
Defini&ons of Entwinement

Ben Craps

with Marine De Clerck and Alejandro Vilar López

JHEP 03 (2023) 079, e-Print: 2211.17253 [hep-th]

Eurostrings, Gijón, April 24, 2023

https://arxiv.org/abs/2211.17253


Holographic entanglement entropy in vacuum 
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Conical defects have entanglement shadows 
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Long geodesics probe entanglement shadow 
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Long geodesics probe entanglement shadow à dual informaVon theoreVc quanVty?

[Balasubramanian, Chowdhury, Czech, de Boer 2014]



D1/D5 CFT: long string states dual to conical defect
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“Conical defect”                               :  dual to 
“twisted sector” with N/n “long strings” of length n

“Unwrapping” the long strings in CFT           going to AdS covering space of

[MarVnec, McElgin 2002]

with
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(T 4)N/SND1/D5 CFT (at specific point in moduli space): symmetric product orbifold

Empty AdS: dual to vacuum in “untwisted sector” 
describing N “short” closed strings.

<latexit sha1_base64="PGfFi1u90YRRor12BWXIhLhkVgY=">AAACAXicbVDLSsNAFJ34rPVVdSO4GSyCq5rU57LixmVF+8AmhMlk0g6dScLMRCghbvwVNy4UcetfuPNvnLRZaOuBC4dz7uXee7yYUalM89uYm19YXFourZRX19Y3Nitb220ZJQKTFo5YJLoekoTRkLQUVYx0Y0EQ9xjpeMOr3O88ECFpFN6pUUwcjvohDShGSktuZTe1BYeX/m3mHh/ZHKmB56X3mautqlkzx4CzxCpIFRRoupUv249wwkmoMENS9iwzVk6KhKKYkaxsJ5LECA9Rn/Q0DREn0knHH2TwQCs+DCKhK1RwrP6eSBGXcsQ93ZnfKKe9XPzP6yUquHBSGsaJIiGeLAoSBlUE8zigTwXBio00QVhQfSvEAyQQVjq0sg7Bmn55lrTrNeusdnpzUm3UizhKYA/sg0NggXPQANegCVoAg0fwDF7Bm/FkvBjvxsekdc4oZnbAHxifP/Hnloo=</latexit>

AdS3/Zn
<latexit sha1_base64="FHTTXeMevY/dnvMNgB/MSjzDRSs="></latexit>⇡

<latexit sha1_base64="N+nZLYNMWDpZCwv3oHow3WQbWZs=">AAACE3icbVC7TsMwFHXKq5RXgZHFokIqDCVpeY1FLIxFpQ/RlMhx3daq40S2g1RF+QcWfoWFAYRYWdj4G5w2A7Qc6UpH59yre+9xA0alMs1vI7OwuLS8kl3Nra1vbG7lt3ea0g8FJg3sM1+0XSQJo5w0FFWMtANBkOcy0nJHV4nfeiBCUp/fqnFAuh4acNqnGCktOfmjYmQLD1726rFTsRX1iIQTpR7fVw6PbQ+poetGd7GjmwtmyZwAzhMrJQWQoubkv+yej0OPcIUZkrJjmYHqRkgoihmJc3YoSYDwCA1IR1OO9PJuNPkphgda6cG+L3RxBSfq74kIeVKOPVd3JjfKWS8R//M6oepfdCPKg1ARjqeL+iGDyodJQLBHBcGKjTVBWFB9K8RDJBBWOsacDsGafXmeNMsl66x0enNSqJbTOLJgD+yDIrDAOaiCa1ADDYDBI3gGr+DNeDJejHfjY9qaMdKZXfAHxucPrNKdZA==</latexit>

(AdS3 ⇥ S3)/Zn



Entwinement from covering space
“Unwrapping” the long strings in CFT           going to AdS covering space of

[Balasubramanian, Chowdhury, Czech, de Boer 2014]
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Entwinement from extended Hilbert space

[Balasubramanian, Chowdhury, Czech, de Boer 2014]

Entwinement = entanglement of internal, gauged degrees of freedom

Other example: matrix theory, where spaVal entanglement does not exist

Length of nonminimal geodesic is dual to entwinement of segment of long string

Gauge-invariant under                   ?

Due to        gauge symmetry, defining entwinement is a priori tricky (Hilbert space does not
factorize, no subalgebra of operators associated to segment of long string)

PrescripVon: ungauge the symmetry, compute entanglement entropy, then gauge again.
Involves tracing over non-gauge-invariant states. 
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Candidate-definiEons of entwinement
• From extended Hilbert space

• From operator subalgebras

• From replica method

• From reduced density matrix

• From probability distribuVons of measurements

[Erdmenger, Gerbershagen 2019]

[Balasubramanian, Craps, De Jonckheere, Sárosi 2018]

[Balasubramanian, BernamonV, Craps, De Jonckheere, Galli 2016]

[Balasubramanian, Chowdhury, Czech, de Boer 2014]

[Lin 2016]



Candidate-definiEons of entwinement
• From extended Hilbert space: original definiVon, involves tracing over 

non-gauge-invariant states

• From operator subalgebras: does not seem to extend beyond simplest example

• From replica method: refined by careful treatment of connecVvity   ☑

• From reduced density matrix: fixed connecVvity issue   ☑

• From probability distribuVons of measurements: gauge-invariant, relies on 
extended Hilbert space for computaVons
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WavefuncEons for idenEcal parEcles
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Identical bosons: symmetric Hilbert space spanned by

Gauge-invariant states can be expanded as
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with fully symmetric wavefuncVon
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 S(x1, x2, . . . , xN ) =  S(xg(1), xg(2), . . . , xg(N))



Reduced density matrix for identical particles
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How are k parVcles entangled with the remaining N-k?

Consider a generic k-parVcle operator

with all variables integrated over. ExpectaVon values can be wrilen in terms of a 
reduced density matrix:

with

From this reduced density matrix, entanglement entropy can be defined.



No natural subalgebra for subset of parEcles
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SEE = �TrHA [⇢A log ⇢A]

If Hilbert space factorizes,                               ,  there exists a natural subalgebra 
associated to        . Given a global state     , there exists a unique “reduced density matrix”

in        s.t.
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The entanglement entropy of         can then be defined as
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HA

However, for identical particles, the Hilbert space of gauge invariant states does not
factorize, nor does there exist a natural subalgebra of gauge-invariant operators associated 
to a subset of particles. E.g. product of one-particle operators is two-particle operator:
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Tr[⇢ (OA ⌦ 1Ā)] = Tr[⇢AOA]

SpaVal regions in gauge theories: Hilbert space does not factorize, but one can associate to 
a region a subalgebra with nontrivial center and a reduced density matrix.

We used linear subspace rather than subalgebra to define reduced density matrix.
[Balasubramanian, Craps, De Jonckheere, Sárosi 2018]
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Standard CFT treatment of orbifolds

[Ginsparg Les Houches lectures 1988]

Start by projecting on G-invariant states:

But this is not modular invariant, e.g. under S modular transform: 

To remedy this, introduce twisted sectors:

For nonabelian groups, twisted sectors are labeled by conjugacy classes:
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Example: symmetric product orbifold

In a twisted sector labeled by a permutation    , strings
are periodic up to the action of . The N strands of string
combine into a collection “long strings”. More precisely, 
the twisted sector is labeled by the conjugacy class of    ,
i.e. the lengths of the long strings. 

Twisted sectors are obtained by acting with twist fields
on the vacuum of the untwisted sector.
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(T 4)N/SND1/D5 CFT (at specific point in moduli space): symmetric product orbifold

Untwisted sector describes states of N short strings
with wavefuncVons invariant under permutaVons
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LaKce model: copies of seed theory
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a = 1, . . . , N

Seed theory: 1+1d lattice model of bosons
We will suppress the index  

Variables are defined on a circle: 

For concreteness:                                                                                          with

Introduce N copies         ,                            , and permutations                  :

Assemble N copies in column vectors:
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Covering theory uses link variables
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To make N-copied Hamiltonian invariant under local        transformaVons, introduce
nondynamical discrete gauge fields U living on links between neighboring lakce points:

with

<latexit sha1_base64="2V0kci7LHQGHzbNTnQND1NJtTL4="></latexit>

SN

<latexit sha1_base64="v6qGg81UPGnpwo+QyLXajQtzU0Q="></latexit>

ĝi+1Ui+1,iĝ
�1
i+1 = g�1

i+1Ui+1,i , ĝiUi+1,iĝ
�1
i = Ui+1,igi
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Link variables appear in finite energy condition

<latexit sha1_base64="dIhOmmNk7jLy5vnqvwq/Wqk628c="></latexit>

Xi|{xj}, {uj+1,j}i = xi|{xj}, {uj+1,j}i
<latexit sha1_base64="3Qn3ZdQz9tI8nvVR8C9vxjt6KJA="></latexit>

Ui+1,i|{xj}, {uj+1,j}i = ui+1,i|{xj}, {uj+1,j}i

<latexit sha1_base64="faFhZHSh4I4mY9csWKXWMHaip0k="></latexit>

ĝi|{xj}, {uj+1,j}i = |{gixi,xj}j 6=i, {ui+1,ig
�1
i , giui,i�1, uj+1,j}j 6=i,i�1i

<latexit sha1_base64="hq69+1iZtYwtQCeQcC86sOu0e7g="></latexit>

xi+1 � ui+1,ixi = O(�) 8i = 1, . . . , L

The Hilbert space of this “covering theory”, in which the permutaVon symmetry is not 
gauged yet, is spanned by eigenstates of X and U:

AcVon of local permutaVons:

Allowed states (finite energy):

<latexit sha1_base64="dvxYFjilDDNzeRI8iM8bMIILz1E="></latexit>
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�
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Orbifold: gauging away all link variables but one
<latexit sha1_base64="NmXyF0+v9om5ET2vThWlq9qmXVY="></latexit>
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<latexit sha1_base64="4FJGZr6PEkzplenYiVIcdHFOI9E="></latexit>

P̂L�1|{yi}, {vi+1,i}i = P̂L�1|{xi}, {1, . . . , 1, u1,L}i

Gauge the         symmetry by projecVng on permutaVon invariant states using

Single out global        :

Gauge way first              link variables:

<latexit sha1_base64="2V0kci7LHQGHzbNTnQND1NJtTL4="></latexit>

SN

<latexit sha1_base64="2V0kci7LHQGHzbNTnQND1NJtTL4="></latexit>

SN

<latexit sha1_base64="Veo0AmAGP8zVekj4L1cb8Yo9gDY="></latexit>
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Gauging away all link variables but one

<latexit sha1_base64="dhcz+41fCwbZDtt/Dd0xu/DO/3k="></latexit>

|{x i }, u! gl "
!

(N !)L ! 1 öPL ! 1|{x i }, {1, . . . , 1, u}!Define the “global” states

with normalizaVon

<latexit sha1_base64="EzvQvR8OUmBez945jl3zUUtxXvs="></latexit>

gl ! { y i } , v|{ x i } , u"gl = ! u,v

L!

i =1

! (N ) (x i # y i )

<latexit sha1_base64="5msIMgAeH8wvVw6E1NEXgDjZ+Ms="></latexit>

x i +1 ! x i = O(! ) " i #= L , x1 ! uxL = O(! )Discrete continuity condition:

Remaining link variable     instructs how N strands should be glued into “long strings”.<latexit sha1_base64="9xJvsyid4IMAv0pFrrQ4XWNovRg="></latexit>u
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Twisted sectors are labeled by conjugacy classes
<latexit sha1_base64="P3bY2nfkUBXVVgmm4BMHDS4cvP0="></latexit>

(ög ! á á á! ög) |{ x i } , u"gl = |{ gx i } , gug! 1"gl
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|{ x i } , u!S "
#

N ! öPgl |{ x i } , u!gl =
1

#
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H S = span
!

|{ x i } , u!S | x i " M N , u " C(SN )
"

Residual gauge symmetry: global

Gauge-invariant states:

Redundancy:                                                            à pick representatives

Hilbert space splits into direct sum of twisted sectors labeled by conjugacy classes
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u ! C(SN )
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|{ x i } , u!S = |{ hx i } , u!S
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!
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"
L#
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$

SVll some redundancy lep:

For permutaVon     with       cycles of length   :

Inner product:
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h ! Cuwith
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WavefuncEons are symmetric under centralizer

<latexit sha1_base64="CfYBIwXoZtTZnvPjgfUAJbZoVDY="></latexit>
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|{ x i } , u!S = |{ hx i } , u!S

WavefuncVon in twisted sector can be chosen to be symmetric under centralizer:

No symmetrizaVon over full       . Choosing different representaVve of conjugacy class would 
change labelling of strands without changing connectedness.

<latexit sha1_base64="2V0kci7LHQGHzbNTnQND1NJtTL4="></latexit>
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Operators acEng on arbitrary subset of verEces
Partition vertex variables         ,                             ,                               ,   in arbitrary subset A
and its complement (not necessarily spatially organized):

In analogy with identical particles, consider gauge-invariant operators acting only on A:

Using        redundancy of symmetric states:

Can specify e.g. that A is a segment consisting of Y connected strands within a long string 
of length Z, but it would not be gauge-invariant to specify which strands or which long string.

<latexit sha1_base64="6HqoU0lteVdwDMXWmpeUEb0iU2I="></latexit>
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Entwinement from reduced density matrix 

<latexit sha1_base64="ub48XZ8N2KKZ9A6vNOnZqfSr6C0="></latexit>
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SvN (! S ) = ! Tr[ ! S log ! S ]
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i =1

N$
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i

%

! u ({ x i } )|{ x i } , u!S

Expectation value can be written as

with reduced density matrix

Entwinement from reduced density matrix:

In contrast to identical particles, reduced density matrix captures some info about location
of     within long string configuration specified by    .  Can compute entanglement of Y 
connected strands within long string of length Z.

<latexit sha1_base64="hrrOeG2HpV9PeH4xYaMUXqIv9XY="></latexit>
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Linear subspaces versus subalgebras

<latexit sha1_base64="qqNCIhmMGgV5MoCq3Ypi/7Hk6Zc="></latexit>
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In general, the set of gauge-invariant operators acVng only on A does not close under
mulVplicaVon:

generically does not have the required

SpaVal parVVons are an excepVon, because then     does not mix      and     , and one can
bring the product to the desired form.

We managed to define a reduced density matrix using linear subspaces rather than
subalgebras.
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Entwinement in D1/D5 orbifold CFT
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In states dual to conical defects, entwinement reproduces lengths of long geodesics. For
segment of length    :

where we related bulk IR and boundary UV cutoffs via

and used         
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Replica method
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Replica method
<latexit sha1_base64="UulCVcLa8qoV9DJWemEElYCczRs="></latexit>

SA = lim
n ! 1

1
1 ! n

log Tr( ! n
A )

Compute                by introducing n replica copies. Replace by correlator of Rényi twist
operators on single sheet of n-fold cover
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Tr( ! n
A )

Figure from [Balasubramanian, Bernamonti, Craps, De Jonckheere, Galli 2016]



SpaEal entanglement entropy vs entwinement

SpaVal entanglement: twist 
operators act on each strand
at same spaVal locaVon

Entwinement: twist operators 
may act on individual strands

[Balasubramanian, BernamonV, Craps, De Jonckheere, Galli 2016]
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Conclusions and outlook

• Entwinement = entanglement of internal, gauged degrees of freedom

• Motivation from holography: probe inside entanglement shadows

• Original field theory definition involved extended Hilbert space; non-gauge-invariant
states involved in intermediate steps

• Lattice model for (symmetric) orbifolds: twisted sectors from link variables

• Entwinement from density matrices for symmetric product orbifolds

• Entwinement from replica method

• Links with other notions of non-spatial entanglement? Entanglement in matrix models?




