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Worldline formalism of QFT
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Worldline formalism of QFT
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Worldline formalism for interacting QFT
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Worldline formalism for interacting QFT
Weinzerl `22Itzykson, Zuber `80,

UG, Gallegos, Zinnato `22

Symanzik polynomialsConnected graph l-loops, I-lines 

k k

<latexit sha1_base64="7rPZiARrfLhVW7tiPyGiXvmLveM="></latexit>

U =
X

T1

lY

r=1

↵r

“trees”

<latexit sha1_base64="fJTN76RlAEL+8johBtHrHz9XxM0="></latexit>

A =
X

T2

`+1Y

r=1

↵r

“2-trees”

“Open string” cuts “Closed string” cuts 

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]



Part I: Target space



Two-point function
Define “scale dimension of graph”:
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Part II: Worldsheet



Mapping QFT to string amplitudes
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Mapping QFT to string amplitudes
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Mapping QFT to string amplitudes
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Mapping QFT to string amplitudes
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Mapping QFT to string amplitudes
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Mapping QFT to string amplitudes

Holographic coordinate emerges as continuum limit of Schwinger 
parameters generalizing `t Hooft `74Gallegos, Zinnato, UG `22
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Part III: A primitive form of open-closed duality



Symanzik polynomials as “stringy cuts”
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A primitive form of open-closed duality

Compute ΓF(x,y) in two equivalent ways:  

I. Compute Gaussian k integral, rescale αr →(x-y)2 αr 
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Microscopic origin of holographic duality?  

A primitive form of open-closed duality

“Open string” cuts “Closed string” cuts 
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Microscopic origin of holographic duality?  

Requires existence of continuum limit of Feynman diagrams

A primitive form of open-closed duality

“Open string” cuts “Closed string” cuts 
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Further results

• Value of λc determined by saddle point of Schwinger integrals 

• Check 1: quantum CFTd ⟹ AdSd+1

• Continuum limit necessitates critical `t Hooft coupling λc 

• Check 2: AdS5 radius determined as
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Summary

• Holographic coordinate from continuum limit of Schwinger parameters

• Primitive open-closed duality based on symmetry of interacting worldlines

• Witten diagrams from Feynman graphs



Summary

• Holographic coordinate from continuum limit of Schwinger parameters

• Primitive open-closed duality based on symmetry of interacting worldlines

• Witten diagrams from Feynman graphs

Outlook

• A better controlled version of bottom-up holography? QCD? 

• Worldline formalism works well for small N: non-perturbative string theory?

• Derive target space geometry from the saddle of Schwinger integrals? 





A primitive version of open-closed duality
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Emerging from a duality of Feynman diagrams

in the worldline formalism

Based on: arXiv 2211.16514 w/ D. Gallegos and N. Zinnato



Regularization

UV divergences that arise from subgraphs σ regularized as:  

Regularization and renormalization in the worldline formalism
Bogoulibov, Zimmerman, Epstein, Glaser, Hepp, Itzykson, Zuber, … `60s, `70s

<latexit sha1_base64="DOp0GZTEB28vzsE8NFhmO+kE2mg=">AAACtnicdZFdb9MwFIad8DXKVxmX3BxRIbXSVpLQbu0F0gQSH3dFWrehuo0cx0mt2klkO6Aqyk/khjv+DU7TTYDgSEleved9Yvs4KgTXxvN+Ou6t23fu3ju433nw8NHjJ92nhxc6LxVlc5qLXF1FRDPBMzY33Ah2VShGZCTYZbR51/QvvzKleZ6dm23BlpKkGU84JcZaYfc7/kCkJOH7/ibkA3gDgHlmQm9V2W9itjXgQuVxqA BiYt9YcBlWOG0grHi6NkSp/Bv4dZursOapJBYTLDF9/xiwJGZNiajO62sw3IdW1XHw6Qap2/8NWnRxw83rPtilBzYdvwpqfATMytnOPGp2vQeX0Am7PW/oBZPxKABvGIy9qT+1Yuz505MR+ENvVz20r1nY/YHjnJaSZYYKovXC9wqzrIgynApWd3CpWUHohqRsYWVGJNPLajf2Gl5aJ4YkV/bJDOzc34mKSK23MrLJ5iz6715j/qu3KE0yWVY8K0rDMtoulJQCTA7NHULMFaNGbK0gVHG7V6Brogg19qabIVyfFP4vLoKhfzL0P496Z2/34zhAz9EL1Ec+OkVn6COaoTmizmvnixM51J24K5e5aRt1nT3zDP1RbvELUFbWOw==</latexit>

�F (ki) =

Z 1

0

Y

r

dar lim
�!1

Y

�

�
1� T �2I�

��

� h
U(ar)�d/2 e�P (ar,ki)

i

<latexit sha1_base64="/kXFzFzg+HkQWg7/hxyL6AurS44="></latexit>

T kf(⇢) = ��p1

k+p1X

s=0

�s

s!

ds

d�s
[�p1f(�)]�=0

<latexit sha1_base64="F+daAvf24Fs98sA87m/ixeq+0U8="></latexit>

! · · ·�
iFX

i=1

(k2)niFi(a)

Example: two-point function 
<latexit sha1_base64="o2GoQlNE+PNYYw9kt0odUW11EAA="></latexit>

⌦F (k1) = �(k1 + k2)VR
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Z 1
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2 e�⌧k2
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<latexit sha1_base64="kk+vj3hoIzfVjh9chJVx0H4xxbA="></latexit>
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1

�(d2 � 2��)

Z 1

0

IY
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dar

"
· · ·�

iFX
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(k2)ni Fi(a)

# ����
k!1

⟹ Earlier expressions hold with the replacement 
<latexit sha1_base64="0t2XBLSt23/X5Mapw+4yehu+Vp0=">AAACCnicdVDLSgMxFM3UV62vqks30SK4GmaGaWt3RUFcVrEPaMchk6ZtaCYzJBmhDF278VfcuFDErV/gzr8xfQhW9EDgcM695J4TxIxKZVmfRmZpeWV1Lbue29jc2t7J7+41ZJQITOo4YpFoBUgSRjmpK6oYacWCoDBgpBkMzyd+844ISSN+o0Yx8ULU57RHMVJa8vOHnRCpAUYsbYz9C9hREVxQbq/9fMEyrZJVqbjQMp2iYzuOJq5bLJXK0DatKQpgjpqf/+h0I5yEhCvMkJRt24qVlyKhKGZknOskksQID1GftDXlKCTSS6dRxvBYK13Yi4R+XMGp+nMjRaGUozDQk5Mz5W9vIv7ltRPVO/VSyuNEEY5nH/USBnXgSS+wSwXBio00QVhQfSvEAyQQVrq9nC7hOyn8nzQc0y6Z9pVbqJ7N68iCA3AEToANyqAKLkEN1AEG9+ARPIMX48F4Ml6Nt9loxpjv7IMFGO9fdqGaxg==</latexit>

VF ! VR
F

counterterms



Continuum limit
Claim: - Continuum limit exists at and only at a critical coupling  λh = λc


- Value of λc is determined by extremizing over Schwinger parameters 

Reconsider the two-point function: 
<latexit sha1_base64="Zl+TAetjIcoAZ20JHWI6fATHFyY="></latexit>

! (z, k) =
!

!

(k2)! +2 ! d
2 z! ! v! , z = ! ! 2/ (h ! 2)

h

<latexit sha1_base64="J0T/A4DnyzJghY8qgZWdD/692r8="></latexit>

v! =
!

F ! F !

1
! F

I"

r =1

# "

0
dar

e# A F ( a )
U F ( a )

UF (a)d/ 2

<latexit sha1_base64="3rqFCSKVdKiN/nYMloyU8cp0DeU="></latexit>

(k2)! +2 ! d
2 =

1
v! 2! i

!

C
dz ! (z, k)z! ! 1

Inverse unilateral z-transform: 

<latexit sha1_base64="2JPtf9r+mnAQqVVAi1X5YDZX0Z8="></latexit>
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✓
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2
� h

h� 2

◆
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d

2
� 1

In the marginal case:
<latexit sha1_base64="G+NVDA+3an4TjRjQ3zcClBMDbLU="></latexit>

v! = v0(zc)z!
c



Continuum limit
Claim: Continuum limit exists at and only at a critical coupling  λh = λc

<latexit sha1_base64="wpdFgbIJRImgVnb4IfGvZ2xtxWc="></latexit>

! (z, k) = ( k2)! +2 ! d
2

!

"
#

! < ! cut

+
#

! " ! cut

$

% !
2!

h ! 2

h v! ,

<latexit sha1_base64="m/SO0UQVqKEBxUF5SseTDNuZUsI="></latexit>

! geo
<latexit sha1_base64="td4r6/aMBejxCFSxXCx06jM/Mqg="></latexit>

! non-geo

<latexit sha1_base64="L/ILIh3HcHCwCwgQmxJvvgRLqaM="></latexit>

! cut ! "As finite only at criticality 

<latexit sha1_base64="1PWREWhlGKuySQtZmzNdgbKjs9o="></latexit>

! geo !
!

! ! ! cut

"
! h

! c

# 2!
h ! 2

In the continuum limit while full   
<latexit sha1_base64="L+vOhY2h4Htp8b1fpBc9QKnfmFE="></latexit>

! geo(! c)
<latexit sha1_base64="xhAH0ArJHSo6dlkZtt3LBVpkRMA="></latexit>

! (! c, ! h )

Full marginal 2pf: always a single pole

<latexit sha1_base64="Mls2J8yYQDa4EjKtp6Ij7qz4sZg="></latexit>

! = k2 v0(zc)

1 !
!

! h
! c

" 2
h ! 2



Continuum limit

Dominate the continuum limit

Uniform: O(I) particle reducible Non-uniform: n≪I particle reducible 

Sum over ⟹ emergent S(I) permutation symmetry of {am} 
<latexit sha1_base64="Yc2haXJDH4KYfuoi/OaTew97gz4=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQhLS1O6KgrisYB/QhDCZTtqhkwczk0IJ/RM3LhRx65+482+ctBVU9MDA4Zx7uWdOmDEqpGl+aGvrG5tb25Wd6u7e/sGhfnTcFWnOMenglKW8HyJBGE1IR1LJSD/jBMUhI71wcl36vSnhgqbJvZxlxI/RKKERxUgqKdB1L0ZyjBErbuaBRxgL9JppmK7ZbDrQNOy6bdm2Io5Td90GtAxzgRpYoR3o794wxXlMEokZEmJgmZn0C8QlxYzMq14uSIbwBI3IQNEExUT4xSL5HJ4rZQijlKuXSLhQv28UKBZiFodqsswpfnul+Jc3yGV06Rc0yXJJErw8FOUMyhSWNcAh5QRLNlMEYU5VVojHiCMsVVlVVcLXT+H/pGsblmtYd06tdbWqowJOwRm4ABZogBa4BW3QARhMwQN4As9aoT1qL9rrcnRNW+2cgB/Q3j4BK7CUBw==</latexit>

F !

⟹ Dominant saddle of {am} integrals  ⟹  am = ac , !  m 

⟹ emergent worldsheet diffeomorhphism in the    limit
<latexit sha1_base64="FgwYO8sYdQMK8UrZVJ9Cw+GJ2Hs="></latexit>

! ! "



Continuum limit
Claim: Value of  λc is determined by extremizing over Schwinger parameters 

<latexit sha1_base64="J0T/A4DnyzJghY8qgZWdD/692r8="></latexit>

v! =
!

F ! F !

1
! F

I"

r =1

# "

0
dar

e# A F ( a )
U F ( a )

UF (a)d/ 2

For ar = ac  
<latexit sha1_base64="aLnWZGLxjg6WOVkupX+mONmO9tM="></latexit>

UF ! N1a!
c , A F ! N2a! +1

c

A rough estimate: 
<latexit sha1_base64="5miauhLP3uOOtG4eqH/4a8Yc5wU="></latexit>

lim
! !"

v! ! NF (! ) a# d! / 2e# a"
$

!

<latexit sha1_base64="G+NVDA+3an4TjRjQ3zcClBMDbLU="></latexit>

v! = v0(zc)z!
cRecalling 

<latexit sha1_base64="G24vrr8L+NteOIaUnmvpBquN7Gk="></latexit>

! c ! ah/ 2
c

!

Related to curvature scale in the dual background



Emerging geometry - AdS 

Consider a CFT:
<latexit sha1_base64="Z+ejwD0JHLCdHvjHFAvY6J6VQc4="></latexit>

! F (k1, k2) ! ! d(k1 + k2)
I!

r =1

" !

0
dar UF (a)" d/ 2e" A F ( a )

U F ( a ) k 2
1

<latexit sha1_base64="TEoc5m5FHjxlEfPJFPRvT35LkaU="></latexit>

kµ ! kµ ! , xµ ! xµ / !
<latexit sha1_base64="KhC5c9JOXK5HFW6nK3bN4Jblfx8="></latexit>

ar ! ar ! 2

Scale symmetry:

Dual geometry:

Requires full quantum scale invariance, counterterms would violate 

Recall
<latexit sha1_base64="ojHszSeC8LVT7nlhjAZVvH2Icew="></latexit>

ar ! e2A (R )
<latexit sha1_base64="Pd4NhDf3LR1ktG/xZEp3mh9wWhc="></latexit>

A(R) ! " log(R/ ! AdS )

<latexit sha1_base64="Qka+qW/975bjb/oD4iVzPWGEoKo="></latexit>

ds2 = e2A (R ) !
dR2 + ! µ ! dxµ dx! "



Emerging geometry - AdS 
<latexit sha1_base64="TEoc5m5FHjxlEfPJFPRvT35LkaU="></latexit>

kµ ! kµ ! , xµ ! xµ / !
<latexit sha1_base64="KhC5c9JOXK5HFW6nK3bN4Jblfx8="></latexit>

ar ! ar ! 2

Relation between 

Recall in ordinary AdS/CFT from IIB this comes from D3 brane form factor: 

<latexit sha1_base64="G24vrr8L+NteOIaUnmvpBquN7Gk="></latexit>

! c ! ah/ 2
c and curvature radius: 

<latexit sha1_base64="RIulbXvxs9Hi5BykWK9PmPTm9YU="> wMk5Md/0RKeuOVYFnd0W6Swun57BDfiq6s5IM4Q0oxPxKRE7UDXHJ/6p2A16IyVsRN4SKPQ6r8Hu3r41tI6sZ89GyBo6TxzbcWAxGj05OjpG9tBSz75RPq/dvX+xn3hFRGPmhSTPz20rZRecZCzwQgoCFTlNibcmS3oOy5hENL/g6l0qUBcsPlokGXxihpS1GcFJlOfX0RyQcszyD33SeJPvvGCLpxc8iNOC0djThRZFiKC/8sWM/CCjHguvYUG8LACuyFsREIfB67sDImx3ij6+OHOG9tHQ/nO0/+KnUo628Z3xvWEatnFsvDB+MV4bU8NrtVvD1nHraftB+4f2j+3nGnr3ThnzrbHztF/9DwvY5No=</latexit>
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Worldline formalism of QFT
R. Gopakumar `03

Worldline formalism of QFT:
<latexit sha1_base64="OM1QVMhTnjz3T9eFRPaNdEbeOj8="></latexit>

! ! (x1)! (x2)" = i
!

d4k
eik (x 1 ! x 2 )

k2 + m2 # i "

=
! "

0
d#!x1|e! i ! ( " 2 + m 2 ) |x2" J. Schwinger `51

More generally: 
<latexit sha1_base64="TOTSzH1n0Qk2nY1TxxhtZkUHn0k="></latexit>

! ! (x1) á á á! (xn )" =
! !

0

d"
"

n"

i =1

d"i !eik 1 áöX ( ! 1 ) . . . eik n áöX ( ! n ) "q.m.

!Integral over moduli



Marginal case
Φh  interaction non-renormalizable for 

<latexit sha1_base64="9o8JsULvHsBIgXr6qEYf7sbDvI4=">AAAB83icdVDLSsNAFJ3UV62vqks3g0WoC2MS0tRupOjGZQX7gDaUyWTaDp1MwsxEKKG/4caFIm79GXf+jdOHoKIHLhzOuZd77wkSRqWyrA8jt7K6tr6R3yxsbe/s7hX3D1oyTgUmTRyzWHQCJAmjnDQVVYx0EkFQFDDSDsbXM799T4SkMb9Tk4T4ERpyOqAYKS31RvASOuF5OTxzTvvFkmVanlWrudAynYpjO44mrlvxvCq0TWuOElii0S++98IYpxHhCjMkZde2EuVnSCiKGZkWeqkkCcJjNCRdTTmKiPSz+c1TeKKVEA5ioYsrOFe/T2QoknISBbozQmokf3sz8S+vm6rBhZ9RnqSKcLxYNEgZVDGcBQBDKghWbKIJwoLqWyEeIYGw0jEVdAhfn8L/Scsxbc+0b91S/WoZRx4cgWNQBjaogjq4AQ3QBBgk4AE8gWcjNR6NF+N10ZozljOH4AeMt09tHJAB</latexit>

h > 2d/ (d ! 2)
<latexit sha1_base64="2JPtf9r+mnAQqVVAi1X5YDZX0Z8="></latexit>
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✓
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2
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2
� 1 ⟹ M = Δ(d-Δ) arbitrarily -ve for  

<latexit sha1_base64="czJPoWx0dVxzySToPYZuZwITDQQ=">AAAB83icdVDLSsNAFJ3UV62vqks3g0WoC2MS0tSCi6IblxXsA9pQJpNpO3QyCTMToYT+hhsXirj1Z9z5N04fgooeuHA4517uvSdIGJXKsj6M3Mrq2vpGfrOwtb2zu1fcP2jJOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxhfz/z2PRGSxvxOTRLiR2jI6YBipLTUG8FL6ITn5fDMOe0XS5ZpeVat5kLLdCqO7TiauG7F86rQNq05SmCJRr/43gtjnEaEK8yQlF3bSpSfIaEoZmRa6KWSJAiP0ZB0NeUoItLP5jdP4YlWQjiIhS6u4Fz9PpGhSMpJFOjOCKmR/O3NxL+8bqoGF35GeZIqwvFi0SBlUMVwFgAMqSBYsYkmCAuqb4V4hATCSsdU0CF8fQr/Jy3HtD3TvnVL9atlHHlwBI5BGdigCurgBjRAE2CQgAfwBJ6N1Hg0XozXRWvOWM4cgh8w3j4BagKP/w==</latexit>

h < 2d/ (d ! 2)

A simple class: marginal theories
<latexit sha1_base64="F0Ds1S13tgTc8Xkxg/Zh1wRW/nE=">AAAB83icdVDLSsNAFJ3UV62vqks3g0WoC2MS0tQuhKIblxXsA9pQJpNpO3QyCTMToYT+hhsXirj1Z9z5N04fgooeuHA4517uvSdIGJXKsj6M3Mrq2vpGfrOwtb2zu1fcP2jJOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxhfz/z2PRGSxvxOTRLiR2jI6YBipLTUG8FL6ITn5fDMOe0XS5ZpeVat5kLLdCqO7TiauG7F86rQNq05SmCJRr/43gtjnEaEK8yQlF3bSpSfIaEoZmRa6KWSJAiP0ZB0NeUoItLP5jdP4YlWQjiIhS6u4Fz9PpGhSMpJFOjOCKmR/O3NxL+8bqoGF35GeZIqwvFi0SBlUMVwFgAMqSBYsYkmCAuqb4V4hATCSsdU0CF8fQr/Jy3HtD3TvnVL9atlHHlwBI5BGdigCurgBjRAE2CQgAfwBJ6N1Hg0XozXRWvOWM4cgh8w3j4Ba4+QAA==</latexit>

h = 2d/ (d ! 2)⟹
(d,h) = (2,∞), (3,6), (4,4), (6,3), (∞,2) 

<latexit sha1_base64="LOzKeTmHy5N736sAaVcp+2qT5rM="></latexit>
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Composite operators

<latexit sha1_base64="9QXxaJaxt6/GhEsoiSSWABYfSWA="></latexit>
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CJ

|x # y|
4J

h ! 2

Immediate to generalize to composite operators tr ΦJ

<latexit sha1_base64="4TKaE306lIhxfhkmlabenL/7qEc="></latexit>
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<latexit sha1_base64="VEtWj9oFdD5i4yKen9AnvSdGJk4="></latexit>
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In the marginal case:



Three point function
<latexit sha1_base64="bxV4JWMiYTpwVuIEzrvF8j+jlfg="></latexit>

! ! (k1)! (k2)! (k3)"Much more involved to generalize to 

Consider the massless theory m = 0
<latexit sha1_base64="Sq5bI1CE9y+KPz7p/1YIfyUbJds="></latexit>
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“Open string” cuts 
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“Closed string” cuts 
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