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@ The tensor hierarchy.
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© Consistency.
@ Noether identities and EOMs.
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Supergravity in 11-dimensions

Cremmer and Julia (1978)
The bosonic fields of N =1,d = 11 supergravity are:

The field strength of the 3-form is
G=40C,

and is obviously invariant under the gauge transformations

§C=30%,
where )’AZ is a 2-form.
The action for these bosonic fields is
5 [ans g|[f?214,2;2614 L sabatt
&1
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Supergravity in 8-dimensions

Alonso-Alberca, Messen and Ortin (2000)
After compactification on T3 we get:

Bosonic fields of 8 — dimensional supergravity

{g[.lV7 C7 Bm»A1m7A2m7a,(P7-//{mn}7

The action:
s — /dgx\ /lgel {Re + 3T (0.0 4) 2+ 1e (9w 1)
— L FI™ Mo Wi FI" + s Hn ol ™ Hy — 552 G2,

2 2 1
6324\/@ €[GGa—8GHmA?™ +12G(F?™ 4+ aF'™)Bp,

8™ Hyy Hy By —8GIaC — 16Hm(F2™ + aF1m)C] } .
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With Field Strengths:
G=49C+6F1mB,,,

Hpm = 309 Bm + 3€mnp F1A%P,
F2m=29A2m
leading to the following non-trivial Bianchi identities:

0G =2F1my, .

3
OHm = 3€mnpF1"F2P,
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Goals

@ The construction of a generic (up to second order in derivatives) 8-dimensional
theories with Abelian gauge symmetry and non-trivial Chern-Simons terms
compatible with the existence of a group of electric-magnetic duality rotations of the
equations of motion(in 8 dimensions it must be a subgroup of the symplectic group).
There are previous works in different dimensions,d=3,d=4,d=5,d=6,d=9.
Bergshoeff, Hartong, Hohm, Hubscher, Ortin, 2009. Hartong, Hohm, Hubscher,
Ortin, 2009. Hubscher, Ortin, Shahbazi, 2014. Hubscher, Ortin, Shahbazi, 2014.
Fernandez-Melgarejo,Ortin, Torrente-Lujan, 2012.
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@ The general gauging of the global symmetry group using the embedding-tensor
fomalism including the possibility of adding Stiickelberg couplings consistent with
the above-mentioned electric-magnetic duality.
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@ The construction of a generic (up to second order in derivatives) 8-dimensional
theories with Abelian gauge symmetry and non-trivial Chern-Simons terms
compatible with the existence of a group of electric-magnetic duality rotations of the
equations of motion(in 8 dimensions it must be a subgroup of the symplectic group).
There are previous works in different dimensions,d=3,d=4,d=5,d=6,d=9.
Bergshoeff, Hartong, Hohm, Hubscher, Ortin, 2009. Hartong, Hohm, Hubscher,
Ortin, 2009. Hubscher, Ortin, Shahbazi, 2014. Hubscher, Ortin, Shahbazi, 2014.
Fernandez-Melgarejo,Ortin, Torrente-Lujan, 2012.

@ The general gauging of the global symmetry group using the embedding-tensor
fomalism including the possibility of adding Stiickelberg couplings consistent with
the above-mentioned electric-magnetic duality.

@ A simplification/sitematization of the construction of maximal 8-dimensional
supergravities with SO(3) gaugings. Salam and Sezgin (1985),
Alonso-Alberca,Messen, Ortin (2000), Alonso-Alberca,Bergshoeff, Gran, Linares,
Ortin (2003)
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Ungauged d = 8 theories

The field content of a generic d = 8 theory:
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Ungauged d = 8 theories

The field content of a generic d = 8 theory:
@ the metric gyv,
scalar fields ¢*,
o 1-form fields A' = Al dxH,
o 2-form fields Bm = 4 Bmpuydx* Adx¥ and
@ 3-form fields C? = %Ca”vpdx“ AdxY AdxP.

Which is the simplest theory one can construct with these fields?.

Oscar Lasso Andino (IFT-UAM/CSIC) 8-dimensional field theories November 16, 2016 7 /56



The most simple action with its field strengths

The simplest field strengths are the exterior derivatives:

Fl=aqA, Hm=dBn, G?=dC?.
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The most simple action with its field strengths

The simplest field strengths are the exterior derivatives:

Fl=aqA, Hpm = dBp, G?=dC?.

They are invariant under the gauge transformations

SsA =do!, 86Bm=dom, 85C? =do?,

/

where the local parameters ', 0p,, 07 are, respectively, 0-, 1-, and 2-forms.
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The most simple action with its field strengths

The simplest field strengths are the exterior derivatives:

Fl=aqA, Hpm = dBp, G?=dC?.

They are invariant under the gauge transformations

SsA =do!, 86Bm=dom, 85C? =do?,

where the local parameters o'

,Om,0? are, respectively, 0-, 1-, and 2-forms.
The most general gauge-invariant action
S = [{<1R+ 1%y do* Axdg — Ly F N+ 4™ i AxHy
—13m A5, G? AXGE — IRe N, GINGEY

where the kinetic matrices 94, , %, . #™",3m.A,p as well as the matrix Re. 45, are
scalar-dependent.
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Equations of motion

The equations of motion of the 3-forms C? are

5s 85 58S

_ b b
ooy =—ds=s =0, s = Ra= —Re A5G0~ SmApx GP.
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Equations of motion

The equations of motion of the 3-forms C? are

8S 8S oS _ b b
02 = dp2 =0, oo = Ry = eGP — Sm A3 x GO

These equations can be solved locally by introducing a set of dual 3-forms Cj.
dC;=R,.
Moreover, we can built a vector containing the fundamental and dual 3-forms:
. ca . .
iy — i — i
@=(¢) =

so that the equations of motion and the Bianchi identities for the fundamental field
strengths take the simple form

dG' =0.
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First abelian deformation.

G?=dC?+d°"F'By,

SsA! =do', 86Bm =dom, 85C?=do®—d?,™F'op,.
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First abelian deformation.

G?=dC?+d°"F'By,

SsA! =do', 86Bm =dom, 85C?=do®—d?,™F'op,.

v

@ The action remains gauge-invariant but the formal symplectic invariance is broken: if

we do not modify the action, the dual 4-form field strengths are just G, = dC, and
Sp(2n3,R) cannot rotate these into G?

o Furthermore, the 1-form and 2-form equations of motion do not have a
symplectic-invariant form.

N
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First abelian deformation.
G?=dC?+d°"F'By,

SsA! =do', 86Bm =dom, 85C?=do®—d?,™F'op,.

v
Problems!

@ The action remains gauge-invariant but the formal symplectic invariance is broken: if
we do not modify the action, the dual 4-form field strengths are just G, = dC, and
Sp(2n3,R) cannot rotate these into G?

o Furthermore, the 1-form and 2-form equations of motion do not have a
symplectic-invariant form.

4

Solution:Add a CS term to the action

Scs :/{_dalmdcaFle}7

.
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Many things change

New equation of motion:

§S 5S |
—dm :0, m:Ra—da/deaF Bm.
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Many things change

New equation of motion:

—d%:o, 85 =R,—dy"dC?F'B,,.

8dCa
The local solution is now

dCs = R,—dy™dC?F' By,
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Many things change

New equation of motion:

§S 5S |
—dmzo, m:Ra—da/deaF Bm.

The local solution is now
dCs = R,—dy™dC?F' By,
The dual, gauge-invariant, field strength now is:

R, =dCya+dy™dC?F' By = G,.

(Ch= (E-:) transforms linearly as a symplectic vector if (d;™) = (Zal’,’n") also does.
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We can define the symplectic vector of 4-form field strengths

G'=dC'+d'|"F'Bn,
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We can define the symplectic vector of 4-form field strengths
G'=dC'+d'|"F'Bn,
invariant under the deformed gauge transformations

SsA = do! 86Bm =dom, 8:C'=do’—d'|"Flop,.
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We can define the symplectic vector of 4-form field strengths

G'=dC'+d'|"F'Bn,

invariant under the deformed gauge transformations

SsA = do! 86Bm =dom, 8:C'=do’—d'|"Flop,.

Problem!

The deformed gauge transformations do not leave invariant the CS term.
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We can define the symplectic vector of 4-form field strengths

G'=dC'+d'|"F'Bn,

invariant under the deformed gauge transformations

SsA = do! 86Bm =dom, 8:C'=do’—d'|"Flop,.

Problem!

The deformed gauge transformations do not leave invariant the CS term.

Add another term of the form

Scs = /{fda/’"dcaF’Bm — 302" d? " FY B},
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We can define the symplectic vector of 4-form field strengths

G'=dC'+d'|"F'Bn,

invariant under the deformed gauge transformations
SsA = do! 86Bm =dom, 8:C'=do’—d'|"Flop,.

Problem!

The deformed gauge transformations do not leave invariant the CS term.

Add another term of the form

Scs = /{fda/’"dcaF’Bm — 302" d? " FY B},

da(/[mdaj)m] = 07 SO d,'(l(mdiJ)m) =0.
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Checking the symplectic invariance

Using the duality relation R; = G, the equations of motion of the 1-forms can be written
in the form

oS

W = d{%/J*FJ—‘rd,'/mGiBm—f— %d,'/mdi_/mF‘Ian} =0,
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Checking the symplectic invariance

Using the duality relation R; = G, the equations of motion of the 1-forms can be written
in the form

% - d{///,J*FJ+d;,mGiBm+ %d;,mdiJ’"FJBm,,} -0,
Fi = dA+dy"G'Bm+Ldy™d" )" FIBmn,
Fi= —tyxF,
df; = dy"G'H,p,,
where A, is a set of 5-forms. )
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EOM for the 1-forms

The equations of motion are of the 1-forms given by the Bianchi identities of the dual
6-form field strengths up to duality relations:

6S

a7 = f{dlf', fd,-,"’G"Hm} :

The Solution

Using the duality relation R; = G; and following the same steps for the 2-forms , we find
A™ = dB™+d',"F'C;,
H™ = . #"™xHp,
dA™ = —dymG'F!,
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The equations of motion of the 2-forms are given by the Bianchi identities of the dual
5-form field strengths up to duality relations:

;?Sm = {afm+dymG'F'}.
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The equations of motion of the 2-forms are given by the Bianchi identities of the dual
5-form field strengths up to duality relations:

oS ~ i
— _ Am .m IFI} )
55 {dAm+dymG
This completes the first abelian deformation )
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Second abelian deformation

Deforming Hn,

Hm = dBm — dmiyF' A7,

which is invariant under the gauge transformations

SsA = do' 86Bm = dom+dy Flo”,

and satisfies the Bianchi identity

dHpm = —dmy FY.

The deformed G

| \

G' = dC'+d|"F'By—3d' " dp Al FIAK,
8C" = do'—d'|"Flom+1d M dmk (0! FIAK — AlFI6K),
dG' = d'|"F'Hn,
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The 6-form potentials and their 7-form field strengths

Bandos,Ortin 2016, ....

@ The 6-form potentials are expected to be the duals of the scalars. However,
maintaining the manifest invariances of the theory in the dualization procedure
requires the introduction of as many 6-forms Dy as generators of global
transformations 84 leaving the equations of motion (not just the action) invariant.
Hence, the index A labels the adjoint representation of the duality group.

@ The 7-form field strengths K, are the Hodge duals of the piece jﬁ‘c)(q)) of the

Noether—Gaillard—Zumino (NGZ) conserved 1-form currents ju :ji‘c)(¢)+AjA
associated to those symmetries (or, better, dualities) which only depend on the
scalar fields

KA = *j/S\O.)7
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@ The Bianchi identities:

dKp = dxj57) = dx GNCZ — Bja) = —d* Dja,

o We can rewrite that equation locally as the conservation of the NGZ current

d+jNe? o, JNCZ = O 4 Aj,,

where Aja is a very long and complicated expression. A local solution is provided by

* '/E‘G) + Aja]l = —dDj, for the 6-form potential Dy and we get the definiton of the
7-form field strength

W8 = —dDp+*Dja = Ka.

o Finally, the Bianchi identity becomes

dKp = —d*j\") = Tp! JFIEj+ Ta™ " Hop — 1 Tp;: G
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Field strengths

Fl' = dA'.

Hn = dBm—du F A,

G = dC'+d|"F'Bp—Ld M dmAFIAK,

A™ = dB™+d"|"CiF! +d™PBn(Hp+ AHp) + 5d' ™ di)"AV AH,,

Fi = dAj+2dmyA”(Am— L 0H,) - (d",mB,,, - %dij’"dm,KAJK) (G- 1AaG)

3 (&1 dmsic — o k) I AK G 0Py A B
+a (diKm i dmiy +2di[l\mdi\K]"deL) FIARLB, + L d' ™ dic"dpy AT dB,,

—155d 1" diQ " dity dpr ATKLQ P

Oscar Lasso Andino (IFT-UAM/CSIC) 8-dimensional field theories November 16, 2016 19 / 56



Bianchi identities

/=

dHp,

dG'

0,

—dmiFY,

d'/™F'Hp,,

') GiF! +d™ Hpp,
2y FYA™ + dy™ G Hy

TAIJFJF_'/ + TAmnFlnHm—%TA,‘jGij.
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Duality Relations

*G' = Qi Gk,

*H™ = #™H,,

*ﬁ/ = ﬂIJFJ,

WK = =,
A%

L. = ——_

e dct
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Non-Abelian and massive deformations: the tensor hierarchy

Gauging the global symmetries of the theory

The most general possibilities can be explored using the embedding tensor formalism

Cordaro, Fré,Gualtieri, Termonia and Trigiante (1998). Nicolai and Samtleben (2001).De
Wit and Samtleben (2001). De Wit, Samteblen and Trigiante (2003)

The tensor hierarchy \

De Wit and Samtleben (2005). De Wit, Nicolai and Samteblen (2008). Bergshoeff,
hartong, Hohm,Huubscher and Ortin (2009). De Wit and Zalk (2009)
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The embedding tensor formalism

@ A convenient tool to study gaugings of supergravity theories in a universal and
general way, that does not require a case-by-case analysis.

@ Formally maintains covariance with respect to the global invariance group G of the
ungauged theory, even though in general G will ultimately be broken by the gauging
to the subgroup that is gauged.

@ It turns out that all couplings that deform an ungauged supergravity into a gauged
one, can be given in terms of the embedding tensor.

o Gauged supergravities are classified by the embedding tensor, subject to a number of
algebraic or group-theoretical constraints.
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@ The embedding tensor © ;% pairs the generators t, of the group G with the vector
fields AHM used for the gauging. The indices o, f3,... label the adjoint representation
of G and the indices M, N, ... label the representation %\, of G, in which the vector
fields that will be used for the gauging transform. Thus, the choice of ©,%, which
generally will not have maximal rank, determines which combinations of vectors

M
A/J eMa )
can be seen as the gauge fields associated to (a subset of) the generators ty of the

group G, and, simultaneously, or alternatively, which combinations of group
generators

Xu = Oy’ ty
can be seen as the generators of the gauge group. Consequently, the embedding
tensor can be used to define covariant derivatives
— M o _ M
Dﬂ = a”—A” Oty = a“—A“ Xm s

which shows that the embedding tensor can also be interpreted as a set of gauge
coupling constants of the theory.
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The EOMs invariant under a global symmetry group with infinitesimal generators { T4}

satisfying the algebra
[Ta. Tsl=fag“ Tc.

The group acts linearly on all the forms of rank > 1, if (C) = (Ca> .

The generators are: {Ta! ;1. {Ta™n},{Ta’;}
The adjoint generators are: TaBc =fact
The matrices T4'; are generators of the symplectic group

We have:

SuAl = AT, A7,
_ _ A n
ga‘grin__aAaT :‘T.chmBn’ Satlyy = —2TaX 1My,
0 C' = Al 6A///m"=2TA(mp///”)p»

SuAj=—aTyl A, k
agém _ OCA TAman, SA%J = 72TA (iy/j)k’
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@ The k-form field strengths will transform in the same representation as the
corresponding (k —1)-form potential, but only if the d-tensors d,,;;,d';™,d™" are
invariant under the global symmetry group, i.e. they must satisfy

8admiy = —Ta"mdny—2TaK (1dy 1k =0,
dad')™ = Talid/ )™= Tald' )7+ Ty nd" " =0,
§admP = 3T, qalnel — g

@ The theories we have constructed are invariant under Abelian gauge transformations
with 0-, 1- and 2-form parameters ¢/, 6, 0"

SsA! ~ do!, 86 Bm ~ dom, 85C' ~do'.
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The gauging of the global symmetry

We promote the global parameters o to local ones a*(x) and we make the
identification:

The embedding tensor

at=c'9A.

The gauge transformation for the the kinetic matrices ., #™", #}; become:

5(;.%/J=—2GLXLK(/./ZJ)K, Sg%m"=20'l T/(mp.//fn)P7 5(;7/,'1':—26,)(/[((,-7/]-),(,

where:

X k= 02Tk, Ximn = A TA™ 0, X' = A TAS.
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The embedding tensor and the 1 — forms

The gauge fields for these symmetries are given by

At =Aly A,

The covariant derivative of a field ® transforming as 4@ is given by

b =dd— A5,

Then
9M™ = da"™ —2A! X, (" P
DMy = d.////J-‘rQALXLK(,//[J)K,
Wy = dW+2A XK Wy
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The first Constraint and the 1-forms

The derivatives transform covariantly under gauge transformations 8¢ = 6/ 1%,
provided that the embedding tensor is gauge-invariant

S =0,

and provided that the 1-forms transform as

AAl9A

07
56AI = 90! +AA’, where

20! do!' —AIX,! oK,

The gauge invariance of the embedding tensor leads to the so-called quadratic constraint
B K A Aq C
9,8 | Ts™ 0 ~ fac™®, <] = 0.

To determine AA’ we have to construct the gauge-covariant 2-form field strengths F/.
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2-form field strengths

Use Ricci identities

DD My = —F' 0,2 Sp M,

F' = da' - Ix,/ A"+ 2ImB,,
SF' = o!X,//FK,
SA = 96 -ZImg,,
86Bm = —0' X" B+ D0m+2dm (FJoK _ %AJSGAK) +AB,,

with Z/™AB, = 0.
In the ungauged limit % = Z/™ =0 we get the Abelian gauge transformations.
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Field Strengths

FI

Hm

Gi

dAl - 1x, AR L ZImB,,

DBm — dmiydA' AT + 1M AR L 7, T

2C +d')" |F'B,— 3Z'PB,B, + 1 d, i dA? AR + %deJXKMLA’JKL} — Zim A"
GB™ —dyF!C'+ d™ B, (Hp+ AHp —2Z;,C')

+d™ K dA! dAT AK

+ (T12didean il — %dm/JMXKML) dA AKE

+ (%dmNPMX/NJ - %diMmd/inanJ) X P AUKEM

+ZImA~,7

Oscar Lasso Andino (IFT-UAM/CSIC) 8-dimensional field theories November 16, 2016 31 /56



Bianchi ldentities

9F!
DHm
26’
2A™
PF,
PDKp

7L,

Z'mH,

—dpyFY + 2 G’

d)"F' Hy— 2 A™,

—dy™ G F! - d™PHypp 4+ d™  FYK + ZIME

2d FIA™ + dy™ G Ho — 3d™ 1y FX Ho — 92 K4,

+TaR JF P+ TA™ A" Hiy — 3 T G+ Ya BLE + YA ™ Ly + Y aim L™,
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o First of all we have the gauge-invariance constraints
A Ji
217, 217", Liim,
@ Secondly, we have the global-invariance constraints
2Lamiss 2447,

@ Thridly we have the orthogonality constraints between the three deformation tensors

QmA = —Zlml9[A,
92! = Zz,z/m
PDon = ZimZ'n.
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o Next, we have the constraints relating the gauge transformations to the d-tensors

27k = Xu'ky-2K"dmis,
2"y = X422+ Zipd ™
‘glij = —X[,'J'_2Z(,'|mdlj)/m,

o Finally, we have the constraints that related the d-tensors amongst them

gimn  _ dil[m|ZI\n] _|_Zipdpmn’
2™ = 3d("d )"+ d™Pdpyy +3dUM e 2K,
ik = Zimd" 1k — di()) " dm| k) -
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We get equations which guarantee the consistency of the whole construction of the
tensor hierarchy that we have carried out.

amA
0K B

92,4
FEW

(7MY a4 L7 |+ S 19 M+ HiKa]

02,7k

99,8

[@M/JKJFF/K,:-J} +&L’";" [@/\/I’m”+F’Fl’"H,,]

EEW

9.2
FEWE

(oMt +Fl6T] = o
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Noether identities.

;85,85
msc " 5By
8S 6S
P, T s =0
) 8S i ngl In
3B, BCJd F+Z B(A,)
55 i npy, 4 35 J
where
A\ 55 65 K i n i n JK
B(A/)—W 5B, <5 A d’”KH_SCJ( d "Bn+3 d dnik A7)
5S 85 1 95 1 g

v B(9*) =0 (6¢XkAX(¢)*@ A% 5
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EOMSs and Bianchi identities

8S
22 _ (B,
5B, %#(Bm)
8S
6C,’ —%(C,)
8S 5 K in 1.in JK

) i
A AX(¢)W =0 (B(9*) + B(C) T 4, Cj+ B(Bm) T) ", Bn)

where

VAB(6°) = v (ZKa+ Ta ,FIF+T, ,,H”Hm—fTA Gy

B(A)) = —PF; +2dm F?A™ 4+ d.™ G Hpm — 3d™ i FK Hin + 0 K
B(Bm) =—2H™ —d; TG F' +d™PHpp+d"  FK + 2 F)
B(C))=—2G;+d; ,F’ —ZimH™

1
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The 8-dimensional supergravities with SO(3) gaugings

@ All these theories will be equivalent from an 8-dimensional point of view: they are all
related by SL(2,R) duality transformations that can be understood as a different
changes of variables.Dibietto,Ferndndez-Melgarejo,Marquéz,Roest (2012).
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@ All these theories will be equivalent from an 8-dimensional point of view: they are all
related by SL(2,R) duality transformations that can be understood as a different
changes of variables.Dibietto,Ferndndez-Melgarejo,Marquéz,Roest (2012).

@ The simplest mechanical procedure to obtain them from 11-dimensional supergravity
would be to perform the standard Scherk-Schwarz reduction that gives an
8-dimensional SO(3)-gauged maximal supergravity in which the 3 Kaluza-Klein
vectors play the role of gauge fields and then perform the SL(2,R) duality
transformations mentioned above. Salam and Sezgin (1985).
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The 8-dimensional supergravities with SO(3) gaugings

@ All these theories will be equivalent from an 8-dimensional point of view: they are all
related by SL(2,R) duality transformations that can be understood as a different
changes of variables.Dibietto,Ferndndez-Melgarejo,Marquéz,Roest (2012).

@ The simplest mechanical procedure to obtain them from 11-dimensional supergravity
would be to perform the standard Scherk-Schwarz reduction that gives an
8-dimensional SO(3)-gauged maximal supergravity in which the 3 Kaluza-Klein
vectors play the role of gauge fields and then perform the SL(2,R) duality
transformations mentioned above. Salam and Sezgin (1985).

Problem!

Technically complicated (because of electric-magnetic duality). The Kaluza-Klein triplet
of vector fields are the first component of a SL(2,R) doublet and, after the duality
transformations, the gauge fields are no longer the first component of that doublet, but a
general linear combination of the first and the second.
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@ The 8-dimensional SL(2,R) duality transformations have no clear 11-dimensional
counterpart, though, and the SO(3)-gauged maximal supergravities in which the
triplet of gauge fields are not the first component of the SL(2,R) doublet obtained
in this way cannot be uplifted to 11 dimensions.
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@ The 8-dimensional SL(2,R) duality transformations have no clear 11-dimensional
counterpart, though, and the SO(3)-gauged maximal supergravities in which the
triplet of gauge fields are not the first component of the SL(2,R) doublet obtained
in this way cannot be uplifted to 11 dimensions.

The only way to uplift an 8-dimensional solution of these theories would be to undo first
the SL(2,R) rotation converting the solution in a solution of the Salam-Sezgin theory. J

@ There is no known way of dimensional reducing 11-dimensional supergravity to
obtain directly any of the SL(2,R)-rotated SO(3)-gauged 8-dimensional maximal
supergravities.
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@ The 8-dimensional SL(2,R) duality transformations have no clear 11-dimensional
counterpart, though, and the SO(3)-gauged maximal supergravities in which the
triplet of gauge fields are not the first component of the SL(2,R) doublet obtained
in this way cannot be uplifted to 11 dimensions.

The only way to uplift an 8-dimensional solution of these theories would be to undo first
the SL(2,R) rotation converting the solution in a solution of the Salam-Sezgin theory. J

@ There is no known way of dimensional reducing 11-dimensional supergravity to
obtain directly any of the SL(2,R)-rotated SO(3)-gauged 8-dimensional maximal
supergravities.

@ One exception: the SO(3)-gauged 8-dimensional maximal supergravity in which the
triplet of gauge fields are the second component of the SL(2,R) doublet (they are,
precisely, those coming from the reduction of the 11-dimensional 3-form).
Alonso-Alberca, et al.(2001)

Oscar Lasso Andino (IFT-UAM/CSIC) 8-dimensional field theories November 16, 2016 39 / 56



@ The 8-dimensional SL(2,R) duality transformations have no clear 11-dimensional
counterpart, though, and the SO(3)-gauged maximal supergravities in which the
triplet of gauge fields are not the first component of the SL(2,R) doublet obtained
in this way cannot be uplifted to 11 dimensions.

The only way to uplift an 8-dimensional solution of these theories would be to undo first
the SL(2,R) rotation converting the solution in a solution of the Salam-Sezgin theory. J

@ There is no known way of dimensional reducing 11-dimensional supergravity to
obtain directly any of the SL(2,R)-rotated SO(3)-gauged 8-dimensional maximal
supergravities.

@ One exception: the SO(3)-gauged 8-dimensional maximal supergravity in which the
triplet of gauge fields are the second component of the SL(2,R) doublet (they are,
precisely, those coming from the reduction of the 11-dimensional 3-form).
Alonso-Alberca, et al.(2001)

@ Maybe find more general non-covariant deformations of 11-dimensional supergravity
leading to the rest of SO(3)-gauged 8-dimensional maximal supergravities.
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=2, d = 8 supergravity

e ¥/ =2, d =8 supergravity can be obtained by direct dimensional reduction of
11-dimensional supergravity on T3.
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A =2, d =8 supergravity

e ¥/ =2, d =8 supergravity can be obtained by direct dimensional reduction of
11-dimensional supergravity on T3.

@ The scalars of the theory parametrize the coset spaces SL(2,R)/SO(2) and
SL(3,R)/SO(3) and the U-duality group of the theory is SL(2,R) x SL(3,R) and its
fields are either invariant or transform in the fundamental representations of both
groups.
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SL(3,R)/SO(3) and the U-duality group of the theory is SL(2,R) x SL(3,R) and its
fields are either invariant or transform in the fundamental representations of both
groups.

@ We use the indices i,j, k = 1,2 for SL(2,R) doublets and m,n,p=1,2,3 for SL(3,R)
triplets.
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A =2, d =8 supergravity

e ¥/ =2, d =8 supergravity can be obtained by direct dimensional reduction of
11-dimensional supergravity on T3.

@ The scalars of the theory parametrize the coset spaces SL(2,R)/SO(2) and
SL(3,R)/SO(3) and the U-duality group of the theory is SL(2,R) x SL(3,R) and its
fields are either invariant or transform in the fundamental representations of both
groups.

@ We use the indices i,j, k = 1,2 for SL(2,R) doublets and m,n,p=1,2,3 for SL(3,R)
triplets.

@ The bosonic fields are

gHV7 C7 BmaAimaav(pw%m"?

where C is a 3-form, By, a triplet of 2-forms, A'™, a doublet of triplets of 1-forms
(six in total), a and ¢ are the axion and dilaton fields which can be combined into
the axidilaton field

T=a+ie ?,
or into the SL(2,R)/SO(2) symmetric matrix
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2 . _
(75) = e‘p< |1;| i > , with inverse (W”) Ee(”( ja |T|a2 ) ,

@ Mmpn is an SL(3,R)/SO(3) symmetric parametrized in terms of the scalars.
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2 . _
(75) = e‘p< |1;| i > , with inverse (W”) Ee"’( ja |T|32 ) ,

@ Mmpn is an SL(3,R)/SO(3) symmetric parametrized in terms of the scalars.

@ The bosonic action, Alonso-Alberca et. al., is
[dx/Igl {R+4Te (0.0t %) + e (- 2)?
— M Mg W FIN + 551 Hon ot ™ Hpy — 557679 G2,

6324\/@ €[GGa—8GHmA2™ +12G(F2™ + aF'™)B,,

—8™P HyHy By —8GIaC — 16Hm(F2™ +aF1™)C]}
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where the field strengths are given by

Fim = 20AIM.
Hm = 30Bm+3emnpFl"A%P,
G = 49C+6F'™B,,

@ We want to use differential-form language and a different basis of forms with better
transformation properties under the duality groups (in particular, under SL(2,R))

Oscar Lasso Andino (IFT-UAM/CSIC) 8-dimensional field theories November 16, 2016 42 / 56



where the field strengths are given by

Fim = 20A'm.
Hm = 390Bm+3emnpFl"A%P,
G = 49C+6F'™B,,

@ We want to use differential-form language and a different basis of forms with better
transformation properties under the duality groups (in particular, under SL(2,R))

o We redefine the potentials as
Bm — Bm—3emnpANAAP,

C — Cl JempAlmAAIT A AP,
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The bosonic action becomes

S = [{-+RA YT (At nadt )+ YT (W prd W)
A I M F'™ NI+ 3 0™ Hiy AHp + 379 GIAxGL — LaGL G
+1G [Hp A2 — By F?™ + Lemn, F2M AL AP
+1HmF2m [C + Lemnp AL ALY AZP]
+3€MP Ho Hp (Bp — $€pqr AT A2T) )

and the field strengths

Hm

dBm + € €mnp F AP,

G' = dC'+F'™Bm+ LejemnpAtTFTAP.
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The SO(3) gaugings of .4 =2, d = 8 supergravity

@ The only structure constants that we need to know explicitly are those of the SO(3)
subgroup
[Tm, Tn] = fmnp Tp = *emnp Tpv

@ The SO(3) generators in the fundamental/adjoint representation are the matrices

Tm"p=€m"p=—E€mpn.

@ The coset space SL(3,R)/SO(3) is a symmetric space and the structure constants
with mixed indices fin,? provide a representation of SO(3) acting on the
SL(3,R)/SO(3) indices a,b,---:

7—mab = fmba-
o For the generators of SL(2,R) ~Sp(2,R) in the fundamental representation Taij we

just need to know the property

Taku€i]k = T4 =0,
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@ The indices /,J,... must be replaced by composite indices im,jn etc. where
ij,...=1,2and m,n,...=1,2 3 are indices in the fundamental representations of
SL(2,R) and SL(3,R), respectively.
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@ The indices /,J,... must be replaced by composite indices im,jn etc. where
ij,...=1,2and m,n,...=1,2 3 are indices in the fundamental representations of
SL(2,R) and SL(3,R), respectively.

@ The electric 3-forms carry an index a which is the upper component of a symplectic
index denoted by /,j,.... In the case at hands, a takes only one value: 1 (C!) which
will be sometimes omitted (C). The lower index 1 is equivalent to an upper index 2:
C; = £12C2 = €2 and, therefore (Ci) = (8) = (g;) On the other hand,
Ci=¢;C.
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@ The indices /,J,... must be replaced by composite indices im,jn etc. where

ij,...=1,2and m,n,...=1,2 3 are indices in the fundamental representations of
SL(2,R) and SL(3,R), respectively.

@ The electric 3-forms carry an index a which is the upper component of a symplectic
index denoted by /,j,.... In the case at hands, a takes only one value: 1 (C!) which
will be sometimes omitted (C). The lower index 1 is equivalent to an upper index 2:

C; = £12C2 = €2 and, therefore (c’ )— ( ) = (g;) On the other hand,
C,-Ee,-jCJ.

o Comparing the field strengths of this theory with those of the generic ungauged
theory we get that the d-tensors can be constructed entirely in terms of the
U-duality invariant tensors &';,&;;,0™ n, €mnp:

1
dmIJ - dminjp = —5&mnp&ij,
dilm N dijnm :Bijsmn
Moreover

d' (" )" = —2dPdpyy, = d™P = 4 5eMP
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@ In this theory, the embedding tensor has the form ®;,”. We know there are at least
two possible SO(3) C SL(3,R) gaugings of this theory:
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@ In this theory, the embedding tensor has the form ®;,”. We know there are at least
two possible SO(3) C SL(3,R) gaugings of this theory:
@ Salam and Sezgin's (SS), in which the 3 vector fields A'™ coming from the metric of

11-dimensional supergravity (that is, the 3 Kaluza-Klein (KK) vector fields) are used
as gauge fields.
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@ Salam and Sezgin's (SS), in which the 3 vector fields A'™ coming from the metric of
11-dimensional supergravity (that is, the 3 Kaluza-Klein (KK) vector fields) are used
as gauge fields.

@ The AAMO gauging in which the 3 gauge fields are the A%?™ coming from the 3-form
of 11-dimensional supergravity.
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@ In this theory, the embedding tensor has the form ®;,”. We know there are at least
two possible SO(3) C SL(3,R) gaugings of this theory:

@ Salam and Sezgin's (SS), in which the 3 vector fields A'™ coming from the metric of
11-dimensional supergravity (that is, the 3 Kaluza-Klein (KK) vector fields) are used
as gauge fields.

@ The AAMO gauging in which the 3 gauge fields are the A%?™ coming from the 3-form
of 11-dimensional supergravity.

@ The Salam-Sezgin gauging corresponds to choosing an embedding tensor whose only
non-vanishing components are 9;,," = g&;18," where g is the coupling constant,
and the AAMO gauging corresponds to the choice Bi," = g8;28,".
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@ In this theory, the embedding tensor has the form ®;,”. We know there are at least
two possible SO(3) C SL(3,R) gaugings of this theory:

@ Salam and Sezgin's (SS), in which the 3 vector fields A'™ coming from the metric of
11-dimensional supergravity (that is, the 3 Kaluza-Klein (KK) vector fields) are used
as gauge fields.

@ The AAMO gauging in which the 3 gauge fields are the A%?™ coming from the 3-form
of 11-dimensional supergravity.

@ The Salam-Sezgin gauging corresponds to choosing an embedding tensor whose only
non-vanishing components are 9;,," = g&;18," where g is the coupling constant,
and the AAMO gauging corresponds to the choice Bi," = g8;28,".

@ From the 8-dimensional supergravity point of view, one could use any other SL(2,RR)
transformed of the A™ triplet as gauge fields. The corresponding embedding tensor
has the form

Bim" = viém",

where v; is a 2-component vector transforming in the fundamental of the
electric-magnetic SL(2,R) duality group
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@ In this theory, the embedding tensor has the form ®;,”. We know there are at least
two possible SO(3) C SL(3,R) gaugings of this theory:

@ Salam and Sezgin's (SS), in which the 3 vector fields A'™ coming from the metric of
11-dimensional supergravity (that is, the 3 Kaluza-Klein (KK) vector fields) are used
as gauge fields.

@ The AAMO gauging in which the 3 gauge fields are the A%?™ coming from the 3-form
of 11-dimensional supergravity.

@ The Salam-Sezgin gauging corresponds to choosing an embedding tensor whose only
non-vanishing components are 9;,," = g&;18," where g is the coupling constant,
and the AAMO gauging corresponds to the choice Bi," = g8;28,".

@ From the 8-dimensional supergravity point of view, one could use any other SL(2,RR)
transformed of the A™ triplet as gauge fields. The corresponding embedding tensor
has the form

Bim" = viém",

where v; is a 2-component vector transforming in the fundamental of the
electric-magnetic SL(2,R) duality group

@ The SO(3) gauge fields are combinations of the two triplets of vector fields

main _ . Aim
i, TAT = v; AT

and include, as limiting cases, the SS and the AAMO theories.
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From 11-dimensional to 8-dimensional supergravity

11-dimensional » Massive
supergravity 11-dimensional
supergravity
y >~
<4 3
Scherk-Schwarz reduction Roman's massive ) AIonso—AIberca:
N=2A, d=10 supergravity Messen and Ortin
gauged with the
vectors coming
= from
i i the gauge fields are related 11-dimensional
8 Id|mens|o_na| before gauging thres form

Salam and Sezgin

gauge fields: the
three KK vectors

Most general gauging:
use embbeding tensor

Salam and Sezgin, (1985),
Alonso-Alberca,Messen, Ortin, (2001),

Alonso-Alberca, Bergshoeff, Gran, Linares, Ortin, Roest, (2003),
Puigdomenech, de Roo, (2008).
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Solving the constraints

@ The two first constraints
B A
Oim"~ Ygjn” =0,

. AT n _ Zinqq . .
Bim|” T |kp) = 27" dgimip -
@ There are five constraints more relating the three deformation tensors Bim™, Zimn
and Z;,, among themselves and to the d-tensors

ﬁimA TApn+2dniququp+Zjndjimp = 0,

Bim” TAjk+2Z(j‘nd|k),~mn = 0,

dijp[m\sz|n] +Zipdpmn = 0,

Lk, mg .0 gmpy .. 4 3glml. . Ziln]  — g
29 (ipl - Ykljq) pipjq ipjqlr )
Z dmf" kplg — di(jn\mdm\kplq) = 0,
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Solving the constraints

@ The two first constraints
B A
Oim"~ Ygjn” =0,

. AT n _ Zinqq . .
Bim|” T |kp) = 27" dgimip -
@ There are five constraints more relating the three deformation tensors Bim™, Zimn
and Z;,, among themselves and to the d-tensors

ﬁimA TApn+2dniququp+Zjndjimp = 0,

Oim™ Taj +2Z(jjndyim" = 0,

dijp[m\szln] + Zipdpmn = 0,

Lgk mg 0y gmopy . . o 3glml. . Zlinl  —
29 (ipl - Ykljq) pipjq ipjqlr )
Zimdmjn kplg — di(jn\mdm\kplq) = 0,

We have found a set of deformation parameters which are a solution for all contraints

n_ s n imn _ ismn L
Bim" = viém", Z =v'é6™, Zip=0
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A 1-parameter family of SO(3)gauged supergravity

@ The tensor hierarchy

@ From Noether identities

kAX 58(;( = e@(KA% A= m,a, o,
S‘me _ %’(I:',-m)—l—(61;Bm—%£mnpA1"Aip) B(G2) — Lemnpe A" B(AP),
S .
55 _ e

sct
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We find

6S ; ; =
sam = DV Mrnx FI") = emnpeiF" 477 5 Hq — (616 —82G)Hm
i\ 0S i 0S
—ViKm+ (sliBm - %gmnpAlnAJp> s5C %EmnpgijAjanP )
) mn Im A~ 2m 1 ,.mnp i -jn
5B, DM xHp)+F"G —F"G+ 5P HyHp + V' Wiyl mn* F"
m
0S =~ 5
-— = - F"Hp.
5C dG+ m
the scalar equations of motion are
6S vy 1 im jn mn
soy ~ Gy D*x DY + 505 A Wij M mnF'"™ NxFI" + ™ Hy N xHi,

+e ?GAxG—aGAG—V(9)}.
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@ The kinetic terms in the action
I A R B e R s Y CLA S e )
A 3W g M F™ NFIN+ 5 0™ Hyy NHp + 369G AXG — 3aGAG -V} .
o We add

s = /{—dclAG2 ~3AGIAG? — Le™PB L DBy DBy + 3™ By HnHp
— 34 € AMA" AHn DBy}

@ Another correction

s@ = /{—%v;(F"m V' Bm)BmBnBn + 1€™PBnAH,AH, — 160G OF™B,,

+2:€;AMAN DB AH, } .
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The scalar potential

@ The scalar potential must satisfy:

v _
X

aVv

Y2
A8Cu7

ka™

where the index 1 labels the deformations c?, which, in this case, are just ¥;,”,Z™" and
Zim-
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The scalar potential

@ The scalar potential must satisfy:

v _
X

aVv

ka™ —
A 8Cu7

Y4t
where the index 1 labels the deformations c?, which, in this case, are just ¥;,”,Z™" and
Zim-

@ No general rules available in the literature to construct the fermion shifts of any gauged
supergravity. Castellani, Ceresole, Ferrara, DAuria, Fré and Maina,(1986), (1985).
Bandos and Ortn (2016).
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No general rules available in the literature to construct the fermion shifts of any gauged
supergravity. Castellani, Ceresole, Ferrara, DAuria, Fré and Maina,(1986), (1985).
Bandos and Ortn (2016).

They can be written in terms of the dressed structure constants of the gauge group.
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The scalar potential

The scalar potential must satisfy:

v _
X

aVv

Y2
A8Cu7

ka™
where the index 1 labels the deformations c?, which, in this case, are just ¥;,”,Z™" and
Zim-

No general rules available in the literature to construct the fermion shifts of any gauged
supergravity. Castellani, Ceresole, Ferrara, DAuria, Fré and Maina,(1986), (1985).
Bandos and Ortn (2016).

They can be written in terms of the dressed structure constants of the gauge group.

The fermion shifts of SO(3)-gauged .#" = 2,d = 8 supergravity theory can be written in
terms of

fon® = meLnanpfmnp s

where fnP = €mpp, the matrix L, is the SL(3,R)/SO(3) coset representative, and
L,"is its inverse.
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@ The structure of the fermion shifts and of the entire supersymmetry transformations in
SS theory does not show the transformation properties of the spinors under the
R-symmetry group SO(2)xSO(3) ~U(1)xSU(2), because the fermions obtained in the
dimensional reduction from 11 dimensions are not symplectic-Majorana.

Oscar Lasso Andino (IFT-UAM/CSIC) 8-dimensional field theories November 16, 2016 53 / 56



@ The structure of the fermion shifts and of the entire supersymmetry transformations in
SS theory does not show the transformation properties of the spinors under the
R-symmetry group SO(2)xSO(3) ~U(1)xSU(2), because the fermions obtained in the
dimensional reduction from 11 dimensions are not symplectic-Majorana.

o We use symplectic-Majorana spinors in our proposal: gravitini Y, dilatini l,i, and
supersymmetry parameters €/ and we are going to define the fermion shifts S;;, Nm'
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@ The structure of the fermion shifts and of the entire supersymmetry transformations in
SS theory does not show the transformation properties of the spinors under the
R-symmetry group SO(2)xSO(3) ~U(1)xSU(2), because the fermions obtained in the
dimensional reduction from 11 dimensions are not symplectic-Majorana.

o We use symplectic-Majorana spinors in our proposal: gravitini Y, dilatini l,i, and
supersymmetry parameters €/ and we are going to define the fermion shifts S;;, Nm'
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SeAl ~ ot N e

Oscar Lasso Andino (IFT-UAM/CSIC) 8-dimensional field theories November 16, 2016 53 / 56



@ The structure of the fermion shifts and of the entire supersymmetry transformations in
SS theory does not show the transformation properties of the spinors under the
R-symmetry group SO(2)xSO(3) ~U(1)xSU(2), because the fermions obtained in the
dimensional reduction from 11 dimensions are not symplectic-Majorana.

o We use symplectic-Majorana spinors in our proposal: gravitini Y, dilatini l,i, and
supersymmetry parameters €/ and we are going to define the fermion shifts S;;, Nm'

SeWur ~ -+ Sy,
SeAh ~ kN yel.
o We propose ¥ M, where the index M labels the vectors available in the theory (electric

and magnetic in 4 dimensions) and the indices /,J are R-symmetry indices in the
representation carried by the spinors (the fundamental of SU().#") to be written as

Y =Vika™eo™K ), and ¥V = Vity™,
where we have introduced

(Vi) =e??(7 1),

which transforms linearly under SL(2,R) up to a U(1) phase.
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@ The fermion shifts are
Su = Yk Om"PaP(aP)<

Ne'; = V"0,,PPp* (8"'md% — 3m95%) (09)' 5,

where the (oP) are Pauli's sigma matrices.
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@ The fermion shifts are
Su = Yk Om"PaP(aP)<

Ne'; = V"0,,PPp* (8"'md% — 3m95%) (09)' 5,

where the (oP) are Pauli's sigma matrices.

@ For the class of gaugings that we are considering, with embedding tensor ¥;," = v;0m

Sy = Viila™Pn"ey,

NmIJ = ViVi (LmnPnp— %Smqunan) (GP)IJ~

n
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@ The fermion shifts are
Su = Yk Om"PaP(aP)<

Ne'; = V"0,,PPp* (8"'md% — 3m95%) (09)' 5,

where the (oP) are Pauli's sigma matrices.

@ For the class of gaugings that we are considering, with embedding tensor ¥;," = v;0m

Sy = Viila™Pn"ey,

NmIJ = ViVi (I-mn'Dnp - %Smqunan) (GP)IJ~
@ The dressed structure constants can be expressed in these two different ways:
LT agi (L) g™ (Ta)n?,
fmnp =
€mnq qu7

where we have defined 7T™" = L,"L,"T

n
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@ We can express the fermion shifts entirely in terms of T™":

Sy = eyVivyT,

Ne's = Vi (T™ —16mpT)(cP) 5,

The scalar potential

= —3SuS™ 4 F8™ N JNy T = =37 vy [Tr(///)2 —2Tf(///2)] ;

where #/7 is the SL(2,R)/SO(2) symmetric matrix, and where we have used

Mmn=LPL,P, sothat T=Tr(.#), and T™T™ =Tr(.#?).
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Thank you.
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