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_ OBJECTIVES AND MOTIVATIONS

- Top-down (discrete?)

Bottom-up (continuous?)
approaches: i

approaches:

 String theory;

Loop quantum gravity; Asymptotic safety;

, Horava—Lifshitzgr"a’_vity;t

*
Group field theory; - | | R
Causal dynamlcal triangulations; = Non-local gravity theories, ;
Causal sets: * Non-commutative geometry, -
.
o

- Spin foams; Multl fractlonal theorles

..............
oooooooooooooo

*

More ambltlous b“t | Less ambltlous WIth

_”0 phenomenology’ . phenomenolog)”




.~ OBJECTIVES AND M OTIVATI- NS

Waiting for |

. look for shared =
data | e
(Lorentz violations, CMB ‘ POIﬂtS-’_.’ e |

anisotropies, gravitational
waves,...)

We compare:
Multi fractional theories i
oncommutative geometries & =

1. M. Arzano, G. Calcagni, D. Oriti, M. Sc_al‘i_sil, Phys.Rev.
D84 (2011) 125002, [arXiv:1107.5308 [hep-th]]
- 2 G Calcagni‘and.M._Rppco,;[arXiv:j60‘8,0166—7; [hep-th] ]

o 7 Coordinates ¥

. Dimensionality do not

changes with

commute!
scale!
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Multi-scale

ﬁmmutative

G. Amelino-Camelia, M. Mxda\Silva, . A i

. Ronco, L. Cesarini, O. M. Decian, MUItl‘fraCtaI M er Of thIS
‘Spacetime-noncommutativity
egime of Loop Quantum Gravity”,
arXiv:1605.00497 [gr-qc].
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_MULTIFRACTIONAL: BASIC NOTIONS

Main characteristic:
the spacetime dimension changes with the probed scale!

Main ingredient: non-trivial integration measure |
Py(z) = de(@) da' () -+ dgP~ &P ) = dPwun(a) - vp 1 (5P

o geometric coordinates: gk (gh)
. fractional coordinates: xt - .
- | . measure WGightS' ’U/_L (eru’) ; G. Calcagni, arXiv:1609.02776I['gr-qc]g e

Most general measure - / -

2" [1+ A, cos(log(wn | ))+Bn Sm(log(% li< |

l” n :°°

oo e
q =& +Z'n,=1 O

| Coar S€ gl’ amed . - Logar:thmlc osc:llatlons .
- polmomlal measure '_ - (d'screte ”eg’me) - |
( COntI nu OUS re g I me ) — (exp(27r / w)fv) o exp(Z‘fr / w)q(x)
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MULTIFRACTIONAL: BASIC NOTIONS

ordinary derivatives
Four . = Y

DUE AU fractional derivatives

fractlo.nal . weighted derivatives ™
theories B ) We consider only these

g derivatives 5t tn D]

weighted derivatives: g derivatives:

« Free theory lagrangian is invariant under

Free theory lagrangian is invariant under . : :
non-linear g-Poincare’ transformations

standard Poincare’ transformations

Oy — v 28,(v?) 0, — 0/0q" (zH)
- simplified model: - dl VD v
' w wOu * 0y

. o
qu(xﬂ) ={I;“’ ' o

\ds ._ _odInP(r)

dinT

* dUV

G Calcagnl “ABC of multl-fractal spacetlmes and fractlonal sea turtles” Eur Phys J C76
no. 8 (2016) 459, [arXiv:1602.01470 [hep-th] ] |



-~ NONCOMMUTATIVE: BASIC NOTIONS

Main characteristic:
quantum spacetime picture!

Main ingredient: coordates do not commute
- 0!
Xy Xy] = Z@uv(X )

F(X¥) = Q[f(a)

useful tool: Weyl maps s |

v

to make it a one-to-one correspondence need a star ca . non: mvertlble relatlon
b | ‘ product oo L many. Ways of quantlsmg’ |

) xglat) = FOIGEN)]



NONCOMMUTATIVE: BASIC NOTIONS

Canonical noncommutative [Xl“ XV] — 7:9,“/

spacetime:
star product: e":pu,xﬂ * 6’1:]6,,33” e ei(p“—}—ku)a?“e—%pugﬂykv

kappa-Minkowski . .
o XX sids R
noncommutative spacetime: e Sn s o e

coordinates close a Lie algebra!

star product: eipuw“ *e’ikywy . ei(pi-l-kq;e_}‘po)CIJi—I—(po—}-k‘o)a:O

[P,LMPI/] :Oa [']’L)PO] :Oa [Jzapj] :ieijkplm

transform under (non-linear) | i, Jj] = teijpdr, |Ji, Nj| = —i€i5 Ny,
kappa-Poincare’ [Ni, Po]l = iP; [ Ni, Nj| = —i€;i Ny,

transformations: o2

]. =
[Nz-,Pj]zz'(sij( = +§P2>—z‘)\P7;Pj




PREVIOUS RESULTS

M. Arzano, G. Calcagni, D. Oriti, M. Scalisi, Phys.Rev. D84 (2011) 125002, [arXiv:1107.5308 [hep-th] ]

start from canonical [Q, QO] — 7\’ b f quvi@f(Q)

noncommutativity:
Cyclicity preserving
measure!
map it into kappa- | Q = 1)

Minski: [X, Xo] — A X

dg

dx

J d°que(@) f(q) = [ dPzvc[q(@)] | 2| fla(@)] = ve(@) = velg(@)]

Coincides with multi fractional measure in

correspondence:

the boundary-effect regime with
nonfractional time!!

x/lOON17 ap =1
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GENERALISING THE CORRESPONDENCE

G. Calcagni and M. Ronco,”Deformed symmetries in noncommutative and multifractional
spacetimes’, arXiv:1608.01667 [hep-th] ]

1 Major drawback of previous derivation: cyclicity-
Ve (Zl?) — m el invariant measure breaks kappa-Poincare’

symmetries!

A. Agostini, G. Amelino-Camelia, M. Arzano, F. D'Andrea, Int.J.Mod.Phys. A21,
3133 (2006).

to overcome this obstacle work with Heisenberg algebras:
X X — X, [ X K]l—1 [XgKol=—-"i, [ X Kol =0 |Xg K] 1\K

[QaQO] :7:)‘27 [QaP] :i7 [QO)PO] — _7;7 [QaPO] S [QO,P] —
establish a map:

Jo = g, (X)K o _0

Nonfractional time! :

‘. f dX U(

Multifractional relation
between geometric and

fractional coordinates! :Xo, K()] — [Qo, PO] — —’i,
X, K| =[Q,P| =1i.
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 GENERALISING THE CORRESPONDENCE

require compatibility between map and Heisenberg algebras: ‘

1
Xolk

. OZ[P,QO]:[’U(X)K’XO] — U(X)[K,XO] | [U(X) L
L L o' (X) oA Lo
— o (A - AR XK =~ 14 DX K
ix L
/ i
: Same . o
 result but without using cyclicity | . M,ssmg?

arguments!
Comparlson of symmetrles”

> kappa-Poincare’ symmetries are
| ~ safel



SYMMETRY COMPARISON

g-theory is invariant under g-Poincare’ transformations:
gllzt ) =N gz ) tad = INPl—iB, WN.Bl-— 2 |0

with:
These transformatigns are linear in g but highly nonlinear in x!
e g i ’ N . Kol =iP(K). K Ryl—=1,
P(K) = - +a_1l|§*K|1_a f , 4 - 1Ko K? )

K= Pk

G. Calcagni, JCAP 1312 (2013) 041, [arXiv:1307.6382 [hep-th]]

Nonlinear symmetry algebras can be

/ a sign of noncommutativity!
Check it!!


http://arxiv.org/abs/arXiv:1307.6382

discover if coordinates do not commute by imposing Jacobi identities!

[N7 QO] o ZQ: [Na Q] = ZQO = [N7 XO] = ZQ(X)7 [N7 X] = Z.‘)(O’U_l()()
0 = [[N7X]7X0] 0 [[X()aMaX i XaXOaN
= iXO[v—l(X)aXO: + [[ X, Xo], N

/

: -.-z;>(0[X,Xo]:2 - [ X, Xo], V]

two possibilities:
‘ A (X) v 7 XO]

= X
e Nonconclusive proof!

Substituting in the above equation:

N — 3 V = —)—\—
[X,X()] — ZU(:U) = [X,X()] — A, (X) X




MULTIFRACTIONAL FROM
NONCOMMUTATIVE

multifractional mass Casimir is standard in p momenta but highly
deformed in k!

kappa-Poincare’ mass Casimir:

9 L
C:-(Xsinh%g) rOR?2 = Py(Ky), P(K)7?

from the on-shellness for the massless case:

2 MK
e?oc=0 = P= —e_%sinh——é—g, PLK » C = —P2 4 P?
since we know:

PH(KM) =

Q“(l/l(u)vf"f*

geometric coordinates from
~ kappa-Poincare’ mass Casimir



2-ball volume: | dIR ~ 9)

V= [ . d0%0' = dg=1- 2

return probability:

/
e
10
Plo) = /dDP exp[—Q°(0) P,P*] x [Q%(0)] P/2 / dS ~ 2
= de=DMj(e =Dl < Ta
Iwo problems:

1. Resulting measure is not of multifractional type;
2. Dimensional flow does not coincide with that of kappa-Minkowski.
v
M. Arzano and T. Trze sniewski, Phys. Rev. D 89, 124024 (2014)
[arXiv:1404.4762].



NONCOMMUTATIVE FROM
MULTIFRACTIONAL

Is it possible to read off the noncommutative (star) product
from the g-theory action?

]. 7 20' =
2 L —§/d2q (aqucpaq ¢ +mPe’ + g )

dqdg |(909)? — () — m?6? — ~ g

dxdax’ _U_1(80¢)2 — 3)2((91@2 = ’Uovlm2¢2)

| Vo U1

| 7

D =— —§/d2x <8ugb*8“¢—|—m2qb*¢—l— i—(;qbuub*...*gb)

True also for the case with weighted derivatives!



NONCOMMUTATIVE FROM
MULTIFRACTIONAL

- - k1 - Ky 371-
E* |€*k1|a—1 |€ ’];-/1|a—1 Q! -

G. Calcagni, JCAP 1312 (2013) 041, [arXiv:1307.6382 [hep-th]]

. i i =
ezk“m *ezk e — eXp CU'“—|—’I,—- kl —|—k‘1)

try to define a star
product from the
multifractional nonlinear
composition of
momenta!

. v’ e v S . 7’ . = v o . 5 "o
ezkﬂm *ezkuw 0 1 (ezkuX ezk,,X ) ~ O 1 (ez(ky—l—ku)X
(2

using the BCH lemma

k“ky

X, X"])

—1 (ei(ku—i—Eu)X“—l— Bl om0 el XU

[Xl,XO] e

. hLon oV
|l klla 1 |Z*E1|a_1 Q _

I” defmed”

(cause of problem: multifractional measures are factorizable)

B
kokl klko
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Multi-scale

Non-commutative

LQG Multi-fractional

/4
’.
/

G. Amelino-Camelia, M. M\da\Silva,

. Ronco, L. Cesarini, O. M. Decian, MUItI'fraCtaI
‘Spacetime-noncommutativity ast p art Of

egime of Loop Quantum Gravity”,

arXiv:1605.00497 [gr-qc]. the talk!
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G. Calcagni, “Multi-scale gravity and cosmology “, JCAP 1312 (2013) 041, [arXiv:1307.6382 [hep-th]]
g-theory:
QI‘ZV — %gpd(i(?ugya e %&/gug — ;1;(909“,,)
qR/pJ,O'I/ — iaa qF;pu/ = %81/ qF,LpLa + qFLV qF'cof'r <= qF,ZJU ngT

18 = =5 [dPzv(z)\/—g(?R —2A) + Sp,
weighted-theory:

Sy = 75 [dPze®/P /=g [R — Q0,P0"® — U (v)]

Q= i%e%q’ + (D — 1) (2é %) : ¢(z) = logv(x)
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M. Bojowald, G. M. Paily, Phys.Rev. D86 (2012) 104018,

: [arXiv:1112.1899 [gr-qc] ]
quantum gravity:

h&(NO; M — MO;N))

(effective) loop
{HOIN], HO[M]} = D(B(hi9, )

q-z‘her:
1 i onk Nk
vj(xj)(M 8;N* — NIg, M )] ,
1 J
w(wﬂ)N & M]
Bk
UJ( 7)

(DI[M*), DI[NI]} = D [

(DN, HOM]) = H [

(H7(N), Ho[M]} = D1 |

weighted-theory:
H[N] = Hy[N] + Hy4[N] = [ d3z N(Hy + VhH,)

{H[N], H[M]} = {Ho[N], Ho[M]}+ [ d®z N () [ d®y M(y)x{Ho(x), VA}Ho(u)+
[ &z N(z) [ d®y M(y) x Ho(x ){f Ho(y)} = D[hfk(NaM MO;N)]— (
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CONCLUSIONS

Achievements:

* Comparison between multifractional and noncommutative
 spacetimes;

* No definite duality nor correspondence found

* Multifractional are not noncommutative;

* Non commutative are not multifractional;

* Similarity in the integration measure;

* Similarity in the symmetries;

* Canonical noncommutative multi fractional is dual to kappa-
- Minkowski;

* Algebra of gravitational constraints: deformed in the g-theory,

~ standard in the weighted theory.

Outlook:

* Study multifractional with non-factorizable measure;
* Extend the analysis to the case with fractional derivatives; |
 * Compare dimensional flow.in multifractional and noncommutative.
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