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``Gong show” motivation



 1)  Family of  SO(8)c  theories  :  c = [0,           ] is a continuous param.  [ similar for SO(p,q)c ]                    

electric-magnetic deformations

AdS5 x S5   (D3-brane)      ,     AdS4 x S7   (M2-brane)     ,     AdS7 x S4   (M5-brane)   

 • N=8 supergravity in 4D admits a deformation parameter   c   yielding  inequivalent 
theories.  It is an electric/magnetic deformation

 • The uniqueness of the maximal supergravities is historically inherited from their 
connection to sphere reductions

D = @ � g (Aelec � c Ãmag)

 • There are  two generic situations : 

 2)  Family of  ISO(7)c  theories :  c = 0 or 1  is an  (on/off)  param.  [ same for ISO(p,q)c ]                    

g = 4D gauge coupling
c = deformation param.

[ Dall’Agata, Inverso, Trigiante ’12 ] 
[ Dall’Agata, Inverso, Marrani ’14 ] 

p
2� 1



 The questions arise:   

 • Does such an electric/magnetic deformation of 4D maximal supergravity enjoy a  
    string/M-theory origin, or is it just a 4D feature ? 

 • For deformed 4D supergravities with supersymmetric AdS4  vacua, are these 
    AdS4/CFT3-dual to any identifiable 3d CFT ? 

Obstruction for SO(8)c ,  cf. [ Lee, Strickland-Constable, Waldram ’15 ] 



A new 10D/4D/3d correspondence

massive IIA on S6     «   ISO(7)c-gauged sugra   »   SU(N)k  C-S-M theory

gc =        =  

4D

10D

3d

F̂(0)

gc = elec/mag deformation in 4D

        = Romans mass in 10D

k = Chern-Simons level in 3d

F̂(0)k/(2⇡`s)

[ AG, Jafferis, Varela ’15 ] 
[ AG, Varela ’15 ] 

[ Schwarz ’04 ] 



Deformed SO(8)-gauged supergravity



Ungauged  (abelian)  supergravity:   Reduction  of  M-theory  on  a  torus  T7 
down to 4D produces  N = 8  supergravity with  G = U(1)28

Gauged (non-abelian)  supergravity:  Reduction of  M-theory on a  sphere  S7 
down to 4D produces  N = 8  supergravity with  G = SO(8)

N = 8  supergravities in 4D

 • SUGRA  :      metric  +  8 gravitini  +  28 vectors  +  56 dilatini  +  70 scalars
(s = 2)             (s = 3/2)                (s = 1)               (s = 1/2)                (s = 0)       

✱  SO(8)-gauged supergravity believed to be unique for 30 years…

… but  … is this true?

[ Cremmer & Julia ’79 ] 

[ de Wit & Nicolai ’82 ] 



Framework to study N = 8  supergravities in 4D

✱ Closure of the gauge algebra  :

[	 de Wit, Samtleben & Trigiante ’03 , ’07	 ]

M = 1 , ... , 56  =  28 (elec) + 28 (mag)

Only 28 physical l.c. of vectors!!

Gauging	 procedure	 :	 Part	 of	 the	 global	 E7	 	 symmetry	 group	 is	 promoted	 to	 a	 local	 	 
symmetry	 group	 G	 	 (gauging)

Embedding	 tensor	 :	 It	 is	 a	 “selector”	 specifying	 which	 generators	 of	 E7	 	 (there	 are	 133!!)	 

become	 gauge	 symmetries	 G	 and	 then	 will	 have	 28	 associated	 gauge	 fields

	 	 with

[↵ = 1, . . . , 133 ]

XM = ⇥M
↵ t↵ [XM , XN ] = XMN

P XP XMN
P = ⇥M

↵ [t↵]
P

N

⌦MN ⇥M
↵ ⇥N

� = 0

Redundancy!!
Aµ = AM

µ ⇥M
↵ t↵



 • Solve                                                 One-parameter (c) family of  SO(8)c  theories !!

A family of  G = SO(8)  supergravities in 4D 

 • Immediate questions :

[	 Dall’ Agata, Inverso & Trigiante ‘12	 ]

1) What?                                                   (Yes, surprising but true)

2) Are these c-theories equivalent?      (No)

3) Are there new AdS4 solutions?        (Yes)

4) Higher-dimensional origin?             (Good question… )

5) AdS4/CFT3 dual?                               (Good question too…  ABJ? )

⌦MN ⇥M
↵ ⇥N

� = 0

 • Choose  G = SO(8)



Physical meaning in 4D :    electric/magnetic deformation

electric	 	 
vectors

magnetic	 
vectors

G = SO(8)

D = @ � g (Aelec � c Ãmag)

! = Arg(1 + ic)



Physical meaning 10D/11D …

?



Holographic AdS4/CFT3 meaning …

?



In  this  talk  we  are  going  to  investigate  the  electric/magnetic 
deformation of a different N=8 supergravity closely related to the 
G = SO(8)  theory …

             … the                                            supergravity !!G = ISO(7) = SO(7)n R7

electric/magnetic
deformation

higher-dimensional
origin

Holographic 
AdS4/CFT3 dual ?

X X X



Deformed ISO(7)-gauged supergravity



 • Solve                                                 One-parameter (c) family of  ISO(7)c  theories !!

A family of  G = ISO(7)  supergravities in 4D 

 • Immediate questions :

1) What?                                                   (Yes, and still surprising)

2) Are these c-theories equivalent?      (No)

3) Are there new AdS4 solutions?        (Yes)

4) Higher-dimensional origin?             (Yes)

5) AdS4/CFT3 dual?                               (Yes)

⌦MN ⇥M
↵ ⇥N

� = 0

 • Choose  G = ISO(7) 

[ Dall’Agata, Inverso, Marrani ’14 ] 



Physical meaning in 4D = electric/magnetic deformation

magnetic	 
vectors

electric	 	 
vectors

SO(7)

R7

G = ISO(7) = SO(7)n R7

! = Arg(1 + ic)

D = @ � g Aelec
SO(7) � g (Aelec

R7 � c ÃR7 mag)



• Electric vectors  (21 + 7) :                            [ SO(7) ]   and           [ R7 ]  with                                                                            

• Auxiliary magnetic vectors  (7) :             [ R7 ]   with   

• E7/SU(8) scalars :                with  cov. deriv.  

• Auxiliary two-forms (7) :           [ R7 ]

• Topological term :   m [ … ] 

• Scalar potential :

AI

Deformed ISO(7)c Lagrangian  (m = gc)

the theory [18,19]. By solving these constraints, one finds a one-parameter family of ISO(7)

gaugings specified by an electric/magnetic deformation parameter c . However, it was shown

in [2] that all non-vanishing values of c produce equivalent theories up to a rescaling of the

gauge coupling, thus rendering the deformation discrete. The components of the embedding

tensor ⇥M
↵ take the explicit form

⇥[IJ ]
KL = �KL

IJ , ⇥[I8]
K = �KI , ⇥[IJ ]KL = 0 , ⇥[I8]K = �c �KI , (2.3)

where the index ↵ runs over the 21+7 linear combinations of E7(7) generators associated to

ISO(7) = SO(7) n R7 . We have included, for further emphasis, the vanishing components

⇥[IJ ]KL = 0. The quadratic constraints require these to be zero, which means that the 21

rotations SO(7) ⇢ ISO(7) are gauged electrically only. In contrast, the 7 translations R7 are

gauged dyonically in the SL(8) symplectic frame we are considering (see eq.(2.6) below).

In the next section we will present the expression for the bosonic Lagrangian associated

to the embedding tensor (2.3). The couplings induced by the dyonic ISO(7) gaugings appear,

on the one hand, as new two-form dependent terms that modify the definition of (some of)

the electric vector field strengths and, on the other hand, in the form of a topological term

and a scalar potential. We refer to appendix A for further details of the construction of the

bosonic sector of the N = 8 theory from the formalism of [18, 19], and to references [2, 15]

for further analysis of the ISO(7) embedding tensor.

2.2 The bosonic Lagrangian

As we have just discussed, the bosonic field content we are considering includes the vielbein

eµ
a and scalars MMN , together with

vectors: AIJ , AI , ÃIJ , ÃI and two-forms: BIJ , BI . (2.4)

The derivation of the N = 8 bosonic Lagrangian of the dyonically-gauged ISO(7) theory has

been carried out in appendix A. Bringing the main results here, and using di↵erential form

notation, we obtain the Lagrangian

Lbos = (R� V ) vol4 � 1
48DMMN ^ ⇤DMMN + 1

2 I⇤⌃ H⇤
(2) ^ ⇤H⌃

(2) � 1
2 R⇤⌃ H⇤

(2) ^H⌃
(2)

� m
h
�IJ BI ^

�
H̃(2)J + g

2 BJ

�
+ 1

4 ÃI ^ ÃJ ^
�
dAIJ + g

2 �KL AIK ^AJL
� i

.

(2.5)

where g is the gauge coupling and m ⌘ gc is the electric/magnetic parameter introduced

in ref. [11].
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 ✱ Ingredients :

MMN

⇤ = 1, ..., 28

AIJ = A[IJ]

ÃILet us comment on the di↵erent pieces in the above Lagrangian (2.5). In the upper line

one finds the Einstein-Hilbert term, the kinetic terms for the E7(7)/SU(8) scalar MMN (2.2)

with covariant derivatives

D = @ � 1
2 gA

IJ TIJ �
�
gAI �m �IJ ÃJ

�
TI , (2.6)

and the scalar potential

1
4 V (M) =

g2

672

�
XMN

RXPQ
SMMPMNQMRS + 7XMN

QXPQ
NMMP� . (2.7)

Here, TIJ and TI are SO(7) and R7 generators of ISO(7) = SO(7) n R7, respectively, and

the tensor XMN
P = ⇥M

↵
[t↵]N

P corresponds to the contraction of the embedding tensor with

such generators in the fundamental representation of E7(7) (see appendix A). In addition,

there are kinetic terms and (generalised) ✓-terms for the electric field strengths specified by

the complex scalar-dependent matrix

N⇤⌃ = R⇤⌃ + i I⇤⌃ , (2.8)

which can be obtained from MMN as

MMN =

0

@
M⇤⌃ M⇤

⌃

M⇤
⌃ M⇤⌃

1

A =

0

@
�(I +RI�1R)⇤⌃ (RI�1)⇤

⌃

(I�1R)⇤⌃ �(I�1)⇤⌃

1

A . (2.9)

The electric field strengths H⇤
(2) = (HIJ

(2) , HI
(2) ) appearing in the upper line of (2.5) take

the form
HI

(2) = dAI � g �JK AIJ ^AK + 1
2 mAIJ ^ ÃJ �m �IJBJ ,

HIJ
(2) = dAIJ � g �KL AIK ^ALJ .

(2.10)

Note the presence of the magnetic vectors ÃI and the two-forms BI in the electric HI
(2) field

strengths whenever m 6= 0. The lower line in (2.5) is a topological term that depends on the

magnetic field strengths H̃(2)⇤ = ( H̃(2)IJ , H̃(2)I ) . These are given by

H̃(2)I = dÃI � 1
2 g �IJ AJK ^ ÃK � g BI ,

H̃(2)IJ = dÃIJ � gAK
[I ^ ÃJ ]K + g �K[IAK ^ ÃJ ] �m ÃI ^ ÃJ � g BIJ .

(2.11)

To be more precise, only H̃(2)I enter the topological term. Therefore, neither ÃIJ nor

BIJ appear in the Lagrangian (2.5), which is consistent with SO(7) ⇢ ISO(7) being gauged

electrically. Accordingly, the electric field strength HIJ
(2) takes on the usual, purely electric,

Yang-Mills form. The electric field strength HI
(2) has the contribution expected from the

6

m

M = 1, ..., 56

I = 1, ..., 7
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[t↵]N

P corresponds to the contraction of the embedding tensor with

such generators in the fundamental representation of E7(7) (see appendix A). In addition,

there are kinetic terms and (generalised) ✓-terms for the electric field strengths specified by

the complex scalar-dependent matrix

N⇤⌃ = R⇤⌃ + i I⇤⌃ , (2.8)

which can be obtained from MMN as

MMN =

0

@
M⇤⌃ M⇤

⌃

M⇤
⌃ M⇤⌃

1

A =

0

@
�(I +RI�1R)⇤⌃ (RI�1)⇤

⌃

(I�1R)⇤⌃ �(I�1)⇤⌃

1

A . (2.9)

The electric field strengths H⇤
(2) = (HIJ

(2) , HI
(2) ) appearing in the upper line of (2.5) take

the form
HI

(2) = dAI � g �JK AIJ ^AK + 1
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Let us comment on the di↵erent pieces in the above Lagrangian (2.5). In the upper line

one finds the Einstein-Hilbert term, the kinetic terms for the E7(7)/SU(8) scalar MMN (2.2)

with covariant derivatives

D = @ � 1
2 gA

IJ TIJ �
�
gAI �m �IJ ÃJ

�
TI , (2.6)

and the scalar potential
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BIJ appear in the Lagrangian (2.5), which is consistent with SO(7) ⇢ ISO(7) being gauged
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6

m

BI

✦   Setting	 	 m	 =	 0	 ,	 all	 the	 magnetic	 pieces	 in	 the	 Lagrangian	 disappear.	 

In (2.23), only components M⇤N in the notation of (2.15), and not M⇤
N, are contracted

with the SL(7)nR7 generators. The combination of these duality relations with the Bianchi

identities (2.13) reproduces a subset of the equations of motion: see section 2.4.

Extensions of the duality hierarchy (2.6) may be considered that are still smaller than

the full E7(7) hierarchy. A natural extension includes, besides the 280 CIJ three-form

potentials in (2.6) conjugate to the electric embedding tensor, also the SL(7)-singlet three-

form potential C̃ conjugate to the singlet magnetic component of the embedding tensor.

Consistency then requires that the singlet two-form potential B that renders BI
J traceful

is also retained. The extension of the Bianchi identities (2.13) to also include these singlets

reads

DH(3) = HIJ
(2) ^ H̃(2)IJ +HI

(2) ^ H̃(2)I � 2g �IJ HIJ
(4) � 14m H̃(4) ,

DH̃(4) ⌘ 0 ,
(2.24)

while their duality relations are, from (2.17) and (2.18),

H(3) = 1
12(t8

8)MPMNP ⇤DMMN ,

H̃(4) = 1
84 XNQ

S(t8K)PRM8K
NMPQMRS vol4 .

(2.25)

We have used tI I = �t88 and Tr(tIJ t8K) = Tr(t8J t8K) = 0 to simplify the results.

For H̃(4) in (2.25), components M⇤
N, and not M⇤N, in the notation of (2.15), are now

contracted with the R7 generators, opposite to what happened for HIJ
(4) in (2.23). Although

the singlet C̃ does not play a role in the restricted duality hierarchy (2.6), its dualised

field strength H̃(4) in (2.25) is still crucial to recover the scalar potential, as we will show

in the next subsection. The significance of this asymmetric role of C̃ for the massive type

IIA embedding of dyonic ISO(7) supergravity will be discussed in [16].

2.3 Bosonic Lagrangian

We will now write the Lagrangian of N = 8 dyonically gauged ISO(7) supergravity, focus-

ing on the bosonic terms. While it is possible to write a Lagrangian that includes higher

rank fields in the E7(7) tensor hierarchy (or in the restricted hierarchy (2.6)) supplemented

by duality relations [26], we will instead write a Lagrangian in the formulation of [22]. The

latter includes, besides the metric and scalars, only some of the vectors and two-forms in

(2.6). More concretely, the Lagrangian can be expressed in terms of the 210 + 70 electric

vectors A⇤ = (AIJ ,AI ) and their field strengths H⇤
(2) = (HIJ

(2) , HI
(2) ) , the 7 magnetic vec-

tors ÃI and their field strengths H̃(2)I , and the 70 two-form potentials BI . As (2.13) shows,

this field content does not define a consistent truncation of (2.6), but this is certainly not

necessary as far as writing a Lagrangian is concerned.

The bosonic Lagrangian of N = 8 dyonically gauged ISO(7) supergravity is

L = R vol4 � 1
48DMMN ^ ⇤DMMN + 1

2 I⇤⌃H⇤
(2) ^ ⇤H⌃

(2) � 1
2 R⇤⌃H⇤

(2) ^H⌃
(2) (2.26)

�V vol4 +m
h
BI ^

�
H̃(2)I � g

2�IJB
J
�
� 1

4 ÃI ^ ÃJ ^
�
dAIJ + g

2 �KLAIK ^AJL
�i

.
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-	 SU(8)	 R-symmetry	 branching	 :	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 SUSY	 	 	 	 	 	 	 	 	 	 	 	 	 8 ! 1+ 1+ 3+ 3̄ N = 2

-	 Scalars	 fields	 :	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 6	 real	 scalars	 	 	 	 	 	 	 70 ! 1 (⇥6) + non-singlets

gravitini	 

•	 N = 2 gauged	 supergravity	 coupled	 to	 1	 vector	 +	 1	 hyper	 :	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 

[	 Warner ’83 ]A truncation :   G0 = SU(3)  invariant sector

•	 Truncation	 :	 	 Retaining	 the	 fields	 and	 couplings	 which	 are	 invariant	 under	 the	 action	 	 	 	 	 	 

of	 a	 subgroup	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 

-	 Vector	 fields	 :	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 4	 	 	 	 	 vectors	 	 56 ! 1 (⇥4) + non-singlets

Mscalar =
SU(1, 1)

U(1)
⇥ SU(2, 1)

U(2)

•	 Non-compact  G = U(1)	 x	 SO(1,1)m	 	 dyonic	 gauging	 in	 the	 hyper	 sector

•	 Scalar	 potential	 :

The representatives VSK and VQK correspond to each factor in (3.1) and the scalar matrix

is constructed as M = V V t. The expression for M in the SU(3)-invariant sector can be

found in appendix C.

Bringing the above definitions into the general expressions of sec. 2.2, we find the following

bosonic Lagrangian for the SU(3)-invariant sector

Lbos = (R� V ) vol4 +
3
2 [d' ^ ⇤d'+ e2' d� ^ ⇤d�]

+ 2 d� ^ ⇤d�+ 1
2 e

2� [D⇣ ^ ⇤D⇣ +D⇣̃ ^ ⇤D⇣̃]

+ 1
2 e

4� [Da+ 1
2(⇣D⇣̃ � ⇣̃D⇣)] ^ ⇤[Da+ 1

2(⇣D⇣̃ � ⇣̃D⇣)]

+ 1
2 I⇤⌃ H⇤ ^ ⇤H⌃ � 1

2 R⇤⌃ H⇤ ^H⌃ �mB0 ^ dÃ0 + 1
2 g mB0 ^B0 .

(3.6)

The above Lagrangian involves scalar covariant derivatives2

Da = da � g A0 + mÃ0 , D⇣ = d⇣ + 3 g A1 ⇣̃ , D⇣̃ = d⇣̃ � 3 g A1 ⇣ , (3.7)

and electric vector field strengths (⇤ = 0, 1)

H0 = dA0 �mB0 and H1 = dA1 . (3.8)

Although not entering (3.6), the field strength of the tensor field reads

H
(3)
0 = dB0 , (3.9)

so B0 is not charged under the (truncated) gauge group. The gauge kinetic matrix in (3.6)

is obtained from the scalar matrix M through (2.9). In the scalar parameterisation that we

are using here, it explicitly reads

N⇤⌃ = R⇤⌃ + i I⇤⌃ =
1

(2 e' �+ i)

0

BBB@

� e3'

(e' �� i)2
3 e2' �

(e' �� i)

3 e2' �

(e' �� i)
3 (e' �2 + e�')

1

CCCA
. (3.10)

Note that I⇤⌃ is negative defined so that the vector kinetic terms have the correct sign.

Lastly, the explicit expression of the scalar potential in (3.6) is

V = 1
2 g

2
⇥
e4��3'(1 + e2'�2)3 � 12 e2��'(1 + e2'�2)� 12 e2�+'⇢2(1� 3 e2'�2)

� 24 e' + 12 e4�+' �2 ⇢2 (1 + e2'�2) + 12 e4�+'⇢4 (1 + 3 e2'�2)
⇤

� 1
2 gm� e4�+3' (12 ⇢2 + 2�2) + 1

2 m
2 e4�+3' ,

(3.11)

2The scalars a and Arg(⇣̃ + i ⇣) are respectively identified with a Stückelberg field and a Goldstone

boson, so they do not enter the scalar potential (3.11).
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AdS critical points !!

(A0, A1 ; Ã0, Ã1 )

(' , � ; � , a , ⇣ , ⇣̃ )

G0 ⇢ ISO(7)



AdS4 solutions

N G0 c�1/3 � c�1/3 e�' c�1/3 ⇢ c�1/3 e�� 1
4 g

�2 c1/3 V0 M2L2

N = 1 G2 � 1
27/3

51/2 31/2

27/3
� 1

27/3
51/2 31/2

27/3
�222/3 31/2

55/2
4±

p
6 , �1

6(11±
p
6)

N = 2 U(3) �1
2

31/2

2 0 1
21/2

�33/2 3±
p
17 , 2 , 2

N = 1 SU(3) 1
22

31/2 51/2

22 �31/2

22
51/2

22 �26 33/2

55/2
4±

p
6 , 4±

p
6

N = 0 SO(6)+ 0 21/6 0 1
25/6

�3 25/6 6 , 6 , �3
4 , 0

N = 0 SO(7)+ 0 1
51/6

0 1
51/6

�3 57/6

22 6 , �12
5 , �6

5 , �
6
5

N = 0 G2
1

24/3
31/2

24/3
1

24/3
31/2

24/3
�210/3

31/2
6 , 6 , �1 , �1

N = 0 SU(3) 0.455 0.838 0.335 0.601 �5.864 6.214 , 5.925 , 1.145 , �1.284

N = 0 SU(3) 0.270 0.733 0.491 0.662 �5.853 6.230 , 5.905 , 1.130 , �1.264

Table 1: All critical points of N = 8 ISO(7)-dyonically-gauged supergravity with at least

SU(3) invariance. For each point we give the residual supersymmetry and bosonic symmetry

within the full N = 8 theory, its location, the cosmological constant and the scalar masses

within the SU(3) sector.

include points with SO(6) and SO(7) residual symmetry, that were already found in [15],

and three new points: one with G2 and two with SU(3) symmetry. In Table 1, we have

appended a subscript + to the SO(7) and SO(6) points in order to indicate that they are

supported by proper scalars (not pseudoscalars) of E7(7)/SU(8): in fact, they are supported

by dilatons only.

We find that all these critical points disappear in the limit c ! 0 corresponding to the

purely electric ISO(7) gauging. In the parameterisation we are using, the points are pushed

in this limit to infinite values of the scalar fields. We can thus extend the claim made

in [13] against points with SO(7)+ symmetry: the electrically gauged ISO(7) theory lacks

any critical point with at least SU(3) symmetry. From the analysis of [17], it also follows

that the electric ISO(7) gauging also lacks points with N > 2 supersymmery, irrespective of

the residual bosonic symmetry. The question remains whether the electric ISO(7) gauging

has critical points at all.

It is also interesting to compare with the critical points in the SU(3)-invariant sector

of the SO(8)-gauged supergravity. The points (SU(3) ⇥ U(1), N = 2), (G2, N = 1), and

(SO(7)+, N = 0) have direct analogs, both in the purely electric [24] and the dyonic [3]

SO(8) gauging. The SO(8) gauging also possesses a non-supersymmetric point with sym-
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✦	 	 Relevant	 for	 holographic	 RG	 flows	 (in	 progress…)	 !!



where

and	 with

•	 The	 Lagrangian	 still	 contains	 a	 tensor	 field	 	 B0	 	 :

✦  Non-dynamical	 tensor	 	 &	 	 magnetic	 vector	 via  Da + topological term  !!

The truncated Lagrangian  (I)

•	 Vector	 kinetic	 &	 	 	 	 -term	 :✓

The representatives VSK and VQK correspond to each factor in (3.1) and the scalar matrix

is constructed as M = V V t. The expression for M in the SU(3)-invariant sector can be

found in appendix C.

Bringing the above definitions into the general expressions of sec. 2.2, we find the following

bosonic Lagrangian for the SU(3)-invariant sector

Lbos = (R� V ) vol4 +
3
2 [d' ^ ⇤d'+ e2' d� ^ ⇤d�]

+ 2 d� ^ ⇤d�+ 1
2 e

2� [D⇣ ^ ⇤D⇣ +D⇣̃ ^ ⇤D⇣̃]

+ 1
2 e

4� [Da+ 1
2(⇣D⇣̃ � ⇣̃D⇣)] ^ ⇤[Da+ 1

2(⇣D⇣̃ � ⇣̃D⇣)]

+ 1
2 I⇤⌃ H⇤ ^ ⇤H⌃ � 1

2 R⇤⌃ H⇤ ^H⌃ �mB0 ^ dÃ0 + 1
2 g mB0 ^ B0 .

(3.6)

The above Lagrangian involves scalar covariant derivatives2

Da = da � g A0 + mÃ0 , D⇣ = d⇣ + 3 g A1 ⇣̃ , D⇣̃ = d⇣̃ � 3 g A1 ⇣ , (3.7)

and electric vector field strengths (⇤ = 0, 1)

H0 = dA0 �mB0 and H1 = dA1 . (3.8)

Although not entering (3.6), the field strength of the tensor field reads

H
(3)
0 = dB0 , (3.9)

so B0 is not charged under the (truncated) gauge group. The gauge kinetic matrix in (3.6)

is obtained from the scalar matrix M through (2.9). In the scalar parameterisation that we

are using here, it explicitly reads

N⇤⌃ = R⇤⌃ + i I⇤⌃ =
1

(2 e' �+ i)

0

BBB@

� e3'

(e' �� i)2
3 e2' �

(e' �� i)

3 e2' �

(e' �� i)
3 (e' �2 + e�')

1

CCCA
. (3.10)

Note that I⇤⌃ is negative defined so that the vector kinetic terms have the correct sign.

Lastly, the explicit expression of the scalar potential in (3.6) is

V = 1
2 g

2
⇥
e4��3'(1 + e2'�2)3 � 12 e2��'(1 + e2'�2)� 12 e2�+'⇢2(1� 3 e2'�2)

� 24 e' + 12 e4�+' �2 ⇢2 (1 + e2'�2) + 12 e4�+'⇢4 (1 + 3 e2'�2)
⇤

� 1
2 gm� e4�+3' (12 ⇢2 + 2�2) + 1

2 m
2 e4�+3' ,

(3.11)

2The scalars a and Arg(⇣̃ + i ⇣) are respectively identified with a Stückelberg field and a Goldstone

boson, so they do not enter the scalar potential (3.11).
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ply the product8 V = VSK VQK . Finally, the scalar matrix is the quadratic combination

M = V Vt. See appendix D.1 for its explicit expression.

With this scalar parameterisation, the Lagragian of the SU(3)-invariant sector can be

written as

L = (R� V ) vol4 +
3
2

⇥
d' ^ ⇤d'+ e2' d� ^ ⇤d�

⇤

+ 2 d� ^ ⇤d�+ 1
2 e

2� [D⇣ ^ ⇤D⇣ +D⇣̃ ^ ⇤D⇣̃]

+ 1
2 e

4� [Da+ 1
2(⇣D⇣̃ � ⇣̃D⇣)] ^ ⇤[Da+ 1

2(⇣D⇣̃ � ⇣̃D⇣)]

+ 1
2 I⇤⌃H⇤

(2) ^ ⇤H⌃
(2) � 1

2 R⇤⌃H⇤
(2) ^H⌃

(2) +mB0 ^ dÃ0 + 1
2 g mB0 ^B0 ,

(3.7)

and follows by truncating (2.26) according to (3.4). Here, the covariant derivatives are

Da = da + g A0 � mÃ0 , D⇣ = d⇣ � 3 g A1 ⇣̃ , D⇣̃ = d⇣̃ + 3 g A1 ⇣ , (3.8)

and the electric vector field strengths

H0
(2) = dA0 +mB0 , H1

(2) = dA1 , (3.9)

follow from (2.7). The gauge kinetic matrix in (3.7) is obtained from the scalar matrix M
through (2.15). In the scalar parameterisation that we are using here, it explicitly reads

N⇤⌃ = R⇤⌃ + i I⇤⌃ =
1

(2 e' �+ i)

0

BBB@

� e3'

(e' �� i)2
3 e2' �

(e' �� i)

3 e2' �

(e' �� i)
3 (e' �2 + e�')

1

CCCA
. (3.10)

Note that I⇤⌃ is negative definite so that the vector kinetic terms have the correct sign.

Finally, the explicit expression of the scalar potential in (3.7) can be derived from (2.27)

to be

V = 1
2 g

2
h
e4��3'

�
1 + e2'�2

�3 � 12 e2��'

�
1 + e2'�2

�
� 24 e'

+3
4 e

4�+'

�
⇣2 + ⇣̃2

�2�
1 + 3 e2'�2

�
+ 3 e4�+'

�
⇣2 + ⇣̃2

�
�2

�
1 + e2'�2

�

�3 e2�+'

�
⇣2 + ⇣̃2

��
1� 3 e2'�2

�i
� 1

2 gm� e4�+3'
⇣
3
�
⇣2 + ⇣̃2

�
+ 2�2

⌘

+ 1
2 m

2 e4�+3' .
(3.11)

Out of the six real scalars in this sector, this potential e↵ectively depends on only four.

The non-compact Stückelber scalar a and the U(1) phase � of the complex combination

⇣̃ + i ⇣ = 2 ⇢ ei� , (3.12)

do not enter the potential. As we will discuss in section 3.6, this potential displays a rich

structure of critical points, both supersymmetric and non-supersymmetric, when gm 6= 0 .

8 This coset is in the SL(8) basis. This is enough for our purposes, since we will not discuss couplings

to the fermions. Should one be interested in, for example, restricting the N = 8 supersymmetry variations

(2.36)–(2.39) to the SU(3)-invariant sector, a rotation (2.34) of this coset representative would be needed.
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Note that I⇤⌃ is negative definite so that the vector kinetic terms have the correct sign.

Finally, the explicit expression of the scalar potential in (3.7) can be derived from (2.27)
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Out of the six real scalars in this sector, this potential e↵ectively depends on only four.

The non-compact Stückelber scalar a and the U(1) phase � of the complex combination

⇣̃ + i ⇣ = 2 ⇢ ei� , (3.12)

do not enter the potential. As we will discuss in section 3.6, this potential displays a rich

structure of critical points, both supersymmetric and non-supersymmetric, when gm 6= 0 .

8 This coset is in the SL(8) basis. This is enough for our purposes, since we will not discuss couplings

to the fermions. Should one be interested in, for example, restricting the N = 8 supersymmetry variations

(2.36)–(2.39) to the SU(3)-invariant sector, a rotation (2.34) of this coset representative would be needed.
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Out of the six real scalars in this sector, this potential e↵ectively depends on only four.

The non-compact Stückelber scalar a and the U(1) phase � of the complex combination

⇣̃ + i ⇣ = 2 ⇢ ei� , (3.12)

do not enter the potential. As we will discuss in section 3.6, this potential displays a rich

structure of critical points, both supersymmetric and non-supersymmetric, when gm 6= 0 .

8 This coset is in the SL(8) basis. This is enough for our purposes, since we will not discuss couplings

to the fermions. Should one be interested in, for example, restricting the N = 8 supersymmetry variations

(2.36)–(2.39) to the SU(3)-invariant sector, a rotation (2.34) of this coset representative would be needed.
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•	 Solving	 the	 EOM	 for	 the	 magnetic	 vector,	 one	 finds

✦  Natural	 duality	 frame	 to	 investigate	 possible	 higher-dimensional	 origin!!

scalar-tensor	 duality!!

•	 The	 dual	 Lagrangian

✦  Dynamical	 tensor	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 &	 	 Da	 	 and	 	 	 	 	 	 	 have	 disappeared	 from	 the	 Lagrangian

[Calabi-Yau	 red.]

Ã0

The truncated Lagrangian  (II) :   dual formulation

[	 Louis	 &	 Micu ’02 ]

the duality relations (2.22), (2.21) for the three-form field strengths simplify as

H0
(3) = e4� ⇤

�
Da+ 1

2 (⇣D⇣̃ � ⇣̃D⇣)
�
,

H(3)1 = � ⇤
⇥
2(d'� e2'�d�)� 2d�+ ae4�

�
Da+ 1

2(⇣D⇣̃ � ⇣̃D⇣)
�
+ 1

2e
2�(⇣D⇣ + ⇣̃D⇣̃)

⇤
,

H(3)2 = �1
2 ⇤

h
e2�(⇣D⇣̃ � ⇣̃D⇣) + 1

2 (⇣
2 + ⇣̃2) e4�

�
Da+ 1

2 (⇣D⇣̃ � ⇣̃D⇣)
�i

,

(3.18)

and the duality relations (2.23) for the four-form field strengths give rise to

H0
(4) =

h
1
2 g

�
1 + e2'�2

�⇣
12 e2��' � 2 e4��3'

�
1 + e2'�2

�2 � 3e4�+'�2
�
⇣2 + ⇣̃2

�⌘

+me4�+3' �3
i
vol4 ,

H1
(4) =

h
1
2 g

⇣
8 e' + 2 e2��'

�
1 + e2'�2

�
+ e2�+'

�
⇣2 + ⇣̃2

��
1� 3 e2'�2

�

� 1
2 e

4�+'
�
⇣2 + ⇣̃2

�
�2

�
1 + e2'�2

�
� 1

4 e
4�+'

�
⇣2 + ⇣̃2

�2�
1 + 3 e2'�2

�⌘

+ 1
4 me4�+3' �

�
⇣2 + ⇣̃2

�i
vol4 .

(3.19)

For later reference, we also give the SU(3)-invariant truncation of the duality relation

(2.25) for the four-form field strength H̃(4) ⌘ H̃(4) of the singlet three-form potential C̃ ⌘ C̃
related to the magnetic component of the embedding tensor. It reads

H̃(4) = 1
2 g � e3'+4�

�
3(⇣2 + ⇣̃2) + 2�2

�
vol4 �me3'+4� vol4 . (3.20)

These duality relations manifestly show that, in the symplectic frame we are using,

the magnetic vectors and the higher rank forms in the tensor hierarchy do not carry

independent degrees of freedom. Instead, they depend on the metric, the electric vector

field strengths and the scalars. Alternatively, these relations can be used to transfer

independent degrees of freedom within the duality hierarchy. For example, the first relation

in (3.18) can be used to dualise the Stückelberg scalar a into the two-form B0, so that

the latter can be regarded as carrying the independent degrees of freedom. This duality

relation can also be obtained by varying the Lagrangian (3.7) with respect to the magnetic

graviphoton Ã0. Solving this duality relation and substituting into (3.7), the following

new Lagrangian is obtained:

eL = (R� V ) vol4 +
1
2 e

�4�H0
(3) ^ ⇤H0

(3) +
3
2

⇥
d' ^ ⇤d'+ e2' d� ^ ⇤d�

⇤

+ 2 d� ^ ⇤d�+ 1
2 e

2�
h
D⇣ ^ ⇤D⇣ +D⇣̃ ^ ⇤D⇣̃

i

+ 1
2 I⇤⌃H⇤

(2) ^ ⇤H⌃
(2) � 1

2 R⇤⌃H⇤
(2) ^H⌃

(2)

� H0
(3) ^

h
g A0 + 1

2 (⇣D⇣̃ � ⇣̃D⇣)
i
+ 1

2 gmB0 ^B0 .

(3.21)

The kinetic terms are now expressed in terms of the field strengthH0
(3) of B

0 given in (3.14),

and the magnetic vector Ã0 no longer appears in this Lagrangian. See e.g. section 4.1 of

[38] for a discussion in a similar context. In the Lagrangian (3.21), B0 is a propagating

massive two-form with conventional kinetic term H0
(3) ^ ⇤H0

(3) and mass term B0 ^ ⇤B0

(coming from the mB0 dependence of H0
(2) in (3.9)), in addition to the topological mass

21

the duality relations (2.22), (2.21) for the three-form field strengths simplify as

H0
(3) = e4� ⇤

�
Da+ 1

2 (⇣D⇣̃ � ⇣̃D⇣)
�
,

H(3)1 = � ⇤
⇥
2(d'� e2'�d�)� 2d�+ ae4�

�
Da+ 1

2(⇣D⇣̃ � ⇣̃D⇣)
�
+ 1

2e
2�(⇣D⇣ + ⇣̃D⇣̃)

⇤
,

H(3)2 = �1
2 ⇤

h
e2�(⇣D⇣̃ � ⇣̃D⇣) + 1

2 (⇣
2 + ⇣̃2) e4�

�
Da+ 1

2 (⇣D⇣̃ � ⇣̃D⇣)
�i

,

(3.18)

and the duality relations (2.23) for the four-form field strengths give rise to

H0
(4) =

h
1
2 g

�
1 + e2'�2

�⇣
12 e2��' � 2 e4��3'

�
1 + e2'�2

�2 � 3e4�+'�2
�
⇣2 + ⇣̃2

�⌘

+me4�+3' �3
i
vol4 ,

H1
(4) =

h
1
2 g

⇣
8 e' + 2 e2��'

�
1 + e2'�2

�
+ e2�+'

�
⇣2 + ⇣̃2

��
1� 3 e2'�2

�

� 1
2 e

4�+'
�
⇣2 + ⇣̃2

�
�2

�
1 + e2'�2

�
� 1

4 e
4�+'

�
⇣2 + ⇣̃2

�2�
1 + 3 e2'�2

�⌘

+ 1
4 me4�+3' �

�
⇣2 + ⇣̃2

�i
vol4 .

(3.19)

For later reference, we also give the SU(3)-invariant truncation of the duality relation

(2.25) for the four-form field strength H̃(4) ⌘ H̃(4) of the singlet three-form potential C̃ ⌘ C̃
related to the magnetic component of the embedding tensor. It reads

H̃(4) = 1
2 g � e3'+4�

�
3(⇣2 + ⇣̃2) + 2�2

�
vol4 �me3'+4� vol4 . (3.20)

These duality relations manifestly show that, in the symplectic frame we are using,

the magnetic vectors and the higher rank forms in the tensor hierarchy do not carry

independent degrees of freedom. Instead, they depend on the metric, the electric vector

field strengths and the scalars. Alternatively, these relations can be used to transfer

independent degrees of freedom within the duality hierarchy. For example, the first relation

in (3.18) can be used to dualise the Stückelberg scalar a into the two-form B0, so that

the latter can be regarded as carrying the independent degrees of freedom. This duality

relation can also be obtained by varying the Lagrangian (3.7) with respect to the magnetic

graviphoton Ã0. Solving this duality relation and substituting into (3.7), the following

new Lagrangian is obtained:

eL = (R� V ) vol4 +
1
2 e

�4�H0
(3) ^ ⇤H0

(3) +
3
2

⇥
d' ^ ⇤d'+ e2' d� ^ ⇤d�

⇤

+ 2 d� ^ ⇤d�+ 1
2 e

2�
h
D⇣ ^ ⇤D⇣ +D⇣̃ ^ ⇤D⇣̃

i

+ 1
2 I⇤⌃H⇤

(2) ^ ⇤H⌃
(2) � 1

2 R⇤⌃H⇤
(2) ^H⌃

(2)

� H0
(3) ^

h
g A0 + 1

2 (⇣D⇣̃ � ⇣̃D⇣)
i
+ 1

2 gmB0 ^B0 .

(3.21)

The kinetic terms are now expressed in terms of the field strengthH0
(3) of B

0 given in (3.14),

and the magnetic vector Ã0 no longer appears in this Lagrangian. See e.g. section 4.1 of

[38] for a discussion in a similar context. In the Lagrangian (3.21), B0 is a propagating

massive two-form with conventional kinetic term H0
(3) ^ ⇤H0

(3) and mass term B0 ^ ⇤B0

(coming from the mB0 dependence of H0
(2) in (3.9)), in addition to the topological mass

21

H0
(3) = dB0



Dual	 formulations	 seem	 to	 be	 crucial	 	 

to	 understand	 	 

higher-dimensional	 origins!!

  … let’s give up the Lagrangian.



SL(7)-covariant duality hierarchy

•	 Restricted	 SL(7)-covariant	 field	 content	 [	 index	 I ]

The AIJ terms can be equivalently written using the 48 SL(7) generators tIJ � 1
7 tK

K �JI .

These, together with the 70 generators t8J , generate the SL(7) n R7 subgroup of E7(7) in

(2.1). See (C.3), (C.4) for the expressions of the E7(7) generators (t↵)M
N in the fundamental

representation, in the SL(8) basis. In agreement with the table on page 37 of [22], the

embedding tensor components in the 28 couple the 210 electric vectors AIJ to the 48

generators tIJ � 1
7 tK

K �JI , and the 70 electric vectors AI to the 70 generators t8J , while

the singlet component of the embedding tensor couples the 7 magnetic vectors ÃI to the

70 generators t8J whenever c 6= 0. The choice c = 0 in (2.3) thus leads to the purely

electric ISO(7) gauging constructed in [21] by other methods. For c 6= 0, the gauging is

dyonic in the symplectic frame where (2.3) is expressed: the R7 translations of ISO(7)

are gauged dyonically. The rotations SO(7) are only gauged electrically, though: the

constraints on the ISO(7) embedding tensor set to zero the 280 components that would

induce a magnetic gauging of SO(7), as well as the 70, see the table in [22]. Thus, the

21 magnetic vectors ÃIJ do not participate in the gauging. Observe, finally, that the

combinations TIJ ⌘ 2 t[I
K �J ]K and TI ⌘ t8J �JI in (2.5) correspond to the SO(7) and

R7 generators of the gauge group ISO(7) = SO(7)n R7 , see (C.12).

Indices of SL(7) cannot be raised or lowered. For the ISO(7) gauging, these can be

identified with SO(7) indices upon contraction with the embedding tensor. Even in this

case, we will refrain from raising and lowering them with the SO(7) metric �IJ .

2.2 A restricted duality hierarchy

In this section, we consider a certain subset of fields in the SL(7)-branched out tensor

hierarchy that includes all 56 ! (210 + 70) + (21 + 7) electric and magnetic vectors, but

excludes all of the four-forms and most of the SL(7)-covariant two-forms and three-forms

that respectively arise in the branching of the 133 and 912 of E7(7) under SL(7). It only

includes the two-forms associated to the generators of SL(7) n R7 and the three-forms in

the conjugate representation of the electric part of the embedding tensor. Specifically, we

wish to consider the following N = 8 bosonic field content, in SL(7) representations,

1 metric : ds24

210 + 70 + 21+ 7 coset representatives : VIJ ij , VI8 ij , ṼIJ
ij , ṼI8

ij ,

210 + 70 + 21+ 7 vectors : AIJ , AI , ÃIJ , ÃI ,

48+ 70 two-forms : BI
J , BI ,

280 three-forms : CIJ , (2.6)

along with the fermions  i
µ and �ijk in the 8 and 56 of SU(8). Note that AIJ ⌘ A[IJ ], but

CIJ ⌘ C(IJ). The vectors AIJ and AI can alternatively be considered to lie respectively in

the adjoint and fundamental of SO(7), as they must for the ISO(7) = SO(7)nR7 gauging.

The representations shown for the coset representatives correspond to their SL(7) indices

I = 1, . . . , 7. Unlike for the vectors and two-forms, we have kept the label ‘8’ in them that

comes from the branching (2.1) through SL(8). Their antisymmetric upper (lower) indices

ij label the 28 (28) of SU(8).
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Considering the field content (2.6) requires some justification, since it contains more

fields than necessary to write the ISO(7)-gauged Lagrangian in the formulation of [22] (see

section 2.3), yet does not include all the fields in the full tensor hierarchy. The relevance

of this field content will only become apparent when we discuss the full embedding of

the ISO(7) gauging into type IIA [16]. It is nevertheless still possible to justify the self-

consistency of the field content (2.6) from a purely four-dimensional perspective. As we

will next show, for the gm 6= 0 ISO(7) gauging, (2.6) defines a consistent subsector of the

full E7(7) duality hierarchy [26], in the conventional sense. Namely, the Bianchi identities

of the p-forms, p = 1, 2, 3 in (2.6), the duality relations that these forms satisfy together

with the metric and scalars, their equations of motion and supersymmetry variations, all

close among themselves. This restricted field content preserves, of course, full N = 8

supersymmetry since we are also keeping the 8 gravitini. The rest of this subsection will

be devoted to show the closure of the Bianchi identities and duality relations, while the

closure of the supersymmetry variations will be verified in section 2.5.

In order to show the closure of the Bianchi identities, we first compute the field strengths

of the p-form potentials in (2.6) specified by the ISO(7)c gauging (2.3). The two-form field

strengths of the vectors are given by

HIJ
(2) = dAIJ � g �KLAIK ^ALJ ,

HI
(2) = dAI � g �JK AIJ ^AK + 1

2mAIJ ^ ÃJ +mBI ,

H̃(2)IJ = dÃIJ + g �K[I AKL ^ ÃJ ]L + g �K[I AK ^ ÃJ ] �m ÃI ^ ÃJ + 2g �K[I BJ ]
K ,

H̃(2)I = dÃI � 1
2g �IJ AJK ^ ÃK + g �IJ BJ ,

(2.7)

the three-form field strengths of the two-form potentials are

H(3)I
J = DBI

J + 1
2AJK ^ dÃIK + 1

2AJ ^ dÃI +
1
2ÃIK ^ dAJK + 1

2ÃI ^ dAJ

�1
2g �KLAJK ^ALM ^ ÃIM � 1

2g �KLAJK ^AL ^ ÃI

+1
6g �IK AJL ^AKM ^ ÃLM � 1

3g �IK A(J ^AK)L ^ ÃL

�1
2mAJK ^ ÃI ^ ÃK � 2g �IK CJK � 1

7 �
J
I (trace) ,

HI
(3) = DBI � 1

2AIJ ^ dÃJ � 1
2ÃJ ^ dAIJ + 1

2g �JK AIJ ^AKL ^ ÃL ,

(2.8)

and the four-form field strengths of the three-form potentials read

HIJ
(4) = DCIJ �HK(I

(2) ^ BK
J) +H(I

(2) ^ BJ) � 1
2mBI ^ BJ � 1

6AK(I ^ ÃKL ^ dAJ)L

+1
6AIK ^AJL ^ dÃKL � 1

6AK(I ^ ÃK ^ dAJ) � 1
3AK(I ^AJ) ^ dÃK

�1
6A(I ^ ÃK ^ dAJ)K � 1

6g �KLAK(I ^AJ)M ^ALN ^ ÃMN

+1
6g �KLAK(I ^AJ) ^ALM ^ ÃM � 1

6g �KLAK(I ^AJ)M ^AL ^ ÃM

�1
8mAIK ^AJL ^ ÃK ^ ÃL .

(2.9)
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•	 Two-form	 field	 strengths	 [	 21’ +	 7’ +	 21 +	 7	 ]

[out	 of	 133]

[out	 of	 912]

[	 i , j	 are	 SU(8)	 indices	 relevant	 to	 couple	 fermions]

[	 de	 Wit,	 Nicolai	 &	 Samtleben ’08 ]
[	 Bergshoeff,	 Hartong,	 Hohm,	 Huebscher	 &	 Ortin ’09 ]



•	 Four-form	 field	 strengths	 [	 28’	 ]

•	 Three-form	 field	 strengths	 [	 48 +	 7’ ]

Considering the field content (2.6) requires some justification, since it contains more

fields than necessary to write the ISO(7)-gauged Lagrangian in the formulation of [22] (see

section 2.3), yet does not include all the fields in the full tensor hierarchy. The relevance

of this field content will only become apparent when we discuss the full embedding of

the ISO(7) gauging into type IIA [16]. It is nevertheless still possible to justify the self-

consistency of the field content (2.6) from a purely four-dimensional perspective. As we

will next show, for the gm 6= 0 ISO(7) gauging, (2.6) defines a consistent subsector of the

full E7(7) duality hierarchy [26], in the conventional sense. Namely, the Bianchi identities

of the p-forms, p = 1, 2, 3 in (2.6), the duality relations that these forms satisfy together

with the metric and scalars, their equations of motion and supersymmetry variations, all

close among themselves. This restricted field content preserves, of course, full N = 8

supersymmetry since we are also keeping the 8 gravitini. The rest of this subsection will

be devoted to show the closure of the Bianchi identities and duality relations, while the

closure of the supersymmetry variations will be verified in section 2.5.

In order to show the closure of the Bianchi identities, we first compute the field strengths

of the p-form potentials in (2.6) specified by the ISO(7)c gauging (2.3). The two-form field

strengths of the vectors are given by

HIJ
(2) = dAIJ � g �KLAIK ^ALJ ,

HI
(2) = dAI � g �JK AIJ ^AK + 1

2mAIJ ^ ÃJ +mBI ,

H̃(2)IJ = dÃIJ + g �K[I AKL ^ ÃJ ]L + g �K[I AK ^ ÃJ ] �m ÃI ^ ÃJ + 2g �K[I BJ ]
K ,

H̃(2)I = dÃI � 1
2g �IJ AJK ^ ÃK + g �IJ BJ ,

(2.7)

the three-form field strengths of the two-form potentials are

H(3)I
J = DBI

J + 1
2AJK ^ dÃIK + 1

2AJ ^ dÃI +
1
2ÃIK ^ dAJK + 1

2ÃI ^ dAJ

�1
2g �KLAJK ^ALM ^ ÃIM � 1

2g �KLAJK ^AL ^ ÃI

+1
6g �IK AJL ^AKM ^ ÃLM � 1

3g �IK A(J ^AK)L ^ ÃL

�1
2mAJK ^ ÃI ^ ÃK � 2g �IK CJK � 1

7 �
J
I (trace) ,

HI
(3) = DBI � 1

2AIJ ^ dÃJ � 1
2ÃJ ^ dAIJ + 1

2g �JK AIJ ^AKL ^ ÃL ,

(2.8)

and the four-form field strengths of the three-form potentials read

HIJ
(4) = DCIJ �HK(I

(2) ^ BK
J) +H(I

(2) ^ BJ) � 1
2mBI ^ BJ � 1

6AK(I ^ ÃKL ^ dAJ)L

+1
6AIK ^AJL ^ dÃKL � 1

6AK(I ^ ÃK ^ dAJ) � 1
3AK(I ^AJ) ^ dÃK

�1
6A(I ^ ÃK ^ dAJ)K � 1

6g �KLAK(I ^AJ)M ^ALN ^ ÃMN

+1
6g �KLAK(I ^AJ) ^ALM ^ ÃM � 1

6g �KLAK(I ^AJ)M ^AL ^ ÃM

�1
8mAIK ^AJL ^ ÃK ^ ÃL .

(2.9)
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Considering the field content (2.6) requires some justification, since it contains more

fields than necessary to write the ISO(7)-gauged Lagrangian in the formulation of [22] (see

section 2.3), yet does not include all the fields in the full tensor hierarchy. The relevance

of this field content will only become apparent when we discuss the full embedding of

the ISO(7) gauging into type IIA [16]. It is nevertheless still possible to justify the self-

consistency of the field content (2.6) from a purely four-dimensional perspective. As we

will next show, for the gm 6= 0 ISO(7) gauging, (2.6) defines a consistent subsector of the

full E7(7) duality hierarchy [26], in the conventional sense. Namely, the Bianchi identities

of the p-forms, p = 1, 2, 3 in (2.6), the duality relations that these forms satisfy together

with the metric and scalars, their equations of motion and supersymmetry variations, all

close among themselves. This restricted field content preserves, of course, full N = 8

supersymmetry since we are also keeping the 8 gravitini. The rest of this subsection will

be devoted to show the closure of the Bianchi identities and duality relations, while the

closure of the supersymmetry variations will be verified in section 2.5.

In order to show the closure of the Bianchi identities, we first compute the field strengths

of the p-form potentials in (2.6) specified by the ISO(7)c gauging (2.3). The two-form field

strengths of the vectors are given by

HIJ
(2) = dAIJ � g �KLAIK ^ALJ ,

HI
(2) = dAI � g �JK AIJ ^AK + 1

2mAIJ ^ ÃJ +mBI ,

H̃(2)IJ = dÃIJ + g �K[I AKL ^ ÃJ ]L + g �K[I AK ^ ÃJ ] �m ÃI ^ ÃJ + 2g �K[I BJ ]
K ,

H̃(2)I = dÃI � 1
2g �IJ AJK ^ ÃK + g �IJ BJ ,

(2.7)

the three-form field strengths of the two-form potentials are

H(3)I
J = DBI

J + 1
2AJK ^ dÃIK + 1

2AJ ^ dÃI +
1
2ÃIK ^ dAJK + 1

2ÃI ^ dAJ

�1
2g �KLAJK ^ALM ^ ÃIM � 1

2g �KLAJK ^AL ^ ÃI

+1
6g �IK AJL ^AKM ^ ÃLM � 1

3g �IK A(J ^AK)L ^ ÃL

�1
2mAJK ^ ÃI ^ ÃK � 2g �IK CJK � 1

7 �
J
I (trace) ,

HI
(3) = DBI � 1

2AIJ ^ dÃJ � 1
2ÃJ ^ dAIJ + 1

2g �JK AIJ ^AKL ^ ÃL ,

(2.8)

and the four-form field strengths of the three-form potentials read

HIJ
(4) = DCIJ �HK(I

(2) ^ BK
J) +H(I

(2) ^ BJ) � 1
2mBI ^ BJ � 1

6AK(I ^ ÃKL ^ dAJ)L

+1
6AIK ^AJL ^ dÃKL � 1

6AK(I ^ ÃK ^ dAJ) � 1
3AK(I ^AJ) ^ dÃK

�1
6A(I ^ ÃK ^ dAJ)K � 1

6g �KLAK(I ^AJ)M ^ALN ^ ÃMN

+1
6g �KLAK(I ^AJ) ^ALM ^ ÃM � 1

6g �KLAK(I ^AJ)M ^AL ^ ÃM

�1
8mAIK ^AJL ^ ÃK ^ ÃL .

(2.9)
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•	 Closed	 set	 of	 Bianchi	 identities	 	 [consistency]

Following (2.5), in (2.8)–(2.9) we have defined the covariant derivatives

DBI
J ⌘ dBI

J � g �KLAJK ^ BI
L � g �IK AKL ^ BL

J � g �IK AK ^ BJ +m ÃI ^ BJ

�1
7 �

J
I (trace) ,

DBI ⌘ dBI � g �JK AIJ ^ BK ,

DCIJ ⌘ dCIJ + 2g �KLAK(I ^ CJ)L .
(2.10)

We have obtained the two- and three-form field strengths (2.7), (2.8) by particularising to

the ISO(7)c embedding tensor (2.3) the generic expressions [23, 26] dictated by the D = 4

embedding tensor formalism (see appendix C). On the other hand, we obtained the four-

form field strength (2.9) from the IIA truncation formulae [16]. This expression is also

compatible with that dictated by the D = 4 embedding tensor formalism, see appendix B

of [26]. Note the pure Yang-Mills form of the electric field strengths HIJ
(2), in agreement

with the purely electric gauging of the SO(7) subgroup of ISO(7) when g 6= 0. The electric

field strengths HI
(2) contain the contribution expected from the semidirect action of the

electric SO(7) rotations on the electric abelian translations R7, plus contributions of the

magnetic vectors ÃI and the two-forms BI due to the dyonic gauging when m 6= 0.

Introducing, from (2.5) with the generators in the appropriate representation, the fol-

lowing covariant derivatives of the two-form field strengths

DHIJ
(2) ⌘ dHIJ

(2) � 2 g �KLAK[I ^HJ ]L
(2) ,

DHI
(2) ⌘ dHI

(2) � g �JKAIJ ^HK
(2) + g �JK AJ ^HIK

(2) �m ÃJ ^HIJ
(2) ,

DH̃(2)IJ ⌘ dH̃(2)IJ + 2 g �K[IAKL ^ H̃(2)J ]L + 2 g �K[IAK ^ H̃(2)J ] � 2m Ã[I ^ H̃(2)J ] ,

DH̃(2)I ⌘ dH̃(2)I � g �IJ AJK ^ H̃(2)K ,
(2.11)

and of the three-form field strengths,

DH(3)I
J ⌘ dH(3)I

J � g �KLAJK ^H(3)I
L � g �IK AKL ^H(3)L

J � g �IK AK ^HJ
(3)

+m ÃI ^HJ
(3) � 1

7 �
J
I (trace) ,

DHI
(3) ⌘ dHI

(3) � g �JK AIJ ^HK
(3) ,

(2.12)

we find that the Bianchi identities corresponding to the form potentials in (2.6) can be

written as

DHIJ
(2) = 0 , DHI

(2) = mHI
(3) , DH̃(2)IJ = �2 gH(3)[I

K �J ]K , DH̃(2)I = g �IJ HJ
(3) ,

DH(3)I
J = HJK

(2) ^ H̃(2)IK +HJ
(2) ^ H̃(2)I � 2g �IK HJK

(4) � 1
7 �

J
I (trace) ,

DHI
(3) = �HIJ

(2) ^ H̃(2)J , DHIJ
(4) ⌘ 0 .

(2.13)

The Bianchi identities (2.13) indeed close among themselves, as we wanted to show. An

equivalent way of phrasing this is that (2.13) defines a free di↵erential algebra (FDA) which

is a sub-FDA of the FDA defined by the Bianchi identities of the full tensor hierarchy.
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We now turn to discuss the closure of the field content (2.6) under Hodge duality. Clo-

sure is really automatic: the magnetic two-form field strengths are dual to scalar-dependent

combinations of the electric two-form field strengths; the three-form field strengths are

dual to scalar dependent combinations of covariant derivatives of scalars; the four-form

field strengths are dual to combinations of scalars; and all vectors and scalars have been

retained in (2.6). It is nevertheless useful to write the explicit duality relations. For the

vectors and two-form potentials, these have been given in [23, 26], while for the three-form

potentials the duality relations have been given in [26]. In particular, the four-form field

strengths are dual to the derivative of the scalar potential (see (2.27) below) with respect

to the embedding tensor.

In order to write the duality relations, we need to introduce two scalar-dependent

symmetric matrices, M, real, and N , complex, respectively E7(7)- and SL(8)-covariant.

The former is the square of the E7(7)/SU(8) coset representative, M = V Vt, and is also

related to the real and imaginary parts of the latter,

N⇤⌃ = R⇤⌃ + i I⇤⌃ , (2.14)

where I⇤⌃ is invertible and negative definite. More concretely,

MMN = 2V(M
ij VN) ij ⌘

 
M⇤⌃ M⇤

⌃

M⇤
⌃ M⇤⌃

!
=

0

@ �(I +RI�1R)⇤⌃ (RI�1)⇤
⌃

(I�1R)⇤⌃ �(I�1)⇤⌃

1

A .(2.15)

The inverse of MMN is MMN = ⌦MP⌦NQMPQ, with ⌦MN the Sp(56,R)-invariant matrix.

From [23, 26], we obtain the following duality relations for the 56, 133 and 912 E7(7)-

covariant two-, three- and four-form field strengths,

H̃(2)⇤ = R⇤⌃H⌃
(2) � I⇤⌃ ⇤H⌃

(2) , (2.16)

H(3)↵ = � 1
12 (t↵)M

PMNP ⇤DMMN , (2.17)

H(4)↵
M = � 1

84 (t↵)P
RXNQ

SMMN
⇣
MPQMRS + 7 �PS �

Q
R

⌘
vol4 . (2.18)

Here, XMN
P ⌘ ⇥M

↵
(t↵)N

P , see (C.8), is the contraction of the ISO(7) embedding tensor

(2.3) with the generators (t↵)N
P of E7(7) in the fundamental representation, see (C.3), (C.4).

The duality relations for the restricted field content (2.6) simply follow from (2.16)–(2.18)

by branching the adjoint SL(8) index on the vectors as in (2.2), and restricting the E7(7)

generators to only those of SL(7)n R7:

H̃(2)IJ = �1
2I[IJ ][KL] ⇤HKL

(2) � I[IJ ][K8] ⇤HK
(2) +

1
2R[IJ ][KL]HKL

(2) +R[IJ ][K8]HK
(2) , (2.19)

H̃(2)I = �1
2I[I8][KL] ⇤HKL

(2) � I[I8][K8] ⇤HK
(2) +

1
2R[I8][KL]HKL

(2) +R[I8][K8]HK
(2) , (2.20)

H(3)I
J = � 1

12(tI
J)M

PMNP ⇤DMMN � 1
7 �

J
I (trace) , (2.21)

H(3)
I = � 1

12(t8
I)M

PMNP ⇤DMMN , (2.22)

HIJ
(4) = 1

84XNQ
S�(tK (I|)P

RM|J)K N + (t8
(I|)P

RM|J)8N��MPQMRS + 7 �PS �
Q
R
�
vol4 . (2.23)
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•	 Closed	 set	 of	 duality	 relations	 	 	 [right	 number	 of	 d.o.f]	 	 	 [short-hand	 notation]

	 tensor	 hierarchy	 +	 duality	 relations	 =	 duality	 hierarchy	 

[  t’s are SL(7) x R7  generators ]



•	 Closed	 set	 of	 SUSY	 transformations	 	 [consistency]

our conventions as follows. The vielbein and scalar coset representatives transform as

�eµ↵ = 1
4 ✏̄i �

↵  µ
i + 1

4 ✏̄
i �↵  µi ,

�VM
ij = 1p

2
VM kl

�
✏̄[i �jkl] + 1

4! "
ijklmnpq ✏̄m �npq

�
,

(2.36)

with the fundamental E7(7) index M on the coset representative branched out into SL(7)

representations according to (C.43). For reference from [16], we do branch out the super-

symmetry variations of the vectors under SL(7):

�Aµ
IJ = iVIJ

ij

⇣
✏̄i µ

j + 1
2
p
2
✏̄k�µ�ijk

⌘
+ h.c. ,

�Aµ
I = iVI8

ij

⇣
✏̄i µ

j + 1
2
p
2
✏̄k�µ�ijk

⌘
+ h.c. ,

�Ãµ IJ = �i ṼIJ ij

⇣
✏̄i µ

j + 1
2
p
2
✏̄k�µ�ijk

⌘
+ h.c. ,

�Ãµ I = �i ṼI8 ij

⇣
✏̄i µ

j + 1
2
p
2
✏̄k�µ�ijk

⌘
+ h.c. .

(2.37)

The supersymmetry transformations of the 48+ 70 two-forms read

�Bµ⌫ J
I =

h
� 2

3

�
VIK

jk ṼJK
ik + VI8

jk ṼJ8
ik + ṼJK jk VIKik + ṼJ8 jk VI8ik

�
✏̄i�[µ 

j
⌫]

�
p
2
3

�
VIK

ij ṼJK kl + VI8
ij ṼJ8 kl

�
✏̄[i�µ⌫�

jkl] + h.c.
i

+
�
AIK

[µ �Ã⌫]JK +AI
[µ �Ã⌫]J + Ã[µ| JK �A|⌫]

IK + Ã[µ| J �A|⌫]
I
�
� 1

7 �
I
J (trace) ,

�Bµ⌫
I =

h
2
3

�
VIJ

jk ṼJ8
ik + ṼJ8 jk VIJ ik

�
✏̄i�[µ 

j
⌫] +

p
2
3 VIJ

ij ṼJ8 kl ✏̄
[i�µ⌫�

jkl] + h.c.
i

�
�
AIJ

[µ �Ã⌫]J + Ã[µ| J �A|⌫]
IJ
�
. (2.38)

Note the same pattern of SL(7) indices in coset and vector contributions: VIK ṼJK parallels

AIK �ÃJK , etc. Finally, the variations that follow from (2.35) for the 280 three-forms are

�Cµ⌫⇢IJ =
h
� 4i

7

⇣
VK(I

jl

�
VJ)L lk ṼKL ik + ṼKL

lk VJ)L
ik

�

+VK(I
jl

�
VJ)8 lk ṼK8 ik + ṼK8

lk VJ)8
ik

�

+V(I|8
jl

�
V |J)K lk ṼK8 ik + ṼK8

lk V |J)K
ik

�⌘
✏̄i�[µ⌫ 

j
⇢]

+ i
p
2
3

⇣
VK(I|hi V |J)L

[ij| ṼKL|kl] + VK(Ihi VJ)8
[ij| ṼK8|kl] (2.39)

+V(I|8hi V |J)K
[ij| ṼK8|kl]

⌘
✏̄h�µ⌫⇢�

jkl + h.c.
i

� 3
⇣
B[µ⌫|K

(I �AJ)K
|⇢] + B[µ⌫

(I �AJ)
⇢]

⌘

+AK(I
[µ

�
AJ)L

⌫ �Ã⇢]KL + Ã⌫KL �AJ)L
⇢]

�
+AK(I

[µ

�
AJ)

⌫ �Ã⇢]K + Ã⌫K �AJ)
⇢]

�

+A(I
[µ

�
AJ)K

⌫ �Ã⇢]K + Ã⌫K �AJ)K
⇢]

�
.

Again, the SL(7) structure of indices in coset and vector contributions is the same.

Equations (2.36)–(2.39) show that the supersymmetry variations of the bosonic fields

(2.6) close among themselves and into the fermions  i
µ, �

ijk. In turn, the supersymmetry
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our conventions as follows. The vielbein and scalar coset representatives transform as
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�VM
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VM kl
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✏̄[i �jkl] + 1

4! "
ijklmnpq ✏̄m �npq

�
,

(2.36)

with the fundamental E7(7) index M on the coset representative branched out into SL(7)

representations according to (C.43). For reference from [16], we do branch out the super-

symmetry variations of the vectors under SL(7):

�Aµ
IJ = iVIJ
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2
✏̄k�µ�ijk

⌘
+ h.c. ,
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(2.37)

The supersymmetry transformations of the 48+ 70 two-forms read
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⌫]

�
p
2
3

�
VIK
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ij ṼJ8 kl
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+
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[µ �Ã⌫]JK +AI
[µ �Ã⌫]J + Ã[µ| JK �A|⌫]

IK + Ã[µ| J �A|⌫]
I
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� 1
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I
J (trace) ,
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I =

h
2
3

�
VIJ

jk ṼJ8
ik + ṼJ8 jk VIJ ik

�
✏̄i�[µ 

j
⌫] +

p
2
3 VIJ

ij ṼJ8 kl ✏̄
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AIJ

[µ �Ã⌫]J + Ã[µ| J �A|⌫]
IJ
�
. (2.38)

Note the same pattern of SL(7) indices in coset and vector contributions: VIK ṼJK parallels

AIK �ÃJK , etc. Finally, the variations that follow from (2.35) for the 280 three-forms are

�Cµ⌫⇢IJ =
h
� 4i

7

⇣
VK(I
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VJ)L lk ṼKL ik + ṼKL

lk VJ)L
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�

+VK(I
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VJ)8 lk ṼK8 ik + ṼK8
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�
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2
3

⇣
VK(I|hi V |J)L

[ij| ṼKL|kl] + VK(Ihi VJ)8
[ij| ṼK8|kl] (2.39)

+V(I|8hi V |J)K
[ij| ṼK8|kl]
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.

Again, the SL(7) structure of indices in coset and vector contributions is the same.

Equations (2.36)–(2.39) show that the supersymmetry variations of the bosonic fields

(2.6) close among themselves and into the fermions  i
µ, �

ijk. In turn, the supersymmetry
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ijklmnpq ✏̄m �npq

�
,

(2.36)

with the fundamental E7(7) index M on the coset representative branched out into SL(7)

representations according to (C.43). For reference from [16], we do branch out the super-

symmetry variations of the vectors under SL(7):

�Aµ
IJ = iVIJ

ij

⇣
✏̄i µ

j + 1
2
p
2
✏̄k�µ�ijk

⌘
+ h.c. ,
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⌘
+ h.c. ,
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✏̄k�µ�ijk

⌘
+ h.c. ,

�Ãµ I = �i ṼI8 ij

⇣
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j + 1
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⌘
+ h.c. .

(2.37)

The supersymmetry transformations of the 48+ 70 two-forms read

�Bµ⌫ J
I =
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VIK

jk ṼJK
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jk ṼJ8
ik + ṼJK jk VIKik + ṼJ8 jk VI8ik
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⌫]

�
p
2
3
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ij ṼJK kl + VI8
ij ṼJ8 kl
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+
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AIK

[µ �Ã⌫]JK +AI
[µ �Ã⌫]J + Ã[µ| JK �A|⌫]

IK + Ã[µ| J �A|⌫]
I
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� 1
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I
J (trace) ,
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I =
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jk ṼJ8
ik + ṼJ8 jk VIJ ik

�
✏̄i�[µ 

j
⌫] +
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2
3 VIJ

ij ṼJ8 kl ✏̄
[i�µ⌫�

jkl] + h.c.
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�
�
AIJ

[µ �Ã⌫]J + Ã[µ| J �A|⌫]
IJ
�
. (2.38)

Note the same pattern of SL(7) indices in coset and vector contributions: VIK ṼJK parallels

AIK �ÃJK , etc. Finally, the variations that follow from (2.35) for the 280 three-forms are
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� 4i
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⇣
VK(I
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VJ)L lk ṼKL ik + ṼKL
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�

+VK(I
jl
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�

+V(I|8
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ik
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j
⇢]

+ i
p
2
3

⇣
VK(I|hi V |J)L

[ij| ṼKL|kl] + VK(Ihi VJ)8
[ij| ṼK8|kl] (2.39)

+V(I|8hi V |J)K
[ij| ṼK8|kl]

⌘
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� 3
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⌘
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�
.

Again, the SL(7) structure of indices in coset and vector contributions is the same.

Equations (2.36)–(2.39) show that the supersymmetry variations of the bosonic fields

(2.6) close among themselves and into the fermions  i
µ, �

ijk. In turn, the supersymmetry
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[	 vielbein	 and	 scalars	 ]

[	 vectors	 ]

[	 two-forms	 ]



[	 three-forms	 ]

our conventions as follows. The vielbein and scalar coset representatives transform as

�eµ↵ = 1
4 ✏̄i �

↵  µ
i + 1

4 ✏̄
i �↵  µi ,

�VM
ij = 1p

2
VM kl

�
✏̄[i �jkl] + 1

4! "
ijklmnpq ✏̄m �npq

�
,

(2.36)

with the fundamental E7(7) index M on the coset representative branched out into SL(7)

representations according to (C.43). For reference from [16], we do branch out the super-

symmetry variations of the vectors under SL(7):

�Aµ
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j + 1
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✏̄k�µ�ijk

⌘
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�Ãµ IJ = �i ṼIJ ij
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⌘
+ h.c. ,

�Ãµ I = �i ṼI8 ij
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⌘
+ h.c. .

(2.37)

The supersymmetry transformations of the 48+ 70 two-forms read
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jk ṼJK
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jk ṼJ8
ik + ṼJK jk VIKik + ṼJ8 jk VI8ik
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ij ṼJ8 kl ✏̄
[i�µ⌫�

jkl] + h.c.
i

�
�
AIJ

[µ �Ã⌫]J + Ã[µ| J �A|⌫]
IJ
�
. (2.38)

Note the same pattern of SL(7) indices in coset and vector contributions: VIK ṼJK parallels

AIK �ÃJK , etc. Finally, the variations that follow from (2.35) for the 280 three-forms are
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�
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�
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+ i
p
2
3
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[ij| ṼKL|kl] + VK(Ihi VJ)8
[ij| ṼK8|kl] (2.39)
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⌘
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�
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.

Again, the SL(7) structure of indices in coset and vector contributions is the same.

Equations (2.36)–(2.39) show that the supersymmetry variations of the bosonic fields

(2.6) close among themselves and into the fermions  i
µ, �

ijk. In turn, the supersymmetry
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…	 all	 scalars,	 vectors	 and	 the	 fermions	 should	 be	 kept	 !!



where	 we	 need	 the	 SL(7)-singlet	 four-form	 field	 strength	 	 	 	 	 	 	 dual	 to	 the	 magnetic	 ET

•	 How	 does	 the	 scalar	 potential	 potential	 V	 fit	 in	 the	 duality	 hierarchy	 ?	 

-	 In	 our	 deformed	 ISO(7)c	 theory,	 one	 has	 four-form	 field	 strengths

See appendix C for some details of its derivation. The second line of (2.26) is entirely due

to the ISO(7) gauging. It contains, on the one hand, a scalar potential,

V =
g2

168
XMP

RXNQ
SMMN

⇣
MPQMRS + 7 �PS �

Q
R

⌘
, (2.27)

with the X-tensor in (C.8) particularised for the ISO(7)c embedding tensor (2.3). Upon

using (2.4), this scalar potential contains pieces in g2, gm and m2. On the other hand, the

second line of (2.26) contains some topological terms whenever m 6= 0. Note, in particular,

the topological mass gm �IJ BI ^ BJ , which generalises a similar term in N = 2 compact-

ifications of massive type IIA on Calabi-Yau [31]. In the first line, the only contributions

from the gauging appear in the covariant derivatives (2.5) and the gauging-modified field

strengths of the electric vectors given in (2.7). In the SL(7) symplectic frame we are using,

the scalar-dependent matrices M, R and I given in (2.15) are independent of the gauging

and, in particular, of the dyonically-gauging parameter c = m/g.

The generic 912 four-form field strengths (2.18) and the scalar potential (2.27) are

related through the embedding tensor via

⇥M
↵H(4)↵

M = �2V vol4 . (2.28)

Combining (2.23) and the second equation in (2.25), it is easy to show that this relation

simplifies for the ISO(7)c gauging to

g �IJ HIJ
(4) +m H̃(4) = �2V vol4 . (2.29)

In particular, the dualisation of both four-forms HIJ
(4) and H̃(4) contains terms linear in g

and m; only when combined through (2.29) is the quadratic dependence of V on g and m

reproduced.

The theory (2.26) with (2.5), (2.7) admits three di↵erent smooth limits of the coupling

constants g and m. In the limit m ! 0, g 6= 0, Hull’s purely electric ISO(7) gauging [21] is

recovered. This theory arises from consistent truncation of massless type IIA supergravity

on S6 [32]. The limit g ! 0, m 6= 0 corresponds to a purely magnetic gauging of a nilpotent

extension of U(1)6 ⇥ R with 21 non-compact central charges. This theory arises as a T 6

truncation of massive type IIA. Finally, the g ! 0, m ! 0 limit yields the ungauged N = 8

supergravity [33], which is well known to arise from D = 11 supergravity on T 7 [33], or

massless type IIA on T 6.

2.4 SO(7)-covariant critical point conditions

The combination of the duality relations with the Bianchi identities of the N = 8 tensor

hierarchy gives rise the vector equations of motion and (projections of) the scalar equa-

tions of motion [26]. In the restricted duality hierarchy (2.6), all vectors were retained.

Accordingly, the duality conditions (2.19), (2.20) reproduce all of the vector equations of

motion, as derived from the Lagrangian (2.26), upon substitution into (the first line of)

the Bianchi identities (2.13). In contrast, not all of the three-form field strengths of the

full hierarchy were retained in (2.6). Thus, it is interesting to enquire to which scalar
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See appendix C for some details of its derivation. The second line of (2.26) is entirely due
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with the X-tensor in (C.8) particularised for the ISO(7)c embedding tensor (2.3). Upon

using (2.4), this scalar potential contains pieces in g2, gm and m2. On the other hand, the

second line of (2.26) contains some topological terms whenever m 6= 0. Note, in particular,
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ifications of massive type IIA on Calabi-Yau [31]. In the first line, the only contributions

from the gauging appear in the covariant derivatives (2.5) and the gauging-modified field

strengths of the electric vectors given in (2.7). In the SL(7) symplectic frame we are using,

the scalar-dependent matrices M, R and I given in (2.15) are independent of the gauging

and, in particular, of the dyonically-gauging parameter c = m/g.

The generic 912 four-form field strengths (2.18) and the scalar potential (2.27) are

related through the embedding tensor via

⇥M
↵H(4)↵

M = �2V vol4 . (2.28)

Combining (2.23) and the second equation in (2.25), it is easy to show that this relation

simplifies for the ISO(7)c gauging to

g �IJ HIJ
(4) +m H̃(4) = �2V vol4 . (2.29)

In particular, the dualisation of both four-forms HIJ
(4) and H̃(4) contains terms linear in g

and m; only when combined through (2.29) is the quadratic dependence of V on g and m

reproduced.

The theory (2.26) with (2.5), (2.7) admits three di↵erent smooth limits of the coupling

constants g and m. In the limit m ! 0, g 6= 0, Hull’s purely electric ISO(7) gauging [21] is

recovered. This theory arises from consistent truncation of massless type IIA supergravity
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supergravity [33], which is well known to arise from D = 11 supergravity on T 7 [33], or
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tions of motion [26]. In the restricted duality hierarchy (2.6), all vectors were retained.

Accordingly, the duality conditions (2.19), (2.20) reproduce all of the vector equations of

motion, as derived from the Lagrangian (2.26), upon substitution into (the first line of)

the Bianchi identities (2.13). In contrast, not all of the three-form field strengths of the

full hierarchy were retained in (2.6). Thus, it is interesting to enquire to which scalar
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In (2.23), only components M⇤N in the notation of (2.15), and not M⇤
N, are contracted

with the SL(7)nR7 generators. The combination of these duality relations with the Bianchi

identities (2.13) reproduces a subset of the equations of motion: see section 2.4.

Extensions of the duality hierarchy (2.6) may be considered that are still smaller than

the full E7(7) hierarchy. A natural extension includes, besides the 280 CIJ three-form

potentials in (2.6) conjugate to the electric embedding tensor, also the SL(7)-singlet three-

form potential C̃ conjugate to the singlet magnetic component of the embedding tensor.

Consistency then requires that the singlet two-form potential B that renders BI
J traceful

is also retained. The extension of the Bianchi identities (2.13) to also include these singlets

reads

DH(3) = HIJ
(2) ^ H̃(2)IJ +HI

(2) ^ H̃(2)I � 2g �IJ HIJ
(4) � 14m H̃(4) ,

DH̃(4) ⌘ 0 ,
(2.24)

while their duality relations are, from (2.17) and (2.18),

H(3) = 1
12(t8

8)MPMNP ⇤DMMN ,

H̃(4) = 1
84 XNQ

S(t8K)PRM8K
NMPQMRS vol4 .

(2.25)

We have used tI I = �t88 and Tr(tIJ t8K) = Tr(t8J t8K) = 0 to simplify the results.

For H̃(4) in (2.25), components M⇤
N, and not M⇤N, in the notation of (2.15), are now

contracted with the R7 generators, opposite to what happened for HIJ
(4) in (2.23). Although

the singlet C̃ does not play a role in the restricted duality hierarchy (2.6), its dualised

field strength H̃(4) in (2.25) is still crucial to recover the scalar potential, as we will show

in the next subsection. The significance of this asymmetric role of C̃ for the massive type

IIA embedding of dyonic ISO(7) supergravity will be discussed in [16].

2.3 Bosonic Lagrangian

We will now write the Lagrangian of N = 8 dyonically gauged ISO(7) supergravity, focus-

ing on the bosonic terms. While it is possible to write a Lagrangian that includes higher

rank fields in the E7(7) tensor hierarchy (or in the restricted hierarchy (2.6)) supplemented

by duality relations [26], we will instead write a Lagrangian in the formulation of [22]. The

latter includes, besides the metric and scalars, only some of the vectors and two-forms in

(2.6). More concretely, the Lagrangian can be expressed in terms of the 210 + 70 electric

vectors A⇤ = (AIJ ,AI ) and their field strengths H⇤
(2) = (HIJ

(2) , HI
(2) ) , the 7 magnetic vec-

tors ÃI and their field strengths H̃(2)I , and the 70 two-form potentials BI . As (2.13) shows,

this field content does not define a consistent truncation of (2.6), but this is certainly not

necessary as far as writing a Lagrangian is concerned.

The bosonic Lagrangian of N = 8 dyonically gauged ISO(7) supergravity is

L = R vol4 � 1
48DMMN ^ ⇤DMMN + 1

2 I⇤⌃H⇤
(2) ^ ⇤H⌃

(2) � 1
2 R⇤⌃H⇤

(2) ^H⌃
(2) (2.26)

�V vol4 +m
h
BI ^

�
H̃(2)I � g

2�IJB
J
�
� 1

4 ÃI ^ ÃJ ^
�
dAIJ + g

2 �KLAIK ^AJL
�i

.
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-	 Consistency	 requires	 also	 the	 three-form	 field	 strength	 	 	 	 	 	 	 rendering	 	 	 	 	 	 	 	 	 	 traceful

In (2.23), only components M⇤N in the notation of (2.15), and not M⇤
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(2) , HI
(2) ) , the 7 magnetic vec-

tors ÃI and their field strengths H̃(2)I , and the 70 two-form potentials BI . As (2.13) shows,

this field content does not define a consistent truncation of (2.6), but this is certainly not

necessary as far as writing a Lagrangian is concerned.
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In (2.23), only components M⇤N in the notation of (2.15), and not M⇤
N, are contracted

with the SL(7)nR7 generators. The combination of these duality relations with the Bianchi

identities (2.13) reproduces a subset of the equations of motion: see section 2.4.

Extensions of the duality hierarchy (2.6) may be considered that are still smaller than

the full E7(7) hierarchy. A natural extension includes, besides the 280 CIJ three-form

potentials in (2.6) conjugate to the electric embedding tensor, also the SL(7)-singlet three-

form potential C̃ conjugate to the singlet magnetic component of the embedding tensor.

Consistency then requires that the singlet two-form potential B that renders BI
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(2.25)

We have used tI I = �t88 and Tr(tIJ t8K) = Tr(t8J t8K) = 0 to simplify the results.
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contracted with the R7 generators, opposite to what happened for HIJ
(4) in (2.23). Although

the singlet C̃ does not play a role in the restricted duality hierarchy (2.6), its dualised

field strength H̃(4) in (2.25) is still crucial to recover the scalar potential, as we will show

in the next subsection. The significance of this asymmetric role of C̃ for the massive type

IIA embedding of dyonic ISO(7) supergravity will be discussed in [16].

2.3 Bosonic Lagrangian

We will now write the Lagrangian of N = 8 dyonically gauged ISO(7) supergravity, focus-

ing on the bosonic terms. While it is possible to write a Lagrangian that includes higher

rank fields in the E7(7) tensor hierarchy (or in the restricted hierarchy (2.6)) supplemented

by duality relations [26], we will instead write a Lagrangian in the formulation of [22]. The

latter includes, besides the metric and scalars, only some of the vectors and two-forms in

(2.6). More concretely, the Lagrangian can be expressed in terms of the 210 + 70 electric

vectors A⇤ = (AIJ ,AI ) and their field strengths H⇤
(2) = (HIJ

(2) , HI
(2) ) , the 7 magnetic vec-

tors ÃI and their field strengths H̃(2)I , and the 70 two-form potentials BI . As (2.13) shows,

this field content does not define a consistent truncation of (2.6), but this is certainly not

necessary as far as writing a Lagrangian is concerned.

The bosonic Lagrangian of N = 8 dyonically gauged ISO(7) supergravity is

L = R vol4 � 1
48DMMN ^ ⇤DMMN + 1

2 I⇤⌃H⇤
(2) ^ ⇤H⌃

(2) � 1
2 R⇤⌃H⇤

(2) ^H⌃
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�V vol4 +m
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2�IJB
J
�
� 1
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Considering the field content (2.6) requires some justification, since it contains more

fields than necessary to write the ISO(7)-gauged Lagrangian in the formulation of [22] (see

section 2.3), yet does not include all the fields in the full tensor hierarchy. The relevance

of this field content will only become apparent when we discuss the full embedding of

the ISO(7) gauging into type IIA [16]. It is nevertheless still possible to justify the self-

consistency of the field content (2.6) from a purely four-dimensional perspective. As we

will next show, for the gm 6= 0 ISO(7) gauging, (2.6) defines a consistent subsector of the

full E7(7) duality hierarchy [26], in the conventional sense. Namely, the Bianchi identities

of the p-forms, p = 1, 2, 3 in (2.6), the duality relations that these forms satisfy together

with the metric and scalars, their equations of motion and supersymmetry variations, all

close among themselves. This restricted field content preserves, of course, full N = 8

supersymmetry since we are also keeping the 8 gravitini. The rest of this subsection will

be devoted to show the closure of the Bianchi identities and duality relations, while the

closure of the supersymmetry variations will be verified in section 2.5.

In order to show the closure of the Bianchi identities, we first compute the field strengths

of the p-form potentials in (2.6) specified by the ISO(7)c gauging (2.3). The two-form field

strengths of the vectors are given by

HIJ
(2) = dAIJ � g �KLAIK ^ALJ ,

HI
(2) = dAI � g �JK AIJ ^AK + 1

2mAIJ ^ ÃJ +mBI ,

H̃(2)IJ = dÃIJ + g �K[I AKL ^ ÃJ ]L + g �K[I AK ^ ÃJ ] �m ÃI ^ ÃJ + 2g �K[I BJ ]
K ,

H̃(2)I = dÃI � 1
2g �IJ AJK ^ ÃK + g �IJ BJ ,

(2.7)

the three-form field strengths of the two-form potentials are

H(3)I
J = DBI

J + 1
2AJK ^ dÃIK + 1

2AJ ^ dÃI +
1
2ÃIK ^ dAJK + 1

2ÃI ^ dAJ

�1
2g �KLAJK ^ALM ^ ÃIM � 1

2g �KLAJK ^AL ^ ÃI

+1
6g �IK AJL ^AKM ^ ÃLM � 1

3g �IK A(J ^AK)L ^ ÃL

�1
2mAJK ^ ÃI ^ ÃK � 2g �IK CJK � 1

7 �
J
I (trace) ,

HI
(3) = DBI � 1

2AIJ ^ dÃJ � 1
2ÃJ ^ dAIJ + 1

2g �JK AIJ ^AKL ^ ÃL ,

(2.8)

and the four-form field strengths of the three-form potentials read

HIJ
(4) = DCIJ �HK(I

(2) ^ BK
J) +H(I

(2) ^ BJ) � 1
2mBI ^ BJ � 1

6AK(I ^ ÃKL ^ dAJ)L

+1
6AIK ^AJL ^ dÃKL � 1

6AK(I ^ ÃK ^ dAJ) � 1
3AK(I ^AJ) ^ dÃK

�1
6A(I ^ ÃK ^ dAJ)K � 1

6g �KLAK(I ^AJ)M ^ALN ^ ÃMN

+1
6g �KLAK(I ^AJ) ^ALM ^ ÃM � 1

6g �KLAK(I ^AJ)M ^AL ^ ÃM

�1
8mAIK ^AJL ^ ÃK ^ ÃL .

(2.9)
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In (2.23), only components M⇤N in the notation of (2.15), and not M⇤
N, are contracted
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identities (2.13) reproduces a subset of the equations of motion: see section 2.4.
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NMPQMRS vol4 .
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We have used tI I = �t88 and Tr(tIJ t8K) = Tr(t8J t8K) = 0 to simplify the results.
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(4) in (2.23). Although
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ing on the bosonic terms. While it is possible to write a Lagrangian that includes higher
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by duality relations [26], we will instead write a Lagrangian in the formulation of [22]. The

latter includes, besides the metric and scalars, only some of the vectors and two-forms in

(2.6). More concretely, the Lagrangian can be expressed in terms of the 210 + 70 electric

vectors A⇤ = (AIJ ,AI ) and their field strengths H⇤
(2) = (HIJ
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tors ÃI and their field strengths H̃(2)I , and the 70 two-form potentials BI . As (2.13) shows,

this field content does not define a consistent truncation of (2.6), but this is certainly not

necessary as far as writing a Lagrangian is concerned.

The bosonic Lagrangian of N = 8 dyonically gauged ISO(7) supergravity is

L = R vol4 � 1
48DMMN ^ ⇤DMMN + 1
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✱	 Extended	 BI’s	 :

[	 28’	 +	 1	 of	 SL(7)	 ]



Q : Why to bother with all these duality hierarchy issues?

A : Because the duality hierarchy allows us to derive simple embedding 
formulas to put the 4D dynamics  into a higher-dimensional one.

Remember	 :	 	 No index, no clue.	 	 Good	 luck	 trying	 to	 embed	 V	 into	 higher	 dimensions…



Massive type IIA strings on S6



•	 The	 Romans	 mass	 parameter	   	 is	 a	 discrete	 (on/off)	 deformation,	 exactly	 as	 the	 

parameter	 c  in	 the	 deformed	 ISO(7)c	 theory.

Collecting clues

•	 The	 deformed	 ISO(7)c	 gauging	 has	 its	 SO(7)	 piece	 untouched	 by	 the	 deformation.	 
This	 points	 towards	 an	 undeformed	 S6	 description	 in	 higher	 dimension.

•	 If	 the	 higher-dimensional	 geometry	 is	 not	 affected,	 it	 should	 then	 be	 the	 higher-
dimensional	 theory	 the	 one	 changing.	 The	 massive	 IIA	 theory	 by	 Romans	 proves	 a	 
natural	 candidate.

•	 The	 SU(3)-invariant	 sector	 of	 the	 ISO(7)c	 theory	 connects	 to	 CY3	 reductions	 of	 
massive	 IIA	 upon	 the	 dualisation	 of	 some	 field.	 It	 is	 then	 natural	 to	 believe	 that	 the	 
embedding	 of	 the	 full	 ISO(7)c	 theory	 would	 require	 an	 enlarged	 set	 of	 duality	 
relations…	 duality	 hierarchy!!	 

F̂(0)

[	 Romans ’86 ]



Derivation of the IIA embedding   [ 4-step process ]

✱	 Step	 1	 :	 10D	 KK	 expansion	 that	 leaves	 4D	 spacetime	 symmetry	 manifest	 	 

A(x,y)’s	 	 and	 	 B(x,y)’s	 	 fields

✱	 Step	 2	 :	 Redefinitions	 of	 the	 A’s	 and	 B’s	 	 fields	 to	 conform	 4D	 SUSY	 transformations

 C(x,y)’s	 	 fields

✱	 Step	 3	 :	 Connection	 to	 4D	 fields	 by	 dressing	 up	 with	 S6	 	 geometrical	 data

C(x, y) = geometry(y)⇥ C(x)

✱	 Step	 4	 :	 Plug	 and	 play



✱	 Step	 1	 :	 10D	 redefinitions	 (	 KK	 expansion)	 that	 leave	 4D	 spacetime	 symmetry	 manifest	 	 

Both types of truncations on S7 and S5, ‘massless’ and ‘massive’, have an overlapping

sector: the sector of the N = 8 ‘massless’ theory that is invariant under the same group

than the G-structure. This is also the sector of the N = 8 theory whose uplift inflicts

only homogeneous deformations on S7 and S5. The mass spectrum on this overlapping

sector contains the common modes at the bottom of the KK towers. For example, D = 4

N = 8 electrically gauged SO(8) supergravity [1] and the universal N = 2 (skew-whi↵ed)

Sasaki-Einstein truncation of D = 11 supergravity on S7 [35] overlap [46] in the SU(4)�–

invariant sector of the N = 8 theory. Likewise, D = 5 SO(6)-gauged supergravity [3]

and the universal N = 4 Sasaki-Einstein truncation of type IIB on S5 [37, 38] overlap

[47] in the SU(3)-invariant sector of the N = 8 theory. In section 4.2 we will show that,

similarly, D = 4 N = 8 dyonically gauged ISO(7) supergravity and the universal N = 2

nearly-Kähler truncation [40] of massive type IIA on S6 overlap in the G2–invariant sector

[23] of the N = 8 theory.

2 Type IIA with only SO(1, 3) symmetry manifest

In this section, we rewrite the type IIA bosonic and fermionic field content with man-

ifest SO(1, 3) ⇥ SL(7) and SO(1, 3) ⇥ SU(8) covariance, respectively. We also perform

the non-linear field redefinitions necessary to render the SL(7)–covariant supersymmetry

transformations of the bosonic fields compatible with the D = 4 tensor hierarchy.

2.1 Redefinitions that leave D = 4 spacetime symmetry manifest

We start by splitting the ten-dimensional local Lorentz symmetry as1

SO(1, 9) ! SO(1, 3)⇥ SO(6) , (2.1)

so that the ten-dimensional coordinates split as (xµ, ym), µ = 0, 1, 2, 3, m = 1, . . . , 6.

For the bosons, we straightforwardly promote SO(6) to SL(6). Then, the bosonic fields

dŝ210, Â(3), B̂(2), Â(1), �̂ of the type IIA theory (see appendix A) give rise, via the standard

decompositions

dŝ210 = ��1 ds24 + gmn
�
dym +Bm

��
dyn +Bn

�
,

Â(3) = 1
6Aµ⌫⇢ dx

µ ^ dx⌫ ^ dx⇢ + 1
2Aµ⌫m dxµ ^ dx⌫ ^ �

dym +Bm
�

+ 1
2Aµmn dx

µ ^ �
dym +Bm

� ^ �
dyn +Bn

�

+ 1
6Amnp

�
dym +Bm

� ^ �
dyn +Bn

� ^ �
dyp +Bp

�
,

B̂(2) = 1
2Bµ⌫ dx

µ ^ dx⌫ +Bµm dxµ ^ �
dym +Bm

�
+ 1

2Bmn
�
dym +Bm

� ^ �
dyn +Bn

�
,

Â(1) = Aµ dx
µ +Am

�
dym +Bm

�
, (2.2)

1The global SO(1, 1) of type IIA does not play a significant role in the following. For this reason, we do

not keep track of charges under this SO(1, 1).
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Then	 one	 has	 :
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sector contains the common modes at the bottom of the KK towers. For example, D = 4

N = 8 electrically gauged SO(8) supergravity [1] and the universal N = 2 (skew-whi↵ed)

Sasaki-Einstein truncation of D = 11 supergravity on S7 [35] overlap [46] in the SU(4)�–

invariant sector of the N = 8 theory. Likewise, D = 5 SO(6)-gauged supergravity [3]

and the universal N = 4 Sasaki-Einstein truncation of type IIB on S5 [37, 38] overlap

[47] in the SU(3)-invariant sector of the N = 8 theory. In section 4.2 we will show that,

similarly, D = 4 N = 8 dyonically gauged ISO(7) supergravity and the universal N = 2

nearly-Kähler truncation [40] of massive type IIA on S6 overlap in the G2–invariant sector

[23] of the N = 8 theory.

2 Type IIA with only SO(1, 3) symmetry manifest

In this section, we rewrite the type IIA bosonic and fermionic field content with man-

ifest SO(1, 3) ⇥ SL(7) and SO(1, 3) ⇥ SU(8) covariance, respectively. We also perform

the non-linear field redefinitions necessary to render the SL(7)–covariant supersymmetry

transformations of the bosonic fields compatible with the D = 4 tensor hierarchy.

2.1 Redefinitions that leave D = 4 spacetime symmetry manifest

We start by splitting the ten-dimensional local Lorentz symmetry as1

SO(1, 9) ! SO(1, 3)⇥ SO(6) , (2.1)

so that the ten-dimensional coordinates split as (xµ, ym), µ = 0, 1, 2, 3, m = 1, . . . , 6.

For the bosons, we straightforwardly promote SO(6) to SL(6). Then, the bosonic fields
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�

+ 1
2Aµmn dx

µ ^ �
dym +Bm

� ^ �
dyn +Bn

�

+ 1
6Amnp

�
dym +Bm

� ^ �
dyn +Bn

� ^ �
dyp +Bp

�
,

B̂(2) = 1
2Bµ⌫ dx

µ ^ dx⌫ +Bµm dxµ ^ �
dym +Bm

�
+ 1

2Bmn
�
dym +Bm

� ^ �
dyn +Bn

�
,

Â(1) = Aµ dx
µ +Am

�
dym +Bm

�
, (2.2)

1The global SO(1, 1) of type IIA does not play a significant role in the following. For this reason, we do

not keep track of charges under this SO(1, 1).
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to the following local SO(1, 3) fields in either singlet or non-trivial representations of SL(6):

1 metric : ds24 ,

21+ 6+ 1+ 20+ 15 scalars : gmn , Am , �̂ , Amnp , Bmn ,

60 + 1+ 15+ 6 vectors : Bµ
m , Aµ , Aµmn , Bµm ,

6+ 1 two-forms : Aµ⌫m , Bµ⌫ ,

1 three-form : Aµ⌫⇢ . (2.3)

Following convention, in (2.1) we have introduced

�2 ⌘ det gmn

det g̊mn
, (2.4)

for some background internal metric g̊mn(y).

The field content of D = 4 maximal supergravity is thus formally recovered after

dualising the two-forms into scalars and dropping the three-form on the grounds that it

should not carry independent degrees of freedom. Note, however, that all fields in (2.3)

depend on all ten-dimensional coordinates (xµ, ym), and that both the two-forms and

the three-form will play a role in this paper. The field content (2.3) can be allocated

into SL(7) representations as well, reflecting a rewrite of D = 11 supergravity with only

SO(1, 3) symmetry manifest. In any case, neither the SL(6)–covariant fields (2.3) nor the

SL(7)–covariant fields they can be grouped into, are generally compatible with the D = 4

tensor hierarchy. We leave this discussion for section 2.2.

In the fermionic sector, we promote the local SO(6) in the splitting (2.1) (or rather,

its cover Spin(6)) to SU(8), the R-symmetry group of D = 4 N = 8 supergravity. In order

to do this, we first introduce the following primed fermions from the IIA fermions  ̂M , �̂,

✏̂ (see appendix A):

 ̂0
µ = �� 1

4 eµ
↵
�
 ̂↵ + 1

2 �̂↵�̂
a ̂a

�
,  ̂0

a = �� 1
4  ̂a , �̂0 = �� 1

4 �̂ , ✏̂0 = �
1
4 ✏̂ . (2.5)

Here, ↵ = 0, 1, 2, 3 and a = 1, . . . , 6 are tangent space indices in the vector representation of

SO(1, 3) and SO(6), respectively; eµ↵ (and em
a) are vielbeine for the external (and internal)

components of the ten-dimensional metric in (2.2); and  ̂↵,  ̂a are the components of the

IIA gravitino, pulled back into tangent space with the ten-dimensional triangular vielbein

that can be read o↵ from the metric in (2.2).

The primed fermions (2.5) are still ten-dimensional Majorana, 32-component spinors.

In order to incorporate the splitting (2.1), we work without loss of generality in the

Cli↵(1, 9) basis introduced in appendix B and write the ten-dimensional gamma matri-

ces �̂A, A = 0, 1, . . . , 9, in terms of four and six-dimensional gamma matrices �↵, �a.

The fermions accordingly split into products of four-dimensional, anticommuting, and six-

dimensional, commuting, spinors. For the primed supersymmetry parameter we thus write

✏̂0 = ei
⇡
4 �5 (✏+ ⌦ ⌘ + ✏� ⌦ ⌘c) = ei

⇡
4 ✏+ ⌦ ⌘ + e�i⇡4 ✏� ⌦ ⌘c , (2.6)

and similarly for the other primed fermions in (2.5). The factor of ei
⇡
4 �5 has been included

here by convention, so that the four-dimensional fermions end up with parity-invariant
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✱	 Step	 2	 :	 Non-linear	 field	 redefinitions	 to	 conform	 4D	 SUSY	 transformations

-	 Vectors	 :	 

with	 10D	 SUSY	 transfs:
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8
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2 em
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i
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pAmnp + 2 �Bµ

pA[mBn]p +Aµ �Bmn � 2A[m| �Bµ|n] ,

�Bµm =
h
� i
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a(C�a�7)AB ✏̄

A B
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4
p
2
e

1
2 �̂�� 1

2 em
a ✏̄A�µ(�a)

A
B�

B + h.c.
i
+ �Bµ

nBmn , (2.10)

two-forms,

�Aµ⌫m =
h
1
2 e

� 1
4 �̂��1em

a ✏̄A �[µ (�a)
A
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B
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4 �̂��1 em
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a ✏̄A�µ⌫ (C�a�7)AB �
B + h.c.

i

� 2 �B[µ
nA⌫]mn + 2 �B[µ

nA⌫]Bmn � 2 �B[µ
nB⌫]nAm +Am�Bµ⌫ + 2A[µ�B⌫]m ,

�Bµ⌫ =
h
1
2 e

1
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B
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4 e
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B
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4
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1
2 �̂��1 ✏̄A�µ⌫ CAB �

B + h.c.
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+ 2 �B[µ

mB⌫]m , (2.11)

and three-form,

�Aµ⌫⇢ =
h
� 3i

4 e�
1
4 �̂�� 3

2 ✏̄A �[µ⌫ CAB  
B
⇢] +

3
8 e

� 1
4 �̂�� 3

2 ✏̄A �µ⌫⇢ (�
a)AB  

B
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+ 1
8
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4 �̂�� 3
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B �

B + h.c.
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� 3 �B[µ
mA⌫⇢]m + 6 �B[µ

nA⌫B⇢]m + 3A[µ�B⌫⇢] . (2.12)

In these expressions, we have defined �µ1...µp ⌘ eµ1
↵1 . . . eµp

↵p �↵1...↵p , p = 1, 2, 3, and

have omitted the direct product symbol between SO(1, 3) and SO(6) gamma matrices,

in agreement with the spinor notation ✏A, etc., introduced in the previous section. The

variation of Bµ
m has been brought to the form given in (2.10) after performing a local

SO(1, 9) Lorentz transformations, similarly to [30]. Since they will not be needed, we omit

the supersymmetry variations of the scalars and fermions.

Some of these supersymmetry variations are already compatible with those of D = 4

supergravity, as dictated by the tensor hierarchy, but others are not. For example, the

term Aµ �Bmn in the expression for �Aµmn in equation (2.10) is incompatible with the

canonical expression for the supersymmetry variations of the D = 4 vectors: the latter do

not contain bare vectors times the variation of scalars. These and similar considerations

lead us to perform the following further redefinitions of the vectors,

Cµ
m8 ⌘ Bµ

m , Cµ
78 ⌘ Aµ , C̃µmn ⌘ Aµmn �AµBmn , C̃µm7 ⌘ Bµm , (2.13)

two-forms,

Cµ⌫m
8 ⌘ �Aµ⌫m + C[µ

n8 C̃⌫]nm + C[µ
78 C̃⌫]m7 , Cµ⌫ 7

8 ⌘ �Bµ⌫ + C[µ
m8 C̃⌫]m7 , (2.14)
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SO(1, 9) Lorentz transformations, similarly to [30]. Since they will not be needed, we omit
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Some of these supersymmetry variations are already compatible with those of D = 4

supergravity, as dictated by the tensor hierarchy, but others are not. For example, the

term Aµ �Bmn in the expression for �Aµmn in equation (2.10) is incompatible with the

canonical expression for the supersymmetry variations of the D = 4 vectors: the latter do

not contain bare vectors times the variation of scalars. These and similar considerations

lead us to perform the following further redefinitions of the vectors,
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-	 Two-forms	 :	 

-	 Three-form	 :	 

and three-form

Cµ⌫⇢
88 ⌘ Aµ⌫⇢ � C[µ

m8C⌫
n8 C̃⇢]mn + C[µ

m8C⌫
78 C̃⇢]m7 + 3C[µ

78C⌫⇢]7
8 . (2.15)

Similar redefinitions were first considered in a type IIB context in [9]; see also [10]. See

appendix D for the group theory behind these redefinitions.

The SL(6)–covariant fields (2.13)–(2.15) can be grouped into the SL(7)–covariant com-

binations

Cµ
I8 = (Cµ

m8 , Cµ
78) , C̃µ IJ = (C̃µmn , C̃µm7) , Cµ⌫I

8 = (Cµ⌫m
8 , Cµ⌫ 7

8) , Cµ⌫⇢
88,(2.16)

with C̃µ IJ ⌘ C̃µ [IJ ]. We thus obtain (electric) vectors in the 70 and (magnetic) vectors

in the 21 of SL(7), two-forms in the 7 and a singlet three-form. Although these SL(7)

representations follow straightforwardly from (2.3), the actual dependence (2.13)–(2.15)

of the SL(7)–covariant vectors and tensors (2.16) on the fields (2.3) involves a non-trivial

analysis of the supersymmetry variations. The redefined fields (2.13)–(2.15) now satisy

SL(6)–covariant supersymmetry transformations that are compatible with the D = 4 ten-

sor hierarchy. Moreover, these SL(6)–covariant supersymmetry variations can be grouped

up into SL(7)–covariant transformations, of course also compatible with the D = 4 tensor

hierarchy, in a way consistent with the allocations (2.16). This match provides a consis-

tency check on our calculations. Here we only give the final result –further details can be

found in appendix C. The SL(7)–covariant supersymmetry transformations of the fields

(2.16) are

�Cµ
I8 = i V I8

AB

⇣
✏̄A µ

B + 1
2
p
2
✏̄C�µ�

ABC
⌘
+ h.c. , (2.17)

�C̃µ IJ = �i VIJ AB

⇣
✏̄A µ

B + 1
2
p
2
✏̄C�µ�

ABC
⌘
+ h.c. , (2.18)

�Cµ⌫ I
8 =

h
2
3

�
V J8

BC ṼIJ
AC + ṼIJ BC V J8AC

�
✏̄A�[µ 

B
⌫] (2.19)

+
p
2
3 V J8

AB ṼIJ CD ✏̄
[A�µ⌫�

BCD] + h.c.
i
� C[µ

J8 �C̃⌫]IJ � C̃[µ| IJ �C|⌫]
J8 ,

�Cµ⌫⇢
88 =

h
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7 V I8
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�
V J8DC ṼIJAC + ṼIJ

DC V J8
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�
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B
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� i
p
2
3 V I8AE V J8

[EB| ṼIJ |CD] ✏̄A�µ⌫⇢�
BCD + h.c.

i
(2.20)

+ 3C[µ⌫| I
8 �C|⇢]

I8 � C[µ
I8
�
C⌫

J8 �C̃⇢]IJ + C̃⌫| IJ �C|⇢]
J8
�
.

For the vectors and two-forms, these variations coincide with those dictated by the D = 4

embedding tensor formalism [31] upon selecting the relevant representations in the branch-

ing of their E7(7)–covariant formulae under SL(7). The variation of the three-form agrees

with a singlet extracted from the E7(7)–covariant expression proposed in [23]. All these

variations come out naturally written in the SL(8) basis, see e.g. (C.3) of [23]. ag: We

haven’t presented the SUSY transfs in the SL(8) basis in the 4D paper.

We have written the variations (2.17)–(2.20) in terms of the spinor �ABC defined in

(2.7), and have introduced the ‘generalised vielbeine’

V I8
AB = (V m8

AB , V 78
AB) , ṼIJ AB = (ṼmnAB , Ṽm7AB) , (2.21)
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BC ṼIJ
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AB ṼIJ CD ✏̄
[A�µ⌫�

BCD] + h.c.
i
� C[µ

J8 �C̃⌫]IJ � C̃[µ| IJ �C|⌫]
J8 ,

�Cµ⌫⇢
88 =

h
4i
7 V I8

BD
�
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embedding tensor formalism [31] upon selecting the relevant representations in the branch-

ing of their E7(7)–covariant formulae under SL(7). The variation of the three-form agrees

with a singlet extracted from the E7(7)–covariant expression proposed in [23]. All these

variations come out naturally written in the SL(8) basis, see e.g. (C.3) of [23]. ag: We

haven’t presented the SUSY transfs in the SL(8) basis in the 4D paper.

We have written the variations (2.17)–(2.20) in terms of the spinor �ABC defined in

(2.7), and have introduced the ‘generalised vielbeine’

V I8
AB = (V m8

AB , V 78
AB) , ṼIJ AB = (ṼmnAB , Ṽm7AB) , (2.21)
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and three-form
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78 C̃⇢]m7 + 3C[µ
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Similar redefinitions were first considered in a type IIB context in [9]; see also [10]. See

appendix D for the group theory behind these redefinitions.

The SL(6)–covariant fields (2.13)–(2.15) can be grouped into the SL(7)–covariant com-

binations
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with C̃µ IJ ⌘ C̃µ [IJ ]. We thus obtain (electric) vectors in the 70 and (magnetic) vectors

in the 21 of SL(7), two-forms in the 7 and a singlet three-form. Although these SL(7)

representations follow straightforwardly from (2.3), the actual dependence (2.13)–(2.15)

of the SL(7)–covariant vectors and tensors (2.16) on the fields (2.3) involves a non-trivial

analysis of the supersymmetry variations. The redefined fields (2.13)–(2.15) now satisy

SL(6)–covariant supersymmetry transformations that are compatible with the D = 4 ten-

sor hierarchy. Moreover, these SL(6)–covariant supersymmetry variations can be grouped

up into SL(7)–covariant transformations, of course also compatible with the D = 4 tensor

hierarchy, in a way consistent with the allocations (2.16). This match provides a consis-

tency check on our calculations. Here we only give the final result –further details can be

found in appendix C. The SL(7)–covariant supersymmetry transformations of the fields

(2.16) are
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variations come out naturally written in the SL(8) basis, see e.g. (C.3) of [23]. ag: We
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9

These	 can	 be	 rearranged	 into	 representations	 of	 SL(7)	 	 	 [	 index	 I ]

and three-form

Cµ⌫⇢
88 ⌘ Aµ⌫⇢ � C[µ

m8C⌫
n8 C̃⇢]mn + C[µ

m8C⌫
78 C̃⇢]m7 + 3C[µ

78C⌫⇢]7
8 . (2.15)

Similar redefinitions were first considered in a type IIB context in [9]; see also [10]. See

appendix D for the group theory behind these redefinitions.

The SL(6)–covariant fields (2.13)–(2.15) can be grouped into the SL(7)–covariant com-

binations

Cµ
I8 = (Cµ

m8 , Cµ
78) , C̃µ IJ = (C̃µmn , C̃µm7) , Cµ⌫I

8 = (Cµ⌫m
8 , Cµ⌫ 7

8) , Cµ⌫⇢
88,(2.16)

with C̃µ IJ ⌘ C̃µ [IJ ]. We thus obtain (electric) vectors in the 70 and (magnetic) vectors

in the 21 of SL(7), two-forms in the 7 and a singlet three-form. Although these SL(7)

representations follow straightforwardly from (2.3), the actual dependence (2.13)–(2.15)

of the SL(7)–covariant vectors and tensors (2.16) on the fields (2.3) involves a non-trivial

analysis of the supersymmetry variations. The redefined fields (2.13)–(2.15) now satisy

SL(6)–covariant supersymmetry transformations that are compatible with the D = 4 ten-
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embedding tensor formalism [31] upon selecting the relevant representations in the branch-

ing of their E7(7)–covariant formulae under SL(7). The variation of the three-form agrees

with a singlet extracted from the E7(7)–covariant expression proposed in [23]. All these

variations come out naturally written in the SL(8) basis, see e.g. (C.3) of [23]. ag: We

haven’t presented the SUSY transfs in the SL(8) basis in the 4D paper.

We have written the variations (2.17)–(2.20) in terms of the spinor �ABC defined in
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Like	 those	 of	 the	 tensor	 hierarchy	 !!



…	 given	 in	 terms	 of	 a	 generalised	 vielbein

and similarly for their conjugates with upper SU(8) indices AB. These can respectively

be read o↵ already from the vector variations (2.10) as the coe�cient of the ✏̄A  B
µ terms:

V m8
AB = 1

4 �
� 1

2 ea
m(C�a)AB ,

V 78
AB = 1

4 e
� 3

4 �̂�� 1
2 (C�7)AB � V m8

AB Am ,

Ṽm7AB = 1
4 e

1
2 �̂�� 1

2 em
a(C�a�7)AB + V n8

AB Bnm ,

ṼmnAB = 1
4 e

� 1
4 �̂�� 1

2 em
aen

b(C�ab)AB + V p8
AB(Apmn � 2Bp[mAn])

+V 78
AB Bmn + 2 Ṽ[m|7ABA|n] , (2.22)

and the ✏̄A  µB terms inside the h.c. contributions:

V m8AB = �1
4 �

� 1
2 ea

m(�aC�1)AB ,

V 78AB = �1
4 e

� 3
4 �̂�� 1

2 (�7C
�1)AB � V m8ABAm ,

Ṽm7
AB = 1

4 e
1
2 �̂�� 1

2 em
a(�a�7C

�1)AB + V n8ABBnm ,

Ṽmn
AB = 1

4 e
� 1

4 �̂�� 1
2 em

aen
b(�abC

�1)AB + V p8AB(Apmn � 2Bp[mAn])

+V 78ABBmn + 2 Ṽ[m|7
AB A|n] . (2.23)

To summarise, the SL(7)–covariant bosonic field content that arises when type IIA

supergravity is rewritten with only D = 4 local Lorentz symmetry manifest includes

1 metric : ds24 (x, y) ,

70 + 21 generalised vielbeine : V I8
AB(x, y) , ṼIJ AB(x, y) ,

70 + 21 vectors : Cµ
I8(x, y) , C̃µ IJ(x, y) ,

7 two-forms : Cµ⌫ I
8(x, y) ,

1 three-form : Cµ⌫⇢
88(x, y) . (2.24)

These depend on the SL(6)–covariant fields (2.3) that enter the IIA fields (2.2) through

(2.22) and (2.13)–(2.15). The representations shown for the generalised vielbeine corre-

spond to their SL(7) indices. Their (antisymmetric) indices AB label the 28 of SU(8).

This is in agreement with the fact that the generalised vielbeine only take values along the

combinations (B.7) of six-dimensional gamma matrices. Finally, the SU(8)–covariant IIA

fermionic field content includes

8 gravitini :  A
µ (x, y) ,

56 spin 1/2 : �ABC(x, y) . (2.25)

In (2.24), (2.25), we have explicitly restored the (x, y) dependence of these fields in order

to emphasise their ten-dimensional character.
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AB ṼIJ CD ✏̄
[A�µ⌫�

BCD] + h.c.
i
� C[µ

J8 �C̃⌫]IJ � C̃[µ| IJ �C|⌫]
J8 ,

�Cµ⌫⇢
88 =

h
4i
7 V I8

BD
�
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To summarise, the SL(7)–covariant bosonic field content that arises when type IIA

supergravity is rewritten with only D = 4 local Lorentz symmetry manifest includes

1 metric : ds24 (x, y) ,

70 + 21 generalised vielbeine : V I8
AB(x, y) , ṼIJ AB(x, y) ,

70 + 21 vectors : Cµ
I8(x, y) , C̃µ IJ(x, y) ,

7 two-forms : Cµ⌫ I
8(x, y) ,

1 three-form : Cµ⌫⇢
88(x, y) . (2.24)

These depend on the SL(6)–covariant fields (2.3) that enter the IIA fields (2.2) through

(2.22) and (2.13)–(2.15). The representations shown for the generalised vielbeine corre-

spond to their SL(7) indices. Their (antisymmetric) indices AB label the 28 of SU(8).

This is in agreement with the fact that the generalised vielbeine only take values along the

combinations (B.7) of six-dimensional gamma matrices. Finally, the SU(8)–covariant IIA

fermionic field content includes

8 gravitini :  A
µ (x, y) ,

56 spin 1/2 : �ABC(x, y) . (2.25)

In (2.24), (2.25), we have explicitly restored the (x, y) dependence of these fields in order

to emphasise their ten-dimensional character.
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3 Truncation on S6 to D = 4 N = 8 ISO(7) supergravity

Until now, all the quantities that we have introduced depend on all ten-dimensional coordi-

nates (xµ, ym). We have merely rewritten the field content and supersymmetry variations

of type IIA supergravity in terms of the ten-dimensional SO(1, 3)⇥SL(7)–covariant bosons

(2.24) and SO(1, 3) ⇥ SU(8)–covariant fermions (2.25). Now, this reformulation is espe-

cially suitable to determine truncations of type IIA supergravity down to D = 4 N = 8

gauged supergravity. In this paper, we will focus on the S6 truncation down to the ISO(7)

gauging. Sections 3.1 and 3.2 derive the KK embedding formulae at the level of the gauge

potentials. Consistency is then shown at the level of the supersymmetry transformations

in section 3.3 and at the level of the field strengths in section 3.4.

3.1 Kaluza-Klein ansatze

As we will now show, the full embedding of N = 8 ISO(7) supergravity into type IIA

becomes naturally determined in terms of the restricted tensor hierarchy introduced in

[23]. The latter contains, besides the metric and scalars, all 56 electric and magnetic

vectors, the two-forms associated to the generators of SL(7) n R7 ⇢ E7(7) and the three-

forms related to the electric components of the ISO(7) embedding tensor. All of these

fields are allocated in SL(7) representations, namely,

1 metric : ds24 (x) ,

210 + 70 + 21+ 7 coset representatives : VIJ ij(x) , VI8 ij(x) , ṼIJ
ij(x) , ṼI8

ij(x) ,

210 + 70 + 21+ 7 vectors : Aµ
IJ(x) , Aµ

I(x) , Ãµ IJ(x) , Ãµ I(x) ,

48+ 70 two-forms : Bµ⌫ I
J(x) , Bµ⌫

I(x) ,

280 three-forms : Cµ⌫⇢IJ(x) , (3.1)

along with the SU(8)–covariant fermions

8 gravitini :  i
µ(x) ,

56 spin 1/2 : �ijk(x) . (3.2)

We have explicitly written the x dependence in order to emphasise that these are four-

dimensional fields. The supersymmetry transformations and field equations of these fields

close among themselves for the ISO(7) gauging [23]. Thus, for this gauging, these fields

define a consistent subsector, still N = 8 but only SL(7)–covariant, of the full N = 8

E7(7)–covariant tensor [32, 33] and duality [34] hierarchies of four-dimensional maximal

supergravity.

The SL(7) representations that appear in the D = 4 field content (3.1) di↵er from

those that arise in the rewrite (2.24) of type IIA with only D = 4 local Lorentz symme-

try manifest. For example, while (3.1) contains all 56 (electric and magnetic) vectors of

maximal supergravity, the IIA rewrite (2.24) only contains 70 (electric) and 21 (magnetic)

vectors. More subtle is the fact that the IIA rewrite (2.24) contains two-forms in the 7

of SL(7), while the D = 4 field content (3.1) includes two-forms in the 70, along with
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that	 is	 to	 be	 connected	 with	 the	 SL(7)-covariant	 4D	 fields	 of	 the	 tensor	 hierarchy	 :

>	 This	 connection	 is	 established	 by	 using	 geometrical	 data	 of	 the	 S6	 !!	 



✱	 Step	 3	 :	 Connecting	 4D	 [SL(7)]	 and	 10D	 [SL(6)]	 fields	 using	 the	 S6	 geometrical	 data	 
in	 the	 dressing	 up	 process

the 48. The 7 and 70 conjugate representations of SL(7) are inequivalent. Accordingly,

the respective two-forms have di↵erent supersymmetry transformations: compare (2.19)

above to the second equation in (2.38) of [23]. ag: The case of the three-forms is

even more dramatic!!

Both sets of fields are related by a KK ansatz, namely, a linear relation between the

IIA fields (2.24), the D = 4 fields (3.1) and tensors on S6 in SL(7)⇥SL(7) representations,

with the representations of the left and right SL(7) factors respectively matching those of

the IIA and D = 4 fields. For the type IIA case at hand, the KK ansatz can equivalently,

but more naturally, be given for the SL(6)–covariant IIA fields (2.13)–(2.15) in terms of

the D = 4 SL(7) fields (3.1) and tensors on S6 in SL(6)⇥ SL(7) representations. We will

proceed this way. Besides trivial constants, these tensors turn out to be exclusively given

by combinations of the coordinates µI(y) (in the (1,70)) that embed S6 into R7 and their

derivatives @mµI (in the (6,70)) with respect to the S6 angles ym. Further combinations

of those include e.g. the Killing vectors Km
IJ (in the (60,21)) of the round metric g̊mn(y)

on S6; and their derivatives KIJ
mn (in the (15,210)). See appendix E.1 for our conventions

for these quantities. Of course, these tensors on S6 can also be regarded as SO(6)⇥SO(7)

tensors, for which indices are raised and lowered with the S6 and R7 metrics g̊mn(y) and

�IJ so that conjugate representations become equivalent (and possibly reducible). For this

reason, we will write interchangeably µI and µI , etc. In contrast, the indices m,n, . . . in

the IIA fields (2.13)–(2.15) and I, J, . . . in the D = 4 fields (3.1) are exclusively SL(6) and

SL(7) indices. Thus, they cannot be raised or lowered (conjugate representations are not

equivalent, see the comment above about the two-forms). Finally, a (singular) five-form

potential for the S6 volume form would appear in the KK ansatze for the dual fields [27, 10]

of the democratic formulation [48] of type IIA. Since we do not use such formulation, that

form does not play a role in this paper.

Following this discussion, for the embedding of the D = 4 metric (3.1) into the metric

in (2.24) we simply declare

ds24(x, y) = ds24(x) , (3.3)

and similarly for the vielbein eµ
↵. For the 60 + 1+ 15+ 6 SL(6) vectors (2.13), we write

the following ansatz,

Cµ
m8(x, y) = 1

2 g K
m
IJ(y)Aµ

IJ(x) , Cµ
78(x, y) = �µI(y)Aµ

I(x) ,

C̃µmn(x, y) =
1
4 K

IJ
mn(y) Ãµ IJ(x) , C̃µm7(x, y) = �g�1 (@mµI)(y) Ãµ I(x) , (3.4)

which preserves the electric and magnetic character on both sides of the equations. The

ansatz for Cµ
m8(x, y) is the well-known KK expression that relates, in the case at hand,

the electric SO(7) gauge fields Aµ
IJ to the isometries of the compatifying S6 generated by

the Killing vectors Km
IJ(y). The ansatz for the magnetic C̃µmn has recently appeared, in

a D = 11 on S7 context, in [5].

Moving to the 6+ 1 two-forms (2.14), we write

Cµ⌫m
8(x, y) = �g�1 (µI@mµJ)(y)Bµ⌫ J

I(x) , Cµ⌫ 7
8(x, y) = µI(y)Bµ⌫

I(x) . (3.5)
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12Note that µI@mµJ can be assigned to the (6,48) of SL(6) ⇥ SL(7) since it is traceless in

IJ . To conclude with the ansatze for the purely bosonic fields, we write

Cµ⌫⇢
88(x, y) = (µIµJ)(y) Cµ⌫⇢IJ(x) , (3.6)

for the three-form (2.15).

The generalised vielbeine (2.23) have both SL(6) indices m,n = 1, . . . , 6 and SU(8)

indices A,B = 1, . . . , 8. The former are rotated into the SL(7) indices of the D = 4

E7(7)/SU(8) coset representatives (3.1) with the same SL(6) ⇥ SL(7) tensors on S6 that

appear in the vector ansatze (3.4). The SU(8) indices are rotated into the D = 4 SU(8)

indices i, j = 1, . . . , 8 in (3.2) with the Killing spinors ⌘Ai (y) on S6:

V m8AB(x, y) = 1
2 g K

m
IJ(y) ⌘

A
i (y) ⌘

B
j (y)VIJ ij(x) ,

V 78AB(x, y) = �µI(y) ⌘
A
i (y) ⌘

B
j (y)VI8 ij(x) ,

Ṽmn
AB(x, y) = 1

4 K
IJ
mn(y) ⌘

A
i (y) ⌘

B
j (y) ṼIJ

ij(x) ,

Ṽm7
AB(x, y) = �g�1 (@mµI)(y) ⌘Ai (y) ⌘

B
j (y) ṼI8

ij(x) , (3.7)

and similarly for the conjugates (2.22) with lower SU(8) indices. We have omitted on

all four right-hand-sides in (3.7) additional scalar-dependent SU(8) rotations. These have

been discussed at length in [4, 49]. Finally, the KK ansatz for the fermions is

 A
µ (x, y) = ⌘Ai (y) 

i
µ(x) , �ABC(x, y) = ⌘Ai (y) ⌘

B
j (y) ⌘

C
k (y)�

ijk(x) , (3.8)

and similarly for the supersymmetry parameter ✏A(x, y).

While the electric coupling constant g of dyonic ISO(7) supergravity appears in the KK

ansatze (3.3)–(3.8), the magnetic coupling m does not. In particular, the generalised viel-

bein V m8(x, y) in (3.7) is independent of m. The ‘Cli↵ord property’ issue that prevented

[5] the embedding of the dyonic SO(8) gauging [21] (at least within the SL(8) frame3)

in D = 11 is thus circumvented by our construction. Also, one might have naively ex-

pected the magnetic vector Ãµ I to descend from C̃µm7 with strength m, rather than g�1.

Incidentally, the non-analytic dependece of this and other of the above expressions on g

restricts the validity of these KK ansatze to g 6= 0. This is related to the fact that g�1 is

related to the radius of the compactifying S6 and therefore needs to be non-vanishing. See

section 5 for further comments on the g = 0 case. Finally, we have fixed the coe�cients

in (3.3)–(3.7) by solving the field equations in various invariant sectors, including the G2

(see section 4.1) and SU(3) sectors, and then imposing the IIA equations of motion. In

particular, the SU(3) ⇥ U(1)–invariant N = 2 AdS4 solution of [19] fixes some of these

coe�cients.

3.2 The full non-linear embedding

In order to find the full non-linear embedding of ISO(7) supergravity into type IIA, we

need to bring the KK ansatze that we have just proposed into the ten-dimensional bosons

3See [50] for a more general no-go result.
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V m8AB(x, y) = 1
2 g K

m
IJ(y) ⌘

A
i (y) ⌘

B
j (y)VIJ ij(x) ,

V 78AB(x, y) = �µI(y) ⌘
A
i (y) ⌘

B
j (y)VI8 ij(x) ,

Ṽmn
AB(x, y) = 1

4 K
IJ
mn(y) ⌘

A
i (y) ⌘

B
j (y) ṼIJ

ij(x) ,

Ṽm7
AB(x, y) = �g�1 (@mµI)(y) ⌘Ai (y) ⌘

B
j (y) ṼI8

ij(x) , (3.7)
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i
µ(x) , �ABC(x, y) = ⌘Ai (y) ⌘

B
j (y) ⌘

C
k (y)�

ijk(x) , (3.8)
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✦  S6	 geometrical	 data	 :	 embedding	 coordinates	 	 	 	 	 ,	 Killing	 vectors	 	 	 	 	 	 	 	 and	 tensors	 	 	 	 µI Km
IJ Kmn

IJ



✱	 Step	 4	 :	 Plug	 and	 play…	 so	 that	 the	 final	 embedding	 of	 ISO(7)c	 into	 type	 IIA	 is

(2.2) and fermions (2.5). We will focus on the bosonic fields. Equations (2.13)–(2.15) can

be easily inverted to solve for the fields that enter (2.2) in terms of the tensor-hierarchy-

compatible fields. Expressing the latter through the KK ansatze (3.4)–(3.6), we obtain the

following expressions for the vectors,

Bµ
m = 1

2 g K
m
IJ Aµ

IJ ,

Aµ = �µI Aµ
I ,

Aµmn = 1
4 K

IJ
mn Ãµ IJ � µI BmnAµ

I ,

Bµm = �g�1 (@mµI) Ãµ I , (3.9)

two-forms,

Aµ⌫m = g�1 (µI@mµJ)
⇣
Bµ⌫ J

I +A[µ
IKÃ⌫]KJ +A[µ

IÃ⌫]J

⌘
,

Bµ⌫ = �µI
�Bµ⌫

I +A[µ
IJÃ⌫]J

�
, (3.10)

and three-form,

Aµ⌫⇢ = µIµJ

⇣
Cµ⌫⇢IJ + 3A[µ

IB⌫⇢]
J +A[µ

IKA⌫
JLÃ⇢]KL +A[µ

IA⌫
JKÃ⇢]K

⌘
. (3.11)

In these expressions we have again dropped the labels (x, y) on the left-hand-sides and (x)

and (y) on the right-hand-sides. In order to simplify them, we have used some tensorial

identities on S6, including (E.3), (E.5). Now, bringing (3.3) and (3.9)–(3.11) to (2.2)

and performing some further simplifications of the same type, we finally obtain the full

non-linear embedding of ISO(7) supergravity into type IIA:

dŝ210 = ��1 ds24 + gmnDymDyn ,

Â(3) = µIµJ
�CIJ +AI ^ BJ + 1

6AIK ^AJL ^ ÃKL + 1
6AI ^AJK ^ ÃK

�

+ g�1
�BJ

I + 1
2AIK ^ ÃKJ + 1

2AI ^ ÃJ
� ^ µIDµJ + 1

2g
�2 ÃIJ ^DµI ^DµJ

� 1
2 µI BmnAI ^Dym ^Dyn + 1

6AmnpDym ^Dyn ^Dyp ,

B̂(2) = �µI
�BI + 1

2AIJ ^ ÃJ
�� g�1 ÃI ^DµI + 1

2BmnDym ^Dyn ,

Â(1) = �µI AI +AmDym . (3.12)

Here, we have defined the covariant derivatives

Dym ⌘ dym + 1
2 g K

m
IJ AIJ , DµI ⌘ dµI � gAIJµJ , (3.13)

which feature only the vectors AIJ that gauge SO(7) electrically. The expressions for dŝ210,

B̂(2) and Â1 have already appeared in [19]. The expression for the Ramond-Ramond three-

form Â(3) appears here for the first time. Here we have also provided a detailed derivation

of these formulae, and will show their consistency in sections 3.3 and 3.4. Although the

KK ansatze (3.4)–(3.6) relate linearly the tensor-hierarchy-compatible IIA fields (2.24) to
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where	 we	 have	 defined	 :	 	 

The	 scalars	 are	 embedded	 as

gmn = 1
4 g

2 �MIJ KL Km
IJ Kn

KL , Bmn = � 1
2 � gmp K

p
IJ @nµK MIJ

K8 ,

Am = 1
2 g� gmn Kn

IJ µK MIJ K8 , Amnp = 1
8 g� gmq K

q
IJ KKL

np MIJ
KL +AmBnp .



• Computing	 the	 10D	 field	 strengths	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ,	 etc.	 	 one	 finds	 

which	 are	 expressed	 in	 terms	 of	 the	 4D	 tensor	 hierarchy.	 The	 parameter	 m	 only	 appears	 through	 

standard	 Romans’	 redefinitions	 of	 	      	 	 	 in	 10D	 	 (formulas	 also	 valid	 for	 massless	 IIA)

Remarks and consistency checks

• 10D	 (bosonic)	 SUSY	 transformations	 exactly	 reduce	 to	 those	 of	 the	 4D	 tensor	 hierarchy.

3.4 Consistency: field strengths and duality hierarchy

The di↵erent embeddings, in either massless or massive type IIA, of the electric or dyonic

ISO(7) gauging are distinguished by gauging-dependent quantities, for example the field

strengths. This was already discussed in [19] so we will be brief. Our main, two-fold

purpose here to compute the field strengths is actually di↵erent. On the one hand, we

will show the consistency of the truncation at the level of the Bianchi identities. On the

other hand, we will use the restricted duality hierarchy discussed in [23] to express the

embedding in terms of independent D = 4 degrees of freedom. This will allow us, in

particular, to find closed expressions for the Freund-Rubin term.

The field strengths corresponding to the IIA form potentials (3.12) can be computed

using the definitions (A.4). A lengthy calculation shows that these are given by

F̂(4) = µIµJ HIJ
(4) + g�1H(3) J

I ^ µIDµJ + 1
2 g

�2 H̃(2)IJ ^DµI ^DµJ + . . . ,

Ĥ(3) = �µI HI
(3) � g�1 H̃(2)I ^DµI + . . . ,

F̂(2) = �µIHI
(2) + g�1

�
g �IJ AJ �m ÃI

� ^DµI + . . . , (3.26)

The dots stand for terms containing D = 4 scalars: either scalars multiplying four-

dimensional vector field strengths or covariant derivatives of scalars. In particular, the

terms in F̂(2) that depend on bare vectors AJ , ÃI combine into covariant derivatives of

scalars with other terms not shown. Here, HIJ
(4), H(3)J

I , etc., turn out to coincide with the

field strengths of the restricted D = 4 N = 8 tensor hierarchy (3.1), given in (2.7)–(2.9)

of [23], of either electric (if m = 0) or dyonic (if m 6= 0) ISO(7) supergravity, provided the

D = 10 Romans mass and the D = 4 magnetic coupling are indeed identified as in (A.2).

These field strengths (except HIJ
(4)) were computed in [23] using the D = 4 embedding

tensor formalism [31, 34]. The fact that we can now reproduce them from a di↵erent,

D = 10 route provides a self-consistency check.

The Bianchi identities can now be seen to hold consistently: when the field strengths

(3.26) are inserted into the type IIA Bianchi identities (A.3), all S6 dependence drops out

and one is left with

DHIJ
(2) = 0 , DHI

(2) = mHI
(3) , DH̃(2)IJ = �2 gH(3)[I

K �J ]K , DH̃(2)I = g �IJ HJ
(3) ,

DH(3)I
J = HJK

(2) ^ H̃(2)IK +HJ
(2) ^ H̃(2)I � 2g �IK HJK

(4) � 1
7 �

J
I (trace) ,

DHI
(3) = �HIJ

(2) ^ H̃(2)J , DHIJ
(4) ⌘ 0 .

(3.27)

These equations coincide with the Bianchi identities of the restricted, SL(7)–covariant

D = 4 tensor hierarchy (3.1), see equation (2.13) of [23]. The covariant derivatives were

defined in (2.11), (2.12) therein. The results of this and the previous subsection establish

the consistency of the truncation of (massive) type IIA supergravity on S6 to (dyonic)

ISO(7) supergravity, at the level of the supersymmetry transformations of the bosons and

the Bianchi identities of the restricted tensor hierarchy (3.1). In N = 8 supergravity, the

former should imply the equations of motion.

In any case, the Bianchi identities (3.27) do already give rise explicitly to some of the

four-dimensional equations of motion upon using the D = 4 duality hierarchy, as discussed
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which	 exactly	 matches	 the	 one	 of	 the	 4D	 tensor	 hierarchy.

F̂(p)

As discussed in the introduction, maximal supergravities in dimensions 4, 7 and 5

with SO(8) [1], SO(5) [2] and SO(6) [3] gaugings are very useful to study holographically

consistent sectors of the M2, M5 and D3 brane superconformal field theories. Similarly,

the dyonic ISO(7) gauging in D = 4 will be relevant to the study of superconformal phases,

with reduced supersymmetry, of the D2-brane field theory. The Romans mass induces a

Chern-Simons term on the D2-brane worldvolume, and this triggers flows from N = 8

three-dimensional super-Yang-Mills to the type of superconformal Chern-Simons-matter

theories discussed in [65]. A precise holographic match was given in [19]. See [66] for

further related work. It would be interesting to construct these flows holographically in

dyonically gauged ISO(7) supergravity.

We will return to these interesting questions in future research.
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A Massive type IIA supergravity

We follow the conventions of [55] for massive type IIA supergravity [20], with the NS fields

denoted here as Ĥ3 = dB̂(2). In these conventions, the Einstein frame Lagrangian for the

the bosonic sector reads

2̂2L10 = R̂ v̂ol10 +
1
2d�̂ ^ ⇤̂d�̂� 1

2e
3
2 �̂ F̂(2) ^ ⇤̂F̂(2) +

1
2e

��̂ Ĥ(3) ^ ⇤̂Ĥ(3) � 1
2e

1
2 �̂ F̂(4) ^ ⇤̂F̂(4)

�1
2(dÂ(3))

2 ^ B̂(2) � 1
6mdÂ(3) ^ (B̂(2))

3 � 1
40m

2 (B̂(2))
5 � 1

2m
2 e

5
2 �̂ v̂ol10 , (A.1)

where R̂, v̂ol10 and ⇤̂ are the ten-dimensional Ricci scalar, volume form and Hodge dual,

the subscripts indicate the degree of the forms, (dÂ(3))2 ⌘ dÂ(3)^dÂ(3), etc., and hats over

all quantities are used to emphasise their 10-dimensional character. The ten-dimensional

gravitational coupling constant is given in terms of the string length `s =
p
↵0 by 2̂2 =

(2⇡)7`8s. The dilaton is denoted by �̂ and the Romans mass by

F̂(0) ⌘ m . (A.2)

The field strengths F̂(4), Ĥ(3), F̂(2) are subject to the Bianchi identities

dF̂(4) � F̂(2) ^ Ĥ(3) = 0 , dĤ(3) = 0 , dF̂(2) �mĤ(3) = 0 , (A.3)

which can be integrated in terms of gauge potentials, Â(3), B̂(2) entering the above La-

grangian, and Â(1) as

F̂(4) = dÂ(3) + Â(1) ^ dB̂(2) +
1
2mB̂(2) ^ B̂(2) , Ĥ(3) = dB̂(2) , F̂(2) = dÂ(1) +mB̂(2).(A.4)
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Freund-Rubin term

• By	 looking	 at	 the	 RR	 field	 strength	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ,	 one	 immediately	 identifies	 the	 
Freund-Rubin	 term

NOTE:	 We	 have	 expressed	 the	 EOMs	 for	 the	 scalars	 as	 BI	 for	 the	 three-form	 field	 strengths	 of	 
the	 tensor	 hierarchy.

F̂(4) = HIJ
(4) µI µJ + ...

• At	 a	 critical	 point	 of	 V	 one	 has	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ,	 and	 the	 S6	 	 dependence	 drops	 out	 ˆF(4) = � 1

3g
V vol4 + ...

[	 see	 also	 Godazgar,	 Godazgar,	 Krueger	 &	 Nicolai	 ’15 ]	 

[	 Freund	 &	 Rubin ’80 ]

field strength H̃(4)) related to the magnetic component of the D = 4 ISO(7) embedding

tensor. The dualisation conditions for H(3) and H̃(4) were given in (2.25) of [23]. The

four-form field strengths HIJ
(4), H̃(4) and the scalar potential V of ISO(7) supergravity are

related through [23]

g �IJ HIJ
(4) +m H̃(4) = �2V vol4 . (3.34)

Now, some manipulation of the Bianchi identities (3.27), (3.33) and the relation (3.34)

allows us to derive the following expression for the Freund-Rubin term HIJ
(4) µI µJ :

HIJ
(4) µI µJ =�1

3 g
�1 V vol4 +

1
84 g

�1
�
DH(3) � 7HIJ

(2) ^ H̃(2)IJ � 7HI
(2) ^ H̃(2)I

�

�1
2 g

�1
�
DH(3)I

J �HJK
(2) ^ H̃(2)IK �HJ

(2) ^ H̃(2)I
�
µIµJ ,

(3.35)

in terms of the scalar potential, the vector field strengths and the EOM’s of the scalars

(in the spirit of [Nicolai]). The latter enter (3.35) dualised into Bianchi identities of the

corresponding two-form potentials (see sec. 2.4 of [23]). This expression is valid for arbi-

trary values of the D = 4 metric, electric vector field strengths and scalars upon use of

equations (3.28)–(3.32) above and (2.25) of [23]. It is of course an exact expression –it

does not rely on any approximation whatsoever. Some terms in this expression depend

on the coordinates of S6 through the combination µIµJ . At a critical point of the scalar

potential, H(3)I
J = H(3) = HIJ

(2) = HI
(2) = H̃(2)IJ = H̃(2)I = 0 and (3.35) reduces to

HIJ
(4)|0 µI µJ = �1

3 g
�1 V0 vol4 , (3.36)

where |0 and V0 denote evaluation at a critical point. The r.h.s. of (3.36) becomes a

constant, independent of the S6 coordinates, and so must be the l.h.s. This is indeed the

case: at a critical point, one has

HIJ
(4)|0 = 1

7 �
IJ �KLHKL

(4) |0 , (3.37)

(see (2.31) of [23]) and the contraction with µIµJ becomes independent of the sphere

coordinates upon using the defining relation (E.1). Thus, at a critical point of the D = 4

scalar potential, the Freund-Rubin term becomes constant (as required by the IIA Bianchi

identities) and in fact proportional to the cosmological constant at that critical point: from

(3.36), (3.37),

U0 vol4 ⌘ 1
7 �IJ HIJ

(4)|0 = �1
3 g

�1 V0 vol4 . (3.38)

This relation can be seen to hold identically using the Bianchi identities (3.27), (3.33) and

the relation (3.34), evaluated at a critical point.

The alternative, though equivalent, rewrite of the Freund-Rubin term that we brought

to the introduction, (1.1), utilises explicitly the dualisation (3.32) of the four-form HIJ
(4)

into scalars. For this rewrite, it is appealing to introduce some notation as follows. We

find it useful to introduce a(n S6-dependent) ‘primed embedding tensor’ ⇥0
M

↵ with, for

the case at hand, only active components in the 36+ 360 of SL(8) (in fact, only the 28 of

SL(7) active, see (3.41)),

⇥0 C
[AB] D = 2 �C[A ✓0B]D , ⇥0[AB]C

D = 2 �[AD ⇠0B]C , (3.39)
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where	 we	 have	 introduced	 the	 quantities	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 and	 

A new N=2 solution of massive type IIA
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Maximal gauged supergravity in four dimensions often admits continuous or discrete

symplectic deformations that respect N = 8 supersymmetry and the gauge group [1, 2].

The simplest type of deformation introduces a dependence on a dimensionless parameter c

in the gauging-dependent couplings of the theory. The covariant derivatives, for example,

acquire a new coupling to the magnetic vectors proportional to c ,

D = d� g (A⇤ � c Ã⇤) , (1.1)

thus leading to a dyonic gauging. The role of this parameter, in a passive picture, is to tune

the electric/magnetic symplectic frame prior to introducing the gauging. In the ungauged

limit, c can be set to zero without loss of generality by a symplectic transformation.

At finite gauge coupling g, however, electric/magnetic duality is broken and the theory

typically becomes sensitive to the symplectic frame specified by c. Various aspects of this

deformation for di↵erent gauge groups have now been studied, including its e↵ect on the

vacuum structure [1, 3, 4, 5, 6], on domain-wall [7, 8, 9] and black hole solutions [10, 11, 12],

or on inflationary models [13, 14].

An immediate question is whether these N = 8 dyonic gaugings descend from higher

dimensions. This was recently answered positively when the gauge group is chosen to be

ISO(7)c ⌘ CSO(7, 0, 1)c ⌘ SO(7) n R7
c [15]. Here and often in the following, we have

followed the notation of [1] and have sticked in a subscript c to denote that ISO(7) (more

precisely, only its seven translations) is gauged dyonically. In [15, 16] we showed that

D = 4 N = 8 ISO(7)-dyonically-gauged supergravity arises as a consistent truncation of

massive type IIA supergravity [17] on the six-sphere, with the magnetic coupling constant

m ⌘ gc identified upon reduction with the Romans mass, F̂(0) = m. All solutions of the

D = 4 theory uplift to solutions of massive type IIA by the consistency of the truncation.

In particular, its vacua (all known ones are AdS) give rise to AdS4 backgrounds of massive

type IIA string theory. Quantitative evidence was also given in [15] that these AdS4 vacua

are dual to the simplest type of Chern-Simons theories with a single gauge group and

adjoint matter [18]. The answer to the question of the higher-dimensional origin of these

dyonic gaugings is of course gauge group dependent. Arguments have been recently given

[19] against an M-theory origin of the dyonic deformation [1] of the SO(8) gauging [20].

2

L2 ⌘ 2�
5
8 3�1 g�2 c

1
12 e�0 ⌘ 2

1
4 c�

5
6

•  Using	 the	 uplifting	 formulae,	 it	 is	 a	 straightforward	 exercise	 to	 obtain	 the	 10D	 embedding	 of	 

a	 4D	 critical	 point.	 An	 example	 is	 the	 N=2&U(3)	 AdS4	 point	 of	 the	 ISO(7)c	 theory	 

✦	 The	 angle	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 locally	 foliates	 S6	 	 with	 S5	 	 regarded	 as	 Hopf	 fibrations	 over	 CP20  ↵  ⇡



CFT3 candidate and matching of free energies

•  We	 propose	 and	 N=2	 Chern-Simons-matter	 theory	 with	 simple	 gauge	 group	 SU(N),	 level	 k	 and	 

only	 adjoint	 matter,	 as	 the	 CFT	 of	 the	 N=2	 massive	 IIA	 solution.

•  The	 3d	 free	 energy	 F	 =	 -Log(Z),	 where	 Z	 is	 the	 partition	 function	 on	 the	 CFT	 on	 a	 Euclidean	 S3	 
can	 be	 computed	 via	 localisation	 over	 supersymmetric	 configurations
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While electromagnetic duality is a symmetry of many supergravity theories, this is not the
case for the maximal ( � = 8 ) gauged theory. It was recently shown that this rotation
leads to a one-parameter family of SO(8)� supergravities, with parameter �, and similarly
for other gauge groups, like its contraction ISO(7)� = SO(7) n R7

� . In the latter case,
only the seven tranlations are gauged dyonically and the parameter � turns out to be a
discrete (on/off) deformation [1] .
The questions arise:

Does such an electric/magnetic deformation of maximal supergravity enjoy a string/M-
theory origin, or is it just a four-dimensional feature?

For deformed supergravities with supersymmetric anti-de-Sitter vacua (AdS), are these
AdS4/CFT3-dual to any identifiable three-dimensional superconformal field theory?

Electric/magnetic duality in maximal supergravity

• Using the embedding tensor formalism [3] , the (bosonic) Lagrangian of the dyonic
ISO(7)-gauged theory contains scalars �MN(φ) parameterising E7(7)/SU(8), electric
vectors (�IJ = �[IJ ] � �I) , magnetic vectors �̃I , two-form fields � I and the metric �µν .
It reads

� = R vol4 − 1
48 D�MN ∧ ∗D�MN + 1

2 �ΛΣ �Λ
(2) ∧ ∗�Σ

(2) − 1
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− V vol4 + � �
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2 δKL �IK ∧ �JL��
�

whereM = 1� ���� 56 and I = 1� ���� 7 are fundamental E7(7) and SL(7) indices, respectively.
The index Λ = 1� ���� 28 collectively runs over the 21+7 electric field strenghts (�IJ

(2)� �I
(2)) .

The covariant derivative takes the form D = � − � �IJ �[I
K δJ ]K + � (δIJ �I − � �̃J) �8J ,

gauging dyonically the R7 ⊂ ISO(7) generators �8J . Finally, the scalar potential reads

V = �2

168 XMPRXNQS�MN
�

�PQ�RS + 7 δPS δQR
�

�

and depends on the scalars �MN , the embedding tensor XMNP(�) specifying the
dyonic gauging of ISO(7) ⊂ E7(7) , and the gauge coupling constant � .

• We can describe the dynamics of the theory by using a (restricted) SL(7)-covariant
tensor hierarchy of 4D fields. Apart from the metric and the scalars, there are

21� + 7� + 21 + 7 vectors : �IJ � �I � �̃IJ � �̃I �
48 + 7� + 1 two-forms : �I

J � � I � � �
28� + 1 three-forms : �IJ � � �

endowed with duality relations that transfer degrees of freedom among different fields
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• Closed set of Bianchi identities D�(�) and Hodge-duality relations in four dimensions.

tensor hierarchy + duality relations = duality hierarchy
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The non-linear embedding of the 4D (restricted) tensor hierarchy into the 10D type IIA
fields reads
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with the purely internal (scalar) components of the 10D fields given by
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We have used a unit radius S6 parameterised as the locus δIJ µI µJ = 1 in R7 , together
with a set of Killing vectors K�IJ = 2 �−2 µ[I∂�µJ ] and tensors K��IJ = 4 �−2 ∂[�µI∂�]µJ .
Using the round S6 metric �̊�� = �−2 δIJ ∂�µI ∂�µJ , we have also defined

∆2 ≡ det ���
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� D�� ≡ ��� + 1
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Non-linear embedding into massive IIA on S6 [4]

The Freund-Rubin term F̂(4) = �IJ
(4) µI µJ + ��� , takes the compact form
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There is an AdS4 solution of the 4D theory preserving � = 2 supersymmetry and U(3) ⊂
ISO(7) gauge symmetry, which uplifts to an analytic massive IIA solution of the form
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6 . The angle 0 ≤ α ≤ π locally foliates S6

with S5 leaves regarded as Hopf fibrations over CP2, with fibers squashed as a function of
α . Also, J is the Kähler form of CP2 and η = �ψ + σ with 0 ≤ ψ ≤ 2π a coordinate along
the fiber and �σ = 2J .

A new � = 2 solution of massive IIA [5]

• We propose an � = 2 Chern-Simons-matter theory with simple gauge group SU(N),
level � and only adjoint matter, as the CFT dual of the � = 2 massive IIA solution. The
3d free energy F = − log Z , where Z is the partition function of the CFT on a Euclidean
S3, can be computed via localisation over supersymmetric configurations [6]
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where λ� are the Coulom branch parameters. In the N � � limit, the result for the free
energy is given by
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• The gravitational free energy of the massive IIA solution can be computed in terms of N
using the charge quantisation condition N = −(2π��)−5 �
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for D2-branes. Denoting by �2A the warp factor in the metric of the IIA solution, one finds
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in exact agreement with the gravitational result provided the 4D/10D/3d identification

� � = F̂(0) = �/(2π��)

CFT candidate and matching of free energies [5]

where	 	 	 	 	 are	 the	 Coulomb	 branch	 parameters.	 	 In	 the	 	 	 	 	 	 	 	 	 	 	 	 	 limit,	 the	 result	 is	 given	 by
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While electromagnetic duality is a symmetry of many supergravity theories, this is not the
case for the maximal ( � = 8 ) gauged theory. It was recently shown that this rotation
leads to a one-parameter family of SO(8)� supergravities, with parameter �, and similarly
for other gauge groups, like its contraction ISO(7)� = SO(7) n R7

� . In the latter case,
only the seven tranlations are gauged dyonically and the parameter � turns out to be a
discrete (on/off) deformation [1] .
The questions arise:

Does such an electric/magnetic deformation of maximal supergravity enjoy a string/M-
theory origin, or is it just a four-dimensional feature?

For deformed supergravities with supersymmetric anti-de-Sitter vacua (AdS), are these
AdS4/CFT3-dual to any identifiable three-dimensional superconformal field theory?

Electric/magnetic duality in maximal supergravity

• Using the embedding tensor formalism [3] , the (bosonic) Lagrangian of the dyonic
ISO(7)-gauged theory contains scalars �MN(φ) parameterising E7(7)/SU(8), electric
vectors (�IJ = �[IJ ] � �I) , magnetic vectors �̃I , two-form fields � I and the metric �µν .
It reads
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whereM = 1� ���� 56 and I = 1� ���� 7 are fundamental E7(7) and SL(7) indices, respectively.
The index Λ = 1� ���� 28 collectively runs over the 21+7 electric field strenghts (�IJ
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The covariant derivative takes the form D = � − � �IJ �[I
K δJ ]K + � (δIJ �I − � �̃J) �8J ,

gauging dyonically the R7 ⊂ ISO(7) generators �8J . Finally, the scalar potential reads
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and depends on the scalars �MN , the embedding tensor XMNP(�) specifying the
dyonic gauging of ISO(7) ⊂ E7(7) , and the gauge coupling constant � .

• We can describe the dynamics of the theory by using a (restricted) SL(7)-covariant
tensor hierarchy of 4D fields. Apart from the metric and the scalars, there are
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• Closed set of Bianchi identities D�(�) and Hodge-duality relations in four dimensions.
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We have used a unit radius S6 parameterised as the locus δIJ µI µJ = 1 in R7 , together
with a set of Killing vectors K�IJ = 2 �−2 µ[I∂�µJ ] and tensors K��IJ = 4 �−2 ∂[�µI∂�]µJ .
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Non-linear embedding into massive IIA on S6 [4]
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There is an AdS4 solution of the 4D theory preserving � = 2 supersymmetry and U(3) ⊂
ISO(7) gauge symmetry, which uplifts to an analytic massive IIA solution of the form
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6 . The angle 0 ≤ α ≤ π locally foliates S6

with S5 leaves regarded as Hopf fibrations over CP2, with fibers squashed as a function of
α . Also, J is the Kähler form of CP2 and η = �ψ + σ with 0 ≤ ψ ≤ 2π a coordinate along
the fiber and �σ = 2J .

A new � = 2 solution of massive IIA [5]

• We propose an � = 2 Chern-Simons-matter theory with simple gauge group SU(N),
level � and only adjoint matter, as the CFT dual of the � = 2 massive IIA solution. The
3d free energy F = − log Z , where Z is the partition function of the CFT on a Euclidean
S3, can be computed via localisation over supersymmetric configurations [6]
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where λ� are the Coulom branch parameters. In the N � � limit, the result for the free
energy is given by
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• The gravitational free energy of the massive IIA solution can be computed in terms of N
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in exact agreement with the gravitational result provided the 4D/10D/3d identification
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CFT candidate and matching of free energies [5]
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While electromagnetic duality is a symmetry of many supergravity theories, this is not the
case for the maximal ( � = 8 ) gauged theory. It was recently shown that this rotation
leads to a one-parameter family of SO(8)� supergravities, with parameter �, and similarly
for other gauge groups, like its contraction ISO(7)� = SO(7) n R7

� . In the latter case,
only the seven tranlations are gauged dyonically and the parameter � turns out to be a
discrete (on/off) deformation [1] .
The questions arise:

Does such an electric/magnetic deformation of maximal supergravity enjoy a string/M-
theory origin, or is it just a four-dimensional feature?

For deformed supergravities with supersymmetric anti-de-Sitter vacua (AdS), are these
AdS4/CFT3-dual to any identifiable three-dimensional superconformal field theory?

Electric/magnetic duality in maximal supergravity

• Using the embedding tensor formalism [3] , the (bosonic) Lagrangian of the dyonic
ISO(7)-gauged theory contains scalars �MN(φ) parameterising E7(7)/SU(8), electric
vectors (�IJ = �[IJ ] � �I) , magnetic vectors �̃I , two-form fields � I and the metric �µν .
It reads
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whereM = 1� ���� 56 and I = 1� ���� 7 are fundamental E7(7) and SL(7) indices, respectively.
The index Λ = 1� ���� 28 collectively runs over the 21+7 electric field strenghts (�IJ
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(2)) .

The covariant derivative takes the form D = � − � �IJ �[I
K δJ ]K + � (δIJ �I − � �̃J) �8J ,

gauging dyonically the R7 ⊂ ISO(7) generators �8J . Finally, the scalar potential reads
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and depends on the scalars �MN , the embedding tensor XMNP(�) specifying the
dyonic gauging of ISO(7) ⊂ E7(7) , and the gauge coupling constant � .

• We can describe the dynamics of the theory by using a (restricted) SL(7)-covariant
tensor hierarchy of 4D fields. Apart from the metric and the scalars, there are
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• Closed set of Bianchi identities D�(�) and Hodge-duality relations in four dimensions.

tensor hierarchy + duality relations = duality hierarchy
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The non-linear embedding of the 4D (restricted) tensor hierarchy into the 10D type IIA
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Â(1) = −µI �I + A� D�� �
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We have used a unit radius S6 parameterised as the locus δIJ µI µJ = 1 in R7 , together
with a set of Killing vectors K�IJ = 2 �−2 µ[I∂�µJ ] and tensors K��IJ = 4 �−2 ∂[�µI∂�]µJ .
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There is an AdS4 solution of the 4D theory preserving � = 2 supersymmetry and U(3) ⊂
ISO(7) gauge symmetry, which uplifts to an analytic massive IIA solution of the form
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√

2 L2 �
1
2φ0 sin3 α

�
3 + cos 2α

�2 J ∧ �α �

L−1 �
3
4φ0 F̂(2) = −4

√
6 sin2 α cos α�

3 + cos 2α
��

5 + cos 2α
� J − 3

√
6

�
3 − cos 2α

�
�
5 + cos 2α

�2 sin α �α ∧ ⌘ �

L−3 �
1
4φ0 F̂(4) = 6 vol4

+ 12
√

3 7 + 3 cos 2α
�
3 + cos 2α

�2 sin4 α volCP2 + 18
√

3 (9 + cos 2α) sin3 α cos α�
3 + cos 2α

��
5 + cos 2α

� J ∧ �α ∧ ⌘ �

with L2 ≡ 2−5
8 3−1 �−2 �

1
12 and �φ0 ≡ 2

1
4 �−5

6 . The angle 0 ≤ α ≤ π locally foliates S6

with S5 leaves regarded as Hopf fibrations over CP2, with fibers squashed as a function of
α . Also, J is the Kähler form of CP2 and η = �ψ + σ with 0 ≤ ψ ≤ 2π a coordinate along
the fiber and �σ = 2J .

A new � = 2 solution of massive IIA [5]

• We propose an � = 2 Chern-Simons-matter theory with simple gauge group SU(N),
level � and only adjoint matter, as the CFT dual of the � = 2 massive IIA solution. The
3d free energy F = − log Z , where Z is the partition function of the CFT on a Euclidean
S3, can be computed via localisation over supersymmetric configurations [6]
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where λ� are the Coulom branch parameters. In the N � � limit, the result for the free
energy is given by
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• The gravitational free energy of the massive IIA solution can be computed in terms of N
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in exact agreement with the gravitational result provided the 4D/10D/3d identification
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CFT candidate and matching of free energies [5]
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While electromagnetic duality is a symmetry of many supergravity theories, this is not the
case for the maximal ( � = 8 ) gauged theory. It was recently shown that this rotation
leads to a one-parameter family of SO(8)� supergravities, with parameter �, and similarly
for other gauge groups, like its contraction ISO(7)� = SO(7) n R7

� . In the latter case,
only the seven tranlations are gauged dyonically and the parameter � turns out to be a
discrete (on/off) deformation [1] .
The questions arise:

Does such an electric/magnetic deformation of maximal supergravity enjoy a string/M-
theory origin, or is it just a four-dimensional feature?

For deformed supergravities with supersymmetric anti-de-Sitter vacua (AdS), are these
AdS4/CFT3-dual to any identifiable three-dimensional superconformal field theory?

Electric/magnetic duality in maximal supergravity

• Using the embedding tensor formalism [3] , the (bosonic) Lagrangian of the dyonic
ISO(7)-gauged theory contains scalars �MN(φ) parameterising E7(7)/SU(8), electric
vectors (�IJ = �[IJ ] � �I) , magnetic vectors �̃I , two-form fields � I and the metric �µν .
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and depends on the scalars �MN , the embedding tensor XMNP(�) specifying the
dyonic gauging of ISO(7) ⊂ E7(7) , and the gauge coupling constant � .
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The non-linear embedding of the 4D (restricted) tensor hierarchy into the 10D type IIA
fields reads
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with the purely internal (scalar) components of the 10D fields given by
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We have used a unit radius S6 parameterised as the locus δIJ µI µJ = 1 in R7 , together
with a set of Killing vectors K�IJ = 2 �−2 µ[I∂�µJ ] and tensors K��IJ = 4 �−2 ∂[�µI∂�]µJ .
Using the round S6 metric �̊�� = �−2 δIJ ∂�µI ∂�µJ , we have also defined

∆2 ≡ det ���
det �̊��

� D�� ≡ ��� + 1
2 � K �

IJ �IJ � DµI ≡ �µI − � �IJµJ �

Non-linear embedding into massive IIA on S6 [4]

The Freund-Rubin term F̂(4) = �IJ
(4) µI µJ + ��� , takes the compact form

�IJ
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The Freund-Rubin term F̂(4) = �IJ
(4) µI µJ + ��� , takes the compact form
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There is an AdS4 solution of the 4D theory preserving � = 2 supersymmetry and U(3) ⊂
ISO(7) gauge symmetry, which uplifts to an analytic massive IIA solution of the form
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with L2 ≡ 2−5
8 3−1 �−2 �

1
12 and �φ0 ≡ 2

1
4 �−5

6 . The angle 0 ≤ α ≤ π locally foliates S6

with S5 leaves regarded as Hopf fibrations over CP2, with fibers squashed as a function of
α . Also, J is the Kähler form of CP2 and η = �ψ + σ with 0 ≤ ψ ≤ 2π a coordinate along
the fiber and �σ = 2J .

A new � = 2 solution of massive IIA [5]

• We propose an � = 2 Chern-Simons-matter theory with simple gauge group SU(N),
level � and only adjoint matter, as the CFT dual of the � = 2 massive IIA solution. The
3d free energy F = − log Z , where Z is the partition function of the CFT on a Euclidean
S3, can be computed via localisation over supersymmetric configurations [6]
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where λ� are the Coulom branch parameters. In the N � � limit, the result for the free
energy is given by

F = 313/6π
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• The gravitational free energy of the massive IIA solution can be computed in terms of N
using the charge quantisation condition N = −(2π��)−5 �

S6 �
1
2φ̂∗̂F̂(4) + B̂(2) ∧ �Â(3) + 1

6 F̂(0) B̂3
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for D2-branes. Denoting by �2A the warp factor in the metric of the IIA solution, one finds

F = 16π3

(2π��)8

�

S6
�8A vol6 = π

5 21/3 31/6 �1/3 N5/3 �

in exact agreement with the gravitational result provided the 4D/10D/3d identification

� � = F̂(0) = �/(2π��)

CFT candidate and matching of free energies [5]

provided g c = F̂(0) = k/(2⇡`s)
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Summary

4)  For	 the	 new	 N=2	 massive	 IIA	 solution,	 the	 gravitational	 and	 FT	 free	 energies	 do	 match	 provided

1)  We	 propose	 a	 new	 method	 to	 embed	 4D	 theories	 into	 10D	 that	 makes	 extensive	 use	 of	 the	 4D	 
duality	 hierarchy.	 Using	 this	 method,	 we	 have	 connected	 the	 electric-magnetic	 deformed	 N=8	 
supergravity	 with	 ISO(7)c	 	 gauging	 to	 massive	 IIA	 reductions	 on	 S6.

3)  We	 propose	 CFT3	 duals	 for	 the	 AdS4	 x	 S6	 solutions	 of	 massive	 IIA	 based	 on	 the	 D2-brane	 field	 

theory.	 In	 the	 massive	 IIA	 case,	 there	 is	 a	 CS-term	 and	 a	 superpotential	 that	 make	 the	 theory	 flowing	 
to	 a	 conformal	 phase	 (IR).	 This	 translates	 into	 the	 appearance	 of	 supersymmetric	 AdS4	 vacua	 in	 the	 
deformed	 ISO(7)c	 supergravity	 theory.

g c = F̂(0) = k/(2⇡`s)

2)  Any	 4D	 configuration	 is	 embedded	 into	 10D	 via	 the	 uplifting	 formulas.	 As	 an	 example,	 we	 have	 

found	 a	 new	 AdS4	 x	 S6	 solution	 of	 massive	 IIA	 based	 on	 an	 N=2&U(3)	 AdS4	 vacua	 in	 4D.
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Extra material



SUSY bos. sym. M2L2 stability ref.

N = 3 SO(4) 3(1±
p
3)(1) , (1±

p
3)(6) , � 9

4

(4)
, �2(18) , � 5

4

(12)
, 0(22) yes [30]

(3±
p
3)(3) , 15

4

(4)
, 3

4

(12)
, 0(6)

N = 2 U(3) (3±
p
17)(1) , � 20

9

(12)
, �2(16) , � 14

9

(18)
, 2(3) , 0(19) yes [15] , [here]

4(1) , 28
9

(6)
, 4

9

(12)
, 0(9)

N = 1 G2 (4±
p
6)(1) , � 1

6 (11±
p
6)(27) , 0(14) yes [4]

1
2 (3±

p
6)(7) , 0(14)

N = 1 SU(3) (4±
p
6)(2) , � 20

9

(12)
, �2(8) , � 8

9

(12)
, 7

9

(6)
, 0(28) yes [here]

6(1) , 28
9

(6)
, 25

9

(6)
, 2(1) , 4

9

(6)
, 0(8)

N = 0 SO(7)+ 6(1) , � 12
5

(27)
, � 6

5

(35)
, 0(7) no [3]

12
5

(7)
, 0(21)

N = 0 SO(6)+ 6(2) , �3(20) , � 3
4

(20)
, 0(28) no [3]

6(1) , 9
4

(12)
, 0(15)

N = 0 G2 6(2) , �1(54) , 0(14) yes [4]

3(14) , 0(14)

N = 0 SU(3) see (3.44) yes [here]

see (3.45)

N = 0 SU(3) see (3.46) yes [here]

see (3.47)

N = 0 SO(4) see (5.12) yes [here]

see (5.13)

Table 1: All critical points of D = 4 N = 8 dyonically-gauged-ISO(7) supergravity, that

preserve at least SU(3) and at least a certain SO(4) (see section 5) within SO(7) ⇢ ISO(7).

All points are AdS. For each point it is indicated the residual supersymmetry and bosonic

symmetry, the scalar (upper row) and vector (lower row) mass spectra with the corre-

sponding multiplicities, its stability and the reference where it was first found. See tables

3 and 4 for their location in scalar space and for their cosmological constants.

for discussions of the SU(3), G2 and an SO(4)-invariant sectors, respectively. Canonical

supersymmetric formulations are given and the critical points of the scalar potential in

these sectors are computed. Four appendices close the paper. The first two o↵er fur-

ther discussion. Appendix A contains the truncation of the N = 8 theory to yet another

subsector, with N = 1 supersymmetry and Z2 ⇥ SO(3) bosonic symmetry, relevant to

non-geometric type IIA orientifold reductions. Appendix B comments on the relation of

the SU(3)-invariant sector of the ISO(7)c theory to the N = 2 supergravity that arises

from consistent truncation of M-theory on an arbitrary Sasaki-Einstein manifold. The

last two are technical: appendix C gives some details of the construction of the N = 8

ISO(7)c theory, while appendix D gives explicit parameterisations for the supergravity

scalar kinetic matrix in the invariant sectors discussed in the main text.

4

More AdS4 critical points [here] = arXiv:1508.04432


