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& electric-magnetic deformations I

e The uniqueness of the maximal (N=8) supergravities is historically inherited from

their connection to sphere reductions

AdSs xS° (D3-brane) , AdS:ixS? (M2-brane) , AdS;xS* (Mb5-brane)

e N=8 supergravity in 4D admits a deformation parameter ¢ yielding inequivalent
theories. It is an electric/ magnetic deformation

. g = 4D gauge coupling
_a elec
[ D=0-g(A ¢ Amag) J ¢ = deformation param.

e There are two generic situations :

1) Family of SO(8). theories : ¢ =[0,v2 - 1] is a continuous param [ similar for SO(p,q). ]

2) Family of ISO(7). theories: c=0o0r1 isan (on/off) param [ same for ISO(p,q). ]

[ Dall’ Agata, Inverso, Trigiante *12 |
[ Dall’ Agata, Inverso, Marrani ’14 ]



The questions arise:

e Does such an electric/ magnetic deformation of 4D maximal supergravity enjoy a
string / M-theory origin, or is it just a 4D feature ?

Obstruction for SO(8). , cf. [ Lee, Strickland-Constable, Waldram ’15 |
[ de Wit, Nicolai 13 ]

e For deformed 4D supergravities with supersymmetric AdSs vacua, are these
AdS4/CFTs-dual to any identifiable 3d CFT ?



A new 10D /4D /3d corrcspondence

C massive [TA on §¢ « ISO(7)-gauged sugra » SU(N)r CS-SYM theory)

gc = elec/mag deformation in 4D

F(O)z Romans mass in 10D

k = Chern-Simons level in 3d

| AG, Jafferis, Varela "15 ]
[ AG, Varela "15 |

Well-established and independent dualities :
Type IIB on S°/N=4 SYM — M-theory on S7/ABJM — mlIA on S¢/SYM-CS
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' Detormed SO(8)-gauged supergravity



N =8 supergravities in 4D

e SUGRA : metric + 8 gravitini + 28 vectors + 56 dilatini + 70 scalars
(s=2) (s=3/2) (s=1) (s=1/2) (s=0)

Ungauged (abelian) supergravity: Reduction of M-theory on a torus T’
down to 4D produces N =8 supergravity with G = U(1)* [ Cremmer, Julia '79 ]

Gauged (non-abelian) supergravity: Reduction of M-theory on a sphere S7

down to 4D produces N =8 supergravity with G =S50O(8)

[ de Wit, Nicolai ‘82 ]

¥ SO(8)-gauged supergravity believed to be unique for 30 years...

.. but ... is this true?



Framework to study N =8 supergravities in 4D

[ de Wit, Samtleben, Trigiante 03, 07 ]

Gauging procedure : Part of the

group 1S promoted to a local
symmetry group G (gauging)

la=1,...,133]
Embedding tensor : It is a “selector’ specifying which (there are 133!!)

become the gauge symmetry G and, therefore, have associated gauge fields.

Formulation in terms of 56 vectors Ai‘f , though...

M=1,..,56 = 28 (elec) + 28 (mag)
Sp(56) Elec/Mag group

Redundancy!!
[ A, =AY ©,y° } !

Xm =0u" = [Xuy, Xnv]=Xun' Xp with Xun' =0n" [ty

* Closure of the gauge algebra : QMY ©,,*ON" =0
Only 28 physical l.c. of vectors!!



A family of G =S50(8) supergravities in 4D
e Choose G =SO(8)

e Solve QMN©,*0x" =0 =P One-parameter (c) family of SO(8). theories !!

[ Dall’ Agata, Inverso, Trigiante 12 |
* Immediate questions :
1) What? (Yes, surprising but true)
2) Are these c-theories equivalent?  (No)
3) Are there new AdS, solutions? (Yes)
4) Higher-dimensional origin? (Good question... )

5) AdSs/CFTs dual? (Good question too... ABJ?)
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Physical meaning in 4D : electric/ magnetic deformation

vectors

>

electric
vectors

[D :8_g(AeleC CAmag)]
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Physical meaning in 11D ...
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Holographic AdSs/CFT3 meaning ...
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[ Hull ‘84 (electric) ]

In this talk we are going to investigate the electric/magnetic

deformation of a different N=8 supergravity closely related to the
G =50(8) theory ...

... the G =1S0(7) =SO(7) x R supergravity !!

electric/ magnetic higher-dimensional Holographic
deformation origin AdSs/CFTs dual ?

v v v
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‘ Detormed ISO(7)-gauged supergravity
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A family of G =150(7) supergravities in 4D
® Choose G =150(7)

e Solve QMN©,*0x" =0 =P One-parameter (c) family of ISO(7). theories !!

[ Hull ‘84 (electric) ]
[ Dall’Agata, Inverso, Marrani "14 |

* Immediate questions :
1) What? (Yes, and still surprising)
2) Are these c-theories equivalent?  (No)
3) Are there new AdS, solutions? (Yes)
4) Higher-dimensional origin? (Yes)

5) AdSs/CFT5 dual? (Yes)
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Physical meaning in 4D = electric/ magnetic deformation

G =1ISO(7) = SO(7) x R’

-----
.....
L]
]
L]
-
L]

magnetic
vectors

\ w = Arg(1 + ic)

>

SO(7)

electric
vectors

[ D=0 — gAglgcm — g (A% — ¢ Agr mag ) }
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TM=1,..,
Deformed ISO(7). Lagrangian (m = gc) A= 115268
I=1,...7

Lhos = (R—=V)voly — 2DMyw AxDMY™ 4+ LTy H A sHT,) — 3 Ras Hiy AHD,

+ m [BI AN (Heayp — 2615B7) — L A ANAy A (A + 4 6 AT /\AJL)}

4 Setting m = 0, all the magnetic pieces in the Lagrangian disappear.

% Ingredients :

e Electric vectors (21 +7): A!Y = AU [SO(7)] and Al [ R”] with 7—[?2) — (7—[{57) , 7-[{2))
e Auxiliary magnetic vectors (7): ./Zl[ [ R”] with 7:1(2) ; field strength

e E;/SU(8) scalars : My

e Auxiliary two-forms (7) : B! [R7]

e Topological term: m | ... ]

2

e Scalar potential : V(M) = %XMNRXPQSMMP (MNCMps + 765 65)
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A truncation : Go=SU(3) invariant subsector [ Warner ‘83 ]

® Truncation : Retaining the fields and couplings which are invariant (singlets) under the
action of a subgroup G, C ISO(7)

- SU(8) R-symmetry branching : oravitiii 8 -1+1+3+3 = N=2 SUSY
- Scalars fields : 70 — 1 (x6) + non-singlets = 6 real scalars (¢, x; @, a, C, C~ )
- Vector fields : 56 — 1 (x4) + non-singlets =P  vectors (A%, A'; Ay, Ay)

e N = 2 gauged supergravity with G = U(1) x R. coupled to 1 vector & 1 hypermultiplet

Mscalar —
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The truncated Lagrangian

e The Lagrangian contains a non-dynamical tensor field BY : A=0,1

o
I

(R—V)voly + 3 [dp A *dp + €* dx A *d]
2d¢p A *dp + L €2 [D¢ A *D¢ + DC A xDC]
3 €% [Da + 5(¢D¢ — ¢DC)] A ¥[Da + 5(¢D¢ — (DY)

s Iax Hiy AxHEG — $ Rax Hiy AHG +m B AdAg + § gm B A B

+ o+ 4+

with field strengths Hjy) =dA' and Hpy =dA” + mBY .

® (Covariant derivatives :

Da=da+ gA® —mAy, , DC=d(—3¢gA'¢C , D(=d(+3gA'C

e Scalar potential : V= 1g2[e10-30(1 4 ¢20)2)3 — 1262079(1 4 ¢20x2) — 122079 p2(1 — 329y ?)
— 24e¥ +12eMTP 32 p? (14 e22x?) + 12e*19pt (1 4 3e22x?)]

— %gmxeélgb—i—?)go (12 p2 e 2X2) 1+ %mQ 64¢—|—3g0 :

2 _ 1 (2 + &) AdS critical points !!

note : p° = -
4 20



AdS, solutions [ AG, Varela ‘15 |

N GO C—1/3 0% C—1/3 4 C_1/3 0 C_1/3 e—qb ig—2 C1/3 ‘/0 M2L2
N=1 G | -gn Zpi -—gn g | “Eeao 4EVE —112VE)
N=2 1@ | -1 e 0 - —33/2 317,22
N=1 Su@ | L 22 82 52 Ryl 5 1+6,4+6
N =0 SO(6)4 0 21/6 0 =75 —325/6 6,6, 2,0
N=0 SO0 | 0 s 0 g | 6, %, -8, -8
N = Gy s Lk s ik -2 6.6, -1, —1
N=0 SU@3) | 0455 0.838  0.335  0.601 ~5.864  6.214, 5.925, 1.145, —1.284
N=0 SU@B) | 0270 0.733 0491  0.662 ~5.853  6.230, 5.905, 1.130, —1.264

4 N = 2 solution very relevant for holography !!
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‘ Massive IIA on §¢ / SYM-CS duality
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Collecting clues

® The deformed ISO(7). gauging has its SO(7) piece untouched by the deformation.
This points towards an undeformed S° description in higher dimension.

e [f the higher-dim geometry is not affected, it should then be the higher-dim theory
the one changing. The massive IIA theory by Romans proves a natural candidate.

[ Romans 86 |

e The Romans mass parameter F, (0) 18 a discrete (on/otf) deformation, exactly as the

parameter ¢ 1n the deformed ISO(7). theory.
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Embedding of ISO(7). into massive IIA supergravity

(s

Ay = prpg (C17 + AT ANBT + AR N ATE N A, + 3 AT A ATE N Ag)
+gt (B]I + %AIK A Ax g+ %AI A ./ZL]) A u[D,LLJ + %g_Q Ars A D,LLI A D,u‘]
— 3 w1 B A' A Dy™ A Dy" + 3 Ay Dy™ A Dy™ A Dy?

[ AG, Varela '15 |

\

310 =A™ dsi + gmn Dy Dy"

E(Q) = —uy (BI + %AU A le) —g YA A D,LLI + %an Dy™ N Dy"
\flm = —ur A"+ Ay, Dy™ . /

where we have defined : Dy" =dy™ +4sgKvAY Dyl =dp' —g Ay,

The scalars are embedded as

gmt = 2AMIJKLK K[n{L 3 Bin = -1 Agmp K?] an,LLK MIJKS 9

A, = 2gAgf,,,mK' ug MIJTES Apnp = 8gAgmq[(?JI(KL./\/IIJ L +A.By), .



A new N=2 solution of massive type IIA

e Using the uplifting formulae, it i1s a straightforward exercise to obtain the 10D embedding of

a 4D critical point. An example 1s the N=2&U(3) AdS4 point of the ISO(7). theory

N~

d§%0 _ g2 (3 + cos 204)
(5 + cos 2a) B

00—

3 6sin? o 9sin? o
ds2(AdS,) + 2 da? ds%(CP? 2}
[ s 4)+2 @ +3—|—C082Ck s )—|_5—|—cos2cur'7 ’

3/4 . 3
5 + cos 2 .
e? = %0 ( a) : Hzy = 24v/2 L? 3% P g 5 J Nda
3 4 cos 2« (3 + cos 205)
71 3 ﬁ’(g) N sin® o cos o (3 — COS 2a)

_ o d
(3+0052a)(5_|_CO82a) J —3V6 (5+0082a)2 sina daa A mp

L3 ei(bo F(4) = 6 voly

7+ 3 2 0] 2 .
+12V3 2008 a2 sin® & volpp2 + 18V/3 (9 + cos 2a) sin" acosa JANdaANn,
(3 + cos2a) (3 + cos2a) (5 + cos 2a)

. . 1.5
where we have introduced the quantities I.2=2"583"1g72¢z and e? =21 ¢ 6

4 The angle 0 < a < 7 locally foliates S with S° regarded as Hopf fibrations over CP?
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CFTs candidate and matching of free energies [ Schwarz 104 ]

[ Gaiotto & Tomassiello 09 ]

e We propose and N=2 Chern-Simons-matter theory with simple gauge group SU(NN), level k and
only adjoint matter, as the CFT of the N=2 massive IIA solution.

e The 3d free energy F = -Log(Z), where Z is the partition function on the CFT on a Euclidean S

can be computed via localisation over supersymmetric configurations [ Pestun 07 ] [ Jafferis 10 ]
[ Jafferis, Klebanov, Pufu, Safdi 11 ]

2 N

A 1 3 2
)) x| ] (eXP(?(§+2—ﬁ(/\i—)\j))) eiin &

dA; . 2N T
/l_l > (ZSth (T

(<j=1 i,j=1

where A; are the Coulomb branch parameters. In the N >k limit, the result is given by

136 2/3
F_ 313/ 32 PRIEINCTE
40 27

® The gravitational free energy can be computed from the warp factor in the N=2 massive I1A

solution. Using the charge quantisation condition N = —(2785)™> [ €2®4Fu + By A dAg + & Fo B2,
for the D2-brane, one finds

-3 T .
Fe (216; ; / e volg = 22133110 K113 N5 provided
TtEs S6

[ Emparan, Johnson, Myers 99 ] 26



‘ Holographic RG flows: domain-walls and black holes
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Holographic description of RG flows  Boonsira, Skenderis, Townsend 98

e RG flows are described holographically as non-AdSs solutions in gravity

e RG flows on M2-brane : SO(8)-gauged sugra from M-theory on S7

[ Ahn, Paeng 00 ] [ Ahn, Itoh "01 ]
[ Bobev, Halmagyi, Pilch, Warner "09 |

[ Cacciatori, Klemm ’09 ] I AdS. ~ AB]M
[ Halmagyi, Petrino, Zaffaroni "13 ] 7 4
[ Chimento, Klemm, Petri ’15 ] I (MZ-bI' ane)
[ Benini, Hristov, Zaffaroni 15 ’16 | f
i IR uUv
AdSsin IR : domain-wall i AdSs ~ CFT3
AdS; x X in IR : black hole - AdS; x Yo ~ CFT4

e RG flows on D3-brane : SO(6)-gauged sugra from type IIB on S°> and N=4 SYM in 4D

[ Freedman, Gubser, Pilch, Warner ’99 ]
28 [ Pilch, Warner 00 ] [ Benini, Bobev 12,713 ]



Holographic RG flows on the D2-brane of massive IIA

~

dsiy = e1? (—62Udt2 + e Var? + 62(¢_U)d312{2) + g_Qe_%gbdsgﬁ

e D2-brane: eci) — eg¢

Flgy = 5g e® 2W=U) ginh @ dt A dr A dO A do

/

1 DW
Y _ P » 4
‘ ‘ " [domain—wall]

e RG flows on D2-brane : ISO(7)-gauged sugra from type IIA on S°

IR DW.~SYM (D2-brane) IR DW.~SYM (D2-brane)
AdS, ~ CFT; * AdS, ~ CFT;
- | AdS, x H2 ~ CFT;
AdS ~ CFTs uv | uv
r r

domain-walls

” Black holes



Holographic RG flows: domain-walls

)
( D2-brane ) .
E E [N=1 & Gz)
»"'
[ N=2 & SUBXU()
v
(N=3 & SO(4) |
v
(N=1&SUQ)

\_

| AG, Tarrio, Varela "16 ]

RG flows from SYM (dotted lines) and between CFT’s (solid lines) dual to BPS

domain-wall solutions of the dyonic ISO(7)-gauged supergravity
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Holographic RG flows: black hole solutions (I)

e Black hole Anstaz

A=0,1

-~

AN = AN () dt - pt

cos /K 0
K

d¢

. 2
18 =~V 1 V0 g2 4 POUE) <d92 + () d</52>

BY =

~

N

sin v/k 0

bo(T)

VR

o A do

Ap = Aga(r)dt — eq Cosfeddﬁ )
\

Q=rL3s, QMQ"P" —4Im(ZV) ,
2

22— _9Ze W
Lags,

~

o Attractor equations [ Klemm, Petri, Rabbiosi ’16 ]

_1 1 ~ ﬁ‘\\
(i) 3’ e¢h_\/§(£)37 CLhICh—Ch_O,
3 m 2 m m
1 1 2 5 1 1 1 2
0, = h 4 2.5 73 S oph 4 -5 —2
« Unique solution : Pl gmby=E£omigTs, et oghy=EzmTsgs,
I 1 1 _a
p1==:¢3§39 : ) 61:=:t327n3£7 3,
13 Lombgl, Ll = —migh
(N=2 & U(3) AdS; vev’s) Aas, = TEmIgS Lip = g—zmiy




Holographic RG flows: black hole solutions (II) [ AG, Tarrio 17]

e Two irrelevant modes (cj,c2) when perturbing around the AdS; x H? solution in the IR

~

. AdS, x H? to DW,

. AdS, x H? to AdS.,
. AdS, x H? to Lifshitz (z=2)

. AdS, x H?2 to conf-Lifshitz

%

Kl.0>\

- RG flows across dimension from SYM or CFT3 or non-relativistic to CFT1 dual to
BPS black hole solutions of the dyonic ISO(7)-gauged supergravity

32



Summarg

e We connected the dyonic N=8 supergravity with ISO(7). gauging to massive IIA reductions on S°.

® Any 4D configuration (AdS, DW, BH) 1s embedded into 10D via the uplifting formulas. As an
example, we found an AdS4 x S solution of massive IIA based on an N=2&U(3) AdS4 vacuum.

e We proposed a CFT3 dual for the N=2 AdS4 x S° solution of massive IIA based on the D2-brane
field theory (SYM-CS). The gravitational and field theory free energies perfectly match provided

A

gc — F(o) — k/(271‘£8)

e RG flows were studied holographically : DW solutions ( CFT3-CFTz & SYM3-CFT3 )
BH solutions ( CFT:-CFT1 & SYM3-CFTi )

® Flows across dimensions : IR = unique solution of the attractor equations

UV = non-conformal, conformal and non-relativistic behaviours

® Need for an understanding in terms of the field theory on the D2-brane of mlIIA !!

33 [ Hosseini, Zaffaroni "16 |



Thanks !
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More AdS; critical points [here] = arXiv:1508.04432

SUSY  bos. sym. M?L? stability ref.

N=3 SO(4) 3(1+v3D, (1£V8)®, 90 _o0m 202 o2 e [30]
(3+v3)® 15(4)  3(12)  (6)
’ 4 Y 4 )

N=2  U@®) B+ VIT)W , 2002 908 - 18 9@ 19) yes  [15], [here]
A1) ’ 29_8(6) : 3(12) : 09
N =1 Go 4£+v6)" , —111+£6)) | 00D yes [4]
LEEVE)™ , 000
N =1 SU(3) (4 + \/6)(2) : _29_0(12) . —208) _%(12) ’ g(ﬁ') 028 ves [here]
1 28(6)  25(6) 1) 4(6) 8

6(),? , 2 72(),§ ’0()

N=0 SO(7), 6, —12G7 69 oM no 3]

12 (7) 21
= , 0( )

N=0 SO®6), 6, —320)  _3C0 (28 no 3]
1 (12) 15
6( ) 7 % , 0( )

N =0 Go 6 —161 04 yes (4]

3(14) : 0(14)

N =0 SU(3) see (3.44) yes [here]
see (3.45)

N=0 SU(3) see (3.46) yes [here]
see (3.47)

N=0 SO(4) see (5.12) yes [here]
see (5.13)
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[ de Wit, Nicolai & Samtleben 08 ]

Tensor hier ar Chy [ Bergshoeff, Hartong, Hohm, Huebscher & Ortin 09 ]

® [dea: To describe the dynamics of the full ISO(7) theory in terms of a set of p-form
fields with p = 0,1,2,3 [noLagrangian!]

e Restricted SL(7)-covariant field content [ index [/ ]

21" +7 +21+7 vectors : A AL Ay, Ap
48 + 7' two-forms : B/, B, [out of 133]
28’ three-forms : cl [out of 912]

® Two-form field strengths [ 21"+ 7"+ 21 + 7 ]

HE = dAl — gk ATE A AL

HL, = dAl — gl AV ANAK + Im AT AN A+ m Bl

Heoyrg = dA+goxgr AKEAN AL+ g0 AKANAy —mAr ANAj+ 296k By,
Hoyr = dAr— 39017 ATE N A+ 901587,

37



® Three-form field strengths [ 48 + 7" ]

Heyr! = DB + LA NdA + A7 NdA + LA A dATE + A0 A dAY
—%g 0K ATE N ALM A A]M — %g 0K, ATE A AL A .zzl]
+2g0rx ATENAEM N Apy — 201 AY A AL A AL

—%mAJK ANAr AN Ag — 29675 CTE — %51‘] (trace) ,

7-[([3) — DB — %AI‘] A d/i] — %AJ AdAY + %g 01 AT N ARE N AL 7

e Four-form field strengths [ 28" ]

HIT = DCY —HE ABr?) + HE ABD = Im BT ABT — LAKT A Ay, A dADT

FRATR N AT i, — AR 0 Ji A dAD — AR\ A
—LAT A A AdADE — LgSrer, AKT A ADM A AEN A Apsy
+590k AKUNAD NAPMA Ayp — 4965, ART A ADM N AR N Ay
—im ATE AN ATE N A N AL



Consistency checks

® (Closed set of Bianchi identities

DH{; =0, DH{,y =mH, , DH 15 = —29H(3)[1K OJIK DH 1 = g015 Hi
DHyr” = HIE N Hyrx + HL A Heyr — 2961 HIE — 167 (trace) |

I 1J ¥ 1J —
D,H(g) — _H(2) /\ H(Q)J s DH(4) = O .

® (Closed set of duality relations [right number of d.o.f] [short-hand notation]

Hors = =5 Lk * My — Tais) * Hey + 3 Ruakn My + Rinxs He,
Hear = —5Zusirr) * Hey — Zusiixs) * Hiy + 3 Rusixn Hey + Riusiixs He) -
Hesr! = —1—12(15]‘])MP Myp * DMMY — 1 67 (trace) ,

Hey' = —1—12(158[)MP Myp * DMMY

1l = S Xng® (xR MIDEN 4 (25U pEMITEN) (MPC-Mps + 7 65 67) voly

[ £’s are SL(7) xR7 generators ]
® (Closed set of SUSY transformations
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SUSY transtormations of the tensor hierarchy

("
| vectors ]
~
[ vielbein and scalars ] SA M = vy (E’iw,ﬂ' + ﬁ waijk) +h.c
oey” i €7 @bui + i e " Pui 5“4,MI - iVISij (EZ%J + 2—\1/5 Ek:WuXijk> +h.c
5VMij % VI\\/JI kl (g[z Xjkl] + % gijk:lm’npq €m anq) 5/~l,u Jg = —i )}IJz'j (?%j + 2—12 Ek’Y,UJXijk> + h.c.
S/ _ N g
0ALT = —iVIgij (&%J + ﬁ Ek’Y,uka> +h.c
.
4 D
[ two-forms ]
5B, - { B % (VIKjk TR stjk Vst 4 ]}JKjk PIKik | 9J8jk VISz'k:) o wi]
—? (VIKz'j ]}JK kl T VI8ij ]}JS k:l) E[i%uxjkl] + h.c.}
+(AK A, i + AL SA, + A SA T + Ay 7 0A0T) — L 6% (trace)
(1 v[JK [n O] [ JK O] [u] J O] 79J ;
0B = [% (V! 5k Vg™ + Vs VIF) Eﬂ[ﬂwi] + ? VI Vs @ x Y + h-C-}
—(ASA 7+ Ay g ALY
[ O] [p] J O Y]
N J

40



[ three-forms |

5CWPU — [— £ (VK(I' (V‘])le Virik + Ve v)E zk)
VK(I (VJ)Slk VKSZ 4+ VKS lk VJ i )
JrV(I|8 (V|J)Klk: Vicsin + Vics™ L )) gy /wwi]
+z\f (VK(I””’VU) [i]] VKL|kl] + PRURYIS [4]] VKSIkl]
LB PIDE P kl]) en v+ h‘cl
o]
K(I/ 4J)L it J)L KU/ 4J) ¢4 it J)
+A[,u (Ay) 5~’4p]KL + AI/KL 5Ap] ) + A[U (A,/) 5./4,0][( + AVK 5Ap] )
+ AT (ADE 5 A + Apr A7)

DK J)
=3 (B 04 + B, T 647)

/

. all scalars, vectors and the fermions should be kept !!
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Scalar potential and three-form potentials

e How does the scalar potential potential V fit in the duality hierarchy ?

[@Ma H(4)aM =2V V014J

- In our deformed ISO(7). theory, one has four-form field strengths

g1 Hig +mHu =—2V voly [ 28" + 1 of SL(7) ]
where we need the SL(7)-singlet four-form field strength H,, dual to the magnetic ET

- Consistency requires also the three-form field strength Hsy rendering H,r? traceful

He = 1—12(7588)MPMNP*DMMN,

Hay = a5 Xng" (t85)pEMerN MFLMps voly

DH. = HIIAH HL AH o7 — 20677 HL —14mH
(3) (2) @) IJ T Tl @) — 29017 1) M T4

% Extended BI’s :

3
X
I

0,

42



Derivation of the ITA embedding [ 4-step process |

% Step 1 : 10D KK decomposition that leaves 4D spacetime symmetry manifest

A(x,y)’s and B(x,y)’s fields

% Step 2 : Redefinitions of the A’s and B’s fields to conform 4D SUSY transformations

C(x,y)’s fields

% Step 3 : Connection to actual 4D fields by dressing up with S°® geometrical data

C'(z,y) = geometry(y) x C(x)

% Step 4 : Plug and play

43



[ Following prescription by de Wit & Nicolai 86,
Godazgar, Godazgar & Nicolai 13, ... ]

% Step 1 : 10D redefinitions ( KK decomp) that leave 4D spacetime symmetry manifest

Then one has : 433,

SO(1,9) — SO(1,3) x SO(6)

AL dsﬁ + Gmn (dym + Bm) (dyn + Bn) :

%Awp dz? N dx¥ N dxP + %Awm dx? A dx¥ N (dym + Bm)
+ 2 Ay d2t A (dy™ + B™) A (dy™ + B")
+ 2 Ay (dy™ + B™) A (dy™ + B™) A (dy? + B?) |

2B dz* A dx” + By da* A (dy™ + B™) + 3By (dy™ + B™) A (dy” + B") ,

Ay da + Ay (dy™ + B™)

In terms of representations of SL(6) [ index m ] :

det gmn

2,
I

det gmn

1 metric : dsi :
21+6+1+20+15 scalars : gmn,Am,(ﬁ,Amnp,an,
6'+1+15+6 vectors: B, , A,, Aumn s Bum
6+1 two-forms: Aum, Bu,

1 three-form: A, .
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% Step 2 : Non-linear field redefinitions to conform 4D SUSY transformations

- Vectors : C,umg = Bum 3 CM78 = Au 3 é’,umn = A,umn — Auan ) é,um? = B,um
- Two-forms : Cuy m8 = _A,ul/m + C«[MnS CN(y]nm + C[,u78 év]m? 3 C,LLI/ 78 = _B,Lu/ + C[,um8 C~11/]m7
- Three-form : O/u/p88 = A/u/p - C[,u,m8 Cl/nS C~1p]mn + C[umS CI/78 C~(,o]m7 +3 C[u780Vp]78

These can be rearranged into representations of SL(7) [ index [ ]

~ ~ ~

m 88
C/LIS — (Cu 87 C,u78> C/JIJ — (Cumna Cum?) C,uVIS — (Cw/m87 CMV78> CNVP

with 10D SUSY transfs: 6C, " =i V18,5 (EA%B + ﬁ ECWMXABC> + h.c.,

6C, 17 = —iVisaB (€A%B + ﬁ ECWXABC) + h.c.,

Mimicking the 4D tensor hierarchy !!
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The result 1s then a set of SL(7)-covariant 10D fields :

1 metric : ds? (z,y)
7' + 21 generalised vielbeine : V' p5(x,y), Visan(z,y) ,

7 +21 vectors : C IS(CB Y) , CM]J(ZU,y) :
7 two-forms : Cow1®(z,y)
1 three-form : Cop(z,7) -

that 1s to be connected with the SL(7)-covariant 4D fields of the tensor hierarchy :

1 metric : ds? (x) |
21' + 7' 42147 coset representatives : V9 (z), VI8 (), Vi,Y(x), Vig?(x),
21 +7 +21 47 vectors : A U(a:) ( ), Aurr(z), Aur(z),
48 + 7' two-forms : il (z), Bul(x),
28’ three-forms : w/pu :1:)

> This connection is established by using geometrical data of the S6!!
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* Step 3 : Connecting 4D [SL(7)] and 10D [SL(6)] fields using the S°® geometrical data
in a dressing up  process

4 [ vectors ] A
C.™(x,y) = 39 Ki(y) A (), C(w,y) = —pr(y) A (o)
é,umn(x7y) = ing{n(y) AMIJCU) 3 éum7(5’7ay) = _9_1 (&nﬂl)(y) Aul(aj)
N /
4 [ two-forms ] A
CMVm8($ay> =—g ! (Nlﬁm/ij)(y> B JI(@
C,uu 78 (ZC, y) — M[(y) B,ul/l(x)
\_ J 4 N

[ three-form |

O,ul/p88 (xa y) — (/L],LLJ) (y) C,W/PIJ(x)
. S/

4 S° geometrical data : embedding coordinates ,uI , Killing vectors K7 and tensors K ;5"
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% Step 4 : Plug and play... so that the final embedding of ISO(7). into type IIA 1s

( N

Ay = prpg (C17 + AT ANBT + LA N ATE N Aep, + FAT A ATE N Ag)
+g 7 (B + A ANAg s+ SATNAY) A D’ + 2972 Arg A Dt A Dp?
— % w1 By A' A Dy™ A Dy" + 3 Ay Dy™ A Dy™ A Dy?

810 = A" d34 + gmn Dy Dy"

Boy=—pur (B + A" NAy) — g7t A A D' + $Brnn Dy™ A Dy™
\Am = —ur A’ + A, Dy™ . ( /

where we have defined : Dy" =dy™ +4sgKvAY Dyl =dp' —g Ay,

The scalars are embedded as

g — 492AMIJKLK K[n{L ) Bn — _lAgmp K?] an,LLK MIJKS )

A, = 2gAgf,,,ml( LK MIJ K8 , o Apnp = 8gAgmq[(?JI(KL./\/IIJ L +A.By), .



Remarks and consistency checks

e 10D (bosonic) SUSY transformations exactly reduce to those of the 4D tensor hierarchy.

e Computing the 10D field strengths Fl, = dA,, +m By, , etc. one finds

F(4) = HIpJ 7—[{4{ +g! H s 7P AurDp? + %9_2 7:1(2)U ADu' ADu? + ... [FR parameter]
I:I(s) = —MUr 7‘[{3) - 9_1 7:[(2)1 A D,UI T

F(Q) = —M]H(IQ) +g_1 (gé[JAJ_mA]) /\DMI+ ,

which are expressed i1n terms of the 4D tensor hierarchy. The parameter m=gc only appears

through standard Romans’ redefinitions of F(p) in 10D (formulas also valid for massless 1IA)
[ Hull & Warner ’88 (electric)]

® The set of Bianchi identities of the above 10D field strengths reduces to
D%(IZ{ =0, DH(Iz) — mH(Ig) ) Dﬂ(z)IJ — _297'[(3)[IK 5J]K ) D7'~[(2)I — 9511] H(Jg) )

DH ey’ = H(ng{ NHork + H(Jg) NHeyr — 2901k 7'[(‘]45( — % &7 (trace) ,

1 1 '/ 1J —
DH(?)) — _H(z{ /\ H(Q)J 9 DH(4{ — O .

which exactly matches the one of the 4D tensor hierarchy.
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Generalised vielbein
VB = V"5,

with components

and

~

V78AB) , V[JAB — (anABa Vm?AB) ‘

=
ml
N[V
RS NY
|
N~

% eéé A" 2 ema(CFaF7)AB + VnSAB Bnm

i 6_%¢Z A_% emaenb<crab)AB + Vp8AB(Apmn o QBp[mAn]>

+ V78AB Bipn + 2 "}v[m|7 ABA|n]
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dressing up process

4 [ two-forms | A
o N\
4 [ vielbein and scalars ] Covm®(®,y) = =g (u10mp” ) () By 1* (2)
dsi(g;) y) — ds?l(aj) C,ul/ 78(x7 y) — Uf(y) B,lu/[(x)
- A S
VTAB(zy) = S KT ni () nf (y) V! ()
VB (e, y) = —ur(y) i (y) nf (y) VI () p N
Vi P (2,y) = LKL () n ) n? () V1 (@) [ three-form ]
VB (2,9) = —g~ D" ) 1 () 1P (9) Vs () Chp™ (2,9) = (1187 (y) Cup” ()
o / . Y,
4 [ vectors ] A
Cu"(x,y) = g Kiy(y) A (x) . C(,y) = —pu(y) A (2) |
. é,umn(xay) = iKTIn{z(y) AMIJ@:) 7 éum7(x,y) = _g_l (6m:“[)(y) JZ(MI(*T) )

4 S° geometrical data : embedding coordinates ,uI , Killing vectors K7 and tensors K ;5"
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10D SUSY transformations

/

50“]8 —ivI8,, (gA%B X ﬁ EO%XAB(J) +he.
5C~'M 17 =—1V5jAB (EA%LB + ﬁ EC%XABC) + h.c.,

0Cuw1° = [% (Ve VigA + Vi e V734Y) EAV[uwlﬁ

+ g VJ8AB VIJ CD E[AFY,LU/XBCD] + hC} — C[MJ8 5C~’I/]IJ — é[,u| 1J 5C|1/] 78 )

6CILLI/p88 _ |:% VISBD (VJSDC VIJAC + V]JDC VJSAC) EA,Y[MV??DIOBH

- Z? yisARy e [EB] Vis |CD] gA%VPXBCD ™ h'C'}

1 I J ~ s J
—|-3C[MV|]8 5C|p] S _ C[M 8 <Cy 8 5Cp]IJ -+ CV|IJ 5C|p] 8) :
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Freund-Rubin term [ Freund & Rubin "80

® By looking at the RR field strength ﬁ’(4) = 7—[‘(’ 4‘]) Ly by + ..., one immediately i1dentifies the
Freund-Rubin term

HE prpy=—2g7 Vvols+ & g7t (DHesy — THI AN Heyrs — THL, AN Her)

NOTE: We have expressed the EOMs for the scalars as BI for the three-form field strengths of
the tensor hierarchy.

. . ~ 1
® At a critical point of V one has F,y = ——Vwvoly + ... , and the S® dependence drops out
(4) 3g

[ see also Godazgar, Godazgar, Krueger & Nicolai 15 ]
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