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In this note we summarize some of the properties found in [1],[2][3]. We characterize spectral properties of
the quantum mechanical hamiltonian of theories with fermionic degrees of freedom beyond semiclassical
approximation. We obtain a general class of bosonic polynomial potentials for which the Schröedinger
operator has a discrete spectrum. This class includes all the scalar potentials in membrane, 5-brane, p-
branes, multiple M2 branes, BLG and ABJM theories. We also give a sufficient condition for discreteness
of the spectrum for supersymmmetric and non supersymmetric theories with a fermionic contribution. We
characterize then the spectral properties of different theories: the BMN matrix model, the supermembrane
with central charges and a bound state of N D2 with m D0. We show that, while the first two models
have a purely discrete spectrum with finite multiplicity, the latter has a continuous spectrum starting from a
constant given in terms of the monopole charge.
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1 Introduction
An important aspect of super-membranes, super 5-branes and supersymmetric multiple-M2 branes refers
to the quantum stability of the theory and the validity of the Feynman kernel. A natural way to proceed is
to formulate the theory on a compact base manifold, perform then a regularization of the theory in terms of
an orthonormal basis and analyze properties of the spectrum of the associated Schrödinger operator. This
procedure, to start with a field theory and analyze its properties by going to a regularized model, has been
very useful in field theory, although relevant symmetries of the theory may be lost in the process. The
quantum properties for a large class of regularized model, in particular the ones we are discussing, is then

determined from the Schrödinger operator H = −�+V (x)+fermionic terms with V (x) =
�

i

�
Pi(x)

�2
,

where Pi(x) is a homogeneous polynomial on the configuration variables x ∈ Rn. For example, in the
membrane theory Pi(x) are of degree two. A knowledge of the complete spectrum encodes information
about the higher order interacting terms beyond the semiclassical approximation. The first few bound
states provide information about the potential in neighborhoods of the point on the configuration space at
which potential is minimum, while the nature of the spectrum is related to the behavior of the potential
at large distances in the configuration space. In turns, the latter is closely connected to properties of the
physical model at high energies. Discreteness of the spectrum with accumulation point at infinity for
the Hamiltonian of a physical theory renders a compact resolvent. Mathematically this is an amenable
property as far as the study of the high energy eigenvalues is concerned. On the one hand, this guarantees
the existence of a complete set of eigenfunctions, which can be used to decompose the action of the
operator in low/high frequency expansions. On the other hand, the study of eigenvalue asymptotics for the
resolvent (or the corresponding heat kernel) in the vicinity of the origin, can be carried out by means of
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the so-called Schatten-von Neumann ideals. None of this extends in general, if the Hamiltonian has a non-
empty essential spectrum. See [4]. Physical theories like YM or SYM among others, when formulated
in a box of diameter L have discrete spectrum [5] while in the L going to infinite limit, they exhibit
a continuous spectrum with, in some cases, a mass gap. For supermembranes, 5-branes and multiple-
superbranes the situation is different, when formulated on a compact base manifold, the spectrum of their
regularized hamiltonian is continuous, generically from [0,∞]. The analysis of interacting Hamiltonian for
such theories becomes complicated since there is no guarantee that their Feynman formulation provides the
correct kernel of the theory. A good example of this situation is the BFSS theory [6]. Besides, even when
there is a well defined semiclassical approximation for the theory, its properties cannot be extrapolated
to the interacting theories. For example a discrete spectrum at the semiclassical level does not imply, in
general, a discrete spectrum of the interacting Hamiltonian.

2 Useful Criteria to characterize Bosonic Spectra
Is there a precise condition on the potential which characterizes the discreteness of the spectrum for
a bosonic matrix model? This was achieved by A. M. Molchanov [7] and more recently extended by
V. Maz’ya and M. Schubin [8]. It makes use of the mean value of the potential, in the sense of Molchanov,
on a star shaped cell Gd, of diameter d. The spectrum is discrete if and only if the mean value of the
potential goes to infinity when the distance from Gd to a fixed point on configuration space goes to infinity
in all possible ways. The potential is assumed to be locally integrable and bounded from below. Using
the above theorem we proved in [1] the following proposition which allows to show that all bosonic mem-
brane, multibrane and p-brane Hamiltonia have discrete spectrum. The proof may also be obtained from
the results from [9] which are very useful for polynomial potentials. We intend to use these results also
for non polynomial perturbations of membranes and multi-brane theories, for that reason the Molchanov
approach seems more appropriate.

Proposition 2.1 Let H = −∆+ V (X) be a Schröedinger operator with potential V (X) given by

V (X) =
�

M1,...,Ml

N�

B=1

�
Xa1

M1
...Xal

Ml
fB
a1...al

�2
(1)

let M be the symmetric matrix defined in (2),

�
Xai

Mi

�
∈ RM×N

and fB
a1,...,al

real coefficients satisfying the fol-

lowing restriction: M is strictly positive definite. Then H is essentially self adjoint and has a discrete spectrum in

L2
�
RM×N

�
.

Where matrix is given by M with components

Ma�a := Fa;�a = f
B
c1,...,cl−1,af

B
c1,...,cl−1,�a+....+f

B
c1,...,ci−1,a,ci+1,...cl−1

f
B
c1,...,ci−1,�a,ci+1,...,cl−1

+... (2)

It is by construction positive and the requirement on the proposition is that it is strictly positive.

• BLG case To characterize the non-perturbative spectral properties of the scalar bosonic potential of
BLG/ABJM type , it is necessary first, to formulate these theories in the regularized matrix formalism.
These theories have real scalar fields XaI valued in the bifundamental representation of the G × G�

algebra, gauge fields Aab
µ where µ = 0, 1, 2 spanning the target-space dimensions, and a ∈ G, b ∈ G�

,
and spinors Ψaα also valued in the algebra. Let us consider the sixth degree scalar potential of the
BLG case,

V =

�
dx3 1

12
Tr([XI , XJ , XK ])2 (3)

where fefg
d are the ’structure constants’ of the algebra color generators Ta. For the BLG case a 3-algebra

relation is satisfied [T a, T b, T c] = fabc
d T d. We expand now each of the fields XI

a in a basis of generators TA.
To obtain the regularized model, XI

a =
�

XIA
a TA with A = (a1, a2). For the enveloping algebra of su(N ),
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TATB = hC
ABTC ,ηAB = 1

N4 Tr(TATB) where hC
AB are given in [21],[18]. To obtain the regularized model,

the potential can be re-written as a squared-term

V =
1
12

(FABC
U XAIXBJXCK)2 (4)

with coefficients FABC
U = fabc

u hE
ABh

U
CE that do not exhibit antisymmetry in the indices A = (A, a),B =

(B, b), C = (C, c) nor are structure constants. Using the Proposition 2.1 we can assure that this regularized
potential has a purely discrete spectrum since fabcdXIA

a = 0 → XIA
a = 0.� We thus have that the D=11

membrane, the 5-brane, p-branes as well as the bosonic BLG model satisfy the ssumptions of the Proposition 2.1
and hence their regularized versions have discrete spectrum [2][10].

• ABJM case
ABJM theory [12] can be obtained from the 3-algebra expression by relaxing some antisymmetric properties of
the 3-algebra structure constant as it is indicated in [13] considering now instead of real scalar fields, -as happens
in the BLG case-, complex ones Zaα . In the ABJM case [12], the bosonic scalar potential may be re-expressed
in a covariant way as a sum of squares [14]. Using the results of [13] where the potential is

V =
2
3
ΥCD

Bd ῩBd
CD

where ΥCD
Bd = fabc

dZ
C
a ZD

b ZBc − 1
2δ

C
Bfabc

dZ
E
a ZD

b ZEc + 1
2δ

D
B fabc

dZ
E
a ZC

b ZEc. The zero-energy solutions
correspond to ΥCD

Bd = 0. In distinction with the case of BLG, the ABJM potential includes a sum of three
squared terms. The indices C,D are mandatory different but not necessarily the index B. We can bound the
potential for the one with ΥCD

B
�
d
= fabc

dZ
C
a ZD

b ZB
�
c where B

�
is an index different from C,D. To reduce

the analysis to one in quantum mechanics, a regularization procedure is performed. The regularity condition of
Proposition 2.1, in terms of the triple product [13], may be expressed as a

[X,T b;T
c
] = fabc

dXaT
d = 0 ∀b, c ⇒ Xa = 0. (5)

Note that if this condition is not satisfied, the potentials we are considering have continuous spectrum. This result
follows using Molchanov, Maz’ya and Schubin theorem. Factorizing out the constants due to regularization
process, in the case of ABJM and ABJ it follows from (49) in [13] that (5) implies (tλα)acXa = 0, where tλα are
u(N) representations of the gauge algebra G. In the case G is u(N) then the regularity condition is satisfied. The
proposition (2.1) in our paper ensures then that the Schröedinger operator associated to the regularized scalar
sixth degree potential of ABJM has also purely discrete spectrum.�

3 Hamiltonians with a Fermionic Contribution
The analysis of these hamiltonians now gets much more complicated. In fact the Molchanov, Mazya-
Shubin theorem cannot be applied directly because supersymmetric potentials are not bounded from below.
Suppose that in L

2(RN )⊗Cd, the operator realization of the Hamiltonian has the form H = P
2 + V (Q),

Q ∈ RN where V is a Hermitean d× d matrix whose entries are continuous functions of the configuration
variables Q. Assume additionally that V (Q) is bounded from below by b, that is V (Q)w · w ≥ b|w|2
w ∈ Cd where b ∈ R is a constant. Then H is bounded from below by b and the spectrum of H does not
intersect the interval (−∞, b). The following abstract criterion established conditions guaranteeing that
the spectrum of H is purely discrete. The proof of these lemmas can be found in [17]and [3].

Lemma 3.1 Let vk(Q) be the eigenvalues of the d×d matrix V (Q). If all vk(Q) → +∞ as |Q| → ∞,

then the spectrum of H consists of a set of isolated eigenvalues of finite multiplicity accumulating at +∞.

Lemma 3.2 Let VB be a continuous bosonic potential of the configuration space. Let VF be a fermionic

matrix potential with continuous entries vij of the configuration space. Suppose that there exist constants

bB , bF , R0, pB , pF > 0 independent of Q ∈ RN
satisfying the following conditions

VB ≥ bB |Q|pB and |vij | ≤ bF |Q|pF

for all |Q| > R0. If pB > pF , then the Hamiltonian H = P
2 + V (Q) of the quantum system associated

with V = VBI + VF has spectrum consisting exclusively of isolated eigenvalues of finite multiplicity.

Copyright line will be provided by the publisher



4 M.P. Garcia del Moral and A. Restuccia: On the Spectral properties of Multibranes

• The BMN matrix model The matrix model for the Discrete Light Cone Quantization (DLCQ) of
M-theory on the maximally supersymmetric pp-waves background of eleven dimensional supergrav-
ity examined in [15] fits in well with the abstract framework of lemmas 2.5 and 2.6. The dynam-
ics of this theory is described by the following U(N) matrix model, which in our notation reads
LBMN = T − VB − VF

VB = Tr



 µ2

36R

�

i=1,2,3

(Xi)2 +
µ2

144R

9�

i=4

(Xi)2 +
iµ
3

3�

i,j,k=1

�ijkX
iXjXk − R

2

9�

i,j=1

[Xi, Xj ]2



 (6)

The quartic contribution to the potential with an overall minus sign is positive, since the commutator is antiher-
mitean. The coordinates Xi, for i = 4, . . . , 9, only contribute quadratically and quartically to the Lagrangian,
therefore, they satisfy the bound of Lemma 3.2, with pB = 2 and pF = 1. Thus, the analysis of the bosonic
potential may be focus in the first three coordinates. The potential vanishes at the variety determined by the
condition [Xi, Xj ] = iµ

6R �ijkXk. with the rest of the fields equal to zero. In turns, this condition corresponds to
a fuzzy sphere, [15], along the directions 1, 2 and 3, so there are no flat directions with zero potential. Let us now
analyze the potential away from the minimal set in the configuration space. To characterize completely the system
let ρ2 =

�3
i=1 Tr(X

i)2 and ϕ ≡ X
ρ be defined on a unitary hypersphere S3N2

. Let VB1 = µ2

36Rρ2P (ρ,ϕ)

Theorem 3.3 Let R0 > µ
3R

�
C2(N)N where C2(N) = N2−1

4 and µ,R different from zero. Then P (ρ,ϕ) >

C > 0 for all ρ > R0 and ϕ ∈ S3N2
.

To analyze the supersymmetric contribution, we just have to realize that the fermionic contribution is linear in the
bosonic variables, so it satisfies the assumptions of Lemma 3.2. Consequently the supersymmetric spectrum of
the BMN matrix model has the following remarkable property also shared with the supermembrane with central
charges. Its Hamiltonian has a purely discrete spectrum with eigenvalues of finite multiplicity only accumulating
at infinity. We emphasize that the spectrum is discrete in the whole real line. It should be noted however that, at
present, there are not clear restrictions about the spectrum of the model in the large N limit, in fact R0 → ∞
when N → ∞. In principle, it might have a complicated continuous spectrum with the presence of gaps.

• The supermembrane with central charges The action of the supermembrane with central charges [20], with
base manifold a compact Riemann surface Σ and Target Space Ω the product of a compact manifold and a
Minkowski space-time, is defined in term of maps: Σ −→ Ω, satisfying a certain topological restriction over
Σ. This restriction ensures that the corresponding maps are wrapped in a canonical (irreducible) manner around
the compact sector of Ω. In order to generate a nontrivial family of admissible maps, this sector is not arbitrary
but rather it is constrained by the existence of a holomorphic immersion Σ −→ Ω. In particular, let Σ be a
torus and Ω = T 2 × M9 where T 2 = S1 × S1 is the flat torus. Let Xr : Σ −→ T 2 with r = 1, 2 and
Xm : Σ −→ M9 with m = 3, . . . , 9. The topological restriction is explicitly given in this case by the condition
�rs

�
Σ
dXr ∧ dXs = nArea(Σ) �= 0. the theory is formulated in 9D and its hamiltonian is the following:

Hd =

� √
wdσ1 ∧ dσ2[

1
2
(
Pm√
W

)2 +
1
2
(
Πr

√
W

)2 +
1
4
{Xm, Xn}2 + 1

2
(DrX

m)2 +
1
4
(Frs)

2

+ Λ({ Pm√
W

,Xm}−DrΠ
r] +

�

Σ

√
W [−ΨΓ−ΓrDrΨ+ Γ−Γm{Xm,Ψ}] + Λ{ΨΓ−,Ψ}.

1 The integral of the curvature we take it to be constant and the volume term corresponds to the value of the
hamiltonian at its ground state. The physical degrees of the theory are the Xm, Ar,Π

c,Ψ. They are single
valued fields on Σ. We consider two different regularization schemes, one is a bottom-up approach , the SU(N)
regularization, other one, more appropriate for the large N analysis is a top-down regularization and is a cut-off
in the number of degrees of freedom irrespective of the symmetries lost in the regularize model. In both cases
we obtain by means of Lemmas 3.1, 3.2, that the spectrum is purely discrete as it is proved in the original papers
[17, 3]. The first of these regularization of the supermembrane with central charges was proposed in [18]. It

1 where DrX
m = DrX

m + {Ar, X
m}, Frs = DrAs −DsAr + {Ar, As}, Dr = 2πRr �ab

√
W

∂a
�Xr∂b and Pm

and Πr are the conjugate momenta to Xm and Ar respectively. Ψ are SO(7) Majorana spinors. Dr and Frs are the
covariant derivative and curvature of a symplectic noncommutative theory [16], [19] constructed from the symplectic
structure �ab

√
W

introduced by the central charge.
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is invariant under infinitesimal transformations generated by the first class constraint obtained by variations on
Λ of the Hamiltonian below. This first class constraint satisfies an SU(N) algebra. In [3]we verified that the
potential satisfies the bound of the Lemma 3.2. The argument follows in analogous fashion as in the previous
case although the proof is much more complicated and we refer to the interested reader to the original papers.
We may write the potential as V = n2

16π2N3 ρ
2P (ρ,ϕ), in terms of a hypersphere of radius ρ and angles ϕ2 and

perform a proof based on the Lemmas 3.1,3.2. From this it follows that the spectrum is purely discrete.

• D2-D0 system: Nonempty essential spectrum We now consider a model which describes the reduction of a
10D U(N) Super Yang-Mills to (1+0) dimensions, however we allow the presence of monopoles. Consider a
(2+1) Hamiltonian whose bosonic contribution is given by

H =

�

Σ

Tr
�
1
2
((Pm)2 + (Πi)2) +

1
4

�
F 2
ij + 2(DiX

m)2 + (i[Xm, Xn])2
��

which satisfies the monopole condition
�
Σ

TrF = 2πm, m ∈ N. We decompose the U(N) valued 1-form Â

as Â = aD +A with A ∈ SU(N), and D ∈ U(N). The monopole condition is then
�
Σ
da = 2π m

TrD .We then
write the 1 + 0 Hamiltonian H = 1

2 H̃ , H̃ = −∆+ VB + VF , where

VB =
1
2

Tr
�
(i[Xm, Xn])2 + 2(i[Xm, Âi])

2 + F 2
ij

�
, Fij =

mD�ij
TrD

+ i[Âi, Âj ]

and VF is the supersymmetric Yang-Mills fermionic potential. In order to analyze the spectrum, we observe
that there are directions escaping to infinity at which VB remains finite. In fact, in any direction at which all the
brackets vanish, the wave function can escape to infinity with finite energy. This means that the spectrum has
necessarily a continuous sector. In order to construct precisely a wave function in the corresponding L2 space,
Ψ = ΨFφ0χ, we introduce X = 1

d+2 (
�

m Xm +
�

i Ai) where the range of m is d and the range of i is 2 and
define �Xm = Xm−X and �Ai = Âi−X. where M = 1, . . . , d+2, �Xd+1 = �A1 and �Xd+2 = �A2. We simplify
the argument by taking D to be diagonal. We may then use the gauge freedom of the model to impose that X
is also diagonal. Following [22], the above allows us to construct a sequence of wave functions which happen
to be a singular Weyl sequence for any E ∈ [ 12

m2TrD2

(TrD)2
,+∞). These “pseudo-eigenfunctions” are the product

of compactly supported cutoff χt ≡ χ(�x� − t, X
�X� ,

�XM
|| ) normalized by the condition

�
�Xm
|| ,X

χ2
t = 1. It is a

wave function with support moving off to infinity as t → ∞, a fermionic wavefunction ΨF and the bosonic L2

function

φ0 =

�
�X�l det gab

πl

� 1
4

exp

�
−�x�

2
( �XMagab �XMb)

�
,

�

�Xm
T

φ2
0 = 1

where l = (d + 2)(N2 − N). Note that XM = �XMaTa where Ta are the generators of U(N) and gab
is the square root of the positive symmetric matrix (d + 2)(fc

ab
Xb

�X�f
e
cd

Xe

�X� ). The normalized fermionic wave
function is the limit when t → ∞ of the eigenfunction of the fermionic interacting term, associated to the
negative eigenvalue with highest absolute value. One can now evaluate limt→∞(Ψ, HΨ) . In this limit the only
term of VB that does not vanish is the constant one. There is a cancelation of the quadratic terms in X between
the contribution of the Laplacian and that of the potential, also the linear term in �X�, arising from the action
of the Laplacian on φ0, is exactly cancelled by the fermionic eigenvalue which is also linear in �X�. This is a
supersymmetric effect. Although the monopole in this case breaks supersymmetry, the cancelation occurs exactly
as in the model without monopoles. The resulting consequence of this is that

lim
t→∞

(Ψ, HΨ) =

�

�X||,X
χt(−∆x −∆�X||

)χt +
1
2
m2 TrD2

(TrD)2
.

One may choose χ such that the first term is equal to any scalar E ∈ [0,∞). The spectrum of the original
Hamiltonian is therefore continuous and it comprises the interval [ 12

m2TrD2

(TrD)2
,+∞).

2 with ρ=
�

m,r Tr
� 1
N [TVr , X

m]T−Vr

�2
+

�
s,r

� 1
N [TVs , Ar]T−Vs

�2 and ϕ =
�

Xm

ρ , Ar
ρ

�
.
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4 Conclusion
We discuss on the results in [2], where a general proof for the discreteness of scalar bosonic, polynomial
matrix models including: M2, M5, p-branes, BLG, ABJ/M was obtained. In fact, a continuous spectrum
at the regularized bosonic model arising from a formulation on a compact space, would imply several
difficulties on the models. For example, the Feynmann kernel would be ill defined. This is the first step
in order to consider a non perturbative analysis of these new models. We also characterize the spectrum
of three models containing fermionic sectors. We analyze a D2-D0 (N,K) system. Irrespectively to the
numbers of N D2’s, K D0’s it has continuous spectrum starting from a valued determined by the monopole
contribution. For the supersymmetric multibrane models (BLG, ABJ/M) we estimate that the spectrum
is continuous and has a mass gap. Then we analyze beyond semiclassical approximation two models of
the supermembrane corresponding to different backgrounds on the target-space that in distinction with the
11D regularized supermembrane [21],[22] have discrete spectrum at regularized level: the BMN matrix
model which arises as a DLCQ of the supermembrane on a pp-wave[23] and the Supermembrane with
a topological condition. For the BMN matrix model we conjecture a non-empty essential spectrum at
the continuum limit. The supermembrane with central charges in two different regularizations has purely
discrete spectrum. The large N limit of our bound converge to the value we already found in 2005 in the
large N limit. Moreover, the regularized semiclassical eigenvalues converge properly to the semiclasical
ones in the continuous. The bosonic potential of the full theory also satisfy a analogous type of bound that
the regularized one (2005). For all these evidences it seems plausible that the large N limit of this theory
will have a purely discrete spectrum with finite multiplicity with accumulation point at infinity. Iff that is
the case, the supermembrane with central charges could be interpreted as a fundamental supermembrane
describing microscopical degrees of freedom of (at least part) of M-theory. 3
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