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= Gravity is a curvature effect.
= Free particles follow geodesics.

General relativity:
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Introduction

Spacetime: D-dimensional time-orientable Lorentzian manifold
equipped with:

= Metric g,

= Levi-Civita connection:

) 1
M = {Zu} - Egp)\ (Ougrv + Ovgur — Orgur) -
Properties:
Tﬁu = rﬁu - rﬁy =0, vugup = 0.
Geodesic curves (affine and metric):

X1 TH XVXP = 0,

vp
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Action:
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Equations of motion:

1
R/uu — Egl“/R = —/ﬂ},]:“,.

Geodesic curves:

Xt 4T x"xP = 0.



Introduction

Mathematical reasons:

= Absence of torsion.
= Metric compatibility.



Introduction

Mathematical reasons:
= Absence of torsion.
= Metric compatibility.
= Uniqueness.



Introduction

Mathematical reasons:

= Absence of torsion.
= Metric compatibility.
= Uniqueness.
Physical reasons: (Fﬁy(p) = {ZV} +Sf, + T[jy)

= Equivalence principle: Fzy(p) =0=Tp, =0.



Introduction

Mathematical reasons:

= Absence of torsion.
= Metric compatibility.
= Uniqueness.
Physical reasons: (Fﬁy(p) = {ZV} +Sf, + T[jy)

= Equivalence principle: Fﬁy(p) =0=Tp, =0.
= We want metric geodesics = affine geodesics = S5/, = 0.



Introduction

Mathematical reasons:
= Absence of torsion.
= Metric compatibility.
= Uniqueness.

Physical reasons: (Fﬁy(p) = {ZV} +Sf, + T[jy)

= Equivalence principle: I7,,(p) =0= T/, =0.

= We want metric geodesics = affine geodesics = S5/, = 0.
Are they enough?

= Although these are valid reasons, it seems that L-C is put by
hand.

= It would be perfect if there was a physical mechanism that
selects Levi-Civita over other possibilities.



Introduction

Mathematical reasons:

= Absence of torsion.
= Metric compatibility.
= Uniqueness.

Physical reasons: (Fﬁy(p) = {ZV} +Sf, + T[jy)
= Equivalence principle: I7,,(p) =0= T/, =0.
= We want metric geodesics = affine geodesics = S5/, = 0.
Are they enough?
= Although these are valid reasons, it seems that L-C is put by
hand.

= It would be perfect if there was a physical mechanism that
selects Levi-Civita over other possibilities.

= |f | find a variational principle that have L-C as a solution, is it
unique? Which one is the most general solution?
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Metric g, and connection [/, independent, as in differential

geometry. Action dependent on both:

S=S(g0) = / dPx\/Jg| [ig’”’f?w(r) + m(@g)} :

0S . . .
= — — Einstein equation.
og

"5 — Connection equation.

What do we expect? We hope to find Levi-Civita as the unique
solution.
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General solution

5= [ a2 lg [pes Rul0) + £aior8)]

Equations of motion:

1 O
Riuw) = 58wR = =T, R=g"R,,

o 1 o 1 o
v/\g/w - T;//\g(w - m Trr/\g,u,l/ - m Tm/gu/\ = 0.

General solution:
Mo, = {0} + Audt.
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Geometrical properties

Palatini connections:
T, = {0} + At

Torsion and metric derivative:

Th, = Audt — AoL, VoG = —2A,8-

Curvature tensors:

A A A
R,u,l/p = R/u/p + ~F/l,l/5p7 R,U,l/ = R/H/ + *FlLV) R= R,

where

erl/ = 8;;./41, - 8y./4u = VM.A,/ - VV.AM.
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Geometrical properties

Affine geodesic equation:
XPV 51 =0 & %PV 5 = — A %P i

B3 = (F) 8 sy = [[e gy
0

Same trajectories but with different parametrisation.

m
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Geometrical properties

Parallel transport:

KONV XV VI = XP AV = VE(N) = e C V()

= Consequence of non metric compatibility.
= Similar to L-C transport composed with homothety.
= Uniqueness.
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Let's summarise:
= General solution
T, = {0} + Audt.

= Curvature tensors are the same plus terms involving 7. In
particular:

R;LI/ = R/H/ + ]:,u,l/-

= Homothetic parallel transport.
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Physical observability

Same rough physics:

= Same solutions to Einstein equation:

= 1
R(p,l/) = R}I,l/ = R/u/ - Eg“yR == _57;“/.

= Same spacetime trajectories of free-falling test particles:

xPV xt = — A xPxt == ] xt
P p 3

= Equivalence Principle preserved.
= Same tidal forces (geodesic deviation).
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Physical observability

= Parallel transport with homothety <— Staticity:

t
—_— —_— —_—
— | —
— —
— —
—_— —_— —_—
r
= There aren't any curvature effects except for the change of
norm.

= Could be interpreted as non-staticity, but that’s because
usually we work with metric-compatible connections.

= The norm of a parallel transported vector cannot be physically
measured.

= Usually we define a unit (say, a rod) and we transport it. Key
point: the forces are not the geometrical ones.

Moral: Compare directions with the connection and norms
with the metric.
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Next step: Lovelock Gravities:

= Action of orden n in curvature but second order differential
equations.

In particular, Gauss-Bonnet,

S= /de\/\g| | RuvpnRIPY — 4Ry, RMY + R?] .

We have already obtained the variations of the action and have
seen that Palatini connections are solutions.
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Conclusions

Summarising:

= Most general solution: rﬁ,, = {ﬁy} + A0,
= Same pregeodesics and same Einstein equation.
= Unique with parallel transport homothetic to the L-C one.

= No physical observable effects, so Palatini formalism yields an
exact variational characterisation of such basic physics.

= Relation between spacetimes with different geometry but
same physics. Freedom of geodesic parametrisation.

Thanks for your attention!
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