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N “ 2, d “ 4 supergravity: �eld content

§ supergravity multiplet ÞÑ
`

gµν ,Ψµ
α, A0

µ

˘

§ nV vector multiplets ÞÑ
`

Aiµ, χ
iα, Zi

˘

§ nH hypermultiplets ÞÑ
`

ξA, qu
˘

Classical solutions Ñ bosonic �elds only

gµν , A
Λ
µ , Z

i , qu

with Λ “ 0, . . . , nV , i “ 1, . . . , nV , u “ 1, . . . , 4nH
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N “ 2, d “ 4 supergravity: �eld content

§ Zi parametrize a special Kähler manifold, MV , base of a

symplectic bundle with sections

VM “

ˆ

LΛ

MΛ

˙

“ e
K{2

ˆ

XΛ

XΛ

˙

,

where XΛ “ XΛ
`

Zi
˘

and K is the Kähler potential, de�ning

the geometry.

§ qu parametrize a quaternionic Kähler manifold, MH .
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N “ 2, d “ 4 supergravity: the ungauged theory

e´1L “R` 2Gij˚BµZ
iBµZ˚j

˚

` 2HuvBµq
uBµqv

` 2=mNΛΣF
ΛµνFΣ

µν ´ 2<eNΛΣF
Λµν ‹ FΣ

µν

where Gij˚ ÞÑ metric of special Kähler,

Huv ÞÑ metric of quaternionic Kähler,

MΛ “ NΛΣLΣ , Di˚M˚
Λ “ NΛΣDi˚L˚Σ

ñ geometry determines the action.



N “ 2, d “ 4 supergravity: possible gaugings

Gauging of the isometries of the special Kähler manifold

e´1L “R` 2Gij˚DµZ
iDµZ˚j

˚

` 2HuvBµq
uBµqv

` 2=mNΛΣF
ΛµνFΣ

µν ´ 2<eNΛΣF
Λµν ‹ FΣ

µν

`
1

4
g2 p=mN q´1|ΛΣ PΛPΣ

where DµZ
i “ BµZ

i ` gAΛ
µkΛ

i ,

FΛ “ dAΛ ` 1
2gfΣΓ

ΛAΣ ^AΓ ,

kΛ
i “ iBiPΛ .



N “ 2, d “ 4 supergravity: possible gaugings

Gauging of the isometries of the quaternionic Kähler manifold

e´1L “R` 2Gij˚DµZ
iDµZ˚j

˚

` 2HuvDµq
uDµqv

` 2=mNΛΣF
ΛµνFΣ

µν ´ 2<eNΛΣF
Λµν ‹ FΣ

µν

`
1

4
g2 p=mN q´1|ΛΣ PΛPΣ´2g2HuvkΛ

ukΣ
vLΛLΣ

´
1

2
g2

´

Gij˚DiLΛDj˚L˚Σ ´ 3L˚ΛLΣ
¯

PΛ
xPΣ

x

where Dµq
u “ Bµq

u ` gAΛ
µkΛ

u

ñ we need AΛ
µ transforming in the adjoint of the gauge group.

They come in multiplets with Zi ñ the gauge group must be a

subgroup of the isometry group of the special Kähler manifold.
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v “ BuPΛ

x ` εxyzAyuPΛ
z

ñ if no hypermultiplets are present, PΛ
x can still be constants

ñ Fayet-Iliopoulos terms, satisfying εxyzPΛ
yPΣ

z “ fΛΣ
ΓPΓ

x .
ÖŒ

Up1q SUp2q



N “ 2, d “ 4 supergravity: possible gaugings

Gauging of the isometries of the quaternionic Kähler manifold

e´1L “R` 2Gij˚DµZ
iDµZ˚j

˚

` 2HuvDµq
uDµqv

` 2=mNΛΣF
ΛµνFΣ

µν ´ 2<eNΛΣF
Λµν ‹ FΣ

µν

`
1

4
g2 p=mN q´1|ΛΣ PΛPΣ´2g2HuvkΛ

ukΣ
vLΛLΣ

´
1

2
g2

´

Gij˚DiLΛDj˚L˚Σ ´ 3L˚ΛLΣ
¯

PΛ
xPΣ

x

where κKxuvkΛ
v “ BuPΛ

x ` εxyzAyuPΛ
z

ñ if no hypermultiplets are present, PΛ
x can still be constants

ñ Fayet-Iliopoulos terms, satisfying εxyzPΛ
yPΣ

z “ fΛΣ
ΓPΓ

x .
ÖŒ

Up1q SUp2q



N “ 2, d “ 4 supergravity: nH “ 0

Possible gaugings if nH “ 0:

§ special Kähler isometries ñ SEYM, include non-Abelian �elds,

known solutions;

§ Fayet-Iliopoulos terms

§ Up1q-FI, admit AdS vacua, widely studied;

§ SUp2q-FI, admit AdS vacua and include non-Abelian �elds,

no known solutions.

V “´
1

4
g2 p=mN q´1|ΛΣ PΛPΣ

`
1

2
g2

´

Gij
˚

DiLΛDj˚L˚Σ ´ 3L˚ΛLΣ
¯

where PΛ
x “ ´δxΛ.

There are no maximally supersymmetric vacua.
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N “ 2, d “ 4 supergravity: supersymmetric solutions

Aim ÞÑ �nding new supersymmetic solutions

§ solve the equations provided by the general classi�cation1 of

timelike supersymmetric (at least 1
8 -BPS) solutions;

§ dimensionally reduce known solutions, since d “ 4, 5, 6
supergravities with 8 supercharges are related2.

1
P. Meessen, T. Ortín, Nucl.Phys. B863 (2012) (arXiv:1204.0493)

2
P. A. Cano, T. Ortín, C. Santoli, arXiv:1607.02095



Solutions from classi�cation



Solutions from classi�cation

Recipe from the classi�cation:

§ Introduce X s.t. VM
X “ RM ` iIM .

§ Scalars: Zi “ Ri`iIi
R0`iI0 .

§ Metric: ds2 “ e2U pdt` ω̂q2 ´ e´2Uγmndx
mdxn ,

where e2U “ 2 |X|2

γmn “ V x
mV

y
nδxy .

§ Vectors: AΛ
t “ ´

1?
2
e2URΛ .

§ Choose a model Ñ solve RM “ RM
`

IM
˘

.

§ Solve the coupled system for V x
m , ω̂ , A

Λ
m , IM .
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Solutions from classi�cation: the CP3
model

Simplest model admitting an SUp2q gauging: CP3

§ 3 vector multiplets;

§ the scalars Zi parametrize a Up1,3q
Up1qˆUp3q coset space;

§ e´K “ 1´ ZiZi ñ 0 ď
ř

i

ˇ

ˇZi
ˇ

ˇ

2
ă 1 ;

§ evaluate all the geometrical quantities for the Lagrangian:

Gij˚ , V , DiV , NΛΣ , pN q´1|ΛΣ ;

§ RΛ “
1
2ηΛΣIΣ , RΛ “ ´2ηΛΣIΣ , ηΛΣ “ p` ´´´q .
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Solutions from classi�cation: the CP3
model

Gauging: SUp2q subgroup of the isometries of the Kähler manifold.

§ Acts in the adjoint on X i and Zi, leaves X 0 invariant

ñ kΛ
x “ δyΛ εy

x
zZ

z ,

PΛ “ δxΛ i e
K εxyzZ

yZ˚z ,

DµZ
x “ BµZ

x ´ gεxyzA
y
µZ

z ,

F 0
µν “ 2BrµA

0
νs ,

F xµν “ 2BrµA
x
νs ´ gε

x
yzA

y
rµA

z
νs .

§ Explicit construction of the potential ñ can be negative

we found no minima, no AdS4 vacua.
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Solutions from classi�cation: the CP3
model

Assumption: IΛ “ RΛ “ 0

§ Scalars: Zi “ Ii
I0 .

§ Metric: ds2 “ e2U pdt` ω̂q2 ´ e´2Uγmndx
mdxn ,

where e2U “ 2 |X|2 “ 2
´

`

I0
˘2
´ IiIi

¯´1

dω̂ “ 0 ñ set ω̂ “ 0.

§ Vectors: AΛ
t “ 0.

§ To determine V̂ x, IΛ, AΛ
x, solve:

dV̂ x ´ gεxyzÂ
y ^ V̂ z `

1
?

2
gIyV̂ y ^ V̂ x “ 0 ,

F 0
xy “ ´

1
?

2
εxyz

ˆ

BzI0 `
1
?

2
gI0Iz

˙

,

F zxy “ ´
1
?

2
εxyw

ˆ

DwIz `
1
?

2
g
`

e´2Uδzw ` IwIz
˘

˙

.



Solutions from classi�cation: the CP3
model

Assumption: IΛ “ RΛ “ 0

§ Scalars: Zi “ Ii
I0 .

§ Metric: ds2 “ e2U pdt` ω̂q2 ´ e´2Uγmndx
mdxn ,

where e2U “ 2 |X|2 “ 2
´

`

I0
˘2
´ IiIi

¯´1

dω̂ “ 0 ñ set ω̂ “ 0.

§ Vectors: AΛ
t “ 0.

§ To determine V̂ x, IΛ, AΛ
x, solve:

dV̂ x ´ gεxyzÂ
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Solutions from classi�cation: solution 1

Hedgehog Ansatz, radial symmetry

I0 “ I0prq , Ix “
?

2xxfprq , V x
m “ δxmV prq

Axm “ εxmnx
nhprq , A0

m “ generalised Dirac monopole .

§ No solutions with Ix “ 0.

§ Solution 1: AdS2ˆS
2, depends on 2 parameters

§ ds2 “
ρ2

R2
1
dτ2 ´

R2
1

ρ2 dρ
2 ´R2

2dΩ2
2 ;

§ I09 ρ´1 , Zi9xiρj ;

§ Axm9 ε
x
mnx

nρ2j ;

where R1 , R2 , j are functions of the parameters.
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Solutions from classi�cation: solution 2

Domain-wall Ansatz, x1 dependence

IΛ “ IΛpx1q , V x
m “ δxmV px

1q , Axm “ 0 .

§ Solution 2:

§ depends on 3 parameters, only some values give physical

solutions.

§ I0 , I1 ‰ 0 , I2 , I3 “ 0 .

§ Example of e2U for certain values of the parameters:

- 4 - 2 2 4
x

- 5

- 4

- 3

- 2

- 1

1

ⅇ
2 U
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Solutions from classi�cation: solution 3

Domain-wall Ansatz, x1 dependence

IΛ “ IΛpx1q , V x
m “ δxmV px

1q , Axm “ εxmnh
npx1q .

§ Solution 3: RˆH3, depends on the parameter b

§ ds2 “ 2
b2 dt

2 ´ b2

2g2
dxmdxm

px1q2
;

§ I0 “
?

2
b , I1 , I2 , I3 “ 0 ;

§ A0
2,3 “ const. , A3

2 “ ´A
2
3 “

`

gx1
˘´1

.
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Solutions from

dimensional reduction



Dimensional reduction

6d : N “ p1, 0q g̃µ̃ν̃ B̃µ̃ν̃ ÃAµ̃ ϕ̃

5d :
nV “ 5

C0rs “
1
3!ηrs

ĝµ̂ν̂ ÂI µ̂ “ pÂ
0,1,2
µ̂ , ÂAµ̂q φ̂r

4d :
nV “ 6
STr2, 6s

gµν AΛ
µ “ pA

0,1,2,3
µ , AAµq Zi
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0,1,2
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5d :
nV “ 5

C0rs “
1
3!ηrs
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Dimensional reduction

§ SUp2q-FI gauging in all the theories related by dimensional

reduction;

§ known solutions3 of the N “ p1, 0q , d “ 6 , SUp2q-FI gauged

theory with 2 isometries ÞÑ can be reduced to solutions of:

§ N “ 2 , d “ 5 with nV “ 5 and C0rs “
1
3!ηrs;

§ N “ 2 , d “ 4 with nV “ 6 , STr2, 6s model. The scalars

parametrize a
SLp2,Rq
SOp2q ˆ

SOp2,5q
SOp2qˆSOp5q coset space;

§ dictionary relating the �elds;

§ the coupling constants are related by g6 “
?

12g5 “ ´
1?
2
g4 .

3
M. Cariglia, O. A. P. Mac Conamhna, Class. Quant. Grav. 21 (2004) (arXiv:hep-th/0402055)



Dimensional reduction: solution 1

6d : M3 ˆ S
3 , ϕ̃ “ const. , ÃA9σA (meron)

5d : M2 ˆ S
3 , constant scalars , ÂA9σA (meron)

4d : Rˆ S3 , constant scalars , AA9σA (meron)



Dimensional reduction: solution 2

6d : ds̃2 “ fprqpdt2´dz2q´ fprq´1pdr2`a2r2dΩ2
3q (black string)

ϕ̃ ‰ 0 , ÃA9σA (meron) , H̃ electric and magnetic.

§ Horizon at r “ 0;

§ if r Ñ 0 ñ AdS3ˆS
3;

§ for certain parameters, AdS3ˆS
3 is a solution.

Isometries:

§ z

§ φ in dΩ2
3 “

1
4

´

pdφ` cos θdψq2 ` dθ2 ` sin2 θdψ
¯2
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3q (black string)

ϕ̃ ‰ 0 , ÃA9σA (meron) , H̃ electric and magnetic.

Ó along z

5d : singular at r “ 0 , asymptotically ÞÑ no known vacuum.

Ó along φ

4d : same problems.



Dimensional reduction: solution 2

6d : ds̃2 “ fprqpdt2´dz2q´ fprq´1pdr2`a2r2dΩ2
3q (black string)

ϕ̃ ‰ 0 , ÃA9σA (meron) , H̃ electric and magnetic.

Ó along φ

5d : Ñ regular at r “ 0;
Ñ if r Ñ 0 ñ AdS3ˆS

2;

Ñ for certain parameters, AdS3ˆS
2 is a solution;

Ñ not asymptotically AdS.

Ó along z

4d : same problematic solution as before.



Dimensional reduction: solution 2

More possibilities:

§ S3 is a Up1q �bration over S2;

§ AdS3 is a Up1q �bration over AdS2.

AdS3ˆS
3 along the �ber
ÝÝÝÝÝÝÝÝÑ AdS2ˆS

3 along the �ber
ÝÝÝÝÝÝÝÝÑ AdS2ˆS

2

§ Rotate the 2 Up1q �bers and reduce along one of them.
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Conclusions

§ Explore the space of supersymmetric solutions to understand

the structure of N “ 2 , d “ 4 supergravity;

§ its possible gaugings, when coupled to vector multiplets;

§ SUp2q-FI gauging, no known solutions;

§ no maximally supersymmetric vacua;

§ the potential can be negative, but we found no AdS4 vacua;

§ from classi�cation, CP3

§ AdS2ˆS2;
§ RˆH3;

§ from dimensional reduction, STr2, 6s
§ Rˆ S3;
§ AdS2ˆS2.



Conclusions

§ Explore the space of supersymmetric solutions to understand

the structure of N “ 2 , d “ 4 supergravity;

§ its possible gaugings, when coupled to vector multiplets;

§ SUp2q-FI gauging, no known solutions;

§ no maximally supersymmetric vacua;

§ the potential can be negative, but we found no AdS4 vacua;

§ from classi�cation, CP3

§ AdS2ˆS2;
§ RˆH3;

§ from dimensional reduction, STr2, 6s
§ Rˆ S3;
§ AdS2ˆS2.



Conclusions

§ Explore the space of supersymmetric solutions to understand

the structure of N “ 2 , d “ 4 supergravity;

§ its possible gaugings, when coupled to vector multiplets;

§ SUp2q-FI gauging, no known solutions;

§ no maximally supersymmetric vacua;

§ the potential can be negative, but we found no AdS4 vacua;

§ from classi�cation, CP3

§ AdS2ˆS2;
§ RˆH3;

§ from dimensional reduction, STr2, 6s
§ Rˆ S3;
§ AdS2ˆS2.



Conclusions

§ Explore the space of supersymmetric solutions to understand

the structure of N “ 2 , d “ 4 supergravity;

§ its possible gaugings, when coupled to vector multiplets;

§ SUp2q-FI gauging, no known solutions;

§ no maximally supersymmetric vacua;

§ the potential can be negative, but we found no AdS4 vacua;

§ from classi�cation, CP3

§ AdS2ˆS2;
§ RˆH3;

§ from dimensional reduction, STr2, 6s
§ Rˆ S3;
§ AdS2ˆS2.


