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Figure 1: The geometry of the boundary defect (left) and plane defect (right) for the 3d O(N) model.

1 Introduction

Recent interest in the physics of boundaries and defects has been driven in part by the field of topo-
logical phases, in which such defects often expose protected modes. While the implications of bulk
topological physics for defect modes are well-understood for a gapped bulk, less is known about be-
havior of defects and boundaries in the presence of a critical bulk. Even in the classical 3d O(N)
model, the phase diagram in the presence of a boundary or defect is not fully settled.[1]

Let us briefly review recent developments in the boundary physics of the 3d O(N) model. Consider
a system of classical N -component spins ~Si of length one on sites of a semi-infinite 3d cubic lattice
coupled via the nearest neighbour interaction

�H = �
X

hiji

Kij
~Si · ~Sj . (1.1)

If both sites i and j belong to the surface layer, we set Kij = K1, otherwise, Kij = K (see Fig. 1,
left). For N = 1, 2 the boundary phase diagram has the schematic shape shown in Fig. 2, left. When
the system is tuned to the bulk critical point K = Kc it admits three boundary universality classes:

• the “ordinary” universality class, where the bulk and boundary order at the same bulk coupling,

• the “extraordinary” universality class, where the onset of bulk order occurs in the presence of
(quasi) long-range boundary order,

• the “special” universality class, the multicritical point in Fig. 2, left.

The presence of a (quasi)long-range ordered boundary phase for K < Kc and large K1/K mandates
the existence of these three classes.

For N > 2, the boundary has a finite correlation length for K < Kc. Thus, the existence of
a separate extraordinary boundary universality class is not required. Nevertheless, per Ref. [1], the
extraordinary boundary universality class actually survives in the range 2 < N < Nc, where the
phase diagram has the shape in Fig. 2, right. Here, Nc > 2 is an a priori unknown critical value of
N . Furthermore, in the range 2  N < Nc the extraordinary universality class has a boundary spin
correlation function that falls o↵ as

h~Sx · ~Syi ⇠ 1

(log |x � y|)q
, (1.2)

with q(N) a universal power. Thus, in this range of N the extraordinary boundary universality
class is labeled as “extraordinary-log”. The universal properties of this class, including the power q
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Four directions

Currently four major directions in the study of defects

• Topological defects and generalised symmetries: defects as symmetry generators
[Gaiotto, Kapustin, Seiberg, Willett; Chang, Lin, Shao, Wang, Yin; …]

E.g. 4d Maxwell
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Physical setup

Symmetries and RG

• Defect line preserves 

may be broken by physics on the line

• Fixed points preserve maximal symmetry (also for higher d)
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Two viewpoints

• Impurity or heavy probe: changes Hilbert space

Applications: order parameter for confinement; 
physical boundaries (SP criticality, …);
impurities, dislocations, …
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Two viewpoints
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• On time slice: operator acting on Hilbert space

Applications: area vs perimeter law of WLs; 
charges of generalised symmetries
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Methods

• Perturbation theory: defect can be (strongly) interacting even when bulk is free
[Allais, Sachdev; Cuomo, Komargodski, Mezei; Cuomo, Komargodski, Mezei, Raviv-Moshe; …]

• Large N: vector, melonic, matrix
[Metlitski; Cuomo, Komargodski, Mezei; Popov, Wang; Krishnan, Metlitski; Drukker, Gross; …]

• Semiclassics at large charge
[Cuomo, Komargodski, Mezei, Raviv-Moshe; Rodriguez-Gomez; Rodriguez-Gomez, Russo; …]

• Bootstrap
[Gliozzi, Liendo, Meineri, Rago; Billo, Goncalves, Lauria, Meineri; Lauria, Liendo, van Rees, Zhao; Behan, Di Pietro, 
Lauria, van Rees; Collier, Mazanc, Wang; Padayasi, Krishnan, Metlitski, Gruzberg, Meineri; Herzog, Shrestha; …]

• Integrability and localization
[Pestun; Giombi, Komatsu; Liendo, Meneghelli; Grabner, Gromov, Julius; Komatsu, Wang; …]

• RG monotonicity
Ø Dilaton effective action

[Jensen, O’Bannon; Cuomo, Komargodski, Raviv-Moshe; Wang]
Ø Entanglement entropy inequalities

[Casini, Testé, Torroba; Casini, Landea, Torroba]
• (Quantum) Monte Carlo and quantum simulation

[Assaad, Herbut; Allais; Toldin, Assaad, Wessel; Ebadi et al.]
• Combinations of the above
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In odd dimensions RG monotonicity expected from universal piece in partition function 
[Jafferis; Jafferis, Klebanov, Pufu, Safdi]

• Line defect insertion
[Cuomo, Komargodski, Raviv-Moshe; Affleck, Ludwig; Friedan, Konechny]

RG monotonicity
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In odd dimensions RG monotonicity expected from universal piece in partition function 
[Jafferis; Jafferis, Klebanov, Pufu, Safdi]

• Line defect insertion
[Cuomo, Komargodski, Raviv-Moshe; Affleck, Ludwig; Friedan, Konechny]

• Key step         spurion

RG monotonicity
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In even dimensions trace anomaly coefficient is RG monotone
[Zamolodchikov; Cardy; Komargodski, Schwimmer; Jensen, O’Bannon; Wang]

• Defect contribution to trace anomaly

RG monotonicity
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In even dimensions trace anomaly coefficient is RG monotone
[Zamolodchikov; Cardy; Komargodski, Schwimmer; Jensen, O’Bannon; Wang]

• Defect contribution to trace anomaly

• Dilaton effective action

• Differences from bulk case

Ø No conserved defect stress tensor (vanishes for 1d DCFT)

Ø Extrinsic anomaly terms (not yet classified in 4d)

RG monotonicity
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In even dimensions trace anomaly coefficient is RG monotone
[Zamolodchikov; Cardy; Komargodski, Schwimmer; Jensen, O’Bannon; Wang]

• Defect contribution to trace anomaly

• Dilaton effective action

• Differences from bulk case

Ø No conserved defect stress tensor (vanishes for 1d DCFT)

Ø Extrinsic anomaly terms (not yet classified in 4d)

Spherical 2d defects provide another avenue to monotonicity [Sinha’s talk]

RG monotonicity
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Entanglement entropy also provides a count of dofs

• Equivalent to sphere partition function
[Casini, Huerta, Myers]

• Inequalities indicate proof method: SSA, QNEC
[Lieb, Ruskai; Bousso et al.; Balakrishnan et al.; Casini, Huerta; Casini, Testé, Torroba]

RG monotonicity from entanglement entropy
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Entanglement entropy also provides a count of dofs

• Equivalent to sphere partition function
[Casini, Huerta, Myers]

• Inequalities indicate proof method: SSA, QNEC
[Lieb, Ruskai; Bousso et al.; Balakrishnan et al.; Casini, Huerta; Casini, Testé, Torroba]

• Incorporating a line defect
[Affleck, Ludwig; Lewkowycz, Maldacena]

• Improved construction
[Casini, Landea, Torroba]

Relative entropy to be evaluated on the light cone, where CFT 
vacuum has Markov property

RG monotonicity from entanglement entropy
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• Construction eliminates term

RG monotonicity from entanglement entropy
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• Construction eliminates term

• Positivity of relative entropy gives 

RG monotonicity follows from monotonicity of 

RG monotonicity from entanglement entropy
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<latexit sha1_base64="W27GOKVNjgrxgneWIFxV4bPwq/4=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsJuEPUY0IPHCOYByRJmJ73JkNmHM7NCXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dfiK40o7zbRXW1jc2t4rbpZ3dvf2yfXDYUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3x9cxvP6JUPI7u9SRBL6TDiAecUW2kvl3u3aDQlPikN8QH4vTtilN15iCrxM1JBXI0+vZXbxCzNMRIM0GV6rpOor2MSs2ZwGmplypMKBvTIXYNjWiIysvmh0/JqVEGJIilqUiTufp7IqOhUpPQN50h1SO17M3E/7xuqoMrL+NRkmqM2GJRkAqiYzJLgQy4RKbFxBDKJDe3EjaikjJtsiqZENzll1dJq1Z1L6ru3XmlXsvjKMIxnMAZuHAJdbiFBjSBQQrP8Apv1pP1Yr1bH4vWgpXPHMEfWJ8/G5KSCA==</latexit>

�b � 0

<latexit sha1_base64="HaSLjBQfykWL39X3CBRjRI2RSfs=">AAACFnicbVDLSgMxFM3Ud31VXboJFkEXlpki6lJw47I+2gqdMmTSOzOhmQfJHbEM/Qo3/oobF4q4FXf+jelj4etA4OSce0ju8TMpNNr2p1WamZ2bX1hcKi+vrK6tVzY2WzrNFYcmT2WqbnymQYoEmihQwk2mgMW+hLbfPxv57VtQWqTJNQ4y6MYsTEQgOEMjeZWDK89FuMNCgRy6EgLcc1WUepeuSSF1tQhjZm5KhBHue5WqXbPHoH+JMyVVMkXDq3y4vZTnMSTIJdO649gZdgumUHAJw7Kba8gY77MQOoYmLAbdLcZrDemuUXo0SJU5CdKx+j1RsFjrQeybyZhhpH97I/E/r5NjcNItRJLlCAmfPBTkkmJKRx3RnlDAUQ4MYVwJ81fKI6YYR9Nk2ZTg/F75L2nVa85Rzbk4rJ7Wp3Uskm2yQ/aIQ47JKTknDdIknNyTR/JMXqwH68l6td4moyVrmtkiP2C9fwEzyp/0</latexit>

Srel (⇢R|�R)



• Construction eliminates term

• Positivity of relative entropy gives 

RG monotonicity follows from monotonicity of 

• For higher d, requires monotonicity + QNEC applied to boosted spheres

Key equation

RG monotonicity from entanglement entropy
<latexit sha1_base64="+1spfz26SjYypP/p2ogh7SWH7o4=">AAACDXicbVBNS8NAEJ34WetX1KOXxSp4KkkR9VjQg8cK/YImhM120y7dbMLuRiihf8CLf8WLB0W8evfmv3Hb5qCtDwYe780wMy9MOVPacb6tldW19Y3N0lZ5e2d3b98+OGyrJJOEtkjCE9kNsaKcCdrSTHPaTSXFcchpJxzdTP3OA5WKJaKpxyn1YzwQLGIEayMF9inymNDI41gMOEXNIPc0zqY1QZ6cicFtYFecqjMDWiZuQSpQoBHYX14/IVlMhSYcK9VznVT7OZaaEU4nZS9TNMVkhAe0Z6jAMVV+Pvtmgs6M0kdRIk2Z02bq74kcx0qN49B0xlgP1aI3Ff/zepmOrv2ciTTTVJD5oijjSCdoGg3qM0mJ5mNDMJHM3IrIEEtMtAmwbEJwF19eJu1a1b2suvcXlXqtiKMEx3AC5+DCFdThDhrQAgKP8Ayv8GY9WS/Wu/Uxb12xipkj+APr8wfq+5tu</latexit>Z
hT⌧⌧ iD

<latexit sha1_base64="4lXhj3TRZ4oHHyvJtbewKVBxdgw="></latexit>

Srel (⇢R|�R) =

(
0 + . . . R ⌧ 1/µ

bUV � bIR + . . . R � 1/µ

<latexit sha1_base64="W27GOKVNjgrxgneWIFxV4bPwq/4=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsJuEPUY0IPHCOYByRJmJ73JkNmHM7NCXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dfiK40o7zbRXW1jc2t4rbpZ3dvf2yfXDYUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3x9cxvP6JUPI7u9SRBL6TDiAecUW2kvl3u3aDQlPikN8QH4vTtilN15iCrxM1JBXI0+vZXbxCzNMRIM0GV6rpOor2MSs2ZwGmplypMKBvTIXYNjWiIysvmh0/JqVEGJIilqUiTufp7IqOhUpPQN50h1SO17M3E/7xuqoMrL+NRkmqM2GJRkAqiYzJLgQy4RKbFxBDKJDe3EjaikjJtsiqZENzll1dJq1Z1L6ru3XmlXsvjKMIxnMAZuHAJdbiFBjSBQQrP8Apv1pP1Yr1bH4vWgpXPHMEfWJ8/G5KSCA==</latexit>

�b � 0

<latexit sha1_base64="HaSLjBQfykWL39X3CBRjRI2RSfs=">AAACFnicbVDLSgMxFM3Ud31VXboJFkEXlpki6lJw47I+2gqdMmTSOzOhmQfJHbEM/Qo3/oobF4q4FXf+jelj4etA4OSce0ju8TMpNNr2p1WamZ2bX1hcKi+vrK6tVzY2WzrNFYcmT2WqbnymQYoEmihQwk2mgMW+hLbfPxv57VtQWqTJNQ4y6MYsTEQgOEMjeZWDK89FuMNCgRy6EgLcc1WUepeuSSF1tQhjZm5KhBHue5WqXbPHoH+JMyVVMkXDq3y4vZTnMSTIJdO649gZdgumUHAJw7Kba8gY77MQOoYmLAbdLcZrDemuUXo0SJU5CdKx+j1RsFjrQeybyZhhpH97I/E/r5NjcNItRJLlCAmfPBTkkmJKRx3RnlDAUQ4MYVwJ81fKI6YYR9Nk2ZTg/F75L2nVa85Rzbk4rJ7Wp3Uskm2yQ/aIQ47JKTknDdIknNyTR/JMXqwH68l6td4moyVrmtkiP2C9fwEzyp/0</latexit>

Srel (⇢R|�R)

<latexit sha1_base64="W27GOKVNjgrxgneWIFxV4bPwq/4=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsJuEPUY0IPHCOYByRJmJ73JkNmHM7NCXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dfiK40o7zbRXW1jc2t4rbpZ3dvf2yfXDYUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3x9cxvP6JUPI7u9SRBL6TDiAecUW2kvl3u3aDQlPikN8QH4vTtilN15iCrxM1JBXI0+vZXbxCzNMRIM0GV6rpOor2MSs2ZwGmplypMKBvTIXYNjWiIysvmh0/JqVEGJIilqUiTufp7IqOhUpPQN50h1SO17M3E/7xuqoMrL+NRkmqM2GJRkAqiYzJLgQy4RKbFxBDKJDe3EjaikjJtsiqZENzll1dJq1Z1L6ru3XmlXsvjKMIxnMAZuHAJdbiFBjSBQQrP8Apv1pP1Yr1bH4vWgpXPHMEfWJ8/G5KSCA==</latexit>

�b � 0

<latexit sha1_base64="xZ9cyE5EhNk967vYmerTXKsS60A=">AAACGnicbVDLSgNBEJz1bXytevQyGCQJaNhVUY+CF48xmgdkQ5iddOLg7MOZXjEs+Q4v/ooXD4p4Ey/+jZOYgyYWNBRV3XR3+bEUGh3ny5qanpmdm19YzCwtr6yu2esbVR0likOFRzJSdZ9pkCKECgqUUI8VsMCXUPNvzgZ+7Q6UFlF4hb0YmgHrhqIjOEMjtWy37O1e5nItD+EeUwWyny8X9vLtvYMCvRyTvS7cUqdlZ52iMwSdJO6IZMkIpZb94bUjngQQIpdM64brxNhMmULBJfQzXqIhZvyGdaFhaMgC0M10+Fqf7hilTTuRMhUiHaq/J1IWaN0LfNMZMLzW495A/M9rJNg5aaYijBOEkP8s6iSSYkQHOdG2UMBR9gxhXAlzK+XXTDGOJs2MCcEdf3mSVPeL7lHRvTjMnu6P4lggW2Sb5IlLjskpOSclUiGcPJAn8kJerUfr2Xqz3n9ap6zRzCb5A+vzG1Zlnoc=</latexit>

RS00
rel(R)� (d� 3)S0

rel(R) � 0



• Construction eliminates term

• Positivity of relative entropy gives 

RG monotonicity follows from monotonicity of 

• For higher d, requires monotonicity + QNEC applied to boosted spheres

Key equation

• For d=D this proves c-theorems for bulk RG flows

For d>4 would need more derivatives, but such
entropy inequalities are currently not known

RG monotonicity from entanglement entropy
<latexit sha1_base64="+1spfz26SjYypP/p2ogh7SWH7o4=">AAACDXicbVBNS8NAEJ34WetX1KOXxSp4KkkR9VjQg8cK/YImhM120y7dbMLuRiihf8CLf8WLB0W8evfmv3Hb5qCtDwYe780wMy9MOVPacb6tldW19Y3N0lZ5e2d3b98+OGyrJJOEtkjCE9kNsaKcCdrSTHPaTSXFcchpJxzdTP3OA5WKJaKpxyn1YzwQLGIEayMF9inymNDI41gMOEXNIPc0zqY1QZ6cicFtYFecqjMDWiZuQSpQoBHYX14/IVlMhSYcK9VznVT7OZaaEU4nZS9TNMVkhAe0Z6jAMVV+Pvtmgs6M0kdRIk2Z02bq74kcx0qN49B0xlgP1aI3Ff/zepmOrv2ciTTTVJD5oijjSCdoGg3qM0mJ5mNDMJHM3IrIEEtMtAmwbEJwF19eJu1a1b2suvcXlXqtiKMEx3AC5+DCFdThDhrQAgKP8Ayv8GY9WS/Wu/Uxb12xipkj+APr8wfq+5tu</latexit>Z
hT⌧⌧ iD

<latexit sha1_base64="4lXhj3TRZ4oHHyvJtbewKVBxdgw="></latexit>

Srel (⇢R|�R) =

(
0 + . . . R ⌧ 1/µ

bUV � bIR + . . . R � 1/µ

<latexit sha1_base64="W27GOKVNjgrxgneWIFxV4bPwq/4=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsJuEPUY0IPHCOYByRJmJ73JkNmHM7NCXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dfiK40o7zbRXW1jc2t4rbpZ3dvf2yfXDYUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3x9cxvP6JUPI7u9SRBL6TDiAecUW2kvl3u3aDQlPikN8QH4vTtilN15iCrxM1JBXI0+vZXbxCzNMRIM0GV6rpOor2MSs2ZwGmplypMKBvTIXYNjWiIysvmh0/JqVEGJIilqUiTufp7IqOhUpPQN50h1SO17M3E/7xuqoMrL+NRkmqM2GJRkAqiYzJLgQy4RKbFxBDKJDe3EjaikjJtsiqZENzll1dJq1Z1L6ru3XmlXsvjKMIxnMAZuHAJdbiFBjSBQQrP8Apv1pP1Yr1bH4vWgpXPHMEfWJ8/G5KSCA==</latexit>

�b � 0

<latexit sha1_base64="HaSLjBQfykWL39X3CBRjRI2RSfs=">AAACFnicbVDLSgMxFM3Ud31VXboJFkEXlpki6lJw47I+2gqdMmTSOzOhmQfJHbEM/Qo3/oobF4q4FXf+jelj4etA4OSce0ju8TMpNNr2p1WamZ2bX1hcKi+vrK6tVzY2WzrNFYcmT2WqbnymQYoEmihQwk2mgMW+hLbfPxv57VtQWqTJNQ4y6MYsTEQgOEMjeZWDK89FuMNCgRy6EgLcc1WUepeuSSF1tQhjZm5KhBHue5WqXbPHoH+JMyVVMkXDq3y4vZTnMSTIJdO649gZdgumUHAJw7Kba8gY77MQOoYmLAbdLcZrDemuUXo0SJU5CdKx+j1RsFjrQeybyZhhpH97I/E/r5NjcNItRJLlCAmfPBTkkmJKRx3RnlDAUQ4MYVwJ81fKI6YYR9Nk2ZTg/F75L2nVa85Rzbk4rJ7Wp3Uskm2yQ/aIQ47JKTknDdIknNyTR/JMXqwH68l6td4moyVrmtkiP2C9fwEzyp/0</latexit>

Srel (⇢R|�R)

<latexit sha1_base64="W27GOKVNjgrxgneWIFxV4bPwq/4=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsJuEPUY0IPHCOYByRJmJ73JkNmHM7NCXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dfiK40o7zbRXW1jc2t4rbpZ3dvf2yfXDYUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3x9cxvP6JUPI7u9SRBL6TDiAecUW2kvl3u3aDQlPikN8QH4vTtilN15iCrxM1JBXI0+vZXbxCzNMRIM0GV6rpOor2MSs2ZwGmplypMKBvTIXYNjWiIysvmh0/JqVEGJIilqUiTufp7IqOhUpPQN50h1SO17M3E/7xuqoMrL+NRkmqM2GJRkAqiYzJLgQy4RKbFxBDKJDe3EjaikjJtsiqZENzll1dJq1Z1L6ru3XmlXsvjKMIxnMAZuHAJdbiFBjSBQQrP8Apv1pP1Yr1bH4vWgpXPHMEfWJ8/G5KSCA==</latexit>

�b � 0

<latexit sha1_base64="xZ9cyE5EhNk967vYmerTXKsS60A=">AAACGnicbVDLSgNBEJz1bXytevQyGCQJaNhVUY+CF48xmgdkQ5iddOLg7MOZXjEs+Q4v/ooXD4p4Ey/+jZOYgyYWNBRV3XR3+bEUGh3ny5qanpmdm19YzCwtr6yu2esbVR0likOFRzJSdZ9pkCKECgqUUI8VsMCXUPNvzgZ+7Q6UFlF4hb0YmgHrhqIjOEMjtWy37O1e5nItD+EeUwWyny8X9vLtvYMCvRyTvS7cUqdlZ52iMwSdJO6IZMkIpZb94bUjngQQIpdM64brxNhMmULBJfQzXqIhZvyGdaFhaMgC0M10+Fqf7hilTTuRMhUiHaq/J1IWaN0LfNMZMLzW495A/M9rJNg5aaYijBOEkP8s6iSSYkQHOdG2UMBR9gxhXAlzK+XXTDGOJs2MCcEdf3mSVPeL7lHRvTjMnu6P4lggW2Sb5IlLjskpOSclUiGcPJAn8kJerUfr2Xqz3n9ap6zRzCb5A+vzG1Zlnoc=</latexit>

RS00
rel(R)� (d� 3)S0

rel(R) � 0



Outline

RG monotonicity

Examples

Conclusions and the future

Introduction



External field defect

• Integrate bulk operator on a line

If , relevant perturbation of trivial line

Applications

<latexit sha1_base64="+weSmODbmPU8IybfPCPBPewGBzY=">AAACEHicbVA9TxtBEN2DQIgJYEhJs4qFYgqsOwsFSiSadAEJf0g+y5pbz9krdvdOu3MI6+SfQMNfoaEIQrSU6fJvsjYuCORJIz29N6OZeUmupKMw/BMsLX9YWf249qmy/nljc6u6vdN2WWEFtkSmMttNwKGSBlskSWE3twg6UdhJLk9nfucKrZOZuaBJjn0NIyNTKYC8NKh+i/E6jxWmVD8Yx9LQIB6B1sDLWIDiP6exlaMx7Q+qtbARzsHfk2hBamyBs0H1dzzMRKHRkFDgXC8Kc+qXYEkKhdNKXDjMQVzCCHueGtDo+uX8oSnf88qQp5n1ZYjP1dcTJWjnJjrxnRpo7N56M/F/Xq+g9LhfSpMXhEa8LEoLxSnjs3T4UFoUpCaegLDS38rFGCwI8hlWfAjR25ffk3azEX1vROeHtZPmIo41tsu+sjqL2BE7YT/YGWsxwW7YHfvFHoLb4D54DJ5eWpeCxcwX9g+C579G6pyv</latexit>

exp

✓
�h

Z
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◆

<latexit sha1_base64="ziDY60a8/BVgd/I0GzK4IKmjpj4=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUUQ8eCnrwZgX7AU0Im+22XbrZhN2NUmJ/ihcPinj1l3jz37htc9DWBwOP92aYmRcmnCntON9WYWV1bX2juFna2t7Z3bPL+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Orqd9+oFKxWNzrcUL9CA8E6zOCtZECu+xdU65xkHkEc3Q7uXQDu+JUnRnQMnFzUoEcjcD+8noxSSMqNOFYqa7rJNrPsNSMcDopeamiCSYjPKBdQwWOqPKz2ekTdGyUHurH0pTQaKb+nshwpNQ4Ck1nhPVQLXpT8T+vm+r+hZ8xkaSaCjJf1E850jGa5oB6TFKi+dgQTCQztyIyxBITbdIqmRDcxZeXSatWdc+q7t1ppV7L4yjCIRzBCbhwDnW4gQY0gcAjPMMrvFlP1ov1bn3MWwtWPnMAf2B9/gBH6JNQ</latexit>

�O < 1



External field defect

• Integrate bulk operator on a line

If , relevant perturbation of trivial line

• RG monotonicity: can’t flow to trivial or topological line DCFT (or runaway)

Applications

<latexit sha1_base64="+weSmODbmPU8IybfPCPBPewGBzY=">AAACEHicbVA9TxtBEN2DQIgJYEhJs4qFYgqsOwsFSiSadAEJf0g+y5pbz9krdvdOu3MI6+SfQMNfoaEIQrSU6fJvsjYuCORJIz29N6OZeUmupKMw/BMsLX9YWf249qmy/nljc6u6vdN2WWEFtkSmMttNwKGSBlskSWE3twg6UdhJLk9nfucKrZOZuaBJjn0NIyNTKYC8NKh+i/E6jxWmVD8Yx9LQIB6B1sDLWIDiP6exlaMx7Q+qtbARzsHfk2hBamyBs0H1dzzMRKHRkFDgXC8Kc+qXYEkKhdNKXDjMQVzCCHueGtDo+uX8oSnf88qQp5n1ZYjP1dcTJWjnJjrxnRpo7N56M/F/Xq+g9LhfSpMXhEa8LEoLxSnjs3T4UFoUpCaegLDS38rFGCwI8hlWfAjR25ffk3azEX1vROeHtZPmIo41tsu+sjqL2BE7YT/YGWsxwW7YHfvFHoLb4D54DJ5eWpeCxcwX9g+C579G6pyv</latexit>

exp

✓
�h

Z

�
O

◆

<latexit sha1_base64="ziDY60a8/BVgd/I0GzK4IKmjpj4=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUUQ8eCnrwZgX7AU0Im+22XbrZhN2NUmJ/ihcPinj1l3jz37htc9DWBwOP92aYmRcmnCntON9WYWV1bX2juFna2t7Z3bPL+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Orqd9+oFKxWNzrcUL9CA8E6zOCtZECu+xdU65xkHkEc3Q7uXQDu+JUnRnQMnFzUoEcjcD+8noxSSMqNOFYqa7rJNrPsNSMcDopeamiCSYjPKBdQwWOqPKz2ekTdGyUHurH0pTQaKb+nshwpNQ4Ck1nhPVQLXpT8T+vm+r+hZ8xkaSaCjJf1E850jGa5oB6TFKi+dgQTCQztyIyxBITbdIqmRDcxZeXSatWdc+q7t1ppV7L4yjCIRzBCbhwDnW4gQY0gcAjPMMrvFlP1ov1bn3MWwtWPnMAf2B9/gBH6JNQ</latexit>

�O < 1



External field defect

• Integrate bulk operator on a line

If , relevant perturbation of trivial line

• RG monotonicity: can’t flow to trivial or topological line DCFT (or runaway)

• E.g:   in O(N) Wilson-Fischer CFT

DCFT saddle point at large N
[Cuomo, Komargodski, Mezei]

Applications

<latexit sha1_base64="+weSmODbmPU8IybfPCPBPewGBzY=">AAACEHicbVA9TxtBEN2DQIgJYEhJs4qFYgqsOwsFSiSadAEJf0g+y5pbz9krdvdOu3MI6+SfQMNfoaEIQrSU6fJvsjYuCORJIz29N6OZeUmupKMw/BMsLX9YWf249qmy/nljc6u6vdN2WWEFtkSmMttNwKGSBlskSWE3twg6UdhJLk9nfucKrZOZuaBJjn0NIyNTKYC8NKh+i/E6jxWmVD8Yx9LQIB6B1sDLWIDiP6exlaMx7Q+qtbARzsHfk2hBamyBs0H1dzzMRKHRkFDgXC8Kc+qXYEkKhdNKXDjMQVzCCHueGtDo+uX8oSnf88qQp5n1ZYjP1dcTJWjnJjrxnRpo7N56M/F/Xq+g9LhfSpMXhEa8LEoLxSnjs3T4UFoUpCaegLDS38rFGCwI8hlWfAjR25ffk3azEX1vROeHtZPmIo41tsu+sjqL2BE7YT/YGWsxwW7YHfvFHoLb4D54DJ5eWpeCxcwX9g+C579G6pyv</latexit>

exp

✓
�h

Z

�
O

◆

<latexit sha1_base64="ziDY60a8/BVgd/I0GzK4IKmjpj4=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUUQ8eCnrwZgX7AU0Im+22XbrZhN2NUmJ/ihcPinj1l3jz37htc9DWBwOP92aYmRcmnCntON9WYWV1bX2juFna2t7Z3bPL+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Orqd9+oFKxWNzrcUL9CA8E6zOCtZECu+xdU65xkHkEc3Q7uXQDu+JUnRnQMnFzUoEcjcD+8noxSSMqNOFYqa7rJNrPsNSMcDopeamiCSYjPKBdQwWOqPKz2ekTdGyUHurH0pTQaKb+nshwpNQ4Ck1nhPVQLXpT8T+vm+r+hZ8xkaSaCjJf1E850jGa5oB6TFKi+dgQTCQztyIyxBITbdIqmRDcxZeXSatWdc+q7t1ppV7L4yjCIRzBCbhwDnW4gQY0gcAjPMMrvFlP1ov1bn3MWwtWPnMAf2B9/gBH6JNQ</latexit>

�O < 1

<latexit sha1_base64="W1lV9pbJS4g7OgF2RlJRrIOC62A=">AAACF3icbVDJSgNBEO1xjXGLevTSGIQENMyIqMeAF48RjAbSQ+jp1GQaexa6a8Qw+Bde/BUvHhTxqjf/xs5ycHvQ8Pq9KqrqBZmSBl3305mZnZtfWCwtlZdXVtfWKxublybNtYC2SFWqOwE3oGQCbZSooJNp4HGg4Cq4Ph35VzegjUyTCxxm4Md8kMhQCo5W6lUaDG4zpiDE2n7EZIK0z5DnbI+yLJI9rzb67bl1puUgwnqvUnUb7hj0L/GmpEqmaPUqH6yfijyGBIXixnQ9N0O/4BqlUHBXZrmBjItrPoCupQmPwfjF+K47umuVPg1TbZ/dbKx+7yh4bMwwDmxlzDEyv72R+J/XzTE88QuZZDlCIiaDwlxRTOkoJNqXGgSqoSVcaGl3pSLimgu0UZZtCN7vk/+Sy4OGd9Twzg+rzYNpHCWyTXZIjXjkmDTJGWmRNhHknjySZ/LiPDhPzqvzNimdcaY9W+QHnPcv8DOedg==</latexit>
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External field defect

• Integrate bulk operator on a line

If , relevant perturbation of trivial line

• RG monotonicity: can’t flow to trivial or topological line DCFT (or runaway)

• E.g:   in O(N) Wilson-Fischer CFT

DCFT saddle point at large N
[Cuomo, Komargodski, Mezei]

Marginal tilt operator rotates the external field

Long DRG flow: 

Consistent with     - expansion, 2d Ising interface, Monte Carlo
[Allais, Sachdev; Cuomo, Komargodski, Mezei; Assaad, Herbut; Allais; Toldin, Assaad, Wessel]
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External field defects in other models

• Closed set of Schwinger-Dyson equations
for one-point functions in melonic theories
[Popov, Wang]

melonic tree

External field defects

The localized magnetic defect explicitly breaks the bulk O(N)3 global symmetry to an

O(N − 1)3 subgroup along the defect world-volume. Since the symmetry is unbroken in the

bulk, we can re-orient the tensor field in the O(N)3 directions such that the magnetic cou-

pling is with the φ111 component. This defect coupling changes qualitatively the correlation

functions of local operators built out of φabc due to additional Feynman diagrams that can an-

chor on the defect, in particular leading to a nontrivial one-point function 〈φ111(x)〉Dp which

otherwise vanishes in the absence of the defect. Note that because of the residual O(N −1)3

symmetry, the defect one-point function 〈φabc(x)〉Dp is zero unless a = b = c = 1. The main

goal here is to study such nontrivial defect correlation functions at the non-perturbative level

and we summarize the main results below.

1.3 Summary of the main results

〈φ111〉Dp

J JJJJ JJJJJJ JJ J J JJ J J J J JJ JJ JJ

Figure 1: The contribution to the one-point function 〈φ111(x)〉Dp
comes only from the

tree diagrams, where each edge is the exact propagator (containing nested melons) of the
tensor model in the large N limit (1.4).

While it is straightforward to compute a few of these Feynman diagrams at leading

orders in the λT and J̄111 expansion for the one-point function 〈φ111(x)〉Dp, it may seem

a formidable task to obtain the nonperturbative answer which requires summing infinitely

many diagrams. The success of the melonic tensor model without defects motivates us to

look for a generalization of the large N limit thereof to the case with defects. Indeed, from

we will work with general 1 ≤ p < d. This is possible because in our large N limit (1.4), the defect problem
is reduced to solving a partial differential equation (from the Schwinger-Dyson equation) with a fractional
Laplacian in the transverse directions of order d

2
.

5



External field defects in other models

• Closed set of Schwinger-Dyson equations
for one-point functions in melonic theories
[Popov, Wang]

melonic tree

• In Gross-Neveu-Yukawa model , can deform trivial line
[Giombi, Helfenberger, Khanchandani]

External field defects

The localized magnetic defect explicitly breaks the bulk O(N)3 global symmetry to an

O(N − 1)3 subgroup along the defect world-volume. Since the symmetry is unbroken in the

bulk, we can re-orient the tensor field in the O(N)3 directions such that the magnetic cou-

pling is with the φ111 component. This defect coupling changes qualitatively the correlation

functions of local operators built out of φabc due to additional Feynman diagrams that can an-

chor on the defect, in particular leading to a nontrivial one-point function 〈φ111(x)〉Dp which

otherwise vanishes in the absence of the defect. Note that because of the residual O(N −1)3

symmetry, the defect one-point function 〈φabc(x)〉Dp is zero unless a = b = c = 1. The main

goal here is to study such nontrivial defect correlation functions at the non-perturbative level

and we summarize the main results below.

1.3 Summary of the main results

〈φ111〉Dp

J JJJJ JJJJJJ JJ J J JJ J J J J JJ JJ JJ

Figure 1: The contribution to the one-point function 〈φ111(x)〉Dp
comes only from the

tree diagrams, where each edge is the exact propagator (containing nested melons) of the
tensor model in the large N limit (1.4).

While it is straightforward to compute a few of these Feynman diagrams at leading

orders in the λT and J̄111 expansion for the one-point function 〈φ111(x)〉Dp, it may seem

a formidable task to obtain the nonperturbative answer which requires summing infinitely

many diagrams. The success of the melonic tensor model without defects motivates us to

look for a generalization of the large N limit thereof to the case with defects. Indeed, from

we will work with general 1 ≤ p < d. This is possible because in our large N limit (1.4), the defect problem
is reduced to solving a partial differential equation (from the Schwinger-Dyson equation) with a fractional
Laplacian in the transverse directions of order d
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External field defect

• models turning on magnetic field for a couple of lattice sites

Applications
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External field defect

• models turning on magnetic field for a couple of lattice sites

Impurity: new degrees of freedom at the defect
[Kondo; Wilson; Sengupta; Sachdev Buragohain Vojta; …]

Applications
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Impurity: new degrees of freedom at the defect

• Natural setup O(3) CFT coupled to spin-1/2 impurity

• Variants: O(N) model coupled to impurity in spinor rep.
sigma model coupled to impurity 

in O(N) spinor rep.
… [Liu, Shapurian, Vishwanath, Metlitski]
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Impurity: new degrees of freedom at the defect

• Natural setup O(3) CFT coupled to spin-1/2 impurity

• Variants: O(N) model coupled to impurity in spinor rep.
sigma model coupled to impurity 

in O(N) spinor rep.
… [Liu, Shapurian, Vishwanath, Metlitski]

• O(3) model coupled to spin-s impurity
[Cuomo, Komargodski, Mezei, Raviv-Moshe]
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Impurity: new degrees of freedom at the defect

• Natural setup O(3) CFT coupled to spin-1/2 impurity

• Variants: O(N) model coupled to impurity in spinor rep.
sigma model coupled to impurity 

in O(N) spinor rep.
… [Liu, Shapurian, Vishwanath, Metlitski]

• O(3) model coupled to spin-s impurity
[Cuomo, Komargodski, Mezei, Raviv-Moshe]

1/s expansion: impurity spin is slow

averaging over ext. field direction ext. field defect free spin s interactions fixed by sym.

Applications
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Boundary universality in the 3d O(N) CFT
[Metlitski; Toldin; Gliozzi, Liendo, Meineri, Rago; Padayasi, Krishnan, Metlitski, Gruzberg, Meineri]
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Figure 1: The geometry of the boundary defect (left) and plane defect (right) for the 3d O(N) model.

1 Introduction

Recent interest in the physics of boundaries and defects has been driven in part by the field of topo-
logical phases, in which such defects often expose protected modes. While the implications of bulk
topological physics for defect modes are well-understood for a gapped bulk, less is known about be-
havior of defects and boundaries in the presence of a critical bulk. Even in the classical 3d O(N)
model, the phase diagram in the presence of a boundary or defect is not fully settled.[1]

Let us briefly review recent developments in the boundary physics of the 3d O(N) model. Consider
a system of classical N -component spins ~Si of length one on sites of a semi-infinite 3d cubic lattice
coupled via the nearest neighbour interaction

�H = �
X

hiji

Kij
~Si · ~Sj . (1.1)

If both sites i and j belong to the surface layer, we set Kij = K1, otherwise, Kij = K (see Fig. 1,
left). For N = 1, 2 the boundary phase diagram has the schematic shape shown in Fig. 2, left. When
the system is tuned to the bulk critical point K = Kc it admits three boundary universality classes:

• the “ordinary” universality class, where the bulk and boundary order at the same bulk coupling,

• the “extraordinary” universality class, where the onset of bulk order occurs in the presence of
(quasi) long-range boundary order,

• the “special” universality class, the multicritical point in Fig. 2, left.

The presence of a (quasi)long-range ordered boundary phase for K < Kc and large K1/K mandates
the existence of these three classes.

For N > 2, the boundary has a finite correlation length for K < Kc. Thus, the existence of
a separate extraordinary boundary universality class is not required. Nevertheless, per Ref. [1], the
extraordinary boundary universality class actually survives in the range 2 < N < Nc, where the
phase diagram has the shape in Fig. 2, right. Here, Nc > 2 is an a priori unknown critical value of
N . Furthermore, in the range 2  N < Nc the extraordinary universality class has a boundary spin
correlation function that falls o↵ as

h~Sx · ~Syi ⇠ 1

(log |x � y|)q
, (1.2)

with q(N) a universal power. Thus, in this range of N the extraordinary boundary universality
class is labeled as “extraordinary-log”. The universal properties of this class, including the power q
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Recent interest in the physics of boundaries and defects has been driven in part by the field of topo-
logical phases, in which such defects often expose protected modes. While the implications of bulk
topological physics for defect modes are well-understood for a gapped bulk, less is known about be-
havior of defects and boundaries in the presence of a critical bulk. Even in the classical 3d O(N)
model, the phase diagram in the presence of a boundary or defect is not fully settled.[1]
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left). For N = 1, 2 the boundary phase diagram has the schematic shape shown in Fig. 2, left. When
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• the “ordinary” universality class, where the bulk and boundary order at the same bulk coupling,

• the “extraordinary” universality class, where the onset of bulk order occurs in the presence of
(quasi) long-range boundary order,

• the “special” universality class, the multicritical point in Fig. 2, left.

The presence of a (quasi)long-range ordered boundary phase for K < Kc and large K1/K mandates
the existence of these three classes.

For N > 2, the boundary has a finite correlation length for K < Kc. Thus, the existence of
a separate extraordinary boundary universality class is not required. Nevertheless, per Ref. [1], the
extraordinary boundary universality class actually survives in the range 2 < N < Nc, where the
phase diagram has the shape in Fig. 2, right. Here, Nc > 2 is an a priori unknown critical value of
N . Furthermore, in the range 2  N < Nc the extraordinary universality class has a boundary spin
correlation function that falls o↵ as

h~Sx · ~Syi ⇠ 1
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with q(N) a universal power. Thus, in this range of N the extraordinary boundary universality
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Novelty: existence of DCFT/BCFT was a dynamical question in O(N) CFT

• The existence of conformal Wilson and ‘t Hooft lines is also
a dynamical question

[Aharony, Cuomo, Komargodski, Mezei, Raviv-Moshe; Shytov, Katsnelson, Levitov]
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Figure 1: The geometry of the boundary defect (left) and plane defect (right) for the 3d O(N) model.

1 Introduction

Recent interest in the physics of boundaries and defects has been driven in part by the field of topo-
logical phases, in which such defects often expose protected modes. While the implications of bulk
topological physics for defect modes are well-understood for a gapped bulk, less is known about be-
havior of defects and boundaries in the presence of a critical bulk. Even in the classical 3d O(N)
model, the phase diagram in the presence of a boundary or defect is not fully settled.[1]

Let us briefly review recent developments in the boundary physics of the 3d O(N) model. Consider
a system of classical N -component spins ~Si of length one on sites of a semi-infinite 3d cubic lattice
coupled via the nearest neighbour interaction

�H = �
X

hiji

Kij
~Si · ~Sj . (1.1)

If both sites i and j belong to the surface layer, we set Kij = K1, otherwise, Kij = K (see Fig. 1,
left). For N = 1, 2 the boundary phase diagram has the schematic shape shown in Fig. 2, left. When
the system is tuned to the bulk critical point K = Kc it admits three boundary universality classes:

• the “ordinary” universality class, where the bulk and boundary order at the same bulk coupling,

• the “extraordinary” universality class, where the onset of bulk order occurs in the presence of
(quasi) long-range boundary order,

• the “special” universality class, the multicritical point in Fig. 2, left.

The presence of a (quasi)long-range ordered boundary phase for K < Kc and large K1/K mandates
the existence of these three classes.

For N > 2, the boundary has a finite correlation length for K < Kc. Thus, the existence of
a separate extraordinary boundary universality class is not required. Nevertheless, per Ref. [1], the
extraordinary boundary universality class actually survives in the range 2 < N < Nc, where the
phase diagram has the shape in Fig. 2, right. Here, Nc > 2 is an a priori unknown critical value of
N . Furthermore, in the range 2  N < Nc the extraordinary universality class has a boundary spin
correlation function that falls o↵ as

h~Sx · ~Syi ⇠ 1

(log |x � y|)q
, (1.2)

with q(N) a universal power. Thus, in this range of N the extraordinary boundary universality
class is labeled as “extraordinary-log”. The universal properties of this class, including the power q
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Novelty: existence of DCFT/BCFT was a dynamical question in O(N) CFT

• The existence of conformal Wilson and ‘t Hooft lines is also
a dynamical question

[Aharony, Cuomo, Komargodski, Mezei, Raviv-Moshe; Shytov, Katsnelson, Levitov]

• WL in QED4

CFT in double scaling limit 

Similar double scaling limits
[Badel, Cuomo, Monin, Rattazzi; Rodriguez-Gomez; Rogriduez-Gomez, Russo; …]

• Large anomalous dimension for the defect operator

Wilson lines

K

K1

Boundary Defect

K

K1

Plane Defect

Figure 1: The geometry of the boundary defect (left) and plane defect (right) for the 3d O(N) model.

1 Introduction

Recent interest in the physics of boundaries and defects has been driven in part by the field of topo-
logical phases, in which such defects often expose protected modes. While the implications of bulk
topological physics for defect modes are well-understood for a gapped bulk, less is known about be-
havior of defects and boundaries in the presence of a critical bulk. Even in the classical 3d O(N)
model, the phase diagram in the presence of a boundary or defect is not fully settled.[1]

Let us briefly review recent developments in the boundary physics of the 3d O(N) model. Consider
a system of classical N -component spins ~Si of length one on sites of a semi-infinite 3d cubic lattice
coupled via the nearest neighbour interaction

�H = �
X

hiji

Kij
~Si · ~Sj . (1.1)

If both sites i and j belong to the surface layer, we set Kij = K1, otherwise, Kij = K (see Fig. 1,
left). For N = 1, 2 the boundary phase diagram has the schematic shape shown in Fig. 2, left. When
the system is tuned to the bulk critical point K = Kc it admits three boundary universality classes:

• the “ordinary” universality class, where the bulk and boundary order at the same bulk coupling,

• the “extraordinary” universality class, where the onset of bulk order occurs in the presence of
(quasi) long-range boundary order,

• the “special” universality class, the multicritical point in Fig. 2, left.

The presence of a (quasi)long-range ordered boundary phase for K < Kc and large K1/K mandates
the existence of these three classes.

For N > 2, the boundary has a finite correlation length for K < Kc. Thus, the existence of
a separate extraordinary boundary universality class is not required. Nevertheless, per Ref. [1], the
extraordinary boundary universality class actually survives in the range 2 < N < Nc, where the
phase diagram has the shape in Fig. 2, right. Here, Nc > 2 is an a priori unknown critical value of
N . Furthermore, in the range 2  N < Nc the extraordinary universality class has a boundary spin
correlation function that falls o↵ as

h~Sx · ~Syi ⇠ 1

(log |x � y|)q
, (1.2)

with q(N) a universal power. Thus, in this range of N the extraordinary boundary universality
class is labeled as “extraordinary-log”. The universal properties of this class, including the power q
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• Naïve WL action is fine tuned

Wilson lines
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• Naïve WL action is fine tuned

• DRG flow  

Wilson lines
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• Naïve WL action is fine tuned

• DRG flow  

• New DCFT alternative quantization

• Annihilation of fixed points: 
screening of WL by pair production of 
fermions down to
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• Naïve WL action is fine tuned

• DRG flow  

• New DCFT alternative quantization
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Wilson lines
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Wilson Lines describe point probe 
charges in a representation R of the 
gauge group 

 
 
 
There is no free parameter in the defect 
action. But that DOES NOT mean that it is 
a conformal line operator for all reps!
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Screening common feature in gauge theories

• 3d QED at large Nf

Wilson lines Wilson Lines
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Screening common feature in gauge theories

• 3d QED at large Nf

Check: equal mass to fermions gives
CS theory with Nf WLs

In UV we have just enough 1.12Nf distinct WLs

Wilson lines Wilson Lines
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Fig. 2. We plot E(q/Nf ) for large Nf . The red line represents the linear approximation E = 4q
⇡Nf

while the blue line is the correct value of the electric field, taking into account the non-linear nature
of the saddle point equation that is obtained from the action (6).

their scaling dimension is close to 2, but there are large corrections to the scaling
dimension near the defect). We find16 that at leading order in Nf

�( ˆ̄  ̂) = 1 +
p
1� 4E2 .

(In the absence of a defect, E = q = 0, the scaling dimension of the fermion bilinear
of course agrees with the scaling dimension of the bulk primary.) When the scaling
dimension turns complex, the fermions are expected to condense and integrating
them out naively as we did before (6) is not self-consistent. Therefore we must have
|E|  1/2 for stability of the vacuum with the Coulomb field.d If |E|  1/2 then
the infrared is a conformal defect with the electric field one-point function (7). If
|E| > 1/2 then conjecturally there is an RG flow on the defect that reduces q until
|E| = 1/2. The RG flow on the defect can be understood as a flow of the defect

bilinear operator ˆ̄  ̂.
Numerically, from figure 2, we find that |E| = 1/2 corresponds to |qc| ⇠ 0.56Nf

(for large Nf ). Therefore Wilson lines with |q| > |qc| are partially screened and in
the infrared flow to the conformal defect with |q| = |qc|. While the Wilson lines
with |q| < |qc| correspond to the conformal defects with E = E(q,Nf ) obtained
from the the saddle point of (6).

A curious point is that the massive phases of QED3 are U(1)±Nf
Chern-Simons

theory. (And the critical point is a non-Landau-Ginzburg transition between these
topological theories.) These massive phases are obtained by deforming the theory
with the SU(2Nf ) symmetric mass term for the fermions which can be taken to be
either large and positive or large and negative resulting in the topological theories
U(1)±Nf

, respectively. Each of these topological theories admits Nf lines with

dThis phenomenon of vacuum instability with |E| > 1/2 was already observed in Graphene.17
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Screening common feature in gauge theories

• 3d QED at large Nf

Check: equal mass to fermions gives
CS theory with Nf WLs

In UV we have just enough 1.12Nf distinct WLs

• In graphene (mixed dimensional QED) 
screening experimentally observed
Would need Z>137 to be accessible in atomic 
physics
[Wang et al.; Pomeranchuk, Smorodinsky]

• Two WL DCFTs in planar CS matter theories, 
closed set of loop equations
[Gabai, Sever, Zhong]

Wilson lines Wilson Lines
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Fig. 2. We plot E(q/Nf ) for large Nf . The red line represents the linear approximation E = 4q
⇡Nf

while the blue line is the correct value of the electric field, taking into account the non-linear nature
of the saddle point equation that is obtained from the action (6).
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(In the absence of a defect, E = q = 0, the scaling dimension of the fermion bilinear
of course agrees with the scaling dimension of the bulk primary.) When the scaling
dimension turns complex, the fermions are expected to condense and integrating
them out naively as we did before (6) is not self-consistent. Therefore we must have
|E|  1/2 for stability of the vacuum with the Coulomb field.d If |E|  1/2 then
the infrared is a conformal defect with the electric field one-point function (7). If
|E| > 1/2 then conjecturally there is an RG flow on the defect that reduces q until
|E| = 1/2. The RG flow on the defect can be understood as a flow of the defect
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the infrared flow to the conformal defect with |q| = |qc|. While the Wilson lines
with |q| < |qc| correspond to the conformal defects with E = E(q,Nf ) obtained
from the the saddle point of (6).
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Figure 1: The geometry of the boundary defect (left) and plane defect (right) for the 3d O(N) model.

1 Introduction

Recent interest in the physics of boundaries and defects has been driven in part by the field of topo-
logical phases, in which such defects often expose protected modes. While the implications of bulk
topological physics for defect modes are well-understood for a gapped bulk, less is known about be-
havior of defects and boundaries in the presence of a critical bulk. Even in the classical 3d O(N)
model, the phase diagram in the presence of a boundary or defect is not fully settled.[1]

Let us briefly review recent developments in the boundary physics of the 3d O(N) model. Consider
a system of classical N -component spins ~Si of length one on sites of a semi-infinite 3d cubic lattice
coupled via the nearest neighbour interaction

�H = �
X

hiji

Kij
~Si · ~Sj . (1.1)

If both sites i and j belong to the surface layer, we set Kij = K1, otherwise, Kij = K (see Fig. 1,
left). For N = 1, 2 the boundary phase diagram has the schematic shape shown in Fig. 2, left. When
the system is tuned to the bulk critical point K = Kc it admits three boundary universality classes:

• the “ordinary” universality class, where the bulk and boundary order at the same bulk coupling,

• the “extraordinary” universality class, where the onset of bulk order occurs in the presence of
(quasi) long-range boundary order,

• the “special” universality class, the multicritical point in Fig. 2, left.

The presence of a (quasi)long-range ordered boundary phase for K < Kc and large K1/K mandates
the existence of these three classes.

For N > 2, the boundary has a finite correlation length for K < Kc. Thus, the existence of
a separate extraordinary boundary universality class is not required. Nevertheless, per Ref. [1], the
extraordinary boundary universality class actually survives in the range 2 < N < Nc, where the
phase diagram has the shape in Fig. 2, right. Here, Nc > 2 is an a priori unknown critical value of
N . Furthermore, in the range 2  N < Nc the extraordinary universality class has a boundary spin
correlation function that falls o↵ as

h~Sx · ~Syi ⇠ 1

(log |x � y|)q
, (1.2)

with q(N) a universal power. Thus, in this range of N the extraordinary boundary universality
class is labeled as “extraordinary-log”. The universal properties of this class, including the power q
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For dynamical questions we have perturbative expansions and numerical methods

• in Ordinary BCFT in O(N) model
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Figure 1: The geometry of the boundary defect (left) and plane defect (right) for the 3d O(N) model.
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the existence of these three classes.
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N . Furthermore, in the range 2  N < Nc the extraordinary universality class has a boundary spin
correlation function that falls o↵ as

h~Sx · ~Syi ⇠ 1

(log |x � y|)q
, (1.2)

with q(N) a universal power. Thus, in this range of N the extraordinary boundary universality
class is labeled as “extraordinary-log”. The universal properties of this class, including the power q

– 2 –

Ext. field defect
Protected by RG 

monotonicity

Spin impurity
Partial protection by 

one-form sym., existence 
dynamical question

Conformal boundaries
Existence dynamical 

question

<latexit sha1_base64="/jcX7HZ6qcxPsi9+ha5AaTQLe6g=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkpSRD0W9OCxgv2AJpTNdtMs3WzC7qRQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6SCa3Ccb6u0sbm1vVPereztHxwe2ccnHZ1kirI2TUSiegHRTHDJ2sBBsF6qGIkDwbrB+G7udydMaZ7IJ5imzI/JSPKQUwJGGti2d88EkJoXEfDSiF8O7KpTdxbA68QtSBUVaA3sL2+Y0CxmEqggWvddJwU/Jwo4FWxW8TLNUkLHZMT6hkoSM+3ni8tn+MIoQxwmypQEvFB/T+Qk1noaB6YzJhDpVW8u/uf1Mwhv/ZzLNAMm6XJRmAkMCZ7HgIdcMQpiagihiptbMY2IIhRMWBUTgrv68jrpNOrudd19vKo2G0UcZXSGzlENuegGNdEDaqE2omiCntErerNy68V6tz6WrSWrmDlFf2B9/gDGkpMO</latexit>

�(�̂)

N=2 N=3 N=4

- expansion 1.19 1.153 1.125

Bootstrap 1.2342(9) 1.198(1) 1.172

Monte Carlo 1.2286(25) 1.194(3) 1.158(3)

<latexit sha1_base64="EgLMT6VdBrRVM7dfr616xwR4wxY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCbOT3mTI7Mw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVK7i6nhQsleqexX/DnIKglyUoYc9V7pq9tXLEtQWiaoMZ3AT204od pyJnBa7GYGU8pGdIAdRyVN0IST+b1Tcu6UPomVdiUtmau/JyY0MWacRK4zoXZolr2Z+J/XyWx8E064TDOLki0WxZkgVpHZ86TPNTIrxo5Qprm7lbAh1ZRZF1HRhRAsv7xKmtVKcFUJ7i/LtWoeRwFO4QwuIIBrqMEd1KEBDAQ8wyu8eY/ei/fufSxa17x85gT+wPv8AUn5kBY=</latexit>✏

<latexit sha1_base64="Y0S0gCOerN3Wqo7Vlz09DhNhA2A=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3iHosePFmBfsB26Vk02wbmk2WZFYsS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kalmrIWVULpbkgME1yyFnAQrJtoRuJQsE44vpn5nUemDVfyASYJC2IylDzilICV/KxHicB30+rTeb9ccWvuHHiVeDmpoBzNfvmrN1A0jZkEKogxvucmEGREA6eCTUu91LCE0DEZMt9SSWJmgmx+8hSfWWWAI6VtScBz9fdERmJjJnFoO2MCI7PszcT/PD+F6DrIuExSYJIuFkWpwKDw7H884JpREBNLCNXc3orpiGhCwaZUsiF4yy+vkna95l3WvPuLSqOex1FEJ+gUVZGHrlAD3aImaiGKFHpGr+jNAefFeXc+Fq0FJ585Rn/gfP4AXIiQmg==</latexit>

O(x)

<latexit sha1_base64="WdZqWtBVrbwFzvNttcTVYPxvjpA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSRD0WvHizgq2FNJTNdtMu3eyG3Y0QQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4edbVMFaEdIrlUvRBrypmgHcMMp71EURyHnD6Gk5uZ//hElWZSPJgsoUGMR4JFjGBjJT/vE8zR3bSenQ+qNbfhzoFWiVeQGhRoD6pf/aEkaUyFIRxr7XtuYoIcK8MIp9NKP9U0wWSCR9S3VOCY6iCfnzxFZ1YZokgqW8Kgufp7Isex1lkc2s4Ym7Fe9mbif56fmug6yJlIUkMFWSyKUo6MRLP/0ZApSgzPLMFEMXsrImOsMDE2pYoNwVt+eZV0mw3vsuHdX9RazSKOMpzAKdTBgytowS20oQMEJDzDK7w5xnlx3p2PRWvJKWaO4Q+czx9eDZCb</latexit>

O(y)

<latexit sha1_base64="M+j/sGog+KajuFwSu2WvngEt7Kk=">AAACA3icdVDLSgMxFM3UV62vqjvdBItQN0OmLVp3BTcuK9gHdIaSSTNtaCYzJBmhDgU3/oobF4q49Sfc+Tem0woqeuDC4Zx7ufceP+ZMaYQ+rNzS8srqWn69sLG5tb1T3N1rqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPaccfX8z8zg2VikXiWk9i6oV4KFjACNZG6hcPXI7FkNPUJZjD9rR8ewJdmUn9YgnZ1XODOkR2DSHkoAVBVejYKEMJLNDsF9/dQUSSkApNOFaq56BYeymWmhFOpwU3UTTGZIyHtGeowCFVXpr9MIXHRhnAIJKmhIaZ+n0ixaFSk9A3nSHWI/Xbm4l/eb1EB3UvZSJONBVkvihIONQRnAUCB0xSovnEEEwkM7dCMsISE21iK5gQvj6F/5N2xXZObeeqVmpUFnHkwSE4AmXggDPQAJegCVqAgDvwAJ7As3VvPVov1uu8NWctZvbBD1hvn4hXl2k=</latexit>

hV(z)i

<latexit sha1_base64="Y0S0gCOerN3Wqo7Vlz09DhNhA2A=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3iHosePFmBfsB26Vk02wbmk2WZFYsS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kalmrIWVULpbkgME1yyFnAQrJtoRuJQsE44vpn5nUemDVfyASYJC2IylDzilICV/KxHicB30+rTeb9ccWvuHHiVeDmpoBzNfvmrN1A0jZkEKogxvucmEGREA6eCTUu91LCE0DEZMt9SSWJmgmx+8hSfWWWAI6VtScBz9fdERmJjJnFoO2MCI7PszcT/PD+F6DrIuExSYJIuFkWpwKDw7H884JpREBNLCNXc3orpiGhCwaZUsiF4yy+vkna95l3WvPuLSqOex1FEJ+gUVZGHrlAD3aImaiGKFHpGr+jNAefFeXc+Fq0FJ585Rn/gfP4AXIiQmg==</latexit>

O(x)

<latexit sha1_base64="WdZqWtBVrbwFzvNttcTVYPxvjpA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSRD0WvHizgq2FNJTNdtMu3eyG3Y0QQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4edbVMFaEdIrlUvRBrypmgHcMMp71EURyHnD6Gk5uZ//hElWZSPJgsoUGMR4JFjGBjJT/vE8zR3bSenQ+qNbfhzoFWiVeQGhRoD6pf/aEkaUyFIRxr7XtuYoIcK8MIp9NKP9U0wWSCR9S3VOCY6iCfnzxFZ1YZokgqW8Kgufp7Isex1lkc2s4Ym7Fe9mbif56fmug6yJlIUkMFWSyKUo6MRLP/0ZApSgzPLMFEMXsrImOsMDE2pYoNwVt+eZV0mw3vsuHdX9RazSKOMpzAKdTBgytowS20oQMEJDzDK7w5xnlx3p2PRWvJKWaO4Q+czx9eDZCb</latexit>

O(y)

<latexit sha1_base64="+LdPH27Tf6jC86wfyDKLKHFem6E="></latexit>

hV̂(u)V̂(v)i<latexit sha1_base64="53GXSMks0f8Gu0TN4WXZrC5M8x8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVr3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4n1jLc=</latexit>=

Wilson line
Screening dynamics



Bootstrap dream: classify all CFTs
Defect version: classify all defects for a given CFT

• Minimal possible given a bulk CFT2
[Collier, Mazanc, Wang]

Bootstrap
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Bootstrap dream: classify all CFTs
Defect version: classify all defects for a given CFT

• Minimal possible given a bulk CFT2
[Collier, Mazanc, Wang]

• Simplicity: Crossing equation is simpler than for bulk and looks very constraining

Richness: Can introduce any defect degrees of freedom

Shortcoming: No positivity

Bootstrap
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Bootstrap dream: classify all CFTs
Defect version: classify all defects for a given CFT

• Minimal possible given a bulk CFT2
[Collier, Mazanc, Wang]

• Simplicity: Crossing equation is simpler than for bulk and looks very constraining

Richness: Can introduce any defect degrees of freedom

Shortcoming: No positivity

• Fusion of defects in its infancy

Ø Fusion of conformal boundary with topological defect lines in CFT2
[Collier, Mazanc, Wang]

Ø Free theories and    -expansion
[Söderberg]

Bootstrap
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Start with local operator bootstrap in free theories

• Codim-2 defects trivial in one real free scalar and in 4d Maxwell
[Lauria, Liendo, van Rees, Zhao; Herzog, Shrestha]

• New BCFT even for one real free scalar from kink in bootstrap
[Behan, Di Pietro, Lauria, van Rees]

• Rich DCFT physics in O(3) free scalar (in fractional d)
[Cuomo, Komargodski, Mezei, Raviv-Moshe; Beccaria, Giombi, Tseytlin; Nahum]

• orbits of BCFTs for 4d Maxwell
[Di Pietro, Gaiotto, Lauria, Wu; Witten]

Bootstrap
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• Defect RG monotonicity from dilaton effective actions and quantum information

• Three routes do defects: external field, new dofs, gauging

• Bootstrap and (Quantum) Monte Carlo

• Future: interplay between DCFT, topological defects, integrability and AdS/CFT, 
bootstrap, quantum simulation

Conclusions and the future


