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This talk is about large charge limit of four dimensional ./ = 4 super

Yang-Mills theory

What is the large charge limit of semiclassical string theory in AdS?

Correlation functions in large charge states

e Large charge perturbation theory, non-perturbative effects, S1.(2,7) duality
 An emergent 't Hooft-like expansion parameter

 Alarge charge gravity regime
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Setup 7

1.5

N = 4 Super-Yang Mills theory on R* with gauge group SU(N)

| | 0 4dm |
Exactly marginal gauge coupling 7 = — + =X+ 1y
2 g?2

1 1

The theory enjoys S-duality — is SL(2,Z) invariant — 7 € fundamental domain & of SL(2,Z)
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Setup S

1.5

N = 4 Super-Yang Mills theory on R* with gauge group SU(N)

| | 0 4dm |
Exactly marginal gauge coupling 7 = — + =X+ 1y
2 g?2

1 1

The theory enjoys S-duality — is SL(2,Z) invariant — 7 € fundamental domain & of SL(2,Z)

1/2-BPS operators O, : Lorentz scalar, A = R-charge p

0, = [T

Multi-trace composite of
stress-tensor

We will be interested in four-point correlation functions of such operators
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What exactly are we computing”?

In particular we look at four-point correlators of the type:

(0

0,0,0,0,

0) ~ #VW.Vie.D

U, V conformal cross ratios
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What exactly are we computing?

In particular we look at four-point correlators of the type:

<() @pﬁzﬁzﬁp ()> ~ %Z(QN)(U, Vi1, 7) U, V conformal cross ratios

Generically hard to compute !

Less ambitious : Average out the dependence on the cross-ratios and consider a simpler object
f f‘?gv (7,7) = Jd udv p(U,V) X éN U, V:1,7) ,' “Integrated correlators’

& is non-trivial function: R-charge p, rank N and non-holomorphic in 7
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| ocalization formula

> " 35in” @ _ o
?gv)(f) N J d,,J A0 s %(N)(U, V: 1) U=1+rc—2rcosé
0 0 U2 P V = 1"2

S?}?N)(fc) can be computed via supersymmetric localization of the ./ = 2" theory on g4
[Chester, Green, Pufu, Wang, Wen],

500 ~ o log FoNem)|

m=0

Partition function £ <4 determined by supersymmetric localization
[Fucito, Morales, Poghossian],
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| ocalization formula

- " 35in” @ _ >
fg(N)(T) N J er A0 rsi %(N)(U, V: 1) U=1+4+r“—2rcosf
P 0 0 U2 P V = 1"2

S?}?N)(fc) can be computed via supersymmetric localization of the ./ = 2" theory on g4
[Chester, Green, Pufu, Wang, Wen],

500 ~ o log FoNem)|

m=0

Partition function £ <4 determined by supersymmetric localization
[Fucito, Morales, Poghossian],

In practice, we exploit this connection to compute ?I(QN )(T) exactly in all parameters !
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Exact solution

?g\’ )(T) can be written as a spectral integral

Arl Jpe o— 1 S1n(7s)

1 ;
gV(7) = <§‘6§,N>> +—L ds———s(1 — 5)(2s — g M (SE (0
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Exact solution

?g\’ )(T) can be written as a spectral integral

_1 sin(zs)

I :

constant piece

gV(7) = <<§§,N>> +—,L ds———s(1 — 5)(2s — g M (SE (0

Constant piece = average over the ./ = 4 conformal manifold

N

1.5+

dxd
(g) = vol(f’ff)‘lJ' . 5N (r)

2
z Y
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Exact solution

?g\’ )(T) can be written as a spectral integral

1 ;
gV(7) = <<§§,N>> +—L ds———s(1 — 5)(2s — g M (SE (0

dni Jpo 1 SIN(7s)
2 |

Real analytic completed
Eisenstein series

The entire coupling dependence packaged into the Eisenstein series E: (7)

A E (1) = s(1 — $)E,(7)
Eigen function of the

. . E (1) = E|_|(7)
hyperbolic laplacian A = 2 <())26+ a§>

functional identity
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Exact solution

?g\’ )(T) can be written as a spectral integral

1 "
gV(7) = <§‘6§,N>> +—L ds———s(1 — 5)(2s — >¢M($)E'(7)

41 1 s1n(7ws) P I

es=7

Real analytic completed
Eisenstein series

The entire coupling dependence packaged into the Eisenstein series E: (7)

Fourier decomposition

0 Adm iy
0 T = | =X+1y
% Oy _ k p) 2
E (t) = A(s)y’ + A(1 — s)y! ™ + 2 4 cos(2rkx) = 1E )\/iK _1(2rky) e
zero modes non-zero modes As) = 7T (5)E(2s)

perturbative series Instanton corrections
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Exact solution

?}N )(T) can be written as a spectral integral

Arl Jpe o— 1 S1n(7s) )

1 "
gV(7) = <§‘6§,N>> +—L ds———s(1 — $)(25 — 2" (5)E((7)

Eisenstein overlap

All remaining info contained in Eisenstein overlap glgN )(s)

1. Completely fixed from perturbation theory data (via the localization formula)

2. At finite N these are polynomials of s symmetric under s <> 1 — s (from E:(T) — ET_S(T))
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Exact solution

?},N )(T) can be written as a spectral integral

1 +
o0 = (700) +— L 55 = )25 = 1) O£ @

1

A

Eisenstein overlap
Closed form solution

<N>(s)_ N F,2—-=N,s,1—5s32:1)
132 K 9 ~J 9y

N? -1 p N? -1
Fp(N, §) = | —3F [ ——, 5,1 — 53 1, |

gV(s) = F,(N.s) gM(s)

2s(1 — )

Products of ; /', Hypergeometric functions
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Exact solution: A coupled harmonic system

AN (1) = —k, (@lgN)(T) - @gg(f)) + 1,0 (@0 - @gg(f))

T p—2

= (N +p=3)

1
Shifted correlator:  @QY(z) := €3(7) — > (N> = 1) A7'NM(2)

A

?(ZN )(T) satisfies a differential recursion in N
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Exact solution: A coupled harmonic system K, = (N2 +p =3)

2,000 =~ x, (€7@ - 61®)) + 5, ( AV - €V

Qo Qo Q4 Qs
@' "WWW—@—WWWN—@—WWWN——WWWWNA— - - -

K2 K4 K¢ K8

* Each lattice site = integrated correlator
« Harmonic interactions among lattice sites with a site- and V-

dependent coupling K,

1  This describes the evolution of a 1D semi-infinite lattice chain
? . over the fundamental domain of SL(2,2)
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Towards large charge

Three parameters In ?ISN)(T)Z coupling 7, R-charge p and rank N

1 ;
gM(r) = <S§§,N>> +—L ds———s(1 — 5)(2s — 1)’¢ N ($)EX(z)

Arl Jpe o— 1 SIn(7s) u

g\V(s) = F,(N,s) g"(s)

entire p dependence

gz(N)(S) = 52 —-N,s,1 —5;3,2;1)

/ here

N* -1 p N* -1
FP(N’ S) —_ 1 - 3F2 T . S,l - S; 1, ,1
2s(1 — ) 2 2

N+ 1
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Towards large charge

N* -1 N* -1
F(N,s) = | —F [ 2,51 —s:1, 1
2s(1 — ) 2 2

Three distinct regimes:

p > N? Both NV finite or NV large
p = aN” Gravity regime: where p scales with N?

p <N’ Both p finite or p large
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Towards large charge

1 *
gM(r) = <<§I<9N>> +—L ds———s(1 — )25 — 1)%¢ V) ($)EX(2)

Arl Jpe - 1 sin(zs)

Three distinct regimes:

p > N? Both NV finite or NV large
p = aN” Gravity regime: where p scales with N?

p <N’ Both p finite or p large

These limits are obtained from expanding the overlaps glgN 0

A further limit can be taken w.r.t. to the coupling 7 by manipulating the spectral integral
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Towards large charge

1 )
gM(r) = <<§I<9N>> +—L ds—— (1 — 5)(2s — 1)?2¢"M(s)E. (1)

. . p
Arl Jpe - 1 sin(zs)

Three distinct regimes:

p > N? Both NV finite or NV large
p = aN’ Gravity regime: where p scales with N?
p <N’ Both p finite or p large

These limits are obtained from expanding the overlaps glgN 0

A further limit can be taken w.r.t. to the coupling 7 by manipulating the spectral integral
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Large Charge at Finite NV
p>1, N fixed |

: TR T e o2 g
1. Large charge 't Hooft like limit: p — oo, 4, := g”p fixed
(non-trivial, previously seen to emerge in // = 2 extremal correlators)

[Bourget, Rodriguez-Gomez, Russo], [Beccarial, [Grassi, Komargodski, Tizzano]

2. Large charge at finite coupling p — oo, 7 fixed
(always exists for any QFT with a global symmetry)
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Large Charge at Finite /V: 't Hooft-like limit

p>1, N fixed
2 . .
g°p =4, fixed

Gauge instantons are exponentially suppressed in p: e P

Existence of this limit is manifest in the spectral representation of the correlator

Mg = (e 4 & (N) NS
eWN)(7) = <§5 N > J d I —5)2s — 1)2eV(5)E;
p (9 P Al JRe g1 Ssin(zrs) o9& g O gy (s) ~ p°
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p>1, N fixed

Large Charge at Finite /V: 't Hooft-like limit

g°p = 4, fixed

A genus-like expansion in the double-scaled large charge limit cWN)(7) = 2 p gV (,1 )

Genus 0 result for SU(2)

s—1
1 A
(2) — _ 201 _ _ P
?gzo (xlp) = J'Reszpre ds(2s — DI'“(1 — $)Z(2 2S)( > )

2) _ [ W _
7 (4,) = L T [1 Ty <w 2,1p/7z>]

Independently obtained by
[Caetano, Komatsu, Wang]

deforming integration
contour to the right
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p>1, N fixed

Large Charge at Finite /V: 't Hooft-like limit

g’p = 4, fixed

A genus-like expansion in the double-scaled large charge limit f‘ggV)(T) — 2 p—gggm (,1p>
a=0

Genus 0 result for SU(2)

22 (z): Taw—" 1= (. i tn
g=0 \ 7 0 sinh2(w) 0 P

Strong coupling expansion:

1 A 1/4 _ [
2 P : P —1/4
52, (4,) = log (8—) +1+7p+1/27(22,) Liy <e v ) +0(41)

2 T2
exponentially suppressed terms
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p>1, N fixed

Large Charge at Finite /V: 't Hooft-like limit

g’p = 4, fixed

Similar results exist for the SU(/N) case with the interesting difference that:

For even N the strong /lp expansion terminates at a finite order

For odd NN the strong /lp expansion does not terminate

/24
In both cases the scale of non-perturbative corrections at large /Ip IS the same ~ ¢ g’
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Large Charge at Finite /V: Finite Coupling

p>1, N fixed |
t fixed

Gauge instantons are no longer suppressed

The spectral representation of the integrated correlator easily facilitates the large
charge expansion

NP terms in the large charge expansion can be rigorously computed
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Large Charge at Finite N: Finite Coupling N fxed |

t fixed

Foro~p T e (-2/BT0) (hu@) +0 (7

(m,n)#(0,0)

1
Y (t)= —g |m+m'\

Encodes exponentially suppressed corrections in large charge ~ e_\/l_?

——————— e e
Exact NP scale L M =4/2 m+n| | MESSO
\/_\/]_?g m +nt| ) dyonic states

First NP correction of its kind rigorously computed in the literature
(also discussed in [Grassi, Komargodski, Tizzano], [Hellerman] in the /= 2 SQCD context)
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Gravity Regime: Large Charge at Large N

| p>1, N>1, a=-——fixed, aeRy, |

N2 |

Semi-classical

A trinle e th ] = o2 n
| A triple-scaled limit: N — oo with A = gy, N and «a finite string theory
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b p>1, N>1, a= £ fixed |
| N2 g

Gravity Regime: Large Charge at Large N g fixed |
The correlators ?g]\ez(/l) in triple-scaled limit organizes into a genus expansion (!)
gM )= ) N8 g0
q=0
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| p>1, N>1, a= £ fixed |
| N2 g

Gravity Regime: Large Charge at Large NV g2 N fixed |

(V)

The correlators ?aNz(/l) in triple-scaled limit organizes into a genus expansion (!)

(V) _ 2-2 (g)
gM(A) = ) N8 g9 ()
q=0

Genus 0 term has the spectral representation

s—1
G0 = 8@+ D +LJ ds———s(1 — 5)(2s — 1)’A(1 —s)(i> hO)(s)
4 271 Jpa oo 1 S1In(7s) dr
- - ~ F.(l—-s,81;,—a)
O0)( ¢y — _ _ 27 (0)
BO(s) = Tros) = () J(s) RO

T~

22T <S + %)
usual 't Hooft limit term

V7(2s — DI(s + DI(s + 2)
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| p>1, N>1, a= £ fixed |
| N2 g

Gravity Regime: Large Charge at Large NV g2 N fixed |

(V)

The correlators ?aNz(/l) in triple-scaled limit organizes into a genus expansion (!)

(V) _ 2-2 (g)
gM(A) = ) N8 g9 ()
q=0

Genus 0 term has the spectral representation

s—1
G0 = 8@+ D +LJ ds———s(1 — 5)(2s — 1)’A(1 —s)(i> hO)(s)
4 271 Jpa oo 1 S1In(7s) dr
- - ~ F.(l—-s,81;,—a)
O0)( ¢y — _ _ 27 (0)
BO(s) = Tros) = () J(s) RO

We can learn about the NP physics of this regime by analysing the above equation
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p ,

" p>1, N>, azﬁfixed
Gravity Regime: Large Charge at Large N g2, fixed |

Strong coupling expansion:

VA >1) = ogla+ 1) [1 —2F1( 1,2;1;—05)] O) | O(A™")

4 o 2312
T 1
O(1"): supergravity result O(1=3%): leading ' correction

The strong coupling expansion is asymptotic. There are exponentially small corrections

The scale of such corrections is controlled by weak coupling radius of convergence

Two sets of NP corrections at large A

—24/ —24/AIR,
€ € R,=1+2a-2/at@+ D)
leading NP effect emergent subleading scale
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p ,

i' p>1, N>, azﬁfixed
Gravity Regime: Large Charge at Large N 62N fixed |

New prediction for novel NP effects in the gravity regime of large charge

In AdSs X S° holography

e‘zﬂ «—> fundamental string worldsheet instantons 277, = \/Z

What about the emergent scale e VAR, (R, =1+4+2a— 2\/ al(a + 1))

e "2VAMR, PEEN fundamental string action in a background dual to | @p)

R, : large charge dressing factor
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Conclusion

The recursion formulas for integrated correlators can be generalized to other 1/2 BPS
operator insertions. Recently worked out and proven in

These exact results for integrated correlators in 4/ = 4 SYM serve as a useful
benchmark for future EFT approach to computing correlators at large charge

An emergent double-scaled t' Hooft like limit: Interesting NP aspects, genus expansion
and connections to RMT

Large charge large N regime p ~ N? : novel NP effects, worthy of further investigation

Thank You!
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