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5

Thue-Morse system of difference equations revisited, Francisco Balibrea . .

6

On the chaos game of iterated function systems, Pablo G. Barrientos . . . .

8

Breakdown of heteroclinic connections and Shilnikov Bifurcations in the
Hopf-zero singularity, Oriol Castejón . . . . . . . . . . . . . . . . . . .

10

Orbital-reversibility of planar dynamical systems, Isabel Checa . . . . . . .

11

Surfing simplicity, Alain Chenciner . . . . . . . . . . . . . . . . . . . . . . .

13

The entropy spectrum of Lyapunov exponents in non-hyperbolic skewproducts, Lorenzo Dı́az . . . . . . . . . . . . . . . . . . . . . . . . . . .

14

Existence of inverse integrating factor, Natalia Fuentes . . . . . . . . . . . .

15

A local non-integrability criterion, Armengol Gasull . . . . . . . . . . . . . .

17

Connectivity of Julia sets of Newton maps: A unified approach, Xavier
Jarque . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

19

Irregular behaviour of invariant curves, Angel Jorba . . . . . . . . . . . . .

20

On the equilibrium points of an analytic differentiable system in the
plane. The center–focus problem and the divergence., Jaume Llibre .

21

Weight vectors of planar quasi-homogeneous differential systems, Antón
Lombardero . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

22

A homotopical property of attractors, Rafael Ortega . . . . . . . . . . . . .

24

Center boundaries for planar piecewise differential systems of two
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Global Saddle for symmetric planar maps
B EGO ÑA A LARC ÓN
Departamento de Matemática Aplicada,
Universidade Federal Fluminense,
Rua Mário Santos Braga, S/N, Campus do Valonguinho
CEP 24020-140, Niterói, RJ
BRAZIL
E-mail address: balarcon@id.uff.br

The study of global dynamics has long been of interest. Particular attention has
been given to the question of inferring global results from local behaviour, when
a unique fixed point is either a local attractor or repellor.
The presence of symmetry in a dynamical system creates special features that
may be used to obtain global results. Planar dynamics with symmetry, when the
fixed point is either an attractor or a repellor, has been addressed in [1]-[3]. These
results ignore the important case when the fixed point is a local saddle. However,
in [3] it is shown that the only symmetry groups that admit a local saddle are
Z2 (h−Idi), Z2 (hκi) and D2 = Z2a ⊕ Z2b . The superscripts a and b indicate that the
groups Z2a and Z2b are generated by two reflections, a and b, on orthogonal lines.
We have strong interest in the dynamics of planar diffeomorphisms having a
unique fixed point that is a hyperbolic local saddle. We study conditions under
which the fixed point is a global saddle. In this talk we address the special case
of D2 -symmetric maps, for which we obtain sufficient conditions even if the map
is only a C 1 homeomorphism.

References
[1] B. Alarcón, Rotation numbers for planar attractors of equivariant homeomorphisms. Topological Methods in Nonlinear Analysis, 42(2) (2013), 327–343.
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[2] B. Alarcón, S.B.S.D Castro and I. S. Labouriau A local but not global attractor
for a Zn -symmetric map. Journal of Singularities, 6 (2012), 1–14.
[3] B. Alarcón, S.B.S.D Castro and I. S. Labouriau, Global Dynamics for Symmetric Planar Maps. Discrete & Continuous Dyn. Syst, Series A, 37 (2013), 2241–
2251.
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Combinatorial dynamics of strip patterns of
quasiperiodic skew products in the cylinder
L LU ÍS A LSED À
(in collaboration with Francesc Mañosas and Leopoldo Morales)
Departament de Matemàtiques,
Edifici Cc,
Universitat Autònoma de Barcelona,
08913 Cerdanyola del Vallès,
Barcelona,
Spain
E-mail address: alseda@mat.uab.cat
URL: http://mat.uab.cat/˜alseda

We extend the results and techniques from [1] to study the combinatorial dynamics (forcing) and entropy of quasiperiodically forced skew-products on the
cylinder. For these maps we prove that a cyclic permutation τ forces a cyclic permutation ν as interval patterns if and only if τ forces ν as cylinder patterns. This
result gives as a corollary the Sharkovskiı̆ Theorem for quasiperiodically forced
skew-products on the cylinder proved in [1].
Next, the notion of s-horseshoe is defined for quasiperiodically forced skewproducts on the cylinder and it is proved, as in the interval case, that if a
quasiperiodically forced skew-product on the cylinder has an s-horseshoe then
its topological entropy is larger than or equals to log(s).
Finally, if a quasiperiodically forced skew-product on the cylinder has a periodic
orbit with pattern τ, then h(F ) ≥ h(fτ ), where fτ denotes the connect-the-dots
interval map over a periodic orbit with pattern τ. This implies that if the period of
q)
, where λ1 = 1 and, for each
τ is 2n q with n ≥ 0 and q ≥ 1 odd, then h(F ) ≥ log(λ
2n
q ≥ 3, λq is the largest root of the polynomial xq 2xq2 1. Moreover, for every m = 2n q
with n ≥ 0 and q ≥ 1 odd, there exists a quasiperiodically forced skew-product
q)
on the cylinder Fm with a periodic orbit of period m such that h(Fm ) = log(λ
.
2n
This extends the analogous result for interval maps to quasiperiodically forced
skew-products on the cylinder.
3

Surfing the complexity

Contents

Moreover, there is a natural question that arises in this setting: Does Sharkovskiı̆
Theorem holds when restricted to curves instead of general strips?
We answer this question in the negative by constructing a counterexample: We
construct a map having a periodic orbit of period 2 of curves (which is, in fact,
the upper and lower circles of the cylinder) and without any invariant curve.
In particular this shows that there exist quasiperiodic skew products in the cylinder without invariant curves.

References
[1] Roberta Fabbri, Tobias Jäger, Russel Johnson, and Gerhard Keller. A
Sharkovskii-type theorem for minimally forced interval maps. Topol. Methods Nonlinear Anal., 26(1):163–188, 2005.
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Statistical stability for piecewise expanding
multidimensional transformations
J OS É F. A LVES
(in collaboration with M. Soufi)
Department of Mathematics
Faculty of Sciences University of Porto
Rua do Campo Alegre, 687 4169-007 Porto
PORTUGAL
E-mail address: jfalves@fc.up.pt
URL: http://www.fc.up.pt/pessoas/jfalves

We shall introduce the concept of statistical stability and offer a guided tour to
some results illustrating this concept in certain contexts as quadratic transformations, Viana transformations, Hnon diffeomorphisms or Lorenz flows. We shall
consider in more detail a recent result with A. Pumario and E. Vigil in which we
give sufficient conditions for the statistical stability of certain classes of piecewise
expanding transformations.
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Thue-Morse system of difference equations revisited
F RANCISCO B ALIBREA
Departamento de Matemticas
University of Murcia
30100 Murcia, SPAIN
E-mail address: balibrea@um.es

The Thue-Morse system of difference equations was introduced in [?] as a model
to understand the electric behavior (conductor or insulator) of an array of electrical punctual positive charges occupying positions following a one dimensional
distribution of points called a Thue-Morse chain which it is connected to the sequence t = (0110100110010...) called also the Thue-Morse sequence. Unfolding the
system of difference equations, we obtain the two-dimensional dynamical system
in the plane given by
F (x, y) = (x(4 − x − y), xy)
The interest of such system was stated by A.Sharkovskiǐ as an open problem and
proposing some questions.
The most interesting dynamics of the system is developed inside an invariant
plane triangle, where hyperbolic periodic points of almost all period appear, there
are subsets of transitivity and invariant curves of spiral form around the unique
inside fixed point. We have proved that the set of periodic orbits is not dense
inside the triangle and does not exist an attractor in Milnor sense.
In this talk we will present also some recent results concerning the behavior of
all points outside the triangle, completing the known dynamics of the system. In
fact we have obtained that outside the triangle, the orbits of all points are unbounded. Some of them go to infinite in an oscillating way occupying the second
and third quadrant of the plane and others are going in a monotone way to infinite. Outside the triangle there are no periodic points. Such new results has an
interesting interpretation in terms of the physics of the problem. Additionally we
will answer some of the questions stated by Sharkovskǐi concerning the inside of
the mentioned triangle.
6
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We will also present graphical analysis of the evolution of some orbits and also
the visualization of the dynamics of the system inside the triangle.
Additionally we will present and comment results on another system of difference equations associate to Fibonacci sequence whose unfolding in R3 is
F (x, y, z) = (y, z, yx − z)
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On the chaos game of iterated function systems
PABLO G. B ARRIENTOS
(in collaboration with Dominique Malicet, Aliasghar Sarizadeh
and Fatome Ghane)
Instituto de Matemática e Estatı́stica
Universidade Federal Fluminense
BRAZIL
E-mail address: barrientos@id.uff.br

Within fractal geometry, iterated function systems provide a method for both generating and characterizing fractal images. An iterated function system (IFS) can also
be thought of as a finite collection of functions which can be applied successively
in any order. Attractors of this kind of systems are self-similar compact sets which
draw any iteration of any point in an open neighborhood of itself. There are two
methods of generating the attractor: deterministic, in which all the transformations are applied simultaneously, and random, in which the transformations are
applied one at a time in random order following a probability. The chaos game,
popularized by Barnsley [1], is the simple algorithm implementing the random
method. We have two different forms to run the chaos game. One involves taking
a starting point and then choose randomly the transformation on each iteration
accordingly to the assigned probabilities. The other one starts choosing a random
order iteration and then applying this orbital branch anywhere in the basin of
attraction. The first form of implementation is called probabilistic chaos game [2, 5].
The second implementation is called deterministic chaos game (also called disjunctive chaos game) [3, 4]. In this paper we show that every IFS of continuous maps
on a first-countable Hausdorff topological space satisfies the probabilistic chaos
game (see also [5]) and give necessary and sufficient conditions to get the deterministic chaos game. As an application we obtain that an IFS of homeomorphisms
of the circle satisfies the deterministic chaos game if and only if it is forward and
backward minimal. This provides examples of attractors that do not satisfy the
deterministic chaos game. We also prove that every contractible attractor (in particular strong-fibred attractors) satisfies the deterministic chaos game.
8
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References
[1] Barnsley, Fractal Everywhere, Academic Press Professional, Inc, 1988.
[2] Barnsley and Vince, The chaos game on a general iterated function system, Ergodic
Theory and Dynam. Systems, 2011.
[3] Barnsley and Leśniak, The chaos game on a general iterated function system from a
topological point of view, International Journal of Bifurcation and Chaos, 2014.
[4] Barrientos, Fakhari and Sarizadeh, Density of fiberwise orbits in minimal iterated
function systems on the circle, Discrete and Continuous Dynam. Systems, 2014.
[5] Barnsley, Leśniak and Rypka, Chaos game for IFSs on topological spaces, arXiv,
2014.
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Breakdown of heteroclinic connections and Shilnikov
Bifurcations in the Hopf-zero singularity
O RIOL C ASTEJ ÓN
(in collaboration with Inmaculada Baldomá and Tere M. Seara)
Universitat Politcnica de Catalunya
Avda. Diagonal 647 08028 Barcelona
SPAIN
E-mail address: oriol.castejon@upc.edu

If one considers conservative (i.e. one-parameter) unfoldings of the so-called
Hopf-zero singularity, one can see that the truncation of the normal form at any
finite order possesses two saddle-focus critical points with a one- and a twodimensional heteroclinic connection. The same happens for non-conservative (i.e.
two-parameter) unfoldings when the parameters lie on a certain curve.
However, considering the whole vector field, one expects these heteroclinic connections to be destroyed. This fact can lead to the birth of a homoclinic connection
to one of the critical points, producing thus a Shilnikov bifurcation. For the case
of C ∞ unfoldings, this was proved by Broer and Vegter during the 80’s, but for
analytic unfoldings it has remained an open problem. Recently, under some assumptions on the size of the splitting of the heteroclinic connections, Dumortier,
Ibáñez, Kokubu and Simó proved the existence of Shilnikov bifurcations in the
analytic case.
Our study concerns the splitting of the one and two-dimensional heteroclinic
connections. These cannot be detected in the truncation of the normal form at
any order, and hence they are expected to be exponentially small with respect
to one of the perturbation parameters. We shall present asymptotic formulas of
these splittings, putting emphasis on the differences between the conservative
and non-conservative cases. In particular, we prove that under generic conditions, the assumptions made by Dumortier, Ibáñez, Kokubu and Simó hold, so
that a Shilnikov bifurcation takes place indeed.
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Orbital-reversibility of planar dynamical systems
I SABEL C HECA
(in collaboration with Antonio Algaba, Estanislao Gamero and
Cristobal Garcı́a)
Departamento de Matemáticas
Universidad de Huelva
SPAIN
E-mail address: isabel.checa@dmat.uhu.es

We will give necessary conditions for the orbital-reversibility for a class of planar
dynamical systems. Based in these conditions, we formulate a suitable algorithm
to detect orbital-reversibility which is applied to a family of nilpotent systems
and to a family of degenerate systems.
More concretely, we consider a planar autonomous system of differential equations having an equilibrium point at the origin given by
ẋ = F(x),

(1)

where x = (x, y)T ∈ R2 . We study if it admits some reversibility modulo C ∞ equivalence.
The problem of determining if system (1) has some reversibility is consider in [1]
and [3]. In [2], we are concerned with the orbital–reversibility problem: a system is
called orbital–reversible if there exists some time-reparametrization such that the
resulting system admits some reversibility; and our goal is to determine, in the
planar case, conditions on the system to be orbital–reversible. As with the reversibility, the presence of some orbital–reversibility is useful in the understanding of the dynamical behavior of the system, because the time-reparametrizations
do not change the orbits but only the speed in which they are traversed in time.
For planar systems, there is a strong connection between the center problem and
the reversibility property of a planar system: if the system has a non-degenerate
center at the origin, then it is reversible, see [5].
The orbital–reversibility property is also closely related to the center problem.
For instance, the existence of an orbital reversibility in a monodromic vector field
ensures the presence of a center. Also, if a planar system has a nilpotent center at
the origin, then it is orbital–reversible, see [4].
11
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References
[1] A. Algaba, C. Garcı́a and M.A. Teixeira. Reversibility and quasi-homogeneous
normal forms of vector fields. Nonlinear Analysis: Theory, Methods and Applications, 73, (2010), pp. 510-525.
[2] A. Algaba, I. Checa, E. Gamero and C. Garcı́a. On orbital-reversibility for a class
of planar dynamical systems. Communications in Nonlinear Science and Numerical Simulation. 20 - 1, (2015), pp. 229 - 239.
[3] A. Algaba, E. Gamero and C. Garcı́a. The reversibility problem for quasihomogeneous dynamical systems. Discrete and Continuous Dynamical SystemA, 33, 8, (2013), pp. 3225-3236.
[4] M. Berthier and R. Moussu. Réversibilité et classification des centres nilpotents.
Ann. Inst. Fourier, 44, (1994), pp. 465-494.
[5] H. Poincaré. Sur les courbes définies par les équations différentielles. Oeuvres de
Henri Poincaré. Paris: Gauthiers-Villars; 1951.
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Surfing simplicity
A LAIN C HENCINER
ASD, IMCCE, Observatoire de Paris (UMR 8028)
77, avenue Denfert-Rochereau, 75014 Paris, France
&
Dpartement de mathmatique, Universit Paris 7
E-mail address: chenciner@imcce.fr

The relative equilibria of n bodies in R3 submitted to the Newton attraction are certainly the simplest possible solutions of the equations of motion. They exist only
for very special configurations, the so-called central configurations whose determination is a very hard problem as soon as the number of bodies exceeds 3. The
motions are periodic and necessarily take place in a fixed plane.
Things become more interesting if one allows the dimension d of ambient space
to be greater than 3: in a higher dimensional space, a relative equilibrium is determined not only by the initial configuration but also by the choice of a hermitian
structure on the space where the motion takes place; moreover, if the configuration is balanced but not central, the motion is in general quasi-periodic.
Ill address the following questions: what are the possible frequencies of the angular momentum of relative equilibria of a given central (or balanced) configuration and at which values of these frequencies bifurcations from periodic to
quasi-periodic relative equilibria do occur?
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The entropy spectrum of Lyapunov exponents in
non-hyperbolic skew-products
L ORENZO D ÍAZ
(in collaboration with K. Gelfert (UFRJ) and M.Rams (IMPAM))
Pontifı́cia Universidade Católica do Rio de Janeiro
Rua Marquês de São Vicente, 225, Gávea
22451-900 Rio de Janeiro
BRAZIL
E-mail address: lodiaz@mat.puc-rio.br

We consider transitive skew-products dynamics containing (and thus mixing) hyperbolic sets of different indices. Jointly motivated by the examples of robustly
transitive diffeomorphisms, dynamics arising in the unfolding of heterodimensional cycles and porcupine-like horseshoes, we identify some abstract properties that enable us to describe the topological entropy of level sets for central
Lyapunov exponents.
One of the ingredients is a restricted variational principle to describe the topological entropy of certain level sets taking in consideration measures in a certain
subset of hyperbolic measures only.
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Existence of inverse integrating factor
N ATALIA F UENTES
(in collaboration with Antonio Algaba, Cristobal Garcı́a and
Manuel Reyes)
Department of Mathematics
University of Huelva
Campus El Carmen (Huelva)
SPAIN
E-mail address: natalia.fuentes@dmat.uhu.es

In this work, we study the existence of an inverse integrating factor for a class
of systems, in general non-analytically integrable, whose lowest-degree quasihomogeneous term is a Hamiltonian system and its Hamiltonian function only
has simple factors over C[x, y]. That is, we deal with systems of the form
ẋ = Xh + q-h.h.o.t.

(1)

For this task, firstly, we calculate a formal orbital equivalent normal form of system (1), i.e. an expression of this system after a change of state variables and a
reparameterization of the time, and we focus our study in systems (1) which are
formally orbital equivalent systems to
X
t
ẋ = Xh + µD0 , with µ =
µj , µj ∈ Cor(`j ) and h ∈ Pr+|t|
(2)
j>r

where `j is the Lie derivative of the lowest degree quasi-homogeneous term of
(1).
They are a wide class of these systems, for example, systems with linear part
non-null (such as nilpotent systems) and some generalized nilpotent, among others. From Algaba et al. [1], systems formally orbital equivalent to systems (2) are
analytically integrable if and only if µ ≡ 0 and, in such a case, they have a first
integral of the form h+q-h.h.o.t., and consequently, they have an inverse integrating factor. Therefore, for µ 6≡ 0, systems orbitally equivalent to systems (2) do not
have any analytic first integral (non-integrable systems). We study this systems,
15
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which are non-integrable, and we show our principal result. In it we give necessary and sufficients conditions for the existence of an inverse integrating factor
for systems (2) and we apply this result for the characterization the existence of
an inverse integrating factor for some families of generalized nilpotent systems
(see [2]). Other works in this way can be seen in Algaba et al. [3, 4].

References
[1] Algaba, A., Gamero, E., Garcı́a, C. The integrability problem for a class of planar
systems. Nonlinearity, 22, (2009), 2, 395-420.
[2] Algaba A., Fuentes N., Garcı́a C. and Reyes M. A class of non-integrable systems admitting an inverse integrating factor. Jour. of Math. Anal. and Appl. 420,
(2014), 14391454.
[3] A. Algaba , C. Garcı́a and M. Reyes. Existence of an inverse integrating factor,
center problem and integrability of a class of nilpotent systems. Chaos, Solitions
and Fractals, 45, (2012), 869-878.
[4] A. Algaba , C. Garcı́a and M. Reyes. Nilpotent systems admitting an algebraic
inverse integrating factor over C((x, y)). Qualitative Theory of Dynamical Systems. 10, (2011), 303-316.
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A local non-integrability criterion
A RMENGOL G ASULL
(in collaboration with Anna Cima and Vı́ctor Mañosa)
Departament de Matemàtiques,
Universitat Autònoma de Barcelona,
08913 Bellaterra, Barcelona,
SPAIN
E-mail address: gasull@mat.uab.cat

We consider the problem of characterizing, for certain natural number m, the local
C m -non-integrability near elliptic fixed points of smooth planar measure preserving maps. Our criterion relates this non-integrability with the existence of some
Lie Symmetries associated to the maps, together with the study of the finiteness
of its periodic points. Our main result is:
Theorem Let F be a C 2n+2 -planar map defined on an open set U ⊆ R2 with an elliptic
fixed point p, not (2n + 1)-resonant, and such that its first non-vanishing Birkhoff constant is Bn = i bn , for some 0 < n ∈ N and bn ∈ R \ {0}. Moreover, assume that F is a
measure preserving map with a non-vanishing density ν ∈ C 2n+3 . If, for an unbounded
sequence of natural numbers {Nk }k , F has finitely many Nk -periodic points in U then it
is not C 2n+4 -locally integrable at p.
This criterion can be applied to prove that the Cohen map


p
2
F (x, y) = y, −x + y + 1 ,
is not C 6 -locally integrable at its fixed point. Similarly we obtain non-integrability
results for rational maps of the forms


f (y)
F (x, y) = y,
and F (x, y) = (y, −x + f (y)) .
(1)
x
One of the steps in the proof uses next result about the regularity of the period
function on the whole period annulus for non-degenerate centers, question that
we believe that is interesting by itself.
17
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Theorem Let X be a C k -vector field with 1 ≤ k ∈ N ∪ {∞, ω} with a non-degenerate
center p, and let V be its period annulus. Then the period function T is of class C k on
V \ {p} and, at p, it is of class C k−1 , where for the sake of notation ∞ − 1 = ∞ and
ω − 1 = ω. Moreover, in general, the regularity of T at p can not be improved.
For controlling the number of periodic points of a given period we use the following proposition:
Proposition Let G : CN → CN be a polynomial map of degree d. Let Gd denote the
homogenous map corresponding to the degree d terms of G. If y = 0 is the unique solution
in CN of the homogeneous system Gd (y) = 0, then the polynomial system G(y) = 0 has
finitely many solutions.

18
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Connectivity of Julia sets of Newton maps: A unified
approach
X AVIER J ARQUE
Departament de Matemática Aplicada i Anàlisi,
Universitat de Barcelona,
Gran Via 585,
08007, Barcelona,
Catalunya, Spain
E-mail address: xavier.jarque@ub.edu

We give a unified proof of the fact that the Julia set of Newton’s method applied
to a holomorphic function of the complex plane (a polynomial of degree large
than 1 or an entire transcendental function) is connected. The result was recently
completed by the authors’ previous work [1], as a consequence of a more general
theorem whose proof spreads among many papers, which consider separately
a number of particular cases for rational [2] and transcendental maps, and use
a variety of techniques. In this note we present a unified, direct and reasonably
self-contained proof which works for all situations alike.

References
[1] Barański, K. and Fagella, N. and Jarque, X. and Karpińska, B., On the connectivity of the Julia sets of meromorphic functions Inventiones Mathematicae,
198(3) (2014) 591–636.
[2] Shishikura, M., The connectivity of the Julia set and fixed points, Complex dynamics, A K Peters, Wellesley, MA, 2009, pp. 257–276.
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Irregular behaviour of invariant curves
A NGEL J ORBA
(in collaboration with Núria Fagella, Marc Jorba-Cuscó and Joan
Carles Tatjer)
Departament de Matemàtica Aplicada i Anàlisi
Universitat de Barcelona
Gran Via 585, Barcelona, Catalunya
E-mail address: angel@maia.ub.es

In this talk we will focus on invariant curves of quasi-periodically forced maps,

x̃ = f (x, θ, µ),
(1)
θ̃ = θ + ω,
where x ∈ Rn , θ ∈ T, ω is Diophantine and µ is a real parameter. The map f is
assumed to be of class C r , r ≥ 1. An invariant curve is a C 1 map θ 7→ x(θ) such
that f (x(θ), θ, µ) = x(θ + ω). Assume that, for a given value of the parameter µ =
µ0 , (1) has an attracting invariant curve, and that when µ goes from µ0 to a critical
value µ1 this Lyapunov exponent goes to zero. We are interested in the possible
behaviours of the invariant curve when µ approaches µ1 . In particular, we are
interested in fractalization phenomena that might give rise to the appearance of
a Strange Non-Chaotic Attractor. To study this phenomenon we will focus on a
simpler situation, given by the affine system

x̃ = µA(θ)x + b(θ),
(2)
θ̃ = θ + ω,
where x ∈ R2 . Moreover, we will assume that the corresponding linear system

x̃ = µA(θ)x,
θ̃ = θ + ω,
is non-reducible. A remarkable example of a non-reducible system is given by


cos θ − sin θ
A(θ) =
.
sin θ
cos θ
We will show that (2) has an invariant curve that displays a fractalization process
when µ goes to a critical value.
20
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On the equilibrium points of an analytic
differentiable system in the plane. The center–focus
problem and the divergence.
J AUME L LIBRE
Departament de Matemàtiques
Universitat Autònoma de Barcelona
08193 Bellaterra, Barcelona, Catalonia,Spain
E-mail address: jllibre@mat.uab.cat

We shall recall briefly how can be the local phase portraits of the equilibrium
points of an analytic differential system in the plane, and we shall put our attention in the center-focus problem, i.e. how to distinguish a center from a focus.
This is a difficult problem which is not completely solved. We shall provide some
new results using the divergence of the differential system.
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Weight vectors of planar quasi-homogeneous
differential systems
A NT ÓN L OMBARDERO
(in collaboration with B. Garcı́a and J. S. Pérez del Rı́o)
Departamento de Matemáticas
Universidad de Oviedo
Spain
E-mail address: antonlo@educastur.princast.es

The planar differential system ẋ = P (x, y), ẏ = Q(x, y), with P, Q ∈ C[x, y], is
called quasi–homogeneous if there exist s1 , s2 , d ∈ N such that for an arbitrary
α ∈ R+ , it is verified that P (αs1 x, αs2 y) = αs1 −1+d P (x, y) and Q(αs1 x, αs2 y) =
αs2 −1+d Q(x, y). The quasi-homogeneous systems have important properties (for
example, all of them are integrable) and they have been studied from many different points of view (integrability, centers, normal forms, limit cycles). Recently,
an algorithm for constructing all the nonhomogeneous quasi-homogeneous polynomial differential systems of a given degree was published in [1]. Using this algorithm, the article authors obtained the classification of the nonhomogeneous
quasi-homogeneous planar systems of degree 2 and 3, and later other authors
solve the case for degree 4 (see [4]) and 5 (see [5]). Now, in our work [2], we
give the classification of quasi-homogeneous systems on the basis of the weight
vector concept, especially in terms of the minimum weight vector wm which it is
proved to be unique for any quasi-homogeneous system. Later, we obtain the exact number of different forms of quasi-homogeneus but nonhomogeneous planar
differential systems of an arbitrary degree n, proving a nice relation between this
number and the Euler’s totient function, whose definition and properties can be
seen in [3]. Finally, we provide software implementations for some of the results
discussed above.
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Given a homeomorphism h of R3 , we say that a compact subset K of R3 is an attractor if it is invariant, Lyapunov stable and there is a neighborhood U = U (K) ⊂
R3 such that all orbits starting at U converge to the set K. This definition leads to
the following question: what compact sets can be realized as (local) attractors of
some homeomorphism?
We will construct a topological torus T ⊂ R3 that cannot be an attractor. To this
end we show that, given an attractor K, the fundamental group of R3 \ K has
certain finite generation property that the complement of T does not have.
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The periodic orbits that appear in a piecewise differential system are worthy of
an special attention, as it happens in the classical case. In particular, there are
many published references studying the number and location of limit cycles. See,
for example, [1] in planar systems and [2] about systems in higher dimensional
space.
In the study of piecewise differential systems with two zones, [3] shows the importance of the boundary between the two zones when you analyze the limit
cycles. From this idea, we characterize the conditions of the boundary between
two given differential systems in order to obtain different behaviors of the periodic orbits. For example, given a pair of linear planar systems of certain type,
we can construct a 1-dimensional differentiable manifold such that any orbit is
a periodic orbit. It means, given a pair of linear systems, we can consider a nice
boundary between them such that we have a global center. So, if we know this
central boundary, we can determine the limit cycles of a piecewise differential
system with a fixed boundary as the intersections of this curve and the central
boundary.
The existence of this boundary does not imply that it would be explicitly known
except for some particular families of planar systems. Anyway, we are interested
in more general properties of these curves and not just their explicit expressions.
One of our main propose is to find a way to characterize these curves in a quite
general situation.
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It is well known that if f : R2 −→ R2 is an orientation preserving embedding with
a recurrent fixed point then f has a fixed point. However, we have no information
on its location. In this setting we propose the following strategy: if, for simplicity,
p is a periodic point of order n and γ is any arc joining p with f (p), then f has a
fixed point in γ or in a bounded connected component of
R2 \γ ∪ · · · ∪ f n−1 (γ).
For n = 2, the proof of the previous strategy was given by Morton Brown in [1]
and partial results for Id + K with K a contraction were given by Bonatti and
Kolev in [3]. As mentioned in Campos and Ortega [2], these type of strategies
allows us to infer many dynamical properties in planar dynamical systems. As a
particular application, consider
x00 + x = f (t, x, x0 )

(1)

with f bounded and 2π-periodic in time. If the set of 2π-periodic solutions of (1)
is bounded, then the set of 2kπ-periodic solutions of (1) is bounded as well for all
k ∈ N.
This is a joint work with G. Graff and the results are contained mainly in [4]
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After reviewing some general settings for return maps in problems reducible to
2D symplectic maps, details on the construction of these maps are presented. Different forms of such maps close to splitted separatrices (separatrix maps) are introduced, taking into account the size and shape of the splitting function and
also the return time to the domains of interest, which differs if the fixed points
are of hyperbolic or parabolic type. Then it is shown how to derive approximations by suitable standard-like maps. Dynamical consequences concerning the
existence of invariant rotational curves (IRC) are derived. An application is made
to theoretically estimate the location of the outermost IRC in the Sitnikov problem, which is in good agreement with numerical data. Details are given on the
properties of standard-like maps with two harmonic terms, compared to the classical standard map. A method to estimate the amount of chaos depending on the
form of the separatrix map is introduced. The systems we consider are assumed
to be analytic, despite several of the properties we study are no longer analytic.
Some open problems close the presentation.
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Let gα be a one-parameter family of one-dimensional maps with a cascade of
period doubling bifurcations. In this work we deal with the effect of a quasiperiodic perturbation on this cascade. If  is the perturbing parameter, we can
prove under generic conditions that from each superattracting point of the unperturbed map, two reducibility loss bifurcation curves (for which the invariant
curve changes from reducible to non-reducible) in the parameter plane (α, ) are
born. This means that these curves are present for all the cascade. The definition of a suitable renormalization operator allow us to explain the asymptotic
behaviour of the slopes of the cited curves when the corresponding period tends
to infinity. This is a joint work with À. Jorba and P. Rabassa.
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In his 2009 thesis at IMPA, Carlos Bocker proved that the Lyapunov exponents of
random (2D) products of 2-by-2 matrices always depend continuously on the matrices’ coefficients and their probability weights. The proof is based on a detailed
analysis of the dynamics of the associated random walk in projective space.
Most recently, Avila, Eskin and the speaker announced that they are able to carry
this analysis to arbitrary dimension, using a very different (cost functions) approach. Thus, continuity of Lyapunov exponents on the underlying data holds in
full generality for iid random products of matrices.
This new approach has been extended in the thesis of Elaı́s Malheiro to prove that
the 2-dimensional statement generalizes to Markov products of matrices. Moreover, it is in the basis of the work of Lucas Backes, another 2014 thesis at IMPA,
which contains substantial progress towards proving that continuity of Lyapunov
exponents holds for very general 2-dimensional Holder cocycles over hyperbolic
systems.
These results are in stark contrast with observations of Ricardo Mañé in the
1980’s, completed by Jairo Bochi and the speaker two decades later, according
to which one can often annihilate the Lyapunov exponents of continuous linear
cocycles, thus making continuity a very particular situation in that context.
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It is known that if a one-parameter family of two-dimensional diffeomorphisms
unfolds a homoclinic tangency, then a family of limit return maps can be constructed. This family is closely related to the one-dimensional quadratic map
fa (x) = 1 − ax2 .
In [2], the author defines the family of limit return maps Ta,b (x, y) = (a+y 2 , x+by)
associated to families of three-dimensional diffeomorphisms unfolding homoclinic tangencies. In [3], the authors make an exhaustive numerical analysis for
the family Ta,b that shows the (possible) existence of strange attractors with one
and two positive Lyapunov exponents. In order to demonstrate that these strange
attractors really exist we have constructed certain two-dimensional piecewise linear maps, called Expanding Baker Maps (EBMs), exhibiting the same kind of attractors that of Ta,b . The aim of this talk will be to explain how these EBMs arise and
their link with the family Ta,b , in addition we will demonstrate that EBMs display
strange attractors and a unique ergodic absolutely continuous invariant measure
(this part is included in [4] and [5]). Finally, we will prove that our family of maps
is statistically stable (see [1]). 1
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