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Worldline formalism for interacting QFT
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Worldline formalism for interacting QFT

Itzykson, Zuber '80, Weinzerl 22

Connected graph ¢-loops, I-lines

Symanzik polynomials

[ l+1
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T1 r=1 To r=1

“trees” “2-trees”

“Open string” cuts “Closed string” cuts
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Part I: Target space



Two-point function

¢ independent momenta and genus g Define “scale dimension of graph™:
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Two-point function

¢ independent momenta and genus g Define “scale dimension of graph™:
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A novel form of Kallen-Lehmann representation



Three point function

O dl‘l‘d 3
E <
Cp(zt,22,23) = ) V), _1+d || REANRICERD
J1,J2,33=0 1=1
2 (d h : : ..
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Part 11: Worldsheet



Mapping QFT to string amplitudes
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Mapping QFT to string amplitudes
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Holographic coordinate emerges as continuum limit of Schwinger

parameters
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Part 111: A primitive form of open-closed duality



Symanzik polynomials as “stringy cuts”

T1 r=1

“Open string” cuts “Closed string” cuts



A primitive form of open-closed duality

Compute ['r(x,y) in two equivalent ways:
' A
Ip(z,y) = /ddk e~k (@=y) /Hdar Z/{;d/Qe_ﬁkz

I. Compute Gaussian k integral, rescale o —(X-y)?2 or

Up

Tp(z,y) o« |z —y|72(A+2) /Hdar A;d/Qe_W

II. Rescale o — ow/k? , carry out k-integral:

A

Tp(z,y) o« |z —y|72(A+2) /HdOzTZ/{;d/Qe_ﬁ

We find a duality Ap < UFr

S




A primitive form of open-closed duality
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Microscopic origin of holographic duality?



A primitive form of open-closed duality

T1 r=1

“Open string” cuts “Closed string” cuts

Microscopic origin of holographic duality?

Requires existence of continuum limit of Feynman diagrams



Further results

* Continuum limit necessitates critical "t Hooft coupling Ac

* Value of A determined by saddle point of Schwinger integrals

* Check 1: quantum CFT4q = AdSd+

/ 4
* Check 2: AdSsradius determined as A, ~ ( Izds>

Gallegos, Zinnato, UG 22



Summary

» Witten diagrams from Feynman graphs

* Holographic coordinate from continuum limit of Schwinger parameters

* Primitive open-closed duality based on symmetry of interacting worldlines



Summary

» Witten diagrams from Feynman graphs

* Holographic coordinate from continuum limit of Schwinger parameters

* Primitive open-closed duality based on symmetry of interacting worldlines

Outlook

* Derive target space geometry from the saddle of Schwinger integrals?

* A better controlled version of bottom-up holography? QCD?

* Worldline formalism works well for small N: non-perturbative string theory?






A primitive version of open-closed duality

D)~ 0 % 0

Emerging from a duality of Feynman diagrams
in the worldline formalism

Based on: arXiv 2211.16514 w/ D. Gallegos and N. Zinnato



Regularization

Regularization and renormalization in the worldline formalism
Bogoulibov, Zimmerman, Epstein, Glaser, Hepp, Itzykson, Zuber, ... "60s, "70s

UV divergences that arise from subgraphs ¢ regularized as:

/ Hdar lim (1 — 7;;2[") [Z/{(a,,q)_d/2 e_P(a“ki)}

yvy—1
k-l—pl ’YS s 23
P = S g, o 3R
s=0 1=1

. . counterterms
Example: two-point function

> dr d 2 1 oo 1 L
o R 2= A+ S TR R _ L 2\n; 17,
(k) =8k + k) VI [ Trzeavdermt e b M e | 30 R

— Earlier expressions hold with the replacement  Vp — V?



Continuum limit

Claim: - Continuum limit exists at and only at a critical coupling Anh= Ac

- Value of A¢ is determined by extremizing over Schwinger parameters

Reconsider the two-point function:

Oz, k) = Z(kQ)A+2_§Z vy, z = A;Q/(h_z)
14

_ Ap(a)

. e Up(a)
Inverse unilateral z-transform: Ve = Z H / d“?“ E
FeF,

_ 1 /—1 d h d
_ngWijédZQ(Z’k)Z A=<2—h_2)£+2—

In the marginal case:

(kQ)A—I—Q—%

Vyp = vo(zc)zg
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Continuum limit

Claim: Continuum limit exists at and only at a critical coupling An= A¢

Qz,k) = W) | 37+ > | A7 7w,

€<€cut Ezecut

Qnon— geo () geo

20
A\ F-2
As  Hoyr — OO Qgeo X Z ()\_h) finite only at criticality

C

In the continuum limit 2ge0(Ae) while full Q(A., Ap)

(%y c)
_2

Full marginal 2pf: O — L2 (2
1 _ (>\_h> h—2
Ac

always a single pole



Continuum limit

Uniform: O(I) particle reducible Non-uniform: n<I particle reducible

Dominate the continuum limit
Sum over F, = emergent S(I) permutation symmetry of {am}

= emergent worldsheet diffeomorhphism in the ¢/ — oo limit

= Dominant saddle of {am} integrals = am=ac,Vm



Continuum limit

Claim: Value of Ac is determined by extremizing over Schwinger parameters J

_Arp(a)
e Up(a)
Vg = Z H/ dar (@)
FEFE
¢ 0+1
For ar= ac Up — Nlac, »AF — Nzac
A rough estimate: lim vy ~ N (£) q— /2 ,—arVe
f— 00
h/2
Recalling Vy = vo(zc)zﬁ )‘c ~ ac/

— S

Related to curvature scale in the dual background



Emerging geometry - AdS

Consider a CFT:

‘AF (a) k2

I (klakZ)CXéd(kl_FkQ H/ dCLf,aZ/{F( ) d/26 Up(a)

Scale symmetry:

B KRN, 2h A ap — apA?
Dual geometry: ds? — o2A(R) (dR2 + 5uydaj“dajy)
Recall Ay < €2A(R) A(R) ~ log(R/gAdS)

Requires full quantum scale invariance, counterterms would violate



Emerging geometry - AdS

k' kPA, 2t o /A ay — apA°

Relation between A e~ a ?/ E and curvature radius:

V2 Ayvy 4~64A Ayv 4N CaasNuv 4N Cags\"
¢ ¢ E E RE /.

using R ~ 1/E

Recall 1n ordinary AdS/CFT from IIB this comes from D3 brane form factor:

ds* = f12(—dt* + dz? + dz? + dz3) + Y2 (dr? + r2dQ?)
F5 = (]. + *)dtdﬂ?ldwzdib’gdf_l y
4

f=1+—, L = 4mg,a”N .
r




Worldline formalism of QFT

R. Gopakumar "03

Worldline formalism of QFT:

. 4 otk (z1—x2) S
(@(r1)p(22)) = Z/d o mE e
— /O dT<CIZ’1’€_iT(a m )‘$2> X‘ J. Schwinger 51

More generally:
(@(z1) - Pxn)) =




Marginal case

®h interaction non-renormalizable for h > 2d / (d — 2)

A = (;l - &) 0+ g —1 = M = A(d-A) arbitrarily -ve for h < 2d/(d — 2)

= Asimple class: marginal theories ~ h = 2d/(d — 2)
(d,h) = (2,), (3,6), (4,4), (6,3), (0,2)

C

['x,y) = T

L —

C =42ty /27 (4 +1)ZNHQZV—£ > VF

g FeFe q



Composite operators

Immediate to generalize to composite operators tr ®J

d h 20J —h d
A= (2 (A -2
/ (2 h—2> 2

In the marginal case:

CJ
z — |72

(tr @7 () tr 7 (y)) =

OJ_4J d/21“ ZN2 QQZAQ(E—H J)Z Z VF

FeFy 4



Three point function

Much more involved to generalize to <(I> (kl ) <) (kz ) b (kg ) >

Consider the massless theory m =0

h H dov, L{_d/Q(ar) exp|— Z Ailar) k2]

r=1 (

F(kla k27 k3) — 6(k1 + k2 + kg)/
0

U:Zﬁar /k2

T1 r=1

AN

“Open string” cuts “Closed string” cuts




