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Introduccion

La Fisica del siglo XX ha supuesto un gran avance hacia la comprension de la Naturaleza a
diferentes escalas. Esto ha venido dado por la consolidacion de la teoria de la Relatividad
General (RG) y la Teoria Cuédntica de Campos (TCC) como los marcos teéricos en los
que describir los fenémenos naturales a grandes y pequenas distancias respectivamente.
Mientras que la RG revolucioné la manera de entender la Gravedad, — el espacio-tiempo
adquiria un caricter dindmico en lugar de ser estatico — la TCC result6 ser la herra-
mienta adecuada para explorar las leyes que describen la Naturaleza a escalas por debajo

del nticleo atémico (r < 10713 cm.).

Hoy en dia tenemos una TCC para describir la fisica de las particulas elementales cono-
cida como el Modelo Estandar de la Fisica de Particulas. Este modelo combina la teoria
de las interacciones electrodébiles de Glashow-Salam-Weimberg con la cromodindmica
cudntica propuesta para describir las interacciones entre los constituyentes del ntcleo
atémico. El Modelo Estdndar se compone de tres generaciones de fermiones (quarks y
leptones): (u,d;e,ve), (¢, s;p,vu), (t,b;7,v:) con una jerarquia de masas entre
ellas y de 12 particulas vectoriales que median sus interacciones. Ademds, el modelo
también incluye un escalar masivo que ain no ha sido observado, el bosén de Higgs, cuya
masa estd relacionada con la ruptura de la simetria electrodébil. Las interacciones de estos
campos vienen dictadas por el grupo de simetria G = SU(3) x SU(2) x U(1) del Modelo
Estandar.

El Modelo Estdndar' ha sido testado en experimentos de altas energias llevados a
cabo en aceleradores de particulas, resultando ser un marco teérico sélido. Sin embargo
no incorpora una descripcién cuantica de la Gravedad. Con este objetivo, y a pesar de
que fuese formulada originalmente para explicar la gran cantidad de hadrones observados,
una nueva teorfa en la que los objetos fundamentales tienen extensién (cuerdas) entré en

escena.

1O bien pequefias variaciones de éste, como la de incluir masas para los neutrinos acordes con las

medidas en experimentos de oscilaciones de neutrinos.
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De cuerdas a teorias de supergravedad

Hasta la fecha, la Teoria de Cuerdas es una de las méas firmes candidatas a ser una
descripcién unificada de la Naturaleza en tanto en cuanto nos proporciona una teoria
cuantica de la Gravedad consistente. Los objetos que componen esta teoria no son
particulas puntuales sino cuerdas unidimensionales. Al propagarse en el tiempo, una
cuerda dibuja una superficie bidimensional ¥ conocida como hoja de mundo. Las cor-
denadas que especifican la manera en la que esta hoja se embebe en un espacio-tiempo

ambiente describen una teoria de campos conforme en dos dimensiones.

La ausencia de taquiones y la presencia de fermiones en el espectro reduce a cinco
las teorias de cuerdas supersimétricas, las cuales se propagan en un espacio-tiempo diez-
dimensional (10d). Estas son las teorfas de supercuerdas Tipo ITA, Tipo IIB, Tipo I,
Heterdtica-SO(32) y Heterdtica-Eg x Eg. Todas ellas son teorias de cuerdas cerradas y
contienen un campo de espin 2 gyrn el cual se identifica con el gravitén, un tensor anti-
simétrico Bpsny y un escalar ¢ conocido como dilatén dentro del espectro 10d de campos

sin masa. Estos campos conforman el sector universal de las teorias de supercuerdas.

Las supercuerdas pueden propagarse en presencia de campos de fondo no triviales que
aparecen cuando los campos sin masa del sector universal toman un valor esperado no
nulo en el vacio (VEV). Sin considerar términos fermidnicos, la accién para la teoria de
campos en la hoja de mundo descrita por una supercuerda moviéndose en un fondo para

el sector universal viene dada por [1,2]

1

4o/

— o V—-h ¢(X) R(z)) , (1)

S= -

/ d%( V=hhP 9, XMas XN grrn(X) — € 9, XM XN Byn(X)
by

donde 0% con a = 0,1 denota las cordenadas en la hoja de mundo, y donde h.g y
R® son, respectivamente, la métrica y el escalar de curvatura de la hoja de mundo. El
pardmetro o/ que aparece en la accién estd relacionado con la escala de longitud de la
cuerda l; mediante

2=2d, (2)

S
por lo que los estados masivos en el espectro de la supercuerda adquieren una (masa)?

M? x é . (3)
Al cuantizar la accién en (1), el niimero de campos bosénicos X en la hoja de mundo
viene determinado por la condicién de cancelacion de la anomalia conforme de la misma,
manera que la cancelaciéon de anomalias gauge condiciona el contenido de campos en las
TCC con simetrias gauge. En otras palabras, la dimensién del espacio-tiempo viene fijada

por esta condicién resultando ser d = 10 para las teorias de supercuerdas.
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Los campos de fondo gyrn, Byn v ¢ correspondientes a excitaciones sin masa de las
cuerdas de alrededor se pueden interpretar como acoplos en la teoria de campos conforme.

La imposicién de invariancia conforme se traduce en la cancelacién de las funciones (3
BYN(Vaol /L) = BYN (V! /L) = B,(Vo/ /L) =0, (4)

donde L es la longitud caracteristica del sistema cuya dindmica se pretende explorar.
Considerando la contribucién més baja en el pardmetro de expansién vo//L, el conjunto

de ecuaciones (4) reproduce las ecuaciones de Euler-Lagrange que se derivan de la accién

1 1 1
S = ﬁ /dlox V -G <R - 5 8M(,08MQO — 26¢’H3|2> s (5)

donde G = e % g es la métrica en el marco de Einstein?. Esta accién, vélida a nivel arbol
en la expansién en lazos de la cuerda, describe la gravedad acoplada a un campo gauge
Bpsn (una 2-forma) y a un escalar . La constante de acoplo de la supercuerda, gs, esta

por tanto relacionada con el valor esperado en el vacio del campo del dilaton (p)
gs = e\? (6)
de ahi siendo una cantidad fisica que ha de fijarse dindmicamente.

No obstante, es importante matizar que la accién en (5) debe entenderse como una
accién efectiva que se obtiene al tomar la contribucién més baja en el pardmetro de ex-
pansién vo//L en las ecuaciones (4). Esto equivale a tomar el limite va//L — 0 o
L > [; en el cual las cuerdas unidimensionales se ven como particulas puntuales, repre-
sentando un limite de bajas energias (grandes distancias) con respecto a la escala de la
cuerda. En este limite, los modos masivos en el espectro de la supercuerda se desacoplan
de la teorfa, i.e., M? — oo, dando lugar a una teorfa efectiva cuya dindmica se puede
aproximar a una teoria clasica de campos con particulas puntuales sin masa. La accion
efectiva anterior (5) se generaliza a la de las teorias de supergravedad que describen la
dindmica de una teoria cldsica de campos supersimétrica con particulas sin masa en diez

dimensiones.

Un punto a destacar es que las teorias de supercuerdas predicen necesariamente la
existencia de dimensiones extra y de supersimetria, dos propiedades de la Naturaleza que

atin no han sido observadas en ningiin experimento.

Fisica en cuatro dimensiones y el problema de los moduli

Al compactificar supergravedades 10d en un espacio interno seis-dimensional con tamano
caracteristico R > lg, uno obtiene extensiones supersimétricas de la Relatividad Gene-

ral en cuatro dimensiones (4d) que se pueden utilizar para describir escalas de energia

2El factor 2k = (27)7 o/* = (16 w G19) e~2# se relaciona con la constante de Newton en diez dimen-

siones Gig.
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E < 1/ R a las cuales no hay suficiente resoluciéon para ver las dimensiones compactas.
Ademis, dicha compactificacion introduce una gran cantidad de campos escalares ¢' en
la teoria efectiva que parametrizan la forma y el tamano del espacio interno al igual que
el dilaton en cuatro dimensiones. Estos campos, conocidos como moduli, resultan ser di-

recciones planas en el potencial efectivo a todo orden en teoria de perturbaciones.

Uno de los principales problemas en Fenomenologia de Cuerdas es encontrar mecanis-
mos para estabilizar estos moduli, i.e. para que adquieran una masa lo suficientemente
grande como para que no hayan sido detectados experimentalmente hasta ahora. De lo
contrario, estos moduli mediarian interacciones de largo alcance las cuales podrian dar
lugar a violaciones del Principio de Equivalencia [3], entrando en conflicto con los tests de
precisién de Gravedad. Tras estabilizarse en el minimo de un potencial efectivo no trivial
V(¢*), sus valores esperados en el vacio estén relacionados con cantidades fisicas tales como
la constante de acoplo de la cuerda gs, el volumen del espacio interno V;;,; o la energia del
vacio/constante cosmolégica A. Esto tiene importantes implicaciones fenomenolégicas en
Fisica de Particulas y en Cosmologia. Por tanto, el estudio de la estabilizacién de moduli
es un paso crucial para establecer una conexién entre la fenomenologia de bajas energias,
la cual estd a punto de ser explorada minuciosamente en el LHC (Large Hadron Collider),
y construcciones de Teoria de Cuerdas en cuatro dimensiones. En particular, es necesario
entender cémo ocurre la ruptura de supersimetria en este contexto para poder continuar
con este enfoque “desde arriba hacia abajo” a la hora de conectar las cuerdas con la fisica

de bajas energias.

Durante la iltima década, uno de los retos principales en Fenomenologia de Cuerdas ha
sido el de estabilizar los moduli en un vacio no supersimétrico de Sitter, aproximadamente
Minkowski (A ~ 107120 en unidades de Planck), que dé lugar a una expansién acelerada
del Universo acorde con las observaciones [4,5]. En parte, esto ha venido motivado por
el estudio de las compactificaciones de las teorias de cuerdas tipo II en un fondo de flujos
generalizados [6]. Ademds de las intensidades de campo habituales de Neveu-Schwarz-
Neveu-Schwarz (NS-NS) y de Ramond-Ramond (R-R) asociadas a los potenciales gauge
presentes en el espectro de las supercuerdas de tipo II, los flujos generalizados fueron
propuestos para restablecer la invariancia de los modelos efectivos 4d bajo las relaciones
de dualidad de las supergravedades de tipo II en diez dimensiones. Por ejemplo, ciertos
flujos con estructura tensorial conocidos como flujos no geométricos se introdujeron pare
restablecer T-dualidad entre compactificaciones de las teorfas tipo IIA y IIB [7] al igual
que S-dualidad en la teoria tipo IIB [8] a nivel efectivo. A este nivel, los flujos desempenan

un papel doble:

i) Por un lado determinan la estructura del dlgebra de la supergravedad gaugeada que
subyace a la compactificacion [9]. Este algebra involucra las elecciones de gauge del

campo B universal asi como difeomorfismos de la métrica.
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ii) Por otro lado, los flujos inducen un potencial escalar no trivial V(¢?) para los
moduli de la compactificacion [10,11], lo cual puede dar lugar a su estabilizacién
completa sin necesidad de requerir efectos menos manejables como son los efectos

no perturbativos [12].

Por otra parte se han establecido algunos teoremas de imposibilidad relacionados con la
existencia de vacios de Sitter en las compactificationes con flujos [13—15] asi como mecanis-
mos para evadirlos [16-22]. En este sentido, las compactificaciones con flujos generalizados
han resultado esquivar estos teoremas por lo que, en principio, pueden estabilizar los mo-
duli en un vacio de Sitter. Uno esperaria que al aumentar el nimero de flujos, incluyendo
por ejemplo flujos no geométricos, pudiera favorecerse la estabilizacién completa de los
moduli [23,24].

Como se mostrard en esta tesis, es posible obtener vacios Minkowski/de Sitter que
rompan supersimetria de forma espontdnea y con valores arbitrarios de (gs, A) (salvo
restricciones diofdnticas sobre los flujos) a partir de compactificaciones en orientifolios de
tipo II sobre orbifolios toroidales en presencia de flujos no geométricos [19]. Estos escena-
rios basados en compactificaciones con flujos generalizados resultan ser muy prometedores
en lo que se refiere a la construccién de modelos. Sin embargo, la falta de un criterio
dindmico para seleccionar un vacio especifico entre muchos otros (infinitos), ha dado lugar
al concepto del landscape de vacios en Teoria de Cuerdas. Llegados a este punto, uno
podria recurrir al Principio Antrépico para excluir aquellas regiones del landscape en las

que la vida humana no hubiera podido desarrollarse [25].

La dinamica de los moduli como origen de inflacion

Actualmente, una de las principales afirmaciones del Modelo Estdndar Cosmoldgico es
que nuestro Universo experimentd un periodo de expansién exponencial en sus primeros
instantes inducido por la dindmica un campo escalar (o varios de ellos). Este proceso, cono-
cido como inflacion, explicaria de forma elegante la planitud del Universo observada [26] asi
como la casi invariancia de escala del espectro que se deduce del CMB (Cosmic Microwave

Background) a partir de los datos aportados por la colaboraciéon WMAP [27,28].

Asumiendo un Universo homogéneo e isétropo, la métrica del espacio-tiempo corres-

ponde a una de tipo Friedmann-Robertson-Walker
ds® = dt* — a(t)? dz? | (7)

cuya dindmica se codifica totalmente en la funcién a(t), conocida como factor de escala. La
cosmologia inflacionaria se modeliza mediante una teoria de campos escalares acoplados

a la Gravedad, la cual a su vez se describe en términos de un potencial escalar efectivo
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V(¢"). Tomando los campos constantes en el espacio, las ecuaciones de movimiento para

el factor de escala a(t) y para los campos escalares ¢’ vienen dadas por

02 — (1)2_1 lg.,'i'j 1%
() -itaen]

.. L OV
7 2 7 J k vy —
' +3H¢ +ijqb o +§ o0 0 ,
donde los puntos denotan derivadas temporales y, como es habitual, I‘;’.k representa los
simbolos de Christoffel construidos a partir de la métrica G;; (con G Gjr = 5,2) en el
espacio de campos. Resolver estas ecuaciones de forma general es una tarea complicada.
Ante esto es habitual tomar la aproximacién de rodar lento segun la cual H ~ /V/3 ya

que se desprecian los términos de tipo ¢! y ¢¢’ en (8).

Los pardametros € y |n| que determinan la aproximacién de rodar lento se definen, en

unidades de Planck, a través de

I
€ = TVQQJ

oV oV

0Pt OpJ ’
OV IV

a6k 061 Moy

. (9)
7 = min eigenvalue [V G+ (

De acuerdo con los datos experimentales, estos pardametros han de ser <« 1 para que in-
flacién tenga lugar en esta aproximacion (ver ref. [29]). Esto implica un potencial escalar
V(¢") positivo y “artificialmente” plano (casi constante) en alguna regién del espacio de

campos. De lo contrario, la aproximacién deja de ser valida.

Debido a que la Teoria de Cuerdas nos proporciona una gran variedad de campos
escalares al compactificarla en un espacio interno, i.e. los moduli, obtener teorias de cam-
pos efectivas que compartan las caracteristicas anteriores ha sido una de las lineas de
investigacion més importantes en Fenomenologia de Cuerdas. En los tltimos afios se ha
dedicado mucho esfuerzo a tratar de obtener escenarios de inflacidn basados en modelos
de estabilizacién de moduli en compactificaciones de supercuerdas incluyendo ingredientes
adicionales como flujos de fondo, D-branas y efectos no perturbativos [30]. En consecuen-
cia, la dindamica de los moduli durante el proceso de estabilizacién resulta ser de maxima

importancia desde un punto de vista cosmoldgico.

Es l6gico pensar que inflacion, al tratarse de un proceso cosmoldgico, deberia poder ser
descrito en un marco tedrico que incorpore Gravedad de forma natural. En este sentido, la
Cosmologia de Cuerdas representa un contexto inigualable en el que las construcciones de
cuerdas en cuatro dimensiones han de hacer frente a los datos cosmolégicos experimentales
[31,32].
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Resumen de la tesis

Los contenidos de la presente tesis doctoral se organizan en los siguientes capitulos y

apéndices:

e En el capitulo 1 introducimos los conceptos fundamentales sobre los que esta tesis se
construye. En particular, los relacionados con las teorias de supergravedad de tipo
II, dualidades y branas. Lejos de pretender tratar con los aspectos mas formales
de las teorias de supergravedad, este capitulo se incluye en la tesis con la intencién
de hacerla lo mas autocontenida posible. Los conceptos y resultados que aparecen
en este capitulo introductorio se pueden encontrar en los libros [1,2,33] y en las

revisiones [34,35].

e En el capitulo 2 fijamos la notacién y las convenciones adoptadas en las refs [36,37]
para describir la geometria del orbifolio toroidal T®/Zy x Zy asi como del orientifolio
de tipo IIB con O3/07-planos construido a partir de él. Ademads obtenemos la accién
efectiva A/ = 1 en cuatro dimensiones que describe la dindmica de los moduli en este
orientifolio tras incluir flujos generalizados. Finalmente presentamos las condiciones
de consistencia que involucran estos flujos y particularizamos los resultados para
el caso de modelos isétropos los cuales seran explorados en profundidad durante la

tesis.

e En el capitulo 3 desarrollamos las técnicas necesarias para eliminar grados de li-
bertad superfluos en teorfas efectivas AN/ = 1 invariantes bajo transformaciones de
T-dualidad. Este proceso de reducciéon de pardmetros nos permite simplificar los
modelos efectivos de tal manera que podemos obtener analiticamente familias de
vacios supersimétricos AdSy con todos los moduli estabilizados a valores perturba-
tivos de la constante de acoplo de la cuerda. Todos los resultados que aparecen en

este capitulo se pueden encontrar en la ref. [36].

e En el capitulo 4 investigamos escenarios sencillos de estabilizacion de moduli en
vacios de Sitter aproximadamente Minkowski en los que la supersimetria se rompe
de manera espontanea. Estudiaremos estos vacios en el contexto de las teorias orien-
tifolios de tipo IIB invariantes bajo T-dualidad las cuales incluyen flujos generaliza-
dos, O3/07-planos y D3/D7-branas. Este capitulo representa el nicleo central de la

tesis y se corresponde con los trabajos en las refs [18,19].

e En el capitulo 5 estudiamos una teoria de supergravedad construida sobre el orien-
tifolio de tipo IIB con O3/0O7-planos la cual resulta invariante bajo transformaciones
de T-dualidad y de S-dualidad. En esta teoria desarrollaremos un método para re-

solver todas las restricciones sobre los flujos que provienen de la estructura de algebra
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que les subyace. Utilizaremos diversas técnicas de Geometria Algebraica que nos per-
mitiran resolver las ligaduras sobre los flujos y obtener de forma sistematica vacios
supersimétricos, centrandonos especialmente en el caso de soluciones Minkowski. Fi-
nalizaremos con una digresién sobre el origen N = 4 de los vacios encontrados. A
excepcion de ésta, la cual contiene algunos resultados preliminares, el contenido de

este capitulo se puede encontrar en la ref. [37].

En el capitulo 6 presentamos un modelo de inflacion tomando la aproximacién de
rodar lento en el contexto de supergravedades de tipo IIB efectivas en presencia de
flujos gauge. La energia necesaria para elevar el vacio a de Sitter (aproximadamente
Minkowski) la proporciona el D-término asociado a un U(1) anémalo formulado
de manera consistente e invariante gauge. Desarrollaremos un modelo minimo que
incorpora inflacion topoldgica eterna ajustandose a las observaciones experimen-
tales. Este modelo evita los problemas habituales que aparecen al intentar obtener
inflacion en modelos de supergravedad, i.e. el problema 7 y el problema de las condi-
ciones iniciales entre otros. Finalmente apuntamos hacia una aparente persistencia
del problema 7 cuando sélo se considera el efecto de los flujos generalizados como
mecanismo para estabilizar todos los moduli en un vacio dS. Los resultados en este

capitulo se pueden encontrar en la ref. [38] junto con la seccién 4.3 en la ref. [19].

En el apéndice A obtenemos el espectro de estados sin masa (contenido de campos
de la supergravedad) para las supercuerdas de tipo II propagandose libremente en
un espacio-tiempo Minkowski en diez dimensiones. Un desarrollo similar se puede
encontrar en cualquiera de los libros de Teoria de Cuerdas [1,2,33] y en la ref. [35]. En
palabras generales, esta tesis es un estudio de la dindmica asociada a estos campos

cuando se tienen en cuenta diferentes efectos de cuerda cerrada/abierta.

El apéndice B recoge las expresiones para los flujos de R-R en términos de los
parametros asociados a translaciones axidnicas y a tadpoles en la teoria orien-
tifolio de tipo IIB invariante bajo transformaciones de T-dualidad estudiada en el

capitulo 3.



Introduction

The legacy of the 20th century Physics represents one of the most fascinating attempts
to understand how Nature manifests at different scales. It is commonly identified with
the consolidation of General Relativity (GR) and Quantum Field Theories (QFT’s) as the
suitable frameworks in which to respectively investigate large and short scale phenomena.
As long as GR revolutionised the way in which Gravity was previously understood, — it
abandons the idea of a static spacetime in favour of a dynamical one — QFT’s were found
to be a powerful tool to explore the laws describing Nature at scales below the size of the

atomic nucleus (7 < 10713 cm.).

Nowadays a well established QFT describing Nature is the Standard Model of Particle
Physics, which combines the Glashow-Salam-Weimberg theory of the electroweak inter-
actions and the quantum chromodynamics describing the interactions between the con-
stituents of the atomic nucleus. According to it, there are three generations of fermions
(quarks and leptons): (u, d ; e, ve), (¢, s 1, vu), (t,b; 7, vr) at different mass scales,
together with 12 vector particles mediating in the interactions between them. In addition,
the model also includes a scalar massive boson not yet observed, the so-called Higgs field,
whose mass is related to the electroweak symmetry breaking. This field content interacts
accordingly to the Standard Model gauge symmetry group G = SU(3) x SU(2) x U(1)

which basically transforms fermions into one another.

The Standard Model® has been tested to be a solid framework in which to explain the
experimental data extracted from high energy physics experiments at colliders. Neverthe-
less, it fails when it comes to incorporate a quantum description of Gravity. Although
originally introduced as a proposal to explain the vast set of observed hadrons, a theory

of one-dimensional extended objects, i.e. strings, turns out to serve this purpose.

From strings to supergravity theories

Up to date, String Theory is one of the most promising candidates to be a unified theory

of Nature providing us with a consistent quantum theory of Gravity. The fundamental ob-

30r some slight modification of it such as that of including masses for the neutrinos in order to fit the

data arising from neutrino oscillation experiments.
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jects making up this theory are no longer point-like particles but one-dimensional strings.
As a one-dimensional object propagating on time, a string draws a two-dimensional surface
> known as the worldsheet whose embedding coordinates in a target spacetime determine

a conformal field theory in two dimensions.

The absence of tachyons and the presence of fermions in the spectrum leaves us with
five supersymmetric string theories that propagate in a ten-dimensional (10d) spacetime.
These are the Type IIA, Type IIB, Type I, Heterotic-SO(32) and Heterotic-Eg x Eg su-
perstring theories. They all are theories of closed strings and contain a spin 2 field gyn
which is identified with the graviton, an antisymmetric tensor field Bjsny and a scalar ¢
known as dilaton within their 10d massless spectrum. These fields are said to constitute

the universal sector of the superstring theories.

Superstrings can propagate in non-trivial backgrounds arising from non-vanishing vac-
uum expectation values (VEVs) of the massless fields in the universal sector. Without
considering fermi terms, the worldsheet action for a superstring moving in these back-

grounds is given by [1,2]

1
4ol

— odV-h o(X) R(Q)) , (10)

S = —

/ d20< V=hhB 9, XM XN grrn(X) — € 9, XM XN Byn(X)
%

where 0% with a = 0,1 denotes worldsheet coordinates, and h,g and R®) are the metric
and the curvature scalar of the worldsheet, respectively. The parameter o entering the

action is related to the string length scale I; by

2=2a, (11)
so massive states in the superstring spectrum result with a (mass)?
1
2
Mo~ (12)

When quantising the action in (10), the number of bosonic fields X in the worldsheet is
fixed by the cancellation of the conformal anomaly in the same way that the cancellation
of the gauge anomalies conditions the field content of quantum field theories with gauge
symmetries. In other words, the dimension of the spacetime is fixed by this condition,

turning out to be d = 10 for superstring theories.

The background fields gyrn, Byy and ¢ corresponding to massless excitations of the
strings around can be seen as couplings in the conformal field theory. The requirement of

conformal invariance imposes their S-functions to vanish

By (Var /L) = RN (V! L) = B, (V! /L) =0, (13)
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where L is the typical length scale of the system whose dynamics is to be explored. At the
lowest contribution in the va//L parameter expansion, the set of equations (13) turns

out to reproduce the Euler-Lagrange equations derived from the spacetime action

1 1 1
S /dlox v -G (R §8M¢8M90f 26_S£’|H3,|2> ) (14)

= 9k2

4. This action, valid at tree

where G = e~ % g is the metric field in the Einstein’s frame
level in the string loop expansion, describes gravity coupled to a 2-form gauge field Bysn
and to a scalar . The superstring coupling constant, gs, is then related to the vacuum

expectation value of the dilaton field (y)
gs = e<<P> , (1 5)
hence being a physical quantity that is to be fixed dynamically.

Nonetheless, it is worth noticing that the action in (14) must be understood as an
effective action arising when considering the lowest contribution in the v/ /L parameter
expansion of the equations (13). Equivalently, when taking the limit of vo//L — 0 or
L >l in which one-dimensional strings look like point-like objects. This is a limit of low
energies (large distances) with respect to the string energy (length) scale. In this limit the
massive modes in the superstring spectrum are decoupled from the theory, i.e., M? — oo,
and are integrated out, leading to an effective theory whose dynamics can be approximate
by a classical field theory of massless (zero size) particles. The above effective action in
(14) generalises to that of supergravity theories describing the dynamics of a supersym-

metric classical field theory of massless particles in ten dimensions.

A key point to be highlighted is that superstring theories necessarily predict the exis-
tence of extra dimensions as well as supersymmetry, two properties of Nature that have

not been observed at any experiment yet.

Four-dimensional Physics and the moduli problem

When compactifying 10d supergravities into a six-dimensional internal space with char-
acteristic length R >> [, one obtains supersymmetric extensions of General Relativity in
four dimensions (4d) that can be used to describe energy scales E < 1/ R at which there
is no resolution enough to see the compact dimensions. In addition, the compactification
process introduces a plethora of scalar fields ¢’ in the 4d theory parameterising the shape
and size of the internal space as well as the four-dimensional dilaton. These fields, known
as moduli, turn out to be flat directions in the effective scalar potential at all orders in

perturbation theory.

4The factor 2% = (27)" @ = (16 7 G10) e 2 relates to the G190 Newton’s constant in ten dimensions.
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One of the main problems in String Phenomenology is to find mechanisms for these
moduli to be stabilised, i.e. to acquire a mass large enough for them to have so far escaped
experimental detection. Otherwise, these moduli would mediate long range interactions
which could lead to violations of the Equivalence Principle [3], clashing with precision
tests of Gravity. After stabilising at the minimum of a non-trivial effective potential
V(¢"), their vacuum expectation values relate to physical quantities, such as the string
coupling constant g, the internal space volume V;,; or the vacuum energy/cosmological
constant A. This has important phenomenological implications both in Particle Physics
and Cosmology. The study of moduli stabilisation is then a crucial step in establishing
a link between low energy phenomenology, which is about to be thoroughly explored at
the LHC (Large Hadron Collider), and String Theory constructions in four dimensions.
In particular an understanding of how supersymmetry breaking happens in this context
is mandatory, in order to proceed with this “top-bottom” approach to linking strings and

low energy physics.

During the last decade, the challenge of stabilising the moduli in a non-supersymmetric
de Sitter almost Minkowski vacuum (A ~ 1072° in Planck units) causing the accelerated
expansion of the present Universe accordingly to observations [4,5], has become of principal
interest in String Phenomenology. This has been partially motivated by the study of type
IT superstring compactifications in the presence of generalised flux backgrounds [6]. In ad-
dition to the ordinary Neveu-Schwarz-Neveu-Schwarz (NS-NS) and the Ramond-Ramond
(R-R) field strengths associated to gauge potentials present in the type II superstrings
spectrum, generalised fluxes were proposed to restore the invariance of the 4d effective
models under duality relations of the original ten-dimensional type II supergravities. For
instance, certain tensor fluxes referred to as non-geometric fluxes are introduced to restore
T-duality between compactifications of types IIA and IIB theories [7] as well as type 1IB
S-duality [8] at the effective level. At this level, the role played by the fluxes is twofold:

i) On the one hand, they determine the algebra structure of the gauged supergravity
underling the compactification [9]. This algebra accounts for gauge choices on the

universal Neveu-Schwarz B-field and diffeomorphisms on the metric.

ii) On the other hand, the fluxes induce a non-trivial scalar potential V(¢?) for the
moduli fields of the compactification [10,11], which can potentially lead to their sta-

bilisation without invoking less manageable non-perturbative effects [12].

In addition, quite restrictive “no-go” theorems concerning the existence of de Sitter
vacua in flux compactifications have been stated [13—15] as well as mechanisms to circum-
vent them [16-22]. To this respect, generalised flux compactifications have been shown to
avoid these no-go theorems and hence can potentially stabilise the moduli in a de Sitter

vacuum. One expects that enlarging the number of fluxes including the non-geometric
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ones could help providing complete moduli stabilisation [23,24].

As it will be shown in this thesis, Minkowski/de Sitter moduli flux vacua with arbitrary
(g9s, A) values (up to Diophantine restrictions upon fluxes) and breaking supersymmetry
spontaneously can be obtained from type II orientifold compactifications on toroidal orb-
ifolds in the presence of non-geometric fluxes [19]. In this sense, the above scenarios based
on generalised flux compactifications turn out to be very promising as far as model building
is concerned. Nevertheless, the lack of a dynamical criterion for choosing an specific flux
vacuum among many (infinite) others has led to the idea of a landscape of String Theory
vacua. An anthropic reasoning principle would then act as a censorship mechanism for

those regions within the landscape not supporting human life [25].

Moduli dynamics as a seed for inflation

Nowadays, one of the main statements of the Cosmological Standard Model is that our
Universe experienced an epoch of exponential cosmic expansion at its initial stages guided
by some scalar field(s). This process, known as inflation, nicely explains the observed flat-
ness of the Universe [26] as well as the almost scale-invariant spectrum inferred from the
CMB (Cosmic Microwave Background) data released by the WMAP collaboration [27,28].

Assuming an homogeneous and isotropic Universe, the spacetime metric corresponds
to that of the Friedmann-Robertson-Walker type

ds® = dt* — a(t)*dz? (16)

whose dynamics is totally encoded within the time dependent function a(t) referred to as
the scale factor. Inflationary cosmology is commonly modelled by a scalar field(s) theory
coupled to Gravity, which in turn is characterised by an effective scalar potential V(¢?).
Provided fields are constant in space, the equations of motion for the scale factor a(t)

and the (real) scalar fields ¢’ are given by

. 2
o_ (oY _ 11, s
p () -sfeien]
v
i

(17)
¢ +3H + T ¢ ¢F + Gl 0,
where dots denote time derivatives and, as usual, I ;k are the Christoffel symbols derived
from the G;; field-space metric satisfying G"G;1, = 6;.. Solving these equations in a general
way is a difficult task, so, at this point, it is common to use the so-called slow-roll ap-
proximation according to which ¢* and ¢‘¢/ terms in (17) are neglected and H ~ \/m

In this approximation, the two slow-roll parameters € and || defined (in Planck units)
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are demanded to be < 1 for inflation to occur. For a good review see ref. [29]. This
implies the scalar potential V(¢%) to be positive and “artificially” flat (almost constant)
somewhere in field space in order to fit the experimental data. Otherwise the approxima-

tion is no longer valid.

How to get scalar effective field theories sharing the aforementioned features from
string-inspired scenarios has been intensively pursued in String Phenomenology research
since String Theory provides us with such scalar fields once it is compactified into an
internal manifold, i.e., with moduli fields. In the last years, a lot of effort has been done
in trying to derive suitable inflationary scenarios based on moduli stabilisation in super-
string compactifications including additional ingredients as background fluxes, D-branes
and non-perturbative effects, among others [30]. As a result, the dynamics of the moduli
during the stabilisation process becomes of utmost importance from a cosmological view-

point.

It makes sense to think that inflation, as a cosmological process, should be accom-
modated within a framework that incorporates Gravity in a natural way. In this respect
String Cosmology could serve as the arena in which four-dimensional string constructions

and cosmological data confront each other [31,32].

Outline of the thesis

The contents of the present thesis are organised in the following chapters and appendices:

e Chapter 1 is devoted to introduce the fundamental concepts this thesis is built upon.
Specifically those concerning type II supergravity theories, dualities and branes.
Far from trying to deal with the more formal aspects of supergravity theories, this
chapter is included in order to make the thesis project as self-consistent as possible.
The ideas and results appearing in this chapter can be found in the textbooks of
refs [1,2,33] and the nice reviews of refs [34, 35]

e In chapter 2 we set the notation and conventions adopted in refs [36,37] to describe
the geometry of the TS/Zy x Zs toroidal orbifold as well as of the IIB orientifold
theory with O3/0O7-planes built from it. In addition, we work out the N’ =1 four-
dimensional effective action describing the moduli dynamics in this orientifold when

generalised fluxes are included, derive the set of consistency conditions on such fluxes
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and particularise the results to the case of isotropic models which will be extensively

explored along the thesis.

e In chapter 3 we develop the techniques needed to remove superfluous degrees of
freedom when it comes to build T-duality invariant effective theories with A/ =1
supersymmetry. This procedure of reducing parameters allows us to rather simplify
the resulting effective models such that families of supersymmetric AdS4 vacua can
be analytically obtained with all moduli stabilised at perturbative values of the string

coupling constant. All the results appearing in this chapter can be found in ref. [36].

e Chapter 4 is concerned with the task of building minimal scenarios of moduli sta-
bilisation in a de Sitter almost Minkowski vacuum breaking supersymmetry spon-
taneously. We are dealing with this problem in the previous context of T-duality
invariant IIB orientifold theories including generalised fluxes, O3/O7-planes and
D3/D7-branes. This chapter represents the central block of the thesis and corre-
sponds with refs [18,19].

e In chapter 5 we study a simple T and S-duality invariant supergravity theory built
upon the IIB orientifold allowing for O3/O7-planes and succeed in developing a
systematic method for solving all the flux constraints based on the algebra structure
underlying the fluxes. Algebraic geometry techniques are extensively used to solve
these constraints and supersymmetric vacua, centering our attention on Minkowski
solutions, become systematically computable and are also provided to clarify the
methods. We conclude with a digression on the potential AN/ = 4 lifting of the
moduli solutions found. With the exception of this digression, which contains some

preliminary results, the content of this chapter can be found in ref. [37].

e In chapter 6 we present a model of slow-roll inflation in the context of effective
1IB supergravities with gauge fluxes. The uplifting of the potential to generate a
de Sitter (almost Minkowski) vacuum is provided by the D-term associated to an
anomalous U(1), in a fully consistent and gauge invariant formulation. We develop a
minimal working model which incorporates eternal topological inflation and complies
with observational constraints, avoiding the usual obstacles to implement successful
inflation, i.e. n problem and initial condition problem among others. Finally we
point to the apparent persistence of the 7 problem when considering only the effect
of generalised fluxes as the mechanism for stabilising the entire set of moduli in a
dS, almost Minkowski, vacuum. The results in this chapter can be found in ref. [38]

together with section 4.3 in ref. [19].

e The appendix A contains a derivation of the supergravity massless spectrum (field
content) of type II superstrings freely moving in a ten-dimensional Minkowski space-

time. A similar derivation can be found in any of the String Theory textbooks of



24

INTRODUCTION

refs [1,2,33] and in ref. [35]. Roughly speaking this thesis is an exploration of the
dynamics associated to these fields when different closed/open string ingredients are

taken into account, so we have included this derivation for the sake of completeness.

e The appendix B collects the expressions for the R-R fluxes in terms of the axionic
shifts and tadpole parameters for the T-duality invariant II1B orientifold theory stud-
ied in chapter 3.



Chapter 1

Basics of Type II Superstrings,

Dualities and Branes

At large distances L > [, supergravity theories in ten dimensions turn out to be a good
approximation to describe the dynamics of systems of characteristic size L in an effective

manner.

1.1 Type II supergravity theories in ten dimensions

In this section we introduce the 10d supergravities describing the low energy (large dis-
tance) limit of the type II superstring theories at tree level. These effective theories come
out with A = 2 supersymmetry in ten dimensions. A derivation of their massless spec-
trum entering the supergravity action is presented in the appendix A. It contains the
graviton field Gjsn, the antisymmetric tensor field Bjsny and the dilaton ¢ furnishing
the universal sector of the superstring theories, together with an additional set of p-form
gauge fields €}, which depends on considering either the IIA (p odd) or the IIB (p even)
theory. Consequently, the massless spectrum also includes the supersymmetric fermionic
partners of these bosonic fields. However, we will focus on the bosonic part of the su-
pergravity action which becomes the relevant piece when studying vacuum configurations.
Specifically when exploring how supersymmetry breaks down spontaneously in 4d effective
theories as well as the relation between the moduli VEVs and the vacuum energy in such

theories.

1.1.1 Massive type IIA bosonic supergravity action

Apart from the universal sector common to all superstring theories, the type IIA su-
perstring theory incorporates a 1-form ) and a 3-form (3 gauge potentials within its

bosonic massless spectrum. The massive [39] type IIA 10d supergravity action for the
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bosonic fields in the Einstein’s frame consists of three pieces

Shos = SNs-Ns + Sr-R + Scs - (1.1)

The first term Sns.ns involves the fields in the universal sector of the spectrum which
corresponds to the Neveu-Schwarz-Neveu-Schwarz (NS-NS) sector shown in (A.12). This

piece was already introduced in (14),
1 10 Lom |
SNS-NS = 2.2 d’zv-G | R— 3 0" oy — ¢ |Hs|” | (1.2)

where the factor 2x% = (27)7 @/ = (16 1 G19) e~2# relates to the G19 Newton’s constant
and Hj = dBsy denotes de field strength of the NS-NS 2-form gauge potential Bysn. We

use the convention that
1
|Fp|2 = HGMlNl -'~GMPNP FMl"'Mp FNl---Np R (1.3)

for a generic p-form F).

The second term Sy g accounts for the fields in the Ramond-Ramond (R-R) sector of

the ITA theory as well as for the Romans’s mass parameter m . This term is given by

1

SRR = ——
R-R AR2

/dlox -G (e%|ﬁ4]2+e%“’|ﬁ2\2+e%p m2> , (1.4)

where the tilded field strengths appearing in the R-R action are defined as

ﬁg = Fr+mBy,

1.5
Fy = F4+Cl/\H3+%BQ/\327 (15)

in terms of the standard ones H3 = dBy and Fj 1 = dC,.

The last term Scg does not involve a factor of +/—G and corresponds to a topological

Chern-Simons term,

1 2
SCS_—“/BQ/\F4/\F4+ %Bg/\BQ/\BQ/\Fz;"F %BQ/\BQ/\BQ/\BQ/\BQ . (16)
K

Finally, the ordinary type ITA supergravity is recovered by setting m = 0. In this case
the type ITA supergravity can be obtained by dimensional reduction of 11d supergravity
on a circle of radius R. The string coupling constant is then related to R by g = e¥ =
R/ va!. Since M-Theory has the 11d supergravity as its low energy effective action, it can
be thought of as a strong-coupling (large R) completion of type ITA superstring theory.
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1.1.2 Bosonic action of type IIB supergravity

The bosonic massless spectrum of type IIB superstring theory contains, besides the uni-
versal NS-NS sector, a set of even p-forms in the R-R sector. In particular, a fourth-rank
antisymmetric self-dual tensor form Cjy, a 2-form C5 and a scalar Cy. Compared to the
previous type IIA theory, an additional issue appears when it comes to build a super-
gravity type IIB action that implements the self-duality condition upon the field strength
F5 = dCy. Nevertheless, the field equations and the supersymmetry transformations of
type IIB supergravity can be worked out in a tricky manner [1]. With the equations of
motion identified, one looks at the supergravity action that reproduces these equations of

motion and complements them with the self-duality condition.

The bosonic part of the 10d type IIB supergravity action in the Einstein’s frame

consists again of the three terms

Shos = SNS-Ns + Sr-R + Scs - (1.7)

It contains a term Sys.ng accounting for the fields in the universal sector. This is again
that of eq.(14), namely,
1 10, /—~ L om L _ 2
SNS_NS:w dzv-G R—§8 QOaMQO—ie W‘H3’ . (18)

The Sgr.r term in the action controlling the dynamics of the R-R fields Cy, Co and Cjy
is this time given by
1

~ 1 ~
Stn = g3 [ @%0V=G (AR + SARE + 5B (19)

where the tilded field strengths appearing in the action are now defined as

By = FB—H3NC,
~ 1 (1.10)
Fy = F5+§(BQ/\F3—CQ/\H3),

in terms of the standard ones H3 = dBs and Fj,+; = dC,, . Additionally, the self-duality
condition
Fy = «F} | (1.11)

eMNOPQM'N'O'P'Q Fyirniorprgr has to be supplemented

~ 1
: MNOPQM —
with (xF) = 5V
by hand in order to have the correct number of bosonic degrees of freedom.
The type IIB theory also incorporates a topological Chern-Simons term Scg in the action
given by
1
Scs=——= [ C4 NH3 AN F3 . 1.12
cs 12 / 4N Hz A\ Fy (1.12)
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Unlike its type IIA counterpart, the type IIB supergravity can not be obtained by
dimensional reduction of 11d supergravity on a circle, namely, from the low energy limit
of M-Theory. Nonetheless, a strong-coupling completion of certain type IIB supergravity
theories (IIB orientifolds to be introduced later) in ten dimensions is known. It is referred
to as F-Theory, is formulated in twelve dimensions and makes extensive use of the non-

perturbative SL(2,7Z) self-duality of type IIB superstring theory.

1.2 Symmetries of 1IB superstring theory

Along this thesis, we will mostly deal with effective four-dimensional supergravities de-
scending from type IIB superstring compactifications. Learning about the symmetries of
the ten-dimensional theory they descend from is then essential for a proper understanding
of these lower dimensional theories. For this purpose, this section is devoted to briefly in-

troduce the perturbative and non-perturbative symmetries of type IIB superstring theory.

In the Green-Schwarz formalism in the light-cone gauge, the worldsheet action of a
type IIB superstring freely moving in a ten-dimensional Minkowski spacetime Mg is
schematically given by [1]

SIP =g o0 030" 1
» m

B /
4o »

B0 (saasa + Saaéa) . (1.13)

The action (1.13) involves not only bosonic fields X = X&+X? withi = 1,...,8 describ-
ing right-moving (R) and left-moving (L) excitations of the string along the transverse
space, but also fermionic ones S (right-moving) and S® (left-moving) with the same

chirality in eight dimensions'.

After quantising this free field theory imposing closed-string boundary conditions in
both bosonic and fermionic worldsheet fields, the massless states in the perturbative spec-
trum of the type IIB superstring theory turn out to be given by the tensor product of
the right-moving S§ and the left-moving fermionic zero modes 5’8 These massless states
become the field content entering the type IIB supergravity theory introduced in section

1.1.2. See appendix A for a detailed derivation of these statements.

1.2.1 Perturbative discrete symmetries

Bearing in mind all the aforementioned, the set of discrete transformations on the S and

S spinors leaving the fermionic part of the action in (1.13),

suB _ * / o (saasa+ Saa§a> , (1.14)
TJ%

ferm

'The index i refers to transforming as a vector 8, under the SO(8) transverse group of rotations.
Additionally, the index a refers to transforming in the spinorial representation 8 of SO(8), while that of

a will refer to transforming in its conjugate representation 8. of SO(8).
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invariant, will give rise to perturbative discrete symmetries of the type IIB superstring
theory and, therefore, of the type IIB supergravity theory alike. By a perturbative sym-
metry we refer to a symmetry that occurs order by order in perturbation theory, but which

is believed to be unbroken even non-perturbatively [35].

Worldsheet parity €,

Type IIB superstring theory contains right-moving S® and left-moving S® spinors with the
same spacetime chirality in the action (1.14). Therefore, it comes out with the symmetry

of exchanging its right-moving and left-moving sectors

Q: S +— S°

, , (1.15)
Xp +—— X}

This symmetry can equivalently be viewed as an orientation-reversal parity transformation
o — 2w — o on the worldsheet coordinate along the string. Under this right < left sectors
swapping, the massless bosons in the IIB spectrum acquire a parity: half of them, namely

g, C3 and ¢, are even under €, whereas Cy4, By and Cj result odd.

‘ EVEN ‘ ODD
Qp‘9>c2790‘(70,32,04

(1.16)

For the fermionic NS-R and R-NS states, (), takes the former into the latter and wvice
versa. Then, one combination of the two gravitinos (and equivalently for the dilatinos

X’s) is even and the other is odd.

Modding out a theory by a discrete symmetry that involves the worldsheet orientation-
reversal transformation €2, is commonly referred to as an orientifold. Truncating the type
IIB spectrum to those {2,-even states, i.e. the g and ¢ NS-NS fields together with the R-R
2-form Cs field, then the closed-string sector of type I supergravity is reproduced. This
symmetrisation restriction upon the IIB spectrum gives rise to N/ = 1 supergravity in ten
dimension [1]. Notice that the 2-form C9 in the type I theory comes from the R-R sector
unlike the 2-form Bs appearing in the universal type II bosonic sector. We will be back to
this point in section 5.4 when studying the N = 4 origin of some gauged supergravities

arising from flux compactifications of type IIB superstring theory.

Fermion number (—1)® and (—1)%r

The type IIB fermionic action in (1.14) is also invariant under the discrete symmetries

(~1)Fr:  §* — —ga,

i i 1.17
(-nfe.  5* — 5%, (1.17)
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where Fr and F, denote the fermion number in the right-moving and left-moving sectors,
respectively?. This occurs independently for both right- and left-moving sectors, so the
massless fields in the ITB spectrum result with the following parities under the (—1)f% and

(—1)fr discrete transformations,

‘ EVEN ‘ ODD
(—=1)I®r | g, B2, o, x1, %1 | Co, Ca, Cy, X2, 12 (1.18)
(-t | g, Ba, ¢, x2, %2 | Co, Ca, Cu, X1, 91

Because of the non-commutativity between the worldsheet parity and the fermion

number transformations,

(~D)F"Q, = Qp (-1 (1.19)

the complete set of discrete perturbative symmetries of the type IIB theory consists of the

eight-element non-abelian dihedral group Dy, i.e. the group of symmetries of a square.

1.2.2 Non-perturbative SL(2,7Z) self-duality

Together with the perturbative symmetries introduced above, namely, the worldsheet
orientation-reversal and the fermion number symmetries, the full type IIB superstring
theory has been conjectured to have an additional SL(2,Z) self-duality [40,41]. This con-
jecture stems from the invariance of the effective field theory describing the IIB massless
spectrum, i.e. type IIB ten-dimensional supergravity, under a non-compact global sym-
metry SL(2,R) [1].

This symmetry transforms the azion-dilaton field defined by S = Cyp +ie™¥ in a

non-linear manner

R aS+b
cS+d

with ad—-bec=1, (1.20)

so that a weakly-coupled region of the moduli space having gs = (ImS)~! < 1, see eq.(15),
can be mapped to a strongly-coupled one with gs; > 1 by means of an SL(2, R) transforma-
tion. Therefore, the SL(2,Z) self-duality of type IIB superstring theory acts on the moduli
space of the theory?. This fact makes this self-duality impossible to be checked order by
order in perturbation expansion since perturbative states (oscillation states) at one point
in the moduli space of the theory may map to perturbative and non-perturbative ones, as
solitons or bound states, not corresponding to oscillation states of the string in the dual

theory.

2The bosonic states with an even number of creation operators in the NS sector of (A.8) are then even,

while those fermionic states in the R sector of (A.9) result odd.
3This will be no longer the case for other dualities in String Theory. As we will see, type ITA superstring

theory compactified on a circle of radius R is dual to IIB superstring theory compactified on a circle of

radius R~ at the same value of the string coupling constant gs.
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The action of the SL(2,Z) self-duality on the rest of the massless bosonic fields in the
IIB spectrum is given by

B d B
) = ¢ 2 . GG, Ci— Gy, (1.21)
02 b a CQ

where Gy = e 3 grmn is the metric field in the Einstein’s frame. This group is generated

by the transformations

11 0 —1 -1
T= = S—=>5+1 and S = = S——, (1.22)
0 1 1 0 S

together with a reflection that leaves the axiodilaton invariant
-1 0
R= = S S. (1.23)
0 -1
The SL(2,Z) reflection in (1.23) acts upon the type IIB 2-forms as (Bz,C2) — —(Ba, Ca2)

so, according to (1.16) and (1.18), such an action can be identified with that of an orien-
tifold R = (1) Q.

The above self-duality of the type IIB theory is commonly referred to in the literature
as S-duality.

SL(2,R) covariant formulation of type IIB supergravity

The IIB bosonic action in (1.7) defined in terms of equations (1.8), (1.9) and (1.12) is not
manifestly covariant under the SL(2,R) symmetry previously discussed. For it to be, let
us define a doublet of 2-form gauge potentials By with field strength Hs = dBs, together

with a symmetric SL(2,R) matrix M made up of scalars

B 2 -
By= | , Moer [ ST G0 (1.24)
Cs —Cy 1

Under a constant SL(2,R) transformation given by

d c
() o

the fields appearing in (1.24) will be transformed according to

By — ABy  and M -— (A7) M AT (1.26)

Using these quantities, the IIB bosonic action in (1.1) can be rewritten in a manifestly
SL(2,R) covariant form

1
2K2

1 _ ) 4
S </d1% V=G |Fs)? + /eij Cy AEY /\ng)> , (1.27)

8K2

1 1
Shos = 4z V=G (R — = Hiyyp MEYYP 4 2 Tr(aMM aMM1)>
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since the Einstein-frame metric G and the 4-form Cy are SL(2, R) invariant, and then, also
the Fy field strength of eq.(1.10).

1.3 Toroidal compactifications and target space dualities

In this section we introduce the basics of a closed string that propagates in a ten-dimensional
Minkowski spacetime M ¢ in which one of the spacial directions, say the j-th one, is taken

to be a circle of radius R. In other words, it has been compactified.

Following the conventions in appendix A, the embedding of a closed string propagating

in M g is encoded into the bosonic fields
XM(r,0) = XM —0)+ XM(7 4 0) with M =0,...,9. (1.28)

The coordinate 7 is the worldsheet time coordinate whereas o denotes the coordinate

along the string 0 <o < 7.

The bosonic field X7(7,0) describing the propagation of the string along the com-
pact j-th direction can have a periodic boundary condition with a non vanishing winding
number w,

X (1,0 +7) =X’ (1,0) +2rRw with weZ, (1.29)

counting the number of times that the string winds around the circle. The momentum
along this direction results also quantised in terms of an integer k named the Kaluza-Klein

excitation number, i.e. p = k/R.

When imposing the boundary condition (1.29) upon the j-th spacial dimension, the

corresponding bosonic field has the mode expansion of

. J ) ) J .
X7 = % + o' pp (T — o) + o-oscillators ~ , X7 = % +a' pp (7 + o) + &’-oscillators
(1.30)
with right- and left-moving momenta given by
k. wR k. wR
=== == 4", 1.31
PR="p =" ) pL=7p + o (1.31)

The mode expansion for the rest of bosonic fields X* (with i # j-th) describing the prop-

agation along the non-compact coordinates is shown in (A.5).

At distance scales L > R, it is not possible to resolve the compact dimension so we are
left with a 9-dimensional effective theory involving a tower of states whose mass depends

on the momenta (pg,pr) in the compactified j-th dimension. This mass is given by

/ / 2 2
O/MZ—O;(p%%‘i‘pZL)‘FQ(N-FN)—<kf> +<$§> +2(N+N), (1.32)
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where N and N account for the bosonic and fermionic oscillators in the mode expansion
of the worldsheet fields.

For a generic value of the ratio R/ Vo, the massless states correspond to k = w = 0.
However, at the limit case of R/vVa/ — oo (R/\@ — 0) we are left with a tower of
light states with zero winding (momentum) and arbitrary momentum (winding) which
would enter the lower dimensional physics. We will be back to this question when study-
ing non-geometric flux compactifications of type IIB superstring theory on T-fold spaces?.
Specifically, when discussing the large internal volume commonly assumed to neglect o
corrections, i.e., the radius of the internal space R is larger than the string length scale
ls = V2 o/ rendering field theories a good approximation to study the dynamics of String
Theory. For a large internal volume, R/ Vo' > 1, the stringy winding modes acquire a

large mass and are decoupled from the light spectrum.

Transforming simultaneously

/

R % and ko w, (1.33)

the o/-oscillators change their sign while the &/-oscillators are left invariant. Then, the j-
th right-moving and left-moving fields do it as X g{ - — X;% and X% — X i , representing
a target-space duality of the theory known as T-duality [34].

By spacetime supersymmetry, the chirality of the right-moving worldsheet fermion is
changed when applying a T-duality transformation in the j-th direction®. This translates
into the fact that: T-duality takes the type IIB (chiral) theory on a circle of radius Rp to

a type ITA (non-chiral) theory on the dual circle of radius Rao = o/ /Rp and wvice versa.

It is worth noticing that the mass formula in (1.32), and hence the spectrum, is in-
variant under the T-duality transformation of (1.33). This illustrates how target-space
dualities can emerge at the effective level when compactifying String Theory to obtain

lower dimensional physics.

1.3.1 Moduli space and T-duality in toroidal backgrounds

Let us now describe the propagation of a type II superstring in a more general spacetime
geometry M. In particular we will consider the case of a ten-dimensional spacetime of the
form

M =Mgg g x T, (1.35)

4The geometry of these T-fold spaces incorporates circles of size R as well as their duals of size 1 /R.
>The right-moving S¢ and left-moving S*% worldsheet fermions in type II theories transform as
IB: §°—T7. s | §@ 3
o o (1.34)
MA: S*—T17.8" , §%— 5%

where the T'’s are the eight-dimensional Dirac matrices satisfying (IV)? = 1.
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M1 9_q) denotes (10 — d)-dimensional Minkowski spacetime with coordinates z# where
p=0,...,9—d, whereas T¢ is a d-dimensional torus with coordinates z’ ~ z' + 27 R

where i =1, ...,d.

Turning on a background for the metric G;; as well as for the antisymmetric tensor
B;; on T, gives rise to more generic string backgrounds known as toroidal backgrounds.
As it was stated in the introduction, these background fields can be introduced into the

worldsheet action in a consistent manner, provided it has conformal symmetry.

Including them, the bosonic fields describing the propagation of the string along the d

compact dimensions in T¢ now have periodic boundary conditions
X(r,04+7) = X!(1,0) + 2rRw" with w'€Z and i=1,...d, (1.36)

leading to the mode expansion of the bosonic fields along the toroidal directions of

Xi = % + o ply (1 — 0) + o'-oscillators X} = % +a'pY (1 + o) + G&*-oscillators
(1.37)
where this time the right- and left-moving momenta are given by
k, R . L R )
PR = EZ — (Gij + Bij) w’ ; pLi = é + (Gij — Bij)w’ . (1.38)

Once more, at distance scales L > R, the theory looks like a (10 — d)-dimensional
theory where the mass of a state with momenta (p%, pi) in the compactified dimensions

is given by

(1.39)

- ¢ ko
o M2=Z'HZ+2(N+N) ,Z:(U’R ﬁ)

Vool R
with N and N accounting again for bosonic and fermionic oscillators.

The matrix H(G, B) € O(d, d;R) that determines the mass of the states according to
(1.39),

(1.40)

G - BG~'B BG™!
%(G,B) - ( ) )

-G~ 'B G!

is a 2d x 2d generalised metric built from the NS-NS background fields. This matrix can
be interpreted as the metric of a doubled internal space [42]. Even a generalised worldsheet

action has been proposed [43,44] to describe strings propagating in a doubled torus T2,

/

o
Notice this time that if inverting the size of the circles in T%, i.e. R = the mass

formula in (1.39) is invariant under the transformation

H o« H! with ki < w o, (1.41)



1.3 TOROIDAL COMPACTIFICATIONS AND TARGET SPACE DUALITIES 35

which is the natural generalisation of (1.33). Furthermore the right- and left-moving
momenta in (1.38) are invariant under

O[,

Bij Bij‘f’ﬁNZ‘j with ki ki+Nijwj , (1.42)
where N;; is an arbitrary antisymmetric matrix. This B-shift symmetry is new in the

sense that it only appears when d > 1 because of the antisymmetry of N;;.

The two transformations in (1.41) and (1.42) are symmetries of the spectrum and
jointly generate the O(d, d; Z) group®, although the T-duality group of the effective theory
in (10 — d) dimensions is reduced to the subgroup G = SO(d,d;Z) which preserves the
chirality of the spinors. At this stage, there is no longer difference between ITA and I1B
theories once they have been compactified on T¢. This underlies the idea of introducing
the so-called generalised flures to restore T-duality at the level of the effective action in

the lower dimensional theory.

The G;; and B;; background fields specifying the generalised metric H € O(d, d;R)
are understood, after compactifying to (10 — d) dimensions, as d? degrees of freedom
appearing as scalar fields in the lower dimensional theory. These scalars play the roll of
parameters connecting between different theories and are referred to as the moduli space
of the compactification. The moduli space contains d(d + 1)/2 parameters coming from
the internal components of the metric together with d(d — 1)/2 ones coming from the
internal components of the antisymmetric B-field. The only restriction to be imposed is
the positiveness of the symmetric part of the matrix G;;+ B;;. This determines the moduli

space to be the coset space

_ O(d,4;R)
Mo = 5 R) x O(GR) ° (1.43)

This is the moduli space of toroidal compactifications to (10 — d) dimensions. The
isotropy group O(d;R) x O(d;R) in the above coset space reflects the invariance of the
theory under separate rotations of the p’é and piL momenta. Two different points in the
moduli space associated to O(d,d;R) elements which are related by an element of the
isotropy group give rise to the same term p%% + p% entering the mass spectrum?, so they
must be identified as physically equivalent. Therefore, the set of inequivalent toroidal com-

pactifications of type II superstrings will be given by the quotient M = M/SO(d, d;Z).

Finally, the simplest toroidal background is that consisting on a square torus G = Iy 4

together with a vanishing B-field background, this is H = Isgx24. In this case, the

5The inversion transformation in (1.41) changes the relative chirality between the right- and left-moving

fermions S and S in type II theories.
"Two generic points in the moduli space connected by a O(d,d;R) rotation give rise to the same

p% — p3 quantity since the momenta (p%,p%) in toroidal compactifications live on an (Lorentzian) even

and self-dual lattice I'q 4 with Lorentzian signature, i.e., a Narain lattice.
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massless d-dimensional spectrum in the lower dimensional theory can be obtained by
decomposing the SO(8) representations of the 10d massless fields with respect to the
surviving Lorentz group. In going from ten dimensions to 4d effective theories by means
of compactifying on T® one obtains the non-chiral N’ = 8, d = 4 supergravity field theory
at energies F < 1/R < 1/ Va!. As we will see in the next sections, and although chirality
is mandatory in order to relate four-dimensional strings to the real world, six-dimensional
toroidal backgrounds provide us with simple 4d supergravity models in which to explore

the dynamics of the moduli fields.

1.3.2 Toroidal orbifolds

Compactifications of type II superstrings on T® preserve all the 32 supercharges of the
original supergravity in ten dimensions and produce effective theories with N' = 8 super-
symmetry in four dimensions. Due to the large amount of supersymmetry, the structure
of these 4d effective theories is very rigid. For instance, the scalar potential generated by
SO(p, g,7) gaugings with p + g +r = 8 possesses de Sitter extrema which turn out to be
unstable (see [45] and references therein). As we reduce the number of supersymmetries
during the compactification process, the structure of the resulting 4d effective theories

becomes richer and their associated phenomenology more attractive [46].

A simple possibility to obtain 4d effective theories with a less number of unbroken
supersymmetries is to compactify String Theory on 6d toroidal orbifolds. Given a toroidal
internal space TS, an orbifold T%/G can be constructed quoting it by a finite symmetry
group G acting on the target space. After the action of G' on T, different points in the
original (ambient) torus result identified and some singularities may appear associated
to the fixed points of the orbifold group action. Toroidal orbifolds can be interpreted as
singular limits of Calabi-Yau spaces. Even though there are singularities, strings prop-
agate consistently in these spaces provided that a twisted sector is taken into account
together with the untwisted (invariant under the action of G) one. Far from the singu-
larities, toroidal orbifolds represent smooth target spaces whose local structure is directly
inherited from the ambient space TS. A nice property of toroidal orbifolds is that they
are as simple as tori but after compactifying String Theory on them one obtains effective

theories with reduced supersymmetry®.

Let us say a few comments about the twisted sector in toroidal orbifold compactifica-
tions. This sector arises from oscillations of strings that are open strings in the ambient
space TS but become closed strings in the orbifold T%/G. In other words, open strings
starting and ending at points in T® that are identified under the action of an element of

the orbifold group. These “closed” strings are localised necessarily around the fixed points

8The amount of unbroken supersymmetry corresponds to the components of the original supercharge

that are invariant under the action of the orbifold group G.
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of the orbifold group action and the twisted spectrum they produce simply contains the

moduli associated to blowing up these singularities.

1.3.3 Toroidal orientifolds

As we stated in the previous section, toroidal orbifolds TS/G can be viewed as singu-
lar limits of Calabi-Yau 3-folds (CY3). Compactification of type II superstrings on these
CY3 spaces gives rise to four-dimensional supergravity with N = 2 supersymmetry. This
amount of supersymmetry is still large from a phenomenological viewpoint. However, it
can be further reduce to N'=1 by modding out the theory with the orientation-reversal
parity transformation (2, the fermion number projector for left-moving fermions (—1)f
and an internal space involution ¢ which has to be an isometry of CYj3. The resulting
theory is referred to as a Calabi-Yau orientifold and comes out with N' =1 supersymme-

try in four dimensions.

The space involution o leaves the non-compact 4d spacetime invariant. Apart from
it, the action of ¢ may also leave invariant certain submanifolds of the internal space.
The product of one of these submanifolds with the ordinary 4d spacetime is referred to
as an Op-plane, where the label p denotes the number of spacial dimensions filled by the
O-plane. The main features of an O-plane are that it has a negative tension and couples

to a R-R gauge potential Cj,1, although it does not have an associated dynamics.

There exist three sorts of (type II) CY3 orientifold theories depending on how does
the pullback o* of the orientifold involution ¢ act upon the Kahler form J and the

holomorphic 3-form € encoding the geometry of the CY3 space [47,48]:

i) Type IIB with O3/O7-planes — o*J=J , oFQ=-Q
1) Type IIA with O6-planes — o J=—J , 0=0 )
iii) Type IIB with O9/05-planes — o*J =J , 0Q=Q

Specially in the case of toroidal orbifolds with (generalised) fluxes [7,8], the above type II
orientifold theories have been shown to be related one to another by a chain of T-duality
transformations (mirror symmetry) [49,50], so we will often refer to them, with some abuse

of language, as (T-) duality frames.

1.4 D-branes in type II superstring theory

Even though String Theory was conceived as a theory of fundamental one-dimensional ob-
jects, it was eventually found to also contain higher dimensional objects called D-branes.
These extended objects can be understood from two approaches: the microscopic approach

according to which D-branes correspond to the place where the open strings can termi-
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nate and the macroscopic one where D-branes emerge as 1/2-BPS solitonic solutions of

the supergravity equations of motion.

In the microscopic description, a Dp-brane fills a (p+ 1) region within the 10d space-
time (p spacial directions plus time) where the ends of an open string can move. In other
words, the open string carries momentum along these directions (Neumann boundary
conditions). On the contrary, an open string has a specified position (Dirichlet boundary
conditions) along the (9 — p) coordinates in the space transverse to the Dp-brane®. After
quantisation, an open string ending on a Dp-brane gives rise to a set of massless states
that consists of a U(1) gauge boson, (9 — p) real scalars and a set of fermion superpartners
confined to the worldvolume of the Dp-brane. These massless states furnish a U(1) vector
supermultiplet with respect to 32/2 = 16 supercharges in (p+1) dimensions. Additionally,
Dp-branes can emit/absorb closed strings that propagate in the whole 10d spacetime, also

known as the “bulk”.

From a macroscopic approach, Dp-branes in type II superstring theories represent cer-
tain non-trivial vacuum configurations for the fields entering the type Il supergravities. A
Dp-brane admits the interpretation of an extended 1/2-BPS object located in the back-
ground which breaks half of the supersymmetry and couples to the bosonic closed-string
modes propagating in the “bulk”. In other words, Dp-branes interact via the exchange of
bosonic fields belonging to the type II massless spectrum. These are fields in the universal

NS-NS sector, i.e., g, Bo and ¢, together with p-forms C), in the R-R sector.

It will result useful to use the 10d democratic formulation according to which one
defines additional R-R gauge potentials Cg_, in such a way that the equations of motion
of the original C), gauge fields become the Bianchi identities of the new Cg_, ones and
vice versa. This is

dx* F, = dFy_ = %xJ ,
p+1 9—p -].p (144)
dFpr1 = dxFyp = *xjs—p
where j, and js_, are the electric (magnetic) and the magnetic (electric) currents that
couple to the gauge potential C), (Cs_p). These currents are then sourced by D(p — 1)-

branes and D(7 — p)-branes, respectively.

In the static gauge, the bosonic Dp-brane action consists of two parts
Spp = Spei + Scs - (1.45)

e The Dirac-Born-Infeld action: It describes how the Dp-brane couples to the universal

NS-NS closed-string sector. Denoting & the (p + 1) worldvolume coordinates, the

9An open string has no a non-trivial dynamics along these (9 — p) coordinates, but only an oscillatory

motion.
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DBI action is written as'®

Sppr = —TDp/dp+1f \/—det (g + By + (27) F + (27)? (8&)2) , (1.46)

where F' = dA is the field strength for the U(1) gauge boson living on the worldvol-
ume of the Dp-brane and ¢ accounts for the (9 — p) scalars (moduli fields) parame-
terising the position of the Dp-brane in the transverse space. In the string frame, the
tension Tp, for a Dp-brane relates to the string coupling constant as Tp, o gt
Therefore, Dp-branes are non perturbative states that become very heavy at weak

coupling and behave as rigid objects.

e The Chern-Simons action: A Dp-brane is a R-R charged extended object that couples
to the set of p-form fields in the R-R closed-string sector. The CS piece in the bosonic

action accounts for these couplings and, in a flat spacetime, is given by

Scg = iy / (C 6B2+(27ra’)F>p+1 = lp /Cp—i-l +..., (]_47)

where pi,, is the Dp-brane electric charge under the R-R gauge potential Cp,11. The
field C' denotes the formal sum over all the R-R p-form potentials in the theory.
Only the (p+ 1)-form piece of the integrand is kept at each step in the expansion of
eB21(2ma)F Therefore, in the presence of a non vanishing By+(27/)F background,
a Dp-brane also has induced charges corresponding to less dimensional D(p — 2n)-

branes with n being a positive integer.

In the 10d democratic formulation of type IIB (type ITA) superstring theory there
will be D-branes coupling to the set of Cs, (Copt1) R-R fields with p =0,...,4 (p =
0,...,3). More specifically,

e Type IIB theory: The Cy, with p =0,...,4 R-R gauge potential has D(2p — 1)-

branes as electric sources and D(7 — 2p)-branes as magnetic sources,

R-R POTENTIAL | ELECTRIC SOURCE | MAGNETIC SOURCE
Co D(—1)-brane D7-brane
(s D1-brane D5-brane
(1.48)
Cy D3-brane D3-brane
Cs Db5-brane D1-brane
Cs D7-brane D(—1)-brane

The D(—1)-brane is an object that is localised in time as well as in space, so it has

the interpretation of a D-instanton.

10 A1l the tensors are understood to be pulled back to the worldvolume of the Dp-brane.
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e Type ITA theory: The Cypyq1 with p = 0,...,3 R-R gauge potential has D(2p)-

branes as electric sources and D(6 — 2p)-branes as magnetic sources.

R-R POTENTIAL | ELECTRIC SOURCE | MAGNETIC SOURCE
1 DO-brane D6-brane
Cs D2-brane D4-brane (1.49)
Cs D4-brane D2-brane
Cy D6-brane DO-brane

Additionally, one could consider D8-branes which would couple electrically to a Cy
R-R gauge potential with field strength Fjy = dCy. In ten dimensions, this field
strength is non dynamical and relates to the Romans’s mass parameter Fig = *xm

of the type ITA massive supergravity presented in section 1.1.1.

With the discover of the D-branes as non perturbative states in type Il superstring
theories, new possibilities to obtain non-abelian gauge theories in which to embed the
Standard Model gauge group popped up. An important result is that, as well as the DBI
piece (1.46) of the action can be regarded as a “gravitational” interaction for the Dp-brane,
the CS piece (1.47) represents a “gauge” interaction. In this sense Dp-branes were found
to be BPS-saturated states of the theory. This implies that a Dp-brane preserves one half
of the original supersymmetry and that Tp, = u, g5 1, namely, its mass equals its charge.
Roughly speaking, as an outcome of this matching, the gravitational force and the gauge
force between two Dp-branes do exactly cancel each other. This is commonly referred
to as the no-force condition and allows us to put N Dp-branes together without falling
into problems of stability. The field theory in the worldvolume of a stack of N coincident
Dp-branes enjoys an enhanced U(N) non-abelian gauge symmetry. In order to account
for the non-abelian structure, the bosonic effective action results slightly modified with

respect to that of the single Dp-brane we have introduced in this section.

The fact of being able to obtain non-abelian gauge theories from D-branes gave rise
to a model building revolution trying to obtain the Standard Model of Particle Physics
and Cosmology from type II superstring compactifications including D-branes. In order to
derive four-dimensional semi-realistic effective models from type II superstring construc-
tions, they should encompass, among many others, the following aspects of Supertring

Phenomenology:

i) To obtain the Standard Model gauge group G = SU(3) x SU(2) x U(1) with three
chiral quark-lepton generations. Most of the effort in this direction has been focused
on four scenarios: 1) D3/D7-brane systems at singularities [51-54]. 2) Intersect-
ing D6-brane models [55-69]. 3) D-branes with worldvolume magnetic fields (mag-
netised) and background fluxes [70-73]. 4) F-Theory Grand Unification Theories
(GUT’s) [74-78].
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ii) To stabilise the moduli fields of the compactification [6-8, 10, 11,49, 73, 79-100].
Specially the case of having moduli stabilisation in a de Sitter (dS) almost Minkowski
(Mkw) vacuum breaking supersymmetry spontaneously. Type II toroidal orientifolds
including D-branes, O-planes and (generalised) flux backgrounds are simple scenarios
in which this goal seems to be more affordable [12,13,16-23,37,98,101-110].

i1i) To reproduce an inflationary regimen at the first stages of the Universe [26]. Some at-
tempts to get inflation from string-based scenarios [30,31] have based on: 1) D-brane
inflation [111-127], where the inflaton field corresponds to a modulus parameterising
the distance between branes. 2) Modular inflation [13-15,29, 128-137], where the
role of the inflaton is played by some of the geometry/structure moduli fields of the

internal space.

This thesis goes along the lines of 4i) and ). Although most of it will be about
moduli stabilisation in generalised flux compactifications, other related topics as gauged

supergravities and modular inflation will also be directly or indirectly explored.

1.4.1 T-duality and D-branes

The fact of having a D-brane wrapping some compact dimension of the internal space is
intimately linked to having applied a T-duality trasformation upon an open string which

originally did not propagate along such a dimension but wound itself around it.

When applied to open strings, T-duality maps a Neumann boundary condition carry-
ing momentum p = k/R along a circle of radius R into a Dirichlet boundary condition
carrying a winding number w = k along a circle of radius R = o/ /R in the T-dual ge-
ometry (and vice versa). Starting with an open string that propagates in ten dimensions,
which can be understood as having a D9-brane wrapping the whole (compact) internal
space, and by applying successive T-dualities along the six internal space coordinates,
we will end up with a D3-brane localised at a point of the internal space in the T-dual

geometry.

Finally, Dp-branes can also be helpful when it comes to break part of the supersym-
metry of the type II superstring vacua. In the absence of Dp-branes, T-duality exchanges
between the type IIA and type IIB theories without breaking their N’ = 2 supersymme-
try in ten dimensions. This will be no longer the case once Dp-branes are added. Due to
their 1/2-BPS state nature, at least half of the supersymmetry will be broken in type II

superstring vacua that include Dp-branes.

1.4.2 S-duality and (p,q)-branes

The SL(2,7Z) self-duality of the type IIB supergravity acts upon the BPS branes of the

type IIB theory in a much more complicated manner. Recall that it represents a strong-
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weak coupling self-duality of the IIB theory.

According to the S-duality transformation of the Cy and (Bs, Cs) gauge potentials in
(1.21), one has that:

e D3-branes are singlets under S-duality transformations since they are the electric

and magnetic sources of the R-R field C4, which is an SL(2,Z) singlet.

e Dl-branes are transformed into (p,q) 1-branes, commonly referred to as (p,q)-
strings, under S-duality transformations. A (p,q)-string has charges (p,q) with
respect to the gauge fields (Ba,C2), which form an SL(2,Z) doublet. The (0,1)-
string is then identified with the D1-string whereas the (1,0)-string is known as the

fundamental F1-string.

e S-duality transforms D5-branes into (p, q) 5-branes which are the magnetic duals of
the (p, q)-strings. The (0,1) and (1,0) 5-branes are identified with the D5-branes
and NSb5-branes respectively.

7-branes

A classification of the 7-brane supergravity solutions can be found in [138,139]. According
to (1.48), the D7-branes are magnetic sources of the Cjy gauge potential entering the type
IIB axiodilaton field S = Cy 4+ ie~% whose transformation under S-duality is displayed
in (1.20). Additionally, the D7-branes are electric sources of the R-R gauge potential Csg
which is one of the components of an SL(2,Z) triplet (Cs, C4, Cs) of 8-forms [139-141].

Generically, a 7-brane couples (electrically) to the triplet of 8-forms (Csg, C§, C‘g) with
charges p?, r and ¢?, respectively. These charges determine the SL(2,Z) monodromy

matrix
o sinh (et Q) - (2
e _cosh<\/(m> Ioxo + /30 Q with Q= 2]
(1.50)

experienced by the axiodilaton, i.e., S — €9 S, when circling once around the location of

the 7-brane in its two-dimensional transverse space.

The set of SL(2,Z) orbits is then characterised by the value of det@Q. The orbit
including the (1,0,0) and (0,0,1) 7-branes, which are identified with the D7-brane and

the NS7-brane respectively, is that of

’1“2

detQ:pQQQ—Zzo. (1.51)

This implies that a 7-brane lying on the orbit (1.51) has r = +2pq. This 7-brane is

referred to as a (p,q) 7-brane and induces the SL(2,Z) monodromy matrix

l+pg p? >

M, = (1.52)
(00 (—qz 1 ¥ pg
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upon the axiodilaton S. The point to be highlighted is that if applying an SL(2,Z) self-
duality transformation upon a D7-brane we will end up with a (p,q) 7-brane. This fact

plays a central role in F-Theory [142].

F-Theory

The original observation questioned the perturbative limit g5 < 1 of type IIB supergravity
when D7-branes are present. In the D7-brane supergravity solution [143], the axiodilaton
field S(z) depends on the single complex coordinate z parameterising the position of the
D7-brane in its two-dimensional transverse space. The field equation of the axiodilaton

admits the solution

S(2) ~ QL log (2 — 20) , (1.53)

™

near the location z = zp of the D7-brane. When circling around it, the axiodilaton
(1.53) experiences the monodromy S — S + 1 obtained from (1.52) by fixing p = 1 and
r = q = 0. Even though g; < 1 close to the D7-brane, the theory will necessarily become
strongly coupled in some region of the transverse space, rendering the weak coupling limit

no longer valid.

Based on the ideas introduced in [144, 145], an auxiliary twelve-dimensional theory
known as F-Theory has been developed as a geometrisation of the type IIB SL(2,Z) self-
duality. This strong-weak coupling duality of the type IIB theory is identified with the
SL(2,7Z) modular group of an auxiliar T? in F-Theory. It is in this sense that F-Theory

appears as a non-perturbative completion of the type IIB theory.

Compactifications of F-Theory on a complex Calabi-Yau (n+1)-fold that admits elliptic
fibration, i.e. it has the structure of a fiber bundle with a complex compact n-dimensional
manifold B, as the base and a real T? as the fiber, correspond by definition to type
IIB compactifications on B, with general (p,q) 7-branes wrapping real codimension two
cycles of B,,. The axiodilaton field is identified with the modular parameter in the fiber of
the F-Theory construction, so it varies when moving along the basis B,,. In this picture,
the (p, q) 7-branes correspond to real codimension two loci of B,, where the elliptic fibra-
tion degenerates into an A-D-E singularity. The local geometry around such a singularity
is encoded into the SL(2,Z) monodromy suffered by the axiodilaton when cycling around
it.

In the case of F-Theory compactified on K3 elliptic fibrations, it was shown by Sen [146]
that there exists a weak coupling limit in which the axiodilaton turns out to be constant.
In this limit, known as the Sen’s limit, each of the singularities of the elliptic fibration
comes out with a multiplicity and corresponds to a stack of (p,q) 7-branes. The SL(2,7Z)

monodromy induced upon the axiodilaton when circling around one of these singularities
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is given by
M = (Ma)* (MpMc) = —Taxa (1.54)

so it results in the reflection R = (—1)fZ Q, of (1.23) and gives rise to an orientifold the-
ory [146,147]. The M4, Mp and M¢ matrices can be read from (1.52) taking A = (1,0),
B =(1,-1) and C = (1,1). The above stack A*BC of 7-branes then manifests as four
D7-branes (A*) together with a single O7-plane (a bound state BC' of 7-branes). There-
fore, the Sen’s construction of F-Theory compactified on K3 represents a special point in
the moduli space that admits a description in terms of a perturbative type IIB orientifold
theory. The above derivation was further generalised to F-Theory compactifications on
complex Calabi-Yau (n + 1)-folds in [148].

One of the most appealing features of F-Theory from a Particle Physics point of view
is its suitability when it comes to obtain exceptional Lie groups in which to achieve the
spinorial (matter) representation for an SO(10) GUT as well as the top-quark Yukawa
coupling 10 10 5¢5 for an SU(5) GUT, two properties that can not be obtained in pertur-
bative type IIB orientifold models [74, 76,142,149, 150]. This is precisely because of the
existence of a wider set of (p,q) 7-branes configurations in F-Theory which lead to the

realization of these exceptional Lie groups as non-abelian gauge symmetries of the theory.



Chapter 2

TY/Zy x Zo IIB Orientifold with
03/07-planes

In the chapter 1 we have briefly introduced the background material needed to go along
this thesis, such as the basics of the type II supergravity theories, the duality relations

and the non-perturbative O-planes and D-branes objects present in these theories.

This thesis explores the closed-string moduli dynamics in N/ = 1 type IIB orien-
tifold models including O3-planes and O7-planes, arising from compactifications on the
TS/Zy x Zs toroidal orbifold in the presence of generalised flux backgrounds. These gen-
eralised fluxes are needed to achieve invariance of the four-dimensional effective models

under T-duality and S-duality transformations.

For this reason we devote the present chapter to introduce the geometrical aspects of
the T®/Zsy x Zs toroidal orbifold as well as of the type IIB orientifold with O3/O7-planes
built upon it. Next we derive the four-dimensional supergravity effective action describing
the moduli dynamics in this orientifold when generalised flux backgrounds are included
and also work out the set of constraints that the fluxes must satisfy in order to obtain
consistent effective models. Finally we will restrict ourselves to the simplified case of
isotropic flux configurations in order to obtain more tractable supergravity models which

will be deeply analysed in the forthcoming chapters of the thesis.

2.1 The Z-, x 7Z, toroidal orbifold

The orbifold geometric action G' = Zg X Zs automatically leads to the factorised six-torus
of figure 2.1 whose basis of 1-forms is denoted n® with a = 1,...,6. In the following we

b

will use Greek indices a, 3, for horizontal “ —” z-like directions (n',73,1°) and Latin

indices i, j, k for vertical “|” y-like directions (1, 1% 1°) in the 2-tori.
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n! n> n°

Figure 2.1: T = T? x T3 x T3 torus factorisation and the basis of 1-forms.

The orbifold quotient group generators act on the tangent 1-forms n® as

o = 't ot 0t n®) = (ot 0t -0, =0t =, %), (2.1)

0 = (' 0?0t 0t 0% = (=t =0t 0t =0, —n0)
and, clearly, there is another order-two element! 65 = 6,6.

Under the Zs X Zs orbifold action, the invariant 3-forms are just those with one leg in

each 2-torus?
Qg = 77135 ) a1 = 77235 ) Qg = 77451 ) a3 = 77613 ) (2 2)
50 = 77246 : gl = n146 : 82 = ,,7362 ’ 8% = 17524 :

where, e.g. '35 = n' An3 An®. On the other hand, the invariant 2-forms and their dual

4-forms are
_ 12 _ .34 _ .56
w1 =1 ) w2 =1 5 w3 =1 ’

3456 1256 1234

2.3
@' =n ,  @P=n 23)

o=

whereas there are neither 1-forms nor 5-forms invariant under the Zs x Zy orbifold group.

We choose the orientation and normalisation

/ 77123456 — VG ’ (24)
Msg

where the positive constant Vg gives the volume of the internal space that we generically

denote Mg. Notice that the cohomology basis satisfies

/ao/\BOZ—VG , /Oé]/\ﬂJ:/wI/\@J:VG(ﬁ] , I1,J=1,2,3, (25)
Mg Mg M

6

so the Zy x Zy orbifold symmetry restricts the period matrix 7% to be diagonal.

Up to normalisation, the Kahler form J and the holomorphic 3-form 2 that encode the

geometry of the internal space can be written in a basis of invariant (untwisted) forms.

'The orbifold group Zs x Zs is generated by Zs x Zy = {1,01,02,0:05}.
2This also occurs in the compactification with an extra Zs cyclic permutation of the three 2-tori that
was studied in [7,95]. In that case there are only two geometric moduli, namely the overall Kéhler and

complex structure parameters.
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e The holomorphic 3-form is given by

K T17273

—i—ﬁo T1T273 , (2.6)
TK

Q= (' +n ") A+ YA +731°) = aot+Ti o+
with the H3(Mg,Z) cohomology basis displayed in (2.2).

e The Kéhler 2-form can be expanded in the basis of 2-forms of (2.3) as
J=A1w +Aswy + Azws , (2.7)

where A; denotes the area of the I-th 2-torus.

The geometric moduli {77, Ar} [=123 descend from the internal components of the 10d

metric and constitute the moduli space of possible metrics (far from the singularities)

3
_1\2 2 _
Z ImTI [|T ‘2 21 1) i (nﬂ) — 2(Rery) 2t 7721} 7 (2.8)
I=1
in the T®/Zy x Zsy orbifold. This moduli space consists of one Kihler (4; € R) and one

complex structure (77 € C) parameter for each 2-torus T%.

Compactification of type IIB superstring theory on the T®/Zsy x Zs toroidal orbifold
produces four-dimensional supergravities that preserve 1/4 of the original supersymmetry
in ten dimensions. The effective theories built in this way correspond toa N =2 ,d =4

extended supergravity which is again non-chiral.

Finally, in the case of the orbifold group G = Zy X Zs, each non-trivial generator
Or—1,2,3 of G has 4x4 = 16 fixed points, so the total number of singularities is 3x16 = 48.
The twisted sector of the spectrum then contains 48 additional moduli fields localised

around the singularities of the Zy x Zo orbifold.

2.2 The T%/Z, x Zy IIB orientifold with O3/07-planes

Let us now move to consider the type II toroidal orientifold T6/ (Za x Z2) U (=1)f2 Q, 0,
where the action of the orientifold involution ¢ upon the internal space coordinates trans-

lates into an additional Zs reflection®

o : (771 ) 7727 773) 7747 7757 776) — (_7717 _7727 _7737 _7747 _7757 _7]6) ) (210)

3The action of o upon the internal space coordinates for each of the three type II orientifolds presented

in section 1.3.3 is given by
oy = Yt 0t nt 0’ ) = (=nt, —n?, -0, -0t —n®, )
Uz‘i) : (771’ 7727 7737 7745 7757 776) — ( n,=n, 77 ’ 77 ’ n, 7776) ’ (29)

ouy = Lt 0t ot 0?0’ = (nty ot P, 0t 0, )
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hence corresponding to a type IIB theory including O3-planes and O7-planes, as it was
stated in section 1.3.3. Clearly, the invariant 3-forms in (2.2) are all odd under the ori-

entifold involution o, whereas the invariant 2-forms and their dual 4-forms in (2.3) are even.

The orientifold group action consists of the combined action of the orientifold reflection
o in (2.10) and the {1,601, 602,05} generators of the Zy x Zy orbifold group. This is a Z3
symmetry. It creates then O-planes of the following types:

e o1 : The action of this element upon the internal space coordinates is that of the
orientifold involution ¢ shown in (2.10). It reflects the coordinates of all the 2-tori
Ty, creating 64 O3-planes located at its 4 x 4 x 4 = 64 fixed points. One of these

O3-planes is shown in figure 2.2.

nt "’ "’

Figure 2.2: O3-plane located at the point (% , %) X (% , %) X (%, %) in the internal space
that is fixed under the action of the orientifold group element o 1.

e 00 : Acting with this element on the internal space reflects the coordinates of the
2-tori Tj. Therefore, it creates four O7-planes located at its 4 fixed 4-tori. One of
these OT7-planes is shown in figure 2.3.

nt "> n’

Figure 2.3: O7-plane wrapping the 4-torus (% ) %

fixed under the action of the orientifold group element o 6.

) X T9 x T3 in the internal space that is

Modding out the theory with the worldsheet symmetry (—1)%~ ), makes the fields
in the bosonic sector of the type IIB supergravity to acquire a parity under its action.
From (1.16) and (1.18), the 2-forms By and Cp are found to be odd while the rest of the
bosonic fields result to be even.

‘ EVEN ‘ ODD
(- | g, ¢, Co, Ci | Ba, Co

(2.11)



2.2 THE T%/Zy x Zy 1IB ORIENTIFOLD WITH O3/O7-PLANES 49

Notice that the action of this worldsheet symmetry is that of the type IIB SL(2,R) self-
duality reflection R = (—1)%Z €, in (1.23) setting the Sen’s weak coupling limit of F-theory
(see section 1.4.2) and allowing for a perturbative type IIB orientifold description of the

theory.

The moduli space of type IIB orientifolds with O3/O7-planes [50] consists of three
Kahler moduli 77, three complex structure moduli U; and the axiodilaton .S modulus
defined by

ur = 1,
S = CO +Z'€_<p 5 5 (212)
T _ . ~1
J = C4+§€ wJ/\J"‘(CQ_'LSBQ)/\BQ = ZT[W ,
I=1

where 77 are the complex structure parameters entering the expansion (2.6) of the holo-
morphic 3-form €, and J is the fundamental Kéhler 2-form of (2.7). Due to the absence

of odd elements (under the action of o) in the basis of 2-foms (2.3), we have that
Bo=Ch=0 = j:Ch+%€wJAJ, (2.13)

where J is known as the complexified Kéhler 4-form. The Kéahler moduli can then be
explicitly written as
1

Tr = —
Ve Ju,

CiNwr+ie Y AjAk with [ #J#K . (2.14)

This compactification preserves AN/ = 1 supersymmetry in four dimensions. In this
case the moduli space dynamics is encoded within a Kahler potential given by

3 3
Kz—kg@%@—gn—Ey%C%@G—m»—z)%(4U}—ﬂn, (2.15)
I=1

I=1
which is valid to first order in the string and sigma model perturbative expansions. The
Kéhler potential in (2.15) codifies the metric in the moduli field space, namely, the Kéhler

metric
K
709,00,
with @ = (U, Ua, Us, S, T1, T, T3 ). This metric K;; determines the non-canonically

normalised kinetic term for the seven moduli fields of the compactification, whose dynamics

(2.16)

is totally described in terms of the Lagrangian density
Emoduli = Kij 8M(I>z 8#&)]' - V((I)) ) (217)

with V(@) = 0. The Lagrangian in (2.17) would perilously entail to have seven free com-

plex scalars in Nature which couple to Gravity?.

“For the sake of clarity we have omitted from the Lagrangian in (2.17) the global factor /=g,

depending on the four-dimensional g,, metric.
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As we mentioned in the introduction, one of the main problems in String Phenomenol-

ogy is that of finding mechanisms to generate a non-vanishing potential
V(®)#0, (2.18)

involving the moduli fields. For instance, compactifications of type II superstrings in the
presence of (generalised) background fluxes, which is the topic covered in this thesis, have
been found to induce a non trivial V(®) # 0 interaction between moduli fields. This
interaction opens the possibility for the moduli to be stabilised at a minimum of the

flux-induced scalar potential.

2.3 Generalised fluxes and effective action

Our starting point will be the four-dimensional effective action controlling the dynamics
of the moduli fields when including a constant background for the internal components of

the field strengths entering the type IIB supergravity of the section 1.1.2.

Under the orientifold involution action in (2.10) there are neither o-even 1-forms nor
o-even 5-forms in the T /Z2 x Zz toroidal orbifold, so a background for the o-even R-R
field strengths Fj and ﬁ5 is forbidden in the type IIB orientifold with O3/O7-planes.
The next step is then to switch on background fluxes Hs and F3 for the NS-NS and R-R

3-forms,
Hs = dBsy+ H 3,
~ B (2.19)
Fy = F3—H3NCy+ Fs.

Since both Hjz and ﬁg are o-odd under the orientifold involution action, the allowed

constant background fluxes can be expanded as

Hy = byag+bar+60 B 45,80 |
- (I (1) gr (2.20)
F3 = azap+tay ar+ay’ Bl +agp®

in terms of the basis of invariant 3-forms shown in (2.2). All flux coefficients are integers
because the integrals of H3 and F3 over 3-cycles are quantised. To avoid subtleties with

exotic orientifold planes we take all fluxes to be even [81,151].

Working with only the two 3-form fluxes, i.e. the NS-NS Hz and the R-R F3, we have
the standard form of the flux-induced N =1 superpotential derived by Gukov, Vafa and
Witten in ref. [79],

Waovw = (Fg — Sf_fg) AQ. (2.21)
Me

Plugging the expansion (2.20) for the background fluxes and that of (2.6) with U; = 77

for the holomorphic 3-form into (2.21), the resulting superpotential after integrating over
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the internal space Mg takes the form of
W = Pl(U[) + PQ(U[) S, (2.22)

involving only the S and the U; moduli fields of the compactification. The polynomials
Py (Ur) and P»(Us) appearing in (2.22) are cubic polynomials in the complex structure

moduli given by

3 3 UL UsU.
P(Ur) = ao— Z o™ Uy + Z GQ(K)% —az U U003
K
K=1 K=1
) : S (2.23)
PU) = —bo+ Y 0 Uk — 3 0T b h 0, U
K=1 K—1 Uk

The N = 1 supergravity theory defined by the Kéhler potential in (2.15) and the
superpotential in (2.22) has a no-scale structure [152] due to the lack of Kéhler moduli
T7 in the latter. The inclusion of non-perturbative effects depending on these moduli,

such as gaugino condensation [153], was proposed as a mechanism to potentially stabilise
them [12,101, 109, 154].

However, considerable discussion has been done on the effect of applying T-duality
transformations on type II orientifolds with background fluxes as well as its repercussion

on the moduli stabilisation problem [6-8,95, 155].

2.3.1 Fluxes and T-duality

As argued originally in [82,156], applying one T-duality transformation T, to the NS-NS
fluxes ﬁabc can give rise to geometric fluxes wgc that correspond to structure constants

of the isometry algebra of the internal space.

In the presence of Hg,. and wy,, fluxes, the Lie algebra g of the supergravity group

G is spanned by isometry Z, and gauge X* generators [157]

(Za, Zy) = WS Ze+ Hape X©,
(Z,, XV = —wb. X°, (2.24)
(X, X" = 0,

with a = 1,...,6. These generators enter the expansion of the isometry A,(LG) =GrlZz,

and the gauge AELB)

the reduction of the metric and the B-field with fluxes [90,157-159]. Notice that the fluxes
play the role of structure constants of the algebra in (2.24).

= By, X? vector bosons (1-forms) in four dimensions descending from

Performing further T-dualities 7}, and 7. leads to generalised fluxes denoted Q% and

R in ref. [7],
i, L we Loy Qab Loy gabe (2.25)

abc
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The Q% are called non-geometric fluxes because the resulting metric after two T-dualities
yields a background that is locally but not globally geometric [6,95]. Compactifications
with R fluxes are not even locally geometric but these fluxes are necessary to maintain
T-duality between type ITA and type IIB [7]. As a result, starting with a NS-NS back-
ground flux H3 turned on, successive T-dualities on the six circular dimensions take the
space from one having a well defined metric everywhere to one with successively more and

more “pathological” descriptions, ultimately losing any notion of a locally definable metric.

The above set { Heape Wi s Q2 Raebe } of generalised NS-NS fluxes would in principle
determine an extension of the supergravity algebra in (2.24) to a new one being invariant
under T-duality transformations. This T-duality invariant algebra was proposed in ref. [7]

to have the commutation relations

(Za; Zp) = Huwpe X +  wyZe,
[ZarXb] = _wgc XC + QZC ZC i (226)
[Xa,Xb] — ng X¢ &+ Rabc Zc ’

involving this time the entire set of generalised fluxes as structure constants. We will be
back to this point at the end of the chapter 5 when exploring the N = 4 origin of the

supergravity theories including non-geometric fluxes [155, 160, 161].

In our T®/Zy x Zo type IIB orientifold with O3/O7-planes, the geometric wp,, and
the R%¢ fluxes must be cg-even under the orientifold involution in (2.10) and are thus
totally absent. On the other hand, the non-geometric Q-flux must be o-odd and is fully
permitted. The Zo x Zs symmetry only allows 24 components of the flux tensor Q2%,
namely those with one leg on each 2-torus shown in figure 2.1. This set of non-geometric
fluxes is displayed in table 2.1. All the components of the tensor Q-flux are integers that

we take to be even.

’ Type ‘ Components ‘ Fluxes ‘
’ Q=07 ‘ 35 Q3 QL ‘ 51(1)751(2)751(3) ‘
Q =@ [ef o of [ &7 o
Ql—l — ng 14 Q36 Q32 61(1) 7 61(2) 7 61(3)
o —or [oF .o |4 e
J =0 [oraror g
[ ot=ef [op ob of |4) &) &) |
’ Q:I — Qgi ‘ 2. Qi Q¥ ‘ 62(1),62(2),62(3) ‘
J=o [er et @ (a4 &

Table 2.1: Non-geometric Q-flux components in the Zs x Zs orbifold.
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The effect of this new non-geometric Q-flux can be incorporated into the superpotential

by contracting it with the complexified Kéhler 4-form J in (2.13). Specifically,

1
30 (Dhagae = | @Q-T)nQCW, (2:27)

(Q'j)abc =

so the T-duality invariant four-dimensional effective theory involving the R-R flux F3 and
the NS-NS fluxes H3z and @ is described by the Kihler potential in (2.15) together with

the superpotential

WT-dual:/ (Fg—Sﬁg—l—Q-‘j)/\Q. (2.28)
Me

The contraction @-J can be expanded in the basis of 3-forms displayed in (2.2). This
expansion takes the form of

QT =T (" ag—cf™ ar—cf™ T+ 8) | (2.29)

where C; and Cy are the non-geometric @Q-flux matrices

MO RO RN ) SRR
1 1 1 2 2 2

a=| o & & . G=| &Y &P &V | (230
. (2 ~(1 ~(3 . (2 ~(1 ~(3
(2 eV g (2 e _g®

Using the expansion for the NS-NS Hj and the R-R F3 fluxes in (2.20) and substituting
those of (2.29) and (2.6) into (2.28), the T-duality invariant superpotential reads

3
Wr-qual = Wavw + ) P T (2.31)
K=1

where the piece Wgyw was previously shown in (2.22). Compared to it, the invariance
under T-duality transformations introduces a new cubic polynomial P3(U;) depending

again on the complex structure moduli

3

3

UL Us U

POwW) = M+ v, - et lUi S cPuus . (232)
L=1 L=1

The main feature of the flux superpotential in (2.31) is that it now depends on all the
untwisted closed string moduli. As we will see in chapters 3 and 4, this T-duality invariant
supergravity theory deserves special attention since it induces a scalar potential V(®) # 0
for the moduli fields that possesses supersymmetric AdSy as well as non-supersymmetric

Minkowski and de Sitter vacua without flat (massless) directions in field space.



54 T6/Zy x Zy 11B ORIENTIFOLD WITH O3/OT7-PLANES

2.3.2 Fluxes and S-duality

Taking the T-duality invariant type IIB supergravity theory of the previous section as the
starting point, we now wish to impose an additional symmetry, that of S-duality. This
SL(2,7Z) self-duality of the type IIB theory was shown in section 1.2.2 to have a non linear

action on the axiodilaton field S given by

R aS—+b
cS+d

with  ad—be=1. (2.33)

For the effective theory to be invariant under this transformation, the superpotential

must transform in a particular way,

W(S) = W (Z?i;) _ 651+ _W(S). (2.34)

This implies that the fluxes must themselves transform in such a way as to satisfy this and

they must transform in multiplets. Therefore, having a non-trivial Hz or F3 flux means

allowing for both 3-form fluxes being non-zero following such a transformation in S,

aS+b 7. — 1
cS+d 3_cS—i-d

Fg—Sﬁg—)Fg— < ((ng—bﬁg)—S(GHg—CFg)). (235)

In terms of H3 and F3, we have that the S-duality action on the 3-form fluxes is given by

(7)o (&)
] = ], (2.36)
F3 b a F3

which, of course, coincides with that of (1.21) for the gauge potentials. Similarly, the
non-geometric @Q-flux needs to be partnered with another flux of the same tensor type
and we are forced to turn on another non-geometric flux, P, which is multiplied by the

axiodilaton in order to give the same doublet mixing [8],

(o)~ 2)e)

With the inclusion of this additional non-geometric P-flux, we are lead to a both T-duality
and S-duality invariant four-dimensional effective theory. It involves the Hs, I3, @ and

P fluxes and is described by the Kéhler potential in (2.15) and the superpotential

Wr/s dual = /M (Fs —SH;+(Q—SP)- J) AL (2.38)

As it happened with the @ - J contraction in (2.29), the P - J one can also be
expanded in the basis (2.2) of 3-forms as,

P-g =T (d ag = DI ay - D™ 67+ aff) 8°) (2.39)
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where Dy and Do are the new non-geometric P-flux matrices,

_dil(l) C@(d) CZ1(2) _0?2(1) d:2(3) CZQ(Q)
D= 4% -d® " . Do=| 4P 4P dV | . (240)
d1(2) Czl(l) _Czl(?)) d2(2) Ci2(1) _J2(3)

Analogously to its Q-flux counterpart, the Zso x Zs orbifold symmetry only allows for 24
independent components of the non-geometric flux tensor P2. These components can
also be read off from table 2.1 by the exchanges Q <> P and ¢ <> d. After substituting the
expansions (2.20), (2.29), (2.39) and (2.6) and performing the integral over the internal

space, the T- and S-duality invariant superpotential of (2.38) takes the form

3

Wr/s-dual = Wr-dual + 5 Z P4(K)(U) Tk, (2.41)
K=1

with the Wir_qual piece being that of (2.31). To restore invariance under S-duality transfor-
mations, the superpotential in (2.41) incorporates an additional cubic polynomial Py(Uy)

depending again on the complex structure moduli

3 3
UL UsU
Pwy = -4 =S pM U+ it lUi 54 a U . (2.42)
L=1 L=1

Therefore, the T- and S-duality invariant N = 1 effective supergravity described in this
section involves (8 + 24) + (8 + 24) = 64 flux parameters coming from the (Fj, Q) and
the (Hg, P) fluxes that are generically allowed.

2.4 Flux algebra and Jacobi identities

In the absence of fluxes, compactifications of the type II ten-dimensional supergravities on
TS orientifolds yield a N' =4, d = 4 supergravity. Without considering additional vector
multiplets coming from D-branes, its deformations produce N =4 gauged supergravities
[160] specified by two constant embedding tensors, £,4 and faapc, under the global

symmetry

SL(2,Z) x SO(6,6,Z) , (2.43)

where o = + and A,B,C =1,...,12. These embedding tensors are interpreted as flux
parameters, so the fluxes become the gaugings of the N' =4 gauged supergravity [9].

In the Zs x Zs toroidal orbifold the global symmetry (2.43) is broken to the SL(2,Z)"
group and the tensor &,4 is projected out. Compactifying the type II1B supergravity on
this orbifold produces a N = 2 supergravity further broken to N = 1 in the type IIB
orientifold theory with O3/O7-planes.



56 T6/Zy x Zy 11B ORIENTIFOLD WITH O3/OT7-PLANES

2.4.1 Spinorial embedding of the generalised fluxes

As it was shown in ref. [8], the F3, Hs, @Q and P sixty four flux components can be
embedded into a spinorial 128 representation of SO(7,7,7Z) which in turn decomposes as
two Weyl spinors transforming respectively in the 64 (left) and the 64’ (right) represen-

tations. Accordingly to the SU(7) tensorial structure of these Weyl representations,

64 =1 + 7 + 21 + 35 ,
(2.44)
64 =1 + 7 + 21 + 35 |

the embedding of the fluxes is displayed in table 2.2.

As introduced in ref. [155], and subsequently deeper understood in ref. [161], the
(Fg , Q) pair of fluxes belongs to the SL(2, Z)-electric part of the flux algebra whereas the
(Hg, P) pair belongs to the SL(2,Z)-magnetic part. The same occurs with the fluxes*
(red print) in table 2.2 which correspond to heterotic fluxes [8,162,163], complete the 128
spinorial representation of SO(7,7,7Z) and restore an SL(2,Z)” modular invariance at the
level of the effective theory®. This fact severely modifies the structure of the generalised
flux algebra in (2.26) proposed in ref. [7]. Nevertheless, we will postpone further discussion

of this matter to the end of chapter 5.

Besides to the ones imposed by the symmetries of the compactification, e.g. the ZoxZs
orbifold symmetry, the set of generalised fluxes is subject to additional complex algebraic
relations. These constraints appear either as the Jacobi identities of the flux algebra that
the generalised fluxes give rise to or as tadpole cancellation conditions required by consis-

tency of the effective theory when sources such as O-planes and D-branes are included.

2.4.2 T-duality invariant supergravity and (Hs, Q) flux algebra

Let us explore the constraints on the fluxes arising as Jacobi identities of the flux algebra
in the case of the IIB supergravity theory described in the previous section and simplified
by setting P = 0. Not including the effect of this non-geometric P-flux, the effective

supergravity results invariant only under T-duality transformations.

The geometrical properties of the T-duality invariant type II compactifications to four
dimensions have been explored in [9, 23,43, 44,90, 164-170]. These compactifications are

naturally described as Scherk-Schwarz reductions [158] on a doubled torus, T2, twisted

®An SL(2,Z)" global symmetry would translate into an effective theory invariant under SL(2,Z) mod-
ular transformations on each of its seven untwisted moduli fields. Then, the SL(2, Z)7—invariant superpo-
tential has to contain all the multi lineal couplings between the seven moduli up to a degree seven term
given by by S U1U2UsTiT52T5 [8]. Notice that the effective theory specified by the superpotential in (2.41)
is not invariant under modular transformations on the three Kéahler moduli 77, so the fluxes™ in table 2.2

are not present in our type IIB orientifold theory.
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REP FLUXES

1 ao

7 agK) bo c(()K)

21 ol B B G )
P A S I e
35 | by o) DL orL pr L) ) g
21/ d:())K) CS(K) DT(KL) aﬂ{(K) b;(m

7 SR SR M

1/ by

Table 2.2: Embedding of the flux parameters into the spinorial 128 representation of
SO(7,7,Z). The (black print) ordinary fluxes are those entering the superpotential in
(2.41) while the (red print) fluxes* are not present in the type IIB orientifold theory under
consideration. It is worth noticing that the SL(2, Z)-electric Fs = (ao, o\, at) | a3) and
Q= (céK) , C§KL) ) CéKL) ) ch)) fluxes as well as the SL(2, Z)-magnetic Hs = (b, bgK) , bgK) , b3)
and P = (d(()K) , DEKL) , DéKL) , déK)) fluxes fit into components of the two 64 and 64’ Weyl

spinors.

under the supergravity group G. A stringy feature of these reductions is that the coor-
dinates in T'? account for the ordinary coordinates and their duals, so both momentum
and winding modes of the string are treated on equal footing, see section 1.3.1. Fur-
thermore, the fluctuations of the internal components of the metric and the B field are
jointly described [157] in terms of the O(6,6,R) doubled space metric in (1.40). In this
framework, a T-duality transformation can be interpreted as an SO(6,6,Z) rotation on
the background [164].

Recalling the introductory section 1.3.3, the three type II orientifolds are found to be

related by a chain of (three) T-duality transformations,
type IIB with O3/07 <« type ITA with O6 < type IIB with O9/05 . (2.45)

Each of these (T-) duality frames projects out half of the flux entries [8]. The type IIB
orientifold allowing for O3/O7-planes projects the geometric w and the non-geometric R
fluxes out of the effective theory. This duality frame is particularly suitable when classify-
ing the supergravity algebras, since it does not forbid certain components in all the fluxes,
as it happens with the type ITA orientifold allowing for O6-planes, but certain fluxes as
a whole®. By performing three T-duality transformations, the type IIB flux models with

SThis is also the case for the type IIB orientifold allowing for O9/05-planes, which forbids the Hs and
Q@ fluxes. The generalised fluxes mapping between the O3/07 and 09/05 type IIB orientifold theories
reads Q% < wS, together with Hgap <> R
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03/07-planes are mapped to type ITA compactifications with O6-planes in the presence of
the entire set of generalised Hz, w, @ and R fluxes. We will make use of this mapping

later on in chapter 4.

In the IIB with O3/07-planes duality frame, the conjectured supergravity algebra in
(2.26) simplifies to

[Zaqu] - Habc X¢ 5
[Zzz 7Xb] = QZC Zc 5 (246)
[Xa,Xb] — ng xec ,

and the effective supergravity theory admits a description in terms of a reduction on a
T-fold space [43,44,164,165]. From now on, we will refer to the IIB orientifold allowing for
03/07-planes as the T-fold description of the effective supergravity theory. One observes
that the algebra in (2.46) comes up with a gauge-isometry Zs-graded structure involving
the subspaces spanned by the gauge X¢ and the isometry Z, generators as the grading

subspaces.

In the T-fold description, the supergravity group G has a six-dimensional subgroup
Ggauge Whose algebra ggquge involves the vector fields X“ coming from the reduction of
the B-field. The ggquge is completely determined by the non-geometric Q-flux forced to
satisfy the quadratic X X X-type Jacobi identity Q? =0 from (2.46),

QL QI =0. (2.47)

From the general structure of (2.46), the remaining Z, vector fields coming from the
reduction of the metric are the generators of the reductive and symmetric coset space
G/Ggauge [171]. Provided a Q-flux, the mixed gauge-isometry brackets in (2.46) are given
by the co-adjoint action Q* of @ and the G/Gyquge coset space is determined by the Hs
flux restricted by the H3Q = 0 constraint

I_{z[bc Q&]’B =0, (248)

coming from the quadratic X ZZ-type Jacobi identity from (2.46). Any point in the coset
space remains fixed under the action of the isotropy subgroup Ggquge of G [172], so an ef-
fective supergravity theory is defined by specifying both the supergravity algebra g as well

as the subalgebra ggquge associated to the isotropy subgroup of the coset space G/Ggquge-

The constraints in (2.47) and (2.48) on the @ and Hj fluxes can also be interpreted
in terms of a nilpotency condition D? = 0 on the operator D = H3 A+ Q- introduced in
ref. [95].

2.4.3 S-duality on top of T-duality

Under the ansatz of systematically applying S-duality transformations upon the flux con-

straints of the T-duality invariant supergravity theory, we shall focus on the S-dualisation
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of the Jacobi identities in (2.47) and (2.48).

e Applying the self-duality SL(2,7Z) transformation of (2.37) on the non-geometric
Q-flux, the Q% = 0 Jacobi identity in (2.47) gives rise to an SL(2,Z)-triplet of

constraints involving the ) and P fluxes,
Qb —o ,  pltpIt_o | QUbpdT4 plbgdt—o, (2.49)

which, as before, we will denote as Q? = 0, P> = 0 and QP + PQ = 0. The
first condition results in that of (2.47) and the second one reduces to (2.47) under
@ — P. The third element of the triplet gives a mixing between the ) and P

fluxes.

e We now turn to the second Jacobi constraint H3@Q = 0 in (2.48) and consider what
effect S-duality has on it. The result is that it is extended to mix the four types of
fluxes in the IIB orientifold theory with O3/O7-planes,

-Hx[bc QZ}Z - Fx[bc Pc(l]jx =0. (250)
This constraint is an SL(2,Z)-singlet and we will refer to it as H3Q — F3P = 0.

At this point we want to emphasise that the Jacobi constraints in (2.49) have been ob-
tained by applying an S-duality transformation to the Jacobi constraint @2 = 0 of the T-
duality invariant effective supergravity theory. Starting however with the SL(2, Z)"-duality
invariant flux algebra involving the SL(2,Z)-electric (F3, Q) and the SL(2,Z)-magnetic
(Hs, P) background fluxes as structure constants, these conditions result slightly modi-
fied to Q? = P? = 0 together with QP = PQ = 0 [155,161]. Nevertheless, these modified
constraints can be understood as a particular case of (2.49). We will be back to this point

at the end of the chapter 5 and will explain where does this mismatch stem from [161].

2.5 Tadpole cancellation conditions

In the absence of background fluxes, the R-R field strengths are constrained by the Bianchi
identities in (1.44). In the case of the type IIB supergravity of section 1.1.2, these are

dFy =0 : dFs3 = * jg , dFs = *js (2.51)

where the magnetic currents jg and js account for D5-branes and D3-branes coupling to

the R-R gauge potentials Cy and CYy, respectively.

When including the background fluxes needed to restore T-duality invariance in the
type IIB orientifold theory with O3/O7-planes, these Bianchi identities are promoted to
a new one of the type DF = S. Now S is a generalised form due to sources that are

assumed smeared instead of localised and D is again the covariant derivative operator
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D = H3 A + Q- of the previous section. Since there is only a non-trivial R-R flux back-
ground F3, one expects combinations of fluxes of the types Hz A F3 (6-form) and Q - F}
(2-form). These can be understood as tadpole cancellation conditions on the R-R 4-form
Cy and 8-form Cjy that respectively couple to O3/D3 and O7/D7 sources.

In the type IIB orientifold that we are considering there is a flux-induced Cy4 tadpole
due to the Chern-Simons term in (1.12)

/ CyANH3 N Fy . (2.52)
M4><M6

There are further Cy tadpoles due to O3-planes and to D3-branes that can also be added.
The total orientifold charge is —32, equally distributed among 64 O3-planes located at the
fixed points of the orientifold involution in (2.10). Each D3-brane has charge +1 and if
they are located in the bulk, as opposed to fixed points of Z%, images must be included.

Adding the sources to the flux tadpole of (2.52) leads to the cancellation condition
agbg — agK) bgK) + agK) bgK) —azby = N3 , (253)

where N3 = 32 — Np3 and Nps is the total number of D3-branes.

The non-geometric @ and the R-R F3 fluxes combine to produce a flux-induced
tadpole for the R-R gauge potential Cs. This tadpole depends on the 2-form contraction
Q - F3 and is given by the coupling term

/ Cs N (Q - Fg,) . (2.54)
M4><M6
Expanding (Q - F3) in the basis of 2-forms of (2.3) yields coefficients

(Q - F3)r = ag cél) + agK) CéKI) - a;K) C%K]) —ag c(()l) , I1=1,2,3. (2.55)

This means that there are induced tadpoles for Cg components of type Cg ~ dvoly A &',
where dvol, is the spacetime volume 4-form and ! is the 4-form dual to w;. On the
other hand, there are also Cs tadpoles due to O7;-planes that have a total charge 432
for each I. As discussed before, due to the orbifold group Zs x Zs, there are O7-planes
located at the 4 fixed tori of of;, where 0; are the three order-two elements of Zo X Zs.

At the end we find the three tadpole cancellation conditions

(1)

apcy’ + agK) CéKI) — agK) C%KI) —as c(()l) =N, , =123, (2.56)
where N7, = =32 + ND71 and ND71 is the number of D7;-branes that are generically

allowed.
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2.5.1 S-duality and tadpole cancellation conditions

The tadpole constraints once S-duality invariance is included were derived in [8]. There
are two kinds of flux-induced tadpoles accordingly to their behaviour under self-duality

SL(2,Z) transformations on the fluxes.

e There is a flux-induced tadpole for each of the components of the SL(2,Z)-triplet
(Cs, Cg, C’g) of 8-forms introduced in section 1.4.2. These three tadpoles,

/ CsN(Q-F3) / CsAN(Q-H3+P-F3) / CsA(P-Hj)
M4><M6 M4><M6 M4 XMG

(2.57)
transform as an SL(2,Z)-triplet and arise from the original (Q - F3) one in (2.54).

Using the 2-form expansions

(Q-Hs3) = bocgl) + bgK)CéKI) — bgK)CyU) — b3CéI) ,
(P-Fy); = apdy + DD — GJOpIED g glD o (2.58)
(P-H3); = bod?) + o DIED O pED pa)

the new second and third tadpole cancellation conditions in (2.57) for the R-R gauge
potentials C% and Cg read

bocy) + oD et e 259
aodgl) + agK) DgKI) — aéK) D%KI) — agdél) = Nél
and
bodS) + o) DD — ) pED (D = Ny, (2.60)

The quantities Nél and Nh are respectively related to the number of I7-branes
(bound states of D7-branes and NS7-branes [139]) and NS7-branes which can be
added to the system wrapping the I*" 4-cycle dual to the 2-torus T%

e There is also the SL(2,Z)-singlet tadpole of (2.52) for the R-R gauge potential Cy
which does not transform under the type IIB SL(2,Z) self-duality.

In addition, further relations involving Jacobi-like contractions and tadpole-like con-
tractions of background fluxes take place in this type IIB orientifold theory, as originally

notice in ref. [8]. These relations are given by
H3Q=0 = Q-H3=0 and F3P=0 = P-F3=0. (2.61)

As a consequence, satisfying the H3Q — F3P = 0 Jacobi identity of (2.50) in a piecewise
manner, i.e. H3Q = F3P = 0, will imply the vanishing Nél = 0 of the flux-induced
tadpoles for the R-R gauge potential C§.
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2.6 The “#sotropic” supergravity flux models

Thus far we have worked out a four-dimensional N = 1 supergravity theory which de-
scribes the dynamics of seven moduli fields ® = (U, Us, Us, S, T1, To, T3) and that
results invariant under both T- and S-duality transformations. Given the Kéhler potential
in (2.15) and the superpotential in (2.41), the moduli evolve according to the standard
N =1 scalar potential

V(®) =X <Z K*®|DeW|? — 3]W2> : (2.62)
P

where K®? is the inverse of the Kihler metric in (2.16), and DgW = %—g + %—gW is the
Kahler derivative. Moduli fields are stabilised at the minimum of the potential energy,
taking a vacuum expectation value ®y determined by the extremisation conditions

AV (@)
9P

= 0. (2.63)
d=og

This effective theory depends on 64 flux parameters although, as we have already seen,
they are further restricted by Jacobi identities and tadpole cancellation conditions. In any

case, finding moduli flux vacua in this generic setup is rather cumbersome.

To make it more affordable, we will impose an additional Z3 symmetry on the fluxes

under the exchange 1 — 2 — 3 in the factorisation
T® = T2 x T2 x T2, (2.64)

of the three 2-tori making up the internal space. We will refer to this restriction as isotropic
flux backgrounds or, with some abuse of language, as the isotropic model. Notice that this
isotropy assumption is realised on the flux backgrounds instead of on the internal space,
as it was done in [7,95]. In that case there are only O3-planes and two geometric moduli,

namely the overall Kéhler and complex structure parameters.

Concretely, the aforementioned isotropic model ansatz is realized on the components

of the flux backgrounds as

¢y =cp , €' =c¢1 o, ¢ =6, ég =¢
céj) =c3 |, Eél) =y éél) =¢éy égf) =¢éy
dél) =dy , Jﬁ” =d; ) ngl) =d, ) dﬁ” =d |, (2.65)
d;(J,I) =ds , dé” =dy Cjé]) =dy |, Vé” =dy |,
bgl) =b , bgl) =by , agl) =a , ag) =ay

so it simplifies the supergravity effective models by reducing the number of flux parame-

ters from 64 to 24. The isotropic fluxes are summarised in tables 2.3, 2.4 and 2.5.
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Fo— | F— | Foy | By | H-—— | B | Hy | By

as as ar | ag b3 bo b1 bo

Table 2.3: Isotropic F3 and Hs3 flux components in the Zy x Zo orbifold.

omul ol N ol KoL o lu ol o)}

&1 C1 C1 €0 C3 C2 C2 C2

Table 2.4: Isotropic non-geometric @-flux components in the Zs x Zo orbifold.

- —— I |- - I
Al PR e

dq dq dq dy | ds | da dy | do

Table 2.5: Isotropic non-geometric P-flux components in the Zo x Zs orbifold.

The ansatz of isotropic fluxes is compatible with vacua in which the geometric moduli

are also isotropic, namely,
U1:U2:U3EU and T1:T2:T35T. (266)

This means that there is only one overall complex structure modulus U and one Kahler
modulus 7' together with the axiodilaton S. In this case, the Kéhler potential in (2.15)
and the superpotential in (2.41) reduce to

K = —3log(-i(U-0))—log(—i(S—S))—3log(—i(T-T)) ,

(2.67)
W = P(U)+SP(U)+T (Pg(U) + SP4(U)) :

where the isotropic P; 23 4(U) cubic polynomials now depend on the single complex struc-

ture modulus U and have the simple expressions

PiU) = ap—3a1U+3a,U°% —azU?, (2.68)
Py(U) = —by+3b1U—3bU%+b3U3, (2.69)
PyU) = 3(cot+(E1+e—)U—(eo+é— &)U —csU?) (2.70)
P(U) = -3 (do b (di+dy —d) U — (do +ds — do) U? — ds U3) .2m)

The Kéhler potential and the superpotential in (2.67) define the four-dimensional
N =1 effective supergravity which we will deal with during the next three chapters of
the thesis.
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2.6.1 Isotropic Jacobi identities and tadpole cancellation conditions

Making the isotropic flux ansatz of (2.65) leaves us with a much more simplified set of

Jacobi identities as well as tadpole cancellation conditions.

We will start with the SL(2,Z)-triplet of Jacobi identities in (2.49). In terms of flux
components, the Q2 = 0 constraints are written as

CoCl —C1Co+C1ég—coe3 =0 , 6351—634-5262—@163:0 , (272>

c3cop—CaC1 +CaC1 —C1C2 =0 , Coly— 3+ ¢ 61 —eacg=0 '

plus one additional copy of each condition with ¢ < ¢. An important result is that

saturating7 this ideal with respect to the conditions ¢; # ¢ automatically implies that ¢;

is complex. Therefore, it must be that

él = él C1 and 62 = ég =C2 . (273)

Using the result in (2.73), the Jacobi constraints satisfied by the non-geometric Q-flux

background become

co (62—52)+C1 (Cl —61) = 0 ,
C2 (02 — 52) + c3 (Cl — 51) = 0 , (2.74)
cocg —cica = 0

A similar reasoning can be done concerning the P? = 0 constraints in (2.49). These
conditions are exactly those in (2.74) when replacing ¢ — d. In addition, the third
element of the triplet in (2.49) gives a mixing between the @ and P fluxes which, in

terms of their entries, reduces to

c3dg — cody — c1da +cod3 = 0
c1(dy — dy) + co(dz — d) + do(ca — &) + di(c1 — &) 0, (2.75)
63(d1—d1)+02(d2—d2)+d2(62—52)+d3(61 —51> =

Therefore, the conditions in (2.74) (equivalently for the P-flux components) and (2.75)
determine the form of the flux-induced polynomials P3(U) and Py(U) in (2.70) and (2.71).

Let us now consider the H3Q — F3P = 0 Jacobi identity of (2.50). It is an SL(2,Z)-
singlet and involves the entire set of fluxes. Inserting the isotropic flux backgrounds, we

find that the resulting conditions are written in terms of the flux entries as

coby —cabo+ (c1 —¢1)by — dopag+dyag— (dy —di)ay = 0

cobs —cobi + (1 — 1) by — d0a3+d2a1—(d1—c§1)a2 =0 , (2.76)
c1by —c3bg — (c2 —C2)b1 — diaz +dzag+ (d2 —da)ay 0,
c1bg—c3by — (o — &) by — dyag+dsay + (dy —da)ag = 0

"This can be done using a computational algebra program as Singular [173] and solving over the real

field. In ref. [7], an analogous result is obtained manipulating this set of polynomial constraints by hand.
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The above constraints restrict the R-R F3 and the NS-NS Hj fluxes that respectively
determine the polynomials P;(U) and P»(U) in (2.68) and (2.69).

Finally, the tadpole cancellation relations also become simpler in the isotropic case.

Substituting the isotropic flux backgrounds one obtains
apbs —3a1by+3a2by —azby = Ns, (2.77)

as the tadpole cancellation condition for the R-R gauge potential Cy. In addition, the
constraints in (2.56), (2.59) and (2.60) depending on I = 1,2,3 reduce to the three

constraints

ag c3 + ay (2 Co — 52) — a2 (2 c1 — 51) —azcg = Ny, (2.78)

b003+b1<202—62)—bg(201—51)—()360 +
a0d3+a1(2d2—cz2)—a2(2d1—czl)—a3d0 = Né (2.79)

and
bods + by (de—CZQ) — by (2d1 —621) —bsdy = N7 , (2.80)

which are the tadpole cancellation conditions associated to the SL(2,Z)-triplet of R-R
gauge potentials (Cs, Cg, C’g). All these tadpole conditions further restrict the R-R fluxes.
Nevertheless, our approach will consider the net charges N3, N7, N/ and N7 to be free

parameters.

2.6.2 Roots structure of non-geometric flux-induced polynomials

The restriction in (2.73) upon the non-geometric Q-flux background simplifies the corre-

sponding flux-induced polynomial in (2.70) to
P3<U):3(CO+(261—El)U—(2CQ—éQ>U2—63U3) , (2.81)
with the flux coefficients being integer parameters.

Additionally, the Q% = 0 system of equations in (2.74) is easy to solve explicitly. The
solution variety has three disconnected pieces of different dimensions. The first piece has

dimension four and it is characterised by fluxes

c3 = )\p ]{32 s Cy = )\p ]{71 5 51 - )\q k2 + /\k'l ; (2 82)
c=Mka . =Mk,  G=MNk — )k '
Here X\ =1, (ki,k2) are two integers not zero simultaneously, and (\,, \;) are two rays
given by
p q
Ap=14+——7-—— d =14+ —"—— 2.83
P = GCD (ko) o 4= T GCD(kr k) (2:83)
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where p, ¢ € Z. By convention GCD(n,0) = |n|. With coefficients given by the fluxes in
(2.82), the polynomial P3(U) turns out to factorise as

Py(U) =3 (k1 + ko U) (g — AU =\, U?) . (2.84)

Notice that we have taken into account that the non-geometric fluxes are integers. The
second piece of solutions is three-dimensional, the set of fluxes can still be characterised
by (2.82) and P3(U) by (2.84), but with A =0 and A, = 1. Finally, the third piece has
only two dimensions with fluxes and P3(U) specified by setting A =0, A\, =0 and A\, = 1.

As a byproduct of the previous analysis we have isolated the real root of P3(U) that
always exists. In the next chapter we will investigate the T-duality invariant supergravity
theory and will explain how the nature of the remaining two roots is correlated with the
type of ggquge subalgebra in (2.46) spanned by the X generators. For example, we will

see that in the third piece of solutions with ko = 0, the ggquge turns out to be nilpotent.

Finally the above derivation can be repeated for the case of the non-geometric P-flux

whose flux-induced polynomial in (2.71) also simplifies to
Py(U) = —3 (do Y (2di —d) U — (2ds — do) U? — ds U3> . (2.85)

The roots structure of P;(U) when imposing the P2 = 0 Jacobi identity is exactly
the same as for its counterpart in (2.84). In this sense, the P? = 0 constraint can be
interpreted as the Jacobi identity associated to a P-flux algebra which relates to the type
of roots of P;(U). However an interpretation of the remaining QP+ PQ = 0 condition in
(2.49) turns out to be more involved and needs further discussion. We will go into these

questions in chapter 5.



Chapter 3

Supersymmetric Vacua in

T-duality Invariant Flux Models

In chapter 2 we derived the N = 1 effective supergravity theory in four dimensions
arising from the T®/Zy x Zs type IIB orientifold including O3/O7-planes. In addition
we considered the effect of including the doublet of gauge fluxes (F3, H3) as well as of
non-geometric fluxes (@, P) transforming under the SL(2,7Z) self-duality of type IIB su-
pergravity (weak-strong coupling duality). For the sake of simplicity, we concentrated on
a family of supergravity flux models that appears after imposing an isotropy Zs sym-
metry upon the fluxes and worked out the Jacobi identities and the tadpole cancellation
conditions that the fluxes must satisfy for consistency of the models. These models are
found to be invariant under the action of T-duality and S-duality transformations which
reflect at the effective level as modular transformations on the complex structure and on

the dilaton moduli fields respectively.

Here we want to consider only the effect of the gauge fluxes (F3, H3) together with a
non-geometric @-flux. In other words, we are fixing the non-geometric P-flux background
to zero, namely, the vanishing d4 = 0 of the fluxes in table 2.5. The symbolic index A
runs over all the entries of the non-geometric P-flux tensor. As a result, the supergravity
flux models arising from this P = 0 simplification are no longer invariant under SL(2,7Z)

modular transformations upon the axiodilaton modulus S.

Setting P = 0 in the Jacobi identities and the tadpole cancellation conditions re-
stricting the isotropic flux configurations, these result further simplified. While the flux

constraints in (2.74) coming from the Jacobi identity Q? = 0 are left intact, those in



68 SUPERSYMMETRIC VACUA IN T-DUALITY INVARIANT FLUX MODELS

(2.76) arising from H3Q — F3P = 0 get simplified to
coby — caby + (c1

’ (3.1)
Cle—Cgbo— (6]

o O O O

(c1 — &) by
cobg —cabr+ (c1—¢1) by =
(o — &) by
(o — ) b

c1 b3 —c3b1 — (c2

Because of the first relation in (2.61), the fact of taking P = 0 automatically imposes
the flux-induced tadpole cancellations Ni = Ny = 0 in (2.79) and (2.80). In the weak
coupling limit, 7-branes will then look like ordinary O7-planes and D7-branes in these

type IIB orientifold models, as it was explained in section 1.4.2.

Our objective in this chapter is the study and classification of supersymmetric vacua

in the aforementioned type IIB orientifold flux models.

3.1 Flux algebra and NS-NS flux-induced polynomials

We will start by discussing the solution to the Jacobi identities satisfied by the H3 and

the non-geometric () fluxes. The key idea is twofold:

e First, the gauge generators X in (2.46) coming from the reduction of the B-field
span a six-dimensional subalgebra ggquge Whose structure constants are precisely

the Q% non-geometric fluxes.

e Second, when these Q-fluxes are invariant under the Zs x Zs orbifold symmetry
described in section 2.1, the subalgebra ggquge is rather constrained. We expect
only a few subalgebras to be allowed in the isotropic case and our strategy is to

identify them.

In this way we will manage to provide explicit parameterisations for the non-geometric -
flux backgrounds that satisfy the Jacobi identity Q% = 0 in (2.47). Once this is achieved,
we will also be able to find the corresponding NS-NS Hj fluxes that fulfil the H3Q =0
Jacobi identities in (3.1).

We want to consider in detail the set of isotropic non-geometric @Q-fluxes given in
table 2.4 plus the conditions ¢; = ¢ = ¢; and ¢ = é = ¢o of (2.73). In this case the

subalgebra ggquge simplifies to

|:X21717X2J71] = €K (61 XZK*l + ¢ XQK) 7
[X2I*1,X2J] = €JJK (CQ X2K-1 +c1 XQK) , (32)
[XZI,XZJ] = €JJK (03 X2K71 +(~32 XQK) y

where I, J, K = 1,2,3. The Jacobi identities of this Q-algebra are given in (2.74). To

reveal further properties, it is instructive to compute the Cartan-Killing metric, denoted
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Mg, with components
MG = Qe Qif - (3.3)

For the above ggquge of isotropic fluxes we find that the six-dimensional matrix Mg is
block-diagonal, namely

Mg = diag (Mg, Mgy, My) , (3.4)

where the 2 x 2 matrix M, turns out to be

~2 2 ~ ~
¢y + 2cpco + ¢ Ccico + c1co + coes + ¢ ¢
/\/lg:—2< 1 0C2 1 1C2 1C2 0C3 12>‘ (3.5)

¢1c2 + c1c2 + cocs + c1C2 ¢+ 2cic3 + 3

Since M, is symmetric, we conclude that Mg can have up to two distinct real eigenval-

ues, each with multiplicity three.

The full 12-dimensional algebra g in (2.46) incorporating also the isometry Z, genera-
tors enjoys distinctive features alike. In the isotropic case the remaining isometry-isometry

algebra commutators involving the NS-NS Hj3 fluxes are given by

(Zo1-1,Z25-1] = ek (b3 X*H1 4+ by X?5) |
(Zo1-1,Zog] = ergi (ba X*K71 + by X2K) | (3.6)
(Zor, Z2g) = ergr (b1 X257+ 0o X2K)

whereas the mixed piece of the algebra involving the gauge-isometry brackets is determined
by the co-adjoint action @Q* of @ as

[Zor-1, X*'71] €1k (61 Zag 1+ c2 Zogc)
(Zor-1, X*7] = €1y (c2 Zag—1 + c3 Zok)
(Zor, X*"7Y] = €1yk (co Zak—1+ 1 Zok) (3.7)
(Zo1, X*7] = €1y (a1 Zag—1 + & Zog)

Besides the Jacobi identities purely involving the non-geometric @-fluxes, there are the
additional mixed constraints of (3.1). Computing the full Cartan-Killing metric, denoted

M, shows that there are no mixed X Z-terms. In fact, the matrix is again block-diagonal
M= dlag (Mg s Mg s Mg s Misom y Misom ) Misom) ’ (38)

with M, shown above. The new 2 x 2 matrix Mjsoy, is found to be

Misom = -

( bsc1 + 2baco + bics bg(cl + 51) + b1(02 + 52) > (3 9)
by . .

(c1+¢1) + bi(ca + ¢2) boca + 2bic1 + baco

Here we have simplified Mzo, using the Jacobi identities in (3.1). We conclude that the
allowed 12-dimensional algebras g are such that the Cartan-Killing matrix can have up

to four distinct eigenvalues, each with multiplicity three.
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Let us now return to the subalgebra ggyquge spanned by the X* generators and the
task of solving the constraints in (2.74) that arise from the Jacobi identity Q? = 0. The
idea is to fulfil these constraints by choosing the non-geometric Q-fluxes to be the struc-
ture constants of six-dimensional Lie algebras whose Cartan-Killing matrix has the simple
block-diagonal form of (3.4). To proceed it is convenient to distinguish whether Mg is
non-degenerate or not, i.e. whether gyquge is semisimple or not. If det Mg #0, and Mg
is negative definite, the only possible Q-algebra is the compact s0(4) ~ su(2)*. On the
other hand, the only non-compact semisimple Q)-algebra with the required block structure
is s0(3,1). When det Mg =0, the Q-algebra is non-semisimple. In this class to begin we
find two compatible algebras, namely the direct sum su(2) + u(1)3 and the semi-direct
sum su(2) @z, u(1)3 that is isomorphic to the Euclidean algebra iso(3). The ©z, symbol
denotes the semidirect sum of algebras endowed with the Zs cyclic structure coming from
isotropy. The remaining possibility is that the non-semisimple ()-algebra be completely
solvable. One example is the nilpotent u(1)® that we disregard because the non-geometric
(QQ-fluxes vanish identically. A second non-trivial solvable algebra, that is actually nilpo-

tent, will be discussed shortly.

After classifying the allowed 6-dimensional subalgebras ggquge the next step is to
find the set of corresponding non-geometric Q)-fluxes. Except for the nilpotent example,
all other cases have an su(2) factor. This suggests to make a change of basis from
(X211 X2 with I =1,2,3, to new generators (EIJET?I) such that basically one type,
say E!, spans su(2). The Z3 symmetry of the fluxes require that we form combinations
that transform in a definite way. For instance, E! can only be a combination of X?2/~!
and X2/ with the same I. Furthermore, for isotropic fluxes it is natural to make the

same transformation for each I. We will then make the SL(2,R) transformation

E! 1 —a f X2-1
BRTERIC

for all T =1,2,3. Here |I'| = ad — 7, and it must be that |I'| # 0. In the following we

will refer to (a, 3,7,60) as the I" parameters.

Substituting into (3.2), it is straightforward to obtain the algebra satisfied by the new
generators B! and E7. This algebra will depend on the non-geometric @)-fluxes as well
as on the parameters (a,[,7,9). We can then prescribe the commutators to have the
standard form for the allowed algebras found previously. For instance, in the direct prod-

uct examples we impose [EI , E7 ] =0.

In the following sections we will discuss each compatible 6-dimensional subalgebra
Ogauge in more detail. As we explained, this subalgebra is spanned by the X“ generators

coming from the reduction of the B-field. The goal is to parameterise the non-geometric
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Q-fluxes in terms of («, 3,7,0) for each type of B-field reduction, namely, semisimple and
non-semisimple reductions. By construction these fluxes will satisfy the Jacobi identity
Q? = 0 of the algebra g in (2.46). We will then solve the mixed constraints in (3.1)
involving the NS-NS H3 fluxes. The main result will be an explicit factorisation of the

cubic polynomials P3(U) and P>(U) that dictate the couplings among the moduli fields.

3.1.1 Semisimple B-field reductions

The (-algebra is semisimple when the Cartan-Killing metric is non-degenerate. This
means det Mg # 0 and hence det M, # 0. Now, six-dimensional semisimple algebras
are completely classified. If Mg is negative definite the Q-algebra is compact so that
it must be so(4) ~ su(2) +su(2). When Mg has positive eigenvalues the Q-algebra is
non-compact and it could be s0(3,1) or so(2,2) but the latter does not fit the required

block-diagonal form in (3.4).

3.1.1.1 The so(4) ~ su(2)* case

The standard commutators of this algebra are
[EI, EJ] = 6]JKEK 5 [El, EJ] = €]JKEK 5 [EI, EJ] =0. (311)

After performing the change of basis in (3.2) we find that the non-geometric Q-fluxes

needed to describe this algebra can be parameterise as

co= p6(B+9) ) aa= Béla+n) ; &= YB+a*s
g=—ay(la+y) ,  a=-ay(@B+s) .  a=-(p+ad?)
(3.12)
provided that |T'| = (ad — Bv) # 0. It is easy to show that these fluxes verify the Jacobi
identities in (2.74). What we have done is to trade the six non-geometric Q-fluxes, con-
strained by two independent conditions, by the four independent parameters («, 3,7, 9d).
These parameters are real but the resulting non-geometric Q-fluxes in (3.12) must be in-

tegers.

For future purposes we need to determine the cubic polynomial P3(U) that corresponds

to the parameterised non-geometric Q-fluxes. Substituting in (2.81) yields
P3(U) = 3(aU + B)(YU 4 0) [(e +7)U + (B +9)] - (3.13)

This clearly shows that in this case P3(U) has three real roots. Moreover, the roots
are all different because |I'| # 0. We will prove that for other algebras P3(U) has either
complex roots or degenerate real roots. The remarkable conclusion is that P3(U) has three
different real roots if and only if the algebra of the non-geometric Q)-fluxes is the compact

50(4) ~ su(2) 4+ su(2). Alternatively, we may start with the condition that the polynomial
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has three different real roots that we can choose to be at 0, —1 and oo without loss of
generality. These roots can then be moved to arbitrary real locations by a linear fractional

transformation
_aU+p

AU+
with (o, 3,7,0) € R and |I'| # 0. By comparing the roots of P3(U) in terms of the fluxes

with those in terms of the transformation parameters we rediscover the map in (3.12)

(3.14)

2

and the associated su(2)* algebra. In the next sections we will see that the variable Z

introduced above plays a very important physical role.

We now turn to the Jacobi constraints in (3.1) involving the NS-NS H3 fluxes. In-
serting the non-geometric Q-fluxes of (3.12) we find that the b’s fluxes can be completely
fixed by the I' parameters plus two new real variables (e, e3) as follows

bp=—(e1f®+ed’) ,  b=—(ad’f+ear’d)

(3.15)
by = 61a3+62'y3 , b = 610&B2+62’Y(52

We also need to compute the polynomial P,(U) that depends on the NS-NS Hj3 fluxes.
Substituting the above b’s in (3.15) yields

Py(U) = e1(aU + B)> + ex(WU +6)3 . (3.16)

It is easy to show that because |I'| # 0, the P»(U) flux-induced polynomial has complex
roots whenever e; ey # 0. Contrariwise, P,(U) has a triple real root if either €; or es

vanishes.

We may expect that the full 12-dimensional algebra g has special properties when
P,(U) has a triple root. Indeed, inserting the fluxes in (3.12) and (3.15) into (3.9) yields
det Misom = 16 €1 €2 |T'|®. Hence, the full Cartan-Killing matrix M happens to be degen-
erate when € e = 0. To learn more about the full algebra it is convenient to switch from

the original Z, isometry generators to a new basis (D, D;) defined by

Dy 1 [4dn Zar—1
(5)-m () (%) o

for I =1,2,3. It is straightforward to compute the piece of the full algebra generated by

the (Dy, Dj). Substituting the parameterised fluxes in (3.6) and (3.7) we obtain
[Dr,Dj] = —e1ergx BX ; [51, ﬁﬂ = —eyergBEX (3.18)
[E',Dy] = eryx Dk : [E',Dj] = e1yx D ;

where all other commutators do vanish. A quick inspection of the whole algebra encoded

in (3.11) and (3.18) shows that when either €, or e, is zero, the D or the Dy, generate

a 3-dimensional invariant abelian subalgebra. Moreover, when say ¢; = 0 and €3 # 0, the
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Msom block of the full Cartan-Killing metric has one zero and one non-zero eigenvalue
which is negative for es < 0 and positive for €2 > 0. The upshot is that when € €2 =0,
the 12-dimensional algebra g is is0(3) + g, where g is either so(4) or so(3,1). On the
other hand, when €1 ey < 0, the algebra is s0(4) + s0(3,1), whereas for €1,e2 < 0 it is
50(4)%, and for €1,e2 > 0 it is s0(3,1)%.

The methods developed in this section will be applied shortly to other subalgebras.
In summary, the non-geometric Q and the NS-NS Hj3 fluxes can be parameterised us-
ing auxiliary variables (a,3,7,d) and (e1,€e2) in such a way that the Jacobi identities
are satisfied and flux-induced superpotential terms are explicitly factorised. The full 12-
dimensional algebra g can be simply characterised after the changes of basis (3.10) and

(3.17) are performed. We will carry out this algebra classification in the next chapter.

The auxiliary variables are constrained by the condition that the resulting fluxes be
integers. This issue deserves further explanation. There are two cases depending on
whether the polynomial P»(U) has complex roots or not. If it does not, we can take
€1 = 0 to be concrete. From the structure of the NS-NS fluxes Hjz in (3.15) it is then
obvious that, for a # 0, the quotient 3/« is a rational number. Going back to the non-
geometric Q-fluxes, it can be shown that the ratios v/a and &/a, as well as a® and e
also belong to Q. If P»(U) admits complex roots the generic result is that ex/e;, 5/a,
a?, etc., involve square roots of rationals. However, it happens that when at least one of
the non-geometric parameters («, 3,7,0) is zero then all well defined quotients are again

rational numbers.

3.1.1.2 The so0(3,1) case

This is the well known Lorentz algebra. We can take E! to be the angular momentum

generators and E7 to be the boost generators. Thus, the ()-algebra can be written as

(BB =eyxBX | [EL B = —eyxEX . [ELE'] =eyxEX . (3.19)

In this case the non-geometric Q-fluxes that produce the algebra are found to be

co = —B (6% + %) . a=-a(pf?+6) . Ga=-B(2—9)) —2vb6a ,
3= afa®+9?) , o= pB(a®++%) , G= a(f*—0%)+28~0
(3.20)

as long as |I'| # 0. Substituting the resulting non-geometric Q-fluxes in (2.81) gives the
P;(U) polynomial

Py(U) = =3(aU + B)[(aU + B)* + (U +6)?] . (3.21)

Since I' # 0, P3(U) always has complex roots. We will see that for non-semisimple

algebras all roots of P3(U) are real, as for the compact so(4). Hence, the important
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observation now is that P3(U) has complex roots if and only if the algebra of the non-

geometric @-fluxes is the non-compact s0(3,1).

The Jacobi constraints in (3.1) for the NS-NS Hj fluxes can again be solved in terms

of the T' parameters plus two real constants that we again denote by (e, €2). Concretely,

bp = —B(6%—30%) e —6(6%—308%) e ;
by = (af®—2870 —ad?) e + (v6% — 2268 —vB8%) e, (322)
by = (Bv*+2v6a—Ba?) e + (6a® 4+ 2Bva — 7% es
b3 = a(@®=3v")ea+7v(7*—30?) e
These fluxes give rise to the NS-NS H3 flux-induced polynomial
Py(U) = (WU + 6)3(e123 — 36222 — 3612 + €3) , (3.23)

where Z = (aU + B)/(7U + 6) as before. The discriminant of this cubic polynomial is

always negative, so the P»(U) polynomial has three different real roots.

3.1.2 Non-semisimple B-field reductions

Accordingly to the Levi’s decomposition theorem, the )-algebra in this case is the semidi-
rect sum of a semisimple algebra and a solvable invariant subalgebra. Lack of simplicity
is detected imposing det Mg = 0 which requires det M, = 0, where M, is shown in
(3.5). Combining with the Jacobi identities in (2.74) we deduce that up to isomorphisms
there are only two solutions in which the solvable invariant subalgebra has dimension less
than six. In practice this means that M, has only one zero eigenvalue. As expected from
the underlying symmetries, this invariant subalgebra can only have dimension three and
be u(1)3. The semisimple piece can only be su(2), so the two solutions are the direct and

semidirect sum discussed below.

The remaining possibility consistent with the symmetries is for the solvable invariant
subalgebra to have dimension six. The criterion for solvability is that the derived algebra
[0gauges Bgauge] be orthogonal to the whole algebra ggquge Wwith respect to the Cartan-
Killing metric. In our case this means ng./\/l‘éc =0, Va,b,d. The non-geometric Q-fluxes
further satisfy the Jacobi identity Q% = 0. On the other hand, the stronger condition for
nilpotency is M% = 0. For our Q-algebra of isotropic fluxes given in (3.2), we find that all
solvable flux configurations are necessarily nilpotent. The proof can be carried out using
the algebraic package Singular to manipulate the various ideals'. This result is consistent
with the fact that in our model Mg is block-diagonal so that when det Mg = 0, it

has three or six null eigenvalues and in the latter situation Mg is identically zero. One

LA group theoretical derivation of the allowed ggauge in the Zs x Zso isotropic orbifold will be given in

chapter 4.
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obvious nilpotent algebra is u(1)®, but it is uninteresting because the associated Q-fluxes

vanish identically. There is a second solution which will be described later.

The allowed non-semisimple ()-algebras can all be obtained starting from su(2)* and
performing contractions consistent with the underlying symmetries of the isotropic fluxes.
For example, setting E'/ = E! and E = AE! in (3.11) and then letting A — 0 obviously
gives the direct sum su(2) + u(1)3. More generically we can take E"7 = \* (B! + E!) and
E'T =)\t (E'—ET) with a,b> 0. The limit a =0, b> 0 and A — 0 yields the Euclidean
algebra iso0(3). Letting instead 2b = a > 0 and contracting gives the nilpotent algebra.

3.1.2.1 The su(2)+u(1)? case

Since this algebra is a direct sum and one factor is abelian, the brackets take the simple
form
[ELE)) =eryxEX , [ELE))=0 , [EBLE']=0. (3.24)

Requiring that, after the change of basis in (3.10), the algebra in (3.2) is of this type

returns the following non-geometric Q-fluxes

Co = ﬁ52 ) C1 = 165/7 ) 62: 72/6 )

c3=—any? , g =—avyd , G =-0a |,

(3.25)

assuming |I'| # 0. These fluxes automatically satisfy the Jacobi identities in (2.74). They
also satisfy the additional condition cypca = ¢; ¢ arising from det M, = 0. The non-

geometric Q-fluxes of the Q-algebra su(2) + u(1)3 lead to the P3(U) polynomial
P3(U) = 3(aU + B)(YU + 6)? . (3.26)

One observes that P3(U) has one single and one double real root. The Jacobi identities
in (3.1) again fix the NS-NS Hj3 fluxes as in the previous cases. The solution in terms of

the free parameters is given by

bo = — (e18° + €26°) ; by=—(a1a®B+e7%) (3.27)
b= e a®+eq? ; by = e af?+ ey '
For the associated polynomial P»(U) we then find
Py(U) = e1(aU + B)® + e2(yU +6)* , (3.28)

which, as in the compact case, has complex roots whenever € eg # 0.

3.1.2.2 The su(2) @z, u(1)® ~iso(3) case

The Levi’s theorem states that in general the Q)-algebra can be characterised as

[EI, EJ] = EIJK(EK + EK) R [EI, EJ] =0 [EI,EJ] = EIJKEK . (329)
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The typical form of the Euclidean algebra in three dimensions is recognised after the
isomorphism (B! — ET ) — E!. The non-geometric QQ-fluxes needed to reproduce the above

commutators turn out to be

co=—06%(8—9) ) c1 =62 (a—7) , o= Y (B+)—-270a ,
= V(-7 , a= YB-9 , &a=-(+9)+2708 ,
(3.30)
for || # 0. Besides the Jacobi identity Q? = 0, these Q-fluxes satisfy the additional
condition 4cgea = —(c1 — ¢1)? by virtue of det M, = 0. For the flux configuration of this

Q-algebra the P3(U) polynomial becomes
Py(U) = 3(yU 4+ 8)*[(v — a)U + (6 — B)] . (3.31)

As in the direct sum su(2) + u(1)3, this P3(U) polynomial has one single and one double

real root.

The NS-NS Hj fluxes can be determined from the Jacobi identities in (3.1). Intro-

ducing again parameters (e, €z) leads to

bo = —0%(Ber +de) ; b2:—l(ﬁ’7+2a5)61—72562 ;
3
5 (3.32)
by= 7* (aer +7e) ; by = §(a5+257)61+75262
The companion polynomial P»(U) of the NS-NS Hj fluxes is fixed as
Py(U) = (YU 4 6)* [ex(aU + B) + e2(7U + )] . (3.33)

Analogous to the non-compact case, this P»(U) has only real roots, but one of them is

degenerate.

3.1.2.3 The u(1)’ ®z, u(1)3 ~nil case

To search for Q-flux configurations that generate a nilpotent (J-algebra we impose that
the Cartan-Killing metric vanishes. Now, in our model Mg = 0 implies the much simpler
conditions det My =0 and Tr M, = 0. Up to isomorphisms, we find only one non-trivial
solution. This is the expected result based on the known classification of 6-dimensional

nilpotent algebras?.

From the 34 isomorphism classes of nilpotent algebras, besides u(1)°, only one is
compatible with isotropic fluxes invariant under the Zs X Zs orbifold symmetry. The

algebra is 2-step nilpotent and its brackets can be written as

(B E') =eyxEX , [EE']=0 , [E'E]=0, (3.34)

%A table and references to the original literature are given in ref. [99].
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so, up to isomorphisms, this is the Q-algebra nil = u(1)3 ©z, u(1)3 labelled 73.5 in Ta-
ble 4 of ref. [99].

The change of basis from the original (X2~! X2} generators to the new (E!, E!)
ones is still given by (3.10). Starting from the X% commutators in (3.2) we can then
deduce Q-fluxes such that the nilpotent algebra in (3.34) is reproduced. In this way we

obtain
o= & ; 1= 6%vy , Ga= 09
(3.35)

cg = —7° , co = —87> , 1= —0"y

Notice that these @)-fluxes only depend on two independent parameters. This occurs
because besides the Jacobi constraints there are two more conditions det M, = 0 and
Tr My = 0. The non-geometric Q-fluxes of the nilpotent algebra generate the P3(U)
polynomial

Py(U) = 3(yU +6)% , (3.36)

which clearly has one triple real root.
In analogy with all previous examples, the H3Q = 0 Jacobi identity determines the NS-

NS fluxes H3 in terms of two additional parameters (e1,€2). Inserting the non-geometric

Q-fluxes of the nilpotent algebra into (3.1) readily yields

bo=—62(6ex+ver) , b2:—725€2+1(252—’y2)61 ,
3
2 (3.37)
b= 2 (yex—er) , by = ’}/(5262*5((52*2’)/2)61
Substituting in (2.69) we easily obtain the corresponding polynomial
Py(U) = (WU + 6)? [ea(qU 4 8) + e1(y — 0U)] . (3.38)

As in the su(2) @z, u(1)? case, this P»(U) has one single and one double real root.
Without loss of generality we can choose o« = —4 and =~ (so that |I'| < 0) in order to
write P(U) in terms of the variable Z = (aU + 3)/(7U +6) as

Py(U) = (YU + 6)%(e12 + €2) . (3.39)

The advantage of this choice of parameters will become evident when we perform a trans-

formation from U to Z in the scalar potential.

3.2 New variables and R-R background fluxes

The T-duality invariant superpotential in (2.28) depends on the complex structure parame-
ter U through the three cubic polynomials P;(U), P,(U) and P3(U) induced respectively
by the R-R F3, the NS-NS H3 and the non-geometric Q-fluxes. Our results in last section

show that the last two polynomials can be concisely written as

Py(U) = (ZU + 6)>*Pa(2) and Py(U) = (WU + 6)*P3(2) , (3.40)
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where Z = (aU+)/(yU+96). The real parameters (o, 3,7,0), with |I'| = (ad — 5v) # 0,
encode the non-geometric Q-fluxes while for the NS-NS fluxes H3 two additional real con-
stants (€1, €2) are needed. As summarised in table 3.1, the polynomials P2(Z) and P3(Z)

take very specific forms according to the Q-algebra underlying the non-geometric @ flux

background.
Ggauge Ps(2)/3 P2(2) P1(2)
. 53 €1 -+ 3622 — 36122 — 6223
50(3,1) —Z(2241) | 2% = 36222 — 3612 + €2 ( )
+3& (22 +1)
su(2)? Z(Z+41) €123+ e & (61— 2% + 36 Z2(1- 2)
su(2) + u(1)3 Z 6123 + e &3 (€1 — €223) — 3&; 22
su(2) &z, u(1)? 1-Z €12 + € 3MZ + 3022 + \323
nil 1 €z +e 3MZ 4 3X22 4+ X323

Table 3.1: @Q-algebras and flux-induced polynomials.

A very nice property of the variable Z introduced in (3.14) is its invariance under

SL(2,Z)y modular transformations

kU+ ¢
U= 0 Gt b moneZ  and kn—fm=1. (3.41)
mU+n
Since this is a symmetry of the compactification, the effective action must be invariant.

The Kihler potential, K = —3log[—i(U — U)] + - - -, clearly transforms as
K' = K + 3log |mU + n|?* . (3.42)

Therefore, the physically important quantity e |W|? is invariant as long as the superpo-
tential satisfies -
W=—————. 3.43
(mU +n)3 (343)
In order for W to fulfil this property the fluxes must transform in definite patterns. In
fact, it follows that (3.43) holds separately for each of the flux-induced polynomials in the

superpotential.
We claim that the fluxes transform under SL(2,Z)y precisely in such a manner that
z = Z. (3.44)

The proof begins by first finding how the non-geometric @-fluxes mix among themselves
from the condition P;(U) = P3(U)/(mU +n)3. For example, under U’ = —1/U, the

Q-fluxes transform as

/ / / / -/ - -/ -
cg=—c3 , C=c3 , CHh=—-c , C3=c , € =C , C=—¢ . (3.45)
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Next we read off the corresponding transformation of the parameters («, 3,7, d) that are

better thought of as the elements of a matrix I". The result is

OGO
~ Y S -m k

so it easily follows that Z’ = Z. One additionally has that |I”| = |T|.

For the NS-NS flux Hj3 we can study the transformation of P»(U) with coefficients
given by the by. Alternatively, we may start from P»(U) written as function of Z as
in (3.40). The conclusion is that the transformation of the b4 is also determined by I

together with

(6/17 6/2) = (617 62) ) (347)
for all the ()-algebras.

At this point it must be evident that we want to change variables from U to Z. It
is also convenient to trade the axiodilaton S and the Kéahler modulus T by new fields
defined by

S=5+¢& and T=T+&, (3.48)

where the shifts & and & are some real parameters. The motivation is that such shifts in

the axions Re S and ReT' can be reabsorbed into R-R fluxes as explained in the following.

3.2.1 Parameterisation of R-R fluxes

The systematic procedure is to express the R-R fluxes a4 in such a way that their con-

tribution to the superpotential is of the form
Pi(U) = (WU +6)*Py(2) (3.49)

in complete analogy with (3.40). To arrive at this factorisation we must relate the four
R-R fluxes a4 to the parameters (a,f,7v,d) that define Z = (aU + 5)/(7U + §), and
to four additional independent variables. Obviously, 731(2) can be expanded in the basis
of monomials {1, Z, 22, 23} . However, a more convenient basis contains the already
known polynomials P3(Z) and P2(Z) that are generically linearly independent. We still
need two independent polynomials and these are taken to be the duals ﬁ3(2 ) and ﬁg(Z ).
The dual P;(Z) is such that P;(Z) — P;(Z)/Z3 when Z — —1/Z. The last two subal-
gebras in table 3.1 must be treated slightly different because linear independence of P3(Z2)
and Py(Z) fails for particular values of the NS-NS Hj flux parameters (e, €2).

We concretely make the expansion

Pi(2) = & Pa(2) + & P3(2) + Pi(2) . (3.50)
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In the full superpotential the first two terms in Py (Z) will precisely offset the axionic shifts
in the new variables S and 7 shown in (3.48). Let us now discuss the remaining piece
P1(2) that also depends on the @Q-algebra and is displayed in table 3.1. As explained

before, for the first three subalgebras in the table we can further choose
PUZ) = & P3(2) — & Pa(2) - (3.51)

A motivation for this choice is that the R-R tadpoles turn out to depend on the R-R fluxes
only through the real coefficients (£3,&7).

For the last two subalgebras in table 3.1, P3(Z) and P2(Z) are not independent when
€1 takes a particular critical value. For su(2) ®z, u(1)? this happens when €; = —eo,
whereas for the nilpotent ()-algebra the critical value is ¢ = 0. To take into account
these possibilities, compensating at the same time for the axionic shifts, we still make the

decomposition in (3.50) but with
Pi(Z)=3MZ+3X 2%+ 2323, (3.52)

Away from the critical values of the e¢; parameter we can take A\; = 0 because £; and
& are independent parameters. At the critical value necessarily A; # 0 but in this case
& and & enter in the R-R fluxes in only one linearly independent combination. The R-R

flux-induced tadpoles happen to depend just on the parameters (Mg, A3).

The next step is to compare the expansion of P;(U) in U with its factorised form, c.f.
(3.49) and (2.68). In this way we can obtain an explicit parameterisation of the R-R fluxes
a4 in terms of the variables that determine 731(3), namely (&s,&;) together with (&3,&7)
or (A1, A2, A3), depending on the Q-algebra. These results are collected in the appendix B

. We stress that the £’s and A’s are real parameters but the emerging R-R fluxes must be

integers.
Bgauge Ns/|T]> | Nq/|TP?
50(3,1) A +e)ds | A&
su(2)* (€] +€3) &3 287
su(2) +u(1) | (f+6)Es &r
su(2) @z, u(1)? | doer — Azea | A2 + A3
nil A€l — Az € A3

Table 3.2: @Q-algebras and R-R flux-induced tadpoles.

A vacuum solution in which the moduli (Z,S,7T) are fixed generically requires spe-
cific values of the non-geometric @, NS-NS H3 and R-R Fj fluxes. These fluxes also
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generate R-R flux-induced tadpoles that must be balanced by adding orientifold planes or
D-branes. To determine the type of sources that must be included we need to evaluate
the R-R tadpole cancellation conditions using all parameterised fluxes. Substituting into
(2.77) and (2.78) we arrive at the very compact expressions for the number of sources
N3 and N7 gathered in table 3.2. As advertised before, the R-R fluxes only enter either
through the parameters (£3,&7) or (A2, A3). The non-geometric @ and NS-NS Hjz fluxes
only contribute through |T'|> and (1, e2). We will see that there is also a clear correlation
between the tadpoles and the VEVs of the moduli fields.

Finally, let us remark that, just like (e, €2), the {’s and \’s variables are all invariant
under SL(2,R)y modular transformations on the complex structure U. Indeed, from the
explicit parameterisation of the R-R fluxes a4 we deduce that their correct behaviour un-
der SL(2,Z)y, analogous to (3.45), precisely follows from the transformation of («a, 3,7, d)
in (3.46). This is of course consistent with the fact that the number of sources N3 and
N7 in the tadpole cancellation conditions are physical quantities that must be modular

invariant.

3.2.2 Moduli potential in the new variables

We have just seen how a systematic parameterisation of the fluxes has guided us to new
moduli fields denoted (Z,S,7). As we may expect, the effective action in the trans-
formed variables also takes a form more suitable for finding vacua. The shifts in the
axionic real parts of the axiodilaton and the Kéhler field do not affect the Kéhler poten-
tial K whereas in the superpotential W they can be reabsorbed in R-R fluxes. On the
other hand, the change from the complex structure U to Z is the SL(2,R) transformation
U= (8-02)/(vZ —«a) whose effect on K and W is completely analogous to a modular

transformation except for factors of |I'| = (ad — 87).

Combining previous results we obtain eX|W|?> — eX|W)|?, where the transformed

Kahler potential I and superpotential W are given by

K = =3log(—i(Z-2))—log(-i(§—S8))—3log (=i (T-T)) ,

(3.53)
W = [DPR2[PUZ) + SPZ) + T P3(2)]

The flux-induced polynomials P;(Z) are displayed in table 3.1 for each Q-algebra. In the
effective four-dimensional action with N’ = 1 supersymmetry, the functions K and W

determine the scalar potential of the moduli according to

V=K ST KPP DewP -3 | (3.54)
=2.5,T

In this chapter we will be interested in supersymmetric minima for which the Kéahler
derivative DgeW = W + W 0K = 0 for all moduli fields.
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3.3 Supersymmetric vacua

This section is devoted to searching for supersymmetric vacua of the moduli potential
induced by R-R F3, NS-NS Hj and non-geometric @ fluxes together. We will show that
by using our new variables the problem simplifies substantially and analytic solutions are

feasible.

Supersymmetric vacua are characterised by the vanishing of the F-terms. In our setup

these conditions are written as

ow 31t W ow W ow 3t W
DW=z Tomz =V PV = %5 T oms =0 PV =57 Tomr =Y
(3.55)
so the task will be to determine whether there are solutions with the moduli fields com-

pletely stabilised at VEVs denoted
Zo=z0+iy , So=so+ioy , To=to+ipo- (3.56)

It is worth noticing that, at any supersymmetric moduli solution satisfying (3.55), the

potential energy in (3.54) is given by
Vo = =3 mp2<o. (3.57)

This translates into the well known fact that supersymmetric vacua are forced to be either
Minkowski or AdS4. Then obtaining dS solutions necessarily implies supersymmetry to
be broken at the vacuum. We will carry out an exhaustive search of non-supersymmetric

dS solutions within these T-duality invariant supergravity flux models in the chapter 4.

Besides stabilisation, there are further physical requirements. At the minimum the
imaginary part of the axiodilaton in (2.12), o9 = ™%, must be positive for the reason
it is the inverse of the string coupling constant gs as shown in (15). It can be argued
that the geometric moduli are subject to similar conditions. The main assumption is that
they arise from the metric of the internal space, which is T® in absence of fluxes. In
particular, the Kihler modulus in (2.14) has Im7 = e"¥ A2, where A2 is the area of a
4-dimensional subtorus. Hence, it must be pg > 0. Notice also that the internal volume is
measured by Vine = (o/ 00)3/ 2. For the transformed complex structure Z it happens that
Im Z = [D|Im U/|yU + 6|?. Therefore, necessarily Im Zy = yo # 0 because for Im Uy = 0
the internal space is degenerate. Without loss of generality we choose that Im Uy is always

positive.

Another physical issue is whether the moduli take values such that the effective super-
gravity action is a reliable approximation to String Theory. Specifically, the string coupling
gs = 1/0¢ is expected to be small to justify the exclusion of non-perturbative string ef-

fects. Conventionally, there is also a requirement of large internal volume to disregard
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corrections in o'. However, in the presence of non-geometric Q-fluxes the internal space
might be a T-fold in which there can exist cycles with sizes related by T-duality [43,164].
Thus, for large volume there could be tiny cycles whose associated winding modes would
be light (see section 1.3). To date these effects are not well understood. At any rate, we
limit ourselves to finding supersymmetric vacua of an effective field theory defined by a
very precise Kahler potential and flux-induced superpotential. A more detailed discussion
of the landscape of vacua is left for section 3.4. We will see that the moduli can be fixed

at small string coupling and cosmological constant.

In the following we will first consider supersymmetric Minkowski vacua that have
W =0 at the minimum. In our approach it is straightforward to show that for isotropic
fluxes such vacua are disallowed. We then turn our attention to the richer class of AdSy
vacua. Since superpotential terms adopt very specific forms depending on the particular
subalgebra satisfied by the non-geometric Q-fluxes, we will study the corresponding vacua
case by case. We will mostly focus on the model associated to the non-geometric Q-fluxes

of the compact su(2)* but will also consider other allowed subalgebras to some extent.

3.3.1 Minkowski vacua

Minkowski solutions with zero cosmological constant require that the potential vanishes.
Imposing supersymmetry further implies that the superpotential must be zero at the
minimum (2, Sp, 79). A key property of the superpotential in (3.53) is its linearity in S
and 7. This implies in particular that the F-flatness conditions DsW = 0 and DWW = 0,
together with W = 0, reduce just to

P3(Z20) = P2(Z20) = P1(20) =0. (3.58)

The third condition DzW = 0 yields a linear relation between Sp and 7y so that not all
moduli can be stabilised. The situation is actually worse because (3.58) cannot be fulfilled
appropriately. Indeed, for the specific polynomials for each subalgebra shown in table 3.1,
it is evident that P3(Z) and P(Z) can only have a common real root Zj. But then

Im Uy =Im Z; = 0 and this is inconsistent with a well defined internal space.

It must be emphasised that we are assuming that non-geometric Q-fluxes, and their
induced P3(Z), are non-trivial. Our motivation is to fix the K&hler modulus without in-
voking non-perturbative effects. If only R-R F3 and NS-NS Hj3 fluxes are turned on there
do exist physical supersymmetric Minkowski vacua in which only the axiodilaton and the
complex structure are stabilised [81,85]. In such solutions the gauge fluxes (F3, H3) must

still satisfy a non-linear constraint [85,174].

No-go results for supersymmetric Minkowski vacua in the presence of non-geometric

Q-fluxes have been previously obtained [8,23,174]3. In ref. [8] their existence was disproved

3In ref. [23] it is further shown that Minkowski vacua with all moduli stabilised can exist in more general
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assuming special solutions for the Jacobi identities in (2.74). We are now extending the

proof to all possible non-trivial isotropic non-geometric @Q-fluxes solving these constraints.

3.3.2 AdS, vacua

We now want to solve the supersymmetry conditions when W # 0. The three com-
plex equations DgWV = 0 with & = Z, S, 7T, in principle admit solutions with all moduli
fixed at values Zy = xg + iyo, So = So + i0g, and Tg = tg + iug. We will also impose
the physical requirements o9 > 0, pp > 0 and ImUy > 0 which implies [I'|yp > 0. In

general existence of such solutions demands that the fluxes satisfy some specific properties.

In the AdS, vacua, the polynomials P2(Z) and P3(Z) are necessarily different from
zero. Moreover, combining the equations DsW = 0 and DyW = 0 shows that at the
minimum Im (P3(2)/P2(Z)) = 0, or equivalently

P3(Z2) Pa(2)" — P3(Z2)" Pa(Z2) 0= 0. (3.59)

From this condition we can quickly extract useful information. For example, for the poly-
nomials of the nilpotent subalgebra we find that e¢; = 0. Similarly, for the semidirect
product su(2) ©z, u(1)3, it follows that e; = —ez. Thus, in these two cases P2(Z) and
P3(Z) are forced to be parallel and the equation (3.59) is inconsequential for the moduli.
Having one equation less means that all moduli cannot be fixed simultaneously. In fact,

what happens is that only a linear combination of the axions sp and t¢ is determined [93].

Another instructive example is that of the su(2) + u(1)3 @Q-algebra. With the polyno-

mials provided in table 3.1 the supersymmetry condition in (3.59) implies
€ — 2e1mo (2 + y3) =0, (3.60)

where we already used that yg # 0. Now we see that forcefully e; # 0 because otherwise
€2, and thus Py(Z) itself, would vanish. However, it could be e = 0 and then xy = 0.

If €2 # 0 we will just have one equation that gives yg in terms of xg.

In other examples with P2(Z) and P3(Z) not parallel there are analogous results. It
can happen that the supersymmetry condition in (3.59) already fixes xo or it gives yo
as function of xg. The remaining five equations can be used to obtain Sy and 7y in
terms of yg or zg, and to find a polynomial equation that determines yy or xg. This
procedure can be efficiently carried out using the algebraic package Singular. The results

are described below in more detail.

The superpotential for each @Q-algebra is constructed with the flux-induced polyno-

mials listed in table 3.1. The number of sources needed to cancel tadpoles are given in

setups having more complex structure than Kéhler moduli (in our type IIB language).
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table 3.2. Recall that O3-planes (D3-branes) make a positive (negative) contribution to
N3, whereas O7-planes (D7-branes) yield negative (positive) values of N7.

Each supersymmetric vacua can be distinguished by the modular invariant values of
the string coupling constant gs; and the potential at the minimum V, that is equal to
the cosmological constant up to normalisation. In the models at hand these quantities are
given by
3Wo|? 1

—_———— d =—. 3.61
128 yS’ ,ug 0o o 9 00 ( )

Vo =
In all examples the VEVs of the moduli yg, o0g, po, as well as the value Wy of the
superpotential at the minimum, can be completely determined and will be given explicitly.

It is then straightforward to evaluate the characteristic data (gs, V).

3.3.2.1 The nil case

When ¢; = 0, the model based on the non-geometric Q-fluxes of the nilpotent subalgebra
is U « T dual to a type IIA orientifold with only R-R F3 and NS-NS Hj fluxes already
considered in the literature [92,93]. Supersymmetry actually requires €¢; = 0. There are
some salient features that are easily reproduced in our setup. For instance, a solution
exists only if A3 # 0 and (A1 A3 — A3) > 0. The axions sy and to can only be fixed in

the linear combination

A
3t + €350 = 7§<3A1 Ay — 2)3) . (3.62)
The rest of the moduli fields are determined as
A 9 5(A1Ag — )\3) B 2(A1 A3 — )\g)yo B
o = )\3 ) Yo = 3)\% ) gg = 362)\3 ) Mo = €200 ,
(3.63)

and the cosmological constant can be computed using Wy = 27 ug |F\3/ 2,

From the results we deduce that e > 0, and A3 > 0 for yg < 0. Then ImUy > 0
requires |I'| < 0 as it happens for the nilpotent algebra. The tadpole conditions then
verify N3 = —A3€e2|T'|®> > 0 and Ny = A\3|T'|> < 0. The relevant conclusion is that the

model necessarily requires O3-planes and O7-planes.

3.3.2.2 The iso0(3) case

The non-geometric Q-fluxes of this subalgebra are U <+ T dual to NS-NS Hjz plus
geometric fluxes w in a type ITA orientifold. Supergravity models of this type have
been studied previously [84,93,175,176]. For completeness we will briefly summarise
our results that totally agree with the general solution presented in [93]. Existence of a
supersymmetric minimum imposes the constraint e€; = —eg. In this case it occurs again

that the axions sg and ¢y can only be determined in a linear combination given by

3to + €250 =3 A1 + 3X2(9— Tzg) + 3320 (9 — 8xp) . (3.64)
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The imaginary parts of the Kahler and the axiodilaton fields are stabilised at values
o = €2 00 : €200 =6 (A2 + A320) 9o , (3.65)
so the NS-NS ey parameter must be positive. It also follows that Wy = 24 pg (1 — xg —
iyo) [T|>/? determines the AdS, vacuum energy.
The VEVs of the zg and gy real axions depend on whether the R-R flux parameter
A3z 18 zero or not:
i) If A3 =0 we obtain
zo=1 and 3hyd=—(\1 + Xa) . (3.66)

Notice that Ao # 0 to guarantee og # 0. In fact, choosing 39 > 0 it must be Ay > 0.
For the number of sources we find N3 = —Xye2 T2 < 0 and N7y = X\ |T']? > 0.

Therefore, D3-branes and D7-branes must be included.
i) If A3 # 0 we instead find
A3yd =15 (zo — 1) (A2 + A3 x0) , (3.67)

whereas the axion zy must be a root of the cubic equation

2

160(x9—1)3+294 (1 + 12> (z0—1)*4135 (1 - 12) (z0—1)+)\i()\3+3)\2+3>\1) = 0.
’ ’ ’ (3.68)

The solution for xg must be real and such that y% > 0. For the tadpoles we now

have N7 = [T[|2(A\y + A3) and N3 = —ez N7. Thus, in general N3 and N; have

opposite signs. The remarkable feature is that now they can be zero simultaneously.

This occurs when the R-R parameters satisfy Ao = —A3, in which case the cubic

equation for xg can be solved exactly.

3.3.2.3 The su(2) +u(1)’ case

As explained before, necessarily €; # 0. Let us consider €2 = 0 which is the condition for
P2(Z) to have only real roots. Now it happens that all moduli fields can be determined.
The axions are fixed at g =0, so =0 and fy = 0. The imaginary parts have VEVs

€183 262 yo
?Jg = ) go = — 27 5 Mo = 2{7 Yo , (369>
&7 €1 &3
and the cosmological constant is easily found substituting Wy = —2 po yo |T' ]3/ 2,

Clearly, the solution exists only if £3 £ 0 and &; # 0. Moreover, €1 £3&7 > 0 and if
we take yo > 0, &3 < 0, & > 0 and €; < 0. The number of sources satisfy N3 < 0 and
N7 > 0, so that D3-branes and D7-branes are needed.

Taking €3 # 0 we deduce that there are no solutions at all when & =0 and &3 # 0.

However, there are minima that require ¢; < 0 and N7y > 0 when &5 = 0.



3.3 SUPERSYMMETRIC VACUA 87

3.3.2.4 The so0(3,1) case

This is the only flux configuration for which P3(Z) has complex roots. It also happens

that Py(Z) always has three non-degenerate real roots. We will briefly discuss the vacua

according to whether the NS-NS flux parameter e vanishes or not.

i)

i)

Taking ez = 0 : In this setup the axions are determined to be zg = 0, sg = 0
and tg = 0. For the imaginary parts of the Kdhler modulus and the axiodilaton we

obtain

e100 (34 43) 3&(yg—1) —er & (3y5 + 1)
(1—-y3) 290 (3+43)

To evaluate the potential at the minimum we use Wy = 2 1o yo (1—%2) |T|*/2. Notice

Mo = and €100 — (3.70)

that &3 and &; cannot be zero simultaneously and that y% =1 is not allowed, so
we are interested in real roots yg # 0 and yo # £1. Actually, the imaginary part
of the transformed complex structure satisfies a third order polynomial equation in

Y2 given by

15yl +13ys+ 1592 —1) =& (yg — 1) (5yg +6yg —3) =0. (3.71)

Although we have not made an exhaustive analysis, it is clear that the solutions of
(3.71) depend on the range of the ratio &7/e; 3. For instance, there are values for
which there is no real root at all, as it occurs e.g. for 2&7; = —e; £€3. For other values
there might be only one real positive solution for yg. An special example happens
when &3 = 0 and the net O3/D3 charge N3 is zero, while the net O7/D7 charge
N7 is negative as implied by the conditions pg > 0 and |I'|yp > 0. Similarly, when
&7 = 0, there is only one solution in which Ny = 0 while N3 < 0.

The third possibility is to have two allowed solutions. For instance, taking &; =
2¢€1 &3 gives roots yg = 1/5 and y(Q] = 1+ 2+/2. However, in principle the cor-
responding vacua cannot be realized simultaneously because the net charges would
have to jump. In fact, for yg < 1, it happens that N3Ny > 0, whereas for y(Q] > 1, it
must be N3N7 < 0. It can also arise that both solutions have y3 < 1. For example,
when & = —30¢1 &3 each of the two vacua has N3 > 0 and Ny < 0. We will ex-
plore the phenomenon of multiple AdS4 vacua in more detail for the non-geometric

Q-fluxes of the su(2)* algebra.

Taking €3 # 0 : We have only studied the special cases when one of the flux-tadpoles
N3 or Ny is zero. We find that when e¢; = 0 the F-flatness conditions can not be
solved but for €; > 0 there are consistent solutions for a particular range of |ea/€;].
Vacua with &3 = 0 exist provided that &7 < 0. Vacua with no O7/D7 flux-tadpoles,
i.e. with & = 0, require &3 < 0. One important conclusion is that, for the fluxes of

the non-compact @-algebra, solutions with Ny = 0 must have N3 < 0.
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3.3.2.5 The su(2)* case

This is the only situation in which the polynomial P3(U) induced by the non-geometric
Q-fluxes has three different real roots. The polynomial P»(U) generated by the NS-NS
H3 fluxes has complex roots whenever € e3 # 0 and one triple real root otherwise. We

will study the vacua in both cases in some detail.

The full model based on the non-geometric @Q-fluxes of the su(2)* subalgebra has an
interesting residual symmetry that exchanges the NS-N§S auxiliary parameters € . It can
be shown that the effective action is invariant under €7 <> €9, &3 — &3 and &7 — &7,

together with the field transformations
Z2—-1/2" , S — -5 , T—-T". (3.72)

This symmetry leaves one of the P3(Z) roots invariant while exchanging the other two.

We will make extensive use of it in the next chapter.

P,(U) polynomial with a triple real root

Due to the symmetry in (3.72) it is enough to consider ¢; =0 and €3 # 0. In this model
the axions are stabilised at VEVs

1 €283
= —— , = 3 — ,
xo 5 €2 50 &7 5

€2 &3
2

to=&r —

(3.73)

The imaginary parts of the Kéhler modulus and the axiodilaton are fixed in terms of g

according to

and €200 =—yo [3& + %(4 ye — 3)] . (3.74)

B dey o
HO= "0 1 ayd)

At the minimum W,y = 2ies 09 |F|3/ 2. Clearly &3 and &7 cannot vanish simultaneously
so that the model always requires additional sources to cancel tadpoles. One has that

necessarily ez < 0.

The modulus gy is determined by the fourth order polynomial equation
€23 (4y5 —1) (45 +5) —8&7 (4y5 —5) =0 (3.75)

In the two special cases & = 0 and £ = 0 an exact solution is easily found. When
367 # 0 there can be two AdSy solutions. The corresponding vacua, which can be
characterised by the net tadpoles N3 and N7, are described more extensively in the

following.

i) Taking Ny = 0 : When & = 0 the moduli VEVs and the cosmological constant

have the very simple expressions
_ 12TPyo

1 30
y(Q) =7 ) gp = T 5 Ho = —2€200 ) Vo 6252
3

; (3.76)
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Since both pp and oy are positive, it must be €2 < 0, and taking yo > 0 then
&3 > 0. Therefore N3 > 0 and O3-planes must be included.

i1) Taking N3 =0 : This is the case {3 = 0. The moduli and the cosmological constant
are fixed at values
5 2 ~ 9T Peayo

2
=7 ’ =-3 ) - 3 N Vo =
Yo €200 §Y0 1o €200 0 5002

; . (3.77)

Necessarily €2 < 0, and choosing yg > 0 then &; > 0. Hence N7 > 0 and D7-branes

are required.

ii1) Taking N3 Ny # 0 : The solutions for yy depend on the ratio &7/e3&3. A detailed
analysis can be easily performed because the polynomial equation (3.75) is quadratic
in yg. We find that there are no real solutions in the interval 1/8 < &7/e2é3 <
(7T +2+/10)/4. On the other hand, when 0 < & /ey &3 < 1/8, there is only one real
positive solution for yg and it requires N3 > 0 and N; < 0. For &7/exé3 <0
there is only one acceptable root for yg and it leads to N3 > 0 and Ny > 0. A
more interesting range of parameters is &7/ex &3 > (7+2+/10)/4 because there are
two allowed solutions for yg and for both it must be that N3 < 0 and N7 > 0. The
upshot is that there can be metastable AdS4 vacua in the presence of D3-branes and
D7-branes.

P,(U) polynomial with complex roots

The F-flatness conditions can be unfolded to obtain analytic expressions for the VEVs
of all the moduli. However, for generic range of parameters, a higher order polynomial
equation has to be solved to determine 7 in the end. The main interesting feature is
the appearance of multiple vacua even when N3 N7 = 0, i.e. when there are either no
O7/DT7 or no O3/D3 net charges present. We will first describe the overall picture and
then present examples. For definiteness we always choose yp > 0 so that |I'| > 0 is

required to have Im Uy > 0 for the complex structure.

To obtain and examine the results it is useful to make some redefinitions. The idea is
to leave as few free parameters as possible in the F-flatness equations. Since ¢; is different
from zero we can work with the ratio

_— 3.78
r= (3.78)

By virtue of the residual symmetry in (3.72) there is an invariance under p — 1/p. There-
fore, we can restrict to the range —1 < p < 1, where the boundary corresponds to the
fixed points of the inversion. Furthermore, as discussed at the end of section 3.1.1.1, the

parameter p is either a rational number or involves at most square roots of rationals.
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When the R-R flux parameter &3 # 0 it is also convenient to introduce new variables

as

T=ea&T : S=6&S : Gr=eaé& (P +1)n. (3.79)

Even though the definition of the parameter n seems awkward, it simplifies the results
since n — np under the transformations in (3.72). In the new variables of (3.79) the

superpotential becomes
W=TP2e& 3T Z2(Z24+1)+8(Z3+p)+(1-pZ3)+3n(1+p) Z(1—-2)| . (3.80)

Since the F-flatness conditions are homogeneous in W the resulting equations will only
depend on the parameters p and 1. When &3 = 0 we just make different field redefini-
tions, i.e. T =€ 577' and § = &7 S’, so that the free parameters will be p and &7/e€;.

Manipulating the F-flatness conditions enables us to find the VEVs Ty and Sy as
functions of (xg,y0). The expressions are tractable but bulky so that we refrain from

presenting them. The exception is the handy relation between the size and string coupling

moduli fields . N
€100 (3950 - yo)
1+ 2 X0

po = , (3.81)

which is valid when z¢ # —1 and yZ # 2. There is a solution with zg = -1 and y2 =32

but it has pg = —e1 (14 p) 0o, o = 3& yo and it requires n = —(1+ p)/(p> = Tp +1).
There is another vacuum with zp = —1 that occurs when p — oo (e = 0) and has
already been discussed. The case z3 = y3, which is better treated separately, requires

& # 0 unless p = 0.

The residual unknowns (xg,yo) are determined from the coupled system of high degree

algebraic equations

0

Yo +2x0 (L+30) yg — p a0 + 1) + a3 (0 + 2) |

0 = (2p+4px0+11x8+13w6)(2p77+2773;g+x(2)+370) (3.82)

yS (L+2nz0 —2n) + (1 + 30023 — 23 +18nad —6pn) yo

_|_
+ x (5477:1:3+119384—427)3384—8%+12p77:1:0—4:c0—6,077) ve .

The corresponding equations when £ = 0 can be obtained taking the limit n — oo.

Eliminating yo for generic parameters gives a ninth-order polynomial equation for x.

For some range of parameters the above equations can admit several solutions for
Zy = xg + 1Yo, which in turn yield consistent values for the remaining moduli fields. The
existence of multiple vacua is most easily detected in the limiting cases in which one of the
net tadpoles N7 or N3 vanishes, equivalently when £ =0 (np=0)or & =0 (n — 00).
In either limit the new NS-NS flux parameter p can still be adjusted. We expect the
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results to be invariant under p — 1/p and this is indeed what happens.

We have mostly looked at models having no O7/D7 net charge, namely with 7 = 0.

It turns out that the solutions require & > 0 so that N3 > 0 and O3-planes must be

present. Below we list the main results:

i) Taking p =1 there are no minima with the moduli fields stabilised.

i1) Taking p = —1 there is only one distinct vacuum with data
Zp=—-0.876+1.158¢ , Sp=E&3(—0.381+0.2384) , To=€1&3(0.602—0.3051) ,
and V5 = 2'22‘5‘3. Notice that necessarily €5 > 0 and €1 < 0. Actually, for p = —1,

3 €

there is a second consistent solution but it is related to the above by the residual
symmetry in (3.72).

ii1) There can be only one solution when p. < p < 1, where p. = —0.7267361874.

The critical value p. is such that the discriminant of the polynomial equation that
determines z is zero. Consistency requires €; < 0 and €3 > 0 so that O3-planes are
needed. For instance, when p = 0 the solution is exact and has

_ 6P

B 5561 .

€1 53(2 )

Zo=—1+i 30=§(4+i) L o= A (3.83)

As expected, when applying the transformation in (3.72) this vacuum coincides with
that having {7 = 0 and €; = 0, given in (3.76). For other values of the parameter

p the solution is numerical. For example, taking p = 3 leads to the VEVs

Zy=—1.036+0.834i , Sy=&(1.561+0.192) , To=Eser (1.055 — 0.4534)

3
and the vacuum energy Vy = 2'25823!5'
3
2y So/&s To/&s €1 Vo&e/|TJ?
—0.91105442 + 1.14050441¢ | —0.26002362 4 0.190594477 | 0.53128071 — 0.27572497¢ 3.353
—0.43550654 4 0.73478523¢ | 0.28605555 4 0.55017649¢ | 0.60410811 + 0.12407321 ¢ —2.168
—0.40368586 4 0.57866160¢ | 0.49215445 4 0.33255331¢ | 0.57101568 4 0.26593032 ¢ —1.880

Table 3.3: Degenerate moduli flux vacua for £, =0 and p = —

(S

iv) The important upshot is that in the interval —1 < p < p. there can be two distinct

solutions for the same set of fluxes. An example with p = —2 is shown in table 3.3.
Notice that the last two solutions can exist for £3 > 0 and e; > 0. The first solution

can also occur but for &3 >0 and €; < 0.
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For models having no O3/D3 net charge, namely with 7 — oo, a detailed analysis is
clearly feasible but we have only sampled narrow ranges of the adjustable parameter p.
Consistent solutions must have ¢; < 0 and & > 0. Hence Ny > 0 and D7-branes must
be included. There are values of p, e.g. p = —1, for which there are no vacua with the
moduli stabilised. For p =1 there is only one minimum which can be computed exactly.
More interestingly, the supergravity models of this type can also exhibit multiple vacua.
In table 3.4 we show an example with p = 3. Observe that both solutions exist for €; < 0
and & > 0.

Zy €180/&7 To/& Vo&2/el|l|?
—0.88312113 + 0.745809437 | —6.1818994 — 1.68676607 | —4.20643209 + 3.92605399 2 0.026
0.20646056 + 0.89488895 ¢ 0.03039439 — 2.49813344 7 | —0.06455485 + 1.18981502 % 0.084

Table 3.4: Degenerate moduli flux vacua for {3 =0 and p = 3.

3.4 Aspects of the non-geometric landscape

In this section we review and discuss the main aspects of the AdS4 vacua in our models
that are standard examples of type IIB toroidal orientifolds with O3/O7-planes. Besides
the axiodilaton S, after an isotropic ansatz the massless scalars reduce to the overall com-
plex structure U and the size modulus 7. Fluxes of the R-R and NS-NS 3-forms (F3, H3)
generate a potential that gives masses only to S and U. The new ingredient here are
the non-geometric Q-fluxes, which are required to restore T-duality between type IIA and
type IIB, and that induce a superpotential for the Kahler field T". The various fluxes must
satisfy certain constraints arising from Jacobi or Bianchi identities. The problem is then
to minimise the scalar potential while solving the constraints. The question is whether
there are solutions with all moduli stabilised. We have seen that the answer is affirmative

and now we intend to analyse it in more detail.

It is instructive to begin by recounting the findings of the previous sections. The initial
step is to classify the subalgebras ggquge Whose structure constants are the @Q-fluxes. With
the isotropic ansatz there are only five classes. For each type, the non-geometric Q-fluxes
can be written in terms of four auxiliary parameters (f;g) =T, in such a way that the
Jacobi identities are automatically satisfied. Other fluxes can also be parameterised using
I plus additional variables: (e1,€e3) for the NS-NS Hj fluxes, and (&3, &7, &, &) or
(A1, A2, A3, &, &) for the R-R F3. The significance of the I' matrix is that it defines a
transformed complex structure Z = (aU + )/(yU + 0) that is invariant under the mod-
ular group SL(2,Z)y. The effective action can be expressed in terms of Z according to
the @-algebra. Once the subalgebra is chosen the vacua will depend only on the variables

I, (e1,€2), and (€3,&7) or (A1, A2, As), that in turn determine the values of the string
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coupling and the cosmological constant (gs, Vo), as well as the net tadpoles (N3, Ny). In

many examples, the VEVs of the moduli fields can be determined in a closed form.

Our approach to analyse the vacua in the presence of non-geometric @-fluxes has
the great advantage that the degeneracy due to modular transformations of the complex
structure is already taken into account. Inequivalent vacua are just labelled by the VEVs
(20, So, To) that are modular invariant. In practice this means that we can study fami-
lies of modular invariant vacua by choosing a particular structure for I'. In section 3.4.2

we will give concrete examples.

There is an additional vacuum degeneracy because the characteristic data (gs, Vo) hap-
pen to be independent of the parameters (&, &;). The explanation is that they correspond
to shifts of the axions Re S and ReT which can be reabsorbed in the R-R Fj fluxes.
The flux-induced R-R tadpoles (N3, N7) are blind to (&s,&;) as well. Apparently, generic
shifts in Re S and ReT are not symmetries of the compactification, so that two vacua
differing only in the R-R flux parameters (s, &) would be truly distinct. We argue below
that the vacua are equivalent because the full background is symmetric under S — S —&;,
and T — T — &.

In the absence of non-geometric Q-fluxes, the R-R field strength ﬁg entering the piece
(1.9) of the ten-dimensional type IIB supergravity action is given in (2.19). The natural

generalisation to include non-geometric Q-fluxes is
ﬁgZFg—Hg/\Co+Q'C4—|—F3, (384)

where @ - Cy is a 3-form that we can extract from (2.29) because ReJ = Cy. It is
straightforward to see from (2.12) that Cy = ReT > ; ®!, where & are the basis 4-forms,
and that Cy; = ReS. Notice then that ﬁg involves the two axions in question. The
relevant result is that Fj is invariant under the shifts § — S — ¢ and T — T — &
To show this we first compute the variation of F3 using the universal terms in (B.1) for
the parameterisation of the R-R fluxes and then substitute into (3.84). In the effective
four-dimensional action the result is simply that the superpotential in (2.28) is invariant

under these axionic shifts and the corresponding transformation of the R-R fluxes.

3.4.1 Overview

We now describe in order some prominent features of the AdS, vacua found in this chapter

with non-geometric @-fluxes switched on.

1. The explicit results of section 3.3.2 indicate that in all models the VEVs oy = Im Sy
and pg = Im 7Ty are correlated. This generic property follows from the F-flatness

conditions simply because the superpotential is linear in the axiodilaton and the
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Kahler modulus. Recall that the VEVs in question determine physically important
quantities, namely the string coupling gs = 1/0¢, and the overall internal volume
Vint = (po/ 00)3/ 2. To trust the perturbative string approximation gs must be small
and we will shortly explain, as already shown in ref. [95], that generically there are
regions in flux space in which both gs and the cosmological constant are small, while
Vine is large. We stress again the caveat that even at large overall volume there could
still exist light winding string states when non-geometric ()-fluxes are in play. These
effects are certainly important in trying to lift the solutions to full string vacua. In
this chapter we only claim to have found vacua of the effective field theory with a

precise set of massless fields and interactions due to generalised fluxes.

. Another common feature of all models is the relation between moduli VEVs and

net R-R charges. In type IIB toroidal orientifolds it is known that in Minkowski
supersymmetric vacua the contribution of R-R F3 and NS-NS Hj fluxes to the Cj
tadpole is positive ( N3 > 0) and this occurs if and only if Im Sy > 0 [81]. The inter-
pretation is that to cancel the tadpole due to F3 and Hj it is mandatory to include
O3-planes, whereas D3-branes can be added only as long as N3 stays positive. This
is also true for no-scale Minkowski vacua in which supersymmetry is broken by the
F-term of the Kahler field. Turning on non-geometric Q)-fluxes enables to stabilise
all moduli at a supersymmetric AdS4y minimum. At the same time, the Q-fluxes
induce a Cgs tadpole of magnitude N7 that can be cancelled by adding O7-planes
and/or D7-branes. We find in general that the VEVs Im Sy and ImTj, that must
be positive, are correlated to the tadpoles (N3, N7). According to the @Q-algebra
there are several possibilities for the type of sources that have to be included. For
example, the models considered in ref. [95], having N3 > 0 and N; = 0, proceed
only with the Q-fluxes of the compact su(2)* algebra.

For the @Q-fluxes of the nil and the su(2)®z, u(1)3 algebras, there is a relation
N3 = —eg N7, with €2 > 0. Only in the latter case it is allowed to have N3 = N7 =0,
and the sources can be avoided altogether. For the @-fluxes of su(2)+ u(1)3 alge-
bra it turns out that orientifold planes are unnecessary to cancel tadpoles, but both
D3-branes and D7-branes must be added (N3 < 0 and N7 > 0).

The fluxes of the semisimple ()-algebras are more flexible. In particular, it can
happen that one flux-tadpole vanishes while the other must have a definite sign.
Moreover, the sign is opposite for the compact and non-compact cases. For in-
stance, when Ny =0, N3 > 0 and O3-planes are obligatory for the su(2)* Q-fluxes,

while for the s0(3,1) case, N3 < 0 and D3-branes are required.

The magnitudes of the VEVs are also proportional to the net tadpoles. This then

implies that the string coupling typically decreases when N3 and/or N7 increase.
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However, the number of D-branes cannot be increased arbitrarily without taking

into account their backreaction.

3. Consistency of the vacua can in fact be related to the full 12-dimensional algebra g
in which the Hs and the Q-fluxes are the structure constants. The reason is that
the conditions Im Sy > 0 and Im 7Ty > 0 also impose restrictions on the signs of the
NS-NS flux parameters (€1, €2). For instance, in section 3.3.2.5 we have seen that for
Q-fluxes of the compact so(4) ~ su(2)* algebra, the solutions with €; = 0 require
€2 < 0. This in turn implies, as explained in section 3.1.1.1, that the full algebra
is s0(4) +1is0(3). Another simple example is the model based on the su(2) 4 u(1)3
QQ-algebra. The vacua found in the section 3.3.2.3 with €3 = 0 require ¢; < 0 and it
can then be shown that the full algebra g is so(4) +u(1)°. A more detailed study

of the 12-dimensional algebras is left for the next chapter 4.

4. We defer to section 3.4.2 a more thorough discussion of the landscape of values
attained by the string coupling ¢gs; and the cosmological constant Vy for the Q-
fluxes of the compact su(2)* algebra. The situation for the so0(3,1) case is similar
and can be analysed using the results in section 3.3.2.4. The model based on the
direct sum su(2) +u(1)3 is different because both N3 and N; must be non-zero,
but it can still be shown that there exist vacua with small g; and Vj. The models
built using the nil and the su(2) @z, u(1)? Q-algebras have been studied in their
T-dual type ITA formulation in refs [92,93], where it was found that there are infinite

families of vacua within the perturbative region.

5. A peculiar result is the appearance of multiple vacua for certain combination of
fluxes. These events occur only in models based on the semisimple Q-algebras. They
can have N3 Ny =0 or N3 N7 # 0, but in the former case both NS-NS flux param-
eters (e1,€2) must be non-zero. Reaching small string coupling and cosmological

constant typically requires that N3 and/or N7 be sufficiently large.

6. To cancel R-R flux-induced tadpoles it might be necessary to add stacks of D3-branes
and/or D7-branes. These additional D-branes could also generate a charged chiral
spectrum but more generally a different sector of D-branes will serve this purpose.
In any case, the D-branes that can be included are constrained by cancellation of
Freed-Witten anomalies [93,98]. In absence of non-geometric -fluxes the condition
amounts to the vanishing of H3 when integrated over any internal 3-cycle wrapped
by the D-branes. For unmagnetised D7-branes in T®/Zy x Zy with H3 given in
(2.20), it is easy to see that the condition is met, whereas for D3-branes it is trivial.
When the @Q-fluxes are switched on the modified condition [98] is still satisfied basi-
cally because the 3-form @ -J defined in (2.29) can be expanded in the same basis
as Hs.
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D3-branes and unmagnetised D7-branes in T%/Zy x Zy do not give rise to charged
chiral matter. Therefore the models will not have U(1) chiral anomalies. This is
consistent with the fact that the axions ReS and ReT are generically stabilised
by the fluxes and having acquired a mass they could not participate in the Green-

Schwarz mechanism to cancel the chiral anomalies.

To construct a more phenomenologically viable scenario one could introduce mag-
netised D9-branes as in the T6/Zy x Zy type IIB orientifolds with NS-NS and R-R
fluxes that were considered some time ago [73,83,86-88,177]. Now, care has to be
taken because magnetised D9-branes suffer from Freed-Witten anomalies. They are

actually forbidden in the absence of non-geometric Q-fluxes when Hj # 0.

The effect of the @-fluxes can be studied as explained in [98]. Cancellation of
Freed-Witten anomalies translates into invariance of the superpotential under shifts
S — S+gqsv and T — T + q; v where the real charges (gs, ;) depend on the U(1)
gauged by the D-brane. Applying this prescription we conclude that in our setup
with isotropic fluxes magnetised D9-branes could be introduced only in models based
on the nil and the su(2) @z, u(1)3 Q-algebras. The reason is that only in these cases
the flux-induced polynomials P»(U) and P3(U) can be chosen parallel and then W
can remain invariant under the axionic shifts. Equivalently, only in these cases the
axions ReS and ReT are not fully determined and the residual massless linear
combination can give mass to an anomalous U(1). For other @Q-algebras the poly-
nomials P»(U) and P3(U) are linearly independent and both axions are completely
stabilised.

It would be interesting to study the consistency conditions on magnetised D9-branes
in models with non-isotropic fluxes. In principle there could exist configuration of
the fluxes such that the general superpotential in (2.28) is invariant under axionic
shifts of the axiodilaton S and the Kéahler T7 moduli fields.

3.4.2 Families of modular invariant vacua

To generate specific families of vacua we first choose the QQ-algebra and then select the pa-

rameters in the I' matrix. In general I' can be chosen so that the non-geometric Q-fluxes

are even integers. The NS-NS fluxes H3 turn out to be even integers by picking (ey, €)

appropriately. One can also start from given non-geometric ) and NS-NS H3 even in-

teger fluxes and deduce the corresponding I' and (€1,€2) parameters. Similar remarks

apply to the R-R fluxes F3. We will illustrate the procedure for the su(2)?> Q-algebra.

If one of the parameters vanishes, let us say v = 0, it can be shown from (3.12) that

the ratios d/a and [/« are rational numbers (recall that |I'| # 0 so that «,d #0). It
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then follows that by a modular transformation, c.f. (3.46), we can go to a canonical gauge
in which also 8 = 0.

e When e2 = 0 and €; # 0, the canonical diagonal gauge v = 8 = 0 is completely
generic. In this case we find that §/a and v/§ are rational because they are given
respectively by quotients of the original NS-NS Hs and non-geometric @ fluxes.
Therefore 5 and v can be gauged away by modular transformations. If instead
€1 =0 but e # 0, we can take aa =6 = 0.

e When €1 ¢e5 # 0 we can still use the canonical gauge but it will not give the most

general results that are obtained simply by considering «, 3,7, d # 0.

Canonical families for su(2)* fluxes

For each )-algebra we can obtain families of vacua starting from the canonical gauge
defined by v = 8 = 0. In the su(2)* case only the non-geometric Q-fluxes ¢; and ¢o are

different from zero and can be written as
ci=-2m , ¢CGa=2n with m,n €7 . (3.85)

From the non-geometric Q-fluxes in (3.12) we easily find a/d = n/m and 6 = 2m?/n,
so that
T =4nm . (3.86)

In addition, the non-zero NS-NS fluxes Hj in (3.15) and the R-R fluxes F3 in appendix B

are found to be

2m? 2n?
bo = —iég s b3 == iél . (387)
n m
2m? 2n?
apg = . (61§3+62£s) , a1 = _Qm(§t+§7) y a2 = 271(&—{7) » 43 = — m (6155_6253) ’

(3.88)
Since the above fluxes are (even) integers, it is obvious that (e1,e2) and (&3,&7,&s, &) are

all rational numbers.

The moduli VEVs depend on (£3,&7) and (€1,€2). For concreteness, and to compare
with the results in ref. [95], we focus on the case {7 = 0. Other cases can be studied using
the results of section 3.3.2.5. When &7 = 0, the R-R fluxes a1 and ao are spurious and

they can be eliminated by setting & = 0, i.e. by a shift in the ReT" modulus.

To continue we have to distinguish whether one of the NS-NS flux parameters €; or e
is zero. Recall that in this case the flux induced polynomial P,(U) does not have complex

ToOots.

i) Taking €;e3 = 0 : Let us consider e = 0. Then, also a3 (or &) is irrelevant

and can be set to zero by a shift in the Re S modulus. The important physical
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Figure 3.1: The (gs, Vo) landscape of canonical flux vacua with even integer fluxes up to
20 and where we have set N3 = 16 and N7 = 0 as in ref. [95]. The blue points ((J marks)

are vacua with €; e = 0 while the red points (+ marks) are those with €; ea # 0.

parameters are ¢; and &3 and they can be deduced from b3 and ag. Notice also
that at this point N3 = ag bs. Using the results in (3.83) we obtain the values of the
cosmological constant and the string coupling

" _ 48m° b3 _ 8m?b3
0=aNE 95 = BN,

(3.89)

Consistency requires €; < 0 and &3 > 0, or equivalently Vy < 0 and g5 > 0. For the

purpose of counting distinct vacua we can safely assume b3 > 0 and then m, n < 0.

As noticed in ref. [95], the important outcome is that g5 and 1 can be made arbi-

trarily small by keeping b3 and m fixed while letting n — oco.

In our approach it is also easy to see that (gs,Vp) always take values of the form
in (3.89) whenever P»(U) has only real roots. This follows because all vacua are
related by modular transformations plus axionic shifts. However, if as in ref. [95] we
want to count the vacua with fluxes bounded by an upper limit L, it does not suffice
to just consider the canonical gauge. The reason is that by performing modular
transformations and axionic shifts we can reach larger effective values of b3 that
seem to violate the tadpole condition. Rather than an elaborate argument we will
just provide a simple example. We can go to a non-canonical gauge with v =0 but
B # 0 and also take & = 0 but & # 0. With these choices it is straightforward
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ii)

to show that N3 = agbs — a3 bg, which would allow to take e.g. b3 = N3 that is
forbidden when by =0 (S =0), or a3 =0 (& =0), because ap must be even. To

do detailed vacua statistics it is necessary to use generic gauge and axionic shifts.

Taking €1 €2 # 0 : As in section 3.3.2.5 we set €3 = pey. In the canonical gauge the
parameter p is a rational number that we assume to be given. We choose to vary

the NS-NS flux b3 that determines
m bs pm3 b3

== W , b() == n3 , (390)

€1

where (m,n) are the integers coming from the non-geometric Q-fluxes. The vacuum

data have been found to be

Vi — 4Fynm 1
0 €1§§ ) Js Fg£3 )

where we have used (3.86). The numerical factors Fy and Fj depend on p. For

(3.91)

instance, for p = 0, Fyy = 6 and Fy; = 1/8. Other examples are given in sec-
tion 3.3.2.5. We remark that for p in a particular range there can be multiple
vacua, meaning that for some p the above numerical factors might take different

values (e.g. table 3.3).

It is most convenient to extract &3 from the tadpole relation N3 = 4mn €2 (1+p?) &3,
which in terms of the integer fluxes reads N3 = agbs — agbg. Combining all the
information we readily find

8 Fy mS b3 (1 + p?)? m3 b2 (14 p?)
= g =

\% =
0 n3 N2 ’ ® Fyn3 Ns

(3.92)

Unlike the case when p = 0, in general we cannot keep m and b3 fixed while letting

n — 00. The reason is that the NS-NS flux by in (3.90) must be an integer.

The main conclusion is that it is not always possible to obtain small string coupling
and cosmological constant. In fact, when p # 0, there are no vacua with g5 < 1
unless the tadpole N3 is sufficiently big. To prove this, notice first that the string
coupling can be rewritten as gs = —bs by (1 + p?)/(Fs p N3). The most favourable sit-
uation occurs when p = —1 for which Fy = 0.238. The smallest allowed NS-NS
fluxes are by = bg = 2 (compatible with p = —1). Hence, the minimum value of the
coupling is ¢™" = 8/(F, N3) and ¢™" < 1 would require N3 > 33. The situation
is worse for values of p such that multiple vacua can appear. The problem is that
since such p’s are rational, b3 must be largish for by to be integer. Going to a more

general gauge does not change the conclusion.

We have just provided a quantitative, almost analytic, explanation of why there are

no perturbative vacua when the flux polynomial P»(U) has complex roots and N3
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is not large enough (see figure 3.1). This observation was first made in ref. [95] based

on a purely numerical analysis.



Chapter 4

De Sitter Vacua in T-duality

Invariant Flux Models

In chapter 3 we have explored supersymmetric AdS4 moduli vacua in a simple IIB ori-
entifold theory that arises when including, apart from ordinary (F3, H3) gauge fluxes,
a non-geometric Q-flux which restores T-duality invariance at the effective level. After
this, we now focus our attention on the existence of de Sitter (dS) and Minkowski (Mkw)
vacua which are interesting for phenomenology, i.e. that break supersymmetry, in these

supergravity flux models.

We should also point out that, since fluxes are relevant for the moduli dynamics, the
cosmological implications of these are strongly related to the geometrical properties of the
internal space [13,14,137,178]. For instance, in the absence of non-geometric fluxes, the
existence of de Sitter vacua as required by the observations needs of a (positive) source
of potential energy directly coming from the (negative) curvature of the internal manifold
induced by metric fluxes [16,17,179]. However, the concept of internal space is distorted
or even lost once we include non-geometric fluxes. Therefore, the interplay between gen-
eralised fluxes and moduli stabilisation (or dynamics) has to be decoded from the whole

12-dimensional algebra in (2.26).

This chapter investigates the algebra-moduli interplay in the case of the N' =1 four-
dimensional effective flux models of the previous chapter 3. More concretely, we perform
a systematic search of de Sitter vacua with all moduli stabilised at reasonable values. The
result is that de Sitter vacua exist and, with a certain tuning of one of the parameters, such
vacua can be made Minkowski. The process of searching for these solutions is systematic

and could be easily extended to other supergravity models.
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4.1 Classification of 12-dimensional isotropic flux algebras

In the previous chapter we carried out a classification of the allowed gauge subalgebras
Ogauge arising from B-field reductions on the TY/Zsy x Zsy isotropic orbifold. Specifically
we focused on type IIB orientifold flux models including O3/0O7-planes and being invariant
under T-duality transformations, so that these subalgebras turn out to be totally induced
by non-geometric Q-fluxes as structure constants. However an exhaustive identification of
the full twelve-dimensional supergravity algebras g underlying such T-duality invariant
isotropic flux backgrounds remains undone, and that is what we present in this section.
Since g is invariant under T-duality transformations, this classification of algebras is valid
in any duality frame although we are performing it in the IIB orientifold case allowing for
03/07-planes.

An exploration of their N' = 4 origin, if any, after removing the orbifold projection,
is beyond the scope of this chapter. Nevertheless, recent progress on this bottom-up
approach has been made for the set of the geometric type IIA flux compactifications
[180], complementing the previous work [155] that focused on non-geometric type IIB flux
compactifications. The N = 4 lifting of these non-geometric type IIB flux models and
their flux algebra has been further explained in ref. [161].

4.1.1 The set of gauge subalgebras

The discrete Zg X Zo orbifold symmetry together with the cyclic Zs symmetry (isotropy)

of the fluxes under the exchange 1 — 2 — 3 in the factorisation
T® = T% x T2 x T?, (4.1)

select the simple s0(3) ~ su(2) algebra [84] as the fundamental block for building the set
of compatible ggquge subalgebras within the AN' =1 algebra in (2.46).

The two maximal ggquge subalgebras that our orbifold admits are the semisimple

50(4) ~ su(2)*

and s0(3,1) Lie algebras. Both possibilities come up with a Zs-graded
structure differing in the way in which the two su(2) factors are glued together when it

comes to realising the grading.

Since there is no additional restriction over ggquge , @apart from that of respecting the
isotropic orbifold symmetries, any Zs-graded contraction! of the previous maximal sub-
algebras is also a valid ggquge- The set of such contractions comprises the non-semisimple
subalgebras of is0(3) ~ su(2) @z, u(1)? and nil ~ u(1)3 Gz, u(1)? arising from contin-

uous contractions?, together with the direct sum su(z) + u(1)3 coming from a discrete

!We refer the reader interested in the topic of G-graded Lie algebras and their contractions to refs [181,

182].
2As it was stated in the previous chapter, the @z, symbol denotes the semidirect sum of algebras

endowed with the Zs cyclic structure coming from isotropy.
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contraction [181]. These are exactly the gauge subalgebras already identified in chapter 3.

Denoting (B, E! J1=1,2,3 a basis for ggquge , the entire set of gauge subalgebras previ-

ously found is gathered in the brackets

ELE) = wmew X, BB = ke BEX ,  [EBE’] = roergx BX
(4.2)
with an antisymmetric e€7yx structure imposed by the isotropy Zs symmetry. The struc-
ture constants Q given by

EK EX EX
QEI,E‘] = K1 9 QEI7EJ - ﬁlQ and QEI7E‘] - /i2 9 (43)

are restricted by the Jacobi identity Q% = 0 to either
K1 = K12 or K12 = Rg = 0. (4.4)

The first solution in (4.4) gives rise to the maximal gauge subalgebras and their continu-
ous contractions, whereas the second generates the discrete contraction. The intersection
between both spaces of solutions contains just the trivial point k1 = k12 = k9 = 0. The
structure constants in (4.3) can always be normalised to 1, 0 or —1 by a rescaling of the

generators in (4.2). These normalised k-parameters are presented in table 4.1.

Sgauge | 50(3,1) | s0(a) | is0(3) | mil | su(2) +u(1)> | u(x)
K1 1 1 1 0 1 0
K12 1 1 1 0 0 0
Ko —1 1 0 1 0 0

Table 4.1: The set of normalised gauge subalgebras satisfying (4.4).

In the following, we will refer to the (E! BT ) generator basis equipped with the Q

structure constants shown in (4.3), as the canonical basis for ggquge-

4.1.2 The extension to a full supergravity algebra

Thus far, we have explored the set of ggquge compatible with the isotropic Zsg x Zsa orbifold
symmetries finding that there exists a gauge Zs-graded inner structure modding out all
of them. Specifically, this set consists of the two maximal semisimple ggquge, those of

50(3,1) and s0(4), and their non-semisimple Z,-graded contractions.

Two questions that arise at this point are the following

1. How does ggquge in (4.2) extend to a twelve-dimensional supergravity algebra g?

Since we are dealing with an orientifold of the isotropic Zo xZs orbifold, the structure
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constants of g can be classified according to the group SO(2,2) x SO(3) C SO(6,6)
with the embedding (4,3) =12 [84]. The SO(3) factor accounts for the cyclic Zs
isotropy symmetry and imposes a €y i structure, not only in the gauge brackets
of (4.2), but also in the extended brackets involving the isometry generators. The
SO(2,2) factor reflects on a splitting of g into four (FE, E, D, ﬁ) algebra subspaces
expanded by the gauge generators (EZ, ET) 1=1,2,3 of (4.2) and a new set of isometry
generators (Dj,f)]) 1=1,23. In addition to the gauge brackets specified by Q in
(4.3), the algebra g will involve an enlarged set of structure constants

(BX,EX)

Q and (D;,Dp),(Ds,Dy)

(Elrél)v(DJaBJ) (45)

such that the mixed gauge-isometry brackets in (4.5) are given by the co-adjoint
action Q* of @ and (D[,ﬁ_[) 1=1,2,3 become the generators of the reductive and

symmetric coset space G/Ggauge [171].

2. Does such an extension result in a G-graded structure? If it does, the G-grading of g
has to accommodate for both gauge-inner and gauge-isometry Zs-graded structures
of (4.3) and (4.5). This reduces the candidates to the G =Zo ® Zs, G = Za @ Lo
and G = Z4 groups.

Let us start by deriving the extension of the ggquge based on the k1 = k12 solution
in (4.4) to a full supergravity algebra g. For the extended Jacobi identity HQ = 0 to
be fulfilled, the most general twelve-dimensional supergravity algebra is given (up to re-
definitions of the algebra basis) in table 4.2, where the (€1,€2) real quantities determine
the new entries in the extended structure constants H , involving the brackets between
the isometry generators. Therefore, the e-parameters determine the coset space G/Ggauge
and the supergravity algebra g built from a specific ggquge [172]. Observe that g has
a non manifest graded structure. Although we omit the tedious proof, it can always be
transformed into a G-graded form with G = Zo ® Zo, G = Zo ® Zo and G = Zy4, by
an appropriate rotation of the (F, E , D, 15) vector of SO(2,2) without mixing the gauge
and isometry subspaces?.

Working out the extension of the ggquge for k12 = k2 = 0 solution in (4.4), the most
general supergravity algebra verifying HQ = 0 is written (again up to redefinitions of
the algebra basis) in table 4.3, resulting in an explicit G = Zg @ Zo graded structure.
It factorises into the direct sum of two six-dimensional pieces spanned by (EI ,Dr) and

(E I D 1) respectively.

We will refer to the (E[, ET ; Dy, 51)1:1,273 generators, satisfying the commutation re-

lations either in table 4.2 or table 4.3, as the canonical basis of g. The structure constants

372 ® Zy acts naturally on the bi-complex numbers. The maximal supergravity algebra with this

grading is g = 50(3,1)%, namely, the su(2) bicomplexification.
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K1 = K12 E’ E/ Dy 5J
E! k1 EX | Ky EK k1 Dg K1 ]_N)K
ET K1 EX ko EX —Ko ﬁK —r1 Dg
Dy k1 Dg | —ko ﬁK —€1 ko BE — €y k9 EX o ko B + €1 Ky EX
15] K1 lN)K —k1 Di | eako FX + €1 ky EK —e1 k1 EX — 511 EK

Table 4.2: Commutation relations for the algebra g based on the x; = k12 solution in
(4.4).

K12 = ko =0 E’ E/ Dy ﬁJ
E! ki EX | 0 k1 Dy 0
ET 0 0 0 0
Dy k1D | 0 | —e1 k1 EX 0
D; 0 0 0 —ey k1 EX

Table 4.3: Commutation relations for the algebra g based on the k12 = ko = 0 solution
in (4.4).

Q and H in this basis depend on the (K1, ko, €1, €2) parameters and can be directly read

from there.

A powerful clue to identifying the set of supergravity algebras that can be realized
within the brackets in tables 4.2 and 4.3 comes from the study of their associated Cartan-

Killing matrix, denoted M. It has a block-diagonal structure
M = Dlag (Mg,Mg,Mg,Misom,MisomaMisom) ) (46)

where M, and Msom are 2 x 2 matrices referring to the pairs (EI,EI) and (D[,f)[)
of generator subspaces, respectively. Let us study the diagonalisation of M. The two

eigenvalues of the M, matrix

K1 = K12 : /\éz)uge =23 /ﬁ% and )\é%z)uge = -2 k1Ko, )
Kig = ko =0: /\gz)uge =22 m% and )\éi)uge =0,

are obtained by substituting the normalised k-configurations in table 4.1. For the Msom

matrix, they are computed by solving the characteristic polynomial

)‘zzsom =T A”L'som +D=0 5 (48)
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determined by its trace T and its determinant D. Those are given by

Kl = K12 : T = 23 ¢ k1 (k1 + K2) and D = 20K? ko (2 K1 — 3 Ka)
Kig=re=0: T =12¢ »? and D=0.
(4.9)
Provided the k; = k12 solution in (4.4), the supergravity algebra g becomes semisimple
if and only if
Kikg (K1 €2 —kKoes) # 0, (4.10)

whereas for the k19 = k9 = 0 solution g is always non-semisimple since a null Ajso =0

eigenvalue comes out from (4.8).

Some of the generators in the adjoint representation of g may vanish when we are
dealing with a non-semisimple algebra. If so, this representation is no longer faithful
and the supergravity algebra ge,,, realised on the curvatures and embeddable within the

0(6,6) duality algebra becomes smaller than the algebra g involving the vector fields [166].

After a detailed exploration, the set of g allowed by the N = 1 orientifolds of
the isotropic Zy X Zo orbifold are listed in table 4.4. The spectrum includes from the
flux-vanishing g = u(1)** case up to the most involved g = s0(3,1)*> algebra. All of
them are G-graded contractions of those supergravity algebras built from the maximal
Ogauge = 50(4) and ggauge = 50(3,1) subalgebras. Specifically, contractions based on the
abelian G = Zo ® Zo, G = Zo ® Zo and G = Z, finite groups, compatible with the

isotropic orbifold symmetries.

It can be observed that the cases of g = s0(3,1)* and g = s0(3,1) ®z, u(1)® arising
as the extensions of ggquge = $0(3,1), also appear as extensions of ggquge = 50(4) and
Ogauge = 150(3) respectively. At this point, we have to go back to section 2.4.2 and
emphasise that, in the type IIB with O3/0O7-planes duality frame (the T-fold description),
a family of 4d effective models is determined not only by the supergravity algebra g, but
also by specifying the subalgebra ggquge associated to the isotropy subgroup of the coset
space G/Ggauge- In this sense, effective models based on the same g, but containing

different ggquge, result in non equivalent models.

4.2 Type ITA supergravity flux models and no-go theorems

So far, we have been mostly centered on the T-fold description of the type II orientifold
flux models on the isotropic Zs X Zs orbifold. This is mainly due to its suitability to
classify the supergravity algebras underlying the generalised fluxes. Any effective model

in this description becomes an apparently? non-geometric model once we switch on a non

4By apparently we mean that it may result in a type ITA geometric flux model when changing the

duality frame.
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# Ggauge g Gemb H EXTENSION
1 50(3,1)? 4+ e3#0
50(3,1) g
2 50(3,1) Bz, u(1)° e+e2=0
3 50(3,1)2 (61 + 62) >0 (61 — 62) >0
4 iSU(})Z (61 + 62) =0 (61 — 62) =0
5 50(4)2 (61 + 62) <0 (61 — 62) <0
50(4) g
6 50(3,1) +1s0(3) (e1+€)>20 , (a—€)>0
7 50(3,1) + s0(4) (1 +e)20 , (a—€)s0
8 iso(3) +50(4) (1 +€)Z0 (1 —€2) <0
9 50(3,1) @z, u(1)° e >0
10 iso(3) is0(3) @z, u(1)® g e =0 €2 = free
11 s0(4) @z, u(1)® e <0
12 ni[12(4) ni[12(3) (3} 7& 0
nil €1 = free
13 nilyo(2) u(1)*? =0
14 50(3,1) + nil €2 #£0
50(3,1) +u(1)® | ¢ >0
15 50(3,1) +u(1)® €2 =0
16 is0(3) + nil €2 #0
su(2) + u(1)3 i50(3) 4+ u(1)® e =0
17 is0(3) 4+ u(1)® €2=0
18 50(4) + nil €ea £ 0
50(4) 4+ u(1)® €6 <0
19 50(4) 4 u(1)® €&2=0
20 u(1)® nilio(2) u(1)*? UNCONSTRAINED

Table 4.4: List of the N' =1 supergravity algebras g allowed by the isotropic Zg X Zs

orbifold. The k-parameters fixing ggauge are taken to their normalised values shown

in table 4.1. The number p within the parenthesis in the twelve-dimensional nilj2(p)

nilpotent algebras denotes the nilpotency order.

vanishing @Q-flux background. By changing the duality frame it can always be mapped to
a N =1 type ITA string compactification with O6/D6 sources including the entire set of
generalised fluxes, i.e. Hj, w, @ and R, together with a set of R-R p-form fluxes Fp
with p =0,2,4,6.
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4.2.1 Power law dependence of ITA scalar potential

Starting from the ten-dimensional type ITA massive supergravity action and performing
dimensional reduction to four dimensions, the Hz and Fp flux-induced terms in the scalar
potential were worked out in ref. [13]. More concretely, their power law dependence on

the the volume modulus y and the four-dimensional dilaton modulus &,
Y= (Volﬁ)% ~ A , &=e¥\/Volg ~ e ¥ A3? (4.11)

where ¢ is the ten-dimensional dilaton field and Volg ~ A% denotes the volume of the
internal space T® = (T3)? with A the area of Ty. Further terms induced by generalised
w, @ and R fluxes were also introduced by applying T-dualities on the H3 one due
to the non existence of a ten-dimensional supergravity formulation of the theory in such

generalised flux backgrounds.

The N =1 scalar potential coming from these generalised type ITA flux compactifi-

cations can be split into three main contributions

6
Viia = VGen + Vioe + Z VFP ’ (412)
p=0 (even)
with
Veen = Vg, + Vo + Vo + Vi . (4.13)

The latter is the potential energy induced by the set of generalised fluxes. The term Vi,
accounts for the potential localised sources as O6-planes and D6-branes. Vi, and Vi ac-
count for the H3 and F), flux-induced terms in the scalar potential. These are non negative
because they come from quadratic terms in the ten-dimensional action. V,, accounts for
the potential energy induced by the geometric w flux. Finally, Vi and Vi account for the

contributions generated by the non-geometric () and R fluxes.

Working with the two (y,&) moduli fields (a.k.a in the volume-dilaton plane limit),

the power law dependence of all the terms in (4.12) on those fields, was found to be

Vig, 72y Voxa 2yt Vo 5%y, VrRxa 243, (4.14)
for the set of generalised flux-induced contributions, together with
Vige o< 677, (4.15)
for the potential energy induced by the localised sources and
Vi, o5ty P (4.16)

for the R-R flux-induced terms [13]. The contributions to the scalar potential of eq. (4.12)

can be arranged as

Viia = A(y, M)6 24+ B(M)5 34+ C(y, M)~ *, (4.17)
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where M denotes the set of additional moduli fields in the model. A(y, M) contains the
contributions to the scalar potential resulting from the generalised fluxes. B(M) accounts
for the O6-planes and D6-branes contributions to the potential energy. Finally, C(y, M)
incorporates the terms in the scalar potential induced by the set of R-R fluxes. The explicit
form of these functions depends on the features of the specific model under consideration.
In contrast with previous works, our initial setup does not contain KK5-branes [16, 17]
generating a contribution to the scalar potential that scales as the geometric w flux-
induced term of eq. (4.14), nor NS5-branes [13,17] that would induce a Vyss x & 2y~2
term. We work within the framework of ref. [14], extended to include the set of generalised

fluxes needed for restoring T-duality invariance at the 4d effective level.

4.2.2 Simple no-go theorems in the volume-dilaton plane limit

Using the general scaling properties of eqs (4.14)-(4.16), it can be shown that the potential
of eq. (4.12) verifies

6
=9Via+ Y. pVp —2Vu—4Vo—6Vg. (418
p=0 (even)

+30

(. Vi OViia
Y oy 95

Notice that the Lh.s of eq. (4.18) vanishes identically at any extremum of the scalar

potential yielding
6

Vita = % AV = > pVg |, (4.19)
p=0 (even)
with AV =2V, +4Vg + 6 Vr. Whenever Vpp > (0 for some p=0,2,4,6, there can not
exist dS/Mkw solutions (i.e. Vi1a > 0) unless
6
AV > pVg . (4.20)
p=0 (even)
This was the line followed in refs [16,17] where certain type IIA flux compactifications
on curved internal spaces generating a contribution AV = 2V, # 0 were presented.
Additionally, if building the linear combination

(VA n 5 IViia
Y oy 95

) =3Via+2 (Vig, + Ve, +2Vg,) =2 (Vi + Vo +2Vr) , (4.21)

it shows that Vi # 0 for dS vacua to exist in any geometric model, i.e. Vo = Vg = 0.

This implies having a Romans massive supergravity, as it was stated in ref. [17].

4.3 Type IIA scalar potential from type IIB flux models

In this section we are deriving the characteristic flux-induced A" = 1 isotropic scalar po-

tential associated to each of the 12-dimensional supergravity algebras found in section 4.1
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and displayed in table 4.4. Our main goal here is to do it in a unified manner that will

allow us to work with all the T-duality invariant supergravity flux models simultaneously.

To start with, we consider the type IIB with O3/0O7-planes duality frame used in chap-
ter 3. In this duality frame only the @ and Hj fluxes are turned on in the supergravity
models and g takes the form given in (2.46). Next, and by performing three T-dualities
along the internal space coordinates, these effective models are mapped to type IIA com-

pactifications in the presence of Hs, w, @ and R fluxes and O6-planes.

couplings || ITA with O6 | IIB with O3/07 fluxes

1 i Bk ik ag

U Fuipj Fijr a

U? F. Fip, as

e Fo Fapy as

S Hijk Hijk; bo
SU Wi Hajk by
Su? 25 Hig, b2
SU3 RBY Hop, bs

T Hopr Q7 co
U Wiavw;amwgy Z’, ZﬁngA/ ¢1, C1, C1
T’ LY. | 0V Q). Q) |& e
TU? R Y c3

Table 4.5: ITA/IIB correspondence between isotropic flux coefficients in the Zg x Zg

orientifolds.

Switching the duality frame, the Kéhler modulus and the complex structure modulus
are swapped. The resulting type ITA effective theory is still given by (2.67) when setting
the non-geometric P-fluxes d4 = 0 so that Py(U) = 0. However, the coefficients in the
remaining flux-induced polynomials (2.68), (2.69) and (2.70) have to be reinterpreted in
terms of the type ITA flux entries, namely, the set of F, R-R fluxes with p = 0,2,4,6
together with the entire set Hs, w, @ and R of fluxes [7,8]. The correspondence between
ITA and IIB fluxes [7] is shown in table 4.5.
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4.3.1 Unified description of type IIB models

Let us consider the T-duality invariant effective flux models described in chapter 3. Per-

forming a non linear transformation on the complex structure U modulus

aU+p5

U z=ru=2""F
yU+6

(4.22)

via the general I" € GL(2,R) matrix

_[a B
(7). "

was found to be equivalent to applying the SL(2,RR) rotations of (3.10) and (3.17) upon
the generators of the supergravity algebra in (2.46). In terms of the I" matrix in (4.23),

this rotation of the algebra basis is given by

B\ _r [ -xt nd —Dr \ _ Adj(l) [ —Zar
E! IR x4 D; T2 Zor 7

(4.24)

for I = 1,2,3. Thus, any non-geometric Q-flux background consistent with (2.46) can
always be transformed into the canonical Q form in (4.3) satisfying (4.4), by means of
an appropriate choice of the I' matrix®. The new gauge-isometry mixed brackets are still
given by the co-adjoint action Q* of Q, and g is forced by the HQ = 0 Jacobi identity
to be that of table 4.2 or 4.3.

Reading the canonical @ and H fluxes from there, and undoing the change of basis in
(4.24), we obtain the non canonical embedding of g within the original @ and Hz fluxes,
respectively. Substituting them into the original flux-induced polynomials in (2.69) and
(2.70), they result with the form of (3.40),

P(U) = (WU +0)°P(2) . P(U)=(U+0)°Ps(2), (4.25)

where the P2(Z) and P3(Z) flux-induced polynomials are shown in table 4.6. Notice that
all the supergravity flux models introduced case by case in section 3 are now described

jointly.

In terms of the redefined complex structure modulus Z, and following the philosophy
of the previous chapter 3, we decide to make the R-R flux-induced polynomial expansion
of

Pi(U) = (WU +0)* [&,Pa(2) + & P3(2) — &Pa(2) + & Pu(2))] . (4.26)

At this point it becomes clear that a rescaling of the gauge generators in (4.2) is equivalent to a
rescaling of the diagonal entries within the T' matrix in (4.24). Therefore, k1 and k2 can always be

expressed as their normalised values, shown in table 4.1, without lost of generality.
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Py(2)/3 Pa(2)

K1 = K12 ko Z3 — K1 Z | Ko (61234—36222)—1—&1 (e2+3€1 2)

K12 — Ko = 0 K1 zZ K1 (61 23 —+ 62)

Table 4.6: The unified flux-induced P»(Z) and P3(Z) polynomials.

where P;(Z) denotes the dual of P;(Z) such that Py(Z) — ﬁéf) when Z — —1. As
noticed in section 3.2.1, this parameterisation allows us to remove the R-R flux degrees
of freedom (&,&;) from the effective theory through the field shifts in (3.48). However,
the previous argument for reabsorbing parameters fails when P3(Z) and P2(Z) are pro-
portional to each other, i.e. P3(Z) = AP2(Z). In this case only the linear combination,
Re(S)+ ARe(T'), of axions enters the superpotential, and its orthogonal direction can not
be stabilised due to the form of the Kahler potential in (2.67).

The effective theory built in this way corresponds to a transformation e®|W|[? —
e®|W)? of the original (F3, H3) and @ flux-induced model into an equivalent one described
by the Kahler K and the superpotential W

K = =3log(—i(Z-2))—log(-i(S—8))—3log(—i(T-T)) , )
W = |[PP/2 [7733(3) + SPa2) — &P2(2) + ‘57753(3)} ; ‘

with the P23(Z) polynomials shown in table 4.6. This parameterisation makes more

evident the discrete symmetries of the theory. In particular:

i) W is invariant under

S - =5 (e1,€2,8,8&) — (—a,—ea, =&, &) . (4.28)
i) W goes to —W under these two transformations:

T = T ; (€1,€2,8,&) — (—e, —e, &, &) - (4.29)

zZ = -Z ) (61762>£3>£7) — (617_627_&33_57) . (430>

i11) The dynamics of the moduli fields (Z£,8,7) is determined by the standard N =1
scalar potential in (3.54) built from (4.27). Since the superpotential parameters are
real, the potential is invariant under field conjugation. We can combine this action

with the above transformations, namely

(Z,S,T) - _(27877-)* ’ (61762763757) - (617_62753757)7
(4.31)
to relate physical vacua at 4e3. Notice that this transformation keeps the super-

gravity algebra g invariant.
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The transformations in ¢) and ¢i) map physical vacua into non-physical ones. Using
them it is possible to turn any non-physical vacuum into a physical one in a related model
by flipping the signs of some parameters. It is interesting to notice that the supergravity

algebra g of these two models may be different (see table 4.4).

The original flux entries appearing in (2.68)-(2.70) can be read from (3.40) and (4.26)
after substituting the Z redefined modulus of (4.22) into the flux-induced polynomi-
als given in table 4.6. Then, the tadpole cancellation conditions in (2.77) and (2.78)
result in a few simple expressions shown in table 4.7. As can be seen from it, the dis-
crete transformations in (4.28), (4.29), (4.30) and (4.31) imply (N3, N7) — (—Ns, N7),
(N3, N7) = (N3, —N7), (N3, N7) = (—=N3,—N7) and (N3, N7) — (N3, N7), respectively.

N;/|T)? N7 /[T

K1 = K12 3e1 (k] — k3) &+ (€ BK3 + K3) + €5 (k1 +3K3) ) & | e1(rw] — K3)E + (K3 + 3K3)&r

1
Ko =Ko =0 H% (E% + 6%) &3 H% &

Table 4.7: The unified R-R flux-induced tadpoles.

Summarising, all the 4d effective models can be jointly described by the Kahler poten-
tial and the superpotential in eqs. (4.27) with the flux-induced polynomials presented in
table 4.6. They are totally defined in terms of the new (Z,S,7) moduli fields, together

with a small set of parameters

i) (K1, K2 ; €1, €2), that determine the generalised fluxes and hence the twelve-dimensional
supergravity algebra g. As it was previously explained, see footnote 5, x; and ko
can always be taken to their normalised values shown in table 4.1 without lost of

generality.

ii) (&3, &7), related to the localised O3/D3 and O7/D7 sources through the tadpole

cancellation conditions displayed in table 4.7.

Finally, the use of this parameterisation for the effective models allows us to extract
an interesting result based on the following argument: it is well known (see table 4.5) that
only the U? and U? couplings in the flux-induced polynomials P2 3(U) of (2.69) and
(2.70) come from the non-geometric @ and R fluxes, respectively. This is in the type ITA
description of the effective models [7, §].

On the other hand, provided consistent ) and Hj fluxes in the type IIB description,
their flux-induced polynomials can always be transformed to the form given in table 4.6
via the modular transformation U — Z of eq. (4.22). Substituting the value of the
k-parameters given in table 4.1 into the flux-induced polynomials of table 4.6, we can

conclude that such quadratic and cubic couplings can be removed from the superpotential
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via a modular transformation for the models based on ggquge = nil, iso(3) and su(2) +
u(1)3 (if taking e; = 0). Therefore, these models can be described as geometric type ITA
flux compactifications. In the nil case with k1 = k12 = 0, a further Z — % inversion is
needed in order to remove the quadratic and cubic couplings from P3(Z) and Pa(Z). As
we showed in section 3, these geometric flux models do not possess supersymmetric AdSy

vacua with all the moduli (including axionic fields) stabilised.

4.3.2 From type IIB with O3/07 to type ITA with O6

In going from the IIB with O3/07 duality frame to the ITA with O6 one by means of apply-
ing three T-duality transformations, the generalised NS-NS flux entries are shuffled. This

is because T-duality raises and lowers indices according to the chain of transformations in

(2.25)

Hape 125 wit, 1oy b Loy gabe (4.32)

This flux mixing also happens for the R-R fluxes, although this time the effect of a T-

duality transformation 7}, is that of creates/annihilates an index

ai...an Fal...anp

T, (4.33)

_)
Fal...anp — Fal...an

After applying three T-dualities upon the F3 flux in the T-fold description, its components
map to the different F, flux entries with p = 0,2,4,6 in the type ITA picture [7,8]. The
correspondence between flux components is displayed in table 4.5. Consequently, since
the flux-induced terms in the scalar potential map between duality frames, the remaining
contributions, namely, those coming from localised sources in both descriptions, will also
do.

In the T-fold description of the effective models, the scalar potential in (3.54) can
be entirely computed from (4.27) using the flux-induced polynomials in table 4.6. The

contributions coming from the O3/D3 and O7/D7 localised sources are given by

N3
16 u3

3 Ny

—— 4.34
6,20 " (4.34)

Vos/ps = and Vor/pr =
where we have made use of the tadpole cancellation conditions shown in table 4.7. The
N =1 scalar potential computed from (3.54) contains the localised sources needed to
cancel the flux-induced tadpoles [175]. We will not consider additional localised sources
whose effect would have to be included directly in the scalar potential [12]. Therefore,
all the contributions to Vg (the scalar potential computed in type IIB with O3/07-

planes) coming from localised sources are those in (4.34).
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By applying the relation between the IIB/ITA moduli fields for the supergravity models
based on the Zsy x Zsg isotropic orbifold [175],

T-fold description <+ Type ITA description

o
o= i A o (4.35)

© fi

Qe
=

M:

the Vos/p3 and Voz/py contributions in (4.34) turn out to depend on the ¢ modulus in
the same way as Vipe in (4.15).

Computing the IIB with O3/O7-planes scalar potential from eqs (4.27) with the flux-
induced polynomials given in table 4.6, and using the moduli relation of eq. (4.35), we
end up with the standard form in (4.17) of the scalar potential in the ITA with O6-planes
language,

‘/IIA = A(ya /]'7 CC) &_2 + B(ﬂ) 6-_3 + C(y7 ¢) 6-_4 ) (436)

where ¢ denotes the set of axions (z,s,t) = (ReZ,ReS,ReT) and y = ImZ. The
functions A, B and C' account for the sixteen different sources of potential energy which

we list below:

e A(y,fi,z) contains the contributions coming from the set of R, @, w and Hj

fluxes,

~ ~ q 2 ~
Aly, fi,x) = o° (~6+T§u2> +y <+2+q3u2) +

L2
K peH (4.37)
+ 1<w%+w2+ ~2>+1 (h%+h2~2>
|\ =g T =5 TW3 — | =5 2
y \ b i y3 \ b " 2

e B(f1) accounts for the potential energy stored within the O6-planes and D6-branes

localised sources,

B(ji) = — (J:g _3N; g) | (4.38)

- The 0O3/D3 sources in the T-fold description are interpreted in the type ITA lan-
guage as 06/D6 sources wrapping a 3-cycle of the internal space, which is invariant
under the type ITA with O6-planes orientifold action ;) in (2.9). In the following,
we will refer to these O6/D6 sources as type 1, see figure 4.1.

5In the type ITA language, only the O6/D6 sources wrapping this invariant three cycle preserve N = 4
supersymmetry [180]. Since these sources are reinterpreted as O3/D3 sources in the type IIB language,
the Jacobi identities descending from a truncation of a N = 4 supergravity algebra would have nothing

to say about their number [155].
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n' Uk 0’
Figure 4.1: A type 1 D6-brane originated from an initial D3-brane by applying three

T-dualities along the n', n® and n® directions.

- The O7/D7 sources in the T-fold description correspond in the type IIA picture
as O6/D6 sources wrapping three cycles which are invariant under the composition
of both the ITA orientifold together with the Zo x Zg orbifold actions [8]. We will
refer to these O6/D6 sources as type 2, see figure 4.2.

1 3 5

n n n
Figure 4.2: Example of type 2 D6-brane coming from an initial D7-brane wrapping the
4-torus (%, %) x Ty x T3 in the internal space. The D6-brane appears after performing

three T-dualities along the n', »® and 1° directions.

e C(y,¢) contains the terms in the scalar potential induced by the F’p R-R p-form
fluxes with p =0,2,4 and 6,

1
C(y7¢)=y3f§+yf22+;4+y%- (4.39)

Taking a look at the (&, y)-scaling properties of the different terms appearing in these
functions, they are easily identified in the type ITA picture of eqs (4.14)-(4.16), resulting

in a dictionary between both descriptions at the level of the scalar potential. In fact,
Vifold <> ViIA (4.40)

after applying (4.35) and reinterpreting the different scalar potential contributions in the

T-fold description with respect to the type IIA with O6-planes duality frame.
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All the terms in the scalar potential Vira of (4.12) and (4.13) are reproduced. Making

their dependence on the axions explicit, they are given by

Vo =572y im0 (@ (@) + wa (o)t +ws(0) i), Vg, = 672y 55 (W(e) + W () i)

Vo =672y 8@ (0) + (@)t + as(@) i), V=62 i (r3 (@) + r3(a) i)
(4.41)
for the set of generalised flux-induced terms,
I . 3. -
VIOC:—EU S (N3 — 3Nzt (4.42)

for the potential energy within the O6/D6 localised sources and
VFp = 6’*4 y(3*p) f]g(m, S, t) , p= 0’ 27 47 6 , (443)

for the R-R flux-induced contributions. The above decomposition of the scalar potential
holds after the non linear action of an arbitrary matrix © € GL(2,R)z on the redefined

complex structure modulus Z — 07! Z.

The contributions V., Vi, Vg and Vg involve only the axion 2 = ReZ unlike the
set of Vi that depends on the entire set of them. Specifically, the functions fp(z,s,t)
have a linear dependence on the axions s and ¢. It is clear from (4.41) and (4.43) that
Vi,» VR, Vi, are positive definite, as well as the V., and Vg, terms induced by w; and

q1 respectively.

At this point we would like to make a rough comparison of the scalar potential in (4.36),
involving the entire set of moduli fields, with that of ref. [17] obtained in the volume-dilaton
two (non-axionic) moduli limit. First of all, the compactifications studied there do not
include non-geometric fluxes, i.e. Vo = Vg =0, so that V,, > 0 at any dS/Mkw vacuum.
The setup in ref. [17] also reduces the contributions in (4.42), accounting for localised
sources, to the piece involving N3 (with N3 > 0). Finally, another difference is that
the functions 712, q123, w123, h12 and f, in (4.41) and (4.43) can not be taken to be
constant as in ref. [17], but they do depend on the set of axions, ¢. Hence these are

dynamical quantities to be determined by the moduli VEVs.

4.4 Discarding type I1IB flux models

Armed with the mapping between the T-fold and the type ITA descriptions of the effective
models presented in the previous section, we investigate now how the no-go theorem of
eq. (4.20), on the existence of dS/Mkw vacua, can be used in this context. We restrict
ourselves to vacua with all moduli (including axions) stabilised by fluxes. We do not

consider the limiting cases defined by:
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1. €1 = ea =0, for which P2(Z) = 0 and the shifted dilaton S can not be stabilised
by the fluxes. This excludes algebras 2, 4 and 17 in table 4.4.

2. kK1 = kg = 0, yielding P3(Z) = 0 and leaving the shifted Kahler modulus 7
not stabilised. This case results in no-scale supergravity models [152] previously
found [84,93], since the 7 modulus does not enter the superpotential in (4.27).
This discards algebra 20 in table 4.4.

Furthermore, we will also assume that F, # 0 for some p = 0,2,4,6. However, we will

consider a much weaker version of the no-go theorem of eq. (4.20), given by
AV > 0. (4.44)

The reason for doing this is that our classification of the supergravity algebras, which is
the building block for finding vacua, has nothing to do with R-R fluxes”. These will not
be used in the process of excluding algebras through the no-go theorem, and, therefore, we
will use eq. (4.44) (rather than eq. (4.20)) in what follows. Note that, in any case, the R-R
fluxes defining the Vj = contributions in (4.43) will play a crucial role in the stabilisation

of the axions.

Working with the flux-induced polynomials P2(Z) and P3(Z) from table 4.6, corre-
sponds to defining the supergravity algebra g in the canonical basis of tables 4.2 and 4.3.
In this basis, AV reads

3
av =21

= Toyorgp A+t tl)  where [Tl >0, (1.45)

The functions Iy, I3 and [y in the polynomial of (4.45) may depend on the Z modulus
and determine whether or not AV can be positive (provided that yo, 0, fig > 0 at any

physical vacuum).

In some cases, moving to a different algebra basis may simplify the flux-induced poly-
nomials in the superpotential, since they are built from the structure constants of g. Then,
a higher number of zero entries in the structure constants translates into simpler effec-
tive models. This also simplifies the lp, [ and [y functions in (4.45), which determine

whether the necessary condition in (4.44) can be fulfilled.

Starting with the effective theory derived in the canonical basis of g, and by applying a
non linear © € GL(2,R)z transformation upon the Z modulus, Z — ©~! Z, we end up

"In this work we have used the IIB with O3/07 supergravity algebra given in eq. (2.46) and proposed
in ref. [7]. It is totally specified by the non-geometric @ and the NS-NS Hj fluxes. In the most recent
articles of refs [155,161], the origin of these IIB generalised flux models as gaugings of A" = 4 supergravity
was explored. The R-R F3 flux was found to also enter the N/ = 4 supergravity algebra, written this time

in terms of both electric and magnetic gauge/isometry generators.
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with an equivalent effective theory formulated in a non canonical basis. The generators in
this new basis are related to the original X% and Z, through the same rotation of (4.24),
by simply replacing

r-oer. (4.46)

Since the scalar potential decomposition introduced in section 4.3.2 holds after the Z —
©~! Z transformation, the form of the AV in (4.45) also does. Therefore, restricting the
© transformations to those with |©] > 0, i.e. ImZy > 0 — Im(0~! Z;) > 0, guarantees
that (4.44) still holds as a necessary condition for dS/Mkw vacua to exist.

The usefulness of moving from the canonical basis to a non-canonical one can be

illustrated in the two particular cases determined by the transformations

0 -1 1 1 -1

O exchanges the gauge generators E! ET as well as the isometry ones Dy > 51
(up to signs). On the other hand, ©2 induces the well known rotation needed for turning

the so(4) algebra into the direct sum of su(2)* in both the gauge and isometry subspaces.

4.4.1 Using the canonical basis

Let us start by exploring the existence of dS/Mkw vacua in two sets of effective models

computed in the canonical basis of g:

1. Taking the k; = k12 solution in (4.4) and fixing ko = 0, results in Vg = Vg =
0. These models are based on ggeuge = i50(3) and admit a geometric type IIA
description. The coefficients determining the quadratic polynomial in (4.45) are
given by

lo=—k? , lLi=4er? and lp=€e k2. (4.48)

The case with € = 0 translates into AV < 0, so dS/Mkw solutions are forbidden
for algebra 10 in table 4.4. This supergravity algebra has received special attention
in ref. [180], where it has been identified as g = su(2) ®z, ng;. In fact, fixing

ko = €1 = 0 in the commutation relations of table 4.2, the algebra is given by

[ETE'] =eyxEX, [E'Al] = ery AK (4.49)
4.49
(AL A]] = e ey AY , [ALL AJ] = ey AL,

with n = 1,2,3, after identifying Ay = l~?, Ay = —E and As = D. It coincides
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with that of ref. [180]%, and we can now exclude that it has any dS/Mkw vacua®.

Moreover, if €1 # 0, the case e = 0 cannot have all the axions stabilised, since

only the linear combination ReS — 61_1 ReT' enters the superpotential.

2. Taking k12 = k2 = 0 in (4.4) induces non-geometric Vg # 0 and Vi # 0 contri-
butions in the scalar potential. These models are built from ggquge = su(2) +u(1)3

and the quadratic polynomial in (4.45) results in
b=-ri , h=2akxi (|Z°+(Im2)%) and l=€riZ[*. (450)

As in the previous case, the limit ¢; = 0 yields effective models with AV < 0 as
well as Vo = Vg = 0. They also admit to be described as geometric type IIA flux
compactifications where dS/Mkw solutions are again forbidden. Hence the exclusion
of algebras 16 and 17 in table 4.4.

4.4.2 Using the O;-transformed basis

Leaving the canonical basis via applying the ©; transformation in (4.47), additional

effective models can be excluded from having vacua with non-negative energy:

1. Taking k1 = k12 in (4.4), specifically k1 = k12 = 0, the effective models are those
based on ggquge = nil. The condition in (4.44) is not efficient in excluding the
existence of dS/Mkw vacua in any region of the parameter space when working in
the canonical basis of g.

1

Applying the @fl transformation of Z — —%,

the flux-induced polynomials get
simplified to

733(2) = 3%2 5 PQ(Z) = K2 (61 — 362 Z) s (4.51)

having lower degree than their canonical version shown in table 4.6. In this new basis,
the non-geometric contributions to the scalar potential identically vanish, Vg =
Vr = 0, so these effective models can eventually be described as geometric type
ITA flux compactifications. The coefficients determining the quadratic polynomial

in (4.45) are now given by
lo=0 , 51=0 and Ilo=e3k3. (4.52)

Therefore, the condition in (4.44) excludes the existence of dS/Mkw vacua in the

limit case of €2 =0 since AV = 0. This is algebra 13 in table 4.4.

8Observe that the (A%, AL)r—12,3 generators expand a u(1)® abelian ideal in the algebra (4.49). After
taking the quotient by this abelian ideal, the resulting algebra involving the (E', Al);—1 23 generators

becomes i50(3), so (4.49) is equivalent to g = is0(3) @z, u(1)°® as it was identified in table 4.4.
9We are always under the assumption of isotropy on both flux backgrounds and moduli VEVs.
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2. Taking k12 = k2 =0 in (4.4), ggauge = su(2)+u(1)3. The resulting effective models
were previously explored in the canonical basis of g, discarding the existence of
dS/Mkw solutions if € = 0. Applying again the (91_1 inversion of Z — %, the

flux-induced polynomials result in
P3(2)=3r12> , PaZ)=k1 (6 —eZ?), (4.53)
and the coefficients in the quadratic polynomial in (4.45) are modified to
lo=—2k2(ImZ)? |, 5L =2k%¢ and lp=er?|Z[*. (4.54)

As a result, dS/Mkw vacua are automatically forbidden for e = 0 aslongas ¢; <0,

corresponding to algebras 17 and 19 in table 4.4.

4.4.3 Using the O,-transformed basis

The last family of effective models to which eq. (4.44) applies in a useful way is that coming

from fixing k1 = k12, specifically k1 = K12 = k2 = £ in (4.4). It implies ggauge = 50(4) .

Performing this time the ©5 1 transformation of Z — 21% (%ﬁ), the flux-induced
polynomials simplify to
Ps(2)=3kZ(Z+1) , Pa2)=k (- 2Z°+¢€4) , (4.55)

where €4 = €1 + €. This Os-induced transformation splits g into the direct sum of
two six-dimensional pieces, g = g+ + g— , determined by the sign of the eL parameters,
respectively. g acquires a manifest Zo @ Zo graded structure. These effective models
result with a symmetry under the exchange of e_ and e;. In fact, the effective action

becomes invariant under this swap, together with the moduli redefinition
Z2-1/z2 , §S—>-8 , T—--T", (4.56)

which arises from combining eq. (4.31) with ©5 1 This symmetry was already found in the
section 3.3.2.5 of chapter 3 where we precisely used this algebra basis when computing the
effective theory based on the su(2)* @Q-algebra. Notice that the (e_,e) flux parameters
in (4.55) when considering the so(4) embedding are identified to the (e1,€2) parameters

in the flux-induced polynomials of table 3.1 when using the su(2)* embedding.

Working out the scalar potential from the polynomials in (4.55), the coefficients in the
quadratic polynomial of (4.45) take the form

lh=—r*(142(Im2)?) , I =2k (e~ (|2*+ (ImZ)?) +€4) and lp=e€>s*|Z|*,

(4.57)
and physically viable dS/Mkw vacua are excluded in the limiting case e_ = 0 as long as
€+ < 0. The invariance of the effective action under the exchange of e_ and e, together
with the moduli redefinitions of (4.56), implies that (e = 0, e~ < 0) is also excluded.
These are algebras 4 and 8 in table 4.4.
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4.4.4 Collecting the results

Finally, the effective models with x1 = K12 = —k2 = & built from ggeuge = 50(3,1) can
not be ruled out and may have dS/Mkw vacua at any point in the parameter space. Three
main results can be highlighted for our isotropic orbifold, also assuming isotropic VEVs

for the moduli:

e Eight of the twenty algebra-based effective models admit a geometrical description
as a type ITA flux compactifications, whereas the remaining twelve are forced to be

non-geometric flux compactifications in any duality frame.

e The four effective models based on the semisimple supergravity algebras 1,3,5 and

7 are non-geometric flux compactifications in any duality frame.

e No effective model based on a semisimple g satisfying the condition in (4.10), can
be excluded from having dS/Mkw vacua using (4.44). On the other hand, more than
half of the effective models based on non-semisimple supergravity algebras can be
discarded.

These results are presented in table 4.8 which complements the previous table 4.4 in

characterising the set of non equivalent effective models.

4‘5‘6‘7‘8‘9‘10‘11‘12‘13‘14‘15‘16‘17‘18‘19‘20‘

[ # [1]2]s]
o [ e e e e e e e|ve] o | o | o | o | o [ve|ve] ¢ | ¢ [ve|ve] o
izolv [x]v]

<[l [l x o] ]v e[ x]v]x]]

Table 4.8: Splitting of the algebra-based effective models into two classes: those admitting
to be described as geometric (G) flux backgrounds by changing the duality frame, and those
being non-geometric (NG) flux backgrounds in any duality frame. The mark x indicates
that the model is excluded by the necessary condition in (4.44) from having dS/Mkw

vacua (Vp > 0), whereas if it is not, we use the label v'.

Let us analyse a concrete example to illustrate the usefulness of this table. We consider
an effective model in terms of the original (U, S, T") moduli fields with the standard Kéahler
potential in (2.67) and with superpotential

W({U,S,T) = 6T (U3+U?-U-1)+2S (U>+3U2+3U+1)
(4.58)
+ 2 (—U3+3U2—3U—3) )
where the flux entries are given by ¢; = é2 = ¢; = =2, i = 0, ..,3 for the non-geometric
Q-flux and bg =by = —by = —b3 = -2, a9 = —3a1 = —3as2 = —3 a3 = —6 for the NS-NS
Hsz and the R-R Fj fluxes. This set of flux coefficients are even and satisfy the Jacobi
identities in (2.74) and (3.1). The superpotential in (4.58) looks quite involved in terms
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of determining whether it can have dS/Mkw vacua.
By applying the GL(2,R) transformation Z =T U with

1 (1 -1 1
r=— : 50 IT)32 = — | (4.59)
163 \ 1 1 4+/2

the algebra underlying such a flux background results in that of 16 in table 4.4. The

commutators are given by those of table 4.3 with k1 =1, k1o =k2 =0, € =0, ea =1.

Applying a shift on the moduli that enter the superpotential linearly, i.e. & = —32

29
1
&t = 2

1 1
— 5= =T+ - 4.
S=S5 5 T + 5 (4.60)
we end up with the superpotential in (4.27)
1 3 1
W=—— |3TZ2+S8S-222-_23| | 4.61
4+/2 2 2 (4.61)

where &3 =§&7 = % The tadpole cancellation conditions read N3 = Ny = 16. In this very
much simplified version, compare eq. (4.58) to eq. (4.61), it is easy to see, as was shown

above, that the no-go theorem in (4.44) applies,

3

AV = — <0
512y o <

(4.62)

and this model does not possess dS/Mkw vacua.

Finally we present an example of non-supersymmetric dS/Mkw vacua. Let us start
with the superpotential W in (4.27) and impose ggquge = $0(3,1) by fixing k1 = K12 =
—r9 = 1. To make the model simpler, we will also take I' =Iz42 as well as s =& =0.
Hence,

Z=U : S=5 : T=T, (4.63)

and the superpotential reads

W(U,S,T) = —ﬂUMJnT+(&Jﬁfﬂﬂ+@—3@Uﬂs
(4.64)

— 53(61—361U2+62U3—362U> + 3&7 (U2+1) .
The original fluxes are given by ¢y = co0 = ¢éo = 0,¢; = ¢4 = —c3 = —1 for the
non-geometric Q-flux ; —by = by = €3, —bg = by = € for the NS-NS H; flux ;
ag = —€1&3 + 3&7, —a1 = a3z = €2&3, as = €1 &3+ &7 for the R-R Fg flux, and satisfy

the Jacobi identities in (2.74) and (3.1).

Further taking €; = & = 1 and &; = 16, the model is totally defined in terms of a

unique €5 parameter and the underlying supergravity algebra is that of 1 in table 4.4.
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MINIMUM €9 Uy So To Vo
ds 44 0.435+40.4817 | —1.152 + 2.0087 | 54.628 + 48.684 ¢ 3.983 x 1075
Mkw 44.3086352 | 0.444 + 0.4677 | —1.159 + 1.567% | 55.084 + 34.647 ¢ 0
AdSy 45 0.454 + 0.4444 | —1.160 4+ 1.1844 | 55.897 + 23.237i | —2.295 x 10~4

Table 4.9: Extrema of the scalar potential with positive mass for all the moduli fields.

Using the minimisation procedure that will be presented in the following section, a
non-supersymmetric minimum can be easily found. Moreover, as long as the es param-
eter varies, this minimum changes from AdSy to dS crossing a Minkowski point, as it is

shown in table 4.9 and also plotted in figure 4.3.

0 50 100 150 200 250 300

ImT

Figure 4.3: Plot of the potential energy, V', as a function of the modulus Im7". To obtain
it, we have fixed all the moduli to their VEV but the lightest one, which mostly coincides
with Im7". The magenta/dotted line (AdSs) corresponds to ez = 45, the green/dashed
one (Mkw) to ey = 44.309 and the red/solid line (dS) to ez = 44. Note that a tuning of

the ey parameter is required to obtain a Minkowski vacuum.

The supergravity algebras involving non-geometric flux backgrounds in any duality
frame has been found to constitute the main set of algebra-based effective models where
to perform a detailed search of dS/Mkw vacua, see table 4.8. One of the main points
to be stressed here is that a plain minimisation of the scalar potential, which involves
solving very high degree polynomials, is a very inefficient (and, probably, impossible) way
of searching for vacua. On the other hand, an analytic calculation can be performed, using
the decomposition of the scalar potential (4.41)-(4.43), to work out the stabilisation of the
S and T moduli, that enter linearly the superpotential of eq. (4.27). After integrating out

these fields, the resulting effective potential for the Z modulus can be tackled numerically.
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4.5 Numerical analysis of type IIB effective models

Given the Kahler potential and the superpotential in (4.27), the dynamics of the moduli
fields ® = (Z,8,7T) is determined by the standard N/ = 1 scalar potential in (3.54).
Accordingly, the moduli fields are stabilised at the minimum of the potential energy,
taking a VEV @ determined by the conditions

ov

A = 0. (4.65)
0% |4,

From now on, our objective will be to solve the above system (4.65) of high degree polyno-
mial equations together with the physical requirement of V| o—d, =~ 0, namely, de Sitter
(dS), almost Minkowski (Mkw) solutions. Our strategy will involve finding the exactly
Mkw solutions to the minimisation conditions, and then looking for dS extrema continu-

ously connected to them via a deformation of the parameter space.

4.5.1 Minimisation conditions

Since the moduli § and T enter the superpotential in (4.27) linearly, the scalar potential

V' computed from (3.54) can be written as
V= |F|36K(m0+2mi:v,-—|—Mija:ixj) where 4,5=1,...,4, (4.66)
and
z= (ReS, ReT , ImS, ImT> . (4.67)

Note that, because of the form of the superpotential in (4.27), mg and m; depend on

(Z, €12, &,7), while the matrix M does not depend on the R-R flux parameters &3 7.

The VEVs of the Sy and 7y moduli that extremise the potential at V = 0 can be

computed analytically since they satisfy
(ReSo, ReTo, ImSy, Im’ﬁ)) =Mt m‘z:zo , (4.68)

where we have assumed a non-degenerate M matrix. Otherwise there would be flat direc-
tions and the stabilisation of S and 7 would remain incomplete. It is worth mentioning
that, when we plug a particular pair {P2(Z),P3(2)} of polynomials from table 4.6, M
becomes box diagonal and splits into two 2 x 2 matrices. In other words, axion and volume

moduli do not mix!? in the quadratic polynomial of (4.66).

Using eq. (4.68), the V' =0 condition reads

mo — Miglmimj =0, (4.69)

10The subtle cancellation of the cross terms is a consequence of the Jacobi identities of the supergravity

algebra (2.46), in particular of the H, . Qg =0 constraints.
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and provides us with the first constraint between the Z modulus and the €12 and &37

parameters at the Mkw vacua. The function appearing in (4.69),
V(Z)=mo— Ml-;lmimj , (4.70)

plays an important role in the calculation. The equations derived from OrezV = OmzV =
0 are just
8Reg V=0 and &mgV =0 s (4.71)

where again we have used V' = 0 and eq. (4.68). The reduced potential V(Z) captures
the Mkw extrema of V and some of their stability properties. In particular, tachyonic
Mkw extrema in V(Z) have their origin in tachyonic Mkw extrema of the full potential
V.

4.5.1.1 The nil models

We now clarify the previous procedure by explaining the nil case in detail. This algebra

is defined by the superpotential
W = [IP2BT+S(e1—3e2)—&(a 22 +3e2%) +36 23], (4.72)

and the Kéahler potential in (4.27).

The function my, derived from this superpotential, is given by !
2 2 2 2 42 2
my = 4|Z| [(!Z| (e1&3 —3&7) +3€2&3 ReZ) +3e&5ImZ ] , (4.73)
whereas the functions m; are

my = A4ReZ [ReZ (3 s ReZ — 61) (ReZ (6163 —3&) + 36 §3>

+ 3 6o Im 22 (ReZ (e1 53—357)+26253)} :
my = —12ReZ?[ReZ (6163 —3&7) +3eaés] (4.74)
m3 = —4ImZ3 e (61&3 —3&7) +363&3]
my = —12ImZ3(e1&3—3&7) .

As mentioned above, the 4 x 4 symmetric matrix M splits into two 2 x 2 matrices, the

first one acting on the axions ReS and Re7 with

M =4 (3eaReZ — 1) +122ImZ2 | Mo =36 , Mpp=—12 (3eaReZ —¢y),
(4.75)

"To make the expressions lighter we replace (Im®)? with Im®?, and similarly for any powers of Re®.
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and the second one on the volumes ImS and Im7 with

Mss =4 (3eaReZ — 1) +122Im22 |, My =12 , M3y =0.

(4.76)
The absence of flat directions implies €2 # 0. Otherwise, only the linear combination
3T + €1 S enters the superpotential in (4.72), and the axionic part of its orthogonal com-

bination cannot be fixed.

At this stage, we do not know yet if there will be full, stable Mkw minima. If any, the

axions of S and 7 will be fixed at the values

e2ReSy = —ReZj(e1& —3&) —2ReZpeaés )
4.77
3ReTy = —ReSper +3ReSgReZyes + Rezg (61 & —3 57) +3 ReZ& € &3,
while their volume partners will be given by
ms my
ImSy = ——— , ImTy=——— . 4.78
= il = il (4.78)

Finally we analyse the Z modulus stabilisation at Mkw vacua, described by the re-

duced potential V(Z) in (4.70). The physical Mkw extrema conditions require both

{V y ORezV , OmzV }Z:Zo =0 (479)

and

{ det M , My ms , Msz my }Z:Zo #0. (480)

The last three conditions ensure a complete stabilisation of S and T at non-vanishing
ImSy and Im7y values. Plugging the above expressions for (mg,m;, M), it can be shown
that these two condition sets are incompatible. Hence we can conclude that there are no

Mkw extrema in the supergravity models based on the nil B-field reduction.

4.5.2 Parameter space, discrete symmetries and strategy

We want to perform a detailed search of Minkowski extrema for the set of supergravity
models based on the non-semisimple is0(3) and su(2) 4+ u(1)?, as well as the semisimple
s0(4) and so(3,1) B-field reductions introduced in section 4.3.1. The task will be that of

solving the set (4.79) of polynomial equations

oV . oV
ReZ|;_z, N ’

Vlzez, =0 ) =0. (4.81)

ImZ|;_

The method we will use to find the solutions of (4.81) makes use of the symmetries and

the scaling properties of the supergravity models which are now introduced.
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e It is worth noticing that the form of the superpotential in (4.27), in particular that
of the polynomials P2(Z) in table 4.6, allows us to remove the factor |¢| = /€2 + €3
from it (provided it is non-zero) by a rescaling of the S modulus and a redefinition

€
of the &3 parameter. Therefore, the angle tanf, = 22 s the only free parameter
€1

coming from the NS-NS Hj3 fluxes.

e Analogously, the (non-vanishing) combination [£| = +/|€]2&3 + &2 can be globally
factorised in the superpotential by rescaling both the & and 7 moduli. This leaves

the angle given by tanf, = as the free parameter coming from the R-R F3

ST
le] &3
fluxes.

These parameter redefinitions and moduli rescalings are given by

€1 — |e|cosbe , € — |e|sinf. , & — ﬂcosﬂg ;& — €] sinbe (4.82)
€

together with
Sl

S —
€

and T—=TI, (4.83)

generating a global factor in the superpotential of (4.27) and, therefore, also in the scalar
potential built from (3.54),

[T |
€17

This also implies a rescaling of the F-term for all the moduli fields

W T3] W(®;0,0) and V- V(®; 0. 0) -

Fz — |D|2 €] Fz (@ 0,0¢) , Fs— |T|2 e| Fs (@ 0c,0¢) , Fr— [T|2 Fr(®;0,,0)
(4.84)
where Fp = DgWV in eq. (3.54). Then, at any non-supersymmetric extremum with
Fo—z s 1 # 0, supersymmetry will be mostly broken by Fs (Fz) when the |e| (|{|) param-
eter is large, and also by F7 when both |e| and |£| are small. Furthermore, the normalised
moduli masses are also sensitive to these rescalings. From now on, we will always take

le] = €] = 1 when presenting examples of moduli masses at an extremum of the potential.

After applying (4.82) and (4.83), the parameter space of the supergravity models can

be understood as a 2-torus with coordinates (6, 6¢) shown in figure 4.4.

The set of discrete symmetries in (4.28), (4.29) and (4.30) now act on the moduli fields

and the parameter space as follows:

i) W is invariant under

S —- =S , (0c,0:) — (Oc+m,m—0¢) . (4.85)
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Figure 4.4: The parameter space (., 6¢) as coordinates of a two-dimensional torus.

i) W goes to =W under these two transformations:
T = =T ,  (0c,0:) — (O4m,27—0) . (4.86)

zZ - -Z , ((967(95) — (27‘1’—96,954-77). (4.87)

i7i) Finally, since the parameters entering the superpotential are real, we can combine

field conjugation with the above transformations to obtain an additional symmetry

(2.8, T) = —(2.8.T) ., (0,0) — (27—0.,06;)
(4.88)

which relates physical extrema at +6..

These symmetries of the supergravity models will be extensively used when scanning the

parameter space looking for the physical solutions (Im®y > 0) to the system (4.65).

The strategy to perform such a search will be the following: our scanning parameter
is the angle 6., which needs to be evaluated only in the interval 6. € [0, 7] because of the
symmetry (4.88). The value of ¢ can be obtained from the first equation in (4.81) since
tan g enters it quadratically. Substituting 6¢(6c, Zo) into the original system (4.81), it

reduces to
oV oV
=h1(0:,2p) =0 d —_— = ho(0:, Zp) =0, 4.89
ReZ|, ., 1(0e, Zo) an mZ|,_, 2(0c, Zo) (4.89)

where h; and ho are complicated functions depending on the supergravity model under
consideration. Provided a value for the angle 6., the VEV of Zj can be numerically
computed from (4.89). After that, and using the value obtained for 6¢(6c, Zo), the VEVs
for the moduli fields S and 7 can be obtained from (4.68).

In this sense, the modulus Z is the key field in the stabilisation process, whereas S
and T simply get adjusted to generate the extremum of the potential. However, there are
singular points given by ImZy = 0. We find that the value of the 6, parameter and the
VEV of the ReZ modulus at such points can be obtained'? from P2(Zy) = P3(2y) = 0.

12Notice that these conditions correspond to the stabilisation of the S and 7 moduli at a globally

supersymmetric extremum, namely dsW = oW = 0.
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4.5.3 Models based on non-semisimple B-field reductions

The first supergravity models we will deal with are those based on non-semisimple B-field
reductions, namely, the is0(3) and the su(2) + u(1)3 reductions. These models exhibit a
special feature: the functions h; and hg in (4.89) become homogeneous functions, so the

set of Mkw extrema for these models has a scaling nature,

Zp(fe) o |tan O|™ . (4.90)

4.5.3.1 The iso(3) models

Let us start by exploring Minkowski solutions for the supergravity model based on the
i50(3) non-semisimple B-field reduction. This model is specified by the Kahler potential
in (4.27) and the superpotential

W = IP2[-3TZ+SBaZ+e)—& (223-3a2%) +36&2% . (491)

Using the procedure introduced in the previous section, we find Mkw extrema in the

€1 < 0 range, as shown in figure 4.5. They are all rescaled solutions of the form
Zp(0e) = | tan 0| (£0.30920 + 0.114951) , (4.92)

and have a tachyonic direction, hence being unstable.
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Figure 4.5: Left: location of the Mkw solutions within the parameter space for the su-
pergravity models based on the iso(3) B-field reduction, highlighting the singular points.
Right: the set of VEVs of the modulus Z, reflecting its scaling nature. The points A and

A’ correspond to a singular limit |Zy| — oo.

The set of singular points in the figure, as well as the supergravity algebras underlying

the different regions in the plots, are summarised as follows:
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i) Points A and A’ have an underlying g = is0(3) @z, u(1)® and are conjugate points
with respect to the transformations in (4.85) and (4.88). As we flow towards them,
the tachyon aligns with the ImS modulus direction and |®o| — oo for all the moduli
fields. Due to their underlying supergravity algebra, these points were excluded to
have dS/Mkw extrema in table 4.8.

In the following, we will generically refer to such points as points of excluded super-

gravity algebras. They will show up as singularities in the moduli VEVs.

i) All along the AA’ line, including point B located at (6,0¢) = (m, %), there is a
unique underlying supergravity algebra g = s0(4) ®z, u(1)°. As we flow towards
this point B, the tachyon aligns with the ImZ modulus direction, and |®y| — 0 for
all the moduli fields, becoming again a singularity in the moduli VEVs.

Unlike the previous A and A’ points, the supergravity algebra underlying the point B
is not excluded to have dS/Mkw extrema in table 4.8. Therefore, with some abuse of
the language, we will refer to these points as dynamical singularities in the moduli
VEVs. Observe that the AA’ line in the left plot of figure 4.5 is smooth at the

singular point B.

4.5.3.2 The su(2) +u(1)? models

Let us continue with the second set of supergravity models based on a non-semisimple B-
field reduction. Those models are based on the su(2) 4+ u(1)3 reduction. They are defined
by (4.27) with the superpotential

w = ’F’3/2 [3 TZ+ S (61 Z3 + 62) + &3 (61 — €9 23) —3&; ZQ] . (493)

The set of Minkowski solutions for this model is very similar to that previously anal-

ysed. This time, they correspond to solutions of the form
Z(0e) = | tan HE]% (+0.99368 + 0.55061 ) , (4.94)

and also have a tachyonic direction, being unstable.

The results are shown in the two plots of figure 4.6, where the singular points can be

described as follows:

i) Points A and A’ have an underlying g = iso(3) + nil and, as in the previous case,
are conjugate points with respect to the transformations in (4.85) and (4.88). As
we flow towards these points, the tachyon aligns with the ImS modulus direction
and also |®g| — oo for all the moduli fields. Therefore they are again singularities

associated to points of excluded supergravity algebras in table 4.8.
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Figure 4.6: Left: location of the Mkw solutions within the parameter space for the su-
pergravity models based on the su(2) 4+ u(1)3 B-field reduction, highlighting the singular
points. Right: set of VEVs of the modulus Z, reflecting its scaling nature. Again, the

points A and A’ are singular since |Zp| — oo.

ii) Along the AB and BA’ lines, the supergravity algebra is g = s0(4) + nil. However,
this time point B corresponds to a different algebra, g = so(4) + u(1)®, which cannot
have Minkowski extrema as it is shown in table 4.8. As we flow towards this point
B, |®¢| — 0 for all the moduli fields, resulting in a singularity in the moduli VEVs.
Observe that the line of Mkw extrema is no longer smooth at this point, around

which the tachyon aligns itself along the ImS modulus direction.

4.5.4 Models based on semisimple B-field reductions

In the final part of this section we concentrate on the supergravity models based on the
semisimple B-field reductions of so(4) and so(3,1). Their distribution of Minkowski
extrema is more involved than that of the previous models based on non-semisimple re-

ductions. This is mainly because the scaling property in (4.90) no longer takes place.

As we will see, the distribution of Minkowski extrema draws closed curves in both the
parameter space and the Zy complex plane. Although the former has to be understood
as a closed curve up to some of the discrete transformation in (4.85) and (4.86), the latter

is a truly closed curve in the Zy complex plane.

4.5.4.1 The so(4) models

The first supergravity model based on a semisimple B-field reduction we are going to
describe is that of the so(4) reduction. This model is defined in eqs (4.27) with the
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superpotential given by

W = [IP2BT (23-2)+S (a2’+3a2>+3aZ+e) (195)
4.95
+ (a1 —3Z+3a 2> - 2% —3& (1-27)] .
As it happens for the supergravity models studied so far, there are only Minkowski
solutions with a tachyonic direction. These unstable Mkw solutions are shown in figure 4.7,

where the singular points highlighted in the plots are now explained:
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Figure 4.7: Left: location of the Mkw solutions within the parameter space for the su-
pergravity models based on the so(4) B-field reduction, highlighting the singular points.
Right: set of VEVs of the modulus Z. Note that, up to discrete transformations, the

Mkw extrema describe closed curves in both plots.

i) Points D and D’ have an underlying g = is0(3) + so(4) and are conjugate points
with respect to the transformation in (4.88). They are points of excluded super-
gravity algebras in table 4.8. As we flow towards these points, ImSy — oo while
Im7y, ImZy — 0. The tachyonic direction in field space is aligned with the ImS

modulus direction.

ii) The DD’ line, going through the singular point B, has an underlying g = so(4)>
supergravity algebra. As we flow towards point B, the tachyon is still mostly aligned
with ImS , and Im®y — 0 for all the moduli fields, becoming once more a dynamical
singularity in the moduli VEVs. However the axions behave differently when ap-
proaching the B point: ReZy — 0, ReSy — oo and ReTy — Foo, with the upper
sign choice if approaching from the left, and the other way around when approach-
ing from the right. Notice, again, that this DD’ line in the left plot of figure 4.7 is

smooth.

iii1) The DD’ line going through the singular points C, C’ and A, has an underlying
g = 50(3,1) + so(4) supergravity algebra. This path, shown in the left plot of
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figure 4.7, is discontinuous at points C, C’ and A because of the vanishing of the Im7"
modulus. The pairs of points with identical labels are conjugate points with respect
to the transformation in (4.86). As we flow towards points C and C’, Im7y — 0,
and the tachyonic direction aligns 50% in the ImS direction and 50% in the ReS
one. Finally, moving towards point A, Im7y — 0 and the tachyon is aligned with
the ImZ direction. These points C, C’ and A are, then, dynamical singularities in
the moduli VEVs.

4.5.4.2 The s0(3,1) models

The last, but not least, supergravity model based on a semisimple B-field reduction is
50(3,1) . This model is defined in eqs (4.27) by the superpotential
W = [TP2[-3T (22°+2) + S (e2+3e1 2 —3e2 2% — ¢1 2°)
(4.96)
— 53(61—36122—3622+6223)+3§7 (1—}—32)] .
The most interesting feature of this model is that it contains stable, Minkowski vacua
within a certain region of the parameter space as well as unstable Mkw solutions, like

those of the previously analysed models, in a different one.
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Figure 4.8: Left: location of the Mkw solutions within the parameter space for the super-
gravity models based on the so(3,1) B-field reduction, highlighting the singular points.
Right: set of VEVs of the modulus Z. Notice that, up to discrete transformations, the

Mkw extrema describe closed curves in both plots.

Another property of this model is that any point in the parameter space has a g =
50(3,1)
VEVs is a dynamical singularity. The entire set of Minkowski solutions are shown in fig-
ure 4.8.

2 supergravity algebra underlying it. Therefore, any singularity in the moduli

With respect to the highlighted points in the figure, let us divide the parameter space
in three pieces: the DD’ line going through the points C and C’; the EE’ line going



4.5 NUMERICAL ANALYSIS OF TYPE IIB EFFECTIVE MODELS 135

through the point B; and the DE & D’E’ lines, containing the stable Mkw vacua:

i) At the points D, D’, E and E’, the Mkw extrema have a flat direction associated to
volume directions '3. This direction is, roughly, 58% ImS and 42% Im7 at the
D and D’ points, whereas it becomes 72% ImS, 25% Im7 and 3% ImZ at the E
and E’ points.

ii) The EE’ line contains the singular point B. When moving towards it, the tachyon
mostly aligns with the ImS direction and Im®y — 0 for all the moduli fields. The
axions behave differently when approaching this point: ReZy — 0, ReSy — Foo
and Re7y — doo, with the upper sign choice if flowing from the left and the other
choice when flowing from the right. Again, the EE’ line in the left plot of figure 4.8

is smooth.

iii) The DD’ path goes through the singular points (F,F’) and (C,C’). At (F,F’) 14, it
is discontinuous due to the double limits ImSy; — o and Im7y — A in eq. (4.68).
However, as we flow towards points C and C’, a vanishing ImSy; — 0 takes place,
and the tachyonic direction mainly aligns with the Im7 volume direction. These
points are, again, dynamical singularities in the moduli VEVs. Observe that points

equally labelled in figure 4.8 are conjugate points with respect to the transformation
in (4.85).

iv) The DE & D’E’ lines contain the stable Mkw vacua and will be explored separately.

There are two specially symmetric points which belong to part iii) of the parameter
space. The first one comes from noticing that this piece exhibits the novel feature of
having a crossing at the point (0, 60¢) = (m,1.430827). This crossing takes place in the

parameter space, not in the moduli space, so two separate unstable Minkowski extrema

Zy = 40.27527 + 0.80635 i , |e||¢| 'Sy = F0.87477 + 0.307094 , €|~ To = F0.44718 + 1.19429 4,

(4.97)
with the tachyonic direction mostly along the Im7 volume direction, coexist at this point.

The second point, located at (fc,60¢) = (0,1.489137), gives rise to an axion-vanishing

unstable Mkw solution
Zy=1.162807 |6H§‘7180 =0.308497 ]f\’l’ﬁ) =0.780191 , (4.98)

invariant under the ® — —®* transformation of (4.88). The tachyonic direction is totally
contained within the axion field space, with the relative contributions of 37% for ReS,
40% for ReT and 23% for ReZ.

13 At these points, the 2 x 2 reduced Hessian built from V(Z) in eq. (4.70), becomes degenerate.
"“These F and F’ points can be analytically computed and correspond to (fe,0¢) = (£Z, arctan (1))

together with the VEVs of Zy = :I:% + ?z
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DE & D’E’ lines of stable vacua.

Let us look into the region within the parameter space that contains totally stable Minkowski

vacua, namely, the DE & D’E’ lines shown in figure 4.8. Provided a value for 6, within
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Figure 4.9: This figure shows the narrow band above the line of stable Mkw vacua con-

taining stable, dS vacua.

the region DE (and equivalently for D’E’), a stable dS vacuum emerges from varying the

f¢ angle slightly with respect to its value at the Mkw vacuum,

p(ds)

9 = oM 50, with 56 >0 . (4.99)

There is a critical value, §6}, beyond which the dS vacuum no longer exists'>. This be-
haviour is represented in figure 4.9. The dS vacua found in this way are deformations of
the Mkw ones and are also stable along any direction in field space. Therefore, there is a
narrow region above the line of Mkw vacua, shown in figure 4.9, which incorporates dS sta-

ble vacua. Moreover if we choose d0¢ < 0, the original Mkw vacuum becomes stable AdSy.

At these Mkw/dS vacua, supersymmetry is broken by a non-vanishing F-term for all
the moduli fields'®, i.e. Fp—_z s 7 # 0. This agrees with the general results concerning
the existence of non-supersymmetric, stable, Minkowski vacua stated in refs [183, 184].
Given that supersymmetry is broken by all directions considered here, seven complex ones
in total, the constraint on the K&hler potential outlined in these works, formulated as the

number of fields breaking supersymmetry being larger than three, is fulfilled.

15As an example, in the case of 6, = %, the moduli VEVs at the Mkw vacuum are given by Zy =

0.45089 + 0.46042i, |e||é|7'So = —1.07734 + 1.28783i and |¢|™'To = 1.15629 + 0.60267i. This Mkw
vacuum is compatible with 9§Mkw) = 0.10821 7, while the critical value for deforming it to dS (with
Vo =3.4x 1072 |T|? |¢| |¢] "> my) is given by 607 = 0.00079 .

'%In the case of f. = 427, the values of the F-terms at the Mkw vacuum are given by |F|_% €7  Fz =

4.00933 + 3.48324i , |T|~2 |e| ' Fis = 0.46460 — 0.00623; and |T|~2 Fr = —4.67506 + 5.76899i.
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The (positive) smallest eigenvalue of the mass matrix is mostly associated to a com-
bination of the ImS and Im7 moduli fields. At the Mkw vacua, the rest of the moduli
masses are about a couple of order of magnitudes above the lightest one, unlike in scenarios
including gaugino condensation or other non-perturbative effects [12]. In the absence of
large hierarchies we cannot split the stabilisation process into a 2 + 1 fields problem, but
the problem intrinsically becomes a 3 fields one. This property is related to the fact that
all the moduli are stabilised due to fluxes, so one would not expect to have mysterious

cancellations in the mass terms in order to generate a hierarchy.

At this stage, it would be interesting to know whether the potential has other minima
with lower energy (i.e. AdS4 vacua). The case of supersymmetric minima is tractable
using the techniques developed in chapter 3. We find that they cannot coexist with the
Mkw/dS vacua shown in figure 4.9. On the other hand, an exhaustive analysis of non-
supersymmetric AdS, vacua is much more involved and we have not addressed it in this

thesis.

4.6 Comparison with type IIA scenarios

The set of type IIB supergravity models we have explored in the previous sections are dual
to type ITA generalised flux models through applying three T-duality transformations along
internal space directions [7,8,95]. Several no-go theorems (see section 4.2) concerning the
existence of Mkw/dS extrema in these type ITA generalised flux models have been stated
as well as ways for circumventing them [13,14,16,17,137]. In this section we will use the
mapping introduced in section 4.3.2 between the set of generalised flux models we derived
in a type IIB with O3/07-planes language, and their generalised type ITA dual flux models
with O6-planes. Our purpose will be to investigate how the different sources of potential

energy in (4.41), (4.42) and (4.43) do conspire to produce the Mkw extrema we have found.
The scalar potential in the type IIA dual supergravity models then splits as
Vita = Vnsns + Vioe + VRR (4.100)

with VNs.ns = Vig, + Vi + Vg + Vg accounting for the generalised NS-NS fluxes, Vioc =
Vl(()lc) + Vk(i) accounting for the O6/D6 localised sources (types 1 and 2 shown in figures 4.1
and 4.2 respectively) and Vrr = Vg, + Vi, + Vp, + Vi, accounting for the R-R fluxes. It
is worth recalling that the axions ReS and ReT enter the scalar potential only through

the R-R piece Vg.r C Vi1a in (4.43), which can be rewritten as

6 6
2
Vir= > V=< Y mzZOP (f(Ren)) . (4.101)
p=0 (even) p=0 (even)
The functions f,, with p =0,2,4 and 6, depend on ReS and ReT7 linearly, as stated in

section 4.3.2.
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For dS/Mkw extrema to exist in these supergravity models, the terms in the scalar
potential of (4.100) induced by the generalised NS-NS fluxes and the R-R fluxes have to
satisfy the conditions in (4.18) and (4.21),

V

(Vo=Vg) + 2(Vo-Vr) + 3 (Va—Vg)
Ve, —Va,) + (Vo-Vg) + 2(Vg—Vg) = 0,

0,
(4.102)

where all the R-R flux-induced terms, Vpp , are positive definite, as well as the Vj, and
Vr terms coming from the fluxes Hz and R, respectively (see section 4.3.2). The in-
equalities in (4.102) are saturated at the Mkw extrema. Therefore, if restricting ourselves
to the set of geometric IIA flux models described above, there is a Vi # 0 condition

(non-vanishing Romans parameter) needed for having dS extrema.

It was shown in table 4.8 that the ITA duals of the IIB supergravity models based on
the nil and iso(3) B-field reductions yield Vo = Vi = 0, hence resulting in geometric
ITA flux models [84,93,99,136,175,176,185]. This is also the case for the models based on
the su(2) +u(1)3 B-field reduction at the special circles 6. = 7 within the parameter
space. Far from these circles as well as in those supergravity models based on the so(4)
and so0(3,1) B-field reductions, Vo # 0 and/or Vg # 0, giving rise to non-geometric IIA

flux models.

At this point, and before presenting our results in type IIA language, it is convenient
to highlight the similarities and differences with related work published in the literature

on the existence of de Sitter solutions and no-go theorems:

e As we already mentioned, our framework is also that of ref. [14], which we have

extended to include the set of generalised fluxes needed to restore T-duality.
e Our initial setup does not contain KK5-branes [16,17] or NS5-branes [13,17].

e The minimisation procedure considers the dependence of the scalar potential on the
axions which are treated as dynamical variables. In the above references, they are

set to constant values and do not feature in the scalar potential.

There are also substantial differences between our work with that of ref. [137]. On
the one hand, these authors consider Kahler and complex structure moduli in addition to
the dilaton and volume moduli considered in the previous works reviewed here. However,
the potential contains the effect of just geometric fluxes, in addition to the usual NS-NS
3-form flux, R-R fluxes and O6/D6 sources. Nevertheless they manage to find a couple of
Zo X 7.5 orbifold models that, within their working numerical precision, are compatible with
de Sitter vacua. These are both anisotropic models and cannot, therefore, be compared
to ours. In any case it is worth mentioning that, throughout their analysis, these authors

find plenty of solutions with one tachyonic direction, just as it happens in our analysis.
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4.6.1 Minkowski extrema in geometric type ITA flux models

As we have stated above, there are three sets of type IIB supergravity models that become

dual to geometric type IIA flux models with
Vo=Vr=0. (4.103)

They are the models based on the nil and iso(3) B-field reductions together with those
based on the su(2)+u(1)? reduction at the circles defined by 6. = £7 in the parameter

space.

A common feature in all these ITA dual geometric models is that only the f; and fg
functions appearing in (4.101) depend (linearly) on the ReS and ReT axions. Then, their

stabilisation conditions, provided ImZ; # 0, translate into
Vi, =V, =0. (4.104)

Substituting (4.103) and (4.104) into the inequalities of (4.102), we obtain, for any Minkowski
extremum, that

Vi, = Vi, and Vw=Vg, , (4.105)

so Vngns = Va.r > 0 at such extrema!”. Then, the negative energy contribution needed
to set Viza = 0 in (4.100) will come from the localised sources, i.e. Vi, < 0 (see fig-
ure 4.10).

The IIB supergravity models based on the nil reduction were found in section 4.5.1.1
not to accommodate for Mkw extrema while those based on the su(2) 4+ u(1)3 reduction
at the circles 6. = =5 were excluded to possess Mkw extrema in table 4.8. Therefore, the
tachyonic Mkw extrema we found in the supergravity models based on the iso(3) B-field
reduction, constitute the entire set of geometric ITA dual Minkowski flux extrema for the
isotropic Zg x Zs orbifold. These extrema have an underlying g = so(4) @z, u(1)® su-

pergravity algebra.

The ITA dual contributions to the scalar potential at the geometric Mkw flux extrema
are shown in figure 4.10 (where m, = 1/y/87GN ~ 2 x 10'® GeV). Although they are
plotted for a particular point within the parameter space, the profile of the contributions
does not change when moving from one point to another, due to the scaling property in
(4.90) explained in section 4.5.3. Observe that the negative energy contribution needed
to obtain Vijpa = 0 comes from type 1 O6/D6 sources. Specifically, from O6-planes which

carry negative charge. Moreover, additional positive energy coming from type 2 D6-branes

"Notice that due to the positiveness of Vg, the Vi, contribution to the scalar potential coming from
the (negative) curvature of the internal space (induced by the metric flux w) results also positive as it was
stated in refs [16,17].
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Figure 4.10: ITA dual contributions to the scalar potential at the Mkw extrema for the
supergravity models based on the iso(3) B-field reduction. They are computed at the
circle 6. = %’r in the parameter space which implies ¢ = 0.223757 and the moduli VEVs
of Zp = 0.30920 + 0.114957 , |e||¢|71Sy = —0.00171 + 0.01276i and |¢|~1T = 0.01579 +
0.00092:. It can be seen that Vo = Vg =V = Vi =0 as well as Vg, = Vi >0 and

Vw = Vg, > 0.

with positive charge is also required. These type 2 sources are forbidden in the Zs orb-
ifold compactifications of refs [7,8,95], so these geometric ITA dual Mkw extrema are not

expected to exist there.

Finally, for these IIB supergravity models based on the iso(3) B-field reduction, the
ITA dual Romans parameter which generates the Vi contribution required for having dS

extrema, reads

f5 =401 |e|? [€] (sin 0)? (cos 0¢)? (4.106)

so it vanishes at the A, A’ and B singular points shown in figure 4.5. Far from these points,
an unstable dS extremum emerges from varying the ¢ angle slightly with respect to its

value at the Mkw extremum, Géds) = GéMkW) +00¢ with 08¢ > 0, as it has been previously
explained for the case of the stable dS vacua in the so(3,1)-based models. Also a critical

value 50’5“ appears beyond which dS solutions no longer exist.

4.6.2 Minkowski extrema in non-geometric type ITA flux models

Now we present the ITA dual energy contributions at the Mkw extrema for the supergravity
models which are non-geometric type IIA generalised flux models. These models are those
based on the su(2) +u(1)3 (with 0. # £7), so(4) and so(3,1) B-field reductions.
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4.6.2.1 The su(2)+u(1)? models

As it was stated in section 4.5.3, these models also have the scaling property in (4.90) of
the geometric ITA dual models. Therefore, their profile of energy contributions, shown in

figure 4.11, does not change from one point within the parameter space to another.
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Figure 4.11: ITA dual contributions to the scalar potential at the Mkw extrema for the
supergravity models based on the su(2) + u(1)3 B-field reduction. They are computed,
again, at the circle 0. = ‘{ff in the parameter space implying this time 6 = 0.130557
and the moduli VEVs of Zy = 0.99368 +0.550614, |e||¢| 1Sy = —1.01524 + 0.280417 and

€] 15 = 0.82169 + 0.01611i.

These non-geometric type ITA dual flux models (note that Vi # 0 and Vg # 0) need
again of localised sources to achieve Minkowski (unstable) solutions. Analogously to the
geometric case, type 1 O6-planes and type 2 D6-branes are required, as it can be seen in
figure 4.11. Also each contribution in Vng.ns and VR.r is positive at the Mkw solutions.
Finally, unstable dS solutions can again be obtained by deforming these Mkw extrema, as

for the geometric ITA dual models.

4.6.2.2 The s0(4) models

The next supergravity models whose IIA duals become non-geometric flux models are
those based on the semisimple so(4) B-field reduction. The contributions to the potential
energy at the Minkowski extrema do not fit a unique pattern, as it has been the case for
the supergravity models analysed so far. Such contributions do depend on the point in
the parameter space under consideration, since the scaling property in (4.90) is no longer

present in these models.

In order to illustrate the above statement, let us recall the form of the contributions

to the scalar potential coming from the localised sources. They were computed in sec-
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Figure 4.12: ITA dual contributions to the scalar potential at a Mkw extremum for the
supergravity models based on the so(4) B-field reduction. In the left plot, they are
computed at the circle 6, = %W which belongs to the DC piece of the parameter space
and implies 0¢ = 0.40225 7 together with the moduli VEVs of Zy = —1.48023+0.591031 ,
le]|€]71Sy = —1.15549 + 3.44203i and |¢|~17Ty = 0.13871 +0.00708i. In the right plot they
are computed at the circle 6, = %” which belongs to the CA piece of the parameter space
and implies 0¢ = 1.93558 7w together with the moduli VEVs of Zy = —0.73422+2.123131 ,

l€]|€]71Sp = —0.57723 + 0.74810i and |¢|~1Ty = 0.33682 + 0.04399;.

tion 4.3.2, and given by

ORI Ik
loc 4‘£|21m7“3

@ _ 3P
loc ™ 41¢2 Im T2 ImS

cos O¢ and sin 0 , (4.107)

for the supergravity models based on semisimple B-field reductions. Then Vk()? =0 at
the D and D’ singular points shown in figure 4.7, while Vh()lc) < 0 in all the Mkw solu-
tions. On the other side, Vh(i) = 0 at the singular point A, whereas Vh(i) > 0 for the
Mkw solutions along the CC’ line that goes through point B, and Vh(i) < 0 if doing so
through point A. An example is shown in figure 4.12, where the sign of the energy contri-
bution provided by type 2 localised sources is different for the two Mkw solutions. In the

left plot type 2 D6-branes are required, while type 2 O6-planes are needed in the right one.

Finally, one observes that the flux-induced P2 3(Z) polynomials for these models re-
duce to those of the geometric (iso(3)-based) models around Z = 0, as it can be seen
from their form in table 4.6. As long as we take the limit 6. — 7, the profile (up to some
scale factor) of the energy contributions to the Mkw extrema tend to that of the geometric
models in figure 4.10. Once more, unstable dS extrema can be obtained by a continuous

deformation of the Mkw solutions, namely, by taking 0 — 0¢ + d0; for a given 6. circle.

4.6.2.3 The s0(3,1) models

Let us conclude by looking into the energy contributions to the Mkw extrema for the ITA
duals of the supergravity models based on the so0(3,1) B-field reduction. As for the pre-

vious semisimple models, such contributions depend critically on the specific point within
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the parameter space under consideration.

The set of Minkowski solutions for this model is shown in figure 4.8, where a narrow
region within the parameter space, that of the DE & D’E’ lines, was found to contain sta-

ble vacua. At these stable vacua, V,, < 0 and Vl(l) < 0, while the rest of the contributions

ocC

to the scalar potential are positive. Then, these stable vacua need type 1 O6-planes and

type 2 D6-branes to exist. As long as we flow between the points D and E in figure 4.8,

the main contributions to m:ﬁ% V11a change from being of order (9(10_2) around the
3

point D, to become of order O(1) around the point E. An intermediate point in the DE

line is shown in figure 4.13.
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Figure 4.13: ITA dual contributions to the scalar potential at a stable Mkw vacuum for

the supergravity models based on the so0(3,1) B-field reduction. They are computed at

the circle 6, = % which belongs to the DE piece of the parameter space and implies

f¢ = 0.10821 7, together with the moduli VEVs of Z; = 0.45089 + 0.46042i , |e||¢|~1Sp =
—1.07734 + 1.28783i and [£|~17p = 1.15629 + 0.60267i.

For these supergravity models, the contributions to the potential energy coming from

localised sources are still given by (4.107). By inspection of figure 4.8, we conclude that
(2)

ocC

teresting solution with Vk(i) = 0. It is located at the point (6c,0¢) = (0.409047,0) within

the parameter space, and its profile of the contributions to Vija is shown in figure 4.14.

there are unstable Mkw solutions having V).’ 2 0. Even more, there is a particularly in-

Naturally, its image point under the transformation ® — —&* of (4.88) is also a

solution with V(2)

o = 0. These unstable Mkw solutions are the only ones that would

also exist in the Zg orbifold compactification of refs [7,8,95], that does not allow type
2 06/D6 sources. We will see in chapter 5 that, in the absence of such sources, these
unstable solutions could presumably be lifted to solutions of a N/ = 4 gauged supergrav-
ity [84,155,176,178,180,186] built from an SL(2,Z)gs electric-magnetic gauging.
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Figure 4.14: IIA dual contributions to the scalar potential at a unstable Mkw
solution for the supergravity models based on the so0(3,1) B-field reduction.
It is computed at the point (6,60¢) = (0.409047,0) which belongs to the
CD line in the parameter space. The VEVs for the moduli fields result in
Zy = 0.18657 + 0.41905i , |e||€|1Sp = 0.12569 + 0.32326i and |¢|7'Ty = 0.76855 +
0.49656i.
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Figure 4.15: Left: IIA dual contributions to the scalar potential at the unstable Mkw
solutions that coexist at the point (fe,0¢) = (m,1.430827) in the parameter space. Right:

same for the axion-vanishing solution at the point of parameter space given by (0., 6¢) =
(0,1.48913).

Furthermore, it can also be seen in figure 4.8 that, unlike in the previous supergravity
models, unstable solutions with Vh(jlc) > 0 exist along the CC’ line with 7 < e < 37”
These solutions require type 1 D6-branes Sare compatible with Vk()gc) < 0, so type 2 O6-
planes have to be present. The point in the parameter space in which the two separate
moduli solutions of (4.97) coexist, belongs to this set of solution and its sources of potential
energy are shown in the left plot of figure 4.15. The point in the parameter space having
the axion-vanishing moduli VEVs of (4.98), also belongs to this class. In this solution,

Refp =0 and Vg, =V, = 0 together with Vi =0, as it is displayed in the right plot
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of figure 4.15.

Finally, the flux induced polynomials P 3(Z) in table 4.6 for this supergravity models,
also reduce to those of the geometric IIA models in the limit case of Z — 0. Therefore,
one would expect that, as we approach point B in figure 4.8, the profile of the potential
energy contributions should match that of figure 4.10, again up to a scale factor. Indeed,
Vo — 0 and Vg — 0 when we approach this singular point, i.e. |®9| — 0, of the moduli
VEVs. As for all the previous supergravity models, dS extrema can again be obtained by

continuously deforming the Mkw solutions.
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Chapter 5

Supersymmetric Vacua in T- and

S-duality Invariant Flux Models

The present chapter mainly follows the line started in chapter 3 when studying supersym-
metric vacua in the T-duality invariant effective models and extends it to include the effect
of a new non-geometric P-flux tensor induced by S-duality when both T- and S-duality are
simultaneously considered. In other words, this chapter is devoted to look for supersym-
metric moduli vacua of the A/ = 1 four-dimensional effective supergravity theory defined

by the Kéhler potential and the superpotential in (2.67).

A large obstacle to investigating this effective theory is that the flux backgrounds are
to be constrained by an enlarged set of non-trivial polynomial equations through Jacobi
identities of the flux algebra. Additionally, non-zero flux-induced tadpoles relate the fluxes
to the localised sources living in the space. This is further complicated when we consider
S-duality transformations which introduce new flux objects, as well as superpositions of
fluxes of the same tensor type. This means that they each contribute to both the Jacobi
and the tadpole constraints because of the enhanced duality invariance of the effective

theory.

Algebraic geometry is the mathematical discipline which involves the study of com-
plex polynomial systems and their solution spaces [187]. Recent papers [174, 188, 189]
demonstrate how previously unwieldy techniques, due to the size and complexity of the
equations found in the supergravity descriptions, of algebraic geometry can be applied to
finding solutions to the aforementioned flux constraints through such programs as Singu-
lar [173,190], thanks to the continued increase in computer speeds and memories. Useful
background material for the methods used in this chapter can be found in the appendices
of ref. [188] or the first few chapters of ref. [187]. Ref. [174] provides a way of applying alge-
braic geometry to supergravity without having to learn the specifics of Singular or similar

programs. Though the procedures outlined in refs [174, 188, 189] will be used in part, un-
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fortunately they do not immediately lend themselves to the algebraic geometry methods
we use in this chapter. However, there is another interface [191] between Mathematica

and Singular which allows for direct access to many of Singular’s algorithms.

5.1 The non-geometric (@, P) background fluxes.

First of all, we try to clarify the role played by the non-geometric P-flux in terms of
deformations of Lie algebras. Before considering the algebraic problem of solving the
constraints PP =0 and QP+ PQ = 0 in (2.49), we focus our attention on understanding
the problem from a different point of view: that of the effect of the P-flux over the gauge
subalgebra ggquge generated by the @-flux in the T-duality invariant effective theory

studied in the previous chapters.

5.1.1 A note on deformations of Lie algebras.

To start with, we present a brief introduction to the topic of deformations of Lie algebras,
in which we take the notation and conventions from refs [192-194]. Let us start with a

general Lie algebra £ defined by its brackets!

(X2 X =co xe . (5.1)

These relations define an algebra iff Jacobi identities are fulfilled, namely Céab Cge =0.
For our purposes, it will be interesting to define the second cohomology class of the algebra,
H?*(L,L). Tt contains 2-cocycles ¢ € H?(L,L) that are closed under the action of an
exterior derivation d without being coboundaries. More formally, a cocycle ¢ € H?(L, L)

is a bilinear antisymmetric form that satisfies the constraint
dp(X X", X)) = (X% (X X))+ [X (X% XO)] + [X°, o(X°, X)) +

+ SO(Xa7[Xb>XC])+(P(Xcv [XaaXb])"i'SO(Xb? (X, X)) = 0,
(5.2)
for any X% X® and X¢ of L.

Moreover, for ¢ to define a deformation of £ that is also a Lie algebra, i.e. it also
satisfies the new Jacobi identities, an additional integrability condition has to be imposed.

The 2-cocycle ¢ is integrable if it satisfies
P(p(X X°), X) + p(0(X4, X, X°) + p(p(X", X%), X*) =0 . (5-3)

If both conditions, named the cohomology and the integrability conditions, are fulfilled

then the linear deformation £+ ¢ is also a Lie algebra [195], which we will denote as L,

'We define generators with an upper index in analogy with the commutation relations [X%, X°] =
Q2 X° in (2.46).
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with the deformed bracket
(X% X"y = O X+ (X, X") . (5.4)

In particular, nullity of H*(£, £) implies that any deformation L., is isomorphic to £ and

in that case L is called rigid or stable. However, in general, £, and £ are not isomorphic.

To clarify the utility of deformed Lie algebras in the problem of S-duality and the
non-geometric (Q, P) fluxes, let us consider a deformation ¢(X?, X?) := a2 X¢ with

ab __ ba

a% = —a?*, so the cohomology condition in (5.2) can be rewritten as

Clob 3" 4ol cd” — 0 (5.5)
while the integrability condition results in
al® o =0 . (5.6)
At this point, the role of the non-geometric P-flux becomes clear by identifying
Cob = Qab and a® = pab (5.7)

The non-geometric Q-flux defines the gauge subalgebra of the T-duality invariant effective
theory while the non-geometric P-flux can be implemented as deformations of this sub-
algebra by an element of its second cohomology class. The P? =0 and QP + PQ =0
constraints in (2.49) are simply the integrability (5.6) and cohomology (5.5) conditions for

the non-geometric P-flux to define such deformations.

The gauge subalgebra of the T-duality invariant theory is trivially recovered when
the deformation vanishes, i.e. P = 0, and just the original condition Q% = 0 remains
unchanged. Another possibility to recover it is to fix P = @, which is related to the
P =0 case by an SL(2,Z)g transformation. This can be interpreted as a deformation of

the original gauge subalgebra by itself.

5.1.2 Solving the integrability condition.

The integrability condition P? = 0 is straightforwardly solved by imposing that the P-flux
becomes the structure constants of a Lie algebra gp belonging to the set of non-trivial
six-dimensional Lie algebras compatibles with the Zo x Zs isotropic orbifold symmetries.
As we already know from the previous chapters, there are only five isotropic non-trivial
Lie algebras with such properties?: so0(3,1), so(4), su(2) +u(1)3, iso(3) and nil. We do

6

not consider the abelian u(1)°® since it is equivalent to a trivial P = 0 background flux.

This is totally analogous to what we made for solving the Q% = 0 condition in chapter 3.

2All these algebras are quasi-classical Lie algebras, i.e. they have an invariant non-degenerate metric

built from their quadratic Casimir operator [192-194].
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To solve both the Q% = 0 and P? = 0 conditions simultaneously, we pick two algebras,
go and gp and specify their embedding into the the original @) and P fluxes through

the modular parameters

PQ=<% ’Bq> and rp:<o‘p Bp). (5.8)
Yg g YW Op

We end up with a general parameterisation of the non-geometric fluxes Q@ = Q(oy, B¢, Vg, 0q)
and P = P(ay, Bp,Vp, 0p), analogous to that derived in section 3.1 for the non-geometric
Q-flux.

Recalling the I'-matrices in (5.8), we can now define the two modular variables

Q:aqU+Bq and ZP:OZPU_‘_Bp'
Vg U + 4 WU + 9,
Expressing the flux-induced polynomials in (2.70) and (2.71) due to the non-geometric @

(5.9)

and P fluxes in terms of these modular variables, we have
P3(U) = (7, U + 6,)° P3(2q) and PyU) = —(% U +6,)* Pa(Zp) . (5.10)

The polynomials Pz 4(Zg p) associated to gg and gp can be simply read off from the
table 5.1 after replacing Z by Zg and Zp respectively.

algebra P3.4(Z)/3 polynomials modular roots
50(3,1) —Z(22+1) Z=0, +i, —i
s0(4) Z(Z+1) Z=0, 00, —1
su(2) +u(1)3 Z Z =0, oo (double)
is0(3) 1-Z Z = oo (double) , +1
nil 1 Z = oo (triple)

Table 5.1: Algebras and non-geometric flux-induced polynomials.

When using this parameterisation for the non-geometric fluxes, the roots structure
of their flux-induced polynomials can be expressed in terms of the modular parameters,
namely, the number and type of coincident roots becomes manifest. Moreover, it is not
possible to do an SL(2,Z)g transformation which alters this, so different algebras lead to

different root structures (see table 5.1).

To analyse this we define the following two-dimensional generic vectors,

20:(0475) ) ZOO:(/Yv(S) )
Z—l:(a+’>/aﬁ+5) ) Z—l—l:(a_’y’/B_(S) ) (511)

) B+ ~0) +i|T| ) (af +79) —i|T|
Zoi=1|VaZ+ 2,(04 ., Z_i=1Vaz+42, ,
+ ( v [a? + 2 v [a? + 2
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in such a way that they carry the information about the roots values once they are con-
U
tracted with the vector L) Then the non-geometric flux-induced polynomials for each

algebra can be easily reconstructed from its roots structure as

Py(U)=3 J[ 28" (?) , (5.12)

O=roots

with O = 0, 00, —1, +1, 4+4, —¢ according with the modular roots, as it is shown in table 5.1.
As an example, we reconstruct the cubic P3(U) induced by the non-geometric @-flux in

the case of an algebra s0(4). In this case, it reads

wn - 2(0) 23 59

= 3(aqU+ By) (qU 4+ 0q) [(og +79) U+ (Bg + g)] (5.13)

= B(VqU+5q)SZQ(ZQ+1)-

Note that so(3,1) is unique in the above results, in that it generates non-geometric
flux-induced polynomial whose roots are certain to be complex, given the real and non-

degenerate nature of the I'’s matrices.

5.1.3 Solving the cohomology condition.

In terms of the flux entries, the cohomology QP + PQ = 0 constraints are those in
(2.75). Since the expressions for the entries of ) and P are in terms of the modular
parameters the cohomology condition puts constraints on their possible values. Finding
the space of valid flux entries is difficult because the constraints are polynomials in terms
of the eight modular parameters. However, these polynomials form the generators of the
ideal (QP + PQ) in the ring of polynomials Clay,...,d,] and so we can use an algebraic
geometry method of prime decomposition to split (QP + PQ) into its prime ideals, J;.
One such method is the Gianni-Trager-Zacharias (GTZ) algorithm, which is implemented
within Singular. Each prime ideal has a solution space, the variety V;, which is a subset
of V, the variety of (QP + PQ) and because we are working with prime ideals, their
varieties do not intersect other than at a finite number of disjoint points. Therefore, given

the decomposition
(QP+PQ) = Jin...0dy, (5.14)

in order to satisfy QP + P(@ = 0, we need only to solve the set of equations f;; = 0,
where J; = ( fi1, fi2,---, fim ), though to completely account for all possible solutions
each prime ideal must be analysed. An ideal automatically has at least one prime ideal
but in the case of some of the (gg,gp) pairings, we find as many as three prime ideals

of varying complexity. These relate the I'g and I'p modular matrices in (5.8) and so
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restrict the transformations which are needed to bring the @ and P fluxes (understood
as structure constants) to their standard form giving rise to the flux-induced polynomials
of table 5.1.

For purpose of illustration we consider the example of gg = su(2) + u(1)? and

gp = 50(4). We have individual parameterisation of the following format,

o ()-flux fixing the gauge subalgebra in the T-duality invariant supergravity to be
g = su(2) +u(1)?,

Co = 5&1 62 ) C3 = —Qq 73 )
c1 = By0q7q , o =—0gY 0 (5.15)
¢ =2 By , G =—a46;

e P-flux fixing the original gauge subalgebra in the T-duality invariant supergravity

to be deformed by gp = s0(4),

do = By dp (Bp + 0p) ) ds =—apy(ap+yp)
d1 = Bp dp (ap +7p) ) dy = —apy (Bp +dp) (5.16)
d2:7£ﬁp+0412;5p ) dlz_(7p53+ap5§)

This leads to a (QP + PQ) cohomology condition ideal which has three prime ideals in

its decomposition,

Jl = < O[qﬁp - Bqap ; '7q5p - 5q7p > ;
Jo = (gbp— By » Yabp — dq0p ) (5.17)
J3 = (v(Bp+dp) — dglap +p) )

These constraints can be rewritten in terms of entries in two-dimensional vectors

Ul U1
11:< ) ) VZ( ) = wue—uv1 =0 & uxv=0. (5.18)

V2

If two vectors satisfy u x v = 0 then they are parallel, which we denote by u || v. With

this notation and using the vectors given in (5.11), the cohomology condition becomes

Jo= (2¢xzb, 28 xzPy & 22|20, 22|28 .
Jy = (29%xz2P | 28 xzl) o 29| zE ., 29 zF . (5.19)
Jy = (29 x 2P)) & 23| 28

In each case the prime ideal’s generating functions can be rewritten as a vanishing cross
product. In fact, this happens for all prime ideals of all possible pairings (g, gp). There-
fore, the prime ideals of (Q P+ PQ) can be viewed as geometric constraints on the position
of the vectors representing the roots of the cubic polynomials P3(U) and Py(U). Specif-

ically, when the polynomials themselves are computed, this is equivalent to P3(U) and
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P,y (U) sharing some roots. It is worth noticing here that the J; =0 and J; = 0 solutions
also imply the piecewise vanishing QP = PQ = 0, unlike J3 = 0. Moreover, J; =0 can
be translated into Zp oc Zg while Jp = 0 implies Zp o< SZg, where S is the inversion
generator in (1.22).

The full list of the vector alignments arising from the different prime ideals of the

cohomology condition are given in table 5.2 for each algebra pairing.

gp deformation
gq original s0(4) s0(3,1) su(2) +u(x)’ is0(3) nil
2828, 28 28 2828, 28 28
s0(4) 2P 128,28 | 27 2% 128 (%) 2P 28, 220128 | 29 0 20 (%) | 29 11 2R (%)
2% | 2P (+) 28 | 28 (+)
2%\ 28, 29 ) 28
50(3,1) bl P2 RN O N Il -2 AN 4 B [ ) 28020 () | 231 2R (%)
28| 20 (+)
2820, 28 | 2% 28 2L, 28 2
su(2) +u(n) | 29 | 2L, 28 | 2f 22| 28 (%) 22| zh () | 28 2%
28 || 25, (x) z2 ) 25
22| 2% 22| 2%
is0(3) 220 2% () 281128 () 22 28+
2911 25 () | 2811 2R ()
22| 28
nil 28 ) 2P (%) 22| 2 (%) 22| 2% 22| 2%
28| 28, ()

Table 5.2: Cohomology condition in terms of the root alignments. The branches labelled
by (%) disappear under the more restrictive condition QP = P@Q = 0. Under the inver-
sion S — —1/S transformation, the algebras gg and gp are exchanged resulting in the

symmetry of this table (and all the forthcoming ones).

At this point, two comments must be done concerning the SL(2, Z)"-duality invariance

of the solutions found, as discussed in section 2.4.3.

1. Most of these solutions (those labelled by (%)) disappear under the more restrictive
condition QP = PQ = 0 that occurs in an SL(2, Z)"-duality invariant supergravity.
In other words, not all the pairings are allowed in the SL(2,Z)"-duality invariant
theory [155].

2. Apart from each algebra being deformed by itself, there are the following possi-
bilities in an SL(2,Z)"-duality invariant supergravity: so(4) can be deformed by
su(2) +u(1)3 ; su(2) +u(1)? can be deformed by so(4) and by nil ; iso(3) can be
deformed by nil and nil can be deformed by su(2) +u(1)3 and by iso(3).
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We note how in several (gq,gp) pairings there are two, even three, different ways
(branches) to solve the cohomology condition. In section 5.3 we will provide an example
based on gg = su(2)+u(1)? and gp = so(4) for which supersymmetric Minkowski vacua
only exist in one of these branches, i.e. z9 | Z%,. According to table 5.2, this solution
disappears when imposing SL(2, Z)"-duality invariance on the flux backgrounds. However,
supersymmetric AdSy solutions can be found in the other branches, i.e. Z(? | ZE together
with 29 || 22.

5.2 The gauge (F3, H3) background fluxes.

Now, we shall proceed to solve the set of constraints in (2.76) coming from the SL(2, Z)-
singlet Jacobi identity in (2.50). Schematically, these constraints can be written as a linear

System
(D) b; = (@p)] a;, (5.20)

where &g and ®p are 4 x 4 rank two matrices depending on the non-geometric ¢ and

P fluxes respectively.

Since modular variables are more transparent to work with, we decide to use a universal

parameterisation for NS-NS H3 and R-R F3 fluxes based on the complete decomposition

PU) = (U +8°P2(2q) » PiU)=~(%U+5,)°Pi(2p), (5.21)
with
Pa(2q) =D e 2 and Pi(Zp) =D piZp . (5.22)
i=0 1=0
Under this decomposition, the NS-NS Hj flux entries are parameterised as
bo —[33 —Bqég —Bgéq —53 €0
by _ aqﬁg %&1 (28474 + q0q) %ﬁq (Bq7q + 2040) 7q5§ €1
b —agBy —3% (Byvg + 2040g)  —304q (28474 + agdy)  —730 €2
b3 ag ozq’yg aqu 72 €3
(5.23)

and those for R-R F3 flux, a;, have the same form® upon replacing the subscript ¢ — p

and ¢; — p;.

Fixing a pairing (gg,gp) and using the parameterisation Q = Q(ayg, g, V¢, 0q) and
P = P(oy, By, Vp, 6p) of the non-geometric fluxes as well as that in (5.23) for the gauge

fluxes (F3, H3), the above system in (5.20) can be rewritten as

(®Q)] ¢ = (®p) pj, (5.24)

3These universal parameterisations are well defined because their Jacobian have determinants —|T'g|®/9

and —|T'p|®/9 so they never vanish, provided the isomorphisms used for bringing non-geometric fluxes to

their standard form are not singular.
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where &3@ and ®p depend on the modular matrices I'g and I'p defined in (5.8). Both
‘fQ and ®p are linear transformations and therefore the solutions space of (5.24) can be

obtained from the intersection of their images

Jm(®g) NIm(Pp) . (5.25)

jQp

The parameters ¢; and p; belong to the @Q and ®p anti-images of Jgp respectively,

K
RS

(jQP) )

{(9gp) (>:20)

€
c

™

Therefore we denote a background for the Hs and Fj3 fluxes solving (5.24) by a
pair of vectors (€, ) satisfying (5.26). The main features of this background, such as
its dimension or its flux-induced C§ tadpole, are severely restricted by the non-geometric
background we have previously imposed. Furthermore, we are able to distinguish between

two non-geometric flux configurations by seeing whether or not Zgp becomes trivial.

e Non-geometric type A configuration: A non-geometric background satisfying

Jor ={0} , (5.27)

fixes the NS-NS and R-R background fluxes to be € € ker(®q) (H3Q = 0) and
7 € ker(®p) (F3P = 0). This has dimension 4 and, according to (2.61), does not

generate a flux-induced C§ tadpole,

Ni=0 (type A). (5.28)

e Non-geometric type B configuration: A non-geometric background satisfying

Jor # {0} | (5.20)

results in a less restricted one for the NS-NS and R-R fluxes. It is a six-dimensional
background for which a flux-induced C{ tadpole can be generated. This can always

be written as
N7 =Aq [T’ + Ap [Tp[° (typeB) , (5.30)
with Ag and Ap depending on ¢; and p; respectively? and vanishing in the special

case of €€ ker(®g) and 7 € ker(®p).

Let us explain a little bit more about the preceding classification. Starting with a
non-geometric background for the ) and P fluxes, that satisfies both the integrability

and the cohomology conditions, it will be either a type A or a type B configuration. For

“ker(®g), ker(®p), Ag and Ap differ for each pairing (g, gr), being easily computed in each case.
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this to be a type B it has to fulfil the condition in (5.29), which can be rephrased as a
single roots alignment as shown in table 5.3 for all the possible pairings (gg,gp). If the
non-geometric background we are working with generates that alignment, we are dealing
with a type B configuration. Otherwise it is type A configuration. This is determined by

the way (branch) we followed for solving the cohomology condition (see table 5.2).

gp deformation
g¢ original 50(4) 50(3,1) | su(z2) +u(1)? is0(3) nil
s0(4) 29028 | 250180 2% 028 | 2902k | 2402k
so(3,1) | 22125 | 222 |z N2l | 2R zh | 22k
su(2)+u(a) | 22 28 | 2820 | 2812k |22 z2h | 2R 2k
iso(3) | 24l 2h |24zl 2hzl | 2%k | 2802k
il 220 | 2828 | 28128 |2Rz2h | 2R 2L

Table 5.3: Roots alignment in non-geometric type B configurations.

To illustrate this, we consider an example where gg = su(2) +u(1)3 and gp = so0(4).
Solving the cohomology condition through the Z$||ZP , branch (see table 5.2), leaves us
with a non-geometric type B configuration (see table 5.3). The ker(i)Q) is expanded by
(€0, €3) while that of ®(gp) is expanded by (pg, p3) for this pairing. In this case, the NS-NS
and R-R fluxes account for six degrees of freedom and generate a flux-induced Cg tadpole
given in (5.30) with Ag = €3/3 and Ap = (p2 — p1)/3.

9Q Pa(Zq)
50(3,1) 632%—3602%—3632@4‘60
50(4) €3 Z3 + €0
su(2) +u(1)3 €3 Z3 + €0
is0(3) €1 2qQ + €0
nil €1 2q + €o

Table 5.4: H3 flux-induced polynomials in the non-geometric type A configurations.
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The Hs and F3 background fluxes determine the flux-induced P2(Zg) and Pi(Zp)
polynomials in the superpotential. Fixing a non-geometric type A configuration, Pa(Zg)
is shown in table 5.4 for each gg algebra. The equivalent expression for the polynomial

P1(Zp), resulting from the gp algebra, is obtained upon replacing €; «» p; and Zg < Zp.

5.3 Supersymmetric solutions.

In this section, we provide some examples of supersymmetric vacua of the T and S-duality
invariant effective supergravity given by the standard Kéahler potential and the moduli po-
tential induced by the (F3,Q) and (Hz, P) fluxes using the methods we have developed
in this work. We will focus on solutions with the axiodilaton S and Kahler T" moduli

being completely stabilised.

The starting point is the N' = 1 four-dimensional effective theory defined by the
Kahler potential and the superpotential in (2.67). The latter can be rewritten as

3
=, (5.31)
+ (’)/qU+(5q)3 S(ZQZ&) +3TP3(ZQ) ,
=0

with P3(Zqg), Pa(Zp) taken from table 5.1 according with a fixed pairing (gg,gp) and
Zg and Zp the modular variables in (5.9). In general, Zg # Zp, and we will have
to deal with two modular variables instead of just one, Z. Each pairing (gg,gp) gives
rise to a specific superpotential due to the relationship between the roots structure of a

polynomial and its associated algebra.

A supersymmetric vacuum implies the vanishing of the F-terms

3iW W 3iW
otmp ~ 0 o Is=0sWHore =0 Fy=0uW o

Fr=0rW + =0,
(5.32)
bringing about either Minkowski or AdS, solutions because the potential in (2.62) at
the minimum is given by Vo = —3ef0|Wy|? < 0. Restricting our search to Minkowski

solutions, i.e. V = 0, simplifies the supersymmetric equations of motion in (5.32) to

OsW =0rW =0yW =W =0.. (5.33)

Working with the generic expression in (2.67) for the superpotential, the Kdhler moduli
and axiodilaton equations of motion fix both moduli to

5 = BOL (w03 5q>3 Py(Z)

P4(U0 ’YpU+5p P4(Zp)

. Py(Uo) <7QU+5q>3 Yigci Zh

0 g — =

Py(Uy) YU +5p Pi(Zp)

~—

Uo
(5.34)
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where Sy, Ty and Uy are moduli values at the vacuum. As we have already discussed in
the previous chapters, these VEVs are subject to physical considerations. ImSy must be
positive because it is the inverse of the string coupling constant g,. ImTp = e~? A where A
is the area of a 4-dimensional subtorus, so it also has to be positive. Also, for the modular
variables Zg and Zp at the minimum, it happens that ImZg =ImUy|Tgl/|v,Uo + &q|*
and ImZp =ImUy|T'p|/|ypUo + 6p|?. Therefore, necessarily ImZg # 0 and ImZp # 0
because for ImUy = 0 the internal space is degenerate. Without loss of generality, we

choose again ImUj > 0.

The remaining W = 0 and dyW = 0 conditions can be rewritten, using the stabili-
sation in (5.34), as [§]

E(Uy) = Pi(Uy) Py(Up) — Po(Up) P3(Uy) = 0,
(5.35)
E'(Uy) = 0,

provided® Py(Up) # 0. The prime denotes differentiation with respect to U and, there-
fore, E(U) has a double root. The root must, given our definition for the Kéhler potential,
be complex and therefore E(U) contains a double copy of complex conjugate pairs, ac-
counting for 4 of its 6 roots. Therefore, we have the following factorisation property of
EB(W),

E(U) = (U*+ LU+ fo) E(U) , (5.36)

with E(U) = (g2 U% 4 g1 U + go)? accounting for the double root that becomes complex
iff g — 49290 <0.

Information about the nature of the six roots of E(U) can be immediately obtained
from the generic superpotential polynomials once a (gg,gp) pairing is chosen and the
full set of Jacobi identities, i.e. integrability, cohomology and singlet Jacobi constraints,
are applied. Four cases are automatically discarded because their E(U) possesses at least
four real roots, so they can never have a double complex root for the Minkowski vacua to
be physically viable, i.e. ImUy # 0. The number of real roots for each (gg,gp) pairing
is summarised® in table 5.5. A priori, all branches with E(U) having a number of real
roots less than three could accommodate supersymmetric Minkowski solutions. This is
a necessary but not sufficient condition for the existence of Minkowski vacua because for
E(U) to split into the form of eq. (5.36), additional constraints on Hs and Fj3 fluxes
are needed. Therefore, several branches in table 5.5 will exclude Minkowski vacua, even
though they have a sufficient number of complex roots and we will provide an example of
this.

5This has to be the case for ImU #0 in all gp but gp = s0(3,1) that has complex roots Zp = =i.
For this singular case, Ps(Up) =0 implies P;(Up) =0 for i =1,2,3,4 as can be seen from (5.33). Then

S and T can not be simultaneously stabilised in a supersymmetric Minkowski vacuum.
SEntries in table 5.5 are in one to one correspondence with entries in table 5.2.
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gp deformation
g original | so(4) | s0(3,1) | su(2) +u(1)? | iso(3) | nil
2 2
50(4) 2 1 2 1 1
1 1
2
50(3,1) 1 2 1 1 1
1
2 2
su(2) +u(1)3 2 1 1 2
1 2
4 4
is0(3) 1 1 1
1 1
4
nil 1 1 2 6
1

Table 5.5: Number of real roots of E(U) defined in (7.8) after imposing the full set of

Jacobi constraints.

Despite this, several results can be read from table 5.5 :

i) There are no supersymmetric Minkowski solutions in the (nil,nil) case because all

E(U) roots become real for this pairing.

i1) For supersymmetric Minkowski solutions to exist in (iso(3),is0(3)), (iso(3), nil) and
(nil,is0(3)) pairings, it is necessary to have non-geometric type B configurations (see

table 5.3), generating an eventually non vanishing flux-induced C§ tadpole.

ii1) The rest of the pairings are richer and supersymmetric Minkowski solutions could,

in principle, exist in all branches that solve the cohomology condition (see table 5.2).

5.3.1 Some simple solutions

For our first example, we shall continue to investigate the case go = su(2) +u(1)3 de-
formed by gp = s0(4), in order to show how simple supersymmetric solutions can be
easily obtained using these methods. For the sake of simplicity, we will look for H3 and
F3 background fluxes with € € ker(®g) and 7 € ker(®p), so N, = 0 but the net charges

N7 and Ny are considered as free variables. In these solutions, P2(Zqg) and Pi(Zp) can
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be obtained from table 5.4 leaving us with a set (eg, €3; po, p3) of free parameters in the

superpotential determining the Hz and F3 background fluxes.

Taking the relevant polynomials from the table 5.1 and the table 5.4, the superpotential

in (5.31) becomes

W = —(wpU+6,)%[(p3Z}+po) +3T S Zp(Zp +1)] (537)
5.37
+ (’qu+5q)3 |:S (632%—|—60)+3TZQ:| ,

and the tadpole cancellation conditions can be expressed in terms of the roots as

N3 = As3(Z8 x Z20)° + A30 (2L x 2002 + A3 (2 x Z2) + Ago (29 x 20)3

N = p3(2¢ x Z5) (2% x 28)° + po (2§ x 28) (28 x 22) (5.38)
No = —es (25 x Z)(27 x 22)(25 x 25)) — e (28 x 27) (28 < 23) (28 < 21y,
with A;; = —p;€;.

We now impose the constraints coming from one of the prime ideals of the cohomology
condition, of which there are three to choose for this pairing, as shown in table 5.2 and
explicitly stated in (5.19). The case J; = 0 is automatically fulfilled with an embedding
I'p =Tg =T, or equivalently Zp = Zo = Z, while the Js = 0 results are equivalent to
this after applying a T-duality transformation Z — —1/Z. The case J3 = 0 is a little bit
different from the previous ones. It can not be transformed into J; 2 = 0 and the resultant
solutions are distinct from those of the first two branches. We will solve for each of the
three branches and clarify their relation to the existence of both AdS; and Minkowski

vacua.

Simple type A AdS, solutions.

Imposing” J; = 0 and just fixing the modular embeddings to be

rperzr:<a B), (5.39)
)
provides us with a much simplified superpotential given by
w 3 3
m=—(pgz +p0)+S (323 +e)+3TZ—-3TSZ(Z+1), (5.40)
where
alU+p
Z=TU=——. 5.41
yU+46 (541)

"Imposing J> = 0 is T-dual to J; = 0 just with Z — —1/Z.
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Under the transformation U — Z in (5.41), the effective theory is known to suffer a
Kihler transformation such that eXW — AW with

K o= 3n(-ir-1))-m(-is-8)-3m(-iz-2)

(5.42)
W = T2 [—(p3 23+ po) + S (323 +€0) +3TZ—-3TSZ(Z+1)] ,
and the tadpole cancellation conditions in (5.38) simplify to
Ny = |T]*(Aos — As0) = |T*(eo p3 — €3 p0)
(5.43)

N; = N;=0.

It is worth noting that, by simply imposing the embedding in (5.39), it becomes impos-
sible to have non-geometric type B configurations, as we can see from table 5.3. Indeed,
the alignment Z.||Z_; results in |[I'| = 0 and the isomorphism is no longer valid. So
whenever we impose the embedding of (5.39), automatically €; = €3 = p; = p2 = 0 and
then N, = Ny = N; =0.

It can also be proven that this system does not possess Minkowski vacua. To do this,
let us compute restrictions on the NS-NS H3 and R-R F3 background fluxes needed for
the polynomial E(U) to be factorised as in (5.36). From table 5.5 we know that E(U) has
at least two real roots. Factorising out and dropping these real roots, E(U) — E(U ), it
can be shown that for F (U) to possess a double complex root, the H3 and F3 background
fluxes must satisfy

8epps+(e3—9p3)po = 0,
(5.44)

(e3—p3)* —8p3py = 0,

2
so that g7 —4gogo = 12 (pzl,)/?’ p(l)/?’) > 0, fixing all six roots of E(U) to be real and

producing non physical vacua, i.e. ImUy = 0.

However, we find that supersymmetric AdS4 vacua with all the moduli stabilised can
exist without introducing localised sources. This result is new compared to the T-duality
invariant effective theory which was deeply studied in chapter 3. Let us fix €3 = p3 = 0 so
as to have N3 = 0 and, for instance, pg = 2¢€p. Solving the F-flatness conditions in (5.32)

we obtain

Zy=—1.0434+0.4758% , Sy = —2.3802+ 4.16857 eal To = —0.4022 + 1.1483 ¢ ,
(5.45)
with a vacuum energy Vj eo/|T|> = —2.3958 and with N3 = Ny = Ny = N7 = 0. In terms
of the original complex structure modulus, Uy = I'"! Z; with I" the modular matrix given
in (5.39). Fixing for example 8 = v = 0, this solution corresponds to ag = —2¢g 2,
bo = —€0 0%, & = di = —ad? and dy = a2 6. Large positive values of the ¢y parameter
translate into large absolute values of the NS-NS and R-R fluxes and also a large internal

volume.
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Simple type B Minkowski solutions.

Now we explore the case J3 = 0, or equivalently Z&||Z,. As an example of this alignment

involving just two modular parameters let us take

FQ_<Z _56> , Fp_<zg>. (5.46)

This results in a two-dimensional family of non-geometric type B configurations. Substi-

tuting directly into (5.34) we obtain

a Uy ) 1 €3 (OCU() - (5)3 + € ((5 + OéU(])3

e — T:
0= Tan, md =g Uo (6 + alp)

(5.47)

Let us compute again restrictions on the NS-NS H3 and R-R F3 background fluxes
needed for the polynomial E(U) to be factorised as in (5.36). From table 5.5, this time
E(U) has at least one real root. Factorising out this real root, E(U) — (fi U + fo) E(U),

this imposes

5 2
po=0 602*632% , fi=ga=0 g():<> (5.48)
g2 o

and therefore g7 — 4 go go < 0, producing physical vacua Uy = i (g) Substituting directly
in (5.47), the moduli get stabilised to

AW . _p3 .
Uy = <a> 7 , So =21 , To = 9 (1+Z) . (5.49)

This family is physical for p3 > 0 and [I'p| > 0. The tadpole conditions for these super-
symmetric Minkowski vacua are
P3 - 3
Ny=7  Ni=pg . No= Tp[? Z?’ : (5.50)
with [I'p| = ad, so N3 > 0, Ny > 0 and N7 > 0 is required.

In terms of the original fluxes, this solution corresponds to c3 = —a?, ¢y = & = —dy =
—a26, ¢ =& = Jl = —ad? and ¢y = —6° for non-geometric fluxes; by = —§° %” and
by = —a?) £ for the NS-NS flux; and a3 = a? p3 for the R-R flux. Again, large values
of the p3 parameter translate into large absolute values of the NS-NS and R-R fluxes and
a large internal volume. However, this also increases the number of localised sources and

therefore their backreaction, which we are not taking into account.

5.3.2 More Minkowski vacua examples.

In our previous example, we gave simple Minkowski solutions with all moduli stabilised
in a physical vacuum with a vanishing flux-induced Cg tadpole, i.e. N, = 0. Now, we

provide Minkowski solutions with N7 # 0 (examples 3 and 4).
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Our main goal in this work has been to develop a systematic method to compute
supersymmetric Minkowski vacua based on different (gg,gp) pairings which fulfil all al-
gebraic constraints. To show how these methods work, we conclude by presenting several
simple non-geometric type B configurations involving all the six-dimensional Lie algebras
compatible with the orbifold symmetries. Besides finding analytic VEVs for the moduli,
we also relate them to the net charge of localised sources which can exist, as well as some

features of such vacua.

Example 1: vacua with unstabilised complex structure modulus.

Let us work out a simple family of Minkowski solutions with a vanishing flux-induced
C{ tadpole for which all the moduli but the complex structure modulus are fixed by the
fluxes. These solutions were previously found in ref. [110] and we now clarify their flux

structure.

Let us fix the non-geometric Q and P fluxes to be isomorphic to gg = so0(4) and

gp = is0(3) respectively® under the modular embeddings

[ ag O [ Bp
o= (30)  ree (7 B o

The cohomology condition for this pairing has an unique branch (see table 5.2) implying
Zgl | 2F, and it is a type B configuration, as is shown in table 5.3. This relates the
modular matrices in (5.51) so that, oy = Ay, and d; = A (B, — Jp) .

Taking for simplicity € € ker({I)Q) and p € ker(i)p) results in €] = €3 = py = p3 = 0.
Moreover, we will also fix e3 = 0 and therefore, substituting into (5.34), we obtain

_ M e (Bp — 51))3
35;2) (pUo + (Bp — 0p))

So = —A® (‘“) (By—6,) Uy and Tp= (5.52)

2

0

When plugging the above stabilisation of the axiodilaton and Ké&hler moduli into the
superpotential we obtain
A

W(Up) = — (52> ()\6 (Bp — 6p) €0 + 6;‘; pl) Uy — 512; ((5p po + Bp p1> , (5.53)
P

so that, for Minkowski solutions to exist, dyW = W = 0. Moreover, because of ,, d, # 0
(otherwise |I'p| = 0), Minkowski vacua with the complex structure modulus unstabilised

do exist provided

By =) eo+dypm = 0, (5.54)
dppo+Bppr = 0. (5.55)

®In this case, Ag = (e2 — €1)/3 and Ap = —p3 — p2/3.
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Under these restrictions for pg and p1, the tadpole cancellation conditions simplify to

Y / A? €0 Ozg 5
N3 =N;=N;=0 and N7 = 3 32 (5;) — (5p) . (5.56)
p

From the axiodilaton and Kéhler stabilisation in (5.52), taking a physical vacuum with

ImUjy > 0 implies that
Aoy (Bp—6p) <0 and Aoy (Bp—0p)eo >0, (5.57)

for ImSy > 0 and Im7y > 0 and therefore ¢g < 0. Otherwise the vacuum is not physical.
Therefore N7y > 0 and so D7-branes are needed. Several configurations of these necessary
D7-branes were presented in ref. [110]. Large values of || and |eg| favour a small string
coupling constant and increase the internal volume, i.e. gs oc 1/|A|? and Vi o< |eg]*/?, for

a fixed I'p modular matrix and a given VEV for the complex structure modulus, Uy.

Example 2: vacua with a hierarchy of fluxes.

In this example we work out a family of solutions with a richer structure of localised
sources. This time we fix the non-geometric Q and P fluxes to be isomorphic to gg = s0(4)
and gp = s0(4) respectively’. Just to illustrate some vacua with this algebraic structure,

we fix the modular embeddings to be

B « ) [ A=XNa 0
PQ_(—M A&) ’ FP_( 0 (1+A)5>’ (5.58)

with a§ # 0 and A (1 — A2?) # 0 for the isomorphism to be well defined.

The cohomology condition has three branches, as seen in table 5.2, and the embeddings
in (5.58) satisfy Z?l | ZF,, giving a type B configuration (see table 5.3). For simplicity
we will fix again € € ker(fi)Q) and g € ker(ép), and so this time € = €3 = p; = pa = 0
which results in N7 = 0. Under this fluxes choice, E(U) has 1 real root, as table 5.5 shows.
We find that E(U) can be factorised as in (5.36) with ¢g; =0 and

1— )2 1— )2

= (=120 1%0) o=~ (A== (1% ), (5.59)
so that , ;

g _ (9 fo (5) (A—1)%p3

— == and —=-—|(— 5.60

g2 <a> fi « (/\+1)3p0 ( )
Since g? — 4gogo < 0, these are physical vacua with Uy = i (g) From eqs (5.34), the

axiodilaton and Kahler moduli get stabilised to

2A .

S() = <)\2_1>7l,
A —1 A+1) A —1)*
- ol oant ooy
A2+ 1D\ A2 1 N1

p3 + i ((A=1)%ps+ (A +1)%p0 ) ) :
(5.61)

In this case Ag = (€2 —€1)/3 and Ap = (p2 — p1)/3.
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The resultant tadpole conditions for these vacua are

Tol By _
N3 = 2§2 M= (A=D1 +A+1%5) , (5.62)
together with
N, = ‘FQ|3A2—1 A—1)254+(N+1)25
T J(A=1)2p3+(A+1)2p0)
o (5.63)
Ny = 2 (-1’ (=125 +(A+1)2%5)

83
where p3 = 4A\p3 and pg = 4Apg. Then N3 > 0, Ny > 0 and N; > 0 is necessary for

vacua to be physical'C,

In terms of the original fluxes, this solution corresponds to ez = —a A (A—1), ca = & =
2NN+ 1), 1= =—ad*A(A—1),co=0A(A+1)and d; = ad> (N2 —1) (A + 1),
dy = 0?6 (A2 — 1) (A — 1) for non-geometric fluxes; by = 6% (A2 — 1) (A — 1)3 g3, by =
a2 (A2 —1)A+1)3p, ba=a?6 (A2 —1)(A—=1)3p3 and by = —a3 (A2 — 1) (A +1)3 o
for NS-NS flux and ag = —4 33 XA (A +1)3 g and a3 = —4a3 A (A — 1)3 p3 for R-R flux.

By considering the fluxes’ dependency on the parameter A, we note that generically
a hierarchy between F3, H3 and non-geometric @, P fluxes occurs, in which the NS-NS
and R-R fluxes, i.e. a; oc \?, bj o A5 are large compared to the non-geometric fluxes, i.e.
¢ o A2, dj o A3, given A > 1 for ImSy > 0. However, there is a critical value \g = 1+ /2
for which g; > 1 if A > )Ag. Hence, there is a narrow range, 1 < A < Ay, for which
non-perturbative string effects can be neglected, i.e. A = 2 implies g5, = 3/4. Finally, large

values of the py and p3 parameters favour a large internal volume.

Example 3: vacua with a non vanishing flux-induced C§ tadpole.

We now consider a simple family of solutions with a non vanishing flux-induced C§ tadpole
for which all moduli get stabilised. Let us fix the non-geometric (2 and P fluxes to be
isomorphic to gg = 50(3,1) and gp = s0(4) respectively'!. Examples belonging to this

pairing were also found in ref. [8].

For simplicity, we fix the modular embeddings to be

FQ:<a 5) , Fp=<a0>, (5.64)
a —0 0 9

so that the cohomology condition for this pairing has an unique branch Z(? | 2P | asis
shown in table 5.2. It is a non-geometric type B configuration (see table 5.3) and there-

fore, has a potentially non vanishing flux-induced C§ tadpole. The modular embeddings

OFixing [Tg| > 0 implies A > 0 for ImUy > 0, (A2—1) > 0 for ImSp > 0 and (A—1)% ps+(A+1)% 5o > 0
for ImTy > 0. This fixes the net charge of the tadpoles.
"Tn this case Ag = —€2/3 —¢o = —€y/24 and Ap = (p2 — p1)/3.
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in (5.64) belong to this branch.

First of all, we will redefine our NS-NS flux parameters as

€l 3 1 0 €3

! 3 -1 0

R “l (5.65)
eh 0 -1 3 €2

€ 0 1 3 €0

Solutions with NS-NS and R-R fluxes for which € ¢ ker(®¢) and 7 ¢ ker(®p) can be given

parametrically in terms of the (ki, k2) parameters as
€5 =K1 +HK2 , € =K —K2 , pPL=FkKy , p2=K, (5.66)

with (€}, €)) expanding the ker(®g) and (po, p3) expanding the ker(®p) being completely
free. For simplicity, we will deal just with a non vanishing o parameter plus the R-R fluxes
po and ps3. All the Jacobi identities are by construction satisfied. In general, F(U) has 1
real root (see table 5.5) for this algebra pairing, but under this specific fluxes configuration,
it has two real roots. Factorising out these real roots, E(U) — E(U), and requiring it to

factorise as in (5.36) we find

4 5 \2
i=g1=p=0 p3 =gk 5(2]:(\/%) . fogs=-16a*0ky .
(5.67)

These values give g7 — 4 g2 go < 0, producing physical vacua with Uy = i (ﬁ)
Using the VEVs in (5.34), the moduli get stabilised to

0 . . K .
U0:<\/§a>z . So=vV2i Toz—?;(l—i-\/iz), (5.68)

which is physical for k3 < 0 and |I'p| > 0. The tadpole conditions for these vacua are

N, = 0, (5.69)
K2 Kg o\ 200 13 9
3 15 7 3 7 9 | P| Ko ( )

with [I'p| = ad, so N3 > 0, N7y < 0 and N} > 0 is required.

In terms of the original fluxes, this solution corresponds to c3 = 203, cg = & = 2 d~2 =
20268, 1 = ¢ = 2621 = —2a6? and ¢y = —2 62 for non-geometric fluxes; by = —% 53 for
NS-NS flux and a3 = %/@2 ad, a; = %HQ a 62 for R-R flux. The string coupling constant
turns out to be g, = 1/v/2 and the internal volume increases for large values of |xg|. This

also increases the number of localised sources cancelling the flux-induced tadpoles.
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Example 4: vacua with a non defined flux-induced C§s tadpole sign.

Finally, and for the sake of completeness, we fix the non-geometric ) and P fluxes to be

isomorphic to gg = s0(4) and gp = nil respectively!?

Now we fix the modular embeddings to be

PQ_<§§> : rp_<z_;>, (5.71)

with ad # 0 for the isomorphism to be well defined. In this case, we obtained a single
cohomology condition, see table 5.2, Z?l | 2L which is satisfied by (5.71) and is again
a type B configuration (see table 5.3). Once more, solutions with NS-NS and R-R fluxes
for which € ¢ ker(®q) and ¢ ker(®p) can be given parametrically,

€1 =—4 (/{1 — 3:%2) , € = —4 (Iﬂ + 3/{2) R pP3 = K2 , P2 = K1 , (5.72)

depending on the (k1, k2) parameters and with (eg, €3) expanding the ker(éQ) and (po, p1)
expanding the ker(®p), being completely free.

For this pairing, E(U) has 1 real root as was shown in table 5.5. Again, we find that
E(U) can be factorised as in (5.36) with ¢; = fi =0 and

2B? 1 B-A
€g=———2B+4A4 € = —4A l'il:*(B—E)A) s Kg = ———, (573)
A 4 4
together with
2

9o d\ A 2 5
==(—-] = =-2A9 5.74
9 (Ct) B ) fO 90 ) ( )

where A = p1 —pg and B = p; —5pg. Then g% — 499 g9 < 0 provided AB > 0 and there
are physical vacua with Uy = 1 (g) (%). In addition, from eqs (5.34), the axiodilaton
and Kahler moduli get stabilised to

5= VAVB (szﬂ(B A)) and  Tp— A (Aﬂff)

(A + B)? 3(A + B)
(5.75)
The resultant tadpole conditions for these vacua are
N3:§|PQ| ((B—A)*+A4B) , (5.76)
as well as
2 . 2(A+ B)?
No=2iP(B-24) | Np=—jrgP? 0BT ne P - a)

(5.77)

2Tn this case Ag = (e2 — €1)/3 and Ap = —ps.



168 SUPERSYMMETRIC VACUA IN T- AND S-DUALITY INVARIANT FLUX MODELS

from which it follows that N3 > 0, Ny has no defined sign, N7 < 0 and N7 < 0 is required

for physical vacuals.

In terms of the original fluxes, this solution corresponds to d3 = —a3, —dy = dy =
Gy = a?d, di = —dy = —¢, = aé? and dy = &3 for non-geometric fluxes; by = 463 A4,
by =20d2(A+ B), by = 1025 (B — 24) and by = 20° (% F(A+ B)) for NS-NS
flux and ag = 263 A, ay = %042 0 (B —2A) for R-R flux. This family of solutions gives rise
to gs > 1 for A, B > 0 and then, non-perturbative string effects can not be neglected.

5.4 Lifting to N =4 gauged supergravities

The flux algebra in (2.24) was originally obtained by performing dimensional reduction
of the N/ = 1 10d heterotic theory into a 6d internal space which incorporates het-
erotic metric fluxes as well as a non-trivial background Hj for the NS-NS field strength
Hs = dBy [157]. Notice that the heterotic string does not contain R-R gauge potentials
C) in its spectrum. After reducing without breaking supersymmetries, one obtains 4d

gauged supergravities with an extended N = 4 supersymmetry.

It is well known that the heterotic and the type I theories are related by S-duality and
that the type I theory in turn represents a N’ =2 — N = 1 orientifold of the type IIB
theory including O9-planes (see section 1.2.1). Therefore, in the type IIB with O9-planes
orientifold theory, the correct starting point for an electric flux algebra would then be
given by [161]

[Zay Zb] = ng Zc+Fachc 5
[Za’ Xb] = 7(“)20 Xe y (578)
(X, X" = o0,

and no longer by that in (2.24). The main difference is that the R-R gauge flux F3 is now
entering the isometry-isometry commutators, unlike in (2.24) where the NS-NS gauge flux

Hs does. Consequently, the w¢, fluxes in (5.78) are now type II metric fluxes.

According to (4.32) and (4.33), and after applying six T-dualities along the compact
internal space coordinates in order to go from a type IIB with O9-panes to a type IIB with

O3-planes orientifold theory, the electric flux algebra in (5.78) transforms into [155,161]

[Xa7 Xb} — ng X¢ + Fabc Ze
Zo. X" = Q2. (5.79)
[Z(m Zb] = 0,

BFixing |Tg| > 0, then A, B > 0 for ImTp > 0 and (B — A) > 0 for ImSy > 0. This fixes the net
charge of tadpoles but N7 depends on the sign of (B —2A), with N7 >0 for (B—2A) <0 and N7 <0
for (B —2A) > 0.
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where Fo¢ = €l Fyor. The algebra in (5.79) clearly differs from that of (2.46)
in a crucial point, as originally noticed in ref. [161]: it always corresponds to a non-
semisimple Lie algebra unlike the one in (2.46). This makes sense since the algebra in
(5.79) has been obtained by performing duality transformations upon that in (2.24), and

the semisimple /non-semisimple character of the algebra holds under these transformations.

As introduced in section 2.4, the half-maximal N = 4 four-dimensional gauged su-
pergravities are specified by two constant embedding tensors, £,4 and foapc, under the

global symmetry [9,160]
SL(2,7) x SO(6,6,7) , (5.80)

where the index o« = 4+ denotes electric-magnetic components of the embedding tensors,
and the index A = (1,...,6, 1,...,6) refers to the SO(6,6,Z) components when using
light-cone coordinates'? as in ref. [161]. By setting 4,4 = 0 (as it happens in the case of

the Zo x Zo toroidal orbifold), the gauge group fulfils the general commutation relations
[TA, PR = pedB L TOR (5.81)

with the generators splitting of T4% = (Z¢, X). In addition, the structure constants

fe4B . are forced to obey the Jacobi identities arising from this algebra.

At this point it becomes clear that the flux algebra in (2.46) corresponds to the iden-
tification [161]

f+abc = Habc s f—{-aEE = f-f—abc = QZC s
f—abc:Fabc s ffal_)ézf—abC:Pchc s

between flux parameters and structure constants of the algebra in (5.81). Notice that we

(5.82)

have also included in (5.82) what would be the magnetic F3 and P partners of the Hj
and @ fluxes under an SL(2,Z) type IIB self-duality transformation.

In contrast, the flux algebra in (5.79) corresponds to identify the flux parameters and

the structure constants in a different manner [161],

b n b
f+aEa:f+ac:Fabc ) f+a55:f+aC:QZC )

_ (5.83)
foabe = ffabc = H ) foabe = ffabc = ch

Under the identification of (5.83), the flux pair (F3,Q) corresponds to SL(2,Z)-electric
fluxes whereas (Hs, P) to SL(2,Z)-magnetic ones, hence in agreement with the results

derived from the spinorial embedding of the flux parameters introduced in section 2.4.1.

0 I
“Working with these coordinates, the SO(6, 6) metric is taken to be off-diagonal, i.e. nap = <]I g) ,
6

and the SO(6,6) vector index A has the (down/up) splitting of * = (5, ).
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Taking into account both SL(2, Z)-electric (Z,, X*) and SL(2, Z)-magnetic generators
(Z4, X%), it is easy to see that the set of isometry generators {Z,, Z,} spans a 12-
dimensional abelian ideal. Therefore the 24-dimensional flux algebra specified by the

structure constants in (5.83) turns out with a general semidirect sum structure

g=g0pr Su)"?, (5.84)

where the piece g(g p) represents a 12-dimensional algebra spanned by the gauge gener-
ators {X%, X%} and totally determined by the non-geometric (Q, P)-fluxes.

In the absence of fluxes, the algebra in (5.84) reduces to the abelian case u(1)**. How-
ever, when gauge fluxes (F3, H3) are switched on, the possibilities for the 24-dimensional

flux algebra in (5.84) are summarised as follows:

i) If Q = P = 0, the algebra induced by the gauge fluxes (F3, H3) becomes the
non-trivial
12 12 .
g=u(1)"du(1)” ~nily,(2) . (5.85)
By non-trivial we mean that it is not abelian. Specifically, it becomes nilpotent

of order two because the lower central series becomes zero after two steps (abelian

would be nilpotent of order 1).

ii) If @ # 0 and P = 0, the generators {Z,, Z,, X} span an enlarged 18-dimensional
solvable ideal. In particular, the solvable ideal turns out to be again nilpotent of

order 2. The algebra in (5.84) is in this case given by
g = g P nilig(2) , (5.86)
where gg is the 6-dimensional algebra specified by the non-geometric Q-flux.

i) If @ = 0 and P # 0, a nilpotent 18-dimensional ideal is now spanned by the
{Z,, Z,, X*} generators. In this case, the algebra in (5.84) takes the form of

g=gp ®nilg(2), (5.87)
with gp now being the 6-dimensional algebra induced by the non-geometric P-flux.

iv) If @ # 0 and P # 0 then the algebra results no longer simplified and corresponds

to the generic form given in (5.84).

The fluxes in (5.83), and consequently the flux-induced algebras listed above, are re-
stricted by a set of quadratic constraints [160] coming from the closure of the algebra as
well as from the orthogonality of charges [161]. These constraints are needed in order to
have a consistent 12-dimensional gauging. They turn out to imply the absence of 7-branes
(notice that their presence would break the N = 4 supersymmetry) and then the van-
ishing of the SL(2,Z)-triplet of flux-induced tadpoles in (2.57) for the (Cg,C%,Cs) R-R



5.4 LIFTING TO N =4 GAUGED SUPERGRAVITIES 171

gauge potentials [155,161].

Irrespective of the identification between flux parameters and structure constants of
the A/ = 4 gauged supergravity algebra of (5.81), the N/ = 1 effective theory invariant
under T- and S-duality transformations arising from the type 1IB Zo x Zo isotropic ori-
entifold with O3/0O7-planes is specified by the Kéhler potential and the superpotential in
(2.67). However, from the moduli flux vacua found in the previous chapters, only those
compatible with the lack of 7-branes could in principle correspond to an underlying N = 4

gauged supergravity.

Unfortunately all the supersymmetric Minkowski solutions we found in the T- and
S-duality invariant effective models required 7-branes in order to cancel flux-induced tad-
poles. Nevertheless, in the case of the T-duality invariant supergravity models, the sin-
gle moduli flux vacuum shown in figure 4.14 did not need of such 7-branes. This non-
supersymmetric Minkowski solution was compatible with switching off the non-geometric

P-flux and turned out to be unstable (tachyonic).
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Chapter 6

Modular Inflation in Supergravity
Flux Models

The topic of inflation coming from string models is experiencing a comeback driven by
both progress in our theoretical understanding of the models and the increasing precision
of observations. Whereas the former has been commonly identified, in its phenomeno-
logical aspects, with the publication of moduli stabilisation mechanisms in a dS vacuum
(KKLT, generalised fluxes, etc.), the experimental data released by the WMAP collabo-
ration [27,28] give support to the inflationary picture, as well as provide us with stringent
limits on some of the cosmological parameters, something that can immediately be imple-

mented within inflationary model building.

This revival comprises different string models where the inflaton is normally a mod-
ulus, either parameterising the distance between branes (as proposed originally by Dvali
and Tye in ref. [111]), or the geometry/structure of the compactified space. This second
option, also denoted as modular inflation, has been studied ever since the first models
of moduli stabilisation were put forward [128]. Inflation was not working at all because
either the moduli were flat at all orders in perturbation theory or, when including non
perturbative effects, their potential would be too steep to inflate [129]. Moreover we have
to add the fact that, at that stage, all models of moduli stabilisation predicted a negative
vacuum energy. Despite of all these problems, a few partially successful examples were
built [29, 130, 131].

As we have seen in the chapter 4, progress on finding dS vacua has been driven by our
increasing understanding of (generalised) flux compactifications and their crucial role in
stabilising moduli. However, before the inclusion of non-geometric fluxes, several mech-
anisms to solve the long standing problem of the appearance of AdS, vacua had been
proposed. In particular, in the context of the type IIB theory, see also ref. [105], the

KKLT construction in ref. [12] considered the presence of anti-D3-branes as the source
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of an additional term in the scalar potential, which breaks supersymmetry explicitly and
may uplift the minima from AdS, to dS. In order to improve the aesthetics and the con-
trol over the effective theory, an alternative, fully supersymmetric, approach based on
the presence of a non-vanishing (Fayet-Iliopoulos) D-term as the uplifting contribution
to the potential, was proposed in ref. [101]. In its original formulation, this mechanism
had important inconsistencies, that were fixed in ref. [109]. In that paper, a consistent
formulation of these so-called “uplifting” D-terms in the context of N’ = 1 supergravity
was established, implying the presence of chiral matter living on D-branes. Explicit viable
examples were given, where a Kéahler modulus T and the chiral matter get stabilised at
phenomenologically relevant values and positive vacuum energy. The scenario was mainly
determined by the requirements of supersymmetry and gauge invariance and, therefore,
left little room for fine-tuning the parameters entering the superpotential, which increases

the predictive power!.

In this final chapter we carry on along the lines of modular inflation in this new
context of uplifted supergravities? and propose and study a scenario based on the setup
of ref. [109] plus an extra singlet, where suitable inflation takes place. In order to do
that we take into account all possible observational constraints which, together with the
symmetries of the model, will determine the structure and size of the different couplings

in the superpotential.

6.1 Gauge fluxes, de Sitter vacua and inflation

In this section we briefly review the scenario considered in ref. [109]. It describes an N =1
effective supergravity coming from type IIB superstring theory, although it can also be

realised in the context of heterotic strings.

Along the lines of the moduli stabilisation mechanism proposed by KKLT in ref. [12],
we assume that all moduli (axiodilaton and complex structure) but one, an overall T
modulus, have been stabilised at a high scale due to the presence of gauge fluxes (F3, H3)
which induce the GVW superpotential shown in (2.21). In addition, non-perturbative
effects involving the Kéhler modulus 7' are also taken into account such that the resulting

effective model is then given by the Kéhler potential and the superpotential

K —3log(T+T) ,

(6.1)
W = Wflux + Wn.p =Wy + AeaT

Notice the change of convention between the volume component of the Kéahler modulus

n (6.1) and that in (2.67). The W, parameter appears as an effective quantity resulting

! Alternative approaches to achieve the desired uplifting can be found in refs [103, 106, 108].
2Other, related work, in the topic of string/brane inflation can be found in refs [30,107,112-114,116—

124,132-134,196-198].



6.1 GAUGE FLUXES, DE SITTER VACUA AND INFLATION 175

from having stabilised the axiodilaton and the complex structure moduli at a higher scale,
whereas a and A are constant parameters associated to the non-perturbative term. This
model stabilises the Kéhler modulus T in a supersymmetric AdS; minimum of the scalar
potential V' = Vg built from the standard form in (2.62). For this vacuum to be uplifted
to dS, additional anti-D3-branes were also considered generating a contribution to the

scalar potential given by

k
V=Vr+ —5. 6.2
F (ReT)? (62)
For a suitable value of the parameter k, the original AdS4 vacuum is lifted to a dS one.
Nevertheless, the term ﬁ breaks supersymmetry in an explicit manner and renders

corrections difficult to be computed reliably.

6.1.1 De Sitter vacua via D-terms uplifting

As it is common in type IIB orientifold models with O3/O7-planes, we also assume that
gaugino condensation happens, with gauge group SU(N), due to stacks of N D7-branes
wrapped on some 4-cycle of the Calabi-Yau space. For each SU(V) there typically appears

a U(1) factor. Some of these U(1)’s, or combinations of them, can be anomalous.
As proposed by BKQ in ref. [101], the corresponding D part of the scalar potential,

2
Vp ~ (R:]fr)g , (6.3)
can provide the required uplifting of the potential in order to have de Sitter vacua through
a tuning of the parameter . This has the advantage that supersymmetry is not explicitly
broken (as it was by the anti-D3-brane contributions originally considered in KKLT), so
corrections can be more reliably computed and kept under control. However, the setup of
ref. [101] had some serious inconsistencies [91, 104], arising from the lack of gauge invari-

ance of the formulation.

Nevertheless, as shown in ref. [109], this scheme can be made gauge invariant, which im-
poses the presence of chiral matter transforming typically as (N, N) with abelian charges
(q,q), for the whole setup to be consistent. This mechanism was confirmed in explicit
string constructions in ref. [199]. As stressed in ref. [109], the constraints coming from
enforcing gauge invariance are sufficiently strong to determine the form of the superpo-
tential. Moreover, the presence of the anomalous U(1) group generates a Fayet-Iliopoulos

term which enters the D part of the scalar potential and is responsible for the uplifting.

Based on this information one can construct a simple model assuming that the sym-
metries in the hidden sector are dictated by a unique SU(N) times the anomalous U(1).

In its simplest possible form, the model contains:
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e A Kahler modulus T.

e Two chiral multiplets, @, @, transforming as (N, N) with abelian charges (g, q).

This is equivalent to have only one flavour, i.e., Ny = 1.

The modulus field transforms non trivially under the U(1) group,

0,
T—>T+i%e , (6.4)
and the corresponding transformation of the Lagrangian compensates the SU(N)?x U(1) x
and U(1)% anomalies, according to the Green-Schwarz mechanism. The resulting condition
reads ( ) N 4 )
qatq ¢ +q
dgs = — = - 6.5
¢S 2rkn 3rkxy (6-5)

where kn,kx are O(1) constant factors that enter in the definition of the corresponding

gauge couplings [86,200,201].

It is also well known that the theory gets strongly coupled in the infrared. As a
consequence, gaugino condensation takes place at some scale, A, and also squark meson
condensates

M?=2QQ , (6.6)

are formed. A non perturbative superpotential term is generated [202-204],

1 1
92 ASN—-1\ V=1 2 N-1 —47nkyT
Wn.p == (N - 1) (W) == (N - 1) (W) e N-1 s (67)

which is, as expected, invariant under U(1) transformations.

The N =1 supergravity model that we will be dealing with is then defined in terms
of the the Kihler potential® and the superpotential
K = =3log(T+T7T)+[QF+|QP =—-31log(T+T)+|M|*, s
W o= Wot Wy, (0
where W) is the (real) effective flux parameter and W, is the non-perturbative super-

potential given in (6.7).

As usual in N = 1 supergravity, the scalar potential is the sum of an F-part and a
D-part,
V=Ve+ V. (6.9)

p2 =871 GN =1, the V& piece is given by

Using Planck units m

Vi = X K D;WD;W — 3|W|2} , (6.10)

3 We are assuming here a minimal Kihler potential for the matter fields. This is a simplification, but

it does not affect the main results and conclusions. We will come back to this point in section 6.1.3.
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where subindices denote Kéahler derivatives with respect to all scalar fields as in (2.62).
In our case, V¢ can be computed using the complete superpotential in (6.8). In addition,
we have used |Q|? = |Q|?, which is dynamically dictated by the cancellation of the SU(N)
D-term (in the Ny =1 case). The D part of the potential associated with the U(1) is then
given by

Vb

2
35@5) : (6.11)

<(q+®’M2_T+T

B ™
- 2kx(T+T)

which is positive definite.

For reasonable values of N, ¢, ¢ and kpy it is possible to choose Wy in such a way
that:

i) There are minima of the F-potential with broken supersymmetry and negative vac-

uum energy.
i1) Vp is non-zero and sizeable enough to uplift these vacua from AdS4 to dS.

As explained in ref. [109], the absence of physical vacua with unbroken supersymme-
try comes from the fact that the conditions DrW = Dy W = 0 can only be fulfilled
simultaneously in the decompactification limit, ReT — oo . This can be easily checked

by computing

1 1 T+T b
— DWW — — Dy W =W, 6.12
et T "‘p< 3 ”\MP) | (012

with (a,b) defined by expressing eq. (6.7) as Wy, o M~e=T. The positiveness of

the (a,b) parameters implies that this equation has no solution consistent with DpW =

DyW =0 for physical values 0 < ReT < oo of the modulus field.

Let us now review the main features of the vacuum structure of these models. For the
remainder of this analysis it is particularly convenient to split the complex fields T and

M in the following way,
T=Tr+iTy and M = pypetn (6.13)

As we have mentioned, there is always a supersymmetric vacuum at Tg — oo . Besides
this minimum, for given values of py; and Tgr, the potential gets always minimal when
oy and 77 are such that Wy and W, , are aligned in the complex plane. For real Wy

this translates into the condition

2
(Pn.pE_N_l(aM+27rkNTI):n7rv (6.14)
where ¢, is the phase of W, , and n is even or odd depending on the details of the
model [109]. Actually, any and 77 appear in the potential only through the ¢, , com-

bination, which can thus be set to its minimising value. Hence, the minimisation can be



178 MODULAR INFLATION IN SUPERGRAVITY FLUX MODELS

5x10 —
W=0.32
4x10'6— - V\I): 036 -
- W=0.40
—~ 3x10°F — =042 .
-
= 2x10°F .
1x10°F -
0 35 20

Figure 6.1: Plot of the scalar potential, as a function of Ty, for the example shown in the

text and pyn chosen as the value minimising the potential at each Tg.

reduced to a two variable problem, namely to find the values of (TR, pym) at the minimum.

It is worth noticing that the energy of the vacuum is controlled by the size of the flux
parameter Wy. In the figure 6.1 we plot the dependence of the scalar potential with W
as a function of TR, with the non-perturbative phase, ¢, ,, fixed to its minimising value.
The matter condensate, /)12\/[7 changes along the path and is determined by the extremal
condition 6,V = 0. The particular model is defined by N =20, ¢ =1, ¢ =1/10 and
kn = 1/2. The remaining parameters kx and dgg are fixed by the anomaly cancellation

condition in (6.5).

As discussed in ref. [109], the value of Wj sets the overall scale of the F-potential.
On the other hand, from (6.11), the size of Vp is always O(N_ITPQB) in Planck units.
Therefore, too large values of Wy result in a too large (and negative) Vi, then the up-
lifting by Vp is not efficient enough to promote the minimum from negative to positive.
Conversely, too small values of Wy would imply that Vp dominates too much and we lose
the minimum. This explains the allowed range of Wy values shown in figure 6.1 for the
example at hand. Notice, also from that figure, that the natural scale for the potential is
about five or six orders of magnitude below the Planck scale. Consequently, to obtain a
Minkowski vacuum, or de Sitter with a small cosmological constant consistent with obser-

vation, requires the tuning of Wy, as usual.

Concerning the dependence of the potential on the other fields involved in the problem,
V' increases monotonically with py as this departs from its value at the minimum, and

has a periodic behaviour along the axionic direction defined by the relative phase ¢y,
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Figure 6.2: Periodic structure of the potential along the relative phase ¢, ,. The model
is the same as in the previous figure and (Tk, p3;) have been fixed to their values at the

minimum.

given in (6.14). The other independent phase does not appear in the potential, as already
mentioned. The latter behaviour is represented in figure 6.2, which shows (for the same
example as in figure 6.1) the scalar potential as a function of ¢, p,, with (TR, pi/l) fixed

to their values at the minimum.

6.1.2 Chances and problems to implement inflation

Now we consider the problem of finding a plausible candidate to inflaton in these scenarios.
For that matter it is convenient to recall the most ubiquitous obstacles that one finds to

implement inflation in concrete models.

6.1.2.1 The 7n and initial condition problems

In supersymmetric theories the inflaton, ¢, is generically one (real) component of some

complex scalar field, ®. Successful inflation requires that the slow-roll parameters defined

1[v/]?
Q[V} ) n

(in Planck units) as
V//
7 )

(6.15)

€

(the primes denote differentiation with respect to ¢) must be < 1. On the other hand, it
is well known that supergravity theories generically present the so-called “n problem” [29],
which refers to the fact that 7 is naturally of order one due to the presence of the e
factor in (6.10).
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Take, for example, the simplest form of the Kihler potential, i.e. K = |®|?, which

gives rise to canonical kinetic terms for ®. If we write eq. (6.10) as
V=efv, (6.16)
and expand the exponential to first order, we see that
V(4|02 +..)V. (6.17)

In other words, ®, and thus ¢, acquires a mass term of order 1% (in Planck units) and the

corresponding contribution to 7 in (6.15) is of order one, which totally disfavours slow-roll.

Some mechanisms have been proposed to avoid or alleviate this n problem. In parti-
cular it is obvious that if ¢ does not enter the Kahler potential, K, it will not pick up a
mass term coming from the expansion of the e® term. However, this is neither sufficient
nor necessary to avoid the n problem, since one also has to take into account the possible

dependence on ® of V in (6.16). Schematically,

92V
9P9d

V~(1+|<I>]2+...)[X~/] + X

P2 1
o0 D7 + (6.18)

®=0

Consequently, what should be required is that the various |®|? terms involved in (6.18)

cancel among themselves.

Beside the n problem, we must worry about the initial condition for the inflaton. In
other words, it is desirable that we do not need to invoke tuning or unreasonable assump-
tions of any kind about the initial value of ¢ required to have a successful subsequent
period of inflation. Note that this is typically a problem of naturalness. To that respect,
an attractive possibility is that of eternal topological inflation [205-207], which is realized
in models where the inflaton potential has a saddle point between different, degenerate
vacua. This gives rise to domain walls forming and, in the presence of an expanding uni-
verse, the false vacuum inside the walls serves as a site of inflation. This is both topological
and eternal because, even though the field will be driven towards one of the minima, the
core of the wall grows exponentially with time, providing us with a very generic initial
state. Whether topological inflation actually takes place or not for a given potential is a
delicate question which has been studied for only a few examples [208]. Generally speak-
ing, a sufficiently flat potential satisfying the slow-roll conditions with a large VEV looks

to be necessary, according to these previous results.

6.1.2.2 Candidates to inflaton

Figures 6.1 and 6.2 suggest that both Tr and ¢, , could be inflaton candidates. The
structure of the potential along both directions shows a maximum (storing large potential

energy), which might be the starting point of topological inflation. However things are
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not that smooth. The Ty field has an obvious 7 problem since it appears explicitly in

the Ké&hler potential given in (6.8). The same holds for the matter condensate py.

The chances of ¢, , could be better in principle since it does not appear in the Kahler
potential. Actually, using 77 (which is one of the components of ¢,,, defined in (6.14))
as the inflaton was the basic strategy followed in refs [133,134], where they considered a
setup with no matter fields. However, as discussed above, this is not a guarantee to avoid
the n problem due to the presence of other dangerous contributions to 7, see eqs (6.16)
and (6.18).

Let us analyse this possibility in more depth. For the sake of the simplicity, let us ignore
for the moment the matter fields, writing W, , = Ae~%T'. Then the Ti-dependent terms
in V are proportional to cos(—aTt), having a similar size to other terms and, thus, to the
whole V. Noting that the canonically normalised field is 7} = (v/6/2TR)Tj, it is straight-
forward, from eq. (6.18), to see that n = O(1) x (aTRr)?. Since, usually, aTg > O(1) to
provide the required suppression for the potential, then 7 is naturally larger than O(1),
which prevents 7} from inflating. Actually, the 7 problem was also found in refs [133,134],

and was solved by tuning the parameters of the model appropriately .

In our case, we can be more precise since the size of W,,, is greatly constrained from
the above-mentioned fact that the size of Vg must be of the same order as Vp, and the
latter is basically fixed ®. More precisely, from eqs (6.11) and (6.5) (see also eq. (6.32))

the size of Vp is
27 (¢+a3?® _  0Q)

Vb ~ ~ .
P18 NER TR (P + ) 1BNKLTS

(6.19)

Now, to estimate W), we can use the condition V& ~ Vp (necessary for a successful
uplifting). Actually, since Vy is a sum of terms, none of these should exceed Vp unless
there are unlikely delicate cancellations between them. So we can concentrate, e.g., on the
term e’ KT |Wyp|?, which depends on Wy.p in a clear way. From eq. (6.7), the value of
W, p is proportional to pl\_f/ (N-1), Usually p3; is small, but for N = O(10) this factor

is O(1) (or maybe larger). Then the condition e K77 |Wp|2 < Vp translates into

1

—STFkNTR/(N—l) < -3
e S O(1077) x NONTRE

(6.20)

For example for N,Tr = O(10), which is a reasonable choice, the condition becomes
kn Tr/(N —1) ~ 1/2 which, in turn, implies n = O(20). This result is quite robust since,

4The setup in these references has two different (racetrack) exponentials in W, which makes the struc-

ture of V more involved, but the previous schematic argument still applies.
°In refs [133,134] the uplifting of the potential was provided by an explicitly non-supersymmetric term

8V = E/T3 which, in the spirit of KKLT, could arise from anti-D3-branes. Unlike our uplifting Vi
potential, the size of F is not constrained (or it is uncertain), so it represents an extra degree of freedom
that can be tuned. Besides, the exponents of W, ,, were taken as continuously varying quantities (contrary

to our case, where they go as (N —1)~! in (6.7)), which allowed their tuning.
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for other ranges of values of N and Ty, the exponent in (6.20) cannot change much if the
balance between F and D terms is to be maintained. These results are confirmed by our

numerical analysis.

An alternative argument to exclude topological inflation driven by the non-perturbative
phase ¢, , in figure 6.2 is that, as long as it changes from ¢, , = £7 to ¢,, = 0, the
minimum and the saddle point merge together and all the structure of the scalar potential

disappears giving rise to a runaway behaviour. This is shown in figure 6.3.

0.08 “: \Q/ﬂ/ 0.08 ‘:‘}‘ \\§—//// 0.08

Figure 6.3: Sections of the scalar potential V(ReT,|M|, ¢y ) as afunction of (ReT,|M|)
when the non-perturbative phase varies from ¢,, = +n (upper-left plot) to ¢,, = 0

(lower-right plot).

Therefore, we can conclude that, in its simplest form, the modulus-condensate scenario
does not contain a suitable inflaton. This suggests to explore natural modifications to the

simplest setup, which we do in the next section.
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6.1.3 A simple inflationary model

The most obvious extensions of the model are to allow either more matter flavours (until
now we have fixed Ny = 1) or a second gaugino condensate, but in both cases the problems

persist.

Another natural modification is to add matter charged under the anomalous U(1)
group and coupled to the squark condensate. Then the superpotential W = Wy + W, ,,,

with W), , given by eq. (6.7), can get extra terms such as
W—W+AM*X", (6.21)

where A is a coupling constant, and X is a new singlet. This potential exhibits several
degenerate vacua for a > 0, b > 2 and non zero values of the singlet X, and a saddle
point at (X) = 0, which could be useful for the implementation of topological inflation.
However, as already pointed out in ref. [109], this kind of coupling between singlet and
matter condensate forces the anomalous charges of X and M to be such that the Fayet—
Iliopoulos D-term can cancel. In consequence, uplifting does not happen and there is no
Minkowski (or de Sitter with small cosmological constant) minimum towards which the

inflaton can slow-roll.

Another possibility would consist of changing the Kéahler potential for the matter con-
densate M, which has been, up to now, taken to be canonical in (6.8), without introducing
any extra fields. We looked at the possibility of considering a more string-motivated ansatz,

namely

K = —3log(T +T — |M|?), (6.22)

and we checked that the shape and position of the extrema were similar to those obtained
using (6.8). Therefore this modification of the original model would not turn any compo-

nents of T' or M into a suitable inflaton.

Finally, a natural and simple extension is to consider just an additional neutral sin-
glet, x, which is not coupled to the SU(N) sector, except gravitationally (x may be a
superfield from another sector of the setup). The absence of terms in the superpoten-
tial coupling the singlet x to the T" and M fields implies that eq. (6.12) holds and, as in
the previous model, there are no supersymmetric vacua. Furthermore let us assume, for
simplicity, that x has canonical Kéhler potential, AK = |x|?, and a polynomial superpo-
tential AW (x) = > Apx™. If x is to play the role of the inflaton it is convenient (in order
to implement a topological inflation mechanism) that the potential has degenerate vacua
with different y values. This condition is fulfilled, for example, when AW (x) possesses
some discrete symmetry and the singlet takes a vacuum expectation value. Again for the

sake of simplicity, we will assume that the model has a Zy symmetry xy — —x. Then, the
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complete superpotential (in m,, units) reads

W = Wo+ Wy, + AW (x?)
(6.23)
= Wo+ Wup+ dax? + Aax? + Xex® ,

with W, ,, given by eq. (6.7). Higher other terms can be added but they get more and
more irrelevant as long as (x) < m,. In summary, the model is characterised by the

superpotential in (6.23) and the K&hler potential
K = —3log(T +T) + |[M* + [x|* . (6.24)

The independent parameters are Wy and A;. Besides, there are the parameters defining the
gauge sector, though these should be around their natural values: N ~ O(10), ky ~ O(1)
and ¢,q ~ O(1). Let us examine next the physics resulting for this simple extension of

the initial setup, as far as inflation is concerned.

6.1.3.1 The potential

We will first study the structure of the extrema of the scalar potential, after the addition
of the x singlet. Notice that, due to the Zs symmetry, any extremum in the modulus-
condensate sector is still an extremum of the enlarged potential for y = 0. The stability
of these extrema will depend on the parameter Ao. In particular, for sufficiently small Ao
the extrema become saddle points. This can be understood by fixing Ay = 0. Then, from
eq. (6.10),

AV = [V +6K|W|2]X:O x> + O(x") - (6.25)

The value of Vp at x = 0 is the same as in the original dS or Minkowski vacuum; thus,
as explained in sect. 2, Vg < 0. As a matter of fact, in these scenarios the Vp term in
eq. (6.25) dominates over the second one within the brackets, giving rise to an instability in
the singlet direction. It is clear that the slope of this instability is reduced once we switch
on the mass term (Ay # 0) in eq. (6.23). Concerning the implementation of inflation, we
can in principle use this saddle point as the source of eternal topological inflation. Then

the original vacuum must be a de Sitter (not Minkowski) vacuum.

In this setup, playing with Ao, a value for the n parameter consistent with slow-roll
and observational data for the spectral index, ng >~ 1 + 2n ~ 0.95, can be easily obtained
although, admittedly, this represents a certain tuning of Ao. Besides the initial saddle
point, we need of course an actual minimum of the potential corresponding to the physical
“quasi-Minkowski” vacuum, towards which the inflaton could roll. A minimum for large
enough |x| is actually quite easy to generate due to the quadratic (and higher order) terms
in eq. (6.23). Then, the sign and size of A4, A\¢ can be chosen so that the minimum does
correspond to a quasi-Minkowski vacuum, as desired. Of course this represents a new tun-

ing and, in this case, a very severe one, though this is nothing but the usual fine-tuning to
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adjust the phenomenological cosmological constant. Finally, the values of Wy and A; must
be tuned in order to reproduce the size of the observed power-spectrum, P(k) ~ 10710
(more details will be given in the next subsection). In the analysed examples this requires
V at the saddle point to be ~ O(10716).

Let us present now one example where all these conditions are fulfilled. The modulus-
condensate sector is the same that the one described in section 6.1.1 . The other parameters

defining the superpotential are
Wo=04204 , X=-0215 , Ag=-0.055 and Xg=—0.009. (6.26)
The potential derived from this model has:

e a saddle point at

Tr = 18.6407 , py=0.03551 , x=0. (6.27)

e a quasi-Minkowski minimum at

Tr =18.6554 , pm=0.03549 , x=0.0908. (6.28)

Notice that the Ty and py fields vary less than one per mil from one extremum to the

other. Therefore we expect that the singlet will be the main inflaton component.

2x10°

1x107°

V. (Xe)

5x10™"

Figure 6.4: Effective potential as a function of xR.

The potential depends on six variables, Tr, 11, pM, 0, XR, X1 and it is, therefore,
impossible to draw a picture to illustrate how these extrema are connected. However,
some simplifications are possible. T; and oy only enter the problem through the ¢y,

combination, i.e. the phase of the non-perturbative superpotential given in eq. (6.14).
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Actually, for positive Wy, the potential is minimised at ¢,,, = 7, as in the case without
singlet. That means that —Wy and W, , are aligned, partially cancelling each other.
Analogously, the potential is minimised by taking x1 — 0. Therefore, we can integrate
out all phases/imaginary parts, so that the potential depends on (Tg, pam, Xr). We just
need one more step to illustrate the potential along which the inflaton (= singlet) evolves.
If the inflaton scale and effective mass along the slow-roll are much smaller than the Tg
and py masses we can also integrate out the latter fields. In fact, since the Ty and pm
masses are not far from m,,, this has to be the case if || < 1, as required for slow-roll to

happen®.

Consequently, we can define Tr(xr) and pum(xr) through the extremisation condi-

tions
aTRV(TRu PM XR) = 0 )
(6.29)
apMV(TRa PM » XR) = 0,
and finally write
Vet (xr) = V(TR(XR) , PM(XR) 5 XR) - (6.30)

The resulting potential is shown in figure 6.4. It is of order O(10716) in m,, units, which
means that it involves mass scales of order O(10™%) 7. The potential is almost flat in a
wide region between y = 0 and the minimum. Given the relatively large VEV of yr, we

consider this potential suitable for implementing topological inflation.

6.1.3.2 The moduli evolution

After analysing the potential we are ready to write and solve the equations describing the
evolution of the matter and gravitational fields during the rolling from the saddle to the

minimum. We will work in Planck units, m, = 1.

It is convenient to use here real (rather than complex) matter fields, i.e. {®;}i=1,.. N —
{¢i}i=1,..2~, where N denotes the number of complex scalar fields. Then the supergravity

Lagrangian can be written as
B . S 1 U A
|g| 1/2£matter = Kij gli a,uq)zauq)] -V= §g’L] g“ 8,u¢181/¢] -V ) (631)

where V' is given by eq. (6.9). The relation between K;; and G;; can be straightforwardly

calculated.

We write the supergravity potential as a sum of the F and D parts V = Vg + Vp. Since
the D part is associated with the anomalous U(1), it only involves the fields 7" and M.

SIncidentally, this also means that we can focus on the scalar power spectrum, since the isocurvature
fluctuations are negligible, given the hierarchy of scales between the inflation and the other fields in the

system.
"This is a couple of orders of magnitude below the threshold to produce gravity waves observable in

future experiments [209].
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Its expression was given in eq. (6.11). Using the anomaly cancellation condition in (6.5)

we can rewrite it as

31 (¢+@° [ o 3 ?
b= — ] . 6.32
D= SNknTh @+ \"M T TknTh (6.32)
The F part is given by eq. (6.10) and depends on the Kéhler derivatives for the chiral
superfields,
DWW —3_ _ 4vky -3 -3 -3 -3 Wap
T T+T = N—-1 T4T T+T T+T T+T Wo
MDyW | =| MM-+* MM MM MM MM Wy |,
_ _ _ _ _ W.
XDyW XX XX XX+2 xx+4 xx+6 ‘
We
(6.33)

where W5 46 stand for the monomials proportional to X348 respectively in eq. (6.23).
Notice that the above matrix elements are real. As a consequence, the only relevant phases

are the relative ones among the different terms appearing in the superpotential.

In our case, for the range of interest of Tg, pym and xg (i.e. from the saddle point
to the minimum neighbourhood) the potential is minimal for ¢, , = 7 (we assume real
Wp) and x; = 0. Then if we evolve the fields from an initial configuration with all the
phases at the minimal value, they will remain constant. We can then restrict ourselves to

a reduced potential, Vr(TR, pm, Xr). In terms of these three relevant variables, we get

]. 2 2
Ve = ——efPMtXR
FTosmE©

StTrky [ 2 \ ¥ ’ 2 \ F1 ’
N—-1 —4rk N—-1 —Ark
5[ 4_ SmTRkN (2> s A N (2> o W T
3 Pm Pm
+ g (A+ 20 + A + 6Aexk)” — 3A2} , (6.34)

where the function A is given by

1
9\ o1 _dnk

A=Wy—(N-1) <2> e N1 TR + )‘2X2R + >‘4X4R + )‘GX?{ , (6.35)
Pm

and the case without the singlet is recovered by taking the limit x — 0 in (6.33) and (6.34).

On the other hand, we parameterise the spacetime metric g,, as a Friedmann-Robertson-

Walker metric given by
ds® = dt* — a(t)*dx;dz’ . (6.36)

Then, the field equations (for constant fields in space) deduced from the matter and the
gravity Lagrangian are
ov

¢ +3HG + r;lkqisjqis’“rg"ja?j:@ , (6.37)
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subject to the constraint

N 2
H=(=-) =226, +V 6.38

<a) 3 |:2 gl] ¢ ¢ + :| ) ( )

where dots denote time derivatives and, as usual, Fé-k are the Christoffel symbols derived

from the G;; metric

Gk, OGjm 6%%} (6.39)

k=9 i Ik dpm
with G¥ G = 5};. In order to determine the evolution of the matter fields, we perform a

change of independent variable from time to number of e-folds, Nk,

dN(t
afty = N0 | g = Welt) (6.40)
dt
Then, from (6.37) and (6.38), we can write the evolution equations for the matter fields
as
. 1 . . 1 /0V o
i/l T . VIPN U i/ ig — (27 i Jl okl
6 +[1 = G #1'6 ] [3«5 +30 V<a¢j)}+rjk¢ o =0, (6.41)

where prime means derivative respect to N.. Note that in this way the scale factor is no

longer present in the evolution equations.

In our case we have six real component fields, {¢;} = {Tr,T1, pm, OM, XR, X1}- Al-
though we have performed all the numerical computations with the complete set of ¢
fields, it is possible to decouple {11, anp, x1} since, as argued in the previous subsection,
they minimise the potential at well-defined values independent of the value of the other
fields. So they rapidly fall into their minimising values and play no role in the evolution
of the other fields.

Therefore, the matter Lagrangian in (6.31) for the three relevant fields, {Tr, pum, xR},
has the form
3

-1/2 L —
’g ‘ matter 4T1%

8,uTR O*TR + aupM Mt om + 8,uXR OMxr — V:| , (6.42)

and the evolution equations in (6.41) applied to these fields are explicitly given by

01, 1 o, 15T 3 [0V
1 1_7 / —7T/ A 3 / - e — 0
XREPT3R Tqm R TR | PR T 5y (aXR ’
01 . 1 o 1,57 2T [ OV 4>
Tl/ 1_7 / —7T/ A 3Tl Y - — R 643
RTUVT3R Tqm R T3 PIRT Y Gy 7 0 &
01, 1, 1,507 3 [0V
/! 177 / 77T/ A 3 / _ - — O
pM+ I 3XR 4T1:2{ R 3pM_ I pM+2V (apM

1ov _

8In the slow-roll approximation, eq. (6.41) simplifies to ¢'* + G* Ve =
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Figure 6.5: Plot of the total number of e-folds of inflation, N as a function of the initial
condition for the inflaton quoted as the shift, dyxg, with respect to its value at the saddle
point given by yr = 0. The dotted line indicates the 60 e-folds needed to make inflation

successful.

As argued in the previous section, the inflaton corresponds essentially to the xg field.
The total number of e-folds, N!°', depends on the initial condition for yg. If, initially,
x = 0, then N!°* — co. Otherwise N!°' depends on the initial shift, 6xr. The figure 6.5
shows the dependence of N!°' on Jygr using the values of the parameters of the model
given in the previous subsection. Note that N > 50—60, as phenomenologically required
corresponds to OXR|ipitial = 1073. Recall here that, since we are using the saddle point
at x = 0 as the origin of topological inflation, this means that all the initial conditions
are realized in practice (they correspond to different spatial points inside the associated
domain wall). The final stages of inflation are the same for all of them, the only difference
being the total number of e-folds before the end of inflation. In consequence, any region

of the domain wall with Jdyg| <1073 gives appropriate inflation, with no tuning of

initial
initial conditions.
In order to show the evolution profiles for the singlet (xr), modulus (7g) and con-

= 107*, which corresponds to N* ~ 180, but we

insist that the results are the same for any other initial condition (provided Nt > 60)

densate (pn) we have taken dXR|ipitial
since the last 60 e-folds take place in the same way. The corresponding profiles are shown
in figure 6.6. At N, ~ 180 the fields start to oscillate around their minimum values,

signalling the end of inflation.

To determine the end of inflation more precisely we need to evaluate the slow-roll

parameters. These are the ¢ parameter,

1
212

ij L

ov ov
D¢t OpJ

€

(6.44)
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Figure 6.6: Cosmological evolution of the singlet xg (left plot) and the (Tg,pnm) (right

plot) fields, normalised to their values at the minimum, as a function of the number of
e-folds, ..

and the n parameter defined as the most negative eigenvalue of the matrix [134]
1.
W =G (akajv _ Fﬁcj(’?lV) . (6.45)

The e parameter remains O(10~?) along the evolution. The behaviour of 7 as a function

of N, is shown in figure 6.7, from which we infer that inflation lasts until N, ~ 180.

The spectral index is defined to be

dlog(P(k))

ns = “dlog(h) (6.46)

where P(k) is the power spectrum of scalar density perturbations ? [134]

1 H* 1 1%

POR) = 5002 o~ 15072 (39:59"'¢7) = § (3G56"¢7)"

(6.47)

which is shown, as ng — 1, in figure 6.8. Recall that the window of allowed values for this
parameter coming from the WMAP data corresponds to it being evaluated ~ 60 e-folds

before the end of inflation.

In our case this would mean N, ~ 120, which is the region shown in detail on the right
hand side of figure 6.8. The spectral index in (6.46) was calculated using
dlog(Py(Ne))

dN, ’
since dlogk = dN, at horizon crossing. Note that ns ~ 0.95, as required by the WMAP
fit [27,28]. Note also that dns/dlogk < 1, which is consistent with refs [27,28].

ns~1+ (6.48)

%In the slow-roll approximation, %gi]-diqb’j = ¢ so we could compute the power spectrum as
P(k) = 72— 6—252 ~ 12— Y. Similarly, ns ~ 1+ 2y — 6€ + ---. However, we have done the calcula-

tion without any approximation.
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Figure 6.7: Absolute value of 7 as a function of N.. The dot indicates n = 1.
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Figure 6.8: Left: ng as a function of N, for the whole range of the evolution of the

inflaton. Right: zoom of the region where the value of ny is provided by WMAP.

We have arranged the parameters so that the slope and normalisation of P(k) (namely,
P(k) = 4 x 10719) around 60 e-folds before the end of inflation are satisfied at the same

time.

Let us now compare our approach and results with some recent proposals which touch
upon similar models. In ref. [210] the issue of decoupling moduli which are apparently
irrelevant for inflation in the context of type IIB superstring theory compactified on a
Calabi-Yau orientifold was addressed. Some of their methods apply to the large volume
stabilisation proposed and developed in refs [94,102,211]. Inflation in that context has
also been reviewed in refs [132,135], where the evolution of the imaginary part of the
relevant modulus was considered. They conclude that a minimum setup of three moduli
is needed for inflation to work, and the stabilisation of two of those is assumed before

starting the evolution of the third. Although their claim is that no fine-tuning is needed
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in these scenarios (as opposed to that of ref. [134]), we believe that there is an implicit
tuning of the shape of the potential, encoded in the dynamics of the two moduli which

are already stabilised.

As discussed above, the need of fine-tuning is also necessary in the scenario presented
here. This point is sustained as well by the results in ref. [212], where an attempt was
made to incorporate chaotic/new inflation within supergravity in a string context. The
characteristics of those models are similar to ours, namely a modulus Tg and an inflaton
®, the latter with polynomial self interactions, but the mechanism for stabilising Tg is
different. The conclusions are, however, similar to ours, namely a substantial degree of
fine-tuning is needed to arrange a successful inflation. This is unpleasant, although, as
discussed in the paper, it is a generic fact of virtually all working examples of modular
inflation. This may be an indication of a general disease in inflationary scenarios based on
supergravities coming from strings, or just a consequence of the fact that inflationary model
building in this context is still in its infancy. Given the obvious interest of such context,
the fact that models can actually be built is a sign of progress and should encourage further
work in the field. Finally, one can take a more optimistic (though less demanding) view
within a landscape philosophy. Then, the apparent fine-tuning of our “local” universe
would be a consequence of the need of inflation for the creation of large and lasting

universes with matter, where the latter can evolve to life.

6.2 A few words on generalised fluxes and modular inflation

An exhaustive exploration of whether moduli stabilisation in a de Sitter vacuum and mod-
ular inflation stand any chance of taking place simultaneously in generalised flux models

has not been carried out up to date.

Ever since modular inflation was ruled out (see ref. [13]) in the simplest type ITA super-
gravity models including gauge fluxes, O6-planes and D6-branes at any point in field space
(the slow-roll € parameter in (6.15) has a lower bound € > % whenever V' > 0), much
effort has been devoted to explore more elaborated type II scenarios with non-vanishing
geometric fluxes w¢$,. To this respect, a detailed analysis of type IIA toroidal orientifolds
with metric fluxes was carried out in ref. [137], where only two ITA orientifolds based on
the Zs x Zy orbifold were found to survive the no-go theorems on the existence of dS
extrema (V' > 0 and e = 0) derived therein. However, these models suffered from the 7

problem when it comes to implement slow-roll modular inflation.

The class of supergravity models based on coset spaces with non-vanishing geometric
fluxes has also been deeply investigated in ref. [14] for type IIA compactifications on SU(3)-
structure manifolds as well as in ref. [15] for type IIB orientifolds with SU(2)-structure.

Concerning the former, only those models based on reductions upon the SU(2) x SU(2)
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manifold were not ruled out to accommodate for dS extrema. Unfortunately all the dS
extrema found in ref. [14] turned out to be tachyonic with an 7 parameter being n < —2,

then excluding slow-roll modular inflation starting at these points.

The above results are consistent with those in section 4.6.1 where we found that any
Minkowski extremum (and its deformation to de Sitter) in a geometric type ITA isotropic
flux model results unstable (tachyonic). Notice that the IIB orientifold models based on
the Zs X Zs isotropic orbifold that we systematically analysed in chapters 3 and 4, are T-

dual to type ITA compactifications on an SU(3)-structure space with non-geometric fluxes.

Recalling that de Sitter, almost Minkowski, stable vacua were found to exist (see sec-
tion 4.5.4.2) in the IIB supergravity models based on an so(3,1) B-field reduction, it
would be interesting to know whether another dS extrema could live in the vicinity of one
of these stable vacua. Indeed, a dS saddle (tachyonic) point also appears close to these
Mkw /dS stable vacua in field space with a much larger energy. This saddle point is con-
tinuously connected to the Mkw/dS vacuum, hence providing us with a natural scenario
in which to investigate the possibilities for slow-roll modular inflation to take place. We
find that the evolution from the dS saddle point to the Mkw vacuum also suffers from the
standard 7 problem with || ~ O(10). This can be overcome by lifting the Mkw vacuum
to a dS one (see figure 4.9). As we approach the critical value 660}, beyond which the
dS vacuum disappears, the n parameter at the saddle point tends to zero. However, and
simultaneously to this process, the saddle point and the dS vacuum merge together'?, and
inflation is not likely to take place. This agrees with the previous results in refs [14,137]
derived in the absence of non-geometric fluxes. Nevertheless, nothing prevents inflation

from taking place far away from the region in the moduli space we have looked into.

In this sense, most of the work dealing with inflationary scenarios based on generalised

flux compactifications including non-geometric fluxes remains to be done.

10T his behaviour was previously found in the context of the modulus-condensate setup as it was depicted
in figure 6.3.
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Overview and Final Remarks

Fluxes have played an important role in String Theory research since the second String
Theory revolution in the mid 1990’s. Orbifolds and their later extension, orientifolds, pro-
vide explicit constructions of spaces which are intimately linked to Calabi Yau manifolds
but allow for specific calculation of the dynamics of the space and the fields which live
within them. By constructing N = 1 orientifolds from type II superstring compactifica-
tions, important properties and dynamics of the space can be investigated in a background

which is easier to describe than that of the Calabi Yaus.

Along the pages of this thesis we have gone for a stroll through the cosmological as-
pects of moduli stabilisation in type II orientifold theories including generalised fluxes and
branes. As regards the String Phenomenology challenge of stabilising the moduli fields
in a de Sitter (almost Minkowski) vacuum, as required by the current cosmological data,
one of the main recent developments has been the study of generalised flux backgrounds.
In addition to the ordinary gauge form fluxes, generalised fluxes were proposed in type 11
theories to restore the invariance of the effective supergravity models under duality trans-
formations. For instance, certain tensor fluxes referred to as non-geometric fluxes were
introduced to restore T-duality between ITA and IIB theories as well as type IIB S-duality

at the effective level.

In this respect, the generalised flux models arising from A = 1 orientifolds of type
II compactifications, have become of principal interest. Specifically, those based on the
TS /(Za x Zs) orbifold, were found to be the most promising effective models where to look
for de Sitter vacua as well as for inflation. These are precisely the A/ = 1 supergravity
models in four dimensions we have been looking into. In particular, we have worked on

the following subjects:

1. Classification of generalised flux backgrounds and their relation to gauged super-

gravities and the moduli stabilisation problem.

2. Prospects for inflation in scenarios including fluxes and non-perturbative effects.

As a starting point we focused on the T-duality invariant IIB orientifold models with
03/07-planes, which incorporate just a non-geometric () tensor flux besides the NS-
NS H; and the R-R F3 gauge form fluxes. In these models, the Q-flux defines a six-
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dimensional Q-algebra spanned by the vectors coming from the reduction of the B-field.
Using this property and the orbifold symmetries under the assumption of isotropic fluxes,
we identified the set of allowed Q-algebras and classified the non-geometric Q-flux back-
grounds they induced. We encountered five (Q-algebras compatible with the symmetries,
each one leading to a characteristic flux-induced superpotential. Next we found the most
general fluxes solving the Jacobi identities coming from the 12-dimensional (Hs,Q)-flux
algebra and left the flux-induced tadpoles for the Cy and Cg R-R gauge potentials as

free variables, thereby enabling us to study which values were allowed for each Q-algebra.

We succeeded in finding families of three moduli (S,7T,U) supersymmetric AdS, vacua
with all moduli stabilised at small string coupling gs. Their general properties were also
discussed: these vacua typically exist in all models defined by the inequivalent @Q-algebras,
provided that arbitrary values of the flux-induced R-R tadpoles are allowed. Although in
type IIB orientifolds with only R-R and NS-NS fluxes there is a non-trivial induced tad-
pole that must be cancelled by O3-planes or wrapped D7-branes, including non-geometric
Q-fluxes can require other types of sources. For instance, similar to well understood AdSy
models in type ITA, the induced flux-tadpoles might vanish implying that sources can
be avoided. We also encountered examples in which sources of positive R-R charge are
sufficient to cancel the tadpoles. As one might expect, these latter exotic vacua occur
in models built using Q-fluxes satisfying the non-compact s0(3,1) @Q-algebra. Such solu-
tions might be ruled out once a deeper understanding of non-geometric fluxes has been
developed. Another novel outcome was the appearance of multiple vacua for special sets
of fluxes. However, they generically have g5 > 1 unless the net number of O3/D3 or
O7/DT sources needed to cancel the tadpoles is large. We also discussed briefly the issues

of axionic shift symmetries and cancellation of Freed-Witten anomalies.

The next step was to investigate the interplay between the supergravity flux alge-
bra and the moduli dynamics in the previous set of T-duality invariant IIB orientifold
models including just the non-geometric @-flux. In particular, the existence of non-
supersymmetric dS/Mkw extrema. In this IIB language, we performed a complete classi-
fication of the allowed twelve-dimensional flux algebras and then studied no-go theorems,
formulated in a type ITA language, on the existence of dS/Mkw extrema. By deriving a
dictionary between the sources of potential energy in types IIA and IIB, we were able to
combine algebra results and no-go theorems. The outcome was a systematic procedure
for identifying phenomenologically viable models where dS/Mkw extrema might exist. We
presented a complete classification of the allowed algebras and the viability of their result-
ing scalar potential, and we pointed at the models which stood any chance of producing
a fully stable vacuum. Moreover, the most promising scenarios in terms of finding such
vacua turned out to be those involving non-geometric fluxes. Once we reached this stage,
it was a matter of performing a dedicated search for minima of the potentials that survive

the no-go theorem.
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We would like to stress here that the search for phenomenologically viable vacua in
the context of String Theory will not succeed if it is understood as the brute force task
of searching for minima in a high order degree polynomial potential. We have shown that
combining apparently disconnected pieces of research, such as the classification of the al-
lowed flux algebras in type IIB with the existence of no-go theorems for the presence of
Mkw/dS vacua in type ITA, gives us the key to perform a systematic search for the most
promising potentials. This ruled out almost half of the possible scenarios and provided us

with simplified expressions for the remaining, potentially viable ones.

With the set of interesting models narrowed down, we carried out a complete and sys-
tematic analysis of the Mkw extrema of the supergravity potential for the promising cases
previously hinted. We found that only one choice of B-field reduction, that based on the
50(3,1) Q-algebra, gives rise to minima with all moduli stabilised at a Minkowski vacuum.
These solutions can also be deformed continuously to either de Sitter or anti de Sitter by
a slight variation of the relevant parameters. Supersymmetry is broken by all moduli, at
a scale which is, as expected, large for values of the fluxes of order one. Our systematic
search showed that all the B-field reductions (but the nil based one) produce Minkowski
extrema with all but one direction stabilised. These tachyonic solutions show a specific
pattern, as they always interpolate between singular points of the parameter space where
one or several moduli go to either zero or infinity. We have also shown the breakdown of
the potential energy contributions in the language of type IIA, in order to compare our
results to those examples put forward in the context of the no-go theorems. In this way
it is obvious that the solutions with stable Minkowski vacua require non-geometric flux

contributions to the scalar potential.

After having studied the T-duality invariant orientifold models, we went one step fur-
ther and investigated how to extend them to include a new ingredient, a non-geometric
P-flux which appears when considering invariance of the IIB effective models also under
S-duality transformations. We built upon our previous results and succeeded in implement-
ing this P-flux as deformations of the (J-algebra by an element of its second cohomology
class. After that, the new Jacobi identities involving the non-geometric P-flux were rein-
terpreted as integrability and cohomology conditions over the deformation. The problem
of solving the integrability condition forced the non-geometric P-flux to define another
six-dimensional P-algebra compatible with the orbifold symmetries, in analogy with the
QQ-algebra. Even though both algebras could be chosen independently, their embeddings

into isotropic ) and P fluxes were restricted by the cohomology condition.

At this stage, algebraic geometry techniques were required. We made extensive use of
the free software Singular to compute all solutions to the cohomology condition, break-

ing it into several families or branches with different implications. Different branches of
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solutions to the integrability and cohomology conditions were interpreted geometrically,
as root alignments between the non-geometric flux-induced polynomials entering the ef-
fective superpotential. Additional Jacobi identities of the twelve-dimensional flux algebra
involving also gauge fluxes (F3, H3) remained a linear system. This fact allowed us to
split non-geometric (Q, P)-background fluxes into what we referred to as type A and B
configurations. The type B configurations were found to be those for which a non vanish-
ing flux-induced C§ tadpole might be generated. Using these methods, supersymmetric
solutions turned out to be easily and systematically computable. We presented a simple
AdS, solution with all moduli stabilised and for which the fluxes do not induce tadpoles,
as well as several supersymmetric Minkowski solutions. Because of the importance of the
latter from the phenomenological point of view, we further presented some families of su-
persymmetric Minkowski solutions and identified examples already found in the literature
within our construction. Finally we further discussed the lifting of these T- and S-duality
invariant orientifold models to N = 4 gauged supergravities as well as pointed to the

electric-magnetic flux algebra they would give rise to.

The point to be highlighted is that we have succeeded in connecting properties of the
vacua to the underlying flux algebra. This could help towards extending the description
of non-geometric fluxes beyond the effective action limit. At present one of the most chal-
lenging problems in need of new insights is precisely to formulate String Theory on general

backgrounds at the microscopic level.

In the home stretch of the thesis we changed to explore cosmological aspects of moduli
fixing in type IIB models. In particular we analysed simple IIB proposals considering
moduli stabilisation as a seed for inflation. We started by studying in detail the simplest
setup including gaugino condensation with gauge group SU(N) due to stacks of D7-branes
and a Fayet-Iliopoulos contribution to the D part of the scalar potential coming from the
anomalous U(1) factor that typically appears. Squark meson condensates M are formed
and a non-perturbative term, involving the Kéahler modulus T', appears in the superpoten-
tial. We studied the dynamics of this coupled system and we found that neither T-driven
nor M-driven modular inflation could be accommodated within this setup. Then we
moved to its minimal extension, that of including an additional self-interacting neutral
field x. The resultant model incorporated eternal x-driven topological inflation with a
non-supersymmetric Minkowski vacuum and could be arranged to comply with all the
WMAP constraints. Next we looked into generalised fluxes as far as modular inflationary
models was concerned. However, we found a more pessimistic picture due to the persis-
tence of the n-problem when it comes to implement slow-roll inflation within generalised

flux scenarios of moduli stabilisation.

We are optimistic that present efforts in theoretical and experimental physics will shed

light upon the challenge of linking strings and low energy physics in the near future.



Vision General y Comentarios

Finales

Desde la segunda revolucién que tuvo lugar en Teoria de Cuerdas a mediados de los 90’s,
el estudio de las compactificaciones con flujos de fondo ha jugado un papel importante
en la investigacion en Teoria de Cuerdas. Los orbifolios y, mas tarde, su extension a
orientifolios, suponen un manera de construir espacios que estdn intimamente ligados con
espacios de Calabi-Yau pero que a su vez permiten calcular de forma explicita su dindmica

v la de los campos que habitan en ellos.

A lo largo de esta tesis hemos explorado algunos aspectos cosmoldgicos relacionados
con la estabilizacion de moduli en orientifolios de tipo II teniendo en cuenta la presencia
de flujos generalizados y de branas. El estudio de los flujos generalizados ha significado
un gran avance en el area de la Fenomenologia de Cuerdas debido a su importancia a la
hora de estabilizar los moduli en un vacio de Sitter (aproximadamente Minkowski) como
requieren los datos cosmolégicos actuales. Estos flujos generalizados se introdujeron en las
teorias de tipo II (junto con los flujos gauge ordinarios) con la intencién de restablecer la
invariancia de los modelos de supergravedad efectivos bajo transformaciones de dualidad.
Por ejemplo, determinados flujos tensoriales conocidos como flujos no geométricos se in-
trodujeron para restablecer T-dualidad entre las teorias ITA y IIB al igual que S-dualidad

en la teoria IIB a nivel efectivo.

Los modelos de supergravedad N = 1 basados en orientifolios de tipo IT han resultado
ser un buen lugar donde explorar estas cuestiones. Concretamente, aquéllos construidos
sobre el orbifolio T®/(Zy x Zs) son especialmente interesantes a la hora de buscar vacios
de Sitter e inflacion. Estos modelos de supergravedad son los que hemos investigado en

esta tesis. En particular, hemos indagado en los dos siguientes aspectos:

1. Clasificacion de fondos de flujos generalizados asi como su relacién con supergrave-

dades gaugeadas y con el problema de la estabilizacién de moduli.

2. Posibilidad de producir inflacion en escenarios de cuerdas basados en flujos genera-

lizados y efectos no perturbativos.
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Como punto de partida nos centramos en los modelos orientifolios de tipo IIB con
03/07-planos invariantes bajo transformaciones de T-dualidad los cuales incorporan un
tensor de flujo no geométrico Q@ ademas de los flujos gauge de NS-NS Hz y de R-R F3.
En estos modelos, el flujo ) determina una )-dlgebra seis-dimensional generada por los
vectores que provienen de la reducciéon del campo B. Utilizando esta propiedad y las
simetrias del orbifolio bajo la restriccién de flujos isétropos, identificamos el conjunto de
Q-algebras permitidas y clasificamos los flujos no geométricos que éstas inducian. Encon-
tramos cinco @-algebras compatibles con las simetrias cada una de las cuales da lugar
a un superpotencial caracteristico inducido por los flujos. A continuacién encontramos
las configuraciones de flujos (H3, Q) més generales que cumplen las identidades de Jacobi
asociadas al algebra completa y dejamos los tadpoles inducidos para los campos de R-R

Cy y Cg como parametros libres.

En estos modelos isétropos de supergravedad encontramos familias de vacios super-
simétricos AdSy con los tres moduli (S,T,U) estabilizados a valores pequenos de la cons-
tante de acoplo de la cuerda gs;. También discutimos sus propiedades generales: estos
vacios existen tipicamente en todos los modelos definidos por las QQ-dlgebras inequivalentes
en tanto en cuanto los tadpoles inducidos por los flujos de R-R puedan tomar valores ar-
bitrarios. Aunque en los modelos orientifolios de tipo IIB con flujos gauge aparece un
tadpole que ha de ser cancelado mediante O3-planos y D7-branas, la inclusién de flujos
no geométricos () puede requerir la presencia de otros tipos de fuentes. Por ejemplo,
los tadpoles inducidos por los flujos pueden anularse, lo cual es compatible con no tener
fuentes, al igual que ocurre en algunos vacios AdS, en modelos basados en la teoria de tipo
ITA. También encontramos ejemplos en los que tener fuentes con carga de R-R positiva es
suficiente para cancelar los tadpoles inducidos por los flujos. Como uno podria esperar,
estos vacios exdticos ocurren en modelos basados en la Q-algebra no compacta s0(3,1).
No obstante, estas soluciones podrian ser descartadas tras entender de manera mas fun-
damental el origen de los flujos no geométricos. Otro resultado nuevo fue la coexistencia
de mltiples vacios para determinadas configuraciones de flujos. Sin embargo, estos vacios
dan lugar a valores no perturbativos de la constante de acoplo de la cuerda, gs > 1, a
menos que el nimero neto de fuentes 03/D3 y O7/D7 necesarias para cancelar los tadpoles
inducidos por los flujos sea grande. También discutimos brevemente algunas cuestiones
sobre la simetria asociada a translaciones de los aziones y la cancelaciéon de las anomalias
de Freed-Witten.

El siguiente paso consistié en investigar la interrelacién entre el algebra de los flu-
jos y la dindmica de los moduli en los modelos orientifolios de tipo IIB invariantes bajo
transformaciones de T-dualidad, los cuales incluyen el flujo no geométrico ). En parti-
cular, la existencia de extremos dS/Mkw. En este lenguaje de la teoria IIB, llevamos a

cabo una clasificacion completa de las dlgebras doce-dimensionales permitidas y estudia-



VISION GENERAL Y COMENTARIOS FINALES 201

mos teoremas de imposibilidad, formulados en el lenguaje de la teoria ITA, relacionados
con la existencia de extremos dS/Mkw. Fuimos capaces de combinar resultados sobre
algebras y teoremas de imposibilidad gracias a una correspondencia entre las fuentes de
energia potencial en las teorfas IIB y IIA, lo que significé un procedimiento sistemé&tico
para identificar modelos viables fenomenolégicamente en los que pudieran existir extremos
dS/Mkw. Presentamos una clasificacién completa de las dlgebras permitidas asi como de
la viabilidad de sus superpotenciales caracteristicos a la hora de producir vacios total-
mente estables. Ademads, los modelos méas prometedores para este proposito resultaron ser
aquéllos que también involucran flujos no geométricos cuando se formulan en el lenguaje
de la teoria ITA. Llegados a este punto, el objetivo era llevar a cabo una bisqueda exhaus-
tiva de minimos del potencial escalar para los modelos que sobrevivian a los teoremas de

imposibilidad.

Es importante resaltar que la biisqueda de vacios viables fenomenoldgicamente en el
contexto de Teoria de Cuerdas no resulta eficiente si se plantea como una exploracién de
minimos de un potencial polinémico de order alto mediante la fuerza bruta. Hemos visto
que combinar piezas aparentemente desconectadas, tales como la clasificacion de algebras
de flujos en la teoria IIB y los teoremas de imposibilidad relacionados con la existencia de
vacios Mkw /dS en la teoria ITA, nos da la clave para llevar a cabo una identificacién sis-
tematica de los modelos interesantes. Esto descarté casi la mitad de los modelos posibles

y simplificé los restantes.

Tras reducir notablemente el conjunto de modelos interesantes, llevamos a cabo un
andlisis sistematico y completo de los extremos Mkw de sus potenciales escalares. Encon-
tramos que unicamente los modelos de supergravedad construidos sobre una reduccién del
campo B basada en la Q-algebra so(3,1) dan lugar a minimos Minkowski con todos los
moduli estabilizados. Estas soluciones se pueden deformar continuamente para producir
vacios de Sitter o anti de Sitter mediante una variacién pequena de los pardmetros rele-
vantes. Supersimetria se rompe espontaneamente a una escala de energias muy alta (para
flujos de orden uno) debido al valor esperado en el vacio de todos los moduli. En nuestra
busqueda sistematica de vacios encontramos que todas las reducciones del campo B, ex-
cepto la basada en la @Q-dlgebra nil, dan lugar a modelos de supergravedad que albergan
extremos Minkowski con todas las direcciones, a excepcion de una, estabilizadas. Estas
soluciones taquidnicas siguen un patrén especifico ya que siempre interpolan entre puntos
singulares del espacio de parametros en los que uno o varios de los moduli van a cero o a
infinito. También presentamos una descomposicién del potencial escalar en sus diferentes
contribuciones interpretadas en el lenguaje de la teoria IIA con la intencién de comparar
nuestros resultados con los ejemplos propuestos en el contexto de los teoremas de imposi-
bilidad. De esta manera pudimos ver como los modelos de supergravedad que dan lugar
a vacios Minkowski tienen contribuciones al potencial escalar que vienen necesariamente

de flujos no geométricos.
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Después de estudiar los modelos orientifolios invariantes bajo transformaciones de
T-dualidad, dimos un paso adelante e investigamos como extenderlos para incluir un in-
grediente nuevo: un flujo no-geométrico P el cual aparece al considerar también la in-
variancia de los modelos efectivos de la teoria IIB bajo transformaciones de S-dualidad.
Trabajando sobre nuestros resultados anteriores logramos implementar el flujo P como
deformaciones de la Q-algebra mediante un elemento de su segunda clase de cohomologia.
De esta manera, las nuevas identidades de Jacobi que involucran el flujo no geométrico
P se reinterpretan como condiciones de integrabilidad y de cohomologia sobre la defor-
macién. Para satisfacer las condiciones de integrabilidad, el flujo P ha de definir una
P-élgebra seis-dimensional compatible con las simetrias del orbifolio de forma analoga a
como ocurria con la QQ-dlgebra. A pesar de que ambas dlgebras se podian elegir de manera
independiente, la forma en la cual se embebian dentro de los flujos @ y P resultaban

restringidas por las condiciones de cohomologia.

Para obtener las distintas ramas de la solucién a las condiciones de cohomologia tuvi-
mos que hacer uso extenso de técnicas de Geometria Algebraica. Utilizando el programa
Singular obtuvimos las diferentes ramas de la solucién y vimos que escoger una rama u
otra se traducia en diferentes alineamientos entre las raices de los polinomios inducidos por
los flujos no geométricos en el superpotencial efectivo. Las identidades de Jacobi restantes
asociadas al algebra completa, las cuales también involucraban los flujos gauge (F3, H3),
daban lugar a un sistema de ecuaciones lineales sencillo. Esto nos permitié dividir las
configuraciones de los flujos no geométricos (@, P) en dos tipo a los que denominamos
tipos A y B. Las configuraciones de tipo B resultaron ser aquellas en las que era posible
generar un tadpole para la forma de R-R C§. Haciendo uso de estos métodos pudimos
estudiar de forma sistematica la estabilizacion de los moduli de la compactificacion en
vacios supersimétricos. Presentamos una solucién AdS, supersimétrica sencilla con todos
los moduli estabilizados en la cual los flujos de fondo no generaban tadpoles. También
presentamos varias familias de vacios supersimétricos Minkowski debido a su importancia
desde un punto de vista fenomenolégico e identificamos en nuestra construccién algunos
de los ejemplos existentes en la literatura. Finalmente discutimos estos modelos de su-
pergravedad invariantes bajo transformaciones de T-dualidad y S-dualidad en términos de
supergravedades gaugeadas N = 4 y apuntamos hacia el dlgebra de flujos (eléctricos y

magnéticos) a la que darfan lugar.

Un aspecto destacable es que logramos conectar propiedades de los vacios de moduli
con el algebra de los flujos de fondo que les subyace. Esto podria ayudar a extender la
descripcién de los flujos no geométricos mas alla de la accion efectiva. Por el momento,
describir los fondos de flujos generalizados a nivel microscépico representa un problema

abierto en Teoria de Cuerdas.
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En la recta final de la tesis, hemos explorado aspectos cosmolégicos de la estabilizacién
de moduli en modelos de supergravedad de tipo IIB. En particular, hemos analizado pro-
puestas sencillas que consideran la estabilizacién de moduli como semilla para generar
inflacion. Comenzamos estudiando en detalle el escenario mas sencillo que incorpora un
condensado de gauginos con grupo gauge SU(N) asociado a un conjunto de D7-branas coin-
cidentes y una contribucién de Fayet-Iliopoulos a la parte D del potencial escalar debida
a un factor U(1) anémalo que genéricamente aparece en estos modelos. En este escenario
se forman mesones M compuestos de condensados de s-quarks y aparece un término no
perturbativo que involucra el modulus de Kahler T en el superpotencial. Hemos estudiado
la dindmica de este sistema acoplado y hemos concluido que inflacion modular guiada por
los campos M o T no tiene lugar en estos modelos. Esto nos llevo a estudiar la minima
extension del escenario: incluir un campo neutro x con autointeraccién. El modelo resul-
tante incorporaba inflacién topoldgica (eterna) guiada por el campo Yy, estabilizacién en
un vacio Minkowski no supersimétrico y se ajustaba a todas las medidas experimentales
realizadas por WMAP. A continuacion investigamos la posibilidad de generar inflacién en
modelos con flujos generalizados. Esta opcién se antoja complicada ya que los modelos
parecian sufrir un problema n crénico cuando se trataba de implementar inflacién, en la

aproximacion de rodar lento, basada en el proceso de estabilizacion de los moduli.

No obstante, somos optimistas en el reto que supone conectar las cuerdas con la fisica
de bajas energias en un futuro préximo gracias al esfuerzo conjunto en Fisica Tedrica y

Experimental.
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Appendix A

Massless Spectrum of Type 11

Superstrings

In this appendix we compute the supergravity massless spectrum of type II superstrings
freely moving! in a ten-dimensional Minkowski spacetime M 9. As a propagating one-
dimensional object, the embedding of a string into a ten-dimensional Minkowski spacetime
M ¢ is encoded in the bosonic fields XM (0%) with M = 0,...,9 and o = 0,1. The

I = 5 denotes the coordinate

coordinate 0¥ = 7 is the worldsheet time coordinate whereas o
along the string 0 < o < . Furthermore, because of type Il superstrings are closed strings,

these bosonic fields will satisfy the closed-string boundary conditions
XM(r0+7)=XM(r,0), (A.2)

Introducing the so-called light-cone spacetime coordinates, i.e., transverse coordinates
X% = X*withi=1,...,8 and null coordinates v/2 X+ = (XO + Xg), and fixing the light-
cone gauge®, makes possible to eliminate the string excitations along the null coordinates
X*. In this gauge the theory will describe excitations along the transverse coordinates
X', These coordinates, labelled by the index 4, transform as a vector 8, under the SO(8)

transverse group of rotations.

In the Green-Schwarz (GS) formalism in the light-cone gauge [1], the action of a type

IT superstring propagating in a flat background geometry is given by

Sl.c = -

: / Po 9 X1 00X+ L / Ao (S“ 9,89 + §o@ a_Sa@) . (A3)
Ao T

'For a freely moving open/closed string, a flat 2d worldsheet metric

-1 0
ha/a=naa=< 0 1) ) (A1)

can be chosen for the worldsheet topology.
2This gauge turns out with the advantage that all states in the spectrum will be physical states.
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where 0+ = %(87 + J,) and the parameter o/ relates to the string length I, as

2=2d. (A.4)

S

This GS formalism is supersymmetric in ten-dimensional Minkowski spacetime: the above
worldsheet action of eq.(A.3) involves not only the X’ fields describing bosonic string
excitations along the transverse spacial coordinates, but also fermionic ones S (right-
moving) and S%(® (left-moving) with either the same (IIB superstring) or opposite (ITA
superstring) chirality in eight dimensions. The index a refers to transforming in the spino-
rial representation 8¢ of SO(8), while that of a refers to transforming in its conjugate

representation 8. of SO(8).

After quantising this free field theory imposing periodic boundary conditions in both

bosonic and fermionic worldsheet fields, they have the mode expansion of

i xi pi — i 1 i, —i2no” a = a ,—i2no~
XRZE‘F?O' +§ZEO[”€ 5 S :ane 5
n e (A.5)
X}J — li 4 Zj ot + v Z l d; efi2no+ Sva (@) — Z sz (a) efi2no+
2 2 2 n ’ ’
n#0 —00

where o = 7+ ¢ and we have set o/ = % We have also the splitting X* = X}é + Xz
for the bosonic fields into right-moving (R) and left-moving (L) parts respectively. The

mass-shell condition is given by

o M>=2(N+N), (A.6)

-n-n —-_n=n

o o

with N = Zo/ of +n S S and N = Zdi_nd; + néiﬁf)ég (@) accounting for the
n=1 n=1

right- and left-moving oscillator excitations, respectively.

The massless states in the spectrum of type II superstrings will be then given by
the tensor product of the right-moving S§ and left-moving fermionic zero modes gg @
since they commute with the mass operator of eq.(A.6). Since both sectors can be
treated analogously, let us describe the right-moving one generated by Sf. The com-
mon fermionic relations {S§, S5 } = 6 can be expressed in terms of fermionic oscillators

V2by, = (ngfl +i.53™) now satisfying

myrn

{bm,b,t}:(smn : {bm,bn}:{bT bT}zo , where m=1,...,4. (A7)

This becomes equivalent to fix an SO(8) D SU(4) x U(1) embedding of the transverse
rotational symmetry. Under this symmetry, the {b,,} transform in the fundamental rep-
resentation 4 of SO(4) with % units of U(1) charge, i.e. 4(3), whereas {bin} transform in

the conjugate representation.
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Different states are then built by successively applying creation operators {bin} upon
the vacuum |0) state which is annihilated by any of the {b,,} operators. They form a 16-
dimensional representation of SU(4) x U(1) in which we can distinguish between bosonic

states with an even number of creation operators

STATE SU(4) x U(1)
10) 1(1)
= Neveu-Schwarz sector , (A.8)
b}, b}, |0) 6(0)
bf,, bl, b, b |0) 1(-1)

and fermionic states having an odd number of them

STATE SU(4) x U(1)
bl |0) 4 (1) = Ramond sector . (A.9)
bf,, bl b, 0) 4(-1)

In the Neveu-Schwarz-Ramond formalism, the former states come from the Neveu-
Schwarz (NS) sector while the latter come from the Ramond (R) sector. Furthermore,

because of the decomposition under SU(4) x U(1) of the 8y, 8 and 8, representations

8& = 1(1)+6(0)+1(-1)
8 = 4H)+4(-3) (A.10)
80 = 4(_%)—’_21(%) ’

it becomes explicit from (A.8) and (A.9) that states in the NS sector transform as a vector
8, while those in the R sector transform in the 8. spinorial representation. Then, the
states in the right-moving sector furnishes a (8, @ 8.) representation of SO(8). If we had
started with the type ITA left-moving sector generated by S%, we would have obtained
the same vector representation 8, for the states in the NS sector whereas those in the R
sector would transform in the 8y spinorial representation. Hence furnishing this time a

(8y @ 8) representation of SO(8).

The massless ground states for type II superstrings come then from combining the

right-moving and left-moving sectors, i.e. 16 x 16 = 256 states,

IIB: (8, ®8:)® (8, ®8) = (|iY®la))@(|j) |b)) Al
IMA: (8, ®8:.)® (8, ®8) = (liydla))®(|j)® b))

giving rise to bosonic fields in the NS-NS and R-R sectors together with fermionic fields
in the NS-R and R-NS ones.

Bosonic fields

The 64 bosonic states |i) ® [j) of the spectrum coming from the NS-NS sector are the

same in both IIB and ITA superstrings, hence becoming a universal type II bosonic sector.
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Because of the decomposition
NS-NS sector : (8, ®8y)=35,028, 81 — g& By P ¢, (A.12)

this sector can be described in terms of a symmetric traceless, antisymmetric and scalar
tensors representing the graviton g, the 2-form By and the scalar dilaton ¢ fields, respec-

tively.

In contrast, the 64 bosonic states coming from the R-R sector are no longer the same
for the IIB and IIA superstrings. In the case of the type IIB theory, they correspond to
states |a) ® |b> built from the tensor product of two spinors of the same chirality. This

tensor product has the decomposition of
IIB R-R sector : (8 ®@8:)=35.028.d1 — Cy & Cy ® Cy, (A.13)

representing a fourth-rank antisymmetric self-dual tensor form Cy, a 2-form Cs and a scalar
Cp respectively. In the type ITA theory, R-R states |a) ® |b) come from the tensor product

of two spinors with opposite chiralities. This time, the tensor product decomposition reads
ITA R-R sector : (8, ®85)=56,Dd8, — (O3 & C, (A.14)

hence describing a 3-form C3 and a 1-form C respectively. The type ITA particle con-
tent, unlike that of the IIB theory, is also obtained by dimensional reduction of d = 11

supergravity on a circle [2].

Fermionic fields

Fermions in the particle spectrum of type II superstrings arise from the NS-R and R-
NS sectors. These 128 states crucially depend on whether right-moving and left-moving
supermultiplets have the same chirality or opposite ones. For the chiral type IIB theory,
fermionic states |i) ® |a) and |a) ® |i) stem from the decompositions
8y ®8:) =8 ®56s — x1 D Y1
I1B : (A.15)
(8c ®8y) =85 565 — X2 @y,

resulting in two spin—% fermions x’s of the same chirality together with two gravitinos ¢’s
(spin—% fermions) also with the same chirality. In the case of the non-chiral type ITA theory,
the spectrum of fermionic states |i) ® |a) and |a) ® |i) coming from the decomposition
(8v®85) =8:H56 — x1 D (0}
IIA : (A.16)
(8c®8v) =8 D565 — x2 D 7/)2 ,
consists of two Spin-% fermions x’s of opposite chiralities and two gravitinos ’s (spin-%

fermions) also with opposite chiralities.

The above massless spectra of type IIB and ITA superstring theories perfectly fit to the
field content of the chiral and non-chiral A" = 2, d = 10 supergravities, respectively [213].



Appendix B

Parameterised R-R fluxes in

T-dual flux models

In this appendix we give the explicit expressions for the original R-R fluxes a4 in terms
of the axionic shifts (£s,&;) and the tadpole parameters (£3,&7) or (A2, A3), depending
on the Q-algebra. For the semidirect sum su(2) @z, u(1)? ~ iso(3) and the nilpotent nil
algebras there is another auxiliary variable A; as explained in section 3.2.1. In all cases

there is a non-singular rotation matrix from the a4’s to the new variables.

In principle the &’s and A’s are just real constants but the resulting a4 fluxes must
be integers. The exact nature of these parameters can be elucidated starting with the
non-geometric (-fluxes of each gauge subalgebra ggquge. For example, following the dis-

2

cussion at the end of section 3.1.1.1, for the su(2)*> case when €; 2 = 0 it transpires that

(637 571 587 Et) € Q

There is a universal structure in the R-R fluxes that is worth noticing. For all Q-

algebras the dependence on the axionic shift parameters (&,&;) is of the form

ap = —bo&s+3coét + -
ar = —bh1&—(2c1—¢1)& + -
(B.1)
ay = —bp&—(2c0—C2)& + -+
ag = —b3&+3c3& +--
where --- stands for extra terms depending on the tadpole parameters. This structure

reflects the invariance of the theory under real shifts S — S —&; and T'— T — & of the

linear moduli fields entering the T-duality invariant superpotential in (2.31).

Next we present the the full expression of the original R-R fluxes a4 in terms of the

new flux variables for each of the Q)-algebras.
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B.1 The su(2)* case
ap = (als+ eabs) + B (e1€s — eals) +308%(& — &) + 367 (& + &)
a1 = =8 (e + ets) — af(as — eabs) — B(By +2a0)(& — &) — 6(ad +267) (& + &)
ay = 07 (als+ e2€s) + Bad(e1€s — €2€3) + a(ad + 267) (& — &) + v(By + 2a6) (& + &)
a3 = =&+ els) —a’(as —es) —3ya’(& — &) — 3a7* (& + &) -
B.2 The 50(3,1) case
ag = 8(6% = 38%)(e1& + e2€s) + B(B — 36 (e1€s — eaba) — 3(B? + ) (B& — 0&r)

a1 = (VB 42085 — 10%) (€163 + €2&s) + (d? + 2875 — af?)(e1&s — €aé3)
+ (B2 + ) (a& — v&7) + 2(aB + 70)(BE — 6&7)

az = (67% —2aBy — da?)(€1& + e265) + (Ba® — 278 — By?)(€1€s — €2&s)
— 2(aB +70) (& — v€7) — (o +¥*)(B& — 6&7)
as = —(7* —30%)(e1€s + €2€) — aa® — 37%)(e1€s — €2€3) + 3(a” + 7?) (0 — 7).

B.3 The su(2) +u(1)’ case
ag = 8(e1és + eabs) + B e€s — eabs) + 386°¢ — 308°¢r
ar = —0%(als + ) — af’(ads — eabs) — 6(ad +287)& + BBy + 200)ér
ay = 673 (a1ls + &) + Ba’(a1&s — e2€s) + Y(By + 206)& — alad + 287)ér

ag = —’(as+ el — a’(aés — efs) — 3ay’E + 3’y
B.4 The su(z2) ©z, u(1)} case
ap = 6%(eas +3&) + BO%(1€s — 3 + 3\1) + 3052 + 57X
a1 = —76°(e2€s + 3&) — $6(ad +2B7)(e1€s — 3& + 3A1) — B(By + 2a8) A2 — af*As
as = 67 (ea&s +3&) + 1v(By + 2a8) (e1€s — 3& + 3M1) + aad + 287) X2 + Bat)g
a3 = —3(eas +3&) — av? (€165 — 3& + 3M1) — 30 Ay — a3 .
B.5 The nil case
ap = 0%(eabs + 3&) + Y62 (1€ + 3M1) + 3097 Xa + 753,
ar = =6 (eabs + 3&) + §6(87 — 29%) (€165 + 3M) —7(v2 = 28%)ha + 07Nz
az = 07 (e2€s +3&) + 2y(v? — 26%)(e1&s + 3M1) + (5% — 297) X2 + 752Nz,

ag = —7’(e2és +3&) + 07 (e1€s + 3M1) — 376° A2 + 0% )3
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