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Abstract 

A key assumption of the Capital Asset Pricing Model is that the market portfolio is efficient; 

when it is inefficient, α, the difference between the expected excess return of the asset and the 

value predicted by the CAPM, is non-zero. In this paper, a simple bound on α is given that 

depends on the efficiency of the market portfolio. Alternatively, the impact of inefficiency may 

be viewed in terms of its effect on β, the coefficient of the expected market return in the CAPM. 

A simple bound on the difference between β, based on an inefficient market portfolio, and β ̅, 

based on an efficient portfolio, is also given. These results are used to assess the impact of 

portfolio constraints. 
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1. Introduction 

How should we evaluate the sustainability of public debt? This is the issue that has been The 

set of results known collectively as the Capital Asset Pricing Model is one of the cornerstones 

of the mean-variance approach to portfolio theory. Generally speaking, the CAPM expresses 

the expected return on an asset as an affine combination of the expected return on an an efficient 

portfolio, often taken to be some form of a market portfolio, and the expected return of an asset 

that is uncorrelated with the efficient portfolio. It is well-known that the efficiency of the market 

portfolio is a necessary condition for the CAPM to hold (Roll, 1977; Ross, 1977). 

Let α denote the difference between the expected return of an asset and the expected return 

predicted by the CAPM. When the CAPM holds, then α=0 for all assets. The primary objective 

of this note is to consider the effect of market inefficiency on the relationship between the 

expected return on an asset and the expected return on the market portfolio. Two ways of 

measuring the impact of inefficiency are considered. One is its effect on α; a simple bound for 
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α is given that depends on the efficiency of the market portfolio. A second way to measure the 

impact of inefficiency is its effect on β, the coefficient of the return on the market portfolio in 

the CAPM. When the market portfolio inefficient, we can compare the value of β to the value 

of β ̅, the coefficient that would be obtained using an efficient portfolio; a simple bound for the 

difference |β-β ̅| is derived. These results are then applied to the case in which the portfolios 

under consideration are subject to constraints. 

A number of authors have considered the effect of inefficiency on the relationship between 

the expected return of an asset and the market portfolio. Dybvig and Ross (1985) focuses on 

the conditions under which the expected return for a given asset lies above or below the security 

market line. Green (1986) considers the robustness of the linear relationship given by the 

CAPM under inefficiency of the market portfolio, similar to the analysis here, although from a 

different perspective. Diacogiannis and Feldman (2013) propose a pricing model based on an 

inefficient benchmark, including an adjustment for inefficiency. Markowitz (2005) discusses a 

number of issues related to market portfolio inefficiency and portfolio constraints. 

 

 

2. Basic framework and preliminary results 

Following Markowitz (1952), we model the return of an asset by a random variable, assumed 

to have finite mean and variance. For simplicity, we identify an asset by its return variable; e.g., 

we write “an asset 𝑅" to denote an asset with return 𝑅, a random variable with a given mean 

and variance, denoted by 𝐸 (𝑅) and 𝑉𝑎𝑟 (𝑅), respectively. The covariance of assets 𝑅1 and 𝑅2 

will be denoted by 𝐶𝑜𝑣 (𝑅1, 𝑅2). 

Let ℛ𝐴 denote the set of all assets with finite mean and variance and let ℛ ⊂ ℛ𝐴 denote the 

set of assets under consideration. Assume that ℛ is a convex set containing at least three assets 

with distinct means and that 𝑉𝑎𝑟 (𝑅) > 0 for all 𝑅 ∈ ℛ, except possibly for a unique risk-free 

asset. An asset 𝑅 is said to be in the interior of ℛ if for any 𝑅1 ∈ ℛ, 𝑡𝑅1 + (1 − 𝑡)𝑅 ∈ ℛ for all 

|𝑡| < 휀 for some 휀 > 0. 

Let 𝑅∗ ∈ ℛ. We say that 𝑅∗ is efficient in ℛ if for any asset 𝑅 ∈ ℛ such that  𝐸 (𝑅) =
 𝐸 (𝑅∗),  𝑉𝑎𝑟 (𝑅) ≥  𝑉𝑎𝑟 (𝑅∗) and for any asset 𝑅 ∈ ℛ such that  𝐸 (𝑅) >  𝐸 (𝑅∗),  𝑉𝑎𝑟 (𝑅) >
 𝑉𝑎𝑟 (𝑅∗). 

The following proposition gives a general form of the CAPM and its converse; throughout 

the paper proofs are deferred until Section 7. 
 

Proposition 1: 

Let 𝑅∗ and 𝑅0 be assets in ℛ such that  𝑉𝑎𝑟 (𝑅∗) > 0,  𝐸 (𝑅∗) =  𝐸 (𝑅0) and 

 𝐶𝑜𝑣 (𝑅∗, 𝑅0) = 0. 

For 𝑅 ∈ ℛ𝐴, define 𝛽(𝑅) =  𝐶𝑜𝑣 (𝑅, 𝑅∗)/ 𝑉𝑎𝑟 (𝑅∗) and  

𝛼(𝑅) =  𝐸 (𝑅) −  𝐸 (𝑅0) − 𝛽(𝑅){ 𝐸 (𝑅∗) −  𝐸 (𝑅0)}. (1) 

Let ℛ0 = {𝑅 ∈ ℛ: 𝛼(𝑅) = 0}. Then ℛ0 = ℛ if and only if the following conditions hold: 

a. 𝑅∗ is in the interior of ℛ 

b. 𝑅∗ is efficient in ℛ.   
 

Proposition 1 may be used to establish many different versions of the CAPM. E.g., take ℛ =
ℛ𝐴 and 𝑅0 = 𝑅𝑓 ,  the risk-free asset with  𝑉𝑎𝑟 (𝑅𝑓) = 0; it follows that 𝑅𝑓 is uncorrelated with 

any other asset. We can take 𝑅∗ to be a portfolio that is efficient in ℛ, keeping in mind that ℛ 

includes 𝑅𝑓; therefore, 𝑅∗ = 𝑅𝑇, the tangency portfolio, assumed to be equivalent to the market 

portfolio, yielding the classical CAPM (Sharpe, 1964; Lintner, 1965; Mossin, 1966). If ℛ 

consists only of risky assets, take 𝑅∗ to be any efficient portfolio and take 𝑅0 to be the zero-𝛽 
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portfolio with respect to 𝑅∗. Provided that 𝑅∗ is in the interior of ℛ the CAPM holds (Black, 

1972; Roll, 1977). If short sales on risky assets are not permitted, take ℛ to be the set of 

portfolios with with non-negative weights on risky assets and take 𝑅0 = 𝑅𝑓, the risk-free asset. 

Since the market portfolio, with return 𝑅𝑀, is in the interior of ℛ, if 𝑅𝑀 is efficient, the CAPM 

holds with 𝑅∗ = 𝑅𝑀. The case in which the efficient portfolio is not in the interior of ℛ will be 

considered in Section 6. 

The following corollary follows immediately from the proof of Proposition 1. Recall that the 

affine hull of a set 𝐴 is the smallest affine set containing 𝐴. In the present context, the affine 

hull of a set of assets is the set of all portfolios contructed from those assets, allowing unlimited 

short sales.  
 

Corollary 1: 

 If the CAPM holds for a set of assets ℛ, then it also holds for the affine hull of ℛ. 

 

 

3. The effect of an inefficient market portfolio 

Suppose that 𝑅0 = 𝑅𝑓, the risk-free asset. According to Proposition 1, a necessary condition for 

𝛼(𝑅) = 0 for all 𝑅 ∈ ℛ is for the portfolio 𝑅∗ to be efficient in ℛ. In this section, it is shown 

that if 𝑅∗ is nearly efficient, then 𝛼(𝑅) is close to 0 for all 𝑅 ∈ ℛ. 

In practice, 𝛼 and 𝛽 are generally estimated from data using least-squares regression. It is 

well-known that the standard error of the least-squares estimator of 𝛼 is 𝜎𝛼/√𝑛 where 𝜎𝛼
2(𝑅) =

(1 +  𝑆𝑅 (𝑅∗)2)(1 − 𝜌(𝑅)2)𝑉𝑎𝑟 (𝑅), 𝜌(𝑅) is the correlation of 𝑅, 𝑅∗,  𝑆𝑅 (𝑅) is the Sharpe 

ratio of an asset 𝑅, and 𝑛 is the sample size used in the estimation; see, e.g., Chapter 11 of 

Newbold, et al. (2013). Therefore, 𝜎𝛼
2(𝑅) is a measure of the information available regarding 

𝛼(𝑅),with a small value of 𝜎𝛼
2(𝑅) indicating that there is a relatively large amount of 

information about 𝛼(𝑅).   
 

Proposition 2: 

Consider an affine set of assets ℛ. Suppose that 𝑅∗ is not necessarily efficient and let 

�̅�∗ ∈ ℛ be the minimum-variance portfolio with mean  𝐸 (𝑅∗). Define 𝜙 =  𝑉𝑎𝑟 (�̅�∗)/
 𝑉𝑎𝑟 (𝑅∗). Then, for 𝑅 ∈ ℛ, 

𝛼(𝑅)2 ≤
1 − 𝜙

𝜙
 

𝑆𝑅(𝑅∗)2

1 + 𝑆𝑅(𝑅∗)2
𝜎𝛼

2(𝑅)  ≤
1 − 𝜙

𝜙
𝜎𝛼

2(𝑅). (2) 

 

Therefore 𝛼(𝑅) is small for all assets whenever the market portfolio is nearly efficient. When 

the market portfolio is not nearly efficient, 𝛼(𝑅) is small for those assets for which 𝜎𝛼(𝑅) is 

small, e.g., those assets which are highly correlated with the market portfolio. This result is 

related to results of Jobson and Korkie (1982), who consider the extent to which it is possible 

to improve upon the market portfolio by changing the investment in a given asset; see also 

Grinold and Kahn (2000, Chap. 2) for related results in the context of active portfolio 

management. 

The result in Proposition 2 measures the efficiency of 𝑅∗ relative to the minimum variance 

portfolio with the same mean as 𝑅∗. The following corollary shows that the same result holds 

if efficiency is measured relative to the portfolio with the maximum Sharpe ratio. 
 

Corollary 2: 

Let 𝑅𝑇 denote the element of ℛ with the maximum Sharpe ratio and let 𝑅 ∈ ℛ satisfy 

𝐸 (𝑅) >  𝐸 (𝑅0). Then Proposition 2 holds with 𝜙 defined as  𝑆𝑅 (𝑅∗)2/ 𝑆𝑅 (𝑅𝑇)2.   
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4. Some empirical results 

To illustrate the relevance of Proposition 2 to the analysis of stock return data, the model 𝑅 −

 𝑅𝑓 = 𝛼 + 𝛽(𝑅𝑚 −  𝑅𝑓) + 𝜖, where 𝑅 is the return on a stock, 𝑅𝑚 is the return on a market 

index, 𝜖 is a mean-zero error term that is uncorrelated with 𝑅𝑚, 𝑅𝑓 is the risk-free rate of return, 

and 𝛼 and 𝛽 are the parameters discussed above, was fit to the stocks represented in the Standard 

and Poor’s 500 index as of November, 2015.  The market index was taken to be the Wilshire 

5000 Total Market Index and the risk-free rate was taken to be the 90-day U. S. Treasury Bill 

rate.  Five years of monthly returns were analyzed, ending with November, 2015. Stocks in the 

S&P 500 with returns for this period were used; there were 466 such stocks. 

 Least-squares estimates of 𝛼 were computed for each stock. The mean value of these 

estimates for the stocks analyzed was 0.0031, with a median value of 0.0035; the lower and 

upper quartiles were -0.0021 and 0.0092, respectively.  These values may be compared to the 

mean excess returns for the stocks, which had an average value of 0.0135; thus, the values of 𝛼 

makes a significant contribution to the mean returns of the stocks. 

 For each stock, an estimate of the ratio 𝜓2 =  𝛼(𝑅)2/𝜎𝛼
2(𝑅) was computed; according 

to Proposition 2, this ratio is bounded by (1 − 𝜙)/𝜙, where 𝜙 is a measure of the efficiency of 

the market portfolio. For the stocks considered, the maximum estimate of 𝜓2 was 0.255; this 

result, along with the bound described above, leads to an estimated upper bound for 𝜙 of 0.797. 

This result is similar to the empirical results of Haugen and Baker (1991) and of Clarke et al. 

(2006), which suggest that market portfolios have an efficiency in the range of 60 to 90%. 

 To investigate the role of market inefficiency in the values of 𝛼 a small simulation study 

was conducted for a specific model for the relationship between asset returns and those of an 

inefficient market portfolio. Using the notation of Proposition 2, suppose that 𝑅∗ =  �̅�∗ + 𝛿 for 

a mean-zero random variable 𝛿 that is uncorrelated with  �̅�∗. Write 𝑅 − 𝑅𝑓 =  𝛽 ̅ (�̅�∗ − 𝑅𝑓) +

𝜖 for the equation relating the return 𝑅 on a given asset to the return on the efficient portfolio, 

where 𝑅𝑓 denotes the return on the risk-free asset and 𝜖 denotes a mean-zero random variable 

that is uncorrelated with �̅�∗and with  𝛿.  Thus, �̅� denotes the value of beta with respect to an 

efficient portfolio; in this model the value of 𝛼 is taken to be zero, consistent with the CAPM. 

Data were simulated from this model for the case in which �̅�∗ − 𝑅𝑓 has expected value 0.01 

and standard deviation 0.025; these are based on the observed values for the Wilshire 5000 

index, taking into account its inefficiency. The standard deviation of 𝑅 − 𝑅𝑓 was taken to 0.06, 

roughly the median value for the stocks in the S&P 500. Different values of  𝛽 ̅ and  𝜙,  the 

efficiency of the market portfolio were considered.  Sixty returns for each asset were drawn 

from normal distributions and the returns were taken to be serially uncorrelated. Thus, the 

simulated data values may be viewed as simulated values of five years of monthly returns; this 

procedure was repeated 10000 times. 

For 𝛽 ̅̅ ̅ = 1 and 𝜙 = 0.8, the average estimate of 𝛼 was roughly 0.0020, slightly smaller than 

the observed average value for the S&P 500 stocks. As expected, for larger values of 𝜙, the 

average value of 𝛼 was smaller while for smaller 𝜙 it was larger; for instance, for 𝜙 = 0.9, the 

average 𝛼 was 0.0009 and for 𝜙 = 0.7, the average 𝛼 was 0.0030. For fixed 𝜙, values of 𝛼 tend 

to increase with 𝛽 ̅; for instance using 𝜙 = 0.8, for  𝛽 ̅ = 1.5 the average 𝛼 was 0.0029, while 

for 𝛽 ̅ = 0.5, it was 0.00098. In interpreting this result, it is important to keep in mind that  𝛽 ̅ 
is the value of beta with respect to the unobserved efficient market portfolio. 
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5.  The effect of inefficiency on 𝜷 

The result in Proposition 2 expresses the effect of inefficiency of the market portfolio in terms 

of the value of 𝛼. Alternatively, we may view the effect of inefficiency on 𝛽: if 𝑅∗ is inefficient, 

we are using the wrong portfolio to compute 𝛽, in a certain sense. 

As in Proposition 2, let 𝑅∗ denote the portfolio upon which the CAPM is based and let �̅�∗ 

denote the efficient portfolio with the same mean as 𝑅∗. Let �̅�(𝑅) =  𝐶𝑜𝑣 (𝑅, �̅�∗)/ 𝑉𝑎𝑟 (�̅�∗) 

denote the value of 𝛽 for an asset 𝑅 based on the efficient portfolio �̅�∗. Let 𝜎𝛽/√𝑛 denote the 

standard error of the least-squares estimator of 𝛽; then 𝜎𝛽
2(𝑅) = (1 − 𝜌(𝑅)2) 𝑉𝑎𝑟 (𝑅)/

 𝑉𝑎𝑟 (𝑅∗); see, e.g., Chapter 11 of Newbold et al. (2013). As with 𝜎𝛼
2(𝑅), a small value of 

𝜎𝛽
2(𝑅) indicates that there is a relatively large amount of information available regarding 𝛽(𝑅). 

The following result gives a bound on the difference between 𝛽(𝑅) and �̅�(𝑅).  
 

Proposition 3: 

Consider an affine set of assets ℛ. Suppose that 𝑅∗ is not necessarily efficient and let 

�̅�∗ ∈ ℛ be the portfolio in ℛ with mean  𝐸 (𝑅∗) with minimum variance. Define 𝜙 =
 𝑉𝑎𝑟 (�̅�∗)/ 𝑉𝑎𝑟 (𝑅∗). Then, for 𝑅 ∈ ℛ, 

[𝛽(𝑅) − �̅�(𝑅)]2 ≤
1 − 𝜙

𝜙
𝜎𝛽

2(𝑅). (3) 

 

6.  The effect of portfolio constraints 

Let ℛ be a set of portfolios subject to some constraints such that ℛ is not affine. Let 𝑅∗ be 

efficient in ℛ and take 𝑅0 = 𝑅𝑓, the risk-free asset. According to Proposition 1, if 𝑅∗ is in the 

interior of ℛ then the CAPM holds for all 𝑅 ∈ ℛ. However, when portfolios are required to 

satisfy certain constraints, it is not uncommon for the efficient portfolios to lie on the boundary 

of ℛ, on which the one or more of the constraints is active. Therefore, in the remainder of this 

section, we assume that 𝑅∗ lies on the boundary of ℛ. The following result shows that, in this 

case, it is the affine hull of ℛ that is relevant to the CAPM rather than ℛ itself. 
 

Proposition 4: 

Assume that ℛ is not affine and that 𝑅∗ lies on the boundary of ℛ. Then the 𝛼(𝑅) = 0 for 

𝑅 ∈ ℛ if and only if 𝑅∗ is efficient in ℛ̅, the affine hull of ℛ.   
 

Now suppose that 𝑅∗ is not efficient in ℛ̅ and let �̅�∗ be an efficient portfolio in ℛ̅ with the 

same expected value as 𝑅∗. Then the CAPM holds for ℛ̅, and hence for ℛ, using �̅�∗ as the 

efficient portfolio. Therefore, using 𝑅∗, the efficient portfolio subject to constraints, is a case of 

using an inefficient portfolio, as discussed in the previous section. Therefore, the bound (2) 

holds so that, for 𝑅 ∈ ℛ, 

𝛼(𝑅)2 ≤
1 − 𝜙

𝜙
𝜎𝛼

2 (4) 

with 𝜙 interpreted as the efficiency of 𝑅∗ relative to �̅�∗. 

That is, the impact of constraints on the CAPM may be viewed in terms of the ratio of the 

variance of the unconstrained efficient portfolio to the variance of the constrained efficient 

portfolio. If this ratio is close to 1, i.e., if the variance of the constrained efficient portfolio is 

close to the variance of the unconstrained efficient portfolio, then the constraints have only a 

minor impact on the CAPM. On the other hand, if the variance of the unconstrained efficient 

portfolio is small relative to the variance of the constrained portfolio, that is, if imposing 
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constraints greatly increases the variance of the efficient portfolio, then the values of 𝛼(𝑅) for 

the constrained portfolios may be relatively large. 

 

 

7.  Technical details 

Proof of Proposition 1:  

First assume that conditions (a) and (b) hold. Fix 𝑅 ∈ ℛ and let �̂� = 𝜃𝑅∗ + (1 − 𝜃)𝑅0, 𝜃 =
{ 𝐸 (𝑅) −  𝐸 (𝑅0)}/{ 𝐸 (𝑅∗) −  𝐸 (𝑅0)}. Note that 𝐸 (�̂�) =  𝐸 (𝑅),  

 𝛼(𝑅) = {𝜃 − 𝛽(𝑅)}{ 𝐸 (𝑅∗) −  𝐸 (𝑅0)}, (5) 

and, since 𝐶𝑜𝑣 (𝑅∗, 𝑅0) = 0,  

  𝐶𝑜𝑣 (�̂�, 𝑅∗) = 𝜃 𝑉𝑎𝑟 (𝑅∗). (6) 

For 𝑡 ∈ ℜ, define 𝑅𝑡 = 𝑅∗ + 𝑡(𝑅 − �̂�). Note that 𝑅𝑡 = 𝑅1𝑡/2 + 𝑅2𝑡/2 where 𝑅1𝑡 = (1 −
2𝑡(𝜃 − 1))𝑅∗ + 2𝑡(𝜃 − 1)𝑅0 and 𝑅2𝑡 = (1 − 2𝑡)𝑅∗ + 2𝑡𝑅. By condition (a), 𝑅1𝑡 and 𝑅2𝑡 are 

in ℛ for sufficiently small |𝑡| and, hence, 𝑅𝑡 ∈ ℛ. Since  𝐸 (𝑅𝑡) =  𝐸 (𝑅∗), condition (b) 

implies that 𝑉𝑎𝑟 (𝑅𝑡) ≥  𝑉𝑎𝑟 (𝑅∗) for all |𝑡| < 휀 for some 휀 > 0. 

Suppose that 0 < 𝑡 < 휀. Then we must have 𝑡 𝑉𝑎𝑟 (𝑅 − �̂�) + 2 𝐶𝑜𝑣 (𝑅∗, 𝑅 − �̂�) ≥ 0 for 

all 0 < 𝑡 < 휀. It follows 𝐶𝑜𝑣 (𝑅∗, 𝑅 − �̂�) ≥ 0. A similar argument for −휀 < 𝑡 < 0 shows that 

 𝐶𝑜𝑣 (𝑅∗, 𝑅 − �̂�) ≤ 0. Hence, 𝐶𝑜𝑣 (𝑅∗, 𝑅 − �̂�) = 0 and, by (6), 𝜃 = 𝛽(𝑅); it follows from (5) 

that 𝛼(𝑅) = 0 so that ℛ0 = ℛ. 

Now assume that ℛ0 = ℛ so that 𝛼(𝑅) = 0 for 𝑅 ∈ ℛ. Note that 𝛼(⋅) is a linear function on 

ℛ𝐴 and that 𝛼(𝑅∗) = 0. Let 𝑅 be an asset such that 𝛼(𝑅) = 0. Then, for any 𝑡 ∈ ℜ,  

 𝛼((1 − 𝑡)𝑅∗ + 𝑡𝑅) = (1 − 𝑡)𝛼(𝑅∗) + 𝑡𝛼(𝑅) = 0. (7) 

 It follows that (a) holds. 

To establish (b), let 𝑅1 be such that 𝛼(𝑅1) = 0 and  𝐸 (𝑅1) >  𝐸 (𝑅∗). Then  

 
 𝐶𝑜𝑣 (𝑅∗,𝑅1)

 𝑉𝑎𝑟 (𝑅∗)
{ 𝐸 (𝑅∗) −  𝐸 (𝑅0)} =  𝐸 (𝑅1) −  𝐸 (𝑅0) >  𝐸 (𝑅∗) −  𝐸 (𝑅0). (8) 

 Suppose that  𝐸 (𝑅∗) >  𝐸 (𝑅0). By (8), 𝐶𝑜𝑣 (𝑅∗, 𝑅1) >  𝑉𝑎𝑟 (𝑅∗), that is, 𝐶𝑜𝑣 (𝑅∗, 𝑅1 −
𝑅∗) > 0; hence, 𝑉𝑎𝑟 (𝑅1) >  𝑉𝑎𝑟 (𝑅∗) +  𝑉𝑎𝑟 (𝑅1 − 𝑅∗) ≥  𝑉𝑎𝑟 (𝑅∗). 

If  𝐸 (𝑅∗) <  𝐸 (𝑅0) then 𝐶𝑜𝑣 (𝑅∗, 𝑅1) < − 𝑉𝑎𝑟 (𝑅∗) and applying the same argument 

to 𝑉𝑎𝑟 (𝑅1) =  𝑉𝑎𝑟 [𝑅∗ − (𝑅∗ + 𝑅1)] shows that  𝑉𝑎𝑟 (𝑅1) ≥  𝑉𝑎𝑟 (𝑅∗) +  𝑉𝑎𝑟 (𝑅∗ + 𝑅1). 

Therefore, 𝐸 (𝑅1) >  𝐸 (𝑅∗) implies that 𝑉𝑎𝑟 (𝑅1) >  𝑉𝑎𝑟 (𝑅∗). 

If 𝐸 (𝑅1) =  𝐸 (𝑅∗) a simpler version of this argument applies: then  𝐶𝑜𝑣 (𝑅∗, 𝑅1 − 𝑅∗) =
0 and, hence, 𝑉𝑎𝑟 (𝑅1) ≥  𝑉𝑎𝑟 (𝑅∗). It follows that 𝑅∗ is efficient in ℛ0, proving the result.    

  

Proof of Proposition 2:   

Fix an asset 𝑅 and define 𝜃, �̂� and 𝑅𝑡 as in the proof of Proposition 1; for convenience, write 

𝛽 for 𝛽(𝑅), 𝛼 for 𝛼(𝑅), and so on. 

Since𝑅𝑡 ∈ ℛ and 𝐸 (𝑅𝑡) =  𝐸 (𝑅∗), 𝑉𝑎𝑟 (𝑅𝑡) ≥  𝑉𝑎𝑟 (�̅�∗) = 𝜙 𝑉𝑎𝑟 (𝑅∗) for all 𝑡. Hence,  

 inf
𝑡

 𝑉𝑎𝑟 (𝑅𝑡) =  𝑉𝑎𝑟 (𝑅∗) −
 𝐶𝑜𝑣 (𝑅∗,𝑅−�̂�)2

 𝑉𝑎𝑟 (𝑅−�̂�)
≥ 𝜙 𝑉𝑎𝑟 (𝑅∗); (9) 

it follows that  

 
 𝐶𝑜𝑣 (𝑅∗,𝑅−�̂�)2

 𝑉𝑎𝑟 (𝑅−�̂�) 𝑉𝑎𝑟 (𝑅∗)
≤ 1 − 𝜙. (10) 
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Note that 𝐶𝑜𝑣 (𝑅∗, 𝑅 − �̂�) = (𝛽 − 𝜃) 𝑉𝑎𝑟 (𝑅∗); therefore, by (10),  

 |𝛽 − 𝜃|2 ≤ (1 − 𝜙)
 𝑉𝑎𝑟 (𝑅−�̂�)

 𝑉𝑎𝑟 (𝑅∗)
. (11) 

 Writing 𝑅 − �̂� = 𝑅 − 𝜃𝑅∗ − (1 − 𝜃)𝑅0 = 𝑅 − 𝛽𝑅∗ + (𝛽 − 𝜃)𝑅∗ + (𝜃 − 1)𝑅𝑓,  

  𝑉𝑎𝑟 (𝑅 − �̂�) =  𝑉𝑎𝑟 (𝑅 − 𝛽𝑅∗) + (𝛽 − 𝜃)2 𝑉𝑎𝑟 (𝑅∗). (12) 

 It follows from (11) that  

 (𝛽 − 𝜃)2 ≤
1−𝜙

𝜙

 𝑉𝑎𝑟 (𝑅−𝛽𝑅∗)

 𝑉𝑎𝑟 (𝑅∗)
. (13) 

 

From the definitions of 𝛽 and 𝜃,  

  𝑉𝑎𝑟 (𝑅 − 𝛽𝑅∗) =
𝜎𝛼

2

1+ 𝑆𝑅 (𝑅∗)2
       𝑎𝑛𝑑       (𝜃 − 𝛽)2 =

𝛼

[ 𝐸 (𝑅∗)− 𝐸 (𝑅0)]2
. (14) 

 It follows that  

 𝛼2 ≤
1−𝜙

𝜙

𝜎𝛼
2

1+ 𝑆𝑅 (𝑅∗)2  𝑆𝑅 (𝑅∗)2. (15) 

 The result now follows from the fact that  𝑆𝑅 (𝑅∗)2/[1 +  𝑆𝑅 (𝑅∗)2] ≤ 1.   

 

Proof of Corollary 2:  

Define 𝑅𝑡 as in the proof of Proposition 2. Then  𝑆𝑅 (𝑅𝑡)2 ≤  𝑆𝑅 (𝑅𝑇)2 =  𝑆𝑅 (𝑅∗)2/𝜙. Since 

𝑅𝑡 and 𝑅∗ have the same mean, this implies that 𝑉𝑎𝑟 (𝑅𝑡) ≥ 𝜙 𝑉𝑎𝑟 (𝑅∗) for all 𝑡. The 

remainder of the proof follows as above.  

 

Proof of Proposition 3:   

Define 𝛼(𝑅) as in Proposition 1. Since  

 𝛼(𝑅) =  [�̅�(𝑅) − 𝛽(𝑅)][ 𝐸 (𝑅∗) −  𝐸 (𝑅0)], (16) 

it follows from (15) that  

 [�̅�(𝑅) − 𝛽(𝑅)]2 ≤
1−𝜙

𝜙

𝜎𝛼
2

1+ 𝑆𝑅 (𝑅∗)2

 𝑆𝑅 (𝑅∗)2

[ 𝐸 (𝑅∗)− 𝐸 (𝑅0)]2
. (17) 

 Using the fact that  

 𝜎𝛼
2(𝑅) = (1 +  𝑆𝑅 (𝑅∗)2) 𝑉𝑎𝑟 (𝑅∗)𝜎𝛽

2(𝑅), (18) 

  [�̅�(𝑅) − 𝛽(𝑅)]2 ≤
1−𝜙

𝜙
𝜎𝛽

2(𝑅)
 𝑉𝑎𝑟 (𝑅∗) 𝑆𝑅 (𝑅∗)2

[ 𝐸 (𝑅∗)− 𝐸 (𝑅0)]2 =
1−𝜙

𝜙
𝜎𝛽

2(𝑅), (19) 

 proving the result.  

 

Proof of Proposition 4:  

Suppose that 𝑅∗ is efficient in ℛ̅. Then, by Proposition 1, the CAPM holds for ℛ̅ and, hence, it 

holds for ℛ. 

Conversely, suppose that, even though 𝑅∗ is on the boundary of ℛ, the CAPM still holds for 

ℛ; then, by Corollary 1, the CAPM holds for ℛ̅ and, hence, by Proposition 1, 𝑅∗ is efficient in 

ℛ̅. The result follows. 
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