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Worldline formalism of QFT
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Worldline formalism of QFT
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Worldline formalism for interacting QFT
Weinzerl `22Itzykson, Zuber `80,

Symanzik polynomialsConnected graph l-loops, I-lines 

k k

α1

α2

α3

αI

<latexit sha1_base64="7rPZiARrfLhVW7tiPyGiXvmLveM="></latexit>

U =
X

T1

lY

r=1

↵r

“trees”

<latexit sha1_base64="fJTN76RlAEL+8johBtHrHz9XxM0="></latexit>

A =
X

T2

`+1Y

r=1

↵r

“2-trees”

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]



Worldline formalism for interacting QFT
Weinzerl `22Itzykson, Zuber `80,

Symanzik polynomialsConnected graph l-loops, I-lines 

k k

<latexit sha1_base64="7rPZiARrfLhVW7tiPyGiXvmLveM="></latexit>

U =
X

T1

lY

r=1

↵r

“trees”

<latexit sha1_base64="fJTN76RlAEL+8johBtHrHz9XxM0="></latexit>

A =
X

T2

`+1Y

r=1

↵r

“2-trees”

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]



Worldline formalism for interacting QFT
Weinzerl `22Itzykson, Zuber `80,

Symanzik polynomialsConnected graph l-loops, I-lines 

k k

<latexit sha1_base64="7rPZiARrfLhVW7tiPyGiXvmLveM="></latexit>

U =
X

T1

lY

r=1

↵r

“trees”

<latexit sha1_base64="fJTN76RlAEL+8johBtHrHz9XxM0="></latexit>

A =
X

T2

`+1Y

r=1

↵r

“2-trees”

“Open string” cuts 

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]



Worldline formalism for interacting QFT
Weinzerl `22Itzykson, Zuber `80,

Symanzik polynomialsConnected graph l-loops, I-lines 

k k

<latexit sha1_base64="7rPZiARrfLhVW7tiPyGiXvmLveM="></latexit>

U =
X

T1

lY

r=1

↵r

“trees”

<latexit sha1_base64="fJTN76RlAEL+8johBtHrHz9XxM0="></latexit>

A =
X

T2

`+1Y

r=1

↵r

“2-trees”

“Open string” cuts 

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]



Worldline formalism for interacting QFT
Weinzerl `22Itzykson, Zuber `80,

Symanzik polynomialsConnected graph l-loops, I-lines 

k k

<latexit sha1_base64="7rPZiARrfLhVW7tiPyGiXvmLveM="></latexit>

U =
X

T1

lY

r=1

↵r

“trees”

<latexit sha1_base64="fJTN76RlAEL+8johBtHrHz9XxM0="></latexit>

A =
X

T2

`+1Y

r=1

↵r

“2-trees”

“Open string” cuts 

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]

<latexit sha1_base64="AqZfW8DWb200FnyUeBJFJzOKtCQ="></latexit>

�(k) =

Z 1

0

IY

r=1

d↵r U�d/2(↵r) exp[�U(↵r)
�1A(↵r)k

2 �m2
X

r

↵r]



Worldline formalism for interacting QFT
Weinzerl `22Itzykson, Zuber `80,

UG, Gallegos, Zinnato `22
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Part I: Target space



Two-point function
Define “scale dimension of graph”:
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Part II: Worldsheet



Mapping QFT to string amplitudes
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Mapping QFT to string amplitudes
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Mapping QFT to string amplitudes
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Mapping QFT to string amplitudes
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Mapping QFT to string amplitudes

<latexit sha1_base64="KBVlyU5JpoNzG1X7EyV7lz/IjP8="></latexit>

�string
S2

(k,�i) ⇠
Z

D⌧(�)
⇣
det e2A(⌧)r2

⌘� d
2

S2

ek
2G(�1,�2)

⇥ e
� 1

2

P
i=1,2

⇣
G(�i,�i)+↵0

2 log d2(�i,�i)
⌘

Continuum limit  
<latexit sha1_base64="BLPReywk9PSPEQsb6tMsBVUEgV0=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5C0scZd0Y3LCtYWmlAm00k7dDIJMxMhhn6JGxeKuPVT3Pk3Th+Cih64cDjnXu69J0wZlcq2P4zSyura+kZ5s7K1vbNbNff2b2WSCUw6OGGJ6IVIEkY56SiqGOmlgqA4ZKQbTi5nfveOCEkTfqPylAQxGnEaUYyUlgZm1SeMQV8l0Kc8UvnArNmWfep6Xh3alus0vPOGJg3Pc9wmdCx7jhpYoj0w3/1hgrOYcIUZkrLv2KkKCiQUxYxMK34mSYrwBI1IX1OOYiKDYn74FB5rZQijROjiCs7V7xMFiqXM41B3xkiN5W9vJv7l9TMVeUFBeZopwvFiUZQxqP+cpQCHVBCsWK4JwoLqWyEeI4Gw0llVdAhfn8L/yW3dcpqWc+3WWhfLOMrgEByBE+CAM9ACV6ANOgCDDDyAJ/Bs3BuPxovxumgtGcuZA/ADxtsn0+GTOg==</latexit>

` ! 1
<latexit sha1_base64="SVtq/3E1g1AwG6A5taJAQsmsOjM="></latexit>

↵̄m $ e2A(⌧(�))

<latexit sha1_base64="2C96cqgv3JGioxP2QFH3ER7LYf8="></latexit>

↵̄m�1

<latexit sha1_base64="Lbc/oNAZ2pGhVv8rZexF63UBdHo="></latexit>

↵̄m+1

<latexit sha1_base64="1+lGQ16qdX7QrRwThpMqZEyzpdQ="></latexit>

↵̄m
<latexit sha1_base64="6DCDk1ta3wY3K5Iew5YGfIT80Qg="></latexit>

�QFT
F (k) /

IY

r=1

Z 1

0
d↵r detM(↵)�d/2ek

2G(1,2)

⇥ e�
1
2

P
i=1,2(G(i,i)+�(i,i))



Mapping QFT to string amplitudes

Holographic coordinate emerges as continuum limit of Schwinger 
parameters generalizing `t Hooft `74Gallegos, Zinnato, UG `22

<latexit sha1_base64="KBVlyU5JpoNzG1X7EyV7lz/IjP8="></latexit>

�string
S2

(k,�i) ⇠
Z

D⌧(�)
⇣
det e2A(⌧)r2

⌘� d
2

S2

ek
2G(�1,�2)

⇥ e
� 1

2

P
i=1,2

⇣
G(�i,�i)+↵0

2 log d2(�i,�i)
⌘

Continuum limit  
<latexit sha1_base64="BLPReywk9PSPEQsb6tMsBVUEgV0=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5C0scZd0Y3LCtYWmlAm00k7dDIJMxMhhn6JGxeKuPVT3Pk3Th+Cih64cDjnXu69J0wZlcq2P4zSyura+kZ5s7K1vbNbNff2b2WSCUw6OGGJ6IVIEkY56SiqGOmlgqA4ZKQbTi5nfveOCEkTfqPylAQxGnEaUYyUlgZm1SeMQV8l0Kc8UvnArNmWfep6Xh3alus0vPOGJg3Pc9wmdCx7jhpYoj0w3/1hgrOYcIUZkrLv2KkKCiQUxYxMK34mSYrwBI1IX1OOYiKDYn74FB5rZQijROjiCs7V7xMFiqXM41B3xkiN5W9vJv7l9TMVeUFBeZopwvFiUZQxqP+cpQCHVBCsWK4JwoLqWyEeI4Gw0llVdAhfn8L/yW3dcpqWc+3WWhfLOMrgEByBE+CAM9ACV6ANOgCDDDyAJ/Bs3BuPxovxumgtGcuZA/ADxtsn0+GTOg==</latexit>

` ! 1
<latexit sha1_base64="SVtq/3E1g1AwG6A5taJAQsmsOjM="></latexit>

↵̄m $ e2A(⌧(�))

<latexit sha1_base64="2C96cqgv3JGioxP2QFH3ER7LYf8="></latexit>

↵̄m�1

<latexit sha1_base64="Lbc/oNAZ2pGhVv8rZexF63UBdHo="></latexit>

↵̄m+1

<latexit sha1_base64="1+lGQ16qdX7QrRwThpMqZEyzpdQ="></latexit>

↵̄m
<latexit sha1_base64="6DCDk1ta3wY3K5Iew5YGfIT80Qg="></latexit>

�QFT
F (k) /

IY

r=1

Z 1

0
d↵r detM(↵)�d/2ek

2G(1,2)

⇥ e�
1
2

P
i=1,2(G(i,i)+�(i,i))



Part III: A primitive form of open-closed duality



Symanzik polynomials as “stringy cuts”
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A primitive form of open-closed duality

Compute ΓF(x,y) in two equivalent ways:  

I. Compute Gaussian k integral, rescale αr →(x-y)2 αr 

<latexit sha1_base64="VfKL02ybPmLky/oBVh48fSf9Leg="></latexit>

�F (x, y) =

Z
ddk e�ik·(x�y)

Z Y

r

d↵r U�d/2
F e�

AF
UF

k2

<latexit sha1_base64="0EEuOsX/P/vVk9UDMQ8h0QrB65M="></latexit>

�F (x, y) / |x� y|�2(�+2)

Z Y

r

d↵r A�d/2
F e�

UF
4AF

II. Rescale αr → αr/k2 , carry out k-integral:  
<latexit sha1_base64="u6bkL60l5DeCkx9PezJp79H8Fs0="></latexit>

�F (x, y) / |x� y|�2(�+2)

Z Y

r

d↵r U�d/2
F e�

AF
UF

We find a duality 
<latexit sha1_base64="4Yh9TD9r9L15ICFCbneZ9xxkGUs="></latexit>

AF $ UF



Microscopic origin of holographic duality?  

A primitive form of open-closed duality

“Open string” cuts “Closed string” cuts 
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Microscopic origin of holographic duality?  

Requires existence of continuum limit of Feynman diagrams

A primitive form of open-closed duality

“Open string” cuts “Closed string” cuts 
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Further results

• Value of λc determined by saddle point of Schwinger integrals 

• Check 1: quantum CFTd ⟹ AdSd+1

• Continuum limit necessitates critical `t Hooft coupling λc 

• Check 2: AdS5 radius determined as
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Summary

• Holographic coordinate from continuum limit of Schwinger parameters

• Primitive open-closed duality based on symmetry of interacting worldlines

• Witten diagrams from Feynman graphs



Summary

• Holographic coordinate from continuum limit of Schwinger parameters

• Primitive open-closed duality based on symmetry of interacting worldlines

• Witten diagrams from Feynman graphs

Outlook

• A better controlled version of bottom-up holography? QCD? 

• Worldline formalism works well for small N: non-perturbative string theory?

• Derive target space geometry from the saddle of Schwinger integrals? 





A primitive version of open-closed duality
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Emerging from a duality of Feynman diagrams

in the worldline formalism

Based on: arXiv 2211.16514 w/ D. Gallegos and N. Zinnato



Regularization

UV divergences that arise from subgraphs σ regularized as:  

Regularization and renormalization in the worldline formalism
Bogoulibov, Zimmerman, Epstein, Glaser, Hepp, Itzykson, Zuber, … `60s, `70s
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⟹ Earlier expressions hold with the replacement 
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Continuum limit
Claim: - Continuum limit exists at and only at a critical coupling  λh = λc


- Value of λc is determined by extremizing over Schwinger parameters 

Reconsider the two-point function: 
<latexit sha1_base64="Zl+TAetjIcoAZ20JHWI6fATHFyY="></latexit>
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Inverse unilateral z-transform: 
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In the marginal case:
<latexit sha1_base64="G+NVDA+3an4TjRjQ3zcClBMDbLU="></latexit>
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Continuum limit
Claim: Continuum limit exists at and only at a critical coupling  λh = λc

<latexit sha1_base64="wpdFgbIJRImgVnb4IfGvZ2xtxWc="></latexit>
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⌦geo
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`cut ! 1As finite only at criticality 
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In the continuum limit while full   
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Full marginal 2pf: always a single pole
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Continuum limit

Dominate the continuum limit

Uniform: O(I) particle reducible Non-uniform: n≪I particle reducible 

Sum over ⟹ emergent S(I) permutation symmetry of {am} 
<latexit sha1_base64="Yc2haXJDH4KYfuoi/OaTew97gz4=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQhLS1O6KgrisYB/QhDCZTtqhkwczk0IJ/RM3LhRx65+482+ctBVU9MDA4Zx7uWdOmDEqpGl+aGvrG5tb25Wd6u7e/sGhfnTcFWnOMenglKW8HyJBGE1IR1LJSD/jBMUhI71wcl36vSnhgqbJvZxlxI/RKKERxUgqKdB1L0ZyjBErbuaBRxgL9JppmK7ZbDrQNOy6bdm2Io5Td90GtAxzgRpYoR3o794wxXlMEokZEmJgmZn0C8QlxYzMq14uSIbwBI3IQNEExUT4xSL5HJ4rZQijlKuXSLhQv28UKBZiFodqsswpfnul+Jc3yGV06Rc0yXJJErw8FOUMyhSWNcAh5QRLNlMEYU5VVojHiCMsVVlVVcLXT+H/pGsblmtYd06tdbWqowJOwRm4ABZogBa4BW3QARhMwQN4As9aoT1qL9rrcnRNW+2cgB/Q3j4BK7CUBw==</latexit>F`

⟹ Dominant saddle of {am} integrals  ⟹  am = ac , ∀ m 

⟹ emergent worldsheet diffeomorhphism in the    limit
<latexit sha1_base64="FgwYO8sYdQMK8UrZVJ9Cw+GJ2Hs="></latexit>

` ! 1



Continuum limit
Claim: Value of  λc is determined by extremizing over Schwinger parameters 

<latexit sha1_base64="J0T/A4DnyzJghY8qgZWdD/692r8="></latexit>
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For ar = ac  
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A rough estimate: 
<latexit sha1_base64="5miauhLP3uOOtG4eqH/4a8Yc5wU="></latexit>
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Related to curvature scale in the dual background



Emerging geometry - AdS 

Consider a CFT:
<latexit sha1_base64="Z+ejwD0JHLCdHvjHFAvY6J6VQc4="></latexit>
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kµ ! kµ⇤ , xµ ! xµ/⇤
<latexit sha1_base64="KhC5c9JOXK5HFW6nK3bN4Jblfx8="></latexit>

ar ! ar⇤
2

Scale symmetry:

Dual geometry:

Requires full quantum scale invariance, counterterms would violate 

Recall
<latexit sha1_base64="ojHszSeC8LVT7nlhjAZVvH2Icew="></latexit>

ar $ e2A(R)
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A(R) ⇠ � log(R/`AdS)
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Emerging geometry - AdS 
<latexit sha1_base64="TEoc5m5FHjxlEfPJFPRvT35LkaU="></latexit>
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Relation between 

Recall in ordinary AdS/CFT from IIB this comes from D3 brane form factor: 

<latexit sha1_base64="G24vrr8L+NteOIaUnmvpBquN7Gk="> fu1TlfOTeu/tf/AbbVeSU=</latexit>

�c ⇠ ah/2c and curvature radius: 
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Worldline formalism of QFT
R. Gopakumar `03

Worldline formalism of QFT:
<latexit sha1_base64="OM1QVMhTnjz3T9eFRPaNdEbeOj8="></latexit>
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More generally: 
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︸Integral over moduli



Marginal case
Φh  interaction non-renormalizable for 
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A simple class: marginal theories
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Composite operators

<latexit sha1_base64="9QXxaJaxt6/GhEsoiSSWABYfSWA="></latexit>
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Immediate to generalize to composite operators tr ΦJ

<latexit sha1_base64="4TKaE306lIhxfhkmlabenL/7qEc="></latexit>

�J =

✓
d

2
� h

h� 2

◆
`+

2J � h

h� 2
+

d

2
� 2 .

<latexit sha1_base64="VEtWj9oFdD5i4yKen9AnvSdGJk4="></latexit>

CJ = 4J⇡d/2�(J)
X

g

N2�2g
1X

`=1

�
2(`+1�J)

h�2 `
X

F2F`,g

VF (�)

�F

In the marginal case:



Three point function
<latexit sha1_base64="bxV4JWMiYTpwVuIEzrvF8j+jlfg="></latexit>

h�(k1)�(k2)�(k3)iMuch more involved to generalize to 

Consider the massless theory m = 0
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“Open string” cuts 
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