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S-folds  in  10D
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No untwisted limit !!

Type IIB S-folds

        [                       (hyperbolic)                                         twist  =  monodromy ] 
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Again U(1)φ is broken by the explicit dependence of (3.36) on the angle φ. This concludes

the uplift of the AdS4 vacuum with N = 2 and SU(2) × U(1) symmetry discussed in

section 2.3.3 to a ten-dimensional background of type IIB supergravity. It is worth empha-

sising that, if trivialising the A-twist in (3.30), i.e. Aα
β = δαβ , then the ten-dimensional

equations of motion of type IIB supergravity are no longer satisfied.

3.2 S-fold interpretation

The dependence of the full type IIB solution on the coordinate η along the R direction of

the geometry (3.27) is totally encoded in the local SL(2,R)IIB A-twist in (3.30). This twist

matrix is of hyperbolic type and thus induces a non-trivial monodromy

MS1 = A−1(η)A(η + T ) =

(
coshT sinhT

sinhT coshT

)
, (3.37)

when forcing the η coordinate to be periodic η → η + T with period T , namely, when

replacing R → S1 in the geometry. Generalising the A-twist in (3.30) to a discrete k-family

(k ∈ N with k ≥ 3) of new ones

A(k) = Ag(k) with g(k) =

⎛

⎜⎜⎜⎝

(k2 − 4)
1
4

√
2

0

k√
2(k2−4)

1
4

√
2

(k2 − 4)
1
4

⎞

⎟⎟⎟⎠
, (3.38)

the monodromy (3.37) gets generalised to a k-family of SL(2,Z)IIB hyperbolic monodromies

M(k) = A−1
(k)(η)A(k)

(
η + T (k)

)
=

(
k 1

−1 0

)
, k ≥ 3 , (3.39)

with T (k) = log(k +
√
k2 − 4) − log(2) and TrM(k) > 2. Therefore, as discussed in [27]

(see also [32]), these backgrounds can be interpreted as locally geometric compactifications

on S1 × S5 involving a k-family of S-duality monodromies (3.39). These monodromies can

be written as

M(k) = −ST k with S =

(
0 −1

1 0

)
and T =

(
1 0

1 1

)
, (3.40)

and thus define a k-family of S-fold backgrounds. Moreover, the argument wielded in [27]

for the straightforward uplift of the four-dimensional supersymmetries to ten dimensions

relied on the monodromy (3.37) being in the hyperbolic conjugacy class of SL(2,R)IIB.
This is still our case, so the S-folds presented here preserve N = 2 supersymmetry.

Lastly, various holographic aspects of both N = 4 [27] and N = 1 [32, 36] S-folds with

hyperbolic monodromies have respectively been investigated in [33–35] and [36] within the
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Finally, using the relation

Ĝik (⌦
�)kj dy

i
^ dy

j = �(⌦�)ijk Y
k
dY

i
^ dY

j
, (3.30)

one obtains the final expression

B↵ = 1
2 Bij

↵
dy

i
^ dy

j = �
1
2 Y

�1
✏
↵� (A�t)�

�
H�� (⌦

�)kij Y
k
dY

i
^ dY

j
, (3.31)

or, using the relations (A.1), the equivalent expression

B↵ = �Y
�1

✏
↵� (A�t)�

�
H�� ⌦

�
, (3.32)

where ⌦
�
⌘ (⌦R

,⌦
I) .

At the non-supersymmetric vacuum with SO(6) symmetry in (2.18)-(2.19) one has that
the scalar-dependent matrix in (3.28) reduces to H�� = 0 and therefore the two-form type IIB
potentials vanish, namely,

B↵ = 0 . (3.33)

At the N = 1 supersymmetric vacuum with SU(3) symmetry in (2.21)-(2.22) one has that
the scalar-dependent matrix in (3.28) depends independently on ⇣ and ⇣̃ so the compact
U(1) symmetry associated with kU in (2.16) is broken.

3.4 Axion-dilaton

Setting � = 0 , the blocks of the scalar matrix relevant for the axion-dilaton are given by

M
�k �l = e

�'
�
kl
C

�� + e
�' (1� Y ) Jkl

✏
��

,

M�k �l = e
'
�kl C�� + e

' (1� Y ) Jkl ✏�� .

(3.34)

Using the uplifting formulas in [7], and after some algebra, the SL(2) axion-dilaton matrix
takes the form

m↵� = (A�t)↵
� m�� (A

�1)�� . (3.35)

in terms of the SL(2) scalar-dependent matrix

m�� ⌘
1

Y
C�� =

1

Y

 
e
�2� (Y 2 + Z

2) �Z

�Z e
2�

!
, (3.36)

and the SL(2) twist (A�1)↵� in (3.26).
At the non-supersymmetric vacuum with SO(6) symmetry in (2.18)-(2.19) one has that

the scalar-dependent SO(1, 1) matrix in (3.36) reduces

m�� =
1

p
1� �2

 
1 ��

�� 1

!
, (3.37)

with � 2 (�1, 1) . At the N = 1 supersymmetric vacuum with SU(3) symmetry in (2.21)-
(2.22) one has that the scalar-dependent SO(1, 1) matrix in (3.36) reads

m�� =
2

3 |~⇣|2

0

B@
1 �

q
1� 9

4 |
~⇣|4

�

q
1� 9

4 |
~⇣|4 1

1

CA , (3.38)

with |~⇣|
2
2 ( 0 , 2

3 ] , so the compact U(1) symmetry associated with kU in (2.16) is preserved
by the axion-dilaton background.
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C4 potential. An explicit computation using the third uplift formula in (3.16) in combi-

nation with the first equation in (3.33) shows that the purely internal four-form potential

is of the form

C1jkl = 0 ,

Cijkl − 3
2 ϵαβ Bi[j

α Bkl]
β = −1

2

∆√
1− |y⃗|2

ϵjklk′l′ Gii′ Kmn
i′ Kk′l′

pq Mmnpq ,
(3.48)

where we have introduced the geometric tensor

Kk′l′
pq = δk

′l′
pq + 2 K̂ δk

′
p Yq y

l′ . (3.49)

Substituting the first scalar-dependent block in (3.22) we arrive at

Cijkl − 3
2 ϵαβ Bi[j

α Bkl]
β = ϵj′jklk′

1√
1−|y⃗|2

Y −1

Y
Ĝi i′

[
J i′j′Jk′l Yl + δj

′l′ Ki′ Kl′ yk
′
]

+Ĉijkl ,

(3.50)

with

Ĉijkl = ϵijklk′
yk

′

√
1− |y⃗|2

(1 + K̂) . (3.51)

A careful analysis of the expression in (3.50) reveals that the contribution

− 3

2
ϵαβ Bi[j

α
Bkl]

β = −6
1− Y

Y
ϵαβ Ωi[j

αΩkl]
β , (3.52)

in the left hand side precisely cancels against the contribution coming from the first term

in the right hand side so that

Cijkl = Ĉijkl . (3.53)

The purely internal five-form flux then takes the form

dC = Ω ∧ Ω̄ ∧ η = 4Y
3
4 vol5 , (3.54)

where

vol5 = Y − 3
4 ê5 ∧ ê6 ∧ ê7 ∧ ê8 ∧ ê9 , (3.55)

is the volume form on the deformed S5 in (3.27). Finally the gauge-invariant five-form flux

is given by

F̃5 = dC +
1

2
ϵαβ B

α ∧H
β =

(
4 +

6 (1− Y )

Y

)
Y

3
4 (1 + ⋆) vol5 , (3.56)

which breaks the U(1)U symmetry whenever Y ≠ 1. When particularised to the AdS4
solutions obtained in the previous section the result is:

i) For the N = 1 / SU(3) solution in (2.34)–(2.35) one has

F̃5 = 3

(
6

5

) 3
4

(1 + ⋆) vol5 . (3.57)

ii) For the N = 0 / SO(6) solution in (2.37)–(2.38) one has

F̃5 = 4 (1 + ⋆) vol5 . (3.58)
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We find two classes of type IIB backgrounds:

i) The first class of solutions is N = 1 supersymmetric, and thus perturbatively stable,

and preserves an SU(3) symmetry arising from a CP
2 ⊂ M5 factor in the geometry.

The various ten-dimensional fields are given by

ds210 =
3
√
6

10
ds2AdS4

+
1

3

√
10
3 dη2 +

[√
5

6
ds2

CP2 +

√
6

5
η2

]

,

F̃5 = 3

(
6

5

) 3
4

(1 + ⋆) vol5 ,

mαβ = (A−t)αγ mγδ (A−1)δβ ,

Hα = − 5

12
ϵαδ (A−t)δγ

[
3Hγβ (iΩ ∧ η)β − θγλHλβ dη ∧Ωβ

]
,

(3.72)

where, in order to present Hα in a concise form, we have introduced the two constant

matrices

θγ
λ =

(
0 1

1 0

)

, (3.73)

and

Hαβ =
2
√
6

5 (1− σ2)
1
4

(√
1− σ2 cos γ − σ sin γ

√
1− σ2 sin γ + σ cos γ

sin γ − cos γ

)

. (3.74)

The latter depends on the free parameter σ ∈ (−1, 1) specifying the constant axion-

dilaton in (3.71), as well as on an arbitrary angle γ ∈ [0, 2π]. As a result there is a

(σ, γ)-family of three-form fluxes Hα. Note also that the internal geometry in (3.72)

has an additional U(1)β isometry that is broken in the background by the dependence

of the three-form fluxes Hα on the complex (2, 0)-form Ω (see appendix A).

• The second class of solutions is non-supersymmetric and preserves an SO(6) symme-

try arising from an M5 = S5 factor in the geometry. The various ten-dimensional

fields are given by

ds210 =
1√
2
ds2AdS4

+
1

2
dη2 + ds2

S5
,

F̃5 = 4 (1 + ⋆) vol5 ,

mαβ = (A−t)αγ mγδ (A−1)δβ ,

Hα = 0 .

(3.75)

This class of solutions features perturbative instabilities, as already noticed in (2.39)

when looking at scalar fluctuations in the consistent truncation to a four-dimensional

effective theory.
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Flavour :  SO(6) ~ S5

N=0 & SO(6)  S-fold
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N=1 & SU(3)  S-fold

Finally, using the relation

Ĝik (⌦
�)kj dy

i
^ dy

j = �(⌦�)ijk Y
k
dY

i
^ dY

j
, (3.30)

one obtains the final expression

B↵ = 1
2 Bij

↵
dy

i
^ dy

j = �
1
2 Y

�1
✏
↵� (A�t)�

�
H�� (⌦

�)kij Y
k
dY

i
^ dY

j
, (3.31)

or, using the relations (A.1), the equivalent expression

B↵ = �Y
�1

✏
↵� (A�t)�

�
H�� ⌦

�
, (3.32)

where ⌦
�
⌘ (⌦R

,⌦
I) .

At the non-supersymmetric vacuum with SO(6) symmetry in (2.18)-(2.19) one has that
the scalar-dependent matrix in (3.28) reduces to H�� = 0 and therefore the two-form type IIB
potentials vanish, namely,

B↵ = 0 . (3.33)

At the N = 1 supersymmetric vacuum with SU(3) symmetry in (2.21)-(2.22) one has that
the scalar-dependent matrix in (3.28) depends independently on ⇣ and ⇣̃ so the compact
U(1) symmetry associated with kU in (2.16) is broken.

3.4 Axion-dilaton

Setting � = 0 , the blocks of the scalar matrix relevant for the axion-dilaton are given by

M
�k �l = e

�'
�
kl
C

�� + e
�' (1� Y ) Jkl

✏
��

,

M�k �l = e
'
�kl C�� + e

' (1� Y ) Jkl ✏�� .

(3.34)

Using the uplifting formulas in [7], and after some algebra, the SL(2) axion-dilaton matrix
takes the form

m↵� = (A�t)↵
� m�� (A

�1)�� . (3.35)

in terms of the SL(2) scalar-dependent matrix

m�� ⌘
1

Y
C�� =

1

Y

 
e
�2� (Y 2 + Z

2) �Z

�Z e
2�

!
, (3.36)

and the SL(2) twist (A�1)↵� in (3.26).
At the non-supersymmetric vacuum with SO(6) symmetry in (2.18)-(2.19) one has that

the scalar-dependent SO(1, 1) matrix in (3.36) reduces

m�� =
1

p
1� �2

 
1 ��

�� 1

!
, (3.37)

with � 2 (�1, 1) . At the N = 1 supersymmetric vacuum with SU(3) symmetry in (2.21)-
(2.22) one has that the scalar-dependent SO(1, 1) matrix in (3.36) reads

m�� =
2

3 |~⇣|2

0

B@
1 �

q
1� 9

4 |
~⇣|4

�

q
1� 9

4 |
~⇣|4 1

1

CA , (3.38)

with |~⇣|
2
2 ( 0 , 2

3 ] , so the compact U(1) symmetry associated with kU in (2.16) is preserved
by the axion-dilaton background.
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We find two classes of type IIB backgrounds:

i) The first class of solutions is N = 1 supersymmetric, and thus perturbatively stable,

and preserves an SU(3) symmetry arising from a CP
2 ⊂ M5 factor in the geometry.

The various ten-dimensional fields are given by

ds210 =
3
√
6

10
ds2AdS4

+
1

3

√
10
3 dη2 +

[√
5

6
ds2

CP2 +

√
6

5
η2

]

,

F̃5 = 3

(
6

5

) 3
4

(1 + ⋆) vol5 ,

mαβ = (A−t)αγ mγδ (A−1)δβ ,

Hα = − 5

12
ϵαδ (A−t)δγ

[
3Hγβ (iΩ ∧ η)β − θγλHλβ dη ∧Ωβ

]
,

(3.72)

where, in order to present Hα in a concise form, we have introduced the two constant

matrices

θγ
λ =

(
0 1

1 0

)

, (3.73)

and

Hαβ =
2
√
6

5 (1− σ2)
1
4

(√
1− σ2 cos γ − σ sin γ

√
1− σ2 sin γ + σ cos γ

sin γ − cos γ

)

. (3.74)

The latter depends on the free parameter σ ∈ (−1, 1) specifying the constant axion-

dilaton in (3.71), as well as on an arbitrary angle γ ∈ [0, 2π]. As a result there is a

(σ, γ)-family of three-form fluxes Hα. Note also that the internal geometry in (3.72)

has an additional U(1)β isometry that is broken in the background by the dependence

of the three-form fluxes Hα on the complex (2, 0)-form Ω (see appendix A).

• The second class of solutions is non-supersymmetric and preserves an SO(6) symme-

try arising from an M5 = S5 factor in the geometry. The various ten-dimensional
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effective theory.

– 22 –

!6

J
H
E
P
1
2
(
2
0
1
9
)
1
1
3

We find two classes of type IIB backgrounds:

i) The first class of solutions is N = 1 supersymmetric, and thus perturbatively stable,

and preserves an SU(3) symmetry arising from a CP
2 ⊂ M5 factor in the geometry.

The various ten-dimensional fields are given by

ds210 =
3
√
6

10
ds2AdS4

+
1

3

√
10
3 dη2 +

[√
5

6
ds2

CP2 +

√
6

5
η2

]

,

F̃5 = 3

(
6

5

) 3
4

(1 + ⋆) vol5 ,

mαβ = (A−t)αγ mγδ (A−1)δβ ,

Hα = − 5

12
ϵαδ (A−t)δγ

[
3Hγβ (iΩ ∧ η)β − θγλHλβ dη ∧Ωβ

]
,

(3.72)

where, in order to present Hα in a concise form, we have introduced the two constant

matrices

θγ
λ =

(
0 1

1 0

)

, (3.73)

and

Hαβ =
2
√
6

5 (1− σ2)
1
4

(√
1− σ2 cos γ − σ sin γ

√
1− σ2 sin γ + σ cos γ

sin γ − cos γ

)

. (3.74)

The latter depends on the free parameter σ ∈ (−1, 1) specifying the constant axion-

dilaton in (3.71), as well as on an arbitrary angle γ ∈ [0, 2π]. As a result there is a

(σ, γ)-family of three-form fluxes Hα. Note also that the internal geometry in (3.72)

has an additional U(1)β isometry that is broken in the background by the dependence

of the three-form fluxes Hα on the complex (2, 0)-form Ω (see appendix A).

• The second class of solutions is non-supersymmetric and preserves an SO(6) symme-

try arising from an M5 = S5 factor in the geometry. The various ten-dimensional

fields are given by

ds210 =
1√
2
ds2AdS4

+
1

2
dη2 + ds2

S5
,

F̃5 = 4 (1 + ⋆) vol5 ,

mαβ = (A−t)αγ mγδ (A−1)δβ ,

Hα = 0 .

(3.75)

This class of solutions features perturbative instabilities, as already noticed in (2.39)

when looking at scalar fluctuations in the consistent truncation to a four-dimensional

effective theory.

– 22 –

[ charged under U(1)η ]

[ AG, Sterckx ’19 ] 
[ Lüst, Tsimpis ’09 (local form) ] 

with                                                    m�� =

✓
1 0
0 1

◆

<latexit sha1_base64="/M1FDOrfumBqmcIOQXuJi3EDCF8="></latexit>

<latexit sha1_base64="ssQmyTgsmpq8iTxFB6jNjZD6dLI="></latexit>

B↵ = A
↵
� b

� = ✏
↵� (A�t)�

�
H�� ⌦�



Finally, using the relation
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A Type IIB supergravity

The bosonic massless spectrum of ten-dimensional (chiral) type IIB supergravity contains –
besides the universal NS-NS sector that includes the metric G , a two-form B2 with field
strength H3 = dB2 , and the dilaton � – a set of even p-forms in the R-R sector. In
particular, a fourth-rank antisymmetric self-dual tensor C4, a two-form C2 and a scalar C0.
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being an SO(1, 1) ⇢ SL(2)IIB element encoding the dependence of the two-form potentials
on the direction ⌘ . The two-form potentials in (3.8) preserve SU(2)⇥ U(1)� but break the
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involving the warping factor in (3.5). The axion-dilaton matrix (3.11) is again compatible
with an SU(2)⇥U(1)� symmetry.

Four-form potential

The solution we are investigating shares various similarities with the Pilch-Warner solution
[6] (see also appendix D.1 of [7]). The five-form field strength is given by

eF5 = dC4 � 1
2 ✏↵� B

↵ ^H
�

= (1 + ?)
⇥
6
p
2�5/2 volM5

�4�4 sin ✓ cos3 ✓ d⌘ ^
�
cos(2�) d✓ � 1

2 sin(2✓) sin(2�) d�
�
^ �1 ^ �2 ^ �3

⇤
,

(3.12)
where

volM5 =
p
2�3/2 sin ✓ cos3 ✓ d✓ ^ d� ^ �1 ^ �2 ^ �3 , (3.13)

denotes the volume of the deformed five-sphere. We have explicitly verified that the 10D
equations of motion and Bianchi identities of type IIB supergravity are satisfied.
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the scalar-dependent matrix in (3.28) reduces to H�� = 0 and therefore the two-form type IIB
potentials vanish, namely,

B↵ = 0 . (3.33)

At the N = 1 supersymmetric vacuum with SU(3) symmetry in (2.21)-(2.22) one has that
the scalar-dependent matrix in (3.28) depends independently on ⇣ and ⇣̃ so the compact
U(1) symmetry associated with kU in (2.16) is broken.

3.4 Axion-dilaton

Setting � = 0 , the blocks of the scalar matrix relevant for the axion-dilaton are given by

M
�k �l = e

�'
�
kl
C

�� + e
�' (1� Y ) Jkl

✏
��

,

M�k �l = e
'
�kl C�� + e

' (1� Y ) Jkl ✏�� .

(3.34)

Using the uplifting formulas in [7], and after some algebra, the SL(2) axion-dilaton matrix
takes the form

m↵� = (A�t)↵
� m�� (A

�1)�� . (3.35)

in terms of the SL(2) scalar-dependent matrix

m�� ⌘
1

Y
C�� =

1

Y

 
e
�2� (Y 2 + Z

2) �Z

�Z e
2�

!
, (3.36)

and the SL(2) twist (A�1)↵� in (3.26).
At the non-supersymmetric vacuum with SO(6) symmetry in (2.18)-(2.19) one has that

the scalar-dependent SO(1, 1) matrix in (3.36) reduces

m�� =
1

p
1� �2

 
1 ��

�� 1

!
, (3.37)

with � 2 (�1, 1) . At the N = 1 supersymmetric vacuum with SU(3) symmetry in (2.21)-
(2.22) one has that the scalar-dependent SO(1, 1) matrix in (3.36) reads

m�� =
2

3 |~⇣|2

0

B@
1 �

q
1� 9

4 |
~⇣|4

�

q
1� 9

4 |
~⇣|4 1

1

CA , (3.38)

with |~⇣|
2
2 ( 0 , 2

3 ] , so the compact U(1) symmetry associated with kU in (2.16) is preserved
by the axion-dilaton background.
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3.2 Connection with linear dilaton solutions

We can perform a global ⇤ 2 SL(2)IIB transformation based on the matrix element

⇤ =
1p
2

 
1 �1

1 1

!
, (3.14)

such that we find an equivalent type IIB background given by

ds
2 = 1

2 �
�1
⇥
ds

2
AdS4

+ d⌘
2 + d✓

2 + sin2 ✓ d�2 + cos2 ✓
�
�
2
2 + 8�4

�
�
2
1 + �

2
3

��⇤
,

e
� = 1

2 �
2
e
�2⌘

�
5� cos(2✓)� 2 sin2 ✓ sin(2�)

�
,

C0 = �2 e2⌘
cos(2�) sin2 ✓

5� cos(2✓)� 2 sin2 ✓ sin(2�)
,

B2 = 1
2 e

�⌘ cos ✓
�
(cos�+ sin�) d✓ + 1

2 sin(2✓) (cos�� sin�) d�
�
^ �2

+ 2�4
e
�⌘ cos ✓ sin(2✓) (cos�+ sin�)�1 ^ �3 ,

C2 = 1
2 e

⌘ cos ✓
�
(cos�� sin�) d✓ � 1

2 sin(2✓) (cos�+ sin�) d�
�
^ �2

+ 2�4
e
⌘ cos ✓ sin(2✓) (cos�� sin�)�1 ^ �3 ,

eF5 = 4�4 sin ✓ cos3 ✓ (1 + ?)
h
3 d✓ ^ d� ^ �1 ^ �2 ^ �3

� d⌘ ^
�
cos(2�) d✓ � 1

2 sin(2✓) sin(2�) d�
�
^ �1 ^ �2 ^ �3

i
,

(3.15)

with
��4 = 6� 2 cos(2✓) . (3.16)
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A Type IIB supergravity

The bosonic massless spectrum of ten-dimensional (chiral) type IIB supergravity contains –
besides the universal NS-NS sector that includes the metric G , a two-form B2 with field
strength H3 = dB2 , and the dilaton � – a set of even p-forms in the R-R sector. In
particular, a fourth-rank antisymmetric self-dual tensor C4, a two-form C2 and a scalar C0.
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3.3 The supersymmetric IIB AdS4 × M5 × S1 solution

In this section, we calculate the field strengths and present the IIB solution in its most

compact form. The vacuum (3.7) of the four-dimensional theory preserves N = 4 super-

symmetry and accordingly a global SO(4) = SO(3)× SO(3) symmetry that shows up as the

internal isometry group of the IIB solution. In order to make these isometries manifest, we

split the S5 sphere harmonics into

{Ym} =
{

Yp, Zp ≡ Yp+3
}

, p = 1, 2, 3 , YpYp = 1−ZpZp ≡ r2 . (3.32)

In terms of these harmonics, the ten-dimensional IIB metric is given by

ds2 = ∆3
(

(3− 2r2) δpq + 8YpYq
)

dYpdYq +∆3
(

1 + 2r2
)

dZpdZp

+∆−1

(

dη dη +
1

2
ds2AdS4

)

, (3.33)

with the warp factor given by (3.22) as

∆ =
(

(1 + 2r2)(3− 2r2)
)−1/4

, (3.34)

and the AdS4 radius fixed to rAdS = 1 . W.r.t. the previous sections, we have also changed

coordinates ỹ6 = sinh η along the S1 direction. The internal five-dimensional space is a

deformation of the round metric on S5 which preserves an SO(3) × SO(3) ⊂ SO(6) of the

isometry group. Indeed, the harmonics Yp, Zp can be regarded as embedding coordinates

for two S2 spheres of radii r and
√
1− r2, respectively. The S5 geometry is parametrized in

terms of these two spheres fibered over the interval r ∈ (0, 1), and at the points r = 0, 1 one

of the S2’s shrinks smoothly to zero size. Denoting dΩ2
1,2 the round metrics of unit radius

on the S2’s, an explicit expression for (3.33) is

ds2 = ∆3(3− 2r2) r2dΩ2
1 +∆3(1 + 2r2) (1− r2)dΩ2

2

+∆−1

(

dη2 +
dr2

1− r2
+

1

2
ds2AdS4

)

. (3.35)

The SL(2) matrix of IIB supergravity

mαβ =
1

Im τ

(

|τ |2 −Re τ

−Re τ 1

)

, τ = C0 + ie−Φ , (3.36)

describing dilaton and axion is given by (3.28) as

mαβ = (A−1MA−T )αβ , (3.37)
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�4

R-symmetry :  SO(4) ~ S2  x S2with

b1 = 1p
2
cos ✓

 �
sin� d✓ + 1

2 sin(2✓) d(sin�)
�
^ �2 + sin�

4 sin(2✓)

6� 2 cos(2✓)
�1 ^ �3

�
,

b2 = 1p
2
cos ✓

 �
cos� d✓ + 1

2 sin(2✓) d(cos�)
�
^ �2 + cos�

4 sin(2✓)

6� 2 cos(2✓)
�1 ^ �3

�
,

(3.8)
and

A
↵
� ⌘

 
cosh ⌘ sinh ⌘

sinh ⌘ cosh ⌘

!
, (A�1)�� ⌘

 
cosh ⌘ � sinh ⌘

� sinh ⌘ cosh ⌘

!
, (3.9)

being an SO(1, 1) ⇢ SL(2)IIB element encoding the dependence of the two-form potentials
on the direction ⌘ . The two-form potentials in (3.8) preserve SU(2)⇥ U(1)� but break the
U(1)� factor due to the explicit dependence on the coordinate � .

Axion-dilaton

The axion-dilaton matrix takes the form

m↵� =
1

Im⌧

 
|⌧ |2 �Re⌧

�Re⌧ 1

!
= (A�t)↵

� m�� (A
�1)�� , (3.10)

with ⌧ = C0 + i e
�� and

m�� = 2�2

 
1 + sin2 ✓ cos2 � �1

2 sin
2(✓) sin(2�)

�1
2 sin

2(✓) sin(2�) 1 + sin2 ✓ sin2 �

!
, (3.11)

involving the warping factor in (3.5). The axion-dilaton matrix (3.11) is again compatible
with an SU(2)⇥U(1)� symmetry.

Four-form potential

The solution we are investigating shares various similarities with the Pilch-Warner solution
[6] (see also appendix D.1 of [7]). The five-form field strength is given by

eF5 = dC4 � 1
2 ✏↵� B

↵ ^H
�

= (1 + ?)
⇥
6
p
2�5/2 volM5

�4�4 sin ✓ cos3 ✓ d⌘ ^
�
cos(2�) d✓ � 1

2 sin(2✓) sin(2�) d�
�
^ �1 ^ �2 ^ �3

⇤
,

(3.12)
where

volM5 =
p
2�3/2 sin ✓ cos3 ✓ d✓ ^ d� ^ �1 ^ �2 ^ �3 , (3.13)

denotes the volume of the deformed five-sphere. We have explicitly verified that the 10D
equations of motion and Bianchi identities of type IIB supergravity are satisfied.

8

with
<latexit sha1_base64="B2w9us3tQK63mZyc0Bq5N2e5UgI=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswOA0yYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTDm6nfGHFtRKTucRxzP6R9JXqCUbSS30b+hDpMHwUOJp1C0S25M5Bl4mWkCBmqncJXuxuxJOQKmaTGtDw3Rj+lGgWTfJJvJ4bHlA1pn7csVTTkxk9nR0/IqVW6pBdpWwrJTP09kdLQmHEY2M6Q4sAselPxP6+VYO/KT4WKE+SKzRf1EkkwItMESFdozlCOLaFMC3srYQOqKUObU96G4C2+vEzq5ZJ3XirfXRQr11kcOTiGEzgDDy6hArdQhRoweIBneIU3Z+S8OO/Ox7x1xclmjuAPnM8fs9GStA==</latexit>

as a product of the SL(2) matrices

Mαβ ≡ ∆2

√
3

(

3 + 2r2 −4r2

−4r2 3 + 2r2

)

, Aα
β ≡

(

cosh η sinh η

sinh η cosh η

)

. (3.38)

The three-form field strength is obtained by exterior derivative of (3.23) and takes the form

H3
α =

(V−A)α

1 + 2r2
εpqr dYp ∧ dYq ∧

(
(3 + 2r2)

3 (1 + 2r2)
dYr − Yr dη

)

− (V+A)α

3 − 2r2
εpqr dZp ∧ dZq ∧

(
(5− 2r2)

3 (3− 2r2)
dZr + Zr dη

)

, (3.39)

with the matrix A from (3.38) and the vectors

V α
± = {3±1/4,±3±1/4} . (3.40)

Finally, the selfdual IIB five-form field strength is given by

H5 = dc− 1

8
εαβ b

α ∧ dbβ

=
6∆4

8 (1− r2)
Zp dYp ∧ dYq ∧ dYr ∧ dZq ∧ dZr

+ 3∆4ZpY [p dYq ∧ dYr] ∧ dZq ∧ dZr ∧ dη

− 1

16

√

|g| εµνρσ dxµ ∧ dxν ∧ dxρ ∧ dxσ ∧
(

dη − 4

3
YpdYp

)

. (3.41)

We have explicitly verified, that this solution satisfies all the field equations of the IIB theory,

including the Einstein equations.

3.4 Interpretation, S-folds and supersymmetry

The uplift provided in the previous section is in principle on a warped S5×R internal space,

where R is the η direction. In fact, ∂/∂η is an isometry of the solution and although the η

dependence is present in the fluxes, it only appears through the SL(2) matrix A(η) of (3.38).

Indeed, the flat direction (3.8) lifts to constant shifts of η. This means that we can make η

periodic, η ≃ η + T , at the price of introducing an SL(2) monodromy of the fields along the

resulting S1:

MS1 = A(η)−1A(η + T ) . (3.42)

Being A(η) an element of a non-compact subgroup of SL(2), there is no choice of the period T

such that MS1 = 1, which would make the solution globally geometric. Instead, the solution

is locally geometric and globally an S-fold.
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where R is the η direction. In fact, ∂/∂η is an isometry of the solution and although the η

dependence is present in the fluxes, it only appears through the SL(2) matrix A(η) of (3.38).

Indeed, the flat direction (3.8) lifts to constant shifts of η. This means that we can make η

periodic, η ≃ η + T , at the price of introducing an SL(2) monodromy of the fields along the

resulting S1:

MS1 = A(η)−1A(η + T ) . (3.42)

Being A(η) an element of a non-compact subgroup of SL(2), there is no choice of the period T

such that MS1 = 1, which would make the solution globally geometric. Instead, the solution

is locally geometric and globally an S-fold.
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S-folds as limiting Janus solutions

Janus solutions AdS4/CFT3 dual to interfaces of SYM4

SUSY interfaces of SYM4 are classified !!

N=4 & SO(4)RN=2 & SU(2) × U(1)RN=1 & SU(3)

[ Bak, Gutperle, Hirano ’03 ( N = 0 ) ]
[ Clark, Freedman, Karch, Schnabl ’04 ]

[ D’Hoker, Ester, Gutperle ’07, ’07   ( N = 4 ) ]
[ Bobev, Gautason, Pilch, Suh, van Muiden ’19, ’20 ]

[ D’Hoker, Ester, Gutperle ’06 ( N = 1 , 2 , 4 ) ] 5 Classifying interface supersymmetric theories

We now have all the tools available to give a complete classification of the allowed

Poincaré supersymmetries as a function of the gauge and interface couplings. Using

Lemma 1, this classification proceeds according to r = rank(Y †
3 Y3), and corresponds to

the following forms of Y3 (after diagonalization by U ∈ SU(4)), following Lemma 1,

r = 4 Y3 = eiθdiag[1, 1, 1, 1]

r = 3 Y3 = eiθdiag[1, 1, 1, c] 0 ≤ c ≠ 1

r = 2 Y3 = eiθdiag[1, 1, b, c] 0 ≤ b ≠ 1

r = 1 Y3 = eiθdiag[1, a, b, c] 0 ≤ a ≠ 1 (5.1)

Within a category with fixed amount of supersymmetry (i.e. fixed r), we shall principally

be interested in the theory which has maximal internal symmetry, since other theories
with the same amount of supersymmetry but less internal symmetries may be viewed as

perturbations of the former by BPS operators that further break the internal symmetry.

5.1 Solutions with extended interface supersymmetry

Extended interface supersymmetry (r > 1) will occur when solutions exist to the equa-

tions (3.21), for given interface couplings, for at least two linearly independent unit

vectors β. By SU(4) symmetry, these vectors may be chosen to be β1 and β2, so that
Y3 is of the form (5.1) with r = 2. The cases with r = 3, 4 are contained in this case by

setting b and possibly c equal to 1.

For a given interface theory, the interface couplings Z2 are fixed. The simultaneous

solution for β1 and β2 will require that the expression (4.23) for Z2 hold in terms of these
two independent vectors,

Z2 = −4iy1
(

I − 4β1 ⊗ β†
1

)

= −4iy1
(

I − 4β2 ⊗ β†
2

)

(5.2)

These equations can hold only provided y1 = 0, so that,

y1 = Y2 = Z2 = 0 Z3 = 8Y3 (5.3)

which provides a considerable simplification of the solution, and renders the supersym-
metry parameter ξ independent of xπ. One can check that all of the supersymmetry

equations in (3.21) hold, except that (2’) imposes the following consistency condition,

b = c ei4θ (5.4)

23
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S-folds  in  4D



[ SO(1,1) × SO(6) ] ⋉ R12  gauged  maximal  supergravity

 • N=8  SUGRA  :      metric  +  8 gravitini  +  28 vectors  +  56 dilatini  +  70 scalars
(s = 2)             (s = 3/2)                (s = 1)               (s = 1/2)                (s = 0)       

!11

 • Deformation parameter  c  yielding  inequivalent theories:   electric/magnetic

D = @ � g (Aelec � c Ãmag)
g = 4D gauge coupling
c = deformation param.

[ Dall’Agata, Inverso, Trigiante ’12 ] 

 •  Two inequivalent cases :
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Exponentiating (2.10) and (2.11) with coefficients ϕi and χi as

V = Exp

[
−12

7∑

i=1

χigχi

]
Exp

[
1

4

7∑

i=1

ϕigϕi

]
, (2.12)

yields a parameterisation of an MMN = VVt ∈ [SL(2)/SO(2)]7 subspace of the coset space

in (2.3). The kinetic terms in the resulting N = 1 sector follow from (2.2) and (2.12), and

are given by

Lkin = −1

4

7∑

i=1

[
(∂ϕi)

2 + e2ϕi(∂χi)
2
]
. (2.13)

These match the standard kinetic terms Lkin = −(∂2
zi,z̄jK)dzi ∧ ∗dz̄j for a set of seven

chiral fields zi with Kähler potential

K = −
7∑

i=1

log[−i(zi − z̄i)] . (2.14)

Lastly, when restricted to the Z3
2 invariant sector entering (2.12), the scalar potential, as

computed from (2.4), can be recovered from a holomorphic superpotential

W = 2g
[
z1z5z6 + z2z4z6 + z3z4z5 + (z1z4 + z2z5 + z3z6)z7

]
+ 2gc(1− z4z5z6z7) , (2.15)

using the standard N = 1 formula

VN=1 = eK
[
Kziz̄jDziWDz̄jW̄ − 3WW̄

]
, (2.16)

where DziW ≡ ∂ziW + (∂ziK)W is the Kähler derivative and Kziz̄j is the inverse of the

Kähler metric Kziz̄j ≡ ∂2
zi,z̄jK. Note that only the last term in the superpotential (2.15)

turns out to be sensitive to the electromagnetic parameter c.

2.3 New families of AdS4 vacua

A thorough study of the structure of extrema of the scalar potential (2.4), restricted to

the Z3
2 invariant sector, reveals a rich structure of (fairly) symmetric AdS4 vacua. We find

four families of vacua preserving N = 0, 1, 2 or 4 supersymmetry as well as various resid-

ual gauge symmetries ranging from U(1)2 to SO(6) ∼ SU(4). The three supersymmetric

families are also supersymmetric within the N = 1 model with seven chirals presented in

the previous section, and therefore satisfy the F-flatness conditions

DziW = 0 , (2.17)

that follow from the superpotential (2.15) and Kähler potential (2.14). Importantly, all the

AdS4 vacua we will present in this section are genuinely dyonic, namely, they disappear if

taking the limit c → 0 to a purely electric gauging of G in (2.1).

– 6 –

• (5 D 4C &

N=4 & SO(4)N=1 & SU(3)

               Most symmetric  AdS4  vacua within multi-parametric families !!

[ dyonic gauging ]

[ AG, Sterckx, Trigiante ’20 ] 

zi = ��i + i yi
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characterised by a Kähler potential of the form

K = �
7X

i=1

log[�i(zi � z̄i)] , (2.3)

and interact according to an N = 1 superpotential given by

W = 2 g
⇥
z1z5z6 + z2z4z6 + z3z4z5 + (z1z4 + z2z5 + z3z6) z7

⇤
+ 2 g c (1� z4z5z6z7) , (2.4)

which is originated from the gauging in the maximal theory. Truncating away the fermions
and vectors, the Lagrangian acquires an Einstein-scalar form and reads

e�1 LE-s = 1
2 R�KIJ @µ⌃I @µ⌃J � V ,

= 1
2 R� 1

4

7X

i=1

1

4y2i

⇥
(@yi)

2 + (@�i)
2
⇤
� V ,

(2.5)

where ⌃I = { y1 , �1 , y2 , �2 , . . . , y7 , �7 } denotes the real and imaginary components of
the complex fields zi . The kinetic matrix for these (real) fields reads

KIJ = diag

✓
1

4y21
,

1

4y21
,

1

4y22
,

1

4y22
, . . . ,

1

4y27
,

1

4y27

◆
. (2.6)

The scalar potential V can be recovered from the holomorphic superpotential (2.4) as

V = eK
h
Kziz̄j DziW Dz̄jW̄ � 3W W̄

i
, (2.7)

where DziW ⌘ @ziW + (@ziK)W is the Kähler derivative and Kziz̄j is the inverse of the
Kähler metric Kziz̄j ⌘ @2

zi,z̄jK . This is the N = 1 supergravity model we will be focused on
during the rest of the note.

In order to study RG flows holographically, we will investigate flat-sliced domain-wall
(DW4) solutions whose metric takes the form

ds2DW4
= e2A(z) ⌘↵� dx

↵dx� + dz2 with ⌘↵� = diag(�1, 1, 1) , (2.8)

where z 2 (�1,1) is the coordinate transverse to the domain-wall and A(z) is the scale
factor. Asking for the vanishing of the supersymmetry variations of fermions (gravitino and
chiralini) in the N = 1 supergravity model, one gets a set of first order equations

@zA = ⌥ |W| and @z⌃
I = ±KIJ @⌃J |W| . (2.9)

referred to as the BPS equations. The real superpotential |W| is constructed from the

(complex) gravitino mass W = e
K
2 W = m3/2 and fully specifies the BPS equations in (2.9).

3 S-folds and J-fold CFT3’s

The simplest solutions to the BPS equations (2.9) are supersymmetric AdS4 vacua. These
solutions have constant scalars and thus satisfy (2.9) provided

@⌃I |W| = 0 and A(z) = ⌥ |W0| z + cst , (3.1)

2

(yi > 0)
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N=0  family of  AdS4  vacua with  U(1)3  symmetry
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2.3.1 N = 0 vacua with SU(2) → SU(2) × U(1)2 → SU(3) × U(1) → SO(6)

symmetry

There is a three-parameter family of N = 0 solutions that preserves SU(2) and is located at

z1,2,3 = c

(
−χ1,2,3 + i

1√
2

)
and z4 = z5 = z6 = z7 = i , (2.18)

with χ1,2,3 being arbitrary (real) parameters. This family of solutions has a vacuum energy

given by

V0 = −2
√
2g2c−1 , (2.19)

and a spectrum of normalised scalar masses of the form

m2L2 = 6(×2) , −3(×2) , 0(×28) ,

− 3

4
+

3

2
χ2(×2) ,

− 3

4
+

3

2
(χ− 2χi)

2(×2) i = 1, 2, 3 ,

− 3

4
+

3

2
χ2
i (×4) i = 1, 2, 3 ,

− 3 + 6χ2
i (×2) i = 1, 2, 3 ,

− 3 +
3

2
(χi ± χj)

2(×2) i < j ,

(2.20)

where χ ≡ χ1 + χ2 + χ3 and L2 = −3/V0 is the AdS4 radius. This family of solutions

is perturbatively unstable due to the mass eigenvalue −3 lying below the Breitenlohner-

Freedman bound for stability in AdS4 [49]. The computation of the vector masses yields

m2L2 = 0(×3) , 6(×1) ,

9

4
+

3

2
χ2
i (×4) i = 1, 2, 3 ,

3

2
(χi ± χj)

2(×2) i < j .

(2.21)

Note that a generic solution in this family preserves an SU(2) symmetry as three vectors

are generically massless. Therefore, out of the 28 massless scalars in (2.20), only 3 of them

correspond to physical directions in the scalar potential. An additional U(1)2 factor appears

when imposing a pairwise identification between the free axions χ1,2,3, thus resulting in a

symmetry enhancement to SU(2) × U(1)2. A further identification χ1 = χ2 = χ3 ̸= 0

implies a symmetry enhancement to SU(3) ×U(1). Lastly, setting χ1,2,3 = 0 enhances the

symmetry to SU(4) ∼ SO(6). This SO(6) symmetric solution was originally studied in [29]

from a ten-dimensional perspective and, more recently, connected with a family of type

IIB S-fold backgrounds in [32].

2.3.2 N = 1 vacua with U(1)2 → SU(2) × U(1) → SU(3) symmetry

There is a two-parameter family of N = 1 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1,2,3 = c

(
−χ1,2,3 + i

√
5

3

)
and z4 = z5 = z6 = z7 =

1√
6
(1 + i

√
5) , (2.22)
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symmetry enhancement to SU(2) × U(1)2. A further identification χ1 = χ2 = χ3 ̸= 0

implies a symmetry enhancement to SU(3) ×U(1). Lastly, setting χ1,2,3 = 0 enhances the

symmetry to SU(4) ∼ SO(6). This SO(6) symmetric solution was originally studied in [29]

from a ten-dimensional perspective and, more recently, connected with a family of type

IIB S-fold backgrounds in [32].
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There is a two-parameter family of N = 1 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1,2,3 = c

(
−χ1,2,3 + i

√
5

3

)
and z4 = z5 = z6 = z7 =

1√
6
(1 + i

√
5) , (2.22)

– 7 –
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(
2
0
2
0
)
0
5
0

2.3.1 N = 0 vacua with SU(2) → SU(2) × U(1)2 → SU(3) × U(1) → SO(6)

symmetry

There is a three-parameter family of N = 0 solutions that preserves SU(2) and is located at

z1,2,3 = c

(
−χ1,2,3 + i

1√
2

)
and z4 = z5 = z6 = z7 = i , (2.18)

with χ1,2,3 being arbitrary (real) parameters. This family of solutions has a vacuum energy

given by

V0 = −2
√
2g2c−1 , (2.19)

and a spectrum of normalised scalar masses of the form

m2L2 = 6(×2) , −3(×2) , 0(×28) ,

− 3

4
+

3

2
χ2(×2) ,

− 3

4
+

3

2
(χ− 2χi)

2(×2) i = 1, 2, 3 ,

− 3

4
+

3

2
χ2
i (×4) i = 1, 2, 3 ,

− 3 + 6χ2
i (×2) i = 1, 2, 3 ,

− 3 +
3

2
(χi ± χj)

2(×2) i < j ,

(2.20)

where χ ≡ χ1 + χ2 + χ3 and L2 = −3/V0 is the AdS4 radius. This family of solutions

is perturbatively unstable due to the mass eigenvalue −3 lying below the Breitenlohner-

Freedman bound for stability in AdS4 [49]. The computation of the vector masses yields

m2L2 = 0(×3) , 6(×1) ,

9

4
+

3

2
χ2
i (×4) i = 1, 2, 3 ,

3

2
(χi ± χj)

2(×2) i < j .

(2.21)

Note that a generic solution in this family preserves an SU(2) symmetry as three vectors

are generically massless. Therefore, out of the 28 massless scalars in (2.20), only 3 of them

correspond to physical directions in the scalar potential. An additional U(1)2 factor appears

when imposing a pairwise identification between the free axions χ1,2,3, thus resulting in a

symmetry enhancement to SU(2) × U(1)2. A further identification χ1 = χ2 = χ3 ̸= 0

implies a symmetry enhancement to SU(3) ×U(1). Lastly, setting χ1,2,3 = 0 enhances the

symmetry to SU(4) ∼ SO(6). This SO(6) symmetric solution was originally studied in [29]

from a ten-dimensional perspective and, more recently, connected with a family of type

IIB S-fold backgrounds in [32].

2.3.2 N = 1 vacua with U(1)2 → SU(2) × U(1) → SU(3) symmetry

There is a two-parameter family of N = 1 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1,2,3 = c

(
−χ1,2,3 + i

√
5

3

)
and z4 = z5 = z6 = z7 =

1√
6
(1 + i

√
5) , (2.22)
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2.3.1 N = 0 vacua with SU(2) → SU(2) × U(1)2 → SU(3) × U(1) → SO(6)

symmetry

There is a three-parameter family of N = 0 solutions that preserves SU(2) and is located at

z1,2,3 = c

(
−χ1,2,3 + i

1√
2

)
and z4 = z5 = z6 = z7 = i , (2.18)

with χ1,2,3 being arbitrary (real) parameters. This family of solutions has a vacuum energy

given by

V0 = −2
√
2g2c−1 , (2.19)

and a spectrum of normalised scalar masses of the form

m2L2 = 6(×2) , −3(×2) , 0(×28) ,

− 3

4
+

3

2
χ2(×2) ,

− 3

4
+

3

2
(χ− 2χi)

2(×2) i = 1, 2, 3 ,

− 3

4
+

3

2
χ2
i (×4) i = 1, 2, 3 ,

− 3 + 6χ2
i (×2) i = 1, 2, 3 ,

− 3 +
3

2
(χi ± χj)

2(×2) i < j ,

(2.20)

where χ ≡ χ1 + χ2 + χ3 and L2 = −3/V0 is the AdS4 radius. This family of solutions

is perturbatively unstable due to the mass eigenvalue −3 lying below the Breitenlohner-

Freedman bound for stability in AdS4 [49]. The computation of the vector masses yields

m2L2 = 0(×3) , 6(×1) ,

9

4
+

3

2
χ2
i (×4) i = 1, 2, 3 ,

3

2
(χi ± χj)

2(×2) i < j .

(2.21)

Note that a generic solution in this family preserves an SU(2) symmetry as three vectors

are generically massless. Therefore, out of the 28 massless scalars in (2.20), only 3 of them

correspond to physical directions in the scalar potential. An additional U(1)2 factor appears

when imposing a pairwise identification between the free axions χ1,2,3, thus resulting in a

symmetry enhancement to SU(2) × U(1)2. A further identification χ1 = χ2 = χ3 ̸= 0

implies a symmetry enhancement to SU(3) ×U(1). Lastly, setting χ1,2,3 = 0 enhances the

symmetry to SU(4) ∼ SO(6). This SO(6) symmetric solution was originally studied in [29]

from a ten-dimensional perspective and, more recently, connected with a family of type

IIB S-fold backgrounds in [32].

2.3.2 N = 1 vacua with U(1)2 → SU(2) × U(1) → SU(3) symmetry

There is a two-parameter family of N = 1 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1,2,3 = c

(
−χ1,2,3 + i

√
5

3

)
and z4 = z5 = z6 = z7 =

1√
6
(1 + i

√
5) , (2.22)
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subject to the constraint

χ1 + χ2 + χ3 = 0 . (2.23)

This family of AdS4 solutions has a vacuum energy given by

V0 = − 162

25
√
5
g2c−1 , (2.24)

and a spectrum of normalised scalar masses of the form

m2L2 = 0(×28) , 4±
√
6(×2) , −2(×2) ,

− 14

9
+ 5χ2

i ±
1

3

√
4 + 45χ2

i (×2) i = 1, 2, 3 ,

− 14

9
+

5

4
χ2
i ±

1

6

√
16 + 45χ2

i (×2) i = 1, 2, 3 ,

7

9
+

5

4
χ2
i (×2) i = 1, 2, 3 ,

− 2 +
5

4
(χi − χj)

2(×2) i < j ,

(2.25)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×2) , 6(×1) , 2(×1) ,

16

9
+

5

4
χ2
i ±

1

6

√
64 + 45χ2

i (×2) i = 1, 2, 3 ,

25

9
+

5χ2
i

4
(×2) i = 1, 2, 3 ,

5

4
(χi − χj)

2(×2) i < j .

(2.26)

Note that a generic solution in this family preserves U(1)2 as only two vectors are generically

massless. Therefore, out of the 28 massless scalars in (2.25), only 2 of them correspond to

physical directions in the potential. The residual symmetry gets enhanced to SU(2)×U(1)

when imposing a pairwise identification between the axions χ1,2,3 so that a total of four

vectors become massless. Finally there is a symmetry enhancement to SU(3) when setting

χ1,2,3 = 0 so that a total of eight vectors become massless. The SU(3) symmetric solution

was recently uplifted to a ten-dimensional family of type IIB S-fold backgrounds in [32].

2.3.3 N = 2 vacua with U(1)2 → SU(2) × U(1) symmetry

There is a one-parameter family of N = 2 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1 = −z̄3 = c

(
−χ+ i

1√
2

)
, z2 = ic, z4 = z6 = i and z5 = z7 =

1√
2
(1 + i) . (2.27)

This family of AdS4 solutions has a vacuum energy given by

V0 = −3g2c−1 , (2.28)
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2.3.1 N = 0 vacua with SU(2) → SU(2) × U(1)2 → SU(3) × U(1) → SO(6)

symmetry

There is a three-parameter family of N = 0 solutions that preserves SU(2) and is located at

z1,2,3 = c

(
−χ1,2,3 + i

1√
2

)
and z4 = z5 = z6 = z7 = i , (2.18)

with χ1,2,3 being arbitrary (real) parameters. This family of solutions has a vacuum energy

given by

V0 = −2
√
2g2c−1 , (2.19)

and a spectrum of normalised scalar masses of the form

m2L2 = 6(×2) , −3(×2) , 0(×28) ,

− 3

4
+

3

2
χ2(×2) ,

− 3

4
+

3

2
(χ− 2χi)

2(×2) i = 1, 2, 3 ,

− 3

4
+

3

2
χ2
i (×4) i = 1, 2, 3 ,

− 3 + 6χ2
i (×2) i = 1, 2, 3 ,

− 3 +
3

2
(χi ± χj)

2(×2) i < j ,

(2.20)

where χ ≡ χ1 + χ2 + χ3 and L2 = −3/V0 is the AdS4 radius. This family of solutions

is perturbatively unstable due to the mass eigenvalue −3 lying below the Breitenlohner-

Freedman bound for stability in AdS4 [49]. The computation of the vector masses yields

m2L2 = 0(×3) , 6(×1) ,

9

4
+

3

2
χ2
i (×4) i = 1, 2, 3 ,

3

2
(χi ± χj)

2(×2) i < j .

(2.21)

Note that a generic solution in this family preserves an SU(2) symmetry as three vectors

are generically massless. Therefore, out of the 28 massless scalars in (2.20), only 3 of them

correspond to physical directions in the scalar potential. An additional U(1)2 factor appears

when imposing a pairwise identification between the free axions χ1,2,3, thus resulting in a

symmetry enhancement to SU(2) × U(1)2. A further identification χ1 = χ2 = χ3 ̸= 0

implies a symmetry enhancement to SU(3) ×U(1). Lastly, setting χ1,2,3 = 0 enhances the

symmetry to SU(4) ∼ SO(6). This SO(6) symmetric solution was originally studied in [29]

from a ten-dimensional perspective and, more recently, connected with a family of type

IIB S-fold backgrounds in [32].

2.3.2 N = 1 vacua with U(1)2 → SU(2) × U(1) → SU(3) symmetry

There is a two-parameter family of N = 1 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1,2,3 = c

(
−χ1,2,3 + i

√
5

3

)
and z4 = z5 = z6 = z7 =

1√
6
(1 + i

√
5) , (2.22)

– 7 –
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J
H
E
P
0
4
(
2
0
2
0
)
0
5
0

subject to the constraint

χ1 + χ2 + χ3 = 0 . (2.23)

This family of AdS4 solutions has a vacuum energy given by

V0 = − 162

25
√
5
g2c−1 , (2.24)

and a spectrum of normalised scalar masses of the form

m2L2 = 0(×28) , 4±
√
6(×2) , −2(×2) ,

− 14

9
+ 5χ2

i ±
1

3

√
4 + 45χ2

i (×2) i = 1, 2, 3 ,

− 14

9
+

5

4
χ2
i ±

1

6

√
16 + 45χ2

i (×2) i = 1, 2, 3 ,

7

9
+

5

4
χ2
i (×2) i = 1, 2, 3 ,

− 2 +
5

4
(χi − χj)

2(×2) i < j ,

(2.25)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×2) , 6(×1) , 2(×1) ,

16

9
+

5

4
χ2
i ±

1

6

√
64 + 45χ2

i (×2) i = 1, 2, 3 ,

25

9
+

5χ2
i

4
(×2) i = 1, 2, 3 ,

5

4
(χi − χj)

2(×2) i < j .

(2.26)

Note that a generic solution in this family preserves U(1)2 as only two vectors are generically

massless. Therefore, out of the 28 massless scalars in (2.25), only 2 of them correspond to

physical directions in the potential. The residual symmetry gets enhanced to SU(2)×U(1)

when imposing a pairwise identification between the axions χ1,2,3 so that a total of four

vectors become massless. Finally there is a symmetry enhancement to SU(3) when setting

χ1,2,3 = 0 so that a total of eight vectors become massless. The SU(3) symmetric solution

was recently uplifted to a ten-dimensional family of type IIB S-fold backgrounds in [32].

2.3.3 N = 2 vacua with U(1)2 → SU(2) × U(1) symmetry

There is a one-parameter family of N = 2 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1 = −z̄3 = c

(
−χ+ i

1√
2

)
, z2 = ic, z4 = z6 = i and z5 = z7 =

1√
2
(1 + i) . (2.27)

This family of AdS4 solutions has a vacuum energy given by

V0 = −3g2c−1 , (2.28)
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N=2  family of  AdS4  vacua with  U(1) x U(1)  symmetry

J
H
E
P
0
4
(
2
0
2
0
)
0
5
0

subject to the constraint

χ1 + χ2 + χ3 = 0 . (2.23)

This family of AdS4 solutions has a vacuum energy given by

V0 = − 162

25
√
5
g2c−1 , (2.24)

and a spectrum of normalised scalar masses of the form

m2L2 = 0(×28) , 4±
√
6(×2) , −2(×2) ,

− 14

9
+ 5χ2

i ±
1

3

√
4 + 45χ2

i (×2) i = 1, 2, 3 ,

− 14

9
+

5

4
χ2
i ±

1

6

√
16 + 45χ2

i (×2) i = 1, 2, 3 ,

7

9
+

5

4
χ2
i (×2) i = 1, 2, 3 ,

− 2 +
5

4
(χi − χj)

2(×2) i < j ,

(2.25)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×2) , 6(×1) , 2(×1) ,

16

9
+

5

4
χ2
i ±

1

6

√
64 + 45χ2

i (×2) i = 1, 2, 3 ,

25

9
+

5χ2
i

4
(×2) i = 1, 2, 3 ,

5

4
(χi − χj)

2(×2) i < j .

(2.26)

Note that a generic solution in this family preserves U(1)2 as only two vectors are generically

massless. Therefore, out of the 28 massless scalars in (2.25), only 2 of them correspond to

physical directions in the potential. The residual symmetry gets enhanced to SU(2)×U(1)

when imposing a pairwise identification between the axions χ1,2,3 so that a total of four

vectors become massless. Finally there is a symmetry enhancement to SU(3) when setting

χ1,2,3 = 0 so that a total of eight vectors become massless. The SU(3) symmetric solution

was recently uplifted to a ten-dimensional family of type IIB S-fold backgrounds in [32].

2.3.3 N = 2 vacua with U(1)2 → SU(2) × U(1) symmetry

There is a one-parameter family of N = 2 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1 = −z̄3 = c

(
−χ+ i

1√
2

)
, z2 = ic, z4 = z6 = i and z5 = z7 =

1√
2
(1 + i) . (2.27)

This family of AdS4 solutions has a vacuum energy given by

V0 = −3g2c−1 , (2.28)
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J
H
E
P
0
4
(
2
0
2
0
)
0
5
0

subject to the constraint

χ1 + χ2 + χ3 = 0 . (2.23)

This family of AdS4 solutions has a vacuum energy given by

V0 = − 162

25
√
5
g2c−1 , (2.24)

and a spectrum of normalised scalar masses of the form

m2L2 = 0(×28) , 4±
√
6(×2) , −2(×2) ,

− 14

9
+ 5χ2

i ±
1

3

√
4 + 45χ2

i (×2) i = 1, 2, 3 ,

− 14

9
+

5

4
χ2
i ±

1

6

√
16 + 45χ2

i (×2) i = 1, 2, 3 ,

7

9
+

5

4
χ2
i (×2) i = 1, 2, 3 ,

− 2 +
5

4
(χi − χj)

2(×2) i < j ,

(2.25)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×2) , 6(×1) , 2(×1) ,

16

9
+

5

4
χ2
i ±

1

6

√
64 + 45χ2

i (×2) i = 1, 2, 3 ,

25

9
+

5χ2
i

4
(×2) i = 1, 2, 3 ,

5

4
(χi − χj)

2(×2) i < j .

(2.26)

Note that a generic solution in this family preserves U(1)2 as only two vectors are generically

massless. Therefore, out of the 28 massless scalars in (2.25), only 2 of them correspond to

physical directions in the potential. The residual symmetry gets enhanced to SU(2)×U(1)

when imposing a pairwise identification between the axions χ1,2,3 so that a total of four

vectors become massless. Finally there is a symmetry enhancement to SU(3) when setting

χ1,2,3 = 0 so that a total of eight vectors become massless. The SU(3) symmetric solution

was recently uplifted to a ten-dimensional family of type IIB S-fold backgrounds in [32].

2.3.3 N = 2 vacua with U(1)2 → SU(2) × U(1) symmetry

There is a one-parameter family of N = 2 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1 = −z̄3 = c

(
−χ+ i

1√
2

)
, z2 = ic, z4 = z6 = i and z5 = z7 =

1√
2
(1 + i) . (2.27)

This family of AdS4 solutions has a vacuum energy given by

V0 = −3g2c−1 , (2.28)

– 8 –

J
H
E
P
0
4
(
2
0
2
0
)
0
5
0

and a spectrum of normalised scalar masses of the form

m2L2 = 0(×30) , 3±
√
17(×2) , −2(×4) , 2(×6) , −2 + 4χ2(×6)

− 1 + 4χ2 ±
√

16χ2 + 1(×2) , χ2 ±
√
χ2 + 2(×8) ,

(2.29)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×2) , 6(×2) , 4(×2) , 2(×4) ,

4χ2(×2) , 2 + χ2 ±
√
χ2 + 2(×8) .

(2.30)

Note that a generic solution in this family preserves U(1)2 as only two vectors are generically

massless. Therefore, out of the 30 massless scalars in (2.29), only 4 of them correspond to

physical directions in the scalar potential. However, the residual symmetry gets enhanced

to SU(2) × U(1) when χ = 0 and two additional vectors become massless. This special

AdS4 vacuum will be uplifted to a ten-dimensional family of type IIB S-fold backgrounds

in section 3.

2.3.4 N = 4 vacuum with SO(4) symmetry

There is an N = 4 supersymmetric AdS4 solution that preserves SO(4) and is located at

z1 = z2 = z3 = ic and z4 = z5 = z6 = −z̄7 =
1√
2
(1 + i) . (2.31)

This AdS4 solution has a vacuum energy given by

V0 = −3g2c−1 , (2.32)

as for the previous solution, and a spectrum of normalised scalar masses of the form

m2L2 = 0(×48) , 10(×1) , 4(×10) , −2(×11) , (2.33)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×6) , 6(×7) , 2(×15) , (2.34)

thus reflecting the SO(4) residual symmetry at the AdS4 solution. Therefore, out of the

48 massless scalars in (2.33), only 26 of them correspond to physical directions in the

scalar potential. This N = 4 solution was first reported in [28], and then uplifted to a

ten-dimensional family of type IIB S-fold backgrounds in [27].

3 S-folds with N = 2 supersymmetry

From this moment on we will set

g = c = 1 , (3.1)

without loss of generality. From (2.18), (2.22), (2.27) and (2.31) it becomes clear that

varying c amounts to a rescaling of the vacuum expectation values of z1,2,3 ∝ c at the AdS4
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χ1 + χ2 + χ3 = 0 . (2.23)
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(2.25)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×2) , 6(×1) , 2(×1) ,

16
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+
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(2.26)

Note that a generic solution in this family preserves U(1)2 as only two vectors are generically

massless. Therefore, out of the 28 massless scalars in (2.25), only 2 of them correspond to

physical directions in the potential. The residual symmetry gets enhanced to SU(2)×U(1)

when imposing a pairwise identification between the axions χ1,2,3 so that a total of four

vectors become massless. Finally there is a symmetry enhancement to SU(3) when setting

χ1,2,3 = 0 so that a total of eight vectors become massless. The SU(3) symmetric solution

was recently uplifted to a ten-dimensional family of type IIB S-fold backgrounds in [32].

2.3.3 N = 2 vacua with U(1)2 → SU(2) × U(1) symmetry

There is a one-parameter family of N = 2 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1 = −z̄3 = c

(
−χ+ i

1√
2

)
, z2 = ic, z4 = z6 = i and z5 = z7 =

1√
2
(1 + i) . (2.27)

This family of AdS4 solutions has a vacuum energy given by

V0 = −3g2c−1 , (2.28)
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and a spectrum of normalised scalar masses of the form

m2L2 = 0(×30) , 3±
√
17(×2) , −2(×4) , 2(×6) , −2 + 4χ2(×6)

− 1 + 4χ2 ±
√

16χ2 + 1(×2) , χ2 ±
√
χ2 + 2(×8) ,

(2.29)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×2) , 6(×2) , 4(×2) , 2(×4) ,

4χ2(×2) , 2 + χ2 ±
√
χ2 + 2(×8) .

(2.30)

Note that a generic solution in this family preserves U(1)2 as only two vectors are generically

massless. Therefore, out of the 30 massless scalars in (2.29), only 4 of them correspond to

physical directions in the scalar potential. However, the residual symmetry gets enhanced

to SU(2) × U(1) when χ = 0 and two additional vectors become massless. This special

AdS4 vacuum will be uplifted to a ten-dimensional family of type IIB S-fold backgrounds

in section 3.

2.3.4 N = 4 vacuum with SO(4) symmetry

There is an N = 4 supersymmetric AdS4 solution that preserves SO(4) and is located at

z1 = z2 = z3 = ic and z4 = z5 = z6 = −z̄7 =
1√
2
(1 + i) . (2.31)

This AdS4 solution has a vacuum energy given by

V0 = −3g2c−1 , (2.32)

as for the previous solution, and a spectrum of normalised scalar masses of the form

m2L2 = 0(×48) , 10(×1) , 4(×10) , −2(×11) , (2.33)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×6) , 6(×7) , 2(×15) , (2.34)

thus reflecting the SO(4) residual symmetry at the AdS4 solution. Therefore, out of the

48 massless scalars in (2.33), only 26 of them correspond to physical directions in the

scalar potential. This N = 4 solution was first reported in [28], and then uplifted to a

ten-dimensional family of type IIB S-fold backgrounds in [27].

3 S-folds with N = 2 supersymmetry

From this moment on we will set

g = c = 1 , (3.1)

without loss of generality. From (2.18), (2.22), (2.27) and (2.31) it becomes clear that

varying c amounts to a rescaling of the vacuum expectation values of z1,2,3 ∝ c at the AdS4
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χ1 + χ2 + χ3 = 0 . (2.23)

This family of AdS4 solutions has a vacuum energy given by

V0 = − 162

25
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(2.25)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×2) , 6(×1) , 2(×1) ,
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(2.26)

Note that a generic solution in this family preserves U(1)2 as only two vectors are generically

massless. Therefore, out of the 28 massless scalars in (2.25), only 2 of them correspond to

physical directions in the potential. The residual symmetry gets enhanced to SU(2)×U(1)

when imposing a pairwise identification between the axions χ1,2,3 so that a total of four

vectors become massless. Finally there is a symmetry enhancement to SU(3) when setting

χ1,2,3 = 0 so that a total of eight vectors become massless. The SU(3) symmetric solution

was recently uplifted to a ten-dimensional family of type IIB S-fold backgrounds in [32].

2.3.3 N = 2 vacua with U(1)2 → SU(2) × U(1) symmetry

There is a one-parameter family of N = 2 supersymmetric AdS4 solutions that preserves

U(1)2 and is located at

z1 = −z̄3 = c

(
−χ+ i

1√
2

)
, z2 = ic, z4 = z6 = i and z5 = z7 =

1√
2
(1 + i) . (2.27)

This family of AdS4 solutions has a vacuum energy given by

V0 = −3g2c−1 , (2.28)
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and a spectrum of normalised scalar masses of the form

m2L2 = 0(×30) , 3±
√
17(×2) , −2(×4) , 2(×6) , −2 + 4χ2(×6)

− 1 + 4χ2 ±
√

16χ2 + 1(×2) , χ2 ±
√
χ2 + 2(×8) ,

(2.29)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×2) , 6(×2) , 4(×2) , 2(×4) ,

4χ2(×2) , 2 + χ2 ±
√
χ2 + 2(×8) .

(2.30)

Note that a generic solution in this family preserves U(1)2 as only two vectors are generically

massless. Therefore, out of the 30 massless scalars in (2.29), only 4 of them correspond to

physical directions in the scalar potential. However, the residual symmetry gets enhanced

to SU(2) × U(1) when χ = 0 and two additional vectors become massless. This special

AdS4 vacuum will be uplifted to a ten-dimensional family of type IIB S-fold backgrounds

in section 3.

2.3.4 N = 4 vacuum with SO(4) symmetry

There is an N = 4 supersymmetric AdS4 solution that preserves SO(4) and is located at

z1 = z2 = z3 = ic and z4 = z5 = z6 = −z̄7 =
1√
2
(1 + i) . (2.31)

This AdS4 solution has a vacuum energy given by

V0 = −3g2c−1 , (2.32)

as for the previous solution, and a spectrum of normalised scalar masses of the form

m2L2 = 0(×48) , 10(×1) , 4(×10) , −2(×11) , (2.33)

where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields

m2L2 = 0(×6) , 6(×7) , 2(×15) , (2.34)

thus reflecting the SO(4) residual symmetry at the AdS4 solution. Therefore, out of the

48 massless scalars in (2.33), only 26 of them correspond to physical directions in the

scalar potential. This N = 4 solution was first reported in [28], and then uplifted to a

ten-dimensional family of type IIB S-fold backgrounds in [27].

3 S-folds with N = 2 supersymmetry

From this moment on we will set

g = c = 1 , (3.1)

without loss of generality. From (2.18), (2.22), (2.27) and (2.31) it becomes clear that

varying c amounts to a rescaling of the vacuum expectation values of z1,2,3 ∝ c at the AdS4
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where L2 = −3/V0 is the AdS4 radius. The computation of the vector masses yields
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thus reflecting the SO(4) residual symmetry at the AdS4 solution. Therefore, out of the

48 massless scalars in (2.33), only 26 of them correspond to physical directions in the
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Axion-like deformations in 10D

Therefore, the reconstruction of a direct product metric AdS5 ⇥ S5 , as performed when

�(0)
1,2,3 = 0 , is no longer obvious due to the axion-induced terms in (4.9). Nonetheless, for

arbitrary (constant) values of �(0)
1,2,3 , the ten-dimensional metric

ds210 = 1
2 �

�1 ds2DW4
+G⌘⌘ d⌘2 + 2 g�1Gi⌘ dyi d⌘ + g�2Gij dyi dyj , (4.12)

with � given in (4.6), can be related to the one with �(0)
1,2,3 = 0 by a local change of

coordinates as we show now.
Firstly, it is possible to get a better understanding of the internal geometry by moving to

an angular parameterisation exploiting the SO(2)3 symmetry that independently rotates the
planes (Y2,Y3) , (Y4,Y5) and (Y6,Y7) . This parameterisation is given by

Y2 = cos↵ sin ✓1 , Y4 = sin↵ cos� sin ✓2 , Y6 = sin↵ sin� cos ✓3 ,

Y3 = cos↵ cos ✓1 , Y5 = sin↵ cos� cos ✓2 .
(4.13)

Using the angular variables (↵ , � , ✓1 , ✓2 , ✓3) the metric on the round S5 of unit radius
displays its three commuting translational isometries (shifts along ✓1,2,3 ) and takes the form

d̊s2S5 = d↵2 + cos2 ↵ d✓21 + sin2 ↵
�
d�2 + cos2 � d✓22 + sin2 � d✓23

�
. (4.14)

The mixed terms Gi⌘ dyi d⌘ in the internal geometry are expressed in terms of an axion-
dependent one-form

⌅(1) ⌘ Gi⌘ dyi = �(0)
1 cos2 ↵ d✓1 + sin2 ↵

⇣
�(0)
2 cos2 � d✓2 � �(0)

3 sin2 � d✓3
⌘

. (4.15)

Finally, when expressed in terms of the angular variables, the G⌘⌘ component of the internal
metric in (4.9) reduces to

G⌘⌘ = �2 +
⇣
�(0)
1

⌘2
cos2 ↵ + sin2 ↵

✓⇣
�(0)
2

⌘2
cos2 � +

⇣
�(0)
3

⌘2
sin2 �

◆
. (4.16)

Bringing the various pieces of the external and internal geometry together, and using the
angular variables to describe the latter, one finds a ten-dimensional metric of the form

ds210 = 1
2 �

�1 ds2DW4
+�2 d⌘2 + g�2


d↵2 + cos2 ↵

⇣
d✓1 + g �(0)

1 d⌘
⌘2

+ sin2 ↵
⇣
d�2 + cos2 �

⇣
d✓2 + g �(0)

2 d⌘
⌘2

+ sin2 �
⇣
d✓3 � g �(0)

3 d⌘
⌘2 ⌘�

,

(4.17)
with � given in (4.6). It now becomes obvious that redefining the angular variables as

✓01 = ✓1 + g �(0)
1 ⌘ , ✓02 = ✓2 + g �(0)

2 ⌘ , ✓03 = ✓3 � g �(0)
3 ⌘ , (4.18)

with arbitrary (constant) axions �(0)
i makes the S5 geometry in (4.17) go back to its form

in (4.14), namely,

ds02S5 = d↵2 + cos2 ↵ d✓021 + sin2 ↵
�
d�2 + cos2 � d✓022 + sin2 � d✓023

�
. (4.19)

As a result, the ten-dimensional geometry reduces locally to AdS5 ⇥ S5 and the type IIB
backgrounds are still given by (4.4) in terms of the S5 redefined volume vol05 . Consequently,

the resulting type IIB backgrounds with �(0)
1,2,3 6= 0 are locally equivalent to the one in (4.4)

with �(0)
1,2,3 = 0 upon the change of coordinates in (4.18). However, a global obstruction to

this equivalence arises as a consequence of the coordinate redefinitions in (4.18) as we will see
in detail in Section 4.4. This gets reflected in the amount of supersymmetry preserved by the

background which becomes maximal if �(0)
1,2,3 = 0 (see analysis below (2.36)).
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S5  metric :

… so axions induce a fibration on  S5  when moving around  S1  characterised by a non-trivial monodromy 
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Figure 2: Sketch of the correspondence between the field picture (crossed dots) and the flux

picture (filled dots). The left diagram represents moduli space, whereas the right diagram

illustrates the space of fluxes.

to the origin in the field space maps to a splitting of the corresponding flux background into

various ones related by elements of Gn.c in the flux space. This correspondence is depicted

in figure 2.

Using the flux picture turns out to be quite useful because, schematically, the scalar

potential induced by the gaugings takes the form of

V =
X

terms

(fluxes)2 · (fields)high degree
, (3.3)

hence being a sum of terms which are quadratic in the fluxes and contain high degree

couplings between the moduli fields. After deriving the scalar potential with respect to the

fields and going to the origin of the moduli space, the extremum conditions reduce to a set

of quadratic constraints on the fluxes. Putting these conditions together with the quadratic

constraints in (2.21) coming from the consistency of the gauging, we end up with a set of

homogeneous polynomial equations, namely an ideal I in the ring C [a0, . . . , d03] , involving

the di↵erent flux components as variables,

I = h @�V |
�0

, ✏
↵� ⇤ C

↵AB
⇤�DEC , ⇤ C

(↵A[B
⇤�)D]EC i . (3.4)

Nonetheless, only those solutions for which all the flux components turn out to be real are

physically acceptable.

The study of non-trivial multivariate polynomial systems and their link to geometry is

the subject of algebraic geometry [36]. A powerful computer algebra system for polynomial

computations is provided by the Singular project [37]. Moreover, a comprehensive in-

troduction to the specifics of this software as well as to the algebraic geometry techniques
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the condition �1 + �2 + �3 = 0 . The residual symmetry group of the S-fold solution ranges
from U(1)2 at generic values of the axions to SU(3) at the special case �ij = 0 . Lastly,
the family of N = 2 S-folds depends on the axions in (1.1) subject now to the identifications
� ⌘ �1 = ��3 and �2 = 0 . The symmetry group of the S-fold solution ranges from U(1)2

at a generic value of the axion � to SU(2) ⇥ U(1) at the special case �ij = 0 .1

The aim of this note is to disclose the universal character of the axion-like parameters
�ij 2 so(6) in the families of type IIB S-folds, and to understand why they give rise to flat
directions in the scalar potential and, therefore, to marginal deformations in the dual S-fold
CFT’s. To this end we will take advantage of the E7(7)/SU(8) coset structure of the scalar
manifold in the N = 8 supergravity multiplet. Being an homogeneous space, any two scalar
field configurations are connected by an E7(7) transformation. Using the formally E7(7)-
covariant formulation of the maximal 4D gauged supergravities provided by the embedding
tensor formalism [12], it is always possible to map an S-fold solution with non-vanishing
axions �ij 6= 0 in the gauged supergravity with gauge group G = [SO(1, 1) ⇥ SO(6)] n R12

to a new S-fold solution this time with vanishing axions �ij = 0 . However, E7(7)-covariance
requires having to act on the embedding tensor ⇥ itself which fully specifies the gauging and
the couplings in the supergravity Lagrangian. Then, bringing the axions to �ij = 0 implies
having to change the original gauged supergravity to a new one based on a new gauge group
eG specified by a new embedding tensor e⇥.2

As we will show in this note, and upon application of the above procedure, the new theory
will be a superposition of the original [SO(1, 1)⇥SO(6)]nR12 dyonically-gauged supergravity
and a class of Cremmer–Scherk–Schwarz (CSS) flat gaugings [15]. More concretely, three
out of the four mass parameters in a CSS gauging are directly mapped into the axion-like
parameters �ij 2 so(6) in (1.1), i.e. m1,2,3 = �1,2,3 . On the contrary, being associated to
a non-compact so(1, 1) duality twist [1], the electromagnetic parameter c is not part of the
CSS gauging. The fourth mass parameter in a CSS gauging is thus absent, i.e. m4 = 0 , and
we arrive at the general structure

e⇥ = ⇥[SO(1,1)⇥SO(6)]nR12
+ (�⇥)CSS(�1 , �2 , �3 , 0) . (1.2)

We will show the connection between the axion-like parameters �ij 2 so(6) and the existence
of flat directions in the scalar potential of the original [SO(1, 1) ⇥ SO(6)] n R12 gauged
supergravity. We will do it by proving that the contribution of (�⇥)CSS in (1.2) to the scalar
potential induced by e⇥ identically vanishes when performing a group-theoretical truncation
of the scalar field content to the G�

0
-invariant sector, where G�

0
is a Cartan subgroup of

G0 ⇢ SO(6) chosen to commute with �ij and G0 is the largest symmetry group of the
axion-vanishing solution within a family of S-folds.

As an illustration of the method, we establish the existence of two flat deformations �1,2

of the N = 4 and SO(4) symmetric S-fold in [1] which lie outside the SO(4)-invariant
sector of the theory. These two flat deformations are responsible for the breaking of the
SO(4) symmetry of the N = 4 S-fold down to its U(1) ⇥ U(1) Cartan subgroup. Setting
one of the deformation parameters to zero produces a one-parameter family of N = 2 S-
folds with U(1) ⇥ U(1) symmetry (see [11] for a general study of N = 2 and U(1) ⇥ U(1)
symmetric S-folds). (Anti-)identifying the two parameters yields a one-parameter family of

1The study and characterisation of the entire conformal manifold of N = 2 S-fold CFT’s has also been
the focus of recent works [10, 11]. The �-family of N = 2 S-folds was generalised to a larger two-parameter
(�,')-family of S-folds accommodating the original N = 4 and SO(4) symmetric S-fold as a special case [11].

2This method of mapping solutions belonging to di↵erent theories has already been exploited in the past
to chart the landscape of AdS4 vacua in half-maximal [13] as well as maximal [14] supergravities in four
dimensions.
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1 Motivation and summary of results

S-fold backgrounds of type IIB supergravity of the form AdS4 ⇥ S1 ⇥ S5 [1] have recently
received much attention due to their holographic interpretation as new strongly coupled
three-dimensional conformal field theories (CFTs) on a localised interface of super-Yang–
Mills (SYM) [2]. On the gravity side, S-folds have been obtained in two complementary
manners: i) as AdS4 vacua of an e↵ective four-dimensional dyonically-gauged supergravity
with gauge group [SO(1, 1) ⇥ SO(6)] n R12 and electromagnetic deformation parameter c
[1, 3, 4]. ii) as limiting Janus solutions of an e↵ective five-dimensional gauged supergravity
with gauge group SO(6) [5, 6, 7]. Both approaches rely on the consistency of the reduction of
type IIB supergravity on S5 [8] as well as on S1 ⇥ S5 [1], respectively, the latter incorporating
an additional non-trivial SL(2)IIB hyperbolic monodromy in the reduction ansatz along S1

that depends on the electromagnetic parameter c and is responsible for the SO(1, 1) factor
in the gauge group.

After the N = 4 and SO(4) symmetric S-fold originally obtained in [9] using the 4D
approach, various multi-parametric families of S-folds were obtained in [4] preserving di↵erent
amounts of supersymmetry (N = 0, 1, 2) and of residual symmetry. These families generically
depend on a set of axion-like parameters, denoted �’s in [4], which correspond to flat directions
of the scalar potential of the four-dimensional [SO(1, 1) ⇥ SO(6)] n R12 gauged supergravity,
and thus to exactly marginal deformations in the holographic S-fold CFT duals. The family
of N = 0 S-folds depends on three such parameters �1,2,3 which specify the matrix

�ij =

0

BBBBBB@

0 �1

��1 0
0 �2

��2 0
0 �3

��3 0

1

CCCCCCA
2 so(2)3 ⇢ so(6) , (1.1)

that controls the residual symmetry group of the corresponding S-fold solution. This group
ranges from U(1)3 at generic values of �1,2,3 to SO(6) ⇠ SU(4) at the special case �ij = 0 .
The family of N = 1 S-folds depends on the axions in (1.1) which are this time subject to

1
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Figure 1: Two-dimensional parameter space (�1, �2) of S-fold solutions induced by axion-like
flat deformations of the N = 4 and SO(4) symmetric S-fold (green dot). The blue and red
lines correspond to special choices of parameters �1,2 and produce supersymmetry (blue,
�2 = 0 ) and residual symmetry (red, �1 = �2 ) enhancements. These two special lines define
the boundary of the parameter space.

non-supersymmetric, yet perturbatively stable, S-folds with SU(2)⇥U(1) symmetry.3 Lastly,
a generic choice of the two parameters produces non-supersymmetric S-folds with U(1) ⇥ U(1)
symmetry which are also perturbatively stable. The invariance of the entire setup under the
reflection �i ! ��i and the exchange �1 $ �2 reduces the parameter space of the S-fold
solutions to the octant depicted in Figure 1.

On the other hand, the geometric interpretation of the axion-like parameter � in the
family of N = 2 S-folds was presented in [16]. By looking at the ten-dimensional uplift of the
entire family of S-folds, the parameter was shown to be compact, i.e. � 2 [0, 2⇡/T ) , and to
induce a non-trivial �-dependent fibration of S5 over the T -periodic S1 . This interpretation
holds for the parameters in (1.1) determining the other families of N = 0, 1 S-folds: they are
also compact and induce a non-trivial monodromy on the internal S5 when moving around
S1 . The specific monodromy element h(�1,2,3) controls the patterns of symmetry breaking
as classified by the mapping torus Th(S

5) [17]. It would then be interesting to uplift the flat
deformations �1,2 of the N = 4 and SO(4) symmetric S-fold to ten dimensions using E7(7)-
covariant Exceptional Field Theory techniques along the lines of [1, 3, 4]. It is a reasonable
expectation that the axions �1,2 can be interpreted in terms of non-trivial monodromies on
S5 when moving around S1, and that the patterns of symmetry breaking they induce are still
controlled by the mapping torus. This would render the axions compact, i.e. �1,2 2 [0, 2⇡/T ) ,
and so the parameter space they span (shadow region in Figure 1).

The note is structured as follows. In section 2 we introduce the [SO(1, 1) ⇥ SO(6)] n R12

dyonically-gauged maximal 4D supergravity and provide a characterisation of its consistent

3The existence of non-supersymmetric AdS4 critical points in the [SO(1, 1)⇥SO(6)]nR12 gauged maximal
supergravity has already been established in [14], and further investigated in [3, 4, 11] by looking at the Z3

2-
invariant sector of the theory. However all such non-supersymmetric AdS4 extrema of the scalar potential
exhibit BF instabilities.

3

2.4 Deforming the N = 4 and SO(4) symmetric S-fold

A direct consequence of (2.26) is the existence of two axion-like flat deformations6 �↵

(↵ = 1, 2) of the original N = 4 S-fold with G0 = SO(4) symmetry, which control the
pattern of symmetry breaking down to its G�

0
= U(1)2 Cartan subgroup. These flat defor-

mations lie outside the Z3
2
-invariant sector of the theory investigated in [4] and, adopting the

conventions therein, they specify a matrix �ij of the form

�ij = 12
p

2

0

BBBBBB@

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 �1 �2

0 0 0 0 �2 �1

0 0 ��1 ��2 0 0
0 0 ��2 ��1 0 0

1

CCCCCCA
2 so(2)2 ⇢ so(4) . (2.27)

An explicit computation of the full scalar and vector mass spectra at the corresponding AdS4

vacua yields the following results. The normalised spectrum (masses and multiplicities) of
scalar fields is given by

m2L2 = 10 (⇥1) , 4 (⇥2) , �2 (⇥3) , 0 (⇥32) , �2
↵ (⇥2) ,

(�1 ± �2)2 (⇥2) , 1

4
(�1 ± �2)2 (⇥4) , 1 + �2

↵ ±
p

9 + 4 �2
↵ (⇥2) ,

1 + 1

4
(�1 + �2)2 ±

p
9 + (�1 + �2)2 (⇥2) ,

1 + 1

4
(�1 � �2)2 ±

p
9 + (�1 � �2)2 (⇥2) ,

(2.28)

in terms of the AdS4 radius L2 = �3/V0 = g�2c . The normalised spectrum (masses and
multiplicities) of vector fields reads

m2L2 = 0 (⇥2) , 2 (⇥3) , 6 (⇥3) , 2 + �2
↵ (⇥2) , 2 + 1

4
(�1 ± �2)2 (⇥4) ,

3 + 1

4
(�1 + �2)2 ±

p
9 + (�1 + �2)2 (⇥2) ,

3 + 1

4
(�1 � �2)2 ±

p
9 + (�1 � �2)2 (⇥2) ,

(2.29)

and contains two massless vectors at generic values of �↵ . Lastly, the computation of the
eight normalised gravitino masses yields7

m2L2 = 5

2
+ 1

4
�2
↵ ± 1

2

p
9 + �2

↵ (⇥2) . (2.30)

By inspection of (2.28)-(2.30) we identify four di↵erent classes of flat deformations of the
N = 4 and SO(4) symmetric S-fold (see Figure 1):

� At generic values of �1,2 one finds non-supersymmetric S-folds with a U(1)2 symmetry
which is interpreted as a flavour symmetry in the dual S-fold CFT’s.

� Setting �1 = 0 (equivalently �2 = 0) produces a one-parameter family of N = 2
supersymmetric S-folds with U(1) ⇥ U(1) symmetry. These holographically describe a
class of N = 2 S-fold CFT’s with a U(1) flavour symmetry.

� Setting �1 = ±�2 gives rise to a one-parameter family of non-supersymmetric S-folds
with SU(2)⇥U(1) symmetry. This implies a flavour symmetry enhancement of the form
U(1) ⇥ U(1) ! SU(2) ⇥ U(1) in the dual S-fold CFT’s.

6The index ↵ in this section should not be confused with the E7(7) adjoint index in the previous sections.
7In our conventions a massless gravitino associated with a preserved supersymmetry has m2L2 = 1 .

9

Non-susy & perturbatively stable  
(at the lower-dimensional supergravity level)
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