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Holographic entanglement entropy in vacuum

AdS;

[Ryu, Takayanagi 2006]
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Long geodesics probe entanglement shadow

S(A) = min Area(ya)

Ang/Z4 b Ang YA 4GN

Long geodesics probe entanglement shadow = dual information theoretic quantity?

[Balasubramanian, Chowdhury, Czech, de Boer 2014]




D1/D5 CFT: long string states dual to conical defect

D1/D5 CFT (at specific point in moduli space): symmetric product orbifold (74)" /Sy

Empty AdS: dual to vacuum in “untwisted sector”
describing N “short” closed strings.

“Conical defect” (AdSs x S*)/Z,: dual to
“twisted sector” with N/n “long strings” of length n

W) = [04(0)]Y"10) with
u=(12...n)(n+1...2n)...(N—n+1...N)

“Unwrapping” the long strings in CFT ~ going to AdS covering space of AdSs/Z,,

[Martinec, McElgin 2002]



Entwinement from covering space

“Unwrapping” the long strings in CFT =~ going to AdS covering space of AdSs/Z,,

spatial

= D entanglement

< _ entwinement

[Balasubramanian, Chowdhury, Czech, de Boer 2014]
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Entwinement from extended Hilbert space

Entwinement = entanglement of internal, gauged degrees of freedom

Other example: matrix theory, where spatial entanglement does not exist

Length of nonminimal geodesic is dual to entwinement of segment of long string
Gauge-invariant under Z,, C Sy ?

Due to Z,, gauge symmetry, defining entwinement is a priori tricky (Hilbert space does not
factorize, no subalgebra of operators associated to segment of long string)

Prescription: ungauge the symmetry, compute entanglement entropy, then gauge again.
Involves tracing over non-gauge-invariant states.

[Balasubramanian, Chowdhury, Czech, de Boer 2014]



Candidate-definitions of entwinement

* From extended Hilbert space

[Balasubramanian, Chowdhury, Czech, de Boer 2014]
* From operator subalgebras
[Lin 2016]

* From replica method

[Balasubramanian, Bernamonti, Craps, De Jonckheere, Galli 2016]

* From reduced density matrix

[Balasubramanian, Craps, De Jonckheere, Sarosi 2018]

* From probability distributions of measurements

[Erdmenger, Gerbershagen 2019]



Candidate-definitions of entwinement

* From extended Hilbert space: original definition, involves tracing over
non-gauge-invariant states

[Balasubramanian, Chowdhury, Czech, de Boer 2014]

* From operator subalgebras: does not seem to extend beyond simplest example
[Lin 2016]

* From replica method: refined by careful treatment of connectivity
[Balasubramanian, Bernamonti, Craps, De Jonckheere, Galli 2016]

* From reduced density matrix: fixed connectivity issue

[Balasubramanian, Craps, De Jonckheere, Sarosi 2018]

* From probability distributions of measurements: gauge-invariant, relies on
extended Hilbert space for computations

[Erdmenger, Gerbershagen 2019] _ )
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Wavefunctions for identical particles

Identical bosons: symmetric Hilbert space spanned by

1
|mlax27"~7xN>S — W Z ’mg(1)7mg(2)7"'7mg(N)>

" geSN

Gauge-invariant states can be expanded as

| N
[Vs) = \/ﬁ/ (}_[1 d$i> Ys(r1,x2,...,TN)|T1,T2,...,TN)S

with fully symmetric wavefunction

77&3(33173727 S 737N) — ¢S(ajg(1)7xg(2)7 S 7xg(N))



Reduced density matrix for identical particles

How are k particles entangled with the remaining N-k?
Consider a generic k-particle operator
k) _ 1
O\F) = o Or(T1, - T Y1y - Yk)|T1, - oo Thy g 1s -2 ZN)S gLy -+ o s Yy Zhgls -« -5 2N

with all variables integrated over. Expectation values can be written in terms of a
reduced density matrix:

(Ws|OWyg) =/Ok(fcl,---,xk;yl,---,yk)ps(yl,---,yk;xl,---,xk)
with

N
pS(xlw"vxk;xi7”'71%)__b/‘< I]:(hh>/¢S(x1w"axkvyk+1w"7yN>¢§(xQW"7x%7yk+1w"7yN)

i=k+1

From this reduced density matrix, entanglement entropy can be defined.



No natural subalgebra for subset of particles

If Hilbert space factorizes, H = Ha ® H 5, there exists a natural subalgebra A
associated to H 4. Given a global state p, there exists a unique “reduced density matrix”

pA in A st
Tr[p (04 ®15)] = Tr[paOa] forall 04 A

The entanglement entropy of H 4 can then be definedas Sgpr = —Try ,[palogpa]

Spatial regions in gauge theories: Hilbert space does not factorize, but one can associate to
a region a subalgebra with nontrivial center and a reduced density matrix.

However, for identical particles, the Hilbert space of gauge invariant states does not
factorize, nor does there exist a natural subalgebra of gauge-invariant operators associated
to a subset of particles. E.g. product of one-particle operators is two-particle operator:

N N
<ZO@-> > 9| =) 09
i=1 j=1 ij

We used linear subspace rather than subalgebra to define reduced density matrix.
[Balasubramanian, Craps, De Jonckheere, Sarosi 2018]
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Standard CFT treatment of orbifolds

Start by projecting on G-invariant states: P = ﬁ EgEG g €] T g

geG 1

But this is not modular invariant, e.g. under S modular transform: QQ — 1[_]

To remedy this, introduce twisted sectors: 27,6 = Y |G| Y g = Y g
heG geG h g,heG h

For nonabelian groups, twisted sectors are labeled by conjugacy classes:

X(1,0+271) = hX(1,0) <= gX (7,0 + 27) = (ghg g X (7, 0)

[Ginsparg Les Houches lectures 1988]



Example: symmetric product orbifold

D1/D5 CFT (at specific point in moduli space): symmetric product orbifold (74" /Sy

Untwisted sector describes states of N short strings
with wavefunctions invariant under permutations

In a twisted sector labeled by a permutation u, strings
are periodic up to the action of u. The N strands of string
combine into a collection “long strings”. More precisely,
the twisted sector is labeled by the conjugacy class of w,
i.e. the lengths of the long strings.

Twisted sectors are obtained by acting with twist fields
on the vacuum of the untwisted sector.



Lattice model: copies of seed theory

Seed theory: 1+1d lattice model of bosons X = (X(“)) = (X(O),X(l), . ,X(D‘l))
We will suppress the index ()

Variables are defined onacircle: X;, 1 =1,...,L
L5 1
For concreteness: Hiooq = ; : [H2 3 (Xiz1 — Xi)? + .. ] with X7, =X
Introduce N copies X, a=1,...,N,and permutations g; € Sn:
ngaA—l sz(a) : ngaA—l Hfz(a)
Assemble N copies in column vectors: m
0:X0; ' =97 X, 9:IL;g; ' = g7 ',

[Craps, De Clerck, Vilar Lépez 2022]



Covering theory uses link variables

UL/ L1 Ui L Ul 1

To make N-copied Hamiltonian invariant under local Sn transformations, introduce
nondynamical discrete gauge fields U living on links between neighboring lattice points:

L

) 1
Hgs, = Z 5 [HiTﬂq; + 5—2(X¢+1 — U1, X)) (X1 — Upp1.:X5) + ...
i—1
with
§7;+1U¢+1,7;§;r11 = gi__|_11Ui+1,z' : 9:iUi11.:0;7 " = Uir1.49:

[Craps, De Clerck, Vilar Lépez 2022]



Link variables appear in finite energy condition

The Hilbert space of this “covering theory”, in which the permutation symmetry is not
gauged yet, is spanned by eigenstates of X and U:

Xil{xj b {uj+1.53) = xil{xs} {uj1,5})

{x;j}, {uj+1,5})

Uitr,il{x;} {uj1,}) = wip1,
Action of local permutations:
Gil{x b {ujeni}) = Hgixis x5} i {win149; s gittiio1, wjnn j Yjiio1)

Allowed states (finite energy):  x;11 —u;+1.%x; = 0(0) Vi=1,...,L

[Craps, De Clerck, Vilar Lépez 2022]



Orbifold: gauging away all link variables but one

Gauge the S symmetry by projecting on permutation invariant states using

|
P=Q |3 2 9
=1 giESN
Single out global Sy :
1 Pl
P = N Z I®...0¢ ® ~ gi || = PuPr-1
geSN 1=1 gi€SN

1 UiL i {
[Craps, De Clerck, Vilar Lépez 2022]




Gauging away all link variables but one

Define the “global” states {xitulg " (NDE 2B g [1{xi 3 {1, ..., L, u}
I

with normalization  \ I{yi}, v[{xi},u" = tuy LN (x; # yi)
i=1

Discrete continuity condition: Xi+1 ! X;=0(") "i# L, Xy ! uxy = O(!)

Remaining link variable u instructs how N strands should be glued into “long strings”.
[Craps, De Clerck, Vilar Lépez 2022]



Twisted sectors are labeled by conjugacy classes

Residual gauge symmetry: global Sy (! aak g)|{xi},u"g = [{gxi},gug g
F___ . 1 ! )
Gauge-invariant states:  [{Xi},uls " NI |{xi},ulg = #ﬁ {oxi},gug 1y

" g! Sn
Redundancy: H[{Xi},uls = {oxi}, gug s > pick representatives U! C(Sy)
I"HS%&" () %$+$+$#, %)
HS = span |{Xi},U!S |Xi "M N u " C(SN) -"#.(&/-0 -*/112

Hilbert space splits into direct sum of twisted sectors labeled by conjugacy classes

Still some redundancy left: [{xi},uls = [{hxj},uls with h! C, I-$#,'1*34$'%"5%(2
For permutation u with Nj cycles of lengthi: Cy = S, | ZiNi
i
| -
Inner product:  g!'{Yi},VI{Xi},u"g = tuv L (N) (yi # hx;)
hi! C, i=1

[Craps, De Clerck, Vilar Lépez 2022]



Wavefunctions are symmetric under centralizer

e e -
! = % dx® I y({xiH)I{xi},u's
u i=1 a=1
ET O T ST
= - Xi D uW X Xip, W
|Cyu] i=1 a=1 Cul h! C, )
e a . N
S i L R X)) Hxiduls
Cul i=1 a=1 ICul h! Cy

Wavefunction in twisted sector can be chosen to be symmetric under centralizer:
Pu({xi}) = ! u({hxi})

No symmetrization over full Sn. Choosing different representative of conjugacy class would
change labelling of strands without changing connectedness.

[Craps, De Clerck, Vilar Lépez 2022]; see also [Erdmenger, Gerbershagen 2019]
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Operators acting on arbitrary subset of vertices

Partition vertex variables X;', 1=1,...,L, a=1,...,N, inarbitrary subset A
and its complement (not necessarily spatially organized):

(Xa,Xg) = X
In analogy with identical particles, consider gauge-invariant operators acting only on A:

-
OM) = ——  Oa(ya;xa)l(Ye! Xxg)ly, u"s g#, Ul
1Cul
u X,y

Using C, redundancy of symmetric states:
- 1 #
O = ToNE Oa((hy)a; (hx)a)t((hy)e! (hX)g) |y, u"s s#, Ul
Ul Xy hie,

-

Can specify e.g. that A is a segment consisting of Y connected strands within a long string
of length Z, but it would not be gauge-invariant to specify which strands or which long string.
[Craps, De Clerck, Vilar Lépez 2022]



Entwinement from reduced density matrix

Expectation value can be writtenas !! ¢|]O™|1 " = Oa(YaiXa)!s(Xaiya)
XA, YA
. . . Iy Lo
with reduced density matrix !s(Xa,Xa) = b u(Xa,Ye)! t(Xa: Y m)
Ym
Entwinement from reduced density matrix: Syn('s) = ! Tr[! s log! s]

In contrast to identical particles, reduced density matrix captures some info about location
of A within long string configuration specified by u. Can compute entanglement of Y

connected strands within long string of length Z. ,
[Craps, De Clerck, Vilar Lépez 2022]



Linear subspaces versus subalgebras

In general, the set of gauge-invariant operators acting only on A does not close under
multiplication:

o) = | Oa(Ya;(h2)a)Qa(za;xa) (Ye! (h2)g)! (zg! Xm)ly,U"s g#, U]

generically does not have the required ! (yg! Xg)

Spatial partitions are an exception, because then h does not mix A and &, and one can
bring the product to the desired form.

We managed to define a reduced density matrix using linear subspaces rather than
subalgebras.

[Balasubramanian, Craps, De Jonckheere, Sarosi 2018] [Craps, De Clerck, Vilar Lépez 2022]



Entwinement in D1/D5 orbifold CFT

In states dual to conical defects, entwinement reproduces lengths of long geodesics. For
segment of length L :

- 2nr L
L(L)=2R lo —sin —
(L) Ads 100 R acs on
N Cq " 2nRags .. L7 L(L)
E(L)! l.)= ——1o sin — =
where we related bulk IR and boundary UV cutoffsvia ' = Ridsl v

and used Ncs/n = ¢c=3Rags/ (2Gn)
[Craps, De Clerck, Vilar Lépez 2022]

[Balasubramanian, Bernamonti, Craps, De Jonckheere, Galli 2016]
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Replica method

SA = lim

|n
im 7 log Tr(! 4)

Represent state ! created by operator ! via path integral:

Figure from [Balasubramanian, Bernamonti, Craps, De Jonckheere, Galli 2016]



Replica method

//\;

Q\

.
3
&

Compute Tr(!%) by introducing n replica copies. Replace by correlator of Rényi twist
operators on single sheet of n-fold cover CFT"/Z,

Figure from [Balasubramanian, Bernamonti, Craps, De Jonckheere, Galli 2016]



Spatial entanglement entropy vs entwinement

Spatial entanglement: twist
operators act on each strand
at same spatial location

»(n) — Zg”‘)zg’l) . Z%)
[Balasubramanian, Bernamonti, Craps, De Jonckheere, Galli 2016]

Entwinement: twist operators
may act on individual strands
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Conclusions and outlook

* Entwinement = entanglement of internal, gauged degrees of freedom
* Motivation from holography: probe inside entanglement shadows

* Original field theory definition involved extended Hilbert space; non-gauge-invariant
states involved in intermediate steps

* Lattice model for (symmetric) orbifolds: twisted sectors from link variables
* Entwinement from density matrices for symmetric product orbifolds
* Entwinement from replica method

* Links with other notions of non-spatial entanglement? Entanglement in matrix models?






