

(ﬁ)dz Z (mi,j)k = S¢(m) (mod m)

(mod 6);

Hence, Corollary [l implies that S¢(n) =0 (mod 2°) unless d = p =2 and s = 1.

To conclude, it is enough to apply Proposition 2] together with the Chinese

Remainder Theorem.

The following corollary easily follows from Theorem [ and it confirms the con-

jecture stated in the sequence A017593 from the OEIS [§].
Corollary 2. S2(n) # 0 (mod n) if and only if n =6 (mod 12).

As a further application of Theorem Bl application we are going to compute the

sum of the powers of the Hamilton quaternions over Z/nZ.

Proposition 4. For everyn € N and [ > 0, it holds that

Z 2L =0.

2E€Lnli,5,k]

Proof. Since for all z € Zsli, j, k] we have that 22 € Za, we deduce that 2%

and so it can be straightforwardly checked that

Z 2L =o.

2€Z211,5,k|

Now, if s > 1, observing that

Las[iy j, k] = -  |:abecdc Lo
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we can adapt Lemma [Tl Proposition 3] and Corollary [l to inductively obtain that
Z 2 =0.
2€Z5 [i,5,k]
Finally, if n = 2°m with m odd we know [4, Theorem 4] that
Znliy j k] =2 Zos|iy §, k] X Ly [iy g, k] =2 Zos[i, j, k] X Mao(Zyy,)

and the result follows from Theorem [3l O

3. SUMS OF NON-COMMUTATIVE MONOMIALS OVER Z,,

We will now consider a more general setting. Let » > 1 be an integer and
consider w(xy,...,2,) a monomial in the non-commuting variables {x1,...,2,} of
total degree k. In this situation, we define the sum

Shn)== > w(A,... A)

A1, AeMg

Note that if 7 = 1, then w(z1) = 2§ and S2(n) = S¢(n) so we recover the situation
from Section 2l Thus, in what follows we assume r > 1.

We want to study the value of S¢(n) modulo n. To do so we first introduce two
technical lemmas that extend [l Lemma 2.3].

Lemma 3. Let 7 > 1 be an integer and let B; > 0 for every 1 < ¢ < 7. If p is an
odd prime,

Z x?lx?_r;{(_ps )T7 pr—1|ﬁ7/ fO'r' e'l}e’r’yl, (modps)
LlyeeeyTr

0, otherwise.

where the sum is extended over x1,...,x, in the range {0,...,p° — 1}. Also, if
some B; =0, then Zwl,...,wr xfl ~ozBm =0 (mod p*).

Proof. Tt is enough to apply [6, Lemma 3 ii)] which states that

0, otherwise.

p°—1 s—1 .
Z : - - 1|8
xflz{ pt ifp—118 (mod p*)

IiZO
for every 1 <7 < 7. Observe that, if 5; = 0, then:
St =30 Y WPl e =0 (mod p)
T1,..., Tr X4 Ejyj?éi
O

Remark. Observe that in the previous situation, if 7 > 2 and s > 1, it easily
follows that Z 2 2P =0 (mod p®) regardless the values of 3; > 0.

Lemma 4. Let 7 > 1 be an integer and let 5; > 0 for every 1 < i < 7. Then,
1, if s =1;

Z ' al =40, if s> 1 and 3; > 1 and odd for some i;  (mod 2%)
(=D)A25HB, ifs>1 and B; =1 or even for every i
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where the sum is extended over x1,...,x, in the range {0,...,2°—1}, A = card{p; :
Bi: =1} and B = card{p; : B; is even}. Also, if some 3; = 0, then Zzl_’_”xT :vfl B
0 (mod 2%).

Proof. Tt is enough to apply [6, Lemma 3 iii)] which states that

251 2571 ifs=1ors>1and 8 > 1is even;
Z xfl =q-1, ifs>1andp; =1; (mod p*)
=0 0, if s> 1 and 8; > 1 is odd.

for every 1 < i < 7. The proof of the case when some 3; = 0 is identical to that of
the previous lemma. 0

As a consequence, we get the following results.
Proposition 5. Let p be an odd prime and let s > 1 be an integer. Then,
Se(p*) =0 (mod p%).
_ (1
Proof. Let A} = (aiyj)lgi,jgd
matrix SZ (p*) is a homogeneous polynomial in the variables aé ;- Observe also that
these variables are summation indexes in the range {0,...,p* — 1}. Hence, the

number of variables is 7d? > 2 and, since s > 1, the Remark [B] can be applied to
the sum of its monomials, and the result follows. O

for every 1 < [ < r. Note that each entry in the

Proposition 6. Let s > 1 be an integer. Assume that one of the following condi-
tions holds:

i) k <rd?,

ii) k > rd® and k + rd? is even.
Then, S%(2°) =0 (mod 2°).

Proof. Just like in the previous proposition each entry in the matrix S%(2°) is a
homogeneous polynomial in the rd? variables aﬁﬁ ;- Hence, it is a sum of elements

of the form
Z H(aé,j)ﬁi’j‘l-

!
a; ;i EZgos

Observe that >, ;; Bij1 = k so, if k < rd?* it follows that some 3; ;; = 0, and
so each monomial sum is 0 mod 2° (because of Lemma [B]). Therefore, each entry
in the matrix SZ(p) is 0 (mod 2°) in this case, as claimed.

Now, assume that k > rd? and k + rd? is even (in particular if k = rd?). Due
to Lemma [] an element Z H(aliyj)ﬂi’j’l is 0 (mod 2%) unless in one of its

aiyj EZos
monomials the set of rd? exponents 3; ;; is formed by exactly rd> — 1 ones and 1
even value. But in this case k = (rd®> — 1) + 2a so k + rd? is odd, a contradiction.

Consequently, each entry in the matrix S¢(p) is also 0 (mod 2°) in this case and
the result follows. g

As Remark [l and Lemma [] point out, the case s = 1 must be considered sepa-
rately. In this case, we have the following result.

Proposition 7. Let p be a prime. Assume that one of the following conditions
holds:
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i) k<rd*(p-1),
ii) k is not a multiple of p — 1.

Then, S%(p) =0 (mod p).

Proof. Tf p = 2 condition ii) cannot hold and if condition i) holds, we can apply the
same argument of the proof of the first part of Proposition @ to get the result.

Now, if p is odd, again each entry in the matrix S¢(p) is a homogeneous poly-
nomial in the rd? variables aﬁﬁ ;- Hence, it is a sum of elements of the form

S le
aiyj €Ly

We have that 3, ., 8 j1 = k so, if k < rd*(p — 1) or if it is not a multiple of p — 1
it follows that some f3; ;; is either O or not a multiple of p — 1. In either case the
corresponding element is 0 (mod p) due to Lemma [ and, consequently, each entry
in the matrix SZ(p) is also 0 (mod p) as claimed. O

Observe that in the previous results we have considered sums of the form

St )= Y. w(Ai,.. A,

Ar, Ar€ME

where all the matrices A; belong to the same matrix ring Ml‘fs. The following
proposition will be useful in the next section and deals with the case when the
matrices A; belong to different matrix rings. First, we introduce some notation.
Given a prime p, let

S ) = S (A A,

. d
AreMd,,

If sy = - =5, = s, then S%(p°t,...,p*) = S%(p°) and we are in the previous
situation.

Proposition 8. With the previous notation, if s1 > 1, then

SZ(pSlJ“l,pSz, Pt = deSff,(pSl,pSz, ...,p*)  (mod p81+1).
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Proof. Since s1 > 1 we have that 2s; > s1 + 1 so, due to Lemma [T
Si(psl+l,p827"'7pst): Z w(A17'--7At):

A16M531+1
AiGMSsi
= Z w(B+pC, Ay, ..., A) =

d d
BeMy CEM,
AieMpsi

Z (w(B7A27"'7AT)+pSIZwl(BvcaAQa"'
BeMs, ,CeM; l
AieMﬁs-

i

2
=pTSE )P Y Y wi(BC Ay,
I BeMfs, ,CeMy
AieMﬁsi

(mod p** 1),

Where w;(x,y,x2,...,2,) denotes the monomial w(x1,xa,...,x,) where the [ —
th ocurrence of the term z; is substituted by y and the remaining ones by =z
(for instance, w(xy,xs) = zixoxw; gives us w(x,y,r2) = yrrex, wo(T,y,vs) =
ryxow, w3 (T, y, v2) = T272Y).

But, for every [, the monomial w;(B,C, Aa, ..., A,) contains C' only once and
with exponent 1. Hence,

Z wi(B,C, As,..., A,) =0 (mod p)
BeMs, ,CeMy
AiGMSsi

because S{(p) =0 (mod p) and the result follows. O

The following corollary in now straightforward.

Corollary 3. Assume that S%(p*) =0 (mod p*). Let us consider sy > sg > -+ >
s = 8. Then,

Su(@™,...,p) =0 (mod p*).
Proof. Just apply the previous proposition repeatedly. O

4. POWER SUMS OF MATRICES OVER A FINITE COMMUTATIVE RING

In this section we will use the results from Section B] to compute SZ(R) for an
arbitrary finite commutative ring R in many cases.

First of all, note that if char(R) = n = pj* ---p;*, then R = Ry X - -- X Ry, where
char(R;) = p;* and each R; is a subring of characteristic p;’ and, in particular, a
pri—module. This allows us to restrict ourselves to the case when char(R) is a
prime power.

The simplest case arises when R is a free Z,s —module for an odd prime p.

Proposition 9. Let p be an odd prime and let R be a finite commutative ring of
characteristic p®, such that R is a free Zys—module of rank r. Then,

i) If s> 1, SH(R) =0 for every k> 1 and d > 2.

)

s Ar)
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ii) If s=1, S{R) =0 for every d > 2 and k such that either k < rd*(p — 1)
or k is not a multiple of p — 1.

Proof. Note that under the previous assumptions and using Proposition[Blor Propo-
sition [7] (depending on whether s > 1 or s = 1), it follows that

Z (x141+ - +2,4,)" =0 (mod p°)
A17~~~,A7~€Mgs

because each entry of such a matrix is a polynomial in x1, ..., x, whose coefficients
are 0 modulo p®.
Consequently, for every g1, ..., g, € R we have that

Z (glAl +"'+grAr)k =0.

Now, since R is free of rank r we can take a basis g1, ..., g, of R so that M;fs =
{g1A1 + -+ g A A, € Mgs}. Therefore
SHRY = > (At + g AR
A1,..., ATGMdS
P
This concludes the proof. O

If p = 2, we have the following version of Proposition

Proposition 10. Let R be a finite commutative ring of characteristic 2°, such that
R is a free Zos—module of rank r. Then,

i) If s > 1, SHR) =0 for every d > 2 and k such that k < rd® or k > rd?
with k +rd? even.
i) If s =1, S{R) =0 for every d > 2 and k such that either k < rd?.

Proof. The proof is similar to that of Proposition @ using Proposition @] or Propo-
sition [ depending on whether s > 1 or s = 1. (]

Remark. Note that if R is a finite commutative ring of characteristic p® and s = 1,
then R is necessarily free. Consequently, to study the non-free case we may assume
that s > 1.

Assume that elements ¢gi,..., g, form a minimal set of generators of a non-free
Zps—module R. Since R is non-free and char(R) = p°, it follows that » > 1 and
also s > 1. For every i € {1,...,r} let 1 < s; < s be minimal such that p%ig; = 0.
Note that it must be s; = s for some 7 and s; < s for some j. There is no loss of
generality in assuming that s = s; > --- > s, and at least one of the inequalities
is strict. Note that p°', ..., p°" are the invariant factors of the Z—module R. With
this notation we have the following result extending Proposition

Proposition 11. Let p be an odd prime and let R be a finite commutative ring of
characteristic p®, such that R is a non-free Zys —module. Then,
i) If s, > 1, S{R) =0 for every k > 1 and d > 2.
ii) If s, =1, SH(R) = 0 for every d > 2 and k such that either k < rd*(p — 1)
or k is not a multiple of p — 1.
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Proof. First of all, observe that
SHR) = Y (A +--+g AR

d
A; E]Wpsi

In both situations i) and ii) it follows that S%(p*) = 0 (mod p*"). Moreover,
we are in the conditions of Corollary [3 so it follows that S (p*,p®2,...,p°") =0
(mod p*). Consequently all the coefficients of the above sum are 0 modulo p® and
the result follows. O

The corresponding result for p = 2 is as follows.

Proposition 12. Let R be a finite commutative ring of characteristic 2°, such that
R is a non-free Zys —module. Then,

i) If s, > 1, SHR) = 0 for every d > 2 and k such that k < rd* or k > rd?
with k +rd? even.
i) If s, = 1, SYR) = 0 for every d > 2 and k such that either k < rd>.

Proof. Tt is identical to the proof of Proposition [[1} O

5. CONJECTURES AND FURTHER WORK

Given a finite commutative ring R of characteristic n, we have seen in the last
section that S¢(R) = 0 for many values of k, d and n. In this section we present
two conjectures based on strong computational evidence which, being true, would
let us to give a general result about S¢(R).

With the notation from the previous section, given an r-tuple of integers x =
(k1,...,kr), we consider the set of monomials in the non-commuting variables

{z1,..., 2}
Q= {w: deg,, (w) = k;, for every i}.

The following conjectures are based on computational evidence.

Conjecture 2. With the previous notation, let s > so > -+ - > s,.. Then
S (™, p*2,...,p") =0 (mod p™),

unless d =p =2 and s; =1 for all i.

Conjecture 3. If p=2=4d and r > 1 then for every k € N"

Z Z w(Ay,...,4,) =0 (mod 2).

weEN A; €M2d
The next lemma extends Lemma [2] in some sense. Its proof is straightforward.

Lemma 5. Let Ry and Rs be finite commutative rings, and let R = Ry X Ry be its
direct product. Then

SH(R) = (card(Ry)™ - SH(Ry), card(Ry)™ - SE(Ry)) € My(Ry) x My(Rs)
Now, the following proposition would follow from Conjectures 2] and [Bl

Proposition 13. Let R be a finite commutative ring of characteristisc p® for some
prime p. Then SE(R) =0 unlessd =2, R=7/2Z and 1 < k = —1,0,1 (mod 6).
Moreover, in this case SH(R) = I.
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Proof. Assume that (g1 ..., ¢,) is a minimal set of generators of R as Zy--module.
Let s = s1 > s9 > -+- > s, be integers such that the order of g; is p®; i.e., s1,..., 5,
are minimal such that p%g; = 0.

In this situation,

Sg(R) = Z (1 A1+ ... + grAr)k =0,

. d
AreMd,,

unlessd=p=2,s=r=1and 1 <k=-1,0,1 (mod 6) due to Conjecture [2
On the other hand, if d =p=2,s=r=1and 1 < k = —1,0,1 (mod 6) it

follows that
koo
s = Y @t = (% 5.
AeM? !

But since in this case R = {0, g1}, there are only two possibilities: g7 = g; (and
hence R = Z/27) or g7 = 0 and the result follows. O

Finally, the next general result holds provided Conjectures 2l and ] are correct.
It is Conjecture[Il as stated in the introduction to the paper.

Theorem 4. Let d > 1 and let R be a finite commutative ring. Then SI(R) =0
unless the following conditions hold:

(1) d=2,

(2) card(R) =2 (mod 4) and 1 < k= -1,0,1 (mod 6),

(3) The unique element e € R\ {0} such that 2e = 0 is idempotent.

SHR) = (8 2) .

Proof. First, observe that if card(R) = 2 (mod 4), then R has 2m elements, where
m is odd. Therefore, the 2—primary component of the additive group R has only
two elements, and so there is a unique element e € R of additive order 2.

Now, if R is of characteristic p® for some prime, the result follows from the
above proposition. Hence, we assume that R has composite characteristic. Let
R = R; X Ry with R; the zero ring or char(R;) = 2° and char(R3) odd. Due to
Lemma [5] and Proposition [3 it follows that SZ(R) = (card(Ry)® - S4(Ry),0).

Now, S¢(R1) =0 unlessd =2 =p, Ry =Z/2Z and 1 < k= —1,0,1 (mod 6) in

which case
s (096 ) )

where e = (1,0) € Ry X Ry is the only idempotent of R such that 2e = 0. O

Moreover, in this case

Remark. Note that if, in addition, R is unital then the element e from the previous
theorem is just e = w -1g. Also note that if S¢(R) # 0, then R 2 Z/27 x Ry
with card(Rz) odd or Ry = {0}.

We close the paper with a final conjecture.

Conjecture 4. Theorem []] remains true if R is non-commutative.
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