
Advanced General Relativity : Exercises sheet (2020-2021)

Exercise 1

In a space-time with torsion, one has that

Γµν
ρ = Γµν

ρ(g)−Kµν
ρ , (1)

where Γµν
ρ(g) are the torsion-free Christoffel symbols and Kµν

ρ is the so-called contorsion
tensor. Show that ∫

d4x
√
−|g| ∇µV µ , (2)

is not a total derivative. Instead, it can be expressed as a boundary term plus an extra piece
depending on the contorsion tensor, thus spoiling the usual integration by parts.

Note: ∂µ
√
−|g| =

√
−|g|Γρµρ(g)

Exercise 2

Starting from the action for a spin 1 (Maxwell) field

SA =

∫
d4x

√
−|g|

(
−1

4
Fµν F

µν

)
, (3)

with field strength
Fµν = ∂µAν − ∂νAµ , (4)

and assuming a space-time without torsion :

a) Compute the equation of motion for the Maxwell field Aµ .

b) Compute the energy momentum tensor Tµν .

c) Compute T ≡ Tµµ and ∇µTµν .

Exercise 3

Let us consider a simple wormhole metric of the form

ds2 = −dt2 + du2 + (b20 + u2)(dθ2 + sin2 θ dφ2) , (5)

in terms of a constant parameter b0 > 0 . The ranges of the coordinates are given by

t ∈ (−∞,∞) , u ∈ (−∞,∞) , θ ∈ [0, π] , φ ∈ [0, 2π] . (6)

a) Using cylindrical coordinates in the embedding space

ds2 = dz2 + dr2 + r2dφ2 , (7)

construct an embedding diagram

z(r) with r2 = b20 + u2 , (8)

for the equatorial plane θ = π/2 at a fixed time t . How many asymptotic regions does
the geometry have?

b) Using the Einstein equations, compute the stress tensor Tµν compatible with the metric
(5). What kind of matter would this stress tensor be accounting for? Is it an ordinary
type of matter?
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Exercise 4

Consider a field theory including a spin 2 field (metric) and a massive spin 3/2 field (gravitino)
in the presence of a cosmological constant. The action of the theory is given by

S = Sg + SΛ + SΨ + Smass , (9)

with

Sg =
1

2κ2

∫
d4x e ea

µ eb
ν Rµν

ab ,

SΛ = − 1

2κ2

∫
d4x eΛ ,

SΨ = − 1

2κ2

∫
d4x e Ψ̄µ γ

µνρDνΨρ ,

Smass = − 1

2κ2

∫
d4x em Ψ̄µ γ

µνΨν .

(10)

The first contribution Sg is the usual Einstein-Hilbert action for the metric. The second
contribution SΛ is that of a cosmological constant Λ . The third contribution SΨ is the
Rarita-Schwinger action for the gravitino field. Finally, the fourth contribution Smass with
constant m is just a mass term for the gravitino field.

Show that the above action S is invariant, to lowest order in fermions, under the local
supersymmetry transformations

δεeµ
a =

1

2
ε̄ γa Ψµ ,

δεΨµ = Dµε− g γµ ε ,
(11)

with (spinorial) sypersymmetry parameter εα(x) provided two relations of the form

Λ = c1 c2 g
2 , m = c2 g , (12)

hold with c1 and c2 being constants. More concretely:

a) Determine the values of c1 and c2 .

b) Discuss the relation between supersymmetry and the sign of the cosmological constant.

Note: γµνρ γρ = 2 γµν .

Note: χ̄ γµ1µ2...µn λ = tn λ̄ γµ1µ2...µn χ with t0 = t3 = −t1 = −t2 = 1 .

Exercise 5

Let us consider two real scalar fields φ1 and φ2 serving as coordinates on a two-dimensional
field space with metric

ds2 = Kij(φ) dφi dφj =
1

(φ2)2

(
(dφ1)2 + (dφ2)2

)
. (13)

Assuming a flat Minkowski space-time gµν = ηµν and taking the scalar fields to be only a
function of time, i.e. φi = φi(t) :
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a) Show that the action for the scalar fields

S =

∫
d4x

(
− 1

2
Kij ∂µφ

i ∂µφj
)
, (14)

takes the simple form

S =
1

2

∫
dt

1

(φ2)2

(
(φ̇1)2 + (φ̇2)2

)
, (15)

where we have denoted φ̇i =
dφi

dt
.

b) Show that the Euler-Lagrange equations of motion are given by

φ̈1 − 2

φ2
φ̇1 φ̇2 = 0 and φ̈2 +

1

φ2

(
(φ̇1)2 − (φ̇2)2

)
= 0 . (16)

c) Show that the Euler-Lagrange equations (16) can be expressed as a geodesic equation
in field space

φ̈i + Γjk
i φ̇j φ̇k = 0 , (17)

in terms of the Christoffel symbols in field space

Γjk
i = 1

2K
il (∂jKlk + ∂kKjl − ∂lKjk) . (18)

d) Can you identify the coset space SL(2)/SO(2) in (13) upon a suitable field redefinition
(change of coordinates in field space)?

Exercise 6

Let us consider the group of diffeomorphisms in a (D+ 1)-dimensional theory of gravity with
space-time coordinates xM = (xµ, z) . These diffeomorphisms are given by transformations
on the metric of the form

δ
ξ̂
ĝMN = ξ̂P ∂P ĝMN + ĝMP ∂N ξ̂

P + ĝPN ∂M ξ̂
P (19)

where
ξ̂M (x, z) =

(
ξ̂µ , ξ̂z

)
, (20)

is the (D + 1)-dimensional diffeomorphism parameter and

ξ̂µ = ξµ(x) , ξ̂z(x, z) = θ(x) + c z , (21)

with θ(x) being an arbitrary function of xµ and c being a constant. In addition to the
above diffeomorphisms, let us also consider scaling transformations on the metric of the form

δa ĝMN = 2 a ĝMN , (22)

and a being a real constant.

a) Using the Kaluza-Klein Ansatz for the (D + 1)-dimensional metric

ĝMN =

(
e2αφ gµν + e2βφAµAν e2βφAµ

e2βφAµ e2βφ

)
, (23)
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with β = −(D − 2)α , show that (19) and (22) induce transformations δ = δ
ξ̂

+ δa on the
D-dimensional fields of the form

δφ = ξρ ∂ρφ−
1

(D − 2)α
(c+ a) ,

δAµ = ξρ ∂ρAµ +Aρ ∂µξ
ρ + ∂µθ − cAµ ,

δgµν = ξρ ∂ρgµν + gµρ ∂νξ
ρ + gρν ∂µξ

ρ +
2

(D − 2)

[
c+ a (D − 1)

]
gµν .

(24)

b) Discuss the transformations arising upon the particular choices of parameters a = − c

(D − 1)
and a = −c .

Exercise 7

Let us consider a Maxwell field B̂M in D + 1 dimensions, with a (D + 1)-dimensional index
M = µ ⊕ z splitting into a D-dimensional index µ and an additional direction z . The
(D + 1)-dimensional Maxwell field B̂M can then be decomposed as

B̂M = ( B̂µ , B̂z ) ≡ (Bµ(x) , χ(x) ) . (25)

Using the Kaluza-Klein Ansatz for the (D + 1)-dimensional frame and its inverse

êM
A =

(
eαφ eµ

a eβφAµ

01×4 eβφ

)
, êA

N =

(
e−αφ ea

ν −e−αφAa
01×4 e−βφ

)
, (26)

where Aa ≡ eaν Aν :

a) Show that êM
A êA

N = δM
N .

b) Compute ĝMN = êM
A êN

B η̂AB , where η̂AB is the (D + 1)-dimensional Minkowski
metric, and show that the result agrees with (23).

c) Show that, when β = −(D − 2)α , the (D + 1)-dimensional Maxwell action

S
B̂

=

∫
dD+1x

√
−|ĝ|

(
−1

4
F̂MN F̂

MN

)
=

∫
dD+1x ê

(
−1

4
F̂AB F̂

AB

)
, (27)

reduces to a D-dimensional Maxwell-scalar action of the form

S
B̂

= (2πL)
∫
dDx e

(
−1

4
e−2αφFabFab −

1

2
e2(D−2)αφ ∂aχ ∂

aχ

)
,

= (2πL)
∫
dDx

√
−|g|

(
−1

4
e−2αφFµν Fµν −

1

2
e2(D−2)αφ ∂µχ ∂

µχ

)
,

(28)

with L being the radius of the (circle) z-direction, and where we have defined

∂a ≡ eaν ∂ν , Fab ≡ Fab − 2 ∂[aχ Ab] . (29)
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